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Abstract
Frustration, or the inability to simultaneously minimise all local interactions is, a phenomenon occurring in a broad number of physical systems. We
will in this thesis focus on a class of frustrated ferromagnetic materials called
spin ices and how both numerical and experimental techniques can be used to
understand their properties. Spin ices show a number of peculiar properties
such as low temperature residual entropy and magnetic monopole excitations.
Considering a dipolar Hamiltonian model with exchange interactions we
verify a qualitative and previously established agreement with experimental
data of the quantity χT /C, where χ is the magnetic susceptibility, T the temperature and C the Curie parameter. We find a quantitative agreement by identifying that further near-neighbour interactions are sensitive probes of χT /C
and the neutron structure factor, in particular its zone boundary scattering
and relative peak intensities.
In systems passing from being governed by ferromagnetic interactions into
potentially ordered anti-ferromagnets at low temperature we define special temperatures in close relation with real gases. These temperatures enable a new
classification of “inverting” magnets of which spin ice is a member.
Due to rich complex long-range interactions in spin ice and a high sensitivity of the quantity χT /C, we identify demagnetising corrections to be crucial
in extracting the correct physics. Apart from previously reported results we
find the demagnetising factor to be clearly temperature and lattice structure
dependent and not just shape dependent. The large moment of the Dy ions in
Dy2 Ti2 O7 thus implies that an incorrect demagnetising treatment can shift the
important features in χT /C outside of the relevant temperature range considered. Employing our refined demagnetising theory we obtain good agreement
with experiments down to sub-kelvin temperatures.
The magnetic ions in spin ice enable neutron scattering as an excellent tool
to study spin ice. A massively parallel computer code is developed in order to
obtain high resolution neutron scattering factors in Fourier space. These high
resolution charts are in good agreement with carefully verified experimental
data down to 350 mK.
Key words: geometrical frustration, spin ice, Monte Carlo simulations, demagnetising theory, special temperatures, Ewald summation, neutron scattering, structure factors, loop algorithms, parallel tempering, frustrated ferromagnets, equilibration issues, long-range interactions, exchange interactions.
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Sammanfattning
Frustration eller oförmågan att samtidigt minimera alla lokala interaktioner är ett fenomen som förekommer i ett stort antal fysikaliska system. Vi
kommer i denna avhandling att fokusera på en klass av frustrerade ferromagnetiska material som kallas spinn is och hur både numeriska och experimentella
tekniker kan användas för att förstå deras egenskaper. Spinn is uppvisar ett antal speciella egenskaper såsom lågtemperaturresterande entropi och magnetiska
monopolexcitationer.
Uifrån en given dipolär Hamiltonian med växelverkanstermer, finner vi kvalitativ överrensstämmelse med experimentell data för χT /C, där χ är den
magnetiska susceptibiliteten, T temperaturen och C Curie-parametern. En
kvantitativ överrensstämmelse kan erhållas genom att identifiera och justera
kortavstånds-interaktionerna, som dessutom är känsliga instrument för förändringar i χT /C och neutronstrukturfaktorn, i synnerhet dess zongränsspridning
och relativa toppintensiteter.
För system som vid höga temperaturer är ferromagneter och som övergår
till anti-ferromagneter vid låga temperaturer definierar vi speciella temperaturer i nära analogi med en klassisk gas. Dessa speciella temperaturer möjliggör
en ny klassificering av magneter som vi döpt till “inverterande” magneter, av
vilken spinn is är en medlem.
På grund av en rik komplex långavståndsväxelverkan hos spinn is och den
höga känsligheten hos χT /C är det av yttersta vikt att korrekt identifiera relevanta demagnetiseringskorrigeringar för att kunna extrahera rätt fysik. Bortsett från tidigare rapporterade resultat finner vi att demagnetiseringsfaktorn
är både temperatur- och gitterstrukturberoende och därigenom inte bara beroende av formen på provet. Det stora momentet hos Dy-jonerna i Dy2 Ti2 O7
bäddar sålunda för att en felaktig demagnetiseringskorrektion kan flytta relevant fysik i χT /C utanför det aktuella temperaturområdet. Med hjälp av
vår demagnetiseringsteori får vi god överensstämmelse med experiment ner till
sub-kelvin-temperaturer.
De magnetiska jonerna i spinn is gör det möjligt att använda neutronspridning för att experimentellt studera spinn is. En massivt parallell datorkod utvecklas för att beräkna neutronspridningsfaktorer med hög upplösning i Fourierrymden. Dessa högupplösta neutronkartor överensstämmer väl med noggrant
verifierat experimentellt data ner till 350 mK.
Nyckelord: geometrisk frustration, spinn is, Monte Carlo simuleringar, demagnetiseringsteori, speciella temperaturer, Ewaldsummering, neutronspridning,
strukturfaktorer, loopalgoritmer, parallel tempering, frustrerade ferromagneter, ekvilibreringsproblem, långavståndsväxelverkan, kortavståndsväxelverkan.
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Preface
This thesis contains and outlines the results of my research carried out at the Department of Theoretical Physics from February 2014 to December 2016 and at the
Department of Physics from January 2017 to May 2018, both at KTH Royal Institute of Technology. The thesis is divided into two parts; first, an introduction,
relevant for the scientific papers, to the area of magnetic frustration, spin ice, Monte
Carlo methods, neutron scattering and demagnetising factors. Second, the scientific
papers which are the results of my graduate studies. The papers are listed below.
List of papers included in this thesis
I M. Twengström, L. Bovo, M. J. P. Gingras, S. T. Bramwell and P. Henelius,
Microscopic Aspects of Magnetic Lattice Demagnetizing Factors, Phys. Rev.
Materials. (2017) 1:044406
II L. Bovo, M. Twengström, O. A. Petrenko, T. Fennell, M. J. P. Gingras, S.
T. Bramwell and P. Henelius, Special temperatures in frustrated ferromagnets,
manuscript accepted in Nature Communications.
III S. R. Giblin, M. Twengström, L. Bovo, M. Ruminy, M. Bartkowiak, P. Manuel,
J. C. Andresen, D. Prabhakaran, G.Balakrishnan, E. Pomjakushina, C. Paulsen,
E. Lhotel, L. Keller, M. Frontzek, S. C. Capelli, O. Zaharko, P. A. McClarty, S.
T. Bramwell, P. Henelius, and T. Fennell, Pauling entropy, metastability and
equilibrium in Dy2 Ti2 O7 spin ice, manuscript sent to Physical Review Letters.
The thesis author’s contribution to the papers
I I wrote all the code, performed the simulations and made the comparisons to
the experimental data. I participated in writing the paper and made all the
figures.
II I wrote most of the code, performed the simulations and made the comparisons
to the experimental data. I participated in writing the paper and made all the
figures.
III I participated in one of the experiment, I wrote the code in close collaboration
with J. C. Andresen, I performed all simulations and made the comparisons to
vii

viii

PREFACE
the experimental data. I took lead in writing the paper together with S. R.
Giblin and I made all the figures.
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Awarded for pursuing research on spin ices, to use as funding for buying a computational
cluster.

Dec 2014

Olle Erikssons Stiftelse för Materialteknik, (25 000 Sek)
Awarded for my research as a PhD student, to use as funding for presenting results at the
conference APS March Meeting in San Antonio, Texas.

Oct 2014

Olle Erikssons Stiftelse för Materialteknik, (18 400 Sek)
Awarded for my research as a PhD student, to use as funding for participation in a Theory
Winter School on New Trends in Frustrated Magnetism in Tallahassee, Florida.

xi

Contents
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Sammanfattning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Preface

iii
iv
vii

Acknowledgements

ix

Scholarships

xi

Contents

xii

I Background and introduction to the papers

1

1 Introduction
1.1 Frustration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 Demagnetisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3
4
5

2 Spin ice
2.1 The discovery of spin ice . . . . . . . . . . .
2.2 Properties of spin ice and origin of its name
2.3 Dipolar model of spin ice . . . . . . . . . .
2.4 Spin ice and magnetic monopoles . . . . . .

.
.
.
.

7
7
8
11
13

.
.
.
.

17
17
23
30
35

4 Introduction to scientific papers
4.1 Demagnetising effects . . . . . . . . . . . . . . . . . . . . . . . . . .
4.2 Special temperatures and the χT /C quantity . . . . . . . . . . . . .
4.3 Neutron scattering and equilibration issues . . . . . . . . . . . . . .

43
43
46
48

5 Summary and conclusions

51

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

3 Computational and experimental methods
3.1 Monte Carlo methods . . . . . . . . . . . . . . . . . . . . .
3.2 Ewald summation and long-range order . . . . . . . . . . .
3.3 Neutron scattering and magnetic correlations . . . . . . . .
3.4 Monte Carlo and iterative methods for demagnetising fields

xii

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

CONTENTS

xiii

Bibliography

53

II Scientific Papers

61

Part I

Background and introduction to
the papers

1

Chapter 1

Introduction
“Our whole universe was in a hot dense state
Then nearly fourteen billion years ago expansion started. Wait...
The Earth began to cool
The autotrophs began to drool
Neanderthals developed tools
We built a wall, we built the pyramids
Math, science, history, unraveling the mysteries
That all started with the big bang! ”
- Lyrics from the Big Bang Theory theme
Humanity has been curious from the very beginning of our evolution. We have
learned from our surroundings and adjusted accordingly, even though the path
might not have been that straight. This thesis has a strong focus on the concept
of magnetism which in a historical perspective has played an immense role in the
learning process of humans, due to the fact that magnetic objects occur naturally.
The discovery of magnetism dates back to ancient Greece and China, where
reports of magically attracting objects led to superstitious thoughts among the
people. The ability of a lodestone (which were the first discovered objects to possess
ferromagnetic properties) to attract for example iron without any physical contact
is quite remarkable, and understandably it was seen as magic at the time. Years
passed and magnetism found its use in compasses, since the earth can be seen as
an enormous magnet with its liquid iron core.
The real scientific understanding of magnetism came with the Maxwell’s equations formulated by Maxwell, Heaviside and Hertz in the mid 1800s, relating both
electricity and magnetism to physical forces. Nevertheless, a piece of the puzzle
was still missing and it all fell into place when quantum mechanics was developed
along with the discovery of the electron’s, proton’s and neutron’s intrinsic magnetic moment, i.e. angular momentum or spin. The study of large numbers of
interacting microscopic particles is called many-body physics and is today a well
3
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established field within physics. In magnetism, in particular, the construction of
models from a viewpoint of interacting electrons through exchange interactions and
dipolar interactions are fascinating and the reason for the very existence of this thesis. Many-body physics is not just limited to magnetic systems but other areas of
physics have proven to benefit greatly from theories of solids and fluids in general,
even astrophysical applications can be found.
What causes the striking success of many-body physics is perhaps the way of
describing often peculiar and unfamiliar phenomena on a macroscopic level by researching the microscopic world of quantum mechanics. One phenomena which we
all (generally) experience on a daily basis is the freezing and melting of water and
ice. The strong many-body interactions of the water molecules can be modelled to
understand how water can be transformed into a solid by lowering the temperature,
thus making the thermal bond breaking forces diminish.
Many-body physics would not be possible without the intricate development of
experimental tools and methods since the very beginning of the physical science. As
of today, the number of available techniques for probing physics on an atomic level
or beyond is extensive. The work presented in this thesis relies heavily on close collaborations with experimentalists where theory and modelling have been delivered
from my end. In order to probe magnetic attributes and properties, a vast range of
experimental methods are at our disposal, they include foremost Superconducting
Quantum Interference Devices (SQUIDs) and neutron scattering instruments.
The rest of this chapter will discuss and introduce two fundamental physical
concepts, namely frustration and demagnetisation to help pave the way for the
main protagonist of this thesis: spin ice.

1.1

Frustration

In the study of many-body systems, the Hamiltonian often has a global symmetry
which is spontaneously broken by a phase transition. Frustration is defined as the
inability to satisfy all local energy interactions of a system simultaneously thus
introducing massive degeneracy in the ground state.
Frustration can arise in three major different ways, first, geometrical frustration
due to the limitations and restriction of the geometrical structure of the lattice, second, competing interactions (e.g. the J1 −J2 -model [1]), third, randomly distributed
exchange couplings or long-range exchange. The first and second different kinds of
frustration are depicted in Fig. 1.1.
The concept of frustration was investigated by Pauling in his 1935 paper treating water ice [2], even though at the time the term frustration was yet to be coined.
The most archetypical example of frustration, the case of the triangular Ising ferromagnet, was treated in two papers, both published in 1950 [3, 4], nevertheless it
took another 26 years before the concept was awarded the name frustration. On a
blackboard in Aspen, P.W. Anderson wrote the sentence “Frustration is the name
of the game” in 1976 and in the following year the term frustration was used in three

1.2. DEMAGNETISATION
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Figure 1.1: Left, geometrical frustration: The spins interact antiferromagnetically,
which enforces an impossible constraint on the spin replacing the question mark.
Right, frustration through competing interactions: Bonds may exhibit equal interaction signs, competing interactions through different strengths of J1 and J2 can
induce frustration.

publications on spin glasses [5–7] which exemplify the third type of frustration induced by randomness. In the case of magnets the term frustration was introduced
by G. Toulouse [6] in 1977. This random frustration is actually considered to be
one of the pre-eminent sources of the spin glass behaviour, and disorder the other
one. For an introduction to spin glasses the reader is referred to an introductory
paper by S.F. Edwards [8] and a textbook by G. Parisi [9].
We have already touched upon geometrical frustration, where the underlying
lattice structure enforces degeneracy. Given this scenario, it is foreseen that the
degeneracy can be lifted by ordering, which might stem from perturbations in the
system.
The field of geometrical frustration opens up a smorgasbord of experimental
studies, since the existence of substances where it can both be studied and realised
are vast. Among the most studied materials are garnets [10], spinels [11], spin
ice [12], Kagomé ice [13] and thin film 2d materials [14] where neutron scattering
can be used to probe signatures of frustration by short-range correlations signified
by broad peak responses. Various magnetic measurements can indicate existence of
frustration via the frustration index [15], which is a ratio of the Curie-Weiss temperature and a system-specific transition temperature. Heat-capacity measurements
can also reveal residual entropy as a strong indicator of frustration.

1.2

Demagnetisation

Magnetic fields can be produced in two different ways; from moving electric charges
(currents) and via the magnetic moment of an elementary particle’s spin [16, 17].
Magnetic fields in turn can induce magnetisation in a material on a global and/or
local level, which ultimately leads us to the concept of demagnetisation. Demagnetisation is a name for the counteracting field that the induced magnetisation of
a magnetic field enforces on said field. A consequence of the counteracting field is
that in an experiment the external magnetic response (susceptibility) of an induced

6
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magnetisation is accessible and not the internal response, which makes classification and general exemplification difficult. Demagnetising theory seeks relations and
understanding of how to correct the external susceptibility in order to obtain the
internal equivalent.
Defining the necessary macroscopic entities of magnetic field B, magnetic strength
H and magnetisation M with “int” and “exp” for intrinsic or internal and external
or experimental respectively, the internal magnetic strength may be written as:
Hint (r) = Hexp (r) − N (r, χ) M (r) ,

(1.1)

where N is the demagnetising factor, which is a universal property that depends on
both the shape of the material in question as well as the intrinsic susceptibility.
A material’s linear response, i.e. susceptibility, to a magnetic field can be described only via the value of N , thus making it a well studied subject in classical
electrodynamics. It was realised (and solved for simple shapes) already by Poisson
and Maxwell that the determination of N is a fundamental problem. However, the
first tabulation of N came in the 1940s by Osborn [18] and Stoner [19] where they
treated the case of a general ellipsoid, which can be solved analytically due to the
uniform internal field and magnetisation. Only recently did Aharoni [20] tabulate
N for cuboids, which is perhaps a more common physical form of an experimental
sample than an ellipsoid, but more intricate since the internal field and magnetisation are non-uniform for non-ellipsoidal shapes. The issue of determining N for
lattice based systems such as spin ice is the main subject of paper I and in subsequent chapters we will show that N itself is dependent on the value of χint [21, 22]
and what complications follow from this feature.
A material is generally magnetisable in more than one single direction and
eq. (1.1) can be generalised to include all three principal axes needed for a full
cover (the reader is referred to section 3.4). However, here we may simply present
the following definitions:
χexp =

∂M
,
∂Hexp

χint =

∂M
,
∂Hint

(1.2)

which defines the external susceptibility which is directly measurable via an experimental probe and the intrinsic susceptibility being entirely shape independent
and a universal measure for the specific material in question. Hence, introducing
eq. (1.2) into eq. (1.1) the relation of the intrinsic and external susceptibility can
be expressed as
1
1
=
− N,
(1.3)
χint
χexp
where it is readily seen that if N = 0, there is no demagnetisation and the intrinsic
and external susceptibility are equal, which motivates why materials that can be
constructed in a needle like fashion do not need any demagnetising corrections due
to an infinite needle having a demagnetising factor of N = 0.

Chapter 2

Spin ice
As described in the previous chapter, frustration in water ice constitutes an astonishing example of a disordered system, foremost due to water ice violating the third
law of thermodynamics. In this chapter we will introduce the material called spin
ice, a frustrated ferromagnet residing on the pyrochlore lattice.

2.1

The discovery of spin ice

The first experimental studies leading up to the discovery of spin ice were made
by Harris et al. in 1996 [12, 23] and it was in the first of the two papers that
the name spin ice was coined. The study presented in ref. [23] involved a muon
spin relaxation (µSR) experiment performed on the pyrochlore magnet Ho2 Ti2 O7 .
Contradictory to the hypothesis, that Ho2 Ti2 O7 is a frustrated antiferromagnet
where a phase transition to a magnetically ordered state is absent down to subkelvin temperatures, the (µSR) experiments, strengthened by neutron scattering
experiments, showed the material to be a frustrated ferromagnet with a CurieWeiss temperature of θCW = 1.9 ± 0.1 K as presented in ref. [12]. Interestingly, the
study additionally showed no signs of impending order to a magnetic ordered state
down to 50 mK.
This was a remarkable discovery since it was the first experimental evidence of a
frustrated ferromagnet. The additional neutron scattering experiments performed
revealed a clear grouping of diffuse magnetic scattering at the Brillouin zone centres
(see Fig. 2.1) which is a strong evidence of ferromagnetic spin-spin correlations
rather than antiferromagnetic ones.
At the time, few Ising like materials with large moments were known, LiHoF4
being the most prominent one [24, 25] and it served as a guide for spin ice to be
described by Ising spins pinned to a local quantization axis as was derived from
a powder magnetization experiment reported in ref. [12], which will be discussed
further once the microscopical properties of spin ice have been introduced in the
next section.
7
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Figure 2.1: Figure showing the diffuse neutron scattering of Ho2 Ti2 O7 at the three
temperatures 0.35, 1.8 and 42 K along the (hh0)-direction in reciprocal space. A
clear build-up of diffuse magnetic scattering can be seen at the zone centre for the
lowest temperature. Reprinted figure with permission from ref. [23].

2.2

Properties of spin ice and origin of its name

The pyrochlore lattice
Spin ice is a group of chemical compounds that derive its name from the close resemblance to water ice, at least at a topological level. The microscopic structure
of spin ice is a collection of magnetic rare-earth ions that occupy the pyrochlore
lattice with the space group Fd3̄m, or more specifically, a chemical compound with
the formula A2 B2 O7 where the magnetic A3+ are the rare-earth ions residing on
the pyrochlore lattice. The (non-)magnetic B site ions (B4+ ) also lie on an interpenetrating pyrochlore lattice.
The pyrochlore lattice is more easily understood, as derived from the full space
group F 41 /d
√ 3̄ 2/m, as four face-centred cubic (fcc) lattices which are dislocated by
a factor 1/ 8 in the pairwise orthogonal lattice vector directions. Hence, we may
view the lattice as an fcc lattice with a four site basis with lattice vectors:
(0, 0, 0)

(1, 1, 0) b
4

(0, 1, 1) b
4

(1, 0, 1) b
,
4

(2.1)

where b is the length of the cubic unit cell of the fcc lattice. Studying the lattice
vectors closer, it is readily seen that they define a homogeneous tetrahedron such
that the pyrochlore lattice is a structure of corner-sharing tetrahedra. The minimal
cubic unit cell of the pyrochlore lattice is depicted in Fig. 2.2.

2.2. PROPERTIES OF SPIN ICE AND ORIGIN OF ITS NAME
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Figure 2.2: The minimal cubic unit cell of the pyrochlore lattice consisting of 16
lattice sites (corners of the tetrahedra are the sites). The spins reside on the corners
of the tetrahedra and their respective lattice vectors will be given in the next subsection where we discuss crystal fields. Further, there are two kinds of tetrahedra
called the “up” and the “down” where the down (up) one is defined by the lattice
vectors (change sign) in eq. (2.1) being the corners of such a tetrahedron. These
will prove important when we discuss Monte Carlo algorithms for spin ice.

Crystal fields and spin structure of spin ice
Having defined and presented the geometrical structure of the spin ices, we now
turn to the magnetic structure and properties of the magnetic ions residing on the
corners of the tetrahedra. The directions of the spins and their mixing is strongly
governed by the materials’ inner crystal fields, i.e. the electron orbital states and
the breakdown of the corresponding degeneracies from the electric field produced by
the surrounding charge distribution [26]. Primarily, this applies to d and f orbitals
of which the rare earth elements have unpaired electrons in either or both of these
orbitals.
Applying Hund’s rules to Dysprosium (Dy3+ ), a 16-fold degeneracy and the
good quantum number J is determined. The ground state electron configuration
is [Xe]4f 9 which by Hund’s rules fixes J to J = 15/2 and a magnetic moment
µ ≈ 10µB along with a gJ -Landé factor of 4/3. Interestingly, the first excited
crystal field state of Dysprosium in the spin ice material Dy2 Ti2 O7 is of the order of
370 K, which makes the crystal field ground state an almost pure Kramers doublet

10
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|15/2, ±15/2i [27, 28].
The large energy gap between the crystal field ground state and the first excited
crystal field state reduces the admixture of other states, and experiments based
on neutron scattering and crystal field measures confirm this [29–31]. The spins
fulfil a local easy-axis anisotropy that forces the spins to point in the local h1, 1, 1idirections [32].
In Fig. 2.3 the smallest building block of a spin ice is shown, namely a tetrahedron. The four spins of a tetrahedron include all the possible directions a spin can
have in a spin ice material and they are given by:
1
S0 = √ (1, 1, 1)
3
1
S2 = √ (1, −1, −1)
3

1
S1 = √ (−1, −1, 1) ,
3
1
S3 = √ (−1, 1, −1) ,
3

(2.2)

where the spins are defined positive when pointing into a down-tetrahedron.

Figure 2.3: A tetrahedron with four spins showing that the spins can point either into or out of a given tetrahedron along its local h1, 1, 1i axis. The depicted
tetrahedron is in one of its 2-in-2-out ground states. The spins point towards the
middle of each tetrahedron where the midpoints define a dual diamond lattice to
the pyrochlore lattice.
Given the h1, 1, 1i anisotropy, one might ask what the ground state of spin ice is.
As described in the introduction of chapter 2, spin ice is a frustrated ferromagnet
where the ground state consists of connected tetrahedra, where each tetrahedron
has two spins pointing inward and two spins pointing outward. This ground state
will be of particular importance and is named the 2-in-2-out state, which presents
the analogy to water ice in a clear and profound way [2, 12] since water ice also
exhibits a 2-in-2-out ground state where two hydrogen atoms freeze close to the
oxygen and two further away thus explaining why spin ice was named spin ice.
From the analogy with water ice, spin ice exhibit constraints given by the ice
rules [33] and should defy the third law of thermodynamics as the spins prefer to

2.3. DIPOLAR MODEL OF SPIN ICE
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align but are unable to do so due to the h1, 1, 1i anisotropy thus making the ground
state massively degenerate. The zero point entropy may in a similar fashion to
Pauling’s argument be calculated [2].
Consider an independent tetrahedron of 4 spins, then there are a total of 16
possible ways to arrange the spins and 2N ways in a system with N particles. The
spins are shared between the tetrahedra which makes 4 states available per tetrahedron. Furthermore, there are 6 different configurations of a single tetrahedron
which fulfils the ice rules. Hence, the Pauling entropy in this approximation is
  N /2
 
6
N kB
3
S (T  1 K) ≈ kB ln 4
=
,
ln
16
2
2

(2.3)

where kB is the Boltzmann’s constant and the exponent of N /2 stems from the fact
that there are N /2 tetrahedra. The obtained entropy is within a few percent of
experimental measurements as indicated by ref. [34].

2.3

Dipolar model of spin ice

The antiferromagnetic Ising model on the pyrochlore lattice is an unfrustrated system whilst its ferromagnetic version is frustrated, in contrast to more common Ising
models e.g. on the triangular lattice. In the early days of spin ice the first proposed
model was the ferromagnetic Ising model (on the pyrochlore lattice). However,
this first model started a paper publishing race of incorporating more furtherneighbour interactions (i.e. cut the dipolar term further and further away) after
it was suggested by Siddharthan et al. that dipolar interactions might prove to be
the key [35, 36]. The race of incorporating more and more exchange terms up to
a certain cut-off lead the community to believe the existence of a phase-transition
that was a mere consequence of the cut-off. However, in the year 2000, a study
was performed where the nature of the dipolar-dipolar interaction was incorporated
using Ewald summation [37] (which will be discussed extensively in chapter 3).
Only a year later Bramwell et al. published a paper [38] where strong evidence
of the dipolar-dipolar interaction was given as the dominant reason for the spin ice
behaviour. A very good match to specific heat data was shown, based on Monte
Carlo simulations of the model presented in eq. (2.5). Furthermore, they showed an
outstanding theoretical reproduction of the experimental neutron structure factor
(see chapter 3) of Ho2 Ti2 O7 . In Fig. 2.4 the structure factors for experiments and
theory are presented as given in ref. [38]. A great deal of the research presented in
this thesis has been devoted to fine tuning of the scattering function for Ho2 Ti2 O7
and Dy2 Ti2 O7 .
The dipolar interactions are inherently frustrated and might be the foremost
reason why spin ices are so intriguing to study. The full long-range Hamiltonian of
spin ice can be written as follows
H = HCF + HH + HInt ,

(2.4)
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Figure 2.4: Neutron structure factor for Ho2 Ti2 O7 in the reciprocal (h, h, l) plane.
Left: experimental data, middle; Monte Carlo simulation of the dipolar model with
nearest-neighbour exchange, right: nearest-neighbour model. The red dots in the experimental charts are of non-magnetic origin and may thus be neglected. Reprinted
figure with permission from ref. [38].

where HCF describes the energy level transitions of the crystal fields discussed in
section 2.2 and will be neglected in further treatment in this thesis since it is close
to constant at sufficiently low temperatures where we are interested in studying
spin ice. The HH term describes the interactions every dipolar spin has with an
applied magnetic field. For even the strongest magnetic fields the energy scale
is of several orders less than the crystal field at temperatures lower than 20 K.
The magnetic field term of the Hamiltonian has proven to be an important tool for
determining various properties of spin ice, such as magnetic field induced transitions
and exchange parameter tuning [39–41]. We have not explicitly treated this term
in this thesis, but we have heavily relied on research stemming from its use. Finally
we are presented with the HInt which describes the long-range dipolar interactions
and the exchange interactions of the spins.
Interestingly, the energy scale of the HInt term is in the range of centikelvins
which enables the treatment of spin ice as being governed by this term since it
is small compared to the large and almost constant crystal field Hamiltonian at
temperatures of interest. The processes of obtaining such a Hamiltonian can be
found in [42]. However, here we will simply present the Hamiltonian and discuss its
importance.
We simplify the notation and write the Hamiltonian as follows,
"
#
X
X Si · Sj
(S
·
r
)
(S
·
r
)
i
ij
j
ij
HInt =
Jij Si · Sj + Da3
−3
,
(2.5)
3
5
rij
rij
i>j
i>j
where the Si are one of the four vectors given by eq. (2.2), a is the nearest neighbour
µ0 µ2
distance, D is the dipolar constant given by D = 4πa
3 k , µ is the magnetic moment
B
strength and Jij is a matrix describing the coupling strength between particle i and
j. In this thesis, we treat the exchange interactions given by first neighbour interac-
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tion strength J1 , second neighbour interaction J2 and third neighbour interactions
J3a , J3b (since there are two third nearest neighbours with different symmetry).
To tie back to where this section started: during the development of the theory in
the early days of spin ice, a short-range effective model was proposed and was named
the near-neighbour model (including a few number of short-range interactions, i.e.
neighbours such as first, second and third etc.) out of which the nearest neighbour
(only including the nearest neighbour interaction) version has exactly the estimated
residual Pauling’s entropy derived in section 2.2. The nearest-neighbour model
is a successful approximation of the full dipolar Hamiltonian due to the dipolar
interaction being close to perfectly self-screened over long distances. This explains
the striking success of the nearest neighbour model [32, 43] and the reason why
cut-offs in the the number of exchange neighbours induce false phase transitions.
By studying eq. (2.5) we find that for two nearest-neighbouring spins the dipolar
part reduces to −5DSi ·Sj regardless of which two spins are chosen in a tetrahedron.
Thus the nearest neighbour model can be obtained by simply cutting the full dipolar
Hamiltonian at its closest neighbour distance, resulting in the Hamiltonian

H=

X
hi,ji

Jeff Si · Sj ,

(2.6)

where Jeff = Jnn −5D and Jnn is the value of Jij for a nearest-neighbour pair (please
note that we have flipped the sign of Jij as compared to the usual convention).
A great deal of the work presented in this thesis has been on methods and
procedures used to estimate the values of the exchange parameters J1 , J2 , J3a and
J3b and how they influence thermodynamic properties, such as heat capacity and
susceptibility, but foremost how they change the neutron scattering spectra.

2.4

Spin ice and magnetic monopoles

This section will be a short introduction to magnetic monopoles and how they relate
to spin ice.
Monopoles arise as topological pairwise excitations in spin ice [44, 45], where
each tetrahedron is assigned a charge by enumerating the number of spins pointing
inwards in comparison to the number pointing outwards. These types of deconfined
pairwise-appearing monopoles were reported experimentally only a few years after
the theoretical prediction as reported in ref. [46, 47].
A tetrahedron fulfilling the 2-in-2-out ice-rules can be viewed as neutral (due to
that the tip and tail of each dipole can be replaced by charges separated by a finite
distance) and flipping one spin creates a monopole pair of a 3-in-1-out tetrahedron
and a 1-in-3-out tetrahedron [48]. The tetrahedra can thus be “charged” cause it
is holding a magnetic charge in the middle. All the mid-points of the tetrahedra
make out a diamond lattice, that is if all tetrahedra are collapsed to their centres,
see the left Fig. 2.5. These monopole pairs can easily be moved by just flipping
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another spin that belongs to one of the excited tetrahedra, which will result in a
2-in-2-out tetrahedron connecting the path between the two excited tetrahedra [45].
This diffusion process is governed by magnetic Coulomb interactions between the
monopole charges.
Interestingly, the nearest neighbour model imposes no energy cost when the
monopoles are diffusing, hence the monopoles can be taken infinitely far apart
without the need of introducing external energy. However, since there are more
possible configurations of states with two monopoles lying closer to each other (i.e.
few neutral tetrahedra between the charges) than there are configurations which are
separated by larger distances, (i.e. many neutral tetrahedra between the charges)
this introduces the Coulomb attraction potential forces [49].

Figure 2.5: Left: A monopole pair (blue and red) arising from the breaking of the ice
rules by flipping a set of spins connecting two tetrahedra. The black line illustrates
one of many possible connecting Dirac strings [50] (i.e. a one-dimensional curve
connecting two monopoles). Right: The realisation of the dumbbell model where
each spin is replaced by a monopole pair (blue and red).
The Coulomb potential does have yet another source stemming from the monopolar interactions in the dipolar spin ice model. This can be realised through the so
called dumbbell model which was first studied by Castelnovo et al. [44]. The dumbbell model is formulated by taking the spins of the dipolar spin ice model and
extending them to meet the midpoints of all the tetrahedra and replace the tip and
tail with a monopole pair, which is illustrated for a square lattice projection in the
right Fig. 2.5. The dumbbell model is thus a multipole expansion including only
the first two order terms and enables a way to isolate higher order magnetic interactions which will prove to be important when discussing magnetic order in spin
ice at low temperature. This will be discussed in great detail in section 4.2. This is
also the explanation of the word self-screened [51] since the dipolar and monopolar
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interactions will cancel exactly at the mid points of every tetrahedron, with the
monopoles being governed by the ice rules to force cancellation.

Chapter 3

Computational and
experimental methods
Spin ice is an interesting group of materials, not just for the rich physics that
they display but for the computational and theoretical challenges that the methods
needed in order to investigate spin ice offer. This chapter is devoted to presenting
and explaining the main methods that we have used for our research.
The chapter consists of four parts and starts with an introduction to the Monte
Carlo methods used. The second section treats the infamous Ewald summation
and how to avoid conditionally convergent sums stemming from the fact that every
finite long-ranged order system has a non-trivial boundary. Since we have taken
quite a large interest in and devoted a large amount of time (mainly paper III in
this thesis) to the investigation of spin ice via neutron scattering, a presentation
of both the experimental basics and theoretical treatment of magnetic scattering is
given in section three. Finally, in section four we give all the relevant tools needed
for understanding the content of the first paper relating discrete lattice models to
the theory of demagnetising fields.

3.1

Monte Carlo methods

The Metropolis-Hastings algorithm
Monte Carlo techniques and especially the Metropolis-Hastings algorithm [52,53] is
the main tool that we have been using in our research. This algorithm might be one
of the most widely used, considering how many different areas of application it has,
ranging from condensed matter physics to financial mathematics passing through
astrophysics to tomography.
We now narrow the treatment to the Metropolis-Hastings algorithm and give
a brief explanation of its key features. The more interested reader might find this
description rather short and we thus refer to two of the many books in the field
written by Newman & Barkema and Landau & Binder [54, 55].
17
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The two keyword concepts used in describing the Metropolis-Hastings algorithm
are thermal average and stochastic processes. In condensed matter physics we are
interested in the thermodynamic properties of the system at hand, and by use of
a stochastic process we wish to calculate a thermal average of a given property.
Why the use of a stochastic process? Thermodynamic properties are macroscopic
quantities that are derived from microscopic ones and the system fluctuates between
these microstates in a random fashion that we wish to sample. Luckily for us each
such microstate is accessible and in theory one would just have to sum all of them,
in order to obtain the thermal average of X according to:
P
−βEi
i Xi e
hXi = P
,
(3.1)
−βEi
ie
where i enumerates the different microstates and E, the intrinsic energy of each
state.
However, the number of states available in eq. (3.1) grows exponentially with
system size and thus makes it impossible to carry out the sums in practice. Therefore, only a subset of the microstates can be summed which leads to the need of
sampling a distribution describing the microstates. A description of how this can
be realised will now follow.
Regardless, if we are considering dynamic or static properties the fluctuations
of the microstates are governed by a Master-equation which reads
dwi (t) X
=
[P (j → i)wj (t) − P (i → j)wi (t)] ,
dt

(3.2)

j

where wi (t) is the probability distribution of state i at time t and P (i → j) the
probability of transitioning from state i to state j. The equation above will progress
as a Markov chain process, which means that the current state is the only property
that governs the transition rate. Inspecting eq. (3.2) one realises that the right hand
side will be zero when the system is in an equilibrium, since the derivative of the
lefthand side is equal to zero for every i. The sum in eq. (3.2) can be taken to be
zero in a great number of ways but usually one impose a strong condition, i.e. each
term in the sum should be zero for every i. Hence,
P (j → i)wj (t) = P (i → j)wi (t),

(3.3)

which is known as the condition of detailed balance. At equilibrium the rate of
transitioning from state i to state j is exactly matched by the rate of going from j
to i.
There is but one more criteria that needs to be employed and that is ergodicity.
Ergodicity is the concept of a fully explorable phase space, i.e. each state the Markov
chain can be in, should be accessible given that it starts from an arbitrary state in
phase space.
Employing this scheme of sampling leads to the problem of choosing a subset to
sample and how to sample the subset. One could in principle sample the probability
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distributions uniformly, but since the thermal average is weighted by Boltzmann
factors, this will prove to be a poor choice since we might end up sampling only
states that on a relative scale do not contribute to the total average. However, we
are free to choose wi (t) arbitrarily, and thus we wish to make a choice that mimics
the total distribution presented in eq. (3.1). This is known as importance sampling
and the weight is given by
e−βEi
wi (t) =
,
(3.4)
Z
where Z is the partition function of the Boltzmann distribution at hand. Sampling
a set of D states leads after insertion of eq. (3.4) into eq. (3.1), to the following
expression for the thermal average
D
1 X
hXi =
Xk .
D

(3.5)

k

We finish this section by an explicit example, namely the one of the single spin
flip algorithm. Given a physical system of N particles or spins that are Ising like,
e.g. spin ice, we can employ the Monte Carlo scheme described above. It is obvious
that by flipping one spin at a time we can trace the whole phase space of 2N
states, which makes the single spin flip algorithm ergodic, as necessary. Further,
the transition probability consists of two parts; first, the selection probability which
is the same for all states, namely 1/N , and second, the acceptance probability, i.e.
the probability that flipping a spin will be accepted. Using the condition of detailed
balance the acceptance probability can be written as
 −β(E −E )
j
i
e
Ej − Ei > 0
A(i → j) =
.
(3.6)
1
Ej − Ei < 0
This is most often referred to as the Metropolis-Hastings algorithm and does not
necessarily only treat single spin flips, but the acceptance probability can be used for
other selections as long as their respective underlying Markov chains fulfil ergodicity. Fascinatingly, the single spin flip algorithm suffices in quite a large temperature
range as the only tool needed for simulating the static properties of spin ice successfully. However, as we will see in the next section, a local change is not enough to
avoid freezing when the temperature is lowered. We are thus in need of an algorithm
that can change the topological properties on a macroscopic scale.

The loop algorithm and the spin-ice manifold
Spin ice materials at low temperatures pose a challenge, both theoretically and
experimentally as we enter the topological states governed by the Bernal-Fowler
ice rules [33]. These rules inflict strong topological constraints and create a 2-in2-out configuration on every tetrahedron which makes spin ice a macroscopically
degenerate material. The nature of these 2-in-2-out configurations are not local,
i.e. the single spin flip algorithm fails to sample such a topological state. By
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flipping a single spin on a tetrahedron, the flip forces an excitation to be made which
immediately destroys the spin ice manifold. Thus the energy barrier of transitioning
into another spin ice state becomes extremely large and requires a single spin flip,
unlikely to be accepted, followed by consecutive single spin flips to change into
another state, leading to dynamic freezing [56].
Hence, in order to simulate the spin ice states we need an algorithm that can
tunnel between different states while preserving the Bernal-Fowler rules on every
tetrahedron. One of the solutions is the loop algorithm [57, 58] that flips many
spins in one instant without creating any excitations. The algorithm enables the
degeneracy to be lifted between the different spin ice manifold states and tunnel
between them.
The algorithm builds on finding a set of spins which upon flipping preserves the
2-in-2-out manifold on the tetrahedra where the spins reside and then flip them all
according to the Metropolis criterion presented in the previous subsection. There
are two different kinds of loops which can be constructed, a short and a long version
of which both are depicted in Fig. 3.1. Please note that we have only used short
loop moves in this thesis.

Figure 3.1: A 2d example of a short (left) and long (right) loop respectively. The
spins reside on the corners of the square lattice depicted and point either into or out
of a given square in analogy with the tetrahedron on the pyrochlore lattice. The
red dots indicate the starting points of the loops and blue arrows constitute the tail
of the short loop that will be left untouched as the loop is formed. Please note that
the long loop can pass through the same tetrahedron twice without cancelling the
construction of the loop.
The algorithm for a short loop move is as follows
1. Choose a random spin.
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2. Does the tetrahedron that the spin points into fulfil the ice rules? If yes,
continue, else abort!
3. Choose one of the two outgoing spins of the tetrahedron at random.
4. Does the new spin belong to a tetrahedron that we have already visited? If
yes, goto 5, else goto 2.
5. A loop has been found! If there is a tail, cut it off.
6. Attempt to flip all the spins in the loop according to the Metropolis-Hastings
acceptance condition.
We remain in the spin ice manifold by flipping all of the spins in a loop and it is
possible to find the minimum energy 2-in-2-out state, although parallel tempering
might be needed to speed up the sampling. The main reason for the striking success
of the loop algorithm is that the energy scale at which the loop flips are accepted or
rejected is considerably smaller than the energy scale of the system, i.e −J/3+5D/3.
An important comment is at place here: the loop algorithm described above
is not to be confused with the very similar one called the worm algorithm [59, 60],
however, the concepts of detailed balance and ergodicity will prove to be very closely
related.
What about detailed balance and ergodicity? Given a specific starting point
with probability 1/N , we may traverse the interpenetrating diamond lattice and
at every tetrahedron choose one of the two out spins from a uniform distribution,
the probability of constructing a specific loop of n steps with a tail of length m is
therefore 1/ (N · 2m · 2n−m ) = 1/ (N · 2n ), where N is the number of spins in the
system. The exact same argument holds for the construction of the reverse loop
with the difference that the loop is traversed in the opposite direction and hence
the algorithm fulfils detailed balance even though detailed balance is only enforced
via the Metropolis-criterion after the loop has been created.
Regarding ergodicity, two different kinds of motivations are given by ref. [59,60],
one based on the construction of strings based on if they point up or down in a (001)
plane stacking, whilst the other argues that the difference of two configurations can
be described as a finite set of loops. These loops will always differ by an even
number of spins which suffices for upholding ergodicity given that the boundary
of the considered lattice is periodic. Remark: a loop that spans the boundary is
referred to as a topological fluctuation and is in fact the only way the magnetisation
can change if the system respects the spin ice manifold of 2-in-2-out, since a nonwinding (not spanning the boundary) loop keeps the magnetisation constant. This
is of practical importance when discussing the phenomenological property of χT /C
in section 4.2.
We will conclude this subsection by commenting on a property of the loop algorithm that will prove important in this work. The loop algorithm is independent of
the nearest neighbour interaction J1 introduced in chapter 2. Consider the energy
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stemming from the nearest neighbour interaction and split it into three parts
X
X
X
X
3E
Si Sj .
(3.7)
Si Sj =
Si Sj +
Si Sj +
−
=
J1
hi,ji

i,j∈loop

i ∈ loop
j∈
/ loop

i,j ∈loop
/

If we label the state of the spins before a flip with the letter b and after a flip with
the letter a, we obtain the energy difference as
X
X
3∆E
−
(S1γ + S2γ ) (S3γ + S4γ ) ,
(3.8)
=
Sia Sj =
2J1
γ
i ∈ loop
j∈
/ loop

where γ is the number of visited tetrahedra in the loop, S1γ , S2γ belong to the loop
and S3γ , S4γ are spins in the tetrahedron but not in the loop. Each tetrahedron in
the sum must fulfil the ice rules which in this case is equivalent to the spin sums
above being equal to zero and thus the energy difference to be zero, hence proving
that the loop algorithm is independent of the nearest neighbour interaction.

Parallel tempering
We have now studied Monte Carlo algorithms that are employed in a specific and
isolated system. The loop algorithm is successful down to very low temperatures,
however, it possesses limitations. As the temperature is lowered the free energy
barriers between the spin ice microstates increase rapidly up to the point that the
loop algorithm fails to sample more than one state. Therefore the system freezes
and might thus be trapped in a local energy minimum and equilibration becomes
difficult.
By introducing several copies of the same system and running them in parallel
at different temperatures, it is actually possible to equilibrate the system with the
lowest temperature which was previously impossible due to the high energy barriers between the microstates. This method is called replica exchange or parallel
tempering Monte Carlo [61–63]. It exploits the possibility of transferring low temperature configurations to the highest temperatures, enabling the low temperature
configurations to tunnel out of the local minimum they otherwise freeze in.
Choosing the number of temperatures and their respective spacing is the main
challenge of using parallel tempering and is still today an open research question. In
Fig. 3.2 we depict a schematic plot of the energy histograms of three temperatures.
The placement is good if all histograms have pairwise overlap, but that requires a
priori knowledge of the distribution itself, which is most often not known.
We will make one final comment on the detailed balance of the algorithm; the
replicas are non-interacting and distributed in a temperature interval with M terms,
and are coupled to a thermal reservoir, most commonly in the canonical ensemble.
The partition function can thus be expressed as a product
Z=

M
Y
m

Zm ,

(3.9)
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Energy, E
Figure 3.2: A schematic figure showing the energy histograms of three identical
systems run at different temperatures in a parallel tempering simulation. The blue
and the red have a certain overlap and can exchange their states through tunnelling,
whilst the yellow one only has a small overlap and will therefore only increase the
CPU time without contributing to the equilibration process.
where we have defined Zm to be the partition function of the mth replica. By introducing the ensemble variable X and its corresponding single ensemble analogues
with the indices, the probability distribution can be expressed as
w(X) =

M −βm E(Xm )
Y
e
m

Zm

,

(3.10)

The detailed balance condition may now be stated according to
wj (X 0 )
e−βi E(Xj ) e−βj E(Xi )
P (i → j)
=
= −β E(X ) −β E(X ) = e(βi −βj )(E(Xi )−E(Xj )) ,
j
j
i e
P (j → i)
wi (X)
e i

(3.11)

where X 0 indicates that replica i and j have been interchanged. The natural choice
is now the Metropolis criterion for acceptance such that
 (β −β )(E(X )−E(X ))
i
j
e i j
(βi − βj ) (E (Xi ) − E (Xj )) < 0
A(i → j) =
.
(3.12)
1
(βi − βj ) (E (Xi ) − E (Xj )) > 0

3.2

Ewald summation and long-range order

Cut-off and long-range order
As mentioned in chapter 2, spin ice is governed by long-range interactions. Longrange interactions pose a numerical problem, due to the fact that everything interacts with everything. It will prove very subtle to implement a numerical code that
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knows the interaction strength of every pair before even starting to equilibrate the
system. The naive approach is to consider calculating all interactions but making
use of a cut-off at some distance, however this will sadly prove to produce the wrong
answers for a vast majority of systems [64–66]. This is due to the fact that the corresponding energy density of potentials decaying as 1/r3 or slower will diverge as
the distance is increased. We are interested in calculating the potential energy of a
system of dipoles and they make the cornercase of convergence since their potential
energy decays exactly as 1/r3 to leading order. The theory of this is called multipole
expansion and can be found in standard textbooks such as refs. [67, 68].
However, the rate of decay is dependent on the placement of the dipoles and/or
the external potential. Now, focusing on spin ice; the dipolar interaction has been
treated intensely and it was shown in refs. [43,51] how important interactions on all
length scales are, since making use of cut-offs produce unphysical results compared
to experiments [35]. In order to treat this numerically, we need a method that can
capture the contributions to the potential energy from the dipoles regardless of the
length scale treated.

Ewald summation for dipoles
We will treat the long-range interactions of spin ice using Ewald summation [69],
which was introduced in 1921 by E. Ewald. He invented the technique in order
to calculate the Madelung constant for ionic systems. The purpose of numerical
treatment of long-range interactions are just a natural continuation of his work
and his original work has been extended to several other groups of materials and
molecular systems [70, 71].
In the 1980s de Leeuw et al. published a series of mathematically rigorous and
detailed descriptions of Ewald summation [72–74] and how to treat the case of a
general charge distribution. Most texts usually present the Ewald technique for a
system of magnetic charges and calculate all the relevant properties ending with the
argument that the charge qi may be replaced by −µi ·∇i . Here, we will instead make
use of the results presented by de Leeuw et al. [75] to give an explicit treatment
of the dipole-dipole case. For a treatment of the charge-charge case we refer the
reader to [59, 76].
Assume a collection of N spins (magnetic dipoles) in a cubical box with side
length L. Further, assume that the system is magnetically neutral, which is trivially
fulfilled since every dipole is magnetic charge neutral, i.e. divergence free. We wish
to calculate the following sum numerically in an efficient way that does not depend
on the choice of boundary
"
#
N N
0
µi · µj
3 (µi · (rij − nL)) (µj · (rij − nL))
1 X X X µ0
VP ot =
−
,
2
4π |rij − nL|3
|rij − nL|5
3
i=1 j=1 n∈Z

(3.13)
where rij = ri − rj is the difference in position, n = (nx , ny , nz ), ni ∈ Z and µi is a
dipole at site i. The prime on the third sum indicates that i = j must be excluded
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if n = 0. The sum includes the factor n as a result of periodic boundary conditions,
where it produces an infinite number of mirror images of the original system. The
Ewald summation is now the technique of calculating this conditionally convergent
sum by splitting it up into a boundary term (we will leave it out here but treat it
in great detail in section 4.1) and two absolutely convergent sums. The practical
choice for summing the mirror images is to add them as layers in a cube. The way
of adding the images is what makes the sum conditionally convergent.
How do we find the two absolutely convergent sums that are needed? VP ot can
be rewritten as
VP ot

N N
0
1 X X X µ0
=
u (rij − nL, µi , µj ) ,
2
4π
3

(3.14)

i=1 j=1 n∈Z

µi · µj
3 (µi · rij ) (µj · rij )
u (rij , µi , µj ) =
−
= (µi · ∇i ) (µj · ∇j )
3
5
rij
rij



1
rij


,
(3.15)

where the reformulated version of u exploits the possibility of dividing the dipolar
sum into one short-ranged and one long-ranged part according to
√
erfc ( αr)
υ(r) =
,
(3.16)
r
√
erf ( αr)
φ(r) =
,
(3.17)
r
Rx
2
where 1/rij = υ(rij )+φ(rij ), α > 0 is a tunable parameter and erf(x) = √2π 0 e−y dy
is the standard error-function and erfc(x) = 1−erf(x). This choice is arbitrary as
long as φ is smooth and regular at the origin [75].
As was done in ref. [59] we may also make a similar illustration of the physical
picture of performing this two-sum split. But first we need to calculate the screening
distribution that we use (this is implicitly known since we choose the error-function
relation above to divide the sum). For the charge-charge case each monopole can
be screened by a Gaussian magnetic cloud which is equivalent to our error-function
division above, however, for the dipole-dipole case this is no longer valid. Since we
have divided VP ot into a long-range part and a short-range part, the long-range part
is linked to ρ(r), the analogue of the Gaussian charge distribution and must fulfil
Poisson’s equation according to
hµ
i
0
−∆
(µi · ∇) φ(r) = µ0 ρ(r).
(3.18)
4π
Introducing polar coordinates and inserting eq. (3.17) into eq. (3.18) we obtain
 α 3/2
2
ρ(r) = −2α
re−αr (µi · er ) ,
(3.19)
π
where er is a normalised position vector. Please note that the unit vector er is a
function of the two polar angular coordinates θ and ϕ, hence, when performing the
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Laplacian in eq. (3.18), the following result is obtained for the angular derivatives
of the Laplacian


1
∂
∂
∂2
1
2
sin
θ
(µ
·
e
)
+
(µi · er ) = − 2 (µi · er ) . (3.20)
i
r
2
2
2
2
r sin θ ∂θ
∂θ
r
r sin θ ∂ϕ
A closer look at the expression for ρ(ri ) indicates that the sign and direction of µi
governs the polarity and strength of the local cloud in eq. (3.19). The illustration
of the Ewald split can now be made clear and is shown for dipoles in Fig. 3.3.

Figure 3.3: This illustrates how the Ewald sum can be divided into two absolutely
convergent sums. The left hand side is a set of spins (depicted here as Ising spins
on a square lattice) whose corresponding sum is conditionally convergent. The two
sums on the right are obtained by adding the charge distribution given by eq. (3.19)
around every spin and subtracting the same distribution (the rightmost term). The
colours of red and blue indicate the sign of the charge cloud and the green colour
indicates that there is no charge. For the dipolar case there is no charge along a
perpendicular line orthogonal to the spin direction.

Calculation of the long-range term, free charge distribution
In the previous section we calculated the charge distribution due to a single dipole
source at the point i. Now we may introduce the charge distribution as an infinite
sum of such single dipoles and solve Poisson’s equation in Fourier space. The charge
distributions can be written as
ρ (r) = 2α

N X
 α 3/2 X

π

j=1 n∈Z3

2

{µj · [r − (rj + nL)]} e−α|r−(rj +nL)| .

(3.21)

Taking the Fourier transform we obtain
Z
ρ̂ (k) =
V

d3 rρ (r) e−ik·r = ie−k

2 /4α

N
X
j=1

e−ik·rj µj · k,

(3.22)
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which inserted into the solution Φ̂ (k) of Poisson’s equation in Fourier space yields
N

Φ̂ (k) =

iµ0 −k2 /4α X −ik·rj
e
e
µj · k.
k2

(3.23)

j=1

Applying the inverse Fourier transform we obtain the potential of all charge distributions at r as follows (where k = 2π
L (qx , qy , qz ) and qi ∈ Z)
Φ (r) =

N
1 X
µ0 X X i ik·(r−rj )
2
Φ̂ (k) eik·r =
e
µj · ke−k /4α ,
V
V
k2

(3.24)

k6=0 j=1

k6=0

and the total energy is now given by
Vk = −
ρ̂D (k) =

N
1X
µ0 X |ρ̂D (k) · k|2 −k2 /4α
e
,
µi · ∇Φ (ri ) =
2
2V
k2

N
X

i=1

(3.25)

k6=0

µi e−ik·ri ,

(3.26)

i=1

where we identify ρ̂D as the periodic dipole density. This density can of course be
explicitly expressed as the sum of all the dipoles in real space
ρD (r) =

N
X
i=1

µi δ (r − ri ) .

(3.27)

In eq. (3.24) we introduced the inverse Fourier transform by omitting the term k 6=
0. This term is directly linked to the conditional convergence of the sum in eq. (3.13)
and by removing that term only absolutely convergent sums are left. It might seem
a bit odd to exclude k 6= 0 from the summation but it is actually equivalent to
having no boundary. This term is what lies behind the whole demagnetising theory
discussed in section 4.1 and will therefore be left for treatment in the corresponding
chapter.

Calculation of the long-range regular r = 0 term
When the long-range term was calculated in the previous subsection the contribution
from the self-interaction of the dipoles was added unwillingly. We could of course
have excluded all i = j terms, but then we would have lost the possibility of summing
all the mirror images. However, this contribution is accessible through the errorpotential and can be subtracted from the total energy. We have an interaction of
the dipole at a site with the charge distribution wrapping exactly that site. The
self energy is now given by a limit when r → 0 of the dipolar long-range interaction
eq. (3.17)
Vself

N
N
1X
µ0
µ0  α 3/2 X 2
2
=−
lim
(µi · ∇) φ (ri ) =
µi .
ri →0 4π
2
6 π
i=1

i=1

(3.28)
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Calculation of the short-range term, screened spins
The contribution from the spins will be most easily calculated in real space and the
contribution from the charge distributions have already been calculated by the use
of Fourier transforms in this chapter. Thus, the potential for the spins surrounded
by the charge distributions can be expressed as

µ0
Υ (r) = − µ · ∇
4π




√
√
1 erf ( αr)
µ0
erfc ( αr)
−
=− µ·∇
.
r
r
4π
r

(3.29)

Summing this over all mirror images and all particles i and j we obtain
√
0
N N
erfc ( α |ri − rj − nL|)
1 µ0 X X X
Vr =
.
(µi · ∇i ) (µj · ∇j )
2 4π
|ri − rj − nL|
3

(3.30)

i=1 j=1 n∈Z

The two directional derivatives in the equation above are trivial to perform but
quite tedious to calculate. By using Einstein’s index notation
√
N N
0
erfc ( αqij )
1 µ0 X X X
Vr =
,
µim ∂im µjn ∂jn
2 4π
qij
i=1 j=1 n∈Z3
q
qij = ri2 + rj2 + n2 L2 − 2rip rjp − 2rjp np L − 2rip np L,

(3.31)
(3.32)

where we sum over the index m, n and p, we can reduce the expression to

N N
0
1 µ0 X X X
Vr =
[(µi · µj ) A (rijn ) − (µi · rijn ) (µj · rijn ) B (rijn )] , (3.33)
2 4π
i=1 j=1 n∈Z3
r −αr2
√
αe
erfc ( αr)
A (r) =
+2
,
(3.34)
3
r
π r2
r 

√
2
erfc ( αr)
α
3 e−αr
B (r) = 3
2α + 2
+2
,
(3.35)
r5
π
r
r2

where rijn = ri − rj − nL. In the next section we will discuss implementation and
the numerical meaning of the Ewald method.
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Implementation of the Ewald method
We will start this subsection by expressing the full potential energy that was calculated in the previous subsections
VP ot = Vk − Vself + Vr =

1 µ0  4π X |ρ̂D (k) · k|2
2 4π  V
+

e−k

2 /4α

−

N
4π  α 3/2 X 2
µi
3 π
i=1



[(µi · µj ) A (rijn ) − (µi · rijn ) (µj · rijn ) B (rijn )] , (3.37)

3

N X
N X
0
X
i=1 j=1 n∈Z

ρ̂D (k) =

k2

k6=0

(3.36)

N
X

µi e−ik·ri ,

(3.38)

i=1

r −αr2
√
αe
erfc ( αr)
+2
,
A (r) =
r3
π r2
r 

√
2
erfc ( αr)
α
3 e−αr
+
2
2α
+
.
B (r) = 3
r5
π
r2
r2

(3.39)
(3.40)

This expression is correct but when performing a numerical simulation we are interested in the interaction energy between particle i and particle j. After removing
the sums over i and j we obtain the following expression

µ0  4π X (µi · k) (µj · k) −k2 /4α
4π  α 3/2 2
VP ot,ij =
e
cos
(k
·
r
)
−
µ δij
ij
4π  V
k2
3 π
k6=0

0

X
+
[(µi · µj ) A (rijn ) − (µi · rijn ) (µj · rijn ) B (rijn )] ,
(3.41)

n∈Z3
r −αr2
√
αe
erfc ( αr)
+2
,
(3.42)
A (r) =
3
r
π r2
r 

√
2
erfc ( αr)
α
3 e−αr
B (r) = 3
+2
2α + 2
,
(3.43)
r5
π
r
r2
where µ = µi when i = j and the imaginary part of the Fourier sum has been
ignored. The formula above is now in a suitable form for implementation. However,
before going ahead and calculate the energy interactions, we want to address some
issues. First of all, we have the concept of demagnetisation and boundary effects
and how they are treated using the Ewald method. As previously mentioned the
surface term will be discussed in section 4.1.
Consider now spin ice as a specific material; spin ice is a crystalline material
and thus all the physical positions of the dipoles ri are fixed. On top of this, the
spins are Ising like which means that each µi can only take two values. Hence, all
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interactions can be computed in advance and stored in a table for lookup whenever
a Metropolis step is taking place, which greatly speeds up the simulation time, since
no computation of the interactions are needed at every Monte Carlo step.
Calculating the Ewald interaction matrix is a one time task, and the concept of
first optimising bottlenecks apply. However, there are a few key aspects that can
easily be considered and implemented for a huge speedup. How do we know how
many mirror images we need, i.e. the cut-off value of k and n? From eqs. (3.15–
17) it is readily seen that the parameter α is a spurious variable. We introduce
it in a general fashion and the final value of the potential energy will not depend
on the value of α. α governs the convergence rate of the two sums in the Ewald
summation. Increasing the value of α increases the convergence rate of the Fourier
sum but decreases the convergence rate of the real sum and vice versa.
Common practice is to take α = 1 as a compromise which in most cases is a
suboptimal choice, especially forplarge systems
p as the real sum converges too slow.
We have found that taking α = 16π/N = π/L3 is a choice that
p makes nmax ≈
3
kmax and minimises the total compute time. The choice of α = π/L
p favours the
direct sum slightly since the equal convergence rate is given by α = π/L2 [77,78].
A practical note on convergence, we have found that the diagonal elements are
the ones that have the slowest convergence, however, they can be trivially computed
analytically which enables a handy way of controlling the convergence.

3.3

Neutron scattering and magnetic correlations

Correlations hold the key information of materials at an atomic level and are essential to understand the world around us. In this thesis we focus on magnetic
correlations in spin ice and this section is devoted to neutron scattering and magnetic neutron scattering in particular. Neutrons carry a magnetic moment which
enables them as a tool for probing magnetic correlations in materials on an atomic
level. Information on ordering, excitations and fluctuations can thus be extracted
from a magnetic perspective. For an introduction to neutron scattering, we refer
the interested reader to ref. [79].

Magnetic neutron scattering - derivation of the cross section
In a neutron scattering experiment, we aim to determine the probability that a
neutron transfers a state with wave vector k into a state with wave vector k0 ,
thus giving us a net transfer of ~Q = ~ (k − k0 ), where Q is the scattering vector.

~2
Furthermore, the energy transfer is given by ~ω = 2m
k 2 − k 02 and is for the most
part directly accessible in real life experiments along with the scattering vector and
the dispersion relation ω if the scattering is inelastic.
Of particular interest for us in this thesis is the magnetic structure factor S (Q),
for which we will now give a heuristic derivation starting from Fermi’s golden rule.
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For most parts the derivation follows the one given in ref. [80], but treats the case
of elastic and polarised scattering explicitly.
The cross-section defines the number of neutrons scattered per time into a solid
angle with the energy transfer dω, and is given by
 m 2 k 0 X X
D
E2
d2 σ
0
0 0
δ (~ω + Eλ − Eλ0 ) ,
= V 2~
p
p
k
,
σ
,
λ
Û
k,
σ,
λ
σ
λ
dΩdω
2π~2
k 0 0
λ σ λσ
(3.44)
where σ is the Pauli spin matrices, λ the state variable, E the energy, p the thermal
population ratio and V an arbitrary volume, for the sake of correct units, which will
cancel in the end and is an artefact due to the
D issue of normalising
E plane waves.
0
0
0
Now let us focus on the matrix element k , σ , λ Û k, σ, λ , where the spin
part σ and the momentum part k separate. For magnetic scattering the potential
operator Û is defined by
Û = µ0 µ · H = −γµ0 µN σ · H,

(3.45)

where γ is the gyromagnetic ratio, µN is the nuclear magneton and H is the magnetic strength. Consider now the field H and assume that it can be written in the
form


µe × R
ve × R
H =∇×
−e
,
(3.46)
3
R
R3
where the first term is the field generated by the spin of the electron and the second
one is generated by its orbital motion. µe is the electron dipole moment, R the
distance from the electron to the point of measure, e the elementary charge and ve
the velocity of the electron. Assuming the wave-vector states to be plane waves we
obtain
D
E 8π
k0 Û k =
γµ0 µN µB σ · W ,
(3.47)
V
where we use that µe = 2µB s, eve = 2µ~B p and (sum i over all unpaired electrons)


X
i
iQ·ri 1
W =
Q × (si × Q) + (Q × pi ) .
(3.48)
e
Q2
~
i

Inserting eqs. (3.47) and (3.48) into eq. (3.44) we obtain (since the λ, σ and k
separate)

2 0 X X D
ED
E
d2 σ
γµ0 e2
k
=~
pλ λ Wα† λ0 λ0 Wβ λ
dΩdω
me
k
αβ λλ0
D
ED
E
X
·
pσ σ σα† σ 0 σ 0 σβ σ δ (~ω + Eλ − Eλ0 ) .

(3.49)

σσ 0

We will now restrict ourselves to the case of elastic scattering which means that the
energy of the state |λi is equal the the energy of the |λ0 i state, i.e. Eλ = Eλ0 . The
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integral over ω can thus be performed trivially, which yields
dσ
=
dΩ



γµ0 e2
me

2 X X

E
EX D
ED
D
ED
pσ σ σα† σ 0 σ 0 σβ σ .
pλ λ Wα† λ0 λ0 Wβ λ
σσ 0

αβ λλ0

(3.50)
As mentioned before, spin ice exhibits strong crystal fields which motivates the
neglect of the orbital motion term in eq. (3.48). Insertion of eq. (3.48) into eq. (3.50)
gives
dσ
=
dΩ
·

2



ED
E
Qδ Qβ X D
Qγ Qα
γµ0 e2 X
†
0
0
δαγ −
δβδ −
pσ σ σα σ
σ σβ σ
me
Q2
Q2
αβ
σσ 0
E
D
ED
X
(3.51)
pSM SM Vγ† S 0 M 0 S 0 M 0 Vδ SM ,



SM S 0 M 0

P
where V = i eiQ·ri si . The sum in V can be divided into a sum over all particles
(j) times all electrons per particle (ν) according to
X
X
V =
(3.52)
eiQ·Rj
eiQ·rν sν ,
ν

j

where ri = Rj + rν . The following relation can be found in ref. [81], which enables
us to identify the form factor F (Q) where we assume that it is not site dependent
(as is the case for spin ice crystals e.g.)
*
+
P iQ·rν
X
sν · Sj SM 0
SM 0
νe
iQ·rν
0
0
0
0
SM
e
sν S M = SM |Sj | S M
,
Sj (Sj + 1)
ν
(3.53)
P
where Sj = ν sν and the last term is the form factor which is independent of M 0
and thus also of the spin. Introducing eqs. (3.52) and (3.53) into eq. (3.51), under
the assumption that the form factor is site-independent and the spins are in thermal
equilibrium, we arrive at
dσ
=
dΩ



γµ0 e2
me

· |F (Q)|2

2 X 

δαγ

αβ

N X
N D
X

Qγ Qα
−
Q2



ED
E
Qδ Qβ X D
†
0
0
p
σ
σ
σ
σ
σ
δβδ −
σ
σ
α
β
Q2
0

E
Sγi Sδj eiQ·(Ri −Rj ) .

σσ

(3.54)

i=1 j=1

If we consider unpolarised neutrons, the spin sum can be replaced by a Kroneckerdelta, δαβ , and the spin average reduces to that over all spins perpendicular to the
scattering vector Q, however, for polarised neutrons it is a different story.
The spin averages, the sums over σ and σ 0 , may be evaluated in a certain subspace by introducing the polarisation vector P . The density matrix, ρ, for a beam
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of neutrons polarised by P may be expressed as ρ = 12 1 + 21 P · σ [82]. For the non
spin-flip (NSF) channel we have pσ = δσσ0 and for the spin-flip (SF) channel we
have pσ = 1 − δσσ0 . Inserting the thermal distribution values for the channels in the
polarisation sum the following expressions are obtained
ED
E D ED E
X D
NSF:
pσ σ σα† σ 0 σ 0 σβ σ = σα†
σβ = Pα Pβ
(3.55)
σσ 0

SF:

X
σσ 0

D
ED
E D
E D ED E
pσ σ σα† σ 0 σ 0 σβ σ = σα† σβ − σα†
σβ = δαβ − Pα Pβ + iεαβδ Pδ .
(3.56)

Defining the static structure factor S (Q) as

2
dσ
1 γµ0 e2
,
S (Q) =
N
me
dΩ

(3.57)

and inserting eqs. (3.55) and (3.56) into eq. (3.54) the final expressions for the
structure factors for polarised neutrons are obtained


|F (Q)|2 X (Si · P ) (Sj · P ) iQ·rij
,
(3.58)
e
S NSF (Q) =
N
P2
ij

2 X
(Si · Q) (Sj · Q) (Si · P ) (Sj · P ) iQ·rij
|F (Q)|
SF
S (Q) =
−
e
,
Si · Sj −
N
Q2
P2
ij

(3.59)
where we have assumed that P ⊥ Q. This choice is of particular importance since
the non-spin-flip channel will only contain an average of spins parallel to the incident
beam and the spin-flip channel will only contain perpendicular analogues. Features
of the two structure factors are thus not mixed and the analysis can be made clearer.
This corresponds theoretically to the experimental setup in ref. [83].

The structure factor and its resolution
In the previous subsection we derived the formulas for polarised neutron scattering. These structure factors have an important role when investigating magnetic
materials, since they are directly accessible through experiments where their representations are just the Fourier transform of the two-spin correlation function.
The neutrons’ ability to probe deep into the atomic structure without accompanied radiation damage has proven to be of great importance for the field of spin ice,
where a lot of discoveries are solely made by the use of neutron scattering [83–87].
By the discoveries in refs. [83–87], spin ice has proven to be a gold mine filled with
interesting exotic magnetic properties. Perhaps the most discussed phenomena is
the pinch points, which are algebraical entangled points in Fourier space [39, 88].
The dipolar interactions give rise to these pinch points as singular values of the
structure factor [83, 86], where the non-zero temperature lifts the singularity.
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In this thesis we focus on expanding the theoretical knowledge, from a numerical
point of view, of magnetic ordering phenomena through the use of high-resolution
structure factors. Two of the papers partly rely on fitting/verifying model parameters for spin ices which can only be done to a satisfactory level when the structure
factors have enough resolution. The maximum resolution in Fourier space is directly
tied to the number of particles used in a simulation.
A great deal of time for one of the papers presented in this thesis was spent
on developing a computational toolkit for using up to 16 times more particles than
previously published data. The trouble lies in the fact that dipolar interactions
are long-range and thus all energy updates enforce an update of the whole system,
which prohibits grid-decomposition as the parallelisation option. We now present a
short list of the details that made the development possible.

• Exploiting the symmetries of the Ewald matrix through the use of Sidon
numbers [89].

• A table designed for fast lookup of the symmetry type of a spin.

• Parallel hybrid implementation of message passing interface [90] and OpenMP
[91].

• MPI, for dividing the Metropolis update among nodes (distributed memory).

• OpenMP for dividing the Metropolis update within a node (shared memory).

• Eigen - a header only open source linear algebra package [92].

In Fig. 3.4 the unpolarised (SF+NSF) structure factor of Dy2 Ti2 O7 is shown for a
proposed dipolar model with exchange parameters at L = 20 along with the same
simulation at L = 8 for comparison.
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Figure 3.4: Resolution comparison at 8192 particles (left) and 128000 particles
(right) for a dipolar spin ice model with parameters J1 = 3.41 K, J2 = −0.14 K,
J3a = 0.030 K, J3b = 0.031 K and D = 1.3224 K. Features of the map are more
detailed when the number of particles are greater, especially the pinch points differ
a lot between the maps. Note that the charts are on the same colorscale for direct
comparison.

3.4

Monte Carlo and iterative methods for
demagnetising fields

In this section we derive and present the iterative mean-field like methods for calculating demagnetising factors given that a homogeneous magnetic field is applied
to a sample. The concept of demagnetising factors and fields are generally treated
in the χ = 0 limit and is considered to be a “good enough” result in most cases [20]
and the result which is widely used for demagnetising corrections. However, during the late 20th century and early 21st century, a proposed continuum theory for
demagnetising fields was developed and tabulated for prisms and cylinders [93–95]
taking into account χ 6= 0, which show significant difference for materials such as
spin ice, since spin ice exhibit large intrinsic susceptibilities.
However, these continuum models developed by Chen et al. cannot be applied
to lattice models such as a dipolar Hamiltonian due to the nature of the pyrochlore
being a microscopically discrete model. The models discussed in this chapter are
developed in order to treat the discrete nature of a solid state lattice model with
localised spins.

Iterative method for calculating demagnetising factors
Previous calculations [18–20, 95] solve the relevant continuum field equations to obtain the demagnetising factors. In this work we consider the discrete lattice directly
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in order to be able to take the symmetry of the local moments into account. To
be specific, we calculate the on-site field distribution inside a linear magnetic material placed in a uniform magnetic field using an iterative method in the spirit of
problems (6.18) and (4.23) in Griffiths [68]. Initially we assume that the internal
field equals the applied field, and we calculate the induced magnetisation given a
pre-defined susceptibility. This magnetisation gives rise to a demagnetising field,
which modifies the internal field. The resulting field-magnetisation equations can
be iterated until convergence. To describe the method we begin by obtaining an
expression for the local magnetic field due to the magnetic moments in the sample,
and then we derive the reverse equation determining the local magnetic moment
induced by the local field. Finally we consider how to calculate the demagnetising
factor once we have obtained the converged field and magnetisation distributions
through iteration of the field-magnetisation equations. The derivation in this subsection is an extensive and more detailed version than the one presented in paper
I [96].
Introducing basic notation, we consider a sample of volume V , containing N
magnetic moments. Initially, we consider Ising moments, and the unit cell contains
Nc moments, mi = mi µB ı̂, where ı̂ is the unit vector in the local Ising direction at
site i. We first determine the component of the local field in the direction of the
local Ising moment, Biq = Bi ·ı̂, which is the sum of three contributions,
Biq = Biq,dip + Biq,ext + Biq,self ,

(3.60)

where the three contributions are the dipolar field, the external field and the self
field respectively. We now discuss each contribution in turn.

Local field
The field Bidip at site i due to all other magnetic dipoles is given by
!
X
3(m
·
r̂
)r̂
−
m
µ
j
ij
ij
j
0
Bidip =
.
3
4π
rij

(3.61)

j6=i

Using Biq,dip = Bidip ·ı̂, mi = mi µB ı̂ and rij = rij r̂ij , we find that
!
µ0 µB X 3(̂ · r̂ij )(ı̂ · r̂ij ) − ̂ ·ı̂
q,dip
mj .
Bi
=
3
4π
rij

(3.62)

j6=i

Next, we consider an external field in the ẑ direction, Biext = B ext ẑ, which
contributes a term
Biq,ext = µ0 µB B ext cos θi ,
(3.63)
where θi is the angle with which the spin at site i is tilted with respect to the field.
Finally, we discuss the self field, Biq,self . In the classic case of a single dipole, the
term 23 µ0 µB mδ(r) is added to ensure that the average magnetic field in a sphere
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containing the dipole obtains the correct value [68]. The basic idea is to add a
microscopic on-site field in order to recover the expected macroscopic field. In a
similar fashion we have to add a self field to ensure that the internal magnetic
field B = µ0 (M + H) in a uniformly magnetised sample obtains the expected
value, for example B = 32 µ0 M in a uniformly magnetised sphere or cube. We
are primarily concerned with paramagnetic samples in the linear regime, where a
weak external field induces a magnetisation proportional to the field, as in a typical
susceptibility measurement. For a non-ellipsoidal sample the induced magnetisation
will in general be non-uniform, except in the zero-susceptibility limit. In this limit
the induced demagnetising field vanishes, and, as a consequence, the magnetic field
and magnetisation are uniform. Our goal is to determine the self field such that the
magnetic field obtains the expected value for such a frozen field-induced uniform
magnetisation configuration in the zero-susceptibility limit.
Consider a sample in the zero-susceptibility limit magnetised by a uniform field
in the ẑ direction. The local magnetic moment is proportional to the field component along the local IsingPdirection, mi = mi µB ı̂ = m(ı̂ · ẑ)µB ı̂ = m cos θi µB ı̂ and
m cos θi µB
the magnetisation M = N
ı̂. Our goal is to determine the macroscopic
i
V
P
N
field, B = N1
B
,
expected
from
the
equation B = µ0 (M + H) for this configi
i
uration. The calculation is divided up into two parts, and we start with the direct
term B1 = µ0 M . If we set Biq = µ0 µB mi N /V this equation is satisfied since
N
N
X
1 X q
µ0 µB mi
B1 =
ı̂ = µ0 M .
Bi ı̂ =
N
V
i

(3.64)

i

TheP
second term, B2 = µ0 H is generated by surface charges, B2 = −µ0 N0 M =
mi µB ı̂
−µ0 N0 N
, (N0 is the demagnetising factor at χ = 0), and we must therefore
i
V
take the projection of this field on the local axes in order to obtain
Biq

N
N
cos θj
µ0 µB X
µ0 µB X
= −N0
(̂ ·ı̂)mj = −N0
(̂ ·ı̂)
mi .
V
V
cos θi
j

(3.65)

j

Combining these expressions, we find that the expected field parallel to the local
moments in a uniformly magnetised sample is given by


N
X
cos
θ
N
µ
µ
N
j
0 B
1 − 0
(̂ ·ı̂)
mi .
Biq =
V
N
cos θi

(3.66)

j

This is the self field term that satisfies the equation B = µ0 (M + H) for a
uniformly magnetised body. However, so far we have neglected the term Bidip in
eq. (3.60). For the case of a cubic lattice it is well known that the dipolar lattice
sum given by eq. (3.62) vanishes for a uniformly magnetised body, and can therefore
safely be neglected. For a general sample shape, or a Bravais lattice with a basis, this
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is not the case, and we must consider the lattice sum Bilattice , defined as the dipolar
sum, eq. (3.62), calculated for a uniformly magnetised body with mi = m cos θi ,
!
µ0 µB X 3(̂ · r̂ij )(ı̂ · r̂ij ) − ̂ ·ı̂
lattice
Bi
=−
m cos θj .
(3.67)
3
4π
rij
j6=i

Since we will include the lattice sum in a term proportional to the local magnetisation mi = m cos θi , we write this as


!
X
3(̂ · r̂ij )(ı̂ · r̂ij ) − ̂ ·ı̂ cos θj 
µ0 µB
mi .
(3.68)
Bilattice = − 
3
4π
cos θi
rij
j6=i

The final expression for the self field will consist of the lattice sum, eq. (3.68),
subtracted from the expected field, eq. (3.66). Expressing the field in units of µ0VµB
we obtain


!
N
X
X
3(̂ · r̂ij )(ı̂ · r̂ij ) − ̂ ·ı̂ cos θj 
cos θj
N0
V
µ0 µB N 
1−
mi .
Biq,self =
(̂ ·ı̂)
−
3
V
N
cos θi
4πN
cos θi
rij
j

j6=i

(3.69)
In general, the lattice sum differs on non-equivalent lattice sites and we therefore
need to calculate a possible maximum of Nc distinct values of Bilattice . This can
either be calculated using Ewald boundary conditions, or if we wish to obtain a
better finite-size scaling for the demagnetising factor, we can calculate the sample
average of all the equivalent sites. Also, note that eq. (3.66) and eq. (3.68) both
depend on the shape of the macroscopic boundary, and the associated demagnetising
factor N0 , but the total self field, which is the difference of the two contributions
is independent of the boundary conditions and N0 , and can therefore be calculated
for arbitrary boundary conditions, also including Ewald boundary conditions (N0 ).
To summarize, in this subsection we have determined the local field Biq as the
sum of the dipolar field, the external field and the self field, given by eq. (3.62),
eq. (3.63) and eq. (3.69), respectively.

Magnetisation
Now we are in a position to calculate the local magnetisation mi induced by the
field Biq . Using B = µ0 (M + H) and M = χH (linear media) we get B =
χ B
µ0 (M + M /χ) = µ0 χ+1
χ M , or M = χ+1 µ0 , leading to
V
mi =
N



χloc
χloc + 1



Biq
,
µ0 µB

(3.70)

where χloc defined here is the local susceptibility, in the direction of the local magnetic moment. In the next subsection we will find out how this relates to the
susceptibility of the sample.
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Determination of the demagnetising factor
We can now iterate our expressions for the field, eq. (3.60), and magnetisation,
eq. (3.70), until convergence. Once we have obtained the field and magnetisation
distributions Biq and mi we can calculate the demagnetising factor N according to
N=

1
1
−
.
χexp χint

(3.71)

The susceptibility determined in an experiment is denoted χexp and is numerically obtained according to

χexp =

χzz
exp


=

∂M z
z
∂Hext


T

N
µ0 µB X
=
mi cos θi .
V B ext

(3.72)

i=1

The intrinsic susceptibility χint , on the other hand, expresses the relation between the applied field and induced magnetisation in the sample under Ewald, or tin
foil, boundary conditions [69]. This boundary condition eliminates all demagnetising fields and corresponds to the N = 0 limit. This implies that both χint and χloc
denote a response to the total local field since the demagnetising field, present in
χexp has been eliminated by choice of boundary condition for χint , and by definition
for χloc .
The difference between χloc and χint is that the latter measures the response in
the direction of the external field applied to the sample, while the former measures
the response along the local axis. A relation between the two susceptibilities can
easily be obtained as follows; if the local moment is tilted an angle θ with respect
z cos θ,
to the external field direction ẑ, then the field component along the spin, Hext
q
z
induces the magnetisation M = χloc Hext cos θ along the spin. This magnetisation,
z cos2 θ in the ẑ direction, and
in turn, has the component M z = M q cos θ = χloc Hext
χint = χloc cos2 θ.

(3.73)

With N moments in the sample the relation generalises to
χint =

N
1 X
cos2 θi
N

!
χloc .

(3.74)

i=1

To summarize, once the converged field and magnetisation distributions are obtained, the demagnetising factor can be calculated using
N=

1
χexp

−

1
1
1
=
−
.
N
N
χint
µ0 µB X
χloc X
mi cos θi
cos2 θi
V B ext
N
i=1

i=1

(3.75)
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Monte Carlo and microscopic boundary terms
In determining demagnetising factors there are two separate schemes within Monte
Carlo; first, calculate the susceptibility using Ewald boundary conditions and open
boundary conditions, where the open is obtained by summing over no mirror images
at all and prohibiting the system from having neighbours beyond the edges. Second, calculate the susceptibility using Ewald boundary conditions and then make a
microscopic transformation of the Ewald interaction matrix in order to account for
the surface term that we left out in our derivation of the Ewald sum in section 3.2.
In this subsection, we present a general scheme for calculating the susceptibility
using Monte Carlo methods and discuss the microscopic nature of the surface term,
i.e. the conditionally convergent part of the dipole-dipole sum in eq. (3.13).
In the iterative process we can choose a value of χint while in using Monte Carlo,
χint is implicitly tunable using the temperature parameter. Choosing a temperature
we may perform a finite size scaling to obtain the value of the corresponding χint .
Considering the demagnetising factor it is readily calculated, as described before,
by running a simulation with open boundary conditions. The susceptibility is then
given by
* N
!2 +
X
∂M z
µ0 µ2
zz
χ =
=
σi cos θ
,
(3.76)
∂H z
kB T V
i=1

where σi = ±1 and the Hamiltonian is
H=

µ0 µ2 X σi σj [(ı̂ · ̂) − 3(ı̂ · r̂ij )(̂ · r̂ij )]
.
3
4π
rij

(3.77)

i>j

This method seems quite straight forward. However, the question of how to treat the
open boundary conditions is a bit subtle and needs to be addressed. As mentioned
earlier the easiest way is to just consider a given set of particles and calculate their
respective interactions as if they were in a real 3d volume. This is possible but
it limits the geometrical shape to be exactly as the spins are distributed. When
placing the unit cells as a cube or as a cuboid, we see a clear linear finite size
behaviour. Although easy to use and to implement it is a macroscopic treatment of
the χexp term.
Let us revisit the Ewald calculation of section 3.2 and in more detail the surface term. The system of dipoles exhibit a kind of boundary which has a certain
permeability, µ0 . In Fig. 3.5 the case of a magnetic object inscribed in another object of permeability µ0 is depicted. The boundary term or surface term arises from
fluctuations of the magnetic dipole moments by producing a surface charge [97].
In ref. [97] they treat the case of a sphere inscribed in a sphere, with different
dielectric constants, but we will generalise this to the case of a non-homogeneous
permeability for an arbitrary shape of the inscribed object. The full derivation was
made by de Leeuw et al. in ref. [72] using a semi-classical approach and a thorough
microscopic derivation on the matter can be found in ref. [98]. If the two regions in
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Figure 3.5: This illustrates how the surface term in the Ewald summation arises
and the general setting to treat it. The strength of the µ0 sets the magnitude of
the surface term, which arises from fluctuations of the magnetic dipole moments.
When a magnetic field is applied to the setup, a demagnetising field is induced
which stems from the surface charges’ response to the applied field.

Fig. 3.5 are spheres and the innermost one extends to infinity the boundary term
that transforms the energy into that of the Ewald sum is
XX
1 µ0
4π
µi · µj .
2 4π (2µ0 + 1) L3
i

(3.78)

j

Inscribing the sphere in vacuum we have µ0 = 1 and the term reduces to
1 µ0 4π X X
µi · µj .
2 4π 3L3
i

(3.79)

j

This term is the microscopic form of the demagnetising transformation one has to
perform when measuring on a sphere. The susceptibility measured with and without
the term in eq. (3.79) are related via the standard demagnetising transform given
by
χW
χU =
,
(3.80)
1 − χ3W
where W and U represent with and without the term in eq. (3.79) respectively. We
now know how to treat the case of a sphere but what if our sample is of another
shape?
The demagnetising field is defined as
HD = −N M,

(3.81)

for a system with the magnetic response in the same direction as the applied field.
However, an arbitrary magnetic field might produce responses in other directions
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than that of the applied field. Consider e.g. the case of Ising spins that are tilted
to the direction of the applied field, they will induce a response in a direction
perpendicular to the applied field. Thus, we may define the demagnetising tensor
as
HD = −N̄ · M .
(3.82)
Let us now assume that the regions in Fig. 3.5 both extend to infinity and that the
outermost region is vacuum (µ0 = 1) and the innermost one has an arbitrary shape
(without asymptotic regions). The energy due to the demagnetising field can be
expressed as
Z
µ0
E=−
M · HD dV,
(3.83)
2 V
where V is to be understood as the volume of the magnet. Inserting eq. (3.82) into
eq. (3.83) we arrive at
Z
µ0
M · N̄ · M dV,
(3.84)
E=
2 V
where the dot products are to be understood as a matrixproduct of the form
M T N M . Since we are dealing with a discrete
P system and the magnetisation is
just the sum of the individual spins, i.e. M = i µi , the volume integral is trivial.
The energy reduces easily to
E=

1 µ0 4π X X
µi · N̄ · µj ,
2 4π V
i

(3.85)

j

which is the microscopic correction term to the Ewald energy given that the object
¯ the
is of arbitrary shape with a demagnetising tensor N̄ . Given a sphere, N̄ = 13 I,
energy in eq. (3.85) reduces to that of eq. (3.79). A microscopic treatment of the
demagnetising tensor treated here via a heuristic argument was done carefully by
Widom [99].

Chapter 4

Introduction to scientific papers
This chapter serves as a brief introduction and summary of the included papers in
this thesis.

4.1

Demagnetising effects

This section will treat Paper I [96].
Already in section 1.2 and in section 3.4 we introduced the concept of demagnetisation and why it is important to consider a correct compensation for it when
processing experimental data. In our case, the idea of investigation sprung out of
a susceptibility measurement [100], performed by Laura Bovo. In the experiments,
where single-crystals of different shapes were used, the authors found that the experimentally measured demagnetising factors differed significantly from the ones
reported in ref. [20].
Long-range dipolar systems are important in many areas of science and constitute the paradigm of my research. Most demagnetising corrections have been based
on exact solutions for spheres and ellipsoids [18, 19, 101–103] which raises the question if approximating other shapes with corresponding ellipsoids neglects profound
details which have physical implications.
As previously mentioned in section 3.4; a theory in which not only shape governs the value of the demagnetising factor but also the intrinsic susceptibility, was
developed in the late 20th century by Chen et al. [93–95]. This theory is based on a
continuum model which treats the magnetisation as such, however, in the systems
we study we come across lattice based models where the particles are placed on
discrete positions and the need for new theory is evident.
From eqs. (1.3) and (3.71) it is readily seen that small differences or the requirement of high precision when measuring the demagnetising factor becomes important
as soon as χexp no longer can be approximated as small due to the high sensitivity
of χint under this condition. This is the case in the prototypical spin ice magnetic
systems and a correct treatment of the demagnetising factor is necessary when mag43
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netic measurements are performed on these systems. Here, we may briefly mention
a few cases; the Kasteleyn transition [86] and sublattice freezing [41, 104].
In section 3.4, we treated and developed the theory for calculating demagnetising
factors theoretically using an iterative method and a Monte Carlo method. These
methods were tested by direct comparison to an actual measurement of the susceptibility on hand-cut single crystals of Dy2 Ti2 O7 of both cubes and spheres. The
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Figure 4.1: Experimentally determined demagnetising factor for a cube, Ncube , as
a function of temperature, T , for Dy2 Ti2 O7 (blue open circles) compared to our
parameter-free theory (red line). The dashed black line shows the Nsphere = 1/3
exact result [18]. Inset: the lower solid curves show the susceptibility measured
for spherical (green) and cubic samples (blue), from which Ncube was derived. The
upper curves correspond to data transformed with N = 1/3 [20], which is incorrect
for the cube (upper blue line), but yields the correct intrinsic susceptibility for
the sphere (upper green line). The dashed lines show the predicted theoretical
continuation of the experimental data. Reprinted figure caption and figure with
permission from ref. [96].
demagnetising factor was then calculated by use of the following formula
Ncube =

1
χcube
exp

−

1
χsphere
exp

+ Nsphere ,

(4.1)
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where N is the demagnetising factor, χ the susceptibility and the words sphere and
cube are identification markers. A direct comparison between our theoretical model
and the experimentally measured N is shown in Fig. 4.1.
The importance of developing a discrete model for determining the demagnetising factor is that a broad class of magnets actually are lattice based and that they
differ from the continuous case. Our discrete model can calculate the demagnetising
factor both using a Monte Carlo method, which are statistically fluctuative in nature
and an iterative mean-field like method. The two methods which are fundamentally
different in nature both tend to the same value of the demagnetising factor in the
thermodynamic limit which is fully described in Paper I [96]. The most interesting
feature of discrete models for demagnetising factors is the dependence on the angle
formed between the applied field and the individual spins of the lattice. This is
depicted in Fig. 4.2 which constitute the main result of Paper I.
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Figure 4.2: N as a function of χint for cubic samples of various lattices. Lines show
the results from the iterative calculations, while symbols are Monte Carlo check
points. Blue squares are from Chen et al. [95]. Maroon circles indicate the results
of an iterative calculation for isotropic (Heisenberg) spins on an sc lattice. The
cosine of the angle θ between the applied field and the local Ising axes is indicated
for each set. Reprinted figure caption and figure with permission from ref. [96].
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Special temperatures and the χT /C quantity

This section will treat Paper II [105].
In this paper we introduce a new class of magnets and present a few examples of
compounds which belong to this class, which we have coined “inverting” magnets.
We start by introducing special temperatures [106] in strong analogue with classical
gases, and susceptibility data in the form of χT /C [100], where χ is the intrinsic
susceptibility, T the temperature and C the Curie parameter.
The dipole-dipole interaction is direction-sensitive and is in itself frustrated. The
exchange interactions can differ in sign, thus explicitly showing frustration in the
context of geometrically frustrated lattices. The competitions of interactions has,
as opposed to geometrical frustration, recently been identified as one of the sources
giving rise to some intriguing effects such as spin liquid behavior [107,108], magnetic
fragmentation [109], competing ground states [110,111] and spin glass physics [112].
The special feature of the “inverting” magnets class is that they exhibit an
extremum in χT /C vs T , which is the analogue of the product pV /nRT in gas thermodynamics. We have studied three different kinds of special temperatures; the
Boyle temperature, TB , the Joule temperature, TJ , and the Joule-Thomson temperature, TJ which we find useful in studying magnetic systems in direct analogue to gas
thermodynamics. The peak in χT /C can be identified with the Joule temperature
where the internal energy is independent of the magnetisation, i.e. (∂U/∂M )T = 0
and the antiferromagnetic correlations start to emerge more profoundly. The Boyle
temperature expresses the point where the ferromagnetic correlations traverse into
antiferromagnetic ones. At the Boyle temperature, the system fulfils the ideal equation of state, since the second term in the virial expansion for gases is zero. The
Joule-Thomson temperature has a definite meaning for a gas, since below it, the
gas may be liquefied through the Linde process. However, for a magnet it is infinite
as it is given as the solution to d (χ/T ) /dT = 0. The special temperatures are
summarised in Table 4.1.
Table 4.1: Summary of the Boyle (B), Joule (J) and Joule-Thomson (JT) special
temperatures for a magnet and a gas. The finite temperatures listed are all indicators of quasi-ideality.
Temperature:
TB

Paramagnet
χT /C = 1

TJ

d (χT /C)
=0
dT

Gas
pV /nRT = 1
∞


TJT

∞

∂(pV /nRT )
∂T


=0
p

We verify the concept of special temperatures and the properties of the χT /C
measure, where the prototypical spin ice material Dy2 Ti2 O7 served as the canon-
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ical frustrated ferromagnet since it is well-studied. Dy2 Ti2 O7 has a well-known
Hamiltonian and demagnetising effects can be controlled through carefully crafted
defect-free spherical single crystals [100, 113]. The main result of paper II [105] is
depicted in Fig. 4.3. Shown in Fig. 4.3 is also the result of the gDSM [40] and a
model named g+ DSM which is a model determined in the paper to match the gDSM
whilst also accounting for the presented experimental χT /C data.
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Figure 4.3: Experimental susceptibility χT /C in blue, with arrows indicating the
special temperatures TJ and TB . The black line marks the previously determined
gDSM and the tuned parameter set g+ DSM is shown in red. The inset displays
C/χ, and the solid line demonstrates that TCW (T ) = 0 at T = TJ .
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4.3

Neutron scattering and equilibration issues

This section will treat Paper III [114].
This paper aims at verifying that previous low-temperature measurements of
spin ice and in particular Dy2 Ti2 O7 were performed on equilibrated samples. In
the paper we present both new experimental designs and a new massively parallel
Monte Carlo code as described in section 3.3.
Given recent events in the field of low temperature physics of frustrated magnets [84, 115], it has never been established that spin ice can be equilibrated at
temperatures as low as 350 mK. When approaching low temperatures in frustrated
systems, they usually exhibit critical slowing down [8,116] and it becomes extremely
difficult to control the equilibration both from an experimental and a simulation
perspective.
The main objective has been to remeasure the results presented in ref. [84] while
making use of an in-house-built a.c. susceptibility coil-set attached directly onto
the sample enabling a sensitive probe for measuring the effective spin temperature
as compared to the nominal one. As was presented and pointed out in ref. [115],
spin ice exhibits extremely slow dissipation of heat out of the system, and extremely
long waiting times during a chosen cooling cycle had to be employed in order to
reach equilibrium. In Fig. 4.4 the cooling protocol and the sensitivity of the a.c.
susceptometer are shown as a function of time and temperature respectively.
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Figure 4.4: Left: cooling protocol used to cool 162 Dy2 Ti2 O7 , over a period of 2 · 106
s, i.e. 23 days. Right: real and imaginary part of the susceptibility, measured during
cooling demonstrating the sensitivity to the nominal spin temperature.
The main result as presented by ref. [115] is the recovery of lost entropy in spin
ice at low temperature identified through an upturn in the specific heat as depicted
in Fig. 4.5. This has been studied extensively in other studies afterwards in order to
explain the cause of the upturn in the specific heat by using long waiting times [111].
In this regard we extend the experimental view and also perform specific heat measurements on different isotopes of Dy2 Ti2 O7 , employing both short and long waiting
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times, including nuclear moment subtraction to extract the intrinsic properties of
the heat capacity. We find that the heat dissipation is indeed extremely slow and
that long waiting times on the order of a few weeks are needed for equilibration.
However, we cannot seem to reproduce the heat capacity upturn as presented by
ref. [115]. The heat capacities of the considered isotopes are shown in Fig. 4.5 for
different waiting times with and without nuclear subtraction.
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Figure 4.5: Left: heat capacity divided by temperature as a function of temperature
for three different isotopes of Dysprosium in the compound Dy2 Ti2 O7 with nuclear
subtraction. The data from ref. [115] is depicted in magenta. Right: heat capacity
divided by temperature as a function of temperature for three different isotopes of
Dysprosium in the compound Dy2 Ti2 O7 for short and long waiting times. The blue
vertical stars illustrate the evolution when measuring during a long time.
From an experimental standpoint we have established that the samples at 350
mK are indeed equilibrated. From a theoretical perspective our new developed
Monte Carlo code (see section 3.3) which enables simulations of system sizes up to
(L = 20), i.e. 128 000 spins, has to be carefully checked to produce equilibrated
results. Equilibration of S (Q) for L = 16, was established by comparing the difference of maps taken with: 2l equilibration steps and 2l measuring steps, and 2l+1
equilibration steps and 2l+1 measuring steps by increasing the value of the nonnegative integer l until the maximum error was within the errorbar of the difference
between a large number of runs with different seeds using 2l+1 equilibration steps
and 2l+1 measuring steps. We found that at 350 mK this is achieved with l = 15.
Given equilibrated S (Q) maps with high resolution we were able to verify that
the tuned g+ DSM from Paper II [105] perfectly reproduces the experimental maps
in Paper III using long waiting times. This is depicted in Fig. 4.6.
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Figure 4.6: Neutron scattering structure factor for both experiment and theory.
The theoretical structure factor is depicted in the upper half ellipses and the experimental mirrored equivalent in the lower ellipses. Notice the favouring of the (003)
peak ground state and the zone boundary scattering broadening of the (3/2 3/2
3/2) peak. The clustering of intensity around (3/2 /3/2 1/2) at 350 mK is noise
due to the time of flight machine used.

Chapter 5

Summary and conclusions
In this thesis concepts and methods applied to a group of materials called spin
ices has been investigated mainly using Monte Carlo simulations. Spin ice is a
geometrically frustrated material which possesses a number of exotic physical phenomena e.g. magnetic monopole excitations and possible violation of the third law
of thermodynamics. Among the studied concepts and methods the following can be
listed: demagnetisation in lattice based systems, Monte Carlo mehods (MetropolisHastings, loop algorithm, parallel tempering), Ewald summation, dipolar interactions, short range interactions, geometrical frustration, neutron scattering, iterative
methods for solving magnetic distributions in materials and special temperatures
for magnets.
We began this thesis by introducing the concepts of frustration and demagnetisation to pave the way for the introduction of spin ice and its properties. It was
followed by a short description of why spin ice is a peculiar material and what properties constitute its foundation. In short, its underlying lattice being the pyrochlore
lattice, the strong crystal fields enabling an almost pure ground state doublet which
enforces Ising-spin constraints, neutron scattering as a tool for experimental treatment, a dipolar Hamiltonian with short exchange interactions and the magnetic
monopole theory, were discussed. The general introduction was followed by an extensive outline of the methods we have used in our research; Monte Carlo methods
which are effective algorithms for sampling immensely large distributions of data,
Ewald summation to treat the long-range order of spin ice and how it is employed
in an efficient way, derivations of neutron scattering structure factors and how they
are a fine tuned tool for exploring magnetic correlations. Last, we considered the
development of an iterative method for solving the magnetic distribution in a lattice
based magnet. In relation to this we also treated the concept of different boundary
conditions and how they relate to real physics. Below we summarise the methods
used and the main results of the papers included in this thesis.
In Paper I, we developed two different computational methods in order to calculate the demagnetising factor, N . One method based on Monte Carlo using different
boundary conditions and one method based on an iterative solution process for the
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induced magnetisation. The two algorithms are vastly different (one is statistical,
the other is mean-field like), yet we find that they agree in the thermodynamic
limit, although due to finite size effects they approach it in entirely different ways.
We identified a temperature dependence of the demagnetising factor which greatly
inflicts the susceptibility of a strong paramagnet such as spin ice. In addition, we
found the demagnetising factor to depend on the symmetry and directions of the
spins in regard to the applied field.
In Paper II, we derived and defined special temperatures for frustrated magnets. Specifically, a Boyle temperature, a Joule temperature and a Joule-Thomson
temperature. We established a new class of ‘inverting magnets’ which possess a
peak in χT /C and for which one can define the before mentioned special temperatures. This class of magnets consists of ferromagnets which cross over to an antiferromagnetic order at low temperature. The class is quite broad and the following
substances are identified to belong to it: Dy2 Ti2 O7 (spin ice), Nd2 Zr2 O7 (quantum
pyrochlore) [117–119], Kapellasite [108], Ising and Heisenberg models of classical
spins coupled via dipolar interactions on a cubic lattice, GeCo2 O4 (spinel) [120]
and κ − (BEDT − TTF)2 Hg(SCN)2 Br (spin glass) [112]. Large scale Monte Carlo
simulations were used to verify special temperatures in Dy2 Ti2 O7 . In addition,
SQUID measurements were employed to establish the existence of special temperatures experimentally. The special temperatures are as mentioned accessible through
experiments and are thus promising diagnostic tools in the search for spin liquids.
In Paper III, we considered methods to determine equilibration of spin ice at
low temperatures. We find that the equilibration can be controlled using an in-situ
susceptometer which measures both the spin and lattice temperatures, thus enabling
measurements of out of equilibrium states. No signs of impending long-range order
after 2·106 s was detected down to 350 mK, which is furthered strengthened by long
time specific heat measurements. We also reported ultra-high resolution neutron
structure factors as produced by a non-commercially, by us developed, code.
In conclusion, we have established the importance of correct demagnetising
treatment of experimental measurements and that previously used methods sometimes overlook important details for high moment magnetic materials. Our own
refined theory agrees well with experimental data. Furthermore, the special temperatures which we defined will hopefully help us to characterise frustrated magnets
and give us an investigative tool for studying low temperature phases in magnets.
The computational methods employed in the field of frustrated magnets has been
refined and we believe that high resolution neutron scattering maps are key when
it comes to understanding the fine details of neutron scattering experiments.
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