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Abstract

This thesis is in the field of non-linear partial differential equations (PDE), and
specifically focusing on problems which show some type of phase-transition.

One of the problems deals with a multiple phase Hele-Shaw flow. A single
phase Hele-Shaw flow models a Newtoninan fluid which is being injected in the
space between two narrowly separated parallel planes. The time evolution of the
space that the fluid occupies can be modelled by the PDE −∆u+χ{u>0} = tµ,
where t is the time parameter and µ describes the injection of fluid. The non-
regular term χ{u>0} in this problem is related to problems in the field of free
boundary problems. In the multi-phase problem we generalize this situation
and consider the mathematical modelling of the time-evolution of a system of
multiple phases which interact according to the principle that the joint boundary
which emerges when two phases meet is fixed for all future times. The problem is
handled by introducing a parameterized equation where the parameter controls
regularization and penalization. The penalization term is non-local in time and
tracks the history of the system, penalizing the joint support of two different
phases in space-time.

In the first paper we give the detailed description of the mathematical model
of the mulitple phase Hele-Shaw flow. The main result is the existence theory
of a weak solution to the parameterized equations in a Bochner space using
functional analytic tools such as the implicit function theorem in infinite di-
mensions. It is shown that the family of solutions to the parameterized problem
is uniformly bounded in the considered Bochner space, allowing us to extract
a weakly convergent subsequence for the case when the penalization tends to
infinity. The limiting flow is defined as the multiple phase Hele-Shaw flow.

The second problem deals with a parameterized highly oscillatory quasi-
linear elliptic equation in divergence form −div(Qη(x, x/ε, u)∇u) = f together
with Dirichlet data on a bounded domain Ω in Rn. As the regularization pa-
rameter η → 0, the equation gets a jump in the conductivity Qη induced by
a term of the type χ{u>ψε}, where ψε is a locally ε-periodic obstacle. Hence
the solution has two different phases. As the oscillation parameter ε → 0 the
solution to the equation experiences high frequency jumps in the conductivity,
resulting in the corresponding solutions showing an effective global behaviour.
The global behavior is related to the so called homogenized solution.

In the second paper we study the quasi-linear equation both qualitatively and
quantitatively. We show that the parameterized equation has a weak solution in
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a Sobolev space for positive parameters and derive bounds on the solutions used
in the analysis for the case when η → 0. Surprisingly, the limiting problem in
this case includes an extra term describing the interaction between the solution
and the obstacle, not appearing in the case when obstacle is the zero level-set.

The highly oscillatory nature of the problem makes standard numerical al-
gorithms for computing approximations to the solution of the parameterized
problem computationally very expensive, since the global domain Ω needs to
be resolved on the micro scale ε, yielding the number of unknowns in a discrete
system to be proportional to ε−n. We develop and test a multi scale method for
this problem based on the heterogeneous multiscale method (HMM) framework
and using a finite element (FE) approach. The developed non-linear FE-HMM
solver captures the macroscopic variations of the solutions at a significantly
lower cost compared to standard numerical algorithms. Using a full non-linear
finite element method we validate the numerical results obtained by the FE-
HMM solver. Furthermore, we numerically investigate the effect of the locally
ε-periodic obstacle ψε on the homogenized solution, finding empirical proof that
certain choices of obstacles make the limiting problem have a form structurally
different from that of the parameterized problem.



Sammanfattning

Denna avhandling inneh̊aller analys av icke-linjära partiella differentialekvatio-
ner (PDE) som modellerar fenomen med fasöverg̊angar.

Ett av de betraktade problemen i avhandlingen är ett fler-fas Hele-Shaw flö-
de. Ett ordinärt Hele-Shaw flöde modellerar en Newtonsk vätska som injiceras
in i utrymmet mellan tv̊a parallella och nära liggande plan. Tidsevolutionen av
omr̊adet som inneh̊aller vätska kan modelleras av PDEn −∆u+χ{u>0} = tµ, där
t är en tidsparameter och µ beskriver injektionen av vätskan. Den icke-reguljära
termen χ{u>0} relaterar till problem inom omr̊adet av fria randvärdesproblem. I
fler-fas flödet generaliserar vi situationen och betraktar den matematiska model-
leringen av tidsevolutionen av ett system med flera faser som interagerar enligt
principen att den gemensamma randen som uppst̊ar när tv̊a olika faser möts är
fixerad för all framtid. Problemet behandlas genom att införa en parametriserad
ekvation där parametern kontrollerar regularisering och penalisering. Penalise-
ringstermen är icke-lokal i tiden och inneh̊aller systemets evolutionära historia
och bestraffar det gemensamma stödet av tv̊a faser i rum-tiden.

I den första artikeln ger vi den detaljerade beskrivningen av fler-fas Hele-
Shaw flödet. Huvudresultatet är existensteorin för en svag lösning till den pa-
rametriserade ekvationen i ett Bochnerrum medelest användning av funktiona-
lanalytiska verktyg som implicita funktionssatsen i oändligtdimensionella rum.
Vi visar att lösningsfamiljen till det parametriserade problem är likformigt be-
gränsad i det betraktade Bochnerrummet, vilket till̊ater oss att extrahera en
svagt konvergent delföljd d̊a penaliseringen g̊ar mot oändligheten. Gränsflödet
definierar vi som fler-fas Hele-Shaw flödet.

I det andra problemet behandlas en parametriserad starkt oscillerande kvasi-
linjär elliptisk ekvation i divergensform −div(Qη(x, x/ε, u)∇u) = f tillsammans
med Dirichletdata p̊a en begränsad domän Ω i Rn. D̊a regulariseringsparame-
tern η → 0 s̊a kommer ekvationen att f̊a ett hopp i konduktiviteten Qη som
induceras av en term av typen χ{u>ψε} där ψε är ett lokalt ε-periodiskt hin-
der. Lösningen kommer därför ha tv̊a olika faser, över och under hindret. D̊a
oscillationsparametern ε → 0 s̊a kommer lösningen till ekvationen att uppleva
högfrekventa oscillationer. P̊a den globala skalan kommer dock lösningen att
uppvisa ett icke-oscillatoriskt globalt beteende. Lösningarna konvergerar mot
den s̊a kallade homogeniserade lösningen.

I den andra artikeln studerar vi den kvasi-linjära ekvationen b̊ade kvalitativt
och kvantitativt. Vi visar att den parametriserade ekvationen har en svag lösning

v



vi

i ett Sobolevrum för positiva värden p̊a parametrarna och härleder normskatt-
ningar p̊a lösningarna som används i analysen av fallet d̊a η → 0. Överraskande
s̊a kommer gränsproblemet i detta fall att inneh̊alla en extra term som beskriver
interaktionen mellan lösningen och hindret, ett fall som inte uppst̊ar d̊a hindret
är identiskt noll.

Den högfrekventa naturen av det andra problemet gör att standard numeris-
ka metoder för att beräkna approximationer till lösningar till den parametrisera-
de ekvationen blir beräkningsmässigt dyra, detta eftersom den globala domänen
Ω behöver lösas upp p̊a skalan ε, vilket resulterar i diskreta system där an-
talet obekanta är proportionerligt mot ε−n, vilket snabbt blir ohanterligt för
sm̊a värden p̊a ε. Vi utvecklar och testar en multiskalmetod för detta problem
som baseras p̊a ramverket för heterogena multiskalmetoder (HMM) och finita
element (FE). Den utvecklade icke-linjära FE-HMM lösaren f̊angar de makro-
skopiska variationerna av lösningen till en väsentligt lägre kostnad jämfört med
standardmetoderna. Genom att använda en standard FE-metod s̊a validerar
vi de numeriska resultaten fr̊an FE-HMM metoden. Vidare s̊a undersöker vi
numeriskt effekten av det lokalt ε-periodiska hindret ψε p̊a den homogenisera-
de lösningen där vi finner att vissa val av hinder gör att gränsproblemet har
strukturella olikheter jämfört med det parametriserade problemet.
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Chapter 1

Introduction

1.1 The two problems

1.1.1 Multi-phase Hele-Shaw Flow

The first of the treated problems is a multi phase Hele-Shaw flow. The one- and
multi-phase Hele-Shaw problem and related problems dealing with quadrature
domains has been studied extensively from different approaches, see [10, 9, 1, 16].
A single phase Hele-Shaw flow models a Newtoninan fluid which is being injected
in the space between two narrowly separated parallel planes. The time evolution
of the space that the fluid occupies can be modelled by the PDE

−∆u+ χ{u>0} = tµ(1.1.1)

where t is the time parameter and µ describes the injection of fluid. The non-
regular term χ{u>0} in this problem is related to problems in the field of free
boundary problems. In the multi-phase problem we generalize this situation
and consider the mathematical modelling of the time-evolution of a system of
multiple phases (m ≥ 2) which interact according to the principle that the joint
boundary which emerges when two phases meet is fixed for all future times.
We call this process solidification. The problem is handled by introducing the
parameterized equation

−∆uiε + (1− χDi0)βε(u
i
ε)(1.1.2)

+
1

ε

∑
j 6=i

[βε(u
j
ε) +

∫ γε(t)

0

βε(u
j
ε(s)) ds]βε(u

i
ε)

= γε(t)µ
i, in (0, T )× Ω,

where the parameter ε controls regularization and penalization. Ω is a domain
in Rn, T > 0, and Di

0 are mutually disjoint open sets contained in Ω which are
the initial configurations for the different phases. The elements µi describe how
the injection of the different phases is done, and they are in general elements
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4 CHAPTER 1. INTRODUCTION

of the space H−1(Ω) with support contained in the corresponding Di
0. Here

βε is a smooth regularization of the Heaviside step function and γε a smooth
regularization of t 7→ t+. The penalization term is non-local in time and tracks
the history of the system, penalizing the joint support of two different phases
in space-time.

1.1.2 A Quasi-linear equation in divergence form

The second problem deals with a parameterized highly oscillatory quasi-linear
elliptic equation in divergence form

−div(Qη(x,
x

ε
, u)∇u) = f, in Ω,(1.1.3)

u = g, on ∂Ω,(1.1.4)

assuming that the conductivity has the form

Qη(x, y, r) = a−(x) + (a+(x)− a−(x))βη(r − ψ(x, y)),(1.1.5)

for some domain Ω ⊂ Rn, n ≥ 1, a regularization βη of the Heaviside step
function and a locally periodic function ψ(x, y), Y -periodic in y. We are in-
terested in the solutions to this equation when the parameters η → 0 (loss of
regularization) and ε→ 0 (homogenization).

1.2 Basic concepts in PDE’s

In the following introduction we give a discussion leading up to the two specific
problems considered in this thesis. The discussion partly deals with the con-
cept of showing existence of solutions to certain problems, in this case partial
differential equations (PDEs). We introduce some different aspects of PDEs
such as variational problems, parameter dependence in terms of regularization
and penalization techniques and the corresponding limiting processes. We also
describe the different types of solution concepts of PDE’s. We also prepare
for the upcoming section where numerical methods relating to the problem of
approximating solutions to problems are introduced.

1.2.1 Initial questions

A second order differential operator

F = F (x, r, p,X) : Ω× R× Rn × S(n)→ R(1.2.1)

where Ω ⊂ Rn is a domain and S(n) is the set of symmetric n× n-matrices, is
used in the formulation of a problem within PDE theory. The theory is centered
around finding a function u = u(x) in the variable x = (x1, x2, . . . , xn) ∈ Rn
such that

F (x, u(x), Du(x), D2u(x)) = 0, for all x ∈ Ω(1.2.2)
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where Du(x) is the gradient of u and D2u(x) the Hessian of u at x. This
equation is a very general form of a partial differential equation (PDE). Some
natural questions that arise in this context are, given such an F ,

Q1 Is there some solution u to the problem?

Q2 In what sense is a function u : Ω→ R a solution to the problem?

Q3 Is there more than one solution to such a problem?

Q4 Depending on F , and possibly other input data, what type of qualitative
properties does the function u enjoy? For example, how does the structure
of the differential operator F affect the regularity of a tentative solution
u?

Q5 Given that F is dependent on a parameter, say F = Fε. We can think of
ε as a real positive number that controls some aspect of the operator F
for instance Fε(x, u,Du,D

2u) = −∆u + βε(u) where βε is a regularized
version of the otherwise non-smooth function β. Let uε be the correspond-
ing parametrized solution, i.e. Fε(x, uε, Duε, D

2uε) = 0. What can we say
about the limiting problem when ε→ 0? Does uε converge to some func-
tion u0 as ε → 0? If so, in what sense? Uniformly? Weakly? Does the
operator F0 exist in some sense such that Fε → F0? What is the form
of F0? Are the properties enjoyed by Fε carried over to the operator F0?
And if so, is u0 a solution to F0(x,Du,D2u) = 0?

Q6 If there is no closed formula for a solution u to the PDE problem, how
is an approximate solution Uh found using numerical analysis? Does a
given finite-dimensional solver producing Uh depend on the discretization
parameter h in a good way as h→ 0, in the sense that Uh → u as h→ 0?
Or in other words, do we have convergence of the numerical method? And
if so, what is the rate of convergence?

Q7 Suppose that F = Fε where ε now is a parameter that governs some type
of oscillatory behaviour in Fε such that the period of the oscillation → 0
as ε→ 0. How does such a behaviour of the PDE interact with candidate
numerical method for solving the same equation?

Q8 Suppose that the given PDE is parametrized by a vector of parameters
each parameter controlling a different aspect of the PDEs. How do the
different parameters interact with one another when we pass in the limit?

This list of questions and ideas capture a very general aspect of the PDE
theory. We will in the upcoming sections introduce suitable notations and no-
tions that will adress the questions formulated in the list above that will finally
lead up to the two papers in this treatise.
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1.2.2 Dirichlet problem

It turns out that in many circumstances the specification of finding u such that
F (x, u,Du,D2u) = 0 alone does not uniquely determine a solution u to the
problem, relating to Q3. The so called Dirichlet problem emerges when we add
constraints to our function and specify the boundary data for u on ∂Ω to be
equal to some given function ϕ. Formally, we have the problem of finding u
such that

F (x, u(x), Du(x), D2u(x)) = 0, for x ∈ Ω,(1.2.3)

u(x) = ϕ(x), for x ∈ ∂Ω.(1.2.4)

1.2.3 What is a solution?

Along with the formulation of the Dirichlet problem comes the question, Q2, of
what we mean by a solution to a Dirichlet problem? The classical interpretation
is set in the context when F is a pointwise differential operator, say for instance
by the following function which defines a linear second order operator

F (x, r, p,X) =
∑
ij

aij(x)Xij +
∑
i

bi(x)pi + c(x)r − f(x)(1.2.5)

where a solution u therefore should fulfill

∑
ij

aij(x)Diju(x) +
∑
i

bi(x)Diu(x) + c(x)u(x) = f(x), for all x ∈ Ω.

(1.2.6)

Here we at first assume that the coefficients aij , bi, c and f are functions which
are at least continuous. Then to fulfill the PDE in the classical sense the function
u needs to be twice continuosly differentiable so that the Hessian D2u(x) and
gradient Du(x) exist for all x ∈ Ω. Naively, a natural class of functions to work
with is C2(Ω). Furthermore, for us to be able to say that u is equal to ϕ on ∂Ω
in some natural sense it would be preferable for a classical solution to be such
that u ∈ C(Ω), since this would ensure continuity of u up to the boundary ∂Ω.
Hence a natural class of functions to work with is C2(Ω) ∩ C(Ω).

Before going in to the non-linear theory we consider some aspects of the
linear theory which is helpful in setting up for the more complicated cases.

1.2.4 Laplace and Poisson equation: Representation for-
mula

One simple and well studied example of the above construction is when we take
F (x, r, p,X) = − trace(X). The resulting PDE is most commonly written as

∆u ≡ traceD2u(x) =

n∑
i=1

Diiu(x) = 0(1.2.7)
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which is the famous Laplace equation. A function u fulfilling this equation is
said to be harmonic.

Let us consider first the special case when having the equation ∆u(x) = 0
and Ω = Rn. It turns out that there are many solutions to ∆u(x) = 0, such
as all affine functions, as well as u(x) = x2

1 − x2
2, etc. We see therefore that a

PDE need not have a unique solution, cf. Q3. We also try to find a spherically
symmetric function, i.e. u(x) = u(|x|). One finds, after a switch to spherical
coordinates and solving a first order ODE, that N(x) = c|x|2−n is one such
solution (restricting ourselves to the case n ≥ 3 for presentational purposes),
where c is a constant. The solution N is peculiar since it has a singularity at
x = 0 and only fulfills ∆N(x) = 0 in the usual classical sense in the punctured
space Rn \ {0}. It is actually true that ∆N(x) = δ(x) (for a suitable choice
of c = cn where cn only depends on the dimension n), which holds true in
distributional sense (when both sides of the equation are integrated against
some test-function in C∞0 (Rn)).

We shall see that the solution N takes a special place in the theory since
with the help of it we can derive a representation formula for other solutions.

1.2.5 Poisson equation in Rn and a solution formula

In the following setup we show that certain PDE’s have representation formulas
for their solutions, which can give us a lot of information about the solution
itself. This type of analytical representation of the solution is only possible to
obtain in the simplest of cases, and for completeness we give the outline of the
argument which shows how such a formula can be derived.

The case we consider is F (x, r, p,X) = trace(X) − f(x) and Ω = Rn. The
fact that ∆N(x) = δ(x) can be use to solve the Poisson equation, ∆u = f in
Rn, for a more general function f than f = 0. One can show that under suitable
conditions on the function f (for instance f is bounded and is locally Hölder
continuous) the convolution of f and N ,

uf (x) =

∫
Rn
N(x− y)f(y) dy,(1.2.8)

the so called Newtonian potential of f , is precisely such that ∆u = f in the clas-
sical sense (taking ordinary derivatives). This construction relies for instance
upon the fact that the regularity of f is slightly better than just being continu-
ous, namely we assume it to be Cαloc(Rn), which means that we have some type
of control on the modulus of continuity of the function f . This will furthermore
entail that the function u has sligthly better regularity than just C2, it’s second
derivative turns out to be Hölder continuous as well. We see here a first example
of resolution for the question Q4 asked in the beginning.

1.2.6 Poisson equation in Br

We now impose a further condition, namely that we take the domain to be a
ball Br, and not all of Rn, and impose boundary values on ∂Br. The case
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F (x, r, p,X) = − trace(X) + f(x) and Ω = Br. We want to find u such that
∆u = f in Br and u = ϕ on ∂Br, for some source term f and boundary value
ϕ. A general consideration is the following: consider Green’s second identity,∫

∂Ω

(uDv − vDu) · ν dsy =

∫∫
Ω

u∆v − v∆u dx,

where ν is the outer unit normal on ∂Ω and sy the surface area measure. Taking
v(y) = G(ξ, y), for some function G to be decided and some ξ ∈ Ω we obtain∫

∂Ω

(u(y)DyG(ξ, y)−G(ξ, y)Dyu(y)) · ν(y) dsy(1.2.9)

=

∫∫
Ω

u(x)∆xG(ξ, x) dx−
∫∫

Ω

G(ξ, x)∆u(x) dx.(1.2.10)

Suppose that we can choose G such that ∆xG(ξ, x) = ∆xN(ξ−x) = δ(ξ−x)
and G(ξ, x) = 0 on ∂Ω for all ξ ∈ Ω, then the formula above would simplify to

u(ξ) =

∫∫
Ω

G(ξ, x)∆u(x) dx+

∫
∂Ω

u(y)
∂G

∂ν
(ξ, y) dsy,(1.2.11)

which would give us a representation for the function u in terms of ∆u and u|∂Ω,
i.e. a candidate solution to the Dirichlet problem. The problem is therefore
reduced to finding a corrector function h(ξ, x) fulfilling

∆xh(ξ, x) = 0, for x in Br,
h(ξ, x) = −N(ξ − x), for x on ∂Br,

(1.2.12)

since then we could take

G(ξ, x) := N(ξ − x) + h(ξ, x).

Such a function G is called a Green’s function for the domain Br. For Ω = Br
it is possible to find an analytical expression of G, namely

G(x, y) =

N(|x− y|)−N
(
|y|
r
|x− y|

)
, y 6= 0

N(|x|)−N(r), y = 0,
(1.2.13)

using the definition x = r2x/|x|2. So, in a general sense, we can solve the
Dirichlet problem in a ball with prescribed boundary data and the solution will
at least be in the set C2(Ω) ∩ C(Ω).

1.2.7 Non-constructive existence proof

We continue with the Poisson equation but let Ω be an open and bounded
set. To solve this problem one might first define the Newtonian potential of f ,
wf (x) =

∫
Ω
N(x− y)f(y) dy and then solve for v in the modified problem

∆v = 0, in Ω,
v = ϕ− wf , on ∂Ω,

(1.2.14)
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yielding that u = wf + v would be a solution to the original problem.
The problem for v is a simplified problem, compared to the the one for u, and

can be resolved by using the method of subharmonic functions (also known as
Perron’s method). This method is used to guarantee the existence of a harmonic
function in Ω and which may or may not actually fulfill the specified boundary
values.

One general aspect of the Dirichlet problem is revealed here: we expect that
the solvability of the Dirichlet problem depends on how smooth the boundary
∂Ω is, as well as on how wildly varying the boundary values ϕ are on ∂Ω.

In the case treated above a sufficient condition for v to be continuous up
to the boundary is an exterior sphere condition for the set Ω, meaning that for
every point x ∈ ∂Ω there is a ball BR such that BR ∩ Ω = {x}.

1.2.8 General linear differential operators

The equations handled above were linear and of a very special type. The natural
extension of these results come from more general linear operators of the form
F (x, r, p,X) = aij(x)Xij + bi(x)pi + c(x)r − f(x) and Ω open and bounded. In
order for this to generalize the theory for the Laplace equation, and be connected
to the ideas used for the Laplace operator ∆, one makes the assumption that
the operator L is elliptic. We say that L is elliptic at x ∈ Ω if the coefficient
matrix [aij(x)] is positive, that is, there are real functions λ(x) and Λ(x) such
that for all 0 6= ξ ∈ Rn it holds that

0 < λ(x)|ξ|2 ≤ aij(x)ξiξj ≤ Λ(x)|ξ|2, for all x ∈ Ω.(1.2.15)

L is strictly elliptic if λ(x) is bounded away from zero by some λ0, i.e. 0 < λ0 ≤
λ(x) for all x ∈ Ω. Finally, L is uniformly elliptic in Ω if Λ/λ is bounded in Ω.

1.2.9 Divergence type equations: linear and quasi-linear

The theory explained above, for the Poisson equation, is readily built on the fact
that there is a simple representation formula for certain types of such problems.
The hope of having such explicit formulas for non-linear problems is limited.
This leads us in to aspects of the PDE theory where one would like to make
statements about solutions to PDE’s without having to be able to represent them
via explicit formulas. This will be intertwined with compactness properties of
certain function spaces, so called Sobolev spaces, introduced below. In this
section we consider a class of PDEs which are relevant for the purposes of the
papers in this treatise.

Definition 1.2.1 (Quasilinear). We say that we have a quasi-linear PDE iff it
can be written in the form

Q(x, r, p,X) = Gij(x, r, p)Xij +G(x, r, p) = 0,(1.2.16)

where Gij and G are functions independent of X.
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Definition 1.2.2 (Divergence form). We say that a PDE is in divergence form
iff it can be written in the form

DiAi(x, u(x), Du(x)) +B(x, u(x), Du(x)) = 0,(1.2.17)

where Ai and B are functions independent of the Hessian of u.

It is clear that an equation in divergence form can be written as a quasi-linear
equation provided that the derivatives ofAi with respect to x, r and pj all exist in
the classical sense, because in such case we can pass the derivatives through using
the chain rule and obtain an equation in quasi-linear form. However, an equation
in divergence form can still make sense even though we relax the regularity
properties of the Ai’s, since we will be able to form a corresponding variational
equality and define the corresponding solution concept of weak solutions.

A naive argument leading up to these definitions goes as follows. Suppose
that u is a solution to the divergence type equation, multiplying both sides of
the equation by a function η ∈ C∞0 (Ω) we obtain, after using integration by
parts and the fact that η vanishes on ∂Ω, that∫

Ω

Ai(x, u,Du)Diη −B(x, u,Du)η dx = 0.(1.2.18)

We see that this equation, even though coming from a second order operator,
does not involve higher than first order derivatives. This is an observation which
we take advantage of in terms of the space of functions where we search for the
solution in.

Suppose that the equation just derived holds for all η ∈ C∞0 (Ω), then it is a
standard argument to show that if u ∈ C2(Ω) and Ai is sufficiently smooth, that
u is a solution to the corresponding divergence type equation (where the deriva-
tives has been performed so as to obtain a quasi-linear equation). However,
directly trying to find functions u ∈ C2(Ω) is a too string criteria for effectively
being able to handle these types of equations. That is, there are naturally oc-
curring equations where the space C2(Ω) is not appropriate for searching for
solutions in. The upcoming definitions are introduced in order to try to solve
this type of problem.

The following definition is based on the idea that a weak derivative of a
function is another function which behaves just like a classical derivative (but
without having to equal a classical derivative in the sense of fulfilling a limit-
ing process of some difference quotient) in conjunction with the operation of
integration by parts.

Definition 1.2.3 (Weak derivative). Suppose that α is a multiindex and u and
v are locally integrable in Ω, then we say that v is the α-weak derivative of u,
v = Dαu, if and only if∫

Ω

u(x)Dαη(x) dx = (−1)|α|
∫

Ω

v(x)η(x) dx,(1.2.19)

for all η ∈ C∞0 (Ω).
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The concept of weak derivative then leads to the concept of weak solutions
for divergence type equations.

Definition 1.2.4 (Weak solution). We say that u is a weak solution to the
divergence-type equation (1.2.17) if Diu exists in the weak sense and fulfills
(1.2.18) for all η ∈ C∞0 (Ω).

The definition allows us to work with a larger class of candidate solutions
to a given PDE, in the sense that all classically differentiable functions also are
weakly differentiable, but not all weakly differentiable functions are classically
differentiable (an example of such a weakly differentiable function is x 7→ x+

for x ∈ R with weak derivative being the Heaviside step function H(x) = 1 for
x > 0 and 0 otherwise).

Since the concept of solutions now involve weak derivatives as well as inte-
grals it turns out that imposing integrability conditions on the weak derivatives
is a useful notion with regards to many parts of the analysis of PDE’s. We
therefore make the following definition.

Definition 1.2.5 (Sobolev space). The Sobolev space W k,p(Ω), for k ≥ 0 and
1 ≤ p < ∞ consists of all locally integrable functions u : Ω → R such that for
all multiindices α such that |α| ≤ k the weak derivative Dαu exists and is an
element of Lp(Ω). Furthermore we introduce the norm

||u||p
Wk,p(Ω)

=
∑
|α|≤k

∫
Ω

|Dαu(x)|p dx.(1.2.20)

It is clear that C∞0 (Ω) ⊂ W k,p(Ω), and we denote by W k,p
0 (Ω) the closure

of C∞0 (Ω) under the norm-topology of the Sobolev space. These Sobolev spaces
enjoys many imoportant properties. For example, they are Banach spaces, and
in the case of p = 2 we introduce the notation H1(Ω) = W 1,2(Ω) which is a
Hilbert space. Furthermore H1

0 (Ω) = W 1,2
0 (Ω) and H−1(Ω) is the continuous

dual of H1
0 (Ω).

1.2.10 Existence proof for the linear case

Again considering the variational equality (1.2.18) and assuming that Ai(x, u) =
−aij(x)Dju and B(x, u,Du) = Bi(x)Diu + c(x)u − f(x) we get the standard
linear theory. A standard approach in this setting is to introduce a bilinear
form a : W 1,2

0 (Ω)×W 1,2
0 (Ω)→ R (in the case when we append the condition of

vanishing boundary data of the function u on ∂Ω) by

a(u, v) =

∫
Ω

aij(x)Dju(x)Div(x) +Bi(x)Diu(x)v(x) + c(x)u(x)v(x) dx

(1.2.21)

together with the element

F (v) =

∫
Ω

f(x)v(x) dx(1.2.22)
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in H−1(Ω). If the coefficients defining the problem are chosen such that a be-
comes continuous, |a(u, v)| ≤ C||u||||v|| for all u, v, and coercive a(u, u) ≥ α||u||2
for some α > 0 and all u in a subspace V of H1

0 (Ω), then the Lax-Milgram
theorem guarantees that the variational equation

a(u, v) = F (v) for all v ∈ V,(1.2.23)

is uniquely solvable. See [15, Chapter 2 and Theorem 2.7.7] for proofs and more
details.

1.2.11 The Classical Obstacle Problem - A free boundary
value problem

We shall in this section give a description of the classical obstacle problem and
explain how the Heaviside step function, or more specifically the expression

χ{u>0}(1.2.24)

emerges in this context. This will shed some light on the similarities between
the two problems in this thesis.

We follow the discussion in [14]. Given a domain Ω and boundary values ϕ
and a function ψ : Ω→ R, called the obstacle, such that ψ ≥ ϕ on ∂Ω. Consider
the functional, for some non-negative f ∈ L∞, given by

J [u] =

∫
Ω

|∇u|2 + 2fu dx.(1.2.25)

Then we formulate the problem of trying to find u ∈W 1,2
ϕ (Ω) such that u−ϕ ∈

W 1,2
0 (Ω), meaning that u takes on the boundary values ϕ in trace-sence, and

also imposing that u ≥ ψ for all x ∈ Ω such that the value J [u] is minimal. This
is the so called classical obstacle problem, which is a version of a problem in the
area of calculus of variations. From the theory of such problems, since J is a
continuous and strictly convex functional over a convex set (the set of admissible
u’s), it has a unique minimizer. For this specific functional it turns out that,
without loss of generality, it is possible to assume that ψ ≡ 0. This is due to
the fact that the upcoming Euler-Lagrange type equation for this functional is
linear.

We introduce the notation Λ = {x ∈ Ω : u(x) = ψ(x)}, the so called
coincidence set of u and the obstacle ψ. Outside of this set, namely in F = Ω\Λ,
it turns out that the minimizer u will solve the equation ∆u = f and in Λ we
will have ∆u = ∆ψ. The set Γ = ∂Λ∩Ω is the so called free boundary since on
this boundary we will have that u = ψ but the geometry of this free boundary is
not a priori known. Again relating to Q4, what can we say about the structure
of the set Γ? How big is it in a measure theoretic sense, what is its Hausdorff
dimension? What type of regularity properties does it enjoy? We will in one
of the two papers in this treatise treat a problem where some of the structure
described for this problem will emerge.
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The theory of variational calculus leads us in to the so called Euler-Lagrange
equations, which in essence characterises the minimizer of a given functional
J [u] in terms of a differential equality, see for instance [7]. More explicitly,
under suitable conditions on the Lagrangian function L = L(x, r, p), a minimizer
u ∈W 1,2(Ω) of

J [u] =

∫
Ω

I(x, u,Du) dx(1.2.26)

solves the divergence type equation

Di ∂I

∂pi
(x, u,Du) =

∂I

∂r
(x, u,Du),(1.2.27)

in the weak sense in Ω, explicitly meaning that

−
∫

Ω

∂I

∂pi
(x, u,Du)Diη dx =

∫
Ω

∂I

∂r
(x, u,Du)η dx,(1.2.28)

for all η ∈ C∞0 (Ω). The derivation of these so called Euler-Lagrange equations
is performed under the hypothesis that one can perform a local variation of an
admissible function u and still have an admissible function, meaning that if u
is admissible then the function u + sη for any η ∈ C∞0 (Ω) is admissible for all
real s small enough. As the obstacle problem above is formulated, this is not
necessarily true if one imposes the condition of u ≥ 0 in Ω, since if u = 0 in
some region and η > 0 in this region, the the variation will certainly break the
obstacle condition for all s < 0.

Nonetheless, the desire of formulating the classical obstacle problem in terms
of a PDE, or more specifically some type of variational equality as in (1.2.28),
still remains. We follow the discussion in [14, Section 1.1.1 and 1.3.2]. In order
to formulate the classical obstacle problem in the language of PDE’s one can
show that u is an admissible minimizer of (1.2.25) iff u ∈W 1,2

ϕ (Ω) is a minimizer
of the functional

J̃ [u] =

∫
Ω

|∇u|2 + 2fu+ dx.(1.2.29)

The advantage of this reformulation is that the condition of u ≥ 0 then is
incorporated directly in to the functional via the term u+.

A heuristic approach in order to understand the dynamics in this minimiza-
tion problem is that we wish to find u having the correct boundary values ϕ on
∂Ω such that we minimize the energy partly consisting of E1 =

∫
Ω
|∇u|2 dx and

partly of E2 =
∫

Ω
fu+ dx ≥ 0 in the regions of Ω where u > 0. We therefore

have a competition of two non-negative terms. Trying to minimize E1 leads to
reductions in oscillations of the function u, whereas the term E2 penalizes the
part of a function u which is positive. If the boundary value ϕ is positive some-
where in ∂Ω, the term E2 tries to keep the function at the zero level or below all
the up to Ω, but this will inevitably lead to E1 having a larger integrand (larger
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gradients). The term E1 consists of two considerations, namely the function
x 7→ |∇u|2 and the support of this function. These two aspects are influential
in the determination of E2, essentially trying to keep the combination of these
factors as small as possible.

The functional J̃ and the corresponding minimization problem can now be
characterized with the corresponding Euler-Lagrange equation, which is, for-
mally written,

∆u = f
∂(u+)

∂u
= fχ{x:u(x)>0} = fH(u),(1.2.30)

where, χA is the characteristic function on the set A ⊂ Rn andH is the Heaviside
step function.

Remark 1.2.6. This shows the connection of our problems involving the Heav-
iside step function to the classical obstacle problem.

1.2.12 Systems of PDE’s, Separation, Penalization, and
Compactness

We shall in one of the papers handle a system of PDE’s where each component
ui will be called a species. The system of equations will be coupled in the sense
that the values of one function u1 will help determine an equation for the other
species. We will specifically be interested in a system of equations that will fulfill
a certain type of separation condition, namely, in the special case of having two
species u1 and u2, the condition will be akin to

u1(x)u2(x) = 0 for all x ∈ Ω,(1.2.31)

meaning that of u1 is non-zero in some region then u2 will be vanishing in this
region. Or in other words the joint support of u1 and u2 will have vanishing
Lebesgue measure. Just as we did above in the discussion of the classical obstacle
problem, we would like to incorporate such a condition in to the equations we are
working with. One way to get such a behavior is to study a family of problems
depending on the penalization parameter ε. An example of such a system, akin
to the classical obstacle problem, is the system

−∆u1 +H(u1) +
1

ε
H(u1)H(u2) = 0,(1.2.32)

−∆u2 +H(u2) +
1

ε
H(u1)H(u2) = 0,(1.2.33)

where ui has boundary values ϕi on ∂Ω for i = 1, 2. Supposing that such
a system has a solution for each ε > 0, in the weak sense, we get a family
of solutions {uiε}ε>0 for i = 1, 2. Just as we asked in the beginning, cf. Q5,
what can we say about the limiting behaviour when ε → 0? In this particular
example it will be possible to show that the W 1,2(Ω)-norm of a solution uiε will
be bounded independently of ε.
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For a similar type of setup of a system with segregation of species (i.e.
separation of phases) see [2] where the authors consider a similar problem and
discuss existence and regularity properties of the limit of such systems.

The property of the norm of a parametrized family of functions being bounded
independently of the parameter leads us in to the functional analytic concept of
weak sequential compactness defined below.

Definition 1.2.7 (Dual space). Let B be a Banach space. The space of all
linear functionals F : B → R such that

|F [x]| ≤ C||x||B(1.2.34)

for some C and all x ∈ B is said to be the continuous dual of B and is denoted
by B∗.

Definition 1.2.8 (Weak convergence and weak sequential compactness). Let
B be a Banach space and {xi}∞i=1 a sequence of elements in B, then we say that
xi converges weakly to x0 for some x0 ∈ B, written as xi ⇀ x0 as i → ∞, iff
F [xi]→ F [x] as i→∞ for all F ∈ B∗. Furthermore, a set K ⊂ B is said to be
weakly sequentially compact iff for every sequence {xi}∞i=1 of elements xi ∈ K
there is an x ∈ K such that some subsequence converges to this x, i.e. we have
that xik ⇀ x as k →∞.

Theorem 1.2.9. Let X be a reflexive (meaning that X∗∗ = X) Banach space.
Then the set K is weakly sequentially compact iff it is both bounded and and
weakly closed.

Proof. See [8][4.10.8].

This last result is a main tool in showing that we can extract a limit element
u0 such that we weak convergence of the function uε as ε→ 0 when the family of
solutions is in a Sobolev space (which are reflexive spaces), just because we are
able to obtain a bound on the parametrized family which is independent of the
parameter. In the specific example considered above we can also obtain, for some
fixed δ > 0, that the Lebesgue measure of the set {x ∈ Ω : u1

ε > δ and u2
δ > δ}

is controlled above by ε, coming specifically form the term 1
εH(u1)H(u2) in the

considered system of PDE’s. Hence, if uiε → ui0 in some adequate sense as ε→ 0,
then the limiting functions u1

0 and u2
0 will have disjoint supports.

1.2.13 Periodic Homogenization - Setup and Results

Another type of parameter dependence that will be present in the PDE studied
in the second paper comes from that of increasing the oscillations in the problem
data for a PDE. A standard setup is the following, suppose that Aε = A(x/ε)
where A = A(y) is a Y -periodic matrix-valued function. Here Y is a cell in
Rn which has sides peripendicular to the coordinate axes, so we assume that
A(y + Y ) = A(y) for all y ∈ Rn. Furthermore, to obtain an elliptic problem we
assume that A is both strictly and uniformly elliptic, so that

α|ξ|2 ≤ ξTA(y)ξ ≤ β|ξ|2 for all ξ ∈ Rn(1.2.35)
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and all y ∈ Rn where 0 < α < β <∞.
With this we can consider the Dirichlet problem for the divergence type

operator defined by the matrix Aε,

− div(Aε(x)∇uε) = f in Ω,(1.2.36)

uε = g on ∂Ω.(1.2.37)

Supposing solvability of this problem, this problem then gives rise to a family of
solutions {uε}ε>0. As ε is taken to be smaller, the oscillations in the coefficients
Aε increases, in the sense that the period for Aε is the smaller cell εY . Again
referring back to the intitial considerations, cf. Q5, we ask the question whether
the sequence of solutions uε converges to some limiting function u0 as ε →
0. And if so, in what sense? Furthermore, can the limiting function u0 be
characterized as solving a problem of the same type as uε does? If that is the
case, what is the corresponding A0 and how does this function relate to the
coefficients Aε? These questions and their resolution is a part of the theory of
homogenization.

Theorem 1.2.10. For f ∈ H−1(Ω) and g = 0, then the solutions uε of the
oscillatory problem

−div(Aε(x)∇uε) = f in Ω,(1.2.38)

uε = 0 on ∂Ω.(1.2.39)

converges weakly to some u0 ∈ H1
0 (Ω) as well as Aε∇uε converges weakly to

A0∇u0 in (L2(Ω))n as ε→ 0 where u0 is the unique solution to the homogenized
problem

−div(A0∇u0) = f in Ω,(1.2.40)

u0 = 0 on ∂Ω.(1.2.41)

where A0 is a constant elliptic matrix defined by

A0λ = MY (A(y)∇ŵλ), for all λ ∈ Rn(1.2.42)

where ŵλ is defined by

−div(A(y)∇ŵλ) = 0 in Y,(1.2.43)

ŵλ − λT y is Y -periodic,(1.2.44)

MY (ŵλ − λT y) = 0.(1.2.45)

and MY (f) ≡ 1
|Y |
∫
Y
f(x) dx.

Proof. See [3, Theorem 6.1].

This theorem tells us precisely that we get a limiting problem as ε → 0
and furthermore that this limiting problem is of the same kind as the oscilla-
tory problems that depend on the parameter ε. Moreover, we get even more
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information since the limiting problem has a coefficient A0 that we have some
information about in terms of the formulas there are for it. So even though
there is no analytical one-step formula for the limiting coefficient, we still have
representation formulas for this entity.

For the one dimensional case one actually has an explicit formula for the
limiting coefficient A0 [3, Theorem 5.5], because in this case the limiting function
u0 solves the problem

− d

dx

( 1

M(0,`1)(
1
a )

du0

dx

)
= f in [b, c](1.2.46)

with u0(b) = u0(c) = 0 where we assume that a is `1-periodic.

1.2.14 Layered material and regularization - setup for sec-
ond paper

One concrete example of a homogenization problem is, when restricting to one
spatial dimension, that of a layered material. We let the Y -cell be [0, `1] and
suppose that a(y) = a1 for y ∈ [0, xf ] and a(y) = a2 for y ∈ (xf , `1) for two
positive constants a1, a2 and some 0 < xf < `1. The coefficient a is then
extended to be Y -periodic. Suppose that u solves

− d

dx

(
a(x)

du

dx

)
= f in [a, b](1.2.47)

where f is bounded, then taking a test function η ∈ C∞0 (a, b) such that η(xf ) > 0
and spt(η) = [xf − δ, x2 + δ] for some small δ > 0 with the extra condition that
η′(xf )δ → c > 0 as δ → 0, then

a1

∫ xf

xf−δ
u′η′ dx+ a2

∫ xf+δ

xf

u′η′ dx =

∫
spt(η)

au′η′ dx =

∫
spt(η)

fη dx(1.2.48)

so that for some ξ1 ∈ [xf − δ, xf ], ξ2 ∈ [xf , xf + δ] and ξ3 ∈ [xf − δ, xf + δ],

a1u
′(ξ1)η′(ξ1)δ + a2u

′(ξ2)η′(ξ2)δ = 2f(ξ3)η(ξ3)δ(1.2.49)

and passing in the limit δ → 0 gives us

a1u
′(x+

f ) + a2u
′(x−f ) = 0(1.2.50)

which is a compatability condition of the flux au′ that has to be satisfied across
the point xf ∈ Ω.

One way of writing this equation is

− d

dx

(
a
du

dx

)
= f in [a, b].(1.2.51)

where a is the Y -periodic function defined by

a = a1 + (a2 − a1)H(x− xf ) for x ∈ Y.(1.2.52)
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We clearly see that the equation involves a discontinuous coefficient. It will
be beneficial in the upcoming analysis to consider a slightly modified problem
where we introduce a smooth version of the Heavside function according to,

βη(x) = (H ∗ φη)(x) =

∫
Rn
H(y)φη(x− y) dy(1.2.53)

where φη is the standard non-negative mollifier in C∞0 (R) with support equal
to Bδ(0) and unit mass.

The modified problem is

− d

dx

(
aη
du

dx

)
= f in [a, b].(1.2.54)

where aη is the Y -periodic function defined by

aη = a1 + (a2 − a1)βη(x− xf ) for x ∈ Y.(1.2.55)

The increase in regularity for the coefficient aη of the problem will be useful in
the construction of an efficient numerical method for computation of an approx-
imate solution to this equation. By modifying the problem and introducing the
regularization parameter η we have obtained an equation that will be easier to
handle numerically, but on the other hand solves an artificial problem. We will
in the second paper consider what happens to the solutions Uh,η, where h > 0 is
a discretization parameter introduced in the process of deriving a numerical
algorithm for finding an approximate solution to uη, as η → 0.

1.2.15 Generalization - a non-linear problem

In the previous section we considered a linear problem, where the conductivity
a = a(x) was given in terms of the spatial position x ∈ Ω. One way of trying
to generalize this problem is to rewrite it in the following form: the layered
material problem can formally be written as

− d

dx

(
(a1 + (a2 − a1))H(u(x)− ψ(x))

du

dx

)
= f in [a, b].(1.2.56)

where ψ is Y -periodic and defined by

ψ(x) =

{
∞, x ∈ [0, xf ],

−∞, x ∈ (xf , `1].
(1.2.57)

This is to be interpreted just as the layered-material equation, since if u is finite
then for x < xf we have that H(u− ψ) = 0 so the conductivity is a1 here and
for x > xf (modulo Y ) then H(u − ψ) = 1 so the conductivity is a2 here, just
as for the case in the layered material problem.

At this point we can however reevaluate the reformulated version of the
layered material problem and consider the following generalized equation

−div((a−(x) + (a+(x)− a+(x))H(u(x)− ψ(x)))∇u(x)) = f in Ω ⊂ Rn,
(1.2.58)

u = g on ∂Ω.(1.2.59)
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where a± are non-negative functions and ψ is a Y -periodic function. In this
context ψ can be regarded as an obstacle function in the sense that the conduc-
tivity of the material is dependent on the function value u, switching behaviour
from a− to a+ when u(x) passes through the level ψ(x). This problem is a
non-linear problem in divergence form but still bears some resemblance to the
layered material equation in the sense that the solution u changes behaviour
when crossing between different regions in Rn+1-space. The second paper in
this treatise will deal with an equation of this sort, more specifically

−div((a−(x) + (a+(x)− a+(x))βη(u(x)− ψ(x,
x

ε
))∇u(x)) = f(x) in Ω,

(1.2.60)

u = g on ∂Ω.(1.2.61)

where the function ψ(x, ·) is Y -periodic for each x ∈ Ω and βη is a regularization
of the Heaviside step function. We will investigate the behaviour of the solutions
as ε→ 0 and η → 0. Even the case when η → 0 for the ε-independent equation
will be interesting, since here the problem above will have some features resem-
bling the ones of the classical obstacle problem in the sense that the coincidence
set Λ = {u = ψ} might have full Rn-Lebesgue measure, which is not the case
for the layered material version of this equation since here the coincidence set
is empty.

From an applications point of view, more discussion about problems where
the phenomenon of jump in conductivity occurs, can be found in [12, 17]. In
[11] the authors consider this problem for the case ψ = 0 and with a non-
oscillatory setup, investigating regularity properties of solutions to such equa-
tions.

1.2.16 A Finite Element Method (FEM) for the Quasilin-
ear equation

For fixed parameters ε, η > 0 we consider the uniformly and strictly elliptic
quasilinear problem

−div
(
Q(x, u)∇u(x)

)
= f(x), for x ∈ Ω(1.2.62)

u(x) = g(x), for x ∈ ∂Ω(1.2.63)

where we specifically have in mind to use the upcoming method for the conduc-
tivity

Qη(x, u) = a−(x) + (a+(x)− a−(x))βη(u(x)− ψ(x,
x

ε
)).(1.2.64)

Recall that u ∈ H1
g (Ω) = {v ∈ H1(Ω) : v − g ∈ H1

0 (Ω)} is said to be a solution
if for all test functions v ∈ H1

0 (Ω) it holds that∫
Ω

Qεη(x, u)∇u(x)∇v(x) dx =

∫
Ω

f(x)v(x) dx.(1.2.65)
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The numerical method presented is based on a standard FEM implemen-
tation for a linear equation (see [6]), adapted to the non-linear equation, and
the resulting system being solved using Newton-Raphsons method. A different
approach would be to linearize the equation first and subsequently formulate an
iteration, the so called Newton-Galerkin method, cf. [13].

Triangulation, FEM-subspace, and Nodal Basis functions

For a finite element method we suppose that Ω is a triangularizable domain in
Rn and let Th = {Kh} be a triangulation of Ω with Nh denoting the set of
nodes of the triangulation, and Sh the set of edges of the triangles in Th. We
also introduce the notation N∂Ω for the set of nodes lying on the boundary of
Ω and NΩ for the set of internal nodes lying in the interior of Ω.

We let hK denote the diameter of the triangle K ∈ Th and h stands for the
mesh-function h : Ω→ R defined by h(x) = hK if x ∈ K. In cases h is used as
a parameter, we may identify the parameter h with the number maxK∈Th hK .

We define Vh to be the finite-dimensional FEM-subspace of W 1,2(Ω) con-
sisting of continuous piecewise linear functions with respect to Th which also
vanish on ∂Ω, i.e. those continuous functions v : Ω→ R such that v|K is a linear
polynomial and v(x) = 0 for all x ∈ ∂Ω.

Given an enumeration of the nodes of the triangulation, say Nh = {Ni}Mi=1,
we introduce the set of nodal basis functions (tent-functions) {ϕi}Mi=1 ⊂ Vh
according to

ϕi(Nj) = δij ,(1.2.66)

where δij is the Kronecker-delta function, and that these functions are extended
to be piecewise linear with respect to the triangulation Th.

Choice of ansatz

The true solution, if it is defined as a weak solution to the problem above, lies
in the space W 1,2

g (Ω). The idea is to approximate the true solution u with the
FEM-solution Uh lying in a finite-dimensional affine space of W 1,2(Ω). We want
to find Uh of the form

Uh =
∑

Nj∈N∂Ω

g(Nj)ϕj +
∑

Nj∈NΩ

ξjϕj ,(1.2.67)

where ξj ∈ R are the unknowns. For smooth enough boundary data g and ∂Ω
this ensures that Uh has the appropriate boundary values, being exact at for
the nodes in N∂Ω, and on the rest on ∂Ω, the values of Uh will be the linear
interpolation between the values at the nodes in N∂Ω.
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Choice of relations

We make the choice that Uh shall fulfill∫
Ω

Q(x, Uh)∇Uh · ∇v dx =

∫
Ω

fv dx for all v ∈ Vh.(1.2.68)

Since any v ∈ Vh can be written as a linear combination of the nodal basis
functions ϕj correspoding to the interior nodes Nj ∈ NΩ, the equation above
holds iff ∫

Ω

Q(x, Uh)∇Uh · ∇ϕj dx =

∫
Ω

fϕj dx(1.2.69)

for all j’s correpsonding to internal nodes.

Remark 1.2.11. Note that the function Uh does not lie in the FEM-subspace
Vh since the method above is adapted to incorporate the boundary values g in
the ansatz for Uh.

Quadrature and Finite-dimensional problem

To discretize the problem we use quadrature formulas for the integrals, according
to the principle ∫

K

f(x) dx ≈ |K|
∑
x`∈K

w`f(x`).(1.2.70)

where K ⊂ RN is a triangle in Th, x` are quadrature points in K, and w` are
the corresponding quadrature weights.

Remark 1.2.12. The notation x` ∈ K denotes that a choice of finitely many
quadrature points x` in each element K is made.

Our finite-dimensional non-linear problem reads, find ξj ∈ R, for j = 1, . . . , |NΩ|,
corresponding to the internal nodes of the triangulation of Ω, such that

∑
K∈Th

|K|
∑
x`∈K

w`

(
Q(x`, Uh(x`))∇Uh(x`) · ∇ϕj(x`)− f(x`)ϕj(x`)

)
= 0,

(1.2.71)

for all j corresponding to internal nodes, where the values g(Nj) for Nj ∈
N∂Ω are used in the definition of Uh according to the ansatz in (1.2.82). For
presentational purposes we consider the special case g ≡ 0, then our finite-
dimensional problem explicitly reads, find ξj for j = 1, . . . , |NΩ|, such that

∑
K∈Th

|K|
∑
x`∈K

w`

(
(a−(x`) + (a+(x`)− a−(x`))

(1.2.72)

βη(ξjϕj(x`)− ψ(x`,
x`
ε

))ξj∇ϕj(x`) · ∇ϕi(x`)− f(x`)ϕi(x`)
)

= 0
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for all i = 1, . . . , |NΩ|, corresponding to interior nodes Ni. Note that the Ein-
stein summation convention is used in the expression above. This is a system
of |NΩ| equations in |NΩ| variables.

Newton-Raphson’s method

The obtained system is non-linear in ξj and we use the Newton-Raphson’s
method to solve it. We define F : ξ ∈ RN → RN , where N is the number
of unknowns ξj , by

Fi(ξ) =
∑
K∈Th

|K|
∑
x`∈K

w`

(
(a−(x`) + (a+(x`)− a−(x`))(1.2.73)

βη(ξjϕj(x`)− ψ(x`,
x`
ε

))ξj∇ϕj(x`) · ∇ϕi(x`)− f(x`)ϕi(x`)
)
,

for i = 1, . . . , N . The corresponding Jacobian for the non-linear function F is
given by the expression

∂Fi
∂ξk

=
∑
K∈Th

|K|
∑
x`∈K

w`

{
a−(x`) + (a+(x`)− a−(x`))(

β′η(ξjϕj(x`)− ψ(x`,
x`
ε

))ϕk(x`)ξj∇ϕj(x`)(1.2.74)

+βη(ξjϕj(x`)− ψ(x`,
x`
ε

))∇ϕk(x`)
)
· ∇ϕi(x`)

}
.

We solve the equation F (ξ) = 0 by using the Newton-Raphson method,
namely we iterate

ξn+1 = ξn − J−1(ξn)f(ξn)(1.2.75)

using the Jacobian J = (∂Fi/∂ξk)1≤i,k≤N . For this to be possible in the current
setup we need the conductivity Q = Qη(x, r) to be sufficiently smooth in the
r-variable, which precisely corresponds to the fact of having the regularization
βη of the Heaviside step-function. This gives us yet another motivation for
considering the artificial problem when we have the regularized conductivity
including βη.

Remark 1.2.13. Note that ∂Fi/∂ξk includes a term with a factor β′η(x), which
is a function with support [−η/2, η/2], this together with

∫
βη dx = 1 gives us

that β′η(0) ≈ 1/η, hence we see that this regularization introduces a term which
in the limit η → 0 has its support on the graph of the function ψ.

1.2.17 Multi-scale and scale separation

Supposing that we implement the finite element method derived above for the
conductivity Q(x, r) = (a−(x) + (a+(x)− a+(x))βη(r − ψ(x, xε )) producing the
numerical solution Uh,ε,η depending on the discretization parameter h, regular-
ization parameter δ and homogenization parameter ε. Since the function ψ(x, ·)
is Y -periodic we will have that ψε(x, ·) = ψ(x, 1

ε ·) is εY -periodic.
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In order for the numerical solution Uh,ε,η to be a good approximation of the
true solution uε,η it is necessary for us to resolve the computational domain Ω in
triangles which have maximal diameter h smaller than the characteristic length
εdiam(Y ). This however means that the number of triangles needed to resolve
the fine scale structure of the problem will scale as 1/εn, where n is the spatial
dimension of the problem, hence if we are interested in a numerical approxima-
tion Uh,ε=0,η of the solution uε=0,η to the homogenized problem (which we in the
circumstances in this treatise do not have a clear representation formula of) we
are forced to take h� ε and therefore obtain a very large number of unknowns
ξj , hence making it computationally expensive to compute such a solution.

1.2.18 Finite Element Heterogeneous Mulitscale Method
(FE-HMM)

Remedying the problem of having to resolve the full computational domain
Ω with respect to ε to capture the highly oscillatory nature of the coefficient
Q induced by the oscillating obstacle ψε, we will consider a method which will
take advantage of the fact that the problem (2.2.1) has scale separation, one
being the macroscopic scale diam Ω and the other is the scale ε, which is tied to
the εY -periodicity of the obstacle ψε.

We shall employ a decoupling of the two scales and setup a method for the
averaging part uε=0,η for the non-linear equation (2.2.1) by employing the idea
of freezing a coefficient and obtain a linear problem. The formulation of an
HMM for a linear uniformly elliptic problem with separated scales, which the
upcoming definition is based on, is suggested in [4, Chapter 8, Theorem 1]. We
shall then define the HMM to our non-linear problem as, if it exists, a fixed point
for a certain mapping KHMM of an (affine) FEM-space into itself.

Linear macroscopic and microscopic model

Consider the quasilinear uniformly elliptic equation

−div(Qη(x,
x

ε
, u)∇u) = f, in Ω,(1.2.76)

u = g, on ∂Ω,(1.2.77)

where Qη(x, y, r) is Y -periodic in the fast variable y. We freeze the argument
u (corresponding to the r-variable) in this equation and obtain a linear macro-
problem. Hence we consider for a fixed function v ∈ C(Ω) the linear uniformly
and strictly elliptic equation

−div(Qη(x,
x

ε
, v)∇u) = f, in Ω,(1.2.78)

u = g, on ∂Ω.(1.2.79)
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We assume that the macroscopic model for the first term u0 in the multiple
scale expansion of uε is given by

−div(Qeff(x, v)∇u) = f, in Ω,(1.2.80)

u = g, on ∂Ω,(1.2.81)

for some effective conductivity Qeff.
We use the standard FEM method for this equation using the discretization

parameter H, triangulation TH = {KH} with elements KH , nodes {Ni} ⊂ Ω
where N∂Ω are the nodes on the boundary of Ω and NΩ are the nodes in the
interior of Ω, set of continuous piecewise linear functions VH vanishing on ∂Ω,
and nodal basis functions Φi. We make the ansatz of UHMM ∈ VH according to

UHMM =
∑

Nj∈N∂Ω

g(Nj)Φj +
∑

Nj∈NΩ

ξjΦj ,(1.2.82)

where the boundary values are incorporated in strong form and ξj are the un-
knowns. The number of unknowns we again define as N .

Just as in Section 1.2.16, setting g = 0 for presentational purposes, we choose
the relations (using the Einstein summation convention below)∫

Ω

Qeff(x, v)ξi∇Φi · ∇Φj dx =

∫
Ω

fΦj dx(1.2.83)

for all Φj nodal basis functions corressponding to the internal nodes Nj ∈ NΩ.
Using a numerical quadrature rule we obtain the linear system

∑
K∈TH

|K|
∑
x`∈K

w`

(
Qeff(x`, v(x`))ξi∇Φi(x`) · ∇Φj(x`)− f(x`)Φj(x`)

)
= 0.

(1.2.84)

The problem here is that Qeff is, we assume, not given in a form directly
computable. The key aspect is that we want to capture enough of the fine scale
behaviour of the oscillatory problem and that this information can be used in
the construction of the solution UHMM on the macroscopic scale. We introduce

Iδ(x) = x+ [−δ/2, δ/2]n ⊂ Rn(1.2.85)

as a microcell with axes of length δ centered at the point x ∈ Ω.
We see that the desired entities needed in the formulation of the equation

above are Qeff(x`, v(x`))∇Φi(x`) · ∇Φj(x`), which we choose to compute as an
average according to, following [4, 5],

Qeff(x`, v(x`))∇Φi(x`) · ∇Φj(x`) :=
1

δn

∫
Iδ(x`)

Qη(x,
x

ε
, v)∇ϕεi · ∇ϕεj dx,

(1.2.86)

where the elements ϕεj fulfill the homogenous version of problem (1.2.78) to-
gether with an added constraint on the mean value of the gradient of the fine
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scale solutions being equal to the gradient of the global basis function at the
quadrature point x`, i.e.

−div(Qη(x,
x

ε
, v)∇ϕεj) = 0, in Iδ(x`),(1.2.87)

MIδ(x`)(∇ϕ
ε
j) = ∇Φj(x`),(1.2.88)

where we define the mean value operator

MA(f) =
1

|A|

∫
A

f dx.(1.2.89)

In order to fulfill the second criteria we choose the boundary conditions

ϕεj(x) = ∇Φj(x`) · x, on ∂Iδ(x`).(1.2.90)

It is possible to make other choices of boundary values, as the choice of boundary
values for the microscopic problems influences the computed entities (1.2.86). To
reduce the influence of the boundary conditions chosen it is possible to compute
the average in (1.2.86) by doing it over a smaller cell Iδ′(x`) for some δ′ < δ, for
further discussion see [4].

We solve the linear microproblem (1.2.87) together with (1.2.90) by using
a standard FEM-method on the domain Iδ(x`). The discretization parameter
related to the solution of the microproblems will be denoted by h. The computa-
tion of the integral in (1.2.86) is done using numerical quadrature of sufficiently
high order. The linear system (1.2.84) is subsequently solved with the solution
being denoted by

UHMM = UHMM,v,H,h,δ,ε,η.(1.2.91)

This procedure defines a mapping KHMM : H1(Ω)→ H1(Ω) given by

v 7→ KHMM(v) = UHMM,v,H,h,δ,ε,η.(1.2.92)

Fixed point and fixed point iteration

Letting Ug =
∑
Nj∈N∂Ω

g(Nj)Φj and assuming

v 7→ KHMM(v)(1.2.93)

has a fixed point of the form U = Ug + τ for some τ in the FEM-subspace
VH ⊂ H1(Ω), we denote such a fixed point by

U∗HMM = U∗HMM,H,h,δ,ε,η,(1.2.94)

occasionally suppressing the parameter dependence for presentational ease. Per
definition

U∗HMM = KHMM(U∗HMM),(1.2.95)
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hence U∗HMM = U∗HMM,H,h,δ,ε,η should be considered an approximation of the
solution to

−div(Qeff(x, u)∇u) = f, in Ω,(1.2.96)

u = g, on ∂Ω,(1.2.97)

which is the desired outcome.
We implement a fixed point iteration using the mapping KHMM according

to

U i+1
HMM = KHMM(U iHMM)(1.2.98)

where U0
HMM = U0 is a given function in the space Ug + VH , and let, if the

iteration converges, take that limit as our fixed point (1.2.94).



Chapter 2

Summary of Results

2.1 Paper 1: Multiphase Hele-Shaw flow with
Solidification

The main result is the existence, proved using the implicit function theorem, of
a solution Wε in the Bochner space L2(0, T ;H1

0 (Ω;Rm)) to a non-local in time
semi-linear system of coupled PDEs of second order related to obstacle type
problems, having the explicit form

−∆uiε + (1− χDi0)βε(u
i
ε)(2.1.1)

+
1

ε

∑
j 6=i

[βε(u
j
ε) +

∫ γε(t)

0

βε(u
j
ε(s)) ds]βε(u

i
ε)

= γε(t)µ
i, in (0, T )× Ω,

with Ω ⊂ Rn a bounded domain, the functions βε(s) and γε(s) being regu-
larizations of the Heaviside step function and s 7→ (s)+ respectively. We also
show using weak compactness arguments that there is a limit flow W such that
Wε ⇀ W as ε → 0 over some subsequence in the space L2(0, T ;H1

0 (Ω;Rm)).
The limiting flow is defined to be the mulitple-phase Hele-Shaw flow.

2.2 Paper 2: Highly Oscillating Conductivities
with Jumps

We study the regularized, oscillatory, multiscale, quasilinear, elliptic problem in
divergence form

− div(Qη(x,
x

ε
, u)∇u) = f, in Ω,(2.2.1)

u = g, on ∂Ω,(2.2.2)

27
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assuming that the conductivity has the form

Qη(x, y, r) = a−(x) + (a+(x)− a−(x))βη(r − ψ(x, y)),(2.2.3)

for some domain Ω ⊂ Rn, n ≥ 1, a regularization βη of the Heaviside step
function and a locally periodic function ψ(x, y), Y -periodic in y.

The equation is studied qualitatively as well as quantitatively in terms of the
limit processes η → 0 (loss of regularity) and ε→ 0 (highly oscillatory problem
data).

One of the theoretical main results is the following, which shows the emer-
gence of an extra term, quantified by α ∈ L∞(Ω), in the case when the obstacle
ψε is non-constant and in the limit η → 0.

Theorem 2.2.1 (Theorem 5.1). Suppose that g, ψε = ψ(·, ·/ε) ∈ W 1,2(Ω) and
f ∈ H−1(Ω) and that Ω is a bounded Lipschitz domain in Rn. Then the solutions
uε,η ∈ H1

g (Ω) to the problem (Pε,η) fulfilling, for all φ ∈ H1
0 (Ω),∫

Ω

(
a− + (a+ − a−)βη(uε,η − ψε)

)
∇uε,η · ∇φdx =

∫
Ω

fφ dx,(2.2.4)

converges weakly in H1
g (Ω) along some sequence ηk → 0 to some function

uε,0 ∈ H1
g (Ω) fulfilling, for all φ ∈ H1

0 (Ω),∫
Ω

(
a−+(a+ − a−)χ{x:uε,0>ψε}

)
∇(uε,0 − ψε) · ∇φdx(2.2.5)

+

∫
Ω

(
a− + (a+ − a−)αε

)
∇ψε · ∇φdx =

∫
Ω

fφ dx,

where αε is the weak-∗ limit in L∞(Ω) of the sequence of functions βηk(uε,ηk −
ψε), i.e.

βηk(uε,ηk − ψε) ⇀∗ αε ∈ L∞(Ω) as k →∞.(2.2.6)

An example of the emergence of behaviour relating to this theorem is shown
in Figure 2.3. The yellow mushy region is parameterized by η, and as η → 0,
the FEM-solution shows the behaviour that there is a subset of the domain Ω,
with full Lebesgure measure, such that the solution is equal to the obstacle.

Furthermore a FE-HMM solver is developed and tested against a standard
non-linear FEM-solver which resolves the full domain. In Figure 2.1 the FE-
HMM (blue line with dots) solution is shown compared to the standard FEM
solution (red line) for the choice of f = 0 and a locally periodic ψ. The obstacle
is highly oscillatory and the fine scale FEM-solution resolves the global domain
in the smallest scale. The obstacle separates the region which is above and
below ψε and each time the fine scale solution passes the obstacle, the solution
a breaking condition in the derivative.

The numerical experiments suggest that the devised solvers exhibit the ex-
pected convergences for the test cases studied.
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(a)

Figure 2.1: Shows the FE-HMM solution U∗HMM,H,h,δ,ε,η as the blue dotted line
on a coarse macro grid with N = 6 for a couple of choices of the parameters:
N, δ are kept fixed as h and ε are decreased. This is compared to the FEM
solution Uh′,ε′,δ′ with parameters h′ = 4.8828e− 04, ε′ = 1/27, and η′ = 5h′ in
red. We note that the FE-HMM solution captures the global behaviour of the
fine scale FEM solution.
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(a)

Figure 2.2: In this case the periodicity in ψ is induced by a wedge. The numerical
solutions Uh,ε,η are shown for a small value of h, ε, and η. We observe that the
limiting solution no longer resembles a broken harmonic function in the sense
that it solves a problem with a horizontal obstacle with constant conductivity
below and above. We conjecture that the limiting solution in the homogenization
process no longer solves an equation of the type (2.2.1) & (2.2.3).
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Figure 2.3: Shows the analytical solution (red dotted line) and numerical
Uh,η=10h (blue circles) solution to the problem when η = 0 and ψ(x) =
1.1 − x2 and f ≡ 0. The shaded yellow area in the middle corresponds to
the mushy region in which the conductivity varies from a− = 1 to a+ = 4 in a
smooth fashion. The different subfigures correspond to decreasing the value of
the discretization parameter h. For the numerical FEM solver we set η = 10h
in order to capture the analytical solution in the limit h→ 0. We observe con-
vergence of the numerical solution to the analytical solution as h → 0. We see
that for all approximate solutions Uh,η=10h does not pass through to the region
below the obstacle, but instead stays within the mushy region. We also observe
that the coincidence set {u = ψ} has full measure, which is captured accurately
by the numerical solver.
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Finally, the empirical evidence points in the direction that depending on the
structure of the obstacle ψε solutions uε,η converges to a function uε=0,η which
does not solve an equation of the same structural form as uε,η does. This
behaviour is shown in Figure 2.2.
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