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Abstract 

Considerable interest has been shown lately on the possibility of replacing the 

uranium dioxide fuel currently used in commercial light water reactors with 

uranium silicides compounds. Notably, great attention has been drawn to the 

compound U3Si2 due its higher uranium density in comparison to UO2, 

supporting the options of utilizing a fuel with decreased enrichment, reducing the 

number of fuel assemblies in the core, or prolonging the fuelled core lifetime. 

Furthermore, due to the improved heat capacity and increased thermal 

conductivity of U3Si2 compared to UO2, lesser stored energy and reduced 

temperatures will be met in U3Si2 fuel pellets, providing thus increased accident 

tolerance in scenarios such as reactivity insertion events or loss of coolant 

accidents.  

During the fission process new elements appear in the fuel matrix, altering the 

composition of the nuclear fuel during its active lifetime. The interest with this 

thesis lies on investigating the solubility of the representative fission products 

Mo, Xe, Zr, Ce, Ru, and Pr in the U3Si2 fuel matrix and their respective effect in 

the swelling of U3Si2 through the determination of the induced volume variation 

of the U3Si2 crystal lattice. The solubility of the metal fission products Mo, Zr, 

Ce, Ru, and Pr is determined after also investigating whether they are going to be 

more stable as precipitates out of solution in the secondary phase form FPxSiy or 

UxFPySiz than in solid solution with regards to the U3Si2 fuel matrix. 

For this investigation theoretical calculations are performed, which are based on 

the framework of the density functional theory with the use of the Vienna ab 

initio simulation package.  
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Abbreviations and nomenclature 

 

 

1. List of abbreviations 

ATF - Accident Tolerant Fuel 

BDB - Beyond-Design-Basis 

DB - Design-Basis 

DFT - Density Functional Theory 

FP - Fission Product 

GGA - Generalized Gradient Approximation 

KTH - Kungliga Tekniska Högskolan 

LDA - Local Density Approximation 

LOCA - Loss Of Coolant Accident 

LWR - Light Water Reactor 

MOX - Mixed Oxide 

MW - Megawatt 

MWth - Megawatt thermal 

PAW - Projector Augmented Wave 

PBE - Perdew - Burke - Ernzerhof 

PCI - Pellet Cladding Interaction 

RE - Rare earth 

SBO - Station Blackout 

VASP - Vienna Ab-initio Simulation Package 
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2. Symbols of elements 

 

Ba - Barium 

Ce - Cerium 

Cs - Caesium 

Kr - Krypton 

La - Lanthanum 

Ln - Lanthanide 

Mo - Molybdenum 

Nd - Neodymium 

O - Oxygen 

Pd - Palladium 

Pr - Praseodymium 

Pu - Plutonium 

Rh - Rhodium 

Ru - Ruthenium 

Si - Silicon 

Sr - Strontium  

Tc - Technetium 

U - Uranium 

Xe - Xenon 

Y - Ytrium 

Zr - Zirconium 

 

 

3 Physical quantities 

kB - Boltzmann’s constant 
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Chapter 1 

                   Introduction and motivation 

 Background 1.1

Nuclear power stations are considered to be an environmentally sustainable, 

dependable, and economical source of large-scale electricity [1, 2]. The constant 

technological improvement of nuclear power systems is continuously sought 

with regards to operational dependability, economics, and safety under normal 

operating conditions and off-normal operation (anticipated operational 

occurrences). In contrast to fossil energy electricity generation sources the main 

fraction of the cost for generating electricity in nuclear power plants is not fuel, 

operation, and maintenance; it is capital costs associated with the power plant 

itself. Consequently, as the power rating of nuclear reactors increases, the 

economics of operating a nuclear power plant advances as well. In order to 

determine the margins of safe increase of the power rating of nuclear reactors 

many factors need to be considered. A very important factor is the thermal limits 

of the nuclear fuel since a power uprate could potentially compromise the 

structural integrity of the fuel under expected operational events [3].  

The power densities in light water reactors (LWRs) are typically in the range of 

about 50-75 MWth/m
3
, a factor of about 100 higher than average power density 

in boilers of fossil energy plants [4]. These high levels of power density makes 

nuclear reactors vulnerable to severe accidents since there is little room for 

accommodating additional energy generation during normal operating 

conditions. Even though in a case of a reactivity insertion event or a loss of 

coolant accident (LOCA) the generation of power in the reactor core is greatly 

reduced via an immediate reactor scram, a considerable heat quantity continues 

to be generated after the reactor scram; about 7% of total power directly 

following the scram, about 1% of total power four hours following the scram, 

and about 0.2% of total power ten days following the scram [5]. With regards to 

a LOCA and taking into account that thermal power levels in commercial LWRs 

frequently surpass 3000 MW, the decay heat deposited after the reactor scram in 

the core where no coolant is circulated can cause swift increase of the 

temperature and consequently degradation of the core. Furthermore, since the 

thermal-mechanical properties of the fuel/cladding system change throughout the 

lifetime of the nuclear reactor, the response of the fuel system to any sudden 

deposition of energy due to reactivity insertion events (e.g. ejection of a control 

rod in an LWR) in the core will also vary [3].   
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The probability of core degradation during a severe accident has been 

considerably diminished after the implementation of significant operational 

features and upgrades in the design of LWRs in the 1980s after the LOCA at 

Three Mile Island [6]. The main focus of these improvements was to assure that 

sufficient cooling would be provided to the core in case of a non-operational 

primary cooling system. The prospect of implementing additional improvements 

in reactor design has been immensely considered following the station blackout 

(SBO) accidents at the three reactors of the Fukushima Daiichi nuclear plant [7], 

with the intent of advancing the safety of LWRs with regards to design basis 

(DB) and beyond-design basis (BDB) accident scenarios.   

In addition to the introduction of operational improvements and reactor design 

upgrades, research is also made on improving the fuel material, in order for the 

tolerance of the nuclear power system in accidental conditions to be further 

increased. The incentives behind the investigation on accident tolerant fuel 

(ATF) systems are the potential difficulty to implementing considerable changes 

in the design of currently operating nuclear reactors and the significant 

improvement in safety originating from the combination of operational 

improvements/design upgrades and innovative changes in the fuel system. The 

compelling objective for ATFs would be to allow for considerably advanced 

safety response to DB or BDB accident scenarios while presenting reliable 

operational characteristics under normal operating conditions [8].  

In order for an ATF system to be successfully implemented in a currently 

operating nuclear reactor improvements or at least negligible impediments 

should be introduced in normal operations, in order to comply with the fuel cycle 

(fabrication of nuclear fuel and treatment of used fuel), economics, and current 

power plant operations. The failure rate of the ATF system should be 

proportionate or preferentially better in normal operations than that of advanced 

fuel systems currently in use, and the disposition of the used fuel should be 

proportionate - or favourably simplified over - to procedures implemented at the 

moment [9]. 

Since the heat capacity of the fuel pin controls the stored energy, which in cases 

of specific short-term accident scenarios can affect the progress of the accident 

[10], and the thermal conductivity influences the heat-up rate during transients 

[11], ATF systems of advanced thermal/mechanical properties (e.g. with 

increased thermal conductivity) are considered as alternative fuel forms to the 

current monolithic ceramic uranium-oxide fuel pellets. Furthermore, alternative 

fuel forms to UO2 should provide increased retention of fission products (FPs) at 

increased temperatures (including gaseous, solid and liquid FPs), and should 

have high melting temperature and decreased thermal expansion. Moreover, with 

regards to the prospect of economic viability ATF fuels should also have 

increased uranium density. 

Due to their thermophysical properties and uranium density, uranium-rich 

silicides U3Si and U3Si2 have been considered to be an appealing fuel material 

for replacing UO2, from both aspects of cost-effectiveness and safety.  Operating 
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experience from the use of uranium silicide fuel in research reactors has shown 

that excessive swelling occurs in U3Si under irradiation [12, 13], preventing it 

from being used as a nuclear fuel. Moreover, in temperatures above 900
o
C, 

which is below expected operating temperatures in uranium silicide fuels, U3Si 

disassociates into U3Si2 and solid solution U [14, 15]. In contrary, U3Si2 has 

presented a very auspicious record under irradiation in research reactor fuels, 

being identified as more stable than U3Si with regards to the growth of fission 

gas bubbles at high uranium loading in the fuel meat and burnups [15, 16].  

The numerous advantageous thermophysical properties of U3Si2 include; high 

theoretical uranium number density equal to 11.3 g/cm
3
, high thermal 

conductivity at room temperature which constantly increases with temperature; 

16.2W/mK at 400
o
C to 28.2 W/mK at 1200

o
C, and a moderate melting 

temperature at 1665 
o
C. The respective values for UO2 are: theoretical uranium 

density 9.66 g/cm
3
, thermal conductivity that decreases with temperature; 6.58 

W/mK at 400
o
C to 2.95 W/mK at 1200

o
C, and melting temperature 2847 

o
C [9, 

15, 17-20]. Thus, at the same volume and at a constant percentage of theoretical 

density there are about 17% more uranium atoms in a set volume of U3Si2 in 

comparison to UO2. This increased uranium loading has the potential to provide 

economic fuel performance at constant enrichment allowing the utilization of 

fewer fuel elements in the core, facilitate the use of decreased enrichment, or 

lead to an extended cycle length in LWRs, all of which are economically very 

beneficial, especially the latter, since a shutdown of the reactor for refuelling is a 

very expensive procedure. Its higher thermal conductivity significantly improves 

the efficiency of heat removal and thus lowers the expected centreline 

temperature and the total stored energy in a fuel pin compared to UO2. This 

advantageous characteristic can be used for the increase of safety margins or of 

the linear power and has a significant repercussion on fuel pin performance in 

several reactor accident conditions. Furthermore, it leads to U3Si2 operating at a 

lower temperature than UO2, resulting in decreased thermal gradients and 

therefore reduced thermal stresses, which could result in pellet cracking and 

reduced pellet cladding interaction (PCI).  

As the irradiation of the fuel elements proceeds and the fuel burnup increases, 

the aggregation of FPs in the fuel matrix increases. Two aspects have to be 

considered for the evaluation of the effect of each FP on the structure of the fuel; 

the concentration of each generated FP in the fuel matrix and the 

physicochemical interaction of each FP with the fuel. With regards to the latter, 

some FPs will be found in solid solution in the fuel matrix, some will be found in 

the fuel matrix as metallic precipitates, some will precipitate out of solution with 

regards to the fuel matrix forming more stable separate (secondary) phases, and 

others will not react with the fuel matrix and will be released from the fuel and 

potentially mechanically interact with the fuel cladding. Consequently, cautious 

investigation of the distribution of the different FPs in the fuel, their chemical 

state, their local concentration in the fuel pins, and their effect on the 

modification of fuel components and the cladding state is extremely necessary. 

For instance, fission gas (e.g. Xe, Kr) retention and release can affect the 

performance of the fuel by causing the swelling of the fuel, which will 
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consecutively interact mechanically with the cladding, and by reducing the 

thermal conductivity of the fuel and the fuel-clad gap [21-25].  

The significance of obtaining results regarding the behaviour of the FPs in the 

fuel matrix is two-fold; firstly, the prediction of potential physicochemical 

interaction of the fuel with the cladding at increased fuel burnup is made 

possible, and secondly it contributes to the refinement of the procedures 

followed for the safe storage, transport, and reprocessing of the spent irradiated 

fuel.  

The behaviour of fission products in UO2 has been extensively investigated, both 

theoretically and experimentally. Post-irradiation investigations showed that 

certain FPs will precipitate out of solution where there are two preeminent 

groups of precipitates: complex oxides, denoted as the “grey phase” and metallic 

precipitates, denoted as the “white phase”. With regards to the former group the 

most commonly reported precipitates are perovskites of the type [Ba1-x-y Csy Srx] 

(Mo, Pu, rare earth (RE), U, Zr) O3 which are mostly composed of BaZrO3 and 

RE elements. With regards to the latter group, Mo, Tc, Ru, Rh, and Pd are the 

main constituents. The composition of the fissile material, the initial oxygen to 

metal fuel ratio, the burnup, the irradiation history and the temperature gradients 

in the fuel pin will determine the exact composition of these phases. It must be 

noted that due to the presence of significant kinetic barriers “grey phase” 

precipitates have not been located in low temperature PWRs but only in the high 

temperature fast breeder fuel or in simulated fuel that has been sintered in high 

temperatures while containing the specific FPs. Furthermore, the compounds 

Cs(Rb)I, Cs(Rb)2Te, and Cs(Rb)2O will also be formed. The fission products 

found in solution include Sr, Y, Nb, and the lanthanide ions. The chemically 

relevant Ce/Zr, and Sr/Ba have been observed to show different solubility 

behaviour, where Ce and Sr have been respectively observed to be more soluble 

than Zr and Ba. With regards to rare gas, Xe and Kr are mostly observed in gas 

bubbles [26-33, 69, 70].  

The lack of essential extensive knowledge of the thermo-mechanical properties 

of U3Si2, especially under irradiation, is a hindrance to its licensing for use as a 

nuclear fuel in commercial LWRs. Theoretical investigations on U3Si2 are still 

limited, up to now, especially for the temperature range where LWRs operate, 

and experimental investigations are very costly, especially when FPs are taken 

into account. Fortunately, with the combination nowadays of advanced 

modelling frameworks and computer resources, theoretical investigations of 

nuclear fuels through computer simulations have been possible from even the 

smaller scales, and the results can be trusted once validated. Theoretical studies 

have been performed with regards to the U-Si system regarding the identification 

of alternate stable structures to the experimental ones [59] and the stability of 

U3Si2 with respect to non-stoichiometry reactions [15]. With respect to the 

solubility of FPs in the U3Si2 fuel matrix, previous experimental work [34] 

showed that the solubility of Mo and Zr is small, and precipitates of the form 

U3MoSi2, U4MoSi3, and a precipitate of identified U-Zr-Si compound are 
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respectively formed. Furthermore, Ru precipitates out of solution in the form of 

the secondary phase URuSi and in solid solution with U3MoSi2, and RE elements 

(Nd, CE, La, Pr, and Y) form (RE)Si-type precipitates. Moreover, Ba and Sr do 

not precipitate and are found in their metallic state, Pd forms secondary phases 

of the (RE,Pd)Si-type, and Rh and Ru are also found in solid solution with 

regards to respectively URuSi and U3MoSi2. With regards to Xe, previous 

studies [13, 20, 35] showed that it is insoluble in U3Si2 and forms uniform gas 

bubbles, and that the most favourable site of Xe in the U3Si2 fuel matrix is pre-

existed U vacancies in the crystal lattice. 

 Aim of the work 1.2

The objective of this thesis is to contribute to accident tolerant fuel research and 

assist on the process of licencing U3Si2 in commercial LWRs through the 

investigation of the solubility of the representative FPs Mo, Xe, Zr, Ce, Ru, and 

Pr in the U3Si2 fuel matrix and their respective effect in the swelling of U3Si2. 

The solubility of the metal fission products Mo, Zr, Ce, Ru, and Pr is determined 

after also investigating whether they are going to be more stable as precipitates 

out of solution in the secondary phase form FPxSiy or UxFPySiz than in solid 

solution with regards to the U3Si2 fuel matrix.  

The solubility of the FPs is determined by performing theoretical calculations of 

their incorporation energy onto pre-existing vacancies in Si and U lattice sites 

and interstitial sites in the U3Si2 crystal lattice, their solution energy onto 

occupied U and Si lattice sites, and their precipitate energy with regards to their 

respective secondary phases. Their respective induced effect in the swelling of 

U3Si2 is determined by the calculation of the induced volume variation of the 

U3Si2 crystal lattice due to their solution in the crystal lattice. The theoretical 

calculations are based on the framework of the density functional theory with the 

use of the Vienna ab initio simulation package.  
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Chapter 2 

2                        Theoretical background 

The interaction of FPs with the U3Si2 fuel can be comprehended by investigating 

the materials under investigation at an atomic scale using quantum-mechanical 

theory. Based on this theory, the prediction of the ground state of a non-

relativistic system should be a straightforward endeavour by solving the 

Schrödinger Equation. Unfortunately though, even nowadays with the use of 

advanced computing systems the solution of the Schrödinger Equation is feasible 

only for a small number of particles due the excessive number of required 

parameters for the solution of the many-body problem [37]. This has lead to the 

introduction of approximating theories that allowed the reduction of the degrees 

of freedom of such systems. One of these theories is the Density Functional 

Theory (DFT), which is considered to be so far the most successful and versatile 

approach for the determination of the ground state of many-body crystalline 

systems. The underlying framework of DFT is described in the first part of this 

chapter. In the second and third part the description of a crystal structure and the 

presentation of the crystal structure of U3Si2 are made. The aspects of materials 

science that describe the physics of point defects and how they can affect the 

properties of a material are described in the fourth part. Finally, in the fifth part 

the factors that can lead to fuel swelling with regards to FPs are described. 

 Density Functional Theory 2.1

The quantum mechanical behaviour of a non-relativistic system can be described 

by the Schrödinger equation, which is a partial differential equation that depicts 

the progression of the wavefunction of a physical system over time. The solution 

of the time-independent Schrödinger equation is used for the computation of the 

energy of a single particle or a group of particles. In the case of a system that 

contains M nuclei and N electrons the time-independent Schrödinger equation 

has the form [38]; 

   1 2 1 2 1 2 1 2i N M i i N MĤ x ,x ,...,x ,R ,R ,...,R E x ,x ,...,x ,R ,R ,...,R   ,   (2.1) 

where Φi and Ei denote respectively the wavefunction and energy of the system 

at state i,  1 2 1 2 1 2N N Nx ,x ,...,x r ,r ,...,r ,s ,s ,...,s
 
represent the full set of electronic 

positions and spin variables, 1 2 MR ,R ,...,R  represent the full set of nuclei 

coordinates, and Ĥ  denotes the Hamiltonian operator; 
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2 2

1 1 1 1 1 1 1

1 1 1 1

2 2

N M N N M M N M
A B A

i A

i A i j A B A i AA ij AB iA

Z Z Z
Ĥ

M r R r       

                (2.2) 

The first and second term of the Hamiltonian operator represent respectively the 

kinetic energies of the nuclei TM and electrons TN, the third and fourth term 

represent respectively the repulsive potential due to the nucleus-nucleus 

interactions VMM and electron-electron repulsive interactions VNN, and the last 

term represents the attractive electrostatic interaction between the nuclei and the 

electrons VMN. The latter is otherwise designated as the interaction with the 

external potential or as the nuclear potential, where the notation Vext is commonly 

used. A, B and i, j denote respectively the M nuclei and N electrons in the system. 

The conclusion is made that two parameters must be determined: the 

Hamiltonian operator and the wavefunction. It is noted that throughout Section 

2.1 (Hartree) atomic units are used.  

2.1.1 Hamiltonian 

In the Born-Oppenheimer approximation [39] the electrons are considered to 

move in a field of fixed nuclei, so it is possible to separate the dynamics - and 

therefore decouple the wavefunctions - of the atomic nuclei and electrons. The 

nuclear kinetic energy is considered to be zero and the nuclei repulsive potential 

energy (denoted as Enuc) is just a constant. This allows one to solve first the 

groundstate of the electrons for a fixed set of atomic positions. The 

approximation is based on the fact that in comparison to the electrons, the nuclei 

are several thousand times heavier and are consequently moving much slower, 

thus the time needed for the electrons to find their ground state for one specific 

position of the nuclei is much faster that the time needed for the nuclei to move. 

Therefore, the electronic Hamiltonian takes the form;  

elec N NN ext
ˆ ˆ ˆ ˆH T V V                                           (2.3) 

The solution of the Schrödinger equation with elecĤ  for a particular state will 

provide the respective electronic wavefunction Ψelec and the electronic energy 

Eelec (a functional of the number of electrons N and the potential Vext), whose 

expectation value for the nth eigenstate of the system is provided by [38]; 

 
*

n n

n *

n n

Ĥ dx
E

dx

 
 

 



                                         

 (2.4) 

The ground electronic state of a system (the most stable state where all of the 

electrons are at their lowest energy levels) can be derived through [38] the use of 

the Variational theorem which states that the energy of any electronic state is 

higher than that of the ground state unless the wavefunction - which must be 
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antisymmetric and normalized - corresponds to the ground state wavefunction. 

The theorem in notation terms stands as   0E E  . Consequently, the full 

minimization of the functional  E   with respect to all allowed N-electrons 

wavefunctions will provide the true ground state wavefunction Ψ0 and ground 

state energy   0E E  . 
 

Determining the ground electronic state of a system is a very difficult endeavour 

since it requires the determination of 3N dimensional wavefunctions. In order to 

simplify the solution of the Schrödinger Equation the Hartree-Fock theory was 

introduced [38]. It is based on the proposal that a single electron can be treated as 

a point charge in the field of all the other electrons and it simplifies thus the 

many-electron problem to many one electron problems. Based on the Hartree-

Fock theory several approximations - denoted as correlated methods - were 

created. The problem though with correlated methods lies with the excessive 

computational cost needed in order to derive accurate solutions due to the rapid 

scale of cost and calculation time with the number of treated electrons [38]. The 

conclusion is thus made that the direct solution of the Schrödinger equation for 

systems under interest in condensed matter science which may contain hundreds 

of electrons is not considered feasible through correlated methods. As a 

consequence, a big motivation existed for the development of methods which 

could be used for the computation of the ground state energy without the need of 

actually determining the 3N dimensional wavefunctions. 

2.1.1.1 Hohenberg-Kohn theorems 

Hohenberg and Kohn proved two theorems [38-40, 82] that led the way for the 

introduction of the Density Functional Theory. Their theorems are based on the 

utilization of only the - 3 dimensional - electron density  r  (or charge 

density) for the determination of the total energy of a system, which is in terms 

of individual electron wavefunctions is defined by; 

     2 *

i i

i

r r r   ,                                    (2.5) 

where  r dr  is the non-integer number of electrons in a small volume dr  and 

the factor 2 comes from the fact that every orbital can be occupied by two 

electrons provided they have different spin. 

The first Hohenberg-Kohn theorem states that the external potential Vext is (to 

within an additive constant) a unique functional of the electron density. 

Consequently, the electron density is enough to uniquely determine the 

Hamiltonian operator and consequently allow the computation of the 

wavefunctions and energies of all states, and thus of all the properties of the 

system. This follows since - as it was mentioned above - the Hamiltonian 

operator is specified by the external potential Vext and the total number of 
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electrons N, a quantity which can be determined from the electron density by 

integration all over space. The total energy of the system in terms of the electron 

density can thus be written as;  

         

   

   

 NN MN

NN MN HK ext

T E E

E T E E F r V r dr

  

     

 


     
         

(2.6) 

 

If the form of  HKF   was known then the exact solution of the Schrödinger

Equation would be feasible. Furthermore, since it is completely independent of 

the system under investigation, it can be applied equally to the hydrogen atom as 

to multi-electron molecules. Unfortunately though, the explicit forms of the 

functionals of the kinetic energy T[ρ] and the electron-electron interaction ENN[ρ] 

are unknown. Only the classical part of ENN[ρ], denoted as J[ρ] can be derived. 

Utilizing J[ρ], the electron-electron interaction takes the form;  

     
   1 2

1 2

12

1

2
NN ncl ncl

r r
E J E dr dr E

r

 
       ,             (2.7)   

where Encl represents the non-classical contribution to the electron-electron 

interaction, consisting of the self-interaction correction, the exchange correlation 

and the Coulomb correlation. The factor 1/2 accounts for the fact that each 

interaction is counted twice. The preeminent challenge of DFT is the exact 

determination of the form of the functionals T[ρ] and Encl[ρ]. 

The second Hohenberg-Kohn theorem deals with the determination of the 

ground state electron density. It states - utilizing the Variational theorem - that 

FHK[ρ], the functional that delivers the ground energy of the system, delivers the 

lowest energy if and only if the input density is the true ground state density. In 

other words, for any positive definite trial electron density ρt, such that 

 t r dr N  , and which is associated with a certain external potential Vext,t, 

the respective energy obtained by Equation 2.6 represents a maximum boundary 

to the true ground state energy E0. In notation terms the second Hohenberg-Kohn 

theorem stands as   0tE E  . 

2.1.1.2 Kohn-Sham theory 

In order to determine the expressions of the functionals T[ρ] and Encl[ρ], Kohn 

and Sham proposed [38, 41-43] an approximation approach which is based on 

the introduction and calculation of the exact kinetic energy of a non-interacting 

reference system with the same electron density as the real system. In order to 

account for the difference between this kinetic energy and the true kinetic energy 

and also account for the terms which are missing from the classical Coulomb 

part of the electron-electron interactions, Kohn and Sham introduced the 

following form of the functional F[ρ]; 
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       S XCF T J E      ,                               (2.8) 

where EXC is denoted as the exchange-correlation energy, defined by;  

           XC S NNE T T E J                             (2.9) 

The energy of the interacting system - in terms of the functional form of F[ρ] of 

Equation 2.8 - takes the form;  

         S XC MNE T J E E        ,                     (2.10) 

where the only term with an unknown form is EXC, and is therefore 

approximated. It must be noted that the Kohn-Sham approximation is valid only 

for the determination of the ground state of a system. 

The application of the Variational theorem on Equation 2.10 derives [41-43] the 

Kohn-Sham Equations that the - depending only on three spatial variables - 

single electron wavefunctions (i.e. orbitals) ψi must fulfil in order to minimize 

the energy;  

 
 

 

 

1

22 2

1 1

12 1

1 1

2 2

S

M
A

XC i S i i i

A A

V r

r Z
V r V r

r r


  



 
 
   
           

  
 
 

 , (2.11)       

where the exchange-correlation potential VXC is defined as the functional 

derivative of EXC with respect to the electron density ρ, i.e. XC XCV E /  .  

Once the various components of the first part of Equation 2.11 have been 

determined, then the exact form of VS that must be inserted into the one-particle 

equations is known, which in turn will lead to the determination of the orbitals 

and consequently of the ground state density and the ground state energy for a 

specific set of atomic positions. Since VS depends on the electron density, an 

iterative solution is needed for the Kohn-Sham equations. One method of 

searching for the ground state density is the self-consistency iteration scheme 

[41], which consists of the steps presented in Figure 2.1. The convergence 

criterion with regards to the self-consistency iteration scheme within DFT 

computer codes is based on the introduction of an energy value that must be 

greater than the energy difference between two consecutive iterations. It must be 

noted that in case the exact forms of EXC and VXC were known, then the Kohn-

Sham methodology would lead to the determination of the actual ground state 

energy of the system. 

The determination of the properties of EXC in numerous systems allowed the 

development of excellent approximations for this functional, with applicability in 
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studies over a wide range of materials. The methods that employ these 

approximate functionals are known as ab initio methods. Nowadays, numerous 

ab initio methods have been developed, whose common basis is the premise of 

being precise and that they do not require excessive calculation power. The 

methods that have been used the most so far are described in sections 2.1.1.3 and 

2.1.1.4.  

 

 

 

 

 

 

 

 

Figure 2.1: Flow chart of the self-iteration scheme for the determination 

 of the ground state electron density within the Kohn-Sham framework 

2.1.1.3 The Local Density Approximation 

The basis of the formulation of the Local Density Approximation (LDA) is [38] 

the concept of the homogeneous electron gas, a system in which the electrons are 

subjected to a constant external potential and the charge density is constant. In 

LDA the assumption is made that the functional EXC can be determined in the 

inhomogeneous system from; 

     
XC

LDA

XCE r r dr       ,                            (2.12) 

where  XC r     is denoted as the local exchange-correlation energy per 

electron of a homogeneous electron gas of electron density  r . Thus, in LDA 

the energy per particle is weighted with the probability  r  that there is an 

electron or a fraction of an electron at this position.  

Convergence

? 

     2 *

i i

i

r r r    
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The most important fact about LDA is the considerable level of its accurate 

application even though it reduces the total energy functional to a simple local 

function of the density. It has shown exceptionally valid results not only for 

materials with homogeneous or slightly varying electron densities, but also for a 

wide range of ionic, covalent and metallic materials.  

2.1.1.4 The Generalized Gradient Approximation 

The basis of the Generalized Gradient Approximation (GGA) is [38] the use of 

not only the information about the electron density  r  at a particular point, 

but the additional use of information regarding the gradient of the charge density,

 r . The functional EXC is written in the GGA in the form; 

   GGA

XC xcE r , dr                                     (2.13) 

Several successful GGAs have been derived so far. Examples are the PW91 

potential [65] and the Perdew-Burke-Ernzerhof (PBE) potential [66]. With 

regards to the DFT calculations in this thesis the PBE potential is used. 

2.1.1.5 DFT+U 

Even though the approximate functionals presented in Sections 2.1.1.3 and 

2.1.1.4 perform rather efficiently around most materials, they are rather 

unsuccessful in the determination of properties of strongly correlated materials, 

due to difficulties met in the accurate modelling of the dependence of EXC on the 

electron density. Strongly correlated are materials in which the repulsive 

electron-electron interactions control their electric, magnetic, optical and perhaps 

even mechanical properties and have typically incompletely filled d- or f- 

electron shells with narrow energy bands [44, 45]. 

In general terms the reason why DFT fails [45] to describe the physics of 

strongly correlated materials can be attributed to the propensity of approximate 

functionals to over-delocalise valence electrons and to over-stabilize metallic 

ground states. The reason of the over-delocalization of electrons is that 

approximate functionals are unsuccessful in cancelling out the electronic self-

interaction contained in the classical Coulomb part of the electron-electron 

interactions, which causes fractions of the electron density associated with the 

same electron repel each other, thus causing a distinct delocalization of the 

wavefunctions. Despite the noteworthy progress in the formulation of more 

successful approximation functionals and corrective approaches, a method within 

DFT that can handle completely the complicated quantum many-body problem 

while keeping the computational cost of performing realistic system calculations 

at a reasonably low level has still not been produced.  

In order to mitigate the self-interaction error in the study of strongly correlated 

systems, computational methods that combine DFT with model Hamiltonians 



14                                                                                 2. Theoretical background 

 

have been developed. One of the most successful and simplest approaches, able 

to improve significantly the description of the ground state of these systems is 

the method DFT+U [44, 45], which is based on the introduction of an energy 

correction to localized electron states, such as d and f orbitals for which the self-

interaction is significantly large, whereas the remaining valence electrons are 

handled using “standard” approximate DFT functionals. Due to the simplicity of 

its formulation and its low calculation cost (slightly increased compared to 

standard DFT based approximation methods), DFT+U has become very popular 

amongst ab initio methods. The total energy of a system takes within the DFT+U 

method the form; 

   DFT U DFT HUBE r E r E ,                                    (2.14)       

where EDFT represents the approximate DFT total energy functional which has to 

be corrected and EHUB is the term that contains the specific Hubbard model 

Hamiltonian which is used to model the strongly correlated states.  

2.1.2     Wavefunction 

The derivation of the electron density requires the formulation of appropriate 

wavefunctions, which must be representative of the system under research and 

lead to accurate results without requiring excessive calculation cost. The 

Projector Augmented Wave (PAW) method which is used in this thesis is 

described in this section [46, 47]. It allows the increase of computational 

efficiency and performance of DFT calculations by combining the 

pseudopotentials approach and the Augmented Wave method.  

A solid can be considered as a set of ion cores that contain the nuclei and the 

electrons that are bound to the core (i.e. core zone), and the valence electrons 

(i.e. valence zone) [46]. In all-electron DFT methods the valence and core 

electrons are treated equally, whereas the valence electrons wavefunctions 

rapidly oscillate in the core region due to the orthogonality constraint between 

the wavefunctions of the ion cores and the valence electrons. The basis of the 

pseudopotentials approach is that ion cores are frozen and do not participate in 

chemical bonding. Thus, the bound electrons to the core and the strong Coulomb 

potential met in all-electron DFT methods can be replaced by a softer potential 

that utilizes a group of pseudo wavefunctions. The major advantage of the 

pseudopotentials approach is the reduction of investigated electrons since only 

valence electrons are examined; thus a larger system is examined at the same 

computation time.   

Pseudopotentials make the utilization of a plane waves basis set very practical 

since the potential within this approach can be represented by lesser Fourier 

modes. Its major advantage is its specific mathematical expression which allows 

for a very effective treatment of periodic boundary conditions (which are 

described in Section 2.2) and therefore of crystal investigations. In addition, the 
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basis set convergence of plane waves (i.e. the reduction of the number of plane 

waves to only the required ones for a specific calculation) is very easy to control.  

The basis of the Augmented Wave method [46] is the approximation that space 

can be divided into two parts: Spheres of a respective to the species radius 

enclosing the atomic nuclei, and the space outside the spheres. Inside the 

spheres, the potential is spherically symmetric, assuming the common 1/r 

dependence and approaching negative infinity near the nucleus. The 

wavefunction is derived by the solution of the respective to each sphere free-

atom Schrödinger equation. Outside the spheres, the potential is constant and the 

wavefunction is represented by plane waves. The linear combination of the 

wavefunctions for all the atoms of the system produces the solution for the whole 

system. 

Within the PAW method [47], the wavefunction in the core zone is expressed 

similarly to the Augmented Wave methods, while in the valence zone the 

wavefunction is represented by plane waves of the form [46]; 

   i k G r

i k

G

r c e
 

  ,                                     (2.15) 

where each plane wave has a kinetic energy equal to:  

2
21

2
E k G                                            (2.16)  

The problem numerically is that infinite sums cannot be employed, thus a cut-off 

radius must be defined, under the basis that the energy and amplitude of the 

pseudo- and all-electron valence eigenstates will be the same at and outside of 

the cut-off radius (Figure 2.2). In actual DFT calculations a cut-off energy is 

defined instead of a radius, in the sense that the basis set includes all plane waves 

with kinetic energy lower than this value. 

 

Figure 2.2: Graphical representation of the softening effect of the pseudo-wavefunction  

ψ
PS

 and potential V
PS

 on the core region compared to the all-electron (AE) versions  

Source: http://cmt.dur.ac.uk/sjc/thesis_ppr/node18.html 
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2.1.3 Ionic ground state 

The determination of the ground state electron density - and thus of the 

electronic ground state - allows the calculation of the ionic forces 

 I IF dE / dr   for this specific set of atomic positions [41-43, 57]. In case the 

ionic ground state (i.e. optimisation of ionic positions) is also sought in a DFT 

investigation, then a minimization algorithm is employed that shall repeat the 

procedure of moving the atoms in different positions and recalculate the 

respective ground state density, energy and ionic forces for each new set of 

atomic positions, until the ionic ground state is found; the state with the lowest 

ionic forces. The procedure of deriving the ground state of a system via the 

utilization of a minimization algorithm is defined within DFT calculations as the 

relaxation of the system and respective calculations are defined as relaxations.  

The convergence criterion for the ionic optimisation loop is based on the 

introduction of either an energy value that must be greater than the energy 

difference between two consecutive ionic steps or a force value that each one the 

calculated ionic forces for a specific set of atomic positions should not exceed. It 

is noted that in addition to the option of relaxing the atomic positions there is 

also the option in DFT calculations of relaxing the geometry of the system, 

which means allowing also the shape and the volume of the system under 

investigation to relax. 

 Crystal structure 2.2

The structure of a solid material in the crystalline state can be determined by 

identifying the smallest repeating pattern of atoms; the unit cell [48]. The unit 

cell is defined by three vectors, t1, t2 and t3 without specific conditions on the 

angles (α, β and γ) between the vectors. The definition of the angles with regards 

to the axes (t1, t2 and t3 or equivalent a, b and c) is presented in Figure 2.3. In 

order to describe the structure of a solid material relevant data for the shape of its 

crystallographic unit is provided in the scientific literature, with the provided 

length of the three lattice vectors a, b, and c and the angles α, β, and γ.  

 

Figure 2.3: The definition of relations between angles and axes in a unit cell 
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Besides stating the shape of the crystallographic unit cell, the atomic positions in 

the cell must also be defined in order for the atomic arrangement to be defined. 

This is done by stating the positions of atoms as coordinates x, y, z, which can be 

given as fractions of the unit length of the three lattice vectors. For instance, 

position (0, 0, 0) is the origin of the unit cell, a point which is moved one cell 

edge along the a-axis parallel to t1 has coordinates (1,0,0), and an atom on the 

centre of the a-axis has the coordinates (1/2, 0, 0). 

The most important rule is that any given atom can be transferred within the unit 

cell - by performing symmetry operations - to one or more atoms of the same 

species which have the same surroundings with regards to all nearby 

points/atoms [48]. These atoms are called crystallographic equivalent atoms. If 

all surroundings are not the same throughout the crystalline but specific ones are, 

the difference is signified by using different notations for atoms which are not 

crystallographic equivalent (e.g. X1 and X2 for an element X having two types 

of crystallographic equivalent atoms). The coordinates of a certain set of atoms 

and the respective symmetry operations are enough for the description of all the 

atoms in the unit cell. In order to describe how many times a given position is 

repeated based on the symmetry operators that describe it the multiplicity of the 

position is provided in relevant data. The multiplicity and a continuance 

alphabetic notation (Wyckoff letter) denote the Wyckoff position of a lattice site. 

The description of the symmetry of the crystal, determining all possible Wyckoff 

positions by defining the rules for the symmetry operations in the 

crystallographic structure denotes the space group of the crystal. 

The crystallographic unit cell must display the maximal symmetry of the 

structure and at the same time be the smallest repeating unit that does this. The 

description of the symmetry and the atom coordinates in the unit cell describes 

the symmetry and structure of the solid material, since any multiple of the unit 

vectors can be added to or subtracted from any point (x, y, z), in order to get to 

identical points in other unit cells (i.e. application of periodic boundary 

conditions) [48]. This is only true for crystalline phases where a systematic long 

range order exists, in contrast to materials with an amorphous phase where there 

are no repeating unit cells. Most times conventional unit cells are used (which 

are bigger and have a greater number of atoms than formula units) because they 

are more convenient for investigations. Repeating a crystallographic unit cell or a 

conventional unit cell in three dimensions allows the creation of supercells of 

specific dimensions.  

Finally, it is noted that lattice and structure do not have the same definition [48]. 

Structure is the atomic arrangement, whereas lattice is a mathematical 

description of repeating units in solid materials based on the application of 

certain symmetry operations. 
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 Crystal structure of U3Si2 2.3

The compound U3Si2 has a tetragonal structure [15, 36], and there are ten (6 U 

and 4 Si) atoms in the conventional unit cell with the space group P4/mbm. Thus, 

there are two formula units in the conventional unit cell. With regards to the U 

atoms, there are two symmetrically equivalent types, U1 and U2. The U1 atoms 

(sites with Wyckoff position 2a) are neighboured by Si atoms in the (001) lattice 

plane of the unit cell. The U2 atoms (sites with Wyckoff position 4h) are located 

in the (002) plane where only U atoms are present.  

The first two lattice vectors of the conventional unit cell U3Si2 have the same 

length, equal to 7.239 Å. The length of the third lattice vector is equal to 3.905 

Å. With respect to DFT calculations the energy of the formula unit is determined 

by dividing the energy of the conventional unit cell by a factor of 2. The 

conventional unit cell of U3Si2 is presented in Figure 2.4, where all symmetry 

equivalent U1, U2, and Si atoms are included.  

 

Figure 2.4: The crystal structure of U3Si2 

 Point defects 2.4

Any deviation from the perfect atomic arrangement in a crystal is said to contain 

imperfections (i.e. defects) [49]. During the active lifetime of the nuclear fuel 

several types of defects can occur in its crystal lattice, which can lead to 

continuous atomic scale changes in its structure and affect greatly its 

performance, especially in the high operating temperatures inside the reactor 

core.  

The classification of defects in crystalline solids is made depending on their 

dimension [49]: Point defects (zero dimensional defects), line defects (one 

dimensional defects), plane (or surface) defects (two dimensional defects) and 

volume defects (three dimensional defects). Since only point defects are 

considered in this thesis, this type will be further described.
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Point defects are classified into two types, intrinsic and extrinsic. Intrinsic 

defects relate to: 

 Vacancies, where a crystalline atom is missing from its original position; 

 Self-interstitial defects, where an atom of the same species as the crystalline 

atoms is positioned in an interstitial site; a lattice site where no crystalline 

atoms should be located; 

 Frenkel defects (i.e. Frenkel pair), where a crystalline atom has moved to an 

interstitial position, creating in the process a vacancy and a self-interstitial;  

 Schottkey defects, where an atom has moved from its original position to the 

surface of the lattice. In this case, since a vacancy on either a cation or anion 

lattice site in an ionic crystal must remain electrically balanced, an equal 

number of anion and cation vacancies must exist in the crystal, or for every 

existed vacancy, a similarly charged self-interstitial must exist. It must be 

noted that partial Schottkey defects can also exist. 

 Antisites, which are met in crystals containing two or more chemical species 

when two atoms from different species have exchanged positions; 

 Dumbbells, which happen when a crystalline atom moves another atom - 

usually of the same type - from its original location, and both of them reside 

in positions equally distant from the respective lattice site. It is noted that 

dumbbells are a result of single interstitials or vacancies being less stable 

than a pair. 

 

Extrinsic defects relate to defects caused by the introduction of a foreign atom 

(i.e. atom of different species than the crystalline atoms) in the crystal lattice. 

Two types of extrinsic defects exist: 

 Substitutional impurities, where the foreign atom resides on a crystalline 

lattice site, either on a site with a pre-existing vacancy or by moving away 

the initially positioned crystalline atom; 

 Interstitial impurities, where the foreign atom resides in an interstitial site of 

the lattice crystal;  

In this thesis the possible type of vacancies onto U1, U2, and Si lattice sites and 

possible substitutional and interstitial defects caused by FPs in crystalline U3Si2 

are investigated. The different types of point defects in a crystal are presented in 

Figure 2.5.  

At any given temperature atoms experience thermal vibrations [49, 71], where 

the average amplitude of the respective displacement of the atoms is increasing 

with increasing temperature. Thus, one reason why atoms would move away 

from their original position in the nuclear fuel and form either a Schottkey or a 

Frenkel defect is due to the existence of a condition in a localised area where the 

vibrations would be significantly great so as to cause a displacement of a single 
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atom to either the surface of a crystal on an interstitial site. The second reason 

[73] for the formation of vacancies in the nuclear fuel is during the irradiation 

process when a highly ionised fission product or an energetic neutron will 

transfer a significant amount of energy to the atomic nucleus forcing it to move 

away from its initial position and form a Frenkel defect. With regards to the 

interaction of FPs with the fuel crystal lattice, vacancies can provide positions 

where FPs can reside and thus change the way that FPs will diffuse in the fuel.  

 

Figure 2.5: Different types of point defects in a crystal  

The introduction of a point defect - either it is intrinsic or extrinsic - in a specific 

lattice site will cause surrounding crystalline atoms to move away from their 

initial positions and reside to new positions in the lattice (i.e. relax to new 

positions). These atomic movements can be a result of the [49] altered forces 

acted between the atoms as a result of the respective missing or added interaction 

forces due to the empty lattice site or introduction of a foreign atom in the crystal 

lattice. One other reason would be the great size of the foreign atom in case the 

foreign species does not react chemically much with other species (e.g. Xe) [63, 

69]. Due to this atomic movement, the volume of the crystal lattice will change. 

The volume change depends on the way that the crystalline atoms will relax as a 

response to the point defect. Thus, the determination of the energy needed for a 

point defect to occur and their effect in the volume variation of the lattice is very 

important in order to determine their stability and their respective effect on the 

crystal lattice. 

  Fuel swelling 2.5

One of the factors of major significance for high power density nuclear reactors 

is the high concentration of FPs in the fuel [74]. A very important group of FPs 

is the noble gases Xe and Kr due to two based characteristics: firstly, their 

relatively complete insolubility in the fuel matrix and secondly their gaseous 

form. As a result these fission gases may be released from the fuel matrix if it is 
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kinetically possible and if they are indeed released, they will either contribute to 

the gaseous atmosphere inside the fuel pin or they will precipitate in gas cavities 

in the fuel matrix.  

Both cases will affect fuel performance; if fission gases are released from the 

fuel they will increase the pressure inside the fuel pin and ultimately cause 

stresses on the cladding that may lead to its failure. In contrary, if fission gases 

remain in the fuel, they almost always precipitate as gas bubbles [74]. Since the 

density of gas bubbles is significantly lower than that of the solid fuel, gas 

bubbles will occupy more volume in the fuel than either the fissile from which 

they were created or solid fission products that have precipitated out of solution 

with respect to the fuel matrix. This phenomenon is responsible for the greater 

part of nuclear fuel swelling under irradiation. Furthermore, in case solid FPs are 

retained in the fuel, then they may cause the crystal lattice and consequently the 

fuel to swell. They total volume of the fuel is a result of the contributions from 

all phases of solid FPs, either they will be in solution in the fuel matrix, found as 

metallic precipitates FPs where they can form metallic inclusions in grain 

boundaries or precipitate out of solution in more stable secondary phases causing 

additional change in the volume of the fuel matrix.   

Fuel swelling is a detrimental factor to fuel performance since it may cause the 

mechanical interaction between the fuel pin and the cladding, causing the 

deterioration of the cladding performance and reduction of its lifespan. 

Furthermore, due to their low conductivity gas bubbles can cause the reduction 

of the fuel thermal conductivity and therefore cause the increase of the fuel 

temperature. In order to prevent the deterioration of the cladding performance 

due to released FPs from the fuel specific means must be provided for their 

accommodation. The fuel element geometry mostly used is presented in Figure 

2.6; a cylindrical fuel pin incorporating a void space. The cylindrical cladding 

forms an effective pressure vessel and the void space does not only contain 

released fission gas from the fuel but also accommodates a certain level of fuel 

swelling. 

 

Figure 2.6:  Cylindrical fuel element (fuel pin) showing fuel, clad, and void space 

Source: https://emilms.fema.gov/IS3/FEMA_IS/is03/REM0402180.htm
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Chapter 3 

3                                 Methodology    

In the first part of this chapter the equations for the determination of the defect 

formation energy of vacancies is presented. In the second part the definition is 

made for the incorporation and solution energies needed for the determination of 

the solubility of FPs in crystalline U3Si2. In the third part the formulas used for 

the determination of the induced volume variation of the crystal lattice and the 

anisotropy of the volume variation are presented. In the fourth part the Wyckoff 

positions and coordinates of the interstitial lattice sites at which the solubility of 

the respective FPs is investigated in Chapter 4 are presented. Finally, in the last 

part the parameters implemented in the VASP code and the modelling procedure 

followed are presented. 

     Defect formation energy of vacancies 3.1

The defect formation energy of a vacancy Ef,vac is defined as the energy needed 

for the removal of a respective ion from a lattice site to infinity and can be 

calculated for monospecies compounds using the formula [50]; 

vac
f ,vac vac ref

ref

N
E E E

N
  ,                                      (3.1) 

where Eref and Evac are respectively the energies of the system without and with 

the vacancies, and Nref and Nvac are respectively the number of atoms in the 

system without and with the vacancies. 

In case of compounds consisting of different species the endeavour of calculating 

the defect formation energy of vacancies gets complicated due to the unknown 

fraction of the total energy originating from each species. The method used in 

this thesis is based [36] on the comparison of the energies of the system with and 

without the vacancies accounting for the chemical potential of the crystalline 

atoms initially positioned in the lattice site where the vacancies was created (i.e. 

energy of the missing atoms at infinity or else the cohesive energy of the 

respective atoms). In this thesis single vacancies are investigated and the defect 

formation energy of a single vacancy is calculated from [55]: 

  f ,vac vac ref vacE E E    ,                                     (3.2) 
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where μvac is the chemical potential of the missing atom, whose calculation is 

described below. The reference system in this thesis is a perfect lattice crystal 

(i.e. without pre-existing defects). It is noted that the defect formation energy of 

vacancies created in lattice sites occupied initially by atoms of different species 

is calculated by [50]; 

f ,vac vacm ref vacm,i vac,i

i

E E E n    ,                             (3.3) 

where Evacm & Evacm are respectively the energies of the system with the 

vacancies and without, nvacm,i is the number of missing atoms of type i, and μvac,i 

is the chemical potential of type i atoms. 

The chemical potential of an atom can be calculated by using different 

approaches. One would be to determine the chemical potential by calculating the 

energy of an isolated atom [51] in a large unit cell. A second approach would be 

to calculate the energy per atom of the most stable structure in room temperature 

of the species under interest (i.e. the stoichiometry for which the species is most 

stable). A third approach [52] is based on the assumption that the actual value of 

the chemical potential lays between the values obtained by the two previous 

approaches. Thus, in the latter case a range of defect formation energies is 

obtained. With regards to this thesis the second approach is used.  

The defect formation energy of a vacancy in a system can be used to calculate its 

equilibrium concentration at a given temperature, following an Arrhenius law 

[53], where the concentration of vacancies is given as a fraction of all lattice sites 

of this type that are vacancies; 

f ,vac

B

E

k T

eqC e

 
  
  ,                                              (3.4) 

where Ceq is the concentration of a vacancy of certain type at temperature T (in 

K) and kB is the Boltzmann constant (equal to 8.617∙10
-5

 eV/K). 

 Incorporation and solution energies 3.2

The incorporation energy is the energy needed for the accommodation of a 

foreign atom in a pre-existing vacancy of the crystal lattice or in an interstitial 

site. It presents therefore the stability of the foreign atom in the crystal lattice 

with respect to lattice vacancies and interstitial sites (Figures 3.1, 3.2). The 

incorporation energy is calculated from [54]:  

inc tol w frgE E E    ,                                       (3.5) 

where Einc is the incorporation energy, Etot is the energy of the system with the 

foreign atom positioned in a lattice site or an interstitial site, Ew is the energy of 

the reference system without the foreign atom, and μfrg is the chemical potential 
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of the foreign atom. It must be noted that in case the foreign atom resides in a 

pre-existing vacancy the reference state is the system containing a vacancy at the 

respective lattice site, and in case the foreign atom resides in an interstitial site 

the reference state is the perfect crystal lattice. The chemical potential is 

calculated via the same approach used in the calculation of the defect formation 

energy of a vacancy which was mentioned in Section 3.1. 

 

Figure 3.1: Accommodation of a foreign species atom onto  

a pre-existing vacancy in a crystal lattice (substitutional impurity) 

 

Figure 3.2: Accommodation of a foreign species atom onto 

 an interstitial site in a crystal lattice (interstitial impurity) 

The definition of the incorporation energy does not contain the energy needed for 

the formation of the vacancy. Thus, with regards to the incorporation of FPs in 

pre-existing vacancies of the fuel crystal lattice, the premise of using 

incorporation energies in order to determine their stability in these positions is 

that there will always be available vacancies. When the fission rate is low the 

concentration of FPs in the fuel is lower than the concentration of vacancies in 

the fuel lattice created either by thermal vibrations or the irradiation process [54]. 

Thus, vacancies will always be available for FPs and the energy in order to 

create a vacancy does not need to be accounted for. On the other hand, when the 

fission rate is high and the concentration of FPs in the fuel has increased 

significantly it is not certain that vacancies will be available to accommodate 

FPs, so the energy for creating a vacancy must be accounted for (Figure 3.3). 

The solution energy is thus defined as the sum of the incorporation energy on the 

foreign atom in the pre-existing vacancy and the defect formation energy of the 

respective vacancy. The equation; 

                                        (3.6) 

is thus used where Esol is the solution energy and Einc, Ef,vac were defined above.  

sol inc f ,vacE E E 
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With regards to U3Si2 the solution energy presents the solubility of the FPs in the 

crystal lattice with respect to the occupied U1, U2 and Si lattice sites. During the 

solution process of the FPs onto occupied lattice sites single atoms of the species 

originally positioned in the respective sites are formed. It is noted that for 

interstitial defects the solution energy equals the incorporation energy since no 

energy for the formation of the trap site needs to be accounted for.  

Depending on the exact values of the incorporation and solution energies a FP 

can be either highly soluble, partially soluble on highly insoluble in the fuel 

matrix onto pre-existing vacancies, occupied lattice sites, or interstitial sites in 

the crystal lattice. The classification is presented in Table 3.1. It is noted that the 

value of 0.1 eV is not a hard limit but rather a good indication that a FP with 

positive incorporation energy is partially soluble in the fuel matrix. 

 

Figure 3.3: Solution of a foreign species atom 

 onto a crystal lattice site (substitutional impurity) 

Table 3.1: Criteria of solubility of FPs in crystal lattice 

 Substitution defect 

onto a pre-existing 

vacancy 

 

(eV) 

Substitution 

defect onto an 

occupied lattice 

site 

(eV) 

Interstitial defect 

 

 

 

(eV) 

Energy 

Einc ≤ -0.1 Esol ≤ -0.1 Einc=Esol ≤ -0.1 

Highly soluble 

-0.1 < Einc < 0.1 -0.1 < Esol < 0.1 -0.1 < Einc=Esol < 0.1 

Solubility 

 

Partially soluble 

Einc ≥ 0.1 Esol ≥ 0.1 Einc=Esol ≥0.1 

Highly insoluble 

The position in the lattice crystal where a soluble FP is more stable in the fuel 

matrix (i.e. most favourable site) can be identified by the determination of the 

site for which the lowest energy (incorporation or solution) has been calculated. 

A negative lowest energy is a sign of the stability of the FP in the most 

favourable site, while a positive lowest energy denotes the energy demanded for 

the accommodation of the FP at the most favourable site. The comparison of 

incorporation and solution energies for the retrieval of the most favourable site 

does not depend on the reference state of the foreign atom used for the since the 

chemical potential affects only the actual values of the said energies.  
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With regards to interstitial defects it is not always the case that a FP will reside 

in the lowest incorporation energy lattice site since FPs may be trapped in 

interstitial sites of higher energy. These lattice sites though are considered 

unstable and the FPs will move to either the most favourable site or sites which 

have similar energy to the lowest one. Thus, the analysis of the solubility of each 

FP in the crystal lattice does not contain only the incorporation and solution 

energies of substitutional defects and the incorporation energies of the lowest 

energy but also the incorporation energies of every interstitial defect with energy 

close to the lowest one. It is noted that the coordinates of the interstitial sites 

under investigation are determined after considering the symmetry operators of 

the group phase that the fuel material belongs to. 

 Secondary phases 3.3

In order to accurately assess the solubility of metal FPs in crystalline U3Si2 the 

investigation should not be based solely on their elemental state. It should also 

account whether the FPs are predicted to be more stable as precipitates out of 

solution with regards to the U3Si2 fuel matrix, in the form of specific secondary 

phases FPxSiy or UxFPySiz. The metal FPs investigated in this thesis - as 

mentioned in Section 1.2 - are Mo, Zr, Ce, Ru, and Pr and the secondary phases 

under investigation are presented in Table 3.2. It is noted that Xe is gas and does 

not form secondary phases of these forms. It only forms an elemental state 

secondary phase. 

Table 3.2: Secondary phases that FPs Mo, Zr, Ce, Ru, Pr form as FPxSiy or UxFPySiz  

Secondary 

phase 

 

Fission Product 

Mo Zr Ce Ru Pr 

FPxSiy 

 

Mo3Si 

MoSi2 

Mo5Si3 

ZrSi 

Zr2Si 

ZrSi2 

Zr3Si2 

Zr5Si4 

CeSi 

CeSi2 

Ce3Si2 

Ce5Si4 

RuSi 

RuSi2 

Ru2Si3 

PrSi 

PrSi2 

Pr3Si2 

Pr5Si4 

UxFPySiz 

 

U2Mo3Si4 

U3MoSi2 

U4MoSi3 

- - 

URuSi 

URu2Si2 - 

In order to determine whether the metal FPs will be more stable as precipitates 

out of solution in the form of a specific secondary phases than in solid solution 

with respect to the U3Si2 fuel matrix, appropriate solution reactions must be 

derived. In these reactions the reactants contain the soluble FP resided in its most 

favourable site (either this is a U or Si lattice site, or an interstitial site) and the 

U3Si2 compound, and the products contain the respective secondary phase. If the 

reaction energy (in this case defined as precipitate energy) is positive then the FP 

will be more stable in solid solution in the U3Si2 fuel matrix than in the form of 

the secondary phase under investigation, while if it is negative it will be more 

stable as precipitate out of solution with respect to the U3Si2 fuel matrix in the 
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form of the specific secondary phase than in solid solution. If the solution energy 

is close to 0 eV then both phases may co-exist. Similarly to Section 3.2 the 

energy value 0.1 eV can be used as an indication. It is noted that due to the 

similarity between metal FPs and U, it is most probable that the most favourable 

site of FPs will be substitutional defects on U lattice sites.  

For instance, in the case of the secondary phase FP3Si2 that Zr, Ce, and Pr form 

(which keep the stoichiometry of the U3Si2 fuel matrix), the solution reactions 

and respective equations for the calculation of the precipitate energies are 

presented (Kröger-Vink notation [55] is used) in Table 3.3. FP3Si2 and U3Si2 

denote the respective formula units, UU represents the U atoms sitting on U 

lattice sites, VU and VSi represent respectively the crystalline U3Si2 with a 

vacancy on a U or Si lattice site, and FPU, FPSi, FPi represent respectively the 

crystalline U3Si2 with a soluble FP positioned in its most favourable site, either a 

U lattice site, a Si lattice site, or an interstitial site. The energies of the formula 

units are calculated by dividing the calculated energy of the respective to each 

secondary phase compound conventional unit cells to the number of contained 

formula units. It is noted that with regards to the cases where a substitutional to a 

Si lattice site or an interstitial site would be the most favourable site several 

solubility reactions may be created which could be of lower precipitate energy. 

The two reactions presented in Table 3.3 are a representative example. 

The energy of the system where U atoms reside in U lattice sites is equal to the 

energy of the perfect crystalline U3Si2 since in this case all atoms reside in their 

initial lattice sites. Thus, the notation Eperf is used to represent this energy. The 

factor 2 by which Eperf is multiplied in the formula of the precipitate energy for 

the case where an interstitial site would be the most favourable site accounts for 

the fact that the energy of the perfect crystalline must be considered once more - 

in the products - to account for the system with a hypothetical trap site at the 

respective interstitial lattice site. 

Table 3.3: Solution reactions and respective precipitate energies for the determination of 

whether metal FPs are more stable in solid solution in crystalline U3Si2 or as precipitates out of 

solution in the form of their secondary phase FP3Si2 (for FPs that such a phase exists) 

Favourable site Solution reaction Precipitate energy  

U lattice site 
FPU+1/3U3Si2→ 

UU +1/3FP3Si2 

 

 
3 2

3 2

1 3

1 3
U

perf FP Si

FP U Si

E / E

E / E

 

  

Si lattice site 
FPSi+VU +1/3U3Si2 → 

UU+VSi +1/3FP3Si2 

 

 
3 2

3 2

1 3

1 3

Si

Si U

perf V FP Si

FP V U Si

E E / E

E E / E

  

   

Interstitial site 
FPi+VU+1/3U3Si2→ 

UU +1/3FP3Si2 

 

 
3 2

3 2

2 1 3

1 3
i U

perf FP Si

FP V U Si

E / E

E E / E
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 Volume variation of crystal lattice 3.4

The volume variation (ΔV/V) of crystalline U3Si2 due to either an created 

vacancy or due to an incorporated FP in the fuel matrix is calculated from [55]; 

def per

per

V V
V / V

V


  ,                                            (3.7) 

where Vdef and Vper are respectively the volumes of the crystal lattice with and 

without the defect (intrinsic or extrinsic). In case: 

 ΔV/V > 0, then the crystal lattice has expanded 

 

 ΔV/V < 0, then the crystal lattice has contracted 

The retrieval of the lengths of the relaxed lattice vectors of the perfect crystalline 

U3Si2 and of the crystal lattices with the respective incorporated FPs allows the 

analysis of the anisotropy of each respective volume variation. It reflects to the 

way that the volume changed with respect to the three lattice vectors and thus the 

x, y, and z axis. It can be obtained by calculating the following formulas for all 

extrinsic defects under investigation; 

, ,

, ,

/

/

rel s rel p

ab

rel s rel p

b b
R

a a
                                            (3.8) 
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/

rel s rel p

ac

rel s rel p
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R

a a
                                            (3.9) 
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, ,

/

/

rel s rel p

bc

rel s rel p

c c
R

b b
 ,                                       (3.10) 

where , ,, ,rel s rel sa b  and ,rel sc  are respectively the lengths of the relaxed first, 

second, and third lattice vectors of the crystalline with the extrinsic defect and 

, ,, ,rel p rel pa b  and ,rel pc  are respectively the lengths of the relaxed first, second, 

and third lattice vectors of the perfect crystal lattice. Based on the definition of 

the above formulas, if 1abR   then ac bcR R , if 1acR   then 1

ab bcR R , and if 

1bcR   then ab acR R .  

If 1ab ac bcR R R    then the volume variation (expansion or contraction) has 

taken place isotropically with regards to all directions. Otherwise, if 

1, 1ab ac bcR R R    , 11, 1ac ab bcR R R     , 1& 1bc ac abR R R      the crystal 

lattice expanded or contracted respectively anisotropically with regards to the 

third, second, and first lattice vector. 
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 Vienna ab-initio simulation package 3.5

The Vienna Ab Initio Simulation Package (VASP) is [57] a computer program 

that can be used for performing atomic scale modelling of materials. It 

incorporates periodic boundary conditions, pseudopotentials or the PAW 

method, and a plane wave basis set. The approach implemented in VASP within 

DFT is based on the exact evaluation of the electronic ground state of the system 

solving the Kohn-Sham equations.  

Running a VASP simulation in supercells is of great importance in point defect 

investigations since in this case the boundary effect on the formation of defects 

can be considered to be negligible; a characteristic that is not related with unit 

cells. It is important to choose in VASP simulations a supercell big enough to 

avoid great boundary effects, but also small enough so it will not take an 

unreasonable time for convergence to be reached.  

 VASP parameters and modelling procedure 3.6

As it was mentioned above, the basis of the atomic scale calculations performed 

in this thesis is DFT, where the VASP code was used with the PAW method and 

the PBE generalised gradient approximation with regards to the exchange- 

correlation potential. The plane waves cut-off energy is set to 500 eV.  

Due to the strong on-site Coulomb repulsion among the U 5f electrons, the 

DFT+U approximation is used to estimate the strong correlation effect in 

calculations of crystalline U3Si2 and the computation of the chemical potential of 

U. In particular, the approach of Dudarev et al. [58] to the DFT+U method is 

implemented with 1.5effU  . Earlier studies [35, 59] have showed this value to 

be the appropriate one for investigations of U3Si2. 

U3Si2 is investigated in its ferromagnetic state (earlier studies [72] showed that 

U3Si2 is a paramagnetic material but the ferromagnetic state is assumed to be a 

very good approximation for the defect energies investigated in this thesis). With 

regards to U atoms the magnetic moment for each atom is initially set to 2. 

2×2×3 supercells of U3Si2 containing 120 lattice sites (24 U1 sites, 48 U2 sites, 

48 Si sites) are constructed for defect calculations. The graphical representation 

of the perfect crystalline supercell U3Si2 is presented in Figure 3.4, where all 

symmetrically equivalent atoms of U1, U2, and Si atoms in the supercell are 

included.  

The integration in the reciprocal space over the Brillouin zone is performed 

using 4×4×4 Monkhorst-Pack [60] meshes for the supercells. For the calculations 

of chemical potentials and the relaxation of secondary phases the Monkhorst-

Pack meshes are appropriately scaled with respect to the length of the lattice 

vectors in each stable structure. 
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Figure 3.4: Supercell 2×2×3 of tetragonal crystalline U3Si2 

The supercells and the conventional unit cells for secondary phases are allowed 

to fully relax (ions, cell shape, cell volume) while the unit cells used for the 

calculations of the chemical potentials are allowed to relax only for volume, 

keeping the cell shape and ionic positions of the stable structure used unchanged. 

The convergence criteria for the self-consistency iteration scheme and the ionic 

relaxation loop are respectively selected at 10
-4

 eV for supercells calculations 

and 10
-5

 eV for conventional unit cell calculations. The Methfessel-Paxton 

smearing method [61] with a smearing width of 0.2 eV is used for metals U, Si, 

Mo, Zr, Ce, Ru, Pr and the tetrahedron smearing method with Blöchl corrections 

[62]  is used for the calculation of the chemical potential of Xe. 

With regards to the modelling procedure followed, the first step was the 

relaxation of the perfect supercell U3Si2. In order to speed up significantly its 

relaxation, the supercell was not created directly using the crystallographic data 

of the conventional unit cell of U3Si2. Instead, the conventional unit cell was 

allowed initially to fully relax and its relaxed structure was used for the creation 

of the perfect supercell 2x2x3. Then, using as a reference state the relaxed 

perfect supercell U3Si2 three respective supercells were allowed to relax with 

each one having a single vacancy on either a U1, U2, or Si lattice site.  

For the next part the conventional units of the most stable structures in room 

temperature of the FPs under investigation Mo, Xe, Zr, Ce, Ru, Pr and of the 

crystalline atoms U, Si were allowed to relax in order to retrieve the chemical 

potentials of the respective species. 

For the next step the investigation of the extrinsic point defects was performed. 

The calculations started with Mo. The creation of 15 supercells of crystalline 

U3Si2 was performed which corresponded to the three substitutional defects of 
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Mo on U1, U2, and Si lattice sites and 12 interstitial sites whose Wyckoff 

positions and fractional coordinates with regards to the lattice vectors of 

supercell U3Si2 2×2×3 are presented in Table 3.4. 

Table 3.4: Interstitial sites in crystalline U3Si2 for which the solubility of Mo is investigated  

Interstitial 

site # 

Wyckoff 

position 

Fractional coordinates  with regards to  

the lattice vectors in supercell U3Si2 2×2×3 

1 2b 0 0 1/6 

2 2c 0 0.25 1/6 

3 2d 0 0.25 0 

4 4e 0 0 0.25 

5 4f 0 0.25 0.21 

6 4g 0.175 0.425 0 

7 4g 0.135 0.115 0 

8 4h 0.05 0.2 1/6 

9 8i 0.125 0.31 0 

10 8j 0.19 0.235 1/6 

11 8j 0.45 0.015 1/6 

12 8k 0.15 0.4 1/12 
 

The graphical representation of the 12 interstitial point defects in one supercell 

U3Si2 2×2×3 is presented in Figure 3.5. It is noted that all symmetry equivalent 

atoms of U1, U2, Si, Mo atoms are included. The high number of symmetrically 

distinct interstitial sites shows the significant complexity of the system. 

The retrieval of the results from the previously mentioned relaxations allowed 

the calculation of the defect formation energies of the possible vacancies in U3Si2 

and the incorporation and solution energies with regards to Mo using equations 

3.2, 3.5 and 3.6. Considering the incorporation and solution energies, the relaxed 

position of the Mo atom in crystalline U3Si2 (i.e. the site at which the atom is 

positioned in the ionic ground state), and the relaxed positions of the crystalline 

atoms of U3Si2, the stable interstitial sites are determined. These are interstitial 

sites at which the Mo atom was positioned initially and after relaxation it resided 

either the same site or a symmetrically equivalent one based on the symmetry 

operators that characterise its Wyckoff position (i.e. the atom did not move to a 

site non-symmetrically equivalent to the initial one).   

From the stable interstitial sites the most favourable interstitial site is derived as 

well as all stable interstitial sites will a close incorporation value to the lowest 

one (see Section 3.2). Finally, the comparison of all incorporation and solution 

energies provides the most favourable site of Mo in crystalline U3Si2 with 

regards to all states (perfect crystal lattice or lattice with vacancies).  

The investigation continued with the FPs Xe, Zr, Ce, Ru, Pr and was concluded 

with the relaxation of the conventional unit cells of the secondary phases of 

Table 3.1. It is noted that the phase U3MoSi2 was not investigated due to the fact 
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that its conventional unit structure contains partial atomic occupancies (meaning 

that two atoms of different species reside at the same lattice site of the 

conventional unit structure). This is a feature that was determined too complex 

and time-confusing for the present work but worthy of future investigation.     

 

Figure 3.5: Crystalline U3Si2 with the 12 interstitial sites  

(orange spheres) for which the solubility of Mo was investigated  

The most favourable interstitial sites of Mo were estimated as the most 

favourable stable interstitial sites for the remaining FPs, and thus calculations on 

interstitial sites were performed only on these sites. In order to obtain a faster 

convergence that the one obtained using only the relaxed perfect crystalline 

U3Si2 and the initial coordinates of the lattice sites under investigation, the 

relaxed structures of the respective supercells from Mo were used as initial 

structures for the calculations of the remaining FPs. The determination of the 

stable interstitial sites does not depend on which FP was investigated first. On 

the other hand, the decision to investigate only the most favourable stable 

interstitial sites derived from the investigation of Mo for the remaining FPs was 

made so as to make the investigation of this thesis computationally feasible. To 

be more thorough, in order to determine exactly which interstitial sites would be 

the most favourable for each FP all stable interstitial sites should be investigated 

for all remaining FPs. 
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Chapter 4 

4                                      Results   

In the first part of this chapter the results regarding the defect formation energies 

of vacancies at U1, U2, and Si lattice sites, their concentration at equilibrium at a 

reference temperature and the respective induced volume variation of U3Si2 are 

presented. At the second part, the results regarding the solubility of the 

investigated FPs Mo, Xe, Zr, Ce, Ru, and Pr in crystalline U3Si2 and their effect 

in the volume variation of the crystal lattice are presented, as well as the results 

regarding the solubility of the metal atoms Mo, Zr, Ce, Ru, and Pr with respect to 

their respective secondary phases presented in Table 3.2. In the third part of this 

chapter the dependence of the volume variation to burnup is investigated. For 

this calculation the concentration of the investigated FPs in a U3Si2 fuel pellet for 

a specific burnup obtained from earlier studies is used. Finally, in the fourth part 

the anisotropy of the induced volume variation due to the incorporated FPs in the 

crystal lattice is investigated. 

 Vacancies defect formation energy 4.1

The retrieval of results of the ground state energy for the perfect supercell, the 

supercells with a pre-existing vacancy on a U1, U2, or Si lattice, and of the 

chemical potentials of U and Si allows the calculation of the vacancies defect 

formation energies. The defect formation energies are used for the calculation of 

the solution energies of FPs as substitutional defects on U1, U2, and Si lattice 

sites through equation 3.6. For the calculation of defect formation energies 

equation 3.2 is used. Furthermore, their concentration at equilibrium at 

temperature 980K Ceq,980 (highest operating temperature of U3Si2 fuel [15]) (as a 

fraction of lattice sites that are a defect) with respect to the reference state used, 

can be calculated using the results of the defect formation energies and equation 

3.4. Finally, the induced volume variation ΔV/V of the crystal lattice is calculated 

using equation 3.7. The respective results are presented in Table 4.1. 

It must be noted that the obtained results are depended on the reference state of 

U and Si that was used for the calculation of the respective chemical potentials. 

The choice of the reference state is arbitrary. By this it is meant that the approach 

used for the calculation of chemical potentials (see Section 3.1) was chosen by 

individual preference. Actually any approach discussed in Section 3.1 could be 

used. In this thesis both U and Si were investigated as metals (alpha uranium 

[73] and the diamond structure of Si) and the initial structure reflects the most 

stable structure of the chemical species at room temperature. Each conventional 
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unit cell contains two respective atoms (orthorhombic structure Cmcm for U and 

cubic structure 3Fd m  for Si). 

Table 4.1: Formation energies of the different type of vacancies in crystalline 

U3Si2 U1, U2, and Si, their respective equilibrium concentration in U3Si2 for 

temperature 980 K and their effect in the volume variation of the U3Si2 crystal 

lattice with respect to the most stable structure of U and Si at room 

temperature 

Possible type of 

vacancies in 

crystalline U3Si2 

Ef,vac 

(eV) 

Ceq,980  

 

ΔV/V 

(%) 

Vacancy at U1 site 1.51 1.7·10
-8

 -0.25 

Vacancy at U2 site 2.73 9.3·10
-15

 -0.18 

Vacancy at Si site 1.95 9.1·10
-11

 -0.37 

The results presented in Table 4.1 indicate initially that respective energies of 

1.51 eV, 2.73 eV, and 1.95 eV are demanded in order for respective single 

vacancies at U1, U2, and Si lattice sites to be created. Therefore U1 vacancies 

are more readily produced in U3Si2 than Si and U2 vacancies, where the greatest 

energy is needed to for the creation of U2 vacancies. The results agree with 

respective results obtained by previous studies [35] in which the same reference 

states for U and Si have been used.  

It would be interesting to compare the obtained results mentioned above with 

respective defect formation energies for Frenkel pair with regards to U and Si 

lattice sites. The ground state energies of system with U1, U2, and Si atoms 

positioned in interstitial sites in the U3Si2 crystal lattice were not calculated in 

this study. Instead they were provided to me after the personal communication of 

my supervisor Dr. Simon Middleburgh with the author of [35] David Andersson, 

where such calculations have been performed.  

The results from these study indicate that respective energies of 1.99 eV, 3.19 

eV, and 2.28 eV are demanded in order for Frenkel pair defects on U1, U2, and 

Si lattice sites to be respectively created; thus U1 Frenkel pair defects are more 

readily produced than U2 and Si Frenkel pair defects, where U2 Frenkel pair 

require the greatest formation energy. These results agree with the conclusion 

obtained in this thesis with regards to the defect formation of vacancies.  

It is noted that in order to obtain the energies for the formation of Frenkel pair 

defect the following equations are used respectively for U and Si Frenkel pair; 

  2
U iFp U V U perfE E E E                                       (4.1) 

   2
Si iFp Si V Si perfE E E E    ,                                  (4.2) 
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where 
Fp UE 

 and 
Fp SiE 

 are the defect formation energies for U (U1 or U2) and 

Si Frenkel pair, 
iUE  and 

iSiE  are respectively the energies of the system with a U 

or a Si atom residing in the most favourable site in U3Si2 and 
perfE  is the energy 

of the perfect crystalline U3Si2. 

Furthermore, it is indicated from the results presented in Table 4.1 that single 

vacancies in U1, U2, and Si lattice sites cause a contraction of the U3Si2 crystal 

lattice by respectively 0.25%, 0.18%, and 0.37 %. This comes in disagreement 

with previous studies [36] that indicate that volume of the U3Si2 will increase 

due to the creation of vacancies.  

Finally, it is shown that with respect to the reference states of U and Si used for 

the calculation of the chemical potentials, the type of vacancy with the highest 

concentration at equilibrium at temperature 980 K is U1 vacancies, where 
81.7 10  of all U1 lattice sites are vacancies, 

159.3 10  of all U2 lattice sites are 

vacancies, and 
119.1 10 of all Si lattice sites are vacancies.  

The graphical representation in logarithmic scale of the concentrations at 

equilibrium of vacancies at U1, U2, and Si lattice sites with regards to the 

temperature is presented in Figure 4.1. It must be noted that the choice of 

reference state influences this progress as it affects the results obtained for the 

vacancy defect formation energies. The conclusion is obtained that the number of 

vacancies is increasing for increasing temperature (reasonable result due to 

increasing thermal vibrations (see Section 2.4)) and that for temperatures from 

400 K to 1200 K the number of vacancies increases rapidly.  

 

Figure 4.1: Concentration of vacancies in U1, U2, Si lattice sites at 

equilibrium in crystalline U3Si2 with respect to temperature in logarithmic scale 
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The number of vacancies in the U3Si2 fuel matrix will increase significantly 

throughout the irradiation process as highly ionised fission fragments and 

energetic neutrons will cause more crystalline atoms to move away from their 

initial positions in the crystal lattice [73]. Thus, the concentration of vacancies 

will be increased significantly in the fuel matrix. The displaced crystalline atom 

may have enough kinetic energy so as to create a series of lattice displacements 

before it eventually rests. Initially, the displaced atom will appear in the crystal 

lattice as interstitial defect, thus a Frenkel pair is created. Many of these 

vacancies and interstitials produced by these high-energy collisions will 

annihilate. Only about 1% of the initially produced point defect can remain and 

is capable of causing observable radiation effects. 

 Solubility of fission products  4.2

In the previous section the defect formation energies for vacancies were 

calculated. Using at this point the ground state results for the perfect crystalline 

U3Si2, for the supercells with the incorporated FPs Mo, Xe, Zr, Ce, Ru, Pr under 

investigation as substitutional or interstitial defects, and the chemical potentials 

for the respective FPs the calculation of the respective incorporation can be 

performed using Equation 3.5. Combining the defect formation energies for 

vacancies and the incorporation energies the solution energies of the FPs in 

occupied lattice sites can be also calculated using equation 3.6. Moreover, the 

respective volume variance of the U3Si2 crystal lattice due to the incorporated 

FPs can be calculated using equation 3.7. Finally, using the ground state energy 

results of the conventional unit cells of each respective secondary phase to the 

metal FPs Mo, Zr, Ce, Ru, and Pr, the calculation of all respective precipitate 

energies can be performed and the conclusion whether the said FPs will be more 

stable in solid solution or as precipitates out of solution in the form of one or 

more of these phases can be obtained. The respective investigation results of the 

FPs Mo, Xe, Zr, Ce, Ru, and Pr is presented in Sections 4.2.1 - 4.2.6.  

4.2.1 Mo 

The results regarding the solubility of Mo in the U3Si2 fuel matrix and the 

respective induced volume variation of the U3Si2 crystal lattice to each defect 

case are presented in Table 4.2. It must be noted that with regards to the 

reference state used for the calculation of the chemical potential, Mo is 

considered as metallic with two Mo atoms in the conventional unit cell (cubic 

structure 3l m m ). It is noted that the choice of the reference state is arbitrary. 

Thus, the solubility results will depend on the reference state chosen since it 

affects the values of the calculated incorporation and solution energies. On the 

other hand, as it was mentioned in Section 3.2, the determination of the most 

favourable site does not depend on the reference state chosen since it does not 

affect the energy difference between the incorporation and solution energies but 

only their actual values.  
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The relaxed atomic positions and the results of the incorporation energies 

showed that the stable interstitial sites are those with Wyckoff positions 2a, 2c, 

2d, 4g (#6 and #7), 4h, 8i, 8j (#10 and #11), and 8k. The site 4e relaxed to site 2b 

and the site 4f relaxed to site 2c and shall not be considered. The conclusion is 

also made that the interstitial site with the lowest incorporation energy is site 8j 

#10 and the sites with similar incorporation energies with the lowest one are sites 

2b and 8j (# 11). Thus, these are the interstitial sites that were investigated for 

the remaining FPs Xe, Zr, Ce, Ru, and Pr. It must be noted at this point that 

metallic FPs should behave similarly to Mo, but Xe might not; it could probably 

want to go the biggest interstitial site; the site with the lowest coordination 

number (the number of nearest neighbours to an atom) and where the nearest 

neighbours have the greatest distance from the specific interstitial site. The 

incorporation energies of Mo in the 12 interstitial sites as well as the direction of 

unstable interstitials sites are presented in Figure 4.2. 

Table 4.2: Incorporation (Einc) and solution (Esol) energies of Mo in crystalline U3Si2 with respect 

to the reference state used as metallic with two atoms in the conventional unit cell, and the 

induced volume variation (ΔV/V) of the crystal lattice  

Type of defect of Mo 

in crystalline U3Si2 

Einc 
 

(eV) 

Esol 
 

(eV) 

ΔV/V 

(%) 

Substitutional on U1 lattice site -1.99 -0.47 -0.58 

Substitutional on U2 lattice site -2.22 0.51 -0.83 

Substitutional on Si lattice site  -0.64 1.31 0.05 

Interstitial site 2b (#1) 0.86 0.86 0.09 

Interstitial site 2c (#2) 2.19 2.19 0.94 

Interstitial site 2d (#3) 9.47 9.47 1.31 

Interstitial site 4e (#4) 
*
 0.89 0.89 0.07 

Interstitial site 4f (#5) 
 **

 2.18 2.18 0.99 

Interstitial site 4g (#6) 2.32 2.32 1.03 

Interstitial site 4g (#7) 3.29 3.29 0.86 

Interstitial site 4h (#8) 2.84 2.84 2.13 

Interstitial site 8i (#9) 2.66 2.66 1.19 

Interstitial site 8j (#10) 0.84 0.84 0.01 

Interstitial site 8j (#11) 1.01 1.01 0.03 

Interstitial site 8k (#12) 3.18 3.18 0.86 
     

 
*
   Not stable, relaxed to site 2b 

 
**

  Not stable, relaxed to site 2c 

The results regarding the stable interstitial sites can be compared with the 

coordination number and the species of the nearest neighbours of the respective 
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atom in each interstitial site in order to produce a connection between the 

stability of interstitial sites and the coordination number. The coordination 

number of all interstitial sites for the two closest neighbours and the distance 

between the foreign atom and the two closest crystalline neighbouring atoms are 

presented in Table 4.3. 

 

Figure 4.2: Incorporation energies of Mo onto 12 interstitial sites in crystalline  

U3Si2. The red arrows denotes the sites to which unstable sites relaxed to 

The conclusion is made that the most favourable site 8j #10 and the two sites 2b 

and 8j #11 with similar incorporation energies to the lowest one have U atoms as 

first and second closest neighbours. The lower distance between Mo and its 

closest neighbour for the site 8j #10 (1.86 Å) in comparison to the respective 

distance in interstitial sites 2b (1.99 Å) and 8j #11 (1.98 Å) is probably the 

reason why this was shown to be the most favourable site, since the crystal 

lattice was less distorted in this case, as it is shown by the almost negligible 

(0.01%) volume change associated with the 8j #10 site in table 4.2. 

The reason why a higher incorporation energy was calculated for site 8j #11 in 

comparison to the 2b site is likely due to the lower distance between the foreign 

atom to the second nearest neighbours (the distance from the first neighbours is 

almost the same). With regards to the least favourable sites site it is shown that 

the 2d site is the only one with Si atoms as first and second nearest neighbours. It 

might be the reason why a much higher relatively incorporation energy was 

calculated for this site in comparison to the other ones which have either U & Si 

or Si & U atoms as two nearest neighbours.  

A conclusion can thus be derived that interstitial sites with U atoms as first and 

second nearest neighbours are much more favourable than sites with Si atoms as 

nearest neighbours. The reason might be the difference in the radius between U 
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atoms (1.56 Å) and Si atoms (1.16 Å) resulting in a much greater distortion of 

the lattice crystal (least favourable condition) when a foreign atom resides in an 

interstitial site amongst Si atoms than amongst U atoms. 

                      Table 4.3: Coordination number (two nearest neighbours) and  

                       respective distances for the stable interstitial sites  

Stable interstitial sites Coordination number and 

respective distances from 

two nearest neighbours 

2b (#1) 2 U atoms at 1.99 Å and  

4 U atoms at 2.73 Å 

2c (#2) 2 U atoms at 1.95 Å and  

4 Si atoms at 2.33 Å 

2d (#3) 2 Si atoms at 1.21 Å and  

4 U atoms at 2.79 Å 

4g (#6) 2 Si atoms at 2.00 Å and  

2 U atoms at 2.02 Å 

4g (#7) 1 Si atom at 1.22 Å and  

2 U atoms at 2.18 Å 

4h (#8) 1 U atom at 0.89 Å and  

4 Si atoms at 2.56 Å 

8i (#9) 1 Si atom at 1.01 Å and 

 1 U atom at 2.07 Å 

8j (#10) 1 U atom at 1.86 Å and  

2 U atoms at 2.19 Å 

8j (#11) 1 U atom at 1.98 Å and  

2 U atoms at 2.14 Å 

8k (#12) 1 U atom at 1.01 Å and  

1 Si atom at 2.20 Å 

From the results presented in Table 4.2 the analysis of the solubility of Mo in 

crystalline U3Si2 with respect to the reference state used can be performed. First 

of all, the most favourable site of Mo is pre-existing U2 vacancies causing 

contraction of the crystal lattice by 0.83%. The next favourable sites are pre-

existing U1 and Si vacancies causing respectively contraction of the crystal 

lattice by 0.58% and expansion by 0.05%. Substitutional defects on U1 and U2 

lattice sites follow which are more favourable than interstitials sites which as 

mentioned above by order of preference are 8j #10, 2b, and 8j #11 causing 

respectively expansion of the crystal lattice by 0.01%, 0.09%, and 0.03%. The 

least favourable site is occupied Si lattice sites.   

Considering the fact that negative incorporation energy not close to 0 eV is 

calculated for the accommodation of Mo in its most favourable site in crystalline 

U3Si2 a conclusion is made that unless Mo is more stable as precipitate out of 

solution in the form of a secondary phase it is predicted to by highly soluble in 

crystalline U3Si2.  
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Given that the most favourable site of Mo is U lattice sites - and in particular U2 

sites -, the respective solution reactions of Mo - after becoming incorporated in 

crystalline U3Si2 - to its secondary phases MoSi2, Mo3Si, Mo5Si3, U2Mo3Si4, and 

U4MoSi3 can be deduced and the respective precipitate energies be calculated via 

a similar approach like the one used for the phase FP3Si2 in Table 3.3. They are 

presented in Table 4.4. It must be noted that several solution reactions may be 

created that could be of lesser precipitate energy. The ones presented in Table 

4.4 are a representative example. It is noted that the most stable precipitate is not 

predicted here but experiments have shown the said phases to have been 

experimentally observed [75].  

           Table 4.4: Precipitate energies of Mo after becoming incorporated in crystalline  

           U3Si2  to its secondary phases MoSi2, Mo3Si, Mo5Si3, U2Mo3Si4, and U4MoSi3 

Stable 

secondary  

phase 
 

Solution reaction Precipitate 

energy 
 

(eV) 

MoSi2 MoU + 2VU2 + U3Si2 3UU +MoSi2  -5.20 

Mo3Si 
MoU2 + 1/3VSi + 1/3U3Si2 

UU + 1/3SiSi +/3Mo3Si 
-0.81 

Mo5Si3 
MoU2 + 1/5VU2 + 1/5VSi + 2/5U3Si2 

1/5SiSi + 6/5UU + 1/5Mo5Si3 
-1.18 

U2Mo3Si4 
MoU2 + 1/3VU2 + 2/3U3Si2  

4/3UU + 1/3U2Mo3Si4 
-1.57 

U4MoSi3 
MoU2 + VU2 + VSi + 2U3Si2  

2UU + 2SiSi + U4MoSi3 
-4.42 

Since all solution energies are negative and not close to 0 eV, the conclusion is 

made that Mo after becoming incorporated within the U3Si2 fuel matrix is 

predicted to be more stable as precipitate out of solution in the form of its 

secondary phases Mo3Si, MoSi2, Mo5Si3, U2Mo3Si4, and U4MoSi3 than in solid 

solution in the U3Si2 fuel matrix. The phase with the lowest precipitate energy is 

MoSi2 which can occur in conditions of sub-stoichiometric U3Si2-x.   

4.2.2 Xe 

The results regarding the solubility of Xe in crystalline U3Si2 and the induced 

volume variation of the crystal lattice are presented in Table 4.5. It is noted that 

the reference state used for Xe is gas with one Xe atom in its crystallographic 

unit cell (trigonal structrure 3R m ). It is reminded that the choice of the reference 

state is arbitrary. Thus, the solubility results will depend on the reference state 

chosen since it affects the values of the calculated incorporation and solution 

energies. 

From the results presented in Table 4.5 the analysis of the solubility of Xe in 

crystalline U3Si2 with respect to the reference state used can be performed. The 

important result is that all incorporation and solution energies are positive and 
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not close to 0 eV, thus Xe is predicted to be highly insoluble in crystalline U3Si2. 

The most favourable site of Xe is predicted to be pre-existing U1 vacancies 

causing expansion of the crystal lattice by 0.64%. Pre-existing U2 and Si 

vacancies follow and occupied U1 lattice sites causing respectively expansion of 

the crystal lattice by 0.74% and 0.67%. The next favourable sites are occupied 

U1 lattice sites. Interstitial defects are more favourable than substitutional 

defects in occupied U2 and Si lattice sites. In particular, by order of preference 

sites 8j #10, 2b, 8j #11 are more favourable causing expansion of the crystal 

lattice by 0.63%, 0.54%, and 0.35%. The least favourable site is occupied Si 

lattice sites. These results agree with results from earlier studies [35] where Xe 

has be found to be highly insoluble in crystalline U3Si2.   

Table 4.5: Incorporation (Einc) and solution (Esol) energies of Xe in crystalline U3Si2 with respect 

to the reference state used as gas with one atom in the crystallographic unit cell, and the induced 

volume variation (ΔV/V) of the crystal lattice  

Type of defect of Xe  

in crystalline U3Si2 

Einc 
 

(eV) 

Esol 
 

(eV) 
 

ΔV/V 

(%) 

Substitutional on U1 lattice site 2.77 4.29 0.64 

Substitutional on U2 lattice site 2.88 5.60 0.74 

Substitutional on Si lattice site 3.32 5.27 0.67 

Interstitial site 2b (#1) 4.77 4.77 0.35 

Interstitial site 8j  (#10) 4.53 4.53 0.63 

Interstitial site 8j  (#11) 4.54 4.54 0.54 

The reason why Xe is predicted to be highly insoluble in the U3Si2 fuel matrix is 

related to fact that gas atoms do not react chemically with other species. If 

fission gas stay in the fuel matrix, they will be reside initially to an interstitial 

site causing a significant strain in the material due to their large size [63, 68, 74]. 

In order for this strain to be minimized and the energy of the system reduced, 

fission gas will move to areas of reduced density in the crystal lattice, which can 

be either single vacancies or clusters of vacancies. This is indicated also by the 

results of this thesis. Then, with sufficient energy originating from increasing 

thermal vibrations or the irradiation process gas atoms will tend to move away 

from their initial residing site and diffuse through the material. The gas atoms 

then can combine and form clusters of gas atoms. In case a sufficient number of 

gases combine together then may form gas bubbles. Thus, as it was discussed at 

this section and at Section 2.5 the behaviour of Xe gases produced by fission is 

of great importance for nuclear fuel in operation, since it controls the release of 

these atoms in the free fuel volume and thus controls the internal pressure of the 

fuel rod, the fuel swelling and also the behaviour of the fuel during incidental or 

accidental events. 
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4.2.3 Zr 

The results regarding the solubility of Zr in crystalline U3Si2 and the induced 

volume variation of the crystal lattice are presented in Table 4.6. It is noted that 

the reference state used for Zr is metallic with two Zr atoms in its conventional 

unit cell (hexagonal structure P63mmc). It is reminded that the choice of the 

reference state is arbitrary. Thus, the solubility results will depend on the 

reference state chosen since it affects the values of the calculated incorporation 

and solution energies.  

Table 4.6: Incorporation (Einc) and solution (Esol) energies of Zr in crystalline U3Si2 with respect 

to the reference state used as metallic with two atoms in the conventional unit cell, and the 

induced volume variation (ΔV/V) of the crystal lattice  

Type of defect of Zr  

in crystalline U3Si2 

Einc 
 

(eV) 

Esol 
 

(eV) 
 

ΔV/V 

(%) 

Substitutional on U1 site -2.86 -1.34 -0.23 

Substitutional on U2 site -3.66 -0.93 -0.32 

Substitutional on Si site -0.08 1.88 0.34 

Interstitial site 2b (#1) 1.42 1.42 -0.18 

Interstitial site 8j  (#10) 0.10 0.10 -0.27 

Interstitial site 8j  (#11) 0.11 0.11 -0.41 

From the results presented in Table 4.6 the analysis of the solubility of Zr in 

crystalline U3Si2 with respect to the reference state used can be performed. First 

of all, the most favourable site of Mo is pre-existing U2 vacancies causing 

contraction of the crystal lattice by 0.32%. The next favourable sites are pre-

existing U1 vacancies causing contraction of the crystal lattice by 0.23%, 

occupied U1 lattice sites, occupied U2 lattice sites, and pre-existing Si vacancies 

causing expansion of the crystal lattice by 0.34%. The next favourable sites are 

interstitial sites 8j #10, 2b, and 8j #11 causing respectively expansion of the 

crystal lattice by 0.01%, 0.09%, and 0.03%. The least favourable site is occupied 

Si lattice sites.  

Considering the fact that negative incorporation energy not close to 0 eV is 

calculated for the accommodation of Zr in its most favourable site in crystalline 

U3Si2 a conclusion is made that unless Zr is more stable as precipitate out of 

solution in the form of separate secondary phases it is predicted to by highly 

soluble in crystalline U3Si2.  

Given that the most favourable site of Zr is U lattice sites - and in particular U2 

sites -, the respective solution reactions of Mo - after becoming incorporated in 

crystalline U3Si2 - to its secondary phases ZrSi, Zr2Si, ZrSi2, Zr3Si2, and Zr5Si4 

can be deduced and the respective precipitate energies be calculated via a similar 

approach like the one used for the phase FP3Si2 in Table 3.3. They are presented 

in Table 4.7. It must be mentioned that several solution reactions may be created 

with respect to the secondary phases ZrSi, Zr2Si, ZrSi2, and Zr5Si4 which could 
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be of lesser precipitate energy. The ones presented in Table 4.7 are a 

representative example. It is noted that the most stable precipitate is not 

predicted here but experiments have shown the said phases to have been 

experimentally observed [76].  

Since the precipitate energy with respect to the secondary phase Zr3Si2 is 

positive and not close to 0 eV the conclusion is made that Zr is predicted to be 

more stable in solid solution in the fuel matrix than as precipitate out of solution 

in the form of its secondary phase Zr3Si2. Since the precipitate energies are 

negative and not close to 0 eV, the conclusion is made that Zr after becoming 

incorporated in crystalline U3Si2 is predicted to be more stable as precipitate out 

of solution in the form of its secondary phases ZrSi, Zr2Si, ZrSi2 and Zr5Si4 than 

in solid solution in the U3Si2 fuel matrix. Thus, the conclusion is made than in 

stoichiometric U3Si2 Zr will be more stable in solid solution but but with 

vacancies in the system it will be more stable as precipitate out of solution. The 

phase with the lowest precipitate energy is ZrSi2, which can occur in conditions 

of sub-stoichiometric U3Si2-x. This result agrees with previous experimental 

work [77] from which it is indicated that the primary interdiffusion product of 

the interaction between U3Si2 and Zircaloy- 4 is ZrSi2. It must be noted that 

during the irradiation process the number of vacancies and therefore the number 

of free Si atoms in the fuel matrix will increase significantly. Thus, with regards 

to Zr the solid solutions of the secondary phases ZrSi, Zr2Si, ZrSi2, Zr5Si4 will 

also increase significantly.  

         Table 4.7: Precipitate energies of Zr after becoming incorporated in crystalline  

         U3Si2  to its secondary phases ZrSi, Zr2Si, ZrSi2, Zr3Si2, and Zr5Si4 

Stable 

secondary  

phase 
 

Solution reaction Precipitate 

energy 
 

(eV) 

ZrSi ZrU2 + 1/2VU2 + 1/2U3Si2  3/2UU + ZrSi -1.18 

Zr2Si 
ZrU2 + 1/2VU2 + 1/2VSi + 1/2U3Si2 

1/2SiSi + 3/2UU +1/2Zr2Si 
-1.46 

ZrSi2 ZrU2 + 2VU2 + U3Si2 3UU + ZrSi2 -4.24 

Zr3Si2 ZrU2 + 1/3U3Si2 UU + 1/3Zr3Si2  0.20 

Zr5Si4 
ZrU2 + 1/5VU2 + 2/5U3Si2 

6/5UU + 1/5Zr5Si4  
-0.34 

4.2.4 Ce 

The results regarding the solubility of Ce in crystalline U3Si2 and the induced 

volume variation of the crystal lattice are presented in Table 4.8. It is noted that 

the reference state used for Ce is metallic with four Ce atoms in its conventional 

unit cell (cubic structure 3Fm m ). It is reminded that the choice of the reference 

state is arbitrary. Thus, the solubility results will depend on the reference state 

chosen since it affects the values of the calculated incorporation and solution 
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energies. It is noted that Ce is very important since CeO2 is indicated [78] to be a 

very useful surrogate to simulate the Pu behaviour in the MOX fuel fabrication. 

From the results presented in Table 4.8 the analysis of the solubility of Ce in 

crystalline U3Si2 with respect to the reference state used can be performed. First 

of all, the most favourable site of Ce is pre-existing U2 vacancies causing 

expansion of the crystal lattice by 0.06%. The next favourable sites are pre-

existing U1 vacancies causing expansion of the crystal lattice by 0.07%, 

occupied U2 lattice sites, pre-existed Si vacancies causing expansion of the 

crystal lattice by 0.16%. The next favourable sites are interstitial sites 8j #10, 8j 

#11, and 2b causing respectively contraction of the crystal lattice by 0.13%, 

expansion of the crystal lattice by 0.05%, and contraction of the crystal lattice by 

0.01%. The least favourable site is occupied Si lattice sites.  

Table 4.8: Incorporation (Einc) and solution (Esol) energies of Ce in crystalline U3Si2 with respect 

to the reference state used as metallic with four atoms in the conventional unit cell, and the 

induced volume variation (ΔV/V) of the crystal lattice  

Type of defect of Ce  

in crystalline U3Si2 

Einc 
 

(eV) 

Esol 
 

(eV) 
 

ΔV/V 
 

(%) 

Substitutional on U1 site -2.10 -0.59 0.07 

Substitutional on U2 site -3.73 -1.00 0.06 

Substitutional on Si site -0.83 1.12 0.16 

Interstitial site 2b (#1) 0.78 0.78 -0.01 

Interstitial site 8j  (#10) 0.44 0.44 -0.13 

Interstitial site 8j  (#11) 0.61 0.61 0.05 

Considering the fact that negative incorporation energy not close to 0 eV is 

calculated for the accommodation of Ce in its most favourable site in crystalline 

U3Si2 a conclusion is made that unless Ce is more stable as precipitate out of 

solution in the form of separate secondary phases, it is predicted to by highly 

soluble in crystalline U3Si2.  

Given that the most favourable site of Ce is U lattice sites - and in particular U2 

sites -, the respective solution reactions of Ce - after becoming incorporated in 

crystalline U3Si2 - to its secondary phases CeSi, CeSi2, Ce3Si2, and Ce5Si3 can be 

deduced and the respective precipitate energies be calculated via a similar 

approach like the one used for the phase FP3Si2 in Table 3.3. They are presented 

in Table 4.9. It must be mentioned that several solution reactions may be created 

of lesser precipitate energy. The ones presented in Table 4.9 are a representative 

example. It is noted that the most stable precipitate is not predicted here but 

experiments have shown the said phases to have been experimentally observed 

[79].  

Since the precipitate energy with respect to the secondary phase Ce3Si2 is 

positive and not close to 0 eV the conclusion is made that Ce is predicted to be 
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more stable in solid solution in the fuel matrix than as precipitate out of solution 

in the form of its secondary phase Zr3Si2. Since the precipitate energies with 

respect to the secondary phases CeSi and CeSi2 are negative and not close to 0 

eV, the conclusion is made that Ce after becoming incorporated in crystalline 

U3Si2 is predicted to be more stable as precipitate out of solution in the form of 

its secondary phases CeSi, CeSi2, than in solid solution in the U3Si2 fuel matrix. 

Since the solution energy with regards to Ce5Si3 is positive but close to 0 eV, the 

conclusion is made that Ce will be found both in solid solution in the U3Si2 fuel 

matrix and as precipitate out of solution in the form of its secondary phase 

Ce5Si3.Thus, the conclusion is made than in stoichiometric U3Si2 Ce will be 

more stable in solid solution but with vacancies in the system Ce will be more 

stable as precipitate out of solution. The phase with the lowest precipitate energy 

is CeSi2 which can occur in conditions of sub-stoichiometric U3Si2-x. It must be 

noted that during the irradiation process the number of vacancies and therefore 

the number of free Si atoms in the fuel matrix will increase significantly. Thus, 

with regards to Ce the solid solutions of the secondary phases CeSi, CeSi2, and 

Ce5Si3 will also increase significantly. The obtained results agree with earlier 

experimental studies [34] that indicate that Ce after it is incorporated in 

crystalline U3Si2 forms monosilicides.  

         Table 4.9: Precipitate energies of Ce after becoming incorporated in crystalline  

         U3Si2  to its secondary phases CeSi, CeSi2, Ce3Si2, and Ce5Si3 

Stable 

secondary 

phase 
 

Solution reaction Precipitate 

energy 
 

(eV) 

CeSi CeU2+1/2VU2+1/2U3Si2 3/2UU +CeSi -0.54 

CeSi2 CeU2 + 2VU2 + U3Si23UU +CeSi2  -4.17 

Ce3Si2 CeU2 + 1/3U3Si2 UU +1/3Ce3Si2  0.80 

Ce5Si3 
CeU2+1/5VSi+1/5VU2+2/5U3Si2 

1/5SiSi+6/5UU + 1/5Ce5Si3 
0.09 

4.2.5 Ru 

The results regarding the solubility of Ru in crystalline U3Si2 and the induced 

volume variation of the crystal lattice are presented in Table 4.10. It is noted that 

the reference state used for Ru is metallic with two Ru atoms in its conventional 

unit cell (hexagonal structure P63/mmc). It is reminded that the choice of the 

reference state is arbitrary. Thus, the solubility results will depend on the 

reference state chosen since it affects the values of the calculated incorporation 

and solution energies.  

From the results presented in Table 4.10 the analysis of the solubility of Ru in 

crystalline U3Si2 with respect to the reference state used can be performed. First 

of all, the most favourable site of Ru is pre-existing U1 vacancies causing 

contraction of the crystal lattice by 0.52%. The next favourable sites are pre-

existing U2 and Si vacancies causing respectively contraction of the crystal 
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lattice by 0.92% and 0.06%. Interstitial defects on 2b and 8j #10 sites are more 

favourable than substitutional defects on U and Si occupied lattice sites, causing 

respectively expansion of the crystal lattice by 0.21% and 0.16%. The least 

favourable sites is interstitial site 8j #11 causing expansion of the crystal lattice 

by 0.12%, occupied Si lattice sites, and occupied U2 lattice sites. 

Table 4.10: Incorporation (Einc) and solution (Esol) energies of Ru in crystalline U3Si2 with 

respect to the reference state used as metallic with two atoms in the conventional unit cell, and 

the induced volume variation (ΔV/V) of the crystal lattice  

Type of defect of Ru  

in crystalline U3Si2 

Einc 
 

(eV) 

Esol 
 

(eV) 
 

ΔV/V 
 

(%) 

Substitutional on U1 site -2.11 -0.60 -0.52 

Substitutional on U2 site -2.06 0.67 -0.92 

Substitutional on Si site -1.92 0.03 -0.06 

Interstitial site 2b (#1) -0.72 -0.72 0.21 

Interstitial site 8j  (#10) -0.62 -0.62 0.16 

Interstitial site 8j  (#11) -0.51 -0.51 0.12 

Considering the fact that negative incorporation energy not close to 0 eV is 

calculated for the accommodation of Ru in its most favourable site in crystalline 

U3Si2 a conclusion is made that unless Ru is more stable as precipitate out of 

solution in the form of separate secondary phases, it is predicted to by highly 

soluble in crystalline U3Si2.  

Given that the most favourable site of Ru is U lattice sites - and in particular U1 

sites -, the respective solution reactions of Ru - after becoming incorporated in 

crystalline U3Si2 - to its secondary phases RuSi, RuSi2, Ru2Si3, URuSi, and 

URu2Si2 can be deduced and the respective precipitate energies be calculated via 

a similar approach like the one used for the phase FP3Si2 in Table 3.3. They are 

presented in Table 4.11. It must be mentioned that several solution reactions may 

be created that could be of lesser precipitate energy. The ones presented in Table 

4.11 are a representative example. It is noted that the most stable precipitate is 

not predicted here but experiments have shown the said phases to have been 

experimentally observed [80].  

Since all solution energies are negative and not close to 0 eV, the conclusion is 

made that Ru after getting incorporated within crystalline U3Si2 is predicted to be 

more stable as precipitate out of solution in the form its secondary phases RuSi, 

RuSi2, Ru2Si3, URuSi, and URu2Si2 than in solution in the U3Si2 fuel matrix. The 

phase with the lowest precipitate energy is URuSi which can occur in conditions 

of sub-stoichiometric U3-2xSi2-x. It must be noted that during the irradiation 

process the number of vacancies and therefore the number of free U and Si atoms 

in the fuel matrix will increase significantly. Thus, with regards to Ru the solid 

solutions of the secondary phases RuSi, RuSi2, Ru2Si3, URuSi, and URu2Si2will 

also increase significantly. The obtained results agree with earlier experimental 
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studies [34] that indicate that Ru after it is incorporated in crystalline U3Si2 

forms with U the ternary compound URuSi.  

         Table 4.11: Precipitate energies of Ru after becoming incorporated in crystalline  

         U3Si2  to its secondary phases RuSi, RuSi2, Ru2Si3, URuSi, and URu2Si2 

Stable 

secondary 

phase 
 

Solution reaction Precipitate 

Energy 
 

(eV) 

RuSi RuU1+1/2VU1+1/2U3Si2 3/2UU + RuSi -0.31 

RuSi2 RuU1 + 2VU1 + U3Si2 3UU + RuSi2 -1.78 

Ru2Si3 RuU1+5/4VU1+3/4U3Si21/2Ru2Si3+9/4UU  -1.16 

URuSi 
RuU1 + VU1 + VSi + U3Si2 

URuSi + 2UU +SiSi  
-2.84 

URu2Si2 RuU1 + 1/2U3Si21/2URu2Si2 + UU    -0.38 

4.2.6 Pr 

The results regarding the solubility of Pr in crystalline U3Si2 and the induced 

volume variation of the crystal lattice are presented in Table 4.12. It is noted that 

the reference state used for Pr is metallic with four Pr atoms in its conventional 

unit cell (hexagonal structure P63/mmc). It is reminded that the choice of the 

reference state is arbitrary. Thus, the solubility results will depend on the 

reference state chosen since it affects the values of the calculated incorporation 

and solution energies.  

From the results presented in Table 4.12 the analysis of the solubility of Pr in 

crystalline U3Si2 with respect to the reference state used can be performed. 

Initially the conclusion is made that all defects have caused expansion of the 

crystal lattice. Then, the most favourable site of Pr is pre-existing U2 vacancies 

causing contraction of the crystal lattice by 0.21%. The next favourable sites are 

pre-existing U1 causing expansion of the crystal lattice by 0.24% and occupied 

U2 lattice sites. The next favourable sites are occupied U1 lattice sites and pre-

existing Si vacancies causing expansion of the crystal lattice by 0.51%. Interstital 

defects on lattice sites 8j #11, 8j #10, and 2b follow causing respectively 

expansion of the crystal lattice by 0.28%, 0.29%, and 0.03%. The least 

favourable site is occupied Si lattice sites. 

Considering the fact that negative incorporation energy not close to 0 eV is 

calculated for the accommodation of Ce in its most favourable site in crystalline 

U3Si2 a conclusion is made that unless Ce is more stable as precipitate out of 

solution in the form of separate secondary phases, it is predicted to by highly 

soluble in crystalline U3Si2.  

Given that the most favourable site of Pr is U lattice sites - and in particular U2 

sites -, the respective solution reactions of Pr  - after becoming incorporated in 
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crystalline U3Si2 - to its secondary phases PrSi, PrSi2, Pr3Si2, and Pr5Si4 can be 

deduced and the respective precipitate energies be calculated via a similar 

approach like the one used for the phase FP3Si2 in Table 3.3. They are presented 

in Table 4.13. It must be mentioned that several solution reactions may be 

created with respect to the phases PrSi, PrSi2, and Pr5Si4 that could be of lesser 

precipitate energy. The ones presented in Table 4.13 are a representative 

example. It is noted that the most stable precipitate is not predicted here but 

experiments have shown the said phases to have been experimentally observed 

[81]. 

Table 4.12: Incorporation (Einc) and solution (Esol) energies of Pr in crystalline U3Si2 with 

respect to the reference state used as metallic with four atoms in the conventional unit cell, and 

the induced volume variation (ΔV/V) of the crystal lattice  

Type of defect of Pr  

in crystalline U3Si2 

Einc 
 

(eV) 

Esol 
 

(eV) 
 

ΔV/V 
 

(%) 

Substitutional on U1 site -1.97 -0.46 0.24 

Substitutional on U2 site -3.50 -0.77 0.21 

Substitutional on Si site 0.69 2.64 0.51 

Interstitial site 2b (#1) 1.87 1.87 0.03 

Interstitial site 8j  (#10) 1.82 1.82 0.29 

Interstitial site 8j  (#11) 1.61 1.61 0.28 

Since the precipitate energies with respect to the secondary phase Pr3Si2 and PrSi 

are positive and not close to 0 eV the conclusion is made that Pr is predicted to 

be more stable in solid solution in the fuel matrix than as precipitate out of 

solution in the form of its secondary phases PrSi and Pr3Si2. Since the precipitate 

energies with respect to the secondary phase PrSi2 is negative and not close to 0 

eV, the conclusion is made that Pr after becoming incorporated in crystalline 

U3Si2 is predicted to be more stable as precipitate out of solution in the form of 

its secondary phases PrSi2 than in solid solution in the U3Si2 fuel matrix. Since 

the solution energy with regards to Pr5Si4 is negative but close to 0 eV, the 

conclusion is made that Pr will be found both in solid solution in the U3Si2 fuel 

matrix and as precipitate out of solution in the form of its secondary phase 

Pr5Si4.Thus, the conclusion is made than in stoichiometric U3Si2 Pr will be more 

stable in solid solution but with vacancies in the system it will be more stable as 

precipitate out of solution. The phase with the lowest precipitate energy is PrSi2 

which can occur in conditions of sub-stoichiometric U3Si2-x. It must be noted that 

during the irradiation process the number of vacancies and therefore the number 

of free Si atoms in the fuel matrix will increase significantly. Thus, with regards 

to Pr the solid solutions of the secondary phases PrSi and Pr5Si4 will also 

increase significantly. The obtained results agree with earlier experimental 

studies [34] that indicate that Pr after it is incorporated in crystalline U3Si2 forms 

monosilicides. 
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        Table 4.13: Precipitate energies of Ru after becoming incorporated in crystalline  

        U3Si2  to its secondary phases PrSi, PrSi2, Pr3Si2, and Pr5Si4 

Secondary 

phase 
 

Solubility reaction Precipitate 

energy 
 

(eV) 

PrSi PrU2+1/2VU2+1/2U3Si2 3/2UU+ PrSi 1.52 

PrSi2 PrU2 + 2VU2 + U3Si2 3UU + PrSi2 -1.79 

Pr3Si2 PrU2 + 1/3U3Si2  UU + 1/3Pr3Si2   0.50 

Pr5Si4 PrU2+1/5VU2+2/5U3Si26/5UU +1/5Pr5Si4  -0.08 

 Graphical representation of solubility of fission products  4.3

In the previous section 4.2 the investigation with regards to the solubility of the 

FPs under investigation in this thesis in crystalline U3Si2 has been performed. In 

this section the results are compiled into integral results that can aid direct 

comparison of the behaviour of the FPs and begin to promote the formation of 

engineering scale models related to them. 

The first two (Figures 4.3 and 4.4) present respectively the incorporation and 

solution energies of the FPs in respectively pre-existing vacancies or interstitial 

sites and occupied U1, U2, Si lattice sites forming in the process single atoms of 

the species initially occupied in the respective lattice sites. The most favourable 

site of the FPs in crystalline U3Si2 is also presented in Figure 4.3 since for all FPs 

the favourable site was pre-existing vacancies; U2 vacancies for Mo, Zr, Ce, Pr 

and U1 vacancies for Xe and Ru.  

 

Figure 4.3: Incorporation energies of FP Mo, Xe, Zr, Ce, Ru, and Pr in pre-existing  

U1, U2, Si vacancies and interstitial sites 2b, 8j (#10), 8j(#11) in  crystalline U3Si2 
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Figure 4.4: Solution energies of FPs Mo, Xe, Zr, Ce, Ru,  

and Pr in occupied U1, U2, and Si lattice sites in crystalline U3Si2 

The third one (Figure 4.5) contains the solubility of the FPs in crystalline U3Si2 

where the favourable site is also presented. Figure 4.5 also contains the form of 

the secondary phases to which the FPs is predicted to either be more stable 

(green colour), less stable (red colour) in solid solution than as precipitates out of 

solution in the form of separate secondary phases, as well as the identified 

phases with respect with the FPs will be both in solid solution and as precipitates 

out of solution in the form of the respective phases (orange colour). 
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Figure 4.5: Solubility of FPs Mo, Xe, Zr, Ce, Ru, Pr in crystalline U3Si2  

where their favourable site and all secondary phases investigated are also 

 presented(phases in red: FP is more stable in secondary phase,  phases in  

green:FP is more stable in solid solution, phases in orange: Both phases 

 will exist (FP in solid solution and secondary phase)  

 Graphical representation of the volume variation   4.4

After analysing all results from Section 4.2 regarding the volume variation of the 

U3Si2 crystal lattice due to the incorporation of the FPs, the graphical 

representation of the volume variation with regards to the substitutional defects 

and most favourable stable interstitial sites can be performed for all FPs. It is 

presented in Figure 4.6. 
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Figure 4.6: Volume variation of the U3Si2 crystal lattice due to the accommodation of FPs 

 Mo, Xe, Zr, Ce, Ru, P in U1, U2, Si lattice sites and interstitial sites 2b, 8j (#10), 8j(#11) 

 Dependence of volume variation to fuel burnup 4.5

The burnup of a nuclear fuel is defined [67] as the energy produced per mass of 

fuel and it is an indication of the usage of the fuel. It has an immediate 

connection to the concentration of produced FPs in the fuel matrix as a result of 

the fission process. The burnup is the fraction of actinides that have been 

fissioned. Each fission produces in average a set number of each FP. Although 

neutronic captures and radioactive decays happen, the build-up of FPs can be 

considered linear with burnup.  

In previous studies [64] the respective concentration of the FPs Mo, Xe, Zr, Ce, 

Ru, and Pr in a U3Si2 fuel pellet at 60 MWd/kgU burnup was calculated and is 

presented in Table 4.14. The assumption is thus made - based on the above 

discussion - that the concentrations of FPs for 1 MWd/kgU fuel burnup are equal 

to the values presented in Table 4.14 divided to a factor of 60. 

The concentration of point defects in the defects calculations performed in this 

thesis is equal to 1 extrinsic defect per 72 U atoms. Making the assumption that 

linearity exists between the volume variation and the number of extrinsic defects 

in the crystal lattice a more appropriate result regarding the volume variation can 

be obtained for concentration of extrinsic defects of 1% per U atoms. This is fair 

assumption as previous studies [15] have indicated. This is obtained by 

multiplying the volume variation results in Section 4.2 by a factor of 0.72.  
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                                         Table 4.14: Concentration of FPs Mo, Xe, Zr, Ce,  

                                         Ru, Pr in a U3Si2 pellet at 60MWd/kgU burnup 

Fission 

product 

Concentration 

(%) 

Mo 1.55 

Xe 1.91 

Zr 0.90 

Ce 0.85 

Ru 1.35 

Pr 0.35 

Thus, the volume variation of the U3Si2 crystal lattice per 1% defect 

concentration per U atoms for burnup 1 MWd/kgU can be derived using the 

following equation; 

100 72 @60 /

1
(%) 0.72 100

60
U U FP MWd kgUVV VV C     ,                     (4.1) 

where 
100UVV  is the volume variation of the U3Si2 crystal lattice per 1% defect 

concentration per U atoms for burnup 1 MWd/kgU, VVU72 is the calculated 

volume variation for each FP presented in Section 4.2, and  is the 

concentration of the FPs at 60 MWd/kgU burnup presented in Table 4.14.  

The respective results of VVU100 for the most favourable site of each FP in 

crystalline U3Si2 are presented in Table 4.14. The sum of these results presents 

the total induced volume variation of the U3Si2 crystal lattice from the solution of 

the investigated FPs. The result is thus obtained that the FPs Mo, Xe, Zr, Ce, Ru, 

Pr for concentration of 1 soluble FP atom per 100 U atoms and for burnup 

1MWd/kgU, residing in their respective most favourable site in crystalline U3Si2, 

induce a total contraction of the crystal lattice by 0.0069%. Thus, from both 

aspects of the actual value and the fact that instead of a total expansion a total 

contraction was derived, this is very advantageous with the possible effect they 

might have in possible fuel swelling. 

 

 

 

 

 

@60 /FP MWd kgUC
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                            Table 4.15: Volume variation of crystalline U3Si2 due the  

                            accommodation of the FPs Mo, Xe, Zr, Ce, Ru, Pr onto 

                            their most favourable site in the crystal lattice for defect  

                            concentration 1% per U atoms and for burnup 1MWd/kgU 

Fission product VVb 

(%) 

Mo -0.0155 

Xe 0.02030 

Zr -0.0048 

Ce 0.00060 

Ru -0.0084 

Pr 0.0009 

 
Total: 

 -0.0069 

 

The graphical representation of the results presented at Table 4.15 is presented in 

Figure 4.7. 

 

Figure 4.7: Volume variation of crystalline U3Si2 due to solution of FPs  

Mo, Xe, Zr, Ce, Ru, Pr for 1% FP atoms concentration per U atoms and burnup  

1MW/kgU. The most favourable site for each FP is also presented 

Using the results from Table 4.14 the respective values of the volume variation 

from 0MWd/kgU to 60MWd/kgU can be calculated in order to produce a 

graphical representation of the volume variation of crystalline U3Si2 for each 
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investigated FP with respect to the fuel burnup. Furthermore, the obtained results 

can be summed up for solid FPs and thus obtain a conclusion between the effect 

thasolid FPs and fission gas would have on the fuel swelling. The graphical 

representation of the results is presented in Figure 4.8. 

 

Figure 4.8: Volume variation of crystalline U3Si2 due to the incorporation of FPs  

Mo, Xe, Zr, Ce, Ru, and Pr in their most favourable sites in the crystal lattice with  

respect to burnup for defect concentration of 1% defect atom per U atoms 

 

From Figure 4.8 the conclusion is obtained that with regards to the solid FPs the 

volume variation of crystalline U3Si2 is reducing with burnup, meaning that solid 

FPs will cause a greater contraction of the crystal lattice as burnup increases. The 

contraction reaches to about 1.63% for burnup 60MWd/kgU. On the other hand 

fission gas Xe will cause an increasing expansion of the crystal lattice as burnup 

increases, which reaches 1.22% for burnup 60 MWd/kgU.  

 

With regards to the respective solid FPs Mo, Zr, Ce, Ru, and Pr under 

investigation the conclusion is obtained that Mo will cause the higher contraction 

of the crystal lattice with respect to burnup, where a contraction of 0.93% is 

obtained for burnup 60MWd/kgU. On the other hand Zr will cause the lower 

contraction of the crystal lattice, where a contraction of ~0.29% is obtained for 

burnup 60MWd/kgU. Ru will cause an increasing contraction of the crystal 

lattice with respect to burnup, where a contraction of 0.50% is obtained for 

burnup 60MWd/kgU. Finally Ce and Pr will cause about the same moderate 

respectively expansion of the crystal lattice, where expansions of 0.04% and 

0.05% are respectively obtained for burnup 60MWWd/kgU. Such results can be 

used as a reference by companies that manufacture fuel pins in order to estimate 

the required fuel pins dimension in order to accommodate significant fuel 

swelling.  
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 Anisotropy of volume variation  4.6

The retrieval of the lengths of the relaxed lattice vectors of all supercells used for 

the investigation of the solubility of the FPs under interest in this thesis allows 

the investigation of the anisotropy of the volume variation of the crystal lattice. 

For this calculation the formulas Rab, Rac, and Rbc are computed using equations 

3.8 - 3.10 (see Section 3.4). From these results the graphical representation of the 

formulas , ,ab ab bcR R R   with respect to the most favourable site of each FP can be 

produced and is presented in Figure 4.9. 

 

Figure 4.9: Anisotropy of the volume variation of crystalline  

U3Si2 due to the accommodation of FPs Mo, Xe, Zr, Ce, Ru, 

 and Pr in their respective most favourable site (since Rab=1,  Rac=Rbc) 

From Figure 4.9 the conclusion is made that the volume variation of the 

crystalline U3Si2  in the case that the FPs reside in their most favourable site took 

place anisotropically for all FPs since there is no defect case for which 

1ab ac bcR R R   . Furthermore, the result is obtained that 1 1ab ac bcR R R     

for all FPs.  

Thus, the conclusion is made that the volume variation of the crystalline U3Si2 is 

predicted to take place isotropically with regards to the first two lattice vectors 

and anisotropically with regards to the third lattice vector. In particular, since 

1ac bcR R   it means that for the FPs Xe, Ce, and Pr in which the crystal lattice 

expanded, the expansion happened more with regards to x and y axis than in the 

z axis. For the FPs Mo, Zr, and Ru in which case the crystal lattice contracted, 

the contraction took place less in the z axis than in the x and y axis. 
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The same conclusion could be obtained by calculating instead of the formulas  

,ab ac bcR R R   calculate the ratio of the lengths of the first to the third relaxed 

lattice vectors and compare them to the initial ratio from the conventional unit of 

tetragonal U3Si2. The lengths of the first and third lattice vector (see Section 2.3) 

are equal to respectively 7.239 Å and 3.905 Å. Thus the initial ratio is equal to 

1.85. The respective ratios for the relaxed system with the extrinsic defect under 

investigation are equal to 1.24 for Mo, Zr, and Ru, and 1.25 for Xe, Ce, and Pr. 

Thus, the incorporation of the FPs in the crystal lattice caused the ratio of the 

length of the first lattice vector to the third lattice vector to reduce by 33% for all 

cases. This means that in case the soluble FPs resided in their most favourable 

site in the crystal lattice caused it to expand, like it happened with Xe, Ce, and 

Pr, then the crystal lattice expanded more in the x axis and less in the z axis, the 

same result obtained with the approach initially used. The opposite occurs in 

respect to a lattice contraction, like it happened with Mo, Zr, and Ru where since 

the ratio a/c decreased the crystal lattice contacted less in the z axis than in the x 

axis.   
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Chapter 5 

Summary 

The objective of this work was to contribute to the theoretical knowledge and 

ultimately aid the licencing process of the U3Si2 fuel for commercial nuclear 

reactors. The focus was on performing theoretical calculations for the prediction 

of the solubility of the representative FPs Mo, Xe, Zr, Ce, Ru, and Pr in the U3Si2 

fuel matrix, and their respective effect in the swelling of U3Si2 by calculating the 

induced volume variation of the U3Si2 crystal lattice. The solubility of the metal 

fission products Mo, Zr, Ce, Ru, and Pr was determined after also investigating 

whether they were going to be more stable as precipitates out of solution in the 

secondary phase form FPxSiy or UxFPySiz than in solid solution with regards to 

the U3Si2 fuel matrix.   

The solubility of FPs in crystalline U3Si2 was determined by calculating their 

incorporation energy onto pre-existing vacancies in Si and U lattice sites and 

interstitial sites in the U3Si2 crystal lattice, their solution energy onto occupied U 

and Si lattice sites, and their precipitate energy in the form of their respective 

stable secondary phases. The theoretical calculations were based on the 

framework of density functional theory and the DFT+U method with the use of 

the Vienna ab initio simulation package. 

The first set of results was related to the investigation of the possible vacancies 

in the U3Si2 crystal lattice; vacancies in Si lattice sites and vacancies in the two 

symmetrically distinct types of U atoms, U1 and U2. Results showed that 

vacancies in U lattice sites are more readily produced than Si vacancies. In 

particular, U1 vacancies are the type of vacancies that require the lowest energy 

to be formed while U2 vacancies require the greatest energy to be formed. It was 

also shown that all type of vacancies in crystalline U3Si2 cause a contraction of 

the crystal lattice, where the greatest change in the volume of the crystal lattice 

originates from vacancies on Si lattice sites. The comparison of the obtained 

results with results from previous studies [35] regarding the formation energies 

of Frenkel pair on U1, U2, and Si lattice sites using the same reference states for 

U and Si showed that the same preference stands also for Frenkel pair formation.   

The determination of the progress of the equilibrium concentration of the three 

types of vacancies - with respect to the reference state chosen - with respect to 

temperature increase showed that the concentration of vacancies in all respective 

lattice sites increase rapidly for temperature below 1200 K. This means that there 

will be a high concentration of available vacancies in the U3Si2 fuel matrix in 

range of operating temperatures 800-980 [15] with U3Si2 fuel. This conclusion is 

very significant in respect to this thesis investigation since they will affect the 
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solubility of metal FPs at it was shown in Chapter 4, where in order for a fission 

product to be more stable as precipitate out of solution in the form of most 

secondary phases, vacancies at U and/or Si lattice sites must exist in the system. 

Incorporation energies and  solution energies of all FPs showed that the most 

favourable sites of all FPs is pre-existed U vacancies in the crystal lattice; U2 for 

Mo, Zr, Ce, and Pr, U1 for Xe and Ru. Furthermore, soluble Mo, Zr, Ru in their 

most favourable sites cause contraction of the crystal lattice while Xe, Ce and Ru 

resided in the most favourable site cause expansion of the crystal lattice. Mo, Ru, 

and the Zr will have by order the greatest effect in lattice contraction, whereas by 

order of greatest expansion of the crystal lattice, Xe, Pr, and Ce have the greatest 

effect. Xe will have a significantly greatest effect than Pr and Ce and is predicted 

to be highly insoluble in crystalline U3Si2. This result agrees with previous 

studies both regarding UO2 [26-33, 69, 70] and U3Si2 [15, 20, 35].  

In respect to the secondary phases of the metal FPs results of the precipitate 

energies for the metal FPs showed that there is at least one secondary phase for 

each FP in which the FP will be more stable as a precipitate out of solution than 

in solid solution with respect to the U3Si2 fuel matrix. In particular, Mo, Zr, Ce, 

Ru, and Pr are predicted to be more stable respectively to the secondary phases 

{Mo3Si, MoSi2 Mo5Si3, U2Mo3Si4, U4MoSi3}, {ZrSi, Zr2Si, ZrSi2, Zr5Si4}, 

{CeSi, CeSi2}, {RuSi, RuSi2,Ru2Si3,URUSi, URu2Si2}, and PrSi2 than in solid 

solution in the U3Si2 fuel matrix. Furthermore, Zr, Ce and Pr are predicted to be 

more stable in solid solution than as precipitates out of solution in the respective 

secondary phases Zr3Si2, Ce3Si2 and {PrSi, Pr3Si2}. With regards to the two 

phases Ce5Si3 and Pr5Si4 both phases will co-exist where Ce and Pr are predicted 

to be found both in solid solution and as precipitates out of solution in their 

respective said forms.  

Furthermore, the total induced volume variation of the crystal lattice from the 

accommodation of the FPs in their most favourable site for extrinsic defect 

concentration of 1 defect atom per 100 U atoms and for burn-up 1MWd/kgU is 

calculated to be equal to -0.0069 %, meaning that a very small contraction of the 

crystal lattice is caused.  

In respect with the way that the volume variation of crystalline U3Si2 was 

impacted by the incorporation of each FP in the crystal lattice in each most 

favourable site, results showed that the crystal lattice was expanded (Xe, Ce, Pr) 

or contracted  (Mo, Zr, Ru) more in the x axis than in the z axis. It is noted that 

that the relaxed first and second lattice vectors were equal for the substitutional 

defects in U lattice sites.  

With regards to future work on this subject the investigation can be continued 

with the determination of the solubility and respective induced volume variation 

of the U3Si2 crystal lattice for other FPs, such as Nd, Pd, Tc, Cs, Xe, La, Rh, Y, 

Sr, as well as for the transmutation product Pu. Furthermore, since in this 

investigation only the effect of volume variation in fuel swelling was 

investigated, the next step would be to investigate also other factors that can 
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affect fuel swelling, such as FPs forming metallic inclusions in grain boundaries 

and bubbles that fission gas can produce, creating a void in the initially 

homogeneous fuel pellet. 

The significance of obtaining and systematising such results regarding the 

behaviour of the FPs in the fuel matrix and their effect in fuel swelling is very 

important, not only in order to predict potential physicochemical interaction of 

the fuel with the cladding at increased fuel burnup but also for the refinement of 

procedures for the safe storage, transport, and reprocessing of the spent irradiated 

fuel. 

 

 

 

 

 





 

65 

 

Bibliography 

[1] IAEA Director General, “International Status and Prospects for Nuclear 

Power 2017”, GOV/INF/2017-GC(61)/INF/8, 2017. 

[2] Barry W. Brook, Agustin Alonso, Daniel A. Meneley, Josef Misak, Tom 

Blees, Jan B. van Erp, “Why nuclear energy us sustainable and has to be 

part of the energy mix”, Sustainable Materials and Technologies 1-2 

(2014) 8-16. 

[3] Nuclear Energy Agency, OECD, “Nuclear Fuel Safety Criteria Technical 

Review Second Edition”, NEA No. 7072, Paris, 2012.  

[4] S.J. Zinkle, G.S. Was, “Materials challenges in nuclear energy”, In Acta 

Materialia, Volume 61, Issue 3, 2013, Pages 735-758. 

[5] American Nuclear Society Standards Committee Working Group NS-5.1, 

“Decay heat power in Light Water Reactors”, American Nuclear Society, 

La Grange Park, IL, USA, 2005. 

[6] U.S.NRC, “Backgrounder on the Three Mile island Accident” NRC 

Library, February 2013. 

[7] American Nuclear Society, “Fukushima Daiichi: ANS Committee Report”, 

March 2012, revised June 2012.  

[8] Lahoda, Edward J., and Frank A. Boylan, “Development of LWR fuels 

with Enhanced Accident Tolerance”, Unites States: N. p., 2015. 

[9] IAEA, “Accident Tolerant Fuel Concepts for Light Water Reactors”, 

IAEA-TECDOC-1797, Vienna, 2016. 

[10] L.j Ott, K.R. Robb, D.Wang, “Preliminary assessment of accident-tolerant 

fuels on LWR performance during normal operation and under DB and 

BDB accident conditions”, Journal of Nuclear Materials, Volume 448, 

Issues 1-3, 2014, Pages 520-533. 

[11] Kurt A. Terrani, Dean Wang, Larry J. Ott, Robert O. Montgomery, “The 

effect of fuel thermal conductivity on the behavior of LWR cores during 

loss-of-coolant accidents”, Journal of Nuclear Materials, Volume 448, 

Issues 1-3, Pages 512-519. 

[12] M. Ugajin, M. Akabori, A. Itoh, N. Ooka, Y. Nakahura, “Behavior of 

neutron-irradiated U3Si”, Journal of Nuclear Materials 248 (1997) 204-

208. 



66                                                                                              BIBLIOGRAPHY 

 

[13] M.R. Finlay, G.L. Hofman, J.L. Snelgrove, “Irradiation behaviour of 

uranium silicide compounds”, Journal of Nuclear Materials 325 (2004) 

118-128. 

[14] R.C. Birtcher, J.W. Richardosn, M.H. Mueller, “Amorphization of U3Si2 

by ion or neutron irradiation”, Journal of Nuclear Materials 230 (1996) 

158-163. 

[15] S.C. Middleburgh, R.W. Grimes, E.j Lahoda, C.R. Stanek, D.A. 

Andersson, “Non-stoichiometry in U3Si2”, Journal of Nuclear Materials 

482 (2016) 300-305. 

[16] Yeon Soo Kim, Gerard L. Hofman, “Interdiffusion in U3Si-Al, U3Si2-Al, 

and USi-Al dispersion fuels during irradiation”, Journal of Nuclear 

Materials 410 (2011) 1-9. 

[17] J.T. White. A.T. Nelson, J.T. Dunwoody, D.D. Byler, D.J. Safarik, K.J, 

McClellan, “Thermophysical properties of U3Si2 to 1773 K”, Journal of 

Nuclear Materials 464 (2015) 275-280. 

[18] S.C. Middleburgh, P.A. Burr, D.J.M. King, L. Edwards, G.R. Lumpkin, 

R.W. Grimes, “Structural stability and fission product behaviour in U3Si”, 

Journal of Nuclear Materials 466 (2015) 739-744. 

[19] IAEA, “Thermophysical properties database of materials for light water 

reactors and heavy water reactors”, IAEA-TECDOC-1496, 2006. 

[20] Tiankai Yao, Bowen Gong, Lingfeng, Jason Harp, Michael Tonks, Jie 

Lian, “Radiation-induced grain subdivision and bubble formation in U3Si2 

at LWR temperature”, Journal of Nuclear Materials 498 (2018) 169-175. 

[21] R.J. White, M.O. Tucker, “A new fission-gas release model”, Journal of 

Nuclear Materials 118, 1 (1983) 1-38. 

[22] R.J. White, “The development of grain-face porosity in irradiated oxide 

fuel”, Journal of Nuclear Materials 325, 1 (2004) 61-77. 

[23] J.A. Turnbull and C.A. Friskney, The relation between microstructure and 

the release of unstable fission products during high temperature irradiation 

of uranium dioxide”, Journal of Nuclear Materials 71 (1978) 238-248. 

[24] J.A. Turnbull, “The effect of grain size on the swelling and gas release 

properties of UO2 during irradiation”, Journal of nuclear materials 50 

(1974) 62-68. 

[25] Koreyuki Shiba, Muneo Handa, Shigeru Yamagishi, Takeshi Fukuda, 

Yoshihisa Takahashi, Takaaki Tanifuji, Shunzo Omori and Akinori Kondo, 

“The mechanisms of in-pile fission gas release from UO2”, Journal of 

nuclear materials 48 (1973) 253-263. 

[26] H. Kleykamp, “The solubility of selected fission products in UO2, and (U, 

Pu)O”, Journal of Nuclear Materials 206 (1993) 82-86. 



67                                                                                              BIBLIOGRAPHY 

 

 

 

[27] H. Kleykamp, “The chemical state of the fission products in oxide fuels”, 

Journal of Nuclear Materials 131 (1985) 221-246. 

[28] I. Sato, H. Furuya, K. Idemitsu, T. Arima, K. Yamamoto, M. Kajitani, 

“Distribution of Molybdenum in FBR fuel irradiated to high burnup”, 

Journal of Nuclear Materials 247 (1997) 46-49. 

[29] H. Kleykamp, J.O. Paschoal, R. Pejsa, F. Thümmler, “Composition and 

structure of fission product precipitates in irradiated oxide fuels: 

Correlation with phase studies in the Mo-Ru-Rh-Pd and BaO-UO2-ZrO2-

MoO2 Systems”, Journal of Nuclear Materials 130 (1985) 426-433. 

[30] C. Sari, C.T. Walker, G. Schumacher, “Solubility and migration of fission 

product barium in oxide fuel”, Journal of Nuclear Materials 79 (1979) 255-

259. 

[31] P.G. Lucuta, R.A. Verrall, Hj. Matzke, B.J. Palmer, “Microstructural 

features of SIMFUEL – Simulated high-burnup UO2-based nuclear fuel”, 

Journal of Nuclear Materials 178 (1991) 48-60. 

[32] C.T. Walker, C. Bagger, M. Mogensen, “Observations on the release of 

cesium from UO2 fuel”, Journal of Nuclear Materials 240 (1996) 32-42. 

[33] R. W. Grimes and C. R. A Catlow, “The stability of Fission Products in 

Uranium Dioxide”, Philosophical Transactions: Physical Sciences and 

Engineering, Vol. 335, No. 1639. 

[34] M. Ugajin and A. Itoh, “Experimental investigations on the chemical state 

of solid-fission product elements in U3Si2, Journal of Alloys and 

Compounds, 213/214 (1994) 369-371. 

[35] David Andersson, Anders David Ragnar, “Density functional theory 

calculations of defect and fission gas properties in U-Si fuels”, Los Alamos 

National Laboratory New Mexico USA, report LA-UR-27996 (2016-02-03 

(rev. 1)). 

 

[36] Tong Wang, Nianxiang Qiu, Xiaodong Wen, Yonghui Tian, Jian He, Kan 

Luo, Xianhu Zha, Yuhong Zhou, Qing Huang, Jiajian Lang, Shiyu Du, 

“First-priciples investigations on the electronic structure of U3Si2”, Journal 

of Nuclear Materials 469 (2016) 194-199. 

[37] Walter Kohn, “Nobel Lecture: Electronic structure of matter - wave 

functions and density functionals”, Reviews of modern physics 71 1253-

1266, 1999. 

[38] N.M. Harrison, “An introduction to Density Functional Theory”, 

Department of Chemistry, Imperial College of Science Technology and 

Medicine, 2002. 

 



68                                                                                              BIBLIOGRAPHY 

 

[39] Brian T. Sutcliffe, R. Guy Woolley, “On the quantum theory of 

molecules”, The Journal of Chemical Physics 137, 22A544 (2012).  

[40] W. Kohn and L.J. Sham, “Self-consistent Equations including exchange 

and correlation effects”, Physical Review, 1340, 1133-1138, 1965. 

[41] Eberhand K.U Gross and Reiner M. Dreizler, “Density Functional 

Theory”, NATO ASI Series, Series B: Physics Vol: 337. 

[42] K. Burke, “The ABC of DFT”, Department of Chemistry, University of 

California, 2007 

[43] Wolfram Kock, Max C. Wolthausenm, “A Chemist’s Guide to Density 

Functional Theory - Second Edition”, Wiley-VCH Verlag GmbH, 2001. 

[44] Emily Morosan, Douglas Naterlson, Andriy H. Nevidomskyy, and Qimiao 

Si, “Strongly Correlated Materials”, Advanced Materials 2012, 24, 4896-

4923. 

[45] Himmetoglu, Burak & Floris, Andrea & de Gironcoli, Stefano & 

Cococcioni, Matteo, “Hubbard-Corrected DFT Energy Functionals: The 

LDA + U Description of Correlated Systems”, International Journal of 

Quantum Chemistry. 114. 10.1002/qua.24521, (2014). 

[46] Peter E. Blöchl, Clemens J Först, and Johannes Schimpl, “Projector 

augmented wave method: ab initio molecular dynamics with full wave 

functions”, Bull. Mater. Sci., 26:33-41, 2003. 

[47] Peter E. Blöchl, Johannes Kästner, and Clemens J Först, “Electronic 

structure method: Augmented Waves, Pseudopotentials and the Projector 

Wave method, Handbook of Materials Modeling”, Volume 1:93-119, 

2005. 

[48] Manijeh Razeghi, “Fundamentals of Solids State Engineering – 3
rd 

Edition”, Springer Science+Business Media, LLC 2009. 

[49] W. G. Wolfer, “Fundamental Properties of Defects in Metals”, 

Comprehensive Nuclear Materials, Elsevier, Oxford, Volume 1, Pages 1-

45, (2012). 

[50] Antoine Claisse, “Multiscale modeling for nitride fuels” Doctoral Thesis, 

KTH, 2016.  

[51] M. Pukari, O. Runevall, N. Sandberg, and J. Wallenius, “Vacancy 

formation and solid solubility in the U-Zr-N system”, Journal of Nuclear 

Materials, vol. 406, pp 351-355, nov 2010. 

[52] M. Pukari, P. Olsson, and N. Sandberg, “He, Kr and Xe diffusion in ZrN-

An atomic scale study”, Journal of Nuclear Materials, vol. 438, no. 1, pp. 

7-14, 2013. 



69                                                                                              BIBLIOGRAPHY 

 

 

 

[53] Andrei Koudriatsev, Reginald F. Jameson, Wolfgang Linert, “The law of 

Mass action”, Springer, 2001 

[54] X. –Y. Liu, D. A. Andersson, B.P. Uberuaga, “First-principles DFT 

modelling of nuclear fuel materials”, J Mater Ssi 47:7367-7384, (2012). 

[55] M. Freyss, N. Vergnet, T. Petit, “Ab initio modelling of the behaviour of 

helium and xenon in actinide dioxide nuclear fuels”, Journal of Nuclear 

Materials 352 (2006) 144-150. 

[56] F. A. Kröger and H.J Vink, “Relations between the concentrations of 

imperfections in crystalline solids”, Solid State Physics Volume 3 (1956) 

Pages 307-435. 

[57] Georg Kresse, Martijn Marsman, and Jürgen Furthmüller, “VASP the 

guide”, Available online: cms.mpi.univie.ac.at/vasp/vasp/vasp.html. 

[58] S. L. Dudarev, G. A. Botton, S. Y. Savrasov, C. J. Humphreys, and A. P. 

Sutton, “Electron-energy-loss spectra and the structural stability of nickel 

oxide: an LSDA+U study”, Physical Review B, vol. 57, no. 3, pp. 1505–

1509, 1998. 

[59] Mark J. Noordhoek, Theodore M. Besmann, David Andersson, Simon C. 

Middleburgh, Aleksandr Chernatynskiy, “Phase equilibria in the U-Si 

system from first-principles calculations”, Journal of Nuclear Materials 

479 (2016), 216-223. 

[60] Hendrik J. Monkhorst, James D. Pack, “Special points for Brillouin-zone 

integrations”, Phys. Rev. B 13 (1976), 5188-5192. 

[61] M. Methfessel, A. T. Paxton, “High-precision sampling for Brilouin-zone 

integration in metals”, Phys. Rev. b 40 (1989) 3616-3621. 

[62] Peter E. Blöchl, O. Jepsen, O. K. Andersen, “Improved tetrahedron method 

for Brillouin-zone integrations”, Phys. Pev. B 49 (1994)16223-16233. 

[63] J. Rest, An analytical study of gas-bubble nucleation mechanisms in 

uranium-alloy nuclear fuel at high temperature”, Journal of Nuclear 

Materials 402 (2010) 179-185. 

[64] Westinghouse Electric Sweden AB internal report: BTE 16-0860, rev 0. 

[65] Kieron Burke, John P. Perdew, Y. Wang, “Derivation of a generalized 

gradient approximation: The PW91 Density Functional, Chapter in 

Electronic Density Functional Theory: Recent Progress and New 

Directions 81 (1997). 

[66] John P. Perdew, Kieron Burke, and Matthias Ernzerhof, “Generalized 

gradient approximation Made Simple”, Physical Review Letters 77, 

18:3865, 1996. 



70                                                                                              BIBLIOGRAPHY 

 

[67] D.C. Devida, M. Betti, P. Peerani, E.h. Toscanp, W. Goll, “Quantitative 

burnup determination: A comparison of different experiental methods”, 

IAEA, “HOTLAB” Plenary Meeting 2004, Septemober 6
th

 – 8
th

, Haiden, 

Norway. 

[68] D.A. Andersson, P. Garcia, X.-Y.Liu, G. Pastorem N. Tonks, P. Millet, B. 

Dorado, D.R. Gaston, D.Andrs, R.L. Williamson, R.C. Martineau, B.p. 

Uberuaga, C.R Stanek, “Atomistic modeling of intrinsic and radiation-

enhanced fission gas (Xe) diffusion in UO2±X: Implications for nuclear fuel 

performance modeling”, Journal of Nuclear Materials 451 (2014) 225-242. 

[69] J. Spino, J. Rest, W. Goll, C.T. Walker, "Matrix swelling rate and cavity 

volume balance of UO2 fuels at high burn-up", Journal of Nuclear 

Materials 346 (2005) 131–144. 

[70] Z. Hiezl, D.I. Hambley, C. Padovani, W.E. Lee, “Processing and 

microstructural characterisation of a UO2-based ceramic for disposal 

studies on spent AGR fuel”, Journal of Nuclear Materials 456 (2015) 74–

84. 

[71] Kathleen Lonsdale, “Thermal vibrations on atoms and molecules in 

crystals”, Reviews of Modern Physics, Volume 30, number 1, January 

1958. 

[72] K. Remsching, T. Le Bihan, H. Noël, and P. Rogl, “Structural chemistry 

and magnetic behaviour of binary uranium silicides”, Journal of Solid State 

Chemistry, 97, 391-399 (1992). 

[73] P. R. Roy and D. N. Sah, “Irradiation behaviour of nuclear fuels”, 

Pramana, Vol. 24, Nos 1 & 2, January & February 1985, pp. 397-421. 

[74] D.R. Olander, “Fundamental Aspects of Nuclear Reactor Fuel Elements”, 

Energy, Research and Development Administration, 1976. 

[75] Peter Rogl, Tristan Le Bihan, Henri Noël , “Phase equilibria and 

magnetism in thr Mo-Si-U system”, Journal of Nuclear Materials 288 

(2001) 66-75. 

[76] Chunliu Li, Yongzhong Zhan, Jia She, Qingxiao Huang, Mingjun Pang, 

and Wenchao Yang, “Phase Diagrams of the Zr–Si–RE (RE=La and Er) 

TernarySystems at 773 K (500 C)”, Metallurgical and Materials 

Transactions A January 2012, Volume 43, Issue 1, pp 20–28. 

[77] Lingfeng He, Jason M. Harp, Rita E. Hoggan, Adrian R. Wagner, 

“Microstructure studies of interdiffusion behavior of U3Si2/Zircaloy-4 at 

800 and 1000 
o
C”, Journal of Nuclear Materials 486 (2017) 274-282. 

[78] Han Soo Kim, Chang Yong Joung, Byung Ho Lee, Jae Yong Oh, Yang 

Hyun Koo, Peter Heimgartner, “Applicability of CeO2 as a surrogate for 

PuO2 in a MOX fuel development”, Journal of Nuclear Materials 378 

(2008) 98-104. 



71                                                                                              BIBLIOGRAPHY 

 

 

 

[79] Munitz, A., Gokhale A.B., and G.J. Abbaschian, “The Ce-Si (Cerium-

Silicon) System”, Bulletin of Alloy Phase Diagrams Vol. 10 No. 1 1989. 

[80] Materials Science International Team MSIT, “Ru-Si-U (Ruthenium-

Silicon-Uranium)”, Non-Ferrous Metal Systems. Part 4 pp 473-489. 

[81] Jia She, Chunliu Li, Mingjun Pang, Yongzhong Zhan, “The phase 

equilibria in the Pr–Si–Zr ternary system at 773 K”, Volume 509, Issue 2, 

12 January 2011, Pages 246-251. 

[82] Hohenberg and W. Kohn, “Inhomogeneous electron gas”, Physical 

Review, 136:864-871, 1964. 

 


