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Abstract:
Climate change is an evermore urging existential treat to the human
enterprise. Mean temperature and greenhouse gas emissions have in-
creased exponentially since the industrial revolution. But solutions are
also mushrooming with exponential pace. Renewable energy technolo-
gies, such as wind and solar power, are deployed like never before and
their costs have decreased significantly. In order to allow for further
transformation of the energy system these technologies must be refined
and optimised. In wind energy one important field with high poten-
tial of refinement is aerodynamics. The aerodynamics of wind turbines
constitutes one challenging research frontier in aerodynamics today.

In this study, a novel approach for calculating wind turbine flow is de-
veloped. The approach is based on the partially parabolic Navier-Stokes
equations, which can be solved computationally with higher efficiency
as compared to the fully elliptic version. The modelling of wind turbine
thrust is done using actuator-disk theory and the torque is modelled by
application of the Joukowsky rotor. A validation of the developed model
and force implementation is conducted using four different validation
cases.

In order to provide value for industrial wind energy projects, the
model must be extended to account for turbulence (and terrain in case
of onshore projects). Possible candidates for turbulence modelling are
parabolic k-ε and explicit Reynolds stress turbulence models. The ter-
rain could possibly be incorporated consistently with the used projec-
tion method by altering the finite difference grid layout.

Keywords:
Wind turbine flow; Single wind turbine; Computational fluid dynamics;
Partially parabolic Navier-Stokes equations; Finite difference method.
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CHAPTER 1

Introduction

In this chapter, a motivation for conducting this study is given. First, climate
change is briefly covered as the main driver to transform the energy sector to low
carbon technologies. Then, the main challenges in wind energy aerodynamics
are discussed from an industry point of view. Lastly, the objectives and the
outline of this thesis is given.

1.1. Climate change

The human influence on the global climate system is clear. This is, for instance,
manifested through raising temperatures in the atmosphere and oceans, dimin-
ishing amount of snow and ice in the pole areas and raising sea level. Climate
change already has widespread impacts on humans and ecosystems. By further
warming of the planet, the risk of severe irreversible and pervasive impacts in-
creases. Therefore, climate change is a real threat to sustainable development
of the human species on Earth.

Climate change is caused by anthropogenic emissions of greenhouse gases
such as carbon dioxide, methane and nitrous oxide. The concentrations of
these gases in the atmosphere today are at least unprecedented during the last
800 000 years. Each year, the total amount of anthropogenic carbon dioxide
equivalent emitted into the atmosphere is about 50 billion tons (IPCC 2014).
The yearly amount of emitted carbon dioxide equivalent can be expressed using
a version of the Kaya identity proposed by Gates (2010) according to

∑
CO2 = P × S × E × C, (1.1)

where P is the number of people on the planet, S is the services per person, E
is the energy per service and C is the emissions of carbon dioxide equivalents
per energy. According to IPCC (2014), substantial emission reductions over
the course of the next few decades and near zero emissions by the end of the
century are needed in order to likely limit global warming below 2 ◦C relative
to pre-industrial levels. This means that at least one of the four quantities in
equation (1.1) needs to approach zero.

Knowing that both the number of people P and the services per person
S are likely to increase, the reductions can be made only to the energy per

1



2 1. INTRODUCTION

service E and the emissions per energy C. The most optimistic estimates of
the reduction in E is only about a factor 6, which is not enough to meet the
goal. Therefore, we are reliant on the last quantity C to approach zero in order
to avoid continued global warming and to allow for sustainable development on
a climate-resilient planet. This, in turn, means increased need of a decarbonised
energy supply built on technologies such as solar, hydro and wind.

The focus in this study is wind power and how it can be modelled in order
to ultimately increase its value and allow for large scale implementation in the
power system.

1.2. Challenges in wind turbine aerodynamics

Wind power is one of the most attractive alternatives among renewable tech-
nologies due to its vast potential and decreasing levelised cost of energy. The
current trend in the wind industry is to increase the value of wind energy
through scalability effects of the wind turbines. By doubling the wind turbine
rotor diameter, the power produced will quadruple and results in a lower total
cost per produced unit of energy. In order to further increase the value of wind
energy, the number of wind turbines constituting a wind farm is also increasing.
However, bigger wind turbines and a higher density of wind turbines per land
area are strongly affecting the flow field of the wind within the wind farm.

The basic characteristics of the flow in the wake downstream of a wind
turbine is the reduction of kinetic energy (which has been extracted by the wind
turbine) as well as the formation of turbulence. Wind turbines operating in the
wake of another wind turbine will therefore experience reduced wind speeds,
leading to a decrease in power production and intensified structural fatigue
loading. Furthermore, the aerodynamic flows in wind farms involve additional
aspects such as wind shear in the atmospheric boundary layer, atmospheric
turbulence and terrain of the specific site.

All these aspects are coupled and must ideally be accounted for simul-
taneously, which increases the complexity of simulating and evaluating the
performance of wind farms. An in-depth knowledge and “know-how” of all
these phenomena is paramount for optimising the performance and to reduce
the uncertainties involved in the development phase (such as wind resource
mappings, micrositing, energy yield assessments and maintenance costs esti-
mation). Similarly, this knowledge can be used in the operation phase (such as
follow-up of wind farm production, maintenance planning, wind farm control
and short-term power prediction) of a wind farm as well.

Here, metrics such as yearly wind profile and array losses are of high im-
portance to quantify. Array losses are the losses due to wake effects of clustered
wind turbines and typically amount to 8-12 % of the annual electrical produc-
tion for a wind farm with wind turbines spaced 8 to 10 rotor diameters in the
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prevailing wind direction and 3 to 5 rotor diameters across the main wind di-
rection. In general, as wind turbine spacing decreases the array losses increase
(Manwell et al. 2009; Hau 2006; Sanderse et al. 2011).

Theoretically, it is possible to perform direct numerical simulations (DNS)
to calculate the whole flow field of a wind farm including all the above men-
tioned phenomena. However, DNS is practically infeasible due large span of
turbulent integral length and time scales (see Table 1.1) needed to resolve in
order to simulate a full wind farm. The needed resolution to solve the flow
down to the Kolomongorov scale increases rapidly with the integral Reynolds
number.

The computational power available today (and in the coming near future) is
not sufficient despite its exponential increase over time. It will take many years
before DNS can be useful in engineering computational fluid dynamics (CFD)
(Johansson & Wallin 2015). The key challenge of developing wake models
is therefore to find a compromise between needed computational power and
accuracy of the simulation. Ideally, the model should strive to use approaches
as conceptually simple as possible and, at the same time, capture the essence
of the relevant physical phenomena (Simisiroglou 2016).

Table 1.1: Different scales of wind farm flows (Ivanell 2014).

Length scale [m] Velocity scale [m/s] Time scale [s]

Airfoil boundary layer 10−3 102 10−5

Airfoil 1 102 10−2

Wind turbine 102 10 10
Array 103 10 102

Wind farm 104 10 103

1.3. Objectives and outline of thesis

As discussed, the prime motivator for this study is the need of the industry for
fast and numerically robust models that can solve the flow of an entire wind
farm on a commodity computer. The long-term aim is to develop a model that
gives increased understanding and accuracy compared to the currently used
wake models to assist the industry in their design and decision-making process.
The main goal of this study is to propose and develop a formulation for the
numerical solution of wind turbine flow and by that take a first step towards
full wind farm simulations. The numerical model is developed from scratch
within the programming environment MATLAB and is not built on top of any
commercial or open source code.



4 1. INTRODUCTION

The structure of this thesis is as follows: in chapter 1 a motivation for
the study is given together with the objectives. In chapter 2 a review of wake
physics is performed, also actuator disk theory and wake models are covered,
especially focusing on parabolic wake models. Thereafter, a theoretical back-
ground is given in chapter 3 with a strong focus on CFD for the incompressible
Navier-Stokes equations and treatment of the divergence-free criteria. In chap-
ter 4, the proposed model approach is described including governing equations
and rotor modelling. The numerical approach is motivated and details dis-
cussed in chapter 5. Several topics are covered, such as discretisation, the
numerical implementation of the Poisson equation used for the treatment of
the divergence-free constraint, the cell Reynolds problem and solution meth-
ods for large algebraic equations. The chapter is concluded with a summary of
the developed numerical algorithm. In chapter 6, the numerical model is val-
idated using analytical solutions such as linearised flow, actuator disk theory
and vortex methods. Lastly, general conclusions from the study are drawn and
future work topics are proposed in chapter 7.



CHAPTER 2

Review of Physics, Theory and Models

In this chapter, several reviews in the field of wind turbine aerodynamics are
given. First, a review of the physics is performed, including both near- and
far-wake aerodynamics. Thereafter, the main results from classical aerody-
namic theory of rotors, actuator disk theory, is covered. Lastly, a review of
different wake models is given with a focus on parabolic wake models and rotor
modelling.

2.1. Aerodynamics of wind turbine wakes

Wind turbines convert kinetic energy in the wind to mechanical energy on the
rotor axis. When this is done, the less energetic wind downstream of the wind
turbine must have a lower velocity due to the conservation of energy. This
means that wind turbines placed in wind farms will affect the power output
of downstream wind turbines. Furthermore, the higher turbulence intensity of
the wake will increase structural fatigue loading.

The wake downstream of a wind turbine can be divided into two distinct
regions: the near wake and the far wake as illustrated in Figure 2.1. The
near-wake region is the area just behind the rotor up to approximately two to
five rotor diameters downstream. The far wake is the region downstream of
the near wake. The near-wake aerodynamics is of main interest when studying
the performance of the power extraction and the far-wake aerodynamics is
of interest for determining performance of wind turbine interactions in wind
farms.

Even though the near-wake and far-wake region can be distinctively sep-
arated from physical characteristics point of view, they are intimately linked
since the near wake determines the inflow conditions for the far wake (Vermeer
et al. 2003; Ivanell 2009). In the follwings, an in-depth discussion on the physics
of the near-wake and far-wake region is presented.

5



6 2. REVIEW OF PHYSICS, THEORY AND MODELS

Figure 2.1: Illustration of near and far wake (Sanderse 2009).

2.1.1. Near-wake region

The near-wake aerodynamics is directly influenced by the geometry and oper-
ation of the rotor such as number of blades, blade aerodynamics, pitch angle
and tip-speed ratio. From wind tunnel experiments it has been possible to
identify the root and tip spiral structures created by each blade. This struc-
ture is illustrated in Figure 2.2. Interesting features of the near wake are the
vortex spiral twist angle, strength of the tip vortex spiral and the pressure-
driven wake expansion (which is determined by the tip vortex path). The tip
vortices are continuously generated into the wake at a certain radius, which is
slightly smaller than the rotor blade radius. Vortices also concentrate into a
root vortex at the wake centreline.

The structure of the near wake is determined by the bound circulation along
the blade and the tip-speed ratio. For very high tip-speed ratios, the tip vortices
form a continuous vorticity sheet (a shear layer). It can be shown theoretically
that the bound circulation on the blade is equal to the circulation in the wake
(Segalini & Alfredsson 2013). Furthermore, the tip and root vortices will have
different sense of rotation. When shed into the wake, the tip vortices roll up
and form helical trajectories.

During this trajectory, they will pair up and become unstable (Okulov &
Sørensen 2007). At some point, depending on the turbulence intensity of the
incoming flow, the vortex structures break down into smaller, more isotropic
structures and ultimately get dissipated by viscosity. The tip and root vortices
are the main reason for the sharp gradients in wake velocity and peaks of
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(a) Vortex structure of wake. (b) Pairing of tip vorticies.

Figure 2.2: Illustration of near-wake aerodynamics (Alfredsson & Dahlberg
1979; Ivanell 2009).

turbulence intensity (Vermeer et al. 2003; Ivanell 2009). As the incoming flow
approaches the wind turbine, the velocity decreases and tries to avoid the wind
turbine as an obstacle. This is referred to as the upstream blockage effect
and is manifested by the expansion of the wake. The length of this expansion
is about one rotor diameter crossing the rotor plane. At the rotor plane a
sudden decrease in pressure is experienced. Further downstream, the pressure
is recovering to the ambient pressure condition. A non-uniform deficit profile is
likewise shown by the streamwise velocity, which is decreasing and then recovers
further downstream. The deficit of pressure and velocity is associated with the
axial thrust force, as well as the azimuthal velocity component, which, in turn,
is related to the torque imparted on the flow by the rotor (Crespo et al. 1999).

2.1.2. Far wake region

For the single wake, the principal phenomena in the far-wake region down-
stream are advection and turbulent diffusion. On the wind farm level, wake
interaction and terrain are also important factors. In the far wake, the velocity
deficit as well as pressure recovers and the twist angle of the helical structure
generated in the near wake is reduced. The layer where the tip vortices are
located can then be interpreted as a cylindrical shear layer, which separates
the slow moving wake to the undisturbed surrounding flow. The thickness
of the shear layer increases with downstream distance because of turbulence
generated by the shear layer itself.

Somewhere around two to five diameters downstream, the shear layer
reaches the wake centreline. This downstream distance is a possible defini-
tion of the end of the near-wake region. The far wake region, where the wake
is completely developed, begins after a transition region. For a uniform inflow
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without ground effects, one may assume that the perturbation profiles of both
velocity deficit and turbulence intensity in this region are axisymmetric, with
self-similar distributions in the cross-streamwise dimension. However, the pres-
ence of the ground and the shear of the ambient flow invalidate the assumption
of axisymmetry and, to some extent, also the assumption of self-similarity.

From experiments it has been seen that there is a peak in turbulence in the
cylindrical shear layer, which is greatest in the upper part (approximately one
wind turbine radius above the centreline). The ring-like turbulence maxima
then shrinks down to a single maximum located above the wake centreline fur-
ther downstream. The main reason for this asymmetric turbulence distribution
with a distinct maximum is the ambient shear flow. Further downstream in the
far wake, this maximum is still observable, which suggest some memory effect
of how the turbulence was originated.

In addition to the turbulence generated by the shear layer, two other
sources can be identified. First, the mechanical turbulence generated at the
blades and tower of the wind turbine, which increases with thrust coefficient.
Second, the turbulence generated from the atmospheric flow including surface
roughness and thermal effects. The former of which is more isotropic and has
an associated turbulent length scale that are considerable smaller than the
latter. The external atmospheric flow also has the important mechanism of
redistributing the generated turbulence.

In general, it is found that the turbulence effects are more persistent than
the velocity deficit, which recovers more rapidly. Furthermore, the velocity
deficit is found to have its maximum slightly down-shifted as opposed to the
turbulence intensity. One phenomenon which is still not fully understood in the
far-wake region is wake meandering. This rigid-body oscillation of the wake is
believed to be driven by the large-scale turbulent structures of the atmosphere
(Crespo et al. 1999; Vermeer et al. 2003; Ivanell 2009; Sanderse et al. 2011).

2.2. Actuator-disk theory

Actuator-disk theory is a mathematical theory describing the ideal rotor, such
as a propeller or wind turbine. This theory describes the flow in an axisym-
metric stream-tube control volume around a horizontal axis wind turbine rotor
facing a uniform and steady inflow U∞ at the inlet, as illustrated in Figure 2.3.

For a given closed path circuit, the control volume is composed of all
streamlines that intersect the circuit. The advantage of choosing the control
volume as a stream-tube is that the local velocity vector at the radial surface
of the volume is tangential to the streamlines by definition. This implies that
the surface normal and the velocity vector are orthogonal (u · n = 0) and no
mass can exit the control volume through the cross-streamwise direction.

The main idea of the actuator-disk theory is the representation of the wind
turbine rotor as a porous disk with the same radius. The disk affects the flow
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Figure 2.3: Actuator disk theory control volume for wind turbine flow (Segalini
2014).

only by constituting a drag force and is ideal in the sense that it is frictionless
and nonrotational. Furthermore, the Mach number is considered to be small
enough so that compressible effects can be neglected, and thus the density ρ is
constant. The assumptions in actuator-disk theory are summarised in the list
below:

1. the analysis is purely one-dimensional;
2. the upstream velocity is uniform;
3. the disk of area Ad is infinitely thin and porous (equivalent to infinite

number of blades);
4. the loading and velocity are uniform over the disk;
5. far upstream and far downstream the pressure is the free-stream static

pressure;
6. friction and viscous effects are not considered;
7. the flow is incompressible.

As the flow is passing the disk, its velocity decelerates from U∞ to Ud
at the rotor plane and then further down to Uw in the far-wake region. The
mass-conservation equation of the control volume, reads

ṁ = ρU∞A∞ = ρUdAd = ρUwAw, (2.1)

where A∞ and Aw is the inlet and outlet area of the streamtube respec-
tively. Since the fluid particles have to diverge when travelling downstream,
A∞ < Ad < Aw as depicted in Figure 2.3. As a particle approaches the disk,
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the local pressure increases from the atmospheric pressure level p∞ to pu just
upstream the disk and then discontinuously drops down to pd just downstream
the disk. The pressure then recovers further downstream until it again reaches
the atmospheric level. A qualitative illustration of this phenomena and the be-
haviour of the axial velocity is given in Figure 2.4. The uniformly distributed
thrust force exerted by the disk in the negative streamwise direction can be
obtained by means of the pressure drop over the rotor area, according to

T = Ad(pu − pd), (2.2)

from the momentum balance in the axial direction as

T = ṁ(U∞ − Uw), (2.3)

or in terms of the thrust coefficient cT according to

T =
1

2
ρAdU

2
∞cT . (2.4)

Figure 2.4: Velocity and pressure field across the actuator disk (Segalini 2014).



2.2. ACTUATOR-DISK THEORY 11

Now, applying Bernoulli’s principle on the upstream and downstream part
of the control volume individually gives

pu +
1

2
ρU2

d = p∞ +
1

2
ρU2
∞, (2.5a)

pd +
1

2
ρU2

d = p∞ +
1

2
ρU2

w, (2.5b)

respectively. Taking the difference of equation (2.5a) and (2.5b) allows us to
express the pressure drop across the disk as

∆p = pu − pd =
1

2
ρ(U2
∞ − U2

w). (2.6)

By combining equation (2.1), (2.2), (2.3) and (2.6), it can be shown that

Ud =
U∞ + Uw

2
. (2.7)

The velocity at the rotor is thus the arithmetic mean between the free-
stream velocity and the velocity in the far-wake region. This means that the
velocity at the disk and wake can be written as Ud = U∞(1 − a) and Uw =
U∞(1− 2a) respectively by defining an axial induction factor a according to

a = 1− Ud
U∞

. (2.8)

By using the definition of the axial induction factor, combining equation
(2.1), (2.3) and (2.4), the following relation can be derived

cT = 4a(1− a), (2.9)

which means that a higher thrust coefficient will result in a higher axial induc-
tion factor and thus a more decelerated flow for 0 ≤ a < 1/2. For a = 1/2 the
wind speed in the wake is slowed down to Uw = 0; this is where the actuator-
disk theory breaks down. Considering even higher thrust coefficient would
result in unphysical reverse flow.

Experimental observations show that the actuator disk theory is only valid
for a ≤ 1/3, where the equality represent the axial induction factor that gives
the maximum power output according to Betz’s law. The reason for discrep-
ancies between the actuator disk theory and experiments is wake mixing and
transition towards a turbulent state.

All this discussion leads us to the important result for this study: the
velocity deficit at the disk can be related to the thrust coefficient. This is done
by using the definition of the axial induction factor together with equation
(2.9), which results in
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U∞
Ud

=
2

1 +
√

1− cT
. (2.10)

Using equation (2.10), the arbritrary notion of free-stream velocity can be
transformed into disk velocity.

Lastly, it should be noted that real rotors have finite number of blades
which produce a system of distinct tip vortices in the wake. This phenomena
can not be described using actuator-disk theory. For a more comprehensive
description of the theory with complete derivation of all introduced equations,
the reader is referred to Hansen (2009), Segalini (2014) and Sørensen (2016).

2.3. Review of wake models

Extensive analytical, numerical and experimental efforts have been conducted
to increase the understanding of wake flow of wind turbines. This has resulted
in a hierarchy of models. In Figure 2.5, an overview of different wake models
is presented as mapped onto the amount of captured physics and the needed
computational power.

Figure 2.5: Overview of different wake models.
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Several models have been proposed, ranging from kinematic models like
the Jensen, Larsen and Frandsen models, to potential flow and vortex theory
models, to more advanced CFD models. The kinematic models are based on
conservation of momentum and self-similarity theory. Probably the most well-
known among these models is the Jensen model (Jensen 1983). This model is
based on the assumption of a linearly expanding wake and an empirical wake
decay coefficient. Vortex models, such as the model by Segalini & Alfredsson
(2013), focus on a stand-alone wind turbine in a computationally efficient way.

Although the kinematic and vortex models are fast to compute numerically,
they cannot account for terrain effects and do not directly model wake super-
position. Crespo et al. (1999) argue that any approach based on single-wake
calculations (such as every kinematic model) will fail, since the ambient basic
flow in which the wake diffuses is to some extent also affected by the wakes of
upstream wind turbines and so will also be evolving.

To overcome these shortcomings, the flow equations can be solved for the
whole wind farm by use of CFD. This is a more fundamental approach which has
the potential of replacing many of the engineering rules of limited applicability
with physical understanding and increases extrapolatability to a larger set of
situations (Vermeer et al. 2003; Crespo et al. 1999).

The CFD models are usually based on the Navier-Stokes equations, through
Reynolds-averaged Navier-Stokes (RANS) or large-eddy simulations (LES) for-
mulations. LES models require about two orders of magnitude more compu-
tational power than RANS and are, therefore, still restricted to academic use
only. However, LES models play an important role for simpler models since
they can be used to verify their basic assumptions. Among the RANS models,
several approaches have been investigated, built on assumptions such as the
boundary-layer approximation or axisymmetry. Furthermore, several hybrid
models have been proposed that combine different models in different parts of
the wake.

A common simplification to RANS models is the steady state assumption,
since it reduces the computational cost and, at the same time, is a reasonable
approximation considering that the main design driver is the long-term annual
energy production (AEP) (Rodrigo & Moriarty 2015).

In general, it can be said that the models that depend on the least sim-
plifying assumptions are better suited to deal with different configurations and
reproducing wake development for situations they were not calibrated for (Ver-
meer et al. 2003). Indeed, wind farm flow physics is complex and the result
generated by any model is at best as good as the physics embedded in it and
at worst as good as its operator (Versteeg & Malalasekera 2007). Due to the
simplicity/accuracy trade-off, the large majority of models currently used by
the wind industry as wind farm design tools are kinematic models and in some
cases steady state RANS models (Sanderse et al. 2011).
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As previously argued, the CFD models can handle many of the problems
with kinematic models. However, the needed computational power for CFD
models is significantly increased compared to kinematic models. A possible
way to alleviate this problem is by simplified RANS models. The most common
approximation of the RANS models is linearisation or parabolisation. Eben-
hoch (2015) developed a linearised RANS model based on the boundary layer
equations. The focus of this study is the parabolised Navier-Stokes equations.

2.4. Review of parabolic wake models

Several authors have investigated the parabolic wake model approach. Proba-
bly, the most well-kown parabolic wind farm model is the UPMPARK model
by Crespo & Hernández (1989). This model is based on the single-wake code
UPMWAKE, which is used in sequence to calculate all wakes where the outflow
of the upstream wake forms the inflow conditions of the downstream wake. The
wind turbines are immersed in a non-uniformal basic flow that corresponds to
the surface layer of the atmospheric boundary layer.

This boundary layer takes stability into account through the Monin-Obukhov
length. The parabolic assumption is introduced by neglecting both the diffu-
sion and the pressure gradient in the streamwise direction, which allows for
fast calculation of the flow field. However, the model is unable to predict the
pressure driven expansion of the wake. Space-marching integration is applied
to the conservation equation of mass, momentum, energy, turbulent kinetic
energy and dissipation rate of turbulent kinetic energy.

The SIMPLE algorithm by Patankar & Spalding (1971) is used for the
velocity-pressure coupling. Turbulence modelling is based on the k − ε tur-
bulence closure scheme and the system of PDEs is discretised using a full
3D finite difference method (FDM), factorized with an alternating direction
implicit (ADI) method. As the solution is marched downstream, each wind
turbine found at any cross-section of the downstream path acts as a source (or
sink) of the three momentum components, the turbulent kinetic energy and
the turbulent dissipation. The UPMWAKE models has proven to be able to
predict effects such as downward tilt of the wake centreline, the upward dis-
placement of the point of maximum added turbulence kinetic energy as well as
the different vertical and horizontal growths of the wake width.

There is also a simplified version of UPMWAKE, which assumes that the
advection velocity is the velocity of the unperturbed ambient flow. These sim-
plifications propose a very attractive idea since the 3D character of the problem
can be retained as the number of PDEs is reduced from seven to three. How-
ever, the assumption can only be justified very far downstream, where the
wake perturbation is small. This simplified model has shown to be in fairly
good agreement with the full model and with experiments for some cases, if
the near wake is not considered.
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The UPMWAKE model has been further improved by including the axial
pressure gradient via a boundary layer analogy and coupling it to the near wake
via a vortex method in order to account for the expansion of the wake. An
extension of the turbulence model has been done to account for the anisotropic
structure of the turbulence through an algebraic model of the Reynolds stress
tensor. The production of turbulent kinetic energy is derived as function of the
thrust coefficient. This enhanced model is referred to as UPMANIWAKE. In
general, the UPMWAKE has shown to give good predictions when compared
to experimental data, especially in the far-wake. However, in the near-wake
some important discrepancies are observed, including that the predicted veloc-
ity deficit is smaller than the measured one. In order to better account for these
discrepancies in the near-wake, the boundary layer approximation was elimi-
nated by introducing an elliptic model that includes axial pressure gradients
and axial diffusion effects.

This new model does, however, not show any fundamental differences in
the agreement with experimental data as compared to the parabolic model.
Therefore, the additional needed computational power of the elliptic model
might not be justified (Crespo & Hernández 1991; Vermeer et al. 2003; Sanderse
et al. 2011). The UPMWAKE code has also been implemented in a wind farm
design support tool, named FYNDFARM (Fatigue Yield Noise Design Farm)
at ECN (Henneman 2003; Schepers 2003).

Another parabolic model is the Ainslie model (Ainslie 1988). This model
assumes axisymmetric flow of the wake, which means that pressure variations
are uncoupled and only the continuity and the axial momentum equations
are solved. Because of the axisymmetric assumption the model is incapable of
accounting for terrain effects and height variations of the basic flow. Turbulence
is modelled using an eddy-viscosity based on Prandtl’s free shear layer model.

In this model, the eddy-viscosity is an average value over a given cross-
section of the wake. Since the eddy-viscosity approach is not suitable in the
near wake, a empirical filter function is used to modify its value or, alterna-
tively, the solution is initiated in the far-wake region with a prescribed velocity
deficit. Several empirical constants appear in the model, which are adjusted to
match some particular experiments. The Ainslie model constitutes the basis
of the eddy-viscosity model implemented in the commercial tool WindFarmer
(Sanderse et al. 2011; Vermeer et al. 2003).

A semi-parabolic wake model has been developed by Cabezón et al. (2014).
This model is implemented in the open source CFD solver OpenFOAM. The
wind turbines are represented with actuator disks and the total domain is
divided into subdomains. The outflow of each subdomain is used as the inflow
to the downstream subdomain. The near wake is explicitly solved and not
modelled. The semi-parabolic wake model is about 4-10 times faster compared
to a fully elliptic model with the same domain in OpenFOAM (Mart́ınez 2013).



16 2. REVIEW OF PHYSICS, THEORY AND MODELS

A fairly recent parabolic wake model has been proposed by Mittal (2015).
In this model, the actuator line method is used to model the wind turbines and
submodels are used for the effects of the hub and the nacelle. The model makes
use of the FAST model developed at NREL for the aerodynamic forces, which
are time averaged and coupled with the steady equations. The flow equations
are decomposed into primary (streamwise) and secondary (cross-streamwise)
flow by means of the Helmholtz decomposition. Thereby, a small velocity
component can be separated from the large rotational component associated
with the streamwise vorticity. By neglecting the small velocity component,
a set of parabolic equations are obtained without any approximation to the
cross-streamwise pressure gradient terms. To account for the upstream flow
effects, these forces are distributed in such way that the flow slows down before
the wind turbine, which makes the model more reasonable for entire flow field
calculations.

Lastly, a model named Parasol has been developed at the Technical Uni-
versity of Denmark (DTU) as a part of the TOPFARM project. The model is
based on the parabolized Navier-Stokes equations and applies fractional steps
and a projection method. The main reason for the development of the code
was to speed up wake flow CFD calculations. It is stated that the Parasol code
is about 8 times faster than the corresponding full elliptic EllipSys3D code
(Larsen et al. 2011).

2.5. Rotor modelling

In order to solve the flow equations for the near and far wake, a representa-
tion of the actual wind turbine rotor is needed. There exist two approaches:
the generalised actuator disk approach, where the rotor is represented by body
forces, and the direct approach, where the rotor is directly accounted for by
discretising the blades in a computational mesh. Within the generalised actu-
ator disk approach, there is a hierarchy of models from simple actuator disk
models to more advanced actuator line and actuator surface models (Sanderse
et al. 2011). In the actuator disk model, the blades are replaced by a permeable
disk with distributed body forces that act up the incoming flow.

These forces are usually determined by wind turbine specific data, such as
the thrust and power coefficient, or the lift and drag coefficient for the more
advanced models. The thrust coefficient cT is defined according to equation
(2.4) and the power coefficient cP is defined as

Pmech =
1

2
ρAdU

3
∞cP , (2.11)

where Pme is the mechanical power on the rotor. Equation (2.4) and (2.11) can
be derived from the Buckingham π theorem. Generally, the thrust and power
coefficient are dependent on the incoming flow velocity, cT = cT (U∞) and cP =
cP (U∞). In the generalised actuator disk approach, two different assumptions
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are common: uniformly and non-uniformly distributed body forces. When the
body forces are distributed uniformly, the information from equations (2.4) and
(2.11) are sufficient for closure of the force model. However, for non-uniformly
distributed body forces, more information (or assumptions) are needed since
the applied force is dependent on the radial position.

A common approach is to assume the force to be constant over each annular
section and calculate forces for each annulus using the lift and drag coefficients
(cL and cD) of the considered airfoil according to

ρf =
1

2
ρU2
∞c(cLeL + cDeD), (2.12)

where c is the chord length and eL and eD are unit vectors in the direction of lift
and drag respectively. The lift and drag coefficient are functions of the angle of
attack and the Reynolds number, meaning cL = cL(α,Re) and cD = cD(α,Re)
for the considered airfoil. These coefficients are taken from 2D data and need
to be corrected for 3D effects (Vermeer et al. 2003).

The non-uniformly distributed actuator disk can be obtained from the
forces of three actuator lines over one full revolution. In addition to the mo-
mentum sink introduced by the body forces, turbulent flow simulations must
consider that the generalised actuator disk is a source of turbulent kinetic en-
ergy. This source should correspond to the mechanical turbulence generated
by the wind turbine blades. A graphical representation of the actuator disk,
actuator line and actuator surface model is given in Figure 2.6.

Figure 2.6: Different generalised actuator disk approaches (Sanderse 2009).



CHAPTER 3

Theoretical Background

In this chapter, the theoretical foundations for numerical computation of in-
compressible fluid flow are discussed. First, the governing Navier-Stokes equa-
tions are presented. Then a detailed disussion on the mathematical treatment
of the divergence-free constraint using projection methods is given. Finally,
an important implication of the divergence theorem for incompressible flow is
discussed both within an analytical and a discrete framework.

3.1. Governing equations

The main governing equations for fluid flows are the Navier-Stokes equations.
For wind energy applications, the incompressibility assumption can be made
since the upstream and downstream velocities are typically in the range 0-25
m/s. Compressibility effects are only important when calculating the flow at
the blade tips, where velocities can be higher than 100 m/s. However, when
the rotor is parameterised using the generalised actuator disk approach (further
discussed in section 4.3), the incompressible form of the equations is applicable
for describing the entire flow (Sanderse et al. 2011). The incompressible version
of the nondimensional Navier-Stokes equations for a Newtonian fluid in three
dimensions consists of the momentum equations (Newton’s second law) and
the continuity equation (conservsation of mass), given by

∂u

∂t
+ u · ∇u = −∇p+

1

Re
∇2u+ f , (3.1a)

∇ · u = 0, (3.1b)

where u ≡ (u, v, w)T is the velocity vector, p is the pressure, Re = UL/ν is
the Reynolds number and f ≡ (fx, fy, fz)

T is the force vector. The Reynolds
number is defined using a velocity scale U , a length scale L and the kinematic
viscosity of air ν, which is generally a function of temperature, but here is
regarded as constant. The incompressible Navier-Stokes equations comprise a
system of initial boundary value problems whose solution is constrained to be
divergence free. Thus, in order to formulate a well-posed problem, we define a
function space denoted H on the domain Ω with solutions that might be sought
as

18
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H(Ω) ≡ {u ∈ L2(Ω);∇ · u = 0 ∀x ∈ Ω, B(u) = 0 ∀x ∈ ∂Ω}, (3.2)

where L2 is the canonical Hilbert space, B denotes the boundary operator on
∂Ω and comprises all specified boundary conditions. The restriction of the
solution to the Hilbert space is essentially made to ensure finite energy of u on
Ω (McDonough 2007). In the coming sections, a thorough discussion regarding
treatment of the divergence-free constraint is presented, which is an essential
part of the incompressible Navier-Stokes equations.

3.2. Helmholtz-Leray decomposition

The Helmholtz-Leray decomposition, which is widely used in CFD, is a special
case of the more general Hodge decomposition. The Hodge decomposition says
that any L2 vector field can be decomposed into the sum of a curl-free and a
divergence-free part. When constructing the Helmholtz-Leray decomposition,
we start by considering a specified vector field v on a bounded domain Ω ⊂
R2 (or Ω ⊂ R3), with perscribed values on ∂Ω. The decomposition can be
represented by expressing v as

v = ∇φ+ u, with ∇ · u = 0. (3.3)

Note that∇φ is curl free and u is divergence free by definition. By applying
the divergence operator to equation (3.3), we get

∇2φ = ∇ · v, (3.4)

which is a Poisson equation for φ that can be solved if boundary conditions for
φ in terms of v can be obtained. Knowing φ, the divergence-free part u can be
computed directly from equation (3.3) as

u = v −∇φ. (3.5)

From the preceding discussion, we can define the Leray projector on Ω as

PL : v 7−→ u(v). (3.6)

For PL to be a projector, repeated application of the projector must not
change the result. This can be seen by considering that v is aldready divergence-
free, then ∇2φ = 0 which leads to PL(PL) = PL indeed (Foias et al. 2001;
McDonough 2007).
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3.3. Pressure Poisson equation

In the incompressible Navier-Stokes equations the role of the pressure is to en-
force the divergence-free constraint. However, this constraint does not include
the pressure itself, which is problematic from a computational standpoint. If
we apply the divergence operator to equation (3.1a) and rearrange we obtain

∇2p = ∇ · f +
1

Re
∇2(∇ · u)−

[
∂(∇ · u)

∂t
+∇ · (u · ∇u)

]
. (3.7)

This implies that, provided that the velocity field is known, the pressure
can be calculated given boundary conditions at all points of ∂Ω. Equation (3.7)
is referred to as a pressure Poisson equation (PPE). Given that the divergenece-
free constraint is satisfied, the PPE collapses to

∇2p = ∇ · f −∇ · (u · ∇u). (3.8)

This means that, if we have somehow obtained a divergence-free velocity field,
then the pressure can be determined from the PPE together with appropriate
boundary conditions (McDonough 2007; Pozrikidis 2011). However, the usual
setting is not knowing neither the velocity nor pressure field. In order to
circumvent this problem, several methods have been developed for the solution
of the incompressible Navier-Stokes equations.

3.4. Projection methods

The two main methods for solving the incompressible Navier-Stokes equations
are artificial compressibility and projection methods. In this study, only the
projection method will be elaborated. One of the main advantages with projec-
tion methods is their sound mathematical ground, whereas the former method
is mainly constructed on (often physical) ad-hoc arguments. The fundamental
idea underlying the construction of every projection method is the Helmholtz-
Leray decomposition discussed in section 3.2.

Most projection method algorithms start by solving the momentum equa-
tions without any pressure gradients, and then solve a simpler equation includ-
ing pressure gradients. Chorin (1968) was the first to present such method
and Kim & Moin (1985) further elaborated the procedure. This prediction-
correction procedure has its formal base in the method of fractional steps by
Yanenko (1971). This fractional step procedure of the Navier-Stokes equation
eqrefeq:Navier-Stokes can be expressed in an analytical framework as

∂u∗

∂t
+ u∗ · ∇u∗ =

1

Re
∇2u∗, (3.9a)

∂u

∂t
= −∇p, (3.9b)
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with u∗ being the preliminary velocity, which does not necessarily satisfy the
divergence-free constraint.

In equation (3.9a) the body force has been suppressed for simplicity provid-
ing the so called Burgers equation. Now, a Leray projector can be constructed
that, when applied to the preliminary velocity, renders a divergence-free solu-
tion. This is done by first taking the divergence of equation (3.9b), so that it
is converted to a PPE according to

∂(∇ · u)

∂t
= −∇2p. (3.10)

It should be recognised that the pressure in equation (3.10) is not necessarily
the true pressure, and thus we introduce the notation φ ∼ p for the “pseudo
pressure” which can be seen as a non-physical potential. We now approximate
the left-hand side of equation (3.10) as

∂(∇ · u)

∂t
≈ (∇ · u)n+1 − (∇ · u∗)

∆t
, (3.11)

where ∆t is the same time step size used to solve equation (3.9a) numerically.
By requirering (∇ · u)n+1 = 0 we arrive at

∇2φn+1 =
∇ · u∗

∆t
. (3.12)

Lastly, using the solution of φ from equation (3.12), we apply the Leray
projector according to

un+1 = u∗ −∆t∇φn+1, (3.13)

meaning that the Leray projector is defined as PLu
∗ = u∗ − ∆t∇φ. It is

clear that if φ satisfies equation (3.12), no matter how it is obtained, then
constructing un+1 according to equation (3.13) will imply ∇ · un+1 = 0 as
required. The accuracy of this projection method is of first order in time, given
by the error introduced from fractional-steps operator splitting. This accuracy
can thus not be improved by solely increasing the order of accuracy of the
integration scheme. In order to increase the accuracy, several second order
projection methods have been developed (McDonough 2007; Pozrikidis 2011).

3.5. Compatibility condition

In most fluid dynamic applications the boundary conditions for the pressure
(or non-physical potential) of equation (3.12) are not directly available. In-
stead these are given according to the governing equations subject to specified
boundary conditions on velocity or stress. Here, also the specification of the
grid structure plays a role. These issues will be further discussed in section
5.4. The constraint posed on the boundary conditions is that they must ensure
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that the boundary distribution of the divergence of the velocity field is zero.
We consider the Poisson equation

∇2φ = R (3.14)

on the domain Ω, with specified Neumann boundary conditions on all bound-
aries ∂Ω

n · ∇φ = q, (3.15)

where n is the outward pointing unit vector on ∂Ω. Then, the compatibility
condition must be fulfilled in order for the equation to have a solution (Mc-
Donough 2007; Pozrikidis 2011). This condition is obtained by integrating the
Poisson equation (3.14) over the whole domain Ω and using the divergence
theorem as ∫

Ω

∇2φdV =

∮
∂Ω

n · ∇φdS (3.16)

or ∫
Ω

RdV =

∮
∂Ω

q dS. (3.17)

When this compatibility condition is fulfilled, φ can be determined up to an
arbitrary constant and when it is not fulfilled, no solution for φ can be found.
The discrete formulation of equation (3.12) involves instead a system of linear
algebraic equations and can be written as

Aφ = b(R, q), (3.18)

where A is a singular matrix with corank equal to one. For linear system of
equations to have a solution, the vector b must be orthogonal to the eigenvector
of AT corresponding to the null eigenvalue (spanning the null space), which we
here denote by w. The discrete version of the compatibility condition (referred
to as the solvability condition) can then be given as

w · b = 0. (3.19)

Even though a problem is posed such that satisfaction of equation (3.17) is
guaranteed in the continuous formulation, numerical errors may deteriorate the
exact equality of the solvability condition. Thus, the linear system (3.18) does
not have a solution and iterative methods may experience slow convergence
or even divergence. One approach to ensure that the solvability condition
is fulfilled is by regularisation of the Poisson equation. In the approach by
Pozrikidis (2011), the right hand side of equation (3.18) is projected onto the
orthogonal complement of the adjoint eigenvector w. Then, the regularised
linear system can be written as
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Aφ = (I −wT ⊗w) b, (3.20)

where ||w|| = 1 and ⊗ denotes the Kronecker tensor product. After the pro-
jection, we are guaranteed that the singular system has an infinite number of
solutions that differs by an arbitrary constant. In order to render a unique
solution to the system, we may specify the value of the pressure at an arbitrary
grid point.



CHAPTER 4

Model Development

This chapter contains a description of how the model has been developed. First,
the conceptual model is dicussed. Thereafter, the governing equations are
presented and their validity with respect to the conceptual model is motivated.
Lastly, a description of the implementation of the rotor forces, including both
axial and tangential component, and how the body forces are smeared in the
streamwise direction is reported.

4.1. Conceptual model

The conceptual model constitutes a qualitative description of the relevant
physics. It should include the essential parts needed in order to model the
full system of a wind farm operating in flat or complex terrain, with the pres-
ence of scattered trees and forest patches. The scope of the long-term project
is to account for the microscale range, which includes the wind farm and its
local site characteristics (illustration in Figure 4.1).

Even though the local flow field is driven by the geostrophic wind climate,
the focus of the conceptual model is the local topography, the mean flow and
the turbulence generated by wind turbines. This choice implies that emphasis
is put on the far-wake modelling, although it is clear that improvements of
far-wake models are reliant on a more realistic description of the mechanisms
generating the wake in the near-wake region.

This focus agrees with the overall goal of the model to be able to capture
essential wind farm physics and predict array wake efficiency. Assuming far-
wake conditions is typically justified when separation between wind turbines in
the streamwise direction is more than 3 to 5 rotor diameter, depending on the
incoming turbulence intensity.

Under these circumstances, the array efficiency will not depend so much
on the detailed design of the rotor and more on rotor dimensions and operating
conditions defined by the tip-speed ratio, the power curve and the thrust curve.
Furthermore, basing the analysis on these parameters is aligned with the typical
information accessible by a wind farm developer.

By knowing the relevant physics that the model is expected to describe
according to the qualitative model, a quantitative model can be developed

24
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with proposed modelling equations (Rodrigo & Moriarty 2015; Simisiroglou
2016).

Figure 4.1: Conceptual model of wind farm system (Rodrigo & Moriarty 2015).

4.2. Governing equations

Parabolic flow is characterised by having one coordinate in which the physical
influences are only exerted in one direction. For subsonic flows in general,
upstream influence of downstream conditions are transmitted by the streamwise
pressure gradient, the streamwise viscous stresses and the streamwise advective
terms in regions of reversed flow (TenPas 1990). However, for unidirectional
wind farm flow, it can be assumed that all information (except pressure) travels
only downstream of the predominant wind direction.

From a physical point of view, this assumption is valid since streamwise
diffusion is overpowered by streamwise advection and with the additional con-
straint of no reversed flow regions. Truly elliptic effects only occur very close
to the wind turbine and hills in the form of streamwise pressure variations
(Vermeer et al. 2003).

In order to arrive at a set of well-posed flow equations for fully parabolic
flow, both the streamwise diffusion (of momentum, heat, mass etc.) and the
streamwise pressure gradient must be considered negligible (Patankar & Spald-
ing 1971).

However, even though the assumption of negligible pressure gradient can
be motivated in the far-wake region, it means that neither the upstream block-
age effect or the pressure driven wake expansion can be properly predicted.
Therefore, the fully parabolic wake models can not be considered valid close to
the wind turbines (Sanderse et al. 2011; Özdemir et al. 2013). On contrary, the
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partially parabolic wake model, which retains the streamwise pressure gradient
is consistent with the physical phenomena.

In order to state the well-posed equations for partailly parabolic flow, we
start by defining the domain Ω ≡ (0, Lx)× (−Ly/2, Ly/2)× (0, Lz) ⊂ R3 with
Lx, Ly and Lz being the length of the domain in the streamwise, spanwise and
wall-normal direction, respectively. Then, according to the above discussion,
the non-dimensional partially parabolic Navier-Stokes equations governing the
flow are

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= −∂p

∂x
+

1

Re

(∂2u

∂y2
+
∂2u

∂z2

)
+ fx, (4.1a)

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= −∂p

∂y
+

1

Re

(∂2v

∂y2
+
∂2v

∂z2

)
+ fy, (4.1b)

u
∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= −∂p

∂z
+

1

Re

(∂2w

∂y2
+
∂2w

∂z2

)
+ fz, (4.1c)

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (4.1d)

with (x, y, z) ∈ Ω. In equations (4.1a)-(4.1d), p is the pressure and u, v and
w are the velocity components in the x-, y- and z-direction respectively. The
Reynolds number is defined as Re ≡ UL/ν, where U is a velocity scale and L
is a length scale.

In this study, the velocity scale (in m/s) is taken as the uniform inflow
velocity U∞ and the length scale (in m) is taken as the wind turbine diameter
D. The kinematic viscosity of air is ν = 1.45·10−5 m2/s. The body forces in the
x-, y- and z-direction are denoted fx, fy, fz respectively and incorporate forces
from the wind turbines. Coriolis forces are neglected and thus not included in
the body forces since the length scale of the wake is not sufficiently large for
these forces to play a dominant role (Crespo et al. 1999).

The flow is considered to be incompressible which is valid assumption be-
cause of the typically low Mach number, except very close to the blade tips.
Anyhow, the rotor is not resolved explicitly, and thus the incompressible as-
sumption holds (Sanderse et al. 2011).

Furthermore, in the current formulation, the governing equations are lam-
inar (or mean flow quantities with constant eddy viscosity) and of steady-state
type. The choice of steady-state equations is motivated by the fact that the
main design driver of wind farms is the long-term annual energy production
(AEP) and also offers a computational advantage over time dependent calcu-
lations (Rodrigo & Moriarty 2015).

One of the main shortcomings with the partially parabolic assumption
is that the wake region is bound to separate for values above around cT ≈
1, which results in a violation of the underlying assumption. The limiting
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thrust coefficient is partly dependent on the Reynolds number and turbulence
(Mikkelsen 2003).

Lastly, it should be noted that special care has to be taken to the treat-
ment of the pressure in equation (4.1a) in order to have a well-posed partially
parabolic formulation. This treatment will be further discussed in section 5.7.

4.3. Rotor modelling

As the wind turbine extracts kinetic energy from the wind passing its rotor, the
wind decelerates and starts to rotate. This change in momentum of the flow
is caused by the thrust and torque imparted by the rotor. Therefore, the flow
field is governed by the balance between rotor body forces and change in kinetic
energy of the flow as well mass conservation. Instead of resolving the boundary
layer on the blades, and thus obtain the forcing terms, a parametrisation can
be applied so that most of the computational power is preserved for the wake
flow.

Several approaches have been discussed in section 4.3. In this study, the
actuator disk approach is adopted. The main advantages with the actuator
disk method compared to other methods is that it captures the basic features
of rotor aerodynamics, and thus produces relatively accurate results while lim-
iting the needed computational power. Furthermore, the actuator disk method
can be used for both steady-state and transient simulations (Mikkelsen 2003;
Simisiroglou 2016).

As discussed in section 4.3, the fundamental idea of the actuator disk
method is to replace the actual rotor with a permeable disk with the same
swept area where the thrust force and torque are distributed. An illustration
of the considered system and its model representation is shown in Figure 4.2.

As mentioned, in general all components of the forcing term (fx, fy, fz)
should be considered to account for the rotor imparted thrust and torque.
However, a common assumption is to only regard the force component fx i.e.
fy = fz = 0. This assumption, together with the assumption of constant force
per unit area, is usually referred to as ideal actuator disk (Koning 1935).

In this study, both axial and azimuthal force components are implemented.
On the other side, no regards are taken for aerodynamic forces applied by
structural elements, such as tower, nacelle and hub. It is thus assumed that
these forces are of order of magnitude smaller than the rotor forces, similarly
to Hallanger & Sand (2013).

When considering wind farm simulations, downstream wind turbines will
experience wake effects from upstream wind turbines making the free-stream
velocity for downstream wind turbines difficult to define. Therefore, it is prefer-
able to calculate the rotor forces as a function of the local disk velocity instead
of the free-stream velocity. In order to do this reformulation, further analysis
using rotor theory is required.
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Figure 4.2: Real wind turbine (a) and its model representation (b) (Ebenhoch
2015).

4.3.1. Axial force component

Based on dimensional arguments, the forcing term can be calculated as the
product of an intensity Ix and the square of the disk velocity Ud. In order to
be consistent, the applied force integrated over the nondimensional disk volume
Vd = εxAd (εx being the thickness of the disk) must be equal to the thrust force
T , hence

ρ

∫
Vd

fxdV = ρ

∫
Vd

IxU
2
ddV = T. (4.2)

εx (4.3)

By setting the intensity Ix as uniformly applied over the rotor disk volume
equation (4.2) simplifies to

fx = IxU2
d =

T

ρVd
=

T

ρεxAd
, (4.4)

where bars denote the spatial mean. In this study, the assumption of a uni-
form intensity is applied together with the simplification of supressing the wind
speed dependency of the thrust coefficient. The main advantage of this simpli-
fication is that no internal iterations are needed for the determination of the
thrust coefficient (Sanderse 2009). The total thrust force can subsequently be
distributed as a body force over the rotor volume. By combining equation (2.4)
and (4.4), the following expression can be derived for the intensity

Ix =
cT
2εx

U2
∞

U2
d

≈ cT
2εx

(U∞
Ud

)2

, (4.5)

where we used approximate equality to stress the assumption that the mean
disk velocity is close to the disk velocity as defined by actuator disk theory.
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By using actuator disk theory, the velocity ratio can be expressed in terms of
the thrust coefficient according to equation (2.10), which closes the axial force
formulation.

There are two ways to calculate the resulting forcing term, either by aver-

aging the disk velocity over the disk (meaning fx = IxU2
d ) or as dependent on

the local disk velocity (meaning fx = IxU
2
d ). The latter method effectively as-

sumes that each point in the actuator disk can be represented as the centreline
of a fictitious actuator disk fulfilling actuator disk theory.

If calculations are to be made for non-constant thrust coefficient, using
a manufacture supplied thrust curve (represented by cT = cT (U∞)) for in-
stance, a preprocessing step can be performed similar to the method described
in Simisiroglou (2016) as following.

1. Set Ud constant.
2. Solve for U∞ using equation (2.10).
3. Calculate cT = cT (U∞).
4. Calculate Ix using equation (4.5).
5. Add (Ud, Ix) tuple to table and repeat step 1.

The calculated intensities then present a look-up table (as function of Ud)
in the simulation step subsequentially performed.

4.3.2. Tangential force component

Apart for the axial force component, it is possible to introduce a tangential
force component to account for the rotational effects of the real wind turbine.
In case of high tip speed ratio, the effect of tangential forces can be regarded
as negligible. However, Porté-Agel et al. (2010) showed that the inclusion of
rotation and non-uniform axial loading leads to significant improvement when
predicting mean velocity and turbulence intensity compared to the uniformly
loaded disk. The improvement was especially apparent in the centre of the
near-wake. Further downstream, any effect of rotation and non-uniform axial
loading disappeared.

In order to derive an expression for the tangential force component within
the current actuator disk frame work, the Joukowsky rotor is applied. The
Joukowsky rotor is based on the general momentum theory and the concept of
a rotor disk with a constant circulation (Sarmast et al. 2015; Sørensen 2016).
The starting point is to consider an isolated rotor blade as a line with constant
circulation. The force per unit length exerted on the flow from this line can be
calculated using the Kutta-Joukowski theorem as

df

dr
= ρΓ× u, (4.6)
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where f is the total force, Γ = (0, 0, Γ̂)T is circulation around the line and
u = (U∞(1 − a),Ωr(1 + a′), 0)T is the flow velocity. Note that equation (4.6)
is posed in dimensional form. The resulting force components become

dfx
dµ

= ρU2
∞R

2Γλµ(1 + a′), (4.7a)

dfθ
dµ

= ρU2
∞R

2Γ(1− a), (4.7b)

where normalisations are applied using the local radial position scaled with the
radius, µ = r/R, the tip-speed ratio, λ = ΩR/U∞, and the non-dimensional

circulation, Γ = Γ̂/(U∞R). First, we consider that axial force component must
match the thrust force of equation (2.4), which gives

Γ =
cTπ

Nbλ
, (4.8)

where Nb is the number of blades. Then, in order to obtain an expression
for the tangential body force fθ, we demand the total torque to be the same
resulting in a tangential force intensity given by

Iθ(r) =
cTR

2λr

(U∞
Ud

)[
1− e−(r/∆rh)2

]
. (4.9)

where a regularisation factor has been applied in analogy with the Lamb-Oseen
vortex in order to avoid the singularity at the centreline r = 0. Furthermore,
∆rh is the distance that determines how close to the centreline this regularisa-
tion should begin and can physically be related to the hub radius of the wind
turbine. The tangential force can subsequently be calculated as fθ = IθU

2
d .

In order to determine the velocity ratio U∞/Ud, actuator disk theory can be
used according to equation (2.10). The tip-speed ratio λ can be determined by
exploiting the fact that most wind turbines are tip-speed regulated up to the
rated wind speed after which they are power regulated (Breton et al. 2017).

4.3.3. Smearing of body forces

From the point of view of actuator disk theory, the axial smearing εx should
ideally be chosen to mimic the infinitesimal actuator disk, but it must at the
same time be big enough so that it contains finite difference discretisation
points where the force can be applied. However, real wind turbine rotors are
not infinitesimal, therefore a physical thickness of εx ≈ 0.05 is here taken as
a guideline. In this study, two different smearing methods are implemented:
rectangular and Gaussian hat.

For the rectangular smearing, Ebenhoch (2015) argued that a correction
factor is needed in order to account for discrepancies between the physical
thickness and the numerical thickness (distance between discretised points).
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Considering that the trapezoidal area over which the force is integrated, over
and under estimations will occur given the layout of the grid in relation to the
physical actuator disk. The corrected intensity is given as

Ic =
εx

Np∆x
· I = g · I, (4.10)

where

g =
εx

Np∆x
,

is the correction factor, Np is the number of streamwise grid points in the
actuator disk and ∆x is the width of the grid spacing in the streamwise direc-
tion. By applying trapezoidal integration of the force, it can be shown that
this factor approaches unity as the grid is refined and the number of points Np
increases according to

1− 1

Np
≤ g ≤ 1 +

1

Np
. (4.11)

In order to assess this theoretical derivation, several numerical calculations
are set up for the single turbine case with Re = 10000 and cT = 0.01. The low
thrust coefficient ensures that we are in the linear regime where the force is
directly proportional to the velocity deficit. The wanted (or exact) grid factor
can therefore be calculated using actuator disk theory as

ge =
U∞ − Uw
U∞ − Uwn

, (4.12)

where Uw is the wake velocity from actuator disk theory and Uwn is the numer-
ically calculated wake velocity without the use of any grid factor. The result
of the calculations are presented in Figure 4.3 below.
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Figure 4.3: Comparison of exact grid factor ge and numerically computed grid
factor gn calculated according to equation (4.10). The dashed lines are repre-
senting the limits stated by equation (4.11).

When using a stretched grid with non-uniform grid spacing, similar results
to what is presented in Figure 4.3 can be obtained by taking the grid spacing
width in equation (4.10) as the mean width in the vicinity of the actuator disk.

The second smearing method is the Gaussian hat defined as

ηε(s) =
σ

εx
√
π

exp
[
−
(σs
εx

)2]
, (4.13)

where s is the disk local axial coordinate and σ is a factor used to ensure that
the integral of ηx(s) is unity, which can be tuned such that different fractions
of the integral force is applied inside and in the surroundings of the actuator
disk. For σ = 1 around 84.3% of the integral force is placed within the physical
extension of the actuator disk and for σ = 2 this number is around 99.5%. To
ensure a continous loading for the case of the Gaussian hat smearing, the force
can be applied also outside the physical extension of the actuator disk. It is
anticipated that this has a small effect on the final solution for the flow field if
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σ > 1. Similarly to the rectangular smearing, the force intensity is corrected
with a grid factor defined as

g =
1∫ sη

−sη ηε(s)ds
(4.14)

where 2sη is the extension over which the force has been applied. The Gaussian
hat smearing is applied by taking εx = 1/η(s) in equation (4.5). Thereby, the
intensity is corrected using equation (4.10), but using the grid factor defined
by equation (4.14).



CHAPTER 5

Numerical Methods

In this chapter, the numerical details regarding the developed model are speci-
fied. First, the choice and implementation of FDM numerical approach are mo-
tivated and described. Thereby, the numerical treatment of the cell Reynolds
problem and the divergence-free constraint are explained. Having explained
these numerical details, the core of the model, the space-marching procedure
and the global pressure correction, can be described. Lastly, some details re-
garding grid stretching and solution of linear systems are discussed before the
full algorithm is summerised. Here, the advantage of flow and force coupling
within the parabolic framework is emphasized.

5.1. Motivation of numerical approach

The set of partial differential equations (PDEs) obtained in chapter 4 are solved,
in their primitive variables form, using the FDM. The FDM is arguably the
most straightforward approach for numerically solving PDEs and is derived
from Taylor series expansions. The main disadvantage of FDM is that it be-
comes complex when dealing with PDEs on irregular domains and that Neu-
mann boundary conditions only can be implemented approximately (Chung
2010). Here, it is decided to employ the FDM approach since the equations
of the particular problem only involve a complex domain with respect to one
variable.

The complex domain is given in the wall-normal coordinate by the ter-
rain on which the wind turbines are located. This complexity can be handled
within the FDM framework by applying a coordinate transformation (Li &
Chen 2009). Furthermore, there are several advantages that comes with the
use of structured grids compared to unstructured grids, e.g. they are more
accurate for a given formal accuracy of discretisation, they allow for the use
of more efficient solution techniques and they are more easily parallelised (Mc-
Donough 2007).

34
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5.2. Finite difference stencils and boundary conditions

The finite difference stencil used for numerically calculating the first and second
central derivative in the y- and z-direction with second-order accuracy are given
by

δyϕj,k =
ϕj+1,k − ϕj−1,k

2∆y
, (5.1a)

δzϕj,k =
ϕj,k+1 − ϕj,k−1

2∆z
, (5.1b)

δyyϕj,k =
ϕj+1,k − 2ϕj,k + ϕj−1,k

∆y2
, (5.1c)

δzzϕj,k =
ϕj,k+1 − 2ϕj,k + ϕj,k−1

∆z2
, (5.1d)

where ϕ is a placeholder for any flow variable. In special circumstances, the
central treatment of the first derivatives must be altered to account for the
so called cell Reynolds problem, further discussed can be found in section 5.3.
When taking the derivatives on a staggered grid (further discussed in section
5.4), the expressions for the centered first order derivative also have to be al-
tered slightly. The stencils in equations (5.1a)-(5.1d) can be represented as
diagonally banded matrices. Using these stencils, the finite difference matri-
ces in higher dimensions are constructed using the Kronecker tensor product.
The 2D matrices for the y- and z-derivative are constructed given their 1D
counterparts, D1D

y and D1D
z according to

D2D
y = Iz ⊗D1D

y , (5.2a)

D2D
z = D1D

z ⊗ Iy, (5.2b)

where D2D
y and D2D

z are the y and z-derivative defined in the yz-plane corre-
sponding to the stencils δy and δz respectively. The identity matrices Iy and
Iz are of the same size as the number of grid points considered in their corre-
sponding coordinate direction. The 3D derivative matrix can be constructed
in a similar way according to

D3D
x = Iz ⊗ Iy ⊗D1D

x , (5.3)

for the case of x-derivative. Derivative matrices for second order derivatives
or y- and z-derivatives in higher dimensions are constructed analogously. It
should be emphasized that different variables are evaluated at different grids,
therefore the size of derivative and identity matrices has to be altered accord-
ingly (Strang 2007). In the considered laminar problem, no mixed derivatives
appear. However, in the general case, mixed derivatives can be implemented
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by simply applying of the derivative matrix in both the concerned directions
without loss of accuracy (Chung 2010).

Implementation of boundary conditions can be done in different ways de-
pending on the structure of the grid, the considered variable and the type
of the specified boundary condition. Boundary conditions can either be im-
plemented by (implicitly) including them in the stencil matrices, or they can
be given by an additional vector. The mathematical motivation for including
boundary conditions implicitly in the matrices is done by introducing ghost (or
image) points outside of the domain, which are reflected back into the domain
according to an extrapolation specified by the considered boundary condition.

5.3. Hybrid upwind scheme

Central differences are appropriate for diffusive processes since quantities are
transported along the gradients, in all directions, of the variable being diffused.
On the other hand, advection only spreads the variable in the flow direction.
This physical difference in the processes manifests itself numerically in the
form of a stringent upper limit to the grid size for stable calculations using
central differencing, which is dependent on the relative strength of advection
and diffusion (Versteeg & Malalasekera 2007).

Even though recirculation is not allowed in the streamwise direction under
the parabolisation assumption, the flow is not restricted to any direction in
the cross-streamwise plane. Therefore, in order to avoid growth of unwanted
perturbations in the cross flow, upwind biased differencing is needed to carry
information forward in the direction of a travelling wave. We start by defining
the local cell Reynolds number in the y- and z-direction according to

(
Reyc

)
j,k
≡ vj,k(∆y)j,k

ν
, (5.4a)(

Rezc

)
j,k
≡ wj,k(∆z)j,k

ν
, (5.4b)

where vj,k and wj,k are the local advection velocities and (∆z)j,k and (∆y)j,k
are the local grid spacings respectively. The grid spacing is taken as the average
in the vicinity of the grid point with indices (j, k). Taking the average should be
valid under the assumption that grid spacing is not changing much from within
two consecutive grid points. Physically, the cell Reynolds number expresses the
relative strength of the advective and diffusive contributions to the difference
equations.

As discussed in McDonough (2007), order for the central differencing scheme
to guarantee satisfaction of the maximum principle and thus avoid undesirables
properties in the solution of the difference equation, the absolute value of the
cell Reynolds number must be less or equal to 2. There are several proposed
remedies for the cell Reynolds problem, but all have their shortcomings and no
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completely universal approach exists. One possible way to assure this condition
is to increase the grid resolution.

This approach is however, in most practical situations, infeasible due to
the excessive need for computational power. Here, a hybrid approach is im-
plemented inspired by the hybrid scheme proposed by Spalding (1972). This
scheme is a trade-off between the accuracy of the central differencing with the
stability of the upwind scheme. Mathematically, this scheme can be written as

vj,kδ
up
y ϕj,k = γyj,k

(
v+δ−y ϕj,k + v−δ+

y ϕj,k

)
+ (1− γyj,k)vj,kδyϕj,k, (5.5a)

wj,kδ
up
z ϕj,k = γzj,k

(
w+δ−z ϕj,k + w−δ+

z ϕj,k

)
+ (1− γzj,k)wj,kδzϕj,k, (5.5b)

where

v+
j,k = max(vj,k, 0), v−j,k = min(vj,k, 0),

w+
j,k = max(wj,k, 0), w−j,k = min(wj,k, 0),

and δ+
y and δ+

z are the first order forward finite difference stencils and δ−y
and δ−z are the first order backward finite difference stencils in the y- and z-
direction respectively. The parameters γyj,k and γzj,k must be taken from the

interval [0, 1] and should increase with increasing magnitude of the local cell
Reynolds number. Assuming a linear and continuous transition gives

γyj,k = min
( |(Reyc )j,k|

2
, 1
)

(5.6a)

γzj,k = min
( |(Rezc)j,k|

2
, 1
)
. (5.6b)

Another possibility is to choose these parameters uniformly for a specific
simulation on the basis of results of numerical experiments (Patankar 1980;
Griebel et al. 1998; Versteeg & Malalasekera 2007).

5.4. Staggered grid

The main motivation for using a staggered grid instead of a collocated grid is
that, if the same order of accuracy is to be used in approximating velocity and
pressure, the staggered grid is necessary for FDMs to guarantee convergence of
discretley divergence-free solutions to continuously divergence-free solutions.
This is referred to in the literature as the div-stability condition, which is
derived from finite-element analysis.

Practically, the staggered grid prevents decoupling when calculating the
pressure gradients, which is causing non-physical numerical oscillations called
pressure wiggles. There are some ways that the use of staggered grids can be
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circumvented, but they involve more arithmetic and/or result in less accurate
solutions than can easily be obtained using staggered grids (McDonough 2007;
Strang 2007).

There are a number of ways to arrange staggered grids. In this study, four
different grid staggering arrangement are investigated that all prevent velocity-
pressure decoupling. Each grid arrangement has sub-grids for u/p, v and w flow
variables. Note that the u-velocity and the pressure p are stored at the same
grid locations. The four different grid arrangement are illustrated in Figure 5.1
below.
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Figure 5.1: Investigated staggered grid arrangements. The blue lines denote
the domain boundary. Ghost points outside the boundary are denoted without
marker fill.

It can be seen from Figure 5.1 that a common feature of all grid arrange-
ments is that the continuity equation can be determined on the pressure grid
using second order central finite difference without any interpolation. Further-
more, it is noted that boundary points in the four corners never are used.

The need of storing different numbers of discrete values for different flow
variables, depending on the used grid arrangement. The number of interior
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points (total number of points minus boundary points and ghost points) on the
corresponding subgrid for different grid arrangements, are shown in Table 5.1.

Table 5.1: Interior points on subgrids for different grid arrangements.

Grid u-grid v-grid w-grid

Grid A (Ny − 1)× (Nz − 1) Ny × (Nz − 1) (Ny − 1)×Nz
Grid B (Ny − 2)× (Nz − 2) (Ny − 1)×Nz Ny × (Nz − 1)
Grid C (Ny − 2)× (Nz − 1) (Ny − 1)× (Nz − 1) (Ny − 2)× (Nz − 2)
Grid D (Ny − 1)× (Nz − 2) (Ny − 2)× (Nz − 2) (Ny − 1)× (Nz − 1)

The suitability of the grid arrangements is given by the possibility to im-
plement appropriate boundary conditions for the pressure. This is a numerical
artefact and can not be changed by interpolation or by changing the position
of the ghost points. A summary of the required boundary conditions for the
pressure is given in Table 5.2. In this study, Grid B has been implemented im-
plying Dirichlet pressure boundary condition on all boundaries (a motivation
for this choice is given in section 5.6).

Table 5.2: Required boundary conditions for pressure. Dirichlet boundary
condition is denoted D and Neumann boundary condition is denoted N.

Boundary y = −Lz/2 z = 0 y = Ly/2 z = Lz

Grid A N N N N
Grid B D D D D
Grid C D N D N
Grid D N D N D

5.5. Space-marching procedure

When discretisating the partially parabolic Navier-Stokes equations given by
equations (4.1a)-(4.1d), special care has to be taken to the treatment of the
pressure. As discussed in section 3.3, one special property of the incompressible
Navier-Stokes equations is the role of the continuity equation and how that
translates into pressure. The continuity equation constitutes the additional
constraint of a divergence-free flow. This constraint is the link between velocity
and pressure, meaning that the role of the pressure in incompressible flow is
to adjust so that a divergence-free flow is obtained. However, the pressure
does not appear explicitly in the continuity equation that must be used to set
the pressure. In fact, the pressure itself does not appear in the momentum
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equations either. Only its gradients appear, implying that the pressure can
only be determined to within an additive constant (McDonough 2007; Versteeg
& Malalasekera 2007). These characteristics of the pressure must be reflected
by any time-marching or space-marching solution procedure.

In in order to arrive to a well-posed problem for the single parabolic sweep,
the pressure gradient in the streamwise direction must be a prescribed source
term and not an unknown to be solved for (Patankar & Spalding 1971; Patankar
1980). Thus, before a space-marching sweep is performed, the streamwise pres-
sure gradient is given by an initial pressure estimate p̂. Note that in the coming,
the cross-streamwise indices (j, k) are redundant and therefore suppressed for
simplicity. Given the estimated pressure, an explicit scheme for the advective
terms and implicit scheme for the diffusive terms in the u-momentum equation
(4.1a) are applied according to

ui
ui+1 − ui

∆x
+Aix = −Pi+1

x +
1

Re
Di+1
x + F ix, (5.7)

with

Aix = viδupy ui + wiδupz ui,

Pix = δ+
x p̂

i,

Dix = δyyu
i + δzzu

i,

F ix = f ix,

where, as before, the ”+” of δ+
x denotes that this stencil is forward differenced

and not the usual central difference stencil. The choice to make use of forward
difference for the pressure gradient source term is discussed further in section
5.7.

The main motivation for implicit treatment of diffusive terms and explicit
treatment of the advective terms is to reduce the strict stability condition
imposed by the diffusive terms while, at the same time, avoiding the need for
an iterative solution of the nonlinear advective terms. Explicit treatment of
advective terms means that a linearisation is performed around the upstream
station.

Although the linearisation circumvents the need for the solution of a non-
linear system, it introduces a Courant-Friedrichs-Lewy (CFL) condition, which
limits the size of the streamwise step (Strang 2007; Pozrikidis 2011). Since there
is no unknown pressure, there is no difficulty to perform the space marching
for the u-momentum.

In order to perform a space marche for the v- and w-momentum equa-
tions (4.1b)-(4.1c), an the cross-streamwise (or secondary flow) velocity vector
q = (v, w)T is introduced. Since the downstream pressure here is unknow, dis-
cretisation of these equations is made by fractional steps (or operator splitting)
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according to Yanenko (1971). In the operator splitting method, groups of terms
are decoupled and considered to operate sequentially during fictitious step sizes
of equal length. In this way, the pressure gradient terms can be decoupled from
the rest of the terms according to

ui
q∗ − qi

∆x
+ Ai = −Pi+1 +

1

Re
D∗ + F i, (5.8)

with

Ai = (viδupy vi + wiδupz vi, viδupy wi + wiδupz wi)T ,

Pi = (δyp̂
i, δz p̂

i)T ,

Di = (δyyv
i + δzzv

i, δyyw
i + δzzw

i)T ,

F i = (f iy, f
i
z)
T ,

where q∗ is the preliminary cross-streamwise velocity, which does not necessar-
ily satisfy the divergence-free constraint of equation (4.1d). It should be noted
that it is possible to include the upstream cross-streamwise pressure correction
in P since it is usually a good estimate of the downstream cross-streamwise
pressure correction (Patankar & Spalding 1971). The projection of the vector
field q∗ down to divergence-free space is now given by

qi+1 = q∗ −∆xδφ (5.9)

in analogy to the discussion in section 3.4. In equation (5.9), δ = (δy, δz)
T and

φ is a non-physical potential calculated from the following Poisson equation

(δyy + δzz)φ =
1

∆x

(ui+1 − ui

∆x
+ δ · q∗

)
. (5.10)

Lastly, the potential φ can be related to the cross-streamwise pressure
correction by considering difference between the original space marching dis-
cretisation and the discretisation of the prediction step as

p̃i+1 = p̃i + uiφi+1 − ∆x

Re
(δyy + δzz)φ

i+1. (5.11)

Equation (5.11) holds up to an additive constant, which is discarded by
taking the gradient of the pressure in the momentum equations. It should
be emphasized that the cross-streamwise pressure correction p̃ arising from
equation (5.11) is not the physical pressure, but only a correction in the cross-
streamwise plane given the global pressure estimate p̂.
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5.6. Pressure boundary conditions

In order to solve Poisson equation (5.10), boundary conditions are needed on
all boundaries. Compared to pressure boundary conditions, velocity bound-
ary conditions are usually easy to obtain and their physical meaning is clear.
Pressure boundary conditions lack direct physical meaning, so the problem of
finding appropriate pressure boundary conditions is not trivial. In fact, pressure
boundary conditions can only be obtained indirectly so that certain additional
boundary conditions on the velocities will apply (Rempfer 2006).

McDonough (2007) argued that homogenous Neumann boundary condi-
tions should be used at solid wall and homogenous Dirichlet boundary condition
at free-stream conditions where the pressure is assigned. This recommendation
agrees with the fact that any velocity correction of a projection method should
vanish at the boundaries (Patankar & Spalding 1971). At the same time, the
compatibility condition must be fulfilled if Neumann boundary conditions are
used on all boundaries, as for Grid A. This has direct implications on the
appropriateness of the grid choice discussed in section 5.4.

For a stand-alone wind turbine, far away from any solid boundary, Grid
B is the proper choice since free-stream conditions prevail at all boundaries.
However, for real wind farms, the lower boundary (z = 0) is the ground, which
corresponds to solid wall conditions. Therefore, a more appropriate choice of
grid for this physical situation is Grid C since it allows for Neumann boundary
conditions for the pressure at the solid wall.

5.7. Global pressure correction

Single pass marching is the natural method for integrating parabolic equations.
However, when applied to physically elliptic equations (such as near-wake wind
turbine flow), a single sweep can only give a good approximation to the solution.
Therefore, in order to capture all near-wake physics, a multiple space march-
ing procedure must be applied. The idea of the multiple sweep procedure is
to improve the estimated pressure field p̂ by repeatedly sweeping through the
domain. This is referred to as global pressure iteration. While performing mul-
tiple sweeps, special care has to be taken to the differencing of the streamwise
pressure gradient and its implications on numerical stability.

For incompressible partially parabolic flows, the downstream pressure will
influence the upstream flow. Dependent on the Mach number, different finite
difference representations for the streamwise pressure gradient are needed. This
is referred to as the Vigneron condition, which reflects the characteristic domain
of dependence of the pressure.

There are three possible approaches: backward differencing, central differ-
encing and forward differencing. For incompressible flow, backward differencing
is conditionally stable with the unusual condition ∆x > ∆xmin, central differ-
encing is unconditionally unstable and forward differencing is unconditionally
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stable. Moreover, previous results indicate that, when streamwise pressure
gradient is treated implicitly, the global pressure iteration procedure converges,
whereas it diverges with an explicit treatment (Rubin 1982). When a full sweep
is performed, the field variables from this sweep are used to calculate a global
pressure correction.

The theoretical motivation for this approach has been discussed in section
3.3. From the previous sweep, we are guaranteed to obtain a divergence free
velocity field. However the pressure used to calculate this field was only the
estimated pressure p̂ together with the cross-streamwise pressure correction p̃.
Therefore, we introduce a global pressure correction p̂n+1 = p̂n+p′, where p̂n+1

is the new global pressure iteration and p′ is the global pressure correction. By
substituiting this pressure into the original momentum equations, we arrive at

∂p′

∂x
= Sx,

∂p′

∂y
= Sy,

∂p′

∂z
= Sz, (5.12)

where

Sx = −u∂u
∂x
− v ∂u

∂y
− w∂u

∂z
− ∂p̂

∂x
+

1

Re

(∂2u

∂y2
+
∂2u

∂z2

)
+ fx,

Sy = −u∂v
∂x
− v ∂v

∂y
− w∂v

∂z
− ∂p̂

∂y
+

1

Re

(∂2v

∂y2
+
∂2v

∂z2

)
+ fy,

Sz = −u∂w
∂x
− v ∂w

∂y
− w∂w

∂z
− ∂p̂

∂z
+

1

Re

(∂2w

∂y2
+
∂2w

∂z2

)
+ fz.

Now, a linear combination of the derivatives of equations (5.12) yields

Cx
∂2p′

∂x2
+ Cy

∂2p′

∂y2
+ Cz

∂2p′

∂z2
= Sp, (5.13)

where

Sp = Cx
∂Sx
∂x

+ Cy
∂Sy
∂y

+ Cz
∂Sz
∂z

.

It should be noted that all indices in equations (5.12) and (5.13), have been
suppressed for simplicity. The source term Sp is calculated from the current
estimate of the flow variables. The constants Cx, Cy and Cz are arbitrary
and thus not constrained to match the continuity condition. At intermediate
iterations the value of the source term can only be approximated since the
current estimate of the flow variables only are provisional. Because of this, the
real pressure p can not be solved directly. Nonetheless, the converged global
pressure field must satisfy equation (5.13), which gives a sound physical basis
for this pressure correction formulation. This discussion leads us to update the
pressure estimate according to
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p̂n+1 = p̂n + ω p′, (5.14)

where ω is an under-relaxation factor. Thus for a converged solution, the
estimated pressure will approach its real pressure or (p̂n → p as n → ∞). An
important note is that the same discretisation must be used for calculating
the source term Sp in equation (5.7), as has been used previously in the single
space-marching procedure.

Lastly, to reduce the parameters in the multiple space-marching procedure,
equation (5.13) is divided with Cx and αy = Cy/Cx and αz = Cz/Cx are
defined, which can be viewed as cross-streamwise “diffusion” coefficients for
the pressure correction.

In order to reduce the computational burden of solving a fully elliptic
equation in 3D, TenPas (1990) applied a single backsweep integration through
a parabolisation assumption of equation (5.14). This simplifcation allows for a
fast approximated solution. The backsweep integration is essentially a second
space-marching sweep but performed from the downstream boundary to the
upstream boundary. The main assumption involved, is that the global pressure
correction at any given point is influenced only by downstream quantities. From
a mathematical point of view, this assumption is consistent with the forward
differencing treatment of the streamwise pressure gradient.

As discussed in section 4.2, for parabolic flows, the streamwise advective
terms can be determined from upstream values only as long as the streamwise
velocity is positive. However, where the flow reverses, the streamwise advective
terms must include downstream velocities. Although, there are some parabolic
schemes that permit the existence of small regions of reversed flow by using the
FLARE approximation in the primary flow direction (TenPas 1990; Tannehill
et al. 1997).

5.8. Grid transformation

The PDEs in the physical domain Ω ⊂ R3, presented in section 4.2, can be
solved on structured grid in the computational domain Ξ ⊂ R3 (unit cube).
This is done by mapping the computational domain onto the physical domain
using a coordinate transformation corresponding to stretching of the grid. The
coordinates of the computational domain (ξ, η, ζ) ∈ Ξ are thus mapped onto
(x, y, z) ∈ Ω by the transformation x(ξ) : Ξ → Ω. The PDEs can thereby be
solved in the computational domain with respect to the new independent vari-
ables (ξ, η, ζ) and then mapped onto the independent variables in the physical
domain (x, y, z).

In this study, basic univariate, non-uniform coordinate transformations are
used for the purpose of grid stretching. The intention of these transformations
is to smooth singularities that arise in boundary values problems, where the
solution undergoes rapid variations in narrow regions, without an increase in
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the total number of grid points (Liseikin 2010). The stretching transformation
x(ξ) is obtained from the separate univariate transformations xi(ξi). To pro-
vide contraction of points in certain regions the continuous functions, xi(ξi)
must have a small derivative in these regions, conversely stretching is given for
regions with high derivative. First, we express the transformed derivatives of
a flow variable ϕ by applying the chain rule according to

∂ϕ

∂x
=
∂ϕ

∂ξ

∂ξ

∂x
, (5.15a)

∂2ϕ

∂x2
=
∂2ϕ

∂ξ2

( ∂ξ
∂x

)2

+
∂ϕ

∂ξ

∂2ξ

∂x2
. (5.15b)

In order to apply the grid transformation given by equation (5.15a) and
(5.15b), grid stretching functions are needed. Here, three different stretch-
ing functions are implemented that provide stretching for an interior point ξ0
(corresponding to x0 = Lxξ0 in the physical domain): the hyperbolic sine,
the Eriksson, and the hyperbolic arctan stretching function (Farrashkhalvat &
Miles 2003; Liseikin 2010). The hyperbolic sine transformation is given by

x(ξ) = ξ0
1 + sinh

[
α(ξ − cgs)

]
sinh(αcgs)

, (5.16)

with

cgs =
ln
[
1 + (eα − 1)ξ0

]
2α
[
1 + (e−α − 1)ξ0

] .
The Eriksson transformation is given according to

x(ξ) =

{
ξ0
eα−eα(1−ξ/ξ0)

eα−1 if 0 ≤ ξ ≤ ξ0
ξ0 + (1−ξ0)(eα(ξ−ξ0)/(1−ξ0)−1)

eα−1 if ξ0 < ξ ≤ 1.
(5.17)

Lastly, the hyperbolic arctan transformation is given as

q(ξ) =
1

α
tanh−1

[
ξ(cgs2 − cgs1) + cgs1

]
+ ξ0, (5.18)

with

cgs1 = − tanh(αξ0) and cgs2 = tanh
[
α(1− ξ0)

]
.

The strength of the stretching transformation is given by α ∈ (0,∞), how-
ever α is not directly comparable between the different transformations. This
means that the same α for different grid stretching transformations might give
different shapes and strengths of the grid stretching.
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5.9. Solution of linear systems

The discretisation of the governing equations using the FDM produces large
linear systems Au = b. The matrix A is banded and extremely sparse. For
system sizes with number of unknowns up to around O(Ns) ∼ 104, direct
methods are usually efficient enough for most applications. For larger systems
the most common solution method is by using an iterative approach. If the
same system is to be solved repeatedly, a part of the solution can be saved by
using decompositions or preconditioners. On the other hand, for moderate to
large systems, it never feasible to compute and store the inverse matrix A−1,
because of data storage limitation since the inverse matrix does not share the
sparsity of A (Strang 2007; Biringen & Chow 2011).

In this study the numerical code is implemented in the MATLAB program-
ming language (MATLAB 2016). One advantage of using MATLAB is the numer-
ous implementations of numerical methods for the solution of linear algebraic
systems. In this section, the use of such pre-implemented methods is discussed.
The discussion is focused on methods used within this study, with no intention
of being extensive.

5.9.1. Solution of the 2D Poisson equation

As discussed in section 5.5, a 2D Poisson equation needs to be solved in the
cross-stream plane for every spatial station. This gives rise to fairly small sized
linear systems of around 103 ≤ O(Ns) ≤ 104. These systems are probably most
efficiently solved by using direct methods. The MATLAB command x = A\b is an
implementation which takes advantage of the symmetry of the given problem in
order to minimize the execution time by choosing the most appropriate solution
method along several different direct methods.

Since the same system is to be solved repeatedly, by calculating a decompo-
sition of A during initialization, efficiency can be gained during actual solution
of the system. Possible candidates for decomposition of the matrix A are the
LU -decomposition (in MATLAB called lu(A)) and the Cholesky-decomposition
(in MATLAB called chol(A)). These decompositions produce upper and lower
triangular factors of A such that the system can be solved by forward and
backward solution steps. Here, the Cholesky-decomposition is applied which
requires that A is symmetric positive definite (SPD). This can be achieved by
decomposing −A instead of decomposing A itself. Even though A is sparse,
the Cholesky-decomposition may not be sparse because of fill-in produced by
performing the decomposition. It is therefore of interest to reorder the un-
knowns such that fill-in is minimized. In this study, the MATLAB implementation
symamd() for symmetric matrices is used to minimise the fill-in of the Cholesky
factor (Strang 2007; MATLAB 2016).
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5.9.2. Solution of the 3D Poisson equation

In section 5.7 a 3D Poisson equation arose in order to calculate the global
pressure correction applied after each marching sweep. This Poisson equation
is considerably larger than the 2D Poisson equation, with linear system sizes
ranging around 105 ≤ O(Ns) ≤ 107. Because of the the large size of the
linear system, direct methods become infeasible as data memory requirements
increase.

Instead, iterative methods can be used, which do not inherent the large data
memory requirements intrinsic for direct method. Several possible iterative
methods exist, from more simplistic Jacobi and Gauss-Seidel schemes to more
modern Krylov projections and multigrid methods. The Krylov method used
in this study is the conjugate gradient method (in MATLAB called pcg(A,b)),
which requires that the matrix A is SPD. In this method the new iteration
is taken such that the residual is orthogonal to the Krylov subspace. One of
the advantages with the conjugate gradient method over other Krylov methods
is the short recurrence, which allows for fast calculation of the new iteration.
A full description of the conjugate gradient method can be found in Strang
(2007).

When using an iterative solution method, the convergence can be accel-
erated by the use of preconditioners. The goal of the preconditioner is to
transform the original system into an equivalent system that is simpler to work
with from a numerical point of view. Two widely used preconditioners are
the incomplete LU -decomposition and the incomplete Cholesky-decomposition.
These are implemented in MATLAB, where they are called ilu(A) and ichol(A)

respectively. These decompositions are similar to their complete counterparts
but reduce the fill-in by dropping fill-in values smaller than a predefined thresh-
old.

As the drop tolerance decreases, the decomposition factors lose more and
more of their sparsity and their product becomes a better approximation of
A. Since the equation to solve is a finite difference discretisation of a PDE
(the Poisson equation), using the modified version of the preconditioners might
improve performance. The modified version preserve the action of the precon-
ditioner on constant vectors i.e. the finite difference matrices property of zero
row sums can be maintained (Strang 2007; MATLAB 2016).

Another solution method for large system sizes, which is especially efficient
on symmetric systems, is the multigrid method. The main idea of multigrid is to
use Jacobi and Gauss-Seidel iterations to efficiently remove the high frequency
components of the error and then change to coarser grids where the remaining
low frequency error has higher frequency. One of the solution methods used in
this study is the algebraic multigrid solver by Notay (2016). Algebraic multigrid
is a generalisation of geometric multigrid that only requires the problem stated
in the form Au = b and thus applies to a much wider range of sparse matrices
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A. However, this comes at the expense of lower convergence rate as compared to
geometric multigrid (Strang 2007). A full description of the multigrid method
is for example given in Briggs et al. (2000).

5.10. Flow and force model coupling

As discussed earlier in section 4.3, the body forces from the wind turbines
are dependent on the resulting flow field and vice versa. Therefore, in ellip-
tic formulations, as the one by Ebenhoch (2015), an iterative approach must
be adopted. However, in a parabolic space-marching formulation of the gov-
erning equations, the resulting body force can be updated within the space-
marching sweep. This prevents the need for an iterative approach when using
the fully parabolic equations. On the other side, the flow field from a space-
marching sweep using the partially parabolic approach is only preliminary, and
will change due to the introduction of the streamwise pressure gradient source
term. Despite the need for updating the force terms, this will not result in any
increase of the needed computational power since multiple sweeps are needed
anyway.

5.11. Numerical algorithm

By combining all the individual parts in this chapter, a numerical algorithm is
formulated. A flow chart representation of this algorithm can be seen in Figure
5.2. The algorithm starts with input data and operation conditions such as
the size of the domain, the positions of the wind turbines that are included
in the domain, the thrust coefficient and the tip-speed ratio. Thereby, an
initialisation phase is started where the FDM system matrices are constructed
with specified grid stretching, the force intensities and matrix factorisations or
preconditioners are calculated.

Then the velocity field is initialised according to the incoming velocity pro-
file and the global pressure field is guessed. When the initialisation phase is
completed, the space-marching procedure can begin. In the space-marching
procedure the velocity components are calculated by successively using force
components from the upstream station. When a space-marching sweep is com-
pleted, a global pressure correction is calculated using the source terms obtained
from the space-marching sweep. The pressure correction is under-relaxed and
added to the total physical pressure. The space-marching procedure is then
repeated until sufficient convergence is obtained for the flow variables.
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Input data and op-
eration conditions

Setup FDM system in-
cluding grid stretching

Calculate force in-
tensities Ix and Iθ

Calculate matrix factori-
sation and preconditioners

Initiate flow variables
u0, v0, w0 and guess p̂0

n = 0

while

rms(ϕn − ϕn−1) > ε

Space marching through
domain using p̂n and

calculating fx, fy and fz
from upstream velocity

Velocity components
un+1, vn+1 and wn+1

Calculate source term
Sp and solve for global
pressure correction p′

Update pressure esti-
mate p̂n = p̂n+1 + ωp′

n = n+ 1

Solution

Yes

No

Figure 5.2: Numerical algorithm for iterative solution of the partially parabolic
Navier-Stokes equations.



CHAPTER 6

Model Validation

In this chapter, an introduction to the single wind-turbine layout is given.
Thereby, four different validation cases are presented, all based on this layout.

6.1. Single wind turbine case

Because of the complexity of CFD models, it is impossible to assess the valid-
ity of the models embedded physics by any other means than comparison with
analytical solutions or experiments (Versteeg & Malalasekera 2007). In this
study, four validation cases based on analytical solutions and theoretical argu-
ments are performed. These cases are: actuator-disk theory, the linearised solu-
tion, the vortex method (Biot-Savart law) and the tangential force (Joukowsky
model) (Segalini & Alfredsson 2013; Sørensen 2016; Segalini 2014).

All the validations are based on the single wind turbine layout, where a
single homogeneously loaded rotor disk (wind turbine) is subjected to a uniform
wind profile, as illustrated in Figure 6.1. Despite the simplicity of the layout,
it is usually a challenge for numerical methods, because of the inviscid flow and
discontinuous load distribution close to the edge of the disk (Mikkelsen 2003).

The inviscid assumption is here introduced in the model by using a high
Reynolds number (Re = 10000). For cases including tangential forcing, the
tip-speed ratio is taken as λ = 6. Lastly, the domain used for most calculations
is Lx = 18D and Ly = Lz = 13D to ensure that the boundary effects have
small influence on the solution.

51
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Figure 6.1: Layout with boundary conditions (Réthoré & Sørensen 2008).

6.2. Actuator disk theory

The actuator disk theory test case is performed to verify that the model re-
produces the correct axial induction factor, thrust and power coefficient corre-
sponding to the input thrust coefficient for the single wind turbine case. The
axial induction factor is calculated by taking the average disk velocity and mak-
ing use of actuator disk theory. Thrust and power coefficients are calculated
by integrating the forces and torque within the actuator disk. The results of
the calculations are shown in Figure 6.2, 6.3 and 6.4
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Figure 6.2: Comparison of axial induction factor model result (an) and actuator
disk theory (a). Model simulation without tangential forcing is marked by
circles (◦) and with tangential forcing is marked with plus signs (+).



6.2. ACTUATOR DISK THEORY 53

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

cT

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
c
T
n

Figure 6.3: Comparison of thrust coefficient model result (cTn) and actuator
disk theory (cT ). Model simulation without tangential forcing is marked by
circles (◦) and with tangential forcing is marked with plus signs (+).
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Figure 6.4: Comparison of power coefficient model result (cPn) and actuator
disk theory (cP ). Model simulation without tangential forcing is marked by
circles (◦) and with tangential forcing is marked with plus signs (+). For
simulation results with tangential forcing, the power coefficient is calculated in
two ways: P = T ·Ud (blue) and P = Ω ·M (red). The dashed line corresponds
to power coefficient calculated using general momentum theory with tip-speed
ratio λ = 6 (Segalini 2014).
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6.3. Linearised solution

Koning (1935) derived an analytical solution for the inviscid axissymmetric
flow passing through an ideal and lightly loaded actuator disk in cylindrical
coordinates (x, r, θ) using the linearised Navier-Stokes equations. The solution
is given according to

p(x, r, θ) =
−∆p

4π

∫ 1/2

0

∫ 2π

0

r′xdr′dθ′

[r′2 + r2 + x2 − 2r′r cos(θ′ − θ)]3/2
, (6.1a)

u(x, r, θ) = U∞ −
p

ρU∞
− ∆p

ρU∞︸ ︷︷ ︸
only in the wake

, (6.1b)

where the coordinates x and r, are non-dimensionalised with the diameter of
the actuator disk and ∆p is the pressure drop in the streamwise direction over
the actuator disk. The integral in equation (6.1a) is evaluated numerically by
trapezoidal integration. Actuator-disk theory can be used to relate the pressure
drop with the thrust coefficient according to

∆p =
1

2
ρcTU

2
∞. (6.2)

In equation (6.1b), the wake region must be defined before calculating
the streamwise velocity. Since the equations are linearised and do not include
diffusion, it is here assumed that this wake region is exactly the region projected
downstream by the actuator disk. Furthermore, the linearisation assumption
means that the solution only is applicable to lightly loaded rotors with thrust
coefficient cT � 1 (Réthoré & Sørensen 2008). Therefore, a case is set up with
a low thrust coefficient of cT = 0.01 and uniform actuator disk loading (with
rectangular smearing).

A comparison between the model result and the analytical linearised so-
lution along the centerline is shown in Figure 6.5 and 6.6. The developed
model shows good agreement with the linearised flow solution for the cen-
terline streamwise velocity and pressure. Further comparison is done in the
spanwise (or radial since the flow is symmetric) direction. The results of this
comparison for velocity and pressure at different upstream and downstream po-
sitions are shown in Figure 6.7 and 6.8. Here, also the agreement is generally
good. However, some discrepancy between the model and linearised solution
for upstream velocity and pressure can be seen in Figure 6.7a and 6.8a. One
interesting point in Figure 6.7a is that the velocity minimum is located close to
the tip region. This is especially clear close to the actuator disk and consistent
with what is found in Mikkelsen (2003).

Lastly, the influence of the smearing parameter εx is investigated. A com-
parison between the two solutions for streamwise velocity and pressure with
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different values of εx is shown in Figure 6.9 and 6.10. From this comparison, it
can be seen that the smearing parameter εx has a significant influence on the
pressure and a small influence on the streamwise velocity. For the pressure,
increasing εx results in a lower pressure drop across the actuator disk and loss
of the discontinuity in pressure at disk center. This investigation motivates
the choice of εx ≤ 0.1. With increasing εx, the upstream deceleration of the
streamwise velocity is taking place earlier, as well as the total deceleration is
not as large.
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Figure 6.5: Comparison of model result and linearised flow solution for stream-
wise velocity along centreline with cT = 0.01.
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Figure 6.6: Comparison of model result and linearised flow solution for pressure
along centreline with cT = 0.01.
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Figure 6.7: Comparison of model result and linearised flow solution for the
streamwise velocity distribution in the spanwise direction at the up/down-
stream positions x = {0.5, 1, 2}.
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Figure 6.8: Comparison of model result and linearised flow solution for the
pressure distribution in the spanwise direction at the up/down-stream positions
x = {1, 1.5, 2, 2.5, 3}.
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Figure 6.9: Comparison of model result and linearised flow solution with εx =
{0.01, 0.1, 0.5, 1} for streamwise velocity along centreline.
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Figure 6.10: Comparison of model result and linearised flow solution with
εx = {0.01, 0.1, 0.5, 1} for pressure along centreline.
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6.4. Vortex method

The single wind turbine case can also be analytically approached by considering
an inviscid vortex sheet composed by helical vortices departing from the blade
tips and stretching to infinity downstream using the Biot-Savart law (Sanderse
2009; Medici et al. 2011). The concept of tubular vortex sheet is equivalent
to the concept of line tip vortices following a helical and root vortex at the
centreline for large number of blades. An illustration of the vortex line model
is depicted in Figure 6.11.

In the vortex model, all vorticity is confined to the surface of the tube, the
root vortex and the bound vortex swept by the blades that constitute the rotor
disk. At all other places, the flow is irrotational. This wake model is in general
too simplified since it neglects the radial variation of the bound vorticity. For
real rotors, the vorticity is shed from the entire blade, however the vortex model
still gives a good indication about where most of the vorticity is concentrated
especially for the optimal rotor for which the bound vorticity is approximately
constant (Sanderse 2009; Segalini & Alfredsson 2013). The centreline velocity
according to this approach is given as

u

U∞
= 1− a

(
1 +

2x√
1 + 4x2

)
, (6.3)

where the x-coordinate is in the downstream direction and has its origin at the
actuator disk location and a is the axial induction factor. The vortex sheet
theory is not only valid for lightly loaded rotors, meaning that equation (6.3) is
applicable in the full range 0 ≤ cT ≤ 1. Higher thrust coefficients than unity for
this inviscid model would result in reverse flow, which is not physical. A good
agreement can be seen between the vortex method and the model in Figures
6.12-6.15. However, increasing the thrust coefficient reduces the agreement,
especially downstream of the rotor. The model did not converge for thrust
coefficient higher than cT = 0.8, which is consistent with what is found by
Mikkelsen (2003).
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Figure 6.11: Illustration of the line vortex method (Sanderse 2009).
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Figure 6.12: Comparison of model result and vortex flow solution with cT = 0.2
for streamwise velocity along centreline.
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Figure 6.13: Comparison of model result and vortex flow solution with cT = 0.4
for streamwise velocity along centreline.
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Figure 6.14: Comparison of model result and vortex flow solution with cT = 0.6
for streamwise velocity along centreline.

-6 -4 -2 0 2 4 6

x/D

0.4

0.5

0.6

0.7

0.8

0.9

1

u
/
U
∞

Vortex method
Model (without rotation)
Model (with rotation)

Figure 6.15: Comparison of model result and vortex flow solution with cT = 0.8
for streamwise velocity along centreline.
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6.5. Tangential force

Using the imposed tangential forcing described in section 4.3, an analytical
expression for the resulting azimuthal velocity derived away from the centreline
where a regularisation has been applied. This azimuthal velocity is given by

uθ(r)

U∞
=
cTR

2λr
. (6.4)

This is valid under the assumption that no other effects (such as wake expan-
sion) are influencing the azimuthal velocity. In the model calculations that
include azimuthal velocity, there is also an axial force causing a pressure jump
at the actuator disk position and expansion of the wake. As the wake expands,
the rotational velocity maxima decreases since overall angular momentum must
be conserved. Therefore, in order to reduce the influence of the wake expansion
effect, the comparison with equation (6.4) is made very close to the actuator
disk at the streamwise position x/D = 0.6εx.

At this position all azimuthal forcing has been applied to the flow (by pass-
ing the actuator disk) and it is assumed that the wake expansion has not yet in-
fluenced the azimuthal velocity significantly. Furthermore, given the azimuthal
velocity in equation (6.4), the pressure must correspond to the centripetal force
and thus ensure that the vortex is moving in the circumferential direction. The
pressure is therefore given by

∂p

∂r
=
u2
θ

r
, (6.5)

with given boundary conditions. Equation (6.5) is here numerically integrated.
In order to be meaningful, the comparison must be done far downstream the
actuator disk where the pressure field caused by the axial thrust has little
influence. However, far downstream, the modelled azimuthal velocity will be
less than as stated by equation (6.4) because of wake expansion, resulting in
the need for smaller pressure difference to sustain the circumferential path.

Therefore, instead of using the irrotational vortex azimuthal velocity, the
model azimuthal velocity has been used for calculating the pressure together
with equation (6.5). This means that comparison should be done in terms of
shape and not absolute values. The boundary condition is implemented by
imposing that the model and analytical pressure must match at r/R = 1. The
result of the analysis is shown in Figure 6.16 and 6.17. Both comparisons show
a good agreement between the model and theory.
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CHAPTER 7

Conclusion and Future Work

In this chapter the study is concluded. First a summary of the main findings
with this study is given. Thereby, an outlook of possible extensions of this
study is presented.

7.1. Conclusion

The acuteness of climate change is becoming more and more evident as mea-
surement are collected. The energy sector is one of the largest contributors
to greenhouse gases emissions. It must, over the course of the next decades,
achieve carbon neutrality in order to limit the impact on livelihood of people
around the world. Renewable technologies such as solar and wind power have
the potential to significantly reduce the greenhouse gas emissions of the energy
industry, but their are still young technologies that need refinement.

This study aims to add to the body of knowledge in the field of wind turbine
aerodynamics through developing a simplified model of the physical phenom-
ena. In order to gain a understanding of the physics of wind turbines and their
wakes, an extensive review is performed on the topic, on both experimental re-
sults and the fundamental theory. Furthermore, previous developed models are
surveyed with extra emphasis on parabolic wake models that are investigated
further. In order to gain knowledge regarding development of computational
fluid dynamics algorithms, some fundamental topics (such as the governing
equations and treatment of incompressible flows through projection methods)
are discussed.

The main contribution of this study is the application of the partially par-
abolic Navier-Stokes equations to the field of wind turbine flow. The approach
allows for a fairly quick solution of the laminar partially parabolic Navier-Stokes
equations (or partially parabolic RANS with constant eddy-viscosity) for the
single wind turbine layout. Axial force (thrust) model presented is adopted
from Ebenhoch (2015), where it is calculated without explicitly using the free-
stream velocity. Furthermore, theoretical limits to the used smearing factor are
derived and verified numerically. The tangential force (torque) model is based
on the Joukowsky rotor.

The partially parabolic Navier-Stokes equations are solved using the finite
difference method on a stretched staggered grid. It is argued that boundary
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conditions are set by the layout of the staggered grid. Thus both the boundary
conditions and the grid layout must be chosen to be compatible each other and
the physical problem at hand. The streamwise pressure component is solved
for by using a globally iterative scheme. The result presented in Rubin (1982)
stating that forward pressure differencing is required for the a stable solution
of the partially parabolic Navier-Stokes equations with pressure source term is
confirmed through numerical experiments.

The developed model is validated using four different validation cases:
actuator-disk theory, linearised solution, the vortex method and tangential
force. All four validation cases show satisfactory agreement with the devel-
oped model. It is shown that the analytical solution (assuming infinitesimal
small disk width) is approached as the width of the actuator disk in the devel-
oped model is made smaller. Since the model is inviscid for validation purposes,
it is hard to achieve convergence while increasing the thrust coefficient above
cT ≈ 0.8. This is consistent with results reported in Mikkelsen (2003). The
validation case for the tangential force shows very good agreement outside the
region close to the centerline, where the velocity of the Lamb-Oseen vortex
unphysically goes to infinity.

7.2. Future work

In order for the developed model to possibly bring value to wind energy projects
in realistic settings, at least two extension must be made. The first is to
incorporate a wall treatment into the finite difference equations and the second
is adoption of a turbulence model. The wall treatment could possibly be done
by implementing a modification to Grid B, alternatively directly using Grid C.
When implemented, the wall treatment can be validated by introducing the
theoretical atmospheric boundary layer (ABL) and observe if the theoretical
solution is preserved at the domain outlet (Rodrigo & Moriarty 2015). The
introduction of a turbulence model could for example involve a k-ε turbulence
model or an explicit Reynolds stress turbulence model.

Moreover, several purely numerical improvements could be done in order to
accelerate convergence and increase the numerical robustness. These improve-
ments involve implementing an ADI scheme, increasing the accuracy of the
scheme to second order by implementing an Adams-Bashforth scheme for ad-
vective terms, a Crank-Nicolson scheme for diffusive terms and a second order
projection method. Since the most expensive calculation in the current setting
is the global Poisson equation, a backsweep integration of the streamwise mo-
mentum equation as described in TenPas (1990) might speed up convergence.
Lastly, it would be interesting to analyse the stability of the equations using a
von Neumann stability analysis.

Lastly, extending the model with atmospheric stability would allow for to
physically model most situations encountered in wind farm flow.
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