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Abstract

In this thesis, we propose and discuss a class of motion-adaptive transforms
(MAT) to describe the temporal correlation in image sequences for compression.
The temporal correlation is based on motion models, and undirected graphs are
used to represent this correlation in image sequences. The transforms are adaptive
to general motion fields. Hence, they avoid the predict-update mismatch of the clas-
sic block-motion lifting schemes in processing connected and disconnected pixels.
Moreover, the proposed transforms are orthonormal for general motion field, and
thus, they permit energy conservation and perfect reconstruction.

As we represent the motion-connected signals by graphs, we introduce a graph-
based covariance matrix model and use the associated eigenvector matrix for com-
pression. As the proposed covariance model is closely related to the graph, the
relation between the covariance matrix and the Laplacian matrix is studied and
the associated eigenvector matrices are discussed. The class of MAT is constructed
by using so-called scale factors. We show that the scale factors determine a relevant
subspace of the signal representation. Hence, we propose a subspace-constrained
transform, which achieves optimal energy compaction given the subspace constraint.
On the other hand, the resulting basis vectors are signal dependent.

To construct practical transforms without using covariance matrices, we con-
sider two types of incremental transforms over graphs, namely the uni-directional
orthogonal transform (Uni-OT) and the bidirectional orthogonal transform (Bi-
OT). In addition, fractional-pel MAT is proposed to further extend the class of
MAT. Our fractional-pel MAT can incorporate a general interpolation filter into
the basis vectors, while offering perfect reconstruction, orthogonality, and improved
coding efficiency.





Sammanfattning

I denna avhandling föresl̊ar och diskuterar vi en klass av rörelseadaptiva trans-
formationer (MAT) för att beskriva den tidsmässiga korrelationen i bildsekvenser för
kompression. Den tidsmässiga korrelationen baseras p̊a rörelsesmodeller, och orik-
tade grafer används för att representera denna korrelation i bildsekvenser. Trans-
formerna är adaptiva till allmänna rörelsefält. Därför undviker de matchningsprob-
lem mellan förutsäga och uppdatera av det klassiska block-motion-lyftschemat vid
bearbetning av kopplade och bortkopplade pixlar. Dessutom är de föreslagna trans-
formationerna ortonormala vilket medför att de bevarar energin och de till̊ater per-
fekt rekonstruktion.

När vi representerar de rörelsekopplade signalerna genom grafer, introducerar vi
en grafbaserad kovariansmatrismodell och använder den associerade egenvektorma-
tris för komprimering. Eftersom den föreslagna kovariansmatrisen är nära besläktad
med grafen, studerar vi ocks̊a relationen mellan kovariansmatrisen och Laplacian
matrisen och de associerade egenvektormatriser diskuteras. MAT-klassen är kon-
struerad med hjälp av s̊a kallade skalfaktorer. Vi visar att skalfaktorerna bestämmer
en relevant delrum för signalrepresentationen. Därför föresl̊ar vi en underrums-
begränsad transform, som uppn̊ar optimal energikomprimering med avseen p̊a un-
derrum-begränsningen som erh̊alls fr̊an skalfaktorer. Å andra sidan är de resul-
terande basviktorerna signalberoende.

För att konstruera praktiska transformer utan att använda kovariansmatriser
betraktar vi tv̊a typer av inkrementella transformer över grafer, nämligen den
enkelriktade ortogonala transformen (Uni-OT) och den dubbelriktade ortogonala
transformen (Bi-OT). Dessutom föresl̊as br̊ak-pel MAT föresl̊as för att ytterligare
utvidga MAT-klassen. V̊ar br̊ak-pel MAT kan använda ett generellt interpolations-
filter i basvektorerna, samtidigt som den erbjuder perfekt rekonstruktion, ortogo-
nalitet och förbättrad kodningseffektivitet.
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Acronyms and Notations

Acronyms

AVC Advanced Video Coding

CABAC Context Adaptive Binary Arithmetic Coding

CIF Common Intermediate Format

DCT Discrete Cosine Transform

DFT Discrete Fourier Transform

DST Discrete Sine Transform

FIR finite impulse response

GFT Graph Fourier Transform

GOP group of pictures

GMRF Gaussian Markov Random Field

HEVC High Efficiency Video Coding

HP half-pel

JPEG Joint Photographic Experts Group

KLT Karhunen-Loève Transform

MAT motion-adaptive transform

MC motion compensation

MCOT motion-compensated orthogonal transform

MCTF motion-compensated temporal filtering

MSE mean squared error

MV motion vector

PSNR Peak Signal-to-Noise Ratio

QCIF Quarter Common Intermediate Format

QP quantization parameter

SAD sum of absolute differences

SCT subspace-constrained transform

SSD sum of squared differences



Notations

R the set of real numbers

R
n an n-dimensional real vector space

x a vector

‖x‖2 the l2-norm of x

0 the all-zero vector

1 the all-one vector

A a matrix (unless specified otherwise)

Aij the element at the ith row and the jth column of A

ai the ith column vector of A

In the Identity matrix of dimension n

diag(d) a diagonal matrix with diagonal elements d1, d2, . . . , dn

det(·) determinant

(·)T matrix transpose

(·)∗ Hermitian transpose

(·)−1 matrix inverse⊗
Kronecker product

E{·} expectation

G a graph

V the set of vertices in G
E the set of edges in G
D(G) the distance matrix of G
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Chapter 1

Introduction

V
isual communication has become popular in modern communication. Since
the visual system plays an important role in human’s perception, the re-
quirement on visualization grows significantly. Today’s visual communica-

tion includes terrestrial broadcast, cable TV, satellite TV, real-time conversation,
Internet video, remote video education, online video games, and so on. With a large
amount of video data, the storage space and the transmission bandwidth become
critical. In 2016, Internet videos take up to 73% of the total Internet traffic, and by
2021, this number will reach 82% [Sys16]. While the development of hardware stor-
age and transmission bandwidth increases rapidly, it is still important to compress
the videos efficiently to offer high visual quality.

Video coding is used to compress and represent videos in an efficient way. It
reduces the redundant information in the videos, such that fewer bits are used to
represent the videos. Since the human visual system offers only limited perception
and the available network bandwidth is mostly limited, video is usually coded in a
lossy fashion. There is a tradeoff between the video quality and the requirements on
hardware and software. Further, video coding aims at the highest possible quality
for a given storage space or a given data rate.

The redundancy in videos appears in both temporal domain and spatial do-
main. In the temporal domain, the frames are usually highly similar within a short
period, e.g., a person is talking or an object is moving in the same scene. In the
spatial domain, the neighboring pixels have similar intensity and color, e.g., pix-
els that belong to the same object or are subject to the same lighting condition.
Such similarity results in high redundancy. Video coding techniques are designed
to reduce temporal and spatial redundancy. To remove the temporal redundancy,
the common approach is to predict the frames using one or more reference frames
(i.e., inter-picture prediction). To remove the spatial redundancy, residuals from the
inter-picture prediction are processed by prediction within one frame (i.e., intra-
picture prediction) and transforms.

Standard hybrid coding techniques, such as H.264/AVC [WSBL03] and HEVC
[SOHW12], utilize the concept of motion-compensated predictive coding to remove
the temporal redundancy. The predicted frames are used to exploit the temporal
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2 Introduction

redundancy and to achieve high compression efficiency. Since image sequences are
mostly encoded in a closed-loop fashion, it introduces strong dependencies among
coded frames. In the case of transmission with packet loss, this increases the risk of
error propagation for sequentially decoded pictures [SW05]. In contrast to hybrid
coding, the advantage of subband coding is the open-loop architecture offering a
robust video representation for transmission over heterogeneous networks. More-
over, subband coding may offer highly scalable video representations for spatial,
temporal, and SNR scalability [Ohm94,CW99,TPPvdS06].

In this work, we focus on temporal orthogonal transforms with applications
to subband coding. The transforms considered in this thesis are adaptive to gen-
eral motion fields. Hence, they avoid the predict-update mismatch of classic block-
based lifting schemes in processing connected and disconnected pixels. We construct
orthonormal motion-adaptive transforms (MAT) by using the concept of graphs,
where the graphs are defined by motion-connected pixels. We analyze the optimal-
ity of MAT in terms of energy compaction and compare the performance to that of
the graph-based transforms. Finally, we extend integer-pel accurate MAT to sub-pel
accurate motion to further improve the compression performance.

1.1 Thesis Scope and Contributions

The general research topic of this work is to produce jointly coded frames for
efficient video coding. The context and contribution of each chapter is summarized
below.

Chapter 2

Chapter 2 presents the fundamentals of orthogonal transforms and transforms of
graph signals. For the application in video coding, we address the subband cod-
ing scheme using temporal transforms. In the temporal domain, integer-pel and
fractional-pel motion estimation (ME) is introduced.

Chapter 3

Chapter 3 discusses compression using the Laplacian eigenbases. In this chapter, a
Laplacian matrix for vertex-weighted graphs is defined. The vertex weights of the
graph are obtained by hierarchical processing. The defined Laplacian matrix is able
to generate one eigenvector that captures the number of vertices of subgraphs from
hierarchical processing. This chapter can be regarded as an introductory chapter
to the following chapters, which are based on covariance matrices from hierarchical
processing of graph representations.

The contributions of this chapter are based on:

• [LF14] D. Liu and M. Flierl. Motion-adaptive transforms based on the Lapla-
cian of vertex-weighted graphs. In Proc. IEEE Data Compression Conference,
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pages 53-62, 2014.

Chapter 4

In the following chapters, we focus on the eigenbasis of the covariance matrix in-
stead of the Laplacian eigenbasis. Chapter 4 has two parts. The first part proposes
a covariance matrix model based on graphs. The relation between the graph Lapla-
cian and the covariance model is analyzed. The second part considers hierarchical
processing, and a subspace constraint for energy compaction is presented. Further,
we propose an orthonormal MAT that achieves optimal energy compaction given
the subspace constraint.

This chapter discusses the following problems:

• What is the relation between energy compaction and frequency analysis based
on graphs?

• How does the Laplacian eigenbasis perform in terms of energy compaction?

• How to construct the optimal transforms given the subspace constraint?

The contributions of this chapter are based on:

• [LF15] D. Liu and M. Flierl. Energy compaction on graphs for motion-
adaptive transforms. In Proc. Data Compression Conference, 2015.

• [LF18] D. Liu and M. Flierl. Temporal Signal Basis for Hierarchical Block
Motion in Image Sequences. IEEE Signal Processing Letters, 25(1):10-14, Jan.
2018.

• [LF13c] D. Liu and M. Flierl. Motion-Adaptive Transforms based on Vertex-
Weighted Graphs. In Proc. Data Compression Conference, pages 181-190,
Mar. 2013.

We note that [LF15] is the short version of [LF18].

Chapter 5

The motion-adaptive transform as proposed in Chapter 4 is based on a covariance
matrix. Hence, it is signal dependent. Chapter 5 presents two types of structured
MAT, which do not require additional information (i.e., correlation coefficients or
covariance matrix model) when used for video coding. The transforms discussed in
this chapter always satisfy the subspace constraint given in Chapter 4.

The contributions of this chapter are based on:

• [LF17a] D. Liu and M. Flierl. Orthogonal Signal Bases for Image Sequences
using Motion-based Graphs. Submitted to IEEE Trans. on Image Processing.
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Chapter 6

Chapter 6 extends the integer-pel accurate MAT to fractional-pel accuracy. The
fractional-pel accurate MAT allows more references to be used to better compact
the energy. The transform is designed in a way such that it can incorporate a general
interpolation filter. For example, highband coefficient produced by the transform
can be generated with interpolation filters that are commonly used for sub-pel
accurate motion-compensated prediction. The chapter proposes solutions to the
following three questions:

• How to design the transforms for general motion and general interpolation
filters?

• How to maintain strict orthogonality of the transforms?

• How to determine the energy distribution of the lowband references?

The contributions of this chapter are based on:

• [LF17b] D. Liu and M. Flierl. Fractional-pel Accurate Motion-Adaptive
Transforms. Submitted to IEEE Trans. on Image Processing.

Contributions Outside the Thesis

Besides the contributions listed above, the author of this thesis has also contributed
to the following published papers. For the consistency of the thesis structure, they
are not included.

• [LF12] D. Liu and M. Flierl. Video coding with adaptive motion-compensated
orthogonal transforms. In Proc. Picture Coding Symposium, pages 293-296,
May 2012.

• [LF13a] D. Liu and M. Flierl. Graph-based construction and assessment of
motion-adaptive transforms. In Proc. Picture Coding Symposium, pages 5-8,
Dec. 2013.

• [LF13b] D. Liu and M. Flierl. Graph-based rotation of the DCT basis for
motion-adaptive transforms. In Proc. IEEE International Conference on Im-
age Processing, pages 1802-1805, Sept. 2013.

• [LF16] D. Liu and M. Flierl. Video coding using multi-reference motion-
adaptive transforms based on graphs. In Proc. IEEE 12th Image, Video, and
Multidimensional Signal Processing Workshop, pages 1-5, July 2016.
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Chapter 2

Background

T
his chapter starts with orthonormal transforms as widely used in compres-
sion algorithms. Followed by the concepts of signal processing on graphs,
we introduce the transforms that can be used on graph signals for filtering,

analysis, compression, etc. Finally, we present the application of transforms in video
coding and related techniques in the temporal domain.

2.1 Orthonormal Transforms in Compression

This section summarizes orthonormal transforms that are widely used in compres-
sion. The orthonormal transform is represented by a square matrix, where the rows
and columns of the matrix are orthogonal unit vectors. Let T be an orthonormal
matrix. It satisfies

T T T = T T T = I and T −1 = T T , (2.1.1)

where (·)T denotes matrix transpose, (·)−1 the inverse matrix, and I the iden-
tity matrix. In addition, the absolute determinant of an orthonormal matrix is
| det(T )| = 1. There are many ways to obtain an orthonormal matrix, such as the
singular value decomposition, the eigenvalue decomposition, and the Gram-Schmidt
decomposition [CK12].

Energy compaction is an important aspect in data compression, as it allows the
energy to be compacted into a few transform coefficients for efficient coding. It is
closely related to the covariance matrix of the signal. The optimal transform for
energy compaction is the Karhunen-Loève Transform (KLT, named after Karhunen
[Kar47] and Loève [Loe78]), which is based on a covariance matrix.

In this section, we first introduce the KLT that is derived from a covariance
matrix. Then, we introduce two transforms, the Haar transform and the Discrete
Cosine Transform (DCT), which can be constructed systematically. The Haar is a
simple 2-dimensional orthonormal transform. The DCT is an N -dimensional trans-
form, whose basis vectors are determined by the cosine functions. It is widely used
in image and video coding standards such as JPEG [Wal92], H.264/AVC [SW05],
and HEVC [SOHW12].

7



8 Background

2.1.1 Karhunen-Loève Transform (KLT)

Let x = [x1, x2, . . . , xn]T ∈ R
n be an n-dimensional real signal with mean µ. We

assume that x is wide sense stationary, i.e., the mean and the autocovariance of x
do not vary with respect to time.

The covariance matrix Cxx of x is defined as

Cxx = E{(x − µ)(x − µ)T }. (2.1.2)

A transform T is applied to x according to

y = T x, (2.1.3)

where y is the vector of transform coefficients. For energy compaction, we expect
to find a y where the energy can be compacted into only a few coefficients.

The covariance matrix can be diagonalized by

Cxx = QΓQT , (2.1.4)

where Q is the eigenvector matrix of Cxx and Γ the diagonal eigenvalue matrix. If
we let T = QT , the covariance matrix of the output y becomes

Cyy = E{T (x − µ) (x − µ)
T

T T } (2.1.5)

= T CxxT T (2.1.6)

= QT CxxQ (2.1.7)

= Γ. (2.1.8)

Obviously, Cyy is now a diagonal matrix where the diagonal entries are the eigen-
values of Cxx. Thus, with this transform, the original covariance matrix is diago-
nalized. y is decorrelated, and most of the energy is captured by a few eigenvalues.
The transform matrix T = QT is then the KLT matrix.

Since Q is an orthonormal transform, the energy is preserved, i.e.

‖y‖2
2 = ‖QT x‖2

2 =
(
QT x

)T (
QT x

)
= ‖x‖2

2. (2.1.9)

Let σ2
yi

be the ith diagonal element of Cyy. The transform coding gain is defined
as

Gain =
1
n

∑n

i=1 σ2
yi

n

√∏n

i=1 σ2
yi

, (2.1.10)

For the KLT, σ2
yi

is the ith eigenvalue of Cxx. This gives the largest value of the
coding gain. Thus, KLT is optimal as it gives the largest coding gain.

The covariance matrix is in general not available in practical schemes as it is
signal dependent. In practical coding systems, the covariance matrix or the KLT
basis is usually not known at the decoder side. However, transmitting the basis
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vectors is highly costly. Thus, the KLT basis is rarely used in practical compression.
To handle this problem, one way is to model the correlation through spatial or
temporal difference, and obtain the KLT from the model. This can be applied
to image coding or intra coding of prediction residuals in the predictive coding
scheme [HW71,Mau79,YK08,YTLR12,HSMR12]. On the other hand, it is possible
to design systematic transform matrices to approximate the eigenvector matrix of
the covariance matrix.

2.1.2 Haar Transform

The simplest orthonormal transform used in compression is the 2×2 Haar transform
[Haa11]

H2 =
1√
2

[
1 1

1 −1

]
, (2.1.11)

where each row is normalized by 1√
2

to guarantee normalization. The first row

vector computes the scaled mean of the input and the second row vector computes
the difference. With this, the transform outputs one energy compacted coefficient
(i.e., the lowband coefficient) and one energy removed coefficient (i.e., the highband
coefficient).

Both the Haar and the KLT are orthonormal matrices, thus, they can be viewed
as rotation (or reflection). For the Haar matrix, the rotation angle is always 45◦.
Usually, it does not decorrelate an arbitrary signal. For the KLT, since the rotation
angle is based on the covariance matrix, it always decorrelates the signal. A com-
parison between the Haar and the KLT for a two-dimensional case is depicted in
Fig. 2.1. The slashed area represents the correlation of a two-dimensional signal. In
(a), the signal in the gray area after the rotation is not perfectly decorrelated. On
the other hand, in (b), the signal is perfectly decorrelated by an optimal angel α∗.

It is possible to extend the unnormalized n × n Haar matrix Hn into a 2n × 2n
matrix using

H2n =

[
Hn

⊗
[1 1]

In

⊗
[1 − 1]

]
, (2.1.12)

where In is an n-dimensional identity matrix and
⊗

the Kronecker product. To
obtain an orthonormal matrix, each row needs to be normalized accordingly. For
example, the 4 × 4 Haar matrix is

H4 =
1

2




1 1 1 1

1 1 −1 −1√
2 −

√
2 0 0

0 0
√

2 −
√

2


 . (2.1.13)

We can see that the first row vector again gives the scaled mean of the input. The
second row computes the difference between the first two input coefficients and the
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Figure 2.1: A comparison between the Haar and the KLT.

last two input coefficients. The third and the fourth rows also generate highband
coefficients.

Let an input signal be x = [x1, . . . , x4]T . Applying y = H4x can be viewed as
a sequence of processing, where H4 includes two levels of transforms. At the first
level, there are two groups (x1, x2) and (x3, x4). The group (x1, x2) is processed by
the third row of H4 and the group (x3, x4) by the fourth row of H4 to generate
highband coefficients, which are the differences among the input coefficients. At
the second level, the four input samples are processed together by the first row
to produce a lowband coefficient and by the second row to produce a highband
coefficient. As a result, y contains one lowband coefficient that is the mean of x
and three highband coefficients.

2.1.3 Discrete Cosine Transform (DCT)

As the Haar transform has a short filter length, it is sometimes inefficient to explore
the correlation among multiple signal samples. Transforms with larger sizes are
more capable in capturing the neighboring correlation, e.g., the Walsh-Hadamard
transform [Wal23], the Discrete Sine Transform (DST) [GR90], and the DCT [RY90,
BYR10]. The DCT is widely used in image and video compression. In JPEG, the
DCT is applied to an image and followed by quantization and entropy coding. In
the standard hybrid video coding, the DCT is used to transform the prediction
error residual.

There are eight types of DCTs. It is shown that all the DCTs approach KLT
performance for all finite order Markov processes [SGP+95]. For highly correlated
first order Markov processes, the type-II DCT is asymptotically equivalent to the
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KLT. The type-II DCT (later simply referred to as DCT) matrix is

Fij =





1√
n

, if i = 0√
2
n

cos
(

(2j+1)iπ

2n

)
, otherwise

(2.1.14)

for i, j = 0, 1, . . . , n − 1. We can see that the 2-dimensional DCT is the same as the
Haar matrix. The DCT is different from the Haar when n > 2.

For a one-dimensional signal x, the DCT is applied according to y = Fx. For a
two-dimensional signal X such as an image or a block of pixels, the DCT is applied
to it vertically and horizontally, i.e., y = FXF T . The output transform coeffi-
cients have one zero frequency (DC) component and a number of high frequency
(AC) components. The DC component corresponds to the mean of the signal, while
the AC components correspond to details of the signal. In lossy compression, the
transform coefficients are ordered from low frequency to high frequency, and the
coefficients with higher frequencies are discarded first.

2.2 Graphs and Transforms of Graph Signals

Besides the classic approaches of using the covariance related basis vectors, re-
searchers extend the approaches to graph related matrices, e.g., the adjacency ma-
trix [SM13] or the Laplacian matrix [HVG11,SNF+13], and analyze the eigenbases
of these matrices in many aspects. For example, the Laplacian eigenvectors are
shown to be useful in compression in, e.g., [KNO12,MEO11,HCLA12,LF14].

In this section, we introduce the matrices based on graphs and review recent
works on transforms of graph signals.

2.2.1 Graphs and Graph Matrices

Graphs are used to represent structures among a set of objects. Common applica-
tions of graph models include social networks, transportation networks, and geome-
try of objects or relations [BS02,NWS02,KT06,SNF+13,MOF15,SMG17]. Conven-
tional one or two dimensional signals can be regarded as signals on regular grids.
For example, images can be represented by grid graphs, where each vertex is as-
sociated with a pixel and has four directly connected neighbor vertices. To extend
the regular structure to a more general case, graphs are useful to represent signals
with irregular connections.

Let G = {V , E} be an undirected graph with a set of vertices V = {v1, . . . , vn}
and a set of edges E . The adjacency matrix A represents pairwise connections in the
graph, where Aij = 0 if there is no edge between vi and vj , and nonzero otherwise.
For unweighted graphs, Aij = 1 if vi and vj are connected. Let di represent the
degree of vertex vi, i.e., di =

∑
j Aij . Let d = [d1, d2, . . . , dn] be the row vector of

degrees. The degree matrix diag(d) is a diagonal matrix, where the diagonal entries
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are di’s. The unweighted graph Laplacian matrix is defined as

Lij =





−1, if (i, j) ∈ E
di, if i = j

0, otherwise.

(2.2.1)

The definition states that if there is an edge between vi and vj , Lij = −1. The ith
diagonal entry of L is di. If there is no edge between vi and vj , Lij is zero. We can
also see that

L = diag(d) − A. (2.2.2)

Given a vector x ∈ R
N defined on the vertices of G, the Laplacian quadratic form

gives

xT Lx =
∑

(i,j)∈E
(xi − xj)2. (2.2.3)

which indicates that the Laplacian is positive semidefinite, and all the eigenvalues
are non-negative.

The distance matrix D(G) of a graph G is a square matrix, where D(G)ij is the
shortest path between vi and vj . For example, for unweighted graphs, D(G)ij = 0
if i = j, D(G)ij = 1 if (i, j) ∈ E , and D(G)ij = 2 if vi and vj are two hops apart.

Fig. 2.2 depicts an example of unweighted undirected graph with four vertices.
The adjacency matrix, the Laplacian matrix, the degree matrix, and the graph
distance matrix are

A =




0 1 0 0

1 0 1 1

0 1 0 0

0 1 0 0


 , L =




1 −1 0 0

−1 3 −1 −1

0 −1 1 0

0 −1 0 1


 (2.2.4)

diag(d) =




1 0 0 0

0 3 0 0

0 0 1 0

0 0 0 1


 , D(G) =




0 1 2 2

1 0 1 1

2 1 0 2

2 1 2 0


 , (2.2.5)

respectively.
There are some common graphs, such as simple graphs, complete graphs, regular

graphs, and trees [BM76]:

• A simple graph is a graph that has no loops and no two of its links join the
same pair of vertices.

• A regular graph is a graph where each vertex has the same number of neigh-
bors.
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Figure 2.2: An example of a graph with four vertices.

• A complete graph is a simple graph in which each pair of distinct vertices is
joined by an edge. A complete graph is also a regular graph.

• A tree is a connected graph with no cycles.

• A path graph is a tree with two vertices of degree 1 and N − 2 vertices of
degree 2.

There are some basic properties about the Laplacian matrix, in particular, the
Laplacian eigenvalues and eigenvectors [Chu97], which can be used in, e.g., cluster-
ing [NJW02], partition [SM00], and dimensionality reduction and data representa-
tion [BN03].

Let U be the eigenvector matrix of the Laplacian L, and Λ the eigenvalue matrix
of L. We have

L = UΛUT , (2.2.6)

where Λ = diag([λ1, . . . , λn]). Let the eigenvalues be in non-decreasing order, i.e.,
0 = λ1 ≤ λ2 ≤ · · · ≤ λn. It can be easily obtained that the first eigenvalue is always
λ1 = 0, and the associated eigenvector is the all-one vector 1. Thus, the Laplacian
is a singular matrix. In addition, if and only if the graph is connected, we have
λ2 > 0 [Fie73].

For complete graphs, the Laplacian can be expressed as L = nIn − 11T . It has
one eigenvalue 0 and n − 1 identical eigenvalues n. Since there are n − 1 identical
eigenvalues, its eigenvector matrix is not unique. Any orthonormal matrix that
contains the normalized 1 is an eigenvector matrix. In general, for the Laplacian
matrix that has a circulant structure, e.g., complete graphs or rings, the discrete
Fourier transform (DFT) matrix diagonalizes the Laplacian matrix. Another type
of graphs with special Laplacian eigenvector matrix is the path graph, where the
DCT diagonalizes the Laplacian matrix [CRS10,Str99].

The graph distance matrix is also analyzed. For trees, [GP71] shows that the
determinant of D(G) is

det(D(G)) = (−1)n−1(n − 1)2n−2 (2.2.7)

for an n-vertex tree. This is special, since the determinant is only related to the
number of vertices regardless of the tree structure. An expression for the inverse
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D(G) is obtained, and the relation between D(G)−1 and its Laplacian is given as

D(G)−1 =
1

2(n − 1)
δδT − 1

2
L, (2.2.8)

where δ = 2 − d is a row vector and d the vector of vertex degrees [GL78]. The
results are extended to weighted trees, where det(D(G)) is expressed in terms of n
and edge weights, and D(G)−1 is expressed in terms of the Laplacian, edge weights,
and vertex degrees [Bap06,BKN05].

2.2.2 Transforms of Graph Signals

Graph signal processing focuses on processing irregularly structured signals with the
help of graph properties. Classical filtering, multiresolution, and frequency analysis
have been extended to graph signals [SNF+13, SM13]. Since the underlying signal
structure is exploited in graph signal processing, it provides an opportunity to adapt
the process to specific structures.

Graph signal processing starts with the basic concepts by defining Graph Fourier
Transforms (GFT) using the Laplacian eigenbasis [SNF+13]. Let U be the eigen-
vector matrix of L. Written in matrix form, the GFT of a signal x is

x̂ = U∗x. (2.2.9)

The inverse GFT is

x = U x̂. (2.2.10)

Classic discrete wavelets such as Haar and 5/3 wavelets produce critically sam-
pled signals and offer perfect reconstruction [Mal99]. They allow multiresolution
analysis, where one lowband and one or more highbands are obtained. The low-
band contains low frequency components (i.e., the approximation) of the signal
and the highbands contain high frequency components (i.e., the detail information)
of the signal. This can be used in compression, multiresolution representation, or
signal analysis.

Such properties are challenging for graph signal processing. Since downsam-
pling of irregularly structured signals is not unique in general, it is a challenge
to design graph wavelets. In recent works, sampling on graphs is discussed in
[LF06, AGO14, CVSK15, SFV16]. For example, [EFAR13] designs multiresolution
processing via circulant structures. [SFV16] presents a framework for a multiscale
pyramid transform for graph signals, which focuses on graph downsampling, graph
reduction, graph spectral filtering, and interpolation.

A number of studies show how wavelets can be constructed on graphs [CK03,
CM06,GNC10,HVG11,NO12,SS15]. [HVG11] proposes wavelets for signals that are
defined on the vertices of an arbitrarily weighted finite graph. The approach is based
on the spectral decomposition of the Laplacian matrix of the graph. One drawback
of the method is that the resulting representation is overcomplete since there is no
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downsampling as in the classic discrete wavelet transform. Diffusion operators are
also used to obtain orthogonal bases and achieve multiresolution analysis [CM06].

In [NO12], orthogonal two-channel filter banks based on GFT are proposed.
The filter banks are critically sampled and they allow perfect reconstruction. The
authors later extend the filter banks to biorthogonal filter banks in [NO13]. Both
[NO12] and [NO13] are designed for undirected bipartite graphs. [TO17] generalizes
these filter banks to directed bipartite graphs and filters with more general base
matrices, e.g., basis matrix of the adjacency matrix.

The Laplacian eigenbasis are also used for image and video coding [MEDO11,
MEO11, COHC15, MECSFOed, TCF16]. For example, edge-adaptive graph-based
transforms are constructed from the Laplacian eigenvectors for compression of
piecewise smooth images, e.g., depth maps or animated images [KNO12,HCLA12,
HCOA15]. A picture is represented as a graph signal, where an image edge cuts the
link between two graph nodes. The transform matrix is then generated by the Lapla-
cian matrix of the graph. This method requires additional information on the edge
map or the adjacency matrix. For compression of point cloud sequences, [TCF16]
proposes a framework that is based on exploiting temporal correlation, where the
geometry in the temporal domain is represented by graphs. The motion estimation
is performed using spectral graph wavelet descriptors.

Further, to analyze the GFT, [ZR12] argues that the Laplacian eigenbasis can be
regarded as a meaningful Fourier transform from the perspective of approximation
theory. Aspects of both signal processing and spectral graph theory are discussed
in [SNF+13]. Since the Laplacian and the covariance of a graph-based model are
related, the optimality of using the Laplacian eigenbasis in predictive transform
coding is discussed in [ZF13], where the Laplacian eigenbasis is shown to be optimal
in decorrelating the signal under the assumption of a Gaussian Markov Random
Field (GMRF) image model.

2.3 Video Coding

Video coding addresses the problem of compressing image sequences to reduce the
amount of data for storage or transmission. In image sequences, there exists high
redundancy in both spatial and temporal domains. Video coding aims to remove the
redundant information and, at the same time, to provide the best possible quality.
Video coding techniques have evolved over the generations from H.261 [H2690]
to H.265/HEVC. The supported resolutions have increased from the original CIF
(352x288) and QCIF (176x144) to nowadays 4K (3840x2160) and 8K (7680x4320)
videos. The standard video coding techniques are based on a hybrid coding scheme,
in which inter-picture prediction, intra-picture prediction, and transform of residual
signals are used.

Apart from the predictive coding scheme used in the standards, the subband
coding scheme is also considered, where transforms such as wavelets are applied to
generate subbands with different frequency levels. In this section, we will discuss
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Figure 2.3: Predictive Coding. The scheme is designed in a closed loop.

these two schemes and focus on the techniques in the temporal domain of video
coding.

2.3.1 Predictive Coding and Subband Coding

There are two major schemes in video coding. One is the predictive coding scheme,
and the other is the subband coding scheme. The predictive coding scheme (shown
in Fig. 2.3) is used in the standard hybrid coding techniques, such as H.263,
H.264/AVC, and HEVC, where one frame (I-picture) is used as a reference frame
to predict other frames in a group of pictures (GOP). The temporal redundancy is
removed by prediction, and only the I-picture and the prediction error are encoded.
After inter-prediction, intra-prediction is used to explore the spatial redundancy,
and the DCT is used to transform residual signals. Then, the transform coefficients
are quantized and entropy coded. At the decoder side, the quantized residual is
added back to the frame predicted from previously reconstructed frames. As shown
in Fig. 2.3, the predictive coding scheme is designed in a closed loop. This introduces
the risk of error propagation in the packet-based networks.

The subband coding scheme uses transforms such as wavelets to explore the tem-
poral redundancy. Similarly, motion compensation is performed to find the match-
ing blocks. Then, transforms are applied to the motion-referenced pixels. It operates
in an open-loop fashion where decomposition, quantization and entropy coding op-
erate independently [Goy01]. The transforms produce lowbands (lowpass-filtered)
and highbands (highpass-filtered) as temporal subbands. After the transforms, the
coefficients are quantized and entropy coded, as shown in Fig. 2.4. Usually within a
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GOP, there is one lowband containing the approximation of the signal and multiple
highbands containing the details of the signal.

At the decoder side of the subband coding scheme, the whole process can be eas-
ily inverted due to its simple open loop style. Usually, the transforms are constructed
to permit perfection reconstruction, e.g., orthonormal transforms or biorthogonal
filter banks. Therefore, subband coding allows perfect reconstruction. The only dis-
tortion appears at quantization, which is controllable. In addition, if the transforms
are orthonormal, the energy of the signal is preserved. That means, the distortion
can be directly evaluated in the transform domain, and no reconstruction is needed.

In practice, the well-known lifting scheme is widely used to implement biorthog-
onal wavelet transforms [Swe96]. In particular for temporal subband decomposition
of videos, motion-compensated lifting wavelets have been designed to guarantee in-
vertibility and scalability [LLL+01, ST03, TPPvdS05, GH05]. The lifting scheme is
used to implement the discrete wavelet transforms, where a prediction step and an
update step are used to filter the input signal. The signal samples are divided into
two sets, the odd samples and the even samples. The prediction step predicts the
odd samples from the even samples and produces a highband signal. The update
step adds the filtered highband to the even samples and produces a lowband signal.

However, with highly irregular motion fields, such schemes struggled to offer
additional properties. Hence, [TPPvdS05] and [GH05] propose modified update
operators to address this shortcoming. In [GH05], a closed form solution of the
relation between the update matrix and the prediction matrix is found to minimize
the mean squared error. This can be used to handle complex motion fields with
unconnected or multi-connected pixels. For general motion fields, orthogonal sub-
band decompositions of video have been made possible by motion-compensated or-
thogonal transforms (MCOT) [FG06,FG07]. Such transforms can be factored into a
sequence of orthogonal incremental transforms, where these incremental transforms
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Figure 2.5: Theoretical Signal Model for predictive coding with ideal motion.

use the concept of scale factors to track energy compaction.
In the recent years, a number of works propose lifting transforms based on

graphs for video compression (e.g., [NO12, MECSFOed]). In particular, Martinez-
Enriquez et al [MECSFOed] proposes a graph-based video encoder with competitive
coding performance to H.264/AVC under similar conditions. The encoder applies
lifting transforms on graphs based on spatial and temporal connections due to block
motion. The samples are partitioned into the prediction set and the update set based
on graphs. The prediction filter is a linear combination of neighboring connected
coefficients. The update filter is designed to be orthogonal to the corresponding
prediction filter.

Figs. 2.5 and 2.6 depict theoretical signal models under ideal motion assumption
using predictive coding and subband coding, respectively. The two input signals x1

and x2 can be viewed as a clean signal v plus independent and identically distributed
(i.i.d.) noises n1 and n2, respectively. Let σ2

v be the variance of v and σ2
n the variance

of the noise. In Fig. 2.5, since n1 and n2 are independent, n2 cannot be predicted
from n1, thus, the noise is accumulated in y2. The variances of the noise in the I-
picture and in the P-picture become σ2

nI
= σ2

n and σ2
nP

= 2σ2
n, respectively. On the

other hand, in the subband coding scheme, if an orthonormal transform is used, the
energy of the signal is preserved. The transform does not change the variance of the
i.i.d. noise. Thus, in Fig. 2.6, the variances of the noise in the lowband and in the
highband are σ2

nL
= σ2

n and σ2
nH

= σ2
n, respectively. Therefore, the subband coding

scheme with orthonormal transforms does not amplify the noise in the output. This
provides the potential advantage in entropy coding.

Entropy coding is used to reduce the redundancy of the source signal and rep-
resent it in binary format. Common entropy coding algorithms include Huffman
coding, arithmetic coding, and Lempel-Ziv-Welch (LZW) [Wel84]. For image cod-
ing, JPEG uses run-length coding and Huffman coding [Wal92]. JPEG2000 uses
embedded block coding with optimized truncation (EBCOT) [Tau00, MGBB00],
which encodes the bit-planes from the most significant bit-plane to the least signifi-
cant bit-plane. In video coding, there are various mode parameters, motion vectors
(MV), and prediction errors to be encoded. The context adaptive binary arithmetic
coding (CABAC) is used to encode these coefficients in H.264/AVC and HEVC. It
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includes three main parts: binarization, context modeling, and arithmetic coding.
The CABAC in HEVC provides higher throughput and reduced implementation
cost as compared to the one in H.264/AVC [SB12].

2.3.2 Motion Compensation

Since the motion of objects in the frames can be arbitrary, motion compensation
(MC) is needed to find good trajectories. In general, the motion can be represented
by blocks, arbitrary patches, groups of pixels, or a single pixel. In video coding,
block-based MC is widely used. Usually, a current frame is divided into blocks and
motion estimation finds the best matching blocks in reference frames, as shown
in Fig. 2.7. The displacement between the current blocks and the reference blocks
is represented by MVs. Then, the similarity between the matched blocks can be
removed by using prediction or transforms.

There are many techniques used in standard hybrid coding schemes to improve
the efficiency of MC [CEGK98,WSBL03,SOHW12]:

• Variable block size: Variable block size has been proposed in the late 80’s
[PHS87,CYC90,SB91] and is widely used in video coding nowadays. Variable
block size allows the motion blocks to be split into smaller blocks. In strong
motion areas, smaller blocks can better capture the complex motion. In weak
motion areas, larger motion blocks are used, since the content does not change
much. Each block is associated with a MV to indicate the position. Thus, if a
macro block is divided into smaller blocks, there will be more MVs associated
with smaller blocks. In H.264/AVC, a block of size 16 × 16 can be partitioned
into smaller sizes of 16 × 8, 8 × 16, and 8 × 8. HEVC allows the coding unit
with size of up to 64 × 64 and more options for the subblock sizes.

• B-picture: The reference frame is not limited to one past frame. To better
remove the temporal redundancy, bi-directional MC is used, where signals
in both past and future frames are linearly combined as reference. Further,
multi-hypothesis motion compensation allows a pair of frame to be used as
references regardless of their locations [Gir00,FG01,FG03].
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Figure 2.7: An example of block-based motion compensation. The current frame is
divided into blocks. One block (green) in the current frame is compensated by a
matching block (blue) in the reference frame. The arrow represents a motion vector.

• Fractional-pel MC : For integer MC, the MVs are integers, meaning that
the reference blocks lay on the pixel grid. Since objects in the image se-
quence may not shift according to the pixel grid, a more accurate MC is
necessary. Fractional-pel MC is introduced to increase the accuracy of MC
[Gir93,YTTB03]. It allows the MV to refer to a non-integer pel position, and
an interpolation filter is used to interpolate the fractional-positioned value.
In HEVC, quarter-pel accuracy is allowed for the luma component and one-
eighth pel accuracy for the chroma components [SOHW12].

With smaller block sizes, more references, and more accurate positions, the
motion of objects can be more precisely described and the temporal redundancy
may be better removed. However, the cost of a more accurate description is also
high. For example, extra information is needed to specify the different block sizes.
The bi-directional MC doubles the number of MVs when compared to the uni-
directional MC. In addition, more bits are required to encode the fractional-pel
MVs. Therefore, we cannot allow an arbitrarily finer description of MC due to the
high cost in bits. To find an optimal tradeoff between the quality and the rate,
rate-constrained mode decision is used.

Consider that there are different modes associated with different block sizes,
different references, and different integer or fractional positions. To select the best
mode, the Lagrangian cost function is widely used

J∗ = min
p∈mode

Dp + λmodeRp, (2.3.1)
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where p belongs to a set of all possible modes, Dp is the distortion between the
original block and the referenced/reconstructed block using mode p, Rp the rate
for encoding the block using this mode, and λmode the Lagrange multiplier used in
mode decision. The distortion is usually the mean squared error (MSE), the sum
of squared differences (SSD), or the sum of absolute differences (SAD). The rate
usually includes the bits used for the coefficients, the bits for the MVs, and the bits
for the chosen mode. The mode decision is expected to choose the best tradeoff
between the distortion and the rate.

2.3.3 Fractional-pel Motion Compensation

Fractional-pel accurate motion is studied in both hybrid coding and subband cod-
ing [WSBL03, SOHW12, HWO04]. For hybrid video coding such as H.264/AVC
and HEVC, quarter-pel accuracy is allowed for the luma component, and one-
eighth pel accuracy for the chroma components. Higher accuracy may improve
motion-compensated prediction. However, it does not guarantee a better tradeoff
between the increased accuracy and the overall coding efficiency [Gir93,WM03]. The
fractional-pel values are computed using interpolation filters. HEVC uses an 8-tap
FIR filter for half-pel (HP) interpolation (hfilter) and a 7-tap filter for quarter-
pel interpolation (qfilter) of the luma component. Table 2.1 gives the interpola-
tion coefficients of the filters. Studies show that the improvements of HEVC over
H.264/AVC are significant in terms of interpolation filtering. The interpolation
filters in HEVC use improved filter coefficients, longer filters, and high precision
operations [UAA+13,LWX+12].

Table 2.1: Interpolation filter coefficients used in HEVC.

Index i -3 -2 -1 0 1 2 3 4

hfilter[i] -1 4 -11 40 40 -11 4 -1

qfilter[i] -1 4 -10 58 17 -5 1

Fig. 2.8 depicts the integer positions (square boxes) and fraction-pel positions
(circles). In HEVC, the fractional-pel positions are interpolated by linear combina-
tions of neighboring reference values:

• a0,0 is interpolated by a linear combination of horizontal seven references

A−3,0, A−2,0, . . . , A3,0 with the 7-tap qfilter, i.e., a0,0 =
∑3

i=−3 Ai,0qfilter[i].

• b0,0 is interpolated by a linear combination of A−3,0, A−2,0, . . . , A4,0 with the

8-tap hfilter, i.e., b0,0 =
∑4

i=−3 Ai,0hfilter[i].

• c0,0 is located symmetrically to a0,0, and the qfilter is applied reversely, i.e.,

c0,0 =
∑4

i=−2 Ai,0qfilter[1 − i].
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Figure 2.8: Integer positions (squares) and fraction-pel positions (circles).

• Similarly, the vertical fractional-pel positions are obtained by using the cor-
responding interpolation filters and vertical references.

• For the fractional-pel positions that are non-horizontal or non-vertical, i.e.,
the nine positions e0,0, f0,0, g0,0, i0,0, j0,0, k0,0, p0,0, q0,0, and r0,0, they are
computed based on the values a0,v, b0,v, c0,v located vertically adjacent to
them. For example, e0,0, f0,0, and i0,0 are given by

e0,0 =

3∑

v=−3

a0,vqfilter[v], (2.3.2)

f0,0 =
3∑

v=−3

b0,vqfilter[v], (2.3.3)

i0,0 =
4∑

v=−3

a0,vhfilter[v], (2.3.4)

respectively.

For subband coding, fractional-pel accurate temporal transforms are challeng-
ing, because the interpolation filters cannot be easily implemented to achieve per-
fect reconstruction. [HWO04] proposes an invertible system for HP accuracy, where
the HP positions are achieved by interlacing two adjacent frames. The invertibility
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problem of fractional-pel accurate temporal transforms using a lifting approach is
discussed in [GH05,YP06], and [CW04].

To accomplish motion-independent orthogonality of the temporal transforms,
[FG07] proposes HP accurate motion-compensated orthogonal transforms with av-
eraging filters. The transforms maintain orthogonality for arbitrary HP motion
fields by cascading a sequence of incremental orthogonal transforms. [Dev15] han-
dles the problem by introducing an additional position for the interpolated value
and later removing it to retain the original input length. However, the transform
matrices are obtained by solving an orthogonality constraint. This solution is not
unique and the required systematic construction is limiting. In this thesis, motion-
adaptive transforms using fractional-pel accurate motion are discussed in Chapter 6.
The proposed transforms offer strict orthogonality and permit arbitrary interpola-
tion filters.





Chapter 3

Using the Graph Laplacian for
Processing

I
n this chapter, we use the Laplacian matrix to process the graph signals. We
discuss hierarchical processing of the signals with subgraphs and consider Lapla-
cians based on vertex-weighted graphs.
Processing signals with subgraphs allows reduction in complexity and flexibil-

ity. In [TB16], the authors propose filter banks for graph signals on subgraphs.
Each subgraph is represented by a supernode and the supernodes define a coars-
ened graph. The filter banks are constructed using the Laplacian eigenbases of the
subgraphs.

An important consideration of transforms using subgraphs is perfect reconstruc-
tion. There are two aspects. One is that whether the transforms allow perfect re-
construction. The other is that whether the procedure of using subgraphs can be
reversed. Since the transforms that we construct are orthonormal, they always allow
perfect reconstruction. For the second aspect, the processing procedure depends on
the application at hand. In our application for video coding, the procedure can be
easily reversed for motion-connected graphs.

In this chapter, we construct the orthonormal transforms that are defined by
vertex-weighted graphs. This chapter can be regarded as an introductory chapter
to the following chapters, which will discuss graph-based covariance matrices with
hierarchical processing for compression.

3.1 Subspace Constraint for the Laplacian Eigenbasis

To transform a signal x = [x1, x2, . . . , xn]T that lies on the vertices of a graph
G, a simple way is to use a n × n transform. Let U = [u1, u2, . . . , un] be the
eigenvector matrix of the graph Laplacian. We can apply a direct approach y =
UT x and obtain the transform coefficients y = [y1, y2, . . . , yn]T . The Laplacian
eigenvector matrix always contains a normalized all-one vector 1√

n
1, which gives a

corresponding lowband coefficient y1 that is the weighted mean of x.

25
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Level 3

1      2

5      6
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Level 2

1   3 1

Level 1

5

3       4

Figure 3.1: An example of processing signals with subgraphs. At Level 1, the graph
is divided into three subgraphs, and three sets of signal samples are processed
individually. Each set produces a signal sample that goes to Level 2. The graph at
Level 2 is based on the connection of subgraphs at the previous level. At Level 2,
the three samples are processed and one output goes to Level 3. The graph at the
last level turns into a trivial graph.

Instead of using an n-dimensional transform, it is possible to divide G into
subgraphs and use a sequence of transforms to process x sequentially. For example,
Fig. 3.1 depicts an example of a graph with seven vertices. The signal samples are
on the vertices. As shown in the picture, at Level 1, the graph is divided into three
subgraphs and the samples into three subsets. Each subset can be transformed
using the Laplacian eigenbasis of the associated subgraph. Three subsets generate
three lowband coefficients. Then, based on the connection of G, the three lowband
coefficients form the graph at Level 2 to be further transformed. Finally, there is
one lowband after Level 2, and the corresponding graph turns into a trivial graph.

We assume that the signal samples on the vertices are smooth, and in the ideal
case, they have identical values x1 = x2 = · · · = x7 = x. At Level 1, the graph
does not need to be weighted, as the signal samples are of the original values. Let
the three subgraphs be Gsub1, Gsub2, and Gsub3. As the Laplacian of each subgraph
also has a normalized 1 as the first eigenvector, the lowband coefficients of can
be computed. For example, Gsub1 is a graph with two vertices v1 and v2 and an
edge. The Laplacian eigenbasis of Gsub1 is simply 1√

2
[1, 1; −1, 1], and this gives the

lowband y1,sub1 =
√

2x. Similarly, the other two lowband coefficients are obtained as√
2x and

√
3x. At Level 2, the transform processes these three lowband coefficients

with scale factors
√

2,
√

2, and
√

3, and we hope to produce a final lowband

y1 = (
√

2
2

+
√

2
2

+
√

3
2
)

1

2 x =
√

7x, (3.1.1)

which is the same lowband if the eigenvector 1√
7
1 is used. At this point, we need

to find a complete transform to transform coefficients at higher levels.
Generally, assume that a graph G has vertices v1, . . . , vn. The vertices are associ-

ated with signal samples x1, . . . , xn and scale factors c = [c1, . . . , cn]T , respectively.
In the unweighted case (Level 1), the scale factors are ones. At higher levels, the
scale factors are determined by the number of coefficients in the previous individual
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subgraphs (e.g., Level 2 with
√

2,
√

2, and
√

3 in Fig. 3.1). In the ideal case, the
signal samples with scale factors can be expressed as x = [c1x1, . . . , cnxn]T = cx.

In the next step, we want to find out the transform vectors such that the trans-
form coefficient yk is

yk =

{
uT

1 x = uT
1 cx = ‖c‖2x, k = 1

uT
k x, k = 2, . . . , n,

(3.1.2)

where y1 is the lowband and y2, . . . , yn are the highbands. The value of y1 is deter-
mined by c (e.g., y1 in (3.1.1)). We can see that u1 needs to be u1 = c

‖c‖2

. Since x

is a constant vector and u1⊥uk, we actually have

yk = uT
k x = 0, for k = 2, . . . , n. (3.1.3)

This implies that x can be represented by y1, and there is no information left in
y2, . . . , yn.

Hence, the first vector of U is

u1 =
c

‖c‖2
. (3.1.4)

In the following, we let this be the subspace constraint for the Laplacian eigenbasis.

3.2 Laplacian Matrices of Vertex-Weighted Graphs

The subspace constraint for the Laplacian eigenbasis defines the first column of the
transform. The remaining n − 1 basis vectors are undetermined. Let G = {V , E}
denote an n-dimensional graph at higher level. Let diag(d) be the degree matrix of
G with diagonal entries d1, d2, . . . , dn, where di represents the number of connec-
tions for vertex vi. The unweighted Laplacian is L = diag(d) − A, where A is the
unweighted adjacency matrix of G.

Now, let W be a diagonal weighting matrix with the ith diagonal entry wi. Note
this weight can be different from c, as it is only used to help defining the Laplacian
matrix. The vertex-weighted Laplacian may be determined by

L⋆ = WLW T . (3.2.1)

As discussed above, one eigenvector of the vertex-weighted Laplacian needs to sat-
isfy the subspace constraint, and the corresponding eigenvalue should be zero. From
(3.2.1), we write the definition of the Laplacian of the vertex-weighted graph as

L⋆
ij =





−wiwj , if (i, j) ∈ E
diw

2
i , if i = j

0, otherwise.

(3.2.2)
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The definition states that if there is an edge between two vertices vi and vj , L⋆(i, j)
is −wiwj . The ith diagonal entry of L⋆ is diw

2
i , i.e. the degree multiplied by the

squared weight. L⋆(i, j) is zero if there is no edge. The unweighted Laplacian can
be viewed as a special case with all weights equal to one.

From the definition, it can be shown that L⋆ has an eigenvector W T −1
1. The

corresponding eigenvalue is λ⋆
1 = 0. Since we want the eigenvector matrix of L⋆ to

be our transform matrix T , the first eigenvector W T −1
1 should be collinear with

c, for simplicity, W T c = 1. Thus, wi = c−1
i . W becomes

W = diag[w1, w2, . . . , wn] = diag
[
c−1

1 , c−1
2 , . . . , c−1

n

]
. (3.2.3)

This guarantees that the eigenvector matrix of L⋆ satisfies the subspace constraint.
Note also the special case where the number of connections and the square of the
scale factor at all vertices vi are equal, i.e., di = c2

i , then the vertex-weighted
Laplacian becomes a normalized Laplacian with all diagonal elements equal to one.

Given a vector x ∈ R
n defined on the graph, the unweighted Laplacian quadratic

form is xT Lx =
∑

(i,j)∈E (xi −xj)2. It measures the smoothness of x. If x is smooth,
this value will be small. If x varies significantly over any edge, it will be large.
Similarly, the vertex-weighted Laplacian quadratic form is

xT L⋆x = xT WLW T x =
∑

(i,j)∈E
(wixi − wjxj)2 =

∑

(i,j)∈E

(
xi

ci

− xj

cj

)2

. (3.2.4)

We see that L⋆ is positive semi-definite. (3.2.4) implies that using the weighted
Laplacian is equivalent to scaling the signal down before computing the unweighted
Laplacian.

3.3 Chapter Conclusions

In this paper, we discuss processing graph signals in a hierarchical fashion. We
consider the eigenvectors of Laplacian matrices defined on vertex-weighted graphs,
where the weights of the vertices are defined by scale factors. The vertex-weighted
graph determines uniquely the first basis vector of the Laplacian eigenbasis. We
refer to this as the subspace constraint. The vertex-weighted Laplacian matrices
are defined such that the eigenvector matrices satisfy this subspace constraint.



Chapter 4

Using the Covariance for
Compression

I
n classic data compression, the optimal transform for energy compaction is the
KLT, which holds the eigenvectors of the covariance matrix. In this chapter, we
focus on covariance matrices using graphs.
Section 4.1 presents a commutative diagram of the relation between the Lapla-

cian matrix and the covariance matrix, which links the previous chapter and the
current chapter.

Section 4.2 proposes a covariance model based on graphs. The covariance matrix
model is defined using the graph distance matrix. As the proposed covariance matrix
is closely related to the graph, the relation between the covariance matrix and the
Laplacian matrix is studied and their eigenvector matrices are discussed. From our
assumptions, we show that our covariance model can be viewed as a Gaussian
graphical model, where the signal is described by the second order statistics and
the zeros in the precision matrix indicate missing edges in the graph. We analyze
the coding gain due to the eigenbasis of the covariance model and compare it to
that of the Laplacian eigenbasis.

Section 4.3 considers energy-compacting transforms for hierarchical processing.
Scale factors are used to track the energy compaction of lowband coefficients. A
subspace constraint for energy compaction is presented. We propose a subspace-
constrained transform (SCT) that achieves optimal energy compaction for the given
constraint.

4.1 Commutative Diagram

We use a commutative diagram to express the relation between the Laplacian matri-
ces and the covariance matrices, as shown in Fig. 4.1. As discussed in Chapter 3, the
weighted Laplacian L⋆ and the unweighted Laplacian are related by the weighting
matrix W . To link the Laplacian and the covariance matrix, we express the covari-
ance matrices Σ as a function of L. The function f(x) can be a polynomial or a

29
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Σ

L

Σ⋆

L⋆

f(L) f(L⋆)

L⋆ = WLW T

Σ⋆ = SΣST

Figure 4.1: Commutative diagram for the Laplacian matrices and the covariance
matrices.

general function. In the next section, we will discuss a relation between L and a
covariance model Σ. Similarly, on the weighted side, the vertex-weighted Laplacian
is related to a weighted covariance matrix Σ⋆ by the same function f(x). Then, the
covariance matrix Σ and the weighted covariance matrix Σ⋆ can be related by a
matrix S.

The covariance matrix can be decomposed by using an eigenvalue decomposition
as Σ = U0Λ0UT

0 , where U0 is the eigenvector matrix and Λ0 the eigenvalue matrix.
Similarly, the weighted covariance Σ∗ has Σ∗ = U1Λ1UT

1 . Λ0 and Λ1 are related
via a diagonal weighting matrix V as Λ1 = V Λ0V . Then, we can write Σ∗ =
U1V Λ0V UT

1 = U1V UT
0 ΣU0V UT

1 . Thus, we have the relation S = U1V UT
0 .

4.2 Graph-based Covariance Model for Motion-Adaptive
Transforms (MAT)

When relating the underlying graph and the covariance, the inverse covariance
matrix, also known as the precision matrix, is helpful. For multivariate Gaussian
distributions, the precision matrix is of graph structure, i.e., the non-zero elements
in the inverse covariance matrix represent edges of the graph [Dem72,Lau96,SW98].
This relation is extended to non-Gaussian cases in [LW13]. Such results can be used
in graphical model selection. It is possible to estimate the precision matrices from
the graph or learn the graph from the signal or both [FHT08,Kal16,BGd08,YL07,
CCW10].

One major difference in our work is that we do not estimate the graph. In
coding applications, motion information is estimated and coded for transmission to
the decoder. Hence, our graphs are determined by this motion information, and we
apply transforms to signals on motion-inherited graphs.

4.2.1 Graphs from Motion Information

We focus on the context of video coding. In video coding, block-based motion
compensation is used to find matching blocks between the current frame and the
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x Enc Dec x̂

MV, ρ

coefficients

Figure 4.2: Video coding system.

Frame 1 Frame 2 Frame 3 Frame 4 

Figure 4.3: An example graph obtained from block-based motion compensation.
At the 1st level of hierarchical motion compensation, Frame 3 is the reference for
Frame 4. At the 2nd level, Frame 1 is the reference for Frames 2 and 3. The colored
blocks represent different motion blocks. The graph is determined by the motion-
connected pixels in the blocks.

reference frames to explore temporal redundancy. The displacement between the
matching blocks is represented by MVs. As shown in Fig. 4.2, at the encoder side,
the input signal is represented by MVs and coefficients. ρ is the scalar correlation
coefficient that will be used to construct our transforms. The decoder reconstructs
the signal by using the transmitted information. Due to the limitation in band-
width, it is usually inefficient to transmit information such as KLT basis vectors
or estimated graphs. Therefore, in our work, we will use existing information, e.g.,
the MVs, to construct graphs and design motion-adaptive temporal transforms.

For a given video sequence, we derive the underlying graphs from the block-
motion fields in our image sequences. The vertices are given by current and reference
pixels, whereas the edges of the graphs are established by MVs that connect current
and reference pixels. The signals on the motion-derived graphs are the intensity
values of the image sequence pixels. For unidirectional motion compensation, the
current pixel has always one reference pixel. Thus, the motion-derived graph forms
a tree, where the reference pixel in Frame 1 can be viewed as the root of the tree
(e.g., Fig. 4.3).

Let an unweighted graph be G = {V , E} with the adjacency matrix A, the
Laplacian L, the degree matrix diag(d), and the distance matrix D(G). Let x =
[x1, x2, . . . , xn]T ∈ R

n be the signal on G, where xi is associated with the ith
vertex. Let T be an orthonormal transform used for energy compaction. We apply
the transform y = T T x, where y is the vector of transform coefficients. Since T is
orthonormal, the energy of the signal is preserved.
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4.2.2 Graph-Based Covariance Model

In this section, we consider a graph-based covariance model for the motion-connected
signals. The correlation among video samples can be tested using a unit root test
(e.g., Augmented Dickey-Fuller (ADF) test [DF79]) and the Durbin-Watson (DW)
test [DW51]. We verified that there is high correlation among the motion-connected
samples.

Without loss of generality, we assume that the signal x lies on the vertices of
a graph that has zero mean and unit variance. Since energy compaction is closely
related to the covariance matrix, we consider a graph-based covariance model. The
classic first-order autoregressive (AR(1)) model gives a correlation based on the
relative distance of two samples. A short distance implies a high correlation, and
vice versa. Similarly, for signals on graphs, we also consider a correlation determined
by the distance between each pair of vertices. Since the distance on a graph can be
easily expressed by the graph distance matrix D(G), our covariance matrix Σ based
on a graph is defined as

Σij = ρD(G)ij , (4.2.1)

where ρ (0 < ρ < 1) is the correlation coefficient. Since there is no loop in a tree,
there is only one path between two vertices. It can be shown that this covariance
matrix is positive definite for trees (details in Sec. 4.2.3). In general, above covari-
ance model is applicable for other graphs such as ring graphs or complete graphs.

Given the covariance matrix Σ, the transform T is then the eigenvector matrix
of Σ. For a signal with a covariance matrix Σ, T is the optimal transform, i.e., the
KLT, which decorrelates the signal and gives the highest energy compaction.

4.2.3 Relation between the Covariance Matrix and the
Laplacian

Since the covariance matrix is defined on a graph, we aim at finding an expression
for the covariance matrix as a function of the Laplacian matrix, such that it is
possible to analyze the efficiency of the KLT as obtained by the covariance model
in comparison to the Laplacian eigenbasis. The current literature discusses only the
relation between the distance matrix and the Laplacian matrix for certain graphs
[BKN05]. With the help of a matrix decomposition idea in [BKN05], we show that
the precision matrix Σ−1 of our model can be expressed in terms of the Laplacian
L.

Theorem 4.2.1. Given the signal x on the tree T with the covariance matrix model
Σ according to (4.2.1), then the relation between the precision matrix Σ−1 and the
Laplacian matrix L is

Σ−1 =
1

1 − ρ2

[
ρL − (ρ − ρ2)diag(d) + (1 − ρ2)I

]
, (4.2.2)

where ρ is the correlation coefficient, I the identity matrix, and diag(d) the degree
matrix.
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Proof. (4.2.2) can be proved by induction on n. For n = 2, the equality holds. Now,
suppose a tree has n vertices, and a new tree has n + 1 vertices by adding one
vertex to the old tree, where the (n + 1)th vertex is adjacent to the jth vertex. Let
the Laplacian matrix L, the covariance matrix Σ, and the degree matrix diag(d) be
associated with the n-vertex tree. Let L̃, Σ̃, diag(d̃) be the corresponding matrices
associated with the (n + 1)-vertex tree. Let ej be the standard unit with the jth
element 1 and zero elsewhere, and let 0 be an all-zero vector.

The matrices L̃, Σ̃, and diag(d̃) can be expressed as

L̃ =

[
L + ejeT

j −ej

−eT
j 1

]
, (4.2.3)

diag(d̃) =

[
diag(d) + ejeT

j 0

0T 1

]
, (4.2.4)

Σ̃ =

[
Σ ρΣej

ρeT
j Σ 1

]
. (4.2.5)

For n := n + 1, the right part of (4.2.2) can be extended to n + 1 by using (4.2.5).
The left part Σ̃−1 is decomposed as

Σ̃−1 =

([
I 0

ρeT
j 1

][
Σ 0

0T 1 − ρ2

][
I ρej

0T 1

])−1

(4.2.6)

=

[
I −ρej

0T 1

][
Σ−1 0

0T 1
1−ρ2

][
I 0

−ρeT
j 1

]
. (4.2.7)

Replacing Σ−1 in the middle matrix of (4.2.7) by the expression (4.2.2), we obtain
that Σ̃−1 given by (4.2.7) has the same expression as the extended right part of
(4.2.2).

Based on (4.2.6), Σ can be expressed as Cholesky decomposition of the form
BBT , where B is lower triangular with positive diagonal elements. Thus, Σ is
positive-definite, which verifies that the obtained covariance matrix is valid. More-
over, the determinant of Σ can be obtained from (4.2.6) that det(Σ) = (1 − ρ2)n−1,
i.e., det(Σ) is only dependent on the number of vertices n irrespective of the tree
structure.

Let U be the eigenvector matrix of the Laplacian with the eigenvalue matrix
Λ. As Σ and Σ−1 share the same eigenvectors, they have the same diagonalizing
property. Applying U on Σ−1 in (4.2.2), we have

UT Σ−1U =
ρ

1 − ρ2
Λ − ρ

1 + ρ
UT diag(d)U + I. (4.2.8)

Since Λ and I are diagonal, the off-diagonal elements are given only by UT diag(d)U .
If the degree matrix has equal diagonal values, i.e., the graph is regular, UT diag(d)U
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is diagonal. However, finite trees do not have regular degrees, thus, using U will
not diagonalize Σ−1 nor decorrelate Σ.

In addition, the term ρ

1+ρ
determines how strong the off-diagonal elements are.

For ρ → 0, we have ρ

1+ρ
→ 0. Then, the off-diagonal elements can be neglected for a

small correlation coefficient. This also indicates that the signal has small correlation
among samples and the covariance matrix is close to an identity matrix. For ρ → 1,

ρ

1+ρ
→ 1

2 , thus, the off-diagonal elements are preserved if the correlation factor
is large. Since we consider for our case high correlation among motion-connected
pixels, we always have off-diagonal elements as given by UT diag(d)U .

The Laplacian Eigenbasis that Diagonalizes the Covariance

Whether the Laplacian eigenvector matrix diagonalizes the covariance matrix de-
pends on the graph. The previous discussion shows that for trees, the covariance
matrix will not be diagonalized, meaning the Laplacian eigenvector matrix is not
optimal. However, there exist other graphs that satisfy the optimality. For complete
graphs, the covariance matrix and the Laplacian are both circulant, and the DFT
matrix is a common eigenbasis. In general, so-called distance-polynomial graphs
have such special Laplacian eigenbases. [Wei82].

A distance-polynomial graph is defined by a distance adjacency matrix Ar,
where Ar,ij = 1 if vertices i and j are distance r away, otherwise Ar,ij = 0.
Obviously, A0 = I, and A1 = A is the normal adjacency matrix. A graph is a
distance-polynomial graph if Ar is a polynomial in A. The covariance matrix Σ as
defined in (4.2.1) can be rewritten as Σ =

∑Dmax

r=0 ρrAr , where Dmax is the largest
distance. Then, Ar and Σ are polynomials in A. In addition, distance-polynomial
graphs are regular graphs. For regular graphs with degree k, the Laplacian matrix
is L = kI − A. That is, L is also a polynomial in A. Thus, Σ, Ar, L, and A share
the same eigenbasis. Note, the grid graph widely used in representing images can
be viewed as a distance-polynomial graph if borders are ignored. In this case, the
Laplacian eigenbasis diagonalizes the covariance matrix.

4.2.4 Experimental Results

We use video signals to show the coding gain as achieved by the eigenbasis of the
covariance model and the Laplacian eigenbasis. We take the first 128 frames of the
QCIF sequences City, Bus, Mobile, and Coastguard. Let Mode 1 indicate the use of
the transform T as constructed from the covariance model Σ, and Mode 2 the use
of the transform U as derived from the graph Laplacian L.

The graphs are determined by block motion. For block-based motion compen-
sation, the block size is 16 × 16 and the search range is ±32. The size of a graph
depends on the number of frames in a GOP and the quality of motion. If the
GOP size inceases, or the motion is more complex, the graph size increases. The
proposed transform is based on individual graphs. With hierarchical block motion
compensation, all pixels in one block do not necessarily belong to the same graph
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(e.g., Fig. 4.3). Thus, the pixel values are transformed on a graph basis rather than
on a block basis. The GOP size can be chosen as needed. In the experiments, the
GOP size is set to eight. Fig. 4.4 depicts the histogram of the graph sizes from the
8th GOP of City. Graphs of size eight occur most frequently. For larger sizes, the
occurrence decreases.

Since the coding gain depends on the covariance matrix of the signal, we estimate
the covariance of the signal samples for groups of identical graphs. The covariance
matrix is given by Cxx = E{(x − µ)(x − µ)T }, where µ is the mean vector of x.
We collect instances from neighboring pixels that have the same graph to estimate
the moments. In the case where the motion-inherited graph is highly complex,
the number of available instances can be limited. Hence, computing the coding
gain based on a weak estimate of Cxx would be unreliable. In this case, we take
the Laplacian eigenvector matrix as the transform matrix. In the experiments, we
consider at least three instances to estimate each covariance matrix.

The covariance matrix of the transform coefficients using transform T is Cyy =
T T CxxT , with diagonal elements σ2

yi
(i.e., the variances). The transform coding

gain is defined as

Gain =
1
n

∑n

i=1 σ2
yi

n

√∏n

i=1 σ2
yi

, (4.2.9)

where n is the number of the coefficients. A larger coding gain indicates a better
compression performance of the transform. Since the transform is orthonormal, the
sum of the variances does not change before and after the transform.

We compare the coding gain ratio between the two transforms T and U as

ratio =
GainΣ

GainL

, (4.2.10)

where GainΣ is due to Mode 1 and GainL due to Mode 2. If ratio>1, Mode 1 is better
for energy compaction, and vice versa. In the case n = 2, the covariance matrix
and the Laplacian produce the same eigenvector matrix, T = U = 1√

2
[1, 1; 1, −1]

(i.e., the Haar matrix). In this case, the ratio is always one, and there is no need to
determine the mode. As the actual correlation factor is not known from the data, we
search from a set of Σ’s with different model ρ’s and choose the one that gives the
highest ratio. In practice, ρ can be estimated and transmitted as side information
to the decoder, if necessary.

As the actual correlation factor is not known from the data, we search from
a set of Σ’s with different model ρ’s and choose the one that gives the highest
ratio. Fig. 4.5 depicts an example of the coding gain ratio with respect to different
model ρ’s. We can see that if the model ρ is not chosen appropriately, the resulting
transform for Mode 1 is not efficient.

Our work can also be seen in the context of [MECSFOed] that proposes a
graph-based video encoder using a lifting scheme. The graph is constructed in both
spatial and temporal directions. While the graph in our work is based on temporal
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Figure 4.4: Histogram of the graph sizes from the 8th GOP of City. The largest
graph size is 28. Graphs of size N = 8 occur most frequently.

connections, it is possible to extend the covariance model by spatial correlation. For
our temporal graphs, the closest orthonormal filters for [MECSFOed] would be the
Haar basis. This is because each highband pixel has only one reference (one updated
neighbor) and the prediction filter turns to a scalar. Therefore, we use the Haar as
a reference (denoted as Gainlift) in the experiments. Since the Haar is orthonormal,
but has a short filter length, both T and U are expected to outperform the Haar
basis.

Fig. 4.5 depicts an example of the coding gain ratio with respect to different
model ρ’s. Note, Gainlift/GainL is a constant value as it does not depend on our
model ρ. The ratio is always smaller than one, meaning that the Laplacian eigenbasis
is always a better choice. We can also observe from GainΣ/GainL that the model
ρ needs to be chosen appropriately to ensure an efficient mode decision.

Fig. 4.6 depicts the coding gain ratio vs. the graph size for the 8th GOP of City.
The coding gain is averaged over different graphs of the same size. As discussed
above, when the graph size is n = 1 or 2, the ratio is always one. When n > 17,
the ratio is also one. The main reason is that there are not enough instances to
estimate the covariance matrix or the estimation is not reliable. Thus, Mode 2 is
always chosen. For 3 ≤ n ≤ 17, the ratio is larger than one. In addition, as shown
in Fig. 4.4, the highest occurrence is also within this range. Therefore, using Mode
1 is helpful in improving the coding gain.

Table 4.1 shows the occurrence of choosing Mode 1 and the overall gain for each
sequence. The first row of the table gives the relative occurrence of choosing Mode 1
for a unit in a GOP. Each unit corresponds to a graph with a set of instances defined
by neighboring pixels that have the same graph (due to block motion estimation).
The second row shows the coding gain ratio averaged over the units that use Mode
1. The third row gives the relative occurrence of pixels that use Mode 1. Since each
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Figure 4.5: An example of the coding gain ratio. The optimal correlation factor
obtained from the figure is ρ∗ = 0.93 and the highest ratio is 1.022. The signal is
collected from the 8th GOP of City with N = 8 and 434 instances.
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Figure 4.6: Coding gain ratio vs. graph size for the 8th GOP of City.
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Table 4.1: Percentage of choosing Mode 1 and the overall gain for different se-
quences.

City Bus Mobile Coastguard

Occurrence of Mode 1 26.40% 25.02% 52.36% 43.14%

Gain ratio for Mode 1 1.043 1.039 1.034 1.029

Occurrence of pixels that

use Mode 1
66.28% 63.54% 86.57% 68.00%

Gain ratio per pixel

that use Mode 1
1.026 1.023 1.018 1.016

unit has usually a large number of pixels, the relative occurrence of pixels that use
Mode 1 is much higher. In our experiments, 60% to almost 90% of the pixels use
Mode 1. The last row gives the coding gain ratios per pixel that use Mode 1.

4.3 Subspace-Constrained Transform

The second part of this chapter considers hierarchical processing, and a subspace
constraint for energy compaction is presented. We propose an orthonormal motion-
adaptive transform that satisfies the subspace constraint using a covariance matrix.

4.3.1 Scale Factors Accommodating Energy Compaction

We consider a transform that does not require additional information from the
graph. Our graph is again obtained from the block-based motion information, but
with additional vertex weights. As the vertex-weighted graph determines the trans-
form partially, our transform is subspace constrained. In particular, the vertex-
weighted graph will define a one-dimensional linear subspace. Our transform is
designed to achieve optimal energy compaction, given this constraint.

The scale factors are used to track the energy compaction of lowband coefficients
under the assumption of ideal motion [FG06]. Let x = [x1, x2, . . . , xn]T be a vector
of intensity values connected by motion. Ideal motion assumes that x1 = x2 =
· · · = xn = x′, i.e., these n pixels are with equal intensity x′. Let T be an n × n
transform matrix, and y = [y1, y2, . . . , yn]T the output. We have y = T T x, where y1

is considered to be the lowband coefficient and y2, . . . , yn the highband coefficients.
In the following, a basic example with two coefficients and a Haar transform is

used to illustrate the use of scale factors. If we compact the energy of x1 and x2

into one lowband coefficient y1, i.e.,

[
y1

y2

]
=

1√
2

[
1 1

−1 1

][
x1

x2

]
=

[√
2x′

0

]
, (4.3.1)
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the output of the lowband coefficient y1 =
√

2x′ becomes a scaled x′ with a factor√
2.

Let the scale counter mi (i = 1, . . . , n) be the number of pixels that are com-
pacted to the ith lowband coefficient. The original intensity values x1, . . . , xn have
scale counters of zero. The scale factor ci is determined by ci =

√
mi + 1, repre-

senting the compacted energy of the ith lowband coefficient. The scale factors of
the original intensities are all ones, since the original scale counters are all zeros.

From the example in (4.3.1), the scale counter of y1 is 1 as one pixel energy is
compacted to y1, and no scale counter is associated with y2 as y2 is a highband
coefficient. The scale factor of y1 is

√
2, which is the same as the factor of x′

in (4.3.1). Similarly, if we compact the energy of n pixels of x to one lowband
coefficient, the scale counter of this lowband coefficient will be n − 1, and the
corresponding scale factor is

√
n. The scale counters and the scale factors are only

determined by the motion information. They do not require extra information to
be encoded.

4.3.2 Subspace Constraint

In general, we can express each lowband pixel as a product of the scale factor and
the original pixel intensity, i.e., xk = ckx′

k, k = 1, 2, . . . , n, where ck is the scale
factor and x′

k is the original intensity. If a pixel has not been transformed before,
the scale factor is simply one. Now let c = [c1, c2, . . . , cn]T denote a vector of these n
scale factors. Similar to [FG06] and assuming ideal motion, the original pixel values
are all equal, x′

1 = x′
2 = · · · = x′

n. Letting T be an n-dimensional orthonormal
transform, we want all the energy to be compacted into the first coefficient, i.e.,

y = T T x = T T




c1x′
1

c2x′
2

...

cnx′
n




=




√∑n

k=1 c2
k · x′

1

0
...

0




, (4.3.2)

where y = [y1, y2, . . . , yn]T is the output. As we see, the compaction of the energy is
represented by

√∑n

k=1 c2
k. Rewriting (4.3.2), for the first vector of the transform,

we have
tT

1 c =
√

cT c, (4.3.3)

where t1 is the first vector in T . This implies that all the energy is captured by t1.
Thus, t1 needs to be collinear with c such that all energy of c is captured by the
basis vector t1. Consequently, we have

tT
k c = 0, k = 2, 3, . . . , n, (4.3.4)

which implies that there is no energy left to be captured by t2, . . . , tn, since they
are orthogonal to t1. Hence, our first vector of the linear transform T is

t1 =
c

‖c‖2
=

c√
cT c

. (4.3.5)
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If x1, x2, . . . , xn are affected by noise, i.e., the original pixel values x′
k are not equal,

perfect energy compaction as in (4.3.2) will not be achieved. However, we preserve
the subspace constraint t1 = c

‖c‖2

as it reflects the underlying motion.

The constraint given in (4.3.5) is the same as the constraint discussed for the
Laplacian eigenbasis in Section 3.1. In the following, we propose the transform
based on a covariance matrix.

4.3.3 Construction of Subspace-Constrained Transform (SCT)

As t1 is determined, our goal is to construct the remaining vectors of the orthonor-
mal basis that can achieve optimal energy compaction, given the constraint. Now,
assume the n-dimensional orthonormal basis B = [b1, b2, . . . , bn] with b1 = t1.
Such a basis exists, as we can define the (n − 1)-dimensional subspace [b2, . . . , bn]
by, e.g., the Gram-Schmidt orthonormalization. Then our target basis t2, . . . , tn is
simply a rotation of [b2, . . . , bn]. Now, our goal is to find this rotation such that
the remaining energy is optimally compacted.

Representation of Orthogonal Subspace

Let the rotation matrix be

A =




1 0 0 · · · 0

0 a22 a23 · · · a2n

0 a32 a33 · · · a3n

...
...

...
. . .

...

0 an2 an3 · · · ann




. (4.3.6)

Then, tk = b2a2k + b3a3k + · · · + bnank for k = 2, . . . , n, where each bj is a n × 1
vector and each ajk is a scalar. tk is a linear combination of b2, . . . , bn , which
lies in the (n − 1)-dimensional subspace. The first element in A is set to one with
zeros on all the other positions in the first row and the first column. With that, we
always preserve the first vector t1 = b1. We have

T = BA, (4.3.7)

that is,

[
t1 t2 · · · tn

]
=
[
b1 b2 · · · bn

]




1 0 · · · 0

0 a22 · · · a2n

...
...

. . .
...

0 an2 · · · ann




. (4.3.8)
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Figure 4.7: Rotation in the (n − 1)-dimensional subspace.

Now, we define the rotation part of A as A′, where A′ is an (n−1)× (n−1) matrix.

A′ =
[
a′

2 a′
3 · · · a′

n

]
=




a22 a23 · · · a2n

a32 a33 · · · a3n

...
...

. . .
...

an2 an3 · · · ann




, (4.3.9)

where a′
k is the k-th column of A′ with dimension (n − 1) × 1. A′ rotates the basis

b2, . . . , bn to obtain t2, . . . , tn, as shown in Fig. 4.7.
A can be expressed as

A =

[
1 0

0 A′

]
. (4.3.10)

Let B′ = [b2, b3, . . . , bn] be the basis that will be rotated. Then B = [b1, B′]. Since
b2 ⊥ b3 ⊥ · · · ⊥ bn, we have

B′T B′ = I(n−1)×(n−1), (4.3.11)

which is an (n − 1) × (n − 1) identity matrix. Thus,

T =
[
b1 B′

] [1 0

0 A′

]

=
[
t1 B′A′

]

=
[
t1 B′a′

2 B′a′
3 · · · B′a′

n

]
.

(4.3.12)
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Each B′a′
k has a dimension of n×1, which is the same as tk. Let C be the covariance

matrix of the signal. The covariance based on B is given by

M = BT CB =




bT
1 Cb1 bT

1 Cb2 · · · bT
1 Cbn

bT
2 Cb1 bT

2 Cb2 · · · bT
2 Cbn

...
...

. . .
...

bT
n Cb1 bT

n Cb2 · · · bT
n Cbn




. (4.3.13)

Let M ′ be the dimension-reduced covariance of M with dimension (n−1)× (n−1),

M ′ = B′T CB′ =




bT
2 Cb2 bT

2 Cb3 · · · bT
2 Cbn

bT
3 Cb2 bT

3 Cb3 · · · bT
3 Cbn

...
...

. . .
...

bT
n Cb2 bT

n Cb3 · · · bT
n Cbn




. (4.3.14)

M ′ is the covariance based on B′. M ′ is symmetric since bT
i Cbj = (bT

i Cbj)T =
bT

j Cbi, ∀i, j ∈ 2, 3, . . . , n.

Optimal Energy Compaction

Now, we look for the vector tk that maximizes the energy concentration in the
(n−1)-dimensional subspace. As tk is normalized and orthogonal to t1, t2, . . . , tk−1,
our constrained energy compaction problem is:

min
tk

−tT
k Ctk, k = 2, . . . , n, (4.3.15)

s.t. tT
k tk = 1, (4.3.16)

tT
k tj = 0, j = 1, . . . , k − 1, (4.3.17)

t1 = c√
cT c

. (4.3.18)

We rewrite the above constrained problem in unconstrained form [BV09] and define
the cost function

Jk = −tT
k Ctk + λk(tT

k tk − 1) +

k−1∑

j=1

νkjtT
k tj , (4.3.19)

where λk and νkj are positive Lagrange multipliers. Our goal is to minimize the
cost function of the unconstrained problem.

The vectors t2, t3, . . . , tn will be constructed successively. First, we consider the
cost function for t2,

J2 = −tT
2 Ct2 + λ2(tT

2 t2 − 1) + ν21tT
2 t1, (4.3.20)
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where λ2 and ν21 are positive Lagrange multipliers. We have

tT
2 Ct2 = (B′a′

2)T C(B′a′
2) = a′T

2 B′T CB′a′
2 = a′T

2 M ′a′
2 (4.3.21)

tT
2 t2 = (B′a′

2)T (B′a′
2) = a′T

2 B′T B′a′
2 = a′T

2 a′
2 (4.3.22)

tT
2 t1 = (B′a′

2)T b1 = a′T
2 B′T b1 = 0. (4.3.23)

From (4.3.21) we see that the energy contribution of M ′ in a′
2 is the same as the

contribution of C in t2. (4.3.22) states that the normalization of t2 is the same as
that of a′

2, i.e., when a′T
2 a′

2 = 1, we obtain tT
2 t2 = 1. (4.3.23) implies that the way

we construct t2 guarantees that t2 is orthogonal to t1 since B′ ⊥ b1. Thus, we can
eliminate the last part of the cost function. (4.3.20) can be rewritten as

J2 = −a′T
2 M ′a′

2 + λ2(a′T
2 a′

2 − 1). (4.3.24)

To minimize J2, we differentiate J2 with respect to a′
2, that is,

∂J2

∂a′
2

= − 2M ′a′
2 + 2λ2a′

2 = 0 (4.3.25)

M ′a′
2 = λ2a′

2. (4.3.26)

Thus, to minimize J2, a′
2 needs to be an eigenvector of M ′ with corresponding

eigenvalue λ2.
Note, the direct differentiation of J2 with respect to t2 in (4.3.20) is not help-

ful. t2 is an n-dimensional vector and the underlying problem gives only n − 1
independent equations.

Next, we construct t3 such that t3 maximizes the concentration of the remaining
energy. Since t3 needs to be orthogonal to t1 and t2, the cost function for t3 is

J3 = −tT
3 Ct3 + λ3(tT

3 t3 − 1) + ν31tT
3 t1 + ν32tT

3 t2, (4.3.27)

where λ3, ν31, and ν32 are positive Lagrange multipliers. We have

tT
3 Ct3 = a′T

3 M ′a′
3 (4.3.28)

tT
3 t3 = a′T

3 a′
3 (4.3.29)

tT
3 t1 = 0 (4.3.30)

tT
3 t2 = (B′a′

3)T (B′a′
2) = a′T

3 a′
2. (4.3.31)

As t3 shall be orthogonal to t2, a′
3 needs to be orthogonal to a′

2. As a′
2 is an

eigenvector of M ′ and M ′ is a symmetric matrix, we assume that a′
3 is also an

eigenvector of M ′, thus, a′
3 ⊥ a′

2. This assumption will be verified later. The cost
function for t3 is

J3 = −a′T
3 M ′a′

3 + λ3(a′T
3 a′

3 − 1). (4.3.32)

Differentiation with respect to a′
3 yields

∂J3

∂a′
3

= −2M ′a′
3 + 2λ3a′

3 = 0, (4.3.33)
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which gives the linear eigenproblem

M ′a′
3 = λ3a′

3. (4.3.34)

That is, a′
3 is an eigenvector of M ′ that is orthogonal to a′

2. At the same time, this
eigenvector minimizes above cost function.

We continue the process for t4, t5, . . . , tn and obtain a′
4, a′

5, . . . , a′
n as eigenvec-

tors of M ′. Thus, A′ is a matrix of eigenvectors of M ′. Thus, A′T A′ = A′A′T =
I(n−1)×(n−1). Note that M ′ is obtained by B′, and hence, A′ is dependent on B′.
For any chosen orthonormal basis B′, we can calculate its corresponding A′. We
are free to choose the basis B′. In any case, we obtain our transform matrix T
according to (4.3.12) which always satisfies T T T = T T T = In×n. The first vector
t1 reflects the energy in the signal samples and the transform matrix T achieves
optimal energy compaction for the given subspace constraint.

In the ideal case when the signal samples are connected by ideal motion, the
proposed transform achieves the KLT, as the energy can be perfectly compacted.
In the noisy case, the proposed transform approximates the KLT, as the transform
is derived from the covariance matrix and the only deviation is given by the first
basis vector.

4.4 Chapter Conclusions

This chapter presents two types of transforms. The main differences between the
two types of transforms are given below.

For the first type, the transform is constructed from a graph-based covariance
model. The relation between the covariance matrix and the graph Laplacian matrix
is discussed. We show that the Laplacian eigenbasis does not diagonalize the covari-
ance model for tree-structured signal samples in video sequences. Thus, the optimal
coding gain is not achieved. As the Laplacian eigenbasis is not always efficient for
coding of motion-connected samples, we use the concept of a coding mode to take
advantage of our graph-based covariance model. The experimental results in terms
of coding gain show that the mode using the eigenbasis of our covariance model
gives better temporal compression than the mode using the Laplacian eigenbasis.

For the second type, we use the scale factors to determine the first basis vector of
the transform. This first vector defines a subspace that constrains the energy com-
paction of our transform, and the transform is constructed from a covariance matrix.
The SCT is constructed step-by-step from given graphs, where each graph can be
defined by temporal, spatial, or spatio-temporal connections. Our SCT achieves
optimal energy compaction, given our subspace constraint. Moreover, if there exist
additional constraints, the SCT is able to incorporate these while achieving optimal
energy compaction, given these constraints.



Chapter 5

Structured Motion-Adaptive
Transforms

I
n this chapter, we discuss a class of structured orthogonal transforms for im-
age sequences. In classic data compression, the optimal transform for energy
compaction is the signal-dependent orthogonal KLT. However in coding appli-

cations, these eigenvectors cannot be easily transmitted to the decoder. On the
other hand, we may use the graph structure only, and hence, the orthogonal eigen-
vectors of the graph Laplacian with limited success. However in this chapter, we use
a signal covariance model based on a sequence of rotations to construct orthogonal
transforms over motion-based graphs. This will avoid the explicit transmission of
the basis vectors, and moreover, will give an advantage over the use of the graph
Laplacian only.

Our transforms and the Laplacian eigenbases are orthonormal. The differences
are in that (i) the construction of our transforms does not require the computation
of an eigen-decomposition and allows a simple construction of the transform; (ii)
the filter lengths of our transforms are shorter than the Laplacian eigenbasis in
general, i.e., the transform processes simply a subset of vertices at a time, while the
Laplacian eigenbasis processes all the vertices of the graph; (iii) our transforms need
multiple steps to process the whole graph, since it processes a subset of vertices at
each time. Thus, its construction depends on the processing order of the graph,
which is not unique.

In particular, we discuss two types of incremental transforms that can be used in
each step of the transform process, namely the uni-directional orthogonal transform
(Uni-OT) and the bi-directional orthogonal transform (Bi-OT). Uni-OT uses only
one reference coefficient to compact the energy of the current coefficient. Bi-OT
uses two reference coefficients to compact the energy of the current coefficient.
These ideas can be generalized such that an arbitrary number of coefficients can
be used to compact the energy of the current coefficient.

45
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x Enc Dec x̂

MV

coefficients

Figure 5.1: Encoding and decoding system. The motion vectors (MV) and transform
coefficients are encoded and transmitted.

Frame 1 Frame 2 Frame 3 Frame 4

x1 x2
x3

x4

x5

Figure 5.2: An example of a graph determined by motion vectors.

5.1 Rotation-based Covariance Model for Signals on
Graphs

In this section, we first introduce the graphs that are based on motion information
in videos. Then, a covariance model based on a sequence of rotations is given for
signals on graphs.

5.1.1 The Underlying Graph

In video coding, block-based motion compensation is used to find matching blocks
between the current frame and the reference frames to explore temporal redun-
dancy. The displacement between the matching blocks is represented by MVs. The
orthogonal transform is to achieve energy compaction of motion-connected signals
for efficient coding. As shown in Fig. 5.1, at the encoder side, the input signal is
transformed into MVs and coefficients, and the decoder reconstructs the signal us-
ing the transmitted MVs and coefficients. Due to the limitation in bandwidth, it is
usually inefficient to transmit highly costly data such as the KLT basis vectors or
additional graph information. Therefore, in this chapter, we focus on using existing
information, i.e., the MVs, without transmitting extra information.

For a given video sequence, we derive the underlying graphs from the block-
motion fields in our image sequences. The vertices are given by both current and
reference pixels, whereas the edges of the graphs are established by MVs that con-
nect current and reference pixels. The signals on the motion-derived graphs are the
intensity values of the image sequence pixels. For unidirectional motion estimation,
the current pixel has always one reference pixel. Thus, the motion-derived graph
forms a tree, where the final reference pixel is the root of the tree. For example,
Fig. 5.2 depicts a graph determined by MVs, where x1, . . . , x5 are motion-connected
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s Q1 Q2 · · · QK x

Figure 5.3: A correlated signal x obtained using a sequence of incremental trans-
forms Q1, Q2, . . . , QK from an uncorrelated source s.

pixels in different frames.
Let G = {V , E} be a graph with a set of vertices V and a set of edges E . Let A be

the unweighted adjacency matrix, diag(d) the degree matrix, and L the Laplacian
matrix of G.

5.1.2 Rotation-based Signal Covariance Model

Let x = [x1, x2, . . . , xn]T ∈ R
n be the signal on G, where xi is associated with the

ith vertex. We assume that x is wide sense stationary. Let Q be an orthonormal
transform and s the uncorrelated signal source that produces the correlated x ac-
cording to x = Qs. Since Q is orthonormal, the energy of the source is preserved,
i.e., ‖s‖2

2 = ‖x‖2
2.

An orthonormal Q can be viewed as a rotation (or reflection if the determinant is
−1) in an n-dimensional space. Any rotation in high dimensions can be decomposed
into a sequence of rotation matrices (e.g., using Euler angles). In general, this
sequence is not unique. However, this can help reducing the complexity of rotation
and is applicable in practical schemes. Therefore, we express Q as a sequence of
orthonormal matrices.

Let Q1, Q2, . . . , QK be K incremental orthogonal transforms. Each Qk (1 ≤ k ≤
K) rotates a subspace in the n-dimensional space. The rotation given by Qk can
be between two to n dimensions. Let Q be decomposed into Q1, Q2, . . . , QK , i.e.,

Q = QKQK−1 · · · Qk · · · Q2Q1. (5.1.1)

Then, the signal x can be obtained as shown in Fig. 5.3
Let Css be the covariance of s and Cxx the covariance of x. We have

Cxx = QCssQ
T = QK · · · Q1CssQT

1 · · · QT
K . (5.1.2)

A simple example of such a signal covariance model is

Cxx = σ2
x




1 ρ · · · ρ

ρ 1 · · · ρ
...

. . .
...

ρ · · · ρ 1




, (5.1.3)

where σ2
x is the variance of x, and ρ the correlation coefficient. This covariance

matrix has identical correlation coefficients on all off-diagonal elements. The eigen-
values are σ2

x[1+(n−1)ρ, 1−ρ, . . . , 1−ρ]. It has an all-one eigenvector associated
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with the eigenvalue 1 + (n − 1)ρ, and the rest of the eigenvectors can be arbitrary
orthonormal vectors that are orthogonal to each other and the all-one vector. We
can use 2-dimensional rotations step by step to construct Cxx from the uncorrelated
signal source s.

5.2 Uni-directional Orthogonal Transform (Uni-OT)

Let y = T x be the orthonormal transform that takes the signal values x on the
graph G and outputs the coefficients y = [y1, . . . , yn]T at the corresponding vertices
on the graph. Let T1, . . . , TK be the K incremental orthogonal transforms. The Uni-
OT is defined as the concatenation

T = TKTK−1 · · · Tk · · · T2T1, (5.2.1)

where 1 ≤ k ≤ K, as shown in Fig. 5.4. In this sequence, Tk is an orthogonal
transform as | det(Tk)| = 1. Thus, the orthogonality of T is always guaranteed as
| det(T )| = |∏k det(Tk)| = 1. The number of the incremental transforms depends
on the actual covariance model and is not limited to n. In the simplest case, Tk acts
as an Euler rotation in two dimensions. Then, we may use K = n − 1 incremental
transforms to process all the coefficients.

Let Cyy be the covariance of y, where Cyy = T CxxT T . The transform T is
optimal in decorrelating a class of covariance matrices given in (5.1.2) when

Tk = UT
K−k+1 for k = 1, . . . , K. (5.2.2)

Then,
Cxx = T T ΛT, (5.2.3)

where Λ = diag (λ1, . . . , λn) is the eigenvalue matrix and Cyy = Λ.
Denoting the intermediate covariance matrix at the kth transform as Ck, we

consider the relation
Ck+1 = TkCkT T

k . (5.2.4)

Consider the simple case where Tk is a two-dimensional rotation that deals with xi

and xj . Tk has ones along the diagonal and zeros elsewhere, except the four positions
(i, i), (i, j), (j, i), and (j, j) as shown in Fig. 5.5. Let Tk,(i,j) be the matrix consisting
of the four specified elements in Tk. In addition, let xk,i and xk,j denotes xi and
xj at the kth transform, respectively. Let Ck,(i,j) be the matrix consisting of the
elements (i, i), (i, j), (j, i), and (j, j) in Ck, which is also the covariance matrix of[
xk,i, xk,j

]T

.

Then, we can use block matrices to express the relation in (5.2.4) by shifting
the ith and jth rows to the 1st and 2nd rows, and the ith and jth columns to the
1st and 2nd columns, respectively. That is,

Tk,shift =

[
Tk,(i,j) 0

0T I

]
and Ck,shift =

[
Ck,(i,j) B

BT R

]
, (5.2.5)
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x T1 T2 · · · TK
y

Figure 5.4: A sequence of incremental transforms T1, T2, . . . , TK decorrelates x
and outputs y.

i j     

i

j

T
k

Figure 5.5: Structure of Tk. Tk has ones on the diagonal and zeros elsewhere, except
the positions (i, i), (i, j), (j, i), (j, j).

where 0 is the zero matrix of size 2 × (n − 2) and I the identity matrix. B is the
matrix consisting of the ith and jth rows except the four elements in Ck, and R
represents the remaining untouched elements in Ck.

Then, (5.2.4) can be expressed as

Ck+1,shift =

[
Tk,(i,j)Ck,(i,j)T

T
k,(i,j) Tk,(i,j)B

BT T T
k,(i,j) R

]
. (5.2.6)

Ck+1 can be easily obtained by shifting back the rows and columns. We can see
from (5.2.6) that the special class of covariance matrices which can be decorrelated
by Tk require T T

k,(i,j)Ck,(i,j)Tk,(i,j) to be diagonal and T T
k,(i,j)B a matrix with zeros

in one row.
In general, the sequence of incremental transforms describes the order in which

the graph is processed, such as one pair of signal samples is processed first and
another pair is processed later. The order does not affect the orthogonality of the
transform and can be tailored to the actual graph signal processing problem at
hand.

5.2.1 Construction of Transforms

Considering xk,i and xk,j , a two-dimensional rotation matrix Tk,(i,j) is defined as

Tk,(i,j) =
1√

1 + a2
k

[
1 ak

−ak 1

]
, (5.2.7)
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where ak > 0 is the decorrelation factor that decorrelates xk,i and xk,j . At the kth
step, the transform outputs

[
xk+1,i

xk+1,j

]
= Tk,(i,j)

[
xk,i

xk,j

]
. (5.2.8)

To achieve energy compaction of the two coefficients, we need to choose a suit-
able ak. The correlation between xk,i and xk,j directly determines Tk,(i,j). If we
assume ideal correlation for the signal at the edge (i, j) of the graph, i.e., the cor-
relation factor ρ = 1, we have x1,i = x1,j = x. In this case, for k = 1, we can
easily compact the energy of x1,i and x1,j to one energy-compacted vertex and one
zero-energy vertex using T1,(i,j) with a1 = 1, i.e.,

[√
2x

0

]
= T1,(i,j)

[
x

x

]
. (5.2.9)

After this transformation, the signal at the energy-compacted vertex is the product
of x and a scale factor

√
2. This vertex will be further processed with T2.

In general, let ck,i be the scale factor of vertex i at the kth transform. Under
ideal motion assumption, xk,i = ck,ix. It can be seen from (5.2.9) that the initial
scale factors at k = 1 are c1,1 = c1,2 = · · · = c1,n = 1. The scale factor of the energy-
compacted vertex is updated after each incremental transform. Energy conservation
of Tk and ideal correlation leads to

[
ck+1,ix

0

]
= Tk,(i,j)

[
ck,ix

ck,jx

]
, (5.2.10)

where the scale factor at vertex i is updated according to

c2
k+1,i = c2

k,i + c2
k,j , (5.2.11)

and the decorrelation factor ak is determined by

ak =
ck,j

ck,i

. (5.2.12)

Since the scale factors are associated with vertices, they can be viewed as vertex
weights on the graph.

5.2.2 Example

We again consider the example covariance in (5.1.3). It can be viewed as a covariance
matrix based on a complete graph and it can be decorrelated by our proposed T . In
this case, it does not matter which two samples we process first, as all the samples
are equal.
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To illustrate the process of the Uni-OT, we consider the above covariance matrix
with four samples and x = [x1, . . . , x4]T . Assume that the scale factors are one for
all x1, . . . , x4. The signal on the 1st vertex is the lowband-to-be vertex, i.e., the
energy will be compacted to x1.

First, signals on the 1st and the 2nd vertices are processed, and the scale factor
of the 1st vertex is updated to

√
2. The 1st vertex contains the energy of the signal

on vertices 1 and 2. The transform here is

T1,(1,2) =
1√
2

[
1 1

−1 1

]
. (5.2.13)

Since the correlation coefficients are identical, B = [ρ, ρ; ρ, ρ], we can obtain from
(5.2.6) that T1,(1,2)B is a matrix where the second row is zero. This means that the
transform decorrelates the second sample from all other samples. Since the signal
on the second vertex has turned into a highband, there is no scale factor associated
with it, and it will not be further processed.

Second, the 1st and 3rd vertices are transformed, and the scale factor of the 1st
vertex becomes

√
3. The transform for the second step is

T2,(1,3) =
1√

1 + 1
2

[
1 1√

2

− 1√
2

1

]
=

1√
3

[√
2 1

−1
√

2

]
. (5.2.14)

Similarly, this transform decorrelates the third sample from the rest of the samples.
We repeat this process until all unprocessed vertices are transformed. In the end,
the signal on vertex 1 has turned into the lowband and the signals on the vertices
2 to 4 represent the three highbands. The scale factor of the lowband is 2.

In [NO12], orthogonal filter banks for perfect reconstruction are constructed for
bipartite graphs. In our work, this is not strictly necessary. Orthogonality is guar-
anteed by design and energy compaction is achieved step by step as | det(Tk)| = 1.
In addition, the Uni-OT can be applied to directed weighted graphs where the
directions indicate how the energy should be directed. [NO12] considers only undi-
rected weighted graphs. Moreover, the orthogonal filter banks in [NO12] are based
on the Laplacian spectrum and eigenbasis. Note that the used graph Laplacian de-
scribes the graph as a whole and leads to a highly tailored spectral representation.
On the other hand, the Uni-OT is based on energy accumulation using individual
decorrelation factors for efficient energy compaction.

5.3 Bi-directional Orthogonal Transform (Bi-OT)

We extend the Uni-OT to a bi-directional orthogonal transform. The Bi-OT is a
2-band orthonormal wavelet, which transforms three samples xi, xj , and xm each
time. After applying the transform once, the energy of xj will be shifted to xi and
xm, i.e., the jth sample turns into a highband coefficient and the ith and mth
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samples into lowband coefficients. For an optimal energy compacting bi-directional
orthogonal wavelet, the correlation of the highband coefficients is to be removed.
In the following, Sec. 5.3.1 constructs the bi-directional transform, and Sec. 5.3.2
analyzes the transform for the optimal case.

5.3.1 Design of Bi-OT

Uni-OT uses one reference vertex at a time to exploit the correlation to the current
vertex. Now, we consider an orthonormal transform (Bi-OT) where two reference
vertices i and m are used at the same time to exploit the correlation to the current
vertex j. Fig. 5.6 depicts an example of a graph G where Bi-OT is used.

We use a similar notation as in Sec. 5.2. Let xk,i, xk,j , and xk,m denote the
signal samples on the ith, jth, and mth vertices at the kth step, respectively. Similar
to Tk,(i,j), let Tk,(i,j,m) denote a 3 × 3 orthonormal matrix that transforms these
three signal samples. The transform Tk,(i,j,m) gives the values of the nine elements
(i, i), (i, j), . . . , (m, m) in the matrix Tk as shown in Fig. 5.7. Tk is of dimension
n × n and has ones on the diagonal and zeros elsewhere, except the nine positions
mentioned above. We have


xk+1,i

xk+1,j

xk+1,m


 = Tk,(i,j,m)




xk,i

xk,j

xk,m


 . (5.3.1)

After the transform, the jth coefficient becomes the highband, and the ith and
mth coefficients receive energy from the jth coefficient and become intermediate
lowband coefficients.

Again, we assume ideal motion and denote the scale factor of the ith vertex
at the kth incremental transform as ck,i. The incremental transform to obtain an
energy-removed highband coefficient and two intermediate lowband coefficients is




vk+1,ix

0

vk+1,mx


 = Hk,3Hk,2Hk,1




ck,ix

ck,jx

ck,mx


 , (5.3.2)

where Tk,(i,j,m) = Hk,3Hk,2Hk,1 and Hk,3, Hk,2, and Hk,1 are rotations in 2-
dimensions with

Hk,1 =




1√
1+a2

k,1

0 − ak,1√
1+a2

k,1

0 1 0
ak,1√
1+a2

k,1

0 1√
1+a2

k,1


 , (5.3.3)

Hk,2 =




1 0 0

0 1√
1+a2

k,2

− ak,2√
1+a2

k,2

0
ak,2√
1+a2

k,2

1√
1+a2

k,2


 , (5.3.4)
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i j m

Figure 5.6: Detail of a graph G where Bi-OT is used. Two reference vertices i and
m are used at the same time to exploit the correlation to the current vertex j.

Hk,3 =




1√
1+a2

k,3

0
ak,3√
1+a2

k,3

0 1 0

− ak,3√
1+a2

k,3

0 1√
1+a2

k,3


 . (5.3.5)

ak,1, ak,2, and ak,3 are the decorrelation factors of Hk,1, Hk,2, and Hk,3, respectively.
Here, Hk,1 and Hk,2 are energy compaction transforms that compact the energy
of three coefficients into one in two steps. First, Hk,1 compacts the energy of the
ith coefficient to the mth coefficient, and second, Hk,2 compacts the energy of
the jth coefficient to the updated mth coefficient. The decorrelation factors in
Hk,1 and Hk,2 follow the same rule as in (5.2.12) that they are determined by the
corresponding scale factors. Once the energy is compacted to one coefficient, Hk,3

redistributes the energy back to the ith and mth coefficient equally. Hk,3 can be
regarded as the inverse of energy compaction. Since Hk,3 is orthogonal, the inverse
is simply the transpose of an energy compacted step.

Energy conservation of Tk and ideal correlation leads to

c2
k+1,i + c2

k+1,m = c2
k,i + c2

k,j + c2
k,m. (5.3.6)

The scale factors are updated according to

c2
k+1,i = c2

k,i +
1

2
c2

k,j (5.3.7)

c2
k+1,m = c2

k,m +
1

2
c2

k,j , (5.3.8)

meaning that the energy of the jth coefficient is equally distributed to the ith and
mth coefficient. The decorrelation factors are

ak,1 =
ck,i

ck,m

, ak,2 =
ck,j√

c2
k,i + c2

k,m

, and ak,3 =
ck+1,i

ck+1,m

. (5.3.9)

The Bi-OT is not limited to three vertices. It can be extended to n vertices. If
one vertex is correlated to multiple vertices in neighboring graphs, it is possible to
use the same concept. First, the energy of n vertices is compacted to one vertex.
Second, the compacted energy is redistributed to n − 1 reference vertices that will
be used in future transforms.
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Figure 5.7: Structure of Tk. Tk has ones on the diagonal and zeros elsewhere, except
the positions (i, i), (i, j), . . . , (m, m).

5.3.2 Decorrelation by Bi-OT

We analyze the Bi-OT in terms of decorrelation. For the original sample, k = 1 and
the scale factors are c1,i = c1,j = c1,m = 1. Based on (5.3.3) to (5.3.5), We have

H1,1 =




1√
2

0 − 1√
2

0 1 0
1√
2

0 1√
2


 , H1,2 =




1 0 0

0
√

2√
3

− 1√
3

0 1√
3

√
2√
3


 , H1,3 =




1√
2

0 1√
2

0 1 0

− 1√
2

0 1√
2


 .

(5.3.10)

For a 3 × 3 covariance matrix

Cxx =




1 ρ1 ρ2

ρ1 1 ρ1

ρ2 ρ1 1


 (5.3.11)

with unit variance, assume that the correlation is the same between i&j and j&m.
The Bi-OT is designed to decorrelate the highband j from the lowbands i and m.
Let covariance of the transform output be Cyy. Using Cyy = T1,(i,j,m)CxxT T

1,(i,j,m),
we hope to find a Cxx such that

Cyy,12 = 0 and Cyy,23 = 0, (5.3.12)

where Cyy,pq is the element at pth row and qth column of Cyy. That means
the highband is decorrelated. Since the lowband coefficients are not decorrelated,
Cyy,13 6= 0.

Using (5.3.10) and (5.3.12), we obtain the condition

ρ1 = ρ2 = ρ. (5.3.13)
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Thus,

Cyy =




1 + 1
2 ρ 0 3

2 ρ

0 1 − ρ 0
3
2 ρ 0 1 + 1

2 ρ


 . (5.3.14)

The lowband correlation increases from ρ to 3ρ

2+ρ
, which indicates that after one

step the lowband coefficients are stronger correlated than the original samples.

5.3.3 Example Comparison

As discussed in Sec. 5.2.2 and Sec. 5.3.2, the covariance matrix with equal cor-
relation coefficients is perfectly decorrelated by both Uni-OT and Bi-OT. If the
covariance matrix deviates slightly from this model, we can analyze the energy
compaction for both transforms.

For that, we assume the covariance matrix in (5.3.11) with ρ1 6= ρ2. Applying
the Uni-OT following (5.2.13) and (5.2.14), we obtain the covariance matrix of the
output

Cuni
yy =




1 + 4
3 ρ1 + 2

3 ρ2
1√
6
(ρ1 − ρ2)

√
2

6 (−ρ1 + ρ2)
1√
6
(ρ1 − ρ2) 1 − ρ1

1√
3
ρ1 − 1√

3
ρ2√

2
6 (−ρ1 + ρ2) 1√

3
ρ1 − 1√

3
ρ2 1 − 1

3 ρ1 − 2
3 ρ2


 . (5.3.15)

The energy is compacted into the first coefficient. The total energy is preserved as
the trace of the covariance matrix is three.

For the Bi-OT, after transforming once, the energy is in the two lowband coef-
ficients. Then, we need to apply an additional Uni-OT to compact the energy into
one lowband coefficient. We obtain the final covariance of the output as

Cbi
yy =




1 + 4
3 ρ1 + 2

3 ρ2

√
2

3 (ρ1 − ρ2) 0√
2

3 (ρ1 − ρ2) 1 − 4
3 ρ1 + 1

3 ρ2 0

0 0 1 − ρ2


 . (5.3.16)

Comparing these two covariance matrices, we can easily see that the lowband
energy is the same in both cases. Again, the total energy is preserved as the trace
of the covariance matrix is three.

Further, with the definition of the coding gain

Gbi =
1

(∏3
l=1 Cbi

yy,pp

) 1

3

(5.3.17)

for Bi-OT, and similarly Guni for Uni-OT, we see that Gbi > Guni for ρ1 6= ρ2. That
is, Bi-OT compacts the energy better than Uni-OT.
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5.4 Experimental Results

In the experiments, we use the orthogonal transforms for video coding and evaluate
the coding efficiency for the CIF sequences Mobile, City, Carphone, and Ice. We
compare the uni-directional orthogonal transform (Uni-OT), the bi-directional or-
thogonal transforms (Bi-OT), and the eigenvector matrix of the graph Laplacian.
The transforms are used in temporal direction. The Uni-OT processes the con-
nected vertices for a given graph step by step using incremental transforms. The
Bi-OT uses incremental transforms with up to two reference vertices at a time. The
eigenvector matrix of the graph Laplacian processes all vertices for a given graph.

In general, the block size for motion estimation can be chosen freely, since there
is no limitation due to the orthogonal graph transforms. Further, sub-pel accurate
motion is possible by adding edges to additional reference vertices that are used for
interpolation. In our experiments, the graphs are defined by 16 × 16 block motion
with a search range of ±32 and integer motion estimation. The motion is estimated
in a hierarchical fashion. The graphs are constructed from the set of estimated
MVs in a group of pictures (GOP). The GOP size is chosen to be eight. Thus,
after the temporal transform, we obtain one temporal lowband and seven temporal
highbands. We use 32 frames of each sequence. The Uni-OT and the Laplacian
eigenbasis use the same graphs, i.e., the same set of MVs. The Bi-OT uses bi-
directional motion estimation, and it has a slightly higher rate for MVs. Comparing
to the rate of the transform coefficients, the rate of the MVs is negligible. Thus,
the comparison is targeting the efficiency of the transforms for given graphs.

To code the temporal subbands, we use intra coding of the HEVC model HM16.7.
Since the lowband is energy compacted, its coefficients have a large range. As the
compacted energy is represented by scale factors, we scale down the lowband co-
efficients by dividing them with the corresponding scale factors. This scaling can
be inverted at the decoder side, as the scale factors are determined by the graphs
only. Note that identical graphs are derived from the same set of MVs at encoder
and decoder. The encoder uses the Main 10 profile due to the possibility that the
temporal subbands may have a bit depth larger than eight bits. Other encoding
parameters are adopted from the configuration file. We measure the peak signal to
noise ratio (PSNR) of the luma (Y) signal. As no graphs have been constructed for
U and V components, their values are set to a constant before encoding.

Since all temporal subbands are encoded with HEVC separately, rate allocation
needs to be performed among the subbands. To find the optimal rate allocation,
we consider a set of possible quantization parameters (QP) for each subband. For
the kth subband, we choose the parameter that minimizes the cost Jk,

J∗
k = min

i
(Dk,i + λRk,i) , (5.4.1)

for a given λ, where Dk,i is the distortion of subband k with the ith QP, and Rk,i

the rate of the corresponding subband and QP.
Figs. 5.8 and 5.9 depict examples of two temporal subbands of each type of

transform for Carphone and Ice. The top, middle, and bottom rows are the last
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Table 5.1: Energy distribution in the eight subbands of Mobile, averaged over four
GOPs.

Transform Uni-OT Bi-OT Laplacian

Lowband 1 93.75% 94.29% 93.75%

Highband 2 2.43% 2.35% 2.27%

Highband 3 1.04% 0.99% 1.28%

Highband 4 1.04% 1.22% 0.80%

Highband 5 0.45% 0.23% 0.85%

Highband 6 0.43% 0.17% 0.40%

Highband 7 0.43% 0.31% 0.36%

Highband 8 0.43% 0.44% 0.29%

two subbands of the fourth GOP resulting from Uni-OT, Bi-OT, and Laplacian
eigenbasis, respectively. We can observe in both figures that the middle row has
the least details in the subbands among the three. This shows that the Bi-OT can
efficiently remove the energy from the highbands. It is also observed that the third
row has more noise than the other two rows. The noise in Fig. 5.9 can be observed
clearly. Since the same set of MVs is used to construct graphs in Uni-OT and the
graph Laplacian, the difference is in the transform. The noise in the third row is
due to the inconsistency of graph structures and sizes among neighboring pixels.
Since the Laplacian eigenbasis highly depends on the graph, a slight change in size
or edge structure may produce different transform coefficients. If the motion in
a given video is strong, the graphs vary significantly and the resulting effects are
more visible. This indicates that eigenbases of graph Laplacians are of limited use
when representing video sequences.

Tables 5.1 to 5.4 show the percentages of energy in the subbands. For a given
subband index, a row shows the accumulated energy of all temporal subbands
with the same index in a video sequence, normalized to the total energy in the
sequence. For example given lowband 1, we sum the energy of all lowbands in the
sequence, i.e., 1st, 9th, 17th, ..., and divide by the total energy of the sequence.
From the results we observe that the Uni-OT and the Laplacian eigenbasis have
the same energy in lowband 1, since they use the same MVs and have the same
first basis vector for the lowband. For the Bi-OT, the energy in lowband 1 is higher
than for the other two transforms. Here, the additional edges in the graphs due
to bi-directional motion improve the compression efficiency. Correspondingly, the
highband energies of the Bi-OT are generally lower when compared to the other
orthogonal transforms. This confirms the observation in Figs. 5.8 and 5.9 that less
energy is left in Bi-OT highbands.

Figs. 5.10 to 5.13 depict the peak signal to noise ratio (PSNR) vs. rate for the
sequences Mobile, City, Carphone, and Ice, respectively. In Fig. 5.10, Bi-OT outper-
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Table 5.2: Energy distribution in the eight subbands of City, averaged over four
GOPs.

Uni-OT Bi-OT Laplacian

Lowband 1 89.44% 90.40% 89.44%

Highband 2 4.15% 4.17% 3.85%

Highband 3 1.79% 1.24% 2.16%

Highband 4 1.76% 2.00% 1.56%

Highband 5 0.70% 0.45% 0.97%

Highband 6 0.71% 0.45% 0.81%

Highband 7 0.68% 0.51% 0.64%

Highband 8 0.77% 0.78% 0.57%

Table 5.3: Energy distribution in the eight subbands of Carphone, averaged over
four GOPs.

Transform Uni-OT Bi-OT Laplacian

Lowband 1 99.13% 99.17% 99.13%

Highband 2 0.39% 0.38% 0.35%

Highband 3 0.13% 0.12% 0.15%

Highband 4 0.13% 0.15% 0.12%

Highband 5 0.05% 0.04% 0.08%

Highband 6 0.06% 0.04% 0.06%

Highband 7 0.06% 0.04% 0.06%

Highband 8 0.05% 0.06% 0.05%

forms Uni-OT by about 0.9dB, and Uni-OT outperforms the Laplacian eigenbasis
by about 0.8dB. This is consistent with the energy compaction in Table 5.1. Sim-
ilar observations can be made in Figs. 5.11 to 5.13. In Fig. 5.13, the gap between
Uni-OT and Bi-OT is small. However, the gap between Uni-OT and the Laplacian
eigenbasis is about 4dB. Although the energy compaction of the Laplacian eigenba-
sis does not differ significantly from Uni-OT in Table 5.4, the spatial noise patterns
in the subbands as shown in Fig. 5.9 make efficient encoding more difficult. This
degrades coding performance significantly.

5.5 Chapter Conclusions

This chapter discusses orthogonal transforms for compression based on motion
graphs. They permit energy conservation and perfect reconstruction. The goal
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Table 5.4: Energy distribution in the eight subbands of Ice, averaged over four
GOPs.

Transform Uni-OT Bi-OT Laplacian

Lowband 1 94.22% 94.44% 94.22%

Highband 2 2.63% 2.78% 2.10%

Highband 3 0.97% 0.73% 1.21%

Highband 4 0.97% 1.12% 0.76%

Highband 5 0.35% 0.21% 0.60%

Highband 6 0.30% 0.22% 0.46%

Highband 7 0.29% 0.21% 0.34%

Highband 8 0.27% 0.29% 0.31%

is to approximate the orthonormal KLT over a graph. For that, we construct a
rotation-based signal covariance model where the covariance of the graph signal
is defined by a sequence of rotations. To decorrelate this graph signal, we define
a sequence of incremental orthonormal transforms that constitutes our orthogonal
transform over that graph. We discuss two types of incremental transforms, namely
the uni-directional orthogonal transform (Uni-OT) and the bi-directional orthog-
onal transform (Bi-OT). For comparison, we consider the eigenbasis of the graph
Laplacian, which defines also an orthonormal basis. We observe that the eigenbasis
of the graph Lapacian is tailored to the graph structure only, and is usually not
suitable to compress the signal on the graph efficiently. Our experiments with video
data on energy compaction and HEVC-based coding show that the bi-directional
orthogonal transforms achieve a higher coding efficiency than the uni-directional
orthogonal transforms. Both uni-directional and bi-directional transforms achieve
higher coding efficiency than the Laplacian eigenbases. The Laplacian eigenbases
are strongly tailored to the structure of the graphs, and hence, suffer from vary-
ing graph structures and graph sizes for spatially neighboring pixels. Thus, the
discussed orthogonal transforms are more favorable for video coding applications.
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subband 7

subband 7

subband 7

subband 8

subband 8

subband 8

Figure 5.8: The two last temporal subbands of the CIF sequence Carphone of the
fourth GOP. The GOP size is eight. The top row is extracted from the subbands
using Uni-OT. The middle row shows the corresponding results for the Bi-OT. The
bottom row is extracted from the subbands using the Laplacian eigenbasis.
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Figure 5.9: The two last temporal subbands of the CIF sequence Ice of the fourth
GOP. The GOP size is eight. The top row is extracted from the subbands using Uni-
OT. The middle row shows the corresponding results for the Bi-OT. The bottom
row is extracted from the subbands using the Laplacian eigenbasis.
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Figure 5.10: PSNR vs. rate for the luma signal of Mobile.
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Figure 5.11: PSNR vs. rate for the luma signal of City.
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Figure 5.12: PSNR vs. rate for the luma signal of Carphone.
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Figure 5.13: PSNR vs. rate for the luma signal of Ice.





Chapter 6

Fractional-Pel Motion-Adaptive
Transforms

F
ractional-pel accurate motion is widely used in video coding. For subband
coding, fractional-pel accuracy is challenging since it is difficult to handle the
complex motion field with temporal transforms. In the previous chapters, we

designed integer accurate motion-adaptive transforms (MAT), which can transform
integer accurate motion-connected coefficients. In this paper, we extend the integer
MAT to fractional-pel accuracy. The integer MAT allows only one reference coef-
ficient to be the lowband coefficient. In this paper, we design the transform such
that it permits multiple references and generates multiple lowband coefficients.

In addition, our fractional-pel MAT can incorporate a general interpolation
filter into the basis vectors, such that the highband coefficient produced by the
transform is the same as the prediction error from the interpolation filter. The
fractional-pel MAT is always orthonormal, thus, the energy is preserved by the
transform. We compare the proposed fractional-pel MAT, the integer MAT, and
the half-pel motion-compensated orthogonal transform (MCOT), while HEVC intra
coding is used to encode the temporal subbands. The experimental results show
that the proposed fractional-pel MAT outperforms the integer MAT and the half-
pel MCOT. The gain achieved by the proposed MAT over the integer MAT can
reach up to 1dB in PSNR.

6.1 Motion-Adaptive Transforms

In this section, we recap the scale factors that are used to track the energy in the
subbands. Then, we discuss the constraints for constructing MAT. The constraints
include a lowband vector constraint and a highband vector constraint. The lowband
vector constraint is obtained from energy compaction using scale factors, and the
highband vector constraint is obtained from using interpolation filters.

65
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6.1.1 Lowband Vector Constraint for MAT

Scale factors are used to track the energy compaction under the assumption of ideal
motion [FG06]. Let x = [x1, x2, . . . , xn]T be a vector of coefficients connected by
motion. Let the vector of scale factors associated with x be c = [c1, c2, . . . , cn]T .
Each xi, (i ∈ {1, 2, . . . , n}, can also be considered as a lowband coefficient. The scale
factor ci is used to represent the compacted energy in the coefficient as xi = cix

′
i,

where x′
i is the original intensity value. Ideal motion assumes that x′

1 = x′
2 = · · · =

x′
n = x′, i.e., these n pixels have the same original intensity x′. Then, the input

coefficients can be expressed as
x = x′c. (6.1.1)

In the following, a simple example with two coefficients and a Haar transform
is used to illustrate the use of scale factors. Let x1 and x2 be the original intensity
values, x1 = x2 = x′. If we compact the energy of x1 and x2 into one lowband
coefficient y1, i.e.,

[
y1

y2

]
=

1√
2

[
1 1

−1 1

][
x1

x2

]
=

[√
2x′

0

]
, (6.1.2)

the output lowband coefficient y1 =
√

2x′ becomes a scaled x′ with a factor
√

2.
The scale factor of y1 is

√
2, which is determined by the factor of x′ in (6.1.2). In

general, y1 is likely to be used further in hierarchical transforms. Thus, it is helpful
to track the energy compaction of each lowband coefficient.

Similarly, if we compact the energy of n pixels of x to one lowband coefficient,
the corresponding scale factor is

√
n. The scale factors are only determined by the

motion information. They do not require extra information to be encoded.
Let T be an n × n transform matrix, and y = [y1, y2, . . . , yn]T the output. We

have y = T T x. The transform compacts the energy into one lowband coefficient
and produces n − 1 highband coefficients.

With the assumption of ideal motion (6.1.1), we aim at constructing an or-
thonormal transform matrix T that perfectly compacts the energy of x into one
lowband coefficient. Let t1, t2, . . . , tn be the basis vectors of T , where t1 represents
the lowband vector and tn the highest highband vector. The output coefficients are

yi = x′tT
i c, for i = 1, . . . , n. (6.1.3)

The first coefficient y1 = x′tT
1 c is designed to capture the total energy of the signal

x. Thus, t1 needs to be collinear with c,

t1 =
c

‖c‖2
. (6.1.4)

Then, y1 = x′√cT c contains the total energy of x, and no energy is left in other
dimensions. Since t1 represents one dimension in the n-dimensional space, and all
the other basis vectors t2, . . . , tn are orthogonal to t1, all highband coefficients
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y2, . . . , yn are zero. With this, the transform T is able to compact the energy per-
fectly. We refer to the constraint of t1 in (6.1.4) as the subspace constraint.

If x deviates from ideal motion, i.e., x1, x2, . . . , xn are affected by noise, we will
not obtain perfect energy compaction into one coefficient. However, we keep the
subspace constraint t1 as it reflects ideal energy compaction for ideal motion.

6.1.2 Highband Vector Constraint for MAT

Next, we consider the highband vectors. For fractional-pel accurate motion com-
pensation, we use an interpolation filter over several reference pixel values to bet-
ter approximate the current target pixel value. Hence, we focus in the following
on incorporating a given interpolation filter into the transform. Consider the in-
put x = [x1, x2, . . . , xn]T , where the first n − 1 coefficients x1, x2, . . . , xn−1 are the
integer-sample references for the target xn. The first n−1 coefficients can be viewed
as the reference pixel values in the reference frame which are used to generate an
interpolation value. Let an interpolation filter be h = [h1, h2, . . . , hn−1], where∑n−1

i=1 hi = 1. The interpolated value is x̂n =
∑n−1

i=1 hixi, and the approximation

error between the interpolated value and the target is xn − x̂n = xn −
∑n−1

i=1 hixi.
When we use an orthonormal transform, the energy of the highband-to-be xn

is expected to be removed as much as possible. In the transform, the last highband
coefficient is given by the last basis vector. Thus, we incorporate the interpolation
filter into the transform. A first approach is to form a basis vector as tn = [−h, 1]T .
This generates a highband coefficient

yn = tT
n x = −

n−1∑

i=1

hixi + xn, (6.1.5)

which is consistent with above defined approximation error.
Our motion-adaptive transforms consider scale factors by design. Assuming ideal

motion, the input signal is expressed as x = [c1x′, c2x′, . . . , cnx′]T . To reuse this
concept, we use the scale factors to adjust the coefficients of the interpolation filter.
Then, the last basis vector tn is

tn = [−h1

c1
, −h2

c2
, . . . , −hn−1

cn−1
,

1

cn

]T , (6.1.6)

which can be normalized to tn = tn

‖tn‖2

. For non-ideal motion, the high-band coef-

ficient yn will reflect the approximation error.
As discussed in Sec. 6.1.1, we have the basis vector t1 = c

‖c‖2

. Note that the

basis vector tn is orthogonal to t1, as
∑n−1

i=1 hi = 1.

6.1.3 Non-vertical/horizontal Fraction-pel Positions

For vertical or horizontal fractional-pel positions, the references are aligned in
one dimension. The interpolation filter can be directly used to form tn. For non-
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vertical/horizontal fractional-pel positions, the references are distributed in two
dimensions and tn cannot be obtained directly. For example, to interpolate a di-
agonal HP position, HEVC first uses the 8-tap interpolation filer along the rows
to generate eight horizontal HP values, and then, uses the 8-tap filter again along
the columns to filter these eight horizontal HP values to generate the final inter-
polated value. Thus, to obtain tn, we need to consider the interpolation filters in
both dimensions.

Let hh be the p-tap interpolation filter horizontally, and hv the q-tap filter
vertically. Let H = hT

h hv be the filter coefficient matrix of size p × q and X the
matrix of references of the same size. The interpolated value is x̂n =

∑
ij HijXij .

Similar to the one-dimensional case, we generate the highband coefficient as

yn = xn − x̂n = xn −
∑

ij

HijXij = tT
n x. (6.1.7)

Reshaping H and X into vectors gives

tn = [−H11, −H12, . . . , −Hpq 1]T , (6.1.8)

x = [X11, X12, . . . , Xpq, xn]T . (6.1.9)

Again, we normalize tn to tn = tn

‖tn‖2

. Since tn is of dimension (pq + 1) × 1, this

approach is not separable. When scale factors are used, an approach similar to
(6.1.6) is necessary.

6.1.4 Transform Satisfying the Lowband&Highband Constraints

In an n-dimensional space, two basis vectors are determined by t1 and tn. The re-
maining (n−2)-dimensional subspace is not unique for n > 3. There are many ways
to find a basis for the remaining subspace, e.g., decomposing the n-dimensional
space using Gram-Schmidt [CK12] or finding a certain matrix with its eigenvec-
tor matrix satisfying these constraints. Different approaches give different sets of
t2, . . . , tn−1. Here, we introduce an approach based on Gram-Schmidt decomposi-
tion.

Let an n-dimensional space be spanned by orthonormal vectors f1, . . . , fn (fi ∈
R

n). We decompose this space for the given vectors t1 and tn using Gram-Schmidt
orthonormalization. Let the projection of vector fj (j = 1, . . . , n) onto the vector
ti be proj(fj , ti) = fT

j ti · ti. For fj , we find a vector that is orthogonal to t1,
i.e., the orthogonal vector ej = fj − proj(fj , t1). By subtracting the projections
proj(f1, t1), . . . , proj(fn, t1), we reduce the n-dimensional space by one dimension.

Since tn⊥t1, tn is a vector in the (n−1)-dimensional subspace. Again, we reduce
the dimensionality by subtracting the projections of e1, . . . , en onto tn. Then, we
obtain an (n−2)-dimensional subspace. This subspace is orthogonal to both t1 and
tn. The remaining basis vectors can be easily found within this subspace by using
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Gram-Schmidt, i.e.,

ẽj = fj−1 −
∑

i∈{1,...,j−1,n}
proj(fj−1, ti), (6.1.10)

tj =
ẽj

‖ẽj‖2
, for j = 2, . . . , n − 1, (6.1.11)

Equation (6.1.10) implies that ẽj is obtained by subtracting all the projected parts
of fj−1 onto t1, . . . , tj−1 and tn. The basis vectors t1, . . . , tj−1 and tn have been
orthogonalized in the previous steps. ẽj is guaranteed to be orthogonal to all the
previous calculated basis vectors.

The advantage of the Gram-Schmidt algorithm is that the algorithm does not
modify the set of vectors if the input set of vectors is already optimal. That is, if the
input vectors are orthogonal and decorrelate the signal (i.e., the KLT basis), the
algorithm outputs the same set of vectors. Assume that f1, . . . , fn are the KLT basis
vectors and that t1 = f1 and tn = fn. We need to find vectors that are orthogonal
to f1 and fn. Since the KLT basis vectors are orthogonal to each other, we always
obtain proj(fj−1, ti) = 0 in (6.1.10), and thus, tj = fj . That is, the algorithm will
not degrade the performance of an efficient initial orthogonal basis.

In general, we can choose an arbitrary set {f1, . . . , fn} for decomposition. Each
will lead to a possible decomposition. In the experiments, we will discuss which set
works well for compression.

6.2 Fractional-pel Motion-Adaptive Transforms

The previous section discusses two basis vectors t1 and tn, which compact the
energy into one coefficient and determines a highband coefficient, respectively.
For fractional-pel MAT, there are two major challenges at this point. First, the
transform discussed in Sec.6.1 compacts the energy to only one coefficient. Since
fractional-pel motion estimation refers to multiple references, we need to shift the
compacted energy to other references. Second, since there will be multiple lowband
coefficients, we need to determine the scale factors associated with these lowband
coefficients.

In our previous work in [LF16], we proposed a two-step method to produce
multiple lowband coefficients, which includes an energy compaction step and an
energy redistribution step. With a similar concept, we tailor the energy compaction
and redistribution approach to the fractional-pel problem. The following subsections
will discuss the construction of the fractional-pel MAT.

6.2.1 Energy Compaction and Redistribution

The main concept of creating multiple lowband coefficients includes two steps:
First, compact the energy of the input signal to one coefficient, and second, redis-
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tribute the energy from one coefficient to multiple coefficients. The energy should
be conserved. Thus, the transforms in the two steps need to be orthonormal.

We consider x as the input and y the output of the energy-compacting trans-
form. Assume yl to be the lowband coefficient. We distribute the energy of yl to
k energy-redistributed coefficients x̃k = [x̃1, . . . , x̃k]T . For fractional-pel accurate
motion, k = n − 1, i.e., the energy is redistributed to all the n − 1 references. In
general, 1 ≤ k < n and k ∈ Z. Let Uk be the transform for energy redistribution.
We use a k-dimensional orthonormal transform Uk to redistribute the energy to x̃k,

x̃k = UT
k yk, (6.2.1)

where yk denotes the first k elements of y.
The energy compaction is given by y = T T x. As T is orthonormal, the inverse

process of energy compaction is then x = T T −1
y = T y. This inverse process can

be viewed as redistributing the energy back to n coefficients. Using the same idea,
if T̃k is the transform that can compact k coefficients into one lowband coefficient
according to yk = T̃ T

k x̃k, we simply let UT
k = T̃k to achieve energy redistribution,

x̃k = T̃kyk. (6.2.2)

To determine T̃k, the scale factors of x̃k are needed. Let T̃k = [̃t1, . . . , t̃k]. Similar to
T , the lowband vector t̃1 needs to satisfy the subspace constraint determined by the

scale factors c̃k of x̃k, i.e., t̃1 = c̃k

‖̃ck‖
. Given c̃k, the matrix of T̃k can be constructed

using, e.g., Gram-Schmidt orthonormalization. We will discuss the update of c̃k in
the next subsection.

In conclusion, in the first step, T T compacts the energy of the input to one
energy-compacted coefficient. In the second step, T̃k redistributes the compacted
energy to k references for further processing. The final n-dimensional output is




x̃k

yk+1

...

yn




=

[
T̃k 0k×(n−k)

0(n−k)×k In−k

]



yk

yk+1

...

yn




(6.2.3)

=

[
T̃k 0k×(n−k)

0(n−k)×k In−k

]
T T x, (6.2.4)

where 0k×(n−k) and 0(n−k)×k are zero matrices and In−k the identity matrix. In

the fractional-pel case, T̃k with k = n − 1 can be viewed as rotation around the nth
basis vector. Constructing T̃k does not affect the highband vector tn.

6.2.2 Update of Scale Factors

Now, we discuss the update of the scale factors c̃k. c̃k is related to energy that is
to be distributed to each lowband coefficient. Since there is no specific rule on how
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the energy is redistributed, one way is to redistribute the lowband energy equally
to the k coefficients, and thus, update the scale factors equally. On the other hand,
since nearby references contribute more to the interpolated value according to the
interpolation filter, it is reasonable to redistribute more energy to nearby references
and less energy to faraway references.

As a motivation, we compare the integer MAT and half-pel MAT using equal
energy redistribution (HP-MAT-eq). For HP-MAT-eq, we consider eight references
for vertical and horizontal HP positions and 64 references for diagonal HP posi-
tions, which is the same as the number of references used in HEVC. We use the
CIF sequence City and the mode decision selects the highband block with the low-
est energy. We found that 95.3% of the blocks are chosen to be transformed using
integer-accurate motion compensation, and the improvement of HP-MAT-eq is neg-
ligible. Thus, redistributing the energy equally to the references does not bring the
advantage of using multiple HP references. Therefore, we propose an energy redis-
tribution method that is based on the interpolation filter coefficients h1, . . . , hk.

We start with a simple example with input x = [x1, x2, x3]T , where x1 and x2

are the references of x3. The energy of x3 is distributed to the two references x1 and
x2, which become x̃1 and x̃2, respectively. Let the interpolation filter coefficients
associated with x1 and x2 be h1 and h2, respectively. The energy is expected to be
equally distributed to these two coefficients if there is no particular preference for
any of the two, i.e., h1 = h2. As shown in Fig. 6.1(a), the quarter circle represents
the energy E = x2

3, and the 45◦ line divides E into two equal parts. Let s1 and s2

denote the square roots of the energy E distributed to x1 and x2, respectively. We
have E = s2

1 + s2
2. Equal energy distribution gives |s1| = |s2| =

√
2E/2.

Fig. 6.1(b) depicts the case where the energy is not equally distributed. To
find s1 and s2, we consider the geometry property of |h1| and |h2|. We let the
line (0, 0) − (|h1|, |h2|) intersect E, and let coordinates of the intersection point
be s1 and s2. It is obvious that E = s2

1 + s2
2, thus, the energy is preserved. Note

that the filter coefficients can be negative, e.g., the 8-tap filter coefficients are
[−1, 4, −11, 40, 40, −11, 4, −1]/64 in HEVC. However, energies do not have negative
values. Thus, we use the absolute values of the filter coefficients. It follows that

|s1|
|s2| =

|h1|
|h2| . (6.2.5)

A small |h1|
|h2| means that x1 contributes less to the interpolation, thus, it is reasonable

to distribute less energy to x1, and vice versa. Then, s1 and s2 are

s2
1 =

h2
1

h2
1 + h2

2

E and s2
2 =

h2
2

h2
1 + h2

2

E. (6.2.6)

Now, we consider the ideal motion assumption that the input is represented as
x = [x1, x2, x3]T = [c1, c2, c3]T x′, where x′ is the original pixel value and c1, c2, c3

are the scale factors. The energy of x3 is E = x2
3 = c2

3x′2. From (6.2.6), we obtain
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Figure 6.1: Distribution of energy E into x1 and x2 according to h1 and h2. (a)
Energy equally distributed to x1 and x2. (b) Energy unequally distributed to x1

and x2.

that

s2
1 =

h2
1

h2
1 + h2

2

c2
3x′2 and s2

2 =
h2

2

h2
1 + h2

2

c2
3x′2. (6.2.7)

The energies of x̃1 and x̃2 are updated to

Ẽ1 = x2
1 + s2

1 =

(
c2

1 +
h2

1

h2
1 + h2

2

c2
3

)
x′2,

Ẽ2 = x2
2 + s2

2 =

(
c2

2 +
h2

2

h2
1 + h2

2

c2
3

)
x′2, (6.2.8)

respectively. Let c̃1 and c̃2 be the scale factors of x̃1 and x̃2, respectively. Since
Ẽ1 = c̃2

1x′2 and Ẽ2 = c̃2
2x′2, the scale factors are updated as

c̃1 =

(
c2

1 +
h2

1

h2
1 + h2

2

c2
3

) 1

2

and c̃2 =

(
c2

2 +
h2

2

h2
1 + h2

2

c2
3

) 1

2

. (6.2.9)

Note that the scale factors are only determined by the final energy. The intermediate
variable yk discussed in (6.2.2) does not affect the update of scale factors.

In general, when the energy E is distributed to k references, E =
∑k

j=1 s2
j can

be viewed as a hypersphere. Extending the line origin − (|h1|, . . . , |hk|) such that it
intersects the hypersphere, we find the coordinates of the intersection point. Similar
to (6.2.5), we have |s1| : |s2| : . . . : |sk| = |h1| : |h2| : . . . : |hk|, and we obtain that

s2
i =

h2
i∑k

j=1 h2
j

E, for i = 1, . . . , k. (6.2.10)
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Under ideal motion assumption, the energy can be expressed as E = c2x′2, where
c is the scale factor associated with E. The scale factor c̃i of the ith reference is
updated according to

c̃i =

(
c2

i +
h2

i∑k

j=1 h2
j

c2

) 1

2

, for i = 1, . . . , k. (6.2.11)

6.2.3 Example

Here we provide a simple example to construct a half-pel MAT (HP-MAT) with
two references. Let the input be x = [x1, x2, x3]T , where x1 and x2 are the two
references for x3. Assume x1 = x2 = x3 = x are the original intensity values
associated with scale factors of one. Since there are only two references, we let the
interpolation filter be h = [ 1

2 , 1
2 ]. Then, the transform T is a 3 × 3 matrix, and we

can determine the basis vectors using (4.3.5) and (6.1.6), i.e.,

t1 =
1√
3

[1, 1, 1]T and t3 =
1√
6

[−1, −1, 2]T . (6.2.12)

Then, decomposing a 3-dimensional space, we can find the remaining vector that
is orthogonal to both t1 and tn as t2 = 1√

2
[1, −1, 0]T . Thus,

T =
[
t1 t2 t3

]
=




1√
3

1√
2

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

0 2√
6


 . (6.2.13)

With T , the energy of x is compacted to the first coefficient.
For energy redistribution, since there are only two references with equal filtering

weights, the scale factors are updated according to (6.2.11) as c̃1 =
√

3
2 and c̃2 =

√
3
2 . Then, the transform for redistribution is

T̃2 =

[
1√
2

1√
2

1√
2

− 1√
2

]
. (6.2.14)

We can easily verify that T T T = I and T̃ T
2 T̃2 = I.

Thus, the MAT matrix according to (6.2.4) is

TMAT =

[
T̃2 0

0 1

]
T T =




1√
6

+ 1
2

1√
6

− 1
2

1√
6

1√
6

− 1
2

1√
6

+ 1
2

1√
6

− 1√
6

− 1√
6

2√
6


 . (6.2.15)
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The last row of TMAT is given by t3, which is the highband vector determined by
c and h as shown in (6.1.6). Applying TMAT to x = [x, x, x]T , we obtain the final
output

[
x̃2

y3

]
= TMATx = x




√
3
2√
3
2

0


 . (6.2.16)

The energy of x is compacted to two lowband references and the highband turns
to zero.

6.2.4 Remarks on HP-MCOT and HP-MAT

For HP accuracy, the half-pel MCOT (HP-MCOT) [FG07] considers only two ref-
erences, horizontally or vertically. HP-MCOT is a sequential Euler rotations that
rotates the signal step by step. Assume a 3-dimensional signal with scale factors
c1, c2, c3, and the scale factors after update are c̃1, c̃2. We implement the energy
compaction step as x2 → x1, x3 → x1, and, redistribution step as x1 → x2. The
transform matrix of the energy compaction step in HP-MCOT is

H1 =




‖c12‖
‖c123‖ 0 c3

‖c123‖
0 1 0

− c3

‖c123‖ 0 ‖c12‖
‖c123‖




︸ ︷︷ ︸
compaction x3→updated x1




c1

‖c12‖
c2

‖c12‖ 0

− c2

‖c12‖
c1

‖c12‖ 0

0 0 1




︸ ︷︷ ︸
compaction x2→x1

=




c1

‖c123‖
c2

‖c123‖
c3

‖c123‖
− c2

‖c12‖
c1

‖c12‖ 0

− c1c3

‖c12‖‖c123‖
c2c3

‖c12‖‖c123‖
‖c12‖
‖c123‖


 , (6.2.17)

where ‖c12‖ =
√

c2
1 + c2

2 and ‖c123‖ =
√

c2
1 + c2

2 + c2
3. The energy redistribution

step of HP-MCOT is the same as that of MAT, since it is a two dimensional fixed
matrix where one basis vector [c̃1, c̃2]T is given and the other vector is orthogonal
to the given one.

We can see from (6.2.17) that if c1 = c2 = c3, H1 is the transpose of T in
(6.2.13) up to sign differences. However, if the scale factors are not equal, the
third row of H1 will be different from tn as discussed in (6.1.6). Then, HP-MCOT
gives a different transform matrix than HP-MAT. In higher dimensions these two
transforms are also different, since the HP-MAT has a highband vector determined
by the interpolation filter, while HP-MCOT does not have such a vector.

6.3 Experimental Results

For the experimental assessment, we use the CIF sequences City, Flower, Mobile,
and Harbor, each with 32 frames. The transforms are used in temporal direction.
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We compare the integer transform (MCOT int), MCOT with half-pel accuracy
(HP-MCOT), and the half-pel MAT (HP-MAT). For integer positions, MCOT and
MAT give the same representation. HP-MCOT uses two references at vertical or
horizontal HP positions, and four references on diagonal HP positions. HP-MAT is
the proposed HP motion-adaptive transform with general filter coefficients.

In the following, the details of the implementation are explained.

6.3.1 Comparison of Different Initializations

We have introduced the construction of MAT. The freedom of the construction lies
in the Gram-Schmidt orthonormalization. As discussed in Sec. 6.1.4, we need a set of
vectors f1, . . . , fn for the decomposition. The freedom is in choosing an initialization
f1, . . . , fn. Different initializations give different decomposition result, thus, different
T and T̃n−1. In the following, we compare two different initializations and show that
the initializations result in quite different performances. We will choose the one that
works better in the following experiments.

DCT+DCT

Since the Discrete Cosine Transform (DCT) is widely used in compression and is
also used to design the interpolation filter in HEVC [UAA+13], we use the DCT
matrix to represent the initialization of an n-dimensional space. Let the DCT basis
vectors be f1, . . . , fn, where f1 is the normalized all-one vector and fn the high-
est highband vector. As described in (6.1.10) and (6.1.11), we can find a set of

t2, . . . , tn−1 by decomposing f1, . . . , fn. Similarly for T̃n−1, it is also possible to find
a full matrix based on an (n − 1)-dimensional DCT. We denote this approach as
DCT+DCT, since the DCT is used twice, as the initialization of the matrix for
energy compaction and as the initialization of the matrix for energy redistribution.

MCOT+MCOT

Another option is to use an n-dimensional MCOT [FG06] as the initialization. The
MCOT matrix is obtained from a sequence of Euler rotations, where each rotation
matrix operates on two coefficients. Based on the MCOT matrices, we can find the
corresponding energy compaction matrix T and the energy redistribution matrix
T̃n−1.

To give an example of the MCOT matrix, consider a 4-dimensional signal where
the samples are labeled 1 to 4 with equal scale factors. If the energy of the signal
is compacted step by step according to 4 → 3 → 2 → 1, the transform matrix of
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MCOT after a sequence of Euler rotations gives
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where the first column is the lowband vector.
Fig. 6.2 depicts the subbands of City as a comparison of the above two ap-

proaches. The first subband is the lowband of the first GOP. We can observe that
Fig. 6.2(a) is more noisy than Fig. 6.2(b), especially the upper right corner. In
Fig. 6.2(a), the upper right building loses most of its pattern. This noisy area will
cost a large number of bits to encode. Since the transform is performed in the
temporal direction, this inconsistency in the spatial domain is introduced by the
transform which can occur in both lowbands and highbands. However, the build-
ing in Fig. 6.2(b) is much clearer. In addition, the energy of Fig. 6.2(b) is larger
than that of Fig. 6.2(a), which means the energy compaction is better using the
MCOT+MCOT approach.

The 5th subband is the highband on the second hierarchical decomposition
level, and the 8th subband is the highband on the first hierarchical level. For both
subbands, the energy is higher using DCT+DCT (Figs. 6.2(c) and 6.2(e)) than
the energy using MCOT+MCOT (Figs. 6.2(d) and 6.2(f)). We can also observe
that there are less details in Figs. 6.2(d) and 6.2(f). Therefore, the MCOT+MCOT
approach is a better approach in compression. In the following experiments, we use
the MCOT+MCOT approach to construct our MAT.

6.3.2 Mode Decision for HP Positions

There are nine positions, i.e., one integer position A and eight HP positions 1
through 8 as shown in Fig. 6.3. We compare the transforms with integer positions
and HP positions. The interpolation filter for horizontal and vertical positions is
obtained from HEVC, i.e., the 8-tap [-1, 4, -11, 40, 40, -11, 4, -1] interpolation filter.
For diagonal positions (positions 2, 4, 5, and 7 as shown in Fig. 6.3), if an 8-tap filter
is used in both horizontal and vertical directions, it results in 8 × 8 = 64 references
and a large transform matrix of size 65 × 65. This turns into a high dimensional
rotation problem. We observe a slight inefficiency when comparing to short filters.
To improve the performance, we limit the length of the interpolation filters for the
diagonal positions. In our experiments, we use a 4-tap filter [−4, 36, 36, −4] hori-
zontally and a 2-tap filter [1, 1] vertically to construct the transform. For simplicity,
the 4-tap filter coefficients are obtained from the chrominance HP interpolation in
HEVC [SOHW12]. Therefore, the highband-to-be pixel for a diagonal HP position
has eight references in our scheme, and the MAT is of size 9 × 9.

Since it is possible that noisy areas occur in the subbands (e.g., Fig. 6.2(c)),
the mode decision for HP positions considers both the energy and the difference in
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(a) The 1st subband of City based on
DCT+DCT. The energy is 4.65 × 108.

(b) The 1st subband of City based on
MCOT+MCOT. The energy is 4.78 × 108.

(c) The 5th subband of City based on
DCT+DCT. The energy is 2.63 × 107.

(d) The 5th subband of City based on
MCOT+MCOT. The energy is 2.24 × 107.

(e) The 8th subband of City based on
DCT+DCT. The energy is 4.60 × 106.

(f) The 8th subband of City based on
MCOT+MCOT. The energy is 3.97 × 106.

Figure 6.2: Comparison of subbands of City.
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A

Figure 6.3: Integer position A and eight HP positions 1 to 8.

the highband block. Let B denote a highband block, let b be the vector form of
B, and Eh the energy of B. Let dh be the sum of the absolute difference in b, i.e.,
dh =

∑255
i=1 |bi−bi+1|. This dh reflects the variation in the block. The mode decision

chooses the mode that gives min{Eh + γdh}, where γ is empirically chosen to be
100 in the experiments. The HP modes are then coded using arithmetic coding.

6.3.3 Compression Results

In general, the block size for motion compensation can be chosen freely, since there
is no limitation due to the orthogonal transforms. In our experiments, we apply
16 × 16 block motion with a search range of ±32. The motion is estimated in a
hierarchical fashion. The GOP size is chosen to be eight. Thus, after the temporal
transform, we obtain one temporal lowband and seven temporal highbands. The
compared transforms use the same set of motion vectors. Thus, the comparison is
targeting the efficiency of transforms for the given motion.

To code the temporal subbands, we use intra coding of the HEVC model HM16.7.
Since the lowband is energy compacted, its coefficients have a large range. As the
compacted energy is represented by scale factors, we scale down the lowband co-
efficients by dividing them with the corresponding scale factors. This scaling can
be inverted at the decoder side, as the scale factors are determined by the motion
only. The encoder uses the Main 10 profile due to the possibility that the temporal
subbands may have a bit depth larger than eight bits. Other encoding parameters
are adopted from the configuration file. As no transforms have been used for U and
V components, their values are set to a constant before encoding. We measure the
peak signal to noise ratio (PSNR) of the luma (Y) signal. The bitrate is the sum of
the coefficient rate and the rate of the HP modes.

Since all temporal subbands are encoded with HEVC separately, rate allocation
needs to be performed among the subbands. To find the optimal rate allocation,
we consider a set of possible quantization parameters (QP) for each subband. For
the kth subband, we choose the parameter that minimizes the cost Jk,

J∗
k = min

i
(Dk,i + λRk,i) , (6.3.2)
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Table 6.1: Selected number of blocks for each position using HP-MCOT.

Position City Flower Mobile Harbor

A 5131 7512 5049 4411

1 1071 384 1113 1042

2 229 51 64 486

3 744 725 1546 699

4 312 146 75 512

5 297 129 122 377

6 1250 1341 1726 1520

7 395 189 94 542

8 1659 611 1299 1499

for a given λ, where Dk,i is the distortion of subband k with ith QP and Rk,i the
rate of the corresponding subband and QP.

The PSNR vs. rate results are given in Figs. 6.4 to 6.7. The frame rate is 30 fps.
The rate of coding HP modes takes around 23kbps ∼ 30kbps for different sequences.
As shown, HP-MCOT and the proposed HP-MAT outperform the integer-pel ac-
curate transform. The improvement is obtained from higher motion accuracy. In
Fig. 6.4, the proposed HP-MAT outperforms the integer-pel accurate transform
by about 1dB. In addition, the proposed HP-MAT outperforms HP-MCOT for all
test sequences, which indicates that using the proposed transform with longer filter
length is able to improve the compression performance. We also observe that the
improvement of HP-MAT is small in Figs. 6.6 and 6.7. The main reason is that
these two sequences show many sharp edges in the images. Thus, it is difficult to
achieve more improvements by increasing the length of the interpolation filter.

Using 32 frames in total with a GOP size of eight, there are four GOPs. Thus,
there are 28 highbands and in total 288×352

16×16 × 28 = 11088 blocks in the highbands.
The selected numbers of blocks for each position in the highbands are given in
Tables 6.1 and 6.2. Comparing the two tables, we can observe that the number of
blocks with integer positions is reduced by roughly 1000 ∼ 1500 when using HP-
MAT. Thus, more blocks are chosen to be transformed when using the proposed
HP-MAT.

6.4 Chapter Conclusions

This chapter discusses fractional-pel motion-adaptive transforms that allow perfect
reconstruction. The transforms are always orthonormal. Thus, the energy of the
signal is preserved by the transform. The transform is constructed based on scale
factors and a general interpolation filter. The scale factors are used to track the
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Figure 6.4: PSNR vs. rate for the CIF sequence City.
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Figure 6.5: PSNR vs. rate for the CIF sequence Flower.
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Figure 6.6: PSNR vs. rate for the CIF sequence Mobile.
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Figure 6.7: PSNR vs. rate for the CIF sequence Harbor.
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Table 6.2: Selected number of blocks for each position using HP-MAT.

Position City Flower Mobile Harbor

A 3449 6469 4028 3334

1 2257 648 1106 1662

2 163 108 341 231

3 1299 1539 1793 1617

4 147 154 210 286

5 284 140 255 388

6 1250 1368 1980 1723

7 207 172 226 349

8 2032 490 1149 1498

shift of energy between the subbands. They also determine one basis vector. The
interpolation filter determines the highband coefficient and defines another basis
vector. The transform is obtained in two steps, namely energy compaction and
energy redistribution. This process generates one highband coefficient and n − 1
lowband coefficients. The energy of the highband coefficient is distributed to all the
references, and the references with larger magnitude of the filter coefficient receive
more energy than those with smaller magnitude. In terms of PSNR performance,
the fractional-pel approach outperforms the integer-pel approach by about 0.5 -
1dB.



Chapter 7

Conclusions

T
his thesis has studied motion-adaptive transforms (MAT) for video coding.
In this chapter, we first summarize the main results from the previous chap-
ters. Then, we discuss some potential applications and future directions for

our proposed MAT.

7.1 Summary

In this thesis, we have proposed orthonormal transforms for temporal decomposi-
tions with applications to subband coding for image sequences. The transforms offer
strict orthogonal signal representations independent of the accuracy of the motion.
They permit energy conservation and perfect reconstruction. In the following, we
summarize the achievements in the previous chapters.

• Using motion-based graphs, a covariance model is defined for energy com-
paction of graph signals. The covariance model can be viewed as a Gaussian
graphical model where the signal is described by the second order statistics
and the zeros in the precision matrix indicate missing edges in the graph.
The relation between energy compaction using the covariance matrix and
frequency analysis using the Laplacian eigenbasis is analyzed. To assess the
compression performance, we relate the coding gain due to the eigenbasis of
the covariance model to that of the Laplacian eigenbasis. The experimental
results show that the eigenbasis of our covariance model is advantageous for
tree-structured block motion in image sequences.

• Instead of processing the signals on the entire graph, we consider hierarchical
processing of the signal samples, where subsets of samples are transformed
in each step. With the assumption of ideal motion, a subspace constraint is
introduced. The subspace constraint tracks the energy that is shifted during
the processing. Then, we propose a subspace-constrained transform (SCT)
that achieves optimal energy compaction for the given constraint.

83
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• Since the SCT is signal dependent, the basis vectors cannot be easily trans-
mitted to the decoder. Therefore, two types of incremental transforms are
proposed, namely the uni-directional orthogonal transform (Uni-OT) and the
bi-directional orthogonal transform (Bi-OT). They are based on a sequence
of rotations over motion graphs. These two types of transforms satisfy the
subspace constraint, but the bases do not require the computation of an
eigen-decomposition. Uni-OT uses only one reference coefficient to remove
the energy of the current coefficient, and Bi-OT uses two reference coeffi-
cients to compact the energy. These ideas can be generalized such that an
arbitrary number of coefficients can be used to remove the energy of the
current coefficient.

• To further extend the class of MAT, the fractional-pel MAT is proposed.
For integer MAT, only one energy-compacted lowband is produced. However,
the fractional-pel MAT permits multiple references and generates multiple
lowband coefficients. The transform is constructed in two steps, namely en-
ergy compaction and energy redistribution. The energy of n coefficients is
compacted into one coefficient by using the subspace constraint. Then, the
compacted energy is redistributed to n − 1 references, and one highband co-
efficient is generated according to the user-specified interpolation filter. In
terms of PSNR performance, the fractional-pel MAT outperforms the integer
MAT by about 0.5 - 1dB.

7.2 Perspectives

In this work, MAT is applied in the temporal domain for video coding. It is pos-
sible to extend the underlying graphs to the spatial or spatial-temporal domain.
For example, the proposed graph-based covariance model can be extended by spa-
tial correlation, and the MAT can be redesigned to transform spatially correlated
signals. As presented in [MECSFOed], a video encoder based on spatial-temporal
edge-aware graphs is discussed. The encoder uses lifting transforms and provides
a competitive coding performance to H.264 under similar conditions. Therefore,
graph transforms based on our covariance model may improve such video encoders.

Another area of interest may be multiview imagery and holographic data. As is
shown in [MOF15, SMG17], graphs are used to represent the geometric similarity
in 3D space. Compressing and representing such correlated graph-based signals in
an efficient way is a future challenge. Since the transforms we have considered are
capable of removing correlation, they may be candidates for such signal represen-
tations. In addition, due to the orthogonality of the transforms, the distortion can
be easily controlled.

Finally, MAT can be viewed as a multiresolution represetation. Based on the idea
of energy compaction and redistribution as introduced in Section 6.2, an arbitrary
number of lowbands and highbands can be obtained. The lowbands can then be
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used for further decomposition. Future work may analyze MAT in the context of
multiresolution processing and generalize the signal representation.
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