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Abstract

There is a great need in the industry for measurement methods to char-
acterize acoustic sources in ducts. One way to obtain a complete de-
scription of a source is to measure 2-port data, comprising of the source
scattering matrix and the source vector. The resulting model can then
be used to predict the source properties, e.g., radiated sound power,
in the plane wave range for all installation conditions. Methods to
measure the two-port model have been developed over the last few
decades and can today be efficiently used for industrial purposes. The
present thesis presents the whole process of designing, building, and
validating a 2-port rig to measure high speed small fans, as well as
an example of how to use the data to predict the noise emission of a
product.

All rig elements have been designed after a literature review and
an analysis of the physical principles governing the behavior of the
rig. Guidelines on microphone spacing, loudspeaker mounting, rig
terminations and overall rig dimensions are given. The theory behind
the measurement method of the active two-port in a duct is presented.
Additionally, a number of different post-processing methods are eval-
uated with respect to the properties of the experimental setup used i.e.
the number of available microphones, the magnitude of the reflection
coefficient at the rig terminations and the type of test object measured.
The standard method that is most widely used nowadays is shown
to become singular when the reflection coefficients at the rig termina-
tions are high. A new post-processing method is suggested, and tested
against the standard one. It is shown to behave better in highly reflec-
tive cases.
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Nomenclature

f frequency
ω angular frequency
c0 speed of sound
ρ0 air density
U mean flow velocity
M Mach number
k0 = ω

c0
wave number of plane waves

f cmn cut-on frequency of mode mn
rd duct radius
Sd duct cross sectional area
d duct diameter
p acoustic pressure
u acoustic velocity
q acoustic volume flow
p+ amplitude of the wave travelling in positive direction
p− amplitude of the wave travelling in negative direction
s microphone spacing
S scattering matrix
Gs source cross spectrum matrix in scattering matrix for-

malism
Gpq source cross spectrum matrix in transfer matrix for-

malism
κ Karman constant
κth thermal conductivity of air
χ thermal diffusivity
Cp constant pressure heat capacity
γ specific heat ratio of air
ς shear wavenumber
ν kinematic viscosity
µ dynamic viscosity
E identity matrix

All variables in bold font are either vectors or matrices.



Chapter 1

Introduction

1.1 Project context

Everyday household appliances are known to be noisy : vacuum clean-
ers, hand dryers, hair dryers... All these examples are fluid machines,
that contain a fan that compresses the air and generates flow. Be-
cause of continuously more stringent regulations, and also because of
increased competition between manufacturers on silent products, the
interest in techniques to minimize the noise of such machines is high.
In view of noise control, the most important part of these machines is
the sound source, that is to say the rotating fan. Characterization of
the source is the start for efficient noise control.

In most cases, the source is located in a duct, that constricts the
flow and allows to use it as desired. The acoustics of the machine are
also impacted by the ducting: the duct behaves as a wave-guide, and
a specific acoustic theory has been developed for this case.

This project is a collaboration between the English technology com-
pany Dyson, and the Marcus Wallenberg Laboratory (MWL) for sound
and vibration research at KTH, Stockholm. Dyson wants to improve
the sound quality of its products. In the development process of new
products, being able to predict the influence of a design change on the
noise generated by the product is a great advantage, but is also quite
hard to achieve. Measurements are still widely used on the one hand
to validate models that are then used to predict the radiated noise, but
also on the other hand directly in the development process to test the
influence of a new design. Reducing the number of measurements re-
quired in the development process is of great interest, as this would
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speed up the design and therefore save money. Separating the prop-
erties of the different components of a product, and measuring them
independently is a efficient way to carry out measurements: if only
one component is modified, only this one has to be measured again.
More interestingly, a product usually contains a compressor, that is al-
most impossible to accurately model acoustically speaking, and that as
a consequence must be measured. The other parts of the product are
usually more simple, and can be modelled by finite element methods
for example. Therefore, being able to connect together the measured
properties of the compressor to finite elements models of the other
parts of the product would be a great help for product development.
This can be achieved in the 2-port formalism, on which the present
study is based.

Measurements methods in ducts have been extensively studied at
KTH over the past decades. Therefore this project is an opportunity for
Dyson to gain knowledge about state-of-the-art measurement meth-
ods in ducts, and for KTH a way to get feedback on the needs of in-
dustrial partners, and maybe to give rise to new research questions.

1.2 Scientific background

Sound sources can be classified in different types:

• Sound can be created by the vibration of a solid, that creates
an oscillating velocity boundary condition on the surrounding
fluid. This is a source term for the standard wave equation and
will create a wave that will propagate through the medium.

• In the middle of the 19th century, James Lighthill, who studied
the noise generation by jet engines, came up with a theory for
the sound production by the flow [29, 30]. It assumes that the
flow can be decomposed into a pure flow field and an acoustic
field. The sound field is created by the flow field, but there is no
feedback of the acoustics on the flow.

A rotating fan creates both flow noise, due to flow separation around
the blades, and structural noise, because of the vibrations of the blades
and of the different components of the fan. When the fan is inserted in
a duct it is the overall sound that is of interest, since this is what will
propagate through the duct.
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Predicting the noise generation by a fan is still a hard task, and
heavy Computational Fluid Dynamics (CFD) calculations have to be
carried out. Predicting the noise generated by the magnetic field in
the motor, or the exact vibrations of the fan is also hard. Therefore,
measurements are of high interest for manufacturers that use fans in
their machines, as it provides reliable data that can be used in complete
product models.

The most simple characterization of the source in a duct is to mea-
sure the radiated sound power. This method has been widely used
and is described in an ISO standard [1]. However, the radiated power
depends not only on the source, but also on the rest of the machine
(boundary conditions, mounting...). Therefore a more complete char-
acterization of the source is necessary to be able to predict the acoustic
behaviour of the machine in a arbitrary geometry.

The 2-port formulation allows to model all passive elements of a
duct system by a 2x2 matrix, and all active elements by a 2x2 matrix
plus a source vector. The complete duct system is then modelled by
multiplying the element matrices together. The power of this approach
is that each element is fully described by its scattering matrix, and is
independent of the neighbouring elements. More details about this
formulation can be found in section 2.1.5.

Techniques for measuring the 2-ports models of fans have been de-
veloped in the past decades, and the MWL has largely driven that re-
search.

1.3 Research question

The goal of the project is be to design, test, and validate a test rig for the
measurement of the scattering matrix and source vector of high speed
fans, used by Dyson in their products. For now, most of the 2-port rigs
that have been developed for research or industrial purposes are of
larger dimensions, and designed to measure automotive mufflers for
example. The focus of the present study will be to analyse the differ-
ences and problems that arise when the diameter of the measurement
duct is reduced.

The design of the rig will be inspired from previous 2-port rigs
that are used at KTH. However, a deep understanding of the differ-
ent physical phenomena governing the behaviour of the rig is neces-
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sary to carry out the downsizing properly. Therefore, one of the major
goal of this study is also to gain knowledge about duct acoustics, and
measurements methods for duct acoustics. Signal processing plays an
important role in the post-processing of the raw measured data, and
a clear understanding of the signal processing tools if also of primary
importance.

This study aims to provide a complete review of all the steps needed
to design, manufacture, test and use this rig.

1.4 Thesis outline

After a presentation of the project context and goals, the necessary
acoustic theory that is needed to perform the measurements is pre-
sented in chapter 2. The equations governing the propagation of acous-
tic modes in ducts are given, including the attenuation along their
propagation. A literature review of the available methods to measure
the 2-ports of acoustic sources in duct is presented, and the chosen
method is then explained in details. More technical details on the scat-
tering formalism that are required later are also presented.

In chapter 3, all components of the measurement rig are designed.
The underlying physical phenomena that govern the behaviour of each
component are analysed, and all design choices are justified.

Chapter 4 contains validation measurements that were carried out
on the rig, to demonstrate that is operates properly.

Finally, an example of how the measured 2-ports models can be
used to model a full product is presented in chapter 5. A complete
consumer product, including an inlet and outlet is modelled using the
measured 2-ports.



Chapter 2

Acoustic theory

2.1 Duct acoustic theory

This section is based on the book An Introduction to Flow Acoustics by
Åbom [3].

2.1.1 Governing equations

The mass and momentum conservation equations read:
Dρ

Dt
+ ρ∇.u = m

ρ
Du

Dt
+∇p = −mu

(2.1)

where u is the velocity, ρ the density, p the total pressure, andm a mass
source term. By linearising around steady state with a mean flow U ,
the state variables are written as: p = p0 + p′, ρ = ρ0 + ρ′, u = U + u′.
Inserting this in Equation (2.1) gives:

D0ρ
′

Dt
+ ρ0∇.u′ = m

ρ0
D0u

′

Dt
+∇p′ = −mU

(2.2)

where the operator D0

Dt
= ∂

∂t
+ U .∇ is the convective derivative. As-

suming adiabatic changes of state, the pressure and density changes
are linked by p′ = c2

0ρ
′ where c0 is the speed of sound. Inserting this in

6
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Equation (2.2) gives:
1

c2
0

D0p
′

Dt
+ ρ0∇.u′ = m

ρ0
D0u

′

Dt
+∇p′ = −mU

(2.3)

Taking the convective derivative of the mass conservation equation
and applying the nabla operator to the momentum equation allows to
remove u′ from the equations above, and leads to the wave equation
with mean flow:(

1

c2
0

D2
0

Dt2
−∇2

)
p′ =

D0m
′

Dt
+∇.(m′U) (2.4)

In the following only propagation through ducts will be studied,
sound generation will not be calculated analytically, so the source term
m′ is set to zero. Equation (2.4) is then rewritten as:(

1

c2
0

D2
0

Dt2
−∇2

)
p′ = 0 (2.5)

The Mach number is defined as the ratio of the mean flow U = |U |
over the speed of sound c0: M = U

c0
. It can be determined by measuring

the flow speed at the centre line of the duct. Knowing the flow profile,
the mean flow can be calculated from the flow velocity at the centre
line. The flow profile is known for a fully developed flow [41, 7]:

u

Umax
=
(r
a

)γ
(2.6)

where u is the average velocity at radius r, a is the duct radius, and
γ is a parameter determined experimentally that is a function of the
Reynolds number. For standard Reynolds numbers γ = 7 [33].

At the entrance of the pipe, the flow profile is not fully developed
yet. It takes a certain length for the flow to build up to a constant fully
developed profile. This length is called the entrance length and for
most general engineering applications it can be approximated as [42]:

lentrance = 10d (2.7)

where d is the duct diameter. Other authors say it is much longer (40d)
[33].

In the rest of this report, the ′ sign will be omitted for all acoustic
variables to simplify the notations.
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2.1.2 Acoustic modes in a duct

The propagation of sound waves in ducts is now studied. The duct
coordinates are defined in Figure 2.1.

Figure 2.1: Coordinates of the duct

Let us assume a harmonic time dependence and a propagating
wave along x. The solution of Equation (2.5) is then:

p(x, t) = p̂ψ(y) exp(i(ωt− k1x)) (2.8)

where y = yey + zez is the coordinate vector in the cross section of the
duct, k1 is the wave-number of the wave propagating along x, and p̂

a complex amplitude. Inserting Equation (2.8) in the wave Equation
(2.5) leads to:

k2
1 − (k0 −Mk1)2 =

∂2ψ

∂y2
+
∂2ψ

∂z2
(2.9)

whereM = U/c0 is the Mach number and k0 = ω/c0 the wave-number.
One can define a cross sectional wave-number k2

⊥ = (k0 −Mk1)2 − k2
1 ,

and Equation (2.9) can then be rewritten as:

∂2ψ

∂y2
+
∂2ψ

∂z2
+ k2

⊥ψ = 0 (2.10)

If the duct is rigid, then the radial particle velocity must be zero at
the walls of the duct. This defines a boundary condition that together
with Equation (2.10) gives a well-posed eigenvalue problem. The so-
lutions for a circular duct are well known and can be found in [3]:{

J ′m(k⊥,mnrd) = 0

ψmn(r, θ) = exp(imθ)Jm(k⊥,mnr)
(2.11)

where Jm is the Bessel function of order m, m ∈ Z, and n ∈ N. rd is
the duct radius. The condition on the derivative J ′m gives a discrete set
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of possible wave-numbers. For each radial wave-number k⊥,mn, the
propagating wave-number k1,mn can be obtained by:

k2
⊥,mn = (k0 −Mk1,mn)2 − k2

1,mn (2.12)

The solutions to Equation (2.12) are:

k1,mn = − Mk0

1−M2
±
k0

√
1− (f cmn/f)2

1−M2
(2.13)

where f cmn is the cut-on frequency defined by:

f cmn =
c0k⊥,mn

2π

√
1−M2 (2.14)

The ± sign in Equation (2.13) stands for waves travelling in the posi-
tive or negative x-direction. If f < f cmn, the term under the square-root
in Equation (2.13) becomes negative, and the amplitude of the corre-
sponding mode will decrease exponentially during propagation. This
means that each mode can propagate only above its cut-on frequency.
A characteristic propagation length of the higher order modes below
their cut-on can be defined from the wave-number:

lcor =
1−M2

k0

√
fc

f
− 1

=
c(1−M2)

2π
√
f c2 − f 2

(2.15)

If a source excites higher order modes, they can be considered to
have decay by 99% a distance 5lcor from the source.

To estimate the cut-on frequencies of the different modes, one needs
the values of k⊥,mn. For a circular duct, the first wave numbers are
given in Table 2.1.

Table 2.1: First modes of a circular duct

k⊥,00rd = 0 k⊥,10rd = 1.841 k⊥,20rd = 3.054 k⊥,01rd = 3.832

According to Table 2.1, the first mode has a radial wave-number
k⊥,00 = 0. This mode corresponds to plane waves (constant pressure in
the cross section) and the cut-on frequency of that mode is according
to Equation (2.14) f cmn = 0 Hz, meaning that plane waves can always
propagate.
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The first cut-on frequency of higher order modes is for mode {10},
and is given by :

f c10 =
1.841c0

2πrd

√
1−M2 (2.16)

For small Mach number it can be approximated by:

f c10 =
1.841c0

2πrd
(2.17)

Below f c10 only plane waves will propagate in the duct, and the
sound pressure field takes a very simple form:

p(x, t) = (p+e
−ik+x + p−e

ik−x)eiωt (2.18)

where according to Equation (2.13):

k+ =
k0

1 +M
, k− =

k0

1−M
(2.19)

The wave-numbers found in Equation (2.19) have been computed
neglecting attenuation in the duct, due to visco-thermal and turbu-
lence effects. A more detailed analysis is required if attenuation is to
be taken into account, and this will be presented in next section.

The form of the pressure field given in Equation (2.18), which is
valid at any point in the duct, can be exploited to build a very simple
description and model of any duct assembly in the plane wave range.
The scattering matrix theory is derived in Section 2.1.5.

2.1.3 Attenuation of plane waves in ducts

Attenuation of plane waves in ducts is a consequence of several dis-
tinct effects, whose contribution might in certain conditions be ne-
glected, and in some other is of primary importance to model accu-
rately the propagation. An analysis of the influence of attenuation on
the accuracy of the two-microphone method can be found in [4]. A
comprehensive review of the different damping phenomena and the
ways to model them is given in [27].

There are two sources of damping: on the one hand the walls con-
strict the flow and generate attenuation, and on the other hand losses
arise from the physical properties of the fluid itself (these losses that
are still present in a free environment propagation). In [27], Lahiri
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shows that for standard conditions (pressure and temperature), damp-
ing at the walls dominates largely over losses in the fluid, and the latter
can therefore be neglected. In the present report, the focus will be on
damping related to the walls.

Damping at the walls can be split into two parts: visco-thermal
effects and turbulence effects.

Visco-thermal losses

One source of damping is due to the acoustic boundary layer that
exists close to the walls. Losses will occur both with and without
mean flow, but their expression will differ. The common expression
for visco-thermal losses in ducts without flow has been derived by
Kirchhoff [26]. This theory is valid for "wide ducts", meaning that the
viscous and thermal acoustic boundary layers (δν and δth respectively)
should be much smaller than the duct radius. They are defined as:

δν =

√
2ν

ω
δth =

√
2χ

ω
(2.20)

where ν is the kinematic viscosity, χ = κth
ρ0c0

the thermal diffusivity, and
κth the thermal conductivity. Their values for the present study are
plotted in Figure 2.2.
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Figure 2.2: Thickness of the viscous and thermal acoustic boundary
layers in standard atmospheric conditions.

Figure 2.2 shows that the acoustic boundary layers are much smaller
than the duct diameter of the present study (d = 35.7 mm), so the wide
duct assumption is valid.

Several authors have extended the work of Kirchhoff to wide ducts
with mean flow. Dokumaci presented a theory in [13]. It consists in an
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asymptotic solution for large shear numbers (ς > 10, see below for the
expression of ς), and low Mach numbers (M < 0.2) [15]. The model
by Dokumaci has been widely used for measurement in ducts, among
others in [25, 21]. The work by Allam and Åbom in [6] validated this
model by measurements of the propagation wave-numbers in a duct
with flow. In the present work the model by Dokumaci is therefore
going to be used to model visco-thermal losses.

The complex wave numbers k+ and k− given in [13] are:

k± =
ω

c0

K0

1±K0M
(2.21)

where K0 is given by

K0 = 1 +

(
1− i
ς
√

2

)(
1 +

γ − 1√
Pr

)
(2.22)

where γ is the specific heat ratio (γ = 1.4 for air), Pr the Prandtl num-
ber, ς = rd

√
ρ0ω/µ the shear number, ρ0 the air density, rd the duct

radius, and µ the dynamic viscosity.
The relation between the acoustic velocity and the pressure is no

longer the plane wave impedance ρ0c0, but also depends on K0 and on
ς . The expression of the acoustic velocity is given in [13]:

u(x) =
h+

ρ0c0

p+(x)− h−

ρ0c0

p−(x) (2.23)

where

h+ = K0

(
1− 1 + i

ς

√
2(1 +K0M)

)
(2.24)

h− = K0

(
1− 1 + i

ς

√
2(1−K0M)

)
(2.25)

Equations (2.24) and (2.25) allow to define characteristic impedances
for the waves travelling in positive and negative directions:

Z+ =
ρ0c0

Sdh+
Z− =

ρ0c0

Sdh−
(2.26)

where Sd is the cross section of the duct. This allows to express the
acoustic volume flow as:

q(x) =
p+(x)

Z+
− p−(x)

Z−
(2.27)
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The density fluctuations can also be related to the travelling waves
pressure amplitudes by:

ρ(x) =
g+

c2
0

p+(x) +
g−

c2
0

p−(x) (2.28)

where

g+ = 1 +
(1 + i)

ς

(γ − 1)√
Pr

√
2(1 +K0M) (2.29)

g− = 1 +
(1 + i)

ς

(γ − 1)√
Pr

√
2(1−K0M) (2.30)

All equations above are valid both for positive and negative Mach
numbers.

The limitations of the use of the propagation model by Dokumaci
[13] are now checked. The shear number is lowest for low frequencies,
and according to [15] it should be larger than 10 to use the asymptotic
expression. At 100 Hz, ς is:

ς =
0.0357

2

√
1.2 ∗ 2 ∗ π ∗ 100

1.8 ∗ 10−5
= 141� 10 (2.31)

As a consequence it is valid to use the model proposed by Doku-
maci to model the influence of visco-thermal losses at the walls on the
propagation on plane waves.

Turbulent losses

When the acoustic viscous and thermal boundary layers become larger
than the viscous sub-layer of the turbulent flow, losses due to turbu-
lence must also be accounted for. This happens at low frequencies.
It is therefore necessary to check whether turbulent losses can be ne-
glected, and take them into account if they are dominant at the lowest
frequency of interest (100 Hz).

Allam and Åbom showed in [6] that the model proposed by Howe
[23] is the most accurate to take into account both visco-thermal and
turbulent losses. This model will therefore be used here to check the
relative influence of turbulent losses.
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The attenuation coefficient α± = −=(k±) is given by:

α± =

√
2ω

c0d(1±M)
<

[
√

2e−iπ/4

( √
ν

(1±M)2
× Fa

(√
iων

κ2u2
∗
, δν

√
iω

ν

)

+
βc2

0

√
χ

Cp
× Fa

(
Pr2

√
iωχ

κ2u2
∗
, δν

√
iω

χ

))]
(2.32)

where

Fa(a, b) =
i(H1

1 (a) cos(b)−H1
0 (a) sin(b))

H1
0 (a) cos(b) +H1

1 (a) sin(b)
(2.33)

with χ = κth
ρ0c0

the thermal diffusivity, κth the thermal conductivity, Cp
the specific heat, κ the Karman constant, β = 1/T , T the absolute tem-
perature, d the duct diameter, and HJ the Hankel function of order J .
The friction velocity u∗ is coming from:

U

u∗
=

1

κ
ln
(u∗rd

ν
+ 2
)

(2.34)

and the thickness of the acoustic boundary layer δν is:

δνu∗
ν

= 6.5

(
1 +

σ(ω/ω∗)
3

1 + (ω/ω∗)3

)
(2.35)

where σ = 1.7. The critical frequency ω∗ can be estimated by:

ω∗ν

u2
∗
≈ 0.01 (2.36)

The attenuation coefficients for waves travelling in the positive di-
rection α+ obtained by the model by Dokumaci and Howe are plotted
in Figure 2.3. The coefficient for the negative direction exhibits exactly
the same trend, so it is not plotted here.

Figure 2.3 shows that turbulent losses are important only below
100 Hz, as the model by Howe that takes into account turbulence dif-
fers from the model by Dokumaci only below 100 Hz. This means that
the model by Dokumaci is enough in the present case, and that turbu-
lent losses do not need to be accounted for in this study, as the lowest
frequency of interest is 100 Hz.
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Figure 2.3: Attenuation coefficient of the wave travelling in the posi-
tive direction, for Mach number M = 0.05, duct diameter d = 35.7 mm,
and standard atmospheric conditions.

2.1.4 Acoustic intensity

It is of interest to compute the acoustic intensity going through the
duct for a given sound-field. This is especially important to compute
the power going out from a termination, which can be related to the
radiated power.

As explained before, the sound field in a duct system can either be
described using the scattering formalism (the state variables are the
travelling wave amplitudes p+ and p−), or the transfer matrix formal-
ism (the state variables are the pressure p and volume flow q).

The starting point is the equation for the acoustic intensity in a duct
with flow, for arbitrary pressure, velocity and density [14]:

I = (ρ0u+ ρU)

(
u.U +

p

ρ0

)
(2.37)

Acoustic intensity in terms of p+ and p−

The acoustic velocity and the density can be related to the acoustic
pressure using Dokumaci’s model given in previous section:

u(x) =
h+

ρ0c0

p+(x)− h−

ρ0c0

p−(x) (2.38)

ρ(x) =
g+

c2
0

p+(x) +
g−

c2
0

p−(x) (2.39)
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By inserting Equations (2.38) and (2.39) into (2.37), Dokumaci shows
in [14] that the acoustic intensity along x reads:

ρ0c0Ix = A+p+p+ +Bp+p− + A−p−p− (2.40)

where

A+ = h+ +M0(g+ + h+h+) +M2
0 g+g+ (2.41)

A− = −h− +M0(g− + h−h−) +M2
0 g−g− (2.42)

B = h+ − h− +M0(g+ + g− + 2g+g−) +M2
0 (g−h+ − g+h−) (2.43)

Finally the power is expressed as [14]:

2ρ0c0

S
Wx = <(A+)|p+|2 + <(B)|p+p−|+ <(A−)|p−|2 (2.44)

Acoustic intensity in terms of p and q

The acoustic power can also be expressed in terms of the average pres-
sure and volume flow at a section. At location x, with a positive vol-
ume flow in the direction of p+:

p(x) = p+ + p− (2.45)

q(x) =
p+

Z+

− p−
Z−

(2.46)

This can be inverted to express p+ and p− in terms of p and q:

p+ =
p+ Z−q

1 + Z−/Z+

(2.47)

p− =
p− Z+q

1 + Z+/Z−
(2.48)

Equations (2.47) and (2.48) are then inserted into (2.40):

ρ0c0Ix =
A+

(1 + Z−/Z+)2
(p+ Z−q)

2

+
B

(1 + Z−/Z+)(1 + Z+/Z−)
(p+ Z−q)(p− Z+q)

+
A−

(1 + Z+/Z−)2
(p− Z+q)

2 (2.49)
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which gives after rewriting:

ρ0c0Ix =

(
A+

(1 + Z−
Z+

)2
+

B

(1 + Z−
Z+

)(1 + Z+

Z−
)

+
A−

(1 + Z+

Z−
)2

)
p2

+

(
2A+Z−

(1 + Z−
Z+

)2
+

B(Z− − Z+)

(1 + Z−
Z+

)(1 + Z+

Z−
)
− 2A−Z+

(1 + Z+

Z−
)2

)
pq

+

(
A+Z

2
−

(1 + Z−
Z+

)2
− BZ+Z−

(1 + Z−
Z+

)(1 + Z+

Z−
)

+
A−Z

2
+

(1 + Z+

Z−
)2

)
q2

(2.50)

Finally the power reads:

2ρ0c0

S
Wx =<

(
A+

(1 + Z−
Z+

)2
+

B

(1 + Z−
Z+

)(1 + Z+

Z−
)

+
A−

(1 + Z+

Z−
)2

)
|p|2

+<

(
2A+Z−

(1 + Z−
Z+

)2
+

B(Z− − Z+)

(1 + Z−
Z+

)(1 + Z+

Z−
)
− 2A−Z+

(1 + Z+

Z−
)2

)
|pq|

+<

(
A+Z

2
−

(1 + Z−
Z+

)2
− BZ+Z−

(1 + Z−
Z+

)(1 + Z+

Z−
)

+
A−Z

2
+

(1 + Z+

Z−
)2

)
|q|2

(2.51)

2.1.5 Scattering matrix formulation

General multi-port theory

The scattering matrix is a special case of the general multi-port theory.
This theory has primarily been developed to study electrical circuits:
each component is connected to the rest of the circuit by ports, and en-
forces a relation between these connections. If there is a causal relation
between inputs and outputs, then the relation between the inputs x
and outputs y can be written as :

y = G[x] (2.52)

whereG is an arbitrary function. It can be seen as a black box, that rep-
resents the action of the component on its surroundings. If the system
is linear (which is the case most of the time in acoustics), then Equation
(2.52) can be rewritten as:

y′ = G′[x′] (2.53)
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where ’ values denotes small perturbations around steady state. If the
system is also time invariant, meaning that the function G does not
depend on time, then the Fourier transform can be used to transfer
Equation (2.53) into the frequency domain:

ŷ = Ĝx̂ (2.54)

Equation (2.54) is valid for a passive system: if the input x = 0 then
the output y = 0. In the present case, the goal is to study a fan, that
obviously produces noise. The linear time invariant multi-port theory
can be modified to take into account source terms, by adding a source
vector to the right hand side:

ŷ = Ĝx̂+ ŷs (2.55)

Acoustic 2-ports

At low frequencies, it has previously been shown that only two inde-
pendent parameters are necessary to describe the pressure field in the
duct, meaning that the matrix Ĝ is of size 2× 2. In Equation (2.18) the
travelling waves amplitudes p+ and p− were chosen as independent
parameters. But other choices of state variables are also possible: the
pressure p̂ and volume flow q̂ is also a common choice. With these
parameters the transfer matrix is called the impedance matrix Z :

p̂ = Ẑq̂ (2.56)

A more practical combination of parameters is to separate the state
variables on the different sides of the 2-port. With the definitions given
in Figure 2.4, the transfer matrix is defined as[

p̂a
q̂a

]
= T

[
p̂b
q̂b

]
(2.57)

The transfer matrix formalism is well suited to study duct assem-
blies with a main propagation direction, but the modelling of complex
networks including source term is quite inconvenient. Glav and Åbom
showed that another formalism, based on the travelling wave ampli-
tudes, is more suitable to study complex networks with source-terms
[19].
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Figure 2.4: Definition of the state variables for the transfer matrix for-
malism

Figure 2.5: Definition of the state variables for the scattering matrix
formalism

Using the definitions of Figure 2.5, the active acoustic 2-port can be
written as: [

p̂a+

p̂b+

]
=

[
ρ1 τ12

τ21 ρ2

] [
p̂a−
p̂b−

]
+

[
p̂sa
p̂sb

]
(2.58)

In condensed form:
p̂+ = Sp̂− + ps (2.59)

This formalism allows direct interpretation of the elements of the
scattering matrix:

• ρi is the reflection coefficient on the 2-port seen from side i.

• τij is the transmission coefficient through the 2-port from side j
to side i.
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The modelling of fluid machines by active 2-ports has been widely
studied in the literature [8]. Work has mainly been carried out to study
pumps and fans in ducts.

The main advantage of the 2-port method compared to sound power
measurements is that the source is fully characterized: the 2-port is in-
dependent of the surroundings. This is easily understandable for the
scattering matrix, as it fully describes how incoming waves on the 2-
ports are transmitted and reflected back. The source vector could in
principle depend on the surroundings. However, in Lighthills theory
for sound generation by the flow, it is assumed that the flow can be
decomposed in a pure flow part and a pure sound part, and that the
sound part does not impact the flow [29]. Going back to the ducted fan
case, it means that the sound generation only depends on the flow con-
ditions at the fan, and not on the acoustic waves that are propagating
through it.

If a source of sound is mounted with fixed boundary conditions at
one end (e.g. open end), then the influence of the sound field from this
side of the source is constant, and the source will only be influenced
by the sound field on the other side. As a consequence, 1-port models
of sound sources are enough to describe them fully in those cases [8].

2.1.6 Radiation at open ends

The radiation at open ends is useful to model terminations of systems
described by 2-ports. In this section the formulas giving the reflection
coefficient of an open end with flow are given. These formulas come
from the user manual of Sidlab [36], a software for acoustic modelling
of duct systems using the 2-port formalism.

No flow

Without flow, the reflection coefficient is given by:

R = R0 exp(−2ikrdζ0) (2.60)

where rd is the duct radius, and

R0 = 1 + 0.01336krd − 0.59079(krd)
2 + 0.33576(krd)

3 − 0.06432(krd)
4

krd < 1.5 (2.61)
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ζ0 =

{
0.6133− 0.1168(krd)

2 krd < 0.5

0.6393− 0.1104(krd)
2 0.5 < krd < 2

(2.62)

ζ0 is an end correction, which accounts for the effective length of the
pipe, which can differ from its physical length.

Radiation at open end with outflow

With outflow the amplitude of the reflection coefficient is modified as
follows:

Rflow = (1 +Mξ)R0 (2.63)

where

ξ

(
krd
M

)
=


(krd/M)2

3
0 ≤ krd

M
≤ 1

2krd/M−1
3

1 ≤ krd
M
≤ 1.85

0.9 1.85 ≤ krd
M

(2.64)

where M is the Mach number.

ζflow

(
krd
M

)
= ζ0

{
1 0 ≤ krd

M
≥ 1

0.33 + 0.65
(
krd
M

)2 krd
M
≤ 1

(2.65)

Radiation at open end with inflow

Rflow = R0

(
1− αM
1 + αM

)0.9 {
0 < M < 0.4

0 < αM < 0.6
(2.66)

where α is a coefficient that stands for the pressure loss at the inlet. It
can be related to the pressure loss coefficient kl by:

α = 1 +
√

0.4kl (2.67)

The end correction is:

ζflow = ζ0(1−M2) 0 < M < 0.4 (2.68)
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2.2 Measurement of scattering matrix and source
vector

2.2.1 Literature review

General method

The first measurement method using modern analysers for obtaining
the scattering matrix and the source vector of fans in ducts was pro-
posed by Terao and Sekine in 1989 [38]. They suggested a way to sup-
press flow noise in the measurements, but their approach was only
valid if the two terms in the source vector (the waves travelling to the
left and to the right) were fully coherent. This limitation was pointed
out by Åbom in [5], and the authors corrected their method in [37] to
account for non-coherent sources.

In [38] flow noise was suppressed by using a reference microphone
that in theory is noise free. Such a microphone can be implemented
by covering the microphone with a wind screen, or by using a special
tube microphone. However, these practical problems can be avoided
by using the method proposed by Lavrentjev et al. in [28]. As flow
noise is correlated only over a specific length (the correlation length
[4]), it can be averaged out in cross-spectrum measurements if the dis-
tance between the two microphones is large enough. Therefore, flow
noise is a problem only when auto-spectra are measured. In [28] the
authors show that the auto-spectrum can be replaced by a cross spec-
trum, by transferring the pressure at one microphone location to the
other’s using the transfer matrix of the duct element between the two
microphones. More details about this method will be given in Section
2.2.2.

As pointed out before, two terms have to be measured: the scat-
tering matrix and the source vector. The scattering matrix consists in
four independent parameters, so at least four independent equations
have to be obtained. A single measurement case provides two inde-
pendent equations, since the travelling waves in both directions are
measured on both sides of the test object. Either the scattering matrix
can be measured independently, and then two independent test cases
are required, or it has to be measured together with the source vector,
and then three test cases are needed.

Two methods can be used to measure the passive properties (scat-
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tering matrix): either with external sources, or without (in this case
the acoustic loads on the fan are changed) [28]. Changing the acoustic
loads requires a human intervention, which impedes a fully automatic
procedure. What is more, one has more control on the sound field
when external sources are used, and better flow noise suppression can
be obtained by using the electrical signal driving the loudspeaker as
a reference. That is why the methods with external sources are nowa-
days always used when possible (when the sound pressure generated
by the test object is not too high). Guidelines to create independent
test cases with external sources can be found in [2].

Error analysis

In order to design an appropriate test-rig, knowledge on the different
sources of error during the measurement and the ways to control them
is of primary importance.

Two-microphone method
All methods are based on wave decomposition, a technique that al-
lows to access the travelling wave amplitudes from the measurement
of the pressure at two or more locations in the duct. The most simple
wave decomposition technique exploits only two microphones, and is
usually called the two-microphone method. A thorough analysis of the
different errors involved in this method can be found in [9] for mea-
surements without flow, and in [4] for measurements with flow. The
main outcomes of these papers are that:

a. The two-microphone method is least sensitive to errors in the
input data around:

k0s =
π(1−M2)

2
(2.69)

b. To avoid large errors it should be restricted to the range:

0.1π(1−M2) < k0s < 0.8π(1−M2) (2.70)

c. Attenuation in the duct gives a low frequency limit below which
errors due to neglected attenuation will dominate over length
errors.

d. Errors due to finite microphone impedance or size are usually
negligible.
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Here s is the microphone separation, k0 = ω/c0 the wave number, and
M the Mach number.

In [4], the error due to attenuation is given as an equivalent error
on distances between microphones, or between microphones and the
test object. The equivalent length error for the test set-up is plotted in
Figure 2.6.
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Figure 2.6: Equivalent error on distances due to attenuation

Figure 2.6 shows that at low frequencies attenuation due to atten-
uation is equivalent to errors of 2% on distances. This is quite large
and can be overcome by taking into account attenuation in the wave-
numbers, so it will be done in the present study.

Multi-microphone method
More than two microphones can be used to get the travelling wave
amplitudes. In [18] the over-determined problem to find the travel-
ling waves pressure amplitudes is formulated as a least-square prob-
lem. This raises the following question: should all microphone pairs
be used in the over-determination to increase measurement accuracy,
or only those for which Equation (2.70) is valid? In [25] Kabral seems to
show that better accuracy is obtained when all microphones are used
in the over-determination, and [24] demonstrates that taking into ac-
count all the microphones of a regularly spaced array is the best choice.
Holmberg argues in [21] on the contrary that only microphones that
fulfil Equation (2.70) should be used in the over-determination. How-
ever, he also shows that the difference between over-determination us-
ing many microphones that fulfil Equation (2.70) and the two-microphone
method with microphones that fulfil Equation (2.70) is very small.

Attenuation



CHAPTER 2. ACOUSTIC THEORY 25

In order to overcome the low frequency limit due to attenuation that
was found in [4] and plotted in Figure 2.6, an attenuation model can
be used. A simple model was proposed by Dokumaci in [13], that
requires only the ratio of specific heat coefficients, the Prandtl number,
and the frequency. This model is validated by Allam in [6] and has
been widely used since. See Section 2.1.3 for more details.

Flow noise suppression
In [28] the authors show that flow noise can be suppressed if only
cross spectra between microphones separated by more than the flow
noise correlation length are used. Holmberg introduces in [21, 20] an
over-determination method to determine the source cross-spectrum
matrix. He shows that if more than two microphones are used, over-
determination can help improving the measurement of the active part.
He also shows that only microphone pairs that are separated by more
than the flow correlation length should be used in this over-determination.

Full wave decomposition
If more than four microphones are available, it is possible to solve
directly for the travelling wave amplitudes, and the complex wave-
numbers in upstream and downstream directions. This method was
proposed by Allam in [6]. However, Holmberg showed in [21] that it
was very unstable for the estimation of the imaginary part of the wave-
number (the attenuation part) if the distance between the microphones
were too short (less than a few meters). Holmberg therefore developed
an alternative method to find only the real part of the wave-numbers,
and showed that solving also for the wave-number added much accu-
racy compared to the standard two-microphone or multi-microphone
methods where the wave-numbers are calculated using the measured
Mach number.

Peerlings implements another process to solve for the Mach num-
ber in [35]: the standard wave decomposition giving only the travel-
ling wave amplitudes is implemented, and a residual can be defined
if more than two microphones are used. This residual is then mini-
mized with respect to the Mach number. This method is more straight-
forward, since only one Mach number is defined for all frequencies,
whereas Holmberg finds the optimal Mach number for each frequency
and then performs an average over the spectrum. More details about
this method can be found in Section 2.2.2.

Structural vibrations
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Structural vibrations caused by the loudspeaker can influence a lot the
measurements, as demonstrated by Peerlings in [35]. It is therefore
important to structurally decouple the part of the duct on which the
loudspeakers are mounted from the part where the microphones are
located.

2.2.2 Chosen method

In this section the method that is used for the measurements on the
present test rig is presented. The choices are made according to the
literature review in Section 2.2.1. The definitions needed for this part
are given in Figure 2.7.

Figure 2.7: Definition of the coordinate system and variable names for
the measurement method section.

Wave decomposition

The passive part will be measured using a method with external ex-
citation, since this allows an automatic measurement procedure, bet-
ter flow noise suppression as well as better control of the sound field
(compared to methods without external sources).

In the following the subscript i will stand for the microphone num-
ber (1,2 or 3), and the equations will be written without the subscript
a or b since they are the same on both sides of the test object.

The pressure at one microphone location reads:

pi = p+e
−ik+xi + p−e

ik−xi (2.71)

If only two microphones are used then Equation (2.71) for the two-
microphones can be written as:[

e−ik+xi eik−xi

e−ik+xj eik−xj

] [
p+

p−

]
=

[
pi
pj

]
(2.72)
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If all microphones are used for the wave decomposition, Equation
(2.71) can be written as:e−ik+x1 eik−x1

e−ik+x2 eik−x2

e−ik+x3 eik−x3

[p+

p−

]
=

p1

p2

p3

 (2.73)

Equation (2.73) can be solved using the Moore-Penrose pseudo in-
verse, which gives the best solution in a mean square sense [12].

Equation (2.72) will be referred as the Two-Microphone Method
(TMM), and Equation (2.73) as the Multi-Microphone Method (MMM).
The choice between these two methods will be discussed in the follow-
ing sections by analysing test data.

The complex wave numbers k+ and k− account for attenuation, and
are computed using the model by Dokumaci [13], see Section 2.1.3.

k± =
ω

c0

K0

1±K0M
(2.74)

where K0 is given by

K0 = 1 +

(
1− i
s
√

2

)(
1 +

γ − 1√
Pr

)
(2.75)

where γ is the specific heat ratio (γ = 1.4 for air), Pr the Prandtl num-
ber, s = r

√
ρ0ω/µ the shear number, ρ0 the air density, r the duct ra-

dius, and µ the dynamic viscosity. Due to the coordinate system, the
Mach number on the inlet side a will be negative.

Measurement of the passive part

Once the travelling pressure wave amplitudes are obtained (with TMM
or MMM), the scattering matrix can be determined. Using the scatter-
ing matrix formulation given in Equation (2.58):[

p̂a+

p̂b+

]
=

[
ρ1 τ12

τ21 ρ2

] [
p̂a−
p̂b−

]
+

[
p̂sa
p̂sb

]
(2.76)

In order to suppress flow noise, the pressures at the microphones
are not used directly. The transfer function between the microphone
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and the signal sent to the loudspeaker is computed instead. The first
estimate of this transfer function is used:

H1
i =

Ge,i

Ge,e

(2.77)

where Ge,i = e†pi is the cross-spectrum between the pressure at micro-
phone i and the signal sent to the loudspeaker e. † is the hermitian
transpose. This estimate of the transfer function removes uncorrelated
noise on pi [17]. By multiplying Equation (2.76) by e†, Equation (2.76)
becomes: [

Ĝe,pa+

Ĝe,pb+

]
=

[
ρ1 τ12

τ21 ρ2

] [
Ĝe,pa−

Ĝe,pb−

]
+

[
Ĝe,psa

Ĝe,psb

]
(2.78)

As the noise generated by the fluid machine is not correlated to
the loudspeaker signal, the cross-spectra Ge,psa and Ge,psb

are identically
equal to zero, if enough averages are carried out. This means that
Equation (2.78) can be rewritten as:[

Ĝe,pa+

Ĝe,pb+

]
=

[
ρ1 τ12

τ21 ρ2

] [
Ĝe,pa−

Ĝe,pb−

]
(2.79)

Multiplying Equation (2.71) by e leads to:

Ge,i = Ge,P+e
−ik+xi +Ge,P−e

ik−xi (2.80)

Equations (2.79) and (2.80) show that the system of equations with
flow noise suppression is obtained by replacing pi by H1

i in all equa-
tions, and removing the source term. Therefore, in the following Equa-
tion (2.79) will be written as:

p̂+ = Sp̂− (2.81)

where p̂+ and p̂− are interpreted as the travelling waves amplitudes
obtained by replacing pi by H1

i in Equation (2.71).

p̂+ and p̂− are measured in two test cases denoted I and II , that are
such that p̂I+ and p̂II+ are linearly independent. With a loudspeaker on
each side of the test object, Åbom showed that the cases obtained by
playing alternatively the two loudspeakers always lead to indepen-
dent vectors [2]. In the present report, case I corresponds to loud-
speaker A on, and case II to loudspeaker B on. The system of equa-
tions is then: [

p̂I+ p̂II+
]

= S
[
p̂I− p̂II−

]
(2.82)
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which can be solved by

S =
[
p̂I+ p̂II+

] ([
p̂I− p̂II−

])−1
(2.83)

If more than two test cases are measured (if there is more than one
loudspeaker on each side), over-determination can be used to increase
the measurement accuracy, especially at frequencies where there is a
pressure node at the loudspeaker’s location. Equation (2.82) becomes
for N test cases:[

p̂I+ p̂II+ ... p̂N+
]

= S
[
p̂I− p̂II− ... p̂N−

]
(2.84)

which can be solved by the Moore-Penrose pseudo-inverse.

Measurement of the source strength

The method proposed by Lavrentjev et al. in [28] for flow noise sup-
pression will be used here. The notations will be the same as in the
paper by Holmberg that gives a clear description of this method, in-
cluding over-determination [21].

Correlation length
Flow noise is correlated over a finite length only, called the flow corre-
lation length. According to [4], it can be estimated using the model of
Corcos as:

lcor =
U

f
(2.85)

where U is the mean flow velocity and f the frequency.

Reflection coefficients
This method requires the reflection coefficients of the duct ends, but
they can be obtained during the first step, when the passive properties
were determined:

Ra =
HII
ea−

HII
ea+

Rb =
HI
eb−

HI
eb+

(2.86)

where HII
ea− = Ge,pIIa,−

/GII
e,e for example. The superscripts I and II cor-

respond to the test cases previously defined. When the reflection co-
efficient are calculated, no noise must be coming from the duct end.
Indeed, the ends are assumed to be passive for that calculation. That
is why the coefficient Ra is calculated during the test case where loud-
speaker A is off. If there is more than one speaker on each side, the
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reflection coefficients can be overdetermined too:[
HIV
ea+ HV

ea+ HIV
ea+

]
Ra =

[
HIV
ea− HV

ea− HIV
ea−
]

(2.87)[
HI
eb+ HII

eb+ HIII
eb+

]
Ra =

[
HI
eb− HII

eb− HIII
eb−
]

(2.88)

where in test cases I , II , III the speakers are on outlet side b, and in
the test cases IV , V , IV the speakers are on inlet side a. Equations
(2.87) and (2.88) can be solved by the Moore-Penrose pseudo inverse.

The matrixR is finally defined as:

R =

[
Ra 0

0 Rb

]
(2.89)

Source cross spectrum matrix
The main idea of the method by Åbom [28] is to transfer the measure-
ment of the pressure at one cross-section to another, in order to avoid
using auto-spectra.

Let us start from the following equations:

p̂− = Rp̂+ (2.90)

p̂+ = Sp̂− + p̂s (2.91)[
p(xa)

p(xb)

]
=

[
e−ika+xa 0

0 e−ikb+xb

]
p̂+ +

[
eika−xa 0

0 eikb−xb

]
p̂−

⇔ p(x) = T+(x) p̂+ + T−(x) p̂−
(2.92)

which can be rewritten into:

p̂s = (E − SR)p̂+ (2.93)
p(x) = (T+(x) + T−(x)R)p̂+ (2.94)

and leads to:

p̂s = (E − SR)(T+(x) + T−(x)R)−1p(x) (2.95)
p̂s = C(x)p(x) (2.96)

In order to use only cross-spectra, Equation (2.96) is multiplied by
the transpose of the same equation but obtained at another x:

Gs =

[
Gpa,s,pa,s Gpb,s,pa,s

Gpa,s,pb,s Gpb,s,pb,s

]
(2.97)

= C(x1)p(x1)p(x2)†C(x2)† (2.98)

= C(x1)

[
Gpa(xa2),pa(xa1) Gpb(xb2),pa(xa1)

Gpa(xa2),pb(xb1) Gpb(xb2),pb(xb1)

]
C(x2)† (2.99)
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where † is the hermitian transpose. If the distances between xa1 and
xa2, and xb1 and xb2 are larger than the flow correlation length, then the
measured source cross-spectrum matrix should be completely flow-
noise free.

Over-determination
If more than two microphones are available on each side of the test-
object, over-determination can be used with all microphones that are
sufficiently spaced [21]. In the present test case, the microphone pairs
(1,2) and (1,3) work over the whole studied frequency range (100 -
5000 Hz). The minimum microphone spacing to suppress flow noise
at 100 Hz with Mach number M = 0.05 is according to Equation (2.85)
lcor(100 Hz) = U

f
= 0.05 ∗ 340/100 = 17 cm.

Equation (2.96) is rewritten as:

C(x)−1p̂s = p(x) (2.100)

If there are more than two microphones on each side, a subset of n′

microphones can be used to determine p̂s. The overdetermined system
can be written as: 

C(x1)−1

C(x2)−1

...

C(xn′)
−1

 p̂s =


p(x1)

p(x2)

...

p(xn′)

 (2.101)

The microphones are now divided in two subsets, making sure
that the distance between any microphone of subset a) and any mi-
crophone of subset b) is larger than the correlation length lcor. Let m′

and n′ be the number of microphones in subsets a) and b) respectively.
In the present case subset a) is made of microphone 1, and subset b) of
microphones 2 and 3. By multiplying Equation (2.101) for subset a) by
Equation (2.101) transposed for subset b), the following expression for
Gs is obtained:

Gs =


C(x1)−1

C(x2)−1

...

C(xm′)
−1


−1

G


C(x1)−1

C(x2)−1

...

C(xn′)
−1


−1†

(2.102)
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where

G =


p(x1)

p(x2)

...

p(xm′)



p(x1)

p(x2)

...

p(xn′)


†

=
[
Gpj ,pi

]
, i = 1 : m′, j = 1 : n′ (2.103)

and the inverse is the Moore-Penrose pseudo-inverse.
For the present case where subset a) comprises microphone 1, and

subset b) microphones 2 and 3,G is:

G =
[
p(x1)

] [p(x2)

p(x3)

]†
=
[
p(x1)p(x2)† p(x1)p(x3)†

]
(2.104)

=

[
Gp(a2)p(a1) Gp(b2)p(a1) Gp(a3)p(a1) Gp(b3)p(a1)

Gp(a2)p(b1) Gp(b2)p(b1) Gp(a3)p(b1) Gp(b3)p(b1)

]
(2.105)

andGs is:

Gs = C(x1)G

[
C(x2)−1

C(x3)−1

]−1†

(2.106)

Mach number measurement

The Mach number can be determined by acoustical measurements [6,
21, 35]. Different methods have been suggested depending on the
quality of the data and the number of microphones available.

With only three microphone on each side the full wave decompo-
sition in [6] is not possible to implement. Either a restricted full wave
decomposition is performed, meaning that for each frequency Equa-
tion (2.73) is solved for M , p+ and p−. This means that a frequency-
dependant Mach number can be found. The other option is to use the
over-determination to solve for p+ and p−, and then use the residu-
als to optimize the Mach number. This has been used successfully by
Peerlings in [35] and will be explained here.

Equation (2.73) is written as:e−ik+x1 eik−x1

e−ik+x2 eik−x2

e−ik+x3 eik−x3

[p+

p−

]
=

p1

p2

p3

 (2.107)

⇔ A pt = p (2.108)
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The solution obtained by the Moore-Penrose pseudo-inverse is:

p̃t = A−1p (2.109)

The corresponding p can be computed by:

p̃ = Ap̃t (2.110)

and finally a residual can be defined:

r = p− p̃ (2.111)

which will not be identically equal to zero for all frequencies because
of measurement errors, and because of errors in the Mach number.

A total residual taking into account all frequencies can be defined
as:

rtot =
∑
f

r(f)†.r(f) (2.112)

This total residual rtot can be seen as a function of the Mach num-
ber, and is always real and positive. It can therefore be minimised with
respect to the Mach number, and provide the optimal Mach number.
This optimization can easily be carried-out in Matlab with the fmin-
search function.

This method will be validated in Section 4.1.4.

2.2.3 Modified method for the source strength deter-
mination

Limits of the standard method

As it will be shown experimentally in Section 4.3.3, the standard method
described in Section 2.2.2 diverges when the reflections at the rig ter-
minations are high. Indeed, the matrix C in Equation (2.99) is defined
by Equation (2.96):

p̂s = (E − SR)(T+(x) + T−(x)R)−1p(x) (2.113)

If T+(x) + T−(x)R is singular then Equation (2.99) is not valid any
longer. This can happen only when |R| is close to the identity matrix
E. Indeed T+ or T− are diagonal unit matrices, which means that if
the reflection coefficients at the rig terminations are high (Ra and Rb

close to one), then the standard method can diverge.
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This can be analysed more thoroughly using an error analysis. Let’s
start from Equation (2.96):

p̂s = Cp (2.114)

Taking the 2-norm:
‖C−1p̂s‖ = ‖p‖ (2.115)

‖C−1‖‖p̂s‖ ≥ ‖p‖ (2.116)

Let δp be the error on the measured p. The error on the computed
ps reads:

δp̂s = Cδp (2.117)

which leads to:
‖δp̂s‖ ≤ ‖C‖‖δp‖ (2.118)

Combining Equations (2.116) and (2.117) gives:

‖δp̂s‖
‖p̂s‖

≤ ‖C‖‖C−1‖‖δp‖
‖p‖

(2.119)

⇔ ‖δp̂s‖
‖p̂s‖

≤ cond(C)
‖δp‖
‖p‖

(2.120)

where cond(C) is the condition number of the matrix C. It is a real
positive number, and cond(C) ≥ 1. If C is singular the condition
number goes to infinity. And if the condition number is large, then
any error on the measured p is amplified when ps is computed.

There are two ways to address this problem:

• The reflection coefficient of the rig terminations can be minimized
(will be implemented in Section 3.3.1).

• Another post-processing method to derive the source strength,
that does not imply the inversion of the matrix C can be imple-
mented. This is further investigated in next section.

New post-processing method to derive the source strength

In this method there is no explicit use of the reflection coefficients Ra

and Rb, and as a consequence no matrix inversion.
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The start is the plane wave decomposition equation with over-determination
on each side (2.73). e−ik+x1 eik−x1

e−ik+x2 eik−x2

e−ik+x3 eik−x3

[p+

p−

]
=

p1

p2

p3

 (2.121)

which using the pseudo-inverse can be rewritten as:[
p+

p−

]
=

[
D+

D−

]p1

p2

p3

 (2.122)

where D+ and D− are 1 by 3 vectors (for 3 microphones). Combining
the two sides (inlet a and outlet b) into a single equation gives:


pa+

pb+
pa−
pb−

 =


Da+ 0

0 Db+

Da− 0

0 Db−




pa1

pa2

pa3

pb1
pb2
pb3

 (2.123)

⇔
[
p+

p−

]
= D

[
pa
pb

]
(2.124)

The scattering equation at the test object reads:

p+ = Sp− + ps (2.125)

which in matrix form gives:

ps =
[
E,−S

] [p+

p−

]
(2.126)

The source spectrum matrix is:

Gs = E[ps(ps)
†] (2.127)

=
[
E,−S

]
D E

[[
pa
pb

] [
p†a,p

†
b

]]
D†
[
E,−S

]†
(2.128)

=
[
E,−S

]
D

[
Gaa Gab

Gba Gbb

]
D†
[
E,−S

]†
(2.129)

This new estimate of the source spectrum will be tested against the
standard method in Section 4.3.3.
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2.3 Calculating the fan scattering matrix and
source cross-spectrum from measurements
of the fan holder

When the measurements are carried out, the fan is mounted in a holder,
and it is the holder that is measured. To use the measured data, the
holder’s influence on the data has to be removed. This process is ex-
plained in the present section.

2.3.1 Fan holder properties

Geometry

The fan cannot be directly mounted in the rig: it is mounted in a holder
that matches the rig diameter to the fan diameter. The holder is de-
signed to disturb the flow as little as possible, by making a smooth
transition between the fan and the measurement duct. The angle of the
area expansion is 7 o, which is the high limit that normally guaranties
that there is no flow separation. A drawing of the holder is shown in
Figure 2.8. The adaptors that fit the measurement duct to the holder
are not represented on this drawing, but are in Figure 2.9.

Figure 2.8: Design of the fan holder.

When the fan is used in a product, it is of course used without the
holder. It is therefore necessary to remove the holder’s influence on
the measurements. This can be done knowing the transfer matrices
of the holder sections. The transfer matrices of the holder parts are
computed in next sections.

The holder can be decomposed in simple geometrical parts: straight
sections and cones. A schematic is given in Figure 2.9.
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Figure 2.9: Modelling of the holder as an assembly of simple geomet-
rical sections.

Transfer matrix of a straight section

The transfer matrix of a straight section is simple to derive, or can
be found in many papers and books. Here a formulation that allows
to include the Dokumaci complex wave-numbers [15], and a different
impedance for the waves travelling in positive and negative directions
has to be chosen, so that attenuation is included.

[
p(0)

q(0)

]
=

1

Z+ + Z−

[(
Z+e

ik+L + Z−e
−ik−L

)
Z+Z−

(
eik+L − e−ik−L

)(
eik+L − e−ik−L

) (
Z−e

ik+L + Z+e
−ik−L

)] [p(L)

q(L)

]
(2.130)

where L is the length of the section, k+ and k− the Dokumaci wave-
numbers, Z+ and Z− the characteristic impedances.

Transfer matrix of a cone

Analytical models giving the transfer matrix of a cone with flow exist
in the literature [16], but they have been derived for a loss free prop-
agation. Including complex wave-numbers implies to do all the al-
gebra from the beginning and is quite heavy. Therefore an alternate
method is chosen. The conical section is split into narrow constant
section pipes, whose transfer matrices are easy to compute (cf. previ-
ous section). The transfer matrix of the conical section is then obtained
by multiplying the cascade of the narrow section matrices (see Figure
2.10).

A rule of thumb provides an indication of the minimum number
of elements to use: at least 8 per wavelength. The highest studied
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Figure 2.10: Transfer matrix of a cone obtained from the multiplication
of matrices of straight pipes

frequency is 5000 Hz, so the smallest wavelength is

λ = c/f = 343/5000 = 68 mm

so the elements must be smaller than 8 mm.

2.3.2 Switching between the scattering matrix formal-
ism an the transfer matrix formalism

Measurement are carried out using the scattering matrix formalism,
that as explained in Section 2.1.5 is the most appropriate. However,
as our duct system is linear, and as there are no side branches, the
transfer matrix formalism becomes much easier to model an assembly
of different sections. What is more, it is easy to find in the literature
transfer matrices of various elements, e.g. in [31]. As both formalisms
are equivalent, one can switch from one to the other by solving a linear
system. This is done in the two following sections.

From scattering matrix to transfer matrix

The scattering matrix is defined by Figure 2.5 and the transfer matrix
by Figure 2.4. With these definitions of the volume flow and these con-
ventions for the + and - waves, the equivalence between the transfer
an scattering state variables can be written as:

pa = pa+ + pa− pb = pb+ + pb− (2.131)

qa =
−pa+

Za+

+
pa−
Za−

qb =
pb+
Zb+
− pb−
Zb−

(2.132)
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Inserting Equations (2.131) and (2.132) into the definition of the
scattering matrix gives:[

pa−Za−qa
1+Za−/Za+
pb+Zb−qb

1+Zb−/Zb+

]
= S

[
pa+Za+qa

1+Za+/Za−
pb−Zb+qb

1+Zb+/Zb−

]
+

[
pa,s
pb,s

]
(2.133)

Equation (2.133) can be solved for pa and qa, expressed in terms of
pb, qb, pa,s and pb,s. Collecting the coefficients in front of pb, qb provides
the transfer matrix, and the remaining is the source vector.

The solution is:

T11 =(Z2+ − S22Z2− + S11Z2+ − S11S22Z2− + S12S21Z2−)

/(S21(Z2− + Z2+)) (2.134)
T12 =(Z2−Z2+ + S11Z2−Z2+ + S22Z2−Z2+ + S11S22Z2−Z2+

− S12S21Z2−Z2+)/(S21(Z2− + Z2+)) (2.135)
T21 =− (S11Z1−Z2+ − Z1+Z2+ + S22Z2−Z1+ − S11S22Z1−Z2−

+ S12S21Z1−Z2−)/(S21Z1−Z1+(Z2− + Z2+)) (2.136)
T22 =(Z2−Z1+Z2+ − S11Z1−Z2−Z2+ + S22Z2−Z1+Z2+ − S11S22Z1−Z2−Z2+

+ S12S21Z1−Z2−Z2+)/(S21Z1−Z1+(Z2− + Z2+)) (2.137)

and [
ps
qs

]
= M

[
pa,s
pb,s

]
(2.138)

where

M11 =(S21Z2− + S21Z2+)/(S21(Z2− + Z2+)) (2.139)
M12 =− (Z2− + Z2+ + S11Z2− + S11Z2+)/(S21(Z2− + Z2+)) (2.140)
M21 =− (S21Z1−Z2− + S21Z1−Z2+)/(S21Z1−Z1+(Z2− + Z2+)) (2.141)
M22 =− (Z2−Z1+ + Z1+Z2+ − S11Z1−Z2− − S11Z1−Z2+)

/(S21Z1−Z1+(Z2− + Z2+)) (2.142)

Equation (2.138) can be rewritten to be valid for the source cross-
spectrum:

Gpq =

[
ps
qs

] [
ps
qs

]†
= M

[
pa,s
pb,s

] [
pa,s
pb,s

]†
M † = MGsM

† (2.143)
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From transfer matrix to scattering matrix

The same process as in previous section is used here. pa and qa are
substituted by their expressions in terms of pa+, pa−, pb+, pb− in the
definition of the transfer matrix. The system is then solved for pa+ and
pb+ and the coefficients of pa−, pb− provide the scattering matrix, the
rest is the source vector. The results are:

S11 = (T12Z2−Z1+ − T22Z1−Z2−Z1+ + T11Z2−Z1+Z2+ − T21Z1−Z2−Z1+Z2+)

/(Z1−Z2−(T12 + T11Z2+ + T22Z1+ + T21Z1+Z2+)) (2.144)
S12 = (T11T22Z1−Z2−Z1+ − T12T21Z1−Z2−Z1+ + T11T22Z1−Z1+Z2+

− T12T21Z1−Z1+Z2+)/(Z1−Z2−(T12 + T11Z2+ + T22Z1+ + T21Z1+Z2+))

(2.145)

S21 = (Z2+(Z1−Z2− + Z2−Z1+))

/(Z1−Z2−(T12 + T11Z2+ + T22Z1+ + T21Z1+Z2+)) (2.146)
S22 = (Z2+(T12Z1− − T11Z1−Z2− + T22Z1−Z1+ − T21Z1−Z2−Z1+))

/(Z1−Z2−(T12 + T11Z2+ + T22Z1+ + T21Z1+Z2+)) (2.147)

Gs =

[
pa,s
pb,s

] [
pa,s
pb,s

]†
= M ′

[
ps
qs

] [
ps
qs

]†
M ′† = M ′GpqM

′† (2.148)

with

M ′ =

[
M ′

11 M ′
12

M ′
12 M ′

22

]
(2.149)

where

M ′
11 = (T22Z1−Z2−Z1+ + T21Z1−Z2−Z1+Z2+)

/(Z1−Z2−(T12 + T11Z2+ + T22Z1+ + T21Z1+Z2+)) (2.150)
M ′

12 = −(T12Z1−Z2−Z1+ + T11Z1−Z2−Z1+Z2+)

/(Z1−Z2−(T12 + T11Z2+ + T22Z1+ + T21Z1+Z2+)) (2.151)
M ′

21 = −Z2+/(T12 + T11Z2+ + T22Z1+ + T21Z1+Z2+) (2.152)
M ′

22 = −(Z1+Z2+)/(T12 + T11Z2+ + T22Z1+ + T21Z1+Z2+) (2.153)

Radiation impedance and reflection coefficient

The radiation impedance is the parameter that describes a termination
in the transfer matrix formalism, whereas the reflection coefficient is
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the equivalent parameter for the scattering matrix formalism. They
are equivalent, and the equations relating the two are given in this
section. The definition of the quantities used for this derivation are
given hereunder:

The pressure and volume flow at the termination reads:

p = p+ + p− (2.154)

q =
p+

Z+

− p−
Z−

(2.155)

The reflection coefficient and the radiation impedance are defined
by:

R =
p−
p+

Zr =
p

q
(2.156)

Inserting Equation (2.155) in the definition of the impedance and
dividing by p+ provides the relation between the end impedance and
R:

Zr =
1 +R

1
Z+
− 1

Z−
R

R =
1− Zr

Z+

1− Zr

Z−

(2.157)

2.3.3 Removing the holder’s influence on measure-
ments

2-port measurements

Using the switching process described in previous sections, it is now
possible to rewrite the system of equations describing the fan and the
holder in the transfer matrix formalism, which will simplify the alge-
bra a lot.

The transfer matrices of the holder inlet and outlet (Tin and Tout)
have been derived in Section 2.3.1. The definition of the quantities
used in this computation is given in Figure 2.11. All vectors Vi repre-
sent the state variables pi and qi (pressure and volume flow):

Vi =

[
pi
qi

]
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Figure 2.11: Matrices and vectors definition.

The 2-port of the fan is written in the transfer matrix formalism:

V2 = TfV3 + V pq
f (2.158)

The measured 2-port of the holder is:

V1 = TholdV4 + V pq
hold (2.159)

which can be rewritten as:

V1 = TinV2 = Tin(TfV3 + V pq
f ) = Tin(TfToutV4 + V pq

f ) (2.160)

Identifying Equation (2.159) to (2.160) leads to:

Thold = TinTfTout V pq
hold = TinV

pq
f (2.161)

Inverting this system finally leads to:

Tf = T−1
in TholdT

−1
out V pq

f = T−1
in V

pq
hold (2.162)

To obtain a formulation that is also valid for stochastic signals:

Tf = T−1
in TholdT

−1
out (2.163)

Gpq
f = V pq

f (V pq
f )† = T−1

in V
pq
hold(V

pq
hold)

†(T−1
in )† = T−1

in G
pq
hold(T

−1
in )† (2.164)

If one needs the scattering matrix and the source cross-spectrum,
Equations (2.163) and (2.164) can be converted back to the scattering
matrix formalism using the method given in Section 2.3.2.

1-port measurements

In 1-port measurements, a holder can also be used to match the test-
object diameter to the rig diameter. It also has to be removed from the
measurements. The holder is characterized by its scattering matrix,
that is computed analytically (see Section 2.3.1). The definition of the
quantities required in this section is given here:
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The system equations are:[
p1+

p2+

]
= Sh

[
p1−
p2−

]
R1 =

p1+

p1−
R2 =

p2−

p2+

(2.165)

where R1 is the measured reflection coefficient, and R2 is the reflection
coefficient of the 1-port only.[

p1+

p2+

]
= Sh

[
1/R1 0

0 R2

] [
p1+

p2+

]
(2.166)

which gives: ([
1, 0

0, 1

]
− Sh

[
1/R1 0

0 R2

])[
p1+

p2+

]
=

[
0

0

]
(2.167)

The matrix on the left hand side must be singular for a solution
with non equally null p1+ and p2+ to exist:

det
([

1, 0

0, 1

]
− Sh

[
1/R1 0

0 R2

])
= 0 (2.168)

Solving Equation (2.168) for R2 in an analytic solver gives:

R2 =
R1 − Sh11

R1Sh22 − Sh11Sh22 + Sh12Sh21

(2.169)
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Test rig design

3.1 Global duct properties

The test rig is made of a 35.7 mm diameter duct. According to Equation
(2.17), the first cut-on frequency of this duct is:

f c10 =
1.841c0

2πrd
= 5630 Hz (3.1)

That means that below this frequency, only plane waves can propagate
without being damped. Close to f c10, higher order modes will be lowly
damped, as the imaginary part of the wave-number is decreasing to
zero at f = f c10. Plane wave analysis will therefore be valid up to
approximately 5 kHz. The frequency range of interest is then [100-5000]
Hz.

3.2 Microphones

3.2.1 Microphone spacing

Low frequencies

According to Equation (2.70), the minimum microphone spacing that
allows sufficient accuracy at f low1 = 100 Hz is:

s1 =
0.1(1−M2)c0

2f low1

= 17 cm (3.2)

44
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The high frequency limit for this microphone spacing is:

fhigh1 =
0.8(1−M2)c0

2s1

= 800 Hz (3.3)

High frequencies

Using Equation (2.70), the frequency limits associated with a spacing
s2 = 2.5 cm are computed:

f low2 = 600 Hz , fhigh2 = 5400 Hz (3.4)

To conclude, three microphones, spaced so that s1 = 17 cm and s2 =

2.5 cm, allow to cover the whole frequency range with good accuracy
according to [4].

3.2.2 Microphone holders

The microphones have to be flush-mounted in the duct, to disturb the
flow as little as possible, and to make sure that the acoustic bound-
ary condition in the cross section where the microphone is mounted
is close to a hard wall. In order to ensure this boundary condition,
the air volume enclosed around the microphone should be as small as
possible, and there should be no gap between the microphone and the
holder. These constraints led to a microphone holder design that has
been used for years in the MWL at KTH, and that is depicted in Figure
3.1.
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Figure 3.1: Drawings of the microphone holders.
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3.2.3 Microphone venting

In most microphones, there is a small hole behind the membrane, that
is connected to the ambient pressure. The goal is to equalize the pres-
sure at the front and rear of the membrane. Indeed, if there is a static
pressure difference across the membrane, it will deform and this will
most likely change the microphone behaviour. The first visible effect
is a change in the sensitivity. In measurement in ducts with flow, the
static pressure in the duct can be different from the ambient pressure.
Therefore, it is important to make sure during the mounting that the
microphone vent is linked to the duct pressure, and not to the ambient
pressure. This mounting requirement was not fulfilled in the micro-
phone mounting at Dyson, since the vent was located at the rear of the
microphones. With the holder design shown in Figure 3.1, the vent
ended up behind the O-ring that sealed the microphone, and it was
therefore connected to the ambient pressure.

A schematic of the microphones used at KTH (side-vented), and
those used at Dyson (rear-vented) is shown in Figure 3.2. A possible
solution to this problem is to move the O-ring behind the rear vent, but
this increases the air volume encapsulated around the microphone. As
a consequence, the wall impedance at the microphone location will be
decreased, and this can perturb the measurements.

Figure 3.2: Problem with rear-vented microphones in the measure-
ments at Dyson.

An example of the effect of this mounting error is shown in Figure
3.3

Figure 3.3 demonstrates that the plane wave decomposition for any
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Figure 3.3: Reflection coefficient of the rig terminations, measured
with a high constriction on outlet side. The microphone vent is con-
nected to the ambient pressure.

microphone pair gives very different results on the outlet side. On in-
let side all microphone pairs provide the same results, which is what
is expected. The difference between inlet and outlet is that on the inlet
there is almost no pressure increase or decrease in the duct compared
to the ambient pressure, whereas on the outlet side, due to the high
constriction, the compressor generates a large static pressure. In this
context, rear-vented microphones appear not to be suitable for com-
pressor measurements.

The same measurement without the constriction on outlet side has
been carried out, and the rig reflections are plotted in Figure 3.4. It
shows that without constriction, there is a small pressure increase in
the duct outlet, so the change of sensitivity of the microphones is small
and the wave decomposition works as expected.
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Figure 3.4: Reflection coefficient of the rig terminations, measured
with a low constriction on outlet side. The microphone vent is con-
nected to the ambient pressure.

3.3 Loudspeakers

3.3.1 Loudspeaker holders

Original design

The loudspeaker holders must fulfil the following requirements:

• The loudspeaker must be enclosed. Indeed the static pressure in
the duct might be higher or lower than the atmospheric pressure,
and if there is a pressure difference between the front and the
back of the membrane, it might be pushed towards its frame,
which would restrain its displacement.

• A small pipe must connect the front cavity to the back, to equal-
ize the static pressure.

• The back cavity must be large enough to allow the displacement
of the membrane at low frequencies.

• The pipe opening must be perforated, and not a big hole, in order
not to disturb the flow.
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Figure 3.5: Drawing of the loudspeaker holders.

These constraints led to the design presented in Figure 3.5.
The pipe between the front and back cavities, together with the vol-

ume of the back cavity, creates a Helmholtz resonator. This resonator
will act as a low pass filter, and below that frequency, the displace-
ment of the membrane will create mostly flow through that pipe, and
not acoustic waves. Therefore, this frequency should be far below the
lowest frequency of interest, 100 Hz.

• The volume of the back cavity is Vback ≈ 3× 10−3 L

• The length of the pipe is Lpipe ≈ 1 cm

• The area of the pipe is Spipe = πr2
pipe = π × 0.0012 = 3× 10−6 m2

The Helmholtz frequency is given by [40]:

fhelm =
c0

2π

√
Spipe

LpipeVback
= 17 Hz (3.5)
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17 � 100 Hz so the loudspeaker will be able to produce sound
waves in the duct at 100 Hz. The pipe could though have a smaller
diameter.

Modified design

As will be shown in Section 3.4.10, the loudspeakers account for a large
amount in the rig terminations reflection coefficients. Therefore, an
improved design of the holder is proposed, where the volume of the
front cavity is reduced by a filling part. The filling part can be added
after the holder is manufactured. It consists of a cone with a hole in
the middle, as shown in Figure 3.6.

48.2

20.0

58.7

R10.0
R10.0

Figure 3.6: Filling part to reduce the volume of the loudspeaker front
cavity.

Another option to reduce the loudspeaker resonance was investi-
gated: filling the back cavity of the loudspeaker with acoustic foam.
This could help damping the coupled resonances between the mem-
brane and the back volume.

The effect of those modifications will be measured in Section 3.3.3.
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3.3.2 Loudspeaker spacing

As explained in Section 3.4, if the test object or the pipe terminations
are highly reflective, there will be a strong standing wave pattern in
the duct. That means that for some frequencies there will be a pres-
sure node at a loudspeaker location, and then this speaker will fail in
putting energy into the duct. One way to limit this phenomena is to
design anechoic terminations for the duct (see Section 3.4), and an-
other is to use several loudspeakers. Indeed, if a certain loudspeaker
is on a nodal line at a given frequency, by using another speaker that
is not on a nodal line energy can be put into the duct. By using three
speakers on each side and by placing them cleverly, one can make sure
that at least one of them is not on a nodal line for all frequencies.

Let sp1 and sp2 be the distances between the speakers as defined in
Figure 3.7.

Figure 3.7: Loudspeaker spacing.

If there is a standing wave in the duct, the pressure field can be
written as p(x) = P sin(k0x). If both speakers 1 and 2 are on a nodal
line then:

sin(k0sp1) = 0⇔ sp1 = n
π

k0

, n ∈ N (3.6)

If speaker 3 is also on a nodal line then:

sin(k0sp2) = 0⇔ sp2 = m
π

k0

, m ∈ N (3.7)

which gives:
sp1
sp2

=
n

m
, n,m ∈ N (3.8)

So the ratio between sp1 and sp2 is a rational number. By choosing
sp2 such that sp1

sp2
=
√

3, all loudspeakers can not be on a nodal line at
the same time. The irrational number should be chosen so that it is
badly approximated by any rational number with low n and m.
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3.3.3 Measurement of the loudspeaker side-branch
impedance

As the loudspeakers are mounted between the microphones and the
muffler, their effect on the propagation of the acoustic waves will be
included in the reflection coefficients of the rig. As explained in Section
3.4, minimizing the reflection coefficient of the rig terminations is of
primary importance for accurate measurements. It has been shown
in Section 2.2.3 that the method to derive the source spectrum even
becomes singular when the reflection coefficients of the rig termination
are close to 1.

In order to discriminate the reflections created by the loudspeaker
from those created by the muffler, it is of interest to be able to model
the full rig termination, comprising the loudspeakers plus the muffler.
This can be done in the transfer matrix formalism, if the impedance of
the loudspeaker side-branch is known.

Method

A loudspeaker is mounted on a plastic duct, whose diameter is close
to the measurement duct diameter. This assembly is placed as a test
object in the 2-port rig (see Figure 3.8).

Figure 3.8: Measurement of the loudspeaker impedance.

Using the standard method for determining the scattering matrix
(explained in Section 2.2.2), the scattering matrix of the plastic duct
on which the loudspeaker is mounted is measured. This scattering
matrix can be converted to a transfer matrix, knowing the character-
istic impedance of the measurement duct (see Section 2.3.2). Once
the transfer matrix of the plastic duct on which the loudspeaker is
mounted is known, the transfer matrix of the side branch can be de-
rived, as explained in Figure 3.9.

Finally, the transfer matrix of a side branch can be related to the the
side branch impedance [3]:

TLP =

[
1 0

1/ZLP 1

]
(3.9)
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Figure 3.9: Deriving the transfer matrix of the loudspeaker side branch
from the measured transfer matrix.

where ZLP is the side branch impedance. This transfer matrix is ex-
pressed for the state variables pressure p and volume flow q.

Results

The loudspeaker impedance is plotted on Figure 3.10 for the three ver-
sions that have been used during the measurements:

• The initial design (Figure 3.5)

• With the back cavity filled with acoustic foam

• With the filling part in the front cavity (Figure 3.6)
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Figure 3.10: Loudspeaker side branch impedance.

Figure 3.10 shows that the loudspeaker side-branch has two sharp
resonances at 137 Hz and 762 Hz. Filling the back cavity with foam
has almost no effect on the loudspeaker impedance. The zero of the
impedance is slightly increased by 5 dB when the foam is added. On
the other hand, reducing the volume of the front cavity proved to be
very efficient in minimizing the resonances in the loudspeaker. The
drop at 762 Hz was increased by 20 dB, which is a lot.
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To conclude, the best option to reduce the resonances in the loud-
speaker is to minimize the volume of the front cavity.

3.4 Muffler

3.4.1 Introduction

If the ends of the duct are very reflective, strong standing waves will
appear in the duct for some frequencies. For example, if the end of the
duct is open, the pressure reflection coefficient is R ≈ −1, and there
will be a pressure node half a wavelength from the end. This means
that if the loudspeaker is located right on this node, it will be almost
impossible to put acoustical energy in the duct at that frequency. The
signal-to-flow-noise ratio will then be low, and flow noise will be badly
cancelled. Standing waves can also be a problem for the signal to noise
ratio on microphones: if the microphone is located on a pressure node,
the signal-to-noise ratio will be very low too. The lower the reflection
coefficients of the ends of the duct are, the less the standing waves
pattern will be strong. It is therefore of interest to design appropriate
terminations of the measurement duct, that should behave as anechoic
terminations.

Some suggestions of pseudo-anechoic terminations are given in the
ISO standard for sound power measurements in ducts, where having a
good anechoic termination is of primary importance for accurate mea-
surements [1]. Different options are proposed, ranging from a single
slit in the duct to catenoïdal terminations.

In the present work, a muffler made of a centre perforated duct,
located inside another duct filled with porous material is investigated
using a finite element commercial software (Comsol). A throttle is in-
tegrated at the downstream end to control the pressure rise across the
fan. The geometry is presented in Figure 3.11.

The flow resistivity of the glass fibre in the liner is Rliner and in the
throttle R. The flow resistivity is normalized with respect to the plane
wave impedance:

Rliner = phi_cont_liner
ρ0c0

hmat
Pa s/m2 (3.10)

R = phi_cont
ρ0c0

hthrottle
Pa s/m2 (3.11)
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Figure 3.11: Geometry of the muffler.

where hmat is the thickness of the porous layer, phi_cont the normal-
ized flow resistivity, and hthrottle the length of the centre part of the
throttle. The different parameters of the geometry presented in Figure
3.11 will be varied, and an optimal design will be found.

3.4.2 Modelling in Comsol

• An axisymmetric model is built, since only the plane wave range
will be studied.

• The liner is modelled by an equivalent fluid, whose properties
are given by a Delany-Bazley-Miki model [10]. According to [10],
this model is valid when the two following conditions are satis-
fied:

0.01 <
ρ0f

R
< 1 and 103 < R < 50× 103 Pa s/m2 (3.12)

At 100 Hz, the first condition gives the maximum value for the
flow resistivity:

Rf,max = 100ρ0f = 12× 103 Pa s/m2 (3.13)
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which means that for higher flow resistivity than Rf,max, the va-
lidity of Denaly-Bazley-Miki’s model is not guaranteed at low
frequencies.

• The perforation in the duct is modelled by a transfer impedance,
using a model for a perforated plate [10]. The impedance is writ-
ten as:

Zp = ρ0c0

(
1

σ

√
8µk0

ρ0c0

(
1 +

tp
dh

)
+ θf + i

k0

σ
(tp + δh)

)
(3.14)

where σ is the plate porosity, µ = 1.8× 10−5 Pa s is the dynamic
viscosity of air, tp = 0.003 m is the plate thickness, dh = 0.006 m

is the hole diameter, δh = 0.25 is the end correction for the holes
impedance, and θf = 0 is an additional flow resistance.

• The boundary condition at the outlet of the muffler is set to Sound
Soft Boundary (p = 0), which is a worst case in terms of reflection
compared to spherical radiation for example.

• A plane wave radiation boundary is set at the inlet, meaning that
plane waves can pass this boundary without being reflected.

• A incoming plane wave is sent from the inlet.

• The incoming power is calculated analytically, knowing the duct
area and the amplitude of the incoming plane wave:

Win =
πr2

dp
2
0

2ρ0c0

(3.15)

where rd is the duct diameter.

• The sum of the incoming plus the reflected power is obtained
by integrating the intensity along the duct direction over a cross
section close to the inlet. Let Winlet be the power at the inlet.

• This allows to derive the pressure reflection coefficient as:

R =

√
Win −Winlet

Win

(3.16)
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3.4.3 Influence of the muffler length

Setup

The following parameters are used in this calculation:

rm = 0.1 m, σinlet = 0 %, σoutlet = 20 %, phi_cont = 1 (3.17)

Results

The length of the mufflerL is varied, and the reflection coefficient com-
puted for different values of the flow resistivity of the liner Rliner. The
value of the resistivity is given by the normalised parameter phi_cont_liner
(see Equation (3.10)). The results are plotted in Figure 3.12.

Analysis

Figure 3.12 shows that a reflection coefficient below 0.4 can be reached
from 100 Hz and above with a 0.4 m-long muffler. The flow resistivity
must be rather high, with phi_cont_liner = 20.
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(a) L = 0.3m

(b) L = 0.4m

(c) L = 0.5m

Figure 3.12: Influence of the length of the muffler on the reflection
coefficient.
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3.4.4 Influence of the muffler radius

Setup

The following parameters are used in this calculation:

L = 0.4 m, σinlet = 0 %, σoutlet = 20 %, phi_cont = 1 (3.18)

Results

The radius of the muffler rm is varied, and the reflection coefficient
computed for different values of the flow resistivity of the liner Rliner.
The value of the resistivity is given by the normalised parameter phi_cont_liner
(see Equation (3.10)). The results are plotted in Figure 3.13.

Analysis

Figure 3.13 shows that a reflection coefficient below 0.4 can be reached
from 100 Hz and above with a radius of 7.5 cm. The flow resistivity
must be rather high, with phi_cont_liner ≈ 10− 20.
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(a) rm = 5 cm

(b) rm = 7.5 cm

(c) rm = 10 cm

Figure 3.13: Influence of the radius of the muffler on the reflection
coefficient.
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3.4.5 Influence of the porosity of the inner duct

Setup

The porosity gradient of the inner duct is now varied (see Figure 3.14).
The porosity at the outlet is kept constant at 20 %, since this value is the
lower limit for the inner duct to be acoustically transparent. Higher
values will not change a lot the acoustics, but the flow will be more
disturbed. The porosity at the inlet in varied form 0% to 20%, and is
always varying linearly between the value at the inlet and at the outlet.

The following parameters are used in this calculation:

L = 0.4 m, rm = 10 cm, σmax = 20 %, phi_cont = 1 (3.19)

Figure 3.14: Porosity of the inner duct

Results

The results are plotted in Figure 3.15.

Analysis

Figure 3.15 shows that a smooth porosity gradient (when por_min =

0 %), decreases the reflection coefficient at higher frequencies. The ef-
fect at low frequencies is negligible. As a conclusion, if a porosity gra-
dient can be manufactured it should be done, rather than perforating
regularly the inner duct over the whole muffler length.
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(a) σinlet = 0%

(b) σinlet = 10%

(c) σinlet = 20%

Figure 3.15: Influence of the porosity of the inner duct on the reflection
coefficient.
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3.4.6 Influence of the flow resistivity of the throttle

Setup

The flow resistivity of the throttle is now varied, and the influence on
the reflection coefficient studied.

The following parameters are used in this calculation:

L = 0.4 m, rm = 10 cm, σinlet = 0 %, σoutlet = 20 % (3.20)

Results

The results are plotted in Figure 3.16.

Analysis

Figure 3.16 shows that the flow resistivity of the throttle has negligi-
ble impact on the overall reflection coefficient. As a consequence, the
throttle can just be made of a practical material (maybe foam), that is
easy to shape. It is however important to try to limit flow noise created
by the throttle.
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(a) phi_cont = 1

(b) phi_cont = 10

Figure 3.16: Influence of the flow resistivity of the throttle.
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3.4.7 Conclusions on muffler design

Validity of the results

As stated in the introduction of this section, the model used for the
porous material is not validated for high flow resistivity, especially at
low frequencies. For a muffler of 10 cm radius, with phi_cont_liner =

10, the flow resistivity of the liner is Rliner = 50× 103 Pa s/m2, which is
above the limit found in (3.13). However, the modified Delany-Bazley
model by Miki is stable even for low values of f/σ, and has been
proved to give realistic results for these low frequencies [32]. There-
fore, the results that are presented here are at least physically plausi-
ble.

Final design

After the discussion presented in the previous sections, where all pa-
rameters were studied one by one, the following guidelines are given
to build a muffler with a reflection coefficient below 0.4 from 100 Hz

and above.

Table 3.1: Optimized parameters of the anechoic termination.

L = 0.4 m muffler length
rm > 7.5 cm muffler radius
Rliner = 50× 103 Pa s/m2 flow resistivity of the liner
Rthrottle ≈ 50× 103 Pa s/m2 flow resistivity of the throttle
σinlet = 0 % porosity of the inner duct at the inlet
σoutlet = 20 % porosity of the inner duct at the outlet

The density of the glass wool corresponding to a given flow resis-
tivity can be found in [39], from which Figure 3.17 is coming.

A drawing of the muffler in provided in Figure 3.18.
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Figure 3.17: Relation between the flow resistivity and the density of
glass (G) and rock (R) wools [39].
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Figure 3.18: Final dimensions of the muffler.
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3.4.8 Analytical model

In order to validate the solving by the finite element method, but also
in view of gaining knowledge on analytical methods for duct acous-
tics, the results found in the previous sections are going to be com-
pared to analytical computations of the reflection coefficient. The in-
fluence of flow on the reflection coefficient might also be easier to anal-
yse using this analytical model rather than finite element computa-
tions.

The cut-on of the centre part of the muffler is much lower that the
cut-on of the duct, so in principle higher order modes should be in-
cluded in the derivation. However, the plane wave mode only will
be derived, since in the frequency range of interest this mode will
have the largest contribution. As can be seen from the previous plots
of the reflection coefficient, it is larger at low frequencies. Therefore,
the modelling effort should be on low frequencies, where only plane
waves propagate. The method given below is inspired by the chapter
on duct acoustics in [31]. However, multiple errors were found in [31]
so the whole derivation is provided here to correct these errors.

Description of the problem

The studied muffler is made of two domains, the centre called C and
the absorber called A. The definitions- of the calculation parameters is
given in Figure 3.19.

Figure 3.19: Parameters used for the analytical derivation of the reflec-
tion coefficient.

As in the previous sections, the liner is modelled by a Delany-
Bazley-Miki equivalent fluid, with properties ka and Za.
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Governing equations

As only the first mode is studied, the pressure takes the following form
in the two regions [31]:

pc(r, x) = PcJ0(εar)e
−Γx in C (3.21)

pa(r, x) = (BJ0(εcr) + CY0(εar))e
−Γx in A (3.22)

where the radial wave-numbers are:

ε2c = Γ2 + k2
0 (3.23)

ε2a = Γ2 + k2
a (3.24)

The radial acoustic velocity is obtained by the following formulas:

uc =
i

k0Z0

∂pc
∂r

= −i εc
k0Z0

PcJ1(εcr)e
−Γx (3.25)

ua =
i

kaZa

∂pa
∂r

= −i εa
kaZa

(BJ1(εar) + CY1(εar))e
−Γx (3.26)

where the derivation formulas for Bessel and Neumann functions have
been used.

At the interface r = rd, the surface admittance in domain C is:

G =
uc
pc

= −i εc
k0Z0

J1(εcrd)

J0(εcrd)
(3.27)

⇔ εcrd
J1(εcrd)

J0(εcrd)
= iGk0Z0rd (3.28)

In domain A, two boundary conditions exist: at r = rd and r = rm.

• at r = rm:

ua(rm) = 0 (3.29)

⇔C = −BJ1(εarm)

Y1(εarm)
(3.30)

C = −BC0 , C0 =
J1(εarm)

Y1(εarm)
(3.31)

• at r = rd:

Ga =
ua
pa

(r = rd) = −i εa
kaZa

× J1(εard)− C0Y1(εard)

J0(εard)− C0Y0(εard)
(3.32)
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and
1

Ga

= Zs +
1

Gc

(3.33)

where Zs is the transfer impedance of the perforated plate lo-
cated between the centre and the liner. Without this transfer
impedance, the BC at r = rd becomes:

Ga = G (3.34)

⇔ εcrd
J1(εcrd)

J0(εcrd)
=
k0

ka

Z0

Za
εard ×

J1(εard)− C0Y1(εard)

J0(εard)− C0Y0(εard)
(3.35)

Finally, the system of equations to solve to find the propagation
constant Γ is:

εcrd
J1(εcrd)

J0(εcrd)
=
k0

ka

Z0

Za
εard ×

J1(εard)− C0Y1(εard)

J0(εard)− C0Y0(εard)

C0 =
J1(εarm)

Y1(εarm)

ε2c = Γ2 + k2
0

ε2a = Γ2 + k2
a

(3.36)

The solving can be done in Matlab, using the function vpasolve. The
initial value for Γ is Γ = ik0 for the lowest frequency, and the solu-
tion is taken as the initial guess for next frequency. The propagation
wavenumber is defined as: kx = Γ/i.

Transfer matrix formulation

In order to derive the reflection coefficient, and to take into account the
finite length of the muffler, its transfer matrix for plane waves will be
derived from the solution of the previous system of equations.

A modeshape can be defined for all r:

ψ(r) = J0(εcr) for 0 < r < rd (3.37)
ψ(r) = B(J0(εar)− C0Y0(εar)) for rd < r < rm (3.38)

and the pressure is then written for all r:

p(r, x) = p+ψ(r)e−ikxx + p−ψ(r)eikxx (3.39)
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The continuity of the volume flow (and as a consequence continu-
ity of the acoustic velocity) is written across the liner surface to find
the constant B:

ua(rd) = uc(rd) (3.40)

⇔ B =
kaZaεc
k0Z0εa

J1(εcrd)

J1(εard)− C0Y1(εard)
(3.41)

If there is no transfer impedance between the liner and the centre duct,
then this condition is equivalent to the continuity of the pressure.

The pressure is not constant in the cross section. Therefore, to allow
the use of plane wave formulas, and to compute the transfer matrix
of the muffler, the solution needs to be transferred to the plane wave
formalism.

Peat [34] proposes to use the average of the pressure over the cross
section, and the total volume flow. The integrals of ψ over the regions
A and C are defined:

Ψc =

∫∫
C

ψ(r)dS Ψa =

∫∫
A

ψ(r)dS (3.42)

The mean pressure then reads:

p̄(x) =
Ψc + Ψa

St
(p+e

−ikxx + p−e
ikxx) (3.43)

The acoustic velocity in the two regions is obtained by:

uc(r, x) =
i

k0Z0

∂pc
∂x

=
kx
k0Z0

(
p+ψ(r)e−ikxx − p−ψ(r)eikxx

)
(3.44)

ua(r, x) =
i

kaZa

∂pa
∂x

=
kx
kaZa

(
p+ψ(r)e−ikxx − p−ψ(r)eikxx

)
(3.45)

and the total volume flow is:

q̄(x) =

∫∫
C

ucdS +

∫∫
A

uadS (3.46)

=

(
kx
k0Z0

Ψc +
kx
kaZa

Ψa

)(
p+e

−ikxx − p−eikxx
)

(3.47)

Let α and β be:

α =
Ψc + Ψa

St
(3.48)

β =
kx
k0Z0

Ψc +
kx
kaZa

Ψa (3.49)
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so that:

p̄(x) = α(p+e
−ikxx + p−e

ikxx) (3.50)
q̄(x) = β

(
p+e

−ikxx − p−eikxx
)

(3.51)

Equations (3.50) and (3.51) can be used to derive the transfer matrix
of the silencer element, by computing the pressure and volume flow at
x = 0 and x = L, and by removing p+ and p− from the equations:

p̄(0) = α(p+ + p−)

q̄(0) = β(p+ − p−)

p̄(L) = α(p+e
−ikxL + p−e

ikxL)

q̄(x) = β
(
p+e

−ikxL − p−eikxL
) (3.52)

which leads to:[
p̄(0)

q̄(0)

]
=

[
cos(kxL) iα

β
sin(kxL)

iβ
α

sin(kxL) cos(kxL)

] [
p̄(L)

q̄(L)

]
(3.53)

=

[
T11 T12

T21 T22

] [
p̄(L)

q̄(L)

]
(3.54)

where:
α

β
=
k0Z0

kxSt

1 + Ψa

Ψc

1 + k0Z0

kaZa

Ψa

Ψc

(3.55)

The Transmission Loss (TL) can then be computed as [31]:

TL = 20 log10

(
|T11 +

T12

Zduct
+ T21Zduct + T22|

)
(3.56)

and the reflection coefficient (with an open end on the right hand side):

R =
1− T22/T12Zduct
1 + T22/T12Zduct

(3.57)

However, as it will be shown in the following section with the sim-
ulation results, the method used by Peat gives erroneous results for
high flow resistivity. Indeed, he assumes that it is the mean pressure
over the whole muffler cross section that is equated to the pressure of
the the inlet or outlet duct. When the flow resistivity of the liner is
high, wave do not propagate close to the wall, and the effective cross
section is smaller. Peat claims he simplified the method by Cummings
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and Chang [11], but the boundary conditions at the muffler ends given
by Cummings and Chang differ from the ones used by Peat and pre-
sented here above.

Cummings and Chang do not assume that the mean pressure over
the cross section is constant at the inlet and outlet discontinuities, and
instead applies the exact boundary conditions. Here only the solution
for the first mode is presented.

The pressure field in the inlet duct is:

p0(r, x) = p0+e
−ik0x − p0−e

ik0x (3.58)

and in the muffler:

p1(r, x)p(r, x) = p+ψ(r)e−ikxx + p−ψ(r)eikxx (3.59)

Cummings and Chang assume that:

• p1(r, 0) = p0(r, 0) for 0 < r < rd

• u1(r, 0) = u0(r, 0) for 0 < r < rd

• u1(r, 0) = 0 for rd < r < rm

which are the exact boundary conditions at the inlet of the muffler.
The integration of the pressure continuity equation gives:

(p0+ + p0−)Sc = (p+ + p−)Ψc (3.60)

The equations of the acoustic velocity continuity are multiplied by
ψ and integrated as well:

(p0+ − p0−)

∫∫
C

ψ(r)

Z0

dS = (p+ − p−)

(∫∫
C

ψ(r)2kx
k0Z0

dS +

∫∫
C

ψ(r)2kx
kaZA

dS

)
(3.61)

⇔ (p0+ − p0−)
Ψc

Z0

= (p+ − p−)

(
kx
k0Z0

∫∫
C

ψ(r)2dS +
kx
kaZa

∫∫
A

ψ(r)2dS

)
(3.62)

Equations (3.60) and (3.62) can be rewritten in terms of pressure
and volume flow:

p0+ + p0− = (p+ + p−)
Ψc

Sc
(3.63)
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(p0+−p0−)
Sc
Z0

= (p+−p−)
Sc
Ψc

(
kx
k0Z0

∫∫
C

ψ(r)2dS +
kx
kaZa

∫∫
A

ψ(r)2dS

)
(3.64)

and we can then define α and β to get the same notations as in (3.54):

α =
Ψc

Sc
(3.65)

β =
Sc
Ψc

(
kx
k0Z0

∫∫
C

ψ(r)2dS +
kx
kaZa

∫∫
A

ψ(r)2dS

)
(3.66)

which gives:

α

β
=

(
Ψc

Sc

)2

kx
k0Z0

∫∫
C
ψ(r)2dS + kx

kaZa

∫∫
A
ψ(r)2dS

(3.67)

The continuity equations have been derived for the inlet, and the
same holds for the outlet. Therefore the derivation of the transfer ma-
trix presented above is the same here, but substituting α and β by their
new values. The transmission loss is also obtained this way.

Results

The analytical solution in a simple case, with no perforated plate be-
tween the centre and the liner, is compared to finite element results
obtained with Comsol. This allows to check the validity of the Comsol
model in a simple case.

The transmission loss obtained with the boundary-conditions of
Peat, and Cumming and Chan, are compared with the results of Com-
sol for different flow resistivity in Figure 3.20 (see Section 3.4.1 for the
definition of phi_cont).
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(a) TL obtained with the BC of Peat.
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(b) TL obtained with the BC of Cummings.
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Figure 3.20: Comparison of the TL and reflection coefficient obtained
with the analytical model and Comsol results.
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Figure 3.20 shows that the two types of boundary conditions (Peat
or Cummings and Chang) give similar TL for low flow resistivity, but
for high resistivity the boundary conditions by Peat give completely
erroneous results, whereas the ones by Cummings give the same re-
sults as Comsol.

The reflection coefficient predicted by Peat is completely erroneous.
The one obtained with the Cumming and Chang boundary conditions
is similar to the one obtained by Comsol for higher flow resistivity. The
discrepancy for lower flow resistivity is not explained. However, the
smallest reflection coefficient is found with high flow resistivity where
the model give similar results to Comsol.

As a conclusion, the analytical model with the boundary conditions
by Cumming and Chang and the Comsol model gives similar results in
the flow-resistivity range of interest, which validates the use of either
model to optimise the muffler design.

3.4.9 Measurement of the muffler reflection coefficient

In order to validate the muffler modelling in Comsol and the analyti-
cal model, measurements of the muffler reflection coefficient were per-
formed.

The muffler was filled with acoustic foam, and not glass- or rock-
fibre, for practical reasons. However, the flow resistivity of the foam is
unknown. Therefore, the measured reflection coefficient might differ
from the calculated one. The goal of this comparison is also to make
sure that the filling material of the muffler is optimal. If the measured
reflection coefficient is much higher than the computed one, it could
be because of the filling material that does not have the right flow re-
sistivity.

The muffler is measured by removing the loudspeaker section, and
by connecting directly the microphone section to the muffler on the
outlet side of the rig. The same measurement as for the 2-port scatter-
ing matrix is carried out, as it also provides the reflection coefficient at
the rig ends. This is done with no flow. As there are no loudspeaker
mounted on the outlet side, the reflection coefficient of the inlet side is
not measured, but we don’t need it here.

The comparison of the calculated reflection coefficient and the mea-
sured one is plotted in Figure 3.21.
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Figure 3.21: Comparison of the measured reflection coefficient and the
Comsol simulation.

Figure 3.21 suggests that the flow resistivity of the filling material
is between phi_cont = 1 and phi_cont = 10, corresponding to values of
Rf ∈ [5000− 50000]Pa s/m2.

A new Comsol simulation is run with an updated model for the
flow resistivity: the Delany-Bazley model is used with Qunli coeffi-
cients, that are more suited for open foams [10]. The flow resistivity is
varied in the range phi_cont = [4− 10]. The results are compared with
the measured reflection coefficient in Figure 3.22.
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Figure 3.22: Comparison of the measured reflection coefficient and the
Comsol simulation with updated model for the porous material.

Figure 3.22 exhibits a very good agreement between the measured
and the computed reflection coefficient, when the flow resistivity of
the foam is tuned to an appropriate value. The predicted and mea-
sured reflection coefficients agree well for Rf = 30 000 Pa s/m2. This
value is a realistic value for the type of foam that was used.
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To conclude, the modelling in Comsol coincides well with the mea-
sured reflection coefficient for a flow resistivity of the filling material
Rf = 30 000 Pa s/m2. The previous modelling in Comsol shows that
the reflection coefficient of the muffler could be decreased further if a
material with a higher flow resistivity were used. At 500 Hz, the reflec-
tion coefficient could be decreased from 0.5 to 0.2, which is a significant
improvement. However, the muffler is not the only source of reflec-
tions at the termination, the loudspeaker side-branches will also cre-
ate reflections. If the reflections due to the loudspeakers are high, they
will dominate over the muffler reflections and improving the muffler
further will not improve the total reflection coefficient. This will be
discussed further in next section.

3.4.10 Prediction of the reflection coefficient of the
total rig termination

The total reflection coefficient of the rig termination is now derived. It
includes the reflections due to the loudspeaker side-branches and the
reflections due to the muffler. This computation should give an insight
on whether it is worth it to improve further the muffler (it can be done
a shown in previous section), or whether the loudspeakers reflection
will dominate over the rig reflection. It the latter case, improving the
muffler will have negligible effect on the total reflection coefficient.

Method

The loudspeaker side-branch impedance has been measured (see Sec-
tion 3.3.3), and the reflection coefficient of the muffler too (Section
3.4.9). The full rig termination can be described in the transfer matrix
formalism, which will then allow to derive the reflection coefficient.

The geometry and the model of the rig termination is described in
Figure 3.23.

Figure 3.23: Model of the rig termination.
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• The transfer matrix of a straight duct section has been derived in
Section 2.3.1, so T1, T2, T3, and T4, can be computed.

• The loudspeaker side branch impedance is known, and the trans-
fer matrix of the side branch can be expressed in terms of this
impedance as explained in Section 3.3.3.

TLP =

[
1 0

1/ZLP 1

]
(3.68)

• The reflection coefficient of the muffler can be converted to an
end impedance, which is then easy to insert in a transfer matrix
model.

Zm =
1 +Rm

1−Rm

Zduct (3.69)

The total transfer matrix is computed:

Ttot = T1 TLP T2 TLP T3 TLP T4 (3.70)

The pressure and volume flow at the left side can be written as:[
p1

q1

]
= Ttot

[
p1

q1

]
= Ttot

[
Zm
1

]
q2 (3.71)

The reflection coefficient Rtot can finally be expressed as:

Rtot =
p1 − Zductq1

p1 + Zductq1

(3.72)

where Zduct is the characteristic impedance of the measurement duct.
q2 can be set to 1 in equation 3.71 as only the ratio between p1 and q1

will is used in equation 3.72.

Results

First, the method to derive the reflection coefficient of the total rig ter-
mination is tested on a case that could easily be measured: with 3 nor-
mal loudspeakers on each side.

Figure 3.24 shows that the method to compute the rig reflection
coefficient is valid, as the difference between the computed and mea-
sured reflection coefficient is small. The error is likely to come from



80 CHAPTER 3. TEST RIG DESIGN

Frequency (Hz)
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

R

0

0.5

1

LP_normal
Ra measured

Figure 3.24: Total rig reflection coefficient with 3 normal loudspeakers
mounted (no filling in the front cavity).
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Figure 3.25: Comparison of the rig reflection coefficient with the initial
design of the loudspeaker holders, and with the filling in the front
cavity.

errors on the distances between the loudspeakers, as these are not easy
to measure for practical reasons.

The calculated reflection coefficient with 3 normal loudspeaker, and
with 3 filled loudspeakers are now compared in Figure 3.25.

It appears that the filling of the front cavity is a efficient way to
reduce the reflections due to the loudspeaker side-branches. At 500 Hz,
R is decreased from 0.7 to 0.3, and above 800 Hz R is almost always
below 0.5.

Finally, the influence of the muffler reflection coefficient Rm on the
total reflections is analysed. This is done in the case where three loud-
speakers with the filling in the front cavity are mounted on the rig.

The muffler reflection coefficient is reduced artificially: its ampli-
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tude is divided by 2 (the phase remains unchanged). This reduction in
Rm represents a great improvement of the muffler. The total reflection
coefficient with the modifiedRm and the realRm are compared to each
other in Figure 3.26.

Frequency (Hz)
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

R

0

0.5

1

Filled, R
m

Filled, R
m

/2

Figure 3.26: Influence of the muffler reflection coefficient on the total
reflections.

The muffler reflection coefficient Rm appears to have negligible in-
fluence on the overall reflections in the rig. This means that is is useless
to try to reduce Rm further, even if it can be done as demonstrated in
Section 3.4.9.



82 CHAPTER 3. TEST RIG DESIGN

3.5 Overall dimensions

The geometry of the rig is given in Figure 3.27a for the inlet side, and
in Figure 3.27b for the outlet side. The definitions of the length param-
eters is also given in these figures.

The final dimensions of the rig are given in Table 3.2.

Table 3.2: Dimensions of the test-rig in m

Dimension Inlet Outlet
d 0.0357 0.0357
l 0.15 0.35
s1 0.025 0.025
s2 0.17 0.17
lsp 0.35 0.1
sp1 0.1 0.1
sp2 0.1732 0.1732
lm 0.05 0.05
lf - -

The reasons that led to the choice of these dimensions will be dis-
cussed in the following paragraph, for all dimensions introduced in
Figure 3.27.
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(a) Inlet

(b) outlet

Figure 3.27: Drawing of the outlet section of the test-rig. In blue: op-
tional devices.
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3.5.1 Inlet

• l : distance test-object / first microphone
The test object will behave as a source of sound, which is not a
plane-wave source. Therefore, higher-order modes will be ex-
cited around the test object, and they are not taken into account
in the theoretical analysis of the source as a 2-port element. There-
fore, the higher order modes (that do not propagate below f c10)
must have decayed sufficiently at the microphones locations. Us-
ing Equation (2.15), the characteristic propagation length of higher
order modes can be estimated:

lcor =
c(1−M2)

2π
√
f c2 − f 2

(3.73)

The first cut-on frequency is f c10 = 5630 Hz. At low frequencies
lcor will be very small, so the maximum lcor is given by the high
frequency limit that is to be studied. For 5 kHz, and for small
Mach numbers, lcor is:

lcor(5 kHz) =
343

2π
√

56302 − 50002
= 7 mm (3.74)

This means that 5lcor = 35 mm away from the source, all higher
order modes have decayed by more than 99 %, for all frequencies
below 5 kHz.

Therefore, all microphones should be located at least 35 mm away
from any irregularity in the duct, so l > 35 mm. A safe rule of
thumb exists to estimate the size of the near-fields, saying that at
least 3 ducts diameters should be left between any microphone
and any irregularity in the duct. This rule is more on the safe
side than the rule that has just been derived.

• s1 and s2 : spacing between microphones
The spacing between the microphones has already been discussed
in Section 3.2.

• lsp : distance between the microphones and the loudspeakers
At the loudspeaker location a relatively large part of the duct
wall is perforated to allow the generated sound wave to enter
the duct. This has two effects: on the one hand near fields are
created, but as explained previously the length of the near fields
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is relatively small (about 35 mm at most); on the other hand, the
flow profile is disturbed. The length for fully developed flow
to build up is the entrance length, which can be estimated as
lentrance = 10D (see Equation (2.7)).

As a consequence, the distance between the loudspeakers and
the microphones should be at least lsp = 10D = 35 cm.

• sp1 & sp2 : spacing between the loudspeakers
As explained in Section 3.3.2 the ratio of the distances between
the speakers must be an irrational number. Here sp1

sp2
=
√

3.

• lm & lf : size of the termination
These distances are not very important, and can be adjusted to
fit the size of the muffler and flow meter. There is a long-enough
distance after the loudspeakers for the flow to get fully devel-
oped.

3.5.2 Outlet

The same principles as for the inlet apply for the outlet. There are a
few differences that will be commented on here.

• l : distance test-object / microphones
This distance needs to be larger on the downstream side than on
the upstream side. Indeed, the test object disturbs a lot the flow
(especially if it is a fan), and this excites acoustic near fields, and
the flow profile is no longer fully developed. As explained for the
inlet section, the length for the flow to become fully developed is
approximately 10D, so l should be larger than 35 cm.

• lsp : distance between the microphones and the loudspeakers
On the contrary, the flow perturbation created by the speakers
on the downstream side will not be felt by the microphones, so
lsp can be smaller on the downstream side. It should just be large
enough for the near-fields to decrease.

• The microphone and loudspeaker spacing obey the same rule as
for the inlet section.
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3.6 Post-processing code

The code follows exactly the procedure described in Section 2.2.2. It is
written in Matlab. It takes the following inputs:

• Matrices of the cross spectrum between the microphones and
the loudspeaker signal for the passive part, for the different test
cases.

• Matrix of the cross spectrum between the loudspeaker signal and
the microphones during the dynamic calibration.

• A file with all the calculation parameters. It contains the temper-
ature, static pressure, mean velocity, duct diameter, microphone
spacings, loudspeaker spacings for the two sides a) and b).

• A matrix with the cross-spectrum between all microphones dur-
ing the measurement of the active part.

and provides the following outputs:

• Scattering matrix S

• Transmission loss across the fan in the downstream and upstream
directions

• Reflection coefficients of the duct terminations

• Source cross spectrum matrix

• Source coherence



Chapter 4

Test rig validation

In this whole section, the results are those for the un-throttled fan at
maximum speed, unless specified. This test case is chosen because it is
the most complicated one: the Mach number is highest, and flow noise
is strongest. What is observed with the fan at maximum speed can be
observed with the other speeds, but will be less obvious.

4.1 Preliminary measurements

4.1.1 Reference measurements

Direct connection of inlet and outlet ducts

A first known test case is measured, to check that the procedure works.
The test object is simply removed, and the inlet and outlet sections are
directly connected to each other. There should therefore not be any
scattering at this connection. The diagonal elements of the scattering
matrix should be equal to 0, and the non-diagonal elements should be
equal to 1.

87



88 CHAPTER 4. TEST RIG VALIDATION

1000 2000 3000 4000 5000

Frequency (Hz)

0

0.5

1
S11

1000 2000 3000 4000 5000

Frequency (Hz)

0

0.5

1
S12

overdetermination

1000 2000 3000 4000 5000

Frequency (Hz)

0

0.5

1
S21

1000 2000 3000 4000 5000

Frequency (Hz)

0

0.5

1
S22

(a) Amplitude

1000 2000 3000 4000 5000

Frequency (Hz)

-200

0

200

P
h

as
e 

(d
eg

)

S11

1000 2000 3000 4000 5000

Frequency (Hz)

0

5

10

15

P
h

as
e 

(d
eg

)

S12

overdetermination

1000 2000 3000 4000 5000

Frequency (Hz)

0

5

10

15

P
h

as
e 

(d
eg

)

S21

1000 2000 3000 4000 5000

Frequency (Hz)

-200

0

200

P
h

as
e 

(d
eg

)

S22

(b) Phase

Figure 4.1: Amplitude and phase of the scattering matrix of the junc-
tion between the inlet and outlet duct.
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Figure 4.1 shows that the measured scattering matrix is very close
to the expected matrix. Indeed, the maximum error on the amplitude
is 4% (at 4500 Hz), and the maximum phase deviation is 10o, equivalent
to 3% error. The phase of S11 and S22 look random, but this is normal
since the amplitude is very close to zero, so the phase is not defined.

The amplitude error seems to increase towards high frequencies,
suggesting that the attenuation model that has been used is not com-
pletely accurate. Another reason could be that the junction between
the duct section where the microphones are mounted and the mea-
surement duct section, which is made of soft rubber, absorbs some
energy. The wave decomposition also becomes less accurate at higher
frequencies, as explained in Section 2.2.1.

The phase error is a bias error, that could be due to length errors
(microphone locations, pipe length). At 5000 Hz, a 3% error on the
phase is equivalent to a 0.03 ∗ 340

5000
= 2 mm error on a length. It is

possible that there is a 2 mm error overall on the duct lengths and mi-
crophones locations. The vibration isolators placed between the mi-
crophone section and the fan are quite difficult to mount properly.
They deform slightly and their effective length might be larger than
1 mm, which is the theoretical value and the value used in the post-
processing.

Scattering of a rubber connection

Rubber connections are used to connect the microphones and loud-
speaker sections, as well as the fan section to the microphone section.
They serve as vibration isolators. As they are not modelled during the
post-processing, we implicitly assume that no scattering occurs across
them. To check this assumption, the inlet and outlet duct sections are
connected with a rubber isolator, and the scattering is measured. The
results are shown in Figure 4.2.

The scattering of the rubber junction is very similar to the one of
the direct connection. The difference between the rubber and the direct
connection is smaller than the error on the measurement of the direct
connection. This means that given the limited measurement accuracy,
the rubber connection behaves as a direct connection, and does not
need to be modelled during the post processing of the data.
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Figure 4.2: Amplitude and phase of the scattering matrix of a rubber
junction.
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4.1.2 Holder properties and holder-removal process
validation

As explained in Section 2.3, an analytical model of the holder is re-
quired to extract the fan data from the fan plus holder data. The holder
model that is used is validated here, as well as the full holder removal
process.

Validation of the holder model

The fan is removed from the holder, and the inlet and outlet parts of
the holder are connected together. The resulting empty space between
the inlet and outlet part is very thin so its scattering matrix is very close
to the unit matrix. The transfer matrix of the total holder is computed
using the method described in Section 2.3. It is then converted to a
scattering matrix and compared to the measured scattering matrix of
the complete holder, with no fan mounted in it. The result of this pro-
cess, for a measurement of the empty holder without flow is plotted in
Figure 4.3.
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Figure 4.3: Scattering matrix complete holder with no fan, measured
and calculated without flow.

Figure 4.3 shows that the holder model agrees well with the mea-
sured scattering matrix, except that the measured attenuation is larger
than predicted. This could be due to the high surface roughness of
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the holder, which has been 3D printed. The lines of the printer are
apparent, are could increase the thickness of the acoustic boundary
layer. To have an idea of whether the surface roughness could have
an impact on wave propagation, the roughness size should be com-
pared to the thermal and viscous acoustic boundary layers δth and δν .
The thickness of the acoustic boundary layers has been plotted in Fig-
ure 2.2 in Section 2.1.3. This plot shows that they are much smaller
than 0.3 mm above 100 Hz. The surface roughness is hard to measure,
so only a very rough estimate can be given here. It is assumed to be
around 0.1 mm, which is in the same order of magnitude as the bound-
ary layer at 100 Hz, and thicker than the boundary layer above. So this
surface roughness can definitely create increased attenuation during
the propagation of acoustic waves in the holder.

The most simple solution to take into account this increased atten-
uation is to tweak the shear wave-number (see Section 2.1.3 for defini-
tion) by dividing it by a scalar parameter, so that the estimated transfer
matrix of the total holder fits the measured one. This is equivalent to
increasing the dynamic viscosity of air. The result of this operation is
plotted in Figure 4.4. The shear number has been divided by 3.
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Figure 4.4: Scattering matrix complete holder with no fan, measured
and calculated, with increased attenuation.

The computed and the measured scattering matrix now agree very
well, suggesting that the attenuation in the holder is indeed higher
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than in the rest of the rig.

The attenuation model by Dokumaci is used to predict the wave
propagation in the system. This model does not take into account tur-
bulent losses. In Section 2.1.3, it was shown that turbulent losses are
negligible in the measurement duct. However, the diameter of the sec-
tion where the fan is mounted is smaller than the measurement duct
section, so turbulent losses may be higher in there. The attenuation
model by Howe (see Section 2.1.3) takes into account these losses, so it
can be used to analyse their relative importance. The attenuation co-
efficients α+ predicted by the Dokumaci and Howe models are com-
pared in Figure 4.5.
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Figure 4.5: Attenuation coefficient in the central part of the holder,
which has a diameter d = 25.2 mm, M = 0.1.

Figure 4.5 shows that the turbulent losses matter below 300 Hz; so
they can explain part of the increased attenuation that was measured
in Figure 4.4. They should therefore be included in the holder model
that will be used to remove the holder’s influence on the measured
data, if very accurate data is searched for at low frequencies.

Validation of the holder removal process

The method to extract the fan scattering from the holder scattering
has been derived in Section 2.3.1. The model of the holder has been
validated in the previous section, and can now be inverted to extract
the scattering of the fan only. The same test case, with no fan mounted
is used for the validation, as the scattering of the resulting empty space
is known.
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The scattering matrix of a 1 mm-long straight pipe is compared to
the measured transfer matrix of the space between the inlet and outlet
holder in Figure 4.6.
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Figure 4.6: Scattering matrix of the centre part of the holder, measured
and calculated.

The measured scattering matrix is close to the transfer matrix of
an expansion chamber of the right dimensions, but there is a drop at
2200 Hz in the reflection coefficients that should not be present. This
could be due to an error in the holder model (see Section 2.3.1). But this
is surprising since the holder model has been validated in the previous
section.

The validation that has been done in this section was made is a
no-flow case. As the holder model will be used every time the fan
2-port is derived, it is of primary importance to be confident in the
quality of this model. Otherwise, any error in the holder model will be
transferred to the fan 2-port during the inversion process (see Section
2.3). Therefore, it is important to validate the holder model with flow
too.

Holder model validation with flow

The previous plots were derived and measured without flow. The
holder model should also be validated with flow. An external blower
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in vacuum mode is mounted at the outlet of the rig, so that flow can
be created in the rig without mounting the fan in it. The process de-
scribed in the previous section is performed with flow: the scattering
matrix of the empty holder is measured for different flow speeds and
plotted against the no-flow case in Figure 4.7.
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Figure 4.7: Scattering matrix complete holder with no fan, for different
flow speeds.

Figure 4.7 shows that the scattering of the holder does not depend
much on flow. This is a common result for smooth duct parts, where
there is no flow separation. A comparison between measurements and
the analytical model is shown in Figure 4.8 for the highest flow rate
that the fan can create (no measurement will be performed at a higher
flow-rate). This demonstrates that the analytical holder model remains
accurate to describe the holder with flow.

4.1.3 Reduced number of microphones

All the results that have been presented so far have been calculated us-
ing four microphones on each side of the test object. A large number of
microphones allows to over-determine the linear systems of equations
(both for scattering matrix and source spectrum computations), and
this over-determination has been proven to increase the measurement
accuracy by a number of papers [5, 22, 21]. However, microphones are
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Figure 4.8: Scattering matrix complete holder with flow, measured and
analytical.

expensive, and in view of industrial use of a 2-port rig the number of
microphones has to be minimized. It is impossible to measure prop-
erly the 2-port data with only two microphones on each side as dis-
cussed in Section 4.1.3, but three microphones on each side should be
sufficient to obtain accurate results. Therefore, the full post-processing
will here be tested with only three microphones on each side, and the
best choice of the three microphones to keep will be given.

Scattering matrix

The data used for this discussion has been measured with three loud-
speakers on each side. The fan is running at maximum speed and
is not throttled. 5000 averages are carried out to estimate the fre-
quency response functions between the loudspeaker signal and the
microphones. All combinations of three microphones give very simi-
lar results, and the difference between the three configurations is most
visible on the amplitude of S11, the first coefficient of the scattering
matrix. This coefficient is plotted in Figure 4.9.

The combination of three microphones that gives the best fit to the
result obtained with four microphones (which is considered to be the
most accurate) is combination {1,3,4}. Indeed, combination {1,2,4} is
excluded directly, as it deviates most from the four microphones re-
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Figure 4.9: Comparison of the amplitude of the first coefficient of the
scattering matrix obtained with the different combinations of three mi-
crophones, and the value obtained using the four microphones.

sult. This is because {1,2,4} does not have any very short microphone
seperation, and this seems to limit the accuracy at higher frequencies.
The results with {1,2,3} and {1,3,4} are very close to each other over the
whole frequency range, except in the very low end of the spectrum.
Combination {1,3,4} has a larger microphone separation and behaves
therefore better at low frequencies than {1,2,3}.

As a conclusion, microphone array {1,3,4} is the best for the deter-
mination of the scattering matrix.

Source spectrum

The data used for this discussion has been measured with one loud-
speaker on each side, with the front cavity volume reduced by a filling
part. The fan is running at maximum speed and is not throttled. 5000
averages are carried out to estimate the frequency response functions
between the loudspeaker signal and the microphones, and to compute
the cross-spectra for the active part.

The analysis of Figure 4.10 is very similar to what was said about
Figure 4.9. Again, combination {1,3,4} behaves better than the others,
for the same reasons (it has both long and short microphone separa-
tions).

To conclude, only three microphones can be used during the mea-
surement with negligible loss of accuracy. The best combination of
microphones to keep is {1,3,4}.
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Figure 4.10: Comparison of the amplitude of Gs(1, 1) obtained with
the different combinations of three microphones, and of the result ob-
tained using four microphones.

4.1.4 Mach number and temperature measurement

As explained is Section 2.2.2, the Mach number can be obtained from
an optimization process using the pressures at the microphones loca-
tions. This procedure which is quite general can be further developed
to also optimize the temperatures on inlet and outlet sides for example.

As a first check the optimisation is run in a no-flow case. The Mach
number should therefore be zero. The optimisation is run with initial
values far away from the measured values, to check its robustness. The
initial Mach number isM = 0.1, and the initial temperatures Ta = Tb =

0oC. The optimization results are compared to measurements in table
4.1.

Table 4.1: Optimization results with 3 microphones, no flow. Measure-
ments performed at Dyson.

Table 4.1 gives the accuracy of the Mach number measurement.
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The optimized Mach number should be zero. The error in measure-
ments with flow can be assumed to be of the same order of magni-
tude: δM ≈ ±0.001. This error is likely to come from length errors
in the microphone spacing, as it appears to be a bias error. If another
measurement without flow is carried out and the optimisation process
run, the same deviation from zero of the Mach numbers will be found.

A few comparisons between measured Mach number (using a bell-
mouth at the inlet) and optimized Mach number are here given in Ta-
ble 4.2, to validate the optimization procedure with flow.

Table 4.2: Measured and optimized values of the Mach number and
temperature, 3 and 4 microphones used.

Table 4.2 shows that the optimization process gives very realistic
values. The optimized Mach number is close to the one measured by
the bell-mouth, and the temperature at the inlet is close to the mea-
sured temperature.

The difference on the Mach number on inlet and outlet sides can
be explained. On inlet side, the air is expanded, since the pressure is
lower than the atmospheric pressure. On the outlet side, after the fan,
the pressure is increased. That is to say that the density of the air could
be lower on inlet side than on outlet side. For a given mass flow (mass
conservation), the volume flow would therefore be higher at inlet side
than at outlet side, explaining the Mach number difference.

The temperature difference is due to the heating of the fan, that
heats up after running for a while. The temperature of the air that
passed across the fan is therefore higher. On inlet side, the optimized
temperature is very close to the measured one, and the difference is
smaller than the measurement accuracy.
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There are small differences between the optimization results using
3 and 4 microphones. The reason for this could be that other errors on
parameters that are not optimized are transferred to the Mach number
and temperatures. The optimization using 4 microphones will pro-
vide more accurate results, since the system is more overdetermined.
These other errors could come from the relative calibration of the mi-
crophones, or from the dimensions of the rig.

When looking at the measured scattering matrix, the Mach num-
ber and temperature optimization also decreases errors, as can be seen
on the following plots (Figure 4.11). The scattering matrix obtained
with the two-microphone method and the multi-microphone method
is plotted before and after the optimization process.

The amplitude of the peaks of the two-microphone method is de-
creased when optimization is used, and the results of the two-microphone
method get closer to those of the multi-microphone method.

To conclude, the optimization procedure proved itself very efficient
in capturing accurate Mach numbers on inlet and outlet sides.



CHAPTER 4. TEST RIG VALIDATION 101

1000 2000 3000 4000 5000

Frequency (Hz)

0

0.5

1
S11

1000 2000 3000 4000 5000

Frequency (Hz)

0

0.5

1
S12mic 1 and 2

mic 1 and 3

mic 1 and 4

mic 2 and 3

mic 2 and 4

mic 3 and 4

overdetermination

1000 2000 3000 4000 5000

Frequency (Hz)

0

0.5

1
S21

1000 2000 3000 4000 5000

Frequency (Hz)

0

0.5

1
S22

(a) Scattering matrix obtained before optimization
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(b) Scattering matrix obtained after optimization

Figure 4.11: Improving the quality of the scattering matrix using opti-
mization.
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4.2 Measurements of the fan scattering ma-
trix

4.2.1 Measurement of the scattering of the fan includ-
ing the holder

Advantage of over-determination

When there are more than two microphones on each side, over-determination
can be used to increase the performance of the plane wave-decomposition.
The power of this method is demonstrated in Figure 4.12, where the
scattering matrix determined only using microphone pairs, and using
over-determination are plotted.
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Figure 4.12: Advantage of over-determination compared to the 2-
microphone method.

Figure 4.12 shows that the two-microphone method is singular when
the microphone separation is a multiple of half a wavelength, as ex-
plained in Section 2.2.1.

It also appears that using the three microphones at the same time,
in an overdetermined system is a better option than trying to select the
microphone pair that is supposed to give the most accurate results in
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a specific frequency range using the boundaries given in Section 2.2.1.

One loudspeaker on each side

If only one loudspeaker is mounted on each side of the test object,
the measured scattering matrix might be of poor quality in some fre-
quency ranges, where the loudspeaker fails to input energy, as ex-
plained in Section 3.3.2. This is clearly visible in Figure 4.13 where
the scattering of the fan for 3 flow-speeds, computed with only one
test case (one LP) on each side, in plotted.
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Figure 4.13: Scattering matrix of the fan at 3 different speeds. Max:
M=0.046; Med: M=0.036; Min: M=0.025. Only one loudspeaker used
on each side.

The measured scattering matrix is very noisy above 4000 Hz, be-
cause of the location of the loudspeaker that is used. The higher the
flow speed, the noisier the scattering matrix. This is due to increased
flow noise, that reduces the signal to noise ratio. To improve the mea-
surement quality, loudspeakers can be added to over-determine the
scattering matrix measurement.

Three loudspeakers on each side

If three loudspeakers are available on each side of the test object, the
scattering matrix, as well as the reflection coefficients at the rig ter-
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minations can be overdetermined. This improves the quality of the
measured data. The scattering matrix of the fan for three flow speeds
is plotted in Figure 4.14.
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Figure 4.14: Scattering matrix of the fan at 3 different speeds. Max:
M=0.046; Med: M=0.036; Min: M=0.025. Three loudspeakers on each
side.

The scattering does not change much with flow, but the attenuation
across the fan increases with flow, which explains the reduced ampli-
tude of the transfer coefficients S12 and S21.

The quality of the measured scattering matrix is largely improved
when there are more test cases (more loudspeakers), as can be seen
by comparing Figure 4.13 and 4.14. The noise is reduced in a large
amount.

A small remark on the reciprocity principle can be made here: with-
out flow the transmission elements of the scattering matrix were equal
(in upstream and downstream directions), but this is no longer the
case with flow. Flow changes the equations of the waves travelling
in upstream and downstream directions, and breaks their symmetry.
Therefore, the basic reciprocity principle is no longer valid.
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4.2.2 Extraction of the fan scattering only

Influence of the holder

The fan scattering can be derived from the scattering of the fan mounted
in the holder using the process described in Section 2.3.

The scattering matrix of the fan is compared to the scattering matrix
of the fan plus holder in Figure 4.15.
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Figure 4.15: Scattering matrix of the including the holder, and with the
holder’s influence removed

There is a quite large difference between the scattering of the fan
only and the scattering including the holder. This highlights that an
accurate model of the holder is necessary to allow to remove properly
all the effects due to the holder.

Repeatability of the measurements

The fan is mounted in its holder by a rubber support, that is quite
soft. The fan in the rubber support is then inserted in a sub-holder
that is finally inserted in the proper holder. This complex mounting
can generate measurement discrepancies, as the acoustic behaviour of
the fan can be influenced by the way it is mounted. To characterise the
influence of the mounting, and check the repeatability of the measure-
ments, the fan is mounted, measured and removed from its holder
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several times. The scattering matrix obtained in each measurement
case is plotted in Figure 4.16.
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Figure 4.16: Variability of the scattering matrix with respect to the
mounting.

The fan scattering matrix varies quite a lot depending on how the
fan is mounted. This suggest that a simpler fan holder should be de-
signed, to increase the measurement repeatability. Suppressing the
rubber support appears to be the most important point. This bad re-
peatability also questions the analysis of the differences between scat-
tering matrices, since any noticeable difference could also just come
from the fan mounting.

4.3 Measurement of the source strength

4.3.1 Standard method for the source strength

Original loudspeakers, 3 on each side

The source strength is computed using the standard method, from a
measurement performed with three loudspeakers on each side. The
original design of the loudspeaker holders is used (no filling part in
the front cavity). The fan is running at maximum speed. The source
spectrum matrix amplitude is plotted in Figure 4.17.
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Figure 4.17: Source spectrum matrix amplitude, with 3 loudspeakers
on each side

Figure 4.17 shows that the spectra are very noisy in the low fre-
quency range, below 700 Hz. This is not physical, the peaks do not
correspond to any characteristic frequency of the fan, and the drops
make no sense, since the level should always be above the broadband
noise generated by the fan, which varies smoothly with frequency.
This means that the source determination method does not work in
that range, or that the measurement are erroneous.

In Section 2.2.3 it has been shown that the condition number of
the matrices C goes to infinity when the reflection coefficients of the
rig terminations are high. If the condition number of C is high, the
standard method for source strength determination becomes singular.
It can easily be checked whether this is the problem causing the un-
physical spectra below 700 Hz by plotting the condition numbers of
the matrices C that are inverted (see Figure 4.18).

The condition numbers are much higher than 1 below 1500 Hz, which
suggest that the standard method is singular in the range where the
source spectrum is inaccurately calculated. As suggested in Section
2.2.3, one way to address this problem is to reduce the rig reflection
coefficients. This can be done by reducing the volume of the loud-
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Figure 4.18: Condition number of the matrices that are inverted in the
standard method for source term determination, with 3 loudspeakers
on each side.

speakers front cavities (see sections 3.3.1, 3.3.3 and 3.4.10 for the design
and the effect of the filling parts).

Filled loudspeakers, 1 on each side

In this section the rig terminations are modified, by removing loud-
speakers (only one remaining on each side), and by reducing the vol-
ume of the front cavity of the remaining loudspeakers. The goal is to
reduce the rig reflection coefficients Ra and Rb as much as possible, so
that the standard method for source term computation is not singular
any more.

The computed source strength is plotted in Figure 4.19.
The large drops and peaks around 500 Hz that were present in the

measurement with 3 loudspeakers on each side have completely dis-
appeared, and the measured spectrum is much more realistic.

To check whether high reflections were the origin of the problem
around 500 Hz, the condition numbers of the new set-up are plotted in
Figure 4.20.

The condition numbers are much lower than in the case with 3
loudspeakers, with no filling. The maximum value has been reduced
from 100 to 5. It is now quite close to one over the whole frequency
range, and there are no large peaks as in the previous case.

To conclude, reducing the rig reflection coefficients by partially fill-
ing the front cavity of the loudspeakers made the matrices C invert-
ible, and the standard method works. The computed source spectrum
is of good quality, compared to the case with three loudspeakers.
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Figure 4.19: Source spectrum matrix amplitude, with 1 loudspeaker on
each side.
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Figure 4.20: Condition number of the matrices that are inverted in the
standard method for source term determination, with 1 filled loud-
speaker on each side.

However, reducing the number of loudspeakers on each side also
has a drawback: the quality of the measured scattering matrix is de-
creased (see Section 4.2).

In Section 3.4.10 is has been shown that the rig reflection coeffi-
cient with three modified loudspeakers (filling of the front cavity) is
still much lower than the reflection coefficient with three original loud-
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speakers. Therefore, measurements with three filled speakers on each
side are now performed.

Filled loudspeakers, 3 on each side

Three speakers with the filling part in the front cavity are mounted on
each side of the rig. The source term of the fan running at maximum
speed and low flow constriction (flow rate 18 L/s) is plotted in Figure
4.21.
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Figure 4.21: Source spectrum matrix amplitude, with three loudspeak-
ers on each side.

The source spectrum matrix plotted in Figure 4.21 is still of good
quality. There are no drops or peaks in the low frequency range, as
those that could be seen with the original design of the speakers. This
finally validates the loudspeaker holder design.

4.3.2 Holder’s influence on the source strength

The holder scattering influences the source term, as explained in Sec-
tion 2.3.1. The source cross-spectrum matrix of the fan is compared to
the source cross-spectrum matrix of the fan plus holder in Figure 4.22.
The fan is running at maximum speed, and the flow rate is 18 L s−1.
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Figure 4.22: Scattering matrix of the fan including the holder (black),
and with the holder’s influence removed (blue)

When the holder’s influence is removed from the measurement,
two things happen:

• The level of all spectra is increased by 3 dB, due to the change of
cross section. Indeed, the cross section of the fan is two times
smaller than the cross section of the measurement duct. The
acoustic intensity in the fan is therefore two times larger, which
explains the shift of 3 dB observed in Figure 4.22.

• The shape of the spectra also changes, and this is due to the scat-
tering of the holder. For example, the wave emitted towards the
inlet in the 2-port including the holder contains part of the wave
emitted towards the outlet by the fan, but reflected by the outlet
holder.

4.3.3 New method for the source strength

The standard method for source term determination is singular when
the reflections at the rig termination are too large. When this happens,
the computed source strength is erroneous in some frequency ranges.
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One way to address this problem is to reduce the rig reflection coeffi-
cients (see previous section), and another option is modify the method
itself, which will be tested here.

A modified method for the source term characterisation has been
derived in Section 2.2.3, and the results of this method in different test
cases are analysed here.

Original loudspeakers, 3 on each side

In the first test case, three loudspeakers with the original design are
mounted on each side of the rig. This test case led to erroneous results
when the standard method is used. The source spectrum computed
with the new method is compared to the standard method in Figure
4.23.
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Figure 4.23: Source spectrum obtained with the new (red) and with the
standard (black) method, 3 original speakers on each side.

The new method behaves much better than the standard one in this
case, is does not exhibit any large peak and drop in the low frequency
range. At higher frequencies, it gives the same results as the standard
method.
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Filled loudspeakers, 1 on each side

To validate the new method, is is also tested against the standard one
in a case where the standard one works. This is the case when only
one loudspeaker is mounted on each side, and when this loudspeaker
is filled in the front cavity.
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Figure 4.24: Source spectrum obtained with the new and with the stan-
dard method, 1 speaker on each side.

Figure 4.24 shows that the standard and the new method give very
similar results. Above 2000 Hz, the new and the standard method give
exactly the same results, and below 2000 Hz the auto-spectra Gs(1, 1)

and Gs(2, 2) seem slightly overestimated by the new method. This
could be due to bad suppression of flow noise in the new method. In-
deed, flow noise is correlated over longer distances at low frequencies,
so it might contribute more to the calculated spectrum at low frequen-
cies. What is more, the source coherence also provides an indication
on flow noise contamination. It is plotted on Figure 4.25.

The coherence computed with the new method is slightly lower
than the one computed with the standard method at low frequen-
cies. If the source spectrum measured with the new method contains a
contribution of uncorrelated flow noise, the auto-spectra level will be
higher and the cross spectra level will remain constant. Therefore the
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Figure 4.25: Coherence of the source, computed with the standard and
the new method, with 1 loudspeaker on each side.

coherence, computed as:

γ =
Gs(1, 2)Gs(2, 1)

Gs(1, 1)Gs(2, 2)
(4.1)

will decrease compared to the no-flow-noise case. This is observed in
Figure 4.25. In other words, the proportion of correlated noise between
the two sides of the source will decrease if uncorrelated flow noise is
added.

Sensitivity of the new method to flow noise

As suggested in previous section, the new method for the source de-
termination might be sensitive to flow noise. Indeed, contrary to the
standard method that only uses cross-spectra between microphones,
the new method also uses auto-spectra. The hope to suppress flow
noise in the new method is that all data is used (cross and auto spec-
tra between all microphones, in total 36 cross-spectra), and that this
data is projected onto the acoustic fields by the D matrix (see Section
2.2.3). The uncorrelated flow noise would not fit the acoustic fields
and would therefore be suppressed. However this idea has not been
tested yet, and there is a need for a proper validation.

At first approximation, flow noise can be simulated by adding a un-
correlated Gaussian white noise to all microphone signals. In reality
flow noise is correlated over a certain length (the correlation length), so
flow noise on microphones that are close to each other will be some-
what correlated. However, testing with uncorrelated noise is a first
step in validating the new method. If it does not behave well even
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with uncorrelated noise, it is not necessary to test it with more realistic
noise.

Therefore, a simulation of flow noise as uncorrelated Gaussian white
noise added on all microphone signals is performed. The principle is
the same as Andreas Holmberg used in [22].

The time signal of the pressure at all microphone locations is recorded
during 10 min. There is one loudspeaker mounted on each side, the
volume of the front cavity of the loudspeakers is reduced by a filling
part, and the fan is running at maximum speed, corresponding to a
Mach number M = 0.045 in the duct.

Gaussian white noise is added to each of the microphone signals.
The level of the added noise is expressed in terms of the signal to noise
ratio (SNR) in decibels:

SNR = 20 log10

(
rmssignal
rmsnoise

)
The auto- and cross-spectra are then computed by averaging over

small windows. In each block the signal is multiplied with a Han-
ning window of length 2048, transformed into the Fourier domain,
and multiplied with the result of the same process coming from an-
other microphone. The number of averages is 9155, and the overlap is
60%. The post-processing methods described in Section 2.2.2 and 2.2.3
are then applied as usual on the resulting cross and auto spectra.

A comparison of the results of the new and the standard method
without added noise is shown in Figure 4.26.

Figure 4.26 shows that the two method give similar results, but
that the new method (Method without Ra Rb) gives slightly higher auto-
spectra, especially in the low frequency range. This could be due to the
flow noise that is already existing in the duct. In the standard method
only microphone pairs that are separated by more than the flow corre-
lation length are used, so the results should be completely noise-free.

Noise is now added on the microphone signals, and the results of
the standard method are plotted for different SNRs in Figure 4.27.

The standard method is not sensitive to uncorrelated noise on the
microphone signals. Even when the noise level is the same as the
signal level (SNR=0 dB), the computed source spectrum is unchanged
compared to the case where no noise is added. The spectrum just be-
comes slightly noisy. This is the expected behaviour since uncorrelated
noise is suppressed during the averaging of the cross-spectra.
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Figure 4.26: Source spectrum obtained with the new and with the stan-
dard method, no noise added on the microphone signals.
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Figure 4.27: Sensitivity of the standard method for source determina-
tion to uncorrelated noise on the microphone signals.
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The computed source spectra with the new method is plotted in
Figure 4.28.
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Figure 4.28: Sensitivity of the new method for source determination to
uncorrelated noise on the microphone signals.

The new method is much more sensitive to uncorrelated noise on
the microphones. When the noise level is the same as the signal level
(SNR=0 dB), the source auto-spectra are overestimated by 4 dB. The
cross-spectra become completely erroneous, with large drops.

To conclude, the new method is sensitive to flow noise, the pro-
jection process by the D matrix (see Section 2.2.3) is not sufficient in
suppressing it. In cases where the standard method is stable (condition
numbers of theC matrices not to high, meaning not to high reflections
at the rig terminations), the standard method is more reliable than the
modified one. In cases where the standard method becomes singular
(to high reflections), the new method offers an interesting alternative.
Even though flow noise is not completely suppressed, the error com-
pared to the standard method is smaller than 2 dB above 200 Hz (in
cases where the standard method works, to allow a proper compari-
son).
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4.4 Validation of the 2-port model

4.4.1 Validation of the 2-port model of the fan plus
holder

The 2-port model of the fan comprising the scattering matrix and the
source vector is supposed to predict the generated noise in any mount-
ing conditions. The 2-port is independent from the surroundings. This
property can be checked by performing a validation measurement.

The same process as Holmberg uses in [21] is implemented here.
The principle is to measure the 2-port data in one rig (rig A), and to use
the measured data to predict a simple measured quantity in another
rig (rig B). This validation process is done here for the case of the fan
running at the minimum speed, corresponding to a volume flow of
8.8 L s−1.

• Rig A is the standard rig, with 3 original loudspeakers mounted
on each side.

• On rig B, the outlet is modified, by removing the loudspeaker
section and the muffler. There must still be loudspeakers on the
inlet side to allow the measurement of the reflection coefficient
Rb on the outlet side.

A schematic of the rigs is shown in Figure 4.29.

Figure 4.29: Rigs A and B for the validation measurement.

The reflection coefficient on side A Ra, the scattering matrix S and
the source spectrum Gs are measured on rig A, and Rb is measured
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on rig B. A full description of the measurement set-up in rig B is then
available, and allows to compute the pressure at any point in the duct
in rig B. As there is flow in the duct, the pressure measured at a micro-
phone position will be contaminated by flow noise. Instead of com-
paring the pressure at the microphone positions, the cross-spectra be-
tween microphones are compared. If the distance between two micro-
phones is larger than the flow correlation length, the uncorrelated flow
noise will be averaged out from the cross-spectra.

Some of the computed and measured cross-spectra are plotted in
Figure 4.30.
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Figure 4.30: Computed and measured cross-spectra on rig B, with
source data measured on rig A.

Figure 4.30 shows a very good agreement between the measured
and computed cross-spectra. There is a small shift in the peak at 4200 Hz

but this is due to the flow constriction that changed a bit when the muf-
fler was removed. The fan was less charged in rig B, which explains
why the measured peak is slightly above the calculated one, which
uses the source data measured on rig A.

To conclude, this validation measurement shows that the measured
data is independent from the mounting conditions, and that the emit-
ted sound in another test condition can be accurately predicted. How-
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ever, this measurement validates the scattering and the source term
of the fan plus the holder. It does not validate the scattering of the
fan itself. It was explained in Section 2.3 how the holder’s influence
on measurements could be removed, and this process has been val-
idated in Section 4.1.2. However, it is still of interest to validate the
whole measurement process, including the holder-removal operation,
by performing a measurement without the holder.

4.4.2 Validation of the 2-port model of the fan

Validation of the source term of the fan

The tool that is currently used to characterise the acoustics of compres-
sors at Dyson is a duct to measure sound power. It it is based on the
ISO 5136 [1], see Figure 4.31.

Figure 4.31: Schematic of the minigun: duct for sound power measure-
ments.

In this measurement the terminations of the duct are supposed to
be anechoic, and the sound pressure level is measured on inlet and
outlet side of the compressor. As there are few reflections in the duct,
the measured pressure is an estimate of the source strength. However,
the scattering of the fan is not measured and this is why Dyson wanted
to develop the 2-port method.

The sound-power duct, hereafter called the minigun, is very simple
to model. A model of the minigun is therefore built, to allow the com-
putation of the sound pressure measured by the microphones in the
minigun, using the 2-port of the fan measured in the 2-port rig. This
provides a validation of the source strength measured in the 2-port rig.

The minigun is decomposed into a chain of transfer matrices. The
model is described in Figure 4.32 in the transfer matrix formalism.
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Figure 4.32: Full product model using 2-port theory.

The microphones of the minigun are located at sections 2 and 3.
The microphone pressures are the first components of V2 and V3.

A first computation is carried out to compute the pressure mea-
sured by the microphones if the terminations were perfectly anechoic.
First, the total 2-port of the whole section located between the 2 micro-
phones is computed. This step involves deriving the total 2-port from
the fan 2-port, building an analytic model of the minigun fan holder,
and computing the transfer matrix of the duct between the fan and the
microphones. The transfer matrices of the different components of the
minigun are known analytically from section 2.3.1, as all components
are either straight pipes or conical sections.

The relation between the state variables at sections 2 and 3 reads:

V2 = ThaTfThbV3 + ThaVf (4.2)

The total 2-port is therefore:

Ttot = ThaTfThb (4.3)
Vtot = ThaVf (4.4)

For stochastic signals the correct formulation of the source term is
the cross-spectrum matrix:

Ttot = ThaTfThb (4.5)

Gpq
tot = ThaG

pq
f T

†
ha (4.6)

The total 2-port in the transfer matrix formalism is then converted
to a 2-port in the scattering matrix formalism using the method de-
scribed in Section 2.3.2. The outcomes of this step are the total scat-
tering matrix Stot and the total source spectrum matrix Gs

tot. Gs
tot(1, 1)
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is the auto-spectrum of the wave emitted towards the inlet side at the
cross section 2, andGs

tot(2, 2) is the auto-spectrum of the wave emitted
towards the outlet side at the cross section 3. If there are no reflec-
tions, these cross-spectra are those measured by the microphones in
the minigun.

However, the real terminations of the minigun are not perfectly
anechoic. Therefore there will be some reflections at the terminations.
This phenomenon can be taken into account in the model of the mini-
gun using the 2-port formalism as the fan is fully characterized and
independent of the surroundings. The model of the minigun includ-
ing the terminations has been given in Figure 4.32.

The volume flows are all defined positive in the flow direction, that
is to say from left to right. The relation between the pressure and vol-
ume flow at the terminations is therefore given by:

p1 = −Zaq1 p4 = Zbq4 (4.7)

which can be rewritten as:

V1 =

[
p1

q1

]
=

[
1

−1/Za

]
p1 V4 =

[
p4

q4

]
=

[
1

1/Zb

]
p4 (4.8)

The equation describing the system of Figure 4.32 is:

V1 = TdaTtotTdbV4 + TdaVtot (4.9)

⇔
[

1

−1/Za

]
p1 = TdaTtotTdb

[
1

1/Zb

]
p4 + TdaVtot (4.10)

⇔M
[
p1

p4

]
= TdaVtot (4.11)

where M is a 2 by 2 matrix whose columns are:

M(:, 1) =

[
1

−1/Za

]
M(:, 2) = TdaTtotTdb

[
1

1/Zb

]
(4.12)

Equation (4.11) can be solved for p1 and p4 by:[
p1

p4

]
= M−1TdaVtot ⇔

[
p1

p4

]
=

[
L1

L4

]
TdaVtot (4.13)

where L1 and L4 are the lines of the matrixM−1.
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The vectors V1 and V4 can then be computed as:

V1 =

[
1

−1/Za

]
L1TdaVtot V4 =

[
1

1/Zb

]
L4TdaVtot (4.14)

The cross-spectrum matrix between the pressure and volume flow
is obtained:

Gpq
1 = V1V

†
1 =

[
1

−1/Za

]
L1TdaG

pq
totT

†
daL

†
1

[
1

−1/Za

]†
(4.15)

Gpq
4 = V4V

†
4 =

[
1

1/Zb

]
L4TdaG

pq
totTdaL

†
4

[
1

1/Zb

]†
(4.16)

Finally this can be transferred to the microphone sections by the
following operation:

Gpq
2 = T−1

da G
pq
1 T

−1
da

†
Gpq

3 = TdbG
pq
4 T

†
db (4.17)

The auto-spectra of the pressure measured by the microphones are
Gpq

2 (1, 1) and Gpq
3 (1, 1). These take into account the reflections at the

rig terminations.

As the reflection coefficient of the anechoic terminations of the mini-
gun are not known, a very simple estimation of those reflections is
made: the reflection coefficient is assumed to be close to R = 0.2.
The computation including this reflection coefficient must therefore
be seen as an qualitative estimation of the influence of end-reflections
on the measured sound power. The computed spectra are plotted in
Figure 4.33 together with the pressure measured in the minigun, on
inlet and outlet sides.

Figure 4.33 shows that the spectra computed using the 2-port data
are very close to the measured auto-spectra in the minigun. The data
from the 2-port, with no reflections taken into account is much smoother
than the data from the minigun. This suggest that there are reflec-
tions in the minigun, that create the oscillations that can be seen on the
minigun data. To validate this assumption, the data from the 2-port,
with reflections taken into account is also plotted, and it also exhibits
the oscillations, which are very similar to those of the minigun. The
amplitude of the oscillations is also very similar, which suggests that
the actual reflection coefficient of the minigun terminations is close to
R = 0.2, even at higher frequencies.
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Figure 4.33: Sound power level measured in the minigun, and com-
puted using the 2-port data of the compressor.

The are a few difference in the broadband level in the minigun and
2-port, which are most likely due flow-rate discrepancies. Indeed, the
fan was measured at 13 L/s in the minigun and 13.5 L/s in the 2-port
rig. The tones also have quite different levels, (sometimes more than
10 dB), but this is assumed to come from the mounting conditions. In
the 2-port rig, the fan is mounted in a rubber mount, that is quite soft,
whereas in the minigun it is directly inserted in the holder.

This comparison with the sound power level measured in the mini-
gun validates the fan source term. However, as there are very few
reflections in this system, the influence of the fan scattering is quite
small: there are almost no waves that are travelling towards the fan.
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This measurement provides as a consequence little validation of the
fan scattering.

To also check the scattering of the fan, this measurement should be
repeated but with highly reflective terminations instead of the ane-
choic terminations. This can easily be implemented by closing the
minigun terminations with stiff plates, or by removing any termina-
tion to have a open duct termination. Unfortunately I did not have
the time to perform those measurements during this project. Another
option to validate the fan scattering is to compare it to a finite element
computation, but this is most easily done without flow.

Validation of the fan scattering by comparison with FEM

The fan scattering has been validated by a measurement where the
boundary conditions have been changed in Section 4.4.1. However,
the full 2-port the fan including the holder was used. The source term
of just the fan has been validated in previous section. The goal of the
present section is to validate the scattering matrix of the fan without
the holder, and also to see if it is possible to compute the scattering of
the fan without flow using finite element methods.

The fan 3D CAD is imported in a finite element software (Comsol).
The fan model is shown in Figure 4.34.

Figure 4.34: CAD model of the fan for finite element calculation of the
scattering matrix.

The air around the different components is meshed, all solid parts
are excluded from the modelling. This also means that no absorption
is taken into account in the model, except the one coming from the air
viscosity. An incoming plane wave is sent from the inlet. The pressure
and volume flow at inlet and outlet are computed. A second test-case
where a wave is sent from the outlet is also computed, and the pressure
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and volume flow at inlet and outlet computed. Finally, these results
are imported in Matlab, giving the following system of equations:[

pin,1 pin,2
qin,1 qin,2

]
= T

[
pout,1 pout,2
qout,1 qout,2

]
(4.18)

where in and out stand for quantities on the inlet and outlet sections
respectively, the subscript 1 or 2 for the computation case (wave com-
ing from inlet or outlet), p is the average pressure in the section, and q

is the volume flow through the section.
The transfer matrix T can be derived from Equation (4.18) by:

T =

[
pin,1 pin,2
qin,1 qin,2

] [
pout,1 pout,2
qout,1 qout,2

]−1

(4.19)

Indeed the test cases with a wave from inlet and outlet are linearly
independent. Finally, the transfer matrix is converted to a scattering
matrix using the method of Section 2.3.2 to allow for the comparison
with the results of the 2-port measurements.

The scattering matrix obtained by Comsol, and measured with the
fan off are plotted in Figure 4.35.
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Figure 4.35: Scattering matrix of the fan, without flow. Comparison of
finite elements results and measurements.

Several differences between the finite element results and the mea-
surements can be analysed in Figure 4.35:
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• The reflection element S(1, 1) is quite well computed by the finite
element procedure. The finite element procedure seems to show
that the reflection coefficient S(2, 2) is equal to S(1, 1). This is
not the case in the measurements, where S(2, 2) is quite different
from S(1, 1). This is very likely due to some damping effects:
on the outlet side of the fan, there are quite many small sized
components (electric boards, thin wires), that add damping on
this side. On the inlet side there are no such damping elements.
Therefore, the Comsol model in which no damping is included
predicts well the reflection coefficient from inlet side, but less
accurately the reflection coefficient from outlet side.

• The transmission elements are adequately predicted in the low-
frequency range, up to 1500 Hz. Above that frequency, the mea-
sured transmission elements are much lower that the ones com-
puted in Comsol. This might again come from damping effects,
as they are not modelled in Comsol.

• As shown in Section 4.2.2, the scattering of the fan depends quite
a lot on the mounting. The variability between several measure-
ments is sometimes in the same order of magnitude as the differ-
ences between the Comsol results and the measurements. There-
fore, these differences could also come from measurement errors.
If the fan is badly mounted in the rubber mount during the ex-
periments, there can be leakages to the air volume contained be-
tween the rubber mount and the fan holder. This could influence
the measured scattering matrix.

To conclude, it seems that taking into account damping effects in
the fan is crucial for an accurate estimation of the fan scattering in
Comsol. One way to do that could be to model the small sized compo-
nents of the fan as an equivalent porous material.

Another way to validate the scattering matrix of the fan is to build
a full product model and compute the radiated power. The radiated
power can easily be measured by standard methods. This is carried
out in next chapter.



Chapter 5

Modelling a full product

The goal of this section is to model a full product using the 2-port for-
malism, to be able to predict sound radiation in free field. Being able
to do this would be a great achievement for the development process
of the acoustics of new products, since the influence of the change of
one part could easily be assessed in terms of the total sound that will
be perceived by the user.

In this chapter a simplified product geometry will be studied: it
is made of a simple inlet (straight pipe), and simple outlet (straight
pipe or straight pipe with a Helmholtz side-branch). A picture of the
studied product is shown in Figure 5.1. However, the methods that are
presented here are derived to allow for the modelling of more complex
inlets and outlets, that for example comprise damping materials, or
whose termination is of complex shape.

Figure 5.1: Simple full product: inlet, fan, and outlet.

128
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5.1 Modelling acoustic terminations and ra-
diation in free space

The 2-port of the fan has been measured, and the measurement pro-
cedure is of course valid to measure the 2-port matrix of any other
component. If a new component is measured, it might be necessary to
build and validate an analytical model of the holder, that connects the
measured part and the 2-port rig. Once this is done, any component
that is connected on both sides to another component can be measured
in the rig.

However, no work has been carried out yet in this report to char-
acterize terminations. A termination is a component that is connected
on one side to a 2-port matrix, and that on the other side radiates into
free space. This component can not be described by a 2-port, as the
waves on the free side are not plane waves. To be able to compute the
radiation into free space, one needs to link the travelling wave ampli-
tudes on one side of the termination to a quantity that describes the
radiation in free space. The choice of the right termination model will
be discussed hereunder.

5.1.1 Limitation of the description using a single pa-
rameter

An acoustic 1-port is defined by a single parameter. In the scattering
formalism, this parameter would be a reflection coefficient, relating
the travelling wave amplitudes p+ and p−. In the transfer matrix for-
malism this parameter is the impedance, also called end-impedance,
relating the pressure and volume flow at the termination. This descrip-
tion of the termination is enough to compute the acoustic pressure and
volume flow inside the duct system. However, this single parameter
gives no information about what is radiated into the free space on the
other side of the termination, as shown schematically here:
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5.1.2 A two-parameter model of the termination

At least one other parameter is required to link the inlet of the 1-port
to the free end. Two options are considered in the present report:

• A parameter relating the power that goes in the termination to
the power radiated in the free space: TW = Win/Wrad.

• A parameter relating the incoming plane wave amplitude to the
amplitude of a monopole source located at the outlet: Tq = q/p+.

These two options are depicted in Figure 5.2.

Figure 5.2: 1-port termination described by two parameters.

The first model of Figure 5.2 is quite easy to use: the power that
goes in the 1-port can be computed from p+ and p−, using the equa-
tions of Section 2.1.4. The radiated power can be measured in a semi-
anechoic chamber using standard methods. If the 1-port rig (half of
the 2-port rig) is mounted in the chamber, it it possible to measure at
the same time Win and Wrad, and therefore both parameters R and TW .
The main drawback of this model is that the phase information be-
tween the waves going in the 1-port and the wave emitted to the free
space is lost. Only the ratio of powers is known. This can be a problem
since a real product will radiate both from inlet and outlet sides. At
low frequencies, there can be some cancellation or superposition ef-
fects of the waves emitted at the inlet and outlet. These effects can not
be modelled by the power description of the radiation.

Therefore, a more precise model is introduced, where a radiation
model is chosen for the radiation in the free space: it is assumed that
the product radiates as a monopole. The second parameter of the 1-
port termination is in this case the ratio between the volume source
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q located just at the outlet and the amplitude of the incoming wave
p+: Tq = q/p+. Although more complex, since it assumes a model
for the radiation, this model captures the phase information between
the waves that arrives at the termination and the radiated sound field.
This is of interest especially at low frequencies.

5.1.3 A simplified termination model in a loss-free case

If the termination is loss-free, if there is no dissipation in the termi-
nation, then Wdis (see Figure 5.2 for definition) is equal to zero. This
means that the power going into the termination in equal to the radi-
ated power Win = Wrad, TW = 1. This simplifies a lot the measurement
procedure since only the reflection coefficient of the termination needs
to be measured. No radiation measurement is needed. This method
is going to be used in the full product that is studied in this report,
since it only features straight pipes, or straight pipes with Helmholz
resonators as inlet and outlets. The dissipation in these terminations
can be considered to be negligible.

5.2 Assembling the full product model

As explained in previous section, the terminations of this simple prod-
uct are assumed to be loss-free. Therefore, only the reflection coeffi-
cient of the terminations needs to be measured.

5.2.1 1-port measurement

The 1-port terminations are measured in the 2-port rig that is modi-
fied for this measurement: only the inlet side is used. The test object
is connected as usual, and a blower is connected to the inlet of the rig
to allow measurements with flow. The three speakers are used, to cre-
ate three independent test cases. The transfer functions between the
speaker signal and the microphones are computed. Plane wave de-
composition is performed as in the 2-port method (see Section 2.2.2)
for each measurement case, and the reflection coefficient is computed
using the overdetermined system (3 measurement cases). The holder’s
influence is then removed (see Section 2.3.1 for details). The test set-
up is given in Figure 5.3. The 1-port reflection coefficient is defined at
the section where it is connected to the rest of the product, not at its
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outlet. The reason why is that this coefficient must take into account
all reflective effects that occur in the 1-port.

Figure 5.3: Measurement of 1-port models, and definition of the mea-
sured reflection coefficient.

5.2.2 Full product model

The full product is decomposed into a chain of 2-port matrices. For
such a simple product, it is more straightforward to use the scattering
matrix formalism. The model is described in Figure 5.4. The inlet and
outlet terminations are connected directly to the fan, so there is no 2-
port matrix between the fan 2-port and the reflection coefficients.

Figure 5.4: Full product model using 2-port theory.

5.2.3 Computing the travelling wave amplitudes at in-
let and outlet

The travelling waves amplitudes can be computed at inlet and outlet
using the model previously described in Figure 5.4.

The system equations are:[
p1+

p2+

]
= Sf

[
p1−
p2−

]
+ Vf Ri =

p1−

p1+

Ro =
p2−

p2+

(5.1)
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where Ri is the measured reflection coefficient of the outlet 1-port, and
Ro is the measured reflection coefficient of the inlet 1-port.[

p1+

p2+

]
= Sf

[
Ri 0

0 Ro

] [
p1+

p2+

]
+ Vf (5.2)

which gives: ([
1, 0

0, 1

]
− Sf

[
Ri 0

0 Ro

])[
p1+

p2+

]
= Vf (5.3)

⇔M

[
p1+

p2+

]
= Vf (5.4)

which can be solved for p1+ and p2+:[
p1+

p2+

]
= M−1Vf =

[
L1

L2

]
Vf (5.5)

whereL1 andL2 are the lines of the matrixM−1. Finally, the travelling
waves amplitudes at inlet and outlet are obtained by:[

p1+

p1−

]
=

[
1

Ri

]
L1Vf

[
p2+

p2−

]
=

[
1

Ro

]
L2Vf (5.6)

The correct formulation for stochastic signals is the cross-spectrum
matrix between the waves in positive and negative directions:

Gs1 =

[
p1+

p1−

] [
p1+

p1−

]†
=

[
1

Ri

]
L1G

s
fL
†
1

[
1

Ri

]†
(5.7)

Gs2 =

[
p2+

p2−

] [
p2+

p2−

]†
=

[
1

Ro

]
L2G

s
fL
†
2

[
1

Ro

]†
(5.8)

Gsn(1, 1) is the auto-spectrum of pn+, Gsn(2, 2) is the auto-spectrum
of pn−, Gsn(1, 2) and Gsn(2, 1) are the cross-spectra of pn+ and pn−.

5.2.4 Computing the radiated power at inlet and out-
let

The power going through the termination can be computed from the
travelling waves amplitudes computed in the previous section. As-
suming there is no dissipation in the termination, the power that goes
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through the termination must be radiated in the free field. Therefore,
the radiated power is equal to the power through the termination.

The equations giving the acoustic intensity in terms of the travel-
ling wave amplitudes have been derived in Section 2.1.4. The power
radiated at the outlet is therefore:

2ρ0c0

S
Wx = <(A+)|p+|2 + <(B)|p+p−|+ <(A−)|p−|2 (5.9)

where the definition ofA+,A− andB is given in Section 2.1.4. Inserting
the definition of the cross spectrum matrix Gs2 in Equation (5.9) gives:

2ρ0c0

S
Wx = <(A+)Gs2(1, 1) + <(B)|Gs2(1, 2)|+ <(A−)Gs2(2, 2) (5.10)

5.2.5 Full product model with computed termination
1-ports

In this section the simple inlet and outlet are going to be modelled
analytically instead of being measured. The reflection coefficient of an
open-end in known analytically, and the transfer matrix of the inlet
and outlet terminations is also known as they are straight pipes.

The reflection coefficient of an open end is known, but it is obvi-
ously defined at the outlet section of the terminations. There is there-
fore an element that has to be modelled between the outlet section and
the fan. The new full product model is depicted in Figure 5.5.

Figure 5.5: Model of the full product with analytical inlets and outlets.

The easiest way to model this system is to compute the equivalent
2-port of the fan plus inlet and outlet ducts. This has been done several
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times in this report, so only the solution is directly given here:

Ttot = TinTfTout Gpq
tot = TinG

pq
f T

†
in (5.11)

The 2-port of the fan plus inlet and outlet pipes is then converted
back to the scattering matrix formalism, and the system model is then
identical to the one studied in previous section, with a scattering ma-
trix and source term connected to a reflection coefficient on each side
(see Figure 5.4). The equations to compute the radiated power are
therefore the same.

5.3 Validation of the full product model

5.3.1 Measurement set-up

The predicted radiated power of the outlet is compared to the mea-
sured radiated power. This measurement is performed in a semi-anechoic
chamber with the set-up described in Figure 5.6.

Figure 5.6: Measurement set-up for estimation of the radiated sound-
power.
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The full product is mounted over a closed box, which is connected
to an external blower. The inlet of the fan is connected to the box and
the outlet radiates into the room. All this is put in a semi-anechoic
chamber, where the sound pressure level measured by the microphones
can easily be related to the radiated sound power. An array of 10 mi-
crophones is placed around the sound source, at a distance of 2 m from
the source. The microphones are covered with a foam wind shield to
suppress the flow noise created by the outlet flow. The external blower
is adjusted to match the pressure inside the box to the atmospheric
pressure. Doing so guaranties that the product is working at its nor-
mal operation point (as it would if the inlet was free).

The average of the sound pressure level of the 10 microphones is
computed and called SPLmean, and the sound power can be computed
by (microphones at 2 m from the source in a semi-anechoic chamber
[40]):

SWL = SPLmean + 14 dB (5.12)

5.3.2 Results

Outlet shapes

Four different outlets are tested, their schematics are given in Figure
5.7.

Figure 5.7: Dummy outlets used in the radiated sound power predic-
tions.

Radiated sound power comparison

The measured sound power and the predicted one, with the measured
and analytic 1-port termination, are compared to each-other in Figure
5.8.
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Figure 5.8: Predicted and measured radiated sound power from the
outlet of the simple product. Two horizontal lines are seperated by 10
dB.
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• The radiated sound power computed with the measured 1-port
termination, and with the analytical model for the termination
(straight pipe and analytical expression for the reflection coeffi-
cient) are very similar. This validates the measurement of the
termination 1-port.

• The overall shape of the spectra is captured by the prediction: the
peaks and the drops of the computed and measured spectra co-
incide. This means that the reflective effects related to the length
of the outlet pipe are captured.

• There is a problem with the overall broadband level estimation:
at low frequencies the radiated sound power is overestimated
by the 2-port method, and underestimated by up to 8 dB above
1000 Hz.

• On the other hand the tone levels seem quite well captured, even
if there is a large variability of this level between different mea-
surements.

The possible effects that cause the broadband level error are listed
below :

• The flow rate was not exactly the same in the chamber measure-
ment and in the 2-port rig. Indeed, the constriction of the product
inlet and outlet is low, since these parts are only straight pipes.
The constriction of the whole 2-port rig which is approximately
4 m long is higher. As a consequence, for the fan running at
the same speed, the flow-rate of the fan mounted in the dummy
product was 9.2 L/s, and 8.8 L/s in the 2-port rig measurement.
As the broadband noise increases with the flow-rate, this could
be a reason why the broadband level is underestimated by the
2-port rig measurement.

• If attenuation is inaccurately modelled in the 2-port rig, the at-
tenuation in the fan scattering matrix could be overestimated.
Therefore, each time a wave is scattered by the fan there would
be an artificial loss of energy. This would decrease the overall
computed sound power.

• The problem could also come from the chamber measurement: in
the standard for this measurement procedure, it is stated that the
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source should be located at the centre of the hemisphere, close
to the floor. In the measurement that was performed here, the
outlet of the fan was almost 1 m above the floor, because it had to
be mounted on the box that provided the inlet flow (see Figure
5.3).

• It is unlikely that the error comes from a measurement problem
of the reflection coefficient of the 1-port, since the measured and
the analytical model for the 1-port give similar results.

• Finally, the error could come from an error in one of the formulas
that are used to compute the radiated power. These formulas
have been found in a paper by Dokumaci [14], but they have not
been checked. It could also be a implementation error.

To conclude this section on full product modelling, promising re-
sults were found. Most likely there is a remaining error somewhere in
the chamber measurement or in the 2-port model of the full product
that causes the broadband level difference. Once this error is found a
good fit between the calculated and measured radiated power should
be found.

The method that has been developed in the present section can eas-
ily be adapted to include terminations with losses. This opens the path
for the modelling of real products with arbitrary inlet and outlet ter-
minations.



Conclusion

This study went through the steps of the development of a 2-port rig
for the measurement of high-speed small fans.

Design

The was designed after a literature study of the different existing meth-
ods for the measurement of 2-port models of compressors in ducts.
The understanding of the physical principles governing the rig be-
haviour guided the downsizing of existing 2-port rigs that were de-
signed to measure larger test objects, such as automotive compressors
and mufflers. The need for simplicity and efficiency of the measure-
ment procedure that is of high importance in an industrial context has
been kept in mind during the design process.

Building

The rig was manufactured by Dyson according to the design defined
at KTH. It was then sent over to KTH for preliminary testing. At
this point, unexpected measurements led to a new design of the loud-
speaker holders, to reduce their reflections that perturbed the mea-
surement post-processing. A new post-processing method that works
in highly reflective cases has also been tested.

Validation

The 2-port rig and the post-processing method have been validated by
a number of steps:

• Measurement of simple objects whose scattering matrices were
known.

140
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• Measurement of simple objects with different flow speeds to val-
idate the measurement process with flow.

• Measurement of the fan holder and validation of the holder re-
moval process, to get the 2-port data of the fan only.

• Comparison of the measured source term to a standard method
(sound power measurement according to ISO 5136 [1]).

• Comparison of the measured scattering matrix of the fan to the
scattering matrix computed using a finite element software.

These steps validated the measurement procedure, but also highlighted
several factors that limited the measurement accuracy. Possible im-
provement of these limiting factors have been proposed.

Example of a possible use

The ultimate goal of 2-port measurements is to obtain data that can
be used to predict the radiated noise of full products: this is indeed
the main advantage of the 2-port method compared to sound power
measurement. Therefore, a example of the use of the fan 2-port data to
model a full product has been presented. A simple product is decom-
posed into its subcomponents, which are measured separately. The
radiated sound power is predicted and compared to standard mea-
surements. The overall shape of the spectra of the radiated power is
well predicted, but a level error was found. The possible sources of
this error were listed, and possible solutions discussed.

Further work

Finally, the focus of this study was mainly on setting up the measure-
ment rig, and on validating it. There are a few steps that need to be
made to have a fully operating rig:

• Fixing the problem with the microphone venting at Dyson.

• Changing the fan holder to a much simpler one.

• Find the source of the error in the radiated sound power predic-
tion.
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Once these fix are implemented, there are interesting phenomena that
could be investigated using this rig:

• It is of interest to study the influence of flow rate and fan speed
on the scattering, to derive scaling laws, that would allow the
prediction of the change in the scattering matrix of the fan when
its speed is varied, or when the flow rate is changed. The fan
2-port at any operating point could be predicted from measure-
ments at only a few operating points.

• In this report, two different models of the terminations were pro-
posed: one with a power description, and the other assuming
monopole radiation. As no measurement of these terminations
could be carried out in this project, it would be interesting to
measure those terminations, and compare the predictions of the
radiated power that they give. This could be done for simple
inlets and outlets, but also for more realistic ones, that contain
absorbent materials.

• Finally, real products could be modelled, and their sound radi-
ation predicted. The 2-port method then has to be integrated in
the product development work-flow. Defining the cases where it
should be used, how it should be used, and efficiently connecting
measurements to finite element simulations are important stages
for a successful use of 2-port modelling in product development.
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