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Abstract

Compressed Sampling (CS) is a promising technique capable of acquiring and pro-
cessing data of large sizes efficiently. The CS technique exploits the inherent sparsity
present in most real-world signals to achieve this feat. Most real-world signals, for
example, sound, image, physical phenomenon etc., are compressible or sparse in
nature. This means that a few data samples are sufficient to accurately or closely
describe the signal under a suitable representation. The CS technique banks on re-
construction algorithms to recover the original signal upto a desired level of distor-
tion, when required . In this thesis, we design practical CS reconstruction algorithms
motivated by cooperation to efficiently recover the original signal.

We first consider the case of CS reconstruction at a single node. This problem
has been extensively studied in literature. It is observed that for such a scenario
there is no single strategy that works best in all problem settings. The performance
of CS reconstruction algorithms is heavily influenced by different factors such as
sparsity level, signal statistics and the level of undersampling; among others. With
this intuition, we propose a general strategy for designing greedy CS reconstruction
algorithms. This strategy involves cooperation among several participating CS al-
gorithms in order to achieve better performance. In addition, the general strategy
enables the use of off-the-shelf CS reconstruction algorithms and still guarantee
theoretical tractability.

We next consider the case where CS data samples are available across the nodes
of a network. The goal is to estimate a common signal in a distributed setting
at the individual nodes. We solve this problem, referred to as distributed sparse
learning, through greedy pursuit as well as convex optimization based strategies.
Our strategies involve exchange of intermediate estimates among the neighboring
nodes in the network. The nodes then refine their estimates over the subsequent
iterations to reflect the side information from the neighbors. It is shown that these
cooperative strategies lead to fast convergence of the local estimates while achieving
better performance results compared to other state-of-the-art distributed sparse
learning algorithms.

All cooperative CS strategies studied in this thesis are shown to have restricted
isometry property (RIP) based reconstruction guarantees. The use of RIP based
tools leads to a worst case performance analysis. Hence, we use simulation results
to demonstrate the superior performance of the proposed algorithms in typical CS
settings.
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Sammanfattning

Komprimerad sampling (eng. compressed sampling) är en lovande metod som möjlig-
gör effektiv insamling och behandling av stora mängder data. För att uppn̊a detta
utnyttjar metoden att signaler i verkliga tillämpningar har en inneboende gleshet.
Verkliga signaler som ljud, bild, fysiska fenomen m.m, är vanligtvis komprimerbara
och glesa. Detta betyder att n̊agra f̊a datapunkter är tillräckliga för att perfekt,
eller nära nog, beskriva signalen i en lämplig representation. Komprimerad sam-
pling nyttjar rekonstruktionsalgoritmer för att återskapa den ursprungliga signalen
till en önskad niv̊a av distortion. I denna avhandling utvecklar vi praktiska al-
goritmer för komprimerad sampling, motiverade av kooperation för att effektivt
återskapa den ursprunglig signalen.

Först studeras rekonstruktion av komprimerad sampling i en enstaka nod. Detta
problem har tidigare noggrant studerats. Vi observerar att i ett s̊adant scenario sak-
nas en specifik strategi som presterar optimalt i samtliga problemuppställningar.
Prestandan fụr rekonstruktionsalgoritmerna är starkt kopplad till andra faktorer
som gleshet, signalparametrar samt niv̊a av undersampling. Med denna observation
i åtanke p̊avisar vi en generell strategi för att designa giriga rekonstruktionsalgo-
ritmer. Denna strategi involverar kooperation mellan flera algoritmer för att uppn̊a
bättre prestanda. Dessutom till̊ater den generella strategin användning av kom-
mersiella rekonstruktionsalgoritmer samtidigt som genomförbarhet kan garanteras
teoretiskt.

Vidare studerar vi fallet d̊akomprimerade sampel är tillgängliga över ett nätverk
av noder. Målet är att estimera en gemensam signal p̊a ett distribuerat sätt över de
enstaka noderna. Vi löser detta problem, kallat distribuerad gles inlärning, genom
en strategi baserad p̊a en approximationsalgoritm (s.k greedy pursuit) samt konvex
optimering. V̊ar strategi involverar utbyte av estimat mellan grannoder i nätverket.
Noderna förfinar sedan sina individuella estimat i nästa iteration genom att inkor-
porera grannodernas information. Vi visar att dessa kooperativa strategier leder till
snabbare konvergens, samtidigt som bättre prestanda än andra aktuella metoder
uppn̊as.

Samtliga kooperativa komprimerad-samplings-strategier som studeras i denna
avhandling visas besitta rekonstruktionsgarantier baserade p̊a s.k. RIP (eng. re-
stricted isometry property) egenskaper. Genom att använda RIP baserade verktyg
kan vi härleda en undre gräns p̊a prestandan. Därför använder vi simuleringsresultat
för att p̊avisa de föreslagna algoritmernas överlägsna prestanda i typiska scenarier.
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Chapter 1

Introduction

Information and data has become the backbone of modern society. We generate
and consume colossal amount of data both individually and collectively. Various
devices such as smartphones, sensors, computers and smart nodes are all inter-
connected and contribute huge amounts of data. This has become inevitable due
to the large dependence on data to drive important functions such as resource
planning and optimization; security and overall development goals of a society.
All raw data needs to be acquired, stored, transmitted, received and processed
according to the demands of the application. These various steps involve costs
that may limit the extent of utility of data in different applications. Consider an
example of monitoring air quality through a sensor network spread across a city.
The granularity and frequency of the air quality samples will depend heavily on
the cost of acquiring data from a single sensor. This cost is a function of the size
of data and communication availability among others. Thus, data size is a major
limiting factor in data acquisition and processing.

Interestingly, many real-world and man-made signals/data are sparse in nature
under certain representation. That is, the data can be represented either exactly or
approximately with a few non-zero scalar value. For example, an image is generally
sparse under DCT transformation (typically, 20% of highest magnitude DCT coef-
ficients contain 98% of the image energy). This property of sparse representation
can be exploited to compress the acquired signals. This is a conventional technique
to lower the storage and communication cost. This leads to a natural question,
which Donoho asked in his paper [Don06]: “Why go to so much effort to acquire all
the data when most of what we get will be thrown away? Can we not just directly
measure the part that will not end up being thrown away?” This is the driving
principle for the technique known as ‘Compressed Sampling’ that will be studied
in this thesis.
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Signal Reconstructed Signal
Sampling

(Nyquist rate)
Compression De-Compression

Figure 1.1: Block diagram of a traditional data processing flow.

Signal Reconstructed Signal
CS Acquisition

(Sub-Nyquist rate)

CS

Reconstruction

Figure 1.2: Block diagram of a compressed sampled data processing flow.

1.1 Compressed Sampling

Compressed sampling (or sensing) is the theory concerned with efficient measure-
ment and reconstruction of signals or data (signal is normally an analog entity while
data is the corresponding digital representation) that are sparse or compressible in
nature. The conventional technique of data processing involves the steps illustrated
in Figure 1.1. The signal is first sampled or measured at the Nyquist rate [Sha49]
and stored as data samples in the digital domain. In typical applications such as
imaging, Nyquist rate sampling results in huge data sizes which creates compu-
tational and logistical challenges. It has been observed that most real-world data
is either sparse or compressible in nature. That is, through appropriate transfor-
mation, it is possible to either exactly or approximately represent the data with
fewer samples. This is the compression operation that is applied on data to result
in a compressed data. The choice of transformation and properties of the data will
ultimately determine the distortion introduced by the compression operation. A
few commonly used techniques for compression include JPEG, MP3 and MPEG
standards. The compressed data can then be used for efficient exchange, processing
and reconstruction of the original signal.

Compressed sampling (CS) theory leverages the compressible nature of signals
to reduce the sampling rate required for efficient reconstruction of signals. The CS
methodology for data processing is illustrated in Figure 1.2. The signal is measured
using a measurement technique that involves general test functions. The number
of measurements is expected to be quite small as compared to the Nyquist rate.
The signal reconstruction algorithm then acts on the measurements to recover the
original signal. The reconstruction fidelity depends heavily on the measurement
technique and the reconstruction algorithm used. The development of efficient mea-
surement and reconstruction techniques is the focus of CS theory. The CS field was
developed in parallel by Donoho; and Candes, Romberg and Tao. The pioneer-
ing works in [CRT06a,CRT06b,Don06] showed that finite-dimensional signals with
compressible or sparse representation can be reconstructed from a smaller set of
linear, non-adaptive measurements.

The topic of sparse acquisition of analog signals is studied in [AHSC09,MEDS11,



1.2. Distributed Sparse Learning 3

SLDB11]. Works in [LBDB11,MPTJ08] have studied the deterministic construction
of measurement matrices that guarantee CS reconstruction. In parallel, the prob-
lem of CS reconstruction algorithm has received considerable attention. Convex
optimization based CS reconstruction algorithms are proposed in [Can08, CW08,
EHJT04,DBWB10]. Low complexity heuristic CS reconstruction algorithms (termed
greedy pursuit CS algorithms) have also been alternatively proposed in litera-
ture. Various examples include orthogonal matching pursuit (OMP) [TG07], sub-
space pursuit (SP) [DM09], CoSaMP [NT08] and Iterative hard thresholding (IHT)
[BD09]. A more in-depth discussion on CS reconstruction techniques is given in
Chapter 2.

1.2 Distributed Sparse Learning

Distributed Sparse learning (DSL) refers to the broad problem setting where CS
is applied at different nodes of a network. Each node has a set of observations of
the signal of interest. The corner case where the signal observed at every node is
independent is not an interesting one. It is easy to see for this case that cooperation
among the nodes will not help improve the reconstruction of the individual signals.
The other case where the signals observed at different nodes are assumed to be
correlated is an interesting one. This typically occurs when the nodes are observing a
common physical phenomenon. Depending on a measure of correlation, cooperation
among nodes will be helpful for reconstructing the signals at individual nodes.

The two main strategies that are considered for DSL is the centralized and dis-
tributed learning. In centralized learning, the nodes communicate the observations
to a central processing node. This becomes prohibitive for a large network. Also, the
reconstruction is dependent on the computational speed of the central node. For the
decentralized learning, the reconstruction depends on data exchanges among the
neighboring nodes. This is efficient in terms of cost as well as security [CKV+02].
The downside is the requirement of more iterations for the data to spread across
the network. Thus the speed of convergence of a distributed algorithm will be the
deciding factor in DSL.

Use of convex optimization for sparse learning is a much exercised area. In
this area, use of ℓ1-norm has been investigated with considerable interest due to
its optimality and robust solutions. Naturally, the strategy of solving distributed
sparse learning problem using ℓ1 norm minimization has received more attention.
A distributed approach to solve the basis pursuit denoising (BPDN) [CDS98] us-
ing the method of alternating-direction-method-of-multipliers (ADMM) [BPC+11]
was proposed in [MBG10]. This algorithm referred to as distributed LASSO (D-
LASSO), was shown to efficiently solve the distributed BPDN problem. Further
work was done in [MXAP12] for the noiseless setting, that means for realizing
distributed basis pursuit [CDS98]. Works in [DSB+05, BDW+09] have proposed
distributed compressive sensing algorithms using convex optimization. Other dis-
tributed algorithms use gradient search and adaptive signal processing techniques
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[CSKT12,LLL14,LS13]. These alternate approaches solve an average mean-square-
error cost across the network. The local estimates are then diffused across the nodes
for further refinement in the next step. A sparse Bayesian learning based method is
proposed in [MAN13]. Works in [HNRE14,CW16] used Bayesian frameworks to de-
sign distributed sparse learning algorithms. Further, for dictionary learning that is
a more general problem in sparse learning area, the works of [KDMR+03,LZZY14]
have investigated the problem of distributed dictionary learning using convex costs
with sparsity promoting solutions. At this point we mention that the D-LASSO
[MBG10] provides a globally optimum distributed solution using ADMM but ex-
hibits slow convergence. The slow convergence of D-LASSO is shown in [CMKT15].

The other major area is focused on DSL motivated by greedy pursuit algo-
rithms. In this regard, a distributed iterative hard thresholding algorithm was pro-
posed in [PEK14] for distributed sparse learning in both static and time-varying
networks. Each node of a network finds a local intermediate estimate and the mean
value of the set of estimates is found using a global consensus. Further improvement
on the work [PEK14] was proposed in [HNE15] to provide a reduced communica-
tion cost. Another distributed hard thresholding (DiHaT) algorithm was developed
in [CMKT15] where observations, measurement matrices and local estimates are
exchanged over the network. The DiHaT algorithm provides fast convergence com-
pared to D-LASSO, and provides competitive performance, but at the expense of
high communication cost. In [CMKT15], the authors also proposed a simplified al-
gorithm that only uses estimate exchange, but the algorithm lacks any theoretical
analysis. Further, simulation results in [CMKT15] showed that the simplified algo-
rithm provides poorer performance than the DiHaT. Distributed greedy algorithms
for the case where the signals at individual nodes have the same support is studied
in [WV14, WV15, FMAHM16, MFMAH15]. Other correlations among the signals
where the signals have common and private support and/or signal parts is studied
in [CW16,SCS14,SCS16a].

1.3 Applications

In this section, we motivate the significance of CS study through a few practical
applications. CS has found many uses predominantly in the area of imaging, biology,
communication and wireless sensor networks.

1.3.1 Camera/Imaging

CS has been applied to reduce the cost of acquisition/processing in cameras. The
cost of image acquisition depends on the resolution, acquisition power as well as
storage requirements. The single-pixel camera [DDT+08] is an example of a CS
camera. The camera consists of a digital micro-mirror device (DMD) capable of
sampling the image randomly. Each mirror in the DMD is programmed to either
reflect or zero the image intensity at the photo-sensor. The light intensity at the
sensor is therefore the weighted average of different image pixels. CS reconstruction
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single photon 
detector

random
pattern on
DMD array

image
reconstruction

Figure 1.3: Block diagram of a single pixel camera [Tak07]

is then utilized to reconstruct the pixels in the image. A block diagram of the single
pixel camera is shown in Figure 1.3 [Tak07].

Another significant application of the CS field is in magnetic resonance imaging
(MRI) [LDP07]. In general, MRI is quite costly both in terms of power as well as
time taken to acquire the samples. It also depends on the size of the image and
the resolution required. It was observed that MRI images are sparse in Fourier or
wavelet transform domains. This sparsity property can be exploited to reduce the
acquisition time of an MRI image, thus making it more affordable in healthcare.

1.3.2 Biology

CS has been extensively used to solve computationally expensive problems in the
field of biology and medicine [CKD+14, PVMH08]. Detection of genomic particles
in a sample is traditionally accomplished using DNA microarrays that contain a
large number of copies of a single probe that can detect a single target. Each probe
spot thus represents a single data point. For a comparative DNA microarray test
that measures a test sample relative to a reference sample, this is quite expensive
as the information lies only in a few differentiating probe spots. Compressed DNA
microarrays utilize group testing methodology by combining different probe spots
in a single spot. These microarrays are inexpensive as the number of probe spots is
much smaller than the total number of targets to be tested. The data points from
these compressed DNA microarrays can be modeled as a CS problem to recover the
composition of the test sample relative to the reference sample.
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Figure 1.4: Illustration of a massive MIMO cellular system with hundreds of anten-
nas at the base station. Reprinted from [MF18] with permission from Elsevier.

1.3.3 Communication

CS has been widely used to model the wireless channel in communication systems.
Practical wireless communication systems assume the knowledge of channel charac-
teristics at the receiver to transmit efficiently. The acquisition of channel knowledge
requires the transmission of a known pilot signal (termed as training) that enables
the receiver to estimate the channel. For next generation of wireless systems, mas-
sive number of antennas have been proposed at the transmitter and receiver as a
way to increase the throughput of the communication systems. A block diagram of
a typical cellular system with massive number of antennas is shown in Figure 1.4.
Multiple antenna systems require larger training to estimate the associated chan-
nels. It was observed that for real-systems, the channel can be represented in a
sparse basis [BHSN10, QHJW15]. This enables the system designers to reduce the
training overhead, in turn increasing the achievable throughput.

1.3.4 Wireless sensor networks

CS can be applied in data acquisition and monitoring in large wireless sensor net-
works (WSN) [LXW13] as shown in Figure 1.5. The data monitored by different
sensors are normally correlated and can be represented as a sparse signal in a suit-
able basis. This enables data acquisition using lesser number of observations at a
single node. We can also assume that the sensors have varying capabilities in terms
of acquisition and/or data transmission. Distributed CS algorithms have been de-
veloped in [SCS14] to solve the problem of sparse signal recovery in a distributed
way.
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Figure 1.5: A typical wireless sensor network setup (shown here with seven nodes).
The nodes are connected to other nodes either through a uni-directional or bi-
directional link.

1.4 Thesis : Motivations and Objectives

The design of CS reconstruction algorithms and the derivation of corresponding
performance results are non-trivial problems that remain popular in signal pro-
cessing [CW08], information theory [Don06] and physics societies [KMS+12]. In
the ‘design’ arena, reconstruction algorithms with provable theoretical guarantees
are more appreciated. Relevant theoretical questions are: what is the quality of re-
construction performance, and how the performance is related to system and sig-
nal properties? Existing CS reconstruction algorithms have many varieties. Ex-
amples of convex optimization based algorithms are basis pursuit (BP) and basis
pursuit de-noising (BPDN) [CDS98] (BPDN is alternatively called LASSO). The
prominent examples of greedy pursuit algorithms are orthogonal matching pursuit
(OMP) [TG07], subspace pursuit (SP) [DM09], CoSaMP [NT08] and Iterative hard
thresholding (IHT) [BD09]. Alternatively, we have Bayesian reconstruction algo-
rithms that are developed using relevance vector machine [Tip01] and expectation-
maximization [WR04] strategies. Estimation strategies in various reconstruction
algorithms are highly different. Hence, for a given CS setup, different CS recon-
struction algorithms provide varying performances, which are functions of many
system/signal parameters; for example, level of under-sampling, level of sparsity,
measurement noise power, and statistical distribution of the elements of a sparse
signal. In fact there exists no algorithm that can be considered the best in all ranges
of these parameters. For example, simulation experiments in [CSVS12] reveal that
BP/BPDN and SP are good performers for a sparse signal where the amplitude
of the non-zero elements is a constant; then OMP, being a successive estimation
algorithm, performs good for a sparse signal where non-zero elements are Gaussian
distributed.

With the motivation to design better CS algorithms, we make a subtle con-
nection to the well-studied area of source coding. Naturally CS is related to the
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field of source coding. In CS, we acquire a signal that is sparse in some domain.
The acquisition stage in CS is simple where a set of measurements is modeled by
a linear system; that means an acquisition stage is a simple encoder. Compression
in CS is achieved as the dimension of the measurement vector is much lower than
the dimension of the (sparse) source signal vector under acquisition. On the other
hand, signal reconstruction algorithms from a measurement vector are typically
non-linear, using a-priori knowledge of the sparsity; that means a reconstruction
stage is a complex decoder. While CS has a simple encoder and complex decoder, a
typical source coding method has a complex encoder and simple decoder. In source
coding, a universal source coding strategy aims for compression without explicit
knowledge of signal statistics while most source coding algorithms (such as linear
prediction) require the knowledge of signal statistics for good compression. A prac-
tical universal source coding strategy [MG81,CEG96,BLS05] may use several source
coding algorithms in parallel and then choose the best coder for a signal instance.
This kind of a universal strategy is highly general. Also, it is practically easy to
employ, as many off-the-shelf source coding algorithms with simple modifications
can participate where the choice of the best coder can be done by a minimum dis-
tortion criterion. Further, theoretical justifications via rate-distortion analysis can
be performed. Existence of such a universal strategy for source coding motivates
a natural question for CS: can we design a generalized strategy using several CS
decoding algorithms (that means several reconstruction algorithms) in parallel such
that the strategy has a provable theoretical justification?

The application of CS in a distributed scenario has received considerable atten-
tion in recent years. The problem of solving CS in a distributed scenario, referred
to as sparse learning over networks is relevant in the context of big data analy-
sis [SGM14], sensor networks etc. In such a scenario, the sparse signal learning
involves learning and exchanging information among the nodes of the network. A
straightforward approach would be to process the observations at a central node.
This is expected to involve sending large amounts of data over the network, re-
sulting in high demand on the communication resource. But, for applications with
real-time constraints, a requirement is fast execution with limited computational
and communication costs. Further, for security or privacy issues, observations and
system parameters may not be accessible in a single place. In this context, design
and theoretical analysis of large-scale distributed sparse learning algorithms over
networks [XXR11,GIIS14] is of considerable importance.

The problem of sparse learning over network has been attempted via greedy
pursuit algorithms [CMKT15, SCS16a] as well as the traditional ℓ1 norm based
minimization algorithms [DSB+05, BDW+09, MXAP12, MBG10]. A major advan-
tage of greedy algorithms is their low computational complexity and hence their
suitability for large-scale scenarios. A limitation is that the theoretical analysis of
greedy algorithms has limited tractability as the associated algorithmic steps are
non-convex. In contrast, ℓ1 norm based algorithms are investigated with consider-
able interest due to the optimality and robustness of the solution.

With the above problems in mind, we address the following topics in this thesis:
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1. Developing a generalized fusion based strategy for CS reconstruction at a
single node,

2. Greedy pursuit based sparse learning over a network,

3. ℓ1 norm minimization based sparse learning over a network.

The above problems will be tackled by developing CS algorithms that are co-
operative in functionality. For a single node, our design will include cooperation
among different CS reconstruction algorithms. On the other hand, for sparse learn-
ing over networks, we will assume cooperation among the nodes of a network. We
refer to this cooperative approach in the title of the thesis.

1.5 Thesis : Outline and Contribution

This thesis aims to study the problem of reconstruction of sparse signals both
centrally and in a distributed manner over a network. For centralized reconstruc-
tion, the focus is on reconstruction performance and theoretical guarantees. For
distributed scenario, additional focus is on the communication constraint which is
a bottleneck in big networks. We present bounds on reconstruction performance
of various proposed algorithms. Further, practical performance is demonstrated
through simulations. In this section, we briefly outline the contents and contribu-
tions of each chapter in the context of solving our central problem.

Chapter 2

Chapter 2 deals with the fundamental concepts, definitions and results of com-
pressed sampling. We also present a background of the design of CS reconstruction
algorithms. Moreover, we discuss about the important tool of Restricted Isom-
etry Property (RIP) that will be used throughout the thesis for bounding the
algorithmic performance. These and other related topics are discussed in detail
in [Don06,CW08,Ela10].

The main ideas and results of this thesis are developed in Chapters 3−6. Though
all the chapters address the CS problem, the solutions are motivated by different
factors. We present a more specific background to each chapter to motivate the
context of each individual idea in a better way.

Chapter 3

In Chapter 3, we design a generalized fusion algorithm for compressive sampling
(gFACS) reconstruction. In the gFACS algorithm, several individual compressive
sampling (CS) reconstruction algorithms participate to achieve a better perfor-
mance than the individual algorithms. The gFACS algorithm is iterative in nature
and its convergence is proved under certain conditions using Restricted Isometry
Property (RIP) based theoretical analysis. The theoretical analysis allows for the
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participation of any off-the-shelf or new CS reconstruction algorithm with simple
modifications, and still guarantees convergence. We show modifications of some
well-known CS reconstruction algorithms for their seamless use in the gFACS algo-
rithm. This chapter is based on the following papers:

• A. Zaki, S. Chatterjee, and L. K. Rasmussen, “Generalized fusion algorithm
for compressive sampling reconstruction and RIP-based analysis,” EURASIP
Journal on Signal Processing, vol. 139, pp. 36-48, Oct 2017.

• A. Zaki, S. Chatterjee, and L. K. Rasmussen, “Universal algorithm for com-
pressive sampling,” in Proc. 2015 European Signal Process. Conf. (EUSIPCO),
Nice, France, Aug.-Sep. 2015, pp. 689-693.

Chapter 4

In Chapter 4, we develop a greedy algorithm for solving the problem of sparse
learning over a right stochastic network in a distributed manner. This algorithm is
motivated by the design principles of subspace pursuit algorithm [DM09]. Algorith-
mically, the nodes estimate the sparse signal by exchanging a weighted version of
their individual intermediate estimates over the network in an iterative manner. We
provide a restricted-isometry-property (RIP)-based theoretical performance guar-
antee in the presence of additive noise. In the absence of noise, we show that under
certain conditions on the RIP-constant of measurement matrix at each node of the
network, the individual node estimates collectively converge to the true sparse sig-
nal. Furthermore, we provide an upper bound on the number of iterations required
by the greedy algorithm to converge. This chapter is based on the following papers:

• A. Zaki, A. Venkitaraman, S. Chatterjee, and L. K. Rasmussen, “Greedy
Sparse Learning over Network,” IEEE Trans. Signal and Inf. Process. Netw.,
accepted June 2017, in press.

• A. Zaki, A. Venkitaraman, S. Chatterjee, and L. K. Rasmussen, “Distributed
greedy sparse learning over doubly stochastic networks,” in Proc. 2017 Euro-
pean Signal Process. Conf. (EUSIPCO), Kos, Greece, Aug.-Sep. 2017, pp. 361-
364.

Chapter 5

In Chapter 5, we investigate a distributed algorithm motivated by iterative hard
thresholding pursuit algorithm [BD09] for learning sparse signals or data over net-
works. The algorithm is iterative and exchanges intermediate estimates of a sparse
signal over a network. This learning strategy using exchange of intermediate esti-
mates over the network requires a limited communication overhead for information
transmission. Our objective in this chapter is to show that the strategy is good for
learning in spite of limited communication. In pursuit of this objective, we provide
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a restricted isometry property (RIP)-based theoretical analysis on convergence of
the iterative algorithm. This chapter is based on the following paper:

• A. Zaki, P. P. Mitra, L. K. Rasmussen, and S. Chatterjee, “Estimate Ex-
change over Network is Good for Distributed Hard Thresholding Pursuit,”
manuscript submitted to EURASIP Journal on Signal Processing.

Chapter 6

In Chapter 6, we consider a distributed learning setup where a sparse signal is es-
timated over a network. Our main interest is to save communication resource for
information exchange over the network and reduce processing time. Each node of
the network uses a convex optimization based algorithm that provides a locally op-
timum solution for that node. The nodes exchange their signal estimates over the
network in order to refine their local estimates. At a node, the optimization algo-
rithm is based on an ℓ1-norm minimization with appropriate modifications to pro-
mote sparsity as well as to include influence of estimates from neighboring nodes.
Our expectation is that local estimates in each node improve fast and converge,
resulting in a limited demand for communication of estimates between nodes and
reducing the processing time. We provide restricted-isometry-property (RIP)-based
theoretical analysis on estimation quality. In the scenario of clean observation, it
is shown that the local estimates converge to the exact sparse signal under certain
technical conditions. Simulation results show that the proposed algorithms show
competitive performance compared to a globally optimum distributed LASSO al-
gorithm in the sense of convergence speed and estimation error. This chapter is
based on the following paper:

• A. Zaki, P. P. Mitra, L. K. Rasmussen, and S. Chatterjee, “Locally Convex
Sparse Learning over Networks,” manuscript submitted to IEEE Trans. Signal
and Inf. Process. Netw.

Chapter 7

Chapter 7 provides a coherent conclusion of the ideas presented through the thesis.
A few possible directions of further research are also discussed.

1.6 Abbreviations and Notation

Here we list the abbreviations and notations used throughout the thesis.

1.6.1 Abbreviations and Acronyms

CS Compressed Sampling
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DSL Distributed sparse learning

WSN Wireless sensor network

RIP Restricted isometry property

RIC Restricted isometry constant

BP Basis pursuit

BPDN Basis pursuit de-noising

ADMM Alternating direction method of multipliers

LASSO Least-absolute shrinkage and selection operator

i.i.d. Independent and identically distributed

GP Greedy pursuit

gFACS Generalized fusion algorithm for compressive sampling

OMP Orthogonal matching pursuit

SP Subspace pursuit

EOMP Extended orthogonal matching pursuit

ESP Extended subspace pursuit

EBP Extended basis pursuit

EIHT Extended iterative hard thresholding pursuit

IHT Iterative hard thresholding

NGP Network greedy pursuit

DHTP Distributed hard thresholding pursuit

NBP Network basis pursuit

SRNR Signal-to-reconstruction-noise ratio

ASCE Average-support-set cardinality error

SMNR Signal-to-measurement-noise ratio

PSNR Peak-signal-to-noise-ratio

SNR Signal-to-noise ratio

mSENR Mean signal-to-estimation-noise error

1.6.2 Notations

x Scalar variable

x Column vector

xi i-th element of x

A Matrix variable

alr (l, r) element of A

At Matrix transpose

A† Matrix pseudo-inverse
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A∗ Matrix conjugate transpose

A−1 Matrix inverse

1L L-length vector of ones

IL Identity matrix of size L

RN Real field of dimension N

CN Complex field of dimension N

Ω Full index set (of size N), {1, 2, . . . , N}
S, T Sub-sets of Ω

|T | Cardinality of the set T
T c Complement of the set T
S ∪ T Set-union of S and T
S ∩ T Set-intersection of S and T
S \ T Set-minus of S and T
AT Sub-matrix consisting of the columns of A indexed by i ∈ T
xT Sub-vector consisting of the components of x indexed by i ∈ T

supp(x, k) k-length support set of x

supp(x) Support set of x, i.e., {i : xi 6= 0}
T Support set of x, supp(x)

‖x‖p ℓp norm of x

‖x‖ ℓ2 norm of x

|x| Element-wise amplitudes of x, i.e., {|x1| |x2|. . .}
x∗ x arranged in non-increasing order of magnitude

x∗
j denotes the j’th largest element of |x|





Chapter 2

Background

Compressed sampling (CS) is a signal processing framework for efficient acquisition,
storage and reconstruction of sparse data. We begin our study by introducing the
mathematical modeling of CS systems in Section 2.1. The analysis of CS system
performance requires tools which will be introduced in Section 2.2. We review a few
well-known CS reconstruction algorithms in Section 2.3. Finally, in Section 2.4, the
CS problem is extended to model the problem of distributed sparse learning over
networks.

2.1 Compressed Sampling

Compressed Sampling (CS) deals with the study of undersampled linear systems
under the assumption of sparsity. Let us state the standard CS problem where we
acquire an s-sparse signal x ∈ RN via the linear measurements

y = Ax + e, (2.1.1)

where A ∈ RM×N is a matrix representing the sampling system, y ∈ RM represents
a vector of measurements and e ∈ RM is additive noise representing measurement
errors. An s-sparse signal vector consists of at most s non-zero scalar components.
For the setup s < M < N (under-determined system of linear equations), the task
is to reconstruct x from y as x̂. With no a-priori statistical knowledge of x and e,
the objective in CS is to strive for a reduced number of measurements (M) as well
as achieving a good reconstruction quality. Note that, in practice, we may wish to
acquire a signal x that is sparse in a known orthonormal basis and the concerned
problem can be recast as (2.1.1).

The sparsity of the signal vector x can be characterized by the ℓ0 norm of the
vector. In general, the ℓp norm of a vector x is defined as

‖x‖p=

(
∑

i

|xi|p
) 1

p

.

15
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Note that ℓp norm for p < 1 are not formal norms. In the limit, the ℓ0 norm of an
s-sparse vector is defined as

‖x‖0= {Number of non-zero components in x} = s. (2.1.2)

A more practical and interesting scenario considers signal vectors with approximate
sparsity. We refer to an s-approximate sparse vectors as the vector x that has s
significant amplitude components. Note that we will study the undersampled linear
system (2.1.1) with the above assumption of strict sparsity under the condition
that s ≪ N . It is well known that the above undersampled linear system has
infinitely many solutions. We do not consider the corner case where A is not a
full-rank matrix. This can be ensured by assuming that the entries of the sampling
matrix A are independently generated. We also assume that the sampling matrix
has normalized columns, i.e., the columns of A are unit norm. We do not consider
any structure on the additive noise in the system. With our assumption on sparsity
in x, we look for a suitable regularization function that promotes sparsity among all
the possible solutions x̂. Before we go further, we define two algorithmic functions
that will be used later as follows:

supp(x, k) , {the set of indices corresponding to

the k largest amplitude components of x},
res(y, B) , y−BB†y,

where B is a full column-rank matrix.

2.1.1 Sparse signal reconstruction

As pointed out earlier, the task is to reconstruct x from y as x̂ with the knowledge
of A. As the linear system (2.1.1) has an infinite number of solutions (x̂), we need
a regularization function J(x) to provide a cost to the solutions. For the case of no
measurement noise, the optimization problem can be written as

x̂ = arg min
x

J(x) subject to y = Ax. (2.1.3)

In general, we would prefer a structure on J(x) that would result in a closed form
solution. As a first choice, let us consider J(x) = ‖x‖2. It can be easily seen that
this particular choice of J(x) gives the following solution,

x̂ = At
(
AAt

)−1
y = A†y. (2.1.4)

It is shown in [Ela10] that any choice of a strictly convex function J(x) results in
a unique solution for (2.1.3). Recalling that we are interested in a solution that
promotes sparsity in x, we look at other choices of J(x). Consider the optimization
problem (2.1.3) with J(x) = ‖x‖1 (referred to as the ℓ1 problem). Note that the ℓ1
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(a)

(0,0)

(b)

(0,0)

Figure 2.1: The intersection of the smallest ℓp ball with the affine subspace will
give the solution to the problem (2.1.5). (a) For p = 2, the intersection takes place
where the signal has all non-zero components, (b) for p ≤ 1, the intersection takes
place at the axes where the signal has fewer non-zero components.

norm is not a strict convex function and might therefore result in multiple solutions,
x̂. The ℓ1 norm in fact results in solutions (single or many) that satisfy the following
properties [Ela10]:

1. The solution set is bounded and convex, and

2. There exists a solution with at most M non-zero elements in x̂.

The above properties give rise to the notion that an ℓ1 norm is a sparsity-promoting
function (as compared to ℓ2 norm). In search for similar sparsity-promoting func-
tions, we logically look towards ℓp norm (for p ≤ 1) with some abuse of notation
(Note that ℓp (p < 1) are not formal norms). The optimization problem can now
be rewritten as,

x̂ = arg min
x

‖x‖p
p subject to y = Ax. (2.1.5)

The solution to the above optimization problem can be visualized as follows: The
feasible set is an affine subspace. The intersection of the smallest ℓp ball (all the
points with the same ℓp norm) with the affine subspace will give the solution to
the above problem. For ℓp ball (with p ≤ 1), the intersection is expected on the
axes. This naturally leads to a sparse solution. Figure 2.1 gives an illustration of
this property for different values of p.

The above intuition can be extended to the extreme case of ℓ0 norm as follows,

x̂ = arg min
x

‖x‖0 subject to y = Ax. (2.1.6)

The above problem (referred to as the ℓ0 problem) incorporates the sparsity as-
sumption in a literal way. The solution to the above problem is guaranteed to be
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the sparsest among all the possible solutions of (2.1.1). The downside of the above
formulation is the exponential complexity of solving the above problem. This in-
volves searching over all possible combinations of the subset of indices of x to get
the sparsest solution.

Thus, for CS signal reconstruction, we look for sparsity promoting regularization
function that can be solved with limited complexity. From the above discussion, one
such candidate is the ℓ1 problem that can be solved using convex optimization tools
such as CVX [cvx]. Alternatively, many heuristic algorithms have been proposed
in literature to approximate the ℓ0 problem. Various CS reconstruction algorithms
will be discussed in detail in Section 2.3.

2.2 Analytical Framework

The CS reconstruction quality depends on the structure of the measurement ma-
trix A, measurement noise e, sparse signal x and the CS reconstruction algorithm
considered. This inter-dependency has been characterized in the literature using
various frameworks such as,

1. Uniqueness guarantee using Spark and Mutual Coherence [Ela10,CT06],

2. Restricted Isometry Property (RIP) [Can08], and

3. Information theoretic approach [AT10].

We next provide a brief discussion on the notion of mutual coherence, spark and
RIP. It is interesting to note that all the above notions depend only on the mea-
surement matrix A and hence result in a worst-case guarantee for a particular CS
reconstruction approach.

2.2.1 Spark

The spark of a matrix A is defined as follows,

spark (A) = {Smallest number of columns of A that are linearly-dependent}.

It is easy to see that the spark lies in the range, 2 ≤ spark(A) ≤ M + 1. An
interesting result from [Ela10] gives a relationship between the spark of a matrix
and the uniqueness of a sparse solution.

Proposition 2.2.1 (Theorem 2.4 in [Ela10]). If a system of linear equations y =
Ax has a solution x obeying ‖x‖0< spark(A)/2, this solution is necessarily the
sparsest possible

From the above result, we would like to have a higher value for spark to guaran-
tee uniqueness of a sparse solution. For a completely random matrix, A, the spark
would be M + 1 with high probability.
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The spark of a matrix is expensive (exponential in complexity) to compute as
it requires checking every combination of the columns of A. A more easier term to
compute is the mutual coherence parameter as described next.

2.2.2 Mutual Coherence

The mutual coherence of a matrix A is defined as the maximal inner product
between different columns of A, i.e.,

µ(A) = max
1≤i,j≤N,i6=j

|at
iaj |.

Note that the above definition of mutual coherence is normalized as the columns of
A are assumed to have a unit norm. The mutual coherence gives a measure of the
dependence between the columns of A. For the ideal case of a unitary A, µ(A) = 0.
For the under-determined linear system considered in this thesis, µ(A) > 0. The
relationship between the spark and mutual coherence of a mtrix is stated below.

Proposition 2.2.2 (Lemma 2.1 in [Ela10]). For any matrix, A ∈ RM×N , the
following relationship holds:

spark(A) ≥ 1 +
1

µ(A)
.

It can be seen from Proposition 2.2.1 and Proposition 2.2.2 that lower values of
µ(A) is desired so as to have uniqueness guarantee for a higher sparsity level of x.

Both the spark and mutual coherence have been used in literature to bound the
performance of the CS reconstruction algorithms.

2.2.3 Restricted Isometry Property

Another important measure that characterizes the distance between the columns of
a matrix is the Restricted Isometry Property (RIP). It was first studied by Candes
and Tao [CT05] and has been extensively applied to guarantee the performance of
various CS algorithms including those presented in this thesis. We now define the
RIP of a matrix as follows

Definition 2.2.1 (RIP: Restricted Isometry Property [CT05]). – A matrix A ∈
RM×N satisfies the RIP with Restricted Isometry Constant (RIC) δs if

(1− δs)‖x‖2≤ ‖Ax‖2≤ (1 + δs)‖x‖2 (2.2.1)

holds for all vectors x ∈ RN such that ‖x‖0≤ s, and 0 ≤ δs < 1. The RIC satisfies
the monotonicity property, i.e., δs ≤ δ2s ≤ δ3s.

Many random matrices have RIP, for example Fourier matrices [HAN10], Gaus-
sian matrices and Bernoulli matrices [CT06]. In a qualitative sense, the RIP trans-
lates to the fact that the signal energy in the transformed domain remains bounded
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by scaled versions of the signal energy, and hence forms a theoretical basis of
good CS reconstruction. To get an intuition of the impact of RIP, consider an
i.i.d. Gaussian measurement matrix A with entries modeled as aij ∽ N (0, 1/M).
Then [BDDW08, Theorem 5.2] shows that for any real number 0 < δ∗ < 1 and
positive integer s < M , the RIC δs of A satisfies the bound

P (δs < δ∗) ≥ 1− 2

(
12eN

sδ∗

)s

exp

(

−M

(
δ2

∗
16
− δ3

∗
48

))

. (2.2.2)

If our aim is to construct a random matrix that satisfies the RIC condition with
probability at least as high as 1− ǫ (where ǫ ∈ (0, 1) ), i.e., P (δs < δ∗) ≥ 1− ǫ, the
above bound states that the number of measurements must satisfy,

M ≥ 1

δ2∗/16− δ3∗/48
(s (ln(N/s) + ln(12e/δ∗))− ln(ǫ/2)) . (2.2.3)

Next, we state a few results of the RIP which will be used later in the thesis.

Proposition 2.2.3 (Proposition 3.1 in [NT08]). Suppose A has RIC δs. Let T be
a set of s indices or fewer. Then

∥
∥At

T y
∥
∥ ≤

√

1 + δs ‖y‖ , (2.2.4a)
∥
∥
∥A†

T y
∥
∥
∥ ≤ 1√

1− δs

‖y‖ , (2.2.4b)

(1− δs) ‖x‖ ≤
∥
∥At

T AT x
∥
∥ ≤ (1 + δs) ‖x‖ , (2.2.4c)

1

1 + δs
‖x‖ ≤

∥
∥(At

T AT )−1x
∥
∥ ≤ 1

1− δs
‖x‖ . (2.2.4d)

Here we mention that At
T and A†

T should be interpreted as (AT )t and (AT )†.

Proposition 2.2.4 (Approximate Orthogonality: Proposition 3.2 in [NT08]). Sup-
pose A has RIC δs. Let S and T be disjoint sets of indices whose combined cardi-
nality does not exceed S + T . Then

‖At
SAT ‖≤ δS+T . (2.2.5)

Corollary 2.2.1 (Corollary 3.3 in [NT08]). Suppose A has RIC δs. Let T be a set
of indices, and let x be a vector. Provided that s ≥ |T ∪ supp(x)|,

‖At
T AxT c‖= ‖At

T AT c xT c‖≤ δs‖xT c‖. (2.2.6)

Lemma 2.2.1. For the setup (2.1.1), if T̂ is the estimate of the support-set of a

signal x and x̂ is constructed by x̂T̂ ← A†
T̂ y, x̂T̂ c ← 0, then the following relation

holds:

‖x− x̂‖≤ 1

1− δ3s
‖xT̂ c‖+

1√
1− δ3s

‖e‖. (2.2.7)
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Proof. From the triangle inequality, we can write,

‖x− x̂‖ ≤ ‖xT̂ − x̂T̂ ‖+‖xT̂ c‖
= ‖xT̂ −A†

T̂ y‖+‖xT̂ c‖
= ‖xT̂ −A†

T̂ AT̂ xT̂ −A†
T̂ AT̂ c xT̂ c −A†

T̂ e‖+‖xT̂ c‖
(a)
= ‖A†

T̂ AT̂ cxT̂ c + A†
T̂ e‖+‖xT̂ c‖

(b)

≤ ‖
(
At

T̂ AT̂
)−1

At
T̂ AT̂ c xT̂ c‖+‖A†

T̂ e‖+‖xT̂ c‖
(c)

≤
(

1 +
δ2s

1− δs

)

‖xT̂ c‖+ 1√
1− δs

‖e‖

(d)

≤ 1

1− δ3s
‖xT̂ c‖+

1√
1− δ3s

‖e‖, (2.2.8)

where in (a) we have used A†
T̂ AT̂ xT̂ = xT̂ . In (b), we used the triangle inequality.

In (c), we used (2.2.4d) and (2.2.4b) of Proposition 2.2.3 and Corollary 2.2.1. In
(d), we used the monotonicity property of RIC, as δ3s ≥ δ2s ≥ δs.

Corollary 2.2.2. For any integer L > 1, and for the statement in lemma 2.2.1,
we have

‖x− x̂‖≤ 1

1− δ(L+1)s
‖xT̂ c‖+

1
√

1− δ(L+1)s

‖e‖. (2.2.9)

The above result follows from the monotonicity property of RIC, as δ(L+1)s ≥ δ3s

for L > 1.

2.2.4 Alternative definition of RIP

Foucart [Fou11] pointed out that the RIC δs could be formulated equivalently as

δs = max
S⊆{1,...,N},|S|≤s

‖At
SAS − I‖2→2, (2.2.10)

where

‖At
SAS − I‖2→2= sup

a∈R|S|\{0}

‖(At
SAS − I)a‖
‖a‖ .

This alternate definition of RIP leads to the following results which will be used
later.

Proposition 2.2.5. [SXL14, Lemma 4] For two vectors u, v ∈ RN , if |supp(u)∪
supp(v)|≤ s, then

|〈u, (I−AtA)v〉|≤ δs‖u‖‖v‖; (2.2.11)
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moreover, if U ⊆ {1, . . . , N} and |U ∪ supp(v)|≤ s, then

‖((I−AtA)v)U‖≤ δt‖v‖. (2.2.12)

Proposition 2.2.6. [SXL14, Lemma 5] For the general CS model y = Ax + e,
letting u ⊆ {1, . . . , N} and |U|≤ u, we have

‖(Ate)U‖≤
√

1 + δu‖e‖. (2.2.13)

2.3 CS reconstruction algorithms

In this section we will discuss the two main approaches of designing CS reconstruc-
tion algorithms: convex optimization; and greedy algorithms.

2.3.1 Convex optimization based reconstruction

An example of the Convex optimization based reconstruction algorithm is the ℓ1

problem discussed in Section 2.1.1 and given below.

x̂ = arg min
x

‖x‖1 subject to y = Ax. (2.3.1)

It is a convex relaxation of the ℓ0 problem stated in (2.1.6). This problem is referred
to as the basis pursuit (BP) problem. As the BP problem is a convex problem, it
can be efficiently solved using linear solvers. For the case of measurement noise, the
BP problem can be reformulated as

x̂ = arg min
x

‖x‖1 subject to ‖y−Ax‖≤ ǫ. (2.3.2)

The above formulation is referred to as the basis pursuit de-noising (BPDN) prob-
lem and has been extensively studied in the literature. Under the assumption of
bounded measurement noise energy, ‖e‖≤ ǫ, it was shown in [Can08] that the so-
lution of (2.3.2) is bounded if the RIC is bounded as δ2s <

√
2 − 1 where s is the

sparsity level of the signal vector. This result can be stated as follows

Proposition 2.3.1. [Can08, Theorem 1.2] Assume that δ2s <
√

2−1 and ‖e‖≤ ǫ.
Then the solution to (2.3.2) obeys

‖x− x̂‖≤ C0s−1/2‖x− xS‖1+C1ǫ,

where S = supp(x, s) and

C0 =
4
√

1 + δ2s

1− (1 +
√

2)δ2s

, C1 = 2
1− (1−

√
2)δ2s

1− (1 +
√

2)δ2s

.
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An interesting point to note is that the above bound takes into account the
approximate sparsity of the vector. For an exact sparse vector, the first term in
the above bound will be identically zero. In addition, the BPDN solution does not
require prior knowledge of the sparsity level of the vector. This is an important
advantage of this formulation as compared to the greedy algorithms as will be
described later. The above bound on the BPDN solution was improved to δ2s <
0.472 in [CWX10].

2.3.2 Greedy pursuit based reconstruction

An alternate approach to solving the ℓ0 problem (2.1.6) is to determine the support
of the signal vector followed by estimating the values of the non-zero values of x.
Once the support-set is determined, the second part can be easily accomplished by
solving a least-square problem on the non-zero columns of A. This approach gives
rise to the family of greedy pursuit (GP) algorithms.

The GP algorithms are generally constructed using simple algebraic functions
such as matched filtering, set union and least square estimation. This gives the GP
algorithms advantage in terms of complexity reduction as compared to the convex
optimization based reconstruction. The disadvantage of GP algorithms is their sen-
sitivity to the knowledge of the sparsity level (s). We present here two well-known
GP algorithms; orthogonal matching pursuit (OMP) and subspace pursuit (SP) to
illustrate the basic design principles in Algorithm 1 and Algorithm 2 respectively.

Algorithm 1 OMP - Orthogonal Matching Pursuit

Input: y, A, s
Initialization:

1: k ← 0 (k denotes iteration counter)
2: rk ← y (Residual at k’th iteration)
3: T̂k ← ∅ (Support-set at k’th iteration)
4: x̂k ← 0 (Sparse solution at k’th iteration)

Iteration:

repeat
k ← k + 1

1: ik ← supp(Atrk−1, 1)
2: T̂k ← ik ∪ T̂k−1

3: x̂k such that x̂T̂k
← A†

T̂k

y ; x̂T̂ c
k

← 0

4: rk ← y−Ax̂k

5: until stopping criterion

Output: x̂← x̂k, T̂ ← T̂k, r← rk

The GP algorithms are iterative in nature and depend on a stopping criterion
to terminate. This stopping criterion can either be a fixed number of iterations
or a non-decreasing magnitude of the residual error (r). The OMP estimates the
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Algorithm 2 SP - Subspace Pursuit

Input: y, A, s
Initialization:

1: k ← 0 (k denotes iteration counter)
2: rk ← y (Residual at k’th iteration)
3: T̂k ← ∅ (Support-set at k’th iteration)
4: x̂k ← 0 (Sparse solution at k’th iteration)

Iteration:

repeat
k ← k + 1

1: T̀k ← supp(Atrk−1, s)
2: Ṽk ← T̀k ∪ T̂k−1

3: x̃k such that x̃Ṽk
← A†

Ṽk
y ; x̃Ṽc

k
← 0

4: T̂k ← supp(x̃k, s)

5: x̂k such that x̂T̂k
← A†

T̂k

y ; x̂T̂ c
k

← 0

6: rk ← y−Ax̂k

until stopping criterion

Output: x̂← x̂k, T̂ ← T̂k, r← rk

support-set of the vector x one index at a time. The indices are accumulated in a set
for determining the residual error. Note that the indices that are selected in iteration
k cannot be removed in future iterations. The SP algorithm estimates the complete
support set of size s in the first step. It then refines the estimates in subsequent
iterations based on the amplitude of the indices of the least square estimates of
x̂. The reconstruction guarantees of the GP algorithms can be expressed using the
RIP property. We state below the reconstruction guarantees of the OMP and the
SP algorithms.

Proposition 2.3.2. [DW10, Theorem 3.1] Suppose that A satisfies the RIP of
order s + 1 with RIC δs+1 < 1

3
√

s
. Then for any x ∈ RN with ‖x‖0≤ s, OMP will

recover x exactly from y = Ax in s iterations.

Proposition 2.3.3. [SXL14, Theorem 1] For the general CS model y = Ax + e,
if δ3s(A) < 0.4859, then the solution of the SP algorithm converges. The solution
at convergence x̂ is bounded as

‖x− x̂‖≤ C2‖e‖, (2.3.3)

where C2 is a known constant.

Throughout the thesis, our guiding principle for designing CS reconstruction
algorithm is to have a bound on the solution of the algorithm. It will become clear
in the later chapters that we will derive convergence guarantees similar to the ones
given above based on RIP properties.
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2.4 Distributed Sparse Learning

We now consider the problem of CS in a distributed manner referred to as dis-
tributed sparse learning.

Consider a connected network with L nodes. The neighborhood of node l is
defined by the set Nl ⊆ {1, 2, . . . , L}. Each node is capable of receiving weighted
data from other nodes in its neighborhood. The weights assigned to links between
nodes can be written as a network matrix H = {hlr} ∈ RL×L, where hlr is the link
weight from node r to node l. Typically weights are non-negative and hlr = 0 if
there is no link from node r to node l. H is also known as the adjacency matrix in
literature.

Assumption 2.4.1. H is a right stochastic matrix.

The motivation for the above assumption is that any non-negative network
matrix can be recast as a right stochastic matrix. Our task is to learn or estimate
a sparse signal x in a distributed manner over the network. The observation vector
yl ∈ RMl at the node l is modeled as

yl = Alx + el, (2.4.1)

where Al ∈ RMl×N is a measurement or dictionary matrix with Ml < N , and el is
an additive noise that represents measurement noise and/or modeling error.

Assumption 2.4.2. The sparse signal x has at most s non-zero scalar elements,
and s is known a-priori.

The above assumption is used for several greedy sparse learning algorithms,
such as subspace pursuit (SP) [DM09], CoSaMP [NT08], iterative hard thresholding
(IHT) [BD09] etc. Note that we will remove the assumption in Chapter 6 where
we consider convex optimization based learning algorithms. We have assumed that
the sparse signal x remains the same across all nodes. This is referred to as the
common signal model. There are other signal models considered in practice. We
provide a few examples of the alternate signal models below.

1. Mixed signal model [BDW+09] - Each node has a common signal part apart
from the individually unique signal part.

2. Extended mixed signal model [PHYK12] - Groups of nodes share a common
signal part apart from the individually unique signal part.

3. Common support-set model [BDW+09] - All the nodes share a common
support-set.

4. Mixed support-set model [SCS14] - Each node has a common support-set part
apart from the individually unique support-set part.
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In the distributed learning setup, we have considered a connected network of L
nodes. This means that there exists a path between any two nodes of the network.
We have not made any assumptions on the symmetry of the network. That is
the links among nodes can be either uni-directional or bi-directional. The entire
characteristics of the network is captured in the network matrix H. The links among
nodes can either be error free or incorporate a cost to reflect the error probability
of the particular link. The total cost of communication among nodes can then
be computed to compare the performance of various distributed sparse learning
solutions.

2.4.1 Distributed sparse learning algorithms

The development of distributed sparse learning (DSL) algorithms follows a similar
trajectory as the single node CS reconstruction. The two main factors that limit the
applicability of a DSL algorithm is the associated computation and communication
cost. Computation cost is a result of the complexity of running the algorithm at an
individual node. On the other hand, communication cost depends on the amount
of data that is exchanged among the nodes of the network. Thus, the guiding
principle for designing a DSL algorithm is obtaining an optimal combination of the
computational and communication cost. We discuss next about the DSL algorithms
motivated by the convex optimization techniques and the greedy pursuit algorithms.

Convex optimization based DSL algorithms

Distributed least-absolute shrinkage and selection operator (D-LASSO) is a DSL
algorithm proposed in [MBG10]. Though it was developed for the problem of dis-
tributed sparse linear regression, it can be easily used to solve the problem (2.4.1)
in a distributed manner. The algorithm exchanges intermediate estimates among
the neighbors of the network at every step. It was shown that the D-LASSO algo-
rithm iteratively converges to the globally optimal solution, that is, the solution to
a central BPDN problem. The authors in [MXAP12] developed an optimized solver
for the system model where noise is not present, i.e., for a distributed BP prob-
lem. Distributed BP (DBP) considers two scenarios, one with row partitioning and
the other with column partitioning of the measurement matrix. The first scenario
solves the problem (2.4.1) where each node has a partial observation vector. The
second scenario solves the problem where each node has observation of a subset of
the sparse signal. Using the technique of alternating direction method of multipli-
ers (ADMM), it was shown that the solution of the DBP converges to the globally
optimal solution.

Greedy pursuit based DSL algorithms

Greedy pursuit (GP) based DSL have the advantage of lower complexity but are
commonly theoretically intractable. Wimalajeewa and Varshney [WV14] introduced
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a distributed OMP algorithm to solve the problem of common support-set model
mentioned earlier in this section. The setup assumes that the signal to be recovered
at different nodes have a common support set, albeit with different values of the
non-zero elements. The nodes iteratively exchange the support set indices among
the neighbors. Every node then updates the local support set with the index that
is more common in the neighbor support-sets. The algorithm terminates when the
support-set is populated with s indices, where s is the assumed sparsity level at
each node.

[HNE15] proposed a DSL algorithm motivated by the iterative hard thresh-
olding algorithm (IHT) for the common signal model. The nodes compute a local
estimate through a modification of the IHT algorithm. The estimates are then com-
municated to a central processing nodes which refines the estimates in a centralized
manner. The refined estimate is then broadcast to all the nodes in the network. The
above algorithm requires the presence of a central node but only assumes that the
intermediate estimates are communicated.

[SCS16b] presents several interesting DSL algorithms. Distributed SP (DiSP)
and Distributed parallel pursuit (DIPP) are extensions of the SP algorithm for the
mixed support set model. The neighbor estimates of the support-set undergoes a
voting mechanism to reflect the assumptions of the signal model. Distributed OMP
(DiOMP) is a similar extension of the OMP algorithm for the mixed support set
model.

In this thesis, we present three DSL designs motivated by SP, IHT and BPDN
methodology. As in the case of a local CS reconstruction algorithm, our aim will
be to bound the solution of the algorithm in terms of the measurement noise el,
network matrix H and RIP property of the measurement matrix Al.





Chapter 3

Generalized Fusion Algorithm for

CS Reconstruction

This chapter focuses on the design of a generalized fusion algorithm for compressive
sampling (gFACS) reconstruction. Our objective is to design a generalized strategy
where several CS reconstruction algorithms can participate to provide good perfor-
mance in varying system/signal conditions and has a provable theoretical guarantee.
Like standard greedy pursuit algorithms, the gFACS uses a-priori knowledge about
the sparsity level, and is iterative in algorithmic construction. Further, like greedy
pursuits, the gFACS strategy is simple as it uses least-squares and matched-filter
operations. To analyze the gFACS, we use a worst case theoretical approach based
on the restricted isometry property (RIP) of the sampling system. Simulation re-
sults show that the proposed gFACS algorithm indeed provides better performance
than the participating individual algorithms.

This chapter is organized as follows. In Section 3.1, we present the background
and the contributions of this chapter. The gFACS algorithm is discussed in Sec-
tion 3.2. We provide an extension of the well-known subspace pursuit algorithm in
Section 3.3 that can be used as a component algorithm in gFACS. The theoretical
analysis of gFACS is provided in Section 3.4. In Section 3.5, we illustrate the mod-
ification of other off-the-shelf algorithms for use in gFACS. Finally, the simulation
results are shown in Section 3.6.

3.1 Background and Contribution

In this chapter, we consider the standard problem of reconstruction of sparse sig-
nals given in (2.1.1). Motivated by the simplicity of well-known greedy pursuit
algorithms, we propose the generalized fusion algorithm for compressive sampling
(gFACS) algorithm. The main contributions of this chapter are stated below.

• We develop gFACS that can use any existing and new CS reconstruction
algorithm as participating algorithms.

• We theoretically analyze convergence and performance of gFACS.

29
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• The theoretical convergence of gFACS widens the scope of developing new CS
reconstruction algorithms that provide good practical performance.

To analyze the gFACS, we use a worst case theoretical approach based on the re-
stricted isometry property (RIP) of the sampling system. The RIP based theoretical
analysis in CS remains popular [DM09,DW10,GE12,CW14] vis-a-vis other theoret-
ical analysis approaches, such as mutual coherence [DE03,Ela10] and replica meth-
ods [RFG12,KVC12,VKC16]. Our RIP based theoretical analysis shows that if one
algorithm among all participating algorithms in gFACS has a converging recurrence
inequality relation, then the gFACS as a whole has a converging recurrence inequal-
ity relation and converges over iterations. At convergence of gFACS, we prove that
the reconstruction quality depends on a scaled additive measurement noise power
where the scaling coefficient is a function of the RIP parameter, sparsity level and
the number of participating algorithms. Furthermore, we analyze the performance of
gFACS when the signal is not fully sparse, but approximately sparse. Once we pro-
vide a participating algorithm that converges, the note-worthy advantage of gFACS
is that we can use any CS algorithm as a participating algorithm for performance
improvement. This widens the scope of designing new CS reconstruction algorithms
based on engineering intuitions and provides good practical performance. New CS
reconstruction algorithms might not have theoretical justifications. Existing exam-
ples of such practically powerful algorithms, but lacking theoretical justifications,
are look-ahead schemes [CSVS12, SCS11], hybrid greedy pursuit [CSVS11], back
tracking schemes [HM11], etc. There exist many other reconstruction algorithms
[PA11,ROK12,BSB10,TR11,CC13,KE12,VKT11,KWS14,DTDS12,MAN13] that
might have theoretical justifications or not. With appropriate and slight modifica-
tions, the gFACS can use all these algorithms as participating algorithms for good
CS reconstruction performance in practice and still have a theoretically justifiable
convergence. Appropriate modifications include explicit use of sparsity level and
support set estimation.

The gFACS has an important difference from the universal source coding strat-
egy where several source coding algorithms are used. In CS, we do not know the true
source and hence the best reconstruction algorithm among participating algorithms
can not be identified instance wise. Hence, outputs of all the participating algo-
rithms are used in the gFACS by a fusion strategy. The use of several CS reconstruc-
tion algorithms is recently explored in fusion strategies [CSVS11,ACH13,ACH14].
The fusion strategy of [CSVS11] is iterative, but does not have any theoretical jus-
tification. On the other hand, the fusion strategies of [ACH13,ACH14] are neither
iterative nor posses a good theoretical result in bounding CS reconstruction error.
Main differences of the gFACS from the existing fusion strategies are: the gFACS
is an iterative algorithm and has a convergence proof using recurrence inequalities.
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Figure 3.1: Block diagram of the gFACS - Generalized Fusion Algorithm for Com-
pressive Sampling.

3.2 The gFACS Algorithm

The gFACS is an iterative algorithm, where the block diagram is shown in Fig-
ure 3.1. Here we note two main parts: (1) A set of CS reconstruction algorithms
and (2) a fusion block. We consider P participating algorithms. Each participating
algorithm can use knowledge of the support-set to improve its own estimation over
iterations. The fusion is a least-squares based method that helps to estimate the
support-set of x. The pseudo-code of the gFACS is described in Algorithm 3.

Assumption 3.2.1. The sparsity level of x denoted by s is known a-priori and
used as an input to the gFACS. Also, the output of a participating algorithm is an
s-sparse estimate.

In Algorithm 3, l denotes the iteration counter and T̂p,l denotes the estimated
support-set of the p’th participating algorithm. Note that the participating algo-
rithms have an input that is the previous support-set estimate T̂l−1, and then the
fusion strategy helps to estimate a better estimate T̂l. The expectation is that, the
p’th participating algorithm will provide a better estimate T̂p,l if it has a-priori

knowledge of T̂l−1. The fusion strategy comprises of a union of estimated support-
sets, a least-squares based estimation and detection of support-set corresponding
to s largest amplitudes. Our hypothesis is that the estimation of support set, de-
noted by T̂l, will improve over iterations. We use a stopping criterion either based
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Algorithm 3 Pseudo-code of the gFACS - Generalized Fusion Algorithm for Com-
pressive Sampling

Input: y, A, s
Initialization:

1: l← 0 (l denotes iteration counter)
2: rl ← y (Residual at l’th iteration)
3: T̂l ← ∅ (Support-set at l’th iteration)
4: x̂l ← 0 (Sparse solution at l’th iteration)

Iteration:

repeat
l← l + 1 (Iteration counter)

Several CS reconstruction algorithms (P algorithms):

1: T̂1,l ← Algo1(y, A, s, T̂l−1)

2: T̂2,l ← Algo2(y, A, s, T̂l−1)

3:

...
4: T̂P,l ← AlgoP (y, A, s, T̂l−1)

Fusion:

1: Ũl ← T̂1,l ∪ T̂2,l ∪ . . . ∪ T̂P,l

2: x̃l such that x̃Ũl
← A†

Ũl
y ; x̃Ũc

l
← 0

3: T̂l ← supp(x̃l, s)

4: x̂l such that x̂T̂l
← A†

T̂l

y ; x̂T̂ c
l

← 0

5: rl ← y−AT̂l
x̂T̂l

= y−Ax̂l

until stopping criterion

Output: x̂← x̂l, T̂ ← T̂l, r← rl

on the non-decreasing residual norm or a fixed number of iterations. To achieve a
theoretical bound on the reconstruction performance of the gFACS, we also need
the following assumption.

Assumption 3.2.2. The relation between signal norm and noise norm is ‖e‖+ǫ <
‖x‖, where ǫ is a positive constant that can be chosen to be arbitrarily small.

The above assumption translates to (instance wise) signal-to-noise ratio require-

ment ‖x‖
‖e‖ > 1. Now we state the main theoretical result as follows.

Main result: Without loss of generality, let the first algorithm (Algo1) among
P participating algorithms in the gFACS satisfy a recurrence inequality that con-
verges. Due to the converging recurrence inequality, we get an input-output relation
for the first algorithm (Algo1) as follows

‖xT̂ c
1,l

‖ ≤ c1‖xT̂ c
l−1
‖+c2‖e‖+ǫ1, (3.2.1)
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where c1 <
1−δ(P +1)s

1+δ(P +1)s
< 1 and c2 are known constants, and l denotes the iteration

count of the gFACS. If c3 = c1
1+δ(P +1)s

1−δ(P +1)s
< 1 and c4 are known constants, then the

gFACS satisfies the following recurrence inequality

‖xT̂ c
l

‖ ≤ c3‖xT̂ c
l−1
‖+c4‖e‖+ǫ2, (3.2.2)

that converges. After ⌈log
(

‖e‖+ǫ3

‖x‖

)

/log(c3)⌉ iterations (with the constraint ‖e‖+ǫ3

‖x‖ <

1), using the converging recurrence inequality and assumption 3.2.2), the perfor-
mance of the gFACS is bounded by

‖x− x̂‖ ≤ 1

1− δ3s

(

2 +
c4

1− c3

)

‖e‖+ ǫ4

1− δ3s
. (3.2.3)

In the above result, {ǫi}4
i=1 are positive constants. We can choose ǫ1 and ǫ3 arbi-

trarily small that translates to arbitrarily small ǫ2 and ǫ4. The formal statement
of the main result as a theorem and its proof will be shown in Section 3.4.1. In
Section 3.4.2, we show that if there is no measurement noise (i.e. e = 0), then the
gFACS can achieve perfect reconstruction with a judicious choice of ǫ4.

3.2.1 Comparison between the gFACS and other fusion methods

The gFACS is an iterative algorithm where several CS reconstruction algorithms
can participate and their outputs are fused to achieve a better performance. Other
fusion methods are hybrid greedy pursuit (HGP) [CSVS11] as well as the fusion
of algorithms for CS (FACS) [ACH13] and its variant called progressive FACS
(pFACS) [ACH14]. In HGP [CSVS11], two well known greedy pursuit algorithms –
OMP and SP – are fused in iterations. The HGP lacks any theoretical analysis due
to its ad-hoc algorithmic steps in each iteration. The FACS [ACH14] has the same
algorithmic construction as the gFACS if the number of iterations is restricted to
one. That means the output of the FACS is equal to the output of the gFACS for
the iteration counter l = 1. In this sense, the gFACS can be viewed as a new algo-
rithm based on the FACS or a generalization. For the FACS [ACH14], theoretical
results exist related to the technical conditions where the FACS provides a better
performance than each of the participating algorithms. The pFACS [ACH14] fuses
estimates of participating algorithms in a sequential manner to address estimation
delay and hence is not directly comparable with the current setup for the gFACS.
In later sections, we find technical conditions such that the gFACS provides better
reconstruction performance than the FACS and compare them using simulations.

3.3 Extended Subspace Pursuit

In this section, we propose a general extension of the subspace pursuit (SP) algo-
rithm of [DM09], referred to as the extended subspace pursuit algorithm (ESP). We
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will show that the ESP algorithm has a recurrence inequality that converges and
hence can act as the first participating algorithm in the gFACS (that means the
ESP is Algo1 in the Algorithm 3). The pseudo-code of the ESP algorithm is shown
in Algorithm 4. In the ESP there are two extensions over SP. The extensions are in
the iterations, as follows. In the first step of the iteration, we create a support-set
of cardinality Ks satisfying (K + 1)s ≤ M , and in the fifth step, we use the side
information Tsi by union. The side information Tsi provides a-priori knowledge of
the support-set estimated by the gFACS fusion. On choice of K in ESP, note that
K = 1 is used in SP [DM09] and K = 2 in CoSaMP [NT08]. Therefore the ESP is
more general in the sense that it can handle K ≥ 1. A good choice of K depends
on underlying signal properties and hence needs to be determined experimentally.

Algorithm 4 ESP - Extended Subspace Pursuit

Input: y, A, s, Tsi, K
Initialization:

1: k ← 0 (k denotes iteration counter)
2: rk ← y (Residual at k’th iteration)
3: T̂k ← ∅ (Support-set at k’th iteration)
4: x̂k ← 0 (Sparse solution at k’th iteration)

Iteration:

repeat
k ← k + 1

1: T̀k ← supp(Atrk−1, Ks)
2: Ṽk ← T̀k ∪ T̂k−1

3: x̃k such that x̃Ṽk
← A†

Ṽk
y ; x̃Ṽc

k
← 0

4: T́k ← supp(x̃k, s)
5: V̌k ← T́k ∪ Tsi

6: x̌k such that x̌V̌k
← A†

V̌k

y ; x̌V̌c
k

← 0

7: T̂k ← supp(x̌k, s)

8: x̂k such that x̂T̂k
← A†

T̂k

y ; x̂T̂ c
k

← 0

9: rk ← y−Ax̂k

until stopping criterion

Output: x̂ESP ← x̂k, T̂ESP ← T̂k, r← rk

3.3.1 Analysis

In this section, we derive the recurrence inequality of the ESP and show that it
converges under certain conditions. First, we use the recurrence inequality to pro-
vide an input-output relation that is a function of the side information Tsi, the RIP
properties of A and the measurement noise e. The recurrence inequality of the ESP
is given as follows.
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Proposition 3.3.1 (Recurrence inequality of the ESP).

‖xT̂ c
k

‖ ≤ c5‖xT̂ c
k−1
‖ + c6‖xT c

si
‖ + c7‖e‖,

where k denotes the (inner) iteration counter of the ESP, and

c5 =
δ(K+2)s(1 + δ(K+2)s)2

(1 − δ(K+2)s)4
, c6 =

1 + δ(K+2)s

2(1− δ(K+2)s)
, c7 =

4(1 + δ2
(K+2)s)

(1 − δ(K+2)s)3
.

Proof. Proof is shown in appendix.

Now, we can analyze the quality of the ESP reconstruction performance by the
following theorem.

Theorem 3.3.1. If c5 < 1, then after l∗ =
⌈

log
(

‖e‖+ǫ1

‖x‖

)

/log(c5)
⌉

iterations (with

the constraint ‖e‖+ǫ1

‖x‖ < 1), the performance of the ESP algorithm converges and is

bounded by

‖xT̂ c
ESP

‖≤ c6

1− c5
‖xT c

si
‖+1− c5 + c7

1− c5
‖e‖+ǫ1, (3.3.1)

or

‖x− x̂ESP ‖≤ c6

(1−δ3s)(1−c5)‖xT c
si
‖+
(

1−c5+c7

(1−δ3s)(1−c5) + 1√
1−δ3s

)

‖e‖+ ǫ1

1−δ3s
. (3.3.2)

Proof. We start by proving (3.3.1). To reduce notational clutter, we drop the sub-
script ESP. From proposition 3.3.1, we can write,

‖xT̂ c
k

‖ ≤ c5‖xT̂ c
k−1
‖+c6‖xT c

si
‖+c7‖e‖

≤ c5

(

c5‖xT̂ c
l−2
‖+c6‖xT c

si
‖+c7‖e‖

)

+ c6‖xT c
si
‖+c7‖e‖.

At the end of l∗ iterations, we get

‖xT̂ c‖ ≤ cl∗

5 ‖xT̂ c
l−l∗
‖+c6

∑l∗−1
i=0 ci

5‖xT c
si
‖+c7

∑l∗−1
i=0 ci

5‖e‖
(a)

≤ cl∗

5 ‖x‖+ c6

1−c5
‖xT c

si
‖+ c7

1−c5
‖e‖

(b)
= c

⌈log
(

‖e‖+ǫ1
‖x‖

)
/log(c5)⌉

5 ‖x‖+ c6

1−c5
‖xT c

si
‖+ c7

1−c5
‖e‖

≤ c6

1−c5
‖xT c

si
‖+ 1−c5+c7

1−c5
‖e‖+ǫ1.

In (a), we have used that c5 ≤ 1 and ‖xT̂ c
l−l∗
‖≤ ‖x‖. In (b) we substituted

l∗ =
⌈

log
(

‖e‖+ǫ1

‖x‖

)

/log(c5)
⌉

from the assumption. Finally, to get (3.3.2), we ap-

ply lemma 2.2.1 to (3.3.1).

‖x− x̂‖ ≤ 1
1−δ3s

‖xT̂ c‖+ 1√
1−δ3s

‖e‖
≤ 1

1−δ3s

(
c6

1−c5
‖xT c

si
‖+ 1−c5+c7

1−c5
‖e‖+ǫ1

)

+ 1√
1−δ3s

‖e‖
= c6

(1−δ3s)(1−c5)‖xT c
si
‖+
(

1−c5+c7

(1−δ3s)(1−c5) + 1√
1−δ3s

)

‖e‖+ ǫ1

1−δ3s
.
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Comparing (3.2.1) and (3.3.1), note that c1 = c6

1−c5
and c2 = 1−c5+c7

1−c5
. In the-

orem 3.3.1, ǫ1 is a positive constant that can be chosen arbitrarily small. We use

ǫ1 to avoid singularity in l∗ = ⌈log
(

‖e‖+ǫ1

‖x‖

)

/log(c5)⌉ for the no measurement noise
case.

3.4 Analysis of the gFACS

In this section, we derive the recurrence inequality of the gFACS and show that
it has the form given in (3.2.2). We will use this result to get a bound on the
performance of the gFACS, i.e., ‖x− x̂‖ as shown in (3.2.3).

3.4.1 Performance Bound

We first state the following lemma.

Lemma 3.4.1.

‖xT̂ c
l

‖≤ 1 + δ(P +1)s

1− δ(P +1)s
‖xŨc

l
‖+ 2
√

1− δ(P +1)s

‖e‖.

Proof. The proof is similar to lemma 3.A.1 shown in appendix. We use |Ũ |≤ (P +1)s
in (3.A.5).

Corollary 3.4.1.

‖xT̂ c
l

‖≤ 1 + δ(P +1)s

1− δ(P +1)s
‖xT̂ c

1,l

‖+ 2
√

1− δ(P +1)s

‖e‖.

Proof. The relation follows from Lemma 3.4.1 by using the fact that ‖xŨc
l
‖≤

‖xT̂ c
1,l

‖.

Next, we derive the recurrence relation of the gFACS.

Theorem 3.4.1 (Recurrence inequality of the gFACS). Let the i’th participating
algorithm in the gFACS has the input-output relation of the form

‖xT̂ c
i,l

‖ ≤ c1‖xT̂ c
l−1
‖+c2‖e‖+ǫ1,

where c1 and c2 are constants and l is the iteration count. Then for the gFACS

‖xT̂ c
l

‖≤ c3‖xT̂ c
l−1
‖+c4‖e‖+ǫ2,

where

c3 = c1
1+δ(P +1)s

1−δ(P +1)s
, c4 = c2

1+δ(P +1)s

1−δ(P +1)s
+ 2√

1−δ(P +1)s

, ǫ2 =
1+δ(P +1)s

1−δ(P +1)s
ǫ1.
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Proof. Without loss of generality, we assume that Algo1 satisfies the recurrence
inequality

‖xT̂ c
1,l

‖ ≤ c1‖xT̂ c
l−1
‖+c2‖e‖+ǫ1. (3.4.1)

Substituting (3.4.1) in corollary 3.4.1, we get

‖xT̂ c
l

‖ ≤ 1+δ(P +1)s

1−δ(P +1)s

(

c1‖xT̂ c
l−1
‖+c2‖e‖+ǫ1

)

+ 2√
1−δ(P +1)s

‖e‖

=c1
1+δ(P +1)s

1−δ(P +1)s
‖xT̂ c

l−1
‖+
(

c2
1+δ(P +1)s

1−δ(P +1)s
+ 2√

1−δ(P +1)s

)

‖e‖+ 1+δ(P +1)s

1−δ(P +1)s
ǫ1.

Theorem 3.4.2. If c3 = c1
1+δ(P +1)s

1−δ(P +1)s
< 1, then after l∗ =

⌈

log
(

‖e‖+ǫ3

‖x‖

)

/log(c3)
⌉

iterations, the performance of the iterative gFACS algorithm is bounded by

‖xT̂ c‖ ≤ 1− c3 + c4

1− c3
‖e‖+ǫ4, (3.4.2)

or

‖x− x̂‖ ≤ 1

1− δ3s

(

2 +
c4

1− c3

)

‖e‖+ ǫ4

1− δ3s
, (3.4.3)

where

c4 = c2

1 + δ(P +1)s

1− δ(P +1)s
+

2
√

1− δ(P +1)s

, ǫ4 =
ǫ2

1− c3
+ ǫ3.

Proof. From Theorem 3.4.1, we can write,

‖xT̂ c
l

‖ ≤ c3‖xT̂ c
l−1
‖+c4‖e‖+ǫ2

≤ c3

(

c3‖xT̂ c
l−2
‖+c4‖e‖+ǫ2

)

+ c4‖e‖+ǫ2.

At the end of l∗ iterations, we get

‖xT̂ c
l

‖ ≤ cl∗

3 ‖xT̂ c
l−l∗
‖+c4

l∗−1∑

i=0

ci
3‖e‖+

l∗−1∑

i=0

ci
3ǫ2

(a)

≤ cl∗

3 ‖x‖+
c4

1− c3
‖e‖+ ǫ2

1− c3

(b)
= c

⌈
log
(

‖e‖+ǫ3
‖x‖

)
/log(c3)

⌉

3 ‖x‖+ c4

1− c3
‖e‖+ ǫ2

1− c3

≤ 1− c3 + c4

1− c3
‖e‖+ ǫ2

1− c3
+ ǫ3.
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In (a), we have used that c3 ≤ 1 and ‖xT̂ c
k−l∗
‖≤ ‖x‖. In (b) we substituted

l∗ = ⌈log
(

‖e‖+ǫ3

‖x‖

)

/log(c3)⌉ from the assumption. Finally, to get (3.4.3), we ap-

ply lemma 2.2.1 to (3.4.2).

‖x− x̂‖ ≤ 1
1−δ3s

‖xT̂ c
l

‖+ 1√
1−δ3s

‖e‖
≤ 1

1−δ3s

(
1−c3+c4

1−c3
‖e‖+ǫ4

)

+ 1√
1−δ3s

‖e‖
≤ 1

1−δ3s

(

2 + c4

1−c3

)

‖e‖+ ǫ4

1−δ3s
,

where ǫ4 = ǫ2

1−c3
+ ǫ3.

In theorem 3.4.2, ǫ3 is a positive constant that can be chosen arbitrarily small.

We use ǫ3 to avoid singularity in l∗ =
⌈

log
(

‖e‖+ǫ3

‖x‖

)

/log(c3)
⌉

for the no measure-

ment noise case.
Note the role of theorems 3.3.1, 3.4.1 and 3.4.2 for the statement of the main

result in section 3.2.

3.4.2 Clean measurement case and perfect reconstruction

In this section, we provide a bound for the special case when there is no measure-
ment noise. We prove that in this case, the gFACS provides perfect reconstruction
performance. First, we define the following,

|x|min= min
i∈T
|xi|. (3.4.4)

Now, we can prove the following result.

Theorem 3.4.3. For the clean measurement case, if theorem 3.4.2 holds, then the
gFACS achieves perfect reconstruction, if ǫ4 < |x|min.

Proof. For the clean measurement case, we can write from theorem 3.4.2,

‖xT̂ c‖≤ ǫ4 < |x|min. (3.4.5)

Now, assume that T̂ c 6= ∅. Then, we have

‖xT̂ c‖=
√
∑

i∈T c

x2
i ≥ |x|min. (3.4.6)

From (3.4.5) and (3.4.6), we have a contradiction, and hence T̂ c = ∅.

From the above theorem it is clear that the gFACS achieves perfect recon-
struction in the case of clean measurement under certain technical conditions. The
technical conditions are:
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• The gFACS satisfies the recurrence inequality as shown in (3.2.2).

• The number of iterations of the gFACS satisfies, l∗ = ⌈log
(

‖e‖+ǫ3

‖x‖

)

/log(c3)⌉,
such that c3 < 1 and ǫ4 = ǫ2

1−c3
+ ǫ3 < |x|min.

3.4.3 Sufficient Conditions on RIC

The performance of the gFACS strategy can be proved to be bounded as shown in
theorem 3.4.2 if two sufficient conditions are satisfied:

1. At least one participating algorithm must satisfy (3.2.2) - stated formally in
theorem 3.3.1.

2. c3 < 1 as shown in theorem 3.4.1.

Using the ESP as a component algorithm in gFACS, these two sufficient conditions
translate to relations in terms of RICs δ(K+2)s and δ(P +1)s, as follows

c5 =
δ(K+2)s(1+δ(K+2)s)2

(1−δ(K+2)s)4 , f1(δ(K+2)s) < 1,

c3 = c1
1+δ(P +1)s

1−δ(P +1)s
= c6

1−c5

1+δ(P +1)s

1−δ(P +1)s

=
(1+δ(K+2)s)(1+δ(P +1)s)

2(1−c5)(1−δ(K+2)s)(1−δ(P +1)s)

, f2(δ(K+2)s, δ(P +1)s) < 1,

(3.4.7)

where f1 and f2 are relevant functions.

Proposition 3.4.1. A sufficient condition for (3.4.7) to hold is

δmax{K+2,P +1}s ≤ 0.11.

Proof. We consider three cases depending on the values of (K + 2)s and (P + 1)s.

(a) For the case (K + 2)s = (P + 1)s, we can write the conditions as

f1(.) = c5 =
δ(K+2)s(1+δ(K+2)s)2

(1−δ(K+2)s)4 < 1,

f2(.) =
(1+δ(K+2)s)2

2(1−c5)(1−δ(K+2)s)2 < 1.

We plot f1(.) and f2(.) in Figure 3.2. It can be seen that if δ(K+2)s =
δ(P +1)s ≤ 0.11, then f1(.) < 1 and f2(.) < 1.

(b) For the case (K + 2)s > (P + 1)s, we can bound the conditions as

f1(.) = c5 =
δ(K+2)s(1+δ(K+2)s)2

(1−δ(K+2)s)4 < 1,

f2(.) =
(1+δ(K+2)s)(1+δ(P +1)s)

2(1−c5)(1−δ(K+2)s)(1−δ(P +1)s)

≤ (1+δ(K+2)s)2

2(1−c5)(1−δ(K+2)s)2 < 1,

where the bound follows from the fact that (K+2)s ≥ (P +1)s =⇒ δ(K+2)s ≥
δ(P +1)s. Now, as in case 1, we can bound the RIC as δ(K+2)s ≤ 0.11.
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Figure 3.2: Plot of f1, f2 as a function of δ(K+2)s.

(c) For the case (K + 2)s < (P + 1)s, we can bound the conditions as

f1(.) = c5 ≤ ć5 =
δ(P +1)s(1+δ(P +1)s)2

(1−δ(P +1)s)4 < 1,

f2(.) =
(1+δ(K+2)s)(1+δ(P +1)s)

2(1−c5)(1−δ(K+2)s)(1−δ(P +1)s)

≤ (1+δ(P +1)s)2

2(1−ć5)(1−δ(P +1)s)2 < 1,

where the bound follows from the fact that f1(.) is an increasing function and
(K +2)s ≤ (P +1)s =⇒ δ(K+2)s ≤ δ(P +1)s. Now, as in case 1, we can bound
the RIC as δ(P +1)s ≤ 0.11.

Therefore, the sufficient condition for convergence of gFACS becomes,
δmax{K+2,P +1}s ≤ 0.11.

3.4.4 Comparison with the FACS

In this section we provide technical conditions such that the gFACS is better than
the FACS. In section 3.2.1, we have mentioned that the output of the FACS is equal
to the output of the gFACS for one iteration. Here we first show a general result
on the performance of gFACS over iterations, and then address the issue that the
gFACS is better than the FACS.

Theorem 3.4.4. If theorem 3.4.1 holds, then the performance of the gFACS over
iterations is bounded as

‖x− x̂T̂l
‖ ≤ c3

1−δ3s
‖x− x̂T̂l−1

‖+
(

c4

1−δ3s
+ 1√

1−δ3s

)

‖e‖+ ǫ2

1−δ3s
.
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Proof. We can write from Lemma 2.2.1

‖x− x̂T̂l
‖≤ 1

1− δ3s
‖xT̂ c

l

‖+ 1√
1− δ3s

‖e‖

(a)

≤ 1

1− δ3s

(

c3‖xT̂ c
l−1
‖+c4‖e‖+ǫ2

)

+
1√

1− δ3s

‖e‖, (3.4.8)

where (a) follows from (3.2.2). We can also write

‖x− x̂T̂l−1
‖2 = ‖xT̂l−1

+ xT̂ c
l−1
− x̂T̂l−1

‖2

= ‖xT̂l−1
− x̂T̂l−1

‖2+‖xT̂ c
l−1
‖2

≥ ‖xT̂ c
l−1
‖2.

Taking square-root on both sides, we have

‖x− x̂T̂l−1
‖≥ ‖xT̂ c

l−1
‖. (3.4.9)

From (3.4.8) and (3.4.9), we can write

‖x− x̂T̂l
‖ ≤ c3

1−δ3s
‖x− x̂T̂l−1

‖+
(

c4

1−δ3s
+ 1√

1−δ3s

)

‖e‖+ ǫ2

1−δ3s
.

Corollary 3.4.2. For the case of clean measurement, i.e., ‖e‖= 0, if 2c3

1−δ3s
< 1,

and ǫ2 ≤ c3‖x− x̂T̂l−1
‖ then the gFACS performance is bounded as

‖x− x̂T̂l
‖ ≤ 2c3

1−δ3s
‖x− x̂T̂l−1

‖, (3.4.10)

and the mean square error (MSE) of the estimate improves over iterations.

It is easy to see that for this case, the gFACS has a better performance than
the FACS. Note that the FACS algorithm [ACH13] has no convergence result. In
fact, (3.4.10) gives a bound on the FACS for l = 1 (where x̂T̂0

= 0).

3.4.5 Analysis for approximate sparse signals

In this section, we extend our convergence guarantee result to approximately sparse
signals. Consider that x ∈ RN is not strictly sparse, but approximately sparse.
Before we proceed further, we state the following lemma.

Lemma 3.4.2 (Lemma 15 in [GSTV07]). Suppose that the sampling matrix A ∈
RM×N satisfies the RIP with parameter δs. Then, for every x ∈ RN , we have

‖Ax‖≤
√

1 + δs

(

‖x‖+ 1√
s
‖x‖1

)

.
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Now, we present the following result.

Theorem 3.4.5. Let x ∈ RN be approximately s-sparse in (2.1.1) and x̂ is the
estimated s-sparse signal using gFACS. Suppose the s highest magnitude elements
of x be indexed by the set K. Assuming that theorem 3.4.2 holds, we have the
following reconstruction performance

‖x− x̂‖≤ c8‖xKc‖+c9‖xKc‖1+c10‖e‖+
ǫ4

1− δ3s
,

where c10, c8 = (1 + c10

√
1 + δ3s) and c9 = c10

√
1+δ3s

s are constants.

Proof. First, we partition x such that, y = AKxK + AKcxKc + e. Now, we define
the aggregate noise as, ẽ = AKcxKc + e. Then, we can write,

‖x− x̂‖ = ‖xK + xKc − x̂‖
(a)

≤ ‖xK − x̂‖+‖xKc‖
(b)

≤ 1

1− δ3s

(

2 +
c4

1− c3

)

︸ ︷︷ ︸
c10

‖ẽ‖+‖xKc‖+ ǫ4

1−δ3s

(c)

≤ c10‖AKcxKc‖+c10‖e‖+‖xKc‖+ ǫ4

1−δ3s

(d)

≤ c10

√
1 + δs‖xKc‖+c10

√
1+δs√

s
‖xKc‖1+c10‖e‖+‖xKc‖+ ǫ4

1−δ3s

(e)

≤ (1 + c10

√
1 + δ3s)‖xKc‖+c10

√
1+δ3s

s ‖xKc‖1+c10‖e‖+ ǫ4

1−δ3s
,

where (a) follows from the triangle inequality. We get (b) by applying our conver-
gence result from Theorem 3.4.2 with the constants defined accordingly. (c) follows
by expanding ẽ and the triangle inequality. (d) follows from Lemma 3.4.2 and (e)
follows from the fact that δs ≤ δ3s.

Note that, if x is an s-sparse signal then ‖xKc‖= ‖xKc‖1= 0, and hence the
corresponding result coincides with the result of Theorem 3.4.2.

3.5 Development of participating algorithms

In the gFACS, the algorithm ESP is a participating algorithm. Now, to use an
off-the-shelf CS reconstruction algorithm as a participating algorithm, we need
appropriate modifications. We show three examples considering OMP, BP and IHT
algorithms.

The OMP algorithm is first modified to an extended OMP (EOMP) in Al-
gorithm 5. Then the BP is modified to an extended BP (EBP) in Algorithm 6.
Similarly, the IHT is modified to an extended IHT (EIHT) in Algorithm 7. The
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Algorithm 5 EOMP - Extended Orthogonal Matching Pursuit

Input: y, A, s, Tsi

Initialization: k ← 0, rk ← y, T̂k ← ∅, x̂k ← 0
Iteration:

1: repeat
2: k ← k + 1
3: ik ← supp(Atrk−1, 1)
4: Ṽk ← ik ∪ T̂k−1 ∪ Tsi

5: x̃k such that x̃Ṽk
← A†

Ṽk
y ; x̃Ṽc

k
← 0

6: T̂k ← supp(x̃k, min(k, s))

7: x̂k such that x̂T̂k
← A†

T̂k

y ; x̂T̂ c
k

← 0

8: rk ← y−Ax̂k

9: until stopping criterion

Output: x̂← x̂k, T̂ ← T̂k, r← rk

Algorithm 6 EBP - Extended Basis Pursuit

Input: y, A, s, Tsi

Initialization: k ← 0, rk ← y, T̂k ← ∅, x̂k ← 0
Iteration:

1: repeat
2: k ← k + 1
3: x̀k=arg min

x

‖xT̂ c
k−1
‖1 s.t. ‖y−Ax‖≤ ǫBP , xT̂k−1

= 0

4: T̀k ← supp(x̀k, s)
5: Ṽk ← T̀k ∪ T̂k−1 ∪ Tsi

6: x̃k such that x̃Ṽk
← A†

Ṽk
y ; x̃Ṽc

k
← 0

7: T̂k ← supp(x̃k, s)

8: x̂k such that x̂T̂k
← A†

T̂k

y ; x̂T̂ c
k

← 0

9: rk ← y−Ax̂k

10: until stopping criterion

Output: x̂← x̂k, T̂ ← T̂k, r← rk



44 Generalized Fusion Algorithm for CS Reconstruction

Algorithm 7 EIHT - Extended Iterative Hard Thresholding Pursuit

Input: y, A, s, Tsi

Initialization:

1: k ← 0 (k denotes iteration counter)
2: rk ← y (Residual at k’th iteration)
3: T̂k ← ∅ (Support-set at k’th iteration)
4: x̂k ← 0 (Sparse solution at k’th iteration)

Iteration:

repeat
k ← k + 1

1: T̀k ← supp(x̂k−1 + At (y−Ax̂k−1) , s)
2: V̌k ← T̀k ∪ Tsi

3: x̌k such that x̌V̌k
← A†

V̌k

y ; x̌V̌c
k

← 0

4: T̂k ← supp(x̌k, s)

5: x̂k such that x̂T̂k
← A†

T̂k

y ; x̂T̂ c
k

← 0

6: rk ← y−Ax̂k

until stopping criterion

Output: x̂← x̂k, T̂ ← T̂k, r← rk

theoretical convergence of EOMP, EBP and EIHT is not required for use in the
gFACS. In Section 3.6, we perform simulations considering three example cases:
(1) gFACS-1 – ESP (with K = 1) and EOMP as the participating algorithms, (2)
gFACS-2 – ESP (with K = 1), EOMP and EBP as the participating algorithms,
(3) gFACS-3 – ESP (with K = 1) and EIHT as the participating algorithms. Note
that gFACS-1 and gFACS-3 have lower computational complexity than gFACS-2.

3.6 Simulation results

In this section, we evaluate the performance of gFACS vis-a-vis participating algo-
rithms and FACS. For performance evaluation, we use the simulation setup that
was used in [CSVS12] for comparing different algorithms as well as in [ACH13] for
FACS. We begin by defining the performance metrics and explain the simulation
setup.

3.6.1 Performance Metrics and Simulation Setup

In order to evaluate the average reconstruction accuracy of an algorithm, we use a
performance measure that computes the ratio of the energy in the signal and the
reconstruction error. This measure is known as signal-to-reconstruction-noise error
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Figure 3.3: SRNR performance of OMP, SP, BPDN, IHT, gFACS-1, gFACS-2 and
gFACS-3.

(SRNR),

SRNR =
E{‖x‖2}

E{‖x− x̂‖2} ,

where E{.} denotes the expectation operation. A higher SRNR means a better
reconstruction in the mean square error sense. We also use another measure that
depends on the support-set recovery performance of the algorithm. This measure
is known as the average support-set cardinality error (ASCE),

ASCE = 1− E

{

|T ∩ T̂ |
|T |

}

.

The ASCE gives a measure of the support-set recovery capability of the algorithm.
It ranges between zero and one. We mention here that a lower ASCE does not fully
guarantee a higher SRNR and vice-versa. To deal with the size of the sampling
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Figure 3.4: ASCE performance of OMP, SP, BPDN, IHT, gFACS-1, gFACS-2 and
gFACS-3.

matrix, we use the fraction of measurements (FoM), denoted by α, as

α =
M

N
.

This FoM ratio measures the level of under-sampling of the CS system. Our simu-
lation setup is given below:

1. Fix s and N .

2. Choose α and M such that M is an integer.

3. Construct a sampling matrix A of dimensions M×N with elements generated
independently from a Gaussian distribution N (0, 1). Scale each column of A
to a unit ℓ2 norm.

4. Generate Sd random data vectors x of dimension N , such that ‖x‖0= s with
the non-zero indices (support set) picked uniformly over the set {1, 2, . . . , N}.
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Figure 3.5: Performance comparison between gFACS and FACS.

The non-zero components on the support set of x are generated by the fol-
lowing two methods.

a) From a standard Gaussian source, i.e, N (0, 1). This is known as a Gaus-
sian sparse signal.

b) Set to ones. This is known as a binary sparse signal.

5. For each data vector, compute the noisy measurement as y = Ax + e, where
e ∼ N

(
0, σ2

eIM

)
is the measurement noise.

6. Apply all competing algorithms.

7. Repeat steps 3-6 for Sm times. The performance measures, SRNR and ASCE
are evaluated by averaging them over SdSm measurements.

The signal-to-measurement-noise ratio (SMNR) is

SMNR =
E{‖x‖2}
E{‖e‖2} .
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Note that, E{‖e‖2} = σ2
eM . We report the performance of the algorithms for the

case with and without measurement noise, where we set the SMNR to 20 dB in the
former.

3.6.2 Simulation Results

We fix N = 500 and s = 20 as used in [CSVS12,ACH13]. The value of α is increased
in steps of 0.1. We used Sd = Sm = 102 for our setup to give an average over 104

independent realizations. Note that, in BPDN and EBP, we set ǫ2
BP = σ2

e(M +

2
√

2M) [CRT06b]. We evaluate the SRNR and the ASCE for two SMNR conditions
by varying α. The simulation results are presented in Figure 3.3, Figure 3.4 and
Figure 3.5. Our observations are given below.

1. From Figure 3.3 and Figure 3.4, we find that the gFACS-1 is better than its
(independent) participating algorithms - SP and OMP. Similarly, the gFACS-
2 and gFACS-3 is better than its participating algorithms - SP, OMP, BPDN
and SP, IHT respectively.

2. In Figure 3.5, the FACS-1, FACS-2 and the FACS-3 correspond to the gFACS-
1, gFACS-2 and the gFACS-3, respectively. That means, the FACS-1 has ESP
and EOMP as the participating algorithms; the FACS-2 has ESP, EOMP and
EBP; and the FACS-3 has ESP and EIHT. The FACS-1, FACS-2 and FACS-3
is compared to the gFACS-1, gFACS-2 and gFACS-3. We find that the gFACS
is better than the FACS.

The simulation results show that the gFACS performs better than several existing
algorithms including the FACS. Note that we have used K = 1 in the ESP. The
choice of K depends on the application.

3.6.3 Experiment on Real data

We evaluate the performance of the proposed algorithms on real compressible im-
ages. In particular, we consider three grayscale images: Peppers, Lena and Baboon
of size 512× 512. We use 18% of highest magnitude DCT coefficients of an image.
The DCT is then split into 256 equal parts (or blocks) for reconstruction. The value
of s and α for each part is chosen as 200 and 0.44 respectively. We perform recon-
struction of the original images using the CS algorithms: OMP, SP, IHT, FACS-1,
gFACS-1, FACS-3 and gFACS-3. The performance measure is the peak-signal-to-
noise-ratio (PSNR), defined as

PSNR =
‖x‖2

∞
‖x− x̂‖2

,

where ‖.‖∞ denotes the ℓ∞ norm. The PSNR values are shown in Table 3.1. We
also show the visual reconstruction quality of the gFACS-1 algorithm in Figure 3.6.
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Figure 3.6: Performance of gFACS-1 over image data. The top row contains the
original images. The bottom row contains the reconstructed images using gFACS-1
with sparsity level 18%.

Table 3.1: PSNR comparison for various algorithms

Image OMP SP IHT FACS-1 gFACS-1 FACS-3 gFACS-3

Peppers 30.61 27.08 29.07 30.92 30.82 29.09 29.43

Lena 30.14 27.20 29.13 30.43 30.22 29.05 28.92

Baboon 18.27 17.82 19.16 18.79 18.25 18.96 18.41
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3.A Appendix

The appendix is devoted to proving proposition 3.3.1. We begin by introducing the
following three lemmas and then prove the proposition 3.3.1.

Lemma 3.A.1. For the ESP

‖xT́ c
k

‖≤ 1 + δ(K+2)s

1− δ(K+2)s
‖xṼc

k
‖+ 2
√

1− δ(K+2)s

‖e‖

Proof. Define T∆ = Ṽ \ T́ . Observe that T́ ⊂ Ṽ . Then, by using T́ c = Ṽc ∪ T∆ we
get

‖xT́ c‖≤ ‖xṼc‖+‖xT ∩T∆
‖. (3.A.1)

Let us consider the following relation,

‖x̃T ∩T∆
‖ = ‖xT ∩T∆

+ (x̃Ṽ − xṼ)T ∩T∆
‖

≥ ‖xT ∩T∆
‖−‖(x̃Ṽ − xṼ)T ∩T∆

‖,

which by rearranging the terms gives

‖xT ∩T∆
‖ ≤ ‖x̃T ∩T∆

‖+‖(x̃Ṽ − xṼ )T ∩T∆
‖

≤ ‖x̃T ∩T∆
‖+‖x̃Ṽ − xṼ‖. (3.A.2)

Now, we have that

‖x̃T ∩T∆
‖2 = ‖x̃T ∩T∆

‖2+‖x̃T́ ‖2−‖x̃T́ ‖2

≤ ‖x̃‖2−‖x̃T́ ‖2

= ‖x̃Ṽ\T ‖2+‖x̃T ‖2−‖x̃T́ ‖2

(a)

≤ ‖x̃Ṽ\T ‖2,

where (a) is from the fact that ‖x̃T ‖2−‖x̃T́ ‖2≤ 0, by definition. Taking square-root
on both sides gives

‖x̃T ∩T∆
‖ ≤ ‖x̃Ṽ\T ‖

= ‖x̃Ṽ\T − xṼ\T ‖
= ‖(x̃Ṽ − xṼ)Ṽ\T ‖
= ‖x̃Ṽ − xṼ‖. (3.A.3)

Combining (3.A.2) and (3.A.3), we get

‖xT ∩T∆
‖ ≤ 2‖x̃Ṽ − xṼ‖ (3.A.4)
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The RHS of (3.A.4) can be simplified as

‖xṼ − x̃Ṽ‖ = ‖x̃Ṽ −A†
Ṽ(Ax + e)‖

= ‖x̃Ṽ −A†
Ṽ(AṼ xṼ + AṼcxṼc + e)‖

= ‖A†
ṼAṼcxṼc + A†

Ṽe‖
≤ ‖A†

ṼAṼcxṼc‖+‖A†
Ṽe‖

= ‖(At
ṼAṼ)−1At

ṼAṼcxṼc‖+‖A†
Ṽe‖

(a)

≤ δ(K+2)s

1− δ(K+1)s
‖xṼc‖+ 1

√
1− δ(K+1)s

‖e‖, (3.A.5)

where in (a) we have used (2.2.4d) and (2.2.4b) of proposition 2.2.3 and corollary
2.2.1. Combining (3.A.1), (3.A.4) and (3.A.5), we get

‖xT̂ c‖ ≤
(

1 +
2δ(K+2)s

1− δ(K+1)s

)

‖xṼc‖+ 2
√

1− δ(K+1)s

‖e‖

(a)

≤ 1 + δ(K+2)s

1− δ(K+2)s
‖xṼc‖+ 2

√
1− δ(K+2)s

‖e‖,

where in (a) we have used the fact that δ(K+1)s ≤ δ(K+2)s.

Lemma 3.A.2.

‖xT̂ c
k

‖≤ 1 + δ3s

1− δ3s
‖xV̌c

k

‖+ 2√
1− δ3s

‖e‖.

Proof. The proof of this lemma is similar to Lemma 3.A.1. We use |V̌k|≤ 2s in
(3.A.5).

Lemma 3.A.3.

‖xṼc
k
‖≤ 2δ(K+2)s

(1− δ(K+2)s)2
‖xT̂ c

k−1
‖+2

√
1 + δ(K+2)s

1− δ(K+2)s
‖e‖.

Proof. We can write,

rk−1 = res(y, AT̂k−1
)

(a)
= res(AT̂ c

k−1
xT̂ c

k−1
, AT̂k−1

) + res(AT̂k−1
xT̂k−1

, AT̂k−1
) + res(e, AT̂k−1

)

(b)
= res(AT̂ c

k−1
xT̂ c

k−1
, AT̂k−1

) + res(e, AT̂k−1
). (3.A.6)

In (a), we have used that Ω = T̂ ∪ T̂ c and that the residual operator is linear. In
(b), we have res(AT̂k−1

xT̂k−1
, AT̂k−1

) = 0. We now study the first term of RHS in



52 Generalized Fusion Algorithm for CS Reconstruction

(3.A.6),

res(AT̂ c
k−1

xT̂ c
k−1

, AT̂k−1
) = AT̂ c

k−1
xT̂ c

k−1
−AT̂k−1

A†
T̂k−1

AT̂ c
k−1

xT̂ c
k−1

=
[

AT̂ c
k−1

AT̂k−1

]




xT̂ c

k−1

−A†
T̂k−1

AT̂ c
k−1

xT̂ c
k−1





= Aqk−1. (3.A.7)

Observe that qk−1 is at most 2s-sparse with support-set T ∪ T̂k−1. Therefore, we
can write,

rk−1 = Aqk−1 + res(e, AT̂k−1
). (3.A.8)

Now, by the definition of T̀k, we have that

‖At
T̀k

rk−1‖ ≥ ‖At
T rk−1‖≥ ‖At

T \T̂k−1
rk−1‖

(a)

≥ ‖At
T \T̂k−1

Aqk−1‖−‖At
T \T̂k−1

res(e, AT̂k−1
)‖

(b)

≥ ‖At
T \T̂k−1

Aqk−1‖−
√

1 + δs‖e‖, (3.A.9)

where we have used (3.A.8) in (a) and proposition 2.2.3 and the fact that
‖res(e, AT̂k−1

)‖≤ ‖e‖ in (b). We can also derive an upper bound as

‖At
T̀k

rk−1‖
(a)

≤ ‖At
T̀k

Aqk−1‖+‖At
T̀k

res(e, AT̂k−1
)‖

(b)

≤ ‖At
T̀k

Aqk−1‖+
√

1 + δKs‖e‖, (3.A.10)

where we have used (3.A.8) and the triangle inequality in (a), while we have used
proposition 2.2.3 and the fact that ‖res(e, AT̂k−1

)‖≤ ‖e‖ in (b). Combining (3.A.9)

and (3.A.10), we get

‖At
T̀k

Aqk−1‖+2
√

1 + δKs‖e‖ ≥ ‖At
T \T̂k−1

Aqk−1‖,

where we have used that δs ≤ δKs. Now, removing the common columns in AT̀k

and AT1\T̂k−1
on both sides, we get

‖At
T̀k\T Aqk−1‖+2

√

1 + δKs‖e‖≥‖At
(T \T̂k−1)\T̀k

Aqk−1‖
(a)
=‖At

T \Ṽk
Aqk−1‖, (3.A.11)
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where (a) follows from the fact that (T \ T̂k−1) \ T̀k = T \ (T̂k−1 ∪ T̀k) = T \ Ṽk. We
now upper-bound the first term of the LHS of (3.A.11) as

‖At
T̀k\T Aqk−1‖

(a)
= ‖At

T̀k\T AT ∪T̂k−1
(qk−1)T ∪T̂k−1

‖
≤ ‖At

T̀k\T AT ∪T̂k−1
‖‖(qk−1)T ∪T̂k−1

‖
(b)

≤ δ(K+2)s‖qk−1‖. (3.A.12)

In (a), we used that qk−1 has support only over T ∪ T̂k−1, and in (b) we used
proposition 2.2.4. Furthermore, we lower-bound the RHS of (3.A.11) as

‖At
T \Ṽk

Aqk−1‖
(a)
= ‖At

T \Ṽk
AT ∪T̂k−1

(qk−1)T ∪T̂k−1
‖

= ‖At
T \Ṽk

A(T ∪T̂k−1)\Ṽk)(qk−1)(T ∪T̂k−1)\Ṽk)

+ At
T \Ṽk

A(T ∪T̂k−1)∩Ṽk)(qk−1)(T ∪T̂k−1)∩Ṽk)‖
(b)

≥ ‖At
T \Ṽk

AT \Ṽk
(qk−1)T \Ṽk

‖−‖At
T \Ṽk

A(T ∪T̂k−1)∩Ṽk
(qk−1)(T ∪T̂k−1)∩Ṽk

‖
(c)

≥ (1 − δs)‖(qk−1)T \Ṽk
‖−‖At

T \Ṽk
A(T ∪T̂k−1)∩Ṽk

‖‖(qk−1)(T ∪T̂k−1)∩Ṽk
‖

(d)

≥ (1 − δs)‖(qk−1)T \Ṽk
‖−δ3s‖(qk−1)(T ∪T̂k−1)∩Ṽk

‖
(e)

≥ (1 − δ(K+2)s)‖(qk−1)T \Ṽk
‖−δ(K+2)s‖qk−1‖. (3.A.13)

In (a), we have used that qk−1 has support over T ∪T̂k−1. In (b), we used the reverse
triangle inequality. In (c), we used (2.2.4c) of proposition 2.2.3 for first term and
the fact that spectral norm is sub-multiplicative for the second term. In (d), we
used proposition 2.2.4 and in (e), we used the property that δs ≤ δ3s ≤ δ(K+2)s.
Substituting (3.A.12) and (3.A.13) in (3.A.11), we get

2δ(K+2)s‖qk−1‖+ 2
√

1 + δKs‖e‖≥ (1− δ(K+2)s)‖(qk−1)T \Ṽk
‖. (3.A.14)

We now observe that

‖qk−1‖ =

∥
∥
∥
∥
∥
∥




xT̂ c

k−1

−A†
T̂k−1

AT̂ c
k−1

xT̂ c
k−1





∥
∥
∥
∥
∥
∥

≤ ‖xT̂ c
k−1
‖+‖A†

T̂k−1
AT̂ c

k−1
xT̂ c

k−1
‖

= ‖xT̂ c
k−1
‖+‖(At

T̂k−1
AT̂k−1

)−1At
T̂k−1

AT̂ c
k−1

xT̂ c
k−1
‖

(a)

≤ ‖xT̂ c
k−1
‖+ δ2s

1− δs
‖xT̂ c

k−1
‖

(b)

≤ 1

1− δ(K+2)s
‖xT̂ c

k−1
‖, (3.A.15)
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where in (a) we have used (2.2.4d) of proposition 2.2.3 and corollary 2.2.1. In (b),
we have used the fact that δs ≤ δ2s ≤ δ(K+2)s. Also, we have

‖(qk−1)T \Ṽk
‖ =

∥
∥
∥
∥
∥




xT̂ c

k−1

−A†
T̂k−1

AT̂ c
k−1

xT̂ c
k−1





T \Ṽk

∥
∥
∥
∥
∥

(a)
= ‖(xT̂ c

k−1
)T \Ṽk

‖ = ‖xṼc
k
‖, (3.A.16)

where in (a), we have used the fact that T̂k−1 ∩ (T \ Ṽk) = ∅. Substituting (3.A.15)
and (3.A.16) in (3.A.14), we get

2δ(K+2)s

1−δ(K+2)s
‖xT̂ c

k−1
‖+2
√

1 + δKs‖e‖≥ (1− δ(K+2)s)‖xṼc
k
‖,

which using the fact that δKs ≤ δ(K+2)s can be written as

‖xṼc
k
‖≤ 2δ(K+2)s

(1− δ(K+2)s)2
‖xT̂ c

k−1
‖+2

√
1 + δ(K+2)s

1− δ(K+2)s
‖e‖. (3.A.17)

3.A.1 Proof of proposition 3.3.1

We prove the recurrence inequality by applying the previously proved lemmas to
the steps of the ESP algorithm. We know that ‖xV̌c

k

‖≤ ‖xT́ c
k

‖ and ‖xV̌c
k

‖≤ ‖xT c
si
‖.

Combining, we can write,

‖xV̌c
k

‖ ≤ 1

2

(

‖xT́ c
k

‖+‖xT c
si
‖
)

. (3.A.18)

Using (3.A.18) in lemma 3.A.1, we get

‖xT̂ c
k

‖≤ 1+δ(K+2)s

2(1−δ(K+2)s)

(

‖xT́ c
k

‖+‖xT c
si
‖
)

+ 2‖e‖√
1−δ(K+2)s

. (3.A.19)

Applying lemma 3.A.2 to (3.A.19), we get

‖xT̂ c
k

‖ ≤ 1 + δ(K+2)s

2(1− δ(K+2)s)

(

1 + δ(K+2)s

1− δ(K+2)s
‖xṼc

k
‖+ 2‖e‖
√

1− δ(K+2)s

)

+
1 + δ(K+2)s

2(1− δ(K+2)s)
‖xT c

si
‖+ 2
√

1− δ(K+2)s

‖e‖

(a)

≤ (1 + δ(K+2)s)2

2(1− δ(K+2)s)2
‖xṼc

k
‖+ 1 + δ(K+2)s

2(1− δ(K+2)s)
‖xT c

si
‖+ 3− δ(K+2)s

(1 − δ(K+2)s)2
‖e‖,

(3.A.20)
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where (a) follows from the fact that 1 − δ(K+2)s ≤
√

1− δ(K+2)s. Apply lemma
3.A.3 to (3.A.20) to get

‖xT̂ c
k

‖≤ (1+δ(K+2)s)2

2(1−δ(K+2)s)2

(

2δ(K+2)s

(1−δ(K+2)s)2 ‖xT̂ c
k−1
‖+ 2
√

1+δ(K+2)s

1−δ(K+2)s
‖e‖
)

+
1+δ(K+2)s

2(1−δ(K+2)s)‖xT c
si
‖+ 3−δ(K+2)s

(1−δ(K+2)s)2 ‖e‖
(a)

≤ δ(K+2)s(1+δ(K+2)s)2

(1−δ(K+2)s)4 ‖xT̂ c
k−1
‖+ 1+δ(K+2)s

2(1−δ(K+2)s)‖xT c
si
‖+ 4(1+δ2

(K+2)s
)

(1−δ(K+2)s)3 ‖e‖.

In (a) we have simplified the noise term as
(1+δ(K+2)s)2

2(1−δ(K+2)s)2

2
√

1+δ(K+2)s

1−δ(K+2)s
+

3−δ(K+2)s

(1−δ(K+2)s)2 ≤
(1+δ(K+2)s)3

(1−δ(K+2)s)3 +
3−δ(K+2)s

(1−δ(K+2)s)2 =
4−δ(K+2)s+4δ2

(K+2)s
+δ3

(K+2)s

(1−δ(K+2)s)3 ≤ 4(1+δ2
(K+2)s

)

(1−δ(K+2)s)3 .





Chapter 4

Network Greedy Pursuit

Algorithm

In this chapter, we develop a greedy algorithm for solving the problem of sparse
learning over a right stochastic network in a distributed manner. The nodes itera-
tively estimate the sparse signal by exchanging a weighted version of their individual
intermediate estimates over the network. We provide a restricted-isometry-property
(RIP)-based theoretical performance guarantee in the presence of additive noise. In
the absence of noise, we show that under certain conditions on the RIP-constant
of measurement matrix at each node of the network, the individual node estimates
collectively converge to the true sparse signal. Furthermore, we provide an upper
bound on the number of iterations required by the greedy algorithm to converge.
Through simulations, we also show that the practical performance of the proposed
algorithm is better than other state-of-the-art distributed greedy algorithms found
in the literature.

The remainder of this chapter is organized as follows. In Section 4.1 we discuss
the background and contributions of this chapter. We propose the algorithm in
Section 4.2. The theoretical guarantees of the algorithm is discussed in Section 4.3.
The simulation results are presented in Section 4.4.

4.1 Background and Contribution

Sparse learning and distributed algorithms are becoming increasingly relevant in
signal processing, machine learning and optimization for big data analysis [SGM14].
Furthermore, for big data analysis with real-time constraints, a requirement is fast
execution with limited computational and communication costs. In this context,
low complexity distributed algorithms for large-scale sparse learning are of par-
ticular interest [XXR11, GIIS14]. Sparse learning is used for various applications,
where sparsity is promoted in associated signals/systems. Examples are sparse lin-
ear and non-linear regressions, sparse coding and representations [Ela10, RBE10],
compressed sensing [Don06,CW08], model selection [BEGd08] and machine learn-
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ing [Tip01, WR04, WYG+09]. Many real-world and man-made signals/data are
sparse in nature. A sparse signal or datum is typically high-dimensional, and has
a few non-zero scalars or a few significant scalars. In addition, in the context of
big data analysis, signals/data may be expected to reside in a distributed fashion.
That means signals/data are not in a centralized place for modeling, but reside in
nodes of a network. To analyze the signals/data, nodes communicate over the net-
work and exchange relevant messages to achieve better performance, for example,
estimation of signals from measurements observed at individual nodes. Therefore,
design and theoretical analysis of large-scale distributed sparse learning algorithms
over networks is of considerable importance.

To realize large-scale distributed sparse learning, greedy algorithms were de-
signed and analyzed recently [CMKT15, SCS16a]. A major advantage of greedy
algorithms is their low computational complexity and hence their suitability for
large-scale scenarios. A limitation is that the theoretical analysis of greedy algo-
rithms has limited tractability as the associated algorithmic steps are non-convex.
Encouraged by earlier success in designing greedy algorithms for sparse represen-
tations [Tro06, NT08, DTDS12, EKB10, CSVS12], we develop a greedy algorithm
for sparse learning over network for the system model described in (2.4.1). The
proposed algorithm has a low communication cost (for information exchange over
network) and computational cost at each node (for learning). We also provide a
theoretical analysis of the proposed algorithm. The main contributions are as fol-
lows:

1. We propose a greedy algorithm for distributed sparse learning that is fast to
converge, and has a low communication cost.

2. We provide a restricted-isometry-property (RIP)-based theoretical analysis of
performance. For noiseless measurements, we show that the estimates at all
nodes converge to the true signal under some theoretical conditions.

3. We provide an upper bound on the number of times nodes exchange informa-
tion for convergence.

4. Numerical simulations show that greed is good – the proposed greedy algo-
rithm provides competitive performance.

4.2 Distributed Algorithm - NGP

In this section we propose and describe the distributed greedy algorithm. We refer
to the algorithm as network greedy pursuit (NGP). The algorithm is motivated
by the algorithmic structures of SP and CoSaMP. The pseudo-code of the NGP
algorithm is shown in Algorithm 8.

The NGP algorithm is executed at each node of the network. Denoting k as the
iteration counter for information exchange, node l receives intermediate estimates
from its neighboring nodes. The received intermediate estimates are denoted by
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Algorithm 8 Network Greedy Pursuit - at l’th node

Known inputs: yl, Al, s, {hlj}L
j=1

Initialization:

k ← 0 (k denotes time index)
rl,k ← yl (Residual at k’th time)

T̂l,k ← ∅ (Support-set at k’th time)
x̂l,k ← 0 (Sparse solution at k’th time)

Iteration:

repeat
k ← k + 1 (Iteration counter)

1: T̀l,k ← supp(At
lrl,k, s)

2: T̃l,k ← T̀l,k ∪ T̂l,k−1

3: x̃l,k such that x̃T̃l,k
← A†

l,T̃l,k
yl ; x̃T̃ c

l,k
← 0

4: x̌l,k ←
∑

r∈Nl

hlr x̃r,k (Information exchange)

5: T̂l,k ← supp(x̌l,k, s)

6: x̂l,k such that x̂T̂l,k
← A†

l,T̂l,k

yl ; x̂T̂ c
l,k

← 0

7: rl,k ← yl −Alx̂l,k

until stopping criterion

Final output: x̂l, T̂l, rl

{x̃r,k}, r ∈ Nl. Then node l computes a weighted sum (see step 4 of the algorithm).
The support-finding function supp(·) incorporates pruning such that a-priori knowl-
edge of sparsity level is used. Note that x̃l,k and x̌l,k both can have a sparsity level
higher than s, and pruning helps to sparsify. In practice, examples of stopping crite-
ria of the algorithm are: a predetermined number of iterations and non-decreasing
ℓ2-norm of residual (rl,k). Note that, the NGP algorithm is not designed for con-
sensus across nodes. The algorithm is designed to achieve better performance via
cooperation using information exchange over network, compared to the mode of no
cooperation. Now we state the main theoretical result of the NGP algorithm.

Main result: The NGP algorithm follows a recurrence inequality as stated below:

L∑

l=1

‖x− x̂l,k‖≤
L∑

l=1

̺l‖x− x̂l,k−1‖+
L∑

l=1

ςl‖el‖,
L∑

l=1

‖xT̂ c
l,k

‖≤
L∑

l=1

̺l‖xT̂ c
l,k−1
‖+

L∑

l=1

ϑl‖el‖,

where ̺l, ςl, ϑl are known constants which depend on hlr and δ3s of Al. The recur-
rence inequality provides a bound on the performance of the algorithm at iteration
k. Under certain technical conditions, the NGP algorithm will converge in a finite
number of iterations. At convergence, the performance of the algorithm is upper



60 Network Greedy Pursuit Algorithm

bounded as follows

‖x− x̂l‖≤ constant× ‖e‖max, ∀l,

where scalar ‖e‖max, max
l
‖el‖. In particular, one of the technical conditions is

a requirement that δ3s of Al has to be bounded by δ3s < 0.362. That means, if
δ3s < 0.362 and there is no noise, then the NGP algorithm achieves exact estimate
of x at every node.

Note that if H is an identity matrix (that means no information exchange) then
NGP reduces to the standard SP algorithm [DM09]. According to [SXL14], for SP,
δ3s = 0.4859. Naturally a question arises as to why the NGP has a poorer δ3s than
SP! The main reason is that a typical RIP based analysis is a worst-case approach,
where upper-bound relaxations are used. As the NGP has an information-exchange
step as an additional step compared to SP, our RIP based analysis technique has
an inherent limitation - it is unable to provide better δ3s than SP. At this point, we
mention that distributed IHT (DiHaT) is the closest distributed greedy algorithm
for sparse learning, and DiHaT has a δ3s = 1

3 = 0.3333 [CMKT15]. The proposed
NGP algorithm and DiHaT have a similar design framework, comprising of three
main steps: (a) local estimate update from the previous iteration, (b) information
exchange over the network, and (c) refinement of local estimates using knowledge
from step (b). Local estimate update steps of NGP and DiHaT are motivated by
SP and IHT, respectively. Information exchange in DiHaT involves an exchange
of measurement, and NGP does not do any exchange of measurement. Finally,
refinement of local estimate is similar for both NGP and DiHaT.

4.3 Theoretical Analysis

In this section, we show and prove the main theoretical results. For notational
clarity, we use RIC constant δ3s , max

l
{δ3s(Al)}.

4.3.1 On convergence

To prove convergence of the NGP algorithm, we first need a recurrence inequality
relation.

Theorem 4.3.1 (Recurrence inequality). At iteration k, we have

L∑

l=1

‖x− x̂l,k‖≤ c1

L∑

l=1

wl‖x− x̂l,k−1‖+
L∑

l=1

d3wl‖el‖,
L∑

l=1

‖xT̂ c
l,k

‖≤ c1

L∑

l=1

wl‖xT̂ c
l,k−1
‖+d4

L∑

l=1

wl‖el‖,
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where

wl =
∑

r
hrl, c1 =

√
2δ2

3s
(3−δ2

3s
)

(1−δ2
3s

)2 , d1 =

√
2(1−δ3s)+

√
1+δ3s

1−δ3s
, d2 =

√
1 + δ3s,

d3 =
√

2
1−δ2

3s

(d1 + d2) +
√

1+δ2s

wl(1−δ3s) , and d4 =
√

2(d1 + d2) +
√

2δ2
3s

(3−δ2
3s

)(1+δ2s)

(1−δ2
3s

)2(1−δ3s)2 .

�

This recurrence inequality is mentioned in the main result stated in Section 4.2.
The detailed proof of the above theorem is shown in the appendix.
Next, we use the intermediate steps in the proof of Theorem 4.3.1 for addressing
convergence. We show convergence of NGP in two alternative approaches, by the
following two theorems.

Theorem 4.3.2 (Convergence). If δ3s < 0.362 and ‖e‖max≤ γx∗
s , then after k̄ ≤ cs

iterations, the NGP algorithm converges and its performance is bounded by

‖x− x̂l,k̄‖≤ d ‖e‖max,

where c =
log(16/c2

1)
log(1/c2

1)
, d = 2√

1−δ3s
and γ < 1 are positive constants in terms of δ3s.

At these conditions, estimated support sets across all nodes are correctly identified,
that means, ∀l, T̂l = supp(x, s) = T . �

The detailed proof of the above theorem is shown in the appendix. For an
interpretation of the above theorem, we provide a numerical example. If δ3s ≤ 0.2,
then we have c ≤ 3, d ≤ 2.23; for an appropriate γ such that ‖e‖max≤ γx∗

s, the
performance ‖x− x̂l,k̄‖ is upper bounded by 2.23‖e‖max after 3s iterations.

Theorem 4.3.3 (Convergence). If δ3s < 0.362 and ‖x‖
‖e‖max

> 1, then after k̄ =
⌈

log
(

‖x‖
‖e‖max

)

/log
(

1
c1

)⌉

iterations, the NGP algorithm converges and its perfor-

mance is bounded by
‖x− x̂l,k̄‖≤ d ‖e‖max,

where d = 1 + 1
1−c1

(√
2

1−δ2
3s

(d1 + d2) +
√

1+δ2s

1−δ3s

)

. �

The detailed proof of the above theorem is shown in the appendix. A relevant

numerical example is as follows: if δ3s ≤ 0.2 and ‖x‖
‖e‖max

= 20 dB, then we have

k̄ = 7 and d = 15.62. These convergence results are mentioned in the main result
stated in Section 4.2.

Corollary 4.3.1. Consider the special case of a doubly stochastic network matrix

H. If δ3s < 0.362 and (L‖x‖)/(
L∑

l=1

‖el‖) > 1, then after k̄ iterations, the perfor-

mance of the NGP algorithm is bounded as

L∑

l=1

‖x− x̂l,k̄‖≤ d
L∑

l=1

‖el‖.
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where k̄ =

⌈

log

(

L‖x‖/
L∑

l=1

‖el‖
)

/log
(

1
c1

)⌉

, d = 1 + 1
1−c1

(√
2(d1+d2)√

1−δ2
3s

+
√

1+δ2s

1−δ3s

)

.

The above result follows from using the assumption of doubly stochastic network
matrix in the proof of Theorem 4.3.3.

Remark 4.1. As 0 < γ < 1, the technical condition ‖e‖max≤ γx∗
s is stricter

than the other technical condition ‖x‖
‖e‖max

> 1. That is, if ‖e‖max≤ γx∗
s holds, then

‖x‖
‖e‖max

> 1 holds, but not vice-versa. Still the former technical condition leads to a

tighter upper bound on performance.

4.3.2 Without additive noise

In this section, we consider the case where there is no additive noise in the setup (2.4.1),
that is el = 0. We show that all nodes in the network learn the same signal per-
fectly, that is ∀l, x̂l = x. In other words, the NGP algorithm in this case achieves
consensus over the network.

Theorem 4.3.4. If δ3s < 0.362, then after k̄ ≤ cs iterations, the NGP algorithm

provides the same x in all nodes, where c =
log(4/c2

1)
log(1/c2

1)
. �

An alternate bound on the number of iterations is presented in the following
theorem.

Theorem 4.3.5. If δ3s < 0.362, then after k̄ =
⌈

log(1/ρmin)
log(1/c1) + ǫ

⌉

iterations, the

NGP algorithm provides the same x in all nodes, where ρmin = mini∈T |xi|
‖x‖ and

ǫ > 0 is an arbitrarily chosen constant. �

The proofs of the above two theorems are given in the appendix.

Remark 4.2. From Theorem 4.3.4, if δ3s < 0.2 then we have c ≤ 2. According to
Theorem 4.3.5, for a binary sparse signal where the non-zero elements are set to
ones, and δ3s < 0.2, we have k̄ = 0.74 log(s).

Corollary 4.3.2. In the absence of noise, if δ3s < 0.362, the number of iterations
required for convergence of NGP algorithm is upper bounded by

c ≤ min

(⌈
log (1/ρmin)

log (1/c1)
+ ǫ

⌉

,

⌈
log(4/c2

1)

log(1/c2
1)

s

⌉)

.

The above result follows from Theorem 4.3.4 and Theorem 4.3.5.

4.4 Simulation Results

In this section, we study the performance of the NGP algorithm. We first describe
the simulation setup and then show the simulation results.
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4.4.1 Simulation Setup

In the simulations, we use two kinds of network matrices: right stochastic and doubly
stochastic. We have already mentioned in Section 2.4 that a right stochastic matrix
is more general. The use of doubly stochastic matrix is mainly for comparison
purposes with DiHaT. We loosely define a term called ‘degree of the network’
to represent how densely the network is connected. Let us denote the degree of
a network by d, which means that each node of the network is connected with
d other nodes or ∀l, |Nl|= d. In other words, each row of the edge matrix of the
network contains d ones. Given a random edge matrix, a right stochastic matrix can
be easily generated. For a doubly stochastic matrix generation, we use a standard
setup of optimizing the second largest eigenvalue modulus (SLEM) of a matrix.
This is known as the SLEM optimization problem in the literature [BDX04]. Let
E denote an edge matrix, µ(H) denote the SLEM of H and 1 denote a column of
ones. We use the following convex optimization problem for generating a doubly
stochastic H:

arg min
H

µ(H) subject to H1 = 1, Ht = H,

∀(i, j), hij ≥ 0, ∀(i, j) /∈ E , hij = 0.

Using SLEM, the resulting network matrix H leads to a faster consensus (for ex-
ample, consensus in finding sample mean of a distributed dataset) for a given edge
matrix.

We perform Monte-Carlo simulations using the generative model (2.4.1), where
we generate yl by randomly drawing Al, sparse signal x and additive Gaussian
noise el. The task is estimating or learning of x from {yl, ∀l}. We use binary and
Gaussian sparse signals, meaning that non-zero components of the sparse signal are
either ones or i.i.d. Gaussian scalars. The use of binary and Gaussian sparse signals
was shown in [DM09, CSVS12]. We use the mean signal-to-estimation-noise error
(mSENR) as a performance metric, as defined below

mSENR =
1

L

L∑

l=1

E{‖x‖2}
E{‖x− x̂l‖2} .

Here E(·) denotes expectation that is performed in practice by sample averaging. For
ease of simulations, we consider that all Als are of same size, and thus ∀l, Ml = M .
We define the signal-to-noise ratio (SNR) for node l as

SNRl =
E{‖x‖2}
E{‖el‖2} .

We assume that SNRl is the same across all nodes; hence we drop the subscript l and
write SNR. In [CMKT15], the greedy DiHaT algorithm is compared with the convex
D-LASSO [MBG10] and D-LASSO is shown to provide a slow convergence (see
simulation results in [CMKT15] and Section 6.4); DiHaT is shown to provide much
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Figure 4.1: mSENR performance of NGP and DiHaT with respect to SNR, Bi-
nary and Gaussian sparse data, M=100, N=500, s=20, L = 20, d = 4, number of
information exchange = 30. Network matrix is right stochastic.

faster convergence. In our simulations, we compare NGP with DiHaT. For both
algorithms, the stopping criterion is a maximum allowable number of iterations,
that we set as 30. This number is motivated by the experiment in Section 4.4.5. For
all experiments described below, we use observation dimension M = 100, signal
dimension N = 500, L = 20 nodes in the network and degree of the associated
matrix as d = 4.

4.4.2 Performance for a right stochastic matrix

In this case, we show the performance of the NGP for a right stochastic matrix.
Figure 4.1 shows mSENR versus SNR for both binary and Gaussian sparse signals
where the sparsity level is s = 20. It can be seen that the NGP performs linearly
in dB scale. For this simulation setup, we do not show the performance of DiHaT
as it is designed for a doubly stochastic network matrix, and we found that its
performance is quite pessimistic.

As a comparison, we also show the performance of the NGP for the case where
the network matrix H is the identity matrix (d = 1). It was mentioned that for this
H, the NGP reduces to the classical SP algorithm. It can be seen that the mSENR
versus SNR performance for this case is quite poor and does not improve with SNR.
It is evident from this study that the NGP improves performance for the case of
cooperation among nodes.
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Figure 4.2: Probability of perfect support-set estimation (PSE) of NGP and DiHaT
with respect to sparsity level, M = 100, N = 500, L = 20, d = 4, number of
information exchange = 30, No observation noise.

4.4.3 Phase transition experiment

In this case, we are interested in the probability of perfect signal estimation. For the
noiseless case, this is equivalent to the probability of perfect support-set estimation
(PSE) in all nodes. From this experiment onward, we use a doubly stochastic net-
work and then compare NGP and DiHaT. We generate a doubly stochastic matrix
and fix it for all the experiments. For the experiment of phase transition, we vary
the sparsity level s and evaluate the probability of PSE in a frequentist manner
- that is the number of times PSE occurred in the Monte-Carlo simulations. We
perform the experiment for the noiseless condition. Figure 4.2 shows the probability
of PSE for NGP and DiHaT. It is evident that the NGP can recover signals with
a higher sparsity level as compared to the DiHaT. This can be explained partly by
the higher RIC, δ3s < 0.362 for the NGP as compared to δ3s < 1

3 = 0.333 for the
DiHaT.

4.4.4 Experiment on robustness to measurement noise

In this experiment, we check how the algorithm performance varies with respect
to SNR. We use binary and Gaussian sparse signals with s = 20. We plot the
mSENR versus SNR in Figure 4.3. It can be seen that the performance of the NGP
is significantly better than DiHaT, prominently in the high SNR region.
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Figure 4.3: mSENR performance of NGP and DiHaT with respect to SNR, M =
100, N = 500, s = 20, L = 20, d = 4, and number of information exchange = 30.
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Figure 4.4: mSENR performance of NGP and DiHaT with respect to number of
information exchange, M = 100, N = 500, s = 20, L = 20, d = 4, and SNR = 30dB.



4.4. Simulation Results 67

Number of iterations
0 5 10 15

m
S

E
N

R
 (

in
 d

B
)

5

10

15

20

25

30

35

NGP, Input s = 18
NGP, Input s = 20
NGP, Input s = 25
NGP, Input s = 30
DiHaT, Input s = 18
DiHaT, Input s = 20
DiHaT, Input s = 25
DiHaT, Input s = 30

Figure 4.5: Sensitivity performance of NGP and DiHaT with respect to knowledge
of the sparsity level, Gaussian sparse data, M = 100, N = 500, s = 20, L = 20, d
= 4, SNR = 30dB.

4.4.5 Experiment on convergence speed

In this experiment, we observe how fast algorithms converge. A fast convergence
leads to less usage of communication and computational resources, and less time
delay in learning. Here communication resources refers to the cost of transmitting
and receiving estimates among nodes. We compare the NGP and the DiHaT for
the noiseless condition and 30 dB SNR. In this case we use s = 20. The results are
shown in Figure 4.4 where we show mSENR versus the number of iterations. We
note that the NGP has a significantly quicker convergence. In our experiments, the
NGP achieved convergence typically within five iterations.

4.4.6 Experiment on sensitivity to sparsity level

So far in all previous experiments, the NGP is able to demonstrate its performance
advantage over DiHaT. A natural question arises as to what happens if the sparsity
level s is not exactly known. In this section, we experiment to find the sensitivity
of the NGP and the DiHaT algorithms to knowledge of the sparsity level. For this,
we use 30 dB SNR and a Gaussian sparse signal with s = 20. Figure 4.5 shows
the result for different assumed s that varies as s = 18, 20, 25, and 30. While the
NGP shows better performance in the regime of lower number of iterations, it is
difficult to conclude its superiority over DiHaT in the regime of a higher number
of iterations.
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Figure 4.6: mSENR performance of NGP and DiHaT with respect to SNR for
varying network degree. We used binary sparse data, M = 100, N = 500, s =20, L
= 20, number of information exchange = 30.

4.4.7 Experiment on sensitivity to network parameters

We now investigate performance of the NGP vis-a-vis DiHaT for different network
sizes, degrees and design. Here, we use a different design criterion for the network
matrix. In particular, we use the Metropolis rule for a doubly stochastic network
matrix [XB04], where

hlr =







1
max{|Nr|,|Nl|} if l ∈ Nr and l 6= r,

1− ∑

l∈Nr\r

hlr if l = r,

0, otherwise.

In Figure 4.6, we compare the two algorithms for different degrees of the network
d, i.e., by varying the numbering of connections at each node. We consider d = 2, 4, 6
and 8. For this case, we use L = 20, s = 20 and binary sparse data. It can be seen
that the NGP performs well for different values of network degree. For DiHaT,
an interesting observation is that an increase in the degree of the network leads
to gradual improvement in the beginning and then degradation in performance.
Currently we lack a clear explanation of such behavior. In Figure 4.7, we use the
same setup as above. We set d = 4 and vary the network size as L = 20, 30 and
40. It can be seen that the NGP has good performance for different network sizes.
The DiHaT has a comparable performance for larger size networks (for example
L = 40).
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Figure 4.7: mSENR performance of NGP and DiHaT with respect to SNR for
varying network size. We used binary sparse data, M = 100, N = 500, s = 20, d =
4, number of information exchange = 30.

4.A Appendix

This appendix gives the proofs to the various results presented in this chapter.
First we provide three lemmas that will be used for theoretical analysis.

Lemma 4.A.1. [SXL14, Lemma 1] For nonnegative numbers a, b, c, d, x, y,

(ax + by)2 + (cx + dy)2 ≤
(√

a2 + c2x + (b + d)y
)2

.

Lemma 4.A.2. [SXL14, Lemma 2] Consider the standard sparse representation
model y = Ax + e with ‖x‖0= s1. Let S ⊆ {1, 2, . . . , N} and |S|= s2. Define x̄

such that x̄S ← A†
Sy ; x̄Sc ← 0. If A has RIC δs1+s2 < 1, then we have

‖(x− x̄)S‖≤ δs1+s2‖x− x̄‖+
√

1 + δs2‖e‖,
and

‖x− x̄‖≤
√

1

1− δ2
s1+s2

‖xSc‖+
√

1 + δs2

1− δs!+s2

‖e‖.

Lemma 4.A.3. Consider two vectors x and z with ‖x‖0= s1, ‖z‖0= s2 and s2 ≥
s1. We have S1 , supp(x, s1) and S2 , supp(z, s2). Let S∇ denote the set of indices
of the s2 − s1 smallest magnitude elements in z. Then,

‖xS∇‖≤
√

2‖(x− z)S2‖≤
√

2‖x− z‖.
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Proof. Consider the following relation,

‖zS1∩S∇‖ = ‖xS1∩S∇ + (z− x)S1∩S∇
‖

≥ ‖xS1∩S∇‖−‖(z− x)S1∩S∇
‖. (4.A.1)

Rearranging the terms in the above equation gives

‖xS1∩S∇‖ ≤ ‖zS1∩S∇‖+‖(z− x)S1∩S∇
‖. (4.A.2)

Define Ś , S2 \ S∇ as the set of indices of the s1 highest magnitude elements in z.
Now, we can write,

‖zS1∩S∇‖2 = ‖zS1∩S∇‖2+‖zŚ‖2−‖zŚ‖2

≤ ‖zS2‖2−‖zŚ‖2

= ‖zS2\S1
‖2+‖zS1‖2−‖zŚ‖2

≤ ‖zS2\S1
‖2,

(4.A.3)

where we used the highest magnitude property of Ś in the last step. The above
equation can be written as

‖zS1∩S∇‖≤ ‖zS2\S1
‖= ‖(z− x)S2\S1

‖. (4.A.4)

From (4.A.2) and (4.A.4), and from the fact that (S2 \S1)∩ (S1∩S∇) = ∅, we have

‖xS∇‖ = ‖xS1∩S∇‖
≤ ‖(x− z)S2\S1

‖+‖(x − z)S1∩S∇
‖

≤
√

2‖(x− z)(S2\S1)∪(S1∩S∇) ‖
≤
√

2‖(x− z)S2
‖.

(4.A.5)

4.A.1 Proof of Theorem 4.3.1

We consider the bounds on the estimates in the k’th iteration at node l. The
following lemma was proved for the SP algorithm in [SXL14].

Lemma 4.A.4. [SXL14, Lemma 3] In steps 1 and 2 of SP, we have

‖xT̃ c
l,k
‖≤
√

2δ3s‖x− x̂l,k−1‖+
√

2(1 + δ2s)‖el‖.

It can be easily seen that Steps 1 and 2 for the NGP are similar to the SP
algorithm. Therefore, from Lemma 4.A.4, we can write the following inequality for
Step 2,

‖xT̃ c
l,k
‖≤
√

2δ3s‖x− x̂l,k−1‖+
√

2(1 + δ2s)‖el‖. (4.A.6)
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Next, using Lemma 4.A.2, after Step 3, we have

‖x− x̃l,k‖ ≤
√

1

1− δ2
3s

‖xT̃ c
l,k
‖+
√

1 + δ2s

1− δ3s
‖el‖

(4.A.6)
≤

√

2δ2
3s

1− δ2
3s

‖x− x̂l,k−1‖+d1‖el‖. (4.A.7)

where d1 =

√
2(1−δ3s)+

√
1+δ3s

1−δ3s
. Next, we bound ‖xT̂ c

l,k

‖ in Step 5. Define, ∇T̂l,k ,

{ ∪
r∈Nl

T̃r,k} \ T̂l,k. Then, we have

‖xT̂ c
l,k

‖2=‖x∇T̂l,k
‖2+‖x{

∩
r∈Nl

T̃ c
r,k

}‖2

(a)

≤‖x∇T̂l,k
‖2+‖

∑

r∈Nl

hlr xT̃ c
r,k
‖2, (4.A.8)

where (a) follows from the assumption that ∀l, ∑
r∈Nl

hlr = 1. Also, from Lemma

4.A.3, we have

‖x∇T̂l,k
‖ ≤
√

2‖x− x̌l,k‖
(a)
=
√

2‖
∑

r∈Nl

hlr x −
∑

r∈Nl

hlr x̃r,k‖

(b)

≤
√

2
∑

r∈Nl

hlr ‖x− x̃r,k‖, (4.A.9)

where (a) and (b) follows from the assumption that ∀l, ∑
r∈Nl

hlr = 1 and ∀{l, r}, the

value, hlr ≥ 0 respectively. Combining (4.A.8) and (4.A.9), we have

‖xT̂ c
l,k

‖2
(4.A.6)
≤

[

√
2
∑

r∈Nl

hlr ‖x− x̃r,k‖
]2

+

[

∑

r∈Nl

hlr

(√
2δ3s‖x− x̂r,k−1‖+

√

2(1 + δ2s)‖er‖
)
]2

(4.A.7)
≤

[

√
2
∑

r∈Nl

hlr

(√
2δ2

3s

1−δ2
3s

‖x− x̂r,k−1‖+d1‖er‖
)
]2

+

[

∑

r∈Nl

hlr

(√
2δ3s‖x− x̂r,k−1‖+

√

2(1 + δ2s)‖er‖
)
]2

.
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Applying Lemma 4.A.1 and simplifying, we get,

‖xT̂ c
l,k

‖≤
√

2δ2
3s

(3−δ2
3s

)

1−δ2
3s

∑

r∈Nl

hlr ‖x− x̂r,k−1‖+
√

2(d1 + d2)
∑

r∈Nl

hlr ‖er‖. (4.A.10)

Also, from Lemma 4.A.2, we have

‖x− x̂l,k‖ ≤
√

1
1−δ2

3s

‖xT̂ c
l,k

‖+
√

1+δ2s

1−δ3s
‖el‖. (4.A.11)

From equation (4.A.10) and (4.A.11), we can write

‖x− x̂l,k‖≤ c1

∑

r∈Nl

hlr ‖x− x̂r,k−1‖+
√

1+δ2s

1−δ3s
‖el‖+

√
2

1−δ2
3s

(d1 + d2)
∑

r∈Nl

hlr ‖er‖.

Summing up the above equation ∀l and using the network assumption that
∑

r
hrl =

wl, we get,

L∑

l=1

‖x− x̂l,k‖≤ c1

L∑

l=1

wl‖x− x̂l,k−1‖+
L∑

l=1

d3wl‖el‖.

To prove the second result, we consider (4.A.10), which after summing ∀l can
be written as

l∑

l=1

‖xT̂ c
l,k

‖≤
√

2δ2
3s

(3−δ2
3s

)

1−δ2
3s

L∑

l=1

wl‖x− x̂l,k−1‖+
√

2(d1 + d2)
L∑

l=1

wl‖el‖. (4.A.12)

Substituting k − 1 in (4.A.11), we have

‖x− x̂l,k−1‖ ≤
√

1
1−δ2

3s

‖xT̂ c
l,k−1
‖+

√
1+δ2s

1−δ3s
‖el‖. (4.A.13)

Combining (4.A.12) and (4.A.13), we get

L∑

l=1

‖xT̂ c
l,k

‖≤ c1

L∑

l=1

wl‖xT̂ c
l,k−1
‖+d4

L∑

l=1

wl‖el‖.

�

4.A.2 Proof of Theorem 4.3.2

Let π be the permutation of indices of x such that |xπ(j)|= x∗
j where x∗

i ≥ x∗
j for

i ≤ j. In other words, x∗ is x sorted in the descending order of magnitude.
The proof follows in two steps: (1) We find the condition such that π({1, 2, . . . , p+

q}) ⊆ T̂l,k2 assuming that π({1, 2, . . . , p}) ⊆ T̂l,k1 , where k2 > k1, (2) We use the
above condition to bound the number of iterations of the NGP algorithm.

The condition in step-1 is a consequence of the following two lemmas. First,
Lemma 4.A.5 derives the condition that π({1, 2, . . . , p + q}) ⊆ T̃l,k, i.e., the desired
indices are selected in Step 2 of NGP.
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Lemma 4.A.5. Consider k1, k2 such that k1 < k2. If ∀l, π({1, 2, . . . , p}) ⊂ T̂l,k1

and

x∗
p+q ≥ c2ck2−k1−1

1 ‖x∗
{p+1,...,s}‖+

(
c2d4

1−c1
+ d5

)

‖e‖max,

then, T̃l,k2 , ∀l contains π({1, 2, . . . , p + q}) where, c2 =
√

2δ2
3s

1−δ2
3s

and d5 =
√

2(1 +

δ2s) +

√
2δ2

3s
(1+δ2s)

1−δ2
3s

.

Proof. From (4.A.10) and (4.A.13), we can write

‖xT̂ c
l,k

‖≤ c1

∑

r∈Nl

hlr ‖xT̂ c
r,k−1
‖+d4

∑

r∈Nl

hlr ‖er‖.

Let ‖xT̂ c
k

‖ ,

[

‖xT̂ c
1,k

‖. . . ‖xT̂ c
L,k

‖
]t

, ‖e‖ , [‖e1‖. . . ‖eL‖]t. We can vectorize the

above equation to write

‖xT̂ c
k

‖ ≤ c1H ‖xT̂ c
k−1
‖+ d4H‖e‖. (4.A.14)

From equation (4.A.6) and (4.A.11), we can write

‖xT̃ c
l,k
‖≤ c2‖xT̂ c

l,k−1
‖+d5‖el‖.

Then, at iteration k2, we can write the above equation in the vector form as,

‖xT̃ c
k2

‖ ≤ c2‖xT̂ c
k2−1
‖+ d5‖e‖, (4.A.15)

where ‖xT̃ c
k
‖ ,

[

‖xT̃ c
1,k
‖. . . ‖xT̃ c

L,k
‖
]t

. Applying (4.A.14) repeatedly to (4.A.15), we

can write for k1 < k2,

‖xT̃ c
k2

‖ ≤ c2(c1H)k2−k1−1‖xT̂ c
k1

‖+
(
c2d4H

(
IL + . . . + (c1H)k2−k1−2

)
+ d5

)
‖e‖.

Let ‖e‖max= max
l
‖el‖ and ‖e‖

max
, [‖e‖max. . . ‖e‖max]

t
. Then, we can bound

‖xT̃ c
k2

‖ as

‖xT̃ c
k2

‖ ≤ c2(c1H)k2−k1−1‖xT̂ c
k1

‖+
(
c2d4H

(
IL + . . . + (c1H)k2−k1−2

)
+ d5

)
‖e‖

max
.

From the assumptions, we have for any l, ‖xT̂ c
l,k1

‖≤ ‖x∗
{p+1,...,s}‖. Using the right

stochastic property of H, we can write,

‖xT̃ c
k2

‖ ≤ c2ck2−k1−1
1 ‖x∗

{p+1,...,s}‖+
(

c2d4

1−c1
+ d5

)

‖e‖
max

,
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where ‖x∗
{p+1,...,s}‖ =

[

‖x∗
{p+1,...,s}‖. . . ‖x∗

{p+1,...,s}‖
]t

. Alternately, for any l, we

can write

‖xT̃ c
l,k2

‖≤ c2ck2−k1−1
1 ‖x∗

{p+1,...,s}‖+
(

c2d4

1−c1
+ d5

)

‖e‖max.

Now, it can be easily seen that if

x∗
p+q ≥ c2ck2−k1−1

1 ‖x∗
{p+1,...,s}‖+

(
c2d4

1−c1
+ d5

)

‖e‖max,

then π({1, 2, . . . , p + q}) ⊂ T̃l,k2 , ∀l.

Next, we find the condition that π({1, 2, . . . , p + q}) ⊆ T̂l,k.

Lemma 4.A.6. Consider k1, k2 such that k1 < k2. If ∀l, π({1, 2, . . . , p}) ⊆ T̂l,k1 ,
π({1, 2, . . . , p + q}) ⊆ T̃l,k2 and

x∗
p+q ≥ c3ck2−k1−1

1 ‖x∗
{p+1,...,s}‖+

(
c3d4

1−c1
+ d6

)

‖e‖max,

then T̂l,k2 , ∀l contains π({1, 2, . . . , p + q}). The constants, c3 =
√

4δ2
3s

(1−δ2
3s

)2 and

d6 =
√

4δ2
3s

(1+δ2s)

(1−δ2
3s

)(1−δ3s)2 +
√

2d1.

Proof. It is sufficient to prove that the s highest magnitude indices of x̌l,k contains
the indices π(j) for j ∈ {1, 2, . . . , p + q}. Mathematically, we need to prove,

min
j∈{1,2,...,p+q}

‖(x̌l,k)π(j)‖> max
d∈T c
‖(x̌l,k)d‖, ∀l. (4.A.16)

The LHS of (4.A.16) can be written as

‖(x̌l,k)π(j)‖
(a)
=

∥
∥
∥
∥
∥
∥

(

∑

r∈Nl

hlr x̃T̃r,k

)

π(j)

∥
∥
∥
∥
∥
∥

(b)
=

∥
∥
∥
∥
∥

∑

r∈Nl

hlr xπ(j) +
∑

r∈Nl

hlr

(

x́T̃r,k
− xT̃r,k

)

π(j)

∥
∥
∥
∥
∥

≥
∥
∥
∥
∥
∥

∑

r∈Nl

hlr xπ(j)

∥
∥
∥
∥
∥
−
∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

π(j)

∥
∥
∥
∥
∥

≥ x∗
p+q −

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

π(j)

∥
∥
∥
∥
∥

,
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where (a) and (b) follows from the fact that π({1, 2, . . . , p + q}) ⊂ T̃l,k2 , ∀l. Similarly,
the RHS of (4.A.16) can be bounded as

‖(x̌l,k)d‖ =

∥
∥
∥
∥
∥

(

∑

r∈Nl

hlr x̃T̃r,k

)

d

∥
∥
∥
∥
∥

=

∥
∥
∥
∥
∥

∑

r∈Nl

hlr xd +
∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

d

∥
∥
∥
∥
∥

=

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

d

∥
∥
∥
∥
∥

.

Using the above two bounds, the condition (4.A.16) can now be written as

x∗
p+q >

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

π(j)

∥
∥
∥
∥
∥

+

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

d

∥
∥
∥
∥
∥

. (4.A.17)

Define the RHS of the required condition from (4.A.17) at node l as RHSl. Then,
we can write the sufficient condition as

RHSl ≤
√

2

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

{π(j),d}

∥
∥
∥
∥
∥

≤
√

2
∑

r∈Nl

hlr ‖x− x̃r,k‖.

From the above equation and (4.A.7), we can bound RHSl as

RHSl ≤ ∑

r∈Nl

hlr

(√
4δ2

3s

1−δ2
3s

‖x− x̂r,k−1‖+
√

2d1‖er‖
)

(4.A.13)
≤ c3

∑

r∈Nl

hlr ‖xT̂ c
r,k−1
‖+d6

∑

r∈Nl

hlr ‖er‖.

At iteration k2, RHSl can be vectorized as

RHS = [RHS1 . . . RHSL]
t ≤ c3H‖xT̂ c

k2−1
‖+ d6H‖e‖.

Applying (4.A.14) repeatedly, we can write for k1 < k2,

RHS ≤ c3(c1H)k2−k1−1H‖xT̂ c
k1

‖+
(
c3d4

(
IL + . . . + (c1H)k2−k1−2

)
+ d6

)
H‖e‖

(a)

≤ c3ck2−k1−1
1 ‖x∗

{p+1,...,s}‖+
(

c3d4

1−c1
+ d6

)

‖e‖max,

where (a) follows from the assumption that for any l, ‖xT̂ c
l,k1

‖≤ ‖x∗
{p+1,...,s}‖ and

the right stochastic property of H. From the above bound on RHS, it can be easily
seen that (4.A.17) is satisfied when

x∗
p+q > c3ck2−k1−1

1 ‖x∗
{p+1,...,s}‖+

(
c3d4

1−c1
+ d6

)

‖e‖max.
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The above two results can be compactly stated as follows.

Corollary 4.A.1. The sufficient condition for Lemma 4.A.5 and Lemma 4.A.6 to

hold is x∗
p+q > ck2−k1

1 ‖x∗
{p+1,...,s}‖+

(
c3d4

1−c1
+ d6

)

‖e‖max.

The above corollary follows from the observation that for δ3s < 1, we have
c2 < c3 < c1 and d5 < d6.
Next, the above corollary can be used to prove Theorem 4.3.2 by similar steps as
outlined in [BFH16, Theorem 6]. The proof steps in [BFH16, Theorem 6] require
that c1 < 1 which holds as δ3s < 0.362. Note that the constant γ is defined as

γ = 2
√

2−1
4d7

, where d7 = c3d4

1−c1
+ d6. We point out that the constant d in our result is

different from that derived in [BFH16, Theorem 6]. We provide here an argument
for the same. From Step 6 of the NGP at node l, we have ‖yl−Alx̂l,k̄‖≤ ‖yl−Alx‖=
‖el‖≤ ‖e‖max. This follows because T̂l,k̄ = T (see the proof in [BFH16, Theorem
6]). Next, we can write

‖x− x̂l,k̄‖ ≤ 1√
1−δ2s

‖Al

(
x− x̂l,k̄

)
‖

≤ 1√
1−δ2s

(
‖yl −Alx̂l,k̄‖+‖el‖

)
≤ 2√

1−δ3s
‖e‖max,

where the last inequality follows from the fact that δ2s < δ3s. �

4.A.3 Proof of Theorem 4.3.3

From (4.A.7), at the k̄’th iteration, we can write in the vector form,

‖x− x̂k̄‖ ≤ c1H‖x− x̂k̄−1‖+
(√

1+δ2s

1−δ3s
IL +

√
2

1−δ2
3s

(d1 + d2)H
)

‖e‖,

where ‖x− x̂k‖ , [‖x− x̂1,k‖. . . ‖x− x̂L,k‖]t. The above bound can be simplified
as

‖x− x̂k̄‖ ≤ c1H‖x− x̂k̄−1‖+
(√

1+δ2s

1−δ3s
IL +

√
2

1−δ2
3s

(d1 + d2)H
)

‖e‖
max

(a)

≤ c1H‖x− x̂k̄−1‖+ d8‖e‖
max

,

where (a) follows from the right stochastic property of H. Also, d8 =
√

2
1−δ2

3s

(d1 +

d2)+
√

1+δ2s

1−δ3s
. Applying the above relation iteratively and using the fact that c1 < 1

(as δ3s < 0.362), we get

‖x− x̂k̄‖ ≤ (c1H)k̄ ‖x− x̂0‖+ d8

(

IL + . . . + (c1H)k̄−1
)

‖e‖
max

(a)

≤ ck̄
1‖x‖ + d8

1−c1
‖e‖

max
,

where (a) follows from the right stochastic property of H and the initial condition,
‖x − x̂l,0‖= ‖x‖, ∀l. Also, we have defined ‖x‖ , [x . . . x]

t
in the above equation.

Substituting k̄ =
⌈

log
(

‖x‖
‖e‖max

)

/log
(

1
c1

)⌉

, we get the result. �
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4.A.4 Proof of Theorem 4.3.4

To prove the theorem, we use the results of Lemma 4.A.5 and Lemma 4.A.6 with
‖e‖max= 0. The proof then follows from using the steps outlined in [BFH16, The-
orem 5] and the assumption that c1 < 1 which holds as δ3s < 0.362. �

4.A.5 Proof of Theorem 4.3.5

The proof follows from contradiction-based arguments similar to those presented in
the proof of [DM09, Theorem 7].
Suppose that T * T̂l,k̄. Then,

‖xT̂ c

l,k̄

‖≥ min
i∈T
|xi|= ρmin‖x‖.

From equation (4.A.14), we can write (for no measurement noise),

‖xT̂ c

k̄

‖ ≤ c1H ‖xT̂ c

k̄−1

‖ ≤ (c1H)k̄‖x‖
(a)
< ρmin‖x‖,

where (a) follows from the right stochastic property of H and substituting the value
of k̄. Note that we need c1 < 1 (which holds as δ3s < 0.362) to have k̄ ≥ 1. The
above equation implies that ‖xT̂ c

l,k̄

‖< ρmin‖x‖. This contradicts the assumption

that T * T̂l,k̄. Hence, proved. �





Chapter 5

Distributed Hard Thresholding

Pursuit Algorithm

In this chapter, we investigate an existing distributed algorithm for learning sparse
signals or data over networks. The algorithm is iterative and exchanges intermediate
estimates of a sparse signal over a network. This learning strategy using exchange
of intermediate estimates over the network requires a limited communication over-
head for information transmission. Our objective in this chapter is to show that
the strategy is good for learning in spite of limited communication. In pursuit of
this objective, we first provide a restricted isometry property (RIP)-based theoret-
ical analysis on convergence of the iterative algorithm. Then, using simulations, we
show that the algorithm provides competitive performance in learning sparse sig-
nals vis-a-vis an existing alternate distributed algorithm. The alternate distributed
algorithm exchanges more information including observations and system parame-
ters.

The remainder of this chapter is organized as follows. In Section 5.1 we dis-
cuss the background and contributions of this chapter. We present the algorithm
and discuss the theoretical guarantees in Section 5.2. The simulation results are
presented in Section 5.3.

5.1 Background and Contribution

The topic of estimating and/or learning of sparse signals has many applications,
such as machine learning [Tip01, WYG+09], multimedia processing [Ela10], com-
pressive sensing [HBRN08], wireless communications [SD11], etc. Here we consider
a distributed sparse learning problem as described in (2.4.1). Consider a network
consisting of L nodes with a network matrix H ∈ RL×L which describes the con-
nection among the nodes. The (l, r)’th element hlr of H specifies the weight of the
link from node r to node l. A zero valued hlr signifies the absence of a direct link
from node r to node l. In literature, H is also known as network policy matrix.
Let x ∈ RN be the underlying sparse signal to estimate/learn. Further assume that

79
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node l has the observation

yl = Alx + el. (5.1.1)

Here el is the error term and Al ∈ RMl×N is the system matrix (a sensing ma-
trix or dictionary depending on a particular application) at node l. For distributed
learning, the nodes of a network exchange various information, for example, inter-
mediate estimates of x, observations yl, system matrices Al, or their parameters.
Using this information, a distributed algorithm learns x at each node over iter-
ations. Few important aspects of a distributed algorithm are scalability with the
number of nodes, low computation at each node, and limited communication be-
tween nodes. These aspects are required to realize a large distributed system with
many nodes and high-dimensional system matrices. To comply with the low compu-
tational aspect, we focus on greedy algorithms. Standard greedy algorithms, such
as orthogonal matching pursuit [TG07], subspace pursuit [DM09], CoSaMP [NT08],
and their variants [HM11, CSVS12] are of low computation and fast in execution.
Further, for limited communication aspect, we prefer that intermediate estimates
of x are exchanged over network. Therefore we focus on a greedy and distributed
sparse learning algorithm proposed in [CMKT15] for further investigation. We re-
fer to this algorithm as the distributed hard thresholding pursuit (DHTP) that
exchanges intermediate estimates of x between nodes of the network. DHTP did
not receive necessary attention in [CMKT15] – minor simulation results were re-
ported and no theoretical analysis was performed. For DHTP, our main objective is
to show that estimate exchange is a good strategy for achieving a good learning per-
formance. In pursuit of this objective, we provide theoretical analysis and extensive
simulation results. Using simulations, we show that there is no significant incentive
in performance gain due to exchange of observations yl and system matrices Al.

Our objective is to show that signal estimate exchange is good to achieve a good
learning over network. There is no need to exchange yl and Al. In pursuit of this
objective, we investigate DHTP and our contributions are as follows.

1. We provide a restricted-isometry-property (RIP) based theoretical analysis
and convergence guarantee for DHTP.

2. Using simulations, we show instances where DHTP provides better learning
performance than distributed hard thresholding (DiHaT) algorithm [CMKT15].
For this comparison we use doubly stochastic H matrix.

3. We show that DHTP performs good for a general network matrix, not neces-
sarily a doubly stochastic matrix.

5.2 DHTP Algorithm and Theoretical Analysis

The pseudo-code of the DHTP algorithm is shown in Algorithm 9. In every iteration
k, the nodes use standard algorithmic steps of Hard Thresholding Pursuit algorithm
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Algorithm 9 Distributed HTP - Node l

Input: yl, Al, s, {hlr}
Initialization: k ← 0; x̂l,k ← 0 (Estimate at k’th iteration)
Iteration:

repeat
k ← k + 1 (Iteration counter)

1: T̃l,k ← supp(x̂l,k−1 + At
l(yl −Alx̂l,k−1), s)

2: x̃l,k such that x̃T̃l,k
← A†

l,T̃l,k
yl ; x̃T̃ c

l,k
← 0

3: x̌l,k =
∑

r∈Nl

hlr x̃r,k

4: T̂l,k ← supp(x̌l,k, s)
5: x̂l,k such that x̂T̂l,k

← x̌T̂l,k
; x̂T̂ c

l,k

← 0

until stopping criterion

Output: x̂l, T̂l

(HTP) [Fou11] along-with an extra step to include information about the estimates
at the neighbors to refine the local estimate (see Step 3 of Algorithm 9). Here, we
denote the neighborhood of node l by Nl, i.e. Nl , {r : hlr 6= 0}. For theoretical
analysis, we use the standard definition of RIP of a matrix as given in Section 2.2.3.

We first provide a recurrence inequality for DHTP, which provides performance
bounds of the algorithm over iterations. For notational clarity, we use RIC constant
δas , max

l
{δas(Al)}, where δas(Al) is the RIC of Al and a is a positive integer

such as 1, 2 or 3.

Theorem 5.2.1 (Recurrence inequality). The performance of the DHTP algorithm
at the iteration k can be bounded as

L∑

l=1

‖x− x̂l,k‖≤ c1

L∑

l=1

wl‖x− x̂l,k−1‖+d1

L∑

l=1

wl‖el‖,

where wl =
∑

r hrl, c1 =
√

8δ2
3s

1−δ2
2s

, d1 =
2
√

2(1−δ2s)+2
√

1+δs

1−δ2s
. �

Detailed proof of the above theorem is shown in the appendix. We use some in-
termediate steps in the proof of theorem 5.2.1 for addressing convergence of DHTP.
We show convergence by two alternative approaches, in the following two theorems.

Theorem 5.2.2 (Convergence). Let x∗
j denote the magnitude of the j’th highest

amplitude element of x and ‖e‖max, max
l
‖el‖. If δ3s < 1/3 and ‖e‖max≤ γx∗

s,

then the DHTP algorithm converges after k̄ = cs iterations, and its performance is
bounded by

‖x− x̂l,k̄‖≤ d ‖e‖max,
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where c =
log(16c2

3/c4
1)

log(1/c2
1)

, c3 =
√

16δ2
3s

(1−δ2
3s

)2 , d = 4√
1−δ3s

and γ < 1 are positive constants

in terms of δ3s. Under the above conditions, estimated support sets across all nodes
are equal to the correct support set, that means, ∀l, T̂l = supp(x, s). �

For an interpretation of the above theorem, we provide a numerical example. If
δ3s ≤ 0.2 then we have c ≤ 5, d ≤ 4.47; for an appropriate γ such that ‖e‖max≤ γx∗

s,
the performance ‖x− x̂l,k̄‖ is upper bounded by 4.47‖e‖max after 5s iterations.

Corollary 5.2.1. Consider the special case of a doubly stochastic network matrix
H. Under the same conditions stated in Theorem 5.2.2, we have

‖x− x̂k̄‖≤ d ‖e‖,

where x = [xt . . . xt]t, x̂k̄ = [x̂t
1,k̄

. . . x̂t
L,k̄

]t and e = [et
1 . . . et

L]t. This upper bound is

tighter than the bound of Theorem 5.2.2.

Theorem 5.2.3 (Convergence). If δ3s < 1/3 and ‖x‖
‖e‖max

> 1, then after k̄ =
⌈

log
(

‖x‖
‖e‖max

)

/log
(

1
c1

)⌉

iterations, DHTP algorithm converges and its performance

is bounded by
‖x− x̂l,k̄‖≤ d ‖e‖max,

where d = 1 + c2d1

1−c1
+ d4. �

A relevant numerical example for interpretation of Theorem 5.2.3 is as follows:

if δ3s ≤ 0.2 and ‖x‖
‖e‖max

= 20 dB, then we have k̄ = 9 and d = 13.68. The proofs of

the theorems and corollary are presented in the appendix.
It can be seen that the DHTP algorithm has a convergence guarantee when

δ3s < 1/3. Note that the requirement on signal-to-noise relation ‖x‖
‖e‖max

> 1 in

Theorem 5.2.3 is weaker than the requirement ‖e‖max≤ γx∗
s in Theorem 5.2.2. The

above results can be readily extended to noiseless case (that means ∀l, el = 0)
by following similar methodology as shown in Section 4.3.2. For the noiseless case,
DHTP provides the exact estimate of the sparse signal x at every node.

5.2.1 Similarities and differences between DHTP and DiHaT

The DiHaT algorithm of [CMKT15] is shown in Algorithm 10. Comparing with
Algorithm 9, the similarities and differences between DHTP and DiHaT are given
in the list below.

1. DiHaT uses consensus framework. Hence it requires exchange of ȳl,k, Āl,k

and x̃l,k among nodes. On the other hand, DHTP does not use consensus
framework. It only exchanges x̃l,k among nodes.

2. DiHaT requires H to be a consensus matrix. A doubly stochastic matrix with
second largest eigenvalue less than one is a consensus matrix. This is not a
requirement for the case of DHTP.
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Algorithm 10 DiHaT - Node l

Input: yl, Al, s, {hlr}
Initialization: k ← 0; x̂l,0 ← 0, ȳl,0 ← yl, Āl,0 ← Al

Iteration:

repeat
k ← k + 1 (Iteration counter)

1: ȳl,k =
∑

r∈Nl

hlr ȳr,k−1; Āl,k =
∑

r∈Nl

hlr Ār,k−1

2: T̃l,k ← supp(x̂l,k−1 + Āt
l,k(ȳl,k − Āl,kx̂l,k−1), s)

3: x̃l,k such that x̃T̃l,k
← (Āl,k)†

T̃l,k
ȳl,k ; x̃T̃ c

l,k
← 0

4: x̌l,k =
∑

r∈Nl

hlr x̃r,k

5: T̂l,k ← supp(x̌l,k, s)
6: x̂l,k such that x̂T̂l,k

← x̌T̂l,k
; x̂T̂ c

l,k

← 0

until stopping criterion

Output: x̂l, T̂l

3. For theoretical convergence proof of DiHaT, an assumption is that the average
noise over nodes 1

L

∑

l

el = 0. On the other hand, DHTP requires a signal-to-

noise-ratio term ‖x‖
‖e‖max

> 1.

4. Denoting Ā , 1
L

∑

l

Al, DiHaT converges if δ3s(Ā) < 1
3 . On the other hand,

DHTP converges if max
l
{δ3s(Al)} < 1

3 .

5. DiHaT requires all Al to be of the same size. DHTP does not require this
condition. This is an advantage in practical scenarios.

5.3 Simulation Results

In this section, we study the practical performance of DHTP using simulations and
compare with DiHaT (Algorithm 10). We perform the study using Monte-Carlo
simulations over many instances of Al, x, and el in the system model (5.1.1). The
non-zero scalars of sparse signal are i.i.d. Gaussian. This is referred to as a Gaussian
sparse signal. We set the number of nodes L = 20, and every node in the network is
randomly connected to three other nodes apart from itself. The stopping criterion
for the algorithms is that the maximum allowable number of iterations is equal to
30. We used both right stochastic and doubly stochastic H in simulations. Given
an edge matrix of network connection between nodes, a right stochastic matrix
generation is a simple task. The doubly stochastic matrix is generated through
the second largest eigenvalue modulus (SLEM) optimization problem [BDX04] as
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Figure 5.1: mSENR performance of DHTP, DiHaT and HTP algorithms with re-
spect to SNR. (a) Performance for a right stochastic network matrix. (b) Perfor-
mance for a doubly stochastic network matrix.
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Figure 5.2: Probability of perfect support-set estimation (PSE) versus sparsity level.
No noise condition and we used a doubly stochastic network matrix.
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described in Section 4.4 in Chapter 4. Finally, we also show performance for real
image data.

5.3.1 Performance measures

For performance evaluation, we used a mean signal-to-estimation-noise ratio metric,

mSENR = 1
L

∑

l
E{‖x‖2}

E{‖x−x̂l‖2} . To generate noisy observations, we used Gaussian

noise. The signal-to-noise ratio (SNR), SNR = SNRl = E{‖x‖2}
E{‖el‖2} is considered to be

the same across all nodes.

5.3.2 Experiments using Simulated Data

We use all Al that have same row size, that is, ∀l, Ml = M . Same row size is
necessary to use DiHaT for comparison. For the experiments, we set M = 100, and
signal dimension N = 500. In our first experiment, we compare DHTP, DiHaT and
HTP for right stochastic and doubly stochastic H. We set sparsity level s = 20. The
results are shown in Figure 5.1 where we show mSENR versus SNR. We recall that
DiHaT was not designed for right stochastic H and HTP is a standalone algorithm
that does not use the network. For right stochastic H, we observe from Figure 5.1
(a) that DiHaT does not provide considerable gain over HTP, but DHTP does.
On the other hand, for doubly stochastic H, we observe from Figure 5.1 (b) that
DiHaT provides a considerable gain over HTP, but DHTP outperforms DiHaT. The
experiment validates that DHTP works for right stochastic H. We did experiments
with many instances of H, and noted similar trend in performance.

Next, we study the probability of perfect signal estimation under the no-noise
condition. Under this condition, the probability of perfect signal estimation is equiv-
alent to the probability of perfect support-set estimation (PSE) at all nodes. Keep-
ing M = 100 and N = 500 fixed, we vary the value of s and compute the probability
of PSE using the frequentist approach – how many times PSE occurred. We used
the same doubly stochastic H of the first experiment. The result is shown in Fig-
ure 5.2. It can be seen that the DHTP outperforms DiHaT in the sense of phase
transition from perfect to imperfect estimation.

In the third experiment, we observe convergence speed of algorithms. A fast
convergence leads to less usage of communication and computational resources,
and less time delay in learning. We set s = 20. The results are shown in Figure 5.3
where we show mSENR versus the number of iterations, for the noiseless condition
and 30 dB SNR. We note that the DHTP has a significantly quicker convergence. In
our experiments, the DHTP achieved convergence typically within five iterations.

Finally, we experiment to find the sensitivity of the DHTP and the DiHaT
algorithms to the prior knowledge of sparsity level. For this, we use 30 dB SNR
and s = 20. Figure 5.4 shows the results for different assumed s that varies as
s = 18, 20, 25 and 30. We observe that DHTP performs better than DiHaT for
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Figure 5.3: mSENR performance of DHTP and DiHaT with respect to number of
information exchange (number of iterations).
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Figure 5.4: Sensitivity performance of DHTP and DiHaT with respect to knowledge
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all assumed sparsity levels. Also, a typical trend is that the assumption of higher
sparsity level is always better than lower sparsity level.

5.3.3 Experiments for real data

We evaluate the performance on three standard grayscale images: Peppers, Lena
and Baboon of size 512× 512 pixels. We consider 11% of highest magnitude DCT
coefficients of an image to decide a sparsity level choice. In DCT domain, the signal
is split into 256 equal parts (or blocks) for ease of computation. This leads to the
value of s for each part as close to 120. We perform reconstruction of the original
images using the DHTP, DiHaT and HTP algorithms over the doubly stochastic
network matrix H chosen in the previous subsection. The performance measure

is the peak-signal-to-noise-ratio (PSNR), defined as PSNR =
‖x‖2

∞

‖x−x̂‖2 , where ‖.‖∞
denotes the ℓ∞ norm. Figure 5.5 shows a plot of the PSNR versus number of
observations at each node (M). In the same figure, we show visual reconstruction
quality at M = 240 for DHTP. We observe that DHTP has a better convergence
rate and PSNR performance than the other two algorithms.

5.A Appendix

5.A.1 Useful Lemmas

We restate three lemmas from Chapter 4 here that will be used in the proofs later.
The first lemma provides a bound for the orthogonal projection operation used in
DHTP.

Lemma 5.A.1 (Lemma 4.A.2). Consider the standard sparse representation model
y = Ax + e with ‖x‖0= s1. Let S ⊆ {1, 2, . . . , N} and |S|= s2. Define x̄ such that

x̄S ← A†
Sy ; x̄Sc ← 0. If A has RIC δs1+s2 < 1, then we have

‖x− x̄‖≤
√

1

1− δ2
s1+s2

‖xSc‖+
√

1 + δs2

1− δs!+s2

‖e‖.

The next lemma gives a useful inequality on squares of polynomials commonly
encountered in the proofs.

Lemma 5.A.2 (Lemma 4.A.1). For non-negative numbers a, b, c, d, x, y,

(ax + by)2 + (cx + dy)2 ≤
(√

a2 + c2x + (b + d)y
)2

.

The last lemma provides a bound for the energy content in the pruned indices.

Lemma 5.A.3 (Lemma 4.A.3). Consider two vectors x and z with ‖x‖0= s1,
‖z‖0= s2 and s2 ≥ s1. We have S1 , supp(x, s1) and S2 , supp(z, s2). Let S∇
denote the set of indices of the s2 − s1 smallest magnitude elements in z. Then,

‖xS∇‖≤
√

2‖(x− z)S2‖≤
√

2‖x− z‖.
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Figure 5.5: Performance comparison of DHTP, DiHaT and HTP over image data.
The top row contains the original images. The second row contains the reconstructed
images using DHTP with sparsity level 11%. The last row shows the PSNR perfor-
mance of algorithms with respect to varying number of observations (M).
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5.A.2 Proof of Theorem 5.2.1

At Step 2, using Lemma 5.A.1, we have

‖x− x̃l,k‖ ≤
√

1

1− δ2
2s

‖xT̃ c
l,k
‖+
√

1 + δs

1− δ2s
‖el‖,

(a)
=

√

1

1− δ2
2s

‖(x− x̃l,k)T̃ c
l,k
‖+
√

1 + δs

1− δ2s
‖el‖, (5.A.1)

where (a) follows from the construction of x̃l,k. Following the proof of [Fou11,
Theorem 3.8], we can write,

‖(x− x̃l,k)T̃ c
l,k
‖≤
√

2δ3s‖x− x̂l,k−1‖+
√

2(1 + δ2s)‖el‖. (5.A.2)

Substituting the above equation in (5.A.1) , we have

‖x− x̃l,k‖≤
√

2δ2
3s

1−δ2
2s

‖x− x̂l,k−1‖+ d1

2 ‖el‖. (5.A.3)

where d1 =
2
√

2(1−δ2s)+2
√

(1+δs)

1−δ2s
. Next, in step 3, we get

‖x− x̌l,k‖
(a)
= ‖∑r∈Nl

hlrx−∑r∈Nl
hlrx̃r,k‖

(b)

≤ ∑r∈Nl
hlr‖x− x̃r,k‖,

(5.A.4)

where (a) follows as
∑

r∈Nl
hlr = 1 and (b) follows from the fact that hlr is non-

negative. Now, we bound the performance over the pruning step in steps 4-5 as
follows,

‖x− x̂l,k‖ = ‖(x− x̌l,k) + (x̌l,k − x̂l,k)‖
(a)

≤ ‖x− x̌l,k‖+‖x̌l,k − x̂l,k‖
(b)

≤ 2‖x− x̌l,k‖,
(5.A.5)

where (a) follows from the triangle inequality and (b) follows from the fact that x̂l,k

is the best s-size approximation to x̌l,k. Combining (5.A.3), (5.A.4) and (5.A.5),
we get

‖x− x̂l,k‖≤ c1

∑

r∈Nl
hlr‖x− x̂r,k−1‖+d1

∑

r∈Nl
hlr‖er‖.

Summing the above equation ∀l and denoting wl =
∑

r hrl, we get the result of
Theorem 5.2.1. �

5.A.3 Proof of Theorem 5.2.2

Let π be the permutation of indices of x such that |xπ(j)|= x∗
j where x∗

i ≥ x∗
j for

i ≤ j. In other words, x∗ is sorted x in the descending order of magnitude. Assuming
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π({1, 2, . . . , p}) ⊆ T̂l,k1 , we need to find the condition such that π({1, 2, . . . , p+q}) ⊆
T̂l,k2 where k2 > k1.
First, we have the following corollary.

Corollary 5.A.1.

‖xT̃ c
k
‖ ≤ c1H‖xT̃ c

k−1
‖+ (d2H + d3I) ‖e‖,

where d2 =
2δ3s

√
2(1+δs)

1−δ2s
, d3 =

√

2(1 + δ2s), ‖xT̃ c
k
‖ = [‖xT̃ c

1,k
‖. . . ‖xT̃ c

L,k
‖]t and

‖e‖ = [‖e1‖. . . ‖eL‖]t.

Proof. The proof of the corollary follows from the following arguments. From (5.A.2),
we can write

‖xT̃ c
l,k
‖≤
√

2δ3s‖x− x̂l,k−1‖+
√

2(1 + δ2s)‖el‖,

due to the construction of x̃l,k. Substituting (5.A.1), (5.A.4) and (5.A.5) with ‘k−1’
in the above equation, we get

‖xT̃ c
l,k
‖≤ c1

∑

r∈Nl

hlr‖xT̃ c
r,k−1
‖+d2

∑

r∈Nl

hlr‖er‖+d3‖el‖.

The result follows from vectorizing the above equation.

Next, Lemma 5.A.4 derives the condition that π({1, 2, . . . , p + q}) ⊆ T̃l,k, i.e.,
the desired indices are selected in Step 2 of DHTP. Note that we define ‖e‖

max
=

[‖e‖max. . . ‖e‖max]t.

Lemma 5.A.4. If ∀l, π({1, 2, . . . , p}) ⊂ T̃l,k1 and

x∗
p+q > ck2−k1

1 ‖x∗
{p+1,...,s}‖+ d2+d3

1−c1
‖e‖max.

then, T̃l,k2∀l contains π({1, 2, . . . , p + q}).

Proof. The first part of the proof of this lemma is similar to the proof of [BFH16,
Lemma 3]. It is enough to prove that the s highest magnitude indices of
(x̂l,k−1 + At

l(yl− Alx̂l,k−1)) contains the indices π(j) for j ∈ {1, 2, . . . , p + q}.
Mathematically, we need to prove,

min
j∈{1,2,...,p+q}

‖(x̂l,k−1 + At
l(yl −Alx̂l,k−1))π(j) ‖

> max
d∈T c

‖(x̂l,k−1 + At
l(yl −Alx̂l,k−1))d ‖, ∀l.

(5.A.6)

The LHS of (5.A.6) can be written as

|(x̂l,k−1 + At
l(yl −Alx̂l,k−1))π(j) |

(a)

≥ |xπ(j)|−|(−x + x̂l,k−1 + At
l(yl −Alx̂l,k−1))π(j) |

≥ x∗
p+q − |((At

lAl − I) (x− x̂l,k−1) + At
lel)π(j) |,
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where (a) follows from the reverse triangle inequality. Similarly, the RHS of (5.A.6)
can be written as

|(x̂l,k−1 + At
l(yl −Alx̂l,k−1))d |

= |xd + (−x + x̂l,k−1 + At
l(yl −Alx̂l,k−1))d |

= |((At
lAl − I) (x − x̂l,k−1) + At

lel)d |.

Using the bounds on LHS and RHS, (5.A.6) simplifies to

x∗
p+q > |((At

lAl − I) (x − x̂l,k−1) + At
lel)π(j) |

+|((At
lAl − I) (x − x̂l,k−1) + At

lel)d |.

Let RHS of the sufficient condition at node l be denoted as RHSl. Then,

RHSl ≤
√

2|((At
lAl − I) (x− x̂l,k−1) + At

lel){π(j),d} |
≤
√

2‖((At
lAl − I) (x − x̂l,k−1)){π(j),d} ‖+

√
2‖(At

lel){π(j),d} ‖
(a)

≤
√

2δ3s‖x− x̂l,k−1‖+
√

2 (1 + δ2s)‖el‖
(b)

≤ c1

∑

r∈Nl

hlr‖xT̃ c
r,k−1
‖+d2

∑

r∈Nl

hlr‖er‖+d3‖el‖,

where (a) follows from [SXL14, Lemma 4-5] and (b) follows from substituting
(5.A.1), (5.A.4) and (5.A.5). At iteration k2, RHSl can be vectorized as

RHS=[RHS1 . . . RHSL]t≤ c1H‖xT̃ c
k2−1
‖+ (d2H + d3I) ‖e‖.

Applying Corollary 5.A.1 repeatedly, we can write for k1 < k2,

RHS ≤ (c1H)k2−k1‖xT̃ c
k1

‖+ (d2H + d3IL)
(
IL + . . . + (c1H)k2−k1−1

)
‖e‖

(a)

≤ ck2−k1

1 ‖x∗
{p+1,...,s}‖+ d2+d3

1−c1
‖e‖

max
,

where (a) follows from the assumption that for any l, ‖xT̃ c
l,k1

‖≤ ‖x∗
{p+1,...,s}‖ and

the right stochastic property of H. Now, it can be seen that the bound in (5.A.6)
is satisfied when

x∗
p+q > ck2−k1

1 ‖x∗
{p+1,...,s}‖+ d2+d3

1−c1
‖e‖max.

Next, we find the condition that π({1, 2, . . . , p + q}) ⊆ T̂l,k in the following
Lemma.
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Lemma 5.A.5. If π({1, 2, . . . , p}) ⊆ T̃l,k1∀l, π({1, 2, . . . , p + q}) ⊆ T̃l,k2∀l and

x∗
p+q > c3ck2−k1−1

1 ‖x∗
{p+1,...,s}‖+

(
c3(d2+d3)

1−c1
+ d4

)

‖e‖max

then, T̂l,k2 , ∀l contains π({1, 2, . . . , p + q}). The constant d4 = 2d2√
1−δ2

3s

+ d1√
2
.

Proof. It is enough to prove that the s highest magnitude indices of x̌l,k contains
the indices π(j) for j ∈ {1, 2, . . . , p + q}. Mathematically, we need to prove,

min
j∈{1,2,...,p+q}

‖(x̌l,k)π(j)‖> max
d∈T c
‖(x̌l,k)d‖, ∀l. (5.A.7)

The LHS of (5.A.7) can be written as

‖(x̌l,k)π(j)‖
(a)
=

∥
∥
∥
∥
∥
∥

(

∑

r∈Nl

hlr x̃T̃r,k

)

π(j)

∥
∥
∥
∥
∥
∥

(b)
=

∥
∥
∥
∥
∥

∑

r∈Nl

hlr xπ(j) +
∑

r∈Nl

hlr

(

x́T̃r,k
− xT̃r,k

)

π(j)

∥
∥
∥
∥
∥

≥
∥
∥
∥
∥
∥

∑

r∈Nl

hlr xπ(j)

∥
∥
∥
∥
∥
−
∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

π(j)

∥
∥
∥
∥
∥

≥ x∗
p+q −

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

π(j)

∥
∥
∥
∥
∥

,

where (a) and (b) follows from the fact that π({1, 2, . . . , p + q}) ⊂ T̃l,k2 , ∀l. Similarly,
the RHS of (5.A.7) can be bounded as

‖(x̌l,k)d‖ =

∥
∥
∥
∥
∥

(

∑

r∈Nl

hlr x̃T̃r,k

)

d

∥
∥
∥
∥
∥

=

∥
∥
∥
∥
∥

∑

r∈Nl

hlr xd +
∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

d

∥
∥
∥
∥
∥

=

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

d

∥
∥
∥
∥
∥

.

Using the above two bounds, the condition (5.A.7) can now be written as

x∗
p+q >

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

π(j)

∥
∥
∥
∥
∥

+

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

d

∥
∥
∥
∥
∥

. (5.A.8)

Define the RHS of the required condition from (5.A.8) at node l as RHSl. Then,
we can write the sufficient condition as

RHSl ≤
√

2

∥
∥
∥
∥
∥

∑

r∈Nl

hlr

(

x̃T̃r,k
− xT̃r,k

)

{π(j),d}

∥
∥
∥
∥
∥

≤
√

2
∑

r∈Nl

hlr ‖x− x̃r,k‖.
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From the above equation and (5.A.3), we can bound RHSl as

RHSl ≤ ∑

r∈Nl

hlr

(√
4δ2

3s

1−δ2
3s

‖x− x̂r,k−1‖+ d1√
2
‖er‖

)

(a)

≤ c3

∑

r∈Nl

hlr ‖xT̃ c
r,k−1
‖+d4

∑

r∈Nl

hlr ‖er‖,

where (a) follows from substituting (5.A.1), (5.A.4) and (5.A.5). At iteration k2,
RHSl can be vectorized as

RHS = [RHS1 . . . RHSL]
t ≤ c3H‖xT̃ c

k2−1
‖+ d4H‖e‖.

Applying Corollary 5.A.1 repeatedly, we can write for k1 < k2,

RHS ≤ c3(c1H)k2−k1−1H‖xT̃ c
k1

‖
+
(
c3(d2H + d3I)

(
IL + . . . + (c1H)k2−k1−2

)
+ d4

)
H‖e‖

(a)

≤ c3ck2−k1−1
1 ‖x∗

{p+1,...,s}‖+
(

c3(d2+d3)
1−c1

+ d4

)

‖e‖
max

,

where (a) follows from the assumption that for any l, ‖xT̃ c
l,k1

‖≤ ‖x∗
{p+1,...,s}‖ and

the right stochastic property of H. From the above bound on RHS, it can be easily
seen that (5.A.8) is satisfied when

x∗
p+q > c3ck2−k1−1

1 ‖x∗
{p+1,...,s}‖+

(
c3(d2+d3)

1−c1
+ d4

)

‖e‖max.

Corollary 5.A.2. For δ3s < 1, we have c1 < c3. Therefore, the sufficient condition
for Lemma 5.A.4 and Lemma 5.A.5 to hold is

x∗
p+q > c3ck2−k1−1

1 ‖x∗
{p+1,...,s}‖+

(
c3(d2+d3)

1−c1
+ d4

)

‖e‖max.

Next, the above corollary can be used to prove theorem 5.2.2 by similar steps as
outlined in [BFH16, Theorem 6]. In the proof, the number of iterations ki between
different steps for our case should be defined as

ki :=

⌈
log(16(c3/c1)2(|Qi|+|Qi+1|/2+...+|Qr |/2r−i))

log(1/c2
1)

⌉

.

All the variables in the above definition are defined in [BFH16, Theorem 6] except
c1, c3 which are defined in this chapter. With the above definition, the number of
iterations is bounded as k̄ = cs. The proof steps in [BFH16, Theorem 6] require
that c1 < 1 which holds as δ3s < 0.362.
Note that the constant γ is defined as γ = 2

√
2−1

4d5
, where d5 = c3(d2+d3)

1−c1
+ d4. The
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constant d in the theorem statement can be derived as follows. From Step 2 of
DHTP at node l, we have ‖yl −Alx̃l,k̄‖≤ ‖yl −Alx‖= ‖el‖≤ ‖e‖max. This follows

because T̃l,k̄ = T . Next, we can write

‖x− x̂l,k̄‖
(a)

≤ 2
∑

r∈Nl

hlr‖x− x̃r,k̄‖≤
∑

r∈Nl

hlr
2√

1−δ2s
‖Ar

(
x − x̃r,k̄

)
‖

≤ ∑

r∈Nl

hlr
2√

1−δ2s

(
‖yr −Arx̃r,k̄‖+‖er‖

)
≤ 4√

1−δ3s
‖e‖max,

where (a) follows from (5.A.4), (5.A.5) and the last inequality follows from the fact
that δ2s < δ3s and the right stochastic property of H. �

5.A.4 Proof of Corollary 5.2.1

From Step 2 of DHTP, we have ‖y − Ax̃k̄‖2≤ ‖y − A x‖2= ‖e‖2, where y =

[yt
1 . . . yt

L]t, x̃k̄ = [x̃t
1,k̄

. . . x̃t
L,k̄

]t and A = IL ⊗ A (here ⊗ denotes the kronecker

product of two matrices). The first inequality follows because T̃l,k̄ = T , ∀l. Define

H , H⊗ IL. Then, we have,

‖x− x̂k̄‖2
(a)

≤ 4‖x− x̌k̄‖2
(b)

≤ 4‖H x −Hx̃k̄‖2
(c)

≤ 4‖x− x̃k̄‖2

(d)

≤ 4
1−δ2s

∥
∥
∥A

(

x− x̃k̄

)∥
∥
∥

2

= 4
1−δ2s

∥
∥
∥y− e−Ax̃k̄

∥
∥
∥

2

,

where (a) follows from (5.A.5), and (b), (c) follows from the doubly stochastic
property of H (‖H‖= 1). Also, (d) follows from the RIP property of A. Further,
we can write

‖x− x̂k̄‖≤ 2√
1−δ2s

(

‖y−Ax̃k̄‖+‖e‖
)

≤ 4√
1−δ3s

‖e‖,

where the last inequality follows from the fact that δ2s < δ3s. �

5.A.5 Proof of Theorem 5.2.3

We define, ∇T̂l,k , { ∪
r∈Nl

T̃r,k} \ T̂l,k. Then, at step 5 of DHTP we have

‖xT̂ c
l,k

‖2 = ‖x∇T̂l,k
‖2+‖x{

∩
r∈Nl

T̃ c
r,k

}‖2

(a)

≤ ‖x∇T̂l,k
‖2+‖ ∑

r∈Nl

hlr xT̃ c
r,k
‖2, (5.A.9)
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where (a) follows from the right stochastic property of H. Also, from Lemma 5.A.3,
we have

‖x∇T̂l,k
‖ ≤
√

2‖x− x̌l,k‖
(a)
=
√

2‖
∑

r∈Nl

hlr x −
∑

r∈Nl

hlr x̃r,k‖

(b)

≤
√

2
∑

r∈Nl

hlr ‖x− x̃r,k‖, (5.A.10)

where (a) and (b) follows from the assumption that ∀l, ∑
r∈Nl

hlr = 1 and ∀{l, r}, the

value, hlr ≥ 0 respectively. Combining (5.A.9) and (5.A.10), we have

‖xT̂ c
l,k

‖2
(5.A.2),(5.A.3)

≤
[

∑

r∈Nl

hlr

(√
4δ2

3s

1−δ2
3s

‖x− x̂r,k−1‖+ d1√
2
‖er‖

)
]2

+

[

∑

r∈Nl

hlr

(√
2δ3s‖x− x̂r,k−1‖+

√

2(1 + δ2s)‖er‖
)
]2

.

Using Lemma 5.A.2, the above equation can be simplified as

‖xT̂ c
l,k

‖≤ c2

∑

r∈Nl

hlr ‖x− x̂r,k−1‖+( d1√
2

+ d3)
∑

r∈Nl

hlr ‖er‖,

where c2 =
√

2δ2
3s

(3−δ2
3s

)

1−δ2
3s

. This equation can be vectorized as

‖xT̂ c
k

‖ ≤ c2H‖x− x̂k−1‖+ d4‖e‖, (5.A.11)

where ‖x− x̂r,k−1‖ = [‖x− x̂1,k−1‖. . . ‖x− x̂L,k−1‖]t and d4 = d1√
2

+ d3. From the

proof of Theorem 5.2.1, we have the following relation in vectorized form

‖x− x̂k‖ ≤ c1H‖x− x̂k−1‖+ d1H‖e‖.

Applying the above relation repeatedly, and using the fact that c1 < 1 (as δ3s <
0.362), we can write (5.A.11) at the iteration k̄ as

‖xT̂ c

k̄

‖ ≤ c2 (c1H)
k̄−1

H‖x− x̂0‖+
(

c2d1H
(

IL + . . . + (c1H)k̄−2
)

+ d4

)

‖e‖
max

(a)

≤ ck̄
1‖x‖ +

(
c2d1

1−c1
+ d4

)

‖e‖
max

,

where (a) follows from the fact that c2 < c1, the initial condition, ‖x−x̂l,0‖= ‖x‖, ∀l
and the right stochastic property of H. We have also defined, ‖x‖ = [‖x‖. . . ‖x‖]t.
Substituting the value of k̄ in the above equation, we get

‖xT̂ c

k̄

‖ ≤
(

1 + c2d1

1−c1
+ d4

)

‖e‖
max

.

�





Chapter 6

Network Basis Pursuit Denoising

In this chapter we solve the problem of distributed sparse learning using convex
based approaches. Our algorithms use convex optimization methods and do not
require a large communication overhead. Each node of the network uses a convex
optimization based algorithm that provides a locally optimum solution for that
node. The nodes exchange their signal estimates over the network in order to re-
fine their local estimates. We expect the algorithms to converge fast, thus saving
communication resource and requiring a limited processing time.

The remainder of this chapter is organized as follows. In Section 6.1 we discuss
the background and contributions of this chapter. The algorithms are proposed
in Section 6.2. The theoretical guarantees of the algorithms are discussed in Sec-
tion 6.3. Finally, the simulation results are presented in Section 6.4.

6.1 Background and Contribution

In the previous chapters, we have designed and analyzed distributed sparse learn-
ing algorithms motivated by greedy pursuit (GP) algorithms. GP based algorithms
approximate the ℓ0 problem (2.1.6) through the assumption of signal sparsity. A
parallel approach is to solve the ℓ1 relaxation problem (2.3.1) through convex opti-
mization. The advantage of the ℓ1 based algorithms is that they directly estimate
the signals without any sparsity knowledge. With this background, we design a
set of distributed sparse learning algorithms in this chapter. Our algorithms use
convex optimization methods and do not require a large communication overhead.
Each node solves a convex optimization problem to learn a local estimate. The es-
timates are exchanged between nodes of the network for further improvement. We
expect the algorithms to converge in a limited time, thus saving communication
resource and requiring a limited processing time. A low processing time is useful in
low-latency applications. In this chapter, our main contributions are as follows:

• We develop ℓ1-norm minimization based distributed algorithms that achieve
fast convergence. To include influence of estimates from neighboring nodes,
we show use of several penalty functions.
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• Incorporation of a-priori knowledge of the sparsity level is shown to achieve
a faster convergence.

• Using restricted-isometry-property (RIP) based theoretical analysis, we derive
bounds on signal estimation quality.

• Simulation results confirm that the proposed algorithms provide competitive
performance vis-a-vis a distributed LASSO algorithm, D-LASSO [MBG10]
that solves a centralized problem in a distributed manner, but at the expense
of slow convergence and high communication cost.

Our proposed algorithms are referred to as network basis pursuit denoising (NBPDN).
The algorithms are built on the optimization formulation of much cited basis pur-
suit denoising (BPDN) [CDS98]. We mainly modify the constrained cost function
of BPDN and achieve the NBPDN.

6.1.1 Assumptions and Preliminaries

In this section we review a few definitions and results specific to this chapter. We
begin by noting that as the NBPDN is motivated by convex techniques, the As-
sumption 2.4.2 is no longer required. The signal of interest can be either exactly
sparse (‖x‖0= s) or approximately sparse (s highest amplitude elements of x con-
tain the maximum energy of the signal). We also define the support set of x as
T = supp(x, s). We will reuse Assumption 2.4.2 later for the pruned version of the
NBPDN. We introduce the following assumption on the measurement noise in the
system.

Assumption 6.1.1. Observation noise is bounded, i.e., ‖el‖≤ ǫ.

The above assumption is commonly used in ℓ1 minimization based sparse learn-
ing algorithms [CRT06b]. In parallel to the RIP defined in Section 2.2.3, we also
define the restricted orthogonality constant of a matrix A ∈ RM×N as follows:

Definition 6.1.1 (ROP: Restricted Orthogonality Property [CWX10]). – For any
two vectors x, x′ ∈ RN with disjoint supports such that ‖x‖0= s, ‖x′‖0= s′ and
s + s′ ≤ N , the {s, s′}-restricted orthogonality constant θs,s′ (ROC) of a matrix
A ∈ RM×N is defined as the smallest number that satisfies

|〈Ax, Ax′〉|≤ θs,s′‖x‖‖x′‖.
The ROC also satisfies the monotonicity property, i.e., θs,s′ ≤ θs1,s′

1
for any s ≤ s1,

s′ ≤ s′
1 and s1 + s′

1 ≤ N .

We now state the following properties of ROC [CWX10].

Proposition 6.1.1. Suppose A has ROC θs,s′ for s + s′ ≤ N . Then

θs,s′ ≤ δs+s′ , (6.1.1a)

θs,as′ ≤ √aθs,s′ . (6.1.1b)
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Next we provide two lemmas to be used in deriving the results.

Lemma 6.1.1. Consider the standard sparse representation model y = Ax+e with
‖x‖0= s1. Let S ⊆ {1, 2, . . . , N} and |S|= s2. Define x̄ such that x̄← A†

Sy, x̄Sc ←
0. If A has RIC δs1+s2 < 1, then we have the following ℓ2 bounds.

‖(x− x̄)S ‖≤ δs1+s2‖x− x̄‖+
√

1 + δs2‖e‖,
and

‖x− x̄‖≤
√

1

1− δ2
s1+s2

‖xSc‖+
√

1 + δs2

1− δs1+s2

‖e‖.

Additionally, we have the following ℓ1 bounds.

‖(x − x̄)S ‖1≤
√

s2δs1+s2‖x− x̄‖1+
√

s2(1 + δs2)‖e‖,
and

‖x− x̄‖1≤
√

s1 + s2

1− δ2
s1+s2

‖xSc‖1+

√

(s1 + s2)(1 + δs2 )

1− δs1+s2

‖e‖.

Proof: The proof is shown in the appendix.

Lemma 6.1.2. Consider two vectors x and z with ‖x‖0= s1, ‖z‖0= s2 and s2 ≥ s1.
We have S1 , supp(x, s1) and S2 , supp(z, s2). Let S∇ denote the set of indices of
the s2−s1 smallest magnitude elements in z. Then, we have the following ℓ2 bound

‖xS∇‖≤
√

2‖(x− z)S2‖≤
√

2‖x− z‖.
Additionally, we have the following ℓ1 bound

‖xS∇‖1≤ ‖(x− z)S2‖1≤ ‖x− z‖1.

Proof: The proof is shown in the appendix.

6.2 Network Basis Pursuit Denoising

In this section, we propose two strategies of designing network basis pursuit denois-
ing (NBPDN). For each strategy, we show use of ℓ1 and ℓ2-norm based penalties to
include influence of estimates from neighboring nodes.

6.2.1 Network Basis Pursuit Denoising

The pseudo-code of the NBPDN is shown in Algorithm 11. In the zeroth iteration,
in each node we start with the standard BPDN problem where ǫ is used as an
error bound (as ‖el‖≤ ǫ). Then, for each iteration we solve a modified cost of
BPDN where we add the penalty g(x, {x̂r,k−1, hlr}), r ∈ Nl. The penalty helps to
incorporate the influence of estimates from all neighboring nodes.

Examples of g(.) functions that we used are as follows:
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Algorithm 11 NBPDN - Steps at Node l

Input: yl, Al, ǫ, {hlr}
Initialization:

k ← 0 (k denotes iteration counter)

1: x̂l,0 =arg min
x

‖x‖1 s.t. ‖yl −Alx‖≤ ǫ (BPDN)

Iteration:

repeat
k ← k + 1 (Iteration counter)

1: x̂l,k = arg min
x

λ‖x‖1+(1− λ)g(x, {x̂r,k−1, hlr}), r ∈ Nl s.t. ‖yl −Alx‖≤ ǫ

until stopping criterion

Output: x̂l

1. use of ℓ1-cost: g(.) = ‖x− ∑

r∈Nl

hlrx̂r,k−1‖1, and

2. use of ℓ2-cost: g(.) = ‖x− ∑

r∈Nl

hlrx̂r,k−1‖.

In these examples, the use of
∑

r∈Nl

hlrx̂r,k−1 is a strategy for inclusion of past es-

timates from neighboring nodes. We use the additive strategy for simplicity and
analytical tractability. If all the solutions of neighboring nodes are sparse then the
additive term is also expected to be sparse. The NBPDN that uses ℓ1-norm based
g(.) is referred to as NBPDN-1. Similarly, the NBPDN that uses ℓ2-norm based g(.)
is referred to as NBPDN-2. A natural question arises: which norm is better to use
in defining a g(.) function? The use of ℓ1 norm promotes sparsity on the difference
signal x − ∑

r∈Nl

hlrx̂r,k−1. Therefore, our hypothesis is that the ℓ1 norm based g(.)

function promotes a sparse solution for x. The solution is supposed to have a high
overlap between its support and the support of the sparse signal

∑

r∈Nl

hlrx̂r,k−1. In

the cost minimization, the parameter λ needs to carefully chosen to keep a bal-
ance between the sparsity promoting function ‖x‖1 and the g(.) function. Next, we
mention our main theoretical result on bounding the estimation error.

Main Theoretical Result: Over iterations, the NBPDN-1 algorithm has a recur-
rence relation given by,

‖x− x̂l,k‖≤
L∑

l=1

̺1‖x− x̂l,k−1‖+υ1‖xT c‖1+ζ1ǫ,

where ̺1, υ1 and ζ1 are deterministic constants depending on network weights hlr,
and RIP constant δ and ROC constant θ of Al. Also, for a fixed s, T is the s-
support set of the signal x. The recurrence relation bounds the estimation error at
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node l in iteration k. The above recurrence relation is further used to show that
the estimation error is bounded as

‖x− x̂l‖≤ υ2‖xT c‖1+ζ2ǫ. (6.2.1)

The above bound holds at each node of the network if RIC and ROC constants of
the local observation matrix Al satisfy certain conditions. Under the assumption
of no observation noise and the signal being exactly s-sparse, the NBPDN achieves
exact estimate of x at every node when δ2s < 0.472. This result holds irrespective
of the use of ℓ1 or ℓ2-norm in g(.) function. We will investigate the main result in
detail later in Section 6.3.

6.2.2 Pruning based Network Basis Pursuit Denoising

In this subsection, we develop a derivative of NBPDN with a-priori information of
sparsity level, i.e., ‖x‖0= s. This new derivative is referred to as pruned NBPDN
(pNBPDN), shown in Algorithm 12. The use of sparsity level brings a flavor for
comparative studies with greedy algorithms where sparsity level is typically used as
a-priori information. In Algorithm 12, we apply pruning to sparsify the estimates
x̃l,k. We use the support-finding function supp(.) to determine the indices of the
highest s-amplitudes in the estimate (see Step 2 of the algorithm). We then do a
projection operation to get an s-sparse estimate x̂l,k (see Step 3 of the algorithm).
We again consider two examples of the g(.) function. The pNBPDN that uses ℓ1-
norm based g(.) is referred to as pNBPDN-1. Similarly, the NBPDN that uses
ℓ2-norm based g(.) is referred to as pNBPDN-2.

Main Theoretical Result: For pNBPDN, the estimation error is bounded as

‖x− x̂l‖≤ constant× ǫ. (6.2.2)

The above bound holds at each node in the network and requires certain conditions
on the RIC and ROC constants of the local observation matrix Al. Under the as-
sumption of no observation noise and the signal being exactly sparse, the pNBPDN
achieves exact estimate of x at every node when δ2s < 0.472.

6.2.3 Discussions

For the scenario of no cooperation over network, that is, if H is an identity ma-
trix, NBPDN-1 is same as the BPDN problem. Interestingly, it has been shown
that the BPDN has an RIP condition that δ2s(Al) < 0.472 [CWX10] for bounded
reconstruction. Therefore, according to our analysis the RIP conditions for BPDN
and NBPDN are comparable. The use of a-priori knowledge in pruned NBPDN
does not change the RIP condition. The pruned BPDN (pNBPDN) is more close to
distributed greedy algorithms that work with the same system setup. Examples of
the greedy algorithms are network greedy pursuit (NGP) [ZVCR17] and distributed
hard thresholding pursuit (DHTP) [ZMRC17]. We mention that NGP and DHTP
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Algorithm 12 Pruned NBPDN - Steps at Node l

Input: yl, Al, s, ǫ, {hlr}
Initialization:

k ← 0 (k denotes iteration counter)

1: x̃l,0 =arg min
x

‖x‖1 s.t. ‖yl −Alx‖≤ ǫ (BPDN)

2: T̂l,0 ← supp(x̃l,0, s)

3: x̂l,0 such that x̂T̂l,0
← A†

l,T̂l,0
yl ; x̂T̂ c

l,0
← 0 (Pruning)

Iteration:

repeat
k ← k + 1 (Iteration counter)

1: x̃l,k = arg min
x

λ‖x‖1+(1 − λ)g(x, {x̂r,k−1, hlr}), r ∈ Nl s.t. ‖yl − Alx‖≤ ǫ

(Adapt)
2: T̂l,k ← supp(x̃l,k, s)

3: x̂l,k such that x̂T̂l,k
← A†

l,T̂l,k

yl ; x̂T̂ c
l,k

← 0 (Pruning)

until stopping criterion

Output: x̂l, rl

have RIP conditions δ3s(Al) < 0.362 and δ3s(Al) < 0.333, respectively. It can be
seen that RIP conditions for these two distributed greedy algorithms are more strict
compared to the proposed NBPDN.

6.3 Theoretical Analysis

In this section we discuss the main theoretical results of this chapter. For notational
clarity, we use RIC constant δs1 , max

l
{δs1 (Al)} and ROC constant θs1,s2 ,

max
l
{θs1,s2 (Al)} where s1, s2 are constants. We first start with the analysis of

NBPDN. Let us define zl,k , x̂l,k − x. In NBPDN, ‖Ax̂l,k − y‖≤ ǫ. Also, we have
the model constraint ‖yl −Alx‖≤ ǫ. Then we have

‖Alzl,k‖= ‖Al(x̂l,k − x)‖
(a)

≤ ‖Alx̂l,k − yl‖+‖yl −Alx‖≤ 2ǫ, (6.3.1)

where (a) follows from the triangle inequality. We can now partition zl,k into dis-

joint sparse vectors such that, zl,k =

{

⋃

j≥0

zTj

}

∪ zT∗ . We have dropped the sub-

script {l, k} in individual partitioned vectors for notational clarity. In the above
partition, T0 , supp(x, s), T∗ , supp(zT c

0
, a), T1 , supp(z(T0∪T∗)c , b), T2 ,

supp(z(T0∪T1∪T∗)c , b) and so on. Here, we assume that a and b are two positive
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integers satisfying the condition a < b ≤ 4a. We now state a derivative of the
shifting inequality from [CWX10].

Lemma 6.3.1 (Consequence of the shifting inequality [CWX10]).

∑

i≥1

‖(zl,k)Ti
‖≤
‖(zl,k)T c

0
‖1

√
b

. (6.3.2)

The above lemma follows from applying the shifting inequality lemma [CWX10,
Lemma 3] iteratively to the partitioning of ‖zl,k‖.

6.3.1 Bounds on estimation error for NBPDN-1

For NBPDN-1 algorithm, g(x, {x̂r,k−1, hlr}r∈Nl
) = ‖x −∑r∈Nl

hlrx̂r,k−1‖1. We
first present the following lemma which will be used later to prove the results.

Lemma 6.3.2. For λ > 1/2,

‖(zl,k)T c
0
‖1≤

1

2λ− 1
‖(zl,k)T0

‖1+
2λ

2λ− 1
‖xT c

0
‖1. (6.3.3a)

Alternatively, for any λ,

‖(zl,k)T c
0
‖1≤ (2λ− 1)‖(zl,k)T0

‖1+2λ‖xT c
0
‖1+2(1− λ)‖x − x́l,k‖1. (6.3.3b)

Here we define

x́l,k ,
∑

r∈Nl

hlrx̂r,k−1.

The proof of Lemma 6.3.2 is shown in the appendix. Next, we use the results
of Lemma 6.3.2 to provide a bound on the estimation error of NBPDN-1 in the
following theorem.

Theorem 6.3.1 (Bound on estimation error). Let δs+a +
√

s
b

θs+a,b

2λ−1 < 1 be satisfied
for λ > 1/2. Then the estimation error at iteration k is bounded as

‖x− x̂l,k‖≤ 4λ
√

s(1+δs+a)

c1(2λ−1) ǫ + 2λ
2λ−1

[

1 + 2λ
2λ−1

√
s
b

θs+a,b

c1

]

‖xT c
0
‖1,

where c1 = 1− δs+a −
√

s
b

θs+a,b

2λ−1 > 0.

Proof of the above theorem is shown in the appendix. The above result shows
that the estimation error is bounded by noise parameter ǫ and signal parameter
‖xT c

0
‖1. In case of no observation noise (ǫ = 0) and for s-sparse signal (‖xT c

0
‖1= 0),

we have perfect estimation. We now discuss the required conditions for the above
theorem to be valid. One condition is that the observation matrix Al should satisfy
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δs+a +
√

s
b

θs+a,b

2λ−1 < 1. Under the assumption of s = 4a = b, the above requirement
can be upper bounded as

δ1.25s +
θ1.25s,s

2λ−1 ≤ δ2s +
√

1.25
2λ−1 δ2s,

where we have used (6.1.1a) and (6.1.1b) to simplify the expression. The require-
ment can now be written as δ2s < 2λ−1

2λ+0.12 . It can be seen that the RIC constant
δ2s is a function of λ and becomes stricter with decreasing λ. The most relaxed
condition of δ2s < 0.472 is achieved for λ close to one. In addition, the above result
is valid only for λ > 1/2. We next show an estimation error bound for a general λ.
This requires the following recurrence inequality result over iterations.

Theorem 6.3.2 (Recurrence inequality). Under the condition δs+a +
√

s
b (2λ′ −

1)θs+a,b < 1, at iteration k, we have

‖zl,k‖1≤ c2

∑

r∈Nl

hlr‖zr,k−1‖1+c3‖xT c
0
‖1+c4ǫ,

where λ′ = max{λ, 1/2}, c2 = 2(1− λ)
[

1 + 2λ
√

s
b

θs+a,b

c5

]

,

c3 = 2λ
[

1 + 2λ
√

s
b

θs+a,b

c5

]

, c4 =
4λ
√

s(1+δs+a)

c5
,

and c5 = 1− δs+a −
√

s
b (2λ′ − 1)θs+a,b.

With the help of the recurrence inequality, we show the following result for a
general λ.

Theorem 6.3.3 (Bound on estimation error). If δs+a +
√

s
b θs+a,b < 1, then at

iteration k, the estimation error is bounded by

‖x− x̂l,k‖≤ d1ǫ + d2‖xT c
0
‖1,

where d1 =
ck

2 −1
c2−1 (c4 + c2c7), d2 =

ck
2 −1

c2−1 (c3 + c2c6), c6 = 2
[

1 + 2
√

s
b

θs+a,b

c5

]

, and

c7 =
4
√

s(1+δs+a)

c5
.

The detailed proofs of the above two theorems is given in the appendix. It follows
that, for the case of no observation noise (ǫ = 0) and s-sparse signal (‖xT c

0
‖1= 0),

we have perfect estimation. The above two theorems are valid for two different
conditions on the RIC and ROC constants of Al. We can easily see that with the
restriction λ′ = max{λ, 1/2}, the second condition of δs+a+

√
s
b θs+a,b < 1 is stricter

compared to the condition in Theorem 6.3.2. Hence, both the above theorems are
valid under the condition δs+a+

√
s
b θs+a,b < 1. Following the earlier discussion after

Theorem 6.3.1, the above condition can be bounded as δ2s < 0.472 for s = 4a = b.
This is the requirement on the RIC constant that we had earlier stated in the main
results.
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The two bounding results in Theorem 6.3.1 and Theorem 6.3.3 provide different
quality of bounds on the estimation error. The bound in Theorem 6.3.1 remains
same at any iteration k, i.e., the estimation error is upper bounded by a constant
value. But this bounding comes with a compromise on the RIC constant δ2s which
can take the value (0, 0.472) depending on λ. Additionally, this bound requires
the condition λ > 1/2. On the other hand, Theorem 6.3.3 provides bound on the
estimation error for any λ. Also, the requirement on the RIC constant δ2s < 0.472
does not depend on the value of λ. The only relaxation is in the actual value of the
bound that is dependent on the iteration value k. This is because our recurrence
inequality is an upper bound and increases with increase in the number of iterations.
Next, we show the results for NBPDN-2.

6.3.2 Bounds on estimation error for NBPDN-2

For NBPDN-2 algorithm, g(x, {x̂r,k−1, hlr}r∈Nl
) = ‖x−∑r∈Nl

hlrx̂r,k−1‖. We first
derive the following bounds on the result of the minimization function.

Lemma 6.3.3. For λ > 1/2,

‖(zl,k)T c
0
‖1≤

1

2λ− 1
‖(zl,k)T0

‖1+
2λ

2λ− 1
‖xT c

0
‖1. (6.3.4a)

Alternately, for any λ,

‖(zl,k)T c
0
‖1≤

[

1− 1−λ
λ

√
s

]

‖(zl,k)T0
‖1+2‖xT c

0
‖1+ 2(1−λ)

λ ‖x− x́l,k‖. (6.3.4b)

The proof is shown in the appendix. We next state a bound on the estimation
error for the initialization step which will be used to prove the overall bound later.

Lemma 6.3.4. For the initialization step, we have

‖x− x̂l,0‖≤ c12‖xT c
0
‖1+c13ǫ,

where c12 = 2√
b

[

1 +
θs+a,b

√
1+s/b

1−δs+a−
√

s
b

θs+a,b

]

, c13 = 2
√

1 + s
b

√
1+δs+a

1−δs+a−
√

s
b

θs+a,b

.

The above lemma follows from [CWX10, Theorem 4] as the BPDN problem
is used in the initialization step (see initialization part in Algorithm11). Next, we
show the convergence of NBPDN-2 in the following theorem.

Theorem 6.3.4 (Bound on estimation error). Let δs+a +
√

s
b

θs+a,b

2λ−1 < 1 be satisfied
for λ > 1/2. Then the estimate at any iteration k, x̂l,k is bounded as

‖x− x̂l,k‖≤ 4λ
√

s(1+δs+a)

c1(2λ−1) ǫ + 2λ
2λ−1

[

1 + 2λ
2λ−1

√
s
b

θs+a,b

c1

]

‖xT c
0
‖1.

The detailed proof of the above theorem is given in the appendix. It is interesting
to see the similarity between Theorem 6.3.1 and Theorem 6.3.4. It is easy to see
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that for s = 4a = b, the condition on RIC constant is dependent on λ and can be
written as δ2s < 2λ−1

2λ+0.12 . The range of the RIC constant is given by δ2s ∈ (0, 0.472)
for λ ∈ (0.5, 1]. We next bound the estimation error for NBPDN-2 for a general λ.
We first present the following recurrence relation at iteration k.

Theorem 6.3.5 (Recurrence inequality). Under the condition δs+a +
√

s
b (2λ′′ −

1)θs+a,b < 1, at iteration k, we have

‖zl,k‖≤ c9

∑

r∈Nl

hlr‖zr,k−1‖+c10‖xT c
0
‖1+c11ǫ,

where

λ′′ = max
{

λ, 1
1+

√
s

}

, c8 = 1− δs+a − λ′′(1+
√

s)−1√
b

θs+a,b,

c9 = 2(1−λ)

λ
√

b

[

1 +
(

1 + λ′′(1+
√

s)−1√
b

)
θs+a,b

c8

]

,

c10 = 2√
b

[

1 +
(

1 + λ′′(1+
√

s)−1√
b

)
θs+a,b

c8

]

and c11 =
(

1 + λ′′(1+
√

s)−1√
b

)
2
√

1+δs+a

c8
.

The above recurrence relation can be used to derive the following bound on the
estimation error.

Theorem 6.3.6 (Bound on estimation error). If δs+a +
√

s
b θs+a,b < 1, then at

iteration k, the estimate x̂l,k is bounded by

‖x− x̂l,k‖≤ d3ǫ + d4‖xT c
0
‖1,

where d3 =
ck

9 −1
c9−1 (c11 + c9c13), and d4 =

ck
9 −1

c9−1 (c10 + c9c12).

The detailed proofs of the above two theorems is given in the appendix. For
s = 4a = b, the RIC requirement reduces to δ2s < 0.472. The trade-off between
quality of the estimation error bound and the RIC constant δ2s is similar to that
discussed for NBPDN-1. That is, Theorem 6.3.4 provides a better bound at the cost
of stricter δ2s and for λ > 1/2. On the other hand, Theorem 6.3.6 gives a looser
bound which is valid for any λ and RIC constant δ2s < 0.472. It even follows that
for the case of no observation noise (ǫ = 0) and for s-sparse signal (‖xT c

0
‖1= 0), we

achieve perfect estimation for NBPDN-2.

6.3.3 Bounds on estimation error for pNBPDN-1 and 2

In this section, we derive bounds on the estimation error of pNBPDN-1 and pNBPDN-
2. Recall that for the pruned algorithms, we assumed that the signal is s-sparse,
i.e., ‖x‖0= s. It can be seen that Algorithm pNBPDN-1 is similar to Algorithm
NBPDN-1 except the additional use of pruning step. We will use the following
lemmas to bound the error in the pruning step.
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Lemma 6.3.5. Assume ‖x‖0= s, then we have

‖x− x̂l,k‖≤
√

2

1− δ2
2s

‖x− x̃l,k‖+
√

1 + δs

1− δ2s
ǫ.

Additionally, the following ℓ1 bound holds true.

‖x− x̂l,k‖1≤
√

2s

1− δ2
2s

‖x− x̃l,k‖1+

√

2s(1 + δs)

1− δ2s
ǫ.

The proof is shown in the appendix. Now, we can extend Theorem 6.3.1 and
Theorem 6.3.3 to get the following result.

Theorem 6.3.7 (Bound on estimation error). For pNBPDN-1 algorithm, we have
the following bounds on the estimation error.

1. Let δs+a +
√

s
b

θs+a,b

2λ−1 < 1 be satisfied for λ > 1/2. Then the estimation error
at any iteration k is bounded as

‖x− x̂l,k‖≤
(

4λ
√

2s(1+δs+a)

c1(2λ−1)
√

1−δ2
2s

+
√

1+δs

1−δ2s

)

ǫ.

2. If δs+a +
√

s
b θs+a,b < 1, then at iteration k, the estimation error is bounded

by

‖x− x̂l,k‖≤ ck
14−1

c14−1

(

(c4 + c14c7)
√

2s
1−δ2

2s

+
(1+c14)

√
2s(1+δs)

1−δ2s

)

ǫ,

where c14 = c2

√
2s

1−δ2
2s

.

The detailed proof of the above theorem is given in the appendix. Following
similar arguments in the discussion of NBPDN-1, it follows that the first bound on
estimation error is valid for δ2s < 2λ−1

2λ+0.12 for s = 4a = b. Interestingly, the pruning
step of pNBDN-1 does not change the RIC constant requirement. The second bound
requires an RIC constant of δ2s < 0.472. It also follows that pNBPDN-1 achieves
perfect reconstruction under the scenario of no observation noise.

Next we consider pNBPDN-2. The pNBPDN-2 algorithm is same as the NBPDN-
2 with the additional pruning step. Hence, we can extend Theorem 6.3.4 and The-
orem 6.3.6 to get the following results.

Theorem 6.3.8 (Bound on estimation error). For pNBPDN-2 algorithm, we have
the following bounds on the estimation error.

1. Let δs+a +
√

s
b

θs+a,b

2λ−1 < 1 be satisfied for λ > 1/2. Then the estimation error
at any iteration k is bounded as

‖x− x̂l,k‖≤
(

4λ
√

2s(1+δs+a)

c1(2λ−1)
√

1−δ2
2s

+
√

1+δs

1−δ2s

)

ǫ.
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2. If δs+a +
√

s
b θs+a,b < 1, then at iteration k, the estimation error is bounded

as

‖x− x̂l,k‖≤ ck
15−1

c15−1

(

(c11 + c15c13)
√

2
1−δ2

2s

+ (1 + c15)
√

1+δs

1−δ2s

)

ǫ,

where c15 = c9

√
2

1−δ2
2s

.

The detailed proof of the above theorem is given in the appendix. Under the
assumption of s = 4a = b, it can be seen that the requirement on the RIC con-
stant for the first and second bound reduces to δ2s < 2λ−1

2λ+0.12 and δ2s < 0.472
respectively. Additionally, in the absence of observation noise, pNBPDN-2 achieves
perfect reconstruction.

6.4 Simulation Results

In this section, we study the performance of the proposed algorithms using simu-
lations. We first describe the simulation setup and the test scenarios. Simulation
results are then discussed.

6.4.1 Simulation Setup

We consider a randomly chosen connected network with L nodes where each node
is connected to other d nodes. The parameter d is referred to as the ‘degree of the
network’ that gives a measure of the network connection density. We have d = |Nl|.
Given the edge matrix E of the network, we can generate a right stochastic network
matrix H. This can be done by ensuring that the following conditions are satisfied,

H1 = 1, and ∀(i, j), hij ≥ 0, ∀(i, j) /∈ E , hij = 0.

We use the system model (2.4.1) to generate different realizations of yl by ran-
domly generating sparse signal x and observation noise el for given observation
matrices Al. The observation noise is i.i.d. Gaussian. We use Gaussian sparse sig-
nals, i.e., sparse signals with non-zero elements chosen from a Gaussian distribu-
tion [CSVS12]. To average out results for Al, we also generate many instances of
Al and perform Monte Carlo simulations. The performance metric used to compare
the various algorithms is the mean signal-to-estimation-noise-ratio (mSENR),

mSENR =
1

L

L∑

l=1

E{‖x‖2}
E{‖x− x̂l‖2} ,

where E(.) is the sampling average of the simulation. We define the signal-to-noise
ratio (SNR) for node l as

SNRl =
E{‖x‖2}
E{‖el‖2} ,
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Figure 6.1: Performance of various algorithms with respect to number of iterations
over network (number of information exchanging iterations). We set M = 100, N =
500, s = 20, L = 20, d = 4, and SNR = 30dB. (a) Performances are shown for 300
iterations where we use logarithmic scale to show iterations. (b) Performances are
shown for 30 iterations to show quick convergence of proposed algorithms compared
to D-LASSO.

For simplicity, we assume that SNR is same at all the nodes, that is ∀l, SNRl = SNR.
Also, we consider the observation matrices to be of the same size, i.e., ∀l, Ml =
M . We simulate D-LASSO, NBPDN-1, NBPDN-2, pNBPDN-1 and pNBPDN-2
algorithms. The reason to compare with D-LASSO is that it provides a benchmark
performance – centralized solution of BPDN in a distributed manner. For all the
above algorithms the stopping criterion is assumed to be a corresponding maximum
number of iterations allowed. The choice of maximum number of iterations differs
for various experiments. This allows us to enforce a measure of communication
constraints and/or processing time constraints. For all the experiments below, we
set observation size M = 100 and signal dimension N = 500 with sparsity level
s = 20. The network is assumed to have 20 nodes (L = 20) with degree, d = 4.

6.4.2 Experiment on Convergence Speed

In this experiment, we observe how fast the algorithms converge with iterations.
We set SNR = 30dB and the maximum number of iterations is 300. The results
are shown in Figure 6.1. In Figure 6.1 (a), we show performance of all our four
proposed algorithms and D-LASSO. We assumed that the network can support
more communication such that D-LASSO can continue for 300 iterations. We see
that D-LASSO has a slow convergence, but provides best performance at the end
of iterations. This is expected as it solves the centralized sparse learning problem
using ADMM. Among the four proposed algorithms, we see that pNBPDN-1 and
2 perform better, that means a-priori knowledge of sparsity level helps. The prun-



110 Network Basis Pursuit Denoising

SNR (in dB)
10 15 20 25 30 35 40 45 50 55 60

m
S

E
N

R
 (

in
 d

B
)

0

10

20

30

40

50

60

70
Number of iterations = 300

BPDN
D-LASSO
pNBPDN-2

SNR (in dB)
10 15 20 25 30 35 40 45 50 55 60

m
S

E
N

R
 (

in
 d

B
)

0

10

20

30

40

50

60

70
Number of iterations = 30

(a) (b)

Figure 6.2: Performance comparison of BPDN, D-LASSO and pNBPDN-2 algo-
rithms with respect to SNR. We set M = 100, N = 500, s = 20, L = 20, d = 4. (a)
For maximum number of iterations = 300. (b) For maximum number of iterations
= 30.

ing based pNBPDN algorithms provide better performance in the sense of quick
convergence as well as higher mSENR. In Figure 6.1 (b), we show the enlarged
portion for initial 30 iterations of Figure 6.1 (a). Here it is clear that the proposed
algorithms are fast in convergence compared to D-LASSO.

6.4.3 Experiment on Robustness to Measurement Noise

In this experiment, we investigate performance of the algorithms at various SNR
conditions to check robustness of algorithms to observation noise power. We show
performance of D-LASSO, pNBPDN-2 and BPDN. BPDN does not cooperate over
the network. Performances are shown in Figure 6.2. We set allowable numbers of
iterations as 300 and 30. Note in Figure 6.2 (a) that D-LASSO hits a floor with
increase in SNR. On the other hand pNBPDN-2 shows improving performance
with the increase in SNR. In the Figure 6.2 (b), we allow 30 iterations to simulate a
communication constrained case and limited processing time. In this case D-LASSO
turns out to be even poorer than BPDN. On the other hand, the pNBPDN-2 shows
good results for limited iterations. We have simulated other NBPDN algorithms
and observed similar trend in performances. Therefore, we do not repeat to show
those results.

6.4.4 Experiment on Sensitivity to Parameter λ

In all our previous experiments we have set the parameter λ = 0.1 for the proposed
algorithms. This value was chosen based on an experiment where we vary λ for SNR
= 30 dB and plot the performance in Figure 6.3. It can be seen that the chosen λ is
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Figure 6.3: Performance of algorithms with respect to the parameter λ. We set
M = 100, N = 500, s = 20, L = 20, d = 4, and SNR = 30 dB.

in the good performance region. A higher value of λ provides more weight to ‖x‖1

and less weight to g(x, {x̂r,k−1, hlr}). That means, more weight is assigned to spar-
sity promotion and less weight in using information from neighbors. An important
observation is that when g(.) function is ℓ1-norm based then the performance is less
sensitive to the λ change compared to the ℓ2-norm case. Recall that in Section 6.2.1,
we had a hypothesis as follows: ℓ1-norm based g(.) function promotes additional
level of sparsity which is not the case for ℓ2-norm based g(.) function. It can be
seen that the simulation results commensurate with our hypothesis.

6.A Appendix

This appendix gives the proofs to the various results presented in this chapter.

6.A.1 Proof of Lemma 6.1.1

The ℓ2 bounds follow from [SXL14, Lemma 2]. We next show the ℓ1 bounds. From
the inequality between ℓ1 and ℓ2 norms, we have

‖(x − x̄)S ‖1≤
√

s2‖(x − x̄)S ‖.
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The first ℓ1 bound follows by using the above inequality in the first ℓ2 bound and
the fact that ‖.‖≤ ‖.‖1. Next, as ‖x− x̄‖0≤ s1 + s2, we can write

‖x− x̄‖1≤
√

s1 + s2‖x− x̄‖.

The second ℓ1 bound follows directly by substituting the above bound in the second
ℓ2 bound. �

6.A.2 Proof of Lemma 6.1.2

The ℓ2 bounds follow from [SXL14, Lemma 3]. We next show the ℓ1 bound. Consider
the following relation,

‖zS1∩S∇‖1 = ‖xS1∩S∇ + (z− x)S1∩S∇
‖1

≥ ‖xS1∩S∇‖1−‖(z− x)S1∩S∇
‖1.

Rearranging the terms in the above equation gives

‖xS1∩S∇‖1 ≤ ‖zS1∩S∇‖1+‖(z− x)S1∩S∇
‖1. (6.A.1)

Define Ś , S2 \ S∇ as the set of indices of the s1 highest magnitude elements in z.
Now, we can write,

‖zS1∩S∇‖1 = ‖zS1∩S∇‖1+‖zŚ‖1−‖zŚ‖1

≤ ‖zS2‖1−‖zŚ‖1

= ‖zS2\S1
‖1+‖zS1‖1−‖zŚ‖1

≤ ‖zS2\S1
‖1,

where we used the highest magnitude property of Ś in the last step. The above
equation can be written as

‖zS1∩S∇‖1≤ ‖zS2\S1
‖1= ‖(z− x)S2\S1

‖1. (6.A.2)

From (6.A.1) and (6.A.2), and from the fact that (S2 \S1)∩ (S1∩S∇) = ∅, we have

‖xS∇‖1 = ‖xS1∩S∇‖1

≤ ‖(x − z)S2\S1
‖1+‖(x− z)S1∩S∇

‖1

≤ ‖(x − z)S2
‖1.

�
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6.A.3 Proof of Lemma 6.3.2

Denote x́l,k =
∑

r∈Nl

hlrx̂r,k−1. The solution, x̂l,k (= x + zl,k) follows the inequality,

λ‖x‖1+(1− λ)‖x− x́l,k‖1

≥ λ‖x + zl,k‖1+(1− λ)‖x + zl,k − x́l,k‖1

(a)

≥ λ‖(x + zl,k)T0‖1+λ‖(x + zl,k)T c
0
‖1−(1− λ)‖zl,k‖1+(1− λ)‖x− x́l,k‖1

(b)

≥ λ‖xT0‖1−λ‖(zl,k)T0
‖1+λ‖(zl,k)T c

0
‖1−λ‖xT c

0
‖1

−(1− λ)
[

‖(zl,k)T c
0
‖1+‖(zl,k)T0

‖1

]

+ (1− λ)‖x− x́l,k‖1,

where (a) and (b) follows from the fact that T0, T c
0 are disjoint and the reverse

triangle inequality of the ℓ1 norm. It can be seen that (6.3.3a) follows from rear-
ranging the above inequality. An alternate inequality reduction can be pursued as
follows,

λ‖x‖1+(1− λ)‖x− x́l,k‖1

≥ λ‖x + zl,k‖1+(1− λ)‖x + zl,k − x́l,k‖1

≥ λ‖(x + zl,k)T0‖1+λ‖(x + zl,k)T c
0
‖1 +(1− λ)‖zl,k‖1−(1− λ)‖x− x́l,k‖1

≥ λ‖xT0‖1−λ‖(zl,k)T0
‖1+λ‖(zl,k)T c

0
‖1−λ‖xT c

0
‖1

+(1− λ)
[

‖(zl,k)T c
0
‖1+‖(zl,k)T0

‖1

]

− (1− λ)‖x− x́l,k‖1.

Now, (6.3.3b) follows from the above inequality. �

6.A.4 Proof of Theorem 6.3.1

The proof follows similar structure as adopted in [CWX10, Theorem 2]. For nota-
tional simplicity we drop the subscripts {l, k}. We can write

∑

i≥1

‖zTi
‖

(a)

≤ ‖zT c
0

‖1√
b

(b)

≤ ‖zT0 ‖1√
b(2λ−1)

+ 2λ√
b(2λ−1)

‖xT c
0
‖1

(c)

≤
√

s√
b(2λ−1)

‖zT0∪T∗‖+ 2λ√
b(2λ−1)

‖xT c
0
‖1,

(6.A.3)

where (a) and (b) follows from Lemma 6.3.1 and (6.3.3a) respectively. Also, (c)
follows from the bounding of ℓ1-norm by the ℓ2-norm. Next, consider

‖AzT0∪T∗‖2 = 〈AzT0∪T∗ , Az〉 − 〈AzT0∪T∗ ,
∑

j≥1 AzTj
〉

≤ |〈AzT0∪T∗ , Az〉 |+|〈AzT0∪T∗ ,
∑

j≥1 AzTj
〉|. (6.A.4)

The first term in the above equation can be written as

|〈AzT0∪T∗ , Az〉 |≤ ‖AzT0∪T∗‖‖Az‖
(a)

≤ 2ǫ
√

1 + δs+a‖zT0∪T∗‖,



114 Network Basis Pursuit Denoising

where (a) follows from the RIP of A and (6.3.1). Also, the second term in (6.A.4)
can be bounded as

〈AzT0∪T∗ ,
∑

j≥1 AzTj
〉

(a)

≤ θs+a,b‖zT0∪T∗‖
∑

j≥1‖zTj
‖

(b)

≤
√

s
b

θs+a,b

2λ−1 ‖zT0∪T∗‖2+
2λθs+a,b√

b(2λ−1)
‖zT0∪T∗‖‖xT c

0
‖1,

where (a) follows from Definition 6.1.1 and (b) follows from (6.A.3). Using RIP and
the above two inequalities we can write,

(1− δs+a)‖zT0∪T∗‖2 ≤ ‖AzT0∪T∗‖2

≤ ‖zT0∪T∗‖(2ǫ
√

1 + δs+a + θs+a,b

∑

j≥1‖zTj
‖). (6.A.5)

Using (6.A.3), the above equation can be simplified as

‖zT0∪T∗‖≤
2
√

1+δs+a

c1
ǫ +

2λθs+a,b

(2λ−1)c1

√
b
‖xT c

0
‖1. (6.A.6)

Now, we can upper bound the error as

‖z‖≤ ‖z‖1 = ‖zT0‖1+‖zT c
0
‖1

(a)

≤ 2λ
√

s
2λ−1‖zT0∪T∗‖+ 2λ

2λ−1‖xT c
0
‖1

(b)

≤ 4λ
√

s(1+δs+a)

c1(2λ−1) ǫ + 2λ
2λ−1

[

1 + 2λ
2λ−1

√
s
b

θs+a,b

c1

]

‖xT c
0
‖1,

where (a) follows from (6.3.3a) and bounding ℓ1-norm by the ℓ2-norm. Also, (b)
follows from (6.A.6). The above bound on the estimation error is valid at every

iteration k as long as c1 > 0 which reduces to the condition δs+a +
√

s
b

θs+a,b

2λ−1 < 1.
�

6.A.5 Proof of Theorem 6.3.2

The first part of the proof follows as in Theorem 6.3.1. We can write

∑

i≥1

‖zTi
‖

(a)

≤ ‖zT c
0

‖1√
b

(b)

≤ 2λ−1√
b
‖zT0‖1+ 2λ√

b
‖xT c

0
‖1+ 2(1−λ)√

b
‖x− x́l,k‖1

(c)

≤ (2λ′−1)
√

s√
b
‖zT0∪T∗‖+ 2λ√

b
‖xT c

0
‖1+ 2(1−λ)√

b
‖x− x́l,k‖1,

where (a) and (b) follows from Lemma 6.3.1 and (6.3.3b) respectively. Also (c) fol-
lows from the bounding of ℓ1-norm by the ℓ2-norm and λ′ = max{λ, 1/2}. Plugging
the above inequality in (6.A.5), we have

‖zT0∪T∗‖≤
2
√

1+δs+a

c5
ǫ +

2λθs+a,b

c5

√
b
‖xT c

0
‖1+

2(1−λ)θs+a,b

c5

√
b
‖x− x́l,k‖1, (6.A.7)
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where c5 = 1− δs+a −
√

k
b (2λ′ − 1)θs+a,b > 0. The error can now be bounded as

‖z‖1 = ‖zT0‖1+‖zT c
0
‖1

(a)

≤ 2λ
√

s‖zT0∪T∗‖+2λ‖xT c
0
‖1+2(1− λ)‖x − x́l,k‖1

(b)

≤ c2‖x− x́l,k‖1+c3‖xT c
0
‖1+c4ǫ,

where (a) and (b) follows from Lemma 6.3.2 and (6.A.7) respectively. The first term

in RHS of the above inequality can be bounded as ‖x−x́l,k‖1= ‖x− ∑
r∈Nl

hlrx̂r,k−1‖1

(a)

≤
∑

r∈Nl

hlr‖x− x̂r,k−1‖1, where (a) follows from the right stochastic property of H. It

can be seen that the result follows by substitution. �

6.A.6 Proof of Theorem 6.3.3

From the condition, we have, δs+a +
√

s
b (2λ′ − 1)θs+a,b < δs+a +

√
s
b θs+a,b < 1 for

λ′ < 1. Hence, from Theorem 6.3.2 we can write

‖zl,k‖1≤ c2

∑

r∈Nl

hlr‖zr,k−1‖1+c3‖xT c
0
‖1+c4ǫ.

Let ‖zk‖1 , [‖z1,k‖1. . . ‖zL,k‖1]t. We can vectorize the above equation to write

‖zk‖1 ≤ c2H‖zk−1‖1 + c3‖xT c
0
‖11L + c4ǫ1L.

Applying the above equation iteratively, we have

‖zk‖1 ≤ ck
2Hk‖z0‖1 +

[
IL + . . . + (c2H)k−1

]
(c3‖xT c

0
‖1+c4ǫ)1L, (6.A.8)

where ‖z0‖1 , [‖x− x̂1,0‖1. . . ‖x− x̂L,0‖1]
t

is the estimation error in the intializa-
tion step. Note that BPDN algorithm is used in the initialization step which is the
modified algorithm with λ = 1. From Theorem 6.3.2, we have at node l (and λ = 1)

‖x− x̂l,0‖1≤ c6‖xT c
0
‖+c7ǫ,

where c6 = 2
[

1 + 2
√

s
b

θs+a,b

c5

]

, c7 =
4
√

s(1+δs+a)

c5
. Now substituting the above in-

equality in (6.A.8) and using the power series reduction, we get

‖zk‖1 ≤
ck

2 − 1

c2 − 1

[
(c3 + c2c6)‖xT c

0
‖+(c4 + c2c7)ǫ

]

which gives the result. Observe that we have used the right stochastic property of
H to reduce the power series in the above inequality. The condition for the above
bound to hold is that δs+a +

√
s
b θs+a,b < 1. �
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6.A.7 Proof of Lemma 6.3.3

The first part of the proof is similar to Lemma 6.3.2. Denote x́l,k =
∑

r∈Nl

hlrx̂r,k−1.

The solution, x̂l,k (= x + zl,k) follows the inequality,

λ‖x‖1+(1− λ)‖x− x́l,k‖
≥ λ‖x + zl,k‖1+(1− λ)‖x + zl,k − x́l,k‖
(a)

≥ λ‖(x + zl,k)T0‖1+λ‖(x + zl,k)T c
0
‖1−(1− λ)‖zl,k‖+(1− λ)‖x− x́l,k‖

(b)

≥ λ‖xT0‖1−λ‖(zl,k)T0
‖1+λ‖(zl,k)T c

0
‖1−λ‖xT c

0
‖1

−(1− λ)
[

‖(zl,k)T c
0
‖1+‖(zl,k)T0

‖1

]

+ (1− λ)‖x − x́l,k‖,

where (a) and (b) follows from the fact that T0, T c
0 are disjoint and the reverse tri-

angle inequality of the ℓ1 norm. It can be seen that (6.3.3a) follows from rearranging
the above inequality. The second inequality can be derived as follows,

λ‖x‖1+(1− λ)‖x − x́l,k‖
≥ λ‖x + zl,k‖1+(1− λ)‖x + zl,k − x́l,k‖
≥ λ‖(x + zl,k)T0‖1+λ‖(x + zl,k)T c

0
‖1+(1− λ)‖zl,k‖−(1− λ)‖x− x́l,k‖

≥ λ‖xT0‖1−λ‖(zl,k)T0
‖1+λ‖(zl,k)T c

0
‖1−λ‖xT c

0
‖1

+(1− λ)‖(zl,k)T0
‖−(1− λ)‖x − x́l,k‖.

Now, (6.3.3b) follows from the above inequality by using the relation ‖(zl,k)T0
‖≥

1√
s
‖(zl,k)T0

‖1. �

6.A.8 Proof of Theorem 6.3.4

The first part follows from the proof of Theorem 6.3.1. It can be seen that for
λ > 1/2, (6.3.4a) is valid. Hence, we can write from (6.A.6),

‖zT0∪T∗‖≤
2
√

1+δs+a

c1
ǫ +

2λθs+a,b

(2λ−1)c1

√
b
‖xT c

0
‖1, (6.A.9)

where c1 = 1− δs+a −
√

s
b

θs+a,b

2λ−1 > 0. Now, we can upper bound the error as

‖z‖ ≤ ‖zT0‖+‖zT c
0
‖
(6.3.4a)
≤ 2λ

√
s

2λ−1‖zT0‖+ 2λ
2λ−1‖xT c

0
‖1

(a)

≤ 4λ
√

s(1+δs+a)

c1(2λ−1) ǫ + 2λ
2λ−1

[

1 + 2λ
2λ−1

√
sθs+a,b

c1

√
b

]

‖xT c
0
‖1,

where (a) is due to the inequality ‖zT0‖≤ ‖zT0∪T∗‖ and (6.A.9). The above bound
on the estimation error is valid at every iteration k as long as c1 > 0 which reduces
to the condition δs+a +

√
s
b

θs+a,b

2λ−1 < 1. �
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6.A.9 Proof of Theorem 6.3.5

From first part of Theorem 6.3.2 and (6.3.4b), we can write

∑

i≥1

‖zTi
‖ ≤ λ(1+

√
s)−1

λ
√

sb
‖zT0‖1+ 2√

b
‖xT c

0
‖1+ 2(1−λ)

λ
√

b
‖x− x́l,k‖

(a)

≤ λ′′(1+
√

s)−1√
b

‖zT0∪T∗‖+ 2√
b
‖xT c

0
‖1+ 2(1−λ)

λ
√

b
‖x− x́l,k‖,

(6.A.10)

where (a) follows from the bounding of ℓ1-norm by the ℓ2-norm and

λ′ = max

{

λ,
1

1 +
√

s

}

.

Plugging the above inequality in (6.A.5), we have

‖zT0∪T∗‖≤
2
√

1+δs+a

c8
ǫ +

2θs+a,b

c8

√
b
‖xT c

0
‖1+

2(1−λ)θs+a,b

c8λ
√

b
‖x− x́l,k‖, (6.A.11)

where c8 = 1− δs+a − λ′′(1+
√

s)−1√
b

θs+a,b > 0. The error can now be bounded as

‖z‖ ≤ ‖zT0∪T∗‖+
∑

i≥1

‖zTi
‖

(a)

≤
[

1 + λ′′(1+
√

s)−1√
b

]

‖zT0∪T∗‖+ 2√
b
‖xT c

0
‖1

+ 2(1−λ)

λ
√

b
‖x− x́l,k‖

(b)

≤ c9‖x− x́l,k‖+c10‖xT c
0
‖1+c11ǫ,

where (a) follows from (6.A.10) and (b) follows from substituting (6.A.11). We
can bound the first term in RHS of the above inequality as ‖x − x́l,k‖= ‖x −
∑

r∈Nl

hlrx̂r,k−1‖
(a)

≤ ∑

r∈Nl

hlr‖x− x̂r,k−1‖, where (a) follows from the right stochastic

property of H. It can be seen that the recurrence inequality follows by substitution.
�

6.A.10 Proof of Theorem 6.3.6

From the condition, we have, δs+a +
√

s
b (2λ′′− 1)θs+a,b < δs+a +

√
s
b θs+a,b < 1 for

λ′′ < 1. Hence, from Theorem 6.3.5 we can write

‖zl,k‖≤ c9

∑

r∈Nl

hlr‖zr,k−1‖+c10‖xT c
0
‖1+c11ǫ.

Let ‖zk‖ , [‖z1,k‖. . . ‖zL,k‖]t. With vectorization the above equation can be com-
pactly written as

‖zk‖ ≤ c9H‖zk−1‖+ c10‖xT c
0
‖11L + c11ǫ1L.
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Applying the above equation iteratively, we get

‖zk‖ ≤ ck
9Hk‖z0‖+

[
IL + . . . + (c9H)k−1

]
(c10‖xT c

0
‖1+c11ǫ)1L, (6.A.12)

where ‖z0‖ , [‖x− x̂1,0‖. . . ‖x− x̂L,0‖]t is the estimation error in the intialization
step. Using Lemma 6.3.4 at node l, the following bound holds

‖x− x̂l,0‖≤ c12‖xT c
0
‖1+c13ǫ.

Now substituting the above inequality in (6.A.12) and using the power series re-
duction, we get

‖zk‖ ≤
ck

9 − 1

c9 − 1

[
(c10 + c9c12)‖xT c

0
‖1+(c11 + c9c13)ǫ

]

which gives the result. Note that we have used the right stochastic property of H to
reduce the power series in the above inequality. The condition for the above bound
to hold is that δs+a +

√
s
b θs+a,b < 1. �

6.A.11 Proof of Lemma 6.3.5

We will use Lemma 6.1.1 and Lemma 6.1.2 to get the result. From Lemma 6.1.1
(with s1 = s,S = T̂l,k, s2 = s, ‖e‖≤ ǫ), we have

‖x− x̂l,k‖≤
√

1

1− δ2
2s

‖xT̂ c
l,k

‖+
√

1 + δs

1− δ2s
ǫ.

Also from Lemma 6.1.2 (with s1 = s, z = x̃l,k, s2 = N,S∇ = T̂ c
l,k), we can write

‖xT̂ c
l,k

‖≤
√

2‖x− x̃l,k‖.

We get the ℓ2-bound by combining the above two equations. Next consider the
following ℓ1 bound derived in Lemma 6.1.1 (with s1 = s,S = T̂l,k, s2 = s, ‖e‖≤ ǫ)

‖x− x̂l,k‖1≤
√

2s

1− δ2
2s

‖xT̂ c
l,k

‖1+

√

2s(1 + δs)

1− δ2s
ǫ.

Also, from Lemma 6.1.2 (with s1 = s, z = x̃l,k, s2 = N,S∇ = T̂ c
l,k), we have

‖xT̂ c
l,k

‖1≤ ‖x− x̃l,k‖1.

Now the ℓ1-bound follows from combining the above two equations. �



6.A. Appendix 119

6.A.12 Proof of Theorem 6.3.7

Under the assumption ‖x‖0= s, we have from Theorem 6.3.1,

‖x− x̃l,k‖≤
4λ
√

s(1 + δs+a)

c1(2λ− 1)
ǫ.

Plugging the above inequality in Lemma 6.3.5, we get the first bound.
For the second part, we have to derive the recurrence inequality. From Theo-

rem 6.3.2, we have

‖x− x̃l,k‖1≤ c2

∑

r∈Nl

hlr‖zr,k−1‖1+c4ǫ.

Using the second bound from Lemma 6.3.5 in the above equation, we get

‖zl,k‖1 ≤ ‖x− x̂l,k‖1≤
√

2s
1−δ2

2s

‖x− x̃l,k‖1+

√
2s(1+δs)

1−δ2s
ǫ

≤ c2

√
2s√

1−δ2
2s

∑

r∈Nl

hlr‖zr,k−1‖1+

(

c4

√
2s√

1−δ2
2s

+

√
2s(1+δs)

1−δ2s

)

ǫ.

By applying λ = 1 to the above equation, the initialization step error at node l can
be bounded as

|x− x̂l,0‖1≤
(

c7

√

2s

1− δ2
2s

+

√

2s(1 + δs)

1− δ2s

)

ǫ.

We can now follow the proof of Theorem 6.3.3 to show that the error at iteration
k is bounded as

‖zk‖1 ≤ ck
14−1

c14−1

(

(c4 + c14c7)
√

2s
1−δ2

2s

+
(1+c14)

√
2s(1+δs)

1−δ2s

)

ǫ1L,

where c14 = c2

√
2s

1−δ2
2s

. The error bound at the individual nodes follows from the

above inequality. �

6.A.13 Proof of Theorem 6.3.8

Under the assumption ‖x‖0= s, we have from Theorem 6.3.4,

‖x− x̃l,k‖≤
4λ
√

s(1 + δs+a)

c1(2λ− 1)
ǫ.

Plugging the above inequality in Lemma 6.3.5, we get the first bound.
For the second part, we have to derive the recurrence inequality. From Theo-

rem 6.3.5, we have

‖x− x̃l,k‖≤ c9

∑

r∈Nl

hlr‖zr,k−1‖+c11ǫ.
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Using the first bound from Lemma 6.3.5 in the above equation, we get

‖zl,k‖≤ ‖x− x̂l,k‖≤
√

2
1−δ2

2s

‖x− x̃l,k‖+
√

1+δs

1−δ2s
ǫ

≤ c9

√
2

1−δ2
2s

∑

r∈Nl

hlr‖zr,k−1‖+
(

c11

√
2

1−δ2
2s

+
√

1+δs

1−δ2s

)

ǫ.

By applying Lemma 6.3.5 to Lemma 6.3.4, the initialization step error at node l
can be bounded as

‖x− x̂l,0‖≤
(

c13

√

2

1− δ2
2s

+

√
1 + δs

1− δ2s

)

ǫ.

We can now follow the proof of Theorem 6.3.6 to show that the error at iteration
k is bounded as

‖zk‖ ≤ ck
15−1

c15−1

(

(c11 + c15c13)
√

2
1−δ2

2s

+ (1+c15)
√

1+δs

1−δ2s

)

ǫ1L,

where c15 = c9

√
2

1−δ2
2s

. The error bound at the individual nodes follows from the

above inequality. �



Chapter 7

Summary and Future Research

Compressed sampling (CS) technique is a powerful tool that can be utilized to solve
many real-world problems. It enables huge data acquisition, storage and processing
at a fractional cost of what would be required with traditional techniques. As the
applicability of CS is heavily dependent on efficient and fast reconstruction of data,
CS reconstruction algorithm development becomes important.

In this thesis we focused on designing CS reconstruction for two scenarios: CS at
a single node and CS at multiple nodes. Our designs are connected by the underlying
idea of exploiting cooperation to improve the performance of CS reconstruction
algorithms. We present the conclusions of our study in Section 7.1. A brief summary
of potential problems and future research directions is given in Section 7.2.

7.1 Conclusions

In Chapter 3, we addressed the problem of CS reconstruction at a single node. We
proposed a design methodology for developing a generalized reconstruction algo-
rithm for compressive sampling. This design referred to as the generalized fusion
algorithm for compressive sampling (gFACS) uses several individual CS reconstruc-
tion algorithms to achieve a better performance than the individual algorithms. We
proved that under certain RIP conditions, the proposed algorithm converges. We
further extended this result to the case of approximate sparse signal with weaker
convergence bounds. The development holds high significance as it allows us to use
multiple ad-hoc CS algorithms depending on the scenario and still have theoretical
convergence guarantee. A few examples of the proposed algorithms developed using
our methodology were also presented. These example algorithms show significant
performance improvements over other standard compressive sampling algorithms.

In Chapter 4, we addressed the problem of CS reconstruction over a network. We
proposed a greedy algorithm termed the network greedy pursuit (NGP) algorithm
to iteratively estimate a sparse signal over a connected right stochastic network.
This assumption is quite general as any connected network can be recast as a right
stochastic network with link weight normalization. The NGP algorithm is motivated
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by the well-known SP algorithm. The nodes of the network exchange intermediate
estimates with their neighbors at every iteration. The nodes perform a weighted
average of the received estimates to improve their local estimates. We used an
RIP-based analysis to show that under the condition of no noise at the nodes, the
estimates converge to the true value of the sparse signal. We also demonstrated the
performance of the NGP algorithm under various typical scenarios using simulation.
It was shown that the NGP has a fast convergence, that is the performance saturates
within five iterations. The quick convergence of the NGP makes it a useful tool
in sparse learning for big data. We observe that the limitation of the RIP based
analysis becomes prominent as the convergence conditions become more strict with
increasing number of steps in the algorithm.

Based on the success of the NGP algorithm, we study another greedy algorithm
referred to as the distributed hard thresholding pursuit (DHTP) algorithm in Chap-
ter 5. The DHTP is motivated by the IHT algorithm and solves the problem of CS
reconstruction over a network using a distributed approach. We point out that
DHTP is a simplified version of the distributed iterative hard thresholding pursuit
(DiHaT) algorithm that requires exchange of measurement and observation matri-
ces to achieve same reconstruction across all the nodes. We showed that the simple
strategy of exchanging just the signal estimates between nodes has a theoretical
guarantee and is therefore good for sparse learning. This has an explicit advantage
of low communication overhead in networks. We proved that this strategy works
even for right stochastic network matrices which has a higher generality than the
popularly used doubly stochastic network matrices in literature. We conclude that
consensus is not always necessary to seek, and it is still possible to achieve a high
quality performance at each node of a network.

In Chapter 6, we design convex optimization based algorithms to solve the dis-
tributed sparse learning problem. These algorithms referred to as network basis
pursuit de-noising (NBDN) algorithms solve locally convex problems with modi-
fied cost functions to incorporate the effect of neighbor estimates. We show that
locally convex algorithms are good for a distributed learning setup where a sparse
signal is estimated over a network. It is important to engineer appropriate regu-
larization constraints for the locally convex algorithms. As an example, we showed
two regularization functions, based on ℓ1 and ℓ2 norms. The algorithms are ro-
bust with additive noise model, and have theoretical support on their performance.
Our theoretical analysis showed that the restricted-isometry-property based esti-
mation guarantees of proposed algorithms and the basis pursuit denoising (BPDN)
algorithm are similar. We also showed that the NBPDN algorithms are fast in
convergence, saving communication and computing resources as compared to the
conventional distributed algorithms such as D-LASSO.

For a broad picture, we tabulate the different CS reconstruction algorithms
studied in this thesis with their corresponding salient features in Table 7.1.
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Table 7.1: Various CS reconstruction algorithms studied in this thesis

Algorithm gFACS NGP DHTP NBPDN pNBPDN

Scenario Single node Network Network Network Network

RIP δmax{K+2,P +1}s δ3s(Al) δ3s(Al) δ2s(Al) δ2s(Al)

RIC 0.11 0.362 0.333 0.472 0.472

Sparsity Yes Yes Yes No Yes

knowledge

7.2 Future Research

In this section, we present a few possible directions for potential research below:

1. It is evident throughout the thesis that RIP is an important tool to charac-
terize the reconstruction guarantee of a CS algorithm. RIP being a worst case
analysis does not give much intuition about the performance of CS algorithms.
Many algorithms with poorer RIP have demonstrated superior performance
compared to other algorithms with higher RIP in our simulations. Therefore,
we need better tools to model the expected behavior of CS algorithms.

2. The distributed sparse learning problem was studied over an ideal network.
In reality, the network links are erroneous and can be modeled using a proba-
bility distribution. A potential study can be done to design distributed sparse
learning algorithms for practical networks where the link weights reflect the
actual cost of communication.

3. In NGP, DHTP and NBPDN algorithms, we have assumed that the inter-
mediate estimate is exchanged by a node among the neighbors. For a large
network, this entails a considerable cost if the exchanges are scheduled in a
round-robin manner. A potential study can design efficient scheduling mech-
anisms to minimize the total time taken to complete the exchange.

4. In NBPDN, the performance is heavily dependent on the regularization pa-
rameter λ. This parameter is normally designed using cross-validation tech-
niques. A potential study can optimize this parameter for achieving faster
convergence in NBPDN.

5. Our approach to distributed sparse learning assumes a common signal model
across nodes. It would be interesting to extend the tools presented in this
thesis to address other signal models such as common support model and
mixed signal model.
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greedy pursuit,” in European Signal Processing Conference (Eusipco)
2011, August - September 2011.

[CSVS12] ——, “Projection-based and look-ahead strategies for atom selec-
tion,” IEEE Trans. Signal Process., vol. 60, no. 2, pp. 634 –647, Feb.
2012.

[CT05] E. J. Candès and T. Tao, “Decoding by linear programming,” IEEE
Trans. Inf. Theory, vol. 51, no. 12, pp. 4203 – 4215, Dec. 2005.

[CT06] E. Candès and T. Tao, “Near-optimal signal recovery from random
projections: Universal encoding strategies?” IEEE Trans. Inf. Theory,
vol. 52, no. 12, pp. 5406–5425, Dec. 2006.

[cvx] “CVX: Matlab software for disciplined convex programming.”
[Online]. Available: http://cvxr.com/cvx/

[CW08] E. Candès and M. Wakin, “An introduction to compressive sam-
pling,” IEEE Signal Proc. Magazine, vol. 25, pp. 21–30, Mar. 2008.

[CW14] L.-H. Chang and J.-Y. Wu, “An improved rip-based performance
guarantee for sparse signal recovery via orthogonal matching pur-
suit,” IEEE Trans. Inf. Theory, vol. 60, no. 9, pp. 5702–5715, Sep.
2014.

[CW16] W. Chen and I. J. Wassell, “A decentralized bayesian algorithm for
distributed compressive sensing in networked sensing systems,” IEEE
Trans. Wireless Commun., vol. 15, no. 2, pp. 1282–1292, Feb. 2016.

http://doi.acm.org/10.1145/772862.772867
http://cvxr.com/cvx/


128 Bibliography

[CWX10] T. T. Cai, L. Wang, and G. Xu, “Shifting inequality and recovery
of sparse signals,” IEEE Transactions on Signal Processing, vol. 58,
no. 3, pp. 1300–1308, March 2010.

[DDT+08] M. F. Duarte, M. A. Davenport, D. Takhar, J. N. Laska, T. Sun,
K. F. Kelly, and R. G. Baraniuk, “Single-pixel imaging via compres-
sive sampling,” IEEE Signal Processing Magazine, vol. 25, no. 2, pp.
83–91, March 2008.

[DE03] D. Donoho and M. Elad, “Optimally sparse representation in general
(non-orthogonal) dictionaries via l1 minimization,” Proc. National
Academy of Sciences, vol. 100, no. 5, pp. 2197 –2202, Nov. 2003.

[DM09] W. Dai and O. Milenkovic, “Subspace pursuit for compressive sensing
signal reconstruction,” IEEE Trans. Inf. Theory, vol. 55, no. 5, pp.
2230 –2249, May 2009.

[Don06] D. Donoho, “Compressed sensing,” IEEE Trans. Inf. Theory, vol. 52,
no. 4, pp. 1289 –1306, Apr. 2006.

[DSB+05] M. Duarte, S. Sarvotham, D. Baron, M. Wakin, and R. Baraniuk,
“Distributed compressed sensing of jointly sparse signals,” in Thirty-
Ninth Asilomar Conf. Signals, Systems and Computers, Nov. 2005,
pp. 1537 – 1541.

[DTDS12] D. L. Donoho, Y. Tsaig, I. Drori, and J. L. Starck, “Sparse solution
of underdetermined systems of linear equations by stagewise orthog-
onal matching pursuit,” IEEE Transactions on Information Theory,
vol. 58, no. 2, pp. 1094–1121, Feb 2012.

[DW10] M. Davenport and W. Wakin, “Analysis of orthogonal matching pur-
suit using the restricted isometry property,” IEEE Trans. Inf. Theory,
vol. 56, no. 9, pp. 4395 –4401, Sep. 2010.

[EKB10] Y. C. Eldar, P. Kuppinger, and H. Bolcskei, “Block-sparse signals:
Uncertainty relations and efficient recovery,” IEEE Transactions on
Signal Processing, vol. 58, no. 6, pp. 3042–3054, June 2010.

[Ela10] M. Elad, Sparse and redundant representations: From theory to ap-
plications in signal and image processing. Springer, 2010.

[FMAHM16] S. M. Fosson, J. Matamoros, C. Antón-Haro, and E. Magli, “Dis-
tributed recovery of jointly sparse signals under communication con-
straints,” IEEE Trans. Signal Process., vol. 64, no. 13, pp. 3470–3482,
Jul. 2016.



Bibliography 129

[Fou11] S. Foucart, “Hard thresholding pursuit: An algorithm for compressive
sensing,” SIAM Journal on Numerical Analysis, vol. 49, no. 6, pp.
2543–2563, 2011.

[GE12] R. Giryes and M. Elad, “Rip-based near-oracle performance guaran-
tees for sp, cosamp, and iht,” IEEE Trans. Signal Process., vol. 60,
no. 3, pp. 1465–1468, Mar. 2012.

[GIIS14] A. C. Gilbert, P. Indyk, M. Iwen, and L. Schmidt, “Recent develop-
ments in the sparse fourier transform: A compressed fourier transform
for big data,” IEEE Signal Processing Magazine, vol. 31, no. 5, pp.
91–100, Sept 2014.

[GSTV07] A. C. Gilbert, M. J. Strauss, J. A. Tropp, and R. Vershynin, “One
sketch for all: Fast algorithms for compressed sensing,” in Proc. 39th
ACM Symp. Theory of Computing (STOC), 2007, pp. 237–246.

[HAN10] J. Haupt, L. Applebaum, and R. Nowak, “On the restricted isometry
of deterministically subsampled fourier matrices,” in 2010 44th An-
nual Conference on Information Sciences and Systems (CISS), March
2010, pp. 1–6.

[HBRN08] J. Haupt, W. Bajwa, M. Rabbat, and R. Nowak, “Compressed sensing
for networked data,” IEEE Signal Processing Mag., vol. 25, no. 2, pp.
92–101, Mar. 2008.

[HM11] H. Huang and A. Makur, “Backtracking-based matching pursuit
method for sparse signal reconstruction,” IEEE Signal Process. Lett.,
vol. 18, no. 7, pp. 391–394, Jul. 2011.

[HNE15] P. Han, R. Niu, and Y. C. Eldar, “Modified distributed iterative hard
thresholding,” in 2015 IEEE Int. Conf. Acoustics, Speech and Signal
Processing (ICASSP), Apr. 2015, pp. 3766–3770.

[HNRE14] P. Han, R. Niu, M. Ren, and Y. C. Eldar, “Distributed approxi-
mate message passing for sparse signal recovery,” in 2014 IEEE Global
Conf. Signal and Information Processing (GlobalSIP), Dec. 2014, pp.
497–501.

[KDMR+03] K. Kreutz-Delgado, J. F. Murray, B. D. Rao, K. Engan, T.-W. Lee,
and T. J. Sejnowski, “Dictionary learning algorithms for sparse rep-
resentation,” Neural Computation, vol. 15, no. 2, pp. 349–396, Feb.
2003.

[KE12] N. B. Karahanoglu and H. Erdogan, “Forward-backward search for
compressed sensing signal recovery,” in Signal Processing Conference
(EUSIPCO), 2012 Proceedings of the 20th European, Aug 2012, pp.
1426–1433.



130 Bibliography

[KMS+12] F. Krzakala, M. Mézard, F. Sausset, Y. F. Sun, and L. Zde-
borová, “Statistical-physics-based reconstruction in compressed sens-
ing,” Phys. Rev. X, vol. 2, p. 021005, May 2012.
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