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Abstract
Phase transitions and their critical scaling properties, especially in systems with dis-

order, are important both for our theoretical understanding of our environment, but
also for their practical use in applications and materials in our everyday life. This thesis
presents results from finite size scaling analysis of critical phenomena in systems with
disorder, using high-precision Monte Carlo simulations and state of the art numerical
methods. Specifically, theoretical models suitable for simulations in the presence of un-
correlated or correlated disorder are studied.

Uncorrelated strong disorder, as present in the two dimensional gauge glass model
to study the vortex glass phase of high temperature superconductors in an applied mag-
netic field is shown to lack a finite temperature phase transition. Further, results from
dynamic quantities, such as resistance and autocorrelation functions, indicate the exis-
tence of two distinct diverging correlation times, one associated with local relaxation
and one associated with vortex phase slips.

Correlated disorder is studied both in the superfluid transition of helium-4 and in
the anisotropic critical scaling of a transverse Meissner-like transition in an experimental
setup of a high temperature superconductor. For the superfluid helium transition, it is
shown that the presence of fractally correlated disorder presumably alters the universal-
ity class of the pure model. Also, a comparison with experimental data suggests that the
critical scaling theory describing the heat capacity of helium-4 may need to be modified
in the presence of the disorder. In the case of superconductors, analyzing experimental
data from resistance measurements in a system with columnar defects together with an
anisotropy in the applied magnetic field, reveals a fully anisotropic scaling regime.

Finally, a data analysis is presented from simulations of a charged particle gas system
in three dimensions, where the normal Coulomb interaction between charges is changed
into a logarithmic interaction. Previous work indicates the possibility of a transition
similar to the Kosterlitz-Thouless transition in certain two dimensional systems. On
the contrary, our simulations seem to favor a system whose critical scaling behavior is
consistent with a transition occurring only at zero critical temperature.

Overall, disorder in the model systems studied leads to important modifications of
the critical scaling properties of pure systems, and thereby also to possible changes of
the corresponding universality classes. This results in interesting predictions with exper-
imentally relevant consequences.
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The most exciting phrase to hear in science, the one that heralds
new discoveries, is not ’Eureka!’, but ’That’s funny ...’

Isaac Asimov (1920 - 1992)
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Background
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Chapter 1

Introduction

Look around you! What do you see? Staring for a while at the wonders of nature, we
soon realize that our environment around us does not look the same everywhere. We
are surrounded by different kinds of matter in different phases. Ice for ice skating, water
for drinking, and steam from your presumably hot cup of tea in front of you, are all
different phases of the same substance, water. Change the temperature and you will see
changes in this environment. Ice on the frozen lakes in the winter time, melts into liquid
water as spring comes, and water in the kettle boils into steam. These phase transitions
are governed by the temperature variation, such that as the temperature rises, thermal
energy increases and forces within the ice crystals can no longer keep the ordered state
of ice and we end up with liquid water.

Phase transitions are nowadays classified into two main groups, first-order and con-
tinuous. In this thesis, I will focus on continuous phase transitions, specifically in the
language of models for superconductors and superfluids. At these continuous transi-
tions, there is no latent heat associated with the transition and we characterize the differ-
ent phases using order parameters, which show a nonzero dependence within one phase
and vanish continuously when approaching the transition.

One remarkable property of continuous phase transitions is the seemingly similar
behavior that several very different systems show around special transition points sepa-
rating phases, also known as critical points. This similar behavior is labeled universality,
and we are interested in classifying similar systems into their respective universality
classes. The practical importance of understanding universality classes and their behav-
ior in the vicinity of the transition points, is the possibility to potentially alter important
mechanisms governing the transition, enabling us to enhance certain phases and tailor
materials to suite our disparate needs.

Another ubiquitous phenomena in nature is disorder, manifesting itself as impurities
and defects in matter around us. One can then wonder if the introduction of defects
modifies the phase transitions of matter and if so, in what way. As it turns out, the
universality class connected with a phase transition of a pure system may be altered by
the introduction of disorder. This possible change depends partly on properties of the
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4 Chapter 1. Introduction

pure universality class and partly on the strength and type of disorder. This thesis will
cover certain disordered systems in some detail, in which the type of disorder ranges
from uncorrelated to correlated and even to fractally correlated disorder.

We can classify the disorder in a system according to the spatial correlations of the
disorder. In general, introducing disorder in a system complicates the study of the critical
points. There is a heuristic theoretical argument stating that depending on the pure
systems critical properties, certain systems with weak uncorrelated or weakly correlated
disorder may only lead to small changes in their critical properties. On the one hand,
the effects of the disorder can be rendered irrelevant and no change in the overall type
of transition occurs, i.e. the system with disorder stays in the same universality class
as the pure system. On the other hand, the argument does not apply for other weak
disordered systems or systems with strongly correlated disorder, leading to a possibly
more profound effect on the transition, destabilizing the pure system’s universality class
and resulting in the change to a new universality class.

High temperature superconductors with random point defects is a realization of a
system with uncorrelated disorder. This disorder allows the system to enter a glassy
superconducting phase at low temperature, called the vortex glass. Chapter 5 treats
such a system in two dimensions, by using a simplified model, the gauge glass, believed
to model the essential physics of a vortex glass phase. This shows one of the beauties
of universality, that if two systems belong to the same universality class it is wise to
choose the simplest to model and through this simultaneously obtain information on the
complex system. In this chapter and in the respective paper, I also touch on the subject
of equilibrium dynamics in disordered systems and in particular the critical scaling for
the dynamics.

In the case of correlated and anisotropic disorder, the critical scaling properties of
the system can be substantially altered. One such disorder realization is linearly corre-
lated disorder in one spatial direction and uncorrelated disorder in the directions per-
pendicular to this. Such systems can be realized in vortex matter, of which one specific
example is the transverse Meissner transition in high temperature superconductors. In
this transition, an applied magnetic field with components parallel and perpendicular to
the correlated disorder, creates a system with fully anisotropic critical scaling properties.
Theoretically, this transition has been shown to posses an appealing scaling result, which
was subsequently verified in simulations. Constructing experiments in order to verify
theoretical predictions is just as important as building and simulating theoretical models
to understand experimental results. In the spirit of the theoretical predictions, part of
Chapter 6 discusses work, in collaboration with an experimental group, analyzing and
extracting the anisotropic critical scaling from precise measurements on a high tempera-
ture superconductor using a similar setup as for the transverse Meissner transition.

Another example of introducing correlated disorder into vortex matter, is to sub-
merge a porous material into liquid helium. Some years ago, experiments to introduce
disorder in superfluid helium were performed by filling the extremely porous structure
of the remarkable aerogel material with a helium-4 liquid. The structure of aerogel is
partly fractal, raising the question of what this does to the pure phase transition from
normal to superfluid helium. Fractals are fascinating self-similar objects showing a power
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law density-density correlation function. Experiments on this setup indicate striking vi-
olations of common scaling laws obeyed at continuous phase transitions. Chapter 6
discusses this situation.

In two dimensional systems, with a continuous O(2) symmetry of the order parame-
ter, a special type of topological defects plays a major role in determining the properties
of the transition. Standard theory dictates that there should be no finite temperature
transition in these systems, but when studied in more detail, the systems still show
a transition. This special type of transition, called the Berezinskii-Kosterlitz-Thouless
(KT) transition, only appears when the correct balance of spatial dimensions and in-
teraction energies are present. The most common system showing this behavior is the
versatile 2D XY model where the vortices, representing the topological phase defects,
interact through a logarithmic interaction. Suggestions of a similar transition in three
dimensions have been proposed and the final part of this thesis (cf. Chapter 7) considers
the possibility of a KT-like phase transition in a three dimensional system. By changing
the interaction energy into a logarithmic form, it may be possible to fulfill the delicate
requirements for this rare transition to occur. The system under study, in contrast to
the other models in this thesis, lacks disorder. Instead, the possibility of a zero temper-
ature transition motivates the use of data analysis methods from our study of the 2D
gauge glass, which might help us better understand the transition in this logarithmically
interacting 3D model.

Defects are unavoidable in the physical world and important for critical phenomena,
making their study of great importance, both theoretically and practically. I hope that
with this work, using Monte Carlo simulations and scaling analysis to study systems
with different types of disorder, I have made contributions to our understanding of how
disorder might alter the physics of idealized pure systems, particularly their behavior at
continuous phase transitions.





Chapter 2

Models for Superconductors and
Superfluids

In this chapter I will discuss some of the different models I have used and how they
are related. I will start by introducing the elegant phenomenological Ginzburg-Landau
theory as it is used in superfluidity and superconductivity and then go on to show how
one can justify the XY-model in two and three dimensions and also derive the connection
with the Coulomb gas and vortex line models.

2.1 Order Parameters

In a superconductor below its critical temperature Tc the order parameter is non-zero
and describes the superconducting state. The order parameter’s task is to characterize
the two phases by being nonzero below Tc and zero above. A natural choice of the
order parameter is the density nS of Cooper pairs, attaining nonzero values below Tc.
Further, the Cooper pairs are all in a macroscopic quantum state and can be described
with a macroscopic wave function

Ψ(r) =
√

nS(r)eiθ(r), (2.1)

where the probability density |Ψ(r)|2 equals the Cooper pair density nS . This complex
order parameter can also be used to describe the transition between the He-I and He-II
(superfluid) phase of 4He, where Ψ(r) describes a complex scalar field, whose amplitude
is the probability density of finding a particle of the condensate. One important prop-
erty of the choice for order parameter is that it is complex. This fact will be important
for the appearance of some special properties in the systems we study. Specifically, it
will allow topological defects called vortices to be created due to the periodicity of the
phase angle θ(r).

7



8 Chapter 2. Models for Superconductors and Superfluids

2.2 Ginzburg-Landau Theory

Even before we had a microscopic theory for the simplest superconductors, the BCS
theory1, V.L. Ginzburg and L.D Landau had a working theory2 for the phenomenon.
This phenomenological attempt to describe systems near criticality was later shown by
L.P. Gorkov3 to be a limit of the BCS theory. Here, we will mainly focus on high-
temperature superconductors and superfluids, where one expects the GL theory to be
valid in describing systems near criticality and second order phase transitions.

In Ginzburg-Landau theory, the fact that the order parameter continuously goes
to zero at the critical temperature, enables us to do a Taylor expansion in the order
parameter around T = Tc. Together with some additional terms, a gradient and a
magnetic field, we have the Ginzburg-Landau Gibbs free energy density (SI units)

gGL(r) = α|Ψ(r)|2 +
β

2
|Ψ(r)|4 + (2.2)

+
1

2m

∣∣∣∣( h̄

i
∇− qA

)
Ψ(r)

∣∣∣∣2 +
B2

2µ0
−H ·B, (2.3)

and when integrated gives the Gibbs free energy of the system as

G(H,T ) = Gn(0, T ) +
∫
V

gGL(r)ddr, (2.4)

where Gn(0, T ) is the Gibbs free energy for the normal state with zero magnetic field
at temperature T . The energy density describes a superconductor in an applied field
H and interacting with an electromagnetic field described by the vector potential A or
magnetic induction B = ∇ × A. The properties of Cooper pairs enter through the
mass m = 2me and charge q = 2e, where me and e are the electron mass and charge
respectively. For a neutral superfluid, such as superfluid helium, q = 0 and we have no
coupling to the electromagnetic field, which we can remove altogether from the energy
expression.

Let us take a moment to explain the terms included in the energy density. First,
we have the Taylor-expansion in the order parameter. Second, since we have an space-
dependent order parameter field Ψ(r), the “kinetic” term is included, preventing the
order parameter from varying too rapidly. Third, we have the energy density of the
magnetic field

u =
B2

2µ0
,

and finally a term−H·B, corresponding to a Legendre transformation, giving the Gibbs
free energy. The form of the energy density requires us to impose some restrictions on
the coefficients of each term. The truncation of the Taylor-expansion at the second term
|Ψ|4 sets a restriction on β to be positive, otherwise the energy would be unbounded and
increase for larger and larger order parameter magnitudes. The reason for the absolute
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value of Ψ is that the wave function is complex and that the energy must be real1. Also,
the choice to not include odd powers of |Ψ| in the expansion is due to them not being
analytic at Ψ = 0. Further, the coefficients of the expansion are assumed to be functions
of T , since the equilibrium values of Ψ and G are functions of T . For superconductors,
expanding the coefficients α and β in a power series of T − T 0

c , the simplest expansions
giving non-trivial results are:

α(T ) = a(T − T 0
c ), (2.5)

β(T ) = β(T 0
c ) = β, (2.6)

where a and β are positive constants. To suppress rapid changes in the order parame-
ter, the coefficient in front of the “kinetic” term must be positive, associating a spatial
variation of the order parameter with a higher energy.

Now, to simplify the Ginzburg Landau model, we will assume that the magnitude
of the complex order parameter is a constant, the so called London approximation. The
resulting order parameter field is

Ψ(r) = Ψ0e
iθ(r), (2.7)

where the space-dependence is only in the phase angle θ(r). The gradient term reduces
to

1
2m

∣∣∣∣( h̄

i
∇− qA

)
Ψ(r)

∣∣∣∣2 =
Ψ2

0

2m
(h̄∇θ(r)− qA)2,

simplifying the Ginzburg-Landau Gibbs free energy

GGL(r) =
∫
V

ddr
[
αΨ2

0 +
β

2
Ψ4

0 +

+
Ψ2

0

2m
(h̄∇θ(r)− qA)2 +

B2

2µ0
−H ·B

]
. (2.8)

In this thesis, the free energy above gives effective Hamiltonians describing configura-
tions in the systems. Often, such as when modeling superfluid helium, the superfluid is
neutral with q = 0 and we can ignore the contribution from the electromagnetic field.

One simple Hamiltonian we can extract from the Ginzburg-Landau theory above is
the Hamiltonian of the XY-model. Starting from the GL theory at zero field, superfluid
helium can be described by the non-constant contribution to the energy density, origi-
nating from the phase degrees of freedom of the order parameter. The Ginzburg-Landau
free energy density describing the phase angles is∫

V

ddr
nsh̄

2

2m
(∇θ(r))2. (2.9)

1This also excludes the possibility of taking the real part of Ψ, since the free energy should not depend on
the overall phase of Ψ.
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In practice, we will be using this on a discrete lattice. On a square lattice, our first guess
would be to reduce the above equation to

H = ad
∑
〈ij〉

nsh̄
2

2m

(
θi − θj

a

)2

, (2.10)

where a is the lattice constant of the underlying lattice used in the discretization. This
does not, however, capture the periodicity of the phase angle. Instead a better choice is
the Hamiltonian

HXY = −
∑
〈ij〉

Jij cos(θi − θj), (2.11)

where the nearest-neighbor coupling constant Jij is often taken to be a global constant
Jij = J . This is the well known XY model Hamiltonian. The choice of selecting the
function cos(θi − θj) is due to the periodic nature of the trigonometric function and
that the first non constant term in a series expansion is quadratic in the argument.

In short, Ginzburg-Landau theory unites a macroscopic quantum theory for super-
conductivity with thermodynamics. The theory is not restricted to superfluids and
superconductors, but has successfully been used to describe many different systems un-
dergoing second order phase transitions.

2.3 Duality Transformation
Starting from the XY model above in three dimensions, we can carry out a transforma-
tion into a dual model where the phase degrees of freedom of the XY model are changed
into vortex loops, living on the links of the dual lattice. In the XY model, the vortices
and spin waves are coupled, but by the transformation they decouple and we will only
study the vortices. First we will replace the XY model with the so called Villain model,
believed to be in the same universality class.

Villain Model

A model believed to be in the same universality class as the XY model, is the the Villain
model4, in which the vortices and spin-waves decouple, making it possible to transform
the model into a model only describing the vortex degrees of freedom.

The Hamiltonian of the 3D XY model depends on a periodic potential, the cosine
interaction − cos(θi − θj). At low temperatures, the phase angles will tend to align, re-
sulting in a small phase difference between neighboring sites. Expanding the interaction,
using a series expansion and ignoring the constant energy term, we retain a quadratic
expression for the interaction (θi − θj)2. To be consistent, we need to make the new
potential periodic with period 2π. One way is to use the 2π periodic Villain potential
V (φ) (Fig. 2.1),

e−βV (φ) =
∞∑

m=−∞
e−

βJ
2 (φ−2πm)2 . (2.12)
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Figure 2.1. The Villain potential in Eq. (2.12) for some values of the temperature T. The XY
model potential is plotted as a comparison.

The Dual Model

Using the Villain potential above, we will transform the system into its dual model,
where the spin-wave and vortex degrees of freedom decouple.

We begin by expressing the partition function Z using the Villain potential Eq. (2.12),

ZV =
∫ 2π

0

(∏
l

dθl
2π

)∏
〈i,j〉

∞∑
nij=−∞

e−
βJ
2 (θi−θj−2πnij)

2
, (2.13)

where nij are link variables living on the links connecting lattice sites i and j. Next,
rewrite the partition function Eq. (2.13) using Poisson’s summation formula

∞∑
n=−∞

f(n) =
∞∑

m=−∞

∫ ∞

−∞
dφf(φ)e2iπmφ, (2.14)

from which we introduce new link variables mij between the neighboring sites i and
j. After a change of variables, the resulting Gaussian integrals over φ can be evaluated,
which simplifies the expression in the exponential of the partition function, giving a
linear expression in θ,

ZV =
∫ 2π

0

(∏
l

dθl
2π

)∏
〈i,j〉

∞∑
mij=−∞

1√
2πβJ

e−
1

2βJm
2
ij+imij(θi−θj), (2.15)

enabling us to evaluate the integrals over the angles θl. Introducing a new notation
for the link variables mij , we define three links from each lattice site, along the three



12 Chapter 2. Models for Superconductors and Superfluids

positive spatial directions. Specifically, mi,µ̂ = mii+µ̂, where µ̂ is one of the three
directions x̂, ŷ, ẑ. Each phase angle integral for θl will vanish, unless the link variables
connected with that site sum up to zero,∑

µ̂=x̂,ŷ,ẑ

(ml,µ̂ −ml−µ̂,µ̂) = 0. (2.16)

This is just a discrete version of the divergence free requirement, ∇ ·mi = 0, meaning
that the total link current mi−µ̂,µ̂ flowing into a site i is equal to the total flowing out
mi,µ̂. The integral over the angles gives a Kronecker delta function δ∇·mi

, expressing
the divergence free requirement at each site, leading to the partition function

ZV =
∑

{mi,µ̂}

(∏
i

δ∇·mi

(2πβJ)3/2

)
e−

P
i,µ̂

1
2βJ (mi,µ̂)2 , (2.17)

where the first sum is taken for all integer values of mi,µ̂.
Since we have an integer-valued divergence-free vector field m defined on a lattice,

we can introduce a new integer-valued vector potential field w, such that mi = ∇×wI.
Due to the discrete nature of the lattice, the curl in this expression is the discrete version
of the curl. We define the sites I to reside on the dual lattice5 of the sites i, which in the
simple cubic lattice, is the centers of the cubes of the original lattice.

The partition function can now be expressed in the new plaquette variables wI,
which automatically fulfill the divergence-free requirement of mi, due to∇·(∇×wI) =
0, removing the constraint on Z,

ZV =
∑

{wI,µ̂}

1
(2πβJ)3N/2

e
P

I −
1

2βJ (∇×wI)2 . (2.18)

The final transformation is to do a Poisson resummation, Eq. (2.14), introducing two
new fields, a continuous vector field ϕ and an integer-valued vector field v,

ZV =
∑
{vI,µ̂}

∫ ∞

−∞

(∏
I

d3ϕI

(2πβJ)3/2

)
e

P
I [− 1

2βJ (∇×ϕI)
2+2iπvI·ϕI]. (2.19)

The field v must be divergence free due to gauge invariance. A gauge transformation
w → w +∇ϑ, where ϑ is a integer scalar field, leaves Eq. (2.18) invariant. In Eq. (2.19),
this gauge transformation will result in an extra term that must vanish,

0 =
∑
I

2iπvI · ∇ϑI = 2iπ
∑
I

(∇ · (ϑIvI)− ϑ(∇ · vI)), (2.20)

where the first term on the right hand side is a boundary term, that vanishes with peri-
odic boundary conditions. The remaining second term requires∇·vI = 0 at each point
I , due to the arbitrary choice for ϑ, meaning that the field v is divergence free. This
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field will represent vortex currents in the final model, and the divergence free require-
ment ensures that the vortices always form closed loops.

Rewriting the (∇× ϕ)2 term in Eq. (2.19),

(∇× ϕ)2 = ∇ · (ϕ× (∇× ϕ)) + ϕ · (∇× (∇× ϕ)), (2.21)

and performing the sum over all lattice points I , the first term on the right hand side is,
again, just a boundary term, removed with periodic boundary conditions. The second
term can be rewritten with ∇× (∇× ϕ) = ∇(∇ · ϕ)− (∇ · ∇)ϕ, where the first term
vanishes if we choose the gauge with ∇ · ϕ = 0, leaving

ZV =
∑
{vI,µ̂}

∫ ∞

−∞

(∏
I

d3ϕI
(2πβJ)3/2

)
e

P
I [ 1

2βJ ϕI·∇2ϕI+2iπvI·ϕI]. (2.22)

The integral over the vector field ϕ is a Gaussian integral, which can be evaluated by
going to Fourier space2,

fr =
1
V

∑
k

fkeik·r, fk =
∑
r

fre
−ik·r (2.23)

and the discrete Laplace operator is

∇2fi =
∑

µ̂=x̂,ŷ,ẑ

(fi+µ̂ − 2fi + fi−µ̂). (2.24)

We rewrite the first term in the exponential in Eq. (2.22) using the discrete Fourier
transform,

1
2βJ

∑
ri

1
V 2

∑
k,k′

ϕk · ϕk′e
i(k+k′)·ri

∑
µ̂=x̂,ŷ,ẑ

(eik·µ̂ − 2 + e−ik·µ̂), (2.25)

where we define the sum over the directions µ̂ as −G−1
k , i.e. minus the inverse of the

Fourier transform of the solution to Laplace’s equation ∇2Gr = −δr. We can now sum
over ri obtaining a delta function δ−k+k′ used to eliminate the sum over k′,

−1
2βJV

∑
k

|ϕk|2G−1
k (2.26)

remembering that since ϕr is real, then ϕ∗k = ϕ−k. The second term in Eq. (2.22) can
similarly be written as∑

i

2iπvi · ϕi =
2iπ

V

∑
k

vk · ϕ−k =
2iπ

V

∑
k

v
′

k · ϕ
′

k + v
′′

k · ϕ
′′

k, (2.27)

2From here on the sites of the dual lattice will use the notation i instead of I and the Fourier variable will
be k.
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where we have separated into real and imaginary parts, ϕk = ϕ
′

k + iϕ
′′

k, and used that
the imaginary parts are odd functions of k, since both ϕi and vi are real. We can now
write part of the partition function as

1
2

∫ (∏
k

d3ϕ
′

kd3ϕ
′′

k

(2πβJ)3/2

)
e
−

P
k

G
−1
k

2βJV

“
(ϕ

′
k)2+(ϕ

′′
k )2−2πi2βJGk(v

′
k·ϕ

′
k+v

′′
k ·ϕ

′′
k )

”
. (2.28)

Completing the square for the real and imaginary part separately and defining K =
(2π)2J , the term in the exponential can be written∑

k

{
−

G−1
k

2βJV

[
(ϕ

′

k − i2πβJv
′

k)2 + (ϕ
′′

k − i2πβJv
′′

k)2
]
− βK

2V
Gk|vk|2

}
. (2.29)

We can now factor out the term independent of ϕ, leaving only Gaussian integrals,
which we denote as ZSW , the spin-wave contribution to the partition function,

ZV = ZSW
∑
{v}

e−
βK
2V

P
kGk|vk|2 . (2.30)

After an inverse Fourier transform, Eq. (2.23), the Hamiltonian for the vortex line model
emerges

HV L =
K

2

∑
ij

vi · Vijvj , (2.31)

where i and j denote real-space sites on the dual lattice and Vij is the solution to Poisson’s
equation ∇2V (r) = −δ(r) on a lattice (c.f. Eq. 2.24).

2D Coulomb Gas

In two dimensions, the dual model of the Villain interaction, Eq. (2.12), is the two
dimensional Coulomb Gas (2DCG). This essentially relates the 2D XY model and the
2DCG, placing their respective phase transition in the same universality class. In this
model the vortices, which were represented by line currents in the vortex loop model of
the previous section, are represented by charged point particles q in a two dimensional
space. These charges interact with the characteristic 2D logarithmic Coulomb potential
Vij , whose Fourier transform, Eq. (2.23), is given by

Vk =
2π

4− 2 cos kx̂ − 2 cos kŷ
(2.32)

and a Hamiltonian
H =

1
2

∑
ij

qiVijqj . (2.33)

This model, as well as the 2D XY, has a special type of topological phase transition,
namely the Kosterlitz-Thouless (KT) transition with a low temperature phase, in which
the correlation functions decay algebraically, also known as quasi-long-range order.
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3D Coulomb Gas

In three dimensions, instead of the vortex line model discussed above, we can study a
model of a charged particle gas with a Coulomb interaction. This model is the three di-
mensional Coulomb gas model (3DCG) and does not have a finite temperature phase
transition6. A variation of this model, with a logarithmic interaction between the
charged particles, is described in Chapter 7. In this case, the possibility of having a KT
type of transition in a three dimensional logarithmically interacting model is discussed.

In later chapters, the pure models described above will be generalized, in order to
study systems with various types of disorder.





Chapter 3

The Monte Carlo Method

The Monte Carlo method is, as the name might suggests, a method using probability
arguments and random numbers to perform calculations and provide estimates of av-
erages. The whole idea is built around the fact that we can use random numbers to
calculate physical properties of systems. More precisely we can calculate physical ob-
servables, such as the internal energy and magnetization, using a probabilistic approach.
In this thesis, I have used Monte Carlo methods together with the so called importance
sampling and cluster update methods to generate equilibrium distributions, from which
estimates of physical quantities can be obtained.

Statistical physics provides us with the tools to calculate physical quantities in terms
of average values of the physical observables of interest. In the canonical ensemble the
thermal average is expressed as

〈A〉 =
∑
i Aie

−βEi∑
i e

−βEi
, (3.1)

where Ei is the energy of the system in state i and Ai is the value of the corresponding
observable. In the average, each state is weighted with the appropriate energy dependent
weight e−βEi , the Boltzmann factor. Estimating the average in this way is often not an
easy task, since the state space might be huge and in the thermodynamic limit we have
an infinite number of states. Finding ways to efficiently approximate the average then
becomes an important task. The question we would like to answer is: which states are
to be chosen and included in the calculation of the average?

3.1 Sampling

Simple Sampling

One of the most naive methods of selecting the states to include in the average sum
Eq. (3.1) is the simple sampling method. We choose a manageable, finite number of
states, say M states from all the N possible, and approximate the average using these

17
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states only. Obviously, this method has the correct limit if we were to sample all states,
M → N , but that is often impractical as the number of states grows very fast with the
size of the system and in the limit of large or infinite systems, N →∞. We can hope that
by choosing states at random, we sample enough states to obtain a good approximation
of the system. Unfortunately, we do not know which states are typical for the chosen
temperature and which have almost negligible contribution to the average. For instance,
low temperature systems often have only a few states contributing to the average and a
uniform sampling of the states will most probably miss these few states, resulting in a
poor estimate of the average.

Importance Sampling

What if we were to choose states from the phase space according to some probability
pi, giving more weight to configurations which are more probable at a certain temper-
ature T ? Then we could approximate the thermal average with the following modified
estimator

〈A〉 =
∑
i Aie

−βEi/pi∑
i e

−βEi/pi
. (3.2)

Importance sampling is such an improvement over simple sampling. The probability pi
of choosing a state i is proportional to exp(−βEi), simplifying the calculation of the
average,

〈A〉 =
1
M

M∑
i=1

Ai, (3.3)

but instead makes it a bit harder to choose states. The main gain is that the estimate
of the average does not include states contributing little to the average, since these are
rarely picked by the Boltzmann weight. The natural question to ask now is: how do we
choose the state according to the Boltzmann probability distribution?

It is hard to construct a state independent from the previous ones according to the
probability distribution above. If we were to generate states at random only a very few
would be accepted and we would be no better off than the simple sampling scheme.
Therefore, let us relax the requirement of independence and choose a state which is a
modification of the previous configuration. That is we construct a Markov process with
the transition probabilities Wi→j to the new states according to the importance sam-
pling probability distribution. Starting from a given, maybe random configuration, and
using a Markov process we want to generate configurations according to the Boltzmann
distribution. For this to work we need two further conditions to be fulfilled: ergodicity
and detailed balance.

Ergodicity and Detailed Balance

The first condition, ergodicity, simply states that the Markov process can reach any con-
figuration from any other. This is important since every state has a certain probability
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to be included in the average, regardless of how small. Thus an ergodic process is nec-
essary to ensure that we can pass through all the states of the system if we run long
enough. Failing to do so would bias the average, giving us a wrong estimate. The second
requirement, detailed balance, ensures that our Markov process reaches the equilibrium
distribution. Denoting the transitions from state i to state j as Wi→j and the reverse as
Wj→i, we will reach equilibrium if∑

j

piWi→j =
∑
j

pjWj→i, (3.4)

where pi is the probability for being in state i. Unfortunately, this requirement, although
correct, can also lead to non-equilibrium limit cycles, also called dynamic equilibrium.
To exclude limit cycles and ensure that we reach a true equilibrium distribution we can
strengthen the requirement of the transition probabilities to obey detailed balance,

piWi→j = pjWj→i. (3.5)

Detailed balance sets a constraint for the transition probabilities, from which we can
express the ratio of the transition probabilities

Wi→j

Wj→i
=

pj
pi

= e−β(Ej−Ei), (3.6)

where the right hand side is the ratio of two Boltzmann distribution probabilities, pi ∝
e−βEi , that one expects in equilibrium. Before we continue, we will slightly modify our
view of the transition probabilities Wi→j . Instead of choosing transition probabilities
directly we split them into two parts

Wi→j = Si→jAi→j , (3.7)

the selection probability Si→j and the acceptance probability Ai→j . The selection prob-
ability is used to select a new configuration and the acceptance probability is used to
accept the new configuration. We have not added anything only changed our view of
the transition probability. If we do not accept the new configuration we simply retain
the current state for one Monte Carlo step further. Setting the selection probability
to one, we need only to choose an appropriate acceptance probability, consistent with
Eq. (3.6).

3.2 The Metropolis and Heat Bath Algorithms
One of the simplest and most widely used Monte Carlo algorithms is the Metropolis7

algorithm. Here, we will discuss the simple Metropolis algorithm in the class of single
spin update algorithms, meaning that only one spin is flipped at each attempt. The
Metropolis algorithm is not restricted to single spin dynamics, but instead only describes
the choice of acceptance probabilities. On the downside, generating new configurations
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by single spin updates create successive configurations that are strongly correlated. On
the upside, we get a higher acceptance probability for the move, since the energy of the
system often does not change by much in a single spin update.

The Metropolis algorithm maximizes the acceptance through a particular choice of
the acceptance probabilities. The procedure is to first choose a spin to update, for exam-
ple at random, and then accept it according to

Ai→f =
{

e−β(Ef−Ei) if Ef − Ei > 0
1 else , (3.8)

where the indices i and f denote initial and final states. To verify that this single spin
update is the result of maximizing the acceptance probabilities, imagine starting from an
initial spin configuration with energy Ei and a goal to find the acceptance probability for
the new spin configuration with energy Ef . Inserting the expression of the transition
probability Eq. (3.7) into the transition probability ratio Eq. (3.6) and assuming that the
selection probability is the same, we have the requirement

Ai→f

Af→i
= e−β(Ef−Ei). (3.9)

To make the algorithm as efficient as possible, in the sense of maximizing the accep-
tance probability, we want to assign the maximal probability to the larger of the two
acceptance probabilities. Setting the larger to one automatically determines the form
of the other, so that the right hand side of Eq. (3.9) is fulfilled. If Ef < Ei we set
Ai→f = 1 always accepting the move and if Ef ≥ Ei we set Af→i = 1, leading to
Ai→f = e−β(Ef−Ei). The algorithm is not obvious, but it gives the correct equilibrium
distribution and is simple enough to simulate on a computer.

An equally simple algorithm is the heat bath algorithm. In short, this algorithm se-
lects a spin and updates it using a local selection probability proportional to a Boltzmann
weight

S′i→f =
e−βEf∑
n e−βEn

, (3.10)

where the sum is over all possible states n, the heat bath, of the selected spin. One of the
simplest ways to use this method is to choose a spin at random and assume that you have
two possibilities for the spin: update the spin or do nothing. The two configurations
with energies Enew and Eold constitute the “heat bath”. The sum in the denominator of
Eq. (3.10) then has two terms, each with the appropriate energy for the two states. The
local selection probability of updating the spin to the new configuration is then

S′old→new =
e−βEnew

e−βEold + e−βEnew
=

e−β∆E

1 + e−β∆E
, (3.11)

where ∆E = Enew − Eold.
Averages calculated from the heat bath method are the same as those obtained us-

ing the Metropolis algorithm, both sampling the correct equilibrium distribution. The
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Metropolis algorithm maximizes the acceptance probabilities, but this does not neces-
sarily mean that it is always the most effective method, having the shortest correlation
times. For certain models, such as the high q-state Potts model8, the heat bath method
is known to be the better choice. The heat bath method also has the advantage of a
smooth probability density as a function of ∆E, which can be better suited for models
with applied external currents. In addition, there are also more specialized and efficient
methods, such as rejection-free methods and cluster update algorithms, that when appli-
cable can significantly speed up simulations.

3.3 Warm-up and Convergence

In Monte Carlo simulations it is crucial to make sure that only configurations in equi-
librium get included in the sampling of the averages for the observables and that the
averages due not depend on the chosen initial configuration. For spin systems consid-
ered in this thesis, there are two common initial spin configurations used. One is to align
spins to all point in the same direction, corresponding to a system at zero temperature.
The other common choice is to set the spins to point in random directions, correspond-
ing to an infinite temperature, in which the entropy contribution dominates. These two
configurations are often very far from the typical configuration one has at a finite tem-
perature. Fortunately, the Monte Carlo update procedure will drive the system towards
equilibrium and once there the system will remain in equilibrium.

The time it takes to reach equilibrium, called the equilibration time, can be estimated
by observing how different quantities of the system evolve with time. At equilibrium, we
expect observables, such as the energy and magnetization, to fluctuate around a constant
value consistent with the temperature of the system. We estimate the equilibration time,
by the time it takes for the slowest quantity, that we can find, to reach equilibrium. The
temporal evolution of the average

〈A〉Nt
=

1
Nt

2Nt∑
t=Nt+1

At, (3.12)

as a function of the number of sampling steps Nt, will vary for small Nt, but level off
once equilibrium is reached. A variant of this can be seen in Fig. 3.1, where we see
increasing system sizes needing longer equilibration times before reaching equilibrium.

In Paper I, when studying dynamic properties of the gauge glass system within equi-
librium, we wanted to model the dynamics using a single spin update method. Before
we could sample the equilibrium dynamics the system had to be taken into equilibrium,
but how equilibrium was reached was unimportant. Therefore, a quick cluster update
method was initially used, and when the system had equilibrated a switch to the slower,
but more physical justifiable, local update method was initiated. This made the dynamic
calculations within equilibrium easier to reach, avoiding the potential problem of critical
slowing down.
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Figure 3.1. Warm-up plots from Paper I, of the root mean square of the current Irms averaged
over different disorders, showing that larger sizes need more MC sweeps to reach equilibrium.

3.4 A Cluster Update Scheme
Another class of Monte Carlo algorithms are called cluster algorithms because of the
characteristic update method they employ. Here, instead of doing a single site update
attempt, we perform trial update moves by considering a whole cluster of sites simulta-
neously. An advantage of such methods is reduced critical slowing down, that arises in
a temperature region close to the critical temperature, in which the correlation length
diverges, leading to fluctuations within the system of size comparable to the system size.
These fluctuations take a long time to correctly sample by single spin updates moves,
making it hard to simulate systems near the critical temperature.

One of the most widely used cluster update methods, is the Wolff cluster algorithm9.
Here, I will shortly describe the algorithm as used for the XY model, and which was used
in Paper II to avoid critical slowing down near the critical temperature of superfluid
helium in aerogel.

Starting from a configuration of the system, we first choose one spin at random,
representing our seed spin si. We also choose, at random, a direction n̂, which will
be used when deciding to add spins to the cluster and also when updating the spins of
the cluster once the cluster is complete. At each step during the creation of the cluster,
we consider all neighboring sites outside of sites that are part of the cluster. If the spin
component of the candidate spin sj points in the same direction as the seed spin si, with
respect to the direction n̂, the candidate site is added to the cluster with probability

psi,sj
= 1− e−2β(n̂·si)(n̂·sj). (3.13)

When there are no more sites to consider the cluster is updated by reflecting all the
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cluster spins in the plane, whose normal vector is n̂.

3.5 Parallel Tempering

One serious problem when simulating systems with disorder, is that there often does not
exist a direct path down to the ground-state energy of a system. The energy landscape
can be very rough with many local minima or there might even be several low energy
configurations separated by high energy barriers. When using a simple Monte Carlo
method to sample the configurations consistent with a given temperature, one can imag-
ine that the system often gets stuck in local minima, not corresponding to equilibrium.
This is due to the potentially high energy barriers between different configurations. The
time spent in such a minimum is related to the barrier height and to the temperature at
which the simulation is performed. This is a big problem when working at low temper-
atures and an alternative way enabling systems to escape local minima is required, if we
want to simulate these systems in a reasonable amount of time.

A way to avoid this problem is to use the parallel tempering method, also called the
temperature exchange method10,11. This algorithm simulates not one system but a whole
ensemble, all with the same parameters, but at different temperatures. The systems are
simulated simultaneously with an additional trial update move, swapping configurations
between systems adjacent in temperature. The acceptance probability for the swap is

A =
{

e−(β1−β2)∆E if ∆E > 0,
1 else. , (3.14)

where βi is the temperature of system i and ∆E = E2 − E1 is the energy difference
of the systems considered for the swap. One can show that the algorithm preserves the
Boltzmann distribution for the systems, thus striving for equilibrium. The advantage of
this method is that low energy configurations will easier escape local energy prisons they
might be trapped in. They escape because the exchanges with higher temperature con-
figurations enable configurations to visit higher energies, where it is easier to overcome
energy barriers that confine it to a local minimum, see Fig. 3.2.

Parallel tempering is, of course, more computationally demanding since one needs
not only one, but several systems (typically 10 or 20), each simulated at a different tem-
perature. The number of systems required depends on the energy distribution overlap
between the temperatures we wish to swap. If there is little or no overlap, the swap will
only be allowed very seldom and the benefits of parallel tempering will not come to use.
On the other hand, with many closely spaced temperatures, the time needed to simulate
all the systems will be unnecessarily long. Therefore, there is a delicate balance in choos-
ing the number of systems to simulate. The trade-off is exchanging a long calculation for
several smaller ones, hoping that the total simulation time will be less. For example, in
the glassy systems we have studied (cf. Paper I), the presumably rough energy landscape
makes the use of parallel tempering beneficial.
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Figure 3.2. The parallel tempering scheme uses configurations at a higher temperature (2) to
help lower temperature configurations (1) overcome energy barriers.

3.6 Histogram Reweighting Methods
The Monte Carlo algorithm described above samples configurations following a Boltz-
mann distribution for a given temperature. For any chosen temperature, the Boltzmann
weight will select a certain set of energies that will substantially contribute to the sum
expressing the average of an observable in Eq. (3.1). For a slightly different tempera-
ture, the energies contributing in the Boltzmann weight will be slightly shifted, but will,
in large part, coincide with the energies at the original temperature. The question is
whether we can use the information in the sampling from one temperature to calculate
averages of observables at temperatures that are not too different.

Single Histogram

The simplest histogram reweighting method uses information from one simulation at a
given temperature T0 to estimate, or reweight, the configurations obtained in order to
calculate averages of observables at a not too different temperature T 8,12. Starting from
Eq. (3.2), we can choose to measure the observable A at a temperature T according to
the probability

pi =
1
Z0

e−β0Ei , (3.15)

which is the Boltzmann weight at a different temperature T0. Inserting this into the
average in Eq. (3.2) with temperature T , gives the form of the single histogram method
to use,

〈A〉T =
∑
i Aie

−(β−β0)Ei∑
i e

−(β−β0)Ei
. (3.16)

This means we can sample A for configurations typical to temperature T0, saving our
measurements of the observable Ai and total energies of the configurations Ei and then
just redoing the sum (the reweighting part), in order to get the average at the new tem-
perature T .
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As might be expected the energies at the sampling temperature T0 must be fairly
compatible with the energies at the new temperature T . This requirement, that the
temperatures be “close enough”, can be fulfilled by ensuring that the energy distribution
of configurations at temperatures T and T0 significantly overlap. The total heat capacity
is a measure of the variance of the energy and can be used as a measure of the temperature
range suitable for extrapolation,

∆T =
T0√
C(T0)

. (3.17)

Multi-Histogram

Generalizing the idea of the single histogram reweighting method above, we can choose
to use information from several simulated temperatures to improve our estimates of an
observable at several temperatures not directly simulated8,13. In order to calculate the
averages, we need to estimate the partition functions Zi of the system at the simulated
temperatures Ti. This is done though the use of an iterative process that converges the
partition function for a the given set of temperatures. Having Zi for the simulated tem-
peratures Ti, the new partition functions Zj for the new temperatures Tj are estimated.
Once the partition function is known, averages for observables at the corresponding
temperature can be calculated. This method together with an parallel tempering algo-
rithm was used in Paper II to estimate several observables.





Chapter 4

Analysis of Numerical Data

When simulating theoretical models on a computer, there is always a restriction in the
size of the systems we are able to compute. These restrictions come from limited com-
puter memory and computational time constraints, resulting in us not being able to
simulate sizes comparable with physical objects. Still, we can extrapolate results from
small system size simulations to describe very large and infinite systems using the finite
size scaling (FSS) theory.

In this chapter, I define some of the most commonly measured quantities in our
Monte Carlo simulations and describe the methods used to analyze them. I will mainly
focus on equilibrium quantities, but will also briefly discuss some aspects of dynamics
within equilibrium.

4.1 Measuring Equilibration Time
Before any sampling of interesting quantities can be performed, it is important to ensure
the system has reached an equilibrium state compatible with the temperature of the sim-
ulated system. In the case of systems with disorder, we want to define an equilibration
time that takes into account the fact that different realizations of disorder can have dif-
ferent equilibration times. A generalization of the warmup time given in Eq. (3.12), for
the case of systems with disorder is

[〈A(t0)〉]dis =

[
1
t0

t0∑
t=0

A(t + t0)

]
dis

, (4.1)

where t0 denotes the number of time steps discarded before an equal amount of time
steps are used for estimating the average. In this temporal evolution, the square brack-
ets indicate disorder averaging. Now, unless we are very lucky and start off with an
equilibrium distribution, we will have an average that decreases or increases the more
sweeps we collect (larger t0) for the average calculations. Finally, after a certain number
of sweeps, the average will level off and become a constant, the only variations coming

27
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from the finite number of sampling steps (c.f. Fig. 3.1). Thus our warmup-time is the
point where the system has leveled off and presumably reached equilibrium.

4.2 Equilibrium Finite Size Scaling
The limited time and computer resources for a simulation means that we are restricted to
small systems. This, obviously, makes it harder to predict and compare properties of real
systems, since these are, to a good approximation, systems of infinite size. Therefore,
one has to devise a method of extrapolating results from small systems to systems of
infinite size.

Finite size scaling is such a procedure that uses a number of finite size systems to
predict, via extrapolation, the properties of the infinite size system. The scaling hypoth-
esis14 states that asymptotically close to the critical point the singular part of the free
energy density is a homogeneous function of variables characterizing the problem, such
that1

f(t, h, . . .) = l−df̃(l1/νt, lyhh, . . .), (4.2)

where t = (T − Tc) is the reduced temperature, h = (H − Hc) is the magnetic field
and l is some length scale. The scaling function f̃ is a dimensionless function as are its
arguments. In the case of simulations, where we deal with finite systems, the size of the
system L is included as an additional relevant scaling variable,

f(t, h, . . . , L−1) = l−df̃(l1/νt, lyhh, . . . , l/L), (4.3)

where in the limit of an infinite system, L → ∞, the size dependence drops out as
expected. Choosing the length scale equal to the size L of the system, l = L, we write
the scaling form for the free energy density,

f(t, h, . . . , L−1) = L−df̃(L1/νt, Lyhh, . . . , 1), (4.4)

One main use of finite size scaling is the extraction of critical exponents for various
thermodynamic quantities. The critical exponents describe how the singular part of
the thermodynamic variables diverge, or tend to zero, as a function of the distance to
the critical temperature Tc in a continuous phase transition. The definitions of critical
exponents for a thermodynamic variable A have the form

A(t) ∼ tµ, (4.5)

where t = T − Tc and thus t → 0 when we approach the critical temperature, meaning
that the critical exponent µ is

µ = lim
t→0

lnA(t)
ln t

. (4.6)

1Here I have only included the temperature and magnetic field, but the extension to other scaling variables
or anisotropic fields is straight forward.
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From the singular behavior of thermodynamic quantities as T → Tc, we can define
some of the most common critical exponents: ν for the correlation length ξ, β for the
magnetization m and α for the specific heat c,

ξ ∼ |T − Tc|−ν , m ∼ |T − Tc|β and c ∼ |T − Tc|−α. (4.7)

Scaling relations for other thermodynamic quantities, expressed as derivatives of the free
energy, can be derived from the finite size scaling relation of the free energy, Eq. (4.4).

Heat capacity

The heat capacity can be defined as the derivative of the energy of the system with
respect to the temperature

C =
∂〈E〉
∂T

=
〈E2〉 − 〈E〉2

kBT 2
, (4.8)

which together with 〈E〉 = − ∂
∂β (lnZ) = ∂

∂β (βF ), can be expressed as the second
derivative of the free energy wrt. temperature (β−1 = kBT ),

C = kBT 2 ∂2(βF )
∂β2

. (4.9)

From the FSS relation of the free energy density, Eq. (4.4), and L ∼ ξ ∼ t−ν , we can
express the second derivative of f(L, T ), giving the scaling of the specific heat capacity

c(L, T ) ∼ ∂f2

∂T 2
∼ tdν−2f̃ ′′(L1/νt). (4.10)

Equating this with Eq. (4.7), we deduce the Josephson hyperscaling relation,

α = 2− dν. (4.11)

A remark here is that in certain models, such as the 3D XY model, the measurement
of the heat capacity near a phase transition gives a slightly negative critical exponent α,
e.g. α = −0.0151(3) in the 3D XY model15. This leads to a finite value for the result-
ing cusp in the heat capacity (since there is no divergence) and contributions from the
nonsingular, analytic, parts of the heat capacity, which are not considered in the scaling
relations above, may make it hard to extract reliable values for the critical exponent α.
This complication is illustrated in Paper II, simulating the 3D XY model in a system
with correlated impurities.

Current and Helicity Modulus

In XY-like models, we can define the following two quantities, a current I and a helicity
modulus Υ, measuring the response of the free energy to an applied boundary twist in
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the system16–18. Specifically, assuming a Hamiltonian,

H = −
∑
〈i,j〉

cos(θi − θj −Aij), (4.12)

where the phase θ couples to a magnetic field through the vector potential A, we define
the current I along the direction µ̂ as the change of the free energy with respect to an
infinitesimal twist Θ along the µ̂ boundary,

Iµ̂(L) ≡ lim
Θµ̂→0

∂F

∂Θµ̂
=
〈

∂H

∂Θµ̂

〉∣∣∣∣
Θµ̂=0

(4.13)

=
1

Lµ̂

∑
i

〈sin(θi − θi+µ̂ −Ai,i+µ̂)〉. (4.14)

Here, we have used fluctuating twist boundary conditions (FTBC)18, where the bound-
ary twist angle Θµ̂ is defined along the boundary in the µ̂ direction, such that θi+Lµ̂ =
θi + Θµ̂. To obtain the right-hand side, recast the model with FTBC back to periodic
boundary conditions by redefining the links between i and i + µ̂,

θi − θi+µ̂ → θi − θi+µ̂ +
Θµ̂

Lµ̂
, (4.15)

and take the derivative, finally allowing Θµ̂ → 0.
The second quantity, the helicity modulus Υ, is defined as the second derivative of

the free energy density with respect to the twist per length,

Υµ̂(L) ≡ lim
Θµ̂→0

L2
µ̂

V

∂2F

∂Θ2
µ̂

(4.16)

= lim
Θµ̂→0

L2
µ̂

V

{〈
∂2H

∂Θ2
µ̂

〉
− β

[〈(
∂H

∂Θµ̂

)2
〉

+
〈

∂H

∂Θµ̂

〉2
]}

(4.17)

=
1
V

∑
i

〈cos ϕi〉 −
1
T

∑
i,j

[〈sinϕi sinϕj〉 − 〈sinϕi〉〈sinϕj〉]

 ,

where ϕi = θi − θi+µ̂ − Ai,i+µ̂. The helicity modulus is related to the stiffness of the
spin waves in the system and also related to the dielectric constant ε in the Coulomb gas
picture of the XY model.

In the case when Tc = 0, one must be somewhat careful with the scaling relations
used to extract critical exponents. The finite size scaling relations for the current can be
derived from the corresponding finite size scaling relation of the free energy, Eq. (4.4),
modified to βf = L−df̃ . This scaling form, retaining the explicit temperature depen-
dence from the dimensionless quantity − lnZ = βF ∼ L0, is important when Tc → 0,
since in these cases the vanishing critical temperature can give rise to divergences not
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present when Tc is finite. From the definition of the current, Eq. (4.14), our finite size
scaling relation for Iµ̂ takes the simple form

βIµ̂(L) = Ĩµ̂(L1/ν(T − Tc)) (4.18)

or using the fact that L ∼ ξ ∼ |T − Tc|−ν the equation above can also be written as
(Tc = 0)

Iµ̂(L) = L−1/ν Ĩµ̂(L1/νT ). (4.19)

This scaling form of the current was used in Paper I to verify the assumption that Tc = 0
and to determine ν for the 2D gauge glass model.

Similarly, the helicity modulus scales as (Tc 6= 0)

Υ(T,L) = L2−dΥ̃(L1/ν(T − Tc)), (4.20)

or when Tc = 0, an extra factor of β must be retained

Υ(T,L) = L2−d−1/νΥ̃(L1/νT ). (4.21)

Binder Ratio

As is evident from the scaling relations above, many quantities explicitly depend on the
system size L, scaling with a specific critical exponent, such as α for the specific heat
capacity c. To simplify the analysis, one can construct ratios of quantities, in such a way
as to eliminate the size dependence at Tc. One such example of a dimensionless quantity
is the Binder ratio19 of the magnetization M of the system

g =
〈M4〉
〈M2〉2

, (4.22)

with scaling relation g(T,L) = g̃(L1/νt). The Binder ratio method is not restricted to
the magnetization, and similar dimensionless ratios can be constructed from other quan-
tities. From the scaling expression, the Binder ratio scaling function g̃ should become
size-independent at Tc (t = 0), and thus plots of g(T,L) vs. T , for different system sizes
L, will intersect at Tc. In practice, however, subleading corrections to scaling can alter
the simple size independent scaling form g(L, Tc) ∼ L0 and make it difficult to analyze
data other than to get a rough estimate of the critical temperature and scaling exponents.

4.3 Corrections to Scaling
The finite size scaling relation of the free energy for a system of size L given in Eq. (4.4)
is not the whole truth, not even practically. The relation, as shown, only takes into
account the leading size behavior of the scaling function. Irrelevant scaling fields can give
substantial corrections to this form for the system sizes in the simulation, which must
be taken into account, especially if one is interested in high-precision measurements of
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Figure 4.1. The Binder ratio for the two dimensional XY model, showing the corrections to
the assumed scaling relation, g(Tc, L) ∼ L0. Pairs of consecutive larger system sizes L inter-
sect at different lower and lower temperatures. These intersections are expected to converge to
the expected value of Tc ≈ 0.89 for very large (infinite) sizes.

variables such as the critical temperature and critical exponents. The situations in which
these subleading corrections to scaling are needed in order to accurately extrapolate the
properties of the infinite thermodynamic system, varies from model to model. As an
example of how the corrections can enter, study the Binder ratio in Eq. (4.22). The
Binder ratio for different system sizes L should give us a set of curves that intersect
at a specific temperature, namely Tc. In some systems, this simple intersection is not
present. Instead, there is a drift of intersections between pairs of curves for larger and
larger system sizes, see Figure 4.1.

The standard procedure to “take care” of corrections to scaling is to ignore the small-
est sizes, saying that they are too small to obey scaling relations, due to corrections to
scaling. This might leave us with three or even two sizes that show a collapse or inter-
section and the extrapolation results from these become uncertain. A better way is to
attempt to model these corrections to scaling by including the subleading terms in the
scaling ansatz20

A(T,L) = Lκ/ν(1 + cL−ω)Ã(L1/νt− dL−φ/ν). (4.23)

Here a quantity A(T,L), which in the thermodynamic limit L →∞ scales as A(T,L =
∞) ∼ t−κ, has been rewritten, including subleading corrections to the amplitude cL−ω

and a temperature shift correction dL−φ/ν . Obviously, this improvement comes at a
price, more variables to fit. This in turn requires one to have good data for many sys-
tem sizes in order to uniquely determine the fitting parameters. Also, the correction
exponents ω and φ include many subleading corrections to scaling and as such, should
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be seen as effective exponents, valid for the size interval in which the variable fitting is
done.

The corrections to scaling can also be of logarithmic form. One such example is
the Kosterlitz-Thouless transition, occurring in the 2D XY model (consequently also in
the 2D Coulomb gas model). If we try to apply the expression Eq. (4.20) for how the
helicity modulus scales we only include the leading size-dependence L of the system.
In this two dimensional case, this form is not enough to accurately determine the FSS,
due to subleading finite size corrections that are important. From the renormalization
equations of the Kosterlitz-Thouless transition it can be shown21 that the finite size
scaling relations for the helicity modulus obtains an important logarithmic correction.
This correction modifies the scaling from Eq. (4.20) into

Y (L) = Y∞

(
1 +

1
2 ln L + a

)
(4.24)

where Y∞ is the helicity modulus of the infinite system and a is a constant to be fitted
to data.

4.4 Dynamic Quantities
Within equilibrium, measurable quantities fluctuate around their equilibrium values.
These fluctuations and their relaxation back to equilibrium near a critical point, can be
studied using a generalization of the finite size scaling form,

A(T,L, t) = L−aÃ(L1/ν(T − Tc), t/τ) (4.25)

where the time variable t (not to be confused with the reduced temperature (T − Tc)
used previously) has been scaled with correlation time τ . Near the critical point, the
correlation length ξ diverges, meaning that larger and larger regions of the system are
part of fluctuations. Therefore, it is natural to assume that the correlation time τ for the
fluctuations to relax back to equilibrium also diverges, a phenomenon known as critical
slowing down. We can express the divergence of the correlation time near a critical point
as

τ ∼ Lz, (4.26)

where z is dynamical critical exponent. The divergence and therefore the value of the
critical exponent z, is dependent on the type of dynamics used in the system. Below,
mainly two dynamic variables of Monte Carlo simulations, the time autocorrelation
function and the resistivity, are used to extract the dynamic critical exponent z.

Autocorrelation Functions

If we study a stationary (time invariant) stochastic process {X(t)}, we can define the
time autocorrelation function

C(t) = 〈(X(t)− 〈X〉)(X(0)− 〈X〉)〉 = 〈X(t)X(0)〉 − 〈X〉2, (4.27)
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where t denotes the lag of the auto-correlation function and 〈X〉 is the mean value.
Often we choose to normalize this with the value at t = 0

S(t) =
C(t)
C(0)

=
〈X(t)X(0)〉 − 〈X〉2

〈X2〉 − 〈X〉2
, (4.28)

leading to a correlation function beginning at one and falling of to zero as t → ∞. For
large t, the autocorrelation function is expected to fall of exponentially C(t) ∼ e−t/τ ,
where τ defines the correlation time.

There are several methods to extract the correlation time from the autocorrelation
function. One method is to fit the correlation function S(t) to an exponential function
and extract the correlation time. Another method is to integrate the autocorrelation
function, giving a measure of the correlation time directly,∫ ∞

0

S(t)dt ∼
∫ ∞

0

e−t/τdt = τ. (4.29)

In Paper I, the correlation time is extracted from an autocorrelation function of an order
parameter-like variable of the system.

Conductance and Resistance

Two other physical variables, expressed as correlation functions, are the conductance and
resistance. These quantities can be calculated from a fluctuation-dissipation theorem and
their time dependence can be used to extract a measure of the correlation time τ .

The dc conductance of a model system can be calculated from the Kubo formula22

for the current

Σ =
1

2T

∞∑
t=−∞

∆t〈I(t)I(0)〉. (4.30)

From the finite size scaling relation for the current (4.19), we can define a time-dependent
scaling relation for the conductance

Σ(T,L, t) =
1

2T

t∑
t′=−t

∆t′〈β−1Ĩ(t′)β−1Ĩ(0)〉 (4.31)

= β−1τ Σ̃(L1/ν(T − Tc)), (4.32)

where Σ̃(x) is a dimensionless scaling function.
The resistance can be calculated using fluctuating twist boundary conditions (FTBC),

where one applies an extra twist Θ along the boundary of the system. This phase twist
enables the calculation of a voltage across the system, where the voltage V (t) is related
to the time derivative of the twist, through the Josephson relation

V (t) =
h̄

2e

dΘ(t)
dt

. (4.33)
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The time-dependent resistance can be expressed as an autocorrelation function of the
voltage,

R(T,L, t) =
1

2T

t∑
t′=−t

∆t′〈V (t′)V (0)〉 (4.34)

=
1

2T

t∑
t′=−t

∆t′
〈

dΘ(t′)
dt′

dΘ(0)
dt′

〉
, (4.35)

where we from now on choose units such that h̄/2e = 1. Since the voltage scales with
the inverse correlation time V ∼ 1/τ the resistance finite size scaling relation is

R(t, T, L) = (τT )−1R̃(L1/ν(T − Tc), t/τ). (4.36)





Chapter 5

Point Disorder

The introduction of disorder in a perfectly ordered system can often change the structure
and destroy long range order present in the pure samples. Disorder introduces a scenario
of competing energy, where the system tries to accommodate the disorder in the most
energetically favorable way, leading, in many situations, to equilibration problems and
the formation of glassy states. These glassy states share properties with both solids and
liquids, having the macroscopic rigidity of solids, but the microscopic structure of a
liquid.

In this chapter, I will introduce our study of the static and dynamic properties of the
gauge glass as a model for the vortex glass phase of high-temperature superconductors
with strong point disorder.

5.1 Quenched Disorder

Disorder in physical materials is hard to avoid and it is interesting to study how it affects
different systems. We can classify impurities in two categories, annealed and quenched
impurities. Annealed impurities are in thermal equilibrium with the system and when
calculating thermodynamic properties the degrees of freedom describing the disorder
needs to be integrated over. In contrast, if the degrees of freedom describing the disorder
change very slowly compared to the rest of the system, we can think of the disorder
as being fixed or quenched. In this thesis, I will only consider different realizations of
quenched disorder.

5.2 Vortex Glass Transition

A pure strongly type-II superconductor in the mixed phase with an applied external
magnetic field has vortices threading the system, forming a triangular Abrikosov vortex
lattice. This phase of the pure system is destroyed when an external current is applied
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perpendicular to the vortices, since the vortices will feel an applied force making them
move and dissipate energy, and the system ceases to be superconducting.

One way to avoid this forced loss of superconductivity is to pin the vortices, to
prevent them from moving, with a pinning force counteracting the generated force from
the introduction of the current. Such pinning forces naturally arise from defects in the
superconducting materials, because it is energetically favorable for the vortices to align
themselves with the disorder. The resulting effect of the disorder on the vortices is an
attractive force pinning the vortices to the disorder counteracting the driving force of
applied currents and thermal fluctuations.

One common type of disorder is point disorder, in which uncorrelated point de-
fects within the material pin vortices. Point disorder arises naturally as defects in high-
temperature superconductors, e.g. originating from oxygen vacancies or impurities.
This type of point defects can artificially be introduced into a clean superconductor,
by irradiating samples with electrons and protons

Introducing a weak disorder (low density of defects) into the system will not sub-
stantially alter the ordered vortex lattice structure from the pure system at short length
scales, locally preserving the topology of the triangular lattice symmetry of the system.
At longer length scales, though, the interaction of the vortices with the weak disorder
will destroy the lattice symmetry, destroying the long range order and the system en-
ters the Bragg glass phase23–25, where the name alludes to the Bragg peaks seen in such
a phase. In this dislocation-free phase the correlation functions for the vortex positions
in the glass, decay according to a power-law. Increasing the temperature, the Bragg glass
“lattice” will melt into a vortex liquid through a first-order phase transition.

Increasing the disorder strength, the system enters a new topologically disordered
phase, the vortex glass26,27. This phase is characterized by a vanishing linear resistivity as
the applied current j goes to zero, ρ(j → 0) → 0, indicating that the vortex glass phase
is a true superconducting phase with no linear response to the Lorentz force from the
applied current. This vanishing of the linear resistivity, comes from diverging energy
barriers against vortex motion in the vortex glass phase.

The melting transition, when increasing the temperature, from the vortex glass phase
into a vortex liquid phase occurs through a second order phase transition. This second
order transition was studied in Paper I, using the gauge glass model as a model for the
vortex glass phase.

Figure 5.1 shows some of the main features of a phenomenological phase diagram for
a system with uncorrelated point disorder.

5.3 Simulating the 2D Vortex Glass

From the above discussion, we conclude that in order to model the transition from the
vortex liquid into the vortex glass phase, disorder must be added to our models. One
way to introduce disorder is to allow the coupling constants Jij in a spin model to vary
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Figure 5.1. The phenomenological phase diagram of a high-temperature superconductor,
showing the vortex glass and vortex liquid phases separated by a second order melting tran-
sition. At lower fields, and weak disorder, the Bragg glass, sharing the same topology as the
pure triangular lattice, melts to a vortex liquid through a first-order transition. (Not to scale.)

between sites with spin si and sj, giving us the spin-glass Hamiltonian

H = −
∑
〈i,j〉

Jijsi · sj. (5.1)

The Jij are independent random variables selected from a distribution, e.g. a uniform
binary distribution from the set {1,−1}. This model includes both randomness and
frustration between the spins.

Disorder can also be described by a random-Tc model, where the coupling constants
Jij are positive and randomly chosen, seen as a model with a spatially varying Tc. A
related model, is the dual random pinning model, with Hamiltonian

H =
1
2

∑
ij

qiqjVij +
1
2

∑
i

U(ri)q2
i , (5.2)

similar to the Coulomb gases described Chapter 2 including the disorder through a ran-
dom space-dependent pinning potential U(r).

We will pursue a similar, but different model, by introducing the disorder through
randomness in the magnetic field.

Gauge Glass

In the vortex glass at low temperatures, the system consists of frozen vortex lines fol-
lowing the strong point disorder. The gauge glass model28–30, attempts to describe this
phase and universality class, by inserting a quenched random magnetic field in a pure
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XY system. Specifically, the disorder is introduced through the magnetic vector poten-
tial field A, coupling to the phase of the superconducting order parameter θ, giving the
Hamiltonian of the gauge glass

H = −J
∑
〈i,j〉

cos(θi − θj −Aij). (5.3)

Here, J is a positive coupling constant and Aij are quenched random variables taking
values between −π and π (or 0 and 2π). The random variables Aij are defined on the
links connecting site i and j and are related to the vector potential of the magnetic field
B = ∇×A through

Aij =
2π

Φ0

∫ j

i

A · dr,

with Φ0 = hc
2e the flux quantum. The gauge glass model can be seen as an XY model with

an included quenched (frozen) spatially random magnetic flux in the lattice, affecting the
spin interaction. Alternatively, the gauge glass can be viewed as a model for a granular
superconductor.

Despite the local quenched magnetic fluxes, the gauge glass is, on average, isotropic
and with periodic boundary conditions there is no net applied magnetic field. Even
though the gauge glass is a simple model, there is still no consensus whether there exist
a finite temperature transition to a glassy phase in 2D31. Paper I, is in part devoted to
Monte Carlo simulations and FSS analysis of the equilibrium static properties of the two
dimensional gauge glass, finding a scaling consistent with a zero temperature transition
Tc = 0.

Dynamics in the Gauge Glass

Using Monte Carlo simulations, we can also study the dynamics of the gauge glass,
which will be dependent on the update scheme used. This means that the same static
universality class can have many different dynamic universality classes, depending on
the dynamics of the system. Further, the presence of conserved quantities, such as a
conserved order parameter, can lead to a different dynamic universality class than the
unconstrained system32. In the gauge glass, we are interested in the local relaxation
dynamics in the absence of any conserved quantities and therefore we only employ single
spin updates and do not consider any cluster methods. In addition, to observe relaxations
of single spins, the update scheme should not include other global update techniques,
such as parallel tempering (c.f. Section 3.5).

At a second order transition, the correlation length diverges ξ ∼ |T−Tc|−ν , meaning
that we will have large correlated fluctuations. It is natural then to assume that these
fluctuations relax back to equilibrium with a correlation time τ that also diverges as we
approach the critical point. This divergence can be expressed as

τ ∼ ξz, (5.4)
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where z is the dynamic critical exponent. In other words, this correlation time measures
the time it takes for a typical fluctuation to relax.

In order to calculate the dynamic exponent we must study dynamic (time-dependent)
quantities such as the resistivity. In our simulations on the gauge glass we calculated the
resistivity and time-autocorrelation function of a fake order parameter. Surprisingly, we
find two diverging correlation times, one for the global phase slips and one for the local
spins updates.

The correlation time from measuring the time-autocorrelation function probes the
relaxation times for the thermally exited spins to relax back to equilibrium. Applying
the dynamic scaling theory, Eq. (4.25), on this local and time-dependent quantity, the
summed auto-correlation function for systems of different size, collapses onto a single
curve for the entire time-range. From this collapse we can extract the dependence of τ
as a function of size giving us the dynamical critical exponent z. In the gauge glass this
dynamic critical exponent was measured to be z = 2.7± 0.2.

A difference between simple scaling collapses in the static and dynamic cases is that
in the latter we have at least two scaling fields, since we include t/τ (c.f. Eq. 4.25). To
simplify the scaling analysis, it is often better to fix one of the scaling fields in the scaling
function, and since we are interested in the dynamics, a logical choice would be to fix
the value of L1/ν(T −Tc) for each choice of system size L. This means that each system
size must be simulated at a different temperature.

There are several other dynamic quantities we can study, two of which are the con-
ductivity and resistance. Naively, one would expect all dynamic quantities to yield
the same dynamical exponent, measuring the characteristic thermal fluctuations of the
phases. However, in the gauge glass model, measuring the resistance from the fluctu-
ations of the phase boundary (cf. Eqs. (4.33) and (4.35)), reveals a slightly different
dynamic behavior than obtained from the time-autocorrelation function above.

Assuming the same dynamic critical exponent as previously, the resulting collapse of
the time-dependent resistance only occurs in a medium time-range interval. For longer
times, though, the scaling does not work, indicating that there might be a second diverg-
ing correlation time. Since the resistance measures vortex motion through the system,
it is natural to associate this longer correlation time with the vortex motion. Measuring
the resistance, therefore, captures these global events of voltage fluctuations described by
a different dynamic critical exponent. The resistance at large times could be described
by an activated Arrhenius form,

R ∼ e−V/T , (5.5)

where V is an effective energy barrier height, separating two local minima in the rough
energy landscape, that vortices need to surmount in order to cross the system. This
energy barrier is assumed to scale with system size as V ∼ Lψ.

Figure 5.2 shows the resulting 2π phase twist, when a vortex is allowed to wander
through a system with periodic boundary conditions. Using fluctuating boundary con-
ditions instead, allows the system to unwind this twist, from which a voltage in the
perpendicular direction can be measured.
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Figure 5.2. The XY model with periodic boundary conditions, in which a vortex and anti-
vortex pair separate (top to bottom). As the vortex passes through the system a phase twist
emerges in the direction perpendicular to the motion of the vortex due to the periodic bound-
ary conditions.



Chapter 6

Correlated Disorder

The introduction of disorder into pure systems can substantially alter the different
phases and specifically the second order phase transitions between phases. In the pre-
vious chapter, strong point disorder changed the ordered Abrikosov vortex lattice of
high-temperature superconductors into a glassy phase called the vortex glass. In this
chapter we study the effects of disorder further, specifically when the disorder is corre-
lated.

6.1 Harris Criteria

The presence of weak disorder in a system changes the critical temperature from the
pure system’s Tc to the disordered system’s Tc, but the existence of disorder does not
necessarily lead to a change in the system’s universality class for the transition. There is
a heuristic argument by Harris33, setting a condition for when the disorder is a relevant
variable, destabilizing a pure system’s fixed point.

Disorder, as included in some of the models discussed in the current chapter, is in-
troduced by altering the coupling constants J and can equivalently be seen as a system
with a spatial variation in the transition temperature. Therefore, we introduce a spatially
varying critical temperature Tc(r) and study the variations of this critical temperature
from the overall global critical temperature Tc of the disordered system,

δTc(r) ≡ Tc(r)− Tc. (6.1)

In addition, we also define a correlation volume Vξ for the continuous transition from
the scaling behavior of the correlation length ξ ∼ |T − Tc|−ν as T → Tc.

The argument is as follows: If the fixed point associated with the pure system is
to survive the introduction of disorder, the average of the fluctuations δTc(r) over a
correlation volume Vξ = ξd, must have a disorder root-mean-square fluctuation that is
small compared to |T −Tc| ∼ ξ−1/ν as T → Tc. Otherwise, the disorder will destabilize
the pure fixed point and the system will change universality class with new fixed points.
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The disorder root-mean-squared fluctuations averaged over a correlation volume are

〈(∫
Vξ

ddr
Vξ

δTc(r)

)2〉1/2

dis.

=

[∫
Vξ

ddr
Vξ

∫
Vξ

ddr′

Vξ
〈δTc(r)δTc(r′)〉dis.

]1/2

. (6.2)

To find the dependence of the above expression, in terms of the correlation length ξ,
begin by studying the correlation function in the right hand side. The correlation func-
tion of the fluctuations in the critical temperature 〈δTc(r)δTc(r′)〉dis., can be expressed
as the correlation function of the coupling constants 〈J(r)J(r′)〉 and, likewise, of the
disorder. In the simplest case, the disorder is completely uncorrelated and the correla-
tion function is therefore a delta function δd(r − r′). In this case, Eq. (6.2) evaluates to
V
−1/2
ξ = ξ−d/2 ∼ |T − Tc|dν/2. Now, comparing this with the requirement that in

order for the transition to be self-consistent, this expression has to be much smaller than
|T − Tc| as T → Tc, leads to the condition dν/2 > 1.

Three relatively simple cases for the disorder are: (a) uncorrelated disorder, (b) fully
correlated disorder in one direction and uncorrelated in the rest, and (c) long-range cor-
related disorder obeying a power-law34. The uncorrelated disorder case, with a delta
function correlation, was discussed above, resulting in the condition ν > 2/d. In
the case with disorder fully correlated in one direction and the remaining directions
uncorrelated, the correlation function is δd−1(r − r′) and the condition changes into
ν > 2/(d − 1). Finally, for the long-range power-law correlated disorder g(r) ∼ r−ζ

(with d > ζ), the condition for the stability of the pure fixed point is ν > 2/ζ.
In summary, Harris33 showed that for a continuous transition, uncorrelated weak

disorder is irrelevant if the pure system obeys ν > 2/d. The generalization by Weinrib
and Halperin34 to the case of power-law correlated disorder, with correlation function
g(r) ∼ r−ζ as r →∞, tells us that disorder is irrelevant if

dν − 2 > 0 if ζ ≥ d (Harris) (6.3)
ζν − 2 > 0 if ζ < d, (6.4)

representing the short- and long-range correlated regimes respectively.

6.2 Helium-4 Confined in Aerogel

According to the Harris criterion33, introducing weak random point disorder into a 4He
system should not change the universality class from the pure system, since ν ≈ 0.67 in
the pure system15. If we instead introduce correlated disorder, the system could change
critical behavior described by a new universality class with different exponents. In this
section, we study the superfluid λ-transition of 4He, where disorder is inserted though
the use of the aerogel material.
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Aerogel

Aerogel is an extremely porous solid, making it an interesting material to use, specifi-
cally when special requirements are to be met, such as in space missions. Holding the
title World’s Lightest Solid35,36, aerogel samples can have porosities up to 99.9%, which
makes aerogel practically as light as air. Due to its high porosity, aerogel has successfully
been used in space missions, such as the Stardust mission37, where rapidly moving dust
grains blown off the comet Wild 2 were collected in an aerogel array acting as an effective
cushion safely trapping the rapid particles for later examination. Aerogel is also a very
good thermal insulator, which together with its low density makes it attractive in space
missions.

The aerogel structure consists of silicon dioxide particles forming strands of a few
nanometers in size, which are inter-connected, creating a very porous structure with
cavities ranging up to 200 nm in size38. In addition, the aerogel structure forms a fractal
on a length scale range from a few nanometers up to a hundred nanometers39.

The porous and fractal nature of the aerogel structure enables studies of disorder in
4He. Experiments38,40, with liquid helium in aerogel, indicate a new universality class
for the superfluid transition and also a surprising violation of the Josephson hyperscaling
relation α = 2 − dν. In Paper II, we study this problem numerically, by simulating an
XY model in the presence of disorder in the form of an aerogel-like cluster structure.

DLCA Clusters

The correlated impurities represented by the aerogel structure can in simulations be
modeled by the Diffusion Limited Cluster Aggregation (DLCA) algorithm41,42. This
algorithm tries to mimic the diffusion of the particles in the aerogel structure when
they are initially forming aerogel in its gel state. The resulting structure shows fractal
properties with a fractal dimension of df ≈ 1.8.

The algorithm starts by choosing the desired density of aerogel particles and dis-
tributes them randomly within the simulation volume. The particles will then diffuse
following a Brownian motion and each time two of them collide they stick irreversibly
together, forming a larger cluster. This new cluster can also diffuse, generating larger
and larger clusters until one single cluster remains.

Assuming the Brownian diffusion is described by the Einstein-Stokes equation with
dominating viscous forces, the diffusion constant D is inversely proportional to the
viscosity η and radius r of the spherical particle undergoing the diffusion,

D =
kBT

6πηr
. (6.5)

The fractal structures or clusters we are building will have a mass m proportional to its
size r to the power of the fractal dimension df ,

m ∼ rdf . (6.6)

This relation gives us the dependence of the size of the cluster on its mass, r ∼ m1/df .
Consequently, the dependence of the diffusion constant for the fractal cluster on the
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mass m of the fractal is
D(m) ∼ 1

r
∼ m−1/df . (6.7)

The probability pi to select cluster i with mass mi to diffuse in the next update step is
proportional to the diffusion constant of that cluster D(mi). This can be encoded into
the dynamics of the algorithm by choosing the cluster selection probability to be

pi =
m−α
i∑

i m
−α
i

, (6.8)

where α = 1/df . This selected cluster is then randomly moved one lattice spacing along
any direction, merging together with any other clusters it has contact with along the
way. A numerical study of the generated DLCA clusters, with different choices on the
parameter α, shows that the generated structures all have the same fractal dimension,
irrespective of the choice of α.

The choice of dynamics, Brownian motion of diffusing particles in a viscous solu-
tion, generates one single cluster with a fractal dimension, in some length scale interval1,
equal to df ≈ 1.8. This fractal dimension is very similar to the fractal dimension seen
in certain aerogels (base-catalyzed). An example of such a generated DLCA cluster is
shown in Fig. 6.1.

Harris Criterion

The isotropic fractal structure of the DLCA cluster, with a fractal dimension df ≈ 1.8,
enables us to express the density-density correlation function as a function of distance43

c(r) =
1
Vf

∑
r′

ρ(r + r′)ρ(r′), (6.9)

where ρ(r) is a local density, equal to one if a site is part of the fractal cluster and zero
otherwise, and Vf is the total number of particles in the cluster. Since fractals are scale
invariant, the density-density correlation function has the property2 c(r) ∼ r−ζ , with
ζ = d− df ≈ 1.2 for the DLCA cluster in three dimensions.

A naïve application of the generalized Harris criterion presented in section 6.1 leads
to the conclusion that the disorder is relevant, since for the pure system ν ≈ 0.67, and
the condition for weak disorder to be irrelevant (c.f. Eq. (6.4)) reads

ζν − 2 > 0, for ζ < d. (6.10)

On the other hand, at longer length scales, the disorder in the DLCA cluster changes
from being fractal to uncorrelated, since the density of the cluster is initially chosen to a
fixed value. In this case, one would expect the pure fixed point to be barely stable, since

1The physical object cannot be fractal on all length scales, since the aerogel density is initially fixed.
2The density-density correlation function for a fractal is a homogeneous function 43 c(br) = b−ζc(r),

with 0 < ζ < d
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Figure 6.1. A diffusion limited cluster-cluster aggregation realization, used to model the aero-
gel system in numerical simulations.

now ν > 2/d = 2/3 is valid. A way to avoid the Harris criterion is to note that the
disorder, introduced by the DLCA cluster, is strong, therefore the implications of the
Harris criterion need not be true. In Paper II we find new critical exponents for the 3D
XY model with disorder described by a DLCA cluster, indicating a different universality
class for this system, but we also note that a slow crossover to the pure 3D XY models
universality class can not be ruled out.

Modeling Helium-4

The universality class of 4He at the λ-transition is believed to be the same as that of the
phase transition in the pure 3D XY model,

H = −
∑
〈ij〉

Jij cos(θi − θj), (6.11)

where θi denotes the phase of the complex order parameter Ψ = |Ψ|eiθ. In the pure 3D
XY model, the coupling constants Jij are all set to a constant positive value, often J = 1,
since other constant values can be transformed to the J = 1 case with a redefinition of
the temperature −βH[J ] = −(βJ)H[J = 1].
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In order to simulate helium-4 in the presence of the aerogel disorder, we must intro-
duce disorder into the the pure XY model. The DLCA cluster, representing aerogel, will
exclude sites that are occupied by helium in the pure case. It is then natural to make the
choice that the coupling constants Jij are equal to one only between helium sites and
zero if at least one of the sites i or j is part of the DLCA cluster. This quenched disorder
is then held fixed throughout the simulation.

6.3 Vortex Model
The Meissner phase in superconductors is characterized by the expulsion of magnetic
fields within the superconductor. The transition into the mixed state of type-II su-
perconductors allows magnetic fields to penetrate the system, channeled through the
vortices. Introducing linearly correlated defects, such as columns, vortices will find it
energetically favorable to align themselves on top of such defects, extending along the
direction of the disorder and thereby introducing a reluctance towards deviations from
these defects. By applying a second, weaker, field perpendicular to the columns, a tran-
sition from an phase in which no magnetic field penetrates in the transverse direction
to a phase in which the field has a component in this direction can be seen. This is the
transverse Meissner transition (TMT).

Columnar Disorder and the Bose Glass

Correlated defects in a type-II superconductor can be introduced by heavy-ion irradi-
ation of samples, producing tracks of damaged material forming the disorder. In the
presence of such columnar disorder, applying a magnetic field at low enough tempera-
tures, the thermal energy is weak and the vortices find it energetically favorable to be
trapped onto the columnar defects, forming a new glassy state called the Bose glass44,45

(related to the glassy phase of 2D bosons with point disorder46). From the Bose glass
phase, raising the temperature, the stable Bose glass phase melts through a second-order
transition into an entangled vortex liquid. Figure 6.2 shows the phase diagram of a
high-temperature superconductor in the presence of correlated disorder47.

The Transverse Meissner Transition

Many systems are isotropic at large length scales, where anisotropies at shorter scales
disappear and systems show a high degree of symmetry. The breaking of these sym-
metries in a system will often transfer the system from one universality class into an-
other. A typical symmetry breaking disorder introduced in superconductors are cor-
related columnar defects, extending from microscopic to macroscopic scales. Since the
correlation length near a second order phase transition diverges, a situation where the
system shows two different diverging correlation lengths, parallel and perpendicular to
the symmetry breaking columnar defects, can emerge. This symmetry breaking can be
taken one step further by breaking the in-plane symmetry in the directions perpendic-
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Figure 6.2. The phase diagram of a high-temperature superconductor with correlated disorder,
showing the Bose glass phase at low temperatures. In this glassy phase, vortices are perturbed
from their triangular lattice sites in the pure system, in a way that locally the Bose glass vortex
glass retains the topology of the pure system, but at larger distances the disorder destroys the
long range translational order of the Abrikosov lattice. The thin white lite is the melting curve
of the pure system. (Figure is not to scale.).

ular to the columns. The symmetry is removed by applying an external magnetic field
at an angle with the columns. The result of this asymmetric setup can lead to diverg-
ing correlation lengths at a continuous transition, with exponents that differ in all three
directions.

In the transverse Meissner transition, briefly discussed above, one introduces corre-
lated defects, such as columnar defects, and then looks at the transition when a field is
applied. If the field is parallel to the correlated defects, we can measure the so called
Bose glass transition. Now slowly rotating the external field away from the defects,
the vortices will, at small angles, still localize along the columnar defects, even though
there is a non-zero transverse applied field in this case. As the perpendicular magnetic
field increases there will finally be a transition into a a state when the vortex flux lines
decouple from the columns producing a transverse flux within the superconductor. Fig-
ure 6.3 illustrates this transition, from a zero transverse flux B = 0 into a finite flux
B 6= 0 along a direction perpendicular to the columns. This transition is the transverse
Meissner transition.

The lack of symmetry in the transverse Meissner transition along the three spatial
directions makes it interesting to study if such systems change their universality class
into one where correlation lengths along each direction diverge with different exponents,
when approaching the transition.
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Figure 6.3. The transverse Meissner transition in high-temperature superconductors with
columnar disorder and a strong field H‖ parallel to the columns. For a weak magnetic trans-
verse field H⊥ (left), the vortex lines are pinned to a single column. Increasing the transverse
field (right), the vortices start to follow the applied field direction, producing a finite magnetic
flux in the transverse direction destroying the transverse “Meissner” phase.

Anisotropic Scaling

There is an interesting analytical scaling result48 for the Transverse Meissner transition,
showing that the ratios of the exponents for the diverging correlation lengths in the
three different spacial directions are 1,2 and 3! Here, I will give an quick derivation of
this 1-2-3 scaling result.

First, assume we have a system extending in three spatial directions with the corre-
lated disorder, the columns, along the ẑ direction. Apply a magnetic field H at an angle
to the disorder, such that there is a strong component H‖ parallel to the disorder (along
ẑ) and a weak component H⊥ perpendicular to the disorder along the x̂ direction. The
assumption is that we will have a different correlation length scaling exponent in each of
the three spatial directions,

ξy = ξ ∼ |T − Tc|−ν (6.12)
ξx = ξχ (6.13)
ξz = ξζ . (6.14)

In such a system, the scaling of the disorder-averaged free energy density f , is assumed
to follow

f(T,Hx,Hy,Hz) = l−(χ+1+ζ)f(l1/ν(T − TTM ), lχHx, lHy, l
ζHz) (6.15)

where l is a length scale factor and TTM is the transverse Meissner phase transition tem-
perature. The temperature scaling variable is defined in the usual way, while the scaling
of the magnetic variables as the inverse length, Hi ∼ l−1

i , follows from the energy den-
sity B ·H ∼ l−(χ+1+ζ) together with the scaling form of Bi = −∂f/∂Hi = (∇×A)i ∼
l−(χ+1+ζ)/l−1

i . The scaling of the magnetic induction Bi, follows, in turn, from the scal-
ing of the vector potential Ai ∼ l−1

i by the way it enters into the free energy, scaling like
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∇i ∼ l−1
i . Finally, the magnetic permeability scales as µi = ∂Bi/∂Hi ∼ l−(χ+1+ζ)/l−2

i .
In summary, the scaling relations for the magnetic induction and permeability are

Bx ∼ l−(1+ζ) , µx ∼ lχ−1−ζ (6.16)
By ∼ l−(χ+ζ) , µy ∼ l1−χ−ζ (6.17)

Bz ∼ l−(χ+1) , µz ∼ lζ−χ−1. (6.18)

Arguing that the magnetic permeability along the ẑ direction does not diverge at the
transition46, µz ∼ l0, gives us the condition,

ζ − χ− 1 = 0. (6.19)

We now only need one more constraint to fix the exponents.
To derive the correlation length exponents, Eqs. (6.12) - (6.14), for the different direc-

tions, we continue by studying the scaling relation for the free energy density, Eq. (6.15),
when we apply a small rotation to the system. We first observe that the disorder-averaged
free energy density is rotationally invariant in the plane perpendicular to the columnar
disorder, meaning that the free energy density should remain invariant after applying a
infinitesimal rotation ϕ on the perpendicular component of the magnetic field H⊥,

Hx = H⊥ → H
′

x = H⊥ cos ϕ = H⊥(1− 1
2
ϕ2) + O(ϕ4) (6.20)

Hy = 0 → H
′

y = H⊥ sinϕ = H⊥ϕ + O(ϕ3). (6.21)

Application of this rotation should leave the free energy invariant,

δf = f(t, H
′

x,H
′

y,Hz)− f(t, Hx, 0,Hz) (6.22)

= −H⊥ϕ2

2
∂f

∂Hx
+ H⊥ϕ

∂f

∂Hy
+

H2
⊥ϕ2

2
∂2f

∂H2
y

+ O(ϕ3), (6.23)

meaning that each order in ϕ should vanish. Setting the coefficients of each order in ϕ
to zero results in the following two requirements,

By = 0 (6.24)
Bx = µyH⊥, (6.25)

from which χ = 2 can be obtained (c.f. Eqs. (6.16) and (6.17)). Together with the
previous result Eq. (6.19) we conclude that ζ = 3.

Experimentally, it may be difficult to study the transverse Meissner transition, due
to the fact that the transition occurs when the tilt angle of the applied field away from
the columns is very small (order of a few degrees). Despite this, in Paper III a continuous
transition from a solid, with vanishing resistivity, to a vortex liquid, with finite resistiv-
ity, was observed at larger tilt angles. The subsequent analysis showed that in the tilt
angle range θ = 15◦−65◦ the correlation lengths at the solid-to-liquid transition diverge
with three different exponents, which are close to the 1-2-3 result of the TMT transition,
even though the precise values could not be verified from the available data.





Chapter 7

Logarithmic Gas

The two dimensional Coulomb gas, related to the 2D XY model through a duality trans-
formation, shows an interesting type of transition, named the Berezinskii-Kosterlitz-
Thouless49–51 (KT) transition, whose origin is the unbinding of topological defects (vor-
tices). In three dimensions, the Coulomb gas, with an interaction depending inversely
on the distance between particles, is known not to have a transition at any finite temper-
ature. The charges in this system are always unbound forming a plasma phase for any
T > 0. The question then arises if we can modify the interaction potential and produce
a KT-like transition in three dimensions. This interesting scenario has recently been
suggested52,53 in a three dimensional system, where the interaction potential between
particles is assumed to be logarithmic.

7.1 Kosterlitz-Thouless Transition

Mermin-Wagner theorem

According to a theorem by Mermin and Wagner54, two dimensional systems with a
short-ranged interaction and a continuous symmetry, can not have any long range order.
We can show this lack of long-range order for the 2D XY model, using a simplified
argument for the fluctuations of the phase field.

Start by making the assumption that the system does have a transition into an or-
dered state below some temperature, in which the phase field θ(r) can be written as

θ(r) = θ0 + δθ(r), (7.1)

where θ0 is the uniform order parameter field minimizing the energy H and δθ(r) are
the displacements from this direction. We are interested in the mean-square value of
these phase fluctuations 〈(δθ(r))2〉 in the low temperature phase, where we expect them
to be small and finite and thus not destroy the ordered state. Given the fluctuations, we

53
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express the energy of the system relative to the assumed ordered state (c.f. Eq. (2.9))

∆H =
∫

d2r
1
2
|∇δθ(r)|2, (7.2)

resulting in the partition function Z =
∫
Dδθ e−β∆H taking a Gaussian form. The

correlation function 〈(δθ(r))2〉 can therefore be expressed as1

〈(δθ(r))2〉 =
∫ Λ

0

d2k
(2π)2

1
k2

, (7.3)

where Λ is some cutoff, which we can relate to our lattice constant. From this we see
that in two dimensions, the mean-square of the fluctuations diverges logarithmically and
is not bounded and small as we assumed.

This means that the 2D XY model, and consequently the Villain model and 2D
Coulomb gas, do not have any finite transition temperature to an ordered phase with
long-range correlations. Still, there are other, interesting, possibilities for a phase transi-
tion in these systems.

Topological excitations

Even though the 2D XY model lacks any broken symmetry phase with long-range cor-
relations, doing a low temperature expansion, the spin-waves (i.e. long wave-length
excitations) show correlations that slowly decay following a power law, referred to as
quasi-long-range order. Conversely, a high-temperature expansion of the 2D XY model,
instead shows the expected exponential decay of correlations with distance. The natural
question is what causes the change in the correlation function from a power-law decay to
an exponential decay? The answer to this is the existence of topological defects (vortices)
that, when present, can destroy the quasi-long-range order. On the other hand, pairs of
vortices with opposite vorticity can, at low enough temperatures, bind, leading only to
a local disturbance of the phase field, enabling the quasi-long range order to prevail. The
phase transition in the 2D XY model is, therefore, governed by the unbinding of vortex
pairs and the subsequent proliferation of free vortices in the system.

Energy-Entropy Argument

Despite the Mermin-Wagner theorem, the 2D Coulomb gas model and likewise the 2D
XY model, shows a finite temperature transition governed by the proliferation of charges
and vortices respectively. The existence of this transition is most readily seen if one
studies an energy-entropy argument for the free energy increase when inserting a charge
(or vortex in the XY systems).

1To do the Gaussian integral giving the correlation function, insert into the Hamiltonian, a source field
J(r) coupling to the order parameter and then take two functional derivatives with respect to J(r). Also
working in Fourier space decouples the Fourier components into separate integrals 55.
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At any chosen temperature, the free energy expresses a competition between energy
and entropy,

F = U − TS. (7.4)

The entropy of inserting a single charge (or vortex) in a two dimensional system of size
L, with a lower cutoff a2, can be calculated by observing that the number of distinct
positions available to place a charge is (L/a)2, giving the entropy of a single charge

S = kB ln(L/a)2. (7.5)

The self-energy of a single charge in a system of size L, assuming we have a linear
isotropic dielectric medium with dielectric constant ε is

H0 =
1
2ε

V (0) =
1
2ε

∫ 2π/a

2π/L

d2k

(2π)2
Vk =

{
Vk =

2π

k2

}
=

1
2ε

ln
L

a
(7.6)

where Vk is the Fourier transform of the Coulomb potential and a is the lower cut-off of
a system of size L2. This self-energy diverges at long length scales, becoming infinite for
an infinite system. The free energy change of inserting a single charge into the system is
then

∆F =
(

1
2ε
− 2kBT

)
ln

L

a
. (7.7)

From this expression we can deduce that for temperatures T < (4ε)−1 (set kB = 1)
there is an increase in the free energy for inserting a single charge to the system, but for
temperatures T > (4ε)−1 this is no longer the case and we will have charge proliferation.
In the vortex picture, these free charges will destroy any quasi-long-range order in the
system.

The argument above, can be modified to accommodate the existence of two particles,
with opposite charge, bound together. Calculating the energy of such a pair shows that
it is finite for an infinite system, and thus any such excitations will always be present at
any finite temperature. It is when these pairs unbind, that we get charge proliferation
and a phase transition occurs. In addition, these dipole pairs give rise to the screening
effect effectively captured by the dielectric constant ε.

7.2 Logarithmic Gas in 3D
As was shown in connection to the XY model in Eq. (2.11), the dual model of the
2D XY model is the 2DCG, where the vortices are represented by charged particles
of integer charge, corresponding to the vorticity. In this two dimensional system the
particles interact according to a logarithmic interaction, which is the solution to the
Poisson equation,

∇2V (r) = −2πδ(r) (7.8)

2In our numerical simulations this is always set equal to the lattice spacing, which, in turn, is set to unity.
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In three dimensions, the Coulomb gas charges interact according to the well known
potential, inversely proportional to distance, which is the fundamental solution to

∇2V (r) = −4πδ(r). (7.9)

This model is known6 not to have any finite temperature transition into a state where
the particles are bound in charge pairs; a conclusion which can also be drawn from a
similar energy-entropy balance argument given above. In the three dimensional case,
the self-energy, Eq. (7.6), is inversely proportional to distance r−1, while the entropy
remains proportional to the logarithm of r. Both these terms enter as negative terms
in the free energy change Eq. (7.4), indicating that it is always energetically favorable to
insert free vortices.

Changing the interaction above for the three dimensional system, into an interaction
whose long range form is logarithmic,

V (r) ∼ − ln(r), (7.10)

might lead to a change in the phase transition, from a zero temperature transition into
a finite one. It has been suggested52,53 that the new phase transition is of the Kosterlitz-
Thouless type, since by construction, it shares many properties of the Hamiltonian
with the 2D Coulomb gas. Recently, this scenario has been investigated in Monte Carlo
simulations56,57, with results supporting the existence of a KT phase.

The logarithmic interaction between charged particles in three dimensional classical
systems has also been suggested as a model for compact gauge theories coupled to matter
fields. Here, instead, we concentrate on the properties of the actual model and will not
discuss the validity of this model as a model for gauge theories.

Naively, performing the same argument for the energy and entropy contribution
to the logarithmically interacting gas, we find that since we are in a three dimensional
space, the contribution from the number of positions available to a charge increases to
(L/a)3. Thus, the free energy increase for inserting one charge in the system is

∆F =
(

1
2ε
− 3kBT

)
ln

L

a
, (7.11)

which suggests that a transition should exist for εTc = 1/6.

Polarization free system

In Coulomb gas models, there is a requirement on the overall charge of the system,
imposing charge neutrality, due to the divergence of the Hamiltonian when the total
charge does not vanish. Similarly, the logarithmic gas shares this requirement and in
addition also demands that there be no net polarizability in the system.

In Monte Carlo simulations, the charge neutral restriction can be obeyed by be-
ginning with an initial charge neutral configuration and only allowing update schemes
which preserve the overall charge. One examples of such an update scheme is the trial
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Figure 7.1. Warmup time comparison between a double dipole update scheme compared
to a scheme where single dipoles are used together with configuration space restriction and
sampling only at polarization free configurations. The restricted single dipole scheme is more
efficient, reaching equilibrium faster. Data taken from a system of size L = 8 and temperature
T = 0.225.

move of inserting one dipole pair. This, however, alters the polarizability of the system,
making it unsuitable for simulating the logarithmically interacting particle gas. Instead,
generalizing the update scheme to one where two dipoles with opposite directions are
inserted, will lead to configuration with an unaltered total charge and total polarization.

However, the update algorithm of inserting two dipoles is very slow. A faster method
is to update with single dipoles, allowing for polarization fluctuations, but instead only
take measurements when the overall polarization of the system vanishes. One problem
with this method is that there is a large probability that the system explores configura-
tions far from the polarization free system. In order to keep the system close to zero
polarization we can insert a hard cutoff for polarizations with magnitude larger than
one, i.e. we never accept trial updates resulting in a system whose total polarization is
two. This restricted sampling method, turns out to give the correct sampling, and is an
excellent compromise between allowing polarization fluctuations and measuring only at
zero polarization. Figure 7.1 shows that the restricted sampling method is much more
effective than the two dipole update method, enabling us to reach larger system sizes in
simulations.

Scaling

The main idea in our scaling ansatz used to study the transition for the logarithmic gas
is to attempt a similar scaling analysis as was performed for the 2D gauge glass in Paper I,
in which Tc = 0. One quantity we can measure in particle gas models is the dielectric
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constant, related to the helicity modulus of the XY models. The dielectric constant can
be calculated form the expression

ε−1 = lim
k→0

[
1− Vk

LdT
〈|qk|2〉

]
, (7.12)

where Vk is the Fourier transform of the logarithmic interaction potential and qk is
related to the density of particles at wave vector k.

The scaling behavior of the dielectric constant, can be analyzed by doing a finite size
scaling collapse from simulation data of different system sizes L,

ε−1(T,L) = ε̃−1(L1/ν(T − Tc)). (7.13)

The analysis seems to indicate that the best choice resulting in a collapse of curves of
different L is with a choice of Tc = 0, indicating that the logarithmic gas in three
dimensions does not have a transition at any finite temperature.

Concluding, further analysis of the logarithmically interacting particle gas model is
needed in order to settle the question whether there exist any phase transition at a finite
critical temperature or if the model has only a zero temperature transition. While some
renormalization group studies52,53 show the existence of a finite temperature transition,
other work58,59 has suggested that in a three dimensional system with logarithmic inter-
actions, a 1/r Coulomb interaction term will be generated and this will dominate the
large system behavior, always leaving the system in a plasma phase. Our current Monte
Carlo simulation results give a first indication consistent with the lack of a transition for
any T > 0.
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