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Abstract

The van der Waals and the Casimir-Lifshitz forces are forces of attraction that
exist between neutral polarizable bodies due to quantum fluctuations. They can
be repulsive depending on the material properties and the geometry of the system.
Since they are pervasive in nature, they encompass a great deal of relevance in the
study of interaction between bodies in several different scenarios and background
geometrical settings.

This doctoral thesis first addresses the important aspects of finite-size and the
non-perturbative effects of the van der Waals interactions between two atoms or
molecules. Going beyond the usual assumption of atoms and molecules as point
particles and adopting a description of finite size, the divergence inherent in such
interaction energies in the limit of zero separation distance between the two inter-
acting atoms or molecules is removed. The attainment of finite interaction energy
at such close separation distance facilitates the estimation of van der Waals force
contribution to the binding energy of the molecules, and towards surfaces. This
is particularly important for noble atoms. The interaction between a pair of he-
lium (He) atoms and krypton (Kr) atoms, and between a pair of methane (CH4)
molecules considering its environmental relevance, is investigated in detail. The
application of finite size further leads to finite self energies of the atoms. The full
expression of the interaction energy, as is discussed in detail in this thesis, typi-
cally contains a logarithmic factor of the form ln(1± x). Formerly, in evaluating
the interaction energies, this factor is customarily series-expanded and truncated
in the leading order with certain assumptions. This thesis explores the effect of
using the full expression, which is referred herein as the non-perturbative (or, the
non-expanded) theory, analytically wherever possible as well as numerically. The
combined application of the finite-size theory and the non-perturbative theory re-
sults in as much as 100 % correction in the self energy of atoms in vacuum. This
may give rise to significant physical consequences, for example, in the permeabil-
ities of atoms across dielectric membranes.

The thesis next addresses the aspect of anisotropy in the Casimir-Polder inter-
action between a completely polarizable molecule and a dielectric slab polarizable
in the normal direction. The formalism is applied to the study of preferential ad-
sorption in the specific case of carbon dioxide (CO2) and methane (CH4) molecules
interacting with amorphous silica slabs and thin gold films. Owing to its greater
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polarizability, the linearly polarizable CO2 molecule is found to attract more to-
wards the surfaces than the isotropically polarizable CH4 molecule. In addition,
the stable orientation of the CO2 molecule with respect to the surface is deter-
mined to be the one in which the long, linear axis of the molecule is perpendicular
to the surface. Further, the feature of Casimir torque which is a consequence of
anisotropy in the interacting dielectric slabs is explored in the case of biaxial
materials, in particular the bulk black phosphorus and its novel 2D counterpart
phosphorene. The torque between a pair of phosphorus slabs, one face rotated
with respect to the other, is observed to change sign at a particular separation
distance which is determined by the crossing frequency of its planar dielectric
components. This distance-dependent reversal of the sign of torque has never
been observed before. The observation is verified with several other biaxial ma-
terials. This finding will help assist in the experimental detection of the Casimir
torque, and can potentially be exploited in the future for designing nanodevices.

Another remarkable effect that is uncovered is the submersion of ice micro-
crystals under water governed by the balance of repulsive Lifshitz force from the
vapor-water interface and the buoyant force of water. The repulsive effect is found
to be enhanced by the presence of salt ions in the system. An exclusion zone rang-
ing from 2 nm to 1 µm devoid of small ice particles is formed below the water
surface. As the ice sphere grows in size, the buoyant force overcomes the Lifshitz
force, and the ice sphere starts to float with a fraction of its volume above the wa-
ter surface in accordance with the classical Archimedes principle. The combined
impact of Lifshitz forces and double-layer interactions is further investigated in ice-
water-CO2 and vapor-water-CO2 systems employing different models of effective
polarizability for ions, viz. the hardsphere model and Onsager’s model. The CO2

bubble is found to be repelled by the vapor-water interface and attracted towards
the ice-water interface. The equilibrium thin film of water formed between vapor
and ice surfaces varies in thickness depending on the model of effective polarizabil-
ity and the type of salt present in the system. Further studies of the interaction
energy in geometries comprising two molecules near an interface and molecule in
a three-layer geometry are conducted which may be relevant for potential energy
storage applications. The density functional theory (DFT) is employed to gener-
ate the frequency-dependent dielectric functions required for Lifshitz energy and
force calculations.

Summing up, in the numerous contexts outlined above, the importance of
the van der Waals and Lifshitz forces has been demonstrated. The studies in this
thesis enable significant predictions related to these forces which may be verifiable
by experiments.
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Sammanfattning

van der Waals-krafter och Casimir-Lifshitz-krafter existerar generellt mellan neu-
trala polariserbara objekt p̊a grund av kvantfluktuationer. De kan ocks̊a vara
repulsiva beroende p̊a materialegenskaperna och geometrierna hos de olika syste-
men. Krafterna existerar allmänt i naturen i m̊anga olika former.

Första delen av doktorsavhandlingen riktar sig mot viktiga aspekterna av
att ta hänsyn till ändlig storlek och icke-expanderad teori för van der Waals
växelverkan mellan tv̊a atomer eller mellan tv̊a molekyler. I arbetet genomfördes
beräkningar som specifikt antar en beskrivning av ändlig storlek, och därmed
g̊ar bortom det vanliga antagandet för atomer och molekyler som punktpartiklar.
Ett fundamentalt resultat är att växelverkansenergin för tv̊a närliggande atomer
eller molekyler inte längre uppvisar divergens i gränsen för noll avst̊and. Den
beräknade van der Waals-energin p̊avisar ett viktigt bidrag till bindningsenergin
mellan tv̊a atomer och mellan en atom och en yta. Detta är särskilt viktigt för
ädelgasatomer där denna typ av växelverkan dominerar. Samspelet mellan ett par
heliumatomer (He) och kryptonatomer (Kr), och mellan ett par metanmolekyler
(CH4) undersöks i detalj; metan studerade med tanke p̊a dess miljöp̊averkan.
Avhandlingen omfattar även studier p̊a hur dessa ändliga storlekar leder vidare
till skattning av självenergin. De olika uttrycken av växelverkansenergin, som
diskuteras i detalj i avhandling, inneh̊aller vanligtvis en logaritmisk faktor ln(1
± x). Tidigare har växelverkansenergin beräknats efter att en serieutveckling
gjorts för denna faktor och med vissa förenklande antaganden. Denna avhandling
undersöker effekten av att använda det fullständiga uttrycket. Det benämns
som icke-expanderad teori, och studier har genomförts analytisk, när s̊a varit
möjligt, i tillägg till numeriska beräkningar. Den kombinerade tillämpningen av
ändligstorleksteori och icke-expanderad-teori ger s̊a mycket som 100 % korriger-
ing av atomernas självenergi i vacuum. Detta kan ge upphov till signifikanta
fysikaliska konsekvenser, till exempel för permeabilitet av atomer som rör sig
genom dielektriska membraner.

Avhandlingen behandlar vidare olika aspekter av anisotropi hos Casimir-Polder-
växelverkan mellan en fullständigt polariserbar molekyl och en dielektrisk platta
som är polariserbar i normalriktningen. Formalismen tillämpas p̊a en studie av ad-
sorption av koldioxidmolekyl (CO2) och metanmolekyler nära amorfa kiselplattor
och tunna guldfilmer. P̊a grund av sin större polariserbarhet förutsp̊as den linjärt
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polariserbara CO2-molekylen att attraheras mer mot ytorna än den isotropiskt
polariserbara CH4-molekylen. Dessutom konstaterar beräkningarna att den en-
ergimässigt mest fördelaktiga orienteringen av CO2-molekylen med avseende p̊a
ytan är s̊adan att molekylens l̊anga, linjära axel är vinkelrät till ytan. Vi-
dare studeras Casimir-inducerat vridmoment som en följd av anisotropi i tv̊a
växelverkande dielektriska plattor av biaxiala material, speciellt bulk svart fosfor
och det nyutvecklade 2D-materialet phosphorene. Vridmomentet mellan ett par
fosforplattor ger upphov till rotation av den ena plattan med hänsyn till den andra,
och vridmomentet ändrar tecken vid ett visst separationsavst̊and som bestäms av
korsfrekvensen hos dess plana dielektriska komponenter. Denna avst̊andsberoende
omkastning av tecken p̊a vridmoment har aldrig observerats tidigare. Observa-
tionen verifieras för flera andra biaxiala material. Resultaten möjliggör experi-
mentell verifieringen av det Casimir-genererande vridmomentet, och upptäckten
kan sannolikt kunna utnyttjas i framtidens designade nanoverktyg.

En annan anmärkningsvärd effekt som presenteras i avhandlingen är hur ned-
sänkning av ismikrokristaller under vattenyta styrs av balansen av repulsiv Lifshitz-
kraft fr̊an vacuum-vattengränssnitt och vattnets flytkraft. Vidare förutsägs den
repulsiva effekten att förbättras genom närvaron av dubbellagerkraft och saltjoner
i systemet. En zon i vattnet fri fr̊an ismikrokristaller sträcker sig s̊a mycket som
2 nm till 1 µm under vattenytan. När issfären växer i storlek överväger fly-
tkraften repulsionen fr̊an Lifshitz-kraften, och issfären börjar flyta med en andel
av sin totala volym över vattenytan i enlighet med den klassiska Archimedes-
principen. Den kombinerade effekten av Lifshitz-krafter och dubbellager-krafter
undersöks ytterligare i is-vatten-CO2- och vacuum-vatten-CO2-system genom att
använda olika modeller för effektiv polariserbarhet för joner, nämligen h̊ard-sfär-
modellen och Onsager-modellen. En CO2-bubbla trycks bort fr̊an en vacuum-
vattengränsyta och attraheras mot en is-vattengränsyta. Den vid jämvikt funna
tjockleken av en vattenfilm som bildas p̊a en isyta varierar i tjocklek beroende
p̊a modellen för effektiva polarisationen samt beroende p̊a typen av salt som är
närvarande i systemet. Ytterligare studier av växelverkansenergi i geometrier
som omfattar tv̊a molekyler nära ett gränssnitt och en molekyl i en trelagers-
geometri utförs, som i förlängningen kan vara relevant för potentiella energi-
lagringsapplikationer. Atomistiska beräkningar baserade p̊a täthetsfunktionalsteo-
rin (DFT) har utförts p̊a material, för att generera de frekvensberoende dielek-
triska funktionerna som krävs för beräkningarna av Lifshitz-energier och Lifshitz-
krafter.

Sammanfattningsvis, för de system och i de sammanhang som skisseras ovan
har inflytandet av van der Waals- och Lifshitz-krafter p̊avisats. Studierna i denna
avhandling möjliggör viktiga förutsägelser relaterade till dessa krafter som bör
vara verifierbara genom olika experiment.
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Electromagnetic interaction is one of the most fundamental interactions di-
rectly relevant for the macroscopic natural and physical world that we live in.
Much like the gravitational force, it is pervasive in nature. Light which helps
us see, smartphones which have become our constant companions, weather con-
ditions, music, microwaves to cook food are all operations of different forms of
electromagnetic interactions. The Coulombic force is the most well-known in-
teraction of this type. The van der Waals (vdW) force which prevails between
neutral bodies owing to quantum fluctuations is the subtle one whose origin re-
mained a mystery until the advent of quantum mechanics in the first half of the
twentieth century. It was then followed by a theoretical demonstration of the
attraction between two perfectly conducting plates placed in quantum vacuum;
the famous Casimir effect. Unlike the gravitational and the Coulomb forces which
we know follow the inverse square law of distance between the interacting masses,
there is not one single law that governs the van der Waals interaction. These
forces vary in magnitude with different inverse power laws depending on the dis-
tance between the interacting bodies, their shape, size, property and set-up. As
a matter of fact, the possibility of gravity to be a form of Casimir effect has been
reported [1], and the probable connection of screened Casimir effect in the pres-
ence of an intervening electron-positron plasma to nuclear Yukawa potentials has
been speculated [2]. It has been shown that Casimir energy for parallel plates
gravitates normally in accordance with the equivalence principle [3, 4]. Mention
can be made also of the relevance of Casimir effect in the cosmological scale [5]
and in viscous cosmology leading to improved cosmological models governed by
vdW equation of state [6]. Study of these interactions thus remains important
and interesting as ever. The applied aspect will be addressed to presently. This
chapter provides a brief history and a motivational highlight that has led to this
thesis.

1.1 Origin of the van der Waals forces

In 1873, in his thesis titled, “On the continuity of the gaseous and liquid states”,
van der Waals empirically proposed an attractive force between neutral atoms
and molecules inorder to explain the deviations of the behavior of the real gas
from the ideal gas law [7]. He found that n moles of a real gas with volume V at
pressure P and temperature T obeyed,

(
p+

a

V 2

)
(V − b) = nRT, (1.1)

where R is the gas constant, b the volume correction arising from the fact that the
molecules occupy finite volume, and the parameter a accounts for the reduction of
pressure exerted on the walls of the container due to an attractive force between
the molecules [8,9]. It may seem hard, though interesting, to comprehend that a
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force should exist between neutral atoms or molecules having no permanent dipole
moments. Only after the emergence of quantum mechanics was London, many
decades later in 1930, able to supply a rational explanation in terms of fluctuating
dipoles [10]. This was hardly the end of the story. In 1946, Verwey and Overbeek
observed a discrepancy between their theory based on London-vdW forces and
the experimental results in the study of stability of colloidal systems [11,12]. Mo-
tivated by this, Casimir and Polder in 1948 then presented the derivation that the
retardation due to the finite velocity of light reduces the vdW interaction energy
by an order of magnitude for large distances of separation between the atoms [13].
This energy with the effect of retardation taken into account is generally referred
to as the Casimir-Polder energy. They additionally derived the retarded interac-
tion energy between an atom and a plate, and hence, the atom-plate interaction
has come to be known as the Casimir-Polder interaction alternatively in the litera-
ture. In the same year, Casimir made a singularly profound prediction that an at-
tractive force exists between two neutral perfectly conducting plates by analyzing
the change in the zero point energies of the electromagnetic field modes between
the plates [14]. The connection with the zero point energy was hinted at him by
Bohr at a meeting [15]. It was then followed by the seminal work of Lifshitz [16]
in 1955 constructing a general theory that regards the interaction between real
macroscopic planar objects as occurring through a medium of a random fluctu-
ating electromagnetic field. It leads to the London-vdW and the Casimir-Polder
results in the two respective non-retarded and retarded limits. Complying with
this theory, Dzyaloshinskii, Lifshitz and Pitaevskii developed a complete field the-
oretic technique of deriving the interactions between macroscopic objects wherein
the collective response of the constituent atoms of an object is represented by the
frequency-dependent macroscopic dielectric function, and the medium between
the interacting objects, if any, is represented by a dielectric continuum [17]. All
these set forth a series of research in the field of vdW and Casimir interactions
using a variety of theoretical tools and techniques in several different geometrical
set-ups between objects of various shapes [18–25]. It is now an established fact
that all these forces have one common origin, that of the quantum fluctuations.

The agreement between theory and experiment appeared in the study of thick-
ness of liquid helium adsorbed on substrates by Anderson and Sabisky in 1970 [26].
It was soon confirmed theoretically for the whole measured range in the non-
retarded and retarded distance regimes using Lifshitz theory by Richmond and
Ninham [27]. Prior to this, Derjaguin and Abrikossova had performed various
measurements of intermolecular attraction between solids that were compatible
with Lifshitz theory within 50 % [28, 29]. In the 1970s, Ninham, Parsegian and
Israelachvili conducted a number of studies in colloidal and biological systems
utilizing Lifshitz theory using dielectric properties obtained from optical experi-
ments [29–34]. While Sparnaay in 1958 made the first attempt towards directly
measuring Casimir forces between metal plates [35], it was only in 1997 that
Lamoreaux successfully established their existence in a high-precision experiment
involving torsional pendulum [36]. Since then, it has been reinforced by several
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follow-up experiments [37–42]. A vast number of references is available on the
subject [21,22,24,43–45]. Chapter 2 provides brief details of the theories.

1.2 Contexts of applicability

Following the success of Casimir and Lifshitz force measurement, an upsurge of
research in the applied front is seen. The Casimir force is found to be the dom-
inating force in mechanical systems such as that of the nano-electromechanical
(NEMS) and micro-electromechanical (MEMS) devices [46–48]. Related stud-
ies that determine the influence of surface roughness on the actuation dynamics
of MEMS [49–51] as well as theoretical investigations and measurements of the
force in non-trivial, microstructured geometries emerge [52–56]. Repulsive Lifshitz
forces are explored by suitable combination of materials to overcome stiction in
such mechanical systems [40, 57–61]. The repulsive force is also demonstrated
to be applicable in the context of lubrication technology to achieve zero friction
between surfaces [62]. The high sensitivity force detection of Casimir force could
be utilized, for example, in high-precision spectroscopic analysis of cold Rydberg
atoms [43]. The vdW and Casimir-Polder forces have been known to play a vital
role in colloidal interactions [20, 29–33], their segregations and flocculations, in
capillary rise and wetting [63], in physisorption of particles to surfaces and trans-
port of molecules across membranes [64]. Biological fluids being mainly comprised
of colloids, and electromagnetic Coulomb interaction being heavily screened in
such fluids, it is known that the vdW force plays a major role herein too [65].

While there are several intriguing aspects, both fundamental and applied, of
the quantum fluctuation forces, the following sub-classes are relevant regarding
this thesis.

1.2.1 van der Waals binding energy and self energy

The fundamental study with the finite size and the non-perturbative treatments in
the vdW interaction between two polarizable atoms or molecules enables accurate
determination of the vdW binding energy. At very short distance regime when
the atoms are very close to each other, a repulsive feature appears owing to the
finite-size and the non-perturbative consideration, which may contribute to the
usual repulsion observed between particles. The effect, however, is more likely to
be dominated by other electrostatic and chemical interactions. A more physically
sound observation is made in the case of self-energy of atoms. Considering them
to be finite in size, we show that the non-perturbative effects can result in the
lowering of the self energy to almost half of the value that is computed in the
usual way with series expansion approximation. The details are presented in the
summary (Chapter 5).
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1.2.2 Ice premelting and floatation

In one of the more recent studies that apply Lifshitz forces in a practical setting,
Elbaum and Schick first predicted the existence of a thin film of water a few
nanometers thick at the interface of ice and vapor [66]. This is known as ice
premelting. The effect of retardation was found to be crucial for the formation
of thin layer of water by repulsive to attractive Lifshitz force transition. This
study motivates us to consider further in detail environmentally relevant systems
involving ice, water and vapor, and it has led us to predict certain interesting
behavior, in particular, of ice submersion and floatation beyond a critical size. In
addition, with an aim towards a more realistic modeling, the presence of salt ions
in the system is taken into account. The effective polarizability of the salt ions
when they are dissolved in a medium is another factor that we address to.

1.2.3 Methane recovery and carbon dioxide storage in shale
systems

It has already been a widespread practice to inject carbon dioxide gas into under-
ground geological systems such as unmineable coal mines, shale structures and
gas aquifers in order to extract methane gas. This process is popularly known
as fracking or hydraulic fracturing [67, 68]. The reason that this method works
may be partly due to the difference in electron affinities of the CO2 and CH4

molecules [69]. Methane thus recovered may act as the substitute of energy sources
in the near future before mankind can efficiently harness the sun’s energy using
solar cells, or achieve controlled nuclear fusion. More importantly, such a proce-
dure can be followed to sequester CO2 gas that is emitted in huge amount from
factories and power plants into deep underground structures, hence, curbing the
rise of greenhouse gas content in the atmosphere [70]. A lot of research remains to
be done for efficient CO2 capture, uptake and storage. Moreover, potential leak-
age of the gases into drinking water wells during hydraulic fracturing has been
a cause of concern [71, 72]. Undoubtedly, the chemical forces and the dynamical
effects involved will be the dominant players. However, the understanding of the
underlying fundamental processes is still immensely lacking. Our interest lies in
the basic role and possible contribution of the vdW and Casimir-Polder forces in
the adsorption and desorption of the CO2 and CH4 molecules from the relevant
surfaces. Further, in this scenario, considering the different polarizabilities of the
molecules involved, the role of anisotropy of the molecules enters into the pic-
ture. The relevant study incorporating the effects of anisotropy in the molecular
polarizabilities is considered in the thesis.

1.2.4 Torque

Anisotropy in the material properties in the case of interaction of two planar slabs
can induce an interesting rotational effect, a torque between the two anisotropi-
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cally polarizable slabs, causing them to turn with respect to one another in order
to align their principal optical axes to attain a minimum energy configuration.
Dzyaloshinskii, Lifshitz and Pitaevskii in their 1961 paper [17] had already en-
visioned this consequence of anisotropy [16], but so far, it has remained elusive
experimentally. By considering the torque between biaxial materials, we uncover
a new effect that may help detect torque experimentally. Bringing in the material
perspective, we highlight the effect for the specific case of bulk black phospho-
rus and its monolayer phosphorene, which are biaxially anisotropic materials of
immense popularity in the current nanotechnological studies [73,74]. Herein, the
optical properties of these materials are modeled using density functional theory
(DFT).

1.3 Combining theoretical physics and material
modeling

While Lifshitz’s theory could be suitably applied to real materials, the unavail-
ability of complete spectral data had stood in the way of accurate computation
of the energies. It was, and still is, a common practice to make use of a model
function to describe the frequency-dependent dielectric functions and polarizabil-
ities of the materials involved [75, 76]. The experimental data are limited and
not obtainable for all the materials, and in addition, experiments may not cap-
ture the entire frequency regime needed for a full retarded calculation. The idea
of introducing the modern techniques of material modeling like DFT towards
computing the required macroscopic response functions proves a very efficient
approach. One can now deal with almost any material and predict interaction
energies in systems in which one anticipates the vdW and Casimir type forces
may be significant. Moreover, the use of methods like DFT enables a theoretical
modeling of materials that provides spectral data for larger energy range. It turns
out, as will be demonstrated, that it is inevitable to consider the full range of the
frequency regime for prediction of retardation-related observations, for example,
that of the distance-dependent change of sign of Lifshitz torque. DFT, in general,
is regarded a fairly good method for modeling bulk materials. Modeling a slab
involves a bulk-like region and a surface region. In the macroscopic picture, the
impact from the bulk region is dominant rendering the effects from the surface
region negligible. Conceivably, DFT’s limited capability of modeling surfaces can
be addressed in the future, thus making provisions for improvement upon the
explanation of surface-related phenomena and the dielectric continuum approx-
imation of the present theory. The purpose of the present thesis is outside the
scope of investigating effects arising out of minute surface structures, roughness
and other surface effects.
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Figure 1.1: A schematic figure showing the interaction energy of two polarizable
atoms with respect to their separation distance.

1.4 Limitations in the theories of van der Waals
interaction

One of the main aims of this thesis is to deal with the two prominent limitations
in the theories of intermolecular interaction, viz., the divergence at very close sep-
aration distance between the interacting atoms, and the perturbative treatments
(see Chapter 2). However, there still persists other caveats of the theory, for ex-
ample, the breakdown of Lifshitz’s continuum theory at short separation between
the interacting dielectric substances. Though intuitively erroneous, treatment of
interfaces as ideal, flat surfaces still works very well [8]. A more difficult but re-
alistic approach would be to designate a gradual change of the dielectric constant
across the interface taking the microstructure of the media into account. One
shall also note that as the interacting atoms get very close, effects due to overlap
of electronic orbitals become increasingly important. Figure 1.1 displays a typical
energy versus separation distance curve of the interatomic interaction. The ex-
change interaction, the nuclear-nuclear repulsion and other chemical interactions
govern the behavior at very short distances while the vdW interaction is more
dominant at larger distances. At atomic separations, the actual distance at which
the vdW force ceases to play an important role will depend on the system under
consideration. However, at extremely short distances of 2-3 Å, the short-range
quantum chemical forces will certainly dominate.
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Chapter 2

Basic theories of van der
Waals and Casimir-Lifshitz
interaction
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Apart from the various applications that are discussed previously, the vdW
and Casimir-type forces are of much academic interest. Macroscopic quantum
electrodynamics (QED) [77–80], semi-classical technique [14, 20], normal mode
analysis method [8,18] and multiple scattering technique [81–87] aided by Green’s
tensor formalism serve as powerful tools in dealing with these forces in different
geometrical scenarios.

In this chapter, the general theories of vdW and Casimir-Polder interactions
are described, followed by theories of finite-size and non-perturbative effects. The
Lifshitz interaction, the double-layer interaction and the effects of anisotropy are
also briefly discussed.

2.1 van der Waals and Casimir-Polder interac-
tions between two atoms

When two atoms or molecules are in the vicinity of each other, the fluctuation of
the charges inside one will induce an instantaneous dipole on the other and vice
versa. This happens regardless of whether the molecule possesses a permanent
dipole or not. The dipole on particle 1 will give rise to a field at the position of
particle 2 that polarizes particle 2. This induced dipole in turn gives rise to a field
at the position of particle 1 (see Fig. 2.1). London treated this dipole-dipole inter-
action due to charge fluctuations quantum mechanically as perturbation [10]. The
first order energy correction turns out zero. However, the second order energy
shift is non-vanishing. London arrived at an attractive 1/r6-dependent poten-
tial between the two particles separated by a distance r. Later on, it was found
that one could also proceed semi-classically by solving the coupled equations of
motion of the two atoms [8, 18]. The solutions are the normal modes satisfying
Maxwell’s equations with appropriate boundary conditions. The induced polar-
ization of the atomic system affects the normal modes of the electromagnetic field.
The perturbed frequency distribution of the field can then be used to determine
the change in the zero point energies of the field from the previous unperturbed
one [20]. This change is interpreted as the interaction energy, first shown by
Casimir for a pair of perfectly conducting plates [13,14]. The other type of semi-
classical approach is to treat the electromagnetic field classically and the atomic
system quantum mechanically treating the interaction due to atom-field coupling
as perturbation [88].

What is followed in our work is a semi-classical approach similar to Casimir’s
but rigorously developed by Mahanty and Ninham allowing for easy incorporation
of the finite size effects of the atoms or molecules [20,88–90]; see Ref. [20] for the
original derivation by Mahanty and Ninham of the interaction energy between a
pair of point atoms or molecules using the semi-classical approach. Starting with
the electromagnetic field equations that explicitly take the atom-field coupling into
account and solving them using the Green’s functions, they arrived at a secular
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Figure 2.1: van der Waals attraction between two neutral particles arising from
charge fluctuations mediated by the electromagnetic field.

determinant whose roots give the perturbed frequencies of the electromagnetic
field modes perturbed by the two interacting atoms. The interaction energy was
then obtained from the change in the zero-point energies of these field modes.

For a pair of atoms or molecules interacting via the electromagnetic field, they
obtained a general expression for the interaction energy as [20],

E(r12) = ~
ˆ ∞
0

dξ

2π
ln[I−α1(iξ)G(r1, r2; iξ)α2(iξ)G(r2, r1; iξ)], (2.1)

where α1(iξ) and α2(iξ) are the frequency-dependent polarizabilities of the two
atoms, ξ = −iω being the imaginary frequency. r12 = |r1 − r2| is the distance
between the two atoms as shown in Fig. 2.1 and G(rm, rn; iξ) is the Green’s func-
tion that relates a source at rn to a field point at rm. The final results equal
the interaction energy expressions otherwise obtained tediously from QED in the
respective non-retarded [10] and retarded limits [13]. Incidentally, the polariz-
abilities αi’s are well-behaved functions on the imaginary axis. The commonly
used convention of denoting frequencies on the real axis by ω and those on the
imaginary axis by iξ is followed here.

The semi-classical technique of Mahanty and Ninham is briefly outlined below.
In arriving at the expression of interaction energy, the assumptions made are as
follows [20]:

· The electromagnetic field E(r, t) resulting from the fluctuating atoms is
considered to be small so that the polarization response p(r, t) at any point
r at any instant time t can be approximated by linear response theory
as [20,91],

p(r, t) =

(ˆ t

−∞
α(t− t′)E(rm, t

′)dt′
)
δ(r− rm), (2.2)

arising due to a point charge at position rm represented by a Dirac delta
function. α is the polarizability tensor. In the Fourier-transformed space,
Eq. (2.2) becomes [20],

p(r, ω) = [α(ω)E(rm, ω)]δ(r− rm). (2.3)
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· Only the electric dipole fluctuations are considered, and magnetic dipole
fluctuations are not taken into account. That is, the magnetic polarizability
µ is assumed to be 1.

· The atoms are assumed to be point particles so that the Dirac delta function
can be used to conveniently describe them. In the theory of finite-size effects
also by Mahanty and Ninham [20], this is improved by rendering a spatial
spread to the polarizability of the atom using a Gaussian function (see Sec.
2.3). The theory of finite-size is probed in the present thesis in Papers I-IV
to study its range of applicability.

· In deriving the Green’s function G(rm, rn; iξ) , the atoms are assumed to
be isotropic in their polarizabilities in order to attain a diagonal tensor for
easier manipulation.

The total polarization current arising due to fluctuation of the induced polar-
ization density of the two interacting atoms at positions r1 and r2 with polariz-
abilities α1(ω) and α2(ω) can be written using Eq. (2.3) as [20],

j(r, ω) = iω[α1(ω)E(r1, ω)δ(r− r1) +α2(ω)E(r2, ω)δ(r− r2)], (2.4)

where E(r1, ω) and E(r2, ω) correspond to the electric fields for atoms 1 and
2 respectively. This allows for determination of the effect of coupling between
the pair of atoms and the electromagnetic field semi-classically by simply solving
Maxwell’s electromagnetic field equations, in the Lorentz gauge, with j(r, ω) as
the source current [20],
(
∇2 +

ω2

c2

)
A(r, ω) = −4πiω

c
[α1(ω)E(r1, ω)δ(r− r1) +α2(ω)E(r2, ω)δ(r− r2)],

(2.5)
where c is the velocity of light in vacuum. This equation can be solved by using
the dyadic Green’s function,

G(r− rm;ω) =
I

(2π)3

ˆ
eik(r−rm)d3k

ω2/c2 − k2 , (2.6)

of the free field equation that relates a vector field at r to a vector current source
at rm giving [20,92],

A(r, ω) = −4πiω

c
[α1(ω)G(r− r1;ω)E(r1, ω) +α2(ω)G(r− r2;ω)E(r2, ω)].

(2.7)
Now, the vector potential A is related to the field E by,

E(r, ω) = − ic
ω

(
w2

c2
A +∇(∇ ·A)

)
. (2.8)

Multiplying both sides of Eq. (2.7) by the operator (−ic/ω)[(ω2/c2)I + ∇(∇·)]
and identifying with the field E, one obtains [20],

E(r, ω) = −4π[α1(ω)G(r, r1;ω)E(r1, ω) +α2(ω)G(r, r2;ω)E(r2, ω)], (2.9)
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where,

G(r, rm;ω) =

(
ω2

c2
+∇r∇r

)
G(r− rm;ω). (2.10)

For the two interacting atoms, Eq. (2.9) gives a coupled set of field equations
for E(r1, ω) and E(r2, ω) whose solution exists if the secular determinant of the
coefficients vanishes. The solutions obtained are perturbed electromagnetic field
modes. Now, one can determine the change in the zero-point energies of the field
by subtracting the zero-point energies corresponding to the individual atom-field
coupled frequency modes from the zero-point energies of the perturbed modes due
to the presence of the two atoms. The zero-point energies corresponding to the
free field roots are also subtracted (see Ref. [20] for details). One is then left with
just the energy corresponding to the atom-atom interaction via the field leading
to Eq. (2.1).

After performing a logarithmic series expansion approximation that considers
only the leading order term containing the product of the polarizabilities of the
two interacting atoms and the corresponding Green’s functions, Eq. (2.1) leads
to,

E(r12) = − ~c
πr712

ˆ ∞
0

dx α1(iξ)α2(iξ)e−2x

×
(
x4 + 2x3 + 5x2 + 6x+ 3

)
,

(2.11)

for a pair of isotropic, zero-sized atoms interacting via the electromagnetic field
within the linear response approximation, and x = ξr12/c. In the non-retarded
limit when r12 � c/ω (the characteristic transition wavelength of the various
allowed electronic transitions between energy levels of an atom induced by atom-
field interaction [93–95]), the exponential term goes to unity, and the first four
terms in the parenthesis tend to zero [20] giving the well-known non-retarded
London-van der Waals result [10],

E(r12) ∼= − 3~
πr612

ˆ ∞
0

dξ α1(iξ)α2(iξ), (2.12)

with r−612 distance dependence [10]. In the retarded limit when r12 � c/ω, one
can approximate the atomic polarizabilities αi(iξ) by their static values αi(0) to
get [20],

E(r12) = −23 ~c α1(0)α2(0)

4πr712
. (2.13)

This is the famous result of Casimir and Polder [13] showing that the interac-
tion between the two atoms decreases faster by an order of magnitude in the
retarded region due to the finite velocity of light. They obtained the results by a
perturbative quantum electrodynamical approach.

29



2.2 Non-perturbative van der Waals interaction

An approximation made in the above derivation is the use of the logarithmic series
expansion in obtaining Eq. (2.11) from the general expression Eq. (2.1). Consider-
ing only the leading order term, it leads to the the London-van der Waals result in
the non-retarded limit [10] and the Casimir-Polder result in the retarded limit [13].
Hence, it is a valid approximation. However, it implicitly assumes that the atoms
are at a large enough distance for the interaction to be weak or the coupling to be
small in order to justify truncating the expansion at the leading order term. One
of the aims of this thesis is to go beyond this approximation by adopting a non-
expanded or non-perturbative approach that takes into account the full expression
without expansion together with the effects of finite size. Our non-perturbative
approach avoiding the use of series expansion approximation presented in Papers
III and IV finds results that show that series expansion is not always valid. The
series expansion approximation corresponds to scattering of the field by the par-
ticles only once. Though intuitively this approximation sounds plausible for very
tiny particles such as atoms and molecules, the investigation of the full expression
(2.1) indicates quite different results, especially in the magnitude of the self en-
ergy of the atoms and even the sign of the interaction energy between two atoms
at very close separation. It is also found that for simple one-oscillator model of
polarizability, it is possible to perform an analytical integration of the energy ex-
pression leading to insights of the interaction behaviour. The details are provided
in the summary (Chapter 5) and in the papers (Chapter 6).

At finite temperature, the integration over the imaginary frequencies is re-
placed by a summation over the discrete Matsubara frequencies ξn [8, 30,96–98],

~
2π

ˆ ∞
0

dξ → kBT

∞∑

n=0

′ , ξn = 2πkBTn/~, (2.14)

where kB is the Boltzmann constant and T the temperature. The prime on the
summation indicates that the n = 0 term should be divided by 2. Equation (2.1)
then becomes,

E(r12) = kBT

∞∑

n=0

′ ln[I−α1(iξ)G(r1, r2; iξ)α2(iξ)G(r2, r1; iξ)]. (2.15)

2.3 Finite-size effects on the van der Waals inter-
action

In conjunction with the non-perturbative effects, we also consider the effects of
the finite size of atoms and molecules. Real atoms or molecules are not point
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particles. For a correct determination of the aforementioned interaction energies,
one needs to take into account the size attributes of the particles. The finite-
size effects were first formulated by Mahanty and Ninham [99]. The main effect
of the finite size of a particle is to give its induced polarization a finite spatial
spread which is of the order of the size/volume of the particle and peaked around
the centre [99]. The finite spatial spread of the polarizability can no longer be
represented by a delta function as done in Eq. (2.2). A distribution such as that
of a Gaussian function becomes a more appropriate choice, especially in view
of the mathematical convenience of such a choice. In the following, we briefly
summarize the procedure. It starts with writing the polarization density of the
atom or molecule in the form [99],

p(r, ω) ∼= α(r− rm;ω)E(ri, ω), (2.16)

where rm is the position of the centre of mass of the particle. α(r, ω) is chosen as
a Gaussian function of the form [99],

α(r;ω) =
e−r

2/a2

π3/2a3
α(ω)I, (2.17)

where a is the radius of the atom and I the unit tensor. The characterization of
an atom as one having finite size leads to a finite value of dispersion interaction
energy.

Mahanty and Ninham’s derivation of the interaction energy presented in Sec.
2.1 offers an easy way of incorporating the finite size of the particles in the in-
teraction. For a pair of finite-sized interacting atoms at positions r1 and r2 with
polarizabilities α1(r− r1, ω) and α2(r− r2, ω) respectively, they obtained the in-
teraction energy similar to Eq. (2.1) following the same procedure but with the
polarizabilities defined by the new expression Eq. (2.17). In the limit r12 � a
when the atoms are considerably far apart compared to their radii, this inter-
action energy reduces to that of the point-sized particles [20]. However, in the
limit r12 → 0 as the separation distance between them decreases, the divergence
inherent in the non-finite size calculation is removed. Hence, taking into account
effects of finite size renders a non-divergent interaction energy at close separation
of the interacting particles. This forms the basis of Paper II in this thesis wherein
the effects of finite size on the interaction are rigorously explored with the aid of
numerical calculations for real molecules. The Green’s functions that additionally
take into consideration effects of the presence of a background medium are also
derived. The Green’s functions deserve a special note here. It is through these
functions that the geometry of the system and the property of the background
environment enter into the formalism. The resulting field at a position rm due to
a source field at position rn and corresponding field fluctuations affected by the
background is given by the Green’s function G(rm, rn; ω).

The ability to determine the interaction energy in the limit of zero separation
between the atoms or molecules is significant since it provides an estimate of the
contribution of the vdW forces to the binding energy of the molecules. For inert
gases, it is the dominant force acting between the noble gas atoms.
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Another important consequence that arises out of the application of the finite-
size theory is that of the finite self energy of an atom or a molecule. Self energy
is the energy associated with an atom or a molecule in an electric field due to its
coupling with the field [88,100]. In the same vein as in the previous sections, the
semi-classical formalism gives the dispersion self energy as [88],

Es =
~

2π

ˆ ∞
0

dξ ln[I + 4πα(iξ)G(r, r; iξ)], (2.18)

where G(r, r; iξ) follows from Eq. (2.10) and α(iξ) from Eq. (2.17). The infinite
self energies of point atoms and molecules are thus taken care of. This together
with the non-perturbative effects on self energy is thoroughly investigated in Paper
IV.

In the case of resonance interaction where an atom in the ground-state inter-
acts with an atom in the excited state, the interaction energy at close separation
signifies the bonding and the anti-bonding excited-state energies (see Paper III).
The separation dependence of the energy difference between the two states at
resonance gives rise to the first order dispersion interaction or resonance interac-
tion [101–104]. The semi-classical treatment of the resonance interaction is also
presented in Refs. [90, 101], and independently by McLachlan [105].

2.4 Medium-modified van der Waals interaction

The presence of a background medium between interacting atoms or molecules
modifies the electromagnetic coupling due to complicated non-additive many-
body effects [106]. However, the macroscopic representation of the dielectric re-
sponse of the medium takes care of these effects to a certain extent. The effect
of the medium is to reduce the intensity of the electric fields by a factor εmedium
and the velocity of light by

√
εmedium, where εmedium is the dielectric function of

the medium. The tendency is to decrease the coupling and hence, mitigate the
effective interaction. These modifications show up in the Green’s functions. Such
a description will hold as long as the atoms or the molecules are far enough apart
so that the local structure in the fluid medium can be ignored [106]. The particles
dissolved in the medium will have an effective polarizability α∗(iξ) different from
what it is in free space. The effective polarizability of a particle in a medium is
described in Sec. 4.3. There have been attempts made to account for the local
field effects in the cavity models [107,108].

The effective polarizabilities describe the response of the particles in the
medium. To calculate the vdW energy between two particles interacting via a
medium, it is a simple matter of replacing the vacuum polarizabilities α(iξ)’s
appearing in Eq. (2.1) by the effective polarizabilities α∗(iξ)’s in the medium as
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follows,

E(r12) = ~
ˆ ∞
0

dξ

2π
ln[I−α∗1(iξ)G(r1, r2; iξ)α∗2(iξ)G(r2, r1; iξ)], (2.19)

where the Green’s functions are also appropriately modified by the correct factor
of εmedium.

2.5 Lifshitz interaction

The theory presented by Lifshitz is a macroscopic theory wherein the material
properties of the interacting solids are accounted for by representing the collec-
tive response of the solids with the frequency-dependent dielectric functions [16].
It is an improvement and generalization over Casimir’s theory which simply con-
siders perfect metal plates [14]. The many-body effects are inherent in Lifshitz’s
macroscopic representation of the dielectric response. Later, the most general
form of the Casimir-Lifshitz interaction energy between two macroscopic bodies
devoid of divergences has been presented by several people in elegant forms which
are now established to be all equivalent [22, 81–87, 109, 110]. A variant of the
general expression can be written as,

E12 =
~
2

ˆ +∞

−∞

dξ

2π
Tr ln(I−G1V1G2V2), (2.20)

where V1 and V2 represent the potentials describing the material properties
and positions of the interacting bodies, and G1 and G2 their respective Green’s
dyadics. For two parallel dielectric slabs with planar geometry having potentials,

Vi(r;ω) = εi(r;ω)− I (2.21)

the interaction energy per unit area becomes,

E12 = ~
ˆ ∞
0

dξ

2π

ˆ ∞
0

d2k

(2π)2
Tr ln(I−G1V1G2V2), (2.22)

where the Green’s functions satisfy the inhomogeneous Helmholtz equation,
(

1

ω2
∇×∇− εi(r;ω)

)
Gi(r, r

′;ω) = δ(r− r′)I. (2.23)

Upon applying the boundary conditions and solving for the above equations, one
obtains the well-known Lifshitz energy per unit area for two isotropic parallel
dielectric slabs a distance z apart,

E12(z) = ~
ˆ ∞
0

dξ

2π

ˆ ∞
0

kdk

2π
ln(gTEgTM ), (2.24)
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where gTE and gTM contain contributions from the transverse electric and trans-
verse magnetic modes respectively,

gTE = 1− e−2γ2zrTE21 r
TE
23 ,

gTM = 1− e−2γ2zrTM21 rTM23 .
(2.25)

rTE and rTM are the Fresnel reflection coefficients given by,

rTEij =
γi(iξ)− γj(iξ)
γi(iξ) + γj(iξ)

, rTMij =
εj(iξ)γi(iξ)− εi(iξ)γj(iξ)
εj(iξ)γi(iξ) + εi(iξ)γj(iξ)

, (2.26)

where γi(iξ) =
√
k2 + (ξ/c)2εi, k being the magnitude of the wavevector parallel

to the surface. Here, one can perceive the generality of this procedure of deriving
the interaction energy by noting the equivalence of the general expression (2.20)
with that of Eq. (2.1) where the potentials are represented by the polarizabilities of
the interacting atoms, and the Green’s functions derived by solving the Helmholtz
equation (2.5).

In the three-layer geometrical set-up consisting of two planar surfaces interact-
ing via a medium, a suitable choice of the dielectric functions could even render
forces between the planar surfaces repulsive [17]. The necessary and sufficient
condition is ε1 < ε2 < ε3 or ε1 > ε2 > ε3, where ε1 and ε3 are the dielectric
functions of the planar surfaces separated by a medium of dielectric ε2. Retar-
dation plays a vital role in the transition from attraction to repulsion [111, 112].
The repulsive feature of the Lifshitz interaction holds a significant potential ap-
plication in MEMS and NEMS devices [40, 50, 59–61] where stiction between the
micro and nano chips due to attractive vdW forces has been a hindrance to the
successful realization and commercialization of such devices. The reversal of the
change of sign has been put to use in explaining the physical phenomenon of ice
premelting in ice-water-vapor systems by Elbaum and Schick [66]. We conduct
similar studies but with additional effects of charged surfaces and presence of
trapped molecules, in particular, CO2 in the system (Papers V, VI and VII of
this thesis). The Green’s functions of the vdW interactions of such systems with
particles in multilayer geometry have been presented by Buhmann et al. [78, 80].
Their approach usually comprises of separating the Green’s functions using Born
series expansion into a bulk part of known background geometry and a scattering
part that accounts for multiple reflection and transmission of the field through
the various boundaries of inhomogeneities in the system.

More than often, we employ the Derjaguin approximation [113] when the bub-
bles of trapped molecules are large enough in size compared to the separation
distance from the planar interface. The surface of the spherical bubble can then
be considered to be composed of planes of small width integrating upon which
results in the force between the sphere and the plane as,

F (l) = 2πaE12(l), (2.27)

where E12(l) is the Lifshitz energy per unit area between two planar surfaces as
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defined in Eq. (2.24). l now is the surface to surface distance and a the radius of
the sphere.

2.6 Double-layer interaction

In a medium, dissociation of ions and their adsorption on the surfaces can also
occur resulting in charged surfaces. In order to fully and correctly understand
the interaction in systems involving media, it becomes necessary to take account
of the double-layer interaction due to the charged surfaces. It almost always
dominates the van der Waals interaction except at the iso-electric point (IEP)
where the charge on the surfaces is neutralized. In addition to the impact of the
van der Waals forces, in this thesis, the influence of the double-layer interaction
is investigated in the multilayer systems involving ice, water and vapor studied in
the environmental contexts of ice premelting, and adsorption and desorption of
CO2 bubbles in these systems; see Paper VI. Another context where it becomes
important is in the formation of ice nanocrystals under water as against on the
water surface as is generally understood; see Paper X.

We make use of the modified Poisson-Boltzmann (PB) model [114–117] that
takes account of both the electrostatic and non-electrostatic (vdW) potentials
essential for determining ion-specific effects. The concentration profile of each ion
in between the double layers is represented by a Boltzmann distribution [29],

cj(z) = c0,j e
− qjφ(z)+Uj(z)kBT , (2.28)

where c0,j is the bulk concentration of ion j and qj the charge on ion j. φ(z) and
Uj(z) refer to the electrostatic and the non-electrostatic potentials respectively.
The PB equation of the electrostatic potential φ is then solved using [114,117],

ε0εm
d2φ

dz2
= −

∑

j

qj cj(z), (2.29)

satisfying,

dφ

dz

∣∣∣∣
z=0

=
dφ

dz

∣∣∣∣
z=L

= 0, (2.30)

at the boundaries for fixed surface charges, L being the distance between the
surfaces, and ε0 and εm the vacuum permittivity and the dielectric permittivity
of the medium separating the two surfaces respectively. The contribution from
the non-electrostatic potential Uj(z), which is a sum of the interaction potential
of the ion j with the first surface V1(z) and the second surface V2(L−z) given by,

Uj(z) = V1(z) + V2(L− z), (2.31)
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where,

V1(z) =
kBT

2z3

∞∑

n=0

αj(iξn)

εm(iξn)

[
εm(iξn)− ε1(iξn)

εm(iξn) + ε1(iξn)

]
,

V2(L− z) =
kBT

2(L− z)3
∞∑

n=0

αj(iξn)

εm(iξn)

[
εm(iξn)− ε2(iξn)

εm(iξn) + ε2(iξn)

]
,

(2.32)

has been accounted for in determining the ion distribution profile cj(z) in Eq. (2.28).
It is an improvement over the classical Derjaguin, Landau, Verwey and Overbeek
(DLVO) theory [11, 118] in which the vdW contribution or the non-electrostatic
potential is not included in the PB equation and is treated just as an additive
factor afterwards. Here, αj(iξn) is the polarizability of the ion j in the medium,
and ε1 and ε2 are the dielectric functions of the two surfaces respectively. Now,
the boundary condition given by Eq. (2.30) is an idealization. The charge on
the surface is primarily determined by the pH and the concentration of salt in
the medium. The electrostatic potential φ depends on the surface charge, and is
then solved by imposing charge regulated boundary conditions determined by the
equilibrium conditions of the system [119,120]. This in turn results in the correct
ion concentration profile cj(z).

The free energy of interaction per unit area between the double layers is then
given by the sum of the contributions from the electrostatic (AES), the non-
electrostatic (ANES) and the entropic (AEN ) parts [114,117],

A = AES +ANES +AEN , (2.33)

where,

AES =
1

2

ˆ L

0

φ
∑

j

qjcj(z) dz,

ANES =

ˆ L

0

∑

j

Ujcj(z) dz,

AEN = kBT

ˆ L

0

∑

j

{
cj(z)ln

cj(z)

c0,j
− cj(z) + c0,j

}
dz.

(2.34)

2.7 Effect of anisotropy on Casimir-Polder inter-
action

Our interest in the CO2 molecule leads us to consider another pronounced feature
of the molecule which is the anisotropy in its polarizability. The van der Waals
and Casimir-Polder interactions between anisotropic dipoles have been investi-
gated in Refs. [89, 121, 122]. Interesting feature of repulsion can arise in certain
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Figure 2.2: Schematic figure of an anisotropically polarizable molecule near a
dielectric slab.

configurations with an anisotropic atom or molecule and an anisotropic dielectric
slab [123].

The effect of anisotropy is complementary to the effect of finite size of the
particle. It in a way is a measure of the finite extent of the particle. In the for-
malism presented in Paper VIII, we ascribe to the molecule a frequency dependent
polarizability of the form,

α(ω) = α1(ω)ê1ê1 + α2(ω)ê2ê2 + α3(ω)ê3ê3, (2.35)

though the molecule is still in principle considered a point particle. This is an
alternative route to what is considered in Papers I-IV. In there, a Gaussian func-
tion represents the finite spatial spread of the polarizability of the molecule. The
molecule is then characterized by the Gaussian radius which enters into the for-
malism from the beginning. While in the present formulation, though there is no
radius of the molecule involved, it does explicitly consider the directionality of
the polarizability enabling us to explore the anisotropic effects.

Here, the Casimir-Polder interaction energy of this anisotropically polarizable
molecule with a dielectric slab of thickness d separated by a distance z from the
molecule (see Fig. 2.2) is determined. The slab itself is anisotropic but only in
the normal direction ẑ,

ε(ω) = ε⊥(ω)1⊥ + ε||(ω)ẑẑ, (2.36)

where ⊥-components are in the x-y plane containing the dielectric slab. The
Green’s function for the interaction of such a uniaxial slab with a particle which is
anisotropically polarizable in only one direction has been solved in Ref. [124]. We
generalize the result for an anisotropically polarizable particle in all three principal
directions. The case is applied to CO2 molecule interaction with amorphous silica
slabs and thin gold films; see Paper VIII.
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2.8 Effect of anisotropy on Casimir energy lead-
ing to torque

The introduction of any two plates in vacuum breaks its translational symmetry
leading to the Casimir force between the plates. If, in addition, the rotational
symmetry is broken which can occur if the two plates are birefringent, a torque
appears between the plates, and they begin to rotate tending to align their princi-
pal optical axes [17]. This appearance of the moment of force or torque between a
pair of anisotropic plates has been of fundamental interest in the Casimir commu-
nity, and the torque being small (≈ 10−20 Nm), efforts to increase the feasibility
for experimental observation have been underway [125–128].

Barash in 1978 presented an analytical calculation of the retarded Casimir
torque of two uniaxially birefringent semi-infinite slabs interacting across an iso–
tropic medium by considering the Helmhotz free energy of the electromagnetic
field [129]. In the non-retarded weak limit, the torque was found to vary propor-
tional to sin(2θ), θ being the relative angle between the optical axes of the two
slabs. Prior to this, the torque between semi-infinite uniaxial bulk slabs inter-
acting across a third anisotropic medium had been studied by mode summation
technique in the non-retarded limit by Parsegian and Weiss [130], and by quan-
tum field theoretical method with retardation in the absence of the intervening
anisotropic medium by Kats [131]. Kats, however, had overlooked the signifi-
cance of the arbitrariness of the polar azimuthal angle and the dependence of
the Green’s function on this angle for the in-planar uniaxial case which leads to
the inseparability of the transverse electric (TE) and transverse magnetic (TM)
modes. van Enk presented a calculation of the Casimir torque with effects of
retardation in an illustrative one-dimensional picture as a result of transfer of
angular momentum in vacuum to two plates of finite thickness with uniaxial bire-
fringence [132]. The sin(2θ)-dependence of the torque consistently shows up in the
later calculations in the non-retarded limit [133] and in the retarded approximate
expression [134]. While Philbin et al. [135], by the electromagnetic stress tensor
method, does not exactly reproduce the analytical expression of Barash’s [129],
their results, however, match numerically.

Munday et al. performed an elaborate numerical calculations of torque be-
tween a pair of uniaxial birefringent semi-infinite slabs in the retarded regime
using Barash’s formalism [129] and showed that one can achieve positive torque
or negative torque at a particular angle depending on the dielectric functions of
the pair of interacting materials under consideration [125]. Further they pro-
posed an experiment for measuring torque based on Casimir-Lifshitz repulsion in
the retarded distance regime of a birefringent barium titanate (BaTiO3) slab im-
mersed in ethanol with a second plate of suitable anisotropic permittivity. Such
an arrangement is hoped to render relatively easy measurement of the Casimir
torque without the cumbersome handling of the tiny micron-sized plates in the
laboratory. They suggested that with suitable but commonly found inexpen-
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sive materials, force and torque sensors of much higher degree of sensitivity than
currently in existence could be developed based solely on Casimir-Lifshitz repul-
sion [126]. Employing the use of torsional balance, Beth in 1936 had achieved
measurement of light-induced rotation of a quartz disc to a degree sensitivity of
10−17 Nm [136]. In another work, Chen et al. separately analyzed the feasibility
of measuring torque with modern equipments taking account of various exper-
imental conditions such as effects of net charge, dissipation, noise, precession,
etc., and came to the conclusion that measurement of Casimir torque is indeed
possible [137].

Besides the extreme interest in its fundamental existence, attaining higher
magnitude of torque is of great significance in view of its applications in devices,
actuators, etc. [127]. In this light, Esquivel-Sirvent et al. demonstrated that
the value of torque can be increased as high as 10−15Nm−1(≈ 10−17 Nm for a
micron-sized disc) with the application of an external magnetic field [128]. Very
recently, Refs. [138, 139] extended upon their earlier works to study conditions
for repulsion for Casimir force between identical birefringent slabs in particular
orientations and torque enhancement, surprisingly, by an intervening dielectric
medium and retardation.

In all of the above aforementioned works, the materials under consideration
are all uniaxial with the anisotropy occurring in the plane of the slab. A biaxial
material, however, has different components of the dielectric functions along all
the three different principal directions of the slab which can be described as,

ε1(ω) = ε111 ê1ê1 + ε221 ê2ê2 + ε331 ẑẑ, (2.37a)

ε2(ω) = ε112 ĝ1ĝ1 + ε222 ĝ2ĝ2 + ε332 ẑẑ, (2.37b)

where (ê1, ê2, ẑ) and (ĝ1, ĝ2, ẑ) are the directions of the principal axes of the
two slabs, one of them coinciding with the ẑ-axis. Anisotropy persists in all
three directions. The TE and the TM modes in the Maxwell equations no longer
decouple, similar to the in-planar uniaxial case, but the generalization from the
uniaxial case is not straightforward. In our works (cf. Paper IX in this thesis),
we outline a perturbative formalism that takes into account biaxial polarizability,
retardation and finite thickness of the interacting slabs. The plates have thickness
di, are parallel to each other, and their normals are chosen to be along the ẑ-
direction; see Fig. 2.3. Considering a uniaxial background as in Eq. (2.36) by
defining,

ε⊥i =
ε11i + ε22i

2
and ε

||
i = ε33i , (2.38)

with 1⊥ = ê1ê1 + ê2ê2 = ĝ1ĝ1 + ĝ2ĝ2, the anisotropy contributing to biaxial
polarizability can be treated as perturbation,

ε1̃(ω) =

(
ε111 − ε221

2

)
(ê1ê1 − ê2ê2), (2.39a)

ε2̃(ω) =

(
ε112 − ε222

2

)
(ĝ1ĝ1 − ĝ2ĝ2), (2.39b)
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ẑ

Figure 2.3: Two biaxially polarizable dielectric slabs of thicknesses d1 and d2
separated by distance z. The principal axes ê1 and ê2 of the first slab is oriented
at an angle θ relative to the principal axes of the second slab ĝ1 and ĝ2. The
third principal axes for both the slabs are chosen normal to the plane of the slabs
along ẑ.

with the expansion parameter,

βi =
ε11i − ε22i
ε11i + ε22i

. (2.40)

The Green’s dyadic for a single uniaxial slab with dielectric function of the
form Eq. (2.36) has been solved in Ref. [124, 140]. Building upon this symmetric
background, an energy break-up technique as first illustrated in Refs. [86,141,142]
is followed to isolate the energy part contributing to the torque. In the uniaxial
limit, this theory yields the exact result of Barash’s [129] in the non-retarded
limit, while in the retarded limit, the result is found to match numerically well
below 5.5 % for the interaction of a pair of bulk black phosphorus slabs in the test
range of 1-100 nm. It is found that smaller the value of β, smaller is the deviation
between the exact and the perturbative theories.

The combined effects of biaxial polarizability and retardation give rise to a
number of interesting consequences that may have implications for future nan-
otechnology.
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Chapter 3

Density functional theory
(DFT)
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This chapter provides in brief the underlying quantum-mechanical theory of
DFT. The method of optical calculations using DFT to obtain the frequency-
dependent dielectric functions of materials is presented in the next chapter.

3.1 Density functional theory

Thomas and Fermi, in 1927, independently showed that the ground-state energy
of a homogeneous electron gas can be expressed in terms of the electron density
alone [143, 144]. Nearly four decades later, in 1964, Hohenberg and Kohn pro-
vided a more concrete construction of this concept in the form of two theorems
along with their proofs [145], which form the foundation of the density functional
theory. The first theorem states that the ground-state density n(r) uniquely de-
termines the external potential V (r) on any interacting system of particles within
an arbitrary constant. In other words, all the ground-state properties (or, all
measurable quantities or physical observables) of the system can be determined
from the density alone. The theorem is proven by contradiction that two external
potentials cannot have the same ground-state density unless they are the same
except for a constant. Thus, it implies the existence of a universal functional,

F [n(r)] = T [n(r)] + U [n(r)], (3.1)

for all systems, where T [n(r)] and U [n(r)] are the kinetic and the internal potential
energy functionals. Such a functional exists because the kinetic and internal po-
tential energy functionals do not depend upon the external potential, and are the
same for all systems. The universal functional F [n(r)] together with the remain-
ing interaction energy terms due to the presence of the external potential forms
the full energy functional E[n(r)]. In addition, according to the first theorem,
the ground-state energy of a system is uniquely determined by the ground-state
density, and as such, any other density will result in a higher energy owing to the
variational principle. Thus, the correct ground-state density can be obtained by
minimizing with respect to density the total energy of the system. The existence
of this variational principle for the determination of the exact ground-state den-
sity and energy forms the statement of the second theorem. The details of the
proofs can be found in the literature [146–148].

Hence, in DFT, the idea is to manipulate the many-body Hamiltonian by the
above mentioned density functional approach as an alternative to solve the many-
body system, or to find an explicit relation between total energy and density.
However, the issue remains that one does not know to date the form of the en-
ergy functional E[n(r)] that describes all known many-particle systems in nature,
e.g. metals, semiconductors, insulators, layered structures, molecules, liquids and
gases [146,149].

In the traditional wavefunction approach, the many-body wavefunction is ex-
pressed in terms of the single-body wavefunctions such that the many-body Hamil-
tonian can operate on it. The Hamiltonian is generally considered of the form
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comprising the summation of the kinetic energies of the constituent particles and
the pairwise interactions between them [146,150],

H = −
n∑

i=1

~2∇2
i

2mi
−

N∑

I=1

~2∇2
I

2MI
−

n∑

i=1

N∑

I=1

ZI
|ri −RI |

+
1

2

n∑

i=1

n∑

j 6=i

1

|ri − rj |
+

1

2

N∑

I=1

N∑

J 6=I

ZIZJ
|RI −RJ |

. (3.2)

The first and the second terms correspond to the kinetic energies of the electrons
each of mass mi and of the nuclei each of mass MI respectively. The third
term corresponds to the attractive electron–nucleus interaction while the fourth
and the fifth to the repulsive electron–electron and nucleus–nucleus interactions
respectively. n and N correspond to the number of electrons and nuclei present in
the system while ri and RI signify their coordinates respectively. At this stage,
one makes use of the Born-Oppenheimer approximation to separate the electronic
and nuclear equations by taking into account that the nuclei are considerably
heavier than the electrons (Mi � mi), and hence, can be regarded as stationary.
The electronic Hamiltonian He comprising of just the first, third and the fourth
terms then operates on the many-electron wavefunction ψ(r1, r2, . . . , rn) to obtain
the electronic energy Ee of the system. That is,

Heψ(r1, r2, . . . , rn) = Eeψ(r1, r2, . . . , rn). (3.3)

Now, the simplest approximation of the many-electron wavefunction ψ(r1, r2, . . . ,
rn) such that the above operation works is the Hartree approximation,

ψH = ψ(r1)ψ(r2) . . . ψ(rn). (3.4)

Then,
HeψH = EHψH , (3.5)

gives the Hartree energy EH . The Hartree wavefunction, however, describes
no exchange or correlation in particular. A more inclusive wavefunction is the
Hartree-Fock antisymmetric wavefunction of the fermions. It represents exchange
interaction exactly, and is given by the Slater determinant [151],

ψHF =
1√
N !

∣∣∣∣∣∣∣∣∣

ψ1(r1) ψ2(r1) . . . ψn(r1)
ψ1(r2) ψ2(r2) . . . ψn(r2)

...
...

...
ψ1(rn) ψ2(rn) . . . ψn(rn)

∣∣∣∣∣∣∣∣∣
. (3.6)

So, the operation,
HeψHF = EHFψHF , (3.7)

gives the Hartree-Fock energy EHF . This is still not exact yet for it does not
account for correlation. To sum up,

Heψexact = Eexactψexact, (3.8)
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Ex + EH = EHF , (3.9)

Ec = Eexact − EHF = Eexact − Ex − EH , (3.10)

where Ex and Ec are the exchange energy and the correlation energy respectively.
At this juncture, the Kohn-Sham DFT enters into the picture. The ap-

proach combines a bit of DFT and Hartree wavefunction approximation to obtain
an exact solution of the many-electron equation by introducing the exchange-
correlation potential Vxc in the Hamiltonian that takes into account all unknown
interactions between the electrons in the system,

{He + Vxc}ψH = EexactψH , (3.11)

where He contains the kinetic and potential energy terms operated between the
single-electron Hartree wavefunctions, and Eexact =< ψH |He + Vxc|ψH >. The
DFT part of the method lies in the Kohn-Sham Hamiltonian HKS = {He+Vxc},
expressed as density functionals. The Hamiltonian derives from a minimization
procedure of the total energy functional E[n] written as [146],

E[n] = TH [n] + UH [n] + Uen[n] + Exc[n], (3.12)

where,

TH [n] =

n∑

i

ˆ
ψ∗i (r)

{
− ~2∇2

2m

}
ψi(r) dr

= kinetic energy in the Hartree approximation

UH [n] =
1

2

n∑

i=1

n∑

j 6=i

ˆ ˆ
ψ∗i (r)ψ∗j (r′)

{
q2

|r− r′|

}
ψi(r)ψj(r

′) drdr′

= potential energy in the Hartree approximation

Uen[n] =

n∑

i

ˆ
Ven(r)ψ∗i (r)ψi(r) dr

= electron− nucleus interaction energy in the Hartree approximation

with Ven treated here as the external potential due to the presence

of nuclei

Exc[n] = (T [n]− TH [n]) + (U [n]− UH [n])

= exchange− correlation energy
(3.13)

The crucial step in Kohn-Sham DFT is in the manner of writing down the
last equation in the set of equations above by subtracting the known TH [n] and
UH [n] from the unknown T [n] and U [n], and terming the sum of the differences
as the exchange-correlation energy functional Exc[n]. Note that TH [n] and UH [n]
have been correspondingly added to Eq. (3.12) so that the total energy functional
E[n] still retains the exact form,

E[n] = T [n] + U [n] + Uen[n]. (3.14)
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It is a simple, straightforward manipulation of writing the exact total energy
functional Eq. (3.14) in the form of Eq. (3.12) by using the set of Eqs. (3.13).
This procedure entails a favorable condition that E[n] is exact if Exc[n] is exact.
One can then apply the variational method to the total energy expression of
Eq. (3.12) under the constraint that the wavefunctions are orthonormalized,

δ

δψ∗i (r)

{
E[n]−

∑

j,j′

λj,j′

(ˆ
ψ∗j (r)ψj′(r)dr− δj,j′

)}
= 0 (3.15)

Upon minimizing with respect to the wavefunction ψ∗i or the density n(r) =∑n
i=1 ψ

∗
i ψi as deemed suitable, one obtains for each i,

δ

δψ∗i (r)
TH [n] +

δ

δn(r)

(
UH [n] + Uen[n] + Exc[n]

)
ψi(r) = λiψi(r) (3.16)

⇒
{
− ~2

2m
∇2 + VH(r) + Ven(r) + Vxc(r)

}
ψi(r) = λiψi(r). (3.17)

The operation of the functional derivative on TH [n] and Uen[n] is straightforward
(cf. Eq. (3.13)) while,

VH(r) =
∑

j 6=i

ˆ
ψj(r

′)∗
{

1

|r− r′|

}
ψj(r

′) dr′

Ven(r) = external potential due to presence of nuclei

Vxc(r) =
δExc[n]

δn(r)
= exchange− correlation potential (unknown)

(3.18)

Putting VH(r) + Ven(r) + Vxc(r) = Veff (r), one gets,

{
− ~2

2m
∇2 + Veff (r)

}
ψi(r) = λiψi(r). (3.19)

This is the famous Kohn-Sham equation, and it resembles a single-electron Schrö–
dinger equation with the Lagrangian multiplier λ′is giving the single-electron en-
ergies. The crux of the method is to reduce the quantum many-electron problem
into one-electron problem whose overall interaction is taken care by the effective
potential Veff comprising of VH(r), Ven(r) and Vxc(r). Though the exact many-
particle system cannot be obtained since the Hartree wavefunction approximation
is employed, the exact ground-state density and the total energy of this reduced
system generated in the process with the aid of the exchange-correlation part still
correspond directly to that of the real interacting system. Using Eq. (3.12), the
total energy E[n] is found to be after some algebra [146],

E[n] =
∑

i

λi −
1

2

ˆ ˆ
n(r)n(r′)
|r− r′| drdr

′ + Exc[n]−
ˆ
Vxc(r)n(r)dr, (3.20)
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which is exact provided the exchange-correlation description is exact.
Alternatively, one can choose the Hartree-Fock wavefunction to obtain,

{He + Vc}ψHF = EexactψHF , (3.21)

and follow the same procedure to derive the ground-state energy. While the
Hartree-Fock wavefunction renders a possibility to describe the exchange interac-
tion exactly, it cannot however generate single particle energies that involve only
ψi’s unlike the Hartree approximation. Thus, the Hartree wavefunction approxi-
mation is favored in the implementation of Kohn-Sham DFT though it does not
explicitly describe either exchange or correlation correctly.

In principle, the formalism offers an exact solution of the quantum many-body
problem. However, nobody knows the form of the effective potential Veff that
takes care of all known interactions in nature, that correctly describes the en-
tire exact exchange and correlation between electrons in the system. To continue
with carrying out the actual energy calculations of real systems, one then resorts
to the natural route of making approximations, and compares and predicts re-
sults within reasonable error bars. The local density approximation (LDA) is the
first of such approximations. It treats the exchange-correlation of real systems
as locally identical to those of the homogeneous electron gas [152]. The gener-
alized gradient approximation (GGA) [153] is another approach. It introduces a
gradient correction term of the density to the LDA. There are also the hybrid
functionals which blend exact exchange from Hartree-Fock with correlation from
other approximations [154]. The use of these functionals, their applicability on
different types of systems and development of more accurate functionals have been
important topics of research in the DFT community.

In DFT coding packages, usually the Kohn-Sham equations in the reciprocal
space are implemented for computational efficiency in dealing with the allowed
k-states of the eigenvectors of the crystal electrons [146]. It can be seen by Fourier
transforming into the reciprocal space that,

ψk,j(r) = ψk+G,j(r), (3.22)

where j is the band index for the specific crystal momentum k, and G is a
reciprocal lattice vector. ψk,j(r) in the Bloch’s theorem is,

ψk,j(r) = eik·ruk,j(r), (3.23)

with the plane-wave part exp(ik · r) obeying the artificially introduced periodicity,
exp(ik · r) = exp(ik · (r + L)), and the Bloch part uk,j(r) obeying the crystal pe-
riodicity as well as the artificial periodicity, uk,j(r) = uk,j(r + R) = uk,j(r + L).
There are as many k-states as the number of primitive cells in the artificially
introduced periodic system. Thus, large number of k-states is required to accu-
rately describe the density n(r) =

∑occ.
k,j |ψk,j |2. In what follows, the band index

j is omitted for brevity. Now, using the Fourier transforms of Veff (r) and ψk(r),

Veff (r) =
∑

G

VG eiG·r, (3.24)
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ψk(r) = eik.r
∑

G

uk+G eiG.r, (3.25)

it is a simple matter to write down the Kohn-Sham equations in the reciprocal
space as,

∑

G′

(
~2(k + G)2

2m
δGG′ + VG−G′

)
uk+G′ = λkuk+G. (3.26)

In a typical DFT calculation, the cut-off or the maximum value of G considered in
the basis set expansion above determines the accuracy of the calculation. Clearly,
larger the cut-off value, higher is the accuracy. Moreover, self-consistency arises
due to the mutual dependence of the density and the potential,

n0(r)⇒ Veff (r)⇒ ψk(r)⇒ n1(r), (3.27)

where n0(r) is the initial guess density and n1(r) the density after the first itera-
tion. This goes on until convergence of the minimum energy is achieved. There-
after, the energy, force, etc. are obtained from the final converged density. This
variation, as pointed out earlier, is made possible by the second DFT theorem of
Hohenberg and Kohn.

3.2 van der Waals in DFT

Since van der Waals forces are important for weakly-bonded layered materials and
large molecular systems, there have been several works to incorporate this long-
range interaction in the exchange-correlation part of the energy in Kohn-Sham
DFT. The traditional GGA’s are not constructed to predict molecular crystal
structure. van der Waals forces are shown to be crucial in determining reliable
geometries and energies in the context of atom-surface interaction [155]. Refer-
ence [156] provides an elaborate overview of the current available methods for
encompassing these non-local correlations arising due to quantum fluctuations.
The elementary scheme is just to introduce a pair potential as a correction term
in the exchange-correlation part of the potential. It banks extensively on the em-
pirical C6 coefficients of the atom-atom interaction. The DFT-D, DFT-D2 and
DFT-D3 are such functionals [157,158]. Improvements have been made over this
method in the TS-vdW functional [159] to get rid of the heavy empiricism in-
volved and actually computing the C6 coefficients from the ground-state electron
density taking into account the effects of the molecular environment as well. On
the other hand, the vdW-DF functionals [160–162] attempt to derive the non-
local exchange-correlation energy explicitly from first principles and many-body
physics, either by obtaining it directly from the electron density or from relevant
approximations of the response or the dielectric function. The need for empir-
ical and external input parameters does not arise here. These functionals have
also been improved upon by introducing separate exchange parts, e.g. optB88-
vdW [163], optB86b-vdW [164] and the vdW-DF-cx [165], etc. Other methods
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that involve for example perturbation in the random phase approximation exist
too [166].
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Chapter 4

Dielectric responses of
matter
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4.1 Dielectric functions

From the preceding chapters, it is obvious that the frequency-dependent dielectric
function of the bulk materials and the polarizability of the atoms/molecules under
consideration constitute the major inputs for the vdW and the Casimir-Lifshitz
energy calculations. The material property of the system enters through these
two entities. The dielectric function is a correlation function that satisfies causal
connection between the polarization and the electric field [8,167]. It is the response
of a system to external perturbation. Hence, one can make use of the Kramers-
Kronig transformation to relate the real (dispersive) and imaginary (absorptive)
parts of the dielectric function [8, 167],

Re ε(ω) = 1 +
2

π

ˆ ∞
0

dω′ ω′ Im ε(ω′)
ω′2 − ω2

. (4.1)

For real materials, these functions are smooth and monotonically decreasing on
the imaginary frequency axis. Thus, one usually performs Casimir-Lifshitz cal-
culations on the imaginary frequency axis. The dielectric values on the real fre-
quency axis can be transformed to that on the imaginary frequency axis from
the imaginary part of the dielectric function using the following version of the
Kramers-Kronig dispersion relation [168],

ε(iξ) = 1 +
2

π

ˆ ∞
0

dω ω Im ε(ω)

ω2 + ξ2
, (4.2)

The dielectric functions are either obtained from DFT calculations, or by us-
ing realistic mathematical models and regular experimental data available in the
literature [169,170].

The dielectric functions of the materials under consideration in this thesis,
viz. amorphous silica (a-SiO2), crystalline silica (SiO2), solid CO2, cellulose, gold
(Au) [171], black phosphorus and phosphorene have been obtained using DFT
with the Vienna Abinitio Simulation Package (VASP) code [172–174]. The de-
tailed calculation of the optical properties using such a method is illustrated for
the case of phosphorene and bulk black phosphorus in the sub-sections below (4.1.1
and 4.1.2). The dielectric function of water is generated from the parameters pro-
vided in Ref. [66]. For hexane in particular, the Ninham-Parsegian representation
is applied [175],

ε(iξ) = 1 +
CIR

1 + (ξ/ωIR)2
+

CUV
1 + (ξ/ωUV )2

, (4.3)

with the measured data of absorption frequency and the oscillator strength func-
tion in the infrared region ωIR and CIR, and that in the ultraviolet region ωUV
and CUV from Ref. [170].
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4.1.1 Optical calculations with DFT

The very first step in a DFT calculation is to obtain the correct crystalline struc-
ture of the material under consideration. In the VASP computational package
which solves the Kohn-Sham equation for periodic material systems, it is im-
portant from computational perspective to determine the primitive unit cell and
to use the space group symmetry operations resulting in more accurate calcula-
tions and faster convergence of the required outputs. For instance, the number
of k-points required for convergence can be reduced by utilizing the k-space of
only the irreducible Brillouin zone. In this regard, the International Tables for
Crystallography [176] provides a very comprehensive compilation of the symmetry
operations, the Wyckoff positions and other geometrical details that are required
for generating appropriate structures, of all the known space and layer groups in
nature. In addition, SpringerMaterials [177] and Materials Project databases [178]
are extensive sources for data of materials. One then proceeds with relaxation and
optimization of the structures obtained with the proper choice of density func-
tional depending on the type of material. This procedure minimizes the energy
of the structure while keeping the symmetries intact, thereby obtaining the right
lattice constants, bond lengths between the atoms in the unit cell, etc. with ref-
erence to the materials database or the experimental data if available. In general,
a number of test runs is performed in acquiring the final consistent structure.

The actual calculations of the frequency-dependent dielectric functions of the
relaxed and optimized structure can now commence. The basic idea of the imple-
mented method is to sum over all possible direct transitions between the conduc-
tion and the valence bands. In the VASP code, the absorptive imaginary part of
the dielectric function Im εij(ω) is calculated as [179],

Im εij(ω) =
4π2e2

Ω
limq→0

1

q2

∑

c,v,k

2ωkδ(λkc − λkv − ω)

×〈ukc+eiq|ukv〉〈ukc+ejq|ukv〉∗, (4.4)

where Ω is the volume of the unit cell, ωk the weight of the k wavevector and
q the magnitude of the momentum of the incident photon. c and v signify the
empty conduction and the occupied valence bands respectively, and λkc and λkv
their corresponding energies for the specific k-vector. uk’s are the cell periodic
parts of the Bloch wavefunctions while ei represents the three Cartesian unit
vectors. The detailed derivation is presented by Gajdoš et al. [179] incorporating
the works in Refs. [180, 181]. See also Ref. [182] for an alternate derivation. One
can then perform the Kramers-Kronig transformation to obtain the real parts
of the dielectric function, or in our case, the dielectric values on the imaginary
frequency axis as given by Eq. (4.1).
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Figure 4.1: (Left) Bulk phosphorous with 4-atom primitive unit cell. The crystal
structure is orthorhombic belonging to the Cmce (D18

2h) symmetry group and the
space group number is 64. (Middle) The extended bulk structure with the unit
cell repeated in all directions. (Right) Alternative view of the bulk structure with
the Wigner-Seitz cell of one lattice node displayed. It is the equivalent of the first
Brillouin zone in k-space.

4.1.2 Phosphorus and phosphorene

Recently, a monolayer of the bulk black phosphorus has been proposed, exfoli-
ated, and is termed phosphorene by Liu et al. [183]. This new specimen of 2D
material has ignited much interest owing to, amongst all, its possessing a non-
zero direct or near-direct band gap with energy that decreases with increase in
the number of layers. The layered crystal is of the van der Waals type but with
more sophisticated nature of interlayer interaction [184]. The band gap energy
can vary from ∼ 1.5 eV verified by experimental photoluminescence excitation
spectroscopy [74,185] in the monolayer to ∼ 0.3 eV for the bulk phase [186]. Phos-
phorene displays a unique puckered honeycomb structure rendering a non-planar
feature to the layer. Its exhibition of in-plane anisotropy of various material prop-
erties has been attributed to this feature [183]. It is this property of anisotropy
that forms the highest significance for the study under consideration in this thesis;
that of the Casimir torque. Moreover, it has high carrier mobility [183,187–189],
high reactivity [190–193] and high exciton binding energy [74,194]. All these char-
acteristics make phosphorene a desirable material for device applications such as
on-chip polarizers [74], field-effect transistors (FETs) [73, 195–197], photodetec-
tors [197], polarization-modulated photovoltaics [198] and polarization sensors for
navigation technology [199]. Further, the anisotropic carrier mobility that can be
modified by inducing strain for example [200], the optical anisotropy that can
be manipulated by applying a gate voltage for instance [198] and the variable
band gap energy lend multiple handles for tuning its properties for the desired
applications.

In Paper IX of this thesis, we exploit its biaxial nature for the purpose of our
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Figure 4.2: (Left) Bulk phosphorous with 8-atom conventional unit cell. The
crystal structure is orthorhombic belonging to the Cmce (D18

2h) symmetry group
and the space group number is 64. (Middle) The extended bulk structure with the
unit cell repeated in all directions. (Right) Alternative view of the bulk structure
with the Wigner-Seitz cell of one lattice node displayed.

study of anisotropic Casimir energy and torque. The crystal structure of the black
bulk phosphorus is orthorhombic in nature, and the Bravais lattice is C-centered
with crystallographic space group symmetry Cmce (D18

2h; space group number
64). Its primitive unit cell consists of 4 atoms as shown in Fig. 4.1. Figure 4.2
shows the alternative conventional unit cell consisting of 8 atoms for the bulk
structure having the same symmetry and same space group number with the long
axis along b or y-direction. The Wyckoff site of the bulk conventional unit cell
is 8f with coordinate (0, 0.09449, 0.08652); that is, the location of the 8 atoms in
the unit cell can be generated using this coordinate and the positions specified
by the 8f Wyckoff positions. The optimized lattice parameters with the optB88-
vdW functional [160, 161, 163, 164] in our calculation are a = 3.34 Å, b = 10.74 Å
and c = 4.47 Å (a < c < b). This right-angle conventional unit cell renders an
obvious interpretation of the anisotropic directions in the dielectric tensor εij ,
where i, j = x, y, z of the Cartesian system.

The monolayer phosphorene supercell is constructed with length of 20 Å filled
with vacuum along the z-direction to be consistent with the layer group nomen-
clature. The cell comprises of 4 atoms. The introduction of vacuum is to ensure
zero interaction between the adjoining unit cells in the periodic system. The
structure then satisfies the order a < b < c as against a < c < b in the bulk
conventional cell. That is, a = 3.32 Å, b = 4.57 Å and c = 19.81 Å after relax-
ation of this structure. The values of the in-plane constants a and b compare very
well with those reported in the literature [187]. According to the relatively new
layer group classification [201], monolayer phosphorene belongs to the layer group
number 42 with crystal symmetry pman (D7

2h). Inversion symmetry exists such
that for every atom at (0, y, z) coordinates, there is an atom also at (0,−y,−z).
The Wyckoff position is given by 4e with coordinate (0, y, z) = (0, 0.08652, z∗/c),
where z∗ = 0.05302 Å and z the modified value resulting from the addition of
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Figure 4.3: (Left) Primitive unit cell of monolayer phosphorene consisting of 4
atoms with vacuum along the c-direction in the order a < b < c. The layer group
number for monolayer phosphorene is 42 with crystal symmetry pman (D7

2h).
(Middle) The extended monolayer structure with the unit cell repeated in all
directions. (Right) Alternative view of the extended structure with the Wigner-
Seitz cell of one lattice node displayed.

vacuum in the unit cell. According to this symmetry, the unit cell thus appears
as in the leftmost subfigure of Fig. 4.3 with two atoms near the top and two near
the bottom of the unit cell, which when repeated gives the monolayer structure
as shown in the middle subfigure of Fig. 4.3.

The vacuum-filled unit cell of bilayer phosphorene consists of 8 atoms, and is
22 Å in length along the z-direction with b < a < c. Relaxation results in the
values a = 4.53 Å, b = 3.33 Å and c = 22.31 Å that are again in good agree-
ment with Ref. [187]. It belongs to the layer group number 45 with symmetry
pbma (D11

2h). The unit cell comprises of 2 inequivalent atoms, both with Wyck-
off positions 4c and with coordinates (0.08414, 0.25, z∗1/c), z

∗
1 = 0.57164 Å and

(0.41504, 0.25, z∗2/c), z
∗
2 = 0.33221 Å respectively. The symmetry is such that for

an atom at (x, 0.25, z), there is an atom at (−x, 0.75,−z) with the y-coordinate
translated by 0.5. The unit cell is shown in Fig. 4.4 with the atoms in the middle
of the vacuum-added supercell. The structural details with the relaxed lattice
parameters for the monolayer, the bilayer and the bulk conventional P unit cells
are presented in Table 4.1. One of the sides of the planar layer remains roughly
the same (∼ 3.3 Å) in all the three structures, while the other side increases sig-
nificantly from 4.47 Å in the bulk to 4.57 Å in the monolayer. This observation is
consistent with the literature, and has been theorized to be due to the presence of
binding energy between layers in the bulk P [187] as well as in bilayer P though
not as significant as in the bulk.

For the band structure calculation, the primitive bulk unit cell is more suit-
able for easy comparison with the layer band structures since band-folding can
occur with the 8-atom conventional unit cell. However, it is easier to match the
high symmetry k-paths with the rectangular Brillouin zone of the conventional
cell. The reciprocal lattice vectors b1, b2 and b3 in both the primitive and the
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Figure 4.4: (Left) Primitive unit cell of bilayer phosphorene consisting of 8 atoms
with vacuum along the c-direction in the order b < a < c. The layer group number
for bilayer phosphorene is 45 with symmetry pbma (D11

2h). (Middle) The extended
bilayer structure with the unit cell repeated in all directions. (Right) Alternative
view of the extended structure with the Wigner-Seitz cell of one lattice node
displayed.

Table 4.1: The Wyckoff position, group name and space or layer group number of
the monolayer, the bilayer and the conventional bulk P unit cells. The structures
have been constructed with symmetry in precedence as outlined in the report of
the International Union of Crystallography [201,202]. The lattice parameters a, b
and c after performing structural optimization with optB88-vdW functional are
also listed. For the layer supercells with added vacuum, z = z∗/c, where z is
the value scaled according to the vacuum length c. The bilayer unit cell has two
inequivalent atoms both belonging to the Wyckoff site 4c.

Structure Wyckoff position Group name Group no. a (Å) b (Å) c (Å)

Site Coordinate (x, y, z∗) (space/layer)

Bulk 8f (0, 0.09449, 0.08652) Cmce (D18
2h) 64 3.34 10.74 4.47

Monolayer 4e (0, 0.08652, 0.05302) pman (D7
2h) 42 3.32 4.57 19.81

Bilayer 4c (0.08414, 0.25, 0.57164) pbma (D11
2h) 45 4.53 3.33 22.31

4c (0.41504, 0.25, 0.33221)

Table 4.2: The reciprocal lattice vectors b1, b2 and b3 in the primitive and
conventional cells. Here, a = 3.34 Å, b = 10.74 Å and c = 4.47 Å.

Reci. lattice vector (Å−1) Primitive Conventional

b1

(
2π
a ,− 2π

b , 0
) (

2π
a , 0, 0

)

b2

(
2π
a ,

2π
b , 0

) (
0, 2πb , 0

)

b3

(
0, 0, 2πc

) (
0, 0, 2πc

)
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Figure 4.5: The electronic bandstructure of bulk P along the high symmetry path
of the irreducible Brillouin zone of its primitive unit cell. A direct gap occurs at
the Y point which is seen overlapping here due to underestimation of band gap
in PBE calculations.

conventional cells of the bulk P structure are given in Table 4.2. From this table,
one can directly obtain, by linear transformation, k-vectors corresponding to the
high symmetry points from one basis set to the other. The high symmetry k-path
of the irreducible Brillouin zone corresponding to the orthorhombic C-centered
lattice of the bulk primitive cell as given in Ref. [203] is Γ-X-S-R-A-Z-Γ-Y-X1-
A1-T-Y-T. Figure 4.5 displays the electronic band structure of the bulk black
phosphorus along this path calculated using VASP. The Perdew-Burke-Ernzerhof
(PBE) functional [153] which we employ here for these demonstrative calculations
is known to underestimate the band gap energy [204], and hence the direct band
gap at the Y-point is not apparent in Fig. 4.5. The actual experimental band gap
is ∼ 0.3 eV as mentioned before.

The electronic band structures of the monolayer phosphorene and bilayer phos-
phorus along the high symmetry path Γ-X-S-Y-Γ are displayed in Fig. 4.6. The
anisotropic feature can be seen from the band dispersion curves. A near-direct
band gap at the Γ-point for both the monolayer and bilayer phosphorus is ob-
served with underestimated band gap energies of 0.81 eV and 0.42 eV respectively.
Note that, since the unit cells of the monolayer and bilayer phosphorus have been
constructed with the lattice parameters in the order a < b < c and b < a < c
respectively to comply with the symmetry operations and the standard layer
space group conventions, their eigen-energy curves look exactly the opposite of
each other. Recalculating the bilayer band structure along the path Γ-Y-S-X-Γ
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Figure 4.6: The electronic bandstructure of the monolayer P (left), the bilayer P
(middle) and the bilayer P with reversed high symmetry path (right).

instead produces the band structure similar to that of monolayer phosphorene.
To compare, the high symmetry path Γ-X-A-Z-Γ of the bulk primitive cell

results in roughly similar band structure with that of phosphorene (see Fig. 4.7).
The same path with the conventional cell produces band-folding seemingly giving
an appearance of a near-direct band gap at the Γ-point while in fact, it occurs at
the Y-point as is obvious from Fig. 4.5. The k-vectors in the conventional basis
set have been directly determined from the corresponding high symmetry k-points
in the primitive basis set for the sake of comparison by simply equating their
coefficients. For example, consider point X that has coordinates (β, β, 0) where
β = 0.27 in the primitive basis set. Then using Table 4.2, X in the conventional
basis set can be simplistically obtained from the relation,

β

(
2π

a
x̂− 2π

b
ŷ

)
+β

(
2π

a
x̂+

2π

b
ŷ

)
+ 0 = l

(
2π

a
x̂

)
+m

(
2π

b
ŷ

)
+ l

(
2π

c
ẑ

)
. (4.5)

This gives l = 2β, m = 0 and n = 0. Table 4.3 lists the high symmetry k-
points in both the basis sets. Note that these k-vectors in the conventional basis
set presented here may not directly correspond to the high symmetry points of
the irreducible Brillouin zone of the conventional unit cell itself. For example,
the point X here has coordinates (2β, 0, 0) while in the actual Brillouin zone of
the conventional unit cell, X corresponds to exactly (1/2, 0, 0); see Ref. [203]. It
is again stressed that this sort of transformation has been carried out for the
purpose of direct comparison between the band structures of the different unit
cells of bulk P. To conclude, the monolayer, bilayer and bulk P display more or less
the same curves in the band plots, and hence the similarities in their properties,
for example, of anisotropy. The band gap decreases with the number of layers.

In the above calculations, the structures have been relaxed with the optB88-
vdW functional [160, 161, 163, 164] to treat the exchange-correlation term taking
into account the layered configuration of the material. The cutoff energy for the
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Figure 4.7: The electronic bandstructure of bulk P calculated using: (left) primi-
tive unit cell, (middle) conventional unit cell along the same high symmetry path
of the primitive unit cell in the left figure. In this case, bandfolding appears as is
evident, for example, from the curves around the Γ-point, and (right) conventional
unit cell showing the occurrence of a direct band gap at the Y point. The band
gap energy is underestimated by the PBE functional and hence, the seemingly
gapless appearance in the bandstructure.

Table 4.3: k-vectors in the reciprocal space for high symmetry points of the
irreducible Brillouin zone for bulk, Cmce (a < b). Here, β = (1 + a2/b2)/4 [203].

k-points Primitive Conventional

Γ (0, 0, 0) (0, 0, 0)

Y (−1/2, 1/2, 0) (0, 1, 0)

T (−1/2, 1/2, 1/2) (0, 1, 1/2)

Z (0, 0, 1/2) (0, 0, 1/2)

S (0, 1/2, 0) (1/2, 1/2, 0)

R (0, 1/2, 1/2) (1/2, 1/2, 1/2)

X (β, β, 0) (2β, 0, 0)

A (β, β, 1/2) (2β, 0, 1/2)

X1 (−β, 1− β, 0) (−2β + 1, 1, 0)

A1 (−β, 1− β, 1/2) (−2β + 1, 1, 1/2)

58



0 5 10 15 20 25 30

−10

−5

0

5

10

15

20

25

Energy (eV)

ε

 

 

Re ε
xx

Im ε
xx

Re ε
yy

Im ε
yy

Re ε
zz

Im ε
zz

bulk

Figure 4.8: The real and the imaginary parts, Re εij and Im εij , of the dielectric
tensor along the three principal directions for the bulk P.
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Figure 4.9: The real and the imaginary parts, Re εij and Im εij , of the dielectric
tensor along the three principal directions for monolayer P.
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Figure 4.10: The real and the imaginary parts, Re εij and Im εij , of the dielectric
tensor along the three principal directions for bilayer P.

c

d1

d2
y

z

x

cd

x

z

y

Figure 4.11: Schematic diagram depicting the layer thickness description of the
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plane-wave basis is set at 600 eV for the relaxation calculation. The optical calcu-
lations are carried out with the Heyd-Scuseria-Ernzerhof (HSE06) functional [154]
with the cut-off energy of 325 eV for the basis set. The automatic k-mesh with
(8× 8× 10) for the bulk and (14× 14× 1) for the layers is used for the Brillouin
zone integration. The HSE band gap energies obtained from this calculation are
0.38 eV, 1.51 eV and 1.03 eV for the bulk, monolayer and bilayer phosphorus re-
spectively. These computed values are consistent with that reported in the litera-
ture [205]. The dielectric values are inversely proportional to the band gap energy.
The number of bands for the bulk dielectric calculation with the 4-atom primitive
unit cell is 300. On the other hand, owing to the presence of considerably large
volume of vacuum, the number of bands for the monolayer and bilayer optical
calculation is considered as high as 1000 to attain high enough upper energy for
the real part of the dielectric function to be as close to 1 as possible (within ∼ 1 %
in our case). The imaginary part gradually goes to zero. The real and the imagi-
nary parts, Re εij and Im εij , of the dielectric tensors calculated along the lines of
Eq. (4.4) in VASP for the bulk, monolayer and bilayer P are plotted in Figs. 4.8,
4.9 and 4.10 respectively. It is obvious from these figures the anisotropic nature
of black P with the xx, yy and zz components of the dielectric tensor exhibiting
different values. The static dielectric constants correspond to the real part of the
dielectric tensor at the zero frequency. They are tabulated for the monolayer, the
bilayer and bulk P in Table 4.4 along with the experimental static constants for
bulk P from Ref. [206]. Our bulk static dielectric constants are slightly smaller
than the experimental values, but compare very well with the theoretical calcu-
lations in Ref. [207]. The experimental data of the static dielectric constants for
monolayer and the bilayer P are not available yet to the best of our knowledge. To
keep easy track herein and what follows, the directions corresponding to the sides
with lattice parameters ∼ 3.3 Å and ∼ 4.5 Å are considered the xx-direction and
the yy-direction respectively for both the bulk and the layers. The remaining long
axis for the bulk or the vacuum axis for the layers is taken as the zz-direction.

At this point, the need arises for a volume correction of the dielectric functions
on account of the presence of extra vacuum in the monolayer and bilayer unit cells.
The framework for optical calculations is developed for 3D materials, which leads
to dependence of dielectric functions on the size of vacuum. The straightforward
remedy is to define a volume correction factor Vcorr such that,

Vcorr =
Vlayer
Vtotal

=
dab

cab
=
d

c
, (4.6)

where d is the thickness of the layer and c the length of the unit cell (see Fig. 4.11).
Vcorr lies between 0 and 1 with 1 implying no correction. The dielectric functions
resulting from the vacuum supercell calculations when divided by this factor Vcorr
give the actual dielectric values corresponding to the layer. The more pressing
question here is that of the definition of the layer thickness d. Here, we separately
explore two options. First is the point particle to point particle distance plus a
factor of 2r, r being the radius of the phosphorus atom which is approximately
equal to 1 Å. In Fig. 4.11, this particular choice of thickness corresponds to d1+d2
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Table 4.4: The static dielectric constants of monolayer, bilayer and bulk P from
our calculations. The experimental values are from Ref. [206].

εxx εyy εzz

Bulk

Calculated 10.62 12.72 8.44

Experimental [206] 13.0± 0.1 16.5± 0.1 8.3± 0.15

Monolayer

d = 4.13 Å 12.37 14.07 7.39

d = 5.37 Å 9.85 11.16 5.97

Bilayer

d = 9.49 Å 11.31 12.85 7.76

d = 10.74 Å 10.24 11.61 7.06

for the monolayer and d for the bilayer. For our monolayer unit cell, it results in
the layer thickness of roughly 4.13 Å. A similar procedure is applied to the bilayer
unit cell resulting in bilayer thickness of 9.49 Å. The other option is to assign the
value of half the length of the long direction of the bulk conventional unit cell as
the monolayer thickness and the full length of it as the bilayer thickness. This
gives us thicknesses 5.37 Å and 10.74 Å respectively for the monolayer and the
bilayer in our case. This value for the monolayer thickness in particular matches
very well with previously reported value [74]. The dielectric functions after such
corrections are plotted in Fig. 4.12. On the imaginary frequency axis obtained
using Kramers-Kronig transformation given by Eq. (4.2), the curves are smooth
and monotonically decreasing. Thicker the material is, higher is its dielectric
response. So, it is expected that the bulk dielectric constants will be bigger than
that of the monolayer and bilayer P, and that of the bilayer P bigger than the
monolayer P dielectrics. Such a relationship is satisfied for all the three principal
axes with the layer thickness of 5.37 Å of the monolayer and 10.74 Å of the bilayer.
On the other hand, it is not certain if such a relationship is mandatory to hold for
all the three directions in an anisotropic material, and requires a careful analysis
yet.

In the subsequent Casimir calculations, the variance in the dielectric values
arising from different layer thicknesses does not affect the features observed in
the Casimir torque. The resulting difference in the magnitude of the energy or
the torque is also negligible, and the error lies well within ∼ 10 %. Mention can
be made that an effort towards accurate description of layer thickness from first
principles consideration constitutes a work in progress by other members in our
group.
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Figure 4.12: The dielectric functions on the imaginary frequency (iξ) axis of the
bulk P, and the monolayer and bilayer P with different thickness corrections. The
dependence on the imaginary frequency axis is suppressed in the figure legends
for brevity.
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Table 4.5: Gaussian (ag) and hardsphere (as) radii (in Å) of the molecules and
ions used in our calculations obtained from Refs. [95, 208].

CH4 CO2 I− PO3−
4 Na+ K+ Cl− Br−

as (Å) 1.72 1.66 2.33 2.64 0.67 1.06 1.86 2.16

ag (Å) 1.51 1.57 2.12 2.40 0.61 0.96 1.69 1.97

4.2 Size and polarizability of particle in free space

In our calculations for finite-size effects, the size of a particle (ion, atom or
molecule) is characterized by its Gaussian radius in accordance with Eq. (2.17). It
represents the finite spatial spread of the polarizability of a real particle developed
in response to an electric field. The Gaussian radii for a number of select molecules
and ions have been computed by Parsons and Ninham using quantum-chemical
methods [95, 208, 209]. A list of Gaussian radii that enter in our calculations is
presented in Table 4.5. For the noble atoms (He, Ne, Ar and Kr), the data in
Ref. [210] for the radius and the first ionization potential are utilized.

The frequency-dependent vacuum or free-space polarizabilities of the molecules
and ions were calculated using abinitio methods at the coupled cluster single and
double (CCSD) excitation level of theory by Parsons and Ninham in Refs. [95,208,
209]. The CCSD method is considered benchmark in quantum chemical computa-
tions with regard to its accuracy. The free-space polarizabilities obtained at the
discrete imaginary Matsubara frequencies were fitted using London’s oscillator
model for convenience [95,208],

α(iξn) =
∑

j

αj
1 + (ξn/ωj)2

. (4.7)

The weight αj constitutes the static polarizability and the oscillator strength of
each mode while ωj represents the characteristic frequency corresponding to each
electronic transition. For the sake of completeness, the adjusted parameters αj
and ωj for five-mode fits from Ref. [95,208] are listed here in Table 4.6 for all the
atoms, molecules and ions that enter in our calculations.

4.3 Effective polarizability of particle in medium

4.3.1 Hardsphere model

When placed in a medium, the particle experiences an extra field due to the
medium’s own dielectric response. The polarizability response of the particle

64



Table 4.6: The weights αj in (Å3) and the characteristic frequencies ωj in (a.u.)
for five-mode London fits, given by Eq. (4.7), of the free-space polarizabilities
computed with CCSD of the particles under consideration. (1 a.u. ≈ 4.1341×1016

rad/s).

mode 1 mode 2 mode 3 mode 4 mode 5
α1 ω1 α2 ω2 α3 ω3 α4 ω4 α5 ω5

CH4 0.8025 0.4229 1.2361 0.6199 0.3706 1.0681 0.0250 2.4256 0.0017 11.6832
CO2 1.1839 0.4716 1.0427 0.7599 0.3732 1.5002 0.0578 3.2154 0.0039 12.4569
He 0.1450 0.8430 0.0551 1.5183 0.0046 3.3718 0.0002 8.3941 - -
Ne 0.0873 0.6418 0.1938 1.0435 0.0963 2.0930 0.0190 4.5427 0.0013 13.2777
Ar 0.3648 0.4577 0.9051 0.6761 0.3683 1.1120 0.0127 3.8402 0.0060 13.1232
Kr 0.7412 0.4149 1.3988 0.6335 0.3609 1.1039 0.0198 4.2960 0.0109 9.8020
I− 2.83397 0.17001 5.23031 0.31057 1.4159 0.6496 0.1096 2.3556 0.0588 4.8818

PO3−
4 4.35696 0.01293 11.6734 0.095559 6.36821 0.2673 3.57298 0.7920 0.2463 3.0566

Na+ 0.0033 1.2812 0.0563 1.9218 0.0466 3.8473 0.0023 8.4490 0.0005 18.9006
K+ 0.2578 0.7954 0.4793 1.1088 0.0725 1.8043 0.0047 4.3207 0.0001 17.2179
Cl− 1.5555 0.2133 2.5932 0.4044 0.6834 0.8556 0.0204 2.8830 0.0083 11.0929
Br− 2.1093 0.1969 3.3911 0.3677 0.9274 0.7904 0.0402 3.0964 0.0214 9.7500

changes due to the presence of this extra field. The excess or the effective polar-
izability α∗(iξ) of the particle in a medium can be determined following Landau
and Lifshitz’s [168] Clausius-Mosotti-like formula relating the microscopic dielec-
tric particle and the macroscopic dielectric response of the medium,

α∗(iξ) = εm(iξ)a3s
εa(iξ)− εm(iξ)

εa(iξ) + 2εm(iξ)
. (4.8)

Here, εm(iξ) is the dielectric function of the medium and εa(iξ) the effective
dielectric function of the molecular hardsphere of radius as evaluated from the
molecular polarizability in vacuum α(iξ) using,

α(iξ) = a3s
εa(iξ)− 1

εa(iξ) + 2
. (4.9)

Equation (4.8) is popularly known as the hardsphere model [167, 168]. As can
be seen from the above two equations, the polarizability generally constitutes the
volume of the particle multiplied by the appropriate reflection coefficients taking
care of the effect of the presence of the medium. Though the effective polarizabil-
ity is not exactly the difference in the polarizabilities of the particle when placed
in vacuum and in the medium, it is also referred to as the excess polarizability
due to the difference term appearing in the numerator of Eq. (4.8). The hard-
sphere radius is defined as the effective spherical radius of the volume occupied by
the electron clouds of the particle. The volume is set by the limiting factor that
the electron density within this volume exceeds 0.067 electrons/Å3 [208]. Refer-
ence [208] presents a discussion on how the volume rather than the radius of the
particle is the more fundamental unit in describing electronic charge distribution.
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The hardsphere radii from Refs. [95, 208] are listed in Table 4.5 along with the
Gaussian radii. The hardsphere model has a sharp contact with the surrounding
medium (see Fig. 4.13). This model has been extensively employed in our earlier
works (Papers I, II, V, VI and VII), while in the later studies, we begin to consider
and study improved models of effective polarizability.

Note the factor of εm in Eq. (4.8) as against the form,

α∗(iξ) = a3s
εa(iξ)− εm(iξ)

εa(iξ) + 2εm(iξ)
, (4.10)

employed in our earlier papers where the relevant Green’s functions also do not
have a factor εm in the denominator in accordance with Ref. [211]. In Paper
VI of the list of publications not included in the thesis, we point out that this
apparent difference results from a matter of definition whether the polarization of
the induced dipole in the medium is considered with respect to the dipole being in
the vacuum or the medium. Thus, as long as the definition of the polarizability is
consistent with the definition of the Green’s function regarding the factor of εm,
both will give the correct energy. It should be pointed out that a typographical
error occurs in the definition of the hardsphere model in Paper V (page 318,
left column, second line) of this thesis wherein a factor of εm is missing. The
calculations, however, were done correctly.

4.3.2 Virtual cavity model

In another simple model (presented in Paper VI of the list of publications not
included in the thesis), the local field due to a hardsphere in the medium is
corrected by the factor,

α∗(iξ) =

(
εm(iξ) + 2

3

)2

α(iξ), (4.11)

this particular reflection coefficient arising from the consideration that the sphere
experiences an increased field [167],

E′ = E +
P

3ε0
, (4.12)

with the polarization of the sphere P given by,

P = ε0(εm − 1)E, (4.13)

which is a response to the external field E. This is called the virtual cavity model;
see Fig. 4.13.
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4.3.3 Onsager’s real cavity model

In Onsager’s model [107], a cavity is introduced around the particle to account
for Pauli repulsion of the particle with the neighbouring particles of the medium;
see Fig. 4.13. It is a representation of the local field effects in the vicinity of the
particle when embedded in the medium. The correction owing to the presence of
cavity due to local field gives rise to the polarizability with a factor of effective
reflection coefficient,

α∗(iξ) =

(
3εm

2εm + 1

)2

α(iξ), (4.14)

where εm is the frequency-dependent dielectric function of the medium. In this
thesis, the hardsphere model and Onsager’s model of effective polarizability are
employed to study their influence on vdW and Casimir-Polder calculations. How-
ever, efforts towards further development of accurate representation of the effec-
tive polarizability continue.

4.3.4 Finite-size real cavity model

Sambale et al. [108,212] develops an improvement upon Onsager’s model by giving
a finite size to the particle inside the cavity. It simulates a spherical three-layer
system with the outermost layer comprising the background medium, the middle
layer making up the vacuum cavity and the innermost layer the spherical particle;
see Fig. 4.13. The polarizability takes the form [108,212],

α∗(iξ) = α∗c(iξ) + αs(iξ)

(
3εm(iξ)

2εm(iξ) + 1

)2
1

1 + 2α∗c(iξ)αs(iξ)/(εm(iξ)a6c)
, (4.15)

where the polarizability of the sphere inside the cavity αs(iξ) is given by Eq. (4.9),
and the excess polarizability of the cavity of radius ac by Eq. (4.8) with εa sub-
stituted by 1 for vacuum and as by ac for the vacuum cavity. It is a generalized
model which in the limit as → 0 when the particle size goes to zero reduces to
Onsager’s model, while in the limit of as → ac, it reduces to the hardsphere pic-
ture. See Sambale’s Ph. D. thesis [213] for the details of the derivation of the
finite-size real cavity model.

In all these models, the effect of the medium is built upon the vacuum free-
space polarizability of the particle. A systematic and comparative study is re-
quired in order to establish the correctness of these models. In this regard, the
calculation of the effective C3(UCP ≈ −C3/R

3
12) parameter of the particle-surface

Casimir-Polder interaction and the C6(UvdW ≈ −C6/R
6
12) parameter of inter-

particle interaction of the greenhouse molecules interacting in water medium
using these models is presented (in the aforementioned Paper VI of the list of
publications not included in the thesis). Depending on the model of polarizability
employed, the C6 parameters can differ as much as by an order of magnitude while
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Figure 4.13: Effective polarizability models of a molecule in a medium. Starting
from left: The hardsphere model, the virtual cavity model, Onsager’s model and
the finite-size cavity model.

for the C3 parameters, a most interesting case is the prediction of repulsion of the
molecules from a metal surface in the finite-size real cavity model. This should be
observable experimentally. Experimental corroboration would serve a great deal
in determining the validity of these models for real molecules in medium, and
furthermore, would lead to improved modeling of the effective polarizability and
van der Waals interactions in media.
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5.1 Short summary of the papers

Paper I highlights the theory of finite-size of particles (such as atoms, ions or
molecules) and its consequences, and partly addresses the non-perturbative theory
of interaction between particles. Paper III fully introduces the non-perturbative
theory providing a detailed account, and discusses its effects on the vdW and
resonance interactions. Paper II is of more applied nature presenting numerical
calculations of interaction energies based on the theories introduced in Papers
I and III for selected molecules and surfaces that are environmentally relevant,
particularly that of methane (CH4) molecule near a silica (SiO2) surface. Paper
IV focusses solely on the self-energy of atoms in vacuum incorporating both the
finite-size and the non-perturbative theories. A similar study with that of Paper
II is performed in Paper V but for the carbon dioxide (CO2) molecule interaction
with a cellulose surface in the context of potential CO2 storage on cellulose sur-
faces by physical adsorption. Additionally, a multilayer setting is considered with
the CO2 molecule in the water medium bounded by two surfaces, either cellulose
or vapor. The investigation of the Casimir-Polder interaction of CO2 with sur-
faces in three-layer geometry is continued in Paper VI with the additional effects
of the presence of salt ions in the background medium which more mimics the
practical scenario. That is, the double-layer interaction due to charged surfaces
is accounted for in this study. Paper VII deals with the application of differ-
ent models of effective polarizability of CO2 molecule in water near a surface and
intermolecular interaction of two such CO2 molecules near a surface. Complemen-
tary to the study of finite-size effects, the effect of anisotropy in Casimir-Polder
interaction is considered in Paper VIII. Anisotropy in Casimir energy then leads
to the intriguing feature of Casimir torque which is investigated for the case of
biaxial 2D material phosphorene and bulk black phosphorus in Paper IX. Paper
X discovers new outlook on the existence of small ice crystals under water by a
combined application of the Casimir-Lifshitz theory with the Derjaguin approxi-
mation and the double-layer interaction.

The calculations employ inputs from modern techniques such as DFT for the
frequency-dependent dielectric functions and CCSD for the atomic and molec-
ular polarizabilities, and hence, are realistic and reliable estimates. These ten
papers together make a holistic study of the finite-size, the non-perturbative and
the anisotropic effects on the vdW and Casimir-Lifshitz interaction energies in
different geometrical settings. A short summary of each paper is provided below.

I: “Finite-size-dependent dispersion potentials between atoms and
ions dissolved in water.”
P. Thiyam, M. Boström, C. Persson, D. F. Parsons, I. Brevik and B. E. Sernelius,
Europhysics Letters 106, 53002 (2014).

When two particles come close together, the vdW interaction diverges due to
the 1/r6 dependence, where r is the separation between the two particles. An
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interesting fact is that this divergence goes away when the particle is rendered a
finite size, and no longer a point particle. This was first formulated by Mahanty
and Ninham [20], the theory of which is described in Sec. 2.3. We follow this
line of work in order to investigate in detail the finite-size effects in the dispersion
interaction between atoms and ions alongside taking into account effects of the
background medium in which the atoms/ions are solved and retardation due to
the finite velocity of light. We study both the ground-state interaction and the
excited state resonance interaction in which one atom is in the excited state.

The general form of the Green’s function for a coupled system of two neutral
particles at positions r1 and r2 is [20, 77],

T (r1, r2; iξ) = 1
(2π)3

´ d3k[(ξ2/c2)Ĩ+k·k]
[(ξ2/c2)+k2] eik·(r1−r2)

´
e−ik·r3α(r3, iξ)d

3r3. (5.1)

This follows directly from Eqs. (2.6) and (2.10). We then derive the Green’s
functions T (r1, r2; iξ) that take into account the finite size of the particles, the
presence of a background medium and retardation. Here, α(r, iξ) is separated
as Iα(iξ)f(r) assuming the particle to be isotropic, where α(iξ) is the frequency-
dependent polarizability. The form factor f(r) is what renders a finite spread to
the polarizability cloud of a real particle. Assuming this function to be a Gaussian
with radius a as is initially done by Mahanty and Ninham [20],

f(r) =
1

π3/2a3
e−r

2/a2 , (5.2)

the full expressions for the Green’s functions are obtained as,

Txx (r|iξn) = Tyy (r|iξn)= − exp
[
( ξnc )

2
( a2 )

2
]
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, (5.3)

Tzz (r|iξn)

=
exp
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( ξnc )
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( a2 )

2
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,

(5.4)

where r = |r1 − r2| and c = c0/
√
ε(ξn). c0 is the velocity of light in vacuum

and ε(iξn) is the dielectric function of the background medium at imaginary
frequencies. The effect of the background medium is entirely contained in the
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velocity of light in the medium and the excess polarizability α∗(iξ) which appears
in the energy expressions. Note that in the expressions of Txx, Tyy and Tzz in
Eqs. (5.3) and (5.4), we have excluded the polarizability α(iξ) so that the energy
of vdW interaction is expressible in the form given by Eq. (2.1). The traditional
way to calculate these energies is to expand the logarithm and keep the lowest-
order contribution only (ln[1 − x] ≈ −x, or ln[1 + x] ≈ x in case of resonance
interaction energy). We name this the expanded theory. The non-expanded or
non-perturbative theory in which the full logarithmic expression is taken into
account is fully elaborated in Paper III.

The application of the finite-sized particle formalism makes it possible to de-
termine the finite interaction energy at close or zero separation of the atoms.
The divergence has evidently been removed. For a pair of helium (He) atoms
interacting in vacuum, a very crucial outcome of the use of the non-perturbative
theory along with the finite-size theory is the repulsion between the atoms at very
close separation as opposed to the characteristic vdW attractive interaction. We
infer that this may partially account for the observed short-range repulsion be-
tween two atoms in vacuum. The expanded theory with the finite-size formalism
also gives finite interaction energy at close separation, but the usual character-
istic attraction between the atoms is observed. The theory outlined in Chapter
2 considers only the dipole-dipole dispersive interaction. To compare, we sepa-
rately calculate the contributions from higher order multipole interactions using
the method of Ref. [214]. The idea is to expand the atomic charge density as
a multipole expansion about the centre of each particle. One can then choose
to include higher orders as desired. We observe that the dipole-dipole interac-
tion gives a greater contribution at all separation distances as compared to the
dipole-quadrupole and quadrupole-quadrupole interactions. However, it is to be
noted that at such close distances between the atoms, there will be substantial
effect from electron cloud overlap, etc. A rigorous quantum chemistry calculation
is required for including such effects. Nevertheless, that too has its limitations.
Quantum chemistry does not, for example, account for the coupling of atoms in
an excited state in an accurate way.

For a pair of isotropically excited He atoms in water, we observe retardation-
enhanced effect. The retardation effect is found to be dominant and important
for all distances, even at very close separation between the atoms. Though re-
tardation reduces the individual x, y and z excited state resonance interactions,
the effect of cancellation is to increase the energy when all the three branches
are activated and their contributions taken together. This result, however, is not
corroborated by other existing theories [215,216]. The theories agree very well in
the non-retarded regime.

In all the cases, it is seen that while finite-size effects are conceptually im-
portant at very small atom-atom separations, these effects are negligible for sep-
arations beyond two atomic radii. We confirm the results by considering more
sample atoms and ions, viz. a pair of krypton atoms, a pair of phosphate ions
and a pair of iodide ions.
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The frequency-dependent polarizability of the atoms and ions needed for our
calculations are obtained as described in Chapter 4.

II: “Intermolecular Casimir-Polder forces in water and near sur-
faces.”
P. Thiyam, C. Persson, B. E. Sernelius, D. F. Parsons, A. Malthe-Sørenssen and
M. Boström, Physical Review E 90, 032122 (2014).

This work is a direct application of the finite-size effects described in Paper I fo-
cussing on the intermolecular interactions when both molecules are in the ground
state. In addition, Casimir-Polder interaction of a finite-sized molecule with a
surface is also studied using the work of Ninham and co-workers [20,100,217]. We
choose methane molecules, in particular, owing to its emerging but controversial
importance as a source of energy. As mentioned earlier in Chapter 1, injection of
carbon dioxide into underground geological structures releases methane gas. The
reason may be that CO2 molecules bind more strongly to the relevant surfaces
than CH4 molecules. Our interest is in determining the binding energy contributed
by the intermolecular interaction of vdW type between methane molecules and
with surfaces using the finite-size and non-perturbative theory. The related study
with the CO2 molecule is presented in the later papers. The effect of the pres-
ence of a background medium is taken into account. The reasonable choice of the
background medium in this scenario is water.

The Green’s functions given by Eqs. (5.3) and (5.4) allow us to calculate the
vdW interaction energy between two identical finite-sized molecules at tempera-
ture T using Eqs. (2.14) and (2.19) [8],

U(r) = kBT
∑

j=x,y,z

∞∑

n=0

′ ln[1− α∗(iξn)
2
T 2
jj ], (5.5)

where α∗(iξn) is the excess polarizability of the particle at the Matsubara fre-
quencies ξn = 2πkBTn/~ [8,17]. We consider the full non-perturbative expression
numerically to evaluate these energies, with finite-size effects. The interesting re-
sult that we obtain is that the expanded and the non-expanded theories give very
similar energies for two molecules interacting via a background medium. Since
the medium dampens the coupling between the molecules, the series expansion
becomes a reliable approximation. This is in contrast to what we observed pre-
viously for the atoms interacting in vacuum, where expanded theory was found
to perform poorly. The consideration of finite-sized molecules removes the diver-
gence at very close separation between the molecules. The interaction remains
finite at zero separation. We estimate the vdW binding energy between two
methane molecules to be −0.23 kBT at room temperature. However, it is to be
noted that this is just an estimate notwithstanding the limitations of our model.
Other effects arising from electron cloud overlap and other chemical interactions
will be more dominant at such close separation of the molecules.
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Furthermore, we study the contribution of the Casimir-Polder energy to the
binding energy of a methane molecule embedded in water medium towards SiO2,
hexane and air surfaces. We observe that the CH4 molecule is attracted to an
SiO2 surface and repulsed from hexane and air surfaces with energies −0.79, 0.14
and 1.54 kBT respectively. This may play a role in preferential adsorption and
desorption of different molecules towards various surfaces.

We gather the input data from a number of sources. We refer to Ref. [170] to
calculate the frequency-dependent dielectric function of hexane using the Ninham-
Parsegian representation Eq. (4.3). Specifically, CIR = 0.0238, ωIR = 5.57× 1014

rad/s, CUV = 0.8662 and ωUV = 1.88×1016 rad/s [170]. For water, the dielectric
data is obtained from Ref. [169], while that of SiO2 is calculated using DFT. The
frequency-dependent vacuum polarizability of the methane molecule is obtained
as described in Sec. 4.2 [95, 208], and from it, the excess polarizability in the
hardsphere picture outlined in Sec. 4.3.

III: “Non-perturbative theory of dispersion interactions.”
M. Boström, P. Thiyam, C. Persson, D. F. Parsons, S. Y. Buhmann, I. Brevik
and B. E. Sernelius, Physica Scripta 90, 035405 (2015).

In this paper, we develop a new approach to the theory of dispersion interac-
tions, the vdW and the resonance interactions in particular, which we term the
non-perturbative theory (also, referred to as the non-expanded theory). Our aim
is to study the consequence of using the full energy expression Eq. (2.1) in Chapter
2 avoiding expansion of the logarithm in the integration over the mode density.
We are able to demonstrate that for a simple oscillator model of the atomic po-
larizability, an analytic solution for the interaction energy can be obtained in the
non-retarded regime. For this purpose, we use London’s model polarizability [8]
given by,

α(iξ) =
α(0)

1 + ξ2

ω2
0

, (5.6)

where α(0) is the static polarizability and ω0 the characteristic absorption fre-
quency. A significant result that we obtain is the dispersive repulsion in the limit
of shortest separations between the atoms. As the separation between the atoms
is reduced, attractive modes drop out leading to net repulsion between the atoms.
Several modes become purely imaginary and do not contribute to the interaction
energy. When the dipole-dipole separation reduces to zero, the resonance inter-
actions between the dipoles are the same and attractive for excitations along the
x-, y- and z-directions (see Fig. 5.1). We present theoretical details and perform
numerical calculations for the inert He, Ne, Ar and Kr atoms. The application
of the finite-size formalism in addition allows for an evaluation of the interaction
energy in the short distance limit, the divergence being removed.

In the limit of zero separation distance between the two atoms or dipoles, we
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Figure 5.1: Resonance interaction energies between two dipoles excited along the
x- and z-directions showing equal contributions from both the directions at close
separation distance in the full non-perturbative (non-expanded) theory.

obtain for the vdW energy,

UNRvdW (r = 0) =
3~ω0

2
Re

[
− 2 +

√
1 +

4α(0)

3
√
πa3

+

√
1− 4α(0)

3
√
πa3

]
, (5.7)

and, for the resonance interaction,

UNRj (r = 0) = ~ω0 Re

[
− 1 +

√
1− 4α(0)

3
√
πa3

]
, (5.8)

for excitation in the j-direction. The limiting equation for the resonance interac-
tion Eq. (5.8) has not been presented in the paper.

Our simple expression for the non-retarded vdW potential can easily be in-
cluded in simulations that use Lennard-Jones potential. This method shall make a
difference in our understanding of the inter-particle and dispersion-related forces,
and may prove useful in quantum-logic applications and other excitation related
phenomena.

IV: “Nonperturbative theory for the dispersion self-energy of atoms.”
P. Thiyam, C. Persson, I. Brevik, B. E. Sernelius and M. Boström, Physical Re-
view A 90, 054502 (2014).

This is a follow-up brief report of the the previous work in Paper III, but
concentrated on the dispersion self energy of an atom in vacuum. Self-energy is
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Table 5.1: The finite size dispersion self-energy, Es. All energies are in eV. The
input data for atomic and ionic polarizabilities and Gaussian radii are taken from
Refs. [95, 208,210,218].

Element ENR,full
s ENR,expanded

s

He 71.2 131.5

Ne 104.9 220.3

Ar 37.6 62.1

Kr 29.9 47.5

Na+ 20.2 22.4

Cl− 5.2 6.0

the change in the atom’s energy due to its coupling with an electromagnetic field.
In here, we fully derive the non-retarded self-energy of atoms/ions in vacuum
analytically using the one-oscillator model of Eq. (5.6), and calculate the self
energy of finite-sized atoms starting with Eq. (2.18) presented in Chapter 2. The
application of our non-perturbative or non-expanded theory results in correction
as much as 100 % in the self energy in comparison with that obtained with the
series-expanded theory. In Table 4.1, we provide some illustrative examples.

This clearly indicates that series expansion is too drastic an approximation
for the vacuum self energy of atoms. It greatly overestimates the energy. Our
result should, in principle, be perceivable in experiments though measuring self
energies directly is a rather difficult task. Indirectly, one can measure quantities
such as the solvation energy of atoms in a dielectric medium which is essentially
the measure of the change of self energies of the atom when placed in vacuum
and in the medium. Whatever changes that arise in such experiments would have
been due to this self energy correction in vacuum, since in a medium, we have
earlier found that the series-expanded theory works very well (see Paper II). At
any rate, the non-perturbative effects must be taken into consideration for the
correct interpretation of experimental data.

V: “Trends of CO2 adsorption on cellulose due to van der Waals
forces.”
P. Thiyam, C. Persson, D. F. Parsons, D. Huang, S. Y. Buhmann and M.
Boström, Colloids and Surfaces A: Physicochemical and Engineering Aspects 470,
316 (2015).

In this work, the effect of van der Waals and Casimir-Polder forces on a CO2

molecule placed in a water medium bound by two cellulose layers is studied (see
Figure 5.2). The case when one of the cellulose layers is substituted by a vapor
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Figure 5.2: Schematic diagram representing the geometry of a molecule in a
medium with permittivity ε2 in between two layers of permittivity ε1 and ε3.
Layers 1 and 2 are semi-infinite.

surface is also considered. The Green’s function for such a geometry consisting
of a particle in the middle layer of a three-layer system has been presented by
Sambale et al. in Ref. [108]. It takes into account contributions from the s and
p polarized modes at the first interface as well as the second interface. These are
given by fs1 and fs2 , and fp1 and fp2 (see Eqs. (2-8) of this paper) respectively.

Our choice of cellulose here relates with its potential application of CO2 stor-
age. In this regard, the effect of these forces has not been studied. Interestingly,
we find that the CO2 molecule gets attracted towards the cellulose surface and
repulsed from the vapor or air surface. This means that in the cellulose-water-
cellulose system, the CO2 molecule will physisorb to the nearest cellulose surface
while in the cellulose-water-vapor system, the repulsion from the vapor surface
adds to the attraction towards the cellulose surface. Such systems may, therefore,
be realized for storage purposes. The van der Waals forces may not possibly turn
out to be the most dominant force at play here. However, our simple system
serves as a useful model to study the influence of van der Waals forces in such
scenarios. The system has been studied for different widths d2 of the intervening
water medium. In all cases, from nearly zero interaction in the middle of the
layer, it gradually becomes positive or negative depending on whether the surface
under consideration is vapor or cellulose. The effect of finite size of the molecule
is not yet accounted in this theory, and hence, the diverging trends towards zero
separation distances at both the interfaces are observed. We consider systems at
room temperature for our calculations.

The finite-size formalism described in the previous papers is applied here to
determine van der Waals binding energy of CO2 molecule in water towards single
surfaces. We determine these energies with and without finite-size effects for CO2

interaction with SiO2, hexane, air and cellulose surfaces. Substantial corrections
due to finite-size of the molecule can be seen. The rapidly diverging trend is
reduced to a finite value at the point of contact. Mention can be made here
again that we choose to evaluate the binding energies at one CO2-radius distance
from the interface in order to avoid electron overlap and effects from surface and
chemical binding. The sphere of influence of such quantum mechanical effects in
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and around the interface remains an open question. For CO2 interaction with SiO2

surface, our current study estimates a binding energy of −0.94 kBT (≈ −0.02 eV)
with finite-size effects and a value of −1.5 kBT (≈ −0.04 eV) without finite-size
effects. In vacuum, it is estimated to be −2.39 kBT (≈ −0.06 eV) with finite-
size effects and −3.8 kBT (≈ −0.1 eV) without finite-size effects. The water
medium naturally damps the interaction. In a separate work (Paper II of the
list of publication not included in the thesis), it is shown by means of quantum-
mechanical DFT techniques that CO2 interaction with SiO2 surface is of van der
Waals in nature, and as such, should be treated as physisorption. It quotes a value
of −0.26 eV for the binding energy of single CO2 adsorption. There is clearly a
discrepancy in the values resulting from the two theories. Though the finite-size
effect renders a convergent value, this disparity may indicate the shortcoming of
the present theory in the limit of very short separation distance owing to the
assumption of macroscopic dielectric picture for the surfaces.

In comparison with Paper II of this thesis, a CO2 molecule owing to its greater
polarizability interacts stronger than a CH4 molecule towards respective surfaces.
The polarizability of a CO2 molecule is highly anisotropic. Herein, we only make
use of the polarizability averaged along the three principal directions, and explore
in greater details the effect of anisotropy in Paper VIII of this thesis. The input
dielectric data of the surfaces under consideration and the polarizability of the
CO2 molecule are obtained as described previously in Chapter 4.

VI: “Effects of van der Waals forces and salt ions on the growth of
water films on ice and the detachment of CO2 bubbles.”
P. Thiyam, E. R. A. Lima, O. I. Malyi, D. F. Parsons, S. Y. Buhmann, C.
Persson and M. Boström, Europhysics Letters 113, 43002 (2016).

The combined effect of the van der Waals forces in the retarded limit and the
double layer forces due to presence of salt ions in the context of ice premelting and
CO2 adsorption/desorption is investigated in this work. Specifically, the systems
considered here are the planar three-layer ice-water-vapor, vapor-water-CO2 and
ice-water-CO2 systems (see Figure 5.3). The first is relevant for studying ice
premelting or formation of finite thickness of water film in between the ice and
vapor layers. Such was already found to occur by Elbaum and Schick [66] due to
the transition from repulsion to attraction of the Lifshitz-van der Waals force since
the dielectric functions of ice, water and vapor obey Dzyaloshinskii et al.’s [17]
condition for repulsion (see Sec. 2.5) in the optical frequency region. We find
that this effect is enhanced if salt ions are present in the water medium. That is,
the equilibrium thickness of water film increases considerably in the presence of
salt ions due to the highly repulsive double-layer forces. The thickness induced
depends on the type of salt and the model of effective polarizability used to
represent salt ions’ polarizability in the water medium.

Among the salts considered in this work, the degree of repulsion of the double-
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Figure 5.3: Schematic diagram of the geometry under consideration. (i) ice-water-
vapor, (ii) vapor-water-CO2 and (iii) ice-water-CO2. (Figure from Paper VI).

layer force is maximum for NaI salt, then NaBr and the least for NaCl. This can
be directly correlated with their positive B values (see Table 1 in this paper). B
is the parameter of dispersion potential for the ion-surface interaction in water
(U ≈ B/z3, where z is the distance between the ion and the surface; see Sec.
2.6). It is an input for the calculation of the double-layer force. Higher the
positive value of B, greater is the repulsive double-layer force. The two models of
effective polarizability applied here produce significantly different effects. Using
the Onsager’s model of polarizability, the film of water formed is no longer finite
for the salts with higher B coefficients (NaBr and NaI), since the double-layer
forces are highly repulsive in these cases. Thus, in a way, surface melting can be
complete if there is an unlimited amount of these salt ions in the water medium.
With the hardsphere model, the equilibrium thin film stays intact, and is thicker
for salts with bigger B coefficients as mentioned above. The thickness of the water
film also increases with increasing salt concentration, and grows faster with the
Onsager’s model than with the hardsphere model. In the hardpshere model, the
water film stops growing after a certain concentration is reached, and thereafter
sustains a constant finite equilibrium thickness.

The two models of polarizability differ in their notions of the size of the particle
and the sphere of influence affected by the particle in the medium. As such, the
Onsager’s model [107,108,212] takes care of the local field effects by introducing a
vacuum cavity around the particle. The particle itself is point-sized. In the hard-
sphere model, the particle is considered to be a homogenous dielectric sphere with
a certain radius and having a sharp contact with its surroundings. The effective
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polarizability models, the Lifshitz theory with the Derjaguin approximation and
the double-layer interaction theory applied here are discussed in Chapters 2 and
4.

The study on the remaining set of systems, viz., the vapor-water-CO2 and the
ice-water-CO2 reveals the nature of CO2 interaction near ice and in salt water.
Lifshitz force repels the CO2 bubbles away from the vapor-water interface, and
attracts them towards the ice-water interface. These effects are both enhanced
by the double-layer force due to salt ions. Again, the B parameter controls and
determines the sign of the double-layer force. The relatively large value of B at
the vapor-water interface dominates the interaction and serves to repel the CO2

bubbles away from this interface. Closer to the ice surface, the CO2 bubbles get
attracted to the surface, while at larger distances, they are further repelled. CO2

here is modeled as a crystalline material using DFT. The result is expected to be
not sensitive to the phase of the crystalline CO2 considered. It is more sensitive to
the dielectric functions of ice and water, since they are very similar in equilibrium.

We refer to Elbaum and Schick [66] for the frequency-dependent dielectric
functions of ice and water, and to Parsons and Ninham [95] for the free-space
polarizabilities of the salt ions. Overall, the study is of environmental significance,
and serves to predict some important aspects of the nature of Lifshitz and double-
layer forces in the systems under consideration.

VII: “Effective Lennard-Jones Parameters for CO2–CO2 Dispersion
Interactions in Water and near Amorphous Silica-water Interfaces.”
P. Thiyam, O. I. Malyi, C. Persson, S. Y. Buhmann, D. F. Parsons and M.
Boström, Progress In Electromagnetics Research Symposium Proceedings, 1289
(Prague, 2015).

In this work, we take up yet another geometry and study the effect of a nearby
surface on the retarded intermolecular interaction between two CO2 molecules in
water medium (see Figure 5.4 for the schematic diagram). A number of interesting
features arises here depending on the relative orientation of the two molecules with
respect to the surface and on the effective polarizability model employed for the
molecules. Most remarkable of them all is the appearance of the repulsive behavior
between the two molecules for some d values when they are aligned a distance
x apart parallel to the interface (see Fig. 3 of this paper). This happens only
for the hardsphere model of polarizability and not with Onsager’s model. The
emergence of the repulsive feature in the hardsphere model is largely attributed
to its dominating zero frequency contribution that makes the correction term Txz
(in Eq. (5) of this paper) greater than the sum of the previous terms. Since Txz
is a term that arises due to the surface, the repulsive feature in this particular
geometry can also be attributed to the presence of the nearby amorphous silica
surface. Water has a high dielectric value at zero frequency (≈ 88) which renders
the excess polarizability of the hardsphere molecule negative at this frequency.
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Figure 5.4: Schematic diagram for two molecules interacting in a medium of
dielectric function εw in the presence of a nearby surface of dielectric function εm.
The image molecules inside medium m are also shown.

The molecule is then basically a void or bubble which rises in water like an air
bubble due to the repulsive force. The hardsphere polarizability does not converge
or converges very slowly to the vacuum polarizability as frequency increases. The
interaction shows the usual attractive behaviour at the perpendicular orientation
with x = 0, when the molecules are aligned along one straight line perpendicular
to the interface.

At this orientation of x = 0, the effect of the surface is also minimum in the
case of Onsager’s polarizability. In this model, the local field correction factor is
a square term and hence, the molecule has a strictly positive polarizability inside
a vacuum bubble. This polarizability tends towards the vacuum value at large
frequencies. However, with retardation taken into account, the low frequencies
dominate, and unlike the hardsphere molecules, the molecules here do not behave
like a repulsive void rising in water.

In general, the result is that, depending on the relative orientation, the pres-
ence of the surface renders the interaction between the molecules greater or smaller
than in the absence of the surface. This is indicated by the ratio of the retarded
van der Waals potential of two CO2 molecules interacting in water near an amor-
phous silica surface and the non-retarded van der Waals potential of two molecules
interacting in bulk water being greater than or less than 1. Similar calculations
are carried out near a vapor or air surface. The trends of the ratio curves are
alike as with the amorphous silica surface.

In addition, the Lennard-Jones or the van der Waals C6(UvdW ≈ −C6/r
6) pa-

rameter for intermolecular interaction is presented for a pair of CO2 molecules in
water using the two models of polarizability. The hardsphere polarizability gives a
value of −0.78×10−58 erg.cm6 while Onsager’s polarizability gives −1.10×10−58

erg.cm6. The analysis in the preceding paragraphs implies that these values
will change whenever a surface is present in the vicinity of the two interact-
ing molecules. The degree of modification depends largely on the orientation,
the effective model of polarizability and the surface materials considered. This
provides a means of improving the simulations of intermolecular interactions near
surfaces. The C3 parameters for molecule-surface interaction are also provided
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for CO2 interaction with amorphous silica surface and with air surface. Onsager’s
polarizability tends to give larger C6 and C3 parameters than the hardsphere
polarizability.

All the calculations are done at room temperature, specifically at 300 K. Here,
a caveat can be made that the predictions presented here are not without issues
and limitations of methodology, the most serious of all being the dielectric con-
tinuum approximation that is assumed to hold right until the interface. The
approximation works very well in bulk media, but its validity near the interface
is questionable. That leads us towards theoretical modeling of interfaces using
multilayered inhomogenous media (which is beyond the scope of this thesis).

VIII: “Anisotropic contribution to the van der Waals and the Casimir-
Polder energies for CO2 and CH4 molecules near surfaces and thin
films.”
P. Thiyam, P. Parashar, K. V. Shajesh, C. Persson, M. Schaden, I. Brevik, D.
F. Parsons, K. A. Milton, O. I. Malyi and M. Boström, Physical Review A 92,
052704 (2015).

As an extension of the study of the effects of finite size, we next assign an
anisotropic polarizability of the form given in Eq. (2.35) to the molecule while
it remains point-sized. We present the formalism of the interaction of such a
molecule with a dielectric slab which is also anisotropic in the normal direction
defined by Eq. (2.36). In addition to the non-trivial dependence on the dielectric
and the polarizability components, the interaction energy is observed to depend
on the orientation angle θ between the normal direction ẑ of the slab and the
principal axis ê3 of the molecule as sin2 θ; see Fig. 2.2 for the schematic diagram.

In continuation of the earlier works, we study the specific case of a carbon
dioxide molecule and a methane molecule, the former linearly polarizable and the
latter isotropic on average (as shown in Fig. 5.5), interacting with amorphous
silica slab and thin gold films. As expected, the isotropic CH4 molecule interacts
with the dielectric slab with the same energy for all orientations while the linearly
polarized CO2 molecule gives different interaction energies for different orienta-
tions. This enables us to determine the preferred orientation of the anisotropic
molecule near the surface. For CO2 molecule, the preferred orientation turns out
to be at θ = 0 when the long axis of the molecule is aligned along the ẑ-direction
and perpendicular to the dielectric slab. This particular choice of axes with the
principal axis ê3 chosen along the unique long axis of the CO2 molecule removes
the cos 2β dependence of the interaction energy, where β is the rotation about the
unit vector ê3. Refer the complete expression of the interaction energy below for
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Figure 5.5: The linearly polarizable CO2 molecule (left) and the isotropically
polarizable CH4 molecule (right). (Figure from Paper VIII in the thesis).
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(5.9)
For a completely anisotropic molecule, the cos 2β dependence will be signifi-

cant, and the molecule will vary in energy with variation of both θ and β. For the
CO2 molecule with linear polarizability, the maximum energy occurs at θ = π/2
where the long axis of the molecule is parallel to the interacting dielectric slab.
The non-varying energy of the isotropic CH4 molecule is lesser in magnitude than
that of the CO2 molecule at any orientation due to the higher polarizabilities of
the CO2 molecule. By the same token, gold being more dielectric than amor-
phous silica, the energy is greater in magnitude for both CO2 and CH4 molecules
when interacting with thin gold slabs than with amorphous silica slabs. More-
over, thicker the gold film, bigger is the magnitude of the interaction energy. The
energy for interaction with 6 atomic-layer-thick gold film is already very similar
with that of the interaction with 15 atomic-layer-thick gold film, and is expected
to rapidly approach the energy for interaction with bulk gold in line with the very
recent work in Ref. [219].

This work aims to shed some light on the observed preferential adsorption
of CO2 molecules over CH4 molecules by mineral surfaces like silica during the
process of hydraulic fracturing, but the energies involved are few orders of mag-
nitude less than kBT , and the difference arising from anisotropy even lesser. One
cannot be sure how significant the vdW contributions may be unless one does a
rigorous quantum chemistry calculation that takes into account surface effects,
bonding, etc. The vdW energies do increase as the molecules get closer to the
surface. However, at this distance regime, the other effects too become increas-
ingly important. In spite of all these, as mentioned before, Paper II of the list of
publication not included in the thesis indicates, with first-principles calculation,
the significance of the vdW effects which may not be negligible after all, even at
the significantly close distance regime in some cases.

The energy for interaction decreases monotonically with separation distance
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as usual. However, the 1/a3-dependence of the non-retarded case is seen only
up to a distance of few angstroms, and beyond that anisotropy and retardation
complicate the scaling with distance.

IX: “Distance-dependent sign-reversal in the Casimir-Lifshitz Tor-
que.”
P. Thiyam, P. Parashar, K. V. Shajesh, O. I. Malyi, M. Boström, K. A. Milton,
I. Brevik and C. Persson, Physical Review Letters 120, 131601 (2018).

Continuing with the study of effects of anisotropy in this work, we present a
perturbative formalism for deriving the Casimir energy and torque between two
biaxial thin slabs of finite thickness taking account of retardation. The formalism
is briefly outlined in Sec. 2.8 of this thesis. The angle-dependent part of the
energy gives rise to the torque.

Biaxial polarizability in the dielectric properties of the interacting plates of
finite thickness gives rise to a number of interesting consequences, the most pro-
found being that of the change in sign of torque over distance. This has not been
observed before. That such a feature can be anticipated becomes apparent from
the manner of writing down our torque equation,

τ (2) = − sin 2θ
kBT

2π

∞∑

n=0

′β1β2

ˆ ∞
0

q dqTr(R̃1R̃2) e−2κa, (5.10)

where βi is the perturbative parameter given by Eq. (2.40). It can be emphasized
here again that the frequency ω appearing in this paper is equal to iζ on the
imaginary frequency axis.

The sign of the torque depends on the difference in the dielectric functions in
the plane of the slab. If at any point the dielectric components ε11 and ε22 of one
material slab intersect at a certain frequency and β corresponding to that slab
changes sign thereafter, then the torque will also exhibit the sign change at those
frequencies dictated by the term β1β2 in Eq. (5.10). As is evident from this equa-
tion, the final sign of the torque at that particular separation distance a between
the slabs will, of course, be determined by the summation of the contributions
from each Matsubara frequency and will depend on if the overall contribution
from the positive side or the negative side is greater. Such a sign change can also
occur if both β1 and β2 corresponding to the two slabs change sign but at different
frequencies. Then the sign change can be expected to occur twice over distance.
It is emphasized again that the final sign of the torque will depend on the sensitive
cancellation of the positive and negative contributions over the frequency range
at that particular separation distance a. If, however, β1 and β2 never change sign,
i.e., the ε11 and ε22 components of each slab do not cross paths, then the question
of the change of sign of torque is not raised.

To study the above observations, we choose the biaxial phosphorene which is
a monolayer of the anisotropic bulk black phosphorus on account of it being a
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Figure 5.6: Schematic diagram showing the in-plane components of the dielectric
functions of the biaxial plates. The principal axes of the two plates are oriented
at an angle θ relative to each other. The two plates extend to infinity along ê1

and ê2 directions, and ĝ1 and ĝ2 directions, but have finite thicknesses d1 and d2
respectively along the normal z direction (see Fig. 2.3 in Sec. 2.8).

highly pursued 2D material for its very many interesting properties. In addition
to being anisotropic in all three directions which serves our purpose, it is in
general a preferable material for device applications for possessing a direct band
gap energy as against, for example, graphene that has no band gap at all. The
dielectric functions of phosphorene and black phosphorus are calculated using
DFT, the details of which are given in Chapter 4. The ε11 and ε22 components
of phosphorene and phosphorus cross at nearly the same frequency, and in this
configuration, we observe no sign change in the torque between them. However, if
we rotate the bulk black phosphorus along ĝ1-axis so that the ẑẑ component lies in
the plane of the slab and the ĝ2ĝ2 component along the normal direction, we have
achieved our configuration that is expected to exhibit sign change when interacted
with the original configuration of the bulk or the monolayer phosphorene. Sure
enough, the sign change materializes at separation distance of 47 nm. The same
is observed at a distance 1.2 nm for the configuration with ĝ1ĝ1 along the normal,
and ẑẑ and ĝ2ĝ2 components in the slab. The distance at which the sign changes
can be roughly estimated as ac = c/2ζc, where ζc is the frequency at which the
planar components of the dielectric functions intersect. The dielectric component
along the normal direction does affect the position where the sign-change occurs,
though it takes no part in the determination of the sign of the torque itself.

It turns out that this effect is very robust. It shows up consistently when
tested with parametrized dielectric functions of several materials found in the
literature, e.g of quartz, calcite and barium titanate in Ref. [125]. The torque
corresponding to quartz-calcite combination changes sign between 1.3-1.4 µm and
the calcite-barium titanate combination at ∼ 1.5 µm while quartz-barium titanate
pair does not display sign change as expected as there is no crossing between the
dielectric components for this pair. These are in fact uniaxial materials, but when
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Figure 5.7: Schematic diagram showing individual mode behaviour leading to
change of sign of the total torque over distance. Note the non-monotonicity and
occurrence of multiple extrema in the case of rotated bulk (ĝ1ĝ1 ↔ ẑẑ) interaction
with monolayer P (bottom left). The sign change is observed in all the above four
cases.
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running these test calculations, we assume the different dielectric components to
be in the plane of the slab, and either one of them additionally forming the
component along the normal ẑ-direction. It is of interest that the zero frequency
n = 0 contribution does not exercise dominance over this sign-change effect. This
point can be stressed by the example of barium titanate whose n = 0 dielectric
values are as high as approximately 3600 and 150 in the two different directions.
However, the n = 0 and the first few Matsubara terms do not dominate and
suppress the sign change in the calcite-barium titanate interaction and even in
the phosphorene-barium titanate interaction. It is evident that the contributions
from all frequencies matter.

The integrand Tr(R̃1R̃2) contains contributions from the TE mode, the TM
mode and a mixed mode comprising of both. It is observed that the contribution
from the mixed mode to the total torque is significant, sometimes even greater
than the contribution from the TM mode which is usually the dominant mode.
The mixed mode is a factor that arises due to the anisotropy of the material and
the consequent inseparability of the TE and the TM polarizations in the Maxwell’s
equations. Its contribution is expected to lie between that of the TE and the TM
modes. Though it is almost always the case, there however appears exceptions,
for instance, in the interaction of bulk black phosphorus interaction with itself
where the mixed mode takes over TM mode at around 17 nm and continues in
this fashion until they both go to zero at very large distances (see Fig. 5 in the
paper). As a matter of fact, at this point it is hard to predict the behaviour
of this coupled mixed mode and its magnitude relative to the isolated TE and
TM modes. It can largely depend on the dielectric properties of the materials
under consideration. In the layer and rotated bulk cases where the sign change is
observed, the TM mode contribution gradually reduces, crosses over to the other
side of the zero axis and builds up there to help bring about the sign change. The
other two modes follow suit but slower; see Fig. 5.7.

Another intriguing feature that emerges is the non-monotonic behaviour of
torque with multiple extrema in the short distance regime (below 40 nm) in the
interaction of phosphorene and bulk phosphorus rotated along ĝ2- axis (ĝ1ĝ1 ↔ ẑẑ
). Reference [220] has reported the observance of similar non-monotonicity in the
Hamaker coefficient due to anisotropy and retardation. Clearly, the distance
dependence behaviour is of a more complicated nature than the usual power law
scaling of the Casimir interactions. With respect to the orientation angle θ, the
torque varies as sin 2θ with the minimum occurring at 0 and π/2, and maximum
at π/4 and 3π/4.

The distance-dependent reversal of the sign of torque may serve in the ex-
perimental detection of Casimir-Lifshitz torque. The torque may be enhanced
by manipulating the dielectric properties of materials and the sign-change effect
may in the future be utilized in the design and control of nano-devices such as
nanoswitches and actuators.
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X: “Ice particles sink below the water surface due to a balance of
salt, van der Waals and buoyancy forces.”
P. Thiyam, J. Fiedler, S. Y. Buhmann, C. Persson, I. Brevik, M. Boström and
D. F. Parsons, submitted to Journal of Physical Chemistry.

It is a general fact that ice floats on water with a fraction of its volume rising
above the surface. In a very interesting study, we find that this condition holds
only for ice structures, approximating them to be roughly spherical, with radius
larger than 10-100 µm. With radius smaller than this critical radius, the ice
nanostructures tend to stay under water a few nanometers below the water-air
interface. This is caused by an interplay of Lifshitz and buoyant forces cancelling
each other out, the equilibrium condition being,

f buoyancy + fLifshitz(leq) = 0. (5.11)

Since the downward repulsive Lifshitz force dominates the upward buoyant force
for small ice spheres, there exists an equilibrium thin film of water leq of the
order of few nanometers (∼ 2 nm) between the ice surface and the air surface
(in line with that predicted by Elbaum and Schick [66]), which reduces to zero
only when the ice particles are big enough for buoyancy to increase and push
the ice structure upwards. The ice structure then breaks the water surface and
floats with a fraction above the water surface following the classical Archimedes
principle. The equilibrium thin film of water depends on the sphere size a. It
stays almost constant for ice spheres of radius until about 10 µm, then starts to
decrease and finally goes to zero asymptotically as 1/a.

The theory applied here is the well known Lifshitz theory with the Derjaguin
approximation that works well for ice spheres much larger in radius than the sur-
face to surface distance (a � l), see Fig. 5.8. This force with the retardation
effects included varies as the first power of the sphere radius a, while the buoyant
force independent of l scales as the third power in radius. For small spheres, these
two forces that scale differently in radius balance each other at a certain equilib-
rium distance leq as given by Eq. (5.11). Beyond the critical radius, the buoyancy
becomes too large and dominates over the repulsive Lifshitz force resulting in
zero separation distance between the ice surface and the water-air interface. The
retarded Casimir-Polder force that is applicable in the other limit of sphere size
being much smaller than the separation distance (a� l) also predicts an equilib-
rium water film thickness of 3-5 nm by repulsion. However, it scales the same as
the buoyant force (∝ a3) in sphere radius and is much too small in magnitude to
balance it out.

We then take a step further to study the influence of salt ions in this system.
This introduces surface charge on the ice depending on the pH and the concen-
tration of salt. The pure Lifshitz case is a demonstration of the behavior at the
iso-electric point (IEP) corresponding to pH 3.5 here. The repulsion effect on the
ice spheres is enhanced by the presence of the salt ions. We observe that the ice
sphere is further pushed below by repulsive double-layer forces as much as ∼ 7
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Figure 5.8: Schematic diagram of the system under consideration. The buoyant
force due to gravity acts on the ice sphere upwards. The repulsive Lifshitz and salt
forces act downwards resulting in a finite film of water l between the ice surface
and the air surface.

nm with the salt concentration of 4 mM. At 1 mM concentration, the salt effect is
negligible and the Lifshitz force is the dominant player. At very high salt concen-
tration of the order of ∼ 100 mM, the Lifshitz force becomes the dominant player
again, the salt effects being screened. In the range between these two concentra-
tions, the salt ions play a vital role in determining the equilibrium thickness of
the film of water by the condition,

f buoyancy + fLifshitz(leq) + fsalt(leq) = 0. (5.12)

The salt and charge effects are determined using the modified Poisson-Boltzmann
equation that models the ion concentration profiles with Boltzmann distribution
and solves the Poisson equation of the electrostatic potential described by this
distribution.

In comparison, at pH 7 for neutral water, 0.1 mM concentration of salt already
induces a strong charge on the ice surface increasing the repulsive impact of the
ion adsorption layer and resulting in an equilibrium film of water as thick as ∼ 200
nm. The salt effect is however quickly quenched by electrostatic screening, and
at around 10 mM salt concentration, the equilibrium thickness is already reduced
to nearly 2 nm as with the pure van der Waals case. For all the concentrations
of salt considered, the critical radius at which the ice sphere breaks the water-air
interface is consistently between 10-100 µm.

The equilibrium film thickness approaches a constant value for ice spheres
much smaller than the critical radius. Studying this limiting film thickness as
a function of pH for different salt concentrations exhibits that salt-induced en-
hancement of repulsion occurs both above and below the IEP. This results in a
dip in the curve towards ∼ 2 nm equilibrium thickness at the IEP. The IEP itself
is found to display a shift in position occurring at pH 3.5 in 1 mM salt and at pH
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4 in 100 mM salt. The electrostatic screening becomes apparent at higher salt
concentrations with the van der Waals interaction dominating at concentration
above 10 mM for pH > IEP and above 50 mM for pH < IEP.

This is a simple yet exemplary study that highlights the importance of vdW
and related dispersion forces in predicting phenomena that may occur in nature.

5.2 Concluding remarks and future perspectives

To sum up, this thesis delivers predictive theories for vdW and Casimir-Lifshitz
interactions with applications, for instance, on the prediction of sign-reversal of
torque with separation distance. Furthermore, current existing theories are tested
with real inputs computationally and results are predicted in systems of envi-
ronmental relevance. Efforts are then made to provide substantially improved
theoretical framework, besides simulating the input dielectric data with modern
tools in material science. In these studies, the theoretical results reveal deeper
understanding that is beneficial for experimental investigations and innovative
developments.

The feature of the sudden change in the direction of rotation of torque at
some particular distance discovered here for birefringent materials coupled with
potential enhancement of torque magnitude in engineered anisotropic materials
will assist in the experimental verification of torque. Besides, the studies yield new
insight towards designing nanomechanical systems by manipulation of orientation
between pairs of material sheets via these fundamental properties of the dispersion
or quantum fluctuation forces and torque.

Further, the importance of the role of vdW and Lifshitz forces has been demon-
strated in several environmental contexts, particularly in understanding the ice-
water systems. The conclusions of the study are further strengthened by investi-
gating the impact of double-layer interactions accounting for the presence of salt
ions in the system. The revelation of the existence of ice nanocrystals under the
water surface and its perfect blend with the classical Archimedes principle as the
size of the ice crystals increases lends a revolutionary understanding of these nat-
ural systems. In addition, a remarkably attractive feature is the simplicity of the
system and the model that should pave an easy way for experimental verification.

Moreover, through the works presented in this thesis, we have seen that apply-
ing the more complete theories of finite size and non-perturbative effects brings
about results as remarkable as vdW repulsion between two atoms in vacuum.
It serves as a useful quantitative picture that complements theories of chemical
binding. Though, in most cases, the importance of finite-size effects on the inter-
atomic or intermolecular interactions may be of more conceptual nature since, in
reality, the chemical interactions will dominate at very close separation distance,
the correction on the self-energy of atoms resulting from these theories is phenom-
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enal and cannot be ignored. One can also improve the theory by considering new
functions to describe spatial dispersion of the polarizability that take into account
mutual deformation of the electron orbitals instead of a symmetric function like
the Gaussian. The issues regarding retarded resonance interaction also need to be
resolved since they imply interesting prospects that can lead to new predictions
for quantum entanglement [101, 221] and dipole blockade effect in cold Rydberg
atomic samples for realization of quantum bits and quantum gates [222].

The course of investigation is extended towards effects arising from anisotropy
of the atoms and molecules in the context of preferential adsorption of molecules
towards relevant surfaces. Molecule-surface interaction, molecule-molecule inter-
action near a surface and molecule in a three-layer geometry are investigated keep-
ing in view of potential energy storage applications [223]. Modeling of the effective
polarizability of the molecules in a background medium also becomes increasingly
important for a more complete and realistic representation of these forces in prac-
tical systems. While two of the models, viz., the hardsphere and Onsager’s model
are explored in this thesis, we move on towards developing substantially improved
representation of the local field effects in further studies subsequent of this thesis.

DFT remains a reliably handy tool to generate inputs required for energy cal-
culations. Moreover, in a recent paper by DiStasio et al., orbital overlap of finite-
sized quantum harmonic oscillators is explicitly considered using DFT [224], and
they too obtained a finite interaction energy at zero molecule-molecule separation.
Comparison of the vdW energies obtained from our calculation and from DFT
will certainly prove interesting.

The utilized computational methods describe dispersion forces properties fairly
accurately, but they are not without limitations. This enforces the need for fur-
ther development of the theoretical models to bridge the physics of dispersion
forces to the atomistic modeling of molecules, liquids and solids, and describe
the systems’ functionality on a cross-scale level. This opens up fresh avenues
of research and stirs our focus, for instance, towards accurate modeling of sur-
faces with spatially-dependent dielectric functions starting with simple surface
profiles. Furthermore, technological advances will typically be realized only if the
research is combined with experimental investigations that will ultimately lead to
commercial development. All the same, the future seems promising.
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