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Abstract

This thesis is devoted to quantitative questions about the discrete

spectrum of Schrödinger-type operators.

In Paper I we show that the Lieb-Thirring inequalities on moments

of negative eigenvalues remain true, with possibly different constants,

when the critical Hardy weight is subtracted from the Laplace opera-

tor.

In Paper II we prove that the one-dimensional analog of this inequality

holds even for the critical value of the moment parameter.

In Paper III we establish Hardy-Lieb-Thirring inequalities for frac-

tional powers of the Laplace operator and, in particular, relativistic

Schrödinger operators. We do so by first establishing Hardy-Sobolev

inequalities for such operators. We also allow for the inclusion of mag-

netic fields.

As an application, in Paper IV we give a proof of stability of relativis-

tic matter with magnetic fields up to the critical value of the nuclear

charge.

In Paper V we derive inequalities for moments of the real part and the

modulus of the eigenvalues of Schrödinger operators with complex-

valued potentials.
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Introduction and Summary

1 Schrödinger operators

This thesis is devoted to inequalities for the discrete spectrum of Schrödinger
operators

−∆− V. (1.1)

Here −∆ = −∑d
j=1

∂2

∂x2
j

denotes the Laplacian in R
d, d ≥ 1, and V denotes

a sufficiently regular, real-valued function. We do not distinguish in the
notation between V and the operator of multiplication by V . We shall
mostly be interested in the situation where V decays at infinity (at least
in some averaged sense) and shall assume this in this introduction. Under
broad conditions on V one can consider (1.1) as an unbounded, self-adjoint
operator in the Hilbert space L2(Rd) of square-integrable complex-valued
functions on R

d.
The spectral theory of Schrödinger operators investigates qualitative and

quantitative aspects of the spectrum of the operator (1.1). Generically, this
spectrum consists of two parts, namely the continuous spectrum, which cov-
ers the whole positive half-line [0,∞), and the discrete spectrum, which con-
sists of negative eigenvalues of finite multiplicity with 0 as the only possible
accumulation point.

Typical questions about the continuous spectrum concern its absolutely
or singularly continuous nature, the absence of embedded eigenvalues and
the behavior of solutions of the time-dependent Schrödinger equation (scat-
tering theory). In the theory of the discrete spectrum one is interested,
for instance, in the behavior of eigenvalues in certain limiting regimes, in
uniform bounds in terms of averages of the potential or in properties of the
eigenfunctions. Due to its mathematical richness and its physical importance
the spectral theory of Schrödinger operators has been developed intensely at
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least since the 1950s. We refer to [BeSh, CyFrKiSi, Da1, Da2, ReSi3, ReSi4]
for textbook presentations of this theory and to the recent review articles
[Si2, Si3]. The necessary background in analysis, functional analysis and
operator theory is contained, e.g., in [BiSo1, K, LiLo, ReSi1, ReSi2].

We shall not attempt to explain the quantum-mechanical background of
the Schrödinger operator (1.1), but this introduction would be incomplete
without mentioning the following fundamental concepts. More details may
be found e.g. in [Li3, Lo]. In quantum theory a function ψ ∈ L2(R

d)
with

∫

|ψ|2 dx = 1 is called a wave function and describes the state of a
d-dimensional particle (or collection of particles). One interprets |ψ(x)|2 as
the probability density of finding a particle at x ∈ R

d. The Schrödinger
operator (1.1) gives a (simplified) description of the non-relativistic motion
of a quantum-mechanical particle in an external potential −V . Its quadratic
form

∫

Rd

|∇ψ|2 dx−
∫

Rd

V |ψ|2 dx

represents the total energy (in suitable units) of the system in the state ψ.
The two terms correspond respectively to the kinetic and the potential part
of the total energy. Of particular interest is the ground state energy, i.e. the
lowest possible value of the energy, namely

inf

{
∫

Rd

(

|∇ψ|2 − V |ψ|2
)

dx :

∫

Rd

|ψ|2 dx = 1
}

.

If this infimum is attained by some ψ it coincides with the lowest eigenvalue
of the Schrödinger operator −∆ − V . The function ψ is a corresponding
eigenfunction and describes the ground state of the system. More generally,
the negative eigenvalues of −∆− V correspond to the possible energy levels
and the corresponding eigenfunctions describe bound states of the system.

In the next section we shall introduce the quantities which will be the
main objects of our study and recall some known results about them, namely
Weyl’s law and the Lieb-Thirring inequalities. In the following Section 3
we shall discuss two mathematical expressions of the uncertainty principle,
namely the Sobolev and Hardy inequalities. Sections 4–8 contain summaries
of the new results that are contained in this thesis.
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2 The number and moments of negative

eigenvalues

The focus of this thesis is on quantitative questions about the discrete spec-
trum of Schrödinger-type operators. To be more precise, we denote the
negative eigenvalues of the operator (1.1) in increasing order by λ1 ≤ λ2 ≤
. . . ≤ 0, repeating them according to their multiplicities. Their total number
is either finite or (if V decays only slowly) countably infinite with zero as
the only accumulation point. A central object of study is the total number
of negative eigenvalues

N(−∆− V ) := #{j : λj < 0} (2.1)

or, more generally, moments of eigenvalues

tr(−∆− V )γ− =
∑

j

|λj |γ (2.2)

for some γ > 0. Here and in the sequel x± = (|x| ± x)/2 denote the positive
and negative part of numbers, functions and self-adjoint operators. More-
over, we shall use the notational convention that tr(−∆−V )0− = N(−∆−V ).

In the following subsections we shall discuss two classical results on the
number and moments of negative eigenvalues. The first one is Weyl’s law,
which describes the asymptotic behavior of the quantities (2.1) and (2.2)
in the strong coupling limit, i.e., when V is replaced by αV and α tends
to infinity. The second one is a family of inequalities by Cwikel, Lieb and
Rozenblyum and by Lieb and Thirring which gives uniform (non-asymptotic)
upper bounds for (2.1) and (2.2) in terms of integrals of V .

2.1 Weyl-type asymptotics

A classical result in the spectral theory of Schrödinger operators is Weyl’s
law for the number of negative eigenvalues in the strong coupling limit. It
states that

lim
α→∞

α−d/2N(−∆− αV ) = (2π)−dωd

∫

Rd

V (x)
d/2
+ dx, (2.3)

where ωd denotes the volume of the d-dimensional unit ball. The asymptotics
(2.3) were proved by Weyl [We] in 1911 for the Dirichlet Laplacian in a
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bounded domain. Intuitively, this corresponds to a potential V which is
constant inside a bounded domain and minus infinity outside of it. (This
intuition can be made mathematically precise.) The result for Schrödinger
operators appeared for the first time in Birman’s article [Bi] from 1961 for
problems in a bounded domain or, which is the same, for V with compact
support. In the early seventies it was generalized in [BiBo, Ka, Ma, Ta];
see also [ReSi4, Theorem XIII.80] for a textbook presentation. Initially, the
asymptotics (2.3) are established for sufficiently regular V . If d ≥ 3, they
are valid for any non-negative V for which the right hand side is finite. The
situation in dimensions d = 1 and d = 2 is considerably more subtle. We
refer to [BiLa] and the surveys [BiSo2], [BiSo3] concerning this and related
issues.

Similarly, for higher moments γ > 0 one has

lim
α→∞

α−γ−d/2 tr(−∆− αV )γ− = Lclγ,d

∫

Rd

V (x)
γ+d/2
+ dx, (2.4)

where

Lclγ,d :=
Γ(γ + 1)

2dπd/2Γ(γ + 1 + d/2)
.

The asymptotics (2.3) and (2.4) have a semi-classical interpretation. Re-
call that the operator (1.1) is the quantization of the Hamiltonian function
|ξ|2 − V (x) defined on the classical phase space R

d ×R
d. Rewriting (2.4) in

terms of a small parameter ~ = α−1/2 (Planck’s constant) one obtains, in
the limit ~ → 0,

tr(−~
2∆− V )γ− ∼ ~

−dLclγ,d

∫

Rd

V (x)
γ+d/2
+ dx

=

∫∫

Rd×Rd

(

|ξ|2 − V (x)
)γ

−

dx dξ

(2π~)d
.

This is interpreted as each quantum state occupying a volume of (2π~)d in
phase space.

2.2 Lieb-Thirring inequalities

It is a deep fact that the right hand side of (2.4) is not only the limit of
the left hand side but actually presents an upper bound, possibly up to a
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multiplicative constant. More precisely, for any γ satisfying

γ ≥ 1

2
if d = 1,

γ > 0 if d = 2, (2.5)

γ ≥ 0 if d ≥ 3,

there exists a constant Lγ,d such that for any V

tr(−∆− V )γ− ≤ Lγ,d

∫

Rd

V (x)
γ+d/2
+ dx. (2.6)

This inequality was proved by Lieb and Thirring [LiTh2] in the case γ >
max{0, 1 − d/2}. The result in the endpoint case γ = 0, d ≥ 3 is indepen-
dently due to Cwikel [Cw], Lieb [Li1] and Rozenblyum [Ro1, Ro2] (see also
[LYa, Co]) and is usually refered to as the Cwikel-Lieb-Rozenblyum inequal-
ity. The endpoint case γ = 1/2, d = 1 was established later by Weidl [Wei]
(see also [HuLiTh]).

We refer to the original papers for the proofs. An essential ingredient
in all of them is the Birman-Schwinger principle which we briefly sketch
in the following. It transforms the eigenvalue problem of the (unbounded)
Schrödinger operator to that of a compact operator. We assume that V is
non-negative and sufficiently regular. The basic observation is that if ψ solves
(−∆ − V )ψ = −τψ, then ϕ :=

√
V ψ solves

√
V (−∆+ τ)−1

√
V ϕ = ϕ, and

conversely, if ϕ solves
√
V (−∆+ τ)−1

√
V ϕ = ϕ then ψ := (−∆+ τ)−1

√
V ϕ

solves (−∆−V )ψ = −τψ. Using a monotonicity argument one deduces that
the number of eigenvalues less than −τ of the operator −∆−V coincides with
the number of eigenvalues bigger than 1 of the operator

√
V (−∆+ τ)−1

√
V .

This principle and a thorough discussion of technical subtleties can be found
in Birman’s paper [Bi].

In addition to their connection with Weyl’s asymptotic formula, the
Lieb-Thirring inequalities (2.6) are closely related to Sobolev inequalities.
We shall discuss this in detail in the following section. By a non-trivial
‘duality’-argument (2.6) with γ = 1 is equivalent to a lower bound of the
quantum-mechanical kinetic energy of fermionic states in terms of a semi-
classical kinetic energy. This was one of the essential ingredients in Lieb’s
and Thirring’s proof of the stability of matter [LiTh1, Li3]. Inequalities (2.6)
have also turned out to be useful in the study of the Navier-Stokes equation
and in finding bounds on Riesz and Bessel potentials, see [Li2]. Moreover,
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for such values of γ and d that (2.6) is valid one can use this inequality to
extend the Weyl-type asymptotics (2.3), (2.4), which are initially established
only for sufficiently regular potentials, to any potential for which the right
hand side is finite.

The question about the sharp constants Lγ,d in (2.6) has attracted a lot
of attention. So far they are only known for γ ≥ 3/2, d ≥ 1 [LiTh2, AiLi,
LaWei1, BeLo], and for γ = 1/2, d = 1 [HuLiTh]; see also the negative result
for 0 ≤ γ < 1, d ≥ 1 [HeRo]. In particular, the sharp value of L1,3 in the
physically most important case γ = 1, d = 3 is still unknown. The value
has been conjectured [LiTh2] to be Lcl1,3 from (2.4). We refer to the reviews
[BlSt, Li5, LaWei2, Hu] for further information and, in particular, for the
connection between Lieb-Thirring inequalities, Berezin-Li-Yau inequalities
and the Pólya conjecture.

The conditions (2.5) on γ are optimal. To see this, recall that when d = 1
or d = 2, the Schrödinger operator (1.1) has a negative eigenvalue for any
non-negative V 6≡ 0. This follows, for example, from the variational principle
by taking the sequence of test functions un(x) := max{1− |x|/n, 0} if d = 1
and un(x) := max{ln(n/|x|)/ lnn, 0}, |x| ≥ 1, and un(x) := 1, |x| < 1, if
d = 2. (This shows that

∫

V dx > 0 is actually sufficient for the existence of
a negative eigenvalue.) On the other hand, an inequality of the form (2.6)

with γ = 0 implies that there is no negative eigenvalue if
∫

V
d/2
+ dx < L−10,d.

This shows that (2.6) with γ = 0 cannot hold if d = 1 or d = 2.
That (2.6) does not hold for 0 < γ < 1/2, d = 1, can be seen as follows:

Either one chooses a sequence of potentials V which approach a delta func-
tion, so that the left hand side of (2.6) has a positive limit while the right
hand side tends to zero; or one studies the asymptotic behavior of the lowest
eigenvalue λ(α) of the operator − d2

dx2 − αV as α→ 0. Using [Si1]

λ(α) ∼ −α
(

1
2

∫

R

V dx

)2

, α→ 0,

if
∫

V dx > 0, one finds again that γ ≥ 1/2 is a necessary condition for (2.6)
to hold in one dimension.

We emphasize again that the validity of (2.6) with γ = 0 means that the
Schrödinger operator −∆ − V in three or more dimensions does not have
negative eigenvalues if the potential V is sufficiently small. Below we shall
give a direct proof of this fact using the Hardy and the Sobolev inequalities,
which we shall now address.
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3 Hardy and Sobolev inequalities

The inequalities named after Hardy and Sobolev will play a major role in
what follows. They are closely related to the uncertainty principle in physics,
i.e., a lower bound on the kinetic energy

∫

|∇ψ|2 dx in terms of some integral
of ψ which does not involve derivatives. Before discussing the Hardy and
Sobolev inequalities in detail, we would like to show their use in an example
from quantum mechanics.

3.1 The hydrogenic atom

A simplified model of the interaction of an electron with an infinitely heavy
nucleus of charge Z > 0 is provided by the Hamiltonian

−∆− Z|x|−1 in L2(R
3).

Here we have chosen units in which ~
2/2m = e = 1. Of course, this is

one of the few examples of Schrödinger operators which can be diagonalized
explicitly, but here we are looking for more general arguments. Following
[Li3] our goal is to understand the reason why this system is stable, i.e.,
why the electron does not fall into the nucleus leading to an infinite negative
energy. That is, we are asking why the ground state energy

E(Z) := inf

{
∫

R3

(

|∇ψ|2 − Z|x|−1|ψ|2
)

dx :

∫

R3

|ψ|2 dx = 1
}

(3.1)

is finite. Note that the potential energy −Z
∫

|x|−1|ψ(x)|2 dx can be made
arbitrarily negative by choosing ψ with support in a small neighborhood of
the origin (and keeping ‖ψ‖ = 1 fixed). What prevents the collapse is the
uncertainty principle: as the wave function becomes more and more localized,
its kinetic energy

∫

|∇ψ|2 dx has to increase.
Mathematically, this principle is reflected for instance in the Sobolev

inequality,
∫

R3

|∇ψ|2 dx ≥ S3

(
∫

R3

|ψ|6 dx
)1/3

, S3 := 3(π/2)
4/3. (3.2)

Combining this inequality with (3.1) and substituting ρ = |ψ|2, one obtains

E(Z) ≥ inf
{

S3

(
∫

R3

ρ3 dx

)1/3

− Z
∫

R3

|x|−1ρ dx :
∫

R3

ρ dx = 1, ρ ≥ 0
}

.
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It is easy to solve the latter minimization problem explicitly. Using the value
of S3 in (3.2) one obtains the lower bound

E(Z) ≥ −1
3Z

2,

which is remarkably close to the correct answer, E(Z) = −Z2/4.
A different way to see that E(Z) is finite starts with the Hardy inequality,

∫

R3

|∇ψ|2 dx ≥ 1
4

∫

R3

|x|−2|ψ|2 dx.

Similarly as above we arrive at an easy minimization problem,

E(Z) ≥ inf
{
∫

R3

(

1
4 |x|

−2 − Z|x|−1
)

ρ dx :

∫

R3

ρ dx = 1, ρ ≥ 0
}

.

In this way, we obtain the lower bound E(Z) ≥ −Z2.
Having seen this application of the Sobolev and the Hardy inequalities

we discuss now several aspects of these inequalities in more detail.

3.2 The Sobolev inequality

A generalization of (3.2) holds in any dimension d ≥ 3 and reads

∫

Rd

|∇u|2 dx ≥ Sd

(
∫

Rd

|u|q dx
)2/q

, q =
2d

d− 2 . (3.3)

The precise meaning of (3.3) is that if u belongs to the closure of C∞0 (R
d)

with respect to the norm
∫

|∇u|2 dx, then u ∈ Lq and (3.3) holds. We refer,
e.g., to [LiLo, Chapter 8] for a proof yielding the sharp constant Sd and the
fact that there is a unique (up to translation, dilation and multiplication
by a constant) function for which equality holds. There one can also find
various generalizations, e.g., analogs in dimensions d = 1 and 2 or bounds
for Lp-norms with p 6= 2.

There is an important and well-known relation between the Sobolev in-
equality and (a weak form of) the Cwikel-Lieb-Rozenblyum inequality (2.6)
with γ = 0. First note that by duality, (3.3) is equivalent to

∫

Rd

V |u|2 dx ≤
∫

Rd

|∇u|2 dx

8



for all u and all V ≥ 0 with ‖V ‖d/2 ≤ Sd. By the variational principle, this
is equivalent to the statement that

−∆− V ≥ 0 if ‖V+‖d/2 ≤ Sd. (3.4)

Hence the Sobolev inequality is equivalent to a condition for the absence of
negative eigenvalues of Schrödinger operators.

Several remarks are in order:

(1) In Subsection 2.2 we mentioned that Schrödinger operators in dimen-
sion d ≥ 3 do not have negative eigenvalues when the potential is
‘small’. This is quantified by (3.4).

(2) The Cwikel-Lieb-Rozenblyum inequality implies that N(−∆ − V ) =

0 provided ‖V+‖d/2d/2 < L−10,d. By the equivalence of (3.4) and (3.3)
we see that the Cwikel-Lieb-Rozenblyum inequality implies the Sobolev
inequality (except possibly for the constant).

(3) The proof of the Cwikel-Lieb-Rozenblyum inequality by Li and Yau
[LiYa] relies on the Sobolev inequality. Levin and Solomyak [LeSo]
put this fact into an abstract framework where −∆ is replaced by a
much more general operator. Their main result is that, under a certain
Markov condition, the Cwikel-Lieb-Rozenblyum inequality is equivalent
to the Sobolev inequality.

(4) Lieb’s proof [Li1] of the Cwikel-Lieb-Rozenblyum inequality relies on
a pointwise bound on the heat kernel. On the other hand, it is known
(see, e.g., [Da1, Chapter 2] and [LiLo, Chapter 8]) that a heat kernel
bound is equivalent to a Sobolev inequality. This observation estab-
lishes a link between Lieb’s proof and that of Li and Yau. See also
[RoSo].

In Paper III we observe that the equivalence to a Sobolev-type inequality
does not only hold for the Lieb-Thirring inequality with γ = 0 but for any
γ > 0. Below we shall discuss this in some detail.

3.3 The Hardy inequality

Hardy’s original inequality states that for functions u on the halfline R+

vanishing near 0 and infinity one has
∫ ∞

0
|u′|2 dr ≥ 1

4

∫ ∞

0
r−2|u|2 dr, (3.5)
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see, e.g., [Da2, Lemma 5.3.1]. (Hardy actually considered an integral version
of this inequality.) It is not difficult to deduce from (3.5) that in arbitrary
dimension d ≥ 3 one has

∫

Rd

|∇u|2 dx ≥ (d−2)2

4

∫

Rd

|x|−2|u|2 dx. (3.6)

This inequality is initially proved for smooth functions and then extended
by continuity to any function in H1

loc(R
d) for which the left and the right

hand side are finite (the homogeneous Sobolev space). The constants in
(3.5) and (3.6) cannot be improved, as may be seen by approximating the
function u(x) = |x|−(d−2)/2 by smooth functions. No minimizer exists, i.e.,
the inequalities are strict unless u ≡ 0.

The importance of the Hardy inequality for the spectral theory of Schrö-
dinger operators was emphasized in Birman’s classical work [Bi]. We note
that (3.6) implies that there are no weakly coupled bound states if d ≥ 3.
Indeed,

−∆− V ≥ 0 if sup |x|2V+(x) ≤ (d− 2)2/4. (3.7)

Note that, in contrast to the integral criterion (3.4), (3.7) requires a pointwise
bound on the potential to guarantee the absence of bound states.

There are numerous generalizations of the Hardy inequality (3.6), for
example to Lp-norms with p 6= 2 or to domains Ω ⊂ R

d. We refer to [Da3],
[OpKu] and the references therein for statements, proofs and applications.
In Paper III we shall recall a version of the Hardy inequality for the pseudo-
differential operators (−∆)s.

4 Overview of paper I. On Lieb-Thirring

inequalities for Schrödinger operators with

virtual level

Throughout this section we assume that the dimension satisfies d ≥ 3. By
the Hardy inequality (3.6) the operator −∆ − (d−2)2

4|x|2
is non-negative. The

question considered in Paper I, joint with T. Ekholm, is whether a Lieb-
Thirring-type inequality is valid for the negative eigenvalues of the operator

−∆− (d− 2)2
4|x|2 − V. (4.1)

10



Note that a direct approach based only on the inequalities (2.6) and (3.6)
would give

tr

(

−∆− (1− ε)(d− 2)
2

4|x|2 − V
)γ

−

≤ tr (−ε∆− V )γ−

≤ ε−d/2Lγ,d

∫

Rd

V (x)
γ+d/2
+ dx

for any γ ≥ 0 and any ε > 0. However, as ε → 0, the constant on the right
hand side diverges.

It is also easy to see that a Cwikel-Lieb-Rozenblyum inequality cannot
hold for the operator (4.1). Indeed, for spherically symmetric V the oper-
ator (4.1) restricted to spherically symmetric functions coincides with the
two-dimensional Schrödinger operator −∆− V (|x|) restricted to spherically
symmetric functions. As we have already mentioned in Subsection 2.2, this
operator has a negative eigenvalue for any non-negative V 6≡ 0. A more
subtle reason why a Cwikel-Lieb-Rozenblyum inequality cannot hold is the
violation of Weyl’s asymptotic law observed by Birman and Laptev [BiLa].

Our main result in Paper I is that a Lieb-Thirring inequality for the
operator (4.1) indeed holds as soon as γ > 0. More precisely, we prove

Theorem 4.1 (Hardy-Lieb-Thirring inequalities). Let d ≥ 3 and γ >
0. Then

tr

(

−∆− (d− 2)2
4|x|2 − V

)γ

−

≤ Cγ,d

∫

Rd

V (x)
γ+d/2
+ dx (4.2)

with a constant Cγ,d independent of V .

Substituting V − (d−2)2

4|x|2
for V we obtain the inequality

tr (−∆− V )γ− ≤ Cγ,d

∫

Rd

(

V (x)− (d− 2)2
4|x|2

)γ+d/2

+

dx. (4.3)

This inequality shows that the part of the potential which is larger than the
Hardy weight suffices to control the moments of negative eigenvalues of a
Schrödinger operator. In particular, if we replace V by βV , where V is
bounded and compactly supported, then the right side of (4.3) is zero for
sufficiently small β > 0. This is an important feature of (4.3) which is not
shared by the original estimate (2.6).
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Another important aspect of the inequality (4.3) is that it goes beyond
semi-classics. If V has a local singularity like c|x|−α where c > 0, 0 < α ≤ 2,
then the semi-classical phase space integral

∫∫

Rd×Rd

(|ξ|2 − V (x))γ−
dx dξ

(2π)d

diverges for any sufficiently large γ. Our inequality (4.3) shows that nev-
ertheless, tr (−∆− V )γ− is finite for any γ > 0 (assuming c < (d − 2)2/4
if α = 2), and can be estimated by an integral of V with the singularity
removed.

We mention in passing that the fact that semi-classics underestimates
the energy in the presence of singularities is also reflected in the Scott cor-
rection for the ground state energy of large atoms or molecules; see [Si2] for
references.

The main ingredient in the proof of Theorem 4.1 is an inequality concern-
ing Schrödinger operators on the half-line, which is of independent interest.
We consider the operator − d2

dr2− 1
4r2−V in L2(R+) with a Dirichlet boundary

condition at the origin, i.e., defined via the closure of the quadratic form
∫

R+

(

|u′|2 − |u|
2

4r2
− V |u|2

)

dr

on C∞0 (R+). Recall that 1/4 is the sharp constant in the one-dimensional
Hardy inequality (3.5).

Theorem 4.2 (One-dimensional Hardy-Lieb-Thirring inequalities).
Let γ > 0 and α ≥ 1. Then

tr

(

− d2

dr2
− 1

4r2
− V

)γ

−

≤ Cγ,α

∫

R+

V (r)
γ+ 1+α

2

+ rα dr (4.4)

with a constant Cγ,α independent of V .

Theorem 4.2 is deduced from an inequality of Egorov and Kondrat’ev
[EgKo], the proof of which is similar to Rozenblyum’s proof of the Cwikel-
Lieb-Rozenblyum inequality.

Several remarks are in order:

(1) The assumption γ > 0 cannot be improved, since the operator − d2

dr2 −
1
4r2 has a virtual level, see Proposition 3.2 in Paper I.
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(2) For α = 1 this is a Bargman-type inequality for moments of eigenvalues,
see, e.g., [ReSi4, Theorem XIII.9] as well as Remark 1.8 in Paper I.

(3) Paper I contains also a (weak) result in the case 0 ≤ α < 1. This
question is completely settled in Paper II.

In Paper III we give an alternative proof of Theorem 4.1 which does not
use Theorem 4.2 and which allows for the inclusion of a magnetic field. Before
presenting this paper, however, we return to the study of the inequality (4.4).

5 Overview of paper II. Lieb-Thirring inequalities

on the half-line with critical exponent

In Paper II, joint with T. Ekholm, we extend the inequality of Theorem 4.2
to weights rα with 0 ≤ α < 1. Again we consider the Schrödinger operator
− d2

dr2 − 1
4r2 −V in L2(R+) with a Dirichlet boundary condition at the origin.

The main result of Paper II is

Theorem 5.1 (One-dimensional Hardy-Lieb-Thirring inequalities).
Let γ > 0 and 0 ≤ α < 1 such that γ + 1+α

2 ≥ 1. Then

tr

(

− d2

dr2
− 1

4r2
− V

)γ

−

≤ Cγ,α

∫

R+

V (r)
γ+ 1+α

2

+ rα dr (5.1)

with a constant Cγ,α independent of V .

The condition γ + 1+α
2 ≥ 1 in this theorem is optimal, as can be seen

by letting V approach a delta function. The important point is that the
inequality is valid in the endpoint case γ = 1−α

2 , when it becomes

tr

(

− d2

dr2
− 1

4r2
− V

)γ

−

≤ Cγ,1−2γ

∫

R+

V (r)+r
1−2γ dr, 0 < γ ≤ 1

2
. (5.2)

In particular, this sharpens a result by Egorov and Kondrat’ev [EgKo].
A remarkable implication of (5.2) is that eigenvalue moments of any order

0 < γ ≤ 1/2 can be estimated linearly in V . (For scaling reasons, however,
the integral of V now has to include a weight.) This is in contrast to the
whole-line case, where only moments of order γ = 1/2 can be estimated
linearly, and where moreover the inclusion of a weight does not allow for an
extension to smaller values of γ (see [EgKo] and the introduction in Paper II).
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In the important special case α = 0, γ = 1/2 our proof of Theorem 5.1
gives upper and lower bounds on the sharp constant C1/2,0 in (5.1), which
differ by less than a factor 2.25. We compare these bounds with the known
sharp constant in (2.6).

Concerning the proof of Theorem 5.1 we first note that by an adaptation
of the argument of Aizenman and Lieb [AiLi], the general inequality (5.1)
follows from the endpoint inequality (5.2). Our proof of the latter uses
ideas from Weidl’s proof of the endpoint Lieb-Thirring inequality [Wei], but
its generalization to our non-translation-invariant setting requires additional
ideas both on a conceptual and on a technical level. One crucial ingredient in
our proof is the combination of Neumann bracketing with the ground-state
representation, which will be discussed at the end of the next section.

6 Overview of paper III. Hardy-Lieb-Thirring

inequalities for fractional Schrödinger operators

The Lieb-Thirring inequalities for the operator −∆− (d−2)2

4 |x|−2 from Paper
I raise the following natural questions:

(1) Does the inequality (4.2) remain true in the presence of a magnetic
field, that is, when −∆ is replaced by (−i∇−A)2 for a real vector field
A?

(2) Does the inequality (4.2) remain true if −∆ is replaced by the pseudo-
differential operators (−∆)s, 0 < s < 1, and |x|−2 is replaced by
|x|−2s?

Concerning the first question we note that the Lieb-Thirring inequalities (2.6)
remain valid in the presence of a magnetic field with a constant independent
of the magnetic field. Indeed, all presently known values of the constant Lγ,d

are unchanged when A is included. It is not known whether this is also true
for the unknown sharp values. Even though there is a diamagnetic inequality
for the lowest eigenvalue, it is known that no such inequality can hold for,
e.g., the sums of eigenvalues [Li4], [Ro3].

As for the second question, we first recall that the operator (−∆)s is
defined via the Fourier transform,

((−∆)s u)∧ (ξ) = |ξ|2sû(ξ), ξ ∈ R
d,
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where we use the convention û(ξ) = (2π)−d/2
∫

u(x)e−iξ·x dx. Of particular
interest for physics is the case s = 1/2, since

√
−∆ represents a pseudo-

relativistic kinetic energy and |x|−1 the Coulomb potential.
We shall need the analog of Hardy’s inequality (3.6) for fractional pow-

ers of the Laplacian. Since taking roots is operator monotone, (3.6) implies
(−∆)s ≥ ((d− 2)/2)2s|x|2s for 0 < s < 1. But the constant in this inequal-
ity is not sharp, and the condition on s is too restrictive. It was proved
independently in [He], [KoPeSe] and [Ya] that the Hardy-type inequality

∫

Rd

|ξ|2s|û(ξ)|2 dξ ≥ Cs,d
∫

Rd

|x|−2s|u(x)|2 dx, u ∈ C∞0 (Rd), (6.1)

holds if and only if 0 < s < d/2, and that the sharp constant is given by

Cs,d := 22s
Γ2((d+ 2s)/4)

Γ2((d− 2s)/4) .

In the special case s = 1/2, d = 3 this inequality is also known as Kato’s
inequality [K, (V.5.33)].

Given a magnetic vector potential A ∈ L2loc(Rd,Rd) we consider the self-
adjoint operator (D − A)2 in L2(Rd), where D = −i∇. For 0 < s ≤ 1
we define the operator |D − A|2s := ((D − A)2)s by the spectral theorem.
It follows from the diamagnetic inequality (see, e.g., [CyFrKiSi]) that the
Hardy inequality (6.1) remains true, with the same constant, if the left hand
side is replaced by ‖|D −A|su‖2, 0 < s < 1.

The following theorem proved in Paper III joint with E. H. Lieb and R.
Seiringer, answers the questions posed at the beginning of this section.

Theorem 6.1 (Hardy-Lieb-Thirring inequalities). Let γ > 0, 0 < s ≤
1 and 0 < s < d/2. Then

tr
(

|D −A|2s − Cs,d|x|−2s − V
)γ

−
≤ Lγ,d,s

∫

Rd

V (x)
γ+d/2s
+ dx (6.2)

with a constant Lγ,d,s > 0 independent of V and A.

This result is a significant extension of Theorem 4.1 because the operator
(−∆)s is not a differential operator and it is not ‘local’. Really different
techniques will be needed. In particular, we shall use the heat kernel to
prove (6.2), in the manner of [Li1]. A bound on this kernel, in turn, will
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be derived from a Sobolev-like inequality which might be of independent
interest. Using the non-negative quadratic form

hs[u] :=

∫

Rd

|ξ|2s|û(ξ)|2 dξ − Cs,d
∫

Rd

|x|−2s|u(x)|2 dx,

this bound can be stated as

Theorem 6.2 (Hardy-Sobolev inequality). Let 0 < s ≤ 1, 0 < s < d/2
and 2 ≤ q < 2∗ = 2d/(d− 2s). Then there exists a constant Cq,d,s > 0 such
that

‖u‖q ≤ Cq,d,shs[u]
d
2s

(

1

2
− 1

q

)

‖u‖
d
s

(

1

q
− 1

2∗

)

, u ∈ C∞0 (Rd). (6.3)

It is interesting to compare this theorem with the known inequality

‖u‖q ≤ Sq,d,s‖(−∆)s/2u‖
d
2s

(

1

2
− 1

q

)

‖u‖
d
s

(

1

q
− 1

2∗

)

for all 2 ≤ q ≤ 2∗ = 2d/(d− 2s), which follows from the (fractional) Sobolev
inequality. Theorem 6.2 says that even when the critical Hardy weight is
subtracted, the operator (−∆)s is still powerful enough to dominate an Lq-
norm. However, this q is now required to be strictly less than the critical
Sobolev exponent, and one easily checks that the inequality (6.3) fails for
q = 2∗. In the local case, i.e., s = 1, Theorem 6.2 can be derived from an
inequality of [BrVa].

As an aside, we note that Theorem 6.2 is one of the main ingredients
in our proof of Theorem 6.1. On the other hand, Theorem 6.2 is an easy
consequence of Theorem 6.1, except for the values of the constants. This
follows by a similar duality argument as in Subsection 3.2.

For proving the equivalence between a Sobolev-type inequality and a
heat kernel estimate one needs a contraction property of the heat kernel. In
our situation this will be the consequence of the ‘ground state representation
formula’. An easy calculation shows that in the sense of distributions one has
(−∆)s|x|−(d−2s)/2 = Cs,d|x|−(d+2s)/2, i.e., |x|−(d−2s)/2 can be considered as a
‘generalized ground state’ of the operator (−∆)s − Cs,d|x|−2s. Let us recall
the ‘ground state representation formula’ in the local case s = 1, already
present in [Bi]. If d ≥ 3 and v(x) = |x|(d−2)/2u(x) then

∫

Rd

(

|∇u|2 − (d− 2)2
4

|u|2
|x|2

)

dx =

∫

Rd

|∇v|2 dx

|x|d−2 .

The corresponding formula in the non-local case 0 < s < 1 is more compli-
cated but close in spirit.
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Proposition 6.3 (Ground State Representation). Assume that 0 < s <
min{1, d/2}. If u ∈ C∞0 (Rd \ {0}) and v(x) = |x|(d−2s)/2u(x), then

hs[u] = as,d

∫

Rd

∫

Rd

|v(x)− v(y)|2
|x− y|d+2s

dx

|x|(d−2s)/2
dy

|y|(d−2s)/2 (6.4)

where as,d := 2
2s−1π−d/2 Γ((d+2s)/2)

|Γ(−s)| .

Note that the identity (6.4) gives an independent proof of the Hardy
inequality (6.1) for 0 < s < min{1, d/2}. Moreover, it has recently turned
out to be useful to obtain remainder estimates in (6.1) [Be].

7 Overview of paper IV. Stability of relativistic

matter with magnetic fields for nuclear charges

up to the critical value

In Paper IV, joint with E. H. Lieb and R. Seiringer, we present an appli-
cation and slight improvement of the Hardy-Lieb-Thirring inequalities from
Theorem 6.1. We shall give a proof of the ‘stability of relativistic matter’
that goes further than previous proofs by permitting the inclusion of mag-
netic fields for values of the nuclear charge Z all the way up to the critical
value Zα = 2/π.

The term ‘stability of matter’ refers to the observation that the energy
content of material objects is (approximately) proportional to the number of
particles. While this is an everyday experience (pouring two separate liters
of water together produces nothing more exciting than two liters of water), it
is a non-trivial fact from a theoretical point of view. Indeed, the number of
terms in the expression for the electrostatic energy coming from the electron-
electron repulsion and the electron-nucleus attraction grows with the square
of the numbers of particles, and not linearly.

Mathematically, the task is to find a lower bound on the ground state
energy of the many-body Hamiltonian

HN,K :=
N
∑

j=1

Tj + αVN,K(x1, . . . , xN ;R1, . . . , RK) (7.1)

in terms of the number of particles. Here N is the number of electrons and
the Pauli exclusion principle dictates that HN,K acts in the anti-symmetric
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N -fold tensor product ∧NL2(R
3;Cq), where q is the number of spin states

of an electron (q = 2 in nature).
In (7.1), T is a (pseudo-)differential operator in L2(R

3) and Tj denotes
the operator T acting on the j-th factor in the tensor product ∧NL2(R

3;Cq).
It represents the kinetic energy of the j-th electron. Several choices of T will
be discussed below. The function VN,K is defined as

VN,K(x1, . . . , xN ;R1, . . . RK) :=
∑

1≤i<j≤N

|xi − xj |−1

−
N
∑

j=1

K
∑

k=1

Zk|xj −Rk|−1 +
∑

1≤k<l≤K

ZkZl|Rk −Rl|−1.

It describes the potential energy of a system with K fixed nuclei at positions
Rk ∈ R

3 with charges Zk > 0. The three sums correspond respectively to the
electron-electron repulsion, the electron-nucleus attraction and the nucleus-
nucleus repulsion. α represents the fine structure constant which in nature
equals approximately 1/137.036.

The ground state energy of the quantum-mechanical system described by
the Hamiltonian (7.1) is given by inf specHN,K . Stability of matter means
that the energy per particle is bounded from below (independently of the
positions of the nuclei). More precisely, it means that there exists a constant
C ≥ 0 such that for all N , K and R1, . . . , RK one has

inf specHN,K ≥ −C(N +K). (7.2)

The existence of such a constant C will, of course, depend on the choice of
the kinetic energy T , and sometimes also on the values of the nuclear charges
Zk and the fine structure constant α.

Stability of matter in the non-relativistic case, i.e., T = −(2m)−1∆ in
(7.1) where m is the electron mass, was first proved by Dyson and Lenard
[DyLe1, DyLe2]. A very elegant proof yielding a constant of the correct order
of magnitude was given by Lieb and Thirring [LiTh1]. The Lieb-Thirring
inequality (2.6) is a basic ingredient in their proof. We also mention the
recent short proof [So]. We refer to [Li3, Li6] and the lecture notes [Lo]
for a thorough discussion of the problem of stability of matter and further
references.

To describe relativistic effects one considers the kinetic energy T =√
−∆+m2 −m. Here units are chosen such that the speed of light c = 1.
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The question of stability of matter in the relativistic case is considerably
more difficult than in the non-relativistic case and was finally, after impor-
tant contributions by Conlon, Daubechies, Fefferman and de la Llave, solved
by Lieb and Yau in [LiYa]. The important difference to the non-relativistic
case is that for (7.2) to hold a bound on α is required in two ways. One is
the requirement, for any number of electrons, that Zjα ≤ 2/π for all j. In
fact, if Zjα > 2/π for some j the Hamiltonian is not bounded below even for
a single electron. This is a consequence of the Hardy (or Kato) inequality
(6.1). The other requirement is a bound on α itself, α ≤ αc, even for arbi-
trarily small Zj > 0, which comes into play when the number of particles is
sufficiently large. In [LiYa] the lower bound (7.2) is established for Zjα up
to the critical value 2/π and for qαc ≤ 1/47. Since q = 2 and α ≈ 1/137 this
is sufficient for physics.

To describe relativistic effects in the presence of a magnetic field one
considers the kinetic energy T =

√

(D −A)2 +m2 −m, where A is a mag-
netic vector potential corresponding to the magnetic field B = curlA. (Note
that we absorb the electron charge

√
α into the vector potential A.) For

values of Zjα strictly smaller than the critical value 2/π, it has been shown
that stability holds with a magnetic field included, see [LiLoSo] and [LiLoSi].
However, in both proofs the critical value of α goes to zero as Zα approaches
2/π. Paper IV solves this question in the critical case Zα = 2/π.

For the Hamiltonian (7.1) with

T =
√

(D −A)2 +m2 −m

and A ∈ L2,loc(R3,R3), m ≥ 0, we shall prove

Theorem 7.1 (Stability of relativistic matter with magnetic fields).
Let qα ≤ 1/66.5 and αZj ≤ 2/π for all j. Then

HN,K ≥ −mN

for all N , K, R1, . . . , RK and A.

Note that our upper bound on α in the physical case q = 2 is 1/133,
which is worse than the bound from [LiYa] in the non-magnetic case but,
fortunately, still larger than the physical value 1/137.

Our proof of Theorem 7.1 follows the strategy of the proof of [LiYa,
Theorem 2] but there are two important new ingredients which allow us
to include the magnetic field. The first one (Theorem 3.1 in Paper IV) is
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a result on the localization of the magnetic pseudo-relativistic energy. In
contrast to the non-relativistic case, the localization error may now depend
on the magnetic field. However, we show that it satisfies a diamagnetic
inequality. This allows us to carry the non-magnetic estimates of [LiYa] over
to our situation. Our second new ingredient (Theorem 4.5 in Paper IV) is an
inequality on the sum of eigenvalues of the operator |D−A| − 2/(π|x|) in a
ball; we refer to the paper for the definition of the operator |D−A|−2/(π|x|)
on a domain. This estimate is a consequence of the Hardy-Lieb-Thirring
inequalities from Paper III. In order to improve the constant in this inequality
we present another proof for the special case under consideration. It allows
us to obtain an eigenvalue estimate in the magnetic case from one in the
non-magnetic case at the expense of slightly increasing the constant. In this
connection we mention similar results for the number of eigenvalues [Ro3]
and the recent counterexample [FrLoWei] to a magnetic Pólya conjecture.

And now for something completely different...

8 Overview of paper V. Lieb-Thirring inequalities

for Schrödinger operators with complex-valued

potentials

Throughout the previous sections we assumed the potential V to be a real-
valued function, leading to a self-adjoint operator −∆ − V . However, the
modeling of certain absorption phenomena in physics gives rise to complex-
valued potentials. Recently, these operators have attracted a lot of attention
in the mathematical literature, see [Da4] and references therein. Much less
is known in the non-self-adjoint case as compared to the self-adjoint case, in
particular, since there is no spectral theorem and no variational principle.

If the complex-valued potential V decays sufficiently fast at infinity, the
essential spectrum of −∆ − V coincides with [0,∞) as in the self-adjoint
case, but the eigenvalues now can lie anywhere in the complex plane. Again
we are interested in estimating them in terms of integrals of the potential.
Apart from their intrinsic interest, such estimates are useful for the numerical
computation of eigenvalues.

Paper V, joint with A. Laptev, E. H. Lieb and R. Seiringer, was motivated
by a question posed by E. B. Davies. In [AbAsDa] it is proved that when
d = 1, any eigenvalue λ ∈ C \ [0,∞) of the operator (1.1) with arbitrary
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complex-valued integrable potential V satisfies

|λ| ≤ 1

4

(
∫

R

|V (x)| dx
)2

. (8.1)

The constant 1/4 in this inequality is sharp as can be seen by letting V
approach a delta function. The question was raised whether an analog of
(8.1) holds in higher dimensions d ≥ 2 as well.

While we do not answer the question directly, we have succeeded in
finding a version of the Lieb-Thirring inequality (2.6) for non-self-adjoint
Schrödinger operators. This shows that a bound similar to (8.1) holds in
any dimension d ≥ 1 and even for sums of eigenvalues. However, we can
only consider eigenvalues outside (arbitrarily small) cones containing the
positive real axis and our constant diverges as the angle of this cone tends
to zero.

To state our result precisely, we denote by λj , j = 1, 2, 3, . . ., the (count-
ably many) eigenvalues of the Schrödinger operator −∆−V in the cut plane
C\[0,∞), repeated according to their algebraic multiplicities. Recall that the
algebraic multiplicity of an eigenvalue λ is the dimension of the generalized
eigenspace {ψ : (−∆− V − λ)kψ = 0 for some k ∈ N}, which may be larger
than the number of linearly independent solutions of (−∆− V )ψ = λψ, i.e.,
the geometric multiplicity of λ.

The main result of Paper V is

Theorem 8.1 (Eigenvalue sums). Let d ≥ 1 and γ ≥ 1.

(1) For eigenvalues with non-positive real parts

∑

<λj<0

(−<λj)γ ≤ Lγ,d

∫

Rd

(<V (x))γ+d/2
− dx.

(2) If κ > 0, then for eigenvalues outside the cone {|=z| < κ<z},
∑

|=λj |≥κ<λj

|λj |γ ≤ Cγ,d(κ)

∫

Rd

|V (x)|γ+d/2 dx.

Here Lγ,d is the same as the sharp constant in (2.6) and

Cγ,d(κ) = 2
1+γ/2+d/4

(

1 + 2
κ

)γ+d/2
Lγ,d.
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As an easy consequence we obtain

Corollary 8.2. Let d ≥ 1 and γ ≥ 1.

(1) For eigenvalues with non-positive real parts

∑

<λj<0

|λj |γ ≤ Cγ,d

∫

Rd

|V (x)|γ+d/2 dx.

(2) If κ > 0, then for eigenvalues inside the cone {|=z| ≤ −κ<z}
∑

|=λj |≤−κ<λj

|λj |γ ≤ Lγ,d(κ)

∫

Rd

(<V (x))γ+d/2
− dx.

Here Cγ,d = 2
1+γ/2+d/4Lγ,d and Lγ,d(κ) = (1 + κ)Lγ,d.

These inequalities are deduced from the Lieb-Thirring inequalites in the
self-adjoint case by considering determinantal functions and separating the
real and the imaginary part of the quadratic form.

It is natural to conjecture that the estimates in Theorem 8.1 and Corol-
lary 8.2 hold for all values of γ for which (2.6) holds, and not only for γ ≥ 1.
If one is interested in single eigenvalues (as in (8.1)), the assumption γ ≥ 1
can be dropped. We refer to Paper V for more details.
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