
Finite temperature properties of elements and

alloy phases from first principles

Hossein Ehteshami

Doctoral Thesis in Materials Science and Engineering
Stockholm 2018



KTH Royal Institute of Technology
School of Industrial Engineering and Management
Department of Materials Science and Engineering
Unit of Properties
SE-100 44 Stockholm, Sweden

ISBN 978-91-7729-687-4

c© Hossein Ehteshami, 2018

Akademisk avhandling som med tillst̊and av Kungliga Tekniska högskolan i
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To my Mom and Dad





What I cannot create, I do not understand.

- Richard Feynman





Abstract

First principles calculations are usually concerned with properties calculated at
temperature 0 K. However, the industrially important materials are functioning
at finite temperatures. To fill such a gap a first-principles based modeling of free
energy has been developed in this thesis and finite temperature properties of
different phases of Fe and Mn have been calculated and contrasted with available
experimental data.

In particular, using partitioning of the Helmholtz free energy, thermophysical
properties of paramagnetic Fe have been reported. The heat capacity, the lattice
constant, thermal expansion and elastic moduli of γ- and δ-Fe show a good
agreement with available experimental data. In the case of α-Fe, we observe
a good agreement for elastic moduli and thermal expansion with experiments
but the heat capacity is not well-reproduced in the calculations because of the
large contribution of magnetic short-range which our models are not capable of
capturing.

α- and β-Mn theoretically pose a challenge for direct simulations of ther-
modynamic properties because of the complexity of magnetic and crystal struc-
ture. The partitioning of free energy has been used and thermodynamics of
these phases have been derived. The obtained results show a good agreement
with experimental data suggesting that despite the complexities of these phases,
a rather simple approach can well describe their finite temperature properties.
High-temperature phases of Mn, γ and δ, are also theoretically challenging
problems. Employing a similar approach to Fe, thermophysical properties of
these high symmetry phases of Mn have been reported which also show good
agreement with available experimental data.

The point defect and metal-self diffusion in titanium carbide (TiC), a refrac-
tory material, have been investigated in the present work. The common picture
of metal-vacancy exchange mechanism for metal self-diffusion was shown to be
unable to explain the experimentally observed values of activation energy. Sev-
eral new clusters of point defects such as vacancies and interstitials have been
found and reported which are energetically lower than a single metal vacancy.
In a subsequent study, we showed that some of these clusters can be considered
as mediators of metal self-diffusion in TiC.

Evaluation of structural properties of Ti(O,C), a solid solution of TiC and
β-TiO, from supercell approach is an extremely difficult task. For a dilute
concentration of O, we show the complexity of describing an impurity of O in
TiC using supercell approach. A single-site method such as the exact muffin-
tin orbital method in the coherent potential approximation (EMTO-CPA) is a
good alternative to supercell modeling of Ti(O,C). However, a study of Ti(O,C)
using EMTO-CPA requires a further development of the technique regarding the
partitioning of space. The shape module of EMTO has been modified for this
purpose. With the help of the modified module, Ti(O,C) has been studied using



EMTO-CPA. The results for the divacancy concentration and corresponding
lattice parameter variations show good agreement with experimental data.



Sammandrag

Beräkningar av de första principerna är vanligtvis baserade p̊a egenskaper vid
0 K. Material som är industriella viktigåamste fungera vid höga temperaturer.
Industriellt tillämpbaraiga material fungerar vid förhöjd temperatur. För att
öka kunskapen om s̊adana material fokuserar denna avhandling, där en p̊a mod-
ellering av fri energi baserad p̊a de första principerna har tagits fram, och där
egenskaper av olika faser av Fe och Mn har beräknats vid höga temperaturer i
jämförelse med experimentell data. I synnerhet har termofysiska egenskaper av
paramagnetisk Fe rapporterats baserat p̊a partitionering av Helmholtz fri energi,
Värmekapaciteten, gitterkonstanten, värmeutvidgningen och den elastiska mod-
ulen av γ- och δ-Fe visar ett god överensstämmelse med tillgängliga experiment-
data. När det gäller α-Fe observerar vi en bra överensstämmelse mellan elastisk
modul och termisk expansion jämfört med experiment, men värmekapaciteten
är inte väl reproducerad i beräkningarna p̊a grund av det stora bidraget fr̊an
magnetisk kortdistansorder till värmekapacitet som v̊ara modeller är inte ka-
pabla att ta hänsyn till.

α- och β-Mn utgör teoretiskt sett en utmaning för direkt simulering av
termodynamiska egenskaper p̊a grund av komplexiteten hos dess magnetiska
och kristallina struktur. Partitionering av fri energi har använts och termody-
namiken hos dessa faser har härledts. Erh̊allna resultat visar en bra överensstämmelse
med experimentella data, vilket tyder p̊a att, trots komplexiteten i dessa faser,
kan en relativt enkel metod beskriva temperaturegenskaper. Högtemperaturfaser
av Mn, γ och δ, är ocks̊a teoretiskt utmanande problem. Med hjälp av ett lik-
nande tillvägag̊angssätt för Fe har termofysiska egenskaper hos dessa högsymmetriska
faser av Mn rapporterats, vilket ocks̊a visar p̊a en god överensstämmelse med
tillgängliga experimentella data.

Punktfel och metall-självdiffusion i titankarbid (TiC) samt i eldfasta material
har undersökts. Den gemensamma bilden av mekanismen för utbyte av metall-
ledighet visade sig vara otilläcklig för att förklara experimentellt observerade
resultat för aktiveringsenergi. Flera nya grupper av vakanser har hittats och
rapporterats, som är energiskt lägre än bildningen av en metallvakans. I en
senare studie visade vi hur dessa kluster kan betraktas som mediatorer av met-
alldiffusion.

Utvärdering av strukturella egenskaper hos Ti(O,C), fast lösning av TiC
och β-TiO, att använda supercells är en extremt sv̊ar uppgift. För en utspädd
koncentration av O visar vi komplexiteten av inklusion av O i TiC. Ensskilda
metoder s̊asom EMTO-CPA är ett bra alternativ för att studera Ti(O,C). Att
studera Ti(O,C) med hjälp av EMTO-CPA kräver dock utveckling när det
gäller metoden för tesselation. Formmodulen p̊a EMTO har modifierats för
detta ändam̊al. Med hjälp av den modifierade modulen har Ti(O,C) studerats
med användning av EMTO-CPA. Resultaten av divacancy-koncentrationen och
följaktligen gitterparametern visar p̊a god överensstämmelse med experimentella
data.
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Chapter 1

Introduction

The first principle is that you must not fool yourself and
you are the easiest person to fool. - Richard Feynman

The main theme of thesis is to derive the thermophysical/thermodynamic
properties of elements and alloys phases from first principles calculations. Here,
we are concerned with elements and compound of interest for industry. The
final goal is to gain better understanding of materials properties at elevated
temperatures and to provide a robust and accurate database of these proper-
ties for continuum or other types of modeling. All of results presented in this
thesis are calculated based on density functional theory (DFT). In Chapter 2
a short account of the theory will be given. In the Chapter 3, DFT at finite
temperatures based on models of the Helmholtz free energy will be discussed. In
Chapter 3, we compare results of different methods to calculate thermodynamic
properties of elemental Cu and benchmark results of the Debye model which is
mainly used in the thesis. Using this model, we derive and analyze thermophys-
ical properties of polymorphous Fe in Chapter 4, thermodynamic properties of
α- and β-Mn in Chapter 5 and thermophysical properties of γ- and δ-Mn in
Chapter 6. Chapter 7 is concerned with the point defects in TiC and Ti(O,C).
Finally, Chapter 8 summarize the results presented in this thesis and discusses
the future directions.

1.1 Thermophysical properties at elevated tem-
peratures

DFT calculations correspond to 0 K and to calculate finite temperature prop-
erties an extension is required. The main difficulty that arises in calculating
properties at elevated temperatures is the existence of different types of disorder.
At high temperatures, there are electronic, magnetic and vibrational disorders
which are also simultaneously coupled to each other. The straightforward cal-
culations of thermodynamic/physical properties is a challenging task and even
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with the advent of modern computers it seems to be formidable. While the
direct calculations for nonmagnetic systems are cumbersome, the existence of
magnetic disorder makes the problem even more difficult. In this thesis, we rely
on the adiabatic approximation and try to calculate thermodynamic/physical
properties using this principle. The adiabatic approximation in this context
means that faster degrees of freedom can be integrated out first and slower de-
grees of freedom can be integrated out afterwards. This approximation makes
the calculations much simpler than a fully coupled case. In Chapter 3, the basics
of the adiabatic approximation will be discussed and it will be practically used
in Chapters 4, 5 and 6.

It was mentioned above that the magnetic disorder makes the problem of
finite temperature calculations more challenging. The main focus of this thesis
is on paramagnetic metals which possess local or itinerant moments at finite
temperatures. We will show how transverse spin fluctuations (TSF) model of
magnetic disorder can be used to calculate thermophysical properties of param-
agnetic Fe. The high temperature phase of Fe, δ-Fe is particularly a challenging
case to treat theoretically. By devising an averaging scheme, the properties of
δ-Fe could be predicted in good agreement with available experiments.

α- and β-Mn phases possess complex crystal structures and rather large
number of atoms in the unitcells. Thermodynamic properties of such systems
are certainly a challenge for computationally expensive methods. The TSF
model, using the formalism that will be discussed in Chapter 3, enables us
to calculate thermodynamic properties with an acceptable margin of error in
comparison to experiments. One can consider the success of the TSF model
for α- and β-Mn as an indication of usefulness of such model for paramagnetic
disorder in complex structures.

In addition to TSF, the longitudinal spin fluctuations (LSF) model of para-
magnetic disorder was also exploited to study the thermophysical properties of
γ- and δ-Mn. The main difference between the LSF and TSF models is that the
longitudinal excitation of moments and its coupling to transverse fluctuations
are considered in the former and neglected in the latter. We see that for γ- and
δ-Mn, TSF is no longer a good model to obtain thermophysical properties and
one must consider longitudinal excitations of magnetic moments in order to get
the thermodynamics of these phases right.

1.2 Defects in TiC and Ti(O,C)

TiC belongs to the family of refractory materials, transition metal carbides and
nitrides, that exhibit properties such as extreme hardness, high melting point,
high electrical and thermal conductivity. TiC crystallizes in NaCl cubic struc-
ture which is known to have a large fraction of carbon vacancies. The carbon
vacancies are well studied for TiC. However, other intrinsic defects and clus-
ters have been neglected, possibly because of their high formation energies. In
Chapter 7, a thorough analysis of point defects will be presented for TiC. Some
newly discovered clusters will be discussed. For example, while the formation
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energy of a titanium vacancy VaTi is as high as 7.47, clustering of VaTi with 2
carbon vacancies VaC reduces the formation energy by 3.4 eV.

Another interesting problem in TiC is the mechanism of metal self-diffusion
in this compound which remains to be a difficult problem to solve. The common
assumption of vacancy mediated diffusion fails to reproduce the experimental
value of activation energy. In this chapter, the possibility of employing newly
discovered clusters as diffusion mediators will be analyzed. It will be shown that
these clusters can provide some explanation for the experimentally observed
pattern of diffusion.

The solid solution of TiC and TiO, Ti(O,C), is also studied and presented in
Chapter 7. Investigating these compounds using the supercell approach seems
to be an extremely difficult task. A single-site approach was thereby adopted
and the effect of vacancy on the structural properties is reported.
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Chapter 2

Theoretical background

If you thought that science was certain - well, that is just
an error on your part. - Richard Feynman

This chapter is concerned with the theoretical background of density functional
theory (DFT) and different methods of solving Kohn-Sham equations. While
the details about the theory and methods of solving the equations can be found
in seminal book of R. Martin [1], here a rather compact exposition of the subject
is given which is based on the recent review of Jones [2].

2.1 Many-particle Hamiltonian

The behavior of subatomic particles can be described by quantum mechanics.
If one wishes to describe the stationary state of a system of particles consisting
of electrons and nuclei, one must obtain the solution of the corresponding time
independent Hamiltonian,

H = − ~2

2me

∑
i

∇2
i −

∑
i,I

ZIe
2

|rrri −RRRI |
+

1

2

∑
i6=j

e2

|rrri − rrrj |

−
∑
I

~2

2MI
∇2
I +

1

2

∑
I 6=J

ZIZJe
2

|RRRI −RRRJ |
, (2.1)

where the lower case subscripts denote electrons while nuclei with charge ZI
and mass MI are denoted by upper case subscripts. Meaning of each term in
Eq. 2.1 will be discussed below. Since the mass of an electron is ≈ 1/1000 mass
of a nucleus, then terms with mass of nuclei can be considered to be small,
i.e. 1

MI
is a small parameter. One can then perturbatively expand this term

and results of such expansion should in general represent the full interacting
system of electrons and nuclei. Taking the nuclei mass to infinity, the kinetic
energy of nuclei can be ignored; this is the known Born-Oppenheimer adiabatic
approximation (BOA). In this approximation, electrons, because of their much
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higher speed, see nuclei as fixed point particles. Although this is an excellent
approximation for many cases, BOA breaks down in special situations. For
example, if the ground state energy is degenerate, then this approximation fails.
In such cases, one might observe a distortion in structure which is also called
the Jahn-Teller distortion.

Within BOA and in the atomic units (me = 1, ~ = 1, e = 1) the Hamiltonian
becomes

H = Te + Ve−N + Ve−e + EII , (2.2)

where Te = 1
2

∑
i∇2

i is the kinetic energy of electrons, Ve−e = 1
2

∑
i6=j

1
|rrri−rrrj |

is the interaction between any two pair of electrons, Ve−N = −
∑
i,I

ZI

|rrri−RRRI |
is the interaction between nuclei and electrons, and EII = + 1

2

∑
I 6=J

ZIZJ

|RRRI−RRRJ |
is the interaction between nuclei. The last term is decoupled from the rest of
Hamiltonian in BOA and therefore can be separated from the rest of terms since
it can be directly calculated. For a fixed position of nuclei and for a general case,
the above Hamiltonian is analytically and even computationally impossible to
solve. However, this equation contains much of information that one needs to
understand the chemistry and/or physics of a system. The main complication
for Eq. 2.2 stems from the Ve−e term which couples, in a highly nonlinear way,
the motion of each electron to the others. In the absence of such a term, the
wave function of the N -electron system can be simply written as the product of
N single-particle solutions,

Ψ(rrr1, rrr2, ...) = ψ1(rrr1)...ψN (rrrN ), (2.3)

where ψi(rrri) is the solution for the one-particle Hamiltonian. Therefore, it is
possible to find the total energy of a system of decoupled electrons from simple
one-electron theory. This is related to the fact that, without the Ve−e interaction
term, the Hamiltonian must be a sum of identical one-electron Hamiltonians
one for each electron [3]. And they must all be identical since all electrons
in nature are indistinguishable. This already gives us a hint how to find some
approximation for the full interacting problem. If one assumes that each electron
moves in a field of other electrons and nuclei and interacts with them via the
field they produce, one can then approximate the solution of the interacting
system using Eq. 2.3. This is often called “Hartree” approximations. This
form of solution does not satisfy the Pauli exclusion principle, however it was
shown by Slater that a determinant of such solution does satisfy the Pauli
exclusion principle and has almost the same simple structure of Eq.2.3. Such
determinants are called Slater determinants and the equations they result in are
Hartree-Fock (HF) equations. HF method has been a workhorse for electronic
structure calculations but it has several shortcomings; some of them have been
remedied by DFT. The discussion should make this clear that while the full
interacting problem is quite difficult to solve, one-electron problem can be solved
numerically.
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2.2 Density functional theory

The first DFT was proposed by Thomas [4] and Fermi [5] for a system of elec-
trons. Considering the electron density,

n(rrr) = N

∫
drrr2...drrrNΨ∗(rrr,rrr2, ..., rrrN )Ψ(rrr,rrr2, ..., rrrN ), (2.4)

a model for calculating atomic properties solely based on n(rrr) has been suggested
in which the electron gas satisfies Fermi-Dirac statistics and Ve−e interaction
term is just a classical Coulomb term. The kinetic energy term is calculated from
a homogeneous electron gas with the equivalent density. The approximation to
map locally the electron density on to electron gas is nowadays called the local
density approximation (LDA). The Thomas-Fermi model of atoms has the form

5

2
Ckn(rrr)2/3 +

∫
n(rrr′)

|r − r′|
dr′ + Ve−N + λ = 0, (2.5)

where Ck is a coefficient, and Ve−N is the electron-nuclear interaction. If one
focuses only on electrons and their interaction among themselves, Ve−N interac-
tion by the electron gas is seen as an external potential Vext. The Thomas-Fermi
(TF) model and developments that came afterwards could approximately de-
scribe the charge density and electrostatic potential. However, this model has
serious deficiencies mainly because of its problem to correctly describe electron
density in the outer region of an atom. Teller [6] showed that TF model does
not predict the binding of neutral atoms to form molecules or solids. Such defi-
ciency makes TF model useless for chemistry and materials science. The LDA
approximation for kinetic energy of electrons means that electronic structure of
an atom predicted by TF model does not have a shell structure. Gradually the
role that electron density can play in describing a system of interacting electrons
has become apparent. For example, it became known that electron densities of
molecules and solids are slightly different from the overlapped densities of the
constituent atoms [7].

The seminal work of Hohenberg and Kohn [8] (HK) laid the foundation
of DFT based on the variational principle. In their paper, they proved that
there is a one-to-one correspondence between the external potential Vext and
the (nondegenerate) ground state wave function Ψ and there is a one-to-one
relationship between Ψ and the ground state density n(rrr) of an N -electron
system. Therefore, knowing the density determines the external potential upto
a constant. This way all terms in the Hamiltonian will be known. HK followed
this line of reasoning and applied it to the total energy. They defined the
universal functional of density F [n(rrr)] as

F [n] = 〈Ψn|T + Ve−e|Ψn〉 . (2.6)

This functional is universal in the sense that it is valid for any external poten-
tial Vext. Then, they proved that the energy functional E[n, Vext] fulfills the
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variational principle:

EGS = min
n(rrr)

E[n, Vext], (2.7)

where the functional E is

E[n, Vext] =

∫
Vext(rrr)n(rrr)drrr + F [n]. (2.8)

The minimization in Eq. 2.7 occurs over all nondegenerate densities that can
be derived from the ground state of some external potential. Although formally
HK theorems show that instead of calculating wavefunction Ψ(rrr1, ..., rrrN ), for
which there are as many as of 3N variables for N electrons, one can resort to
calculate n(rrr) which is a function of just 3 variables, HK theorems do not show
a path to do practical calculations for real systems. In other words, there is still
no recipe to find n(rrr) of the interacting electron system.

In the TF model of atom, one could use the electron gas as the reference state
for interacting electron gas and try to calculate the properties. However, as men-
tioned above, there is a major problem with TF model that it approximates the
kinetic energy very crudely. A major breakthrough has been proposed by Kohn
and Sham [9] that paved the way for accurate calculation of electronic structure
of real materials (atoms, molecules and solids). The Kohn-Sham method to
calculate the total energy of system is simply to construct a fictitious system of
non-interacting electrons such that the electron density of model is the same as
the physical system. The energy functional of such system has the form,

F [n] = Ts[n] +
1

2

∫
n(rrr)Φ(rrr)drrr + Exc[n], (2.9)

where Ts is the kinetic energy of the fictitious non-interacting system, Φ is
the classical Coulomb interaction for electrons and Exc defines the exchange-
correlation (xc) energy. One should note that Ts is not the true kinetic energy
of the system and the true Exc does contain some contributions from the kinetic
energy. This theory in comparison to TF model has the advantages that it does
represent the shell structure of atoms and can predict the chemical bonding of
solids and molecules. It is really interesting to see that except Exc, other terms
can be calculated exactly. We will discuss the physical meaning of Exc and
approximations that have been proposed for more accurate calculations.

Applying the variational principle to Eq. 2.9, one gets

δE[n, Vext]

δn(rrr)
=

δTs
δn(rrr)

+ Vext(rrr) + Φ(rrr) +
δExc[n]

δn(rrr)
= µ, (2.10)

where µ is the Lagrange multiplier to keep the particle number constant. Now,
if we assume a system of noninteracting electrons in an external potential of
V (rrr), from Eq. 2.9 and variational principle we have

δE[n]

δn(rrr)
=

δTs
δn(rrr)

+ V (rrr) = µ. (2.11)
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Eq. 2.11 and Eq. 2.10 are mathematically identical if one assumes that

V (rrr) = Vext + Φ(rrr) +
δExc[n]

δn(rrr)
. (2.12)

Since Eq. 2.11 represents the noninteracting electron system, its solution can be
obtained from the Schrödinger equation for noninteracting particles,

[−1

2
∇2 + V (rrr)]φi(rrr) = εiφi. (2.13)

The electron density then can be evaluated using

n(rrr) =

N∑
i=1

fi|φi(rrr)|2. (2.14)

The φi functions are called the Kohn-Sham orbitals and the fi are the occupa-
tion numbers. To start from a potential corresponding to noninteracting electron
gas and reach to potential V (rrr) that represents the interacting system Eq. 2.12,
one employs the self-consistent (SC) procedure to solve this system of equations
iteratively. The solution and all derivable quantities from it will correspond
to the ground state. Numerically solving Kohn-Sham equations are much eas-
ier than solving a fully coupled systems of equations. Solving Schrödinger like
equation for local effective potentials can be done using available efficient meth-
ods. Finding the local approximation to Exc makes the solution of Kohn-Sham
equations as simple as Hartree equations.

According to the Pauli exclusion principle, an electron with a given spin
produces a region around itself where another electron with the same spin can
not exist. Therefore, a deficiency in charge will be produced that is called Fermi
or exchange hole. Approximation to the exchange hole is crucial to DFT. One
of the first models of exchange potential was proposed by Slater [10] for a free-
electron gas which only depends on the electron density. Slater exchange has
been used in constructing many exchange-correlation functionals. Kohn and
Sham [9] proposed to use the LDA to calculate the exchange-correlation energy,

ELDAxc =

∫
n(rrr)εxc [n(rrr)] . (2.15)

In above Eq., εxc is the exchange and correlation energy per particle of a homo-
geneous electron gas with the density of n(rrr). In the limits of almost constant
and high densities, LDA can be considered a good approximation. The reason
is: at such limits variations of the density are negligible and electron gas is a
good representation of the electron distribution. In real materials, the density
is far from being homogeneous. Surprisingly, LDA works well for real systems.
Physical properties such as bond lengths and energy differences can be predicted
within the error of a few percent. Gunnarsson and Lundqvist [11] showed that
the reason LDA works surprisingly good is that it satisfies sum rules. LDA has
been extended to spin-polarized systems (LSDA) by von Barth and Hedin [12].
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For a spin-polarized system, the exchange-correlation energy can be calculated
from

ELSDAxc =

∫
n(rrr)εxc [n↑(rrr), n↓(rrr)] . (2.16)

Despite much success of LDA, it has severe deficiencies. A generalization of
the LDA is to consider the gradient of electron density as well as its value
to calculate the exchange-correlation functional. Two most common general-
ized gradient approximations (GGA) to the exchange-correlation functional are
Perdew-Wang [13] (PW91) and Perdew-Burke-Ernzerhof [14] (PBE). PBE func-
tional has been used for all calculations reported in this thesis.

Although we have come a long way from a many-body Hamiltonian Eq. 2.1
to the one-particle Schrödinger like Eq. 2.11, solving Eq. 2.11 posses a huge
numerical challenge. Physically, we know that the kinetic energy of electrons
near the nucleus is large, i.e. electrons move faster near the nucleus. This high
kinetic energy of the electron causes rapid oscillations of the wavefunction close
to the nucleus. Therefore, a very fine mesh is required to have an accurate
numerical description of the wavefunction. Due to their high kinetic energy,
electrons near to the nucleus do not participate in the chemical interactions.
On the other hand, in the bonding region between atoms, the wavefunction has
much less kinetic energy and it is the place where chemical interactions occur.
This already gives a hint that one can separate core from valence electrons
and try to find appropriate solution for each set of electrons. So, a division of
the space to two regions for core or valence electrons seems quite reasonable.
Depending on what type of basis functions used for representation, different
methods of electronic structure calculations will be produced. In Sections 2.3
and 2.4 we will present two popular methods with very different representation
for core and valence electrons.

2.3 Pseudopotentials and plane-waves

It was stated that core electrons oscillate rapidly near a nucleus and numerical
representation of such oscillations is a challenging task. The core electrons do
not participate in chemical bonding and their effects on valence electrons are
just like a Coulomb interaction that must obey the Pauli exclusion principle.
Therefore, one can introduce the concept of “Pseudopotentials” to avoid the
complexity of describing the core electrons. By removing the core electrons and
replacing their effect by an effective potential, we basically have an electron
gas of valence electrons which is perturbed by the immersed pseudopotential.
Therefore, solutions of electron gas are of interest. Plane-waves (PW) are the
most natural basis functions for the free electron gas. PWs form a complete
basis set so any smooth function can be expanded using them. Solutions of
Kohn-Sham equations in terms of PWs are simple. However, to represent core
electrons, a very large basis set is necessary that overshadows the applicability
of PWs. Finite plane-wave expansions are entirely insufficient. In the pseudopo-
tential approach, the core electrons are replaced by an effective potential that
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repels the valence electrons from the core region. In this case, the wavefunction
near to nucleus is smooth and can be described by PWs.

Another approach to approximate the wave function is the augmented wave
method. In this method, the core electrons are described using atomic-like
basis (radial functions times spherical harmonics) inside a region around the
nucleus, and in the bonding region PWs or other basis will be used. One then
looks for matching boundary conditions to get a smooth solution. The advan-
tage of the augmented wave methods is that they can accurately describe both
around the nuclei and bonding regions. A breakthrough in PW pseudopoten-
tials method was the projector augmented-wave (PAW) method proposed by
Blöchl [15] which is an extension of augmented wave methods and pseudopoten-
tials. This way two traditions were combined into a unified electronic structure
method.

PAW method relies on a transformation that maps the true wavefunctions
with complete nodal structure to auxiliary wavefunctions. Auxiliary wavefunc-
tions are chosen to be smooth, numerically convenient and also have a rapidly
convergent PW expansion. If the one-particle wavefunctions are denoted by
|ψn〉 and the auxiliary wavefunctions by ˜|ψn〉, the transformation reads;

|ψn〉 = T̂ ˜|ψn〉. (2.17)

Using this transformation, the expressions for expectation values and total en-
ergies based on the auxiliary wavefunctions can be found. The question that
remains is how one can construct such a transformation. Blöchl [15] argues that
T̂ has to modify the auxiliary wavefunction in such a way that the transformed
wavefunction will have the correct nodal structure. He defines the transforma-
tion as

T̂ = 1̂ +
∑
R

ŜR,

where ŜR term is defined based on the solution |φi〉 of Schrödinger equation for
the isolated atom. This set of partial waves |φi〉 is then used as a basis set to
represent valence wavefunctions. The transformation of Eq. 2.17 is also applied
to partial waves to obtain the auxiliary partial waves ˜|φi〉. This way, ŜR will
be defined as the difference between the partial waves and the auxiliary partial
waves ŜR|φ̃i〉 = |φi〉 − |φ̃i〉. Since 1̂ + ŜR should act locally, the partial and
auxiliary wavefunctions must be identical away from a cutoff radius rc,R. The
projector functions which probes the local nature of the auxiliary wavefunction
can be determined from ∑

i

|φ̃i〉〈p̃i| = 1.

Using these relations, the transformation in terms of projectors, partial and
auxiliary wavefunction becomes

T̂ = 1̂ +
∑
i

(
|φi〉 − |φ̃i〉

)
〈p̃i|. (2.18)
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With this equation one can calculate the physical wave function from auxiliary
wavefunctions and therefore other physical properties. A robust implementa-
tion of PAW [16] can be found in the Vienna Ab-Initio Simulation (VASP)
package [17–20]. For benchmarking purpose, the thermophysical properties of
Cu computed using VASP-PAW will be reported in Chapter 3.

2.4 Exact muffin-tin orbital (EMTO) method

The idea of augmented-wave method has started as early as 1937 by Slater [21].
In augmented wave (AW) method, the basis function is constructed from the
atomic like wavefunctions in the atomic region. In the bonding region, a set of
functions called “envelope functions” are used as a basis. This idea later has
been modified and extended by Korringa [22] and Kohn and Rostoker [23]. The
method that has been developed based on these ideas is called KKR method.
The physical picture for AW is to consider the electronic structure as a scattered-
electron problem. When a free electron with PW representation is scattered by
a solid, it undergoes multiple scattering at the atoms. Two possible scenarios
exist: 1) outgoing electron waves do not interfere destructively 2) outgoing
electron waves interfere destructively. In the former, the PW gets a phase shift
after scattering and in the latter the electrons can not escape; a bound state
is formed. In order to make electron scattering problem soluble, a model for
potentials must be selected. One of the most relevant and analytically appealing
approximation to potential is the so-called muffin-tin approximation. In this
approximation, the potential is considered to be spherically symmetric around
the atomic region.

Exact muffin-tin orbital (EMTO) method belongs to AW methods in which
the basis function are constructed for overlapping muffin-tin potentials. Since
the mathematical formulation of the method is rather involved at places, first, a
one dimensional version of the method is given here in order to make the picture
behind the method clear. For this purpose, we follow Tank and Arcangeli [24]
review paper. For simplicity, we consider two non-overlapping potentials. The
simplest muffin-tin potential in one dimension is a square well. A schematic
of such potential is given in Fig. 2.1(a). The single square potential has three
regions: I (x < a), II (−a < x < a) and III (x > a). In each region we can
solve Schrödinger equation exactly and then we can match the different parts
of solution. The solution to different parts are

φI = exp
√
−Ex exp

√
−Ea

φII = cos(
√
E − V0)

[
cos(

√
E − V0a)

]−1

(2.19)

φIII = exp−
√
−Ex exp

√
−Ea,

called partial waves. Above solutions are normalized in order to be matched
at the boundary of the well. This way the continuity of the solution is already
satisfied. The schematic of partial waves can be seen in Fig. 2.1(a). There is
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Figure 2.1: Kinked partial waves for (a) single square well (b) and (c) double
square wells.

a discontinuity in the slope at x = ±a. This discontinuity which is also called
kink has the form

K(E) = −
√

(E − V0) tan(
√

(E − V0)a) +
√
−E. (2.20)

The combination of φI + φII + φIII is called kinked partial wave. This kinked
partial wave satisfies the Schrödinger equation in the domain, but it is still not
an eigenfunction. The reason is that the it has a kink at the boundaries. To find
the eigenfunction we should find a specific energy E at which the kink vanishes.
Such energy is the eigenvalue and the kinked partial wave is the eigenfunction.
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Therefore, the exact solution to this problem is given by the energy E at which
the kink cancellation condition K(E) = 0 is satisfied.

The one dimensional example of having more than one atom in the unitcell
is a double-well potential sketched in Fig. 2.1(b). In this case, there will be
4 kinked partial waves Φ1 to Φ4 centered around each site. Two have even
characters and two odd. In the region between two sites, there is an extra
degree of freedom that can be exploited to make sure that each kinked partial
wave vanishes at the boundary of the other well. The solution of the double
square well is the superposition of the Φi,

Ψ =
∑
i

Φi(E)vi,

where vi are unknown coefficients to be determined. To find a smooth solution,
the kinks must cancel. The eigenvalue E and eigenvector vi can therefore be
obtained from the kink cancellation condition:∑

j

Kij(E)vj = 0,

where Kij is the odd or even kink of Φj at the site i. Three dimensional muffin-
tin problem is solved in a similar way. For each potential sphere, a kinked partial
wave is constructed such that it is continuous but kinked at the boundaries of
its own sphere and vanishes on all other spheres. The final solution is the
superposition of the kinked partial waves that satisfies correct kink cancellation
condition.

The EMTO method belongs to the third generation of muffin-tin orbital
method that has been developed by O. K. Andersen and colleagues since 1970s.
Linear muffin-tin orbital (LMTO) method was introduced by him in 1975 [25]
that was a breakthrough for electronic structure calculations. In LMTO method,
the potential is divided to two regions muffin-tin spheres and the flat potential
in interstitial regions. Muffin-tin spheres do not overlap in LMTO method.
However, further investigations on atomic sphere approximation (ASA) method
showed that overlapping potentials can improve results. The EMTO method has
the advantage of having potentials to overlap, similar to ASA, and using a flat
potential in interstitial regions, similar to LMTO. In this formalism, instead of
one-particle wave functions, the Green functions are calculated. This means that
instead of solving Eq. 2.11 for wavefunctions, the one-particle Green functions
are determined from

(∇2 − V (rrr) + E)G(rrr,rrr′, E) = δ(rrr − rrr′), (2.21)

where E is an arbitrary energy. We will discuss in details how this is done in
practice. In EMTO method, one-particle wavefunctions or Kohn-Sham orbitals
are defined as [26,27],

Ψi(rrr) =
∑
RRRL

ψ̄aRRRL(Ei, rRRR)vaRRRL,i, (2.22)
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a 
S 

Ri Rj 

Figure 2.2: The schematic representation of muffin-tin orbitals that are used in
EMTO method. Red spheres around atomic regions are a-sphere that are not
allowed to overlap. The bigger blue spheres with radii S are muffin-tin potential
spheres.

where vaRRRL,i are coefficients of expansion that are determined to satisfy the Kohn-
Sham equation. Here, L is the shorthand notation for (l,m), l being the orbital
quantum number and m magnetic quantum number. It has been discovered
that the concept of screening of partial waves leads to better accuracy for the
basis set [28]. Schematic of screened spherical waves can be seen in Fig. 2.2,
red spheres. These spheres around each atom with the radius a are a-sphere
or hard spheres. The potential inside the a-sphere is taken to be infinitely
repulsive and hence it prevents entrance of the partial waves from other sites.
To calculate the screened partial waves and consequently slope matrix, one has
to solve the Helmholtz equation for an arbitrary energy E in the space between
the a-spheres,

(−∇2 + V0 − E)ψa
.
= (−∇2 − κ2)ψa = 0, (2.23)

where V0 is the muffin-tin zero potential which is a constant potential in inter-
stitial region. The radial part of the Helmholtz equation is

d2(rf(r))

dr2
=

[
−κ2 − l(l + 1)

r2

]
(rf(r)),

where the solution f(r) should be a linear combination of spherical Bessel and
Neumann functions. The total solution is f(r) multiply by the spherical har-
monics YRRRL(θ, φ). In constructing the basis, we also need to find the expansion
of a spherical wave function centered around RRR at RRR′. If the nRRRL denotes a
Neuman function, then one has

nRRRLYRRRL = nRRRLYRRRLδRRR,RRR′ −
∑
L′

jRRR′lYRRR′L′S
0
RRR′L′RRRL, (2.24)

where jRRR′l are Bessel function centered at RRR and S0
RRR′L′RRRL is the bare (KKR)
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structure constants. The bare structure constants can be computed from

S0
RRR′L′RRRL = −8π

∑
L′′

CLL′L′′
(2l
′′ − 1)!!

(2l′ − 1)!!(2l − 1)!!
(−1)l[−(κw)2]

l+l′−l
′′

2 nL′′ (κ
2,RRR−RRR

′
),

(2.25)
where CLL′L′′ is the real Gaunt numbers and w is the Wigner-Seitz radius.
To find the screened structure constant, the screened partial waves ψaRRRL are
introduced. We demand that the screened partial waves should satisfy two set
of boundary conditions: 1) its value should be equal to the spherical harmonic
at its own a-sphere, i.e. ψaRRRL|a = YRRRL, 2) it should vanish on all other a-
spheres. To find the screened structure constants, the screened partial waves
can be expanded around R

′
similar to Eq. 2.24,

ψaRRRL = faRRRL(κ2, r)YRRRLδRRRRRR′ +
∑
L′

ga
RRRL′

(κ2, r)YRRR′L′S
a
RRR′L′RRRL

(κ2). (2.26)

faRRRL(κ2, r) are called the head and gaRRRL(κ2, r) are the tail functions. The above
equation must satisfy the Helmholtz equation, therefore the head and tail func-
tions should be linear combinations of the spherical Bessel and Neumann func-
tions,

faRRRL = t1RRRLnL + t2RRRLjL

gaRRRL = −t3RRRLnL − t4RRRLjL. (2.27)

The t coefficients in above equation is known as the screening constants. Con-
sidering the boundary condition on the hard spheres, at the boundary of hard
spheres fa(a) must be 1 and ga(a) = 0. Two more boundary conditions are
required in order to determine t’s. The usual conditions that are helpful in this
context is to demand radial derivatives of fa and ga must satisfy the condi-
tions; ∂fa(a)/∂r = 0 and ∂ga(a)/∂r = 1/a. The relation for determination of
screening constants will become(

t1RRRL t2RRRL
t3RRRL t4RRRL

)
= 2

a2

w

(
∂jL/∂r −∂nL/∂r
jL/a −nL/a

)
.

If we expand the screened partial waves using a multi-center expansion, we have

ψaRRRL =
∑
RRR′L′

nRRR′L′YRRR′L′MRRR′L′RRRL −
∑

RRR′′L′′RRR′L′

jL′′YL′′S
0
RRR′′L′′RRR′L′

MRRR′L′RRRL,

(2.28)

where MRRR′L′RRRL is a transformation matrix to be determined. Calculating the
screened partial waves from Eq. 2.27, 2.26 and comparing the coefficients of
the Bessel and Neumann functions, one can eliminate MRRR′L′RRRL, this way the
expression for the screened structure constant will be determined.

Sa
RRR′L′RRRL

=
t1RRRL
t3RRRL

δRRR′RRRδL′L +
1

t3
R′L′

[
−S0 −

−t4RRRL
t3RRRL

]−1

RRR′L′RRRL

t1RRRLt
4
RRRL − t2RRRLt3RRRL
t3RRRL

.

(2.29)
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It has been shown [26] that Sa has a faster decaying behavior than KKR struc-
ture constant S0 in real space. Taking the radial derivative of ψaRRRL, Eq. 2.26, at
the boundary of hard sphere we get

∂ψaRRRL
∂r
|a =

∂faRRRL(κ2, a)

∂r
YRRRLδRRRRRR′ +

∑
L′

∂gaRRRL(κ2, a)

∂a
YRRR′L′S

a
RRR′L′RRRL

=
1

a
Sa
RRR′L′RRRL

(κ2). (2.30)

To get the last equation, we can use the boundary condition of the head and
tail functions. Above equation makes it clear that the slope of screened partial
waves at the boundary of sphere equals to Sa, hence the name slope matrix.
The screened partial waves are kinked at the hard sphere boundary and so its
derivative as we observed in one-dimensional case.

The radial part of partial waves inside the S or muffin-tin sphere, Fig. 2.2,
can be obtained from

d2(rφRRRL)

dr2
=

[
l(l + 1)

r2
+ Veff − E

]
rφRRRL, (2.31)

where the φRRRL is radial part of the partial wave. It was discussed that in EMTO
formalism we let the muffin-tin spheres to overlap. However, hard spheres must
be taken smaller than of muffin-tin spheres. Therefore, we have a region of space
between a-sphere and muffin-tin sphere where we must find an appropriate wave
function to connect to partial waves and screened partials waves. This final
piece of wavefunction is called backward extrapolated partial waves denoted by
ϕa. Solving the Helmholtz equation for a ≤ r ≤ S, we can find ϕa from

(−∇2 + V0 − E)ϕa
.
= (−∇2 − κ2)ϕa = 0. (2.32)

The boundary conditions that ϕa must satisfy are: 1) the values and slope of ϕa

should match the values and slope of the partial waves at S-sphere boundary 2)
the value of ϕa should match the screened partial waves at boundary of a-sphere.
Applying these conditions we get

φaRRRL(E, r)
.
= Na

RRRL(E)φRRRL(E, r)YRRRL

ϕaRRRL
.
= faRRRL(E, r) + gaRRRL(E, r)Da

RRRL(E), (2.33)

where Da = D(ϕa(S)) = S
ϕa(S)

∂ϕa(S)
∂r is the logarithmic derivative of the back-

ward extrapolated partial wave at the boundary of S-sphere. Na is a normaliza-
tion factor which is energy independent. Having all of the pieces we can write
down the final form of exact muffin-tin orbitals,

ψ̄aRRRL(E, r) = ψaRRRL(κ2, r) +Na
RRRL(E)φRRRL(E, r)YRRRL − ϕaRRRL(E, r)YRRRL. (2.34)

Above wavefunction similar to one-dimensional example is called kinked partial
wave. The reason is also similar; because while it is continuous in the space, it
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has a kink at boundary of a-sphere. Substituting above equation into Eq. 2.22
we get

Ψ(r) =
∑
LLL

Na
RRRLφRRRL(z, r)YRRRLv

a
RRRL +

∑
L

gaRRRL(κ2, r)
∑
RRR′L′

KRRR′L′RRRLYRRRLv
a
RRRL,

(2.35)
where z is the complex energy and KRRR′L′RRRL is the kink matrix

KRRR′L′RRRL = a(Sa
RRRLRRR′L′

− δRRR′RRRδLL′D
a
RRRL). (2.36)

Similar to one-dimensional case, by setting the kink matrix to zero, one gets∑
RRRL

a
(
Sa
RRRLRRR′L′

− δRRRRRR′δ
LL
′Da

RRRL
(Ei,a)

)
vaRRRL,i = 0. (2.37)

The energies Ei are eigenvalues that satisfy above equation and V aRRRL are eigen-
vectors that represent the wavefunction, Eq. 2.22. The solutions of above equa-
tion can also be obtained from the poles of the path operator ga

RRRLRRR′′L′′
which

is defined as the inverse of the kink matrix,∑
RRR′′L′′

Ka
RRR′L′

(z)ga
RRRLRRR′′L′′

(z) = δRRRRRR′ δLL′ . (2.38)

The path operator ga
RRRLRRR′′L′′

can be considered as Greens function up to a nor-
malization constant. Properly normalizing the Greens functions, one gets the
normalized Greens function

GRRRLRRR′L′ (z) =
∑
RRR′′L′′

ga
RRRLRRR′′L′′

(z)K̇a
RRRLRRR′′L′′

(z)− δRRRRRR′ δLL′ I
a
RRRL(z), (2.39)

where K̇a
RRRLRRR′′L′′

(z) is the overlap matrix and IaRRRL(z) accounts for unphysical
poles of overlap matrix. The density of states at Fermi level N(Ef ) can be
computed from

N(Ef ) =
1

2πi

∑
RRRLRRR′L′

∮
GRRRLRRR′L′dz, (2.40)

where the contour integral is taken from the bottom of the valence band up to
the Fermi level. Needless to say, electronic structure of a system using EMTO
method, similar to most of electronic structure methods, is obtained from self-
consistent field (SCF) iterative method. The exposition of the EMTO method
given here was closely followed from Ref. [27]. Many details and steps have been
glassed over. The reader is referred to the Vitos’s book [26] for full details.

2.5 Coherent potential approximation

The Bloch theorem [29], which is used to describe the wavefunction for a perfect
crystal, depends on the long-range order of the system. Therefore, this theory
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can not be applied directly to the case of a disordered alloy. The reason is that in
the case of having substitutional disorder, the translational symmetry is broken
and periodicity no longer exists. However, if we look for averaged properties
of alloys, then we can resort to find an effective medium on an ordered lattice.
In such a representation, every site or group of sites of lattice is similar to the
other sites. Therefore, the translation symmetry can be restored. This form
of approximation belongs to the single-site class of approximation. Coherent
potential approximation (CPA) is one of such approximations in which the very
notion of energy bands, Fermi surface, Brillouin zones, etc. are re-established
similar to a perfect crystal.

The electronic structure of a random disordered alloy is what we are looking
for. Historically there have been several strategies to tackle this problem. It
has been already mentioned that a desirable solution to this problem is to look
for an effective medium where one can make use of band theory. The simplest
of such effective medium theories is the virtual crystal approximation (VCA).
In VCA, the effective potential of a binary random alloy AxB1−x is taken to be

VV CA = xVA + (1− x)VB .

VCA is in general a poor approximation for strongly disordered systems. Here,
by strongly disordered we mean the VA and VB are substantially different from
each other. Another drawback of VCA is the lack of smearing of the density
of states because of its real character. A better approximation for disordered
electronic structure is the averaged t-matrix approximation (ATA). In ATA, the
t-matrix average is used instead of the potentials,

tATA = xtA + (1− x)tB .

t-matrix is a function that describes scattering of an electron from a potential.
Although it is rather a simple approach, the ATA can capture the dominant
physics of a disordered systems. Finally, CPA demands that the average scat-
tering from A and B atoms placed in the CPA medium must vanish [30, 31],

xtCPAA + (1− x)tCPAB = 0, (2.41)

tCPA is also called “coherent” t-matrix in literature. Once the tCPA is known,
the electronic structure on a site, occupied by a specific atom, can be computed
using the Green functions. The atom in this setup is considered to be an impu-
rity in CPA medium, and electronic structure will be calculated accordingly [32].

2.6 Disordered local moments

In this thesis, we are concerned with the finite temperature properties of param-
agnetic metals. At temperatures above Néel or Curie temperatures, for reasons
given below the paramagnetic state must be modeled using some approximation
other than straightforward LSDA or GGA. Disordered local moment (DLM) is
such an approximation. The LSDA (also GGA) fails to describe the system near
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to and above transition temperature; Curie temperature TC is predicted to be
too large, there are no local moments and the susceptibility χ does not follow
well established Curie-Weiss law. The main reason for these discrepancies is the
absence of possibility of the rotation in LSDA (or GGA).

The basic building block of DLM is the local moment. Here, one must define
the meaning of the local moment. The local moment is defined as

m̄ =
1

τ

∫ t+τ

t

dt
′
∫

Ωcell

M̄(rrr, t
′
)dr3.

A mean value from the integral over unitcell averaged over some characteristic
time τ . If τ is shorter than the hopping time to a nearest neighbor site, ∼ ~/w
where w is the bandwidth, m̄ is the moment of the electron resides on the
atom, assuming one atom in unitcell for simplicity. On the other hand, for τ
longer than ~/w but shorter than thermal fluctuation time ~/kBT , m̄ has a
rather complex collective behavior which is the case for transition metals like
Mn and Fe. In this case, the local moment keeps the direction and magnitude
by a collective motion of electrons that come and leave the site during the τ
time. In a long period of time compared to thermal fluctuations, the moments
can rotate1 and also change their magnitude in such a way that the average
of m̄ is zero and the system can be imagined to be in paramagnetic state.
Therefore, there is a characteristic time scale τ which separates the fast and
slow motion of the electrons. DFT-LDA (GGA) just describes the fast degrees
of freedom and the slow degrees of freedom (motion of the local moment) should
be treated using statistical mechanics similar to that of a classical Heisenberg
model [33]. Following this idea, Gyorffy and coworkers [34,35] have shown that
describing paramagnetic state has a close resemblance to CPA treatment of
chemical disorder. They showed that paramagnetic state of an element can be
described by an alloy with 50% spin(↑) and 50% spin(↓) of the same species.

2.7 Shape function technique

We saw in Section 2.4 that all of calculations are done within spherical sym-
metry. While overlapping the charge densities and thereby potentials improve
the description of the electronic structure, there is still a difference with real
full potential of the crystal. Following the variational principle of HK, we know
that a linear variation of electron density causes a second-order variation in total
energy. This fact has been recognized by Vitos and coworkers [26,36] and been
employed to devise Full Charge Density (FCD) technique. FCD was created to
give the total energies as accurate as full potential methods but with much less
computational costs.

The basic idea behind FCD is to make use of total charge density, which is
self-consistently computed, and take into account the nonsphericity of charge

1Let us remember that this is a classical picture for spin. In the classical picture, the spin
moment is considered to be a vector while, as we know, spins are spinors.
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(a) (b)

(c) (d)

Figure 2.3: (a) Voronoi (b) Laguerre tessellation of B1 crystal structure. (c)
Voronoi tessellation for L12 crystal structure (d) Laguerre tessellation for L10

crystal structure.

and potential by computing the total energy inside the atomic Voronoi polyhe-
dron of each site.

Voronoi polyhedron around each site is calculated by finding the intersection
of the bisector planes that connect a pair of two sites to each other. Once
the Voronoi tessellation is known, one calculate integrals using shape function
technique. The shape function σR(rrrR) is a 3D step function which is 1 inside
the Voronoi polyhedron and 0 outside,

σR(rrrR) ≡

{
1 for rrrR ∈ ΩR

0 Otherwise
.
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The circumscribed sphere sc encompasses the Voronoi polyhedron and its radius
is the largest distance between the center and the vertices of the polyhedron.
The inscribed sphere si is the sphere that is entirely contained inside the Voronoi
polyhedron, so sc ≥ si. If we expand the shape function in terms of real spherical
harmonics,

σR(rrrR) =
∑
L

σRL(rR)YL(r̂R).

Any integral over the Voronoi polyhedron can be evaluated within circumscribed
sphere sc using the shape function,∫

ΩR

F([n];rrrR)drrrR =

∫
sc

σR(rrrR)F([n];rrrR)drrrR.

The partial components of the shape functions σRL are determined using

σRL(rL) ≡
∫
σR(rrrR)YL(r̂R)dr̂R,

relation. Details regarding numerical evaluation of the shape function can be
found in Ref. [26].

A part from the FCD calculations, the circumscribed and inscribed sphere
radii are important in order to construct potentials. Circumscribed radius is
taken to be the radius of S-sphere for each site. The radius of a-sphere must be
smaller than the inscribed sphere radius. As one can perceive, the sc and si are
coming from purely geometrical considerations. For a compound, which there is
a large difference in atomic radii of different constituents, the potential created
from the geometrical constraints are not accurate. For example, 3d transition
metal oxide, nitride and carbides of group IVB with NaCl crystal structure,
the Voronoi division of space is a very poor description of atomic potentials.
Figure 2.3 (a) shows the Voronoi tessellation for a transition metal carbide.
Since in the NaCl structure the circumscribed spheres are similar for both metal
and nonmetal sites leading to the potentials that are poorly described.

A solution for such cases is to employ different method of tessellations where
one can take into account size mismatch between constituents of the compound.
Laguerre tessellation (or radical plane construction) is one of such methods. Us-
ing Laguerre tessellation, it is possible to control the size of Voronoi polyhedron
around each size and therefore improve the accuracy. Laguerre tessellation for
the previous example of NaCl structure can be seen in Fig. 2.3(b). One can see
that the size of polyhedron around metal and nonmetal sites are now more pro-
portionate to their atomic sizes. Figure 2.3(c) shows the Voronoi tessellation for
the L12 structure. Since the underlying lattice of L12 and L10 are face-centered
cubic (fcc), the same the Voronoi polyhedra will be obtained for all of these
structures. In Fig. 2.3(d) we see that for the L10 structure with different atomic
radii how Laguerre tessellation changes the atomic environment. In Chapter 7,
the Laguerre tessellation will be employed to study the effect of point defects in
Ti(O,C).
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Chapter 3

Finite temperature
modeling

There’s a big difference between knowing the name of
something and knowing something. - Richard Feynman

The main goal of finite temperature modeling is to calculate the vibrational
properties of materials from their electronic structures. Scientifically and in-
dustrially important physical properties of materials such as heat capacity and
thermal expansion depend strongly on their lattice vibration. One can add
to above properties finite temperature elastic constants, which also depends
on lattice vibrations but with lesser extent. The vibrational properties within
Born-Oppenheimer approximation (BOA) can be computed from

H = −
∑
I

1

2MI
∇2
RRRI

+ Eel({RRR}),

where RRRI is the coordinate of the nucleus I with mass MI and Eel is the elec-
tronic energy correspond to a set nuclear coordinates {RRR}. Eel is determined
from Eq. 2.2 for a fixed set of nuclear coordinates. The most straightforward
way of calculation of properties is to perform ab initio molecular dynamics
(AIMD) simulations [37]. This approach is quite powerful and has the min-
imum amount of assumptions. However, it is computationally expensive and
disordered systems, which is the focus of this thesis, pose a serious challenge
for AIMD method. Taking into account all types of disorder and running the
simulations long enough in order to obtain averaged thermodynamic properties
seem to be a very difficult task. For this reason, other approaches than direct
simulations have been devised as will be discussed shortly. With proper physi-
cally based assumptions, one can accurately calculate thermophysical properties
of solids with acceptable errors in comparison to experiments while keeping the
computational costs affordable.
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3.1 Harmonic approximation

A force acting on a nucleus can be determined via the “Hellmann-Feynman”
theorem. Force, FI , acting on nucleus I within BOA is calculated from

FFF I ≡ −
∂Eel({RRR})

∂RRRI
= −〈Ψ({RRR})| ∂H

∂RRRI
|Ψ({RRR})〉, (3.1)

where Ψ({RRR}) is the ground-state wavefunction for the electronic Hamiltonian.
Considering Eq. 2.2, the force FFF I can be expressed as

FFF I = −
∫
n(rrr)

∂Ve−N (rrr)

∂RRRI
drrr −

∂EII({RRR})

∂RRRI
, (3.2)

where Ve−N is the Coulomb interaction between nucleus I and electrons. We
know that for a the system near to equilibrium, the forces acting upon nuclei
are vanishing. In the close to equilibrium situation, one can assume that the
potential that atoms feel is harmonic and this way the Hamiltonian H reduces
to a set of independent harmonic oscillators. The harmonic oscillators vibrate
independently in their normal modes. Normal mode frequencies, νi, and normal
mode eigenvector, UβI which describes the motion of atoms in a particular mode,
are determined by the secular equation:∑

J,I

(
CαβIJ −MIνδIJδαβ

)
UβJ = 0, (3.3)

where CαβIJ is the force constant which is a 3 × 3 matrix. The force constant
matrix relates the displacement of J atom in β direction to the force acting on
atom I in α direction,

CαβIJ ≡
∂2Eel({RRR})
∂RαI ∂R

β
J

= −∂F
α
I

∂RβJ
. (3.4)

Form secular Eq. 3.3, the normal mode frequencies can be determined. These
frequencies are sufficient to determine the thermodynamic of properties of the
system [38]. The phonon density of states (DOS) encapsulates such information.
The phonon DOS, g(ν), shows the number of oscillator modes with a frequency
lying in the interval [ν, ν + dν],

g(ν) =
1

N

3N∑
i=1

δ(ν − νi).

Having calculated the phonon DOS, the free energy of system can be computed
from [39]:

F = kBT

∫ ∞
0

ln

[
2 sinh

(
hν

2kBT

)]
g(ν)dν,

F = kBT
∑
i

ln

[
2 sinh

(
hνi

2kBT

)]
. (3.5)
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Once the free energy is known, the thermodynamic properties of system can
be calculated accordingly. Therefore, determination of force constant CαβIJ is
the crucial step for thermodynamic calculations. The force constants (FCs) can
be modeled by empirical or semi-empirical potentials. We will discuss in next
section an efficient method of calculations of FCs using DFT.

The harmonic approximation is quite accurate considering its simplicity.
However, it has a major drawback: it can not describe the thermal expansion
of the lattice and its impact on vibrational properties. The reason for this can
be related to the shape of the harmonic potential; thermal energy causes the
atom to vibrate around their equilibrium positions. But since in harmonic po-
tentials equilibrium position is “fixed” there is no lattice expansion. A simple
modification of the harmonic approximation can cure this deficiency with ac-
ceptable computational costs. In “quasi-harmonic approximation” (QHA) the
phonon frequencies are allowed to be volume dependent. This means that FCs
are volume dependent [40]. Using a simple model, it is possible to understand
the basics of the QHA method [38]. Let us consider a linear chain of identical
atoms with periodic boundary condition. The potential between neighboring
atoms has the form:

U(r) = a1r + a2r
2 + a3r

3, (3.6)

where r is interatomic distance and ai are some constants. Assuming L as the
lattice spacing of this chain, the total potential energy per atom of the system
under a displacement of u(i) of atom i will be

U

N
=

1

N

∑
i

a1[L+ u(i)− u(i+ 1)] + a2[L+ u(i)− u(i+ 1)]2

+a3[L+ u(i)− u(i+ 1)]3. (3.7)

Simplifying above equation we get,

U

N
= a1L+ a2L

2 + a3L
3 + (a2 + 3a3L)

1

N

∑
i

[u(i)− u(i+ 1)]2

+O[(i)− u(i+ 1)]3. (3.8)

The terms a1L+ a2L
2 + a3L

3 in above Eq. are elastic energy of the rigid chain
and the rest correspond to vibration of the chain. An interesting fact to be seen
in this Eq. is that the coefficient of harmonic term [u(i)−u(i+ 1)]2 depends on
the anharmonic part of potential a3L. So, by considering a length-dependent
harmonic potential, we managed to model an anharmonic potential using QHA.
Length dependence of the potential in 1D chain becomes the volume dependence
of the FCs in 3D. The volume dependence of FCs causes the phonon frequencies
νj to be the volume dependent which is measured by Grüneisen parameter

γj = −∂ ln νj
∂ lnV

,

where j describes the branch of the phonon modes. In Section 3.3, we show how
this concept is used for finite temperature modeling.

24



3.2 Density functional perturbation theory

It has been already explained in Chapter 2 how the total energy of a system
interacting electrons in external potentials Vext can be calculated using DFT.
Here, for the sake of completeness we repeat the total energy Eel for a set of
fixed nuclear coordinates {RRR};

EDFTel ({RRR}) = TS [n] +
1

2

∫
n(rrr)Φ(rrr)drrr+Exc[n] +

∫
Vext(rrr)n(rrr)drrr+EII({RRR}).

(3.9)
The Hellmann-Feynman force theorem for DFT can be derived from above Eq.
as

FFFDFTI = −
∫
n(rrr)

∂Vext
∂RRRI

drrr − ∂EII({RRR})
∂RRRI

−
∫
δEel({RRR})
δn(rrr)

∂n(rrr)

∂RRRI
drrr. (3.10)

The last term in above equation vanishes because the term δEel({RRR})
δn(rrr) is zero for

the ground state charge density. Therefore, we conclude that for the ground
state FFF I = FFFDFTI . We will discuss more about the force calculations in DFT
and its relation to FCs below. One can obtain an explicit expression with DFT
for FCs directly from Eq. 3.9.

∂2EDFTel ({RRR})
∂RRRI∂RRRJ

=

∫
∂n(rrr)

∂RRRJ

∂Vext(rrr)

∂RRRI
drrr + δIJ

∫
n(rrr)

∂2Vext
∂RRRI∂RRRJ

drrr +
∂2EII({RRR})
∂RRRI∂RRRJ

.

(3.11)

Except the term containing ∂n(rrr)
∂RRRI

, the rest of terms can be calculated from the
ground state properties. Therefore, the linear response to a distortion of the

nuclear geometry, ∂n(rrr)
∂RRRI

, is required in order to calculate FCs in DFT. There
are different ways of calculating the linear response and therefore the FCs of
the system. For more details about the linear response calculations, one can
consult with recent reviews in this topics [41,42]. This method of calculating FCs
through perturbations in charge density is called density functional perturbation
theory (DFPT). Once, the FCs are known, thermodynamic properties can be
readily calculated. It should be added to this discussion that the FCs calculated
this way are exact in the sense that no further assumptions except those of DFT
have been used.

There is another way of calculating FCs via Eq. 3.10 which is called frozen
phonon method. Instead of direct calculations of FCs in DFPT, one can calcu-
late forces for a set of displacements and for a geometry near to equilibrium. In
harmonic (or quasi-harmonic) approximation, the relation between the forces
and displacements are linear around equilibrium position. Therefore, once the
forces and displacements are known, one can find the FCs simply from,

FαI = CαβIJ U
β
J ,

where FαI is the α component of force on atom I and UβJ is the β component
of the displacement on atom J . Although frozen phonon technique and DFPT
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are equivalent regarding the information they can provide, each one has strong
and weak points. DFPT method provides a robust accurate method of cal-
culating FCs. When high-accuracy for FCs is not required, one can resort to
frozen phonon technique. Also in frozen phonon method, there are simplifying
assumptions regarding FCs matrix that can help us to reduce the computational
costs by a large amount.

3.3 Debye-Grüneisen model

The Debye theory of lattice vibrations is an old useful theory that has been
extensively being employed since its proposal. There are numerous reviews
and books that contain Debye theory of lattice vibrations such as Ashcroft and
Mermin [43] or Kittel [44] book. Here a brief account of theory is given to
emphasize the main assumptions and the relevant details that will be used in
next section and chapters.

If we assume that an elastic wave with the frequency of ν is moving through
the solid, the group velocity vg is obtained via

vα =
∂ν

∂Kα
, (3.12)

where Kα is the α component of wave vector which lies inside first Brillouin
zone. If one assumes that the waves are dispersionless, the phase velocity vβp =

ν/Kβ is equal to the group velocity (The relation between ν and KKK is called
dispersion relation and dispersionless in this context means that group velocities
are constant). In Debye theory, one assumes that all modes of vibrations are
acoustic [45,46] and all have the same velocity vm. In other words, one assumes
that the vibrational states of the crystal with wave vector KKK is isotropic in
reciprocal space. The density of vibrational states therefore equals

f(KKK)dKKK = 4πKKK2dKKK · d, (3.13)

where d is density of wave vectors in reciprocal space. 4πKKK2 is the surface of
sphere with radiusKKK. Using the Debye assumption for the vibrational frequency,
ν = vmKKK, the density of states can be obtained in terms of frequency ν using
change of variables,

g(ν)dν = f [KKK(ν)]
dKKK

dν
dν = aν2dν, (3.14)

where a is a constant related to mean (group) velocity. g(ν)dν shows the density
of vibrational states (phonons) between ν + dν and ν. One can see that g(ν),
which is essential to calculate the thermodynamic properties of a solid, has a
simple parabolic in Debye theory. This is a feature of Debye theory and it is true
in long wavelength limit ν → 0. An example of Debye g(ν) and experimentally
measured one is given in Fig. 3.1 in which long wavelength limit can be clearly
observed there. Assuming one atom in unitcell, the density of wave vectors in
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Figure 3.1: Experimental and Debye phonon density of states (DOS), g(ν), as a
function of frequency. Experimental data is taken from Ref. [47] and measured
at 298 K.

reciprocal space, d, is

d =
3Vatm
(2π)3

,

where Vatm is the atomic volume and the coefficient 3 is to enumerate three
modes of vibration. Having d, one then can find a from the frequency represen-
tation of the density of states g(ν), Eq. 3.14, which is

a =
3Vatm
2π2v3

m

,

where vm, as mentioned above, is the mean (group) velocity. Although in Debye
theory it is assumed that the all waves are isotropic and have the same velocity,
in real materials it is hardly the case. We know that for a solid with one atom
in unitcell there are three sound (group) velocities namely two shear waves vS
and one compressional or longitudinal vL wave. In an isotropic solid, two shear
wave are degenerate and a becomes

a =
3Vatm
2π2v3

m

=
Vatm
2π2

(
1

v3
L

+
2

v3
S

)
. (3.15)

Single crystals are highly anisotropic and for each wave propagation direction
KKK, there are three rather than two distinct wave velocities, v1(KKK), v2(KKK) and
v3(KKK). In Debye theory, we look for a mean velocity vm which is an averaged
of all wave velocities,

3

v3
m

=
1

4π

∫
Ω1st

(
1

v3
1

+
1

v3
2

+
1

v3
3

)dΩ, (3.16)
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where dΩ is an increment of solid angle about the origin of the Brillouin zone and
the integral is taken over all directions confined in the first Brillouin zone of the
lattice. To avoid taking such integrals, one common practice is to use homog-
enization theories such as Voight, Ruess or Hill [40]. In Chapters 4 and 6, we
will see how different methods of averaging can be important in determination
of thermophysical properties.

Since it is assumed that the wave vector is isotropic in reciprocal space, the
Brillouin zone can be replaced by a sphere with radius of Kmax. This radius
is determined such that the volume of this sphere equals to the volume of first
Brillouin zone of lattice,

4π

3
K3
max =

(2π)3

Vatm
.

There is a maximum frequency νD corresponding to the Kmax obtained via
νD = vmKmax. νD is a cutoff which indicates the maximum frequency of
atomic vibrations in Debye theory. This cutoff frequency can also be given in
terms of so-called Debye temperature θD defined as

θD =
~νD
kB

,

where θD is the Debye temperature and ~ is the Planck constant. An example of
vD for Cu can be seen in Fig. 3.1. vD in this figure corresponds to θD = 350 K.
The coincidence between the vD and experimental maximum frequency cutoff
though seems impressive, it is accidental. Because there is no such perfect agree-
ment for νD in many cases despite a very good agreement in thermodynamic
properties derived from Debye theory and experimental results. From previous
Eqs., a relation for the Debye temperature and the mean velocity vm can be
obtained which is

θD =
~
kB

(
6π2

Vatm

)1/3

vm. (3.17)

Once the Debye temperature θD is known, the energy and entropy of the system
will be readily calculated. The energy of lattice vibration in Debye theory is the
integral of energy of all oscillators upto cutoff frequency νD;

ED =

∫
νD

g(ν)fB(T )~νdν = 3kBT ·D(
θD
T

), (3.18)

where D(x) = 3
x

∫ x
0

t3

et−1dt is the Debye function and fB(T ) denotes the Bose-
Einstein statistics. Similarly entropy of in Debye theory can be calculated from

SD = 3kB

[
4

3
D(θD/T )− ln(1− eθD/T )

]
, (3.19)

which together with the ED from Eq. 3.18 gives us the vibrational free energy
FD = ED − TSD. In next section, the procedure to calculate total free will be
discussed with more details. In general, vm and therefore θD are a function of
temperature and volume and so the energy ED and entropy SD.
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There are different strategies to calculate Debye temperature (or mean ve-
locity) from first principles calculations. An isotropic approximation for sound
velocity from Newton-Laplace Eq. gives us an approximation for the sound
velocity,

vm =

(
B

ρ

)1/2

,

where B is the bulk modulus and ρ is the density. Following this approximation,
the Debye temperature becomes

θD = 67.48

(
rB

M

)1/2

, (3.20)

where M is the atomic weight, r is the Wigner-Seitz radius in bohr unit and
units of B is kbar and θD K. Moruzzi, Janak and Schwarz [48] suggested a co-
efficient of 41.63 based a semi-empirical relation derived from experimental ob-
servations. They noticed that

√
B dependence of sound velocity is not accurate

estimation of sound velocity since even in isotropic case, Eq. 3.15, the longitu-
dinal and shear modes both play roles. Following Anderson [49] measurements
of bulk and shear modulus for cubic nonmagnetic elements, they considered
the experimental relations between bulk modulus and shear vS ≈

√
0.3B/ρ and

longitudinal vL ≈
√

1.3B/ρ wave velocities. This way, the coefficient of 67.48 in
Eq. 3.20 reduces to 41.63. Hereafter, we denote the Moruzzi, Janak and Scharwz
approach as MJS. The Debye temperature in MJS approach then becomes

(θD)0 = 41.63

(
r0B

M

)1/2

, (3.21)

where the subscript 0 refers to the evaluation at the equilibrium volume. In
MJS approach, the volume dependence of θD is defined via Grüneisen constant
γ. We know that the Slater [48] γ can be calculated from the cohesive curve,

γ = −∂ ln θD
∂ lnV

= −2

3
− V

2

∂2P/∂V 2

∂P/∂V
. (3.22)

In MJS scheme, it was further argued that γ obtained from above Eq. corre-
sponds to high temperature limit and at lower temperatures one must consider
the lower modes of vibrations, i.e. γLT = γ − 1/3. And the volume dependence
of the θD can be therefore obtained from

θD
(θD)0

=

(
V

V0

)γ
, (3.23)

where V0 is the equilibrium volume of the system. Following MJS, the vibra-
tional free energy of a system can be calculated solely from its cohesive curve.
We will discuss the success of MJS approach in the case of α- and β-Mn in
Chapter 5 and its limitations in the case of δ-Fe in Chapter 4, γ- and δ-Mn in
Chapter 6.
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A more robust and accurate way of calculating θD is from elastic constants.
Having calculated single-crystal elastic constants as function of volume and
temperature, the Debye temperature can be evaluated from Eq. 3.15. In such
cases, the longitudinal and shear velocities can be calculated from

ρv2
L = B +

4

3
G and ρv2

S = G, (3.24)

respectively [40]. In above Eq., B is the bulk modulus and G is shear modulus.
Since G is a shear modulus corresponding to polycrystalline aggregate, one
must look for homogenization theories to find G. The usage of homogenization
theories has its own limitations as we will see in the case of δ-Fe in Chapter 4
and γ-Mn in Chapter 6.

3.4 Partitioning of free energy

Thermodynamic properties of a system are theoretically computed from first
principle based models of the Helmholtz free energy. The Helmholtz free energy
must be determined as a function of volume and temperature (i.e. canonical
ensemble). To calculate the Helmholtz free energy, F = −kBT ln(Z), the parti-
tion function Z must be known for all relevant degrees of freedom i.e. electronic,
magnetic, and vibrational. For a disordered magnetic system at elevated tem-
perature, the phase-space to be considered is intractably huge. Therefore, some
approach other than direct sampling must be considered to deal with such a
system.

However, not all degrees of freedom have the same dynamic. In other words,
there are faster and slower degrees of freedom. This fact can considerably
simplify the problem. The approach in this thesis, similar to previous stud-
ies [50–52], is to separate fast and slow degrees of freedom and treat their con-
nections adiabatically. This so called coarse-graining of free energies can be
done for the system under study by equilibrating the atoms first with respect
to the faster degrees of freedom (electronic and magnetic), see Refs. [38, 53]
for a comprehensive introduction to coarse-graining of free energy. The so ob-
tained partial free energy is then used as a potential energy to describe lattice
vibrations (the slower degrees of freedom).

The free energy FE contributions due to electronic, magnetic, and vibrational
disorder at finite temperatures are taken into account in the following order.
First, the electronic free energy, including the energy and entropy effects due to
excitations of valence electrons from below to above the Fermi level, is calculated
by introducing the Fermi-Dirac distribution function,

fT (ε) =
[
e(µ−ε)/kT + 1

]−1

, (3.25)

into all the complex energy integrals used in the electronic structure calculations
[54,55] and taking residues at the Matsubara poles of fT (ε),

εj = µ± iπ(2j − 1)kT, j = 1, 2, . . . Nres, (3.26)
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that are enclosed by the integration contour. Here ε is complex energy, µ is
the Fermi level and T is the electronic temperature. The contour extends from
below of the valence band to a cutoff energy some 2πNreskT above the Fermi
level. Typically, the number of Matsubara poles Nres is chosen between 4 and
8. An additional integration over the same energy contour is carried out to
evaluate the electronic entropy,

Sel = −kB
∫
{fT ln fT + [1− fT ] ln[1− fT ]}n(ε)dε, (3.27)

where n(ε) is the electron density of states expressed in terms of the single-
particle Green’s function. For brevity, the dependence of fT on energy is omitted
in Eq. (3.27).

Two models of magnetic excitations in paramagnetic state corresponding
to two limits of magnetism have been considered in thesis. The first model of
magnetic excitations is called transverse spin fluctuations (TSF) model of para-
magnetic state. In this model, the magnetic free energy contribution is evaluated
within the DLM model of paramagnetic state, which is in line with simplified
theoretical interpretations of experimental data [56, 57]. The electronic struc-
ture and energy of a random DLM state are calculated using CPA-DLM [30,31]
as explained in Chapter 2. The entropy due to the magnetic moment disorder
is taken into account in the paramagnetic lattice gas (PLG) form:

STSF
mag = kB ln(m+ 1). (3.28)

Here m is the average magnitude of the local spin moment on an atom [58]. For
metals, m is a continuously varying quantity, but let us note that for an integer
(i.e., truly localized) spin moment the value m + 1 gives the multiplicity (the
number of possible projections of the moment on the spin axis). Importantly
for thermodynamic modeling, the PLG form of magnetic entropy, Eq. 3.28,
is a smoothly varying, convex function of m, and it correctly vanishes in the
non-magnetic state with m = 0 whose multipliciry is 1.

A self-consistent treatment of paramagnetic disorder requires that the partial
free energy, including the −TSmag term, should be minimized. Considering
an atomic spin moment m as the imbalance of spin-up and spin-down electron
densities (site-projected and integrated over the atomic volume) and introducing
a local spin coordinate framework, we note that the magnitude m can be varied
by additionally splitting up the on-site one-electron potential with a constant
shift ∆U↑,↓.

∆UTSF
↑,↓ = ±kBT/ (|m|+ 1) . (3.29)

This temperature-dependent contribution to the one-electron potential is a mean-
field description of the tendency of the magnitude of a localized magnetic mo-
ment to increase with temperature as a result of partial longitudinal spin fluc-
tuations in the DLM paramagnetic state [58, 59]. This tendency stems from
the fact that a larger paramagnetic moment has a greater multiplicity, thereby
producing a higher entropy, Eq. 3.28.
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A note should be added about the usage of the DLM-PLG model. Strictly
speaking, it is applicable to atoms/ions with well-developed paramagnetic mo-
ments in a disordered state well above the magnetic ordering temperature. How-
ever, the model should be applied with caution to atoms whose moments vanish
in the DLM calculations as T → 0: if the temperature-induced moments are not
sizable and there is no alternative (e.g., experimental) evidence of local-moment
paramagnetic behavior in the system, then the treatment of such moments as
localized is unjustified. This will be discussed thoroughly in the following para-
graph.

In cases where the magnetic moment vanishes for equilibrium volume as
T → 0, there is a clear indication of the itinerant character of magnetism. In
such cases, therefore, to include instead of TSF, one should use longitudinal spin
fluctuations (LSF) model of magnetic excitations. The approximate expression
for the magnetic entropy with the full coupling of the transverse and longitudinal
fluctuations [60] is

SLSF
mag = 3kB ln(m). (3.30)

Here m is the average magnitude of the local magnetic moment, which should
be determined self-consistently by minimizing the corresponding Helmholtz free
energy, similar to TSF. The one-electron potential shift in this case

∆ULSF
↑,↓ = ±3kBT/ (|m|) . (3.31)

is different from Eq. 3.29. The temperature induced moments in LSF model is
larger as can be understood from Eq. 3.31. The expression for entropy, Eq. 3.30,
is valid in the classical limit, although it also produces quite reasonable results
for a more complicated form of the LSF energy.

Once the electronic partial free energy is known FE , The effect of lattice
vibrations, which is the primary cause of thermal expansion, can be evaluated
using the quasi-harmonic Debye model, see Section 3.3, with the Debye temper-
ature θD that is both volume- and temperature-dependent. The dependencies
are calculated from either the finite temperature equation of state that already
includes the electronic and magnetic free energy contributions or from finite
temperature elastic constants. This treatment is consistent with the general
coarse-graining approach where the dynamics corresponding to slow degrees of
freedom (atomic motions, in this case) are described using the potential energy
surface obtained as a partial free energy by equilibrating the system with re-
spect to the fast degrees of freedom (electronic and magnetic). The total free
energy F is then calculated from

F = Eel + ED − T (SD + Smag + Sel), (3.32)

where Eel is the total energy of system at elevated temperature. The expressions
for SD and ED are given in Eqs. 3.19 and 3.18. Denoting the electronic partial
free energy by FE = Eel − T (Smag + Sel), the total free energy becomes

F = FE − kBT
(
D(θD/T )− 3 ln(1− eθD/T )

)
+

8

9
kBθD, (3.33)

where the last term is the contribution due to zero-point energy.

32



3.5 Determination of elastic moduli

Experimental determination of a complete set of elastic constants Cij requires
the use of single-crystal specimens. Preparing such specimens and performing
high-temperature measurements on them is difficult for a material that under-
goes solid-state phase transformations as a function of temperature. First prin-
ciples calculations, which make use of periodic boundary conditions to mimic
a single crystal, can be quite helpful as an alternative way of determining the
elastic properties. To calculate the elastic constants, the crystal lattice is ho-
mogeneously strained in several different ways to obtain the total energy as a
function of strain. At finite temperatures, the total energy becomes the partial
free energy.

The original primitive vectors ai can be related to new primitive vectors a′i
of the strained crystal via the strain tensor ε as follows:a′1a′2

a′3

 = (I + ε)

a1

a2

a3

 . (3.34)

Here I is the 3 × 3 identity matrix. The complete strain tensor contains ro-
tation and dilatation of primitive vectors. However, since we deal with small
(infinitesimal) deformations, main contribution is the symmetric (rotation free)
part of strain. Therefore, the strain tensor has six independent components:

ε =

 e1
e6
2

e5
2

e6
2 e2

e4
2

e5
2

e4
2 e3

 . (3.35)

The change in the partial free energy FE due to distortion ei of primitive vectors
becomes:

FE(ei) = F0 − P (V )∆V + V

6∑
i=1

6∑
j=1

Cijeiej/2 +O(e3
i ), (3.36)

where F0 and P (V ) correspond to the total energy and pressure of undistorted
lattice, respectively. ∆V is the change in volume due to the strain ε and O(e3

i )
represents the omitted terms which are cubic or of higher order in ei. There are
21 independent elastic constants Cij in above equation for a crystal of arbitrary
symmetry. The number of independent elastic constants reduces to three due
to symmetry of cubic lattices. The bulk modulus for any volume is be related
to the elastic constant by the expression:

B = (C11 + 2C12)/3. (3.37)

Since the bulk modulus can be calculated from the cohesive curve, two other
independent elastic moduli should be chosen and computed to derive the three
elastic constants. The common choices are the tetragonal strain modulus 2C

′
=
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C11−C12 and C44 shear modulus. Following the suggestion by Mehl et al. [61],
the orthorhombic volume-conserving strain is used for calculation of 2C

′
=

C11 −C12. If we denote the displacement by x, the strain tensor is denoted by

ε =

 x 0 0
0 −x 0

0 0 x2

1−x2

 . (3.38)

The energy difference becomes an even function in the strain x as a result of
above choice for distortion.

∆F (x) = ∆F (−x) = V (C11 − C12)x2 +O(x4). (3.39)

Similarly, using a volume-conserving monoclinic strain, C44 modulus can be
calculated. The strain tensor in this case is:

ε =

 0 x/2 0
x/2 0 0

0 0 x2

4−x2

 . (3.40)

Here, once again, the corresponding energy difference is an even function of x:

∆F (x) = ∆F (−x) = V C44x
2/2 +O(x4). (3.41)

Throughout the thesis, the isothermal bulk modulus B(V, T ) has been calculated
by fitting the volume dependence of the partial free energy FE(V, T ). The
partial free energy includes the energy and entropy contributions due to thermal
electronic and magnetic disorders. And two remaining shear moduli at finite
temperatures are calculated from partial free energies of a lattice subjected to
distortions mentioned above.

Experimentally, the shear and Young moduli of solids are easier measured
than single-crystal elastic constants. Such measurements correspond to poly-
crystalline samples which are usually isotropic. Homogenization theories can
help us to connect the single crystal elastic constant to polycrystalline Young
and shear moduli. Voight assuming uniform local stress obtained an averaged
shear modulus [40],

GV =
C11 − C12 + 4C44

5
. (3.42)

Similarly, Ruess assuming uniform local strain across the grains obtained the
averaged shear modulus as

GR =
5(C11 − C12)C44

4C44 + 3(C11 − C12)
, (3.43)

which is a lower bound to shear modulus. Considering that the Voight approx-
imation is an upper bound to shear modulus, Hill suggested to take arithmetic
average of these two approximations,

GH =
GV +GR

2
. (3.44)
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Figure 3.2: Free energy of fcc Cu as function of temperature. V
′

denotes the
volume ratio V/V0, V0 is the theoretical equilibrium volume.

For an isotropic solid, we know that 2C44 = C11 − C12 and therefore GR =
GV = GH . So, one can deduce from this fact a measure

AZ =
2C44

C11 − C12
=
C44

C ′
, (3.45)

which can be defined as a criterion to measure the elastic anisotropy of a solid.
This measure is proposed by Zener and called Zener anisotropic constant [40].

3.6 Thermodynamics of Cu: benchmarking

In previous sections, two methods of calculating thermodynamic properties of
solids have been discussed. The first method, DFPT, is a theoretically elegant
method which gives exact results within harmonic approximation. The second
approach was Debye theory of lattice vibrations which can be considered a crude
approximation in comparison to DPFT theory. In this section, we try to see that
how far the Debye theory can take us for computation of thermodynamic prop-
erties given the assumptions one must consider in this formalism. To this end,
thermodynamic properties of Cu have been calculated using DFPT and Debye
model. The reason for choosing Cu as a test example is that Cu is nonmagnetic
and complications with magnetism will not overshadow the comparison.

DFPT calculations have been performed for a supercell made of 3 × 3 × 3
fcc unitcells which contains 108 Cu atoms in a cubic cell. FCs calculations have
been performed using DFPT as implemented in VASP code for a set of vol-
umes. A gird of 6 × 6 × 6 k points in Monkhorst-Pack [62] scheme have been
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Figure 3.3: (a)Calculated and experimental lattice constant (Å) as a function
of temperature. Experimental data is taken from Ref. [64]. (b) Calculated and
experimental linear thermal expansion coefficient as a function of temperature.
The experimental data is from Ref. [65].
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used to perform Brillouin zone integration. The GGA-PBE [14] was employed
for exchange-correlation functional and the energy cutoff was taken to be 430
eV for DFPT calculations. Once the FCs are known as function of volume,
the free energy can be readily calculated using Eq. 3.5. Phonopy code [63] was
exploited for this purpose. The results of free energy for a set of volumes can
be seen in Fig. 3.2. Having the free energy as function of volume and temper-
ature, thermodynamic properties such as lattice constant, thermal expansion
coefficient and heat capacity can be computed using proper derivatives of the
free energy.

As for Debye theory, the Debye temperature θD must be known to calculate
the vibrational free energy contribution. Different ways of calculating θD have
been considered here. To calculate θD from elastic constant, finite displacement
method of calculating elastic constant, as implemented in VASP, has been used
for a set of volumes, similar to DPFT calculations. The same supercell, k points
and energy cutoff of DFPT calculations were utilized. The cohesive curve has
also been computed at 0 K with similar setup described above. Within MJS
approach, θD was calculated from the 0 K cohesive curve.

Figure 3.3(a) compares the results of different methods with experimental
data for the lattice constant. The lattice parameter is overestimated by 1.1% at
300 K. The overestimation remains to be constant for DFPT and Hill methods,
decreases for Ruess method to 0.9% and increases for Voight method to 1.3% at
1200 K. MJS lattice constant show a rapid increase with temperature such that
above 1100 K lattice sublimes, according to our calculations. This can be bet-
ter understood in Fig. 3.3(b) where linear thermal expansion coefficient (TEC),
α = 1

a
da
dT , shoots up for MJS approach. The linear variation of lattice constant

computed using DFPT translates to a constant TEC which is in good agree-
ment with available experimental data. The agreement between Hill and Reuss
methods with experimental data for TEC is remarkable and rather surprising.

Figure 3.4 compares calculated CP with experimental data. The heat ca-
pacity plotted in this Fig. is isobaric (P = 0) and electronic contribution has
been included, so CP = ClatP +CelP . The electronic contribution to heat capacity
is calculated using the approximation of the free electron gas

CelP =
π2

3
k2
BN (εf )T,

where N (εf ) is the electronic density of state at the Fermi level. Except MJS-
CP , which similar to TEC (α) overshoots, the other methods show a good
agreement with experiments. Therefore, we conclude that the Debye theory is a
good approximation in comparison to experiments and its results are comparable
to the results of more elaborate methods such as DFPT. Figure 3.4(b) shows
the volume dependence of θD for different methods. The DPFT curve has
been obtained by the fitting the free energy of Fig. 3.2 to the Eq. 3.33. We
obverse that the Reuess and Hill averages produce a very similar θD. This
point reinforces the last statement about the comparability of Debye and DPFT
results.
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Figure 3.4: (a) Heat capacity CP as funciton of temperature. Experimental
data is taken from Ref. [65]. (b) Debye temperature (θD) versus volume (Å3).
DFPT Debye temperature is obtained from fitting of the DFPT free energy to
Debye theory, see the text.
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Chapter 4

Thermophysical properties
of paramagnetic Fe

It doesn’t matter how beautiful your theory is, it doesn’t
matter how smart you are. If it doesn’t agree with exper-
iment, it’s wrong. - Richard Feynman

Iron and its alloys have been the main building block of many engineering
and technological advancements. It is not an exaggeration to state that Fe has
been a pillar of the modern civilization. Fe alloyed with carbon which we now as
steel, has a huge industry around it and there is a tight competition to improve or
advance its properties. Therefore, because of its importance, it seems that doing
research on Fe is certainly beneficial for scientific and industrial communities.
Here, we are concerned with pure Fe at elevated temperature. We know that
body-centered cubic (bcc) Fe, which is also called α-Fe, is ferromagnetic below
Curie temperature TC of 1040 K. Above TC , α-Fe is paramagnetic in a short
range of temperature where it transforms to fcc or γ phase at 1185 K. γ-Fe is also
paramagnetic and stable between 1185 to 1667 K. At 1667 K, γ-Fe transforms
back to bcc Fe which is called δ-Fe. δ-Fe is stable upto ∼ 1800 at which it melts.

Calculations of Fe properties from first principles is still a challenging task.
For example, there have been many attempts to calculate TC of α-Fe and after
two decades of intense research, theoretical determination of TC of Fe is still
matter of debate. In this chapter, thermophysical properties of paramagnetic
Fe from TC upto melting point will be presented. The main tool of electronic
structure calculations is the EMTO method presented in Section 2.4. The to-
tal energies were calculated within GGA-PBE and FCD formalism [36], see
Section 2.7. The orbital momentum cutoff lmax = 3 for partial waves and a
33× 33× 33 Monkhorst-Pack [62] grid of k points were used.

The approach to treat finite temperature disorder is partitioning of the free
energy as explained in Section 3.4. Similar to the case of Cu, Section 3.6, the
Debye temperature has been calculated from the elastic constants. The single-
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Figure 4.1: (a) Debye temperature ΘD (K) as function of Wigner-Seitz radius
w (Bohr) calculated using different methods. For bcc phase, ΘD is calculated
at a constant temperature of 1700 K and for fcc phase at 1400 K. (b) Debye
temperature ΘD (K) computed using different methods for α, γ and δ-Fe as a
function of temperature. For bcc phase, ΘD is calculated at a fixed Wigner-Seitz
radius of 2.725 Bohrs and for fcc phase at 2.675 Bohrs.
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crystal elastic constants are calculated using partial free energies which were
obtained employing TSF model, Eq. 3.28, of paramagnetic state. These elas-
tic constants then will be used to calculate Debye temperature θD. However,
in contrast to Cu case, the common homogenization theories such as Voight or
Reuss do not give satisfactory results for δ-Fe as will be discussed in Sections 4.1
and4.2. Therefore, a new method of averaging is proposed that takes into ac-
count the effect of high as well as low frequency modes in calculations of the
Debye temperature. This approach which is called resultant effective direction
(RED) reproduces well the thermophysical properties almost of all paramagnetic
phases of Fe.

When there is a strong elastic anisotropy in solid, the isotropic assumption
behind Eq. 3.15 is rather questionable. The reason is that in this case, there are
directions of sound wave propagation which are softer than others. Therefore,
the assumption that all directions of sound propagation are similar can not be
justified. If one follows this rationale, one can find an effective sound velocity
that would represent the contributions of high as well as low frequency modes
into the vibrational free energy. In this approach, instead of Eq. 3.15, the direct
integral, Eq. 3.16, will be estimated. A new theory is introduced to calculate
the effective sound velocity as follows. The three acoustic sound velocities were
calculated for each direction in an irreducible wedge of the Brillouin zone (BZ).
Once the velocities of three acoustic branches are known, the projection of the
velocity of each branch on one of the principal axes can be calculated. This
procedure is repeated for all of directions confined to irreducible part of BZ.
As soon as the projections of velocities are known for each principal axis, an
average can be obtained. As a result, vm is simply obtained from the three
averages corresponding to principal axes. One can view the result as a direction
and interpret it as a resultant effective direction (RED).

Results of RED approximation for θD can be seen in Fig. 4.1. Figure 4.1(a)
shows the variation of Debye temperature ΘD calculated using RED approxi-
mation, MJS formalism and Voigt average as a function of Wigner-Seitz radius
w at a fixed temperature. θD calculated from RED approximation lie between
Voight and MJS approach. We can see that the difference for fcc Fe is rather
large at lower volumes. For bcc Fe, three methods give more or less similar
values. It is interesting to note that large difference for the case of fcc Fe does
not affect the high-temperature properties. On the other hand, rather similar
results for θD of bcc Fe translate to very different high-temperature properties,
as also will be elaborated more in Sections 4.1 and 4.2. This is an example of
non-triviality of high-temperature modeling of thermophysical properties. Fig-
ure 4.1 (b) shows variation of ΘD as function of temperature calculated for α-,
γ-, and δ-Fe at a fixed Wigner-Seitz radius. We see in this figure that θD is
weakly dependent on temperature for different methods.
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Figure 4.2: (a) Wigner-Seitz radius w (bohr) of α-,γ-, and δ-Fe as function of
temperature. Experimental data (open circles) are taken from lattice parameter
measurements of Ref. [66]. (b) alculated heat capacity CP and its contributions,
as functions of temperature. Experimental points are taken from Ref. [67] to
represent the results of a critical assessment of a large number of experimental
data.
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4.1 Thermal expansion

Figure 4.2(a) shows calculated Wigner-Seitz radii, w, for three phases of Fe as
a function of temperature. In addition to RED approximation, the calculated
w using Voight, Hill and MJS approaches are also plotted. MJS approach gives
reasonable results for α- and γ-Fe. For δ-Fe it highly overestimates the lattice
parameter and thermal expansion. Voight and Hill methods seem to work fine
for α- and γ-Fe. However, or the case of δ-Fe there are appreciatable underesti-
mations in the lattice constant and thermal expansion. RED approximation, on
the other hand, can reproduce the lattice constants and thermal expansion of all
three phases of paramagnetic Fe. While the calculated Wigner-Seitz radii are
systematically underestimated with respect to experiment, the error on average
is about 0.3%, 1.3% and 0.2% for α, γ and δ, respectively.

Voight method, similar to RED, systematically underestimates the lattice
constant. An interesting observation is that Hill approach has a different be-
havior; it significantly underestimates the Wigner-Seitz radii of α- and δ-Fe but
slightly overestimates for the case of γ-Fe. This shows the vibrational contribu-
tion to lattice expansion is important and accurate estimation of it can certainly
improve the results.

4.2 Heat capacity

The isobaric (P = 0) heat capacity calculated using different methods have
been plotted in Fig. 4.2(b). The experimental data in this Fig. corresponds
to critically assessed experiments by Desai [67]. Desai has compiled a large
amount of the available data and considering their thermodynamic consistency,
he proposed a set of most reliable values. We observe that for α-Fe, because of
a huge contribution from magnetic short-range order above Curie temperature
TC , the calculated heat capacity is largely underestimated. The main reason
for underestimation is that CPA-DLM picture of the magnetic disorder can not
capture any kind of short-range order. Except Hill method, RED, Voight and
MJS approaches agree well with experiments for the case of γ-Fe. The best
agreement with experiment for γ-Fe corresponds to MJS approach where in
addition to the magnitude, the slope of heat capacity is well reproduced.

Very similar to thermal expansion, Cp of δ-Fe is a challenge. We can see
in Fig. 4.2(b) that MJS results are highly overestimated and Voight and Hill
results are underestimated. The observed trend for Hill and Voight methods
that is a lower CP for δ-Fe at transition temperature with respect to γ-Fe is
completely unphysical. RED approximation, on the other hand, can reproduce
well CP of γ-Fe and give more accurate results for δ-Fe.

4.3 Elastic moduli

Elastic constants of paramagnetic Fe calculated using the method described in
Section 3.5 will be reported here. The temperature dependence of elastic moduli
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Figure 4.3: Color online) Calculated temperature dependence of elastic moduli
of γ-Fe in comparison with experimental data of Refs. [68] (Exp.a), [69] (Exp.c),
[70] (Exp.d), and [71] (Exp.b). Black, magenta, and blue lines represent the
variation of BT , C44, and C ′, respectively.

can be seen in Fig. 4.3. For α-Fe, there is a good agreement between calculated
moduli and the experimental data of Ref. [70]. For γ-Fe, there are two sets
of experimental data reporting the complete set of elastic constants Refs. [68]
and [71]. Calculated C

′
is in good agreement with both experiments. However,

the C44 is overestimated with respect to these experiments. Overestimation of
C44 modulus seems to be a general trend in theoretical calculations [72, 73].
Bulk modulus calculated from the cohesive curve seems to be underestimated
with respect to results of Refs. [68] and [71]. Specifically, the bulk modulus of
Ref. [71] for all three phases is off from even other experiments. Nevertheless,
the calculated bulk modulus is in good agreement with experimental data of
Ref. [69]. For δ-Fe only available experiment is the neutron scattering data of
Ref. [71]. There is a good agreement for C

′
and C44 moduli but bulk modulus

is underestimated with respect to this experiment.

4.4 Magnetic susceptibility

Since the TSF model of paramagnetic disorder is suitable for a system with a
local moment present at paramagnetic state, the question can be raised that how
the magnetic susceptibility can be compared to experiments? The existence of
a local moment leads to a Curie-Weiss type of behavior and model calculations
should give acceptable results in comparison to experiments. The total (due to
valence electrons) susceptibility χtot of paramagnetic Fe has been evaluated as
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follows
χtot = χLandau + χPauli + χCurie,

where χLandau is Landau-Peierls diamagnetic contribution which for free-electron
gas is

χLandau = −χPauli
3

,

χPauli is Pauli susceptibility of free electrons and χCurie is due to local moments.
Temperature dependence of χPauli has been considered via volume dependence
of N (εF ) that is

χPauli = 2µ2
BN (εF ).

In accordance with the DLM-PLG model, χCurie has been evaluated for a para-
magnetic lattice gas (assuming the orbital moment to be frozen and T >>
TC) [76]:

χCurie =
4µ2

BS
2
Z

3kBT
.

Here µB is the Bohr magneton and SZ is the spin quantum number (in this
context the calculated magnetic moment is interpreted as m = 2SZ). The
so calculated susceptibility is plotted in Fig. 4.4 where it is compared with
experimental data of Refs. [74, 75].

Since the CPA cannot capture any magnetic short-range order effects in
paramagnetic α-Fe, we see a large discrepancy between the results of DLM-
PLG model and experimental data in the corresponding low-temperature part
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Figure.

of Fig. 4.4. For γ-Fe it seems that PLG model effectively reproduces the exper-
imental data. For δ-Fe the magnitude of spin fluctuations is underestimated by
this model.

4.5 γ → δ transition temperature

Since the Helmholtz free energy has been calculated for different volumes and
temperature, it is possible to calculate the transition temperature of phase trans-
formations. Variation of the free energy (P = 0) as function of temperature is
plotted in Fig.4.5. We would like to stress that using CPA, it is not possible
to study α→ γ transition because of the substantial contributions of magnetic
short range order into the thermophysical properties, such as heat capacity, of
paramagnetic α-Fe just above the magnetic transition. Therefore, we focus our
attention on the γ → δ transition.

We observe that the calculated transition temperature, using our approach,
is about 2030 K which is considerably higher than the experimentally known
value of 1667 K. The main reason for this overestimation is that the partial
(electronic and magnetic) free energy difference between the fcc and bcc para-
magnetic phases of Fe, ∆Gfcc−bcc, as it comes from GGA-based DLM calcula-
tions, is very large. For example, at 1400 K calculated ∆Gfcc−bcc = −1.32mRy
while experimental number for this difference is about -0.05 mRy [77]. Our
calculated value of ∆Gfcc−bcc(1400 K) is comparable to reported ∆Efcc−bcc of
Ref. [73] which is -3.1 mRy. This difference is to be overcome by the difference
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of vibrational free energy contributions, as well as by the entropy difference.
Another factor that can change the transition temperature is ∆Sfcc−bcc

which determines the difference in slopes between the Gibbs free energy of two
phases. Our calculated value for ∆Sfcc−bcc at 1650 K is about -1.66 J/(mol.K)
and experimentally [77] determined value is -0.85 J/(mol.K) showing that dif-
ference of slope of free energies is overestimated, but nevertheless the δ phase
does not become stable until very high temperature.
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Chapter 5

Thermodynamic properties
of paramagnetic α- and
β-Mn

Science is what we have learned about how to keep from
fooling ourselves. - Richard Feynman

Theoretical calculations of thermodynamic properties of complex phases
such as α- and β-Mn is a challenging task because of the presence of different
types of disorder. Here, we are concerned with the paramagnetic phases at inter-
mediate and high temperature. Similar to the case of Fe in Chapter 4, we have
to model simultaneously electronic, magnetic and vibrational disorders that are
important for thermodynamic modeling at finite temperatures. The adiabatic
principle of the separating fast degrees of freedom from slow degrees of freedom
is the backbone of the method used here as elaborated in Section 3.4. The TSF
model of magnetic excitations in paramagnetic state, similar to Fe case, has
been employed to calculate the magnetic contribution to the free energy. The
only difference is that for complex structures such as α and β, there are more
than one inequivalent site in the unitcell and therefore the total contribution is
the sum of all sites possessing a local moment. The electronic contribution is
calculated using Eq. 3.27, explained in Section 3.5.

The vibrational contribution to free energy is calculated using MJS formal-
ism of Debye-Grüneisen model. The Debye temperature is calculated using
Eq. 3.21. However, in contrast to MJS approach, the volume dependence of the
θD is calculated directly via the bulk modulus; the bulk modulus is calculated
from electronic partial free energies at each volume and temperature and there-
after the θD is calculated from Eq. 3.21. Therefore, we circumvent the use of
Grüneisen parameter. Calculation of the bulk modulus from partial free ener-
gies, i.e. setting up Debye-Grüneisen from the cohesive curve, is in accordance
to the adiabatic approximation. This way we connect adiabatically a mean field
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theory of electronic plus magnetic disorder to vibrational disorder.

5.1 α- and β-Mn: Introduction

The α-Mn is stable from 0 to 1000 K and is believed to be the most complex
of all elements considering its magnetic and atomic structure. Below the Néel
temperature of 97 K, α-Mn forms a long-range antiferromagnetic (AFM) order.
In the paramagnetic state ranging from 100 to 1000 K, α-Mn has a complex
cubic structure with 58 atoms per body-centered unit cell with four inequiva-
lent sites (with 29 atoms in the primitive cell). Neutron diffraction data [78–81]
suggests a noncollinear antiferromagnetic (NC-AFM) structure below 97 K. Be-
low the Néel temperature, a tetragonal distortion appears and the symmetry of
crystal structure becomes lower due to magnetoelastic effect [81]. The distorted
tetragonal unit cell still contains 58 Mn atoms, but instead of four, there are
six magnetically inequivalent sites though the number of crystallographically in-
equivalent sites remains the same. It is worth mentioning that magneto-elastic
effect has been observed in other elements and compounds [82]. For example,
it occurs upon quenching of γ-Mn, a high-temperature face centered-cubic (fcc)
phase, it undergoes an AF ordering, as will be discussed in Chapter 6.

At temperatures above 1000 K, α-Mn transforms into another phase of Mn
called β-Mn. This phase is a complex cubic crystal structure, with 20 atoms per
cell. The β phase can also be quenched down to very low temperatures. The
magnetic properties of β-Mn at low temperatures seem to be quite unusual.
There is evidence for large spin fluctuations on site II at very low temperatures
and that site I is probably non-magnetic [83]. The effect of non-zero magnetic
moment at site I on thermodynamic properties of the β phase will be discussed.
Theoretically and experimentally, it has been confirmed that no magnetic order
appears in β-Mn down to 1.4 K. Several authors conjectured that this behavior
is a result of the geometric frustration of Mn on the site II which forms a three
dimensional triangular lattice.

In summary, as an anonymous referee once said “the two manganese struc-
tures, α- and β-Mn, have a long history and harbor a large amount of literature.”

5.2 Thermal expansion

The lattice parameter versus temperature is plotted in Fig. 5.1(a) for α-Mn and
in Fig. 5.1(b) for β-Mn. Available experimental data for the lattice parameter
are also presented in the figure. Fig. 5.1(a) shows that when the magnetic
excitations on MnIV is switched off, there is a little difference with it is switched
on at high temperatures. At lower and intermediate temperatures the difference
is so small that it can not be seen. The lattice constant is underestimated with
respect to experimental data of Lawson et al. [84] by 2.3% at 100 K and by
∼3.14% at 1000 K in comparison with experimental data of Ref. [86].
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Figure 5.1: Calculated temperature dependence of the lattice parameter for (a)
α-Mn and (b) β-Mn. In both panels the background is a contour plot of the
Helmholtz free energy as a function of temperature and lattice parameter. The
unit of color legend is mRy. Labels MnIV-off and MnIV-on in (a) correspond
to switching off and on the magnetic moment of MnIV. Experimental data are
from Refs. [84–86]. Thermodynamic modeling data are from Ref. [87] denoted
by “Fitted”. Labels MnI-on and MnI-off in (b) correspond to switching on and
off the magnetic moment of MnI. Experimental data are from Ref. [88].
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Figure 5.2: Heat capacity Cp as a function of temperature for α- and β-Mn.
Black solid line with � markers represents critically assessed experimental data
compiled by Desai, Ref. [90]. For α-Mn, solid lines with ◦ markers correspond
to heat capacity contributions evaluated with the magnetic moment of MnIV
switched off and the dashed line represents the total heat capacity calculated
with the magnetic moment on MnIV switched on. For β-Mn, the solid lines with
◦ markers show the results obtained with the magnetic moment MnI switched
on and the dashed line represents the total heat capacity calculated with the
MnI switched off.

One can see in Fig. 5.1(b) that the lattice parameter of β-Mn is also sys-
tematically underestimated by the present calculations in the considered tem-
perature range. The deviation from experimental data of Ref. [88] is 3.37% at
1000 K and increases to 4.19% at 1350 K. The error increases with the increase
of temperature which means that the linear thermal expansion coefficient (TEC)
is underestimated. When the paramagnetic moment on site I is switched off,
the error in lattice parameter further increases to ∼ 4% at around 1000 K and
∼ 5% at around 1350 K. These results imply that the entropy contribution due
to the paramagnetic moment of MnI is important for describing the thermal
expansion of β-Mn. Consequently, from a thermodynamic consideration, we
conclude that there is a possibility for the existence of a paramagnetic moment
on site I in β-Mn at elevated temperatures. This is in line with a recent neutron
scattering study of β-Mn1−xCox alloy by Stewart and Cywinski [89] which gives
experimental evidence for the existence of such a moment on site I.
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5.3 Heat capacity

The calculated heat capacity, Cp and its various contributions are plotted in
Fig. 5.2 versus temperature. The results are compared with the compilation of
experiments by Desai [90]. Desai critically assessed the available experimental
data for the heat capacity of Mn and recommended a set of most reliable and
consistent data. With respect to the recommended values by Desai [90], our
calculations slightly underestimate the heat capacity of α-Mn below 300 K and
overestimate it above that temperature. The maximum difference with Desai’s
data is around 1000 K where the deviation is about 8.97% (18.50%) for the
magnetic moment on site IV treated as switched off(on). Switching on the
magnetic moment of MnIV causes a considerable overestimation of Cp. On the
basis of thermodynamic consideration, we suggest that site IV could not carry a
paramagnetic moment. This suggestion is in agreement with experimental data
on the Knight shift for paramagnetic α-Mn by Nagasawa and Murayama [91,92].
They found that the Knight shift is the greatest for sites I and II, while for site
III it is small and for site IV the shift is vanishing.

We would like to add that according to Hafneret al. [93] findings, the rea-
son for canting of the moments of α-Mn from collinear (CL) structure is the
geometric frustration of MnIV sites that drive the system to become NC. The
observation that magnetic moment on MnIV sites should vanish above the Néel
temperature is in line with geometric frustration picture of these sites. Let us
remember that it is experimentally and theoretically known that geometric frus-
tration can survive far above the Néel temperature depending on the magnetic
exchange interactions between the sites [94].

The calculated Cp of β-Mn is underestimated in comparison to Desai’s data
in whole temperature range unlike the case of α-Mn. Excluding the magnetic
moment on site I leads to further underestimation of the Cp. Lattice vibrations
account for 78% of Cp while the electronic and magnetic excitations contribute
the remaining 22%, on average.

5.4 Laguerre tessellation in β-Mn

Mn has a half-filled electron shell and such electronic structure is expected to
lead to structural instabilities. However, experimentally we know that different
phases of Mn are stable in a wide temperature range. One possible explana-
tion that has been put forward for observed stability is that inequivalent Mn
sites behave as like atoms having different sizes; this way, a self-intermetallic
compound is formed where elemental Mn actually forms an intermetallic com-
pound of Mn atoms with different electronic configurations [84, 93]. One can
also add to this discussion the fact that there is a one-to-one correspondence
between magnetic entropy and local moments, Eqs. 3.30, 3.30. Furthermore,
there is a direct relationship between atomic volumes, which in EMTO code is
determined through Voronoi tessellation (VT), and local moments. Therefore,
to obtain accurately thermodynamic properties, one has to accurately estimate
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Figure 5.3: (a) The lattice parameter and (b) the heat capacity of β-Mn cal-
culated using Laguerre (LT) and Voronoi (VT) tessellation. Experimental data
for the lattice constant is the same as Fig. 5.1(a) and for the heat capacity is
the same Fig. 5.2(b).

the atomic volumes.
In regular VT, the volume that corresponds to each atom depends on the

geometry and can be considered as an output rather than an input parameter.
However, there are other tessellation methods that can take into account and
control the difference in atomic radii in the crystal. Laguerre tessellation is one
of them and we have implemented in the EMTO code the Laguerre tessella-
tion technique using Voro++ code developed by C. Rycroft [95, 96]. To start
the calculation, relative atomic radii must be specified for the atoms occupy-
ing the different sites. The atomic radii have been calculated by overlapping
atomic Hartree potentials and locating the maximum point on the bond between
neighboring atoms, i.e. the point where to atomic Hartree potentials intersect.
Having obtained the ratio of these radii, Lauguerre tessellation can be carried
out. In Chapter 7, we will see another application of Laguerre tessellation.

Figure 5.3 shows how the results of two different tessellations compared
with experiments for β-Mn. VT lowers the lattice constant by 0.12 Å, the heat
capacity by 2.3 J/mol.K and the linear thermal expansion by 6.7810-6 K−1

with respect to LT results. Such lowering of properties is due to change atomic
volume and consequently the local moments which translates to lowering of
thermodynamic properties.
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Chapter 6

Thermophysical properties
of paramagnetic γ- and
δ-Mn

Physics has a history of synthesizing many phenomena
into a few theories. - Richard Feynman

Theoretical evaluation of thermophysical properties of high-temperature phases
of Mn is a challenging task; δ phase is dynamically unstable at lower tempera-
tures and direct simulations of high-temperature properties encounter the diffi-
culty of transformation to ω phase. The γ phase is also a difficult case because
of complications with magnetically induced distortion at lower temperatures
which drastically change the thermophysical properties. Besides, the magnetic
excitations in the paramagnetic state appear to play a significant rule in de-
termination of the thermophysical properties of γ-Mn and δ-Mn. There is also
a lack of experimental data for elastic properties of these phases, possibly be-
cause of the difficulty of performing experiments at high temperatures. In this
chapter, we present thermophysical properties of these phases using a similar
method of calculating properties to Fe in Chapter 4.

The free energy partitioning scheme has been employed to separate the fast
and slow degrees of freedom similar to two previous chapter. In contrast to
Fe case, here we also consider two models, namely TSF and LSF to calculate
magnetic free energy contribution. For each model, all thermophysical proper-
ties have been calculated and contrasted with experiments. In variance to the
case of Fe, for γ and δ phase, we have directly calculated the averaged sound
velocity from Eq. 3.16. The directions confined to the irreducible wedge of the
Brillouin zone for both phases have been sampled and for each direction, the
group velocities are calculated. Once the directional dependence of velocities is
known, one can directly obtain the average sound velocity vm.

Calculated sound velocities using the direct averages are almost identical to
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Figure 6.1: Group velocities (km/sec) of δ-Mn as function of crystallographic
direction. The calculated velocities correspond to Wigner-Seitz radius of 2.775
bohrs at 1440 K.
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an approximation introduced in the Chapter 4 for the case of Fe, the resultant
effective direction (RED) technique. In other words, there is a close resem-
blance between RED approximation and an exact evaluation of Eq. 3.16. Since
elastic constants are temperature and volume dependent, the procedure men-
tioned above is repeated for each volume and temperature in order to calculate
vm(V, T ). The calculations of the single-crystal elastic constants from partial
free energies that will be discussed in section 6.4 is similar to Fe case and details
of calculations are given in Section. 3.5.

The three group velocities can be seen in Fig. 6.1 as a function of reciprocal
direction. Although for general directions the vibrational modes are not strictly
pure transverse or longitudinal, [40] they have been categorized here in this way
for the sake of convenience. It can be seen in Fig. 6.1(a) that the lowest shear
shows a very anisotropic behavior. The same is true for next shear mode which
can be seen in Fig. 6.1(b). These two modes play a crucial role in determination
of vm as can be understood from Eq. 3.16. On the other hand, the longitudinal
mode, Fig. 6.1(b), shows isotropic behavior which is a rather expected behavior
for this type of mode. When the volume and temperature dependence of vm is
known, the ED and SD can be readily calculated. Thermophysical properties
then will be calculated from appropriate derivatives of the free energy.

6.1 Magnetic properties

Figure 6.2(a) shows the total electronic density of states (DOS) around Fermi
level for γ- and δ-Mn. For TSF, the DOS are bigger than LSF values. This
difference, renormalization of DOS due to magnetic moments, translates to the
difference in bonding strength which in turn causes the lattice to behave differ-
ently under deformation. We will discuss in details the effect of magnetic fluc-
tuations on elastic moduli in Section 6.4. The location of Fermi level for these
phases implies a specific behavior of the magnetic susceptibility χ(T ). When
the Fermi level is located in a valley of DOS, i.e. N ′(εf ) < 0 and N ′′(εf )→ 0,
the susceptibility increases as the temperature rises [76].

In both structures, Mn is in the paramagnetic state in the corresponding
temperature range. The simplest description of that state is given by the DLM,
TSF model, which takes into account only transverse spin fluctuations, Eq. 3.28.
It is applicable, however, only in the case when local magnetic moments are large
and stable with respect to perturbations of the magnetic state. The local mag-
netic moments practically vanish in both phases for the equilibrium 0 K lattice
parameter. One can also see that the LSF energy presented in Fig. 6.2(b) that
has nearly parabolic form. This is a clear indication of the itinerant character
of magnetism in these two phases. Therefore, in order to include LSF in our
calculations, we use an approximate expression for the magnetic entropy with
the full coupling of the transverse and longitudinal fluctuations [60], Eq. 3.30.
This expression is valid in the classical limit. The difference between LSF en-
ergy minimum and LSF energy for m = 0 is of an order of 8 mRy, i.e. ≈1260
K, which is less than the temperature of interest and thus LSF should play an
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Figure 6.2: (a) Total density of states as function of energy around Fermi level.
γ and δ-Mn data are calculated at 1410 K and Wigner-Seitz radius of 2.7917
and 2.7945 bohr, respectively. (b) Longitudinal spin fluctuations energy as a
function of magnetic moments µB . LSF curve represents the energy calculated
at 1410 K and for Wigner-Seitz radius of 2.80 bohrs and DLM curve shows the
energy at 0 K and for Wigner-Seitz radius of 2.60 bohrs. Inset: temperature
dependence of magnetic moments for γ- and δ-Mn. Moments calculated at
theoretical equilibrium volumes.
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important role also in this case, as will be demonstrated in the next sections.

6.2 Thermal expansion

The calculated lattice parameter as function of temperature is shown in Fig. 6.3(a)
for γ-Mn and Fig. 6.3(b) for δ-Mn. It is somewhat underestimated for both
phases and in both TSF and LSF calculations compared to the experimental
data of Ref. [88]. However, the LSF results for the lattice constant, which
are 2.0% below the experimental data, are in better agreement than the TSF
results, which are about 4% lower. The temperature dependence of the lat-
tice constant is also better reproduced by the LSF model as can be seen in
Fig. 6.3(b). Although the LSF model somewhat underestimates the TEC for
both phases compared with experimental data, the TSF model completely fails
to produce reasonable results for γ-Mn, which is known to have the largest TEC
among all the fcc transition metals and alloys in the 3d series [97].

6.3 Heat capacity

Fig. 6.4(a) shows a variation of the heat capacity for γ and δ-Mn with tem-
perature. A decomposition of the heat capacity into various contributions have
been also presented. The assessed experimental data by Desai [90] is plotted
by black lines for the sake of comparison. In Desai’s work, the available experi-
mental data for the heat capacity have been analyzed and reported. Thus, they
can be viewed as the most reliable values available for the heat capacity. Here-
after, we denote the values reported by Desai as experiment. In the Fig. 6.4(a),
we observe that the heat capacity Cp has been underestimated for both γ and
δ-Mn. For γ-Mn at 1410 K, the heat capacity in the LSF calculations is under-
estimated by 4.5 % with respect to the experimental value and by 4.4 % at 1360
K. On the other hand, the heat capacity of γ-Mn predicted in the TSF calcula-
tions is underestimated by 27 % at 1360 K and 28% at 1410 K. The Cp of δ-Mn
obtained in the LSF and TSF calculations is underestimated by 8% and 16% at
1410 K, respectively. These results show that the LSF model reproduces rather
well different sets of experiments for the lattice constant and heat capacity in
both phases.

6.4 Elastic moduli

In Fig. 6.4(b), the elastic constants are shown as a function of temperature
obtained at the corresponding theoretical equilibrium volume. As can be seen,
they change very little (less than 1 %) in the corresponding temperature range.
The bulk modulus of γ-Mn calculated using the TSF model is anomalously low
and, surprisingly, it increases with temperature. This is because of an anomaly
in volume dependence of bulk modulus. According to the TSF results, there is
a plateau in volume dependence of bulk modulus that follows with an increase
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Figure 6.3: Calculated temperature dependence of the lattice parameter for (a)
γ-Mn and (b)δ-Mn. The background of both panels is the contour plot of the
Helmholtz free energy as function of temperature and lattice constant. The unit
of color legends is mRy. Experimental data are taken from Ref. [88].

with the increase of volume. The volume dependence of elastic constants C ′

obtained using the TSF model shows also an anomalous behavior similar to
the bulk modulus. Moreover, the bulk modulus predicted by the TSF model is
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Figure 6.4: (a) Calculated heat capacity Cp and its contributions as function of
temperature. Desai’s work [90] represents the critically assessed values of a large
set of experiments. (b) Calculated temperature dependence of elastic moduli of
γ- and δ-Mn. Blue, red and green lines represent the variation of B, C44 and
C′, respectively.

almost identical to the value of C ′ for both phases.
Such an unphysical behavior of elastic moduli within the TSF model is an

indication that it does not work properly for γ-Mn. On the contrary, the LSF
model provides a much more reasonable description of the elastic properties,
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although the bulk modulus calculated using the LSF model is also rather low.
The difference in calculated C ′ using the LSF and TSF models is also appre-
ciable when one takes into account the fact that this modulus is small. On the
other hand, C44 elastic modulus seems to be insensitive to the type of the used
magnetic model: both models give similar results. Unfortunately, there is no
experimental information about elastic properties of γ-Mn and δ-Mn. Nonethe-
less, considering the results of the previous sections it seems likely that the LSF
results could provide a better description for elastic moduli.
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Chapter 7

Defects in TiC and Ti(O,C)

Scientific knowledge is a body of statements of varying
degrees of certainty – some most unsure, some nearly sure,
none absolutely certain. - Richard Feynman

Titanium carbide (TiC), similar to other carbides of group IVB, exhibits
properties of ceramic-like materials such as the highest known melting point,
great hardness, wear and corrosion resistance, as well as metal-like properties
such as high electrical and thermal conductivity. Such properties make TiC an
ideal material for hard coatings and cutting tools, as well as the assembling
components in the aerospace industry. Because of such demand, TiC is one
of most studied among transition-metal carbides. In this chapter, we discuss
the point defects and metal self-diffusion in TiC. The effect of point defects in
Ti(O,C) will also be presented.

7.1 Defects and diffusion in TiC

Crystal structure of TiC is the NaCl-type structure. However, it is known that
reaching the perfect stoichiometric composition is too difficult. The reason for
this is the presence of carbon vacancy as constitutional defects. An interesting
fact about this compound is that carbon vacancies can reach a large fraction
(up to 50%). Effects of carbon vacancies on its physical, chemical, and mechan-
ical properties have been well established in many experimental and theoretical
studies [98,99].

Despite the well-studied effect of carbon vacancies, other intrinsic defects
and defect clusters have not been thoroughly studied in TiC system. To fill
this gap, a systematic study of point defects have been conducted using the
supercell approach. The electronic and atomic structure of point defects in
TiC, as well as their formation energies, were calculated using VASP-PAW.
The total energies of the pristine and defected TiC supercells were obtained by
using GGA-PBE functional [14]. A cut-off energy of 400 eV was used in all
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Figure 7.1: Computed atomic structure o (a)TiD (b)Ti
′

D ={TiD–VaC} (c)

Ti
′′

D ={VaC–TiD–VaC} (d) C
′

D ={CD–VaTi} defect in TiC. Grey arrows show
the direction and magnitude (exaggerated) of the atomic displacements around
the defect. Interatomic distances are indicated by numbers (Å) and red arrows.
Vertical and horizontal thin lines show the positions of lattice planes in the
perfect TiC.

calculations. Important parameters such as the supercell size and the k-point
mesh density were already tested in a previous study [98]. It was found that
a 216-site supercell with a 5 × 5 × 5 Monkhorst-Pack k-point mesh was large
enough to achieve an acceptable precision. The convergence criteria were set
to be 10−5 eV for the total energy and 10−2 eV/Å for the forces. The ionic
positions were allowed to relax in all cases.

Geometry of several conformations, which have not been reported before, are
plotted in Fig. 7.1. Two newly discovered clusters of vacancies are Ti

′

D ={TiD–

VaC} and Ti
′′

D ={VaC–TiD–VaC} that have been depicted in Fig. 7.1(b) and
(c), respectively. These clusters are obtained by adding VaC to TiD. Looking at
Table. 7.1, one can see that adding 1 VaC to the neighborhood of Ti dumbbell
significantly reduces the formation energy from 8.70 eV to 5.65 eV. Having 2 VaC

around TiD reduces formation energy further to 4.04 eV. Another observation
in the C-rich TiC composition range is that asymmetric carbon interstitial C

′

I,

carbon dumbbell terminated by a titanium vacancy C
′

D (see Fig. 7.1(d)) and
VaTi appear to be the mechanically stable ones.
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Figure 7.2: (a) Schematic diagrams showing pathways of vacancy-assisted trans-
lational (upper panel) and rotational (lower pannel) motions of a Ti′′D defect
complex. The blue spheres represent Ti atoms with the marked purple spheres
for the defect complex, and brown spheres for C atoms. The pathway is marked
by the dashed line, with an arrow used to highlight the migration orientation.
(b) Minimum energy profile along the migration paths of Ti′′D complex. The
orange line stands for the rotational migration, and the blue curve stands for
the translational migration of the complex.
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Table 7.1: Computed formation energies (eV) of isolated point defects in
Ti1−cCc and their dependence on the chemical potential around the stoichio-
metric composition (0.49 ≤ c ≤ 0.51).

Notation 0.49 ≤ c ≤ 0.51 c < 0.5 c > 0.5

C-depleting defects
VaC (symmetric) -0.34 + µ/2 0.00 0.50
Ti′′D ({VaC–TiD–VaC} cluster) 3.02 + 3µ/2 4.04 5.51
Ti′D ({TiD–VaC}, split antisite) 4.97 + µ 5.65 6.65
TiC (symmetric, unstable) 6.94 + µ 7.62 8.62
TiI symmetric 8.19 + µ/2 8.53 9.03
TiD [100] 8.36 + µ/2 8.70 9.20
TiD [110] 8.71 + µ/2 9.05 9.55

C-enriching defects
C′I asymmetric 4.09 - µ/2 3.75 3.25
CI symmetric, unstable 4.53 - µ/2 4.19 3.69
CD [100] 5.64 - µ/2 5.30 4.80
CD [110] 6.32 - µ/2 5.98 5.48
VaTi symmetric 7.81 - µ/2 7.47 6.97
C′D {CD–VaTi}, split antisite 10.25 - µ 9.57 8.57
CTi symmetric antisite, unstable 12.17 - µ 11.49 10.49

We should add to above discussion that understanding point defects and
clusters is of importance to understand the metal self-diffusion in TiC. For ex-
ample, it is practically important to understand the phase separation of a mixed
carbide (Ti,Zr)C into TiC-rich and ZrC-rich fractions. This way, the hardness
of hard coating for cutting tools can be controlled. In the case of TiC, there
exists a discrepancy between the experimental value for metal-self diffusion acti-
vation energy and theoretically calculated from different models. The common
picture of metal-vacancy mediated self-diffusion gives the activation energy as
high as 12 eV. Another interesting observation is the independence of activation
energy and diffusion coefficient from the carbon concentration. This pattern is
not limited to TiC, ZrC and NbC show a similar independence pattern.

Defect complex Ti′′D, explained above, can be taken into account as a possible
mediator of metal. For Ti atom to diffuse in such a defect complex, a third
carbon vacancy must be present to activate its diffusion. As we know, the
activation energy is the sum of the formation and migration energies

Q = Eform + Emigr. (7.1)

The migration energies for two mechanisms of diffusion have been evaluated via
transition states which are associated with the minimum-energy path for migra-
tion processes. To locate the transition states of atomic jumps, the climbing-
image nudged elastic band (CI-NEB) method [100] have been employed. The
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schematic of two proposed diffusion translational and rotational modes have
been presented in Fig. 7.2(a). The migration barriers of two modes calculted
using DFT-CI-NEB are shown in Fig. 7.2(b). We observe that the migration
barrier of the rotational mode is one-third of translational mode suggesting this
mode of diffusion is easier to activate. The activation energies of rotational and
translational modes are predicted to be 40% and 10% less than the experimental
value. However, if we consider migration barrier of diffusion of a third carbon
vacancy as rate limiting factor, the activation energy of the rotational mode
becomes 7.28–7.78 eV which is very close to the measured activation energy of
7.65 eV.

7.2 Role of vacancies in Ti(O,C)

The bonding between Ti and C atoms in TiC is of covalent type. However, the
bonding between Ti and O atoms in TiO can be considered a mixture of ionic
and covalent bonds [106]. Despite the different bonding between metal and non-
metal atoms in these compounds, TiC and TiO form a continuous solid solution.
Titanium oxycarbides Ti(O,C) possess the characteristics of both metallic and
ionic systems. Similar to TiC, they also exhibit high hardness which make
them good materials for coating and they conduct electricity. On the one end
of Ti(O,C), we have TiC in which the carbon vacancies are constitutional. TiO,
on the other end of Ti(O,C), contains as much as ∼15 atm.% vacancies on
both metal and non-metal sublattices. The carbon and metal vacancies in TiC
have been thoroughly studied [98,107]. The effect of vacancies in TiO was also
studied by a number of authors [108, 109]. However, the effect of vacancies in
Ti(O,C) have not been theoretically well studied and understood.

Since supercell calculations for concentrated solid solutions of Ti(O,C) is an
extremely difficult task, one must resort to a single-site method. The EMTO-
CPA as a single-site method has been employed to study the effect of vacancies
on structural properties of Ti(O,C). Application of CPA to Ti(O,C) requires a
modification regarding the partitioning of the crystal structure. In Sections 5.4
and 2.7, it has stated that Laguerre tessellation, as an alternative way of par-
titioning of crystal structure, has been implemented inside “shape” module of
EMTO package.

Using the modified shape module, the divacancy concentration for Ti(O,C)
has been calculated by finding the concentrations that reproduce the lattice
parameter for the whole O concentration range. As we can see in Fig. 7.3(a),
there is a scatter in experimental data for lattice parameter. Because of this
scatter, the analysis has been done for different sets of lattice parameter. The
obtained the divacancy concentration which is necessary to reproduce the lattice
constant is shown in Fig. 7.3(b). Our results show a good agreement with the
only available experimental study reporting the divacancy concentration. The
observed systematic offset could be due to the fact that during the annealing
process the equilibrium concentration of vacancies have not been reached and
there is an excess of vacancy concentration.
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Figure 7.3: (a) Calculated and experimental lattice parameter as a function
of O concentration. Exp.a, Exp.b and Exp.c denote experimental data of
Ref. [101], Ref. [102] and Ref. [103], respectively. (b) Concentration of diva-
cancy, VaTi+VaC/O, as function of O. Ti(O,C)a, Ti(O,C)b and Ti(O,C)c denote
the calculations based on experimental lattice constant of Ref. [101], Ref. [102]
and Ref. [103], respectively. Expd, Expe and Expf denoted experimentally mea-
sured value of Ref. [102], Ref. [104] and Ref. [105], respectively.
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Chapter 8

Summary of appended
papers and outlook

8.1 Summary of papers

The main results of first principles based finite temperature modeling are pre-
sented in Papers I, II and III. Papers IV, V and VI present the results of cal-
culations for TiC and Ti(O,C) compounds. A summary of each paper is given
below and papers are attached to the thesis.

Paper I: In this paper, it is shown that how using adiabatic approximation
one can accurately calculate high-temperature properties of paramagnetic Fe.
Adiabatic approximation in this context means partitioning of free energy to dif-
ferent contributions where each contribution has been determined by means of
a suitable mean field theory. It was observed that δ-Fe is a difficult case for cal-
culations of thermophysical properties because of its high elastic anisotropy. A
new averaging scheme has been introduced where the effect of elastic anisotropy
has been taken into account. Using this method, thermophysical properties of
paramagnetic Fe were computed and compared with available experimental data
for lattice constant, thermal expansion, heat capacity and elastic modulus where
good agreements have been observed in general.

Paper II: α- and β-Mn are two phases of Mn with low crystallographic sym-
metry and complicated magnetic structure. α-Mn has a noncollinear magnetic
structure below Néel temperature of 97 K and it is paramagnetic above that.
β-Mn is also paramagnetic down to very low temperatures. Direct simulation of
thermodynamic properties of these phases is an extremely difficult task. In this
paper, we show that how using a simple scheme, based on Debye model, one
can calculate thermodynamic properties of these phases with acceptable error
in comparison to experiments.
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Paper III: This paper extends the study of Paper II to high-temperature
phases of Mn γ and δ-Mn. There are several difficulties to theoretically study
these phases; γ-Mn tetragonally contracts below Neel temperature of 500 K and
δ-Mn is dynamically unstable at low temperatures and transforms to ω phase.
Using a similar approach to Paper I, thermophysical properties of these phases
have been calculated and contrasted with available experimental data where
good agreements were observed. Due to experimental difficulties to perform
experiments at such temperatures, there is a lack of data for elastic constants.
In this paper, we also reported a complete set of calculated elastic constants.

Paper IV: The solid solution of TiC and β-TiO, Ti(O,C), has been stud-
ied using EMTO-CPA single-site method. We first show that why the usual
supercell approach is not an appropriate method for this system by calculating
dilute concentrations of O in TiC supercell. As an accurate single-site method,
EMTO-CPA has been chosen to study this system. Application of EMTO-CPA
to Ti(O,C) case requires a development regarding the tessellation of (crystal)
space. Such development has been carried out and lattice parameter and diva-
cancy concentrations have been calculated and reported. The calculated values
and available experimental values agree although. However, there seems to be
a systematic underestimation of calculated divacancy concentration in compar-
ison to experiment.

Paper V: TiC, a refractory material, with NaCl cubic structure is known to
be substoichiometric with vacancies on Carbon sublattice that can be as large
as 50%. While the effect of C vacancies are well-studied and understood, other
kinds of intrinsic defects have been ignored. In this paper, we systematically
studied different kinds of point defects in TiC with compositions very close
to stoichiometric. We discovered several clusters of vacancies with formation
energies lower than their individual constituents suggesting that interactions
between vacancies can play a significant role in stabilization of such clusters.

Paper VI: The mechanism of metal self-diffusion in TiC is a longstanding
mystery. The activation energy calculated based on a common picture of metal-
vacancy exchange mechanism is at least 5 eV above the experimentally measured
one. The measured value for activation energy of metal self-diffusion in this
compound is interestingly independent of C concentration. Any theoretically
proposed mechanism should be able to reproduce such behavior. We considered
the newly discovered clusters in Paper V as a mediator of metal atoms and
evaluate the activation energies. The calculated results based on these clusters
are close to experimental values. Since the proposed mechanisms are rather
simple, they can be considered as dominant mechanisms for metal self-diffusion
in this compound. We also study the effect of temperature on formation and
migration energy of such clusters.
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8.2 Suggestions for future work

In this thesis, thermophysical properties of different phases of elemental Fe and
Mn have been presented. A natural extension to this would be to investigate
similar properties for concentrated alloys. The extension of theories employed
here to alloys is of great industrial and scientific interests. A word of caution is
in order; this innocent looking suggestion might be a quite challenging task that
requires the attention of a community rather than a sole researcher! Another
suggestion concerns the study of metal or impurity diffusion. It is suggested to
employ newly developed Monte Carlo methods which learn diffusion events on
the fly. The advent of computational power will soon make such calculations
as routine tasks. One example of such methods is “activation-relaxation tech-
nique” (ART) developed by Mousseau and coworkers [110–112]. A preliminary
application of ART, not reported in this thesis, showed very promising results.
Continuation of this line of research appears to be a fruitful endeavor.
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[51] Z. Li, F. Körmann, B. Grabowski, J. Neugebauer, and D. Raabe, Acta
Mater., vol. 136, no. Supplement C, pp. 262 – 270, 2017.
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