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Cooperative Manipulation and Identification of a 2-DOF Articulated
Object by a Dual-Arm Robot
Diogo Almeida

Yiannis Karayiannidis

Abstract— In this work, we address the dual-arm manipulation of a two degrees-of-freedom articulated object that consists
of two rigid links. This can include a linkage constrained
along two motion directions, or two objects in contact, where
the contact imposes motion constraints. We formulate the
problem as a cooperative task, which allows the employment of
coordinated task space frameworks, thus enabling redundancy
exploitation by adjusting how the task is shared by the robot
arms. In addition, we propose a method that can estimate the
joint location and the direction of the degrees-of-freedom, based
on the contact forces and the motion constraints imposed by
the object. Experimental results demonstrate the performance
of the system in its ability to estimate the two degrees of freedom
independently or simultaneously.

I. I NTRODUCTION
Dual armed robots are capable of executing a variety
of tasks typically performed by humans, facilitating the
design of systems that are meant to operate in humancentric environments [1]. In such environments, the need
for cooperation between robot and human, as well as the
execution of tasks under a significant level of uncertainties
is a common factor. The anthropomorphic nature of a dual
armed robot helps humans in predicting how the robot will
move, facilitating cooperation, and the two arms allow for
the execution of manipulation tasks independently of the
existence of environmental fixtures.
The traditional robotics applications are the large scale
manufacturing of goods such as cars, where operations like
welding and picking and placing are executed. These tasks
can be performed with minimal uncertainties, as the robot
environment is designed so that task relevant features are
provided to the system. Minor uncertainties can then be
compensated by the addition of force feedback to the robot
controllers.
However, when executing tasks outside well these structured environments, uncertainties can considerably deteriorate the performance of robot control algorithms. Typical
perception methods aim at reducing the uncertainties such
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Fig. 1: PR2 robot manipulating a 2-DOF articulated object.

that the robot executes its task successfully. For example,
vision allows the system to correctly identify a task relevant
object and estimate its pose [2]. When significant contact
forces are present, force and torque information at the
robot end-effectors can be exploited in order to identify
geometrical features of the contact task [3].
In this work, we explore the problem of identifying a
two degrees-of-freedom (DOF) articulated object which is
grasped by a dual-armed system, while subject to uncertainties in i) the exerted grasps and ii) the location of the
object’s joint. Such identification task can be useful, e.g.,
in an assembly task or in the verification process of an
assembly step, where checking for movement constraints
allows the robot to determine if two assembly parts are
mating correctly. Additionally, objects that are commonly
found in human-centric environments compose articulated
objects, e.g., scissors, boxes, doors and drawers. When such
objects are grasped by a dual-armed robot, knowledge of the
motion constraints and the location at which these constraints
are enforced allows the system to plan and control its motion.
We formulate the task in a cooperative fashion, allowing for the application of cooperative task space (CTS)
frameworks, which enable the optimization of manipulationrelevant indices. Furthermore, we leverage existing work on
door opening and contact point estimation [4], [5] to afford

the simultaneous identification of two DOF in a dual-armed
manipulation problem, which is verified experimentally.
We discuss related work in section II, and we present a
formal problem statement in section III. The proposed control
and estimation strategies are described in section IV. Finally,
we present an experimental evaluation of the individual and
simultaneous DOF estimation process followed by conclusions (sections V and VI).
II. R ELATED WORK
Manipulation of articulated objects is a common problem
when handling typical everyday objects, e.g., scissors, laptop
computers, pliers. Interactive perception algorithms are a
possible approach to determine the kinematics of articulated
objects [2], [6]–[8]. In general, these approaches use a
sequence of images of the manipulated objects to estimate
their kinematic properties, e.g., successive pictures of a door
being opened allows the system to estimate the direction
along which the door can translate or rotate.
Alternatively, the constraints imposed by an articulated
object can be estimated by exploiting force and torque
measurements at the robot wrist [4], [9]–[11]. In particular, the adaptive estimation method proposed in [4] allows
for the identification and controlled manipulation of door
mechanisms with either prismatic or revolute DOF. Force and
torque methods have the advantage of relying solely on the
physical contact state of the problem, and can thus work even
when there is significant to total occlusion of the manipulated
objects.
The assembly of two rigid objects can be modelled as
the manipulation of an articulated object. To better control
the assembly process, knowledge of the contact location is
crucial [5], [12]. Extended Kalman filters have been used
to estimate the contact dynamics between a rigid probe and
the environment, [3], where coefficients for environmental
stiffness and friction are obtained, besides the contact point
between tooltip and end-effector. Adaptive control methods
have also been used for tooltip calibration and the identification of the environmental surface slope [13]. More complex
manipulation tasks require tracking of multiple possible
contact states, and for that particle filters can be employed
[14].
Dual-arm systems offer increased versatility in manipulation tasks at the cost of higher complexity of the control
systems. For years, researchers have proposed several solutions for coordinating multiple arm systems ranging from
master/slave approaches to several forms of coordination
[15], [16]. CTS frameworks, in particular, represent the
manipulation task as an absolute and a relative motion
between end-effectors [17], [18].
In the CTS formulation, a task such as carrying a rigid
object grasped by both manipulators can be described as
the motion of a coordinate frame attached to the rigid body,
while relative motion should be regulated to prevent internal
forces. Alternatively, asymmetrical tasks such as opening a

Fig. 2: Dual-arm robot grasping a 2-DOF articulated object. The directions
where the object links are allowed to move relatively to each other are
marked in green and orange.

water bottle can be specified in terms of a relative motion
between the end-effectors. In this case, the absolute motion is
a functional redundancy of the system that can be explored.
The framework has been further developed to include, e.g.,
extensions with unit [19] or dual [20] quaternions to handle
singularities. An admittance control structure has been proposed in [21], where the coordinated task is defined using
only the relative motion space.
Alternatively to a CTS formulation, the problem of coordinated dual arm manipulation has been tackled through
optimization based approaches [22] or through alternative
models of the closed kinematic chain [23]. In addition, the
hierarchical quadratic programming formulation has been
used to handle redundancies present in humanoid robot
systems [24].
In the present work, we make use of the extended cooperative task space (ECTS) framework, introduced in [25]
and recently extended with performance indices [26]. This
framework generalizes earlier work in CTS by explicitly
adding a technique for balancing the task between the arms,
providing a simple way to connect uncoordinated, masterslave and coordinated arm motion techniques. The estimation
of the object’s directions of motion is based on velocity
control signals sent to the robot, similarly to [4], and the joint
location is estimated through force/torque measurements [5].
A significant distinction with respect to previous work is
the definition of the motion constraints. Contrary to [4], the
constraints cannot be directly defined in the robot grasping
frame and need to be expressed at the joint location, as shown
in the following section.
III. P ROBLEM DEFINITION
Consider a dual-armed robotic manipulator, rigidly grasping an articulated object composed by two rigid links, connected through a joint, Fig. 2. This passive joint constrains
the rigid links’ motion along two DOF. We consider the
case where one of the DOF is translational and the other
rotational. Additionally, assume that each end-effector of the
robotic manipulator is rigidly grasping a distinct link, and
that each arm is equipped with force/torque sensors at the
wrists.
Assuming a significant initial uncertainty on the motion
directions and joint state, we define a manipulation task for

the robot. This task is represented as a desired relative motion
of the object’s parts. On the following, we consider only
a kinetostatic formulation of the problem, i.e., inertial and
frictional forces are neglected in the derived models.
A. Kinematics
Let {hi } denote a generic coordinate frame, defined by
a translation pi ∈ R3 and rotation matrix Ri ∈ SO(3),
expressed in some reference frame. A vector v written in a
frame {hi } other than the reference frame is denoted as i v,
and the matrix b Ra ∈ SO(3) changes the basis of a vector
in frame {ha } to {hb }, such that b v = b Ra a v. Also, let
> >
3
a twist be denoted by vi = [ṗ>
i , ωi ] , where ṗi ∈ R
3
and ωi ∈ R represent respectively the linear and angular
velocity components. The matrix S(a) is the skew-symmetric
matrix that represents the cross product operation such that
a × b , S(a)b.
We assign four coordinate frames to the system composed
by the object and the two robotic end-effectors: two frames
{hei }, i ∈ {1, 2} for the two end-effectors, and two frames
{hci }, located at the joint position, pc . Each of these two
frames are kinematically attached to their own link.

Fig. 3: The articulated object’s kinematics are determined by two virtual
sticks. The linear and angular velocities of the joint are defined respectively
about and along a rotational and a tranlational DOF, k and t.

The length of r2 varies with the motion of either endeffector, and as such,
ṙ2 = ṗc − ṗe2 = S(ωe2 )r2 + Rc2 c2 ṙ2 .

Remark 1 While the rotational DOF is rigidly attached to
all the defined frames, the translational direction depends
only on the orientation of one of the links of the articulated
object. Conversely, the joint’s position in the world frame
depends only on the motion of the other link.

The quantity vs , −Rc2 c2 ṙ2 corresponds to a sliding
velocity at the joint position, which relates the motion of
both end-effectors,

Following the distinction between the two object’s links,
we adopt the semantic labels of surface and rod links for
respectively the link that supports the translational DOF and
the link which defines the contact point location. Additionally, we will use the index i = 1 to refer the rod link and
i = 2 for the surface link. As such, {he1 } and {hc1 } are
respectively the end-effector and joint frames kinematically
attached to the rod link, and {he2 }, {hc2 } to the surface
link. We will use {hc2 } as the C-frame (constraint-frame,
see [27]) where the object’s DOF are defined.
The passive joint’s position is related to the grasping points
by means of two virtual sticks,

Note that, if vs = 0, we have

ri = pc − pei i ∈ {1, 2},

(1)

and the assumption that the object’s links are being rigidly
grasped translates into the constraint
ωei = ωci i ∈ {1, 2}.

(2)

The definition of the rod link implies that c1 ṙ1 = 0. Given
that r1 = Rc1 c1 r1 ,
ṙ1 = Ṙc1 c1 r1 + Rc1 c1 ṙ1 = S(ωc1 )r1 .

(3)

By differentiating (1) and equating to (3) we obtain the
linear joint velocity in the reference frame,
ṗc = −S(r1 )ωe1 + ṗe1 ,
where the rigid grasp assumption (2) was used.

(4)

vs = S(r1 )ωe1 − S(r2 )ωe2 − ṗe1 + ṗe2 .

(5)

ṗc = −S(r2 )ωe2 + ṗe2 ,
that is, the surface link end-effector perfectly compensates
for the joint’s linear motion, and no relative translation
between the two links occurs. Thus, the sliding velocity must
be along the direction of the translational DOF of the object.
The relative orientation of the object can be expressed as
c1

Rr = R>
c1 Rc2 ,

which can be differentiated to obtain the known relationship
for the relative angular velocity,
ωr = ωc2 − ωc1 = ωe2 − ωe1 ,

(6)

where the last equality is a consequence of the rigid grasp
assumptions (2).
We define a relative twist as vr = [vs> , ωr> ]> , which is
> >
related to the end-effectors’ twists vi = [ṗ>
ei , ωei ] as
 
v
vr = G 1
(7)
v2
with the task Jacobian

−I3
G=
03

S(r1 ) I3
−I3 03

−S(r2 )
I3



following straightforwardly from (5) and (6), and where I3
is the 3 dimensional identity matrix.

B. Statics
The object’s joint imposes kinematic constraints on the
end-effectors’ motion. Consider the operator P̄(a) = I3 −
aa> , P̄(a) ∈ R3×3 , which projects a unit vector on its
orthogonal complement. We define t and k as unit vectors
along the motion directions such that
P̄(t)vs = 0

(8)

P̄(k)ωr = 0

expresses the motion constraints of the object. Furthermore,
we define the normal vector n = t × k.
Remark 2 The translational direction t is not necessarily
normal to the rotation axis k, as it is possible to conceive
an articulated object where a rotational motion is allowed
in a direction that is not normal to the translational motion
direction. A possible definition of the C-frame {hc2 }, for
scenarios where the translational and rotational DOF are
not collinear, is Rc2 = [t n × t n].
Any attempted motion on the orthogonal complements
(8) will generate reaction forces and torques, respectively
for the linear and angular velocities, due to the reciprocity
between force and velocity spaces [28]. In addition to the
motion constraints, the forces, fi , and torques, τi , at each
end-effector are related by the virtual sticks,
τei = −S(fei )ri i ∈ {1, 2},

(9)

where the assumption of rigid grasps is used to provide the
equality fei = fci .

Remark 3 Despite the fact that the distance between {he2 }
and {hc2 } is not constant, which is an assumption in [26],
the ECTS formulation (10) is compatible with the definition
of vr (7), which can be trivially verified when expanding
both equations.
A. Kinematic model
By aggregating the manipulators’ Jacobians as J =
diag{J1 , J2 }, we can construct an ECTS Jacobian as
JE = L(α)WJ,
such that
vE = JE q̇,
[q>
1,

(11)

>
q>
2]

being the concatenated joint vector of
with q =
the two robotic arms. The relationship (11) can be used to
solve the manipulation problem at the kinematic level.
Note that, to generate the joint velocities, we need to solve
(11) for q̇, which relies on the knowledge of the virtual
sticks ri . In the following subsections we illustrate a possible
solution for obtaining the virtual sticks, and how to estimate
the directions of motion which allow to specify vr .
B. Estimation of the joint position
The virtual sticks are related to the joint’s position through
(1). We obtain the joint’s position pc in the world frame by
employing a Kalman filter. The process model is given by
the joint’s position kinematics (4), which we rewrite as
ṗc = Apc + Bṗe1 + c,
with the process matrices defined as

IV. C ONTROL AND ESTIMATION
We modelled the articulated object such that the manipulation problem can be solved by a relative twist between the
two robotic end-effectors, as shown in section III-A. Such a
relationship is found in CTS frameworks, where an absolute
motion twist, va , is added, representing the components of
the end-effector twists along the same direction. We will
make use of the ECTS framework [26], which extends CTS
by adding the ability of choosing the degree of cooperation
between arms. An “ECTS twist” vE = [va> , vr> ]> is
defined, and related to the end-effector twists as
 
v
vE = L(α)W 1 ,
(10)
v2
where the linking matrix

αI6
L(α) =
−I6

A = S(ωe1 )

B = I3

c = −S(ωe1 )pe1

and the observation model can be written as
y = Cpc ,
where y and C are obtained from the force torque relationships (9),




τ − S(fe1 )pe1
−S(fe1 )
y = e1
C=
. (12)
τe2 − S(fe2 )pe2
−S(fe2 )
If we denote the contact point estimate by p̂c , the Kalman
filter observer is
p̂˙ c = Ap̂c + Bṗe1 + c + K(y − Cp̂c ),

(13)

with the Kalman gain K given by
(1 − α)I6
I6



defines how the end-effectors share the task, and the matrix
W ∈ R6×12 transforms the twists between frames. In this
case, it converts the twists from the frames {hci } to the respective end-effector frames {hei }, W = diag{W1 , W2 },
with


I3 −S(ri )
Wi =
.
O3
I3

K = PC> Q−1 ,
where Q represents the covariance of the assumed Gaussian
noise related to the observation error, and P is a covariance
matrix governed by
Ṗ = AP + PA> + R − PC> Q−1 CP,
with R modelling the assumed gaussian uncertainty on the
process model (4).

C. Control references and DOF estimation
The constraints on the joint’s motion (8) generate reaction
forces and torques when violated. This reaction wrench can
be exploited to identify the object while controlling the
robot’s motion, similar to previous work on door-opening
[4]. Our problem has however two significant distinctions:
first, the motion along the two DOF is independent, i.e., it is
possible to have a rotational motion without sliding velocity
and vice-versa, second, the point where the constraints are
enforced is not part of the robotic system and therefore the
reaction wrench cannot be directly measured.
While we can assume that the measured forces are exerted
along the same directions as at the joint location, due to the
rigid grasp assumption, measured torques are affected by (9).
The estimation is done in the surface frame {he2 }, as it is
related to {hc2 } by means of a constant rotation e2 Rc2 . Thus,
the DOF directions are invariant in this frame.
Given the online estimate of the translational direction, e2 t̂
and a desired velocity magnitude vd , we design the desired
reference velocity, e2 vref as follows:
e2

e2

vref =

e2

e2

t̂vd − P̄( t̂) vf ,

(14)

where e2 vf is a force feedback term which, for a desired
contact force between the object’s parts, e2 fd , works on the
force error e2 f̃ = e2 fe2 − e2 fd
Z t
e2
vf = αf e2 f̃ + βf
P̄(e2 t̂)e2 f̃ dτ,
(15)
τi
+

where αf , βf ∈ R are respectively the proportional and
integral control gains.
The underlying idea of the control strategy is to use
an estimate e2 t̂ such that the force regulation component
is along the orthogonal complement of the translational
direction. The estimate is updated by the following law,
where γt ∈ R+ is the adaptation gain:
e2 ˙

t̂ = −γt vd P̄(e2 t̂)e2 vf .

(16)

The reference velocity (14) can then be translated into the
desired sliding velocity by setting vs = Re2 e2 vref in the
ECTS controller.
We can estimate the rotational DOF in a similar fashion.
Considering the desired angular velocity magnitude ωd , we
set the reference relative velocity e2 ωref as
e2

ωref = e2 k̂ωd − P̄(e2 k̂)e2 ωτ ,

(17)

where the torque control loop is defined similarly to (15),
Z t
e2
e2
P̄(e2 k̂)e2 τ̃ dτ,
ωτ = ατ τ̃ + βτ
τi

with ατ and βτ being the proportional and integral control
gains. The estimated rotational direction is updated by the
following update law, with adaptation gain γk :
e2

˙
k̂ = −γk ωd P̄(e2 k̂)e2 ωf .

(18)

Remark 4 The desired velocities vd and ωd can be obtained
from a position loop aimed at regulating the state of the
object’s joint. In this case, the outer position loop will also
depend on the knowledge of the motion directions.
The laws (14), (16) and (17), (18) are based on the
adaptive control strategy [4]. The convergence proof relies
on the assumption that the error angle in the initial estimates
is smaller than π/2 radians in magnitude, and that the
commanded velocity is perfectly executed by the robot. The
latter is a reasonable assumption for (17), as the relative
angular velocity is a function of the velocities of the two
end-effectors, given in (6). The sliding velocity given in
(5) is however dependent on the virtual stick estimates.
Even if we assume perfect velocity control, the estimation
error dynamics are affected by disturbances, similar to [4].
However, in our case we can quantify the disturbance as a
function of the estimation error in the contact point:
ṽ = vs − v̂s = −S(p̃c )ωr ,

(19)

where v̂s denotes equation (5) when the joint location is
replaced by its estimate. Equation (19) implies that, in case
of a relative angular motion of the two end-effectors, the
translational DOF estimate will be affected by bias in the
joint position estimator. To deal with this problem, also arising in a single arm contact and surface estimation scenario,
only linear motion was considered in previous work [13].
Here, by adopting the strategy of [4], which is proven robust
for vanishing uncertainties, we avoid posing any assumption
regarding the type of motion of the two end-effectors.
Joint control can be achieved with the ECTS Jacobian as
†
q̇ = J#
E vE + (I14 − JE JE )ξ,

where J†E denotes the Moore-Penrose pseudo-inverse of JE
>
>
and J#
E = JE (JE JE + λI12 ) represents the damped least
squares inverse of JE . The variable ξ is used to optimize a
secondary performance criterion as presented, e.g., in [26].
V. E XPERIMENTAL EVALUATION
The identification method was evaluated over three sets
of experiments designed to showcase the DOF estimators
(16) and (18) working independently and simultaneously.
In the first two experiments we assume that the rotational
(translational) DOF is known or irrelevant and try to estimate
only the translational (rotational) DOF. The final experimental scenario showcases the performance of the system with
both estimators working. In all experiments, the location of
the object’s joint is assumed unknown, and we initialize the
observer process (13) with p̂c = p2 .
We used the controller gains αf = 0.015, βf = 0.03,
ατ = 0.5 and βτ = 0.25. The Kalman filter noise covariance
matrices were set as Q = 250I3 , R = 0.01I3 , with the initial
covariance estimate set to the identity, P = I3 . The adaptive
estimator gains were set as γt = 1000 and γk = 100, and
the ECTS linking number α was set to 0.5. These values

Fig. 4: Translational axis identification results. Forty consecutive trials are
depicted in gray, with the average being plotted in black. The commanded
> , 0 > ]> .
relative motion is of the form vr = [vref

Fig. 5: Rotational axis identification results. Forty consecutive trials are
depicted in gray, with the average being plotted in black. The commanded
> ]> .
relative motion is of the form vr = [0> , ωref

were kept constant across all the experiments. The reference
velocities vd and ωd were set as sinusoids of frequency 0.1
Hz. In the isolated experiments, we set the amplitude of the
vd sinusoid to 0.01 m/s, and the amplitude of the desired
angular velocity ωd was set to 0.1 rad/s. In the simultaneous
experiment, we halved the angular velocity amplitude. This
reduced the disturbances in the translational DOF estimation
due to (19).
Our experimental setup consists in a PR2 robot, which
grasps an articulated object that offers two DOF, Fig. 1.
The object is contructed such that the DOF are aligned with
{he2 }, allowing the definition of the ground truth directions,
see Fig 3. The robot is equipped with a single force/torque
sensor. As such, we adapted the measurement equation (12)
accordingly, by removing the entries relative to the arm with
the missing force/torque sensor. The sensor arm grasped the
surface link.

can be explained by friction during the translational motion
that offers a signal that is closer to fulfil the conditions
of persistent excitation needed for the estimation error to
vanish [13]. In a scenario where it is known beforehand
that the object has a single rotational DOF, the constrained
relationship between the linear and angular motion of the
end-effectors can be exploited to estimate the joint location,
as in [4].
The simultaneous estimation results are depicted in Fig. 6.
Both DOF estimates converge to an error of 0.05 radians in
average, after about 25 seconds. The joint position converges
faster than in the rotational DOF estimation scenario, aided
by the frictional forces that are induced by the translational
motion.

A. Discussion
In all the presented results, we computed the norm of
the contact point estimation error, kpc − p̂c k and the angle
between the estimated DOF and the ground truth directions,
respectively θt = acos(t> t̂) and θk = acos(k> k̂). Results
for the estimation of the translational DOF are plotted in
Fig. 4, where the average of the forty trials shows an error
of about 0.04 radians between the estimated DOF and the
ground truth data, after 25 seconds. The stand-alone estimate
of the rotational DOF converges to an error of about 0.03
radians on average, Fig. 5. An initial increase of the error
evolution can be explained by backlash in the object, due to
its imperfect construction. Initially the robot is able to rotate
the object’s links along the constrained motion directions in
the relative motion space. Once the backlash is traversed,
the torque signal enables the estimator to converge to the
correct direction. Note that the joint’s position estimate converges faster in the translational DOF experiment than in the
rotational DOF scenario, where a bias can be observed. This

VI. C ONCLUSION
In this article, we discussed the problem of identifying
the directions of motion of a two DOF articulated object
by means of dual-arm manipulation. We formulated the
manipulation problem as a relative motion of the two object’s
links, and integrated it as the relative motion component in a
CTS framework. The DOF identification process is executed
by two adaptive estimators, which make use of the object
joint’s constraints in order to update the DOF estimates by
means of gradient descent. The estimation of the translational
direction and the manipulation task rely on the knowledge
of the joint’s position, estimated by a Kalman filter. The
provided experimental results showcase the viability of the
approach. Estimates can be obtained independently for each
DOF, or both directions can be estimated simultaneously.
Despite the positive results, the approach is limited in the
sense that we assume a point contact at the joint location,
where no torque is applied. In practice, the line contact
enables the robot to induce a torque at the joint location,
which biases the estimates. We will investigate how different
estimation strategies, together with the employment a force
torque sensor at each arm’s wrist, can create more robust

Fig. 6: Results for the simultaneous identification of the two motion axis.
Forty consecutive trials are depicted in gray, with the average plotted in
> , ω > ]> .
black. The commanded relative motion is of the form vr = [vref
ref

estimates. Furthermore, we aim to investigate how the degree
of collaboration between the arms, α in equation (11), affects
the ability of the system to identify the grasped object, and
how the degree of collaboration can be adapted to favour the
identification process.
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