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Abstract 

Machine tools accuracy has been a cornerstone in defining 

machining system capability and directly affecting dimensional and 

geometrical tolerance of machined parts. The effort for achieving higher 

precision and accuracy can be distinguished in two general ideas. One 

is to improve performance of machine tools by designing better, stiffer 

and more accurate machine tools. The other is to develop tools and 

methods for evaluating and measuring their behaviour and gain 

knowledge of their performance. In order to properly control the 

machine tool characteristics that can affect and improve their accuracy 

such as static stiffness and static accuracy. 

This thesis is aiming at establishing and further advancing the idea 

of loaded testing of machining systems and the concept of Elastically 

Linked Systems as a framework for measuring, identifying and 

characterising quasi-static stiffness of machine tools under loaded 

conditions. This will allow the creation of an improved capability profile 

of machining system accuracy. The focus is on the implementation of 

Elastically Linked Systems concept (ELS) through the Loaded Double 

Bar system, a measurement method that can partly simulate the 

process-machine interaction by reproducing forces exerted on the 

machine tool structure for the evaluation of system characteristics 

under loaded condition. This allows the qualitative and quantitative 

evaluation and comparison of machine tools for the purpose of accuracy 

enhancement, identification of weak directions with potential utilization 

in process planning, machine procurement and maintenance. 

Through two case studies, the capability to identify the effect of 

machine components and structure behaviour is shown. 

Keywords: machine tool loaded test, stiffness measurement, static 
accuracy, machine tool stiffness  
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Sammanfattning 

Verktygsmaskinens noggrannhet har varit en h rnsten n r man vill 

definiera ett maskinsystems kapabilitet och haft direkt inverkan p  

dimensionella och geometriska toleranser f r bearbetade detaljer. 

Str van att uppn  h gre precision och noggrannhet kan uttryckas i tv  

generella id er/angreppss tt. En r att f rb ttra prestandan hos 

verktygsmaskiner genom att utforma b ttre, styvare och mer exakta 

verktygsmaskiner. Den andra r att utveckla verktyg och metoder f r 

att utv rdera och m ta deras beteende och p  s  s tt f  kunskap om 

verktygsmaskinernas prestanda. F r att kunna kontrollera maskinens 

egenskaper vilka kan p verka och f rb ttra noggrannheten, s som 

statisk styvhet och statisk noggrannhet.’ 

Denna uppsats syftar till att’’etablera och vidareutveckla tanken 

f rfina id n om belastad provning av maskinbearbetningssystem och 

begreppet ”Elastically Linked Systems” (ELS) som ett ramverk f r att 

m ta, identifiera och karakterisera kvasi-statisk styvhet f r 

verktygsmaskiner under belastade f rh llanden. Detta m jligg r 

skapandet av en f rb ttrad kapabilitetsprofil f r bearbetningssystemets 

noggrannhet. Fokus ligger p  implementeringen av ”Elastically Linked 

Systems”-konceptet (ELS) genom att anv nda ”Loaded Double Bar”-

systemet, en m tmetod som delvis kan simulera processmaskinens 

interaktion genom att reproducera krafter vilka inverkar p  

verktygsmaskinens struktur vilket i sin tur g r det m jligt att utv rdera 

systemets egenskaper i belastat tillst nd. Detta m jligg r kvalitativ och 

kvantitativ utv rdering och j mf relse av verktygsmaskiner i syfte att 

f rb ttra precisionen, identifiera svaga riktningar med potentiellt 

utnyttjande vid processplanering, maskinupphandling och underh ll. 

Genom tv  fallstudier visas f rm gan att identifiera effekten av 

maskinkomponenter och deras strukturbeteende.’ 

Nykelord: maskinverktyg belastad test, m tning av styvhet, statisk 

noggrannhet, maskinverktyg styvhet 
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Chapter 1 

Introduction 

Machine tools and specifically metal cutting machines are a core part 

of today’s manufacturing industry. The world demand for machine tools 

has increased by 2.6% in 2016 and was expected to grow in 2017 by 3% 

translating to a forecasted increase in machine tool investment of 

2.5% [1]. Following the trend, a global increase in machine tool 

production of 3% has been forecasted for 2018 [2]. Particularly the 

global metal cutting machine tool demand was USD 5.99 billion in 2016 

and was expected to grow in 2017 and the upcoming years. The 

automotive industry continues to be one of the key drivers of the 

machine tool market. without though excluding other industries such 

as electronics, mold and die, defense and aerospace [3]. The increased 

requirement for cost efficient manufacturing of components without 

compromising the final product quality and precision has driven the 

research effort for the development of more efficient machining 

strategies, cutting tools and machine tools; striving for the capability 

to produce the right part from the first time. In addition, the use of 

improved engineering materials (high strength alloys and composites) 

causing higher structural loading of the machine tool, and the adoption 

of high speed machining regimes, set challenges for the machine tool 

industry. To address these requirements on precision and performance, 

a high capability of machining system in terms of positioning accuracy 

and stiffness (static and dynamic) has to be ensured. 

The requirement for stiffness, the capacity of a mechanical system 

to resist loads without excessive changes of its geometry, is identified 

as one of the most important design characteristics of mechanical 

components. This is true for structures and systems with high 

requirements on precision and accuracy [4]–[6] such as machine tools 

and industrial robots. It is directly affecting machining system 

capability and is reflected on the geometric and dimensional accuracy 

as well as surface quality of machined parts. 



For end users this creates the need for increased knowledge of the 

system behaviour and improved tools for evaluation and control of the 

performance of the machining system, especially regarding the static 

stiffness and dynamic stability. Researchers and industrial practitioners 

have identified dynamic stability as one of the most critical 

characteristics due to mainly the high speed machining applications 

developed in the last decades. Many research efforts have thus been 

dedicated in studying the dynamic stiffness and dynamic stability of 

machining systems for understanding both structural and process 

properties. Knowledge about static stiffness has been mainly acquired 

from the machine tool manufacturers data which usually is considered 

adequate or evaluated by simulations (finite element (FE), multibody 

system (MBS) models [7] and analytical methods [8]) or experimental 

modal analysis (as a component of dynamic compliance). A drawback 

of these approaches is that they usually do not represent a machining 

system in close loop (as is the case during machining) and in the given 

complexity, and cannot sufficiently account for the interaction between 

the machine tool structural components through the joint interfaces and 

their contribution to the total static stiffness. 

1.1 Thesis motivation 

Being a core part of a manufacturing system, machine tools can have a 

definitive role in advancing production development, and in realizing 

new product design specifications, which ultimately have a dependency 

on the machining system capability. 

Robust and reliable testing and evaluation methods that would 

provide up-to-date information of the stiffness behaviour of a 

mechanical system ensuring the performance and capability are thus 

crucial for the end users. Apart from increasing the knowledge of the 

machining system performance, loaded testing of machine tools present 

a valuable approach for a comparison basis for machine tools of similar 

structural topology and kinematic configuration [9]. Decision making in 

machine procurement (acceptance testing) and process planning could 

benefit, by identifying the machine with the most suitable capability 

profile enhanced by loaded tests accuracy results. 

Current national and international standards (e.g. ISO 230, ISO 

10791-7, ASME B5.54) provide guidelines and specify methods and 



metrological instrumentation for testing and evaluating machine tool 

accuracy as well as capability in terms of geometric, kinematic and 

static accuracy, thermal effects and dynamic stability. ISO 230-1 [10] 

specifies methods for testing the accuracy of machine tools under 

unloaded or quasi-static conditions accounting only for geometric errors 

and quasi-static load induced deviations. It limits the measurement of 

displacement in one position and direction for one setup [10], neglecting 

the characterization of the machine tool’s static stiffness in the whole 

workspace. Under machining conditions though, the induced deviations 

due to process loads have a dependency on the machine tool stiffness 

and influence the system’s response and precision. 

The motivation behind this thesis is the study and development of 

machine tool loaded test methods for machining system capability 

evaluation in terms of stiffness characterization within the Elastic 

linked system (ELS) concept [9], [10]. The approach is oriented towards 

a holistic view of the system, where each machine tool can be considered 

as an individual [11] in terms of its complex behavior during machining 

operations. Within this context, a testing methodology for the 

evaluation of machine tool’s static behavior under loaded conditions is 

presented, highlighting the capabilities and usage in two different test 

cases. 

Loaded testing (i.e. closed force loop) of machine tools using an 

adjustable load to induce controlled deformations on the machine 

structure under operation like conditions, can create a new perspective 

on the evaluation and measurement of machine performance. It can 

proof particularly useful for a more realistic testing approach that 

complements or substitutes existing standards. The presented method 

is offering a solution that can find applications in the volatile industrial 

environment where machine down time for testing, calibration and 

maintenance has to be kept to a minimum, while at the same time high 

precision of the machine tools, productivity and robustness must not be 

compromised. 

1.2 Research scope and research questions 

The theoretical developments in this thesis are further tested or 

exemplified on research on two industrial case studies formulated from 



the scope and motivation presented so far through the following 

research questions: 

Question 1: 

Is loaded testing of machine tools in closed force loop providing 

enhanced knowledge of the physical characteristics of multi-axis 

machine tools compared to unloaded testing? 

Question 2: 

Is it possible by applying a known load on a machine tool to identify 

physical characteristics and the influence of the different machine axes 

on the variation of stiffness and to which degree is this possible? 

By physical characteristics, it’s meant the static and quasi-static 

behavior of the machine tool and kinematic performance. Although the 

terms static and quasi-static stiffness are different in their meaning, 

they are used interchangeably throughout this thesis for expressing 

quasi-static stiffness. Their difference is discussed briefly in section 2.3. 

The thesis’s general aim is closed force loop testing of machine tools 

as a methodology for providing a more realistic evaluation of machine 

quasi-static behavior and performance. In particular, the focus is on 

measurement and evaluation of static stiffness of machine tools and the 

methodology for measuring and evaluating the measured stiffness 

variations as qualitative and quantitative tool for assessing and 

comparing machine tool performance. 

1.3 Research methodology 

What is research and what motivates people to do research? 

Giving an answer to the question is not simple and straight forward as 

it requires identifying the purpose and the motives, as each researcher 

and each research study may have different objectives, purpose and 

motivation. Nonetheless, a common characteristic can be given for the 

term research, which regardless of the discipline it can be described as 

“a systematic method consisting of enunciating the problem, formulating 

a hypothesis, collecting facts and data, analyzing the facts and reaching 

certain conclusions either in the form of solution/s towards the 

concerned problem or in certain generalizations for some theoretical 



formulation” [12]. More elegantly put, research is the art of scientific 

investigation or inquiry. 

Performing research, in an academic sense, requires a 

systematic, structured and organized approach where methods and 

principles (theoretical, analytical and experimental) to be applied are 

identified and described. In other words, a general research strategy is 

required, a systematic analysis of the scientific methods applied, a 

methodology [13]. Oftentimes as part of the research methodology, the 

epistemological perspective or the followed philosophical theory is 

stated, as it is identified to have an influence in determining what 

research questions can be asked and what methods can be used [14]. 

However, its practical usefulness has been questionable, as it has been 

said “Philosophy of science is about as useful to scientists as ornithology 

is to birds”1. In engineering research in particular, this aspect is rarely 

explicitly considered, as engineering is commonly assumed to follow a 

positivistic perspective, which implies that there is a universal truth 

that can be found independent of the context. This however, is not 

limiting engineering research to a single epistemological theory or 

research approach since research is an iterative process [15]. 

As this thesis is in the engineering field it is considered to follow 

a positivistic perspective, which is reflected through the analysis method 

in chapter 3 and the experimental studies of chapter 4. However, a 

qualitative approach is also considered and is part of the thesis research 

approach as well. It can be argued that qualitative research is usually 

linked to the type of data that are collected, hence it is concerned with 

non-numerical data and text. Thus, it does not fit to in engineering and 

natural sciences compared to quantitative research, which is dominant, 

and experimentation is the primary component of the scientific method. 

Yet, qualitative research seeks to understand phenomena in depth and 

within specific contexts [15] based on an interpretivist’s perspective, 

which can be relevant for engineering research, as part of an engineer’s 

work requires an understanding of the occurring and observed 

phenomena oftentimes within specific context. 

1



As part of this thesis work, is to observe and identify, in a 

qualitative way, the sources of the observed variations. The general 

methodology followed starts with a literature survey to define the 

reference work in the topic and highlight the significance of machine 

tool static stiffness but also to investigate the existing measurement 

methods proposed by standards and identify the state of the art. The 

findings of the state of the art review act as a supporting concept for 

further presenting the ELS concept and loaded test measurement for 

machine tools, including evaluation of stiffness. The loaded test concept 

is then demonstrated through two studies. 

1.4 Thesis structure 

Chapter 2 is an introduction to the machining system, presenting 

the importance of static stiffness in machine tools as core element of 

the machining system. Different static stiffness measurement methods 

are presented. 

Chapter 3 contains the basic methods used in this thesis for the 

measurement, evaluation and analysis of stiffness based on LDBB 

instrument. The Elastic Link System (ELS) representation is also 

presented. Paper D and Paper C are the main contributions supporting 

this chapter. 

Chapter 4 presents two case studies and the results obtained from 

the analysis of the experimental data. The first case study is based on 

Paper A. The second case study is presented in a bit more detail. 

In chapter 5, the conclusions are drawn and in chapter 6, the 

discussion and suggested future work conclude the thesis. 

1.5 Authors contribution to appended papers 

In Paper A, the author ran the measurements using the LDBB 

instrument and performed the evaluation and analysis of the results and 

static stiffness and wrote the paper under supervision of the co-author. 

In Paper B, the author in collaboration with the co-authors 

performed the measurements and assisted in the analysis of the results. 

In Paper C, the author together with the co–author performed the 

measurements and assisted in writing of the paper. 



In Paper D, the author ran the measurements using LDBB and 

laser interferometer together with the main author, contributed in 

analysis and evaluation of the measurement results and calculation of 

static stiffness and assisted in design of the machining experiment and 

writing of the paper. 





Chapter 2 

Machining system–

Machine tool and cutting 

process 

A machining system comprises several sub-systems (e.g. machine tool 

and fixture) and processes (e.g. milling and turning) and can be divided 

into five main subs-systems: the machine tool and its structural loop, 

the cutting tool, the workpiece, the fixture and the cutting process. 

Each one realizes various functions that contribute to and affect the 

performance of the machining system to produce parts at the specified 

geometric accuracy and surface quality [16]. The machining system can 

be defined – from the viewpoint of the occurring phenomena – as the 

interaction of a closed-loop system between machine tool structure, 

cutting process and control system [6], [17]. 

The accuracy and performance of the machining system is affected 

by different sources of variation and process disturbances occurring 

during operation and can be defied through machine tool accuracy and 

part accuracy. It can be identified in terms of physical attributes: 

positional, thermal, static and dynamic accuracy of the machine tool 

and determined by machine tool accuracy using standardized machine 

tool metrology or defined from machined part accuracy in terms of 

geometric, dimensional accuracy and surface finish. The focus in this 

thesis is the investigation of static accuracy expressed in quasi-static 

stiffness and geometric and kinematic accuracy of the machine tool as 

core element in terms of machining system performance. 



2.1 Machine tool and machine tool loops 

The machine tool as key part of the machining system has the primary 

objective to define, and control the point of contact (functional point) 

of the cutting tool with the workpiece. The complex assembly chain of 

interrelated mechanical components that form the structural loop 

present an open kinematic chain2 of links and joints. These can be 

divided into active (e.g. machine table, carriage, spindle, slides etc.) and 

passive (i.e. machine base, bed and column) elements. which carry and 

interact with the active ones [18]. Every single element in the 

mechanical chain must be able to perform at the desired accuracy level, 

Figure 2.1. Representation of two vertical milling machine tools. Both 

machines represent a topological structure in open loop while idle and both can be 

considered as open kinematic chains [19] between tool and workpiece. However, 

analysing the topological structure of the portal type machine on the right-hand 

side, it can identified as of mixed kinematic chains (open and closed). 
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most importantly though, collectively, they play a determinant role in 

the machine tool overall accuracy. The importance of the machine tool 

accuracy becomes even more pronounced in modern precision 

manufacturing where even large components have critical dimensions 

and surface roughness tolerances in the micron or even submicron level. 

While not performing any cutting operation the machine tool can 

be considered to be in open loop (see Figure 2.1). An open loop 

kinematic chain does not represent a realistic view of an operating 

machine tool – cutting tool – workpiece system neither can adequately 

reflect the phenomena occurring during machining. In addition, the final 

accuracy of a machined part is dependent on the deviations between 

the cutting tool and the workpiece during cutting operations, which are 

governed by the various error sources in the machine tool structural 

loop (kinematic, thermal or stiffness). 

In addition, the response of the mechanical system to the various 

excitation and disturbance factors (i.e. magnitude and direction of the 

cutting force) cannot be realized by considering the system in open loop. 

It is during machining that forces and energy generated by the cutting 

process are flowing through the structure – from the tool to workpiece 

– and transmitted to and from the various interconnected components.

Hence, the machining system defined as the interaction of machine tool

(as a complex assembly of interconnected elements) and cutting process

can be considered to be in closed loop form similar to the one found in

control systems, where the output of the one is input to the other (see

Figure 2.2) [20].

Machine tool performance is reflected on the tool-workpiece 

interface during the process machine interaction and in this regard, 

different aspects of machine tool capability can be defined through 

closed loop representation of the machine tool – workpiece – tool loop. 

Depending on the source of disturbance, closed loop representation can 

express kinematic loop, thermal loop or stiffness loop reflecting 

positioning accuracy, thermal stability or static and dynamic accuracy 

respectively (Figure 2.3). 



Figure 2.2. Close-loop representation of a machining system [20]. Fnom(t) is 
the nominal cutting force value, F(t) the instantaneous cutting force, x(t) the 

relative displacement between cutting tool and workpiece, Δd(t) is the deviation 

of the relative displacement x(t) and D(t) are disturbances such as tool wear, 

variation in rigidity of the elastic structure, cutting parameters etc. 

Figure 2.3. Through the closed-loop representation the variations due to 

different sources of disturbance can be expressed and reflect the systems 

performance and behaviour at the tool workpiece interface [17]. 



2.1.1 Error sources 

Based on the origin of the disturbance that affects the geometry of 

the machine’s components the following classification can be used [21]: 

Figure 2.4. Machining accuracy affected by multiple error sources. 

Summarized as: 

 Geometric and kinematic errors

 Static accuracy and stiffness

 Thermo-mechanical errors and thermal stability

 Dynamic stability

 Motion control and control software

The sources of variation can originate from the machine structure, 

the component interactions, build and design characteristics of the 

machine and from external disturbance sources. This can have a varying 

effect on the system performance that depends on the sensitivity of the 

machine’s structural loop on various error sources [21]. The error 

sources will be briefly described in the following sections with the main 

focus on static accuracy and static stiffness as the main interest of the 

thesis. 



Geometric and Kinematic errors 

These are the errors due to the imperfect geometry of the machine 

tool during manufacturing (e.g. deviations due to imperfections in 

subcomponents) and assembly [21], [22]. They are manifested as 

deviations in the final position and orientation of the tool and the 

workpiece in the form of straightness, parallelism, squareness etc. The 

systematic nature of those errors can vary due to wear of the 

components over time and result in changes of the geometry of the 

machine. Geometric errors can be difficult to measure individually due 

to their nature and the inaccessibility of the structural loop. However, 

they can be identified through their influence on the machine tool 

kinematic loop and positioning accuracy. Geometric errors can be 

affected by various other disturbances (e.g. thermal stresses and weight 

of moving subsystems (masses) including workpiece) which are 

expressed as geometric deviations between the elements of the 

kinematic structure. Usually they are measured by laser interferometry 

[21], [23]. 

Thermo-mechanical errors and thermal stability 

Thermo-mechanical errors occur due to temperature changes caused 

by various heat sources. They are transmitted through the thermal 

loop3 inducing strains to the different components in the structural loop, 

creating deformations that influence the machine’s geometry and 

resulting in distortions in the relative position of the tool tip with 

respect to the workpiece. Temperature variations or heat gradients that 

come from the spindle, servo motors, ball screws, friction in the 

guideways or the cutting process are called internal, since they are 

inherent to the machine tools functionality. Internal heat disturbances 

have responses that can be measured and compensated partially. 

Temperature gradients induced from other sources i.e. ambient 

temperature of the shop floor, are called external. Thermal distortions 

3According to [25] a thermal loop is defined as a path across an assembly of 
mechanical components, which determines the relative position between specified 
objects under changing temperatures. In principle a thermal loop should be as small 
as possible to minimise the influence of spatial thermal gradients. 



due to heat generated from e.g. the linear axis can be measured by 

evaluating the error at the end of travel of the linear axis or for spindle 

it can be evaluated by measuring the elongation of the spindle operation 

[24]. To directly measure the temperature variations a commonly used 

instrument today is an infrared (IR) camera [24]. 

Figure 2.5. Thermal loop representation in machining system [25] 

Motion control and control software 

The type and effectiveness of the control system that commands 

the servo drives has an effect on the accuracy of the machining system. 

With regards to stiffness, the control system can significantly affect the 

static stiffness of the machine depending on how it responds to 

displacements and corrects and compensates deviations in the position 

of the axis. It is the control system servo response and the feedback 

loop gain that allow the machine to react to static forces or dynamic 

forces of low frequencies [26] for compensating induced deviations. The 

metrology frame and positioning feedback loop can introduce errors if 

they are not capable to capture the occurring deviations. 

Dynamic stability and dynamic stiffness 

During the process machine interaction, machine tools are subjected to 

continuously varying dynamic forces of periodic and/or non-periodic 

nature (cutting forces, inertial forces, imbalance of spindle etc.). When 

in closed loop, the generated forces at the cutting zone propagate 

through the structure exciting the machine components causing 

vibrations. This can have a significant effect on the surface quality, the 



surface finish of the machined part, the degradation and wear of 

machine tool functional components as well as on the cutting tool and 

the overall productivity. 

Dynamic stability or dynamic stiffness is the response of the 

machine tool to the excitation from the dynamic forces and is dependent 

on the amplitude and frequency of the dynamic loads and displacement 

of vibration [18] [4] as well as the physical characteristics of the system 

– mass, damping and static stiffness. The response of the system to the

dynamic excitation forces varies during the process due to constantly

changing position and direction of the load and the spatial configuration

of the machine structure due to motion of the machine axes. A rough

approximation of dynamic stiffness kdyn and the relation to static

stiffness can be presented by the following [4]:

𝑥𝑑𝑦𝑛 =
𝐹

𝑘𝑑𝑦𝑛

(1) 

𝑘𝑑𝑦𝑛 =
𝑘𝑠𝑡𝑎𝑡𝑖𝑐

𝑄
(2) 

where kstatic is the static stiffness of the machine tool, F is the excitation 

load (as a function of the frequency) applied to the system, xdyn is the 

amplitude of the deviation and Q is the amplification factor which is 

calculated from: 

𝑄 =  
1

2𝜁
(3) 

𝑘𝑑𝑦𝑛 =  
𝐹

𝑥𝑑𝑦𝑛
= 2𝑘𝑠𝑡𝑎𝑡𝑖𝑐𝜁 (4) 

where 𝜁 =  𝑐 2𝑀𝜔0⁄  represents the damping ratio, with M being the

mass, c the damping and 𝜔0 =  √𝑘𝑠𝑡𝑎𝑡𝑖𝑐 𝑀⁄  the natural frequency. From

Eq.2 and Eq.3 one can deduct the dynamic stiffness coefficient that 

characterizes dynamic stiffness 𝐾𝑑𝑦𝑛 = 𝑘𝑑𝑦𝑛 𝑘𝑠𝑡𝑎𝑡𝑖𝑐⁄ (= 2𝜁).

𝑥𝑑𝑦𝑛

𝐹
=

1

𝑐
√

𝑀

𝑘𝑠𝑡𝑎𝑡𝑖𝑐

(5) 

From Eq.4 and Eq.5 one can see that in order to increase the dynamic 

stiffness it is important to improve the static stiffness kstatic but also the 

damping ratio. 



Static accuracy 

Static accuracy of machine tools refers to the relative deviations 

between the tool and the workpiece due to the limited static stiffness of 

the machine stiffness loop (stiffness loop in this perspective includes the 

parts that are in the force flow and influence the entire system’s 

stiffness). The static and quasi-static forces generated from the 

workpiece weight, the machine components own weight and the cutting 

process, propagate through the stiffness loop and the joint interfaces 

between these components [4] causing the different elements in the force 

flow to deform. This in turn is reflected, if not compensated, on the 

dimensional and geometric accuracy of the machined part. 

2.2 Machine tool static stiffness 

The stiffness of a mechanical system can be defined as the capacity of 

the system to sustain loads without excessive changes in its geometry. 

The significance of stiffness can be reflected on the effects on the 

performance of mechanical systems due to dynamic stability, wear 

resistance, accuracy and efficiency [4]. For machine tools it is considered 

one of the most important design criteria and performance 

characteristics and unlike other mechanical systems, machine tool 

structures are dimensioned with respect to stiffness criteria [4]. High 

static stiffness of the machine tool is a requirement for maintaining 

accurately the position of the tool with respect to the workpiece during 

machining and it directly affects the dimensional accuracy of the parts. 

The requirement of high stiffness in machine tool structures as well as 

their functional components has been highlighted by Koenigsberger, 

Tlusty [27], [28] and Rivin [4]. Despite the advances and technological 

developments in modern design of machine tools due to the increased 

demand for high precision machines in several manufacturing sectors 

(aerospace, automotive and die and mold), the concept of stiffness of 

machine tools continues to be of importance and a key performance 

characteristic in precision manufacturing. 

Generally, stiffness can be expressed as the relation between force 

and deformation (see Eq.6). Even though this simple expression is not 

a representative expression for the high complexity of machine tool 

structures, it can be proven a helpful simplification, aiming to enhance 



the understanding of the phenomena and to study their behavior. A 

rough physical model for expressing the static stiffness can be given by 

the relationship: 

𝑑𝑥 =
𝐹

𝑘𝑀

(6) 

where kM is the static stiffness matrix of the machine tool including 

toolholder, cutting tool and workpiece, F is the force vector in Newton 

and dx the resulting deformation vector (in mm or μm). For a complex 

mechanical system, stiffness is a more complex parameter and has multi 

degree of freedom characteristics. These relate to the direction of the 

applied force vector and the measured direction of deformation. 

Stiffness (direct stiffness) is thus denoted by kxx, kyy or kzz when the force 

and deformation vectors are along the same coordinate directions of the 

chosen coordinate system; cross stiffness kxy, kxz and kyz is considered 

when the deformation and the acting force vector are not along the 

same coordinate axis. In addition, angular stiffness values are related to 

the force and rotation about one of the coordinate axis x, y and z. 

As highlighted in [4] and [5] due to the complexity of machine tool 

structures, it is not sufficient to determine a single value of stiffness 

rather it is a complex parameter of the system. As the spatial 

configuration of the machine structure is changing, due to the moving 

machine components (e.g. table, spindle, ram) during the cutting 

process, variations of the position, magnitude and orientation of the 

force are occurring, affecting the structure’s static response to these 

loads, hence can result in spatial variation of the static stiffness of the 

system. In addition, the machine spatial configuration is also varying 

(moving axes) hence changing the response of system to the forces. 

It is so observed that despite the design intend for high stiffness of 

the structural machine components (i.e. machine bed, column, ram, 

table) and the use of advanced designs to enhance stiffness, the presence 

of joints (moving and fixed) has an significant effect deteriorating 

stiffness due to contact stiffness in the joints. According to Ito [29] a 

jointed structure under static loading shows reduced overall stiffness 

which can further deteriorate under the influence of the structural 

components that can act as levers. Also it demonstrates nonlinear load-

deflection characteristics due to the non-linear behavior of the joints as 

it is shown in Figure 2.6 [30]. Generally, it can be considered that the 



non-linearity (where joint can refer to guides, bearings or fixed bolted 

joints etc.) can be attributed to play4 in the joint due to a variation in 

the contact area between the joint surfaces, thus variation of the 

contact stiffness respectively. 

Given that many mechanical structures have a topology of serial 

kinematic design, an abrupt stiffness decrease of one of the components 

in the serial chain can result to significant reduction of the overall 

stiffness of the mechanical chain. This notion fits extremely well in the 

case of machine tools where the stacking of axes (4-, 5- or more axis 

machine tools) is a practice utilized extensively in machine tools and 

may result in reduced overall stiffness and performance [29], [31], [32], 

[33]. In addition, taking into account the stiffness dependency on the 

design geometry of the system, stacking of axes can potentially create 

long lever arms, which can amplify the effect of deflections contributing 

to further decreasing the total stiffness. Thus, it can be stated that it 

is the joint stiffness in combination with the structure’s geometry, that 

has the greatest impact attributing the spatial characteristic in the 

overall machine stiffness and adds a potential position dependency. At 

the same time though, it is important to mention the contribution of 

joints to the system damping, since it is through the joints located in 

the path of the force flow that the energy from the cutting process is 

transmitted and dissipated. 

4 It can be considered that play results in zero stiffness of a joint until the 
surfaces come into contact 



Figure 2.6. Example of measurement of the static compliance (inverse of 

stiffness) of a milling machine. It can be observed that compliance is generally 

reduced with increasing workload [30]. 

Despite the importance of static stiffness of machine tools, it is not 

common to find available reported values of static stiffness in literature. 

However, it is interesting to review available literature findings as an 

indication of what can be an expected value of static stiffness of machine 

tools based on some relevant research. Lopez de Lacalle in his work [32] 

provides various characteristic values for general machine tool static 

stiffness which can be ranging from 10 N/um for precision machines, to 

20-50 N/um at the tool tip which can be considered as typical threshold

for general purpose milling machines, to 500 N/um for heavy cutting



machines. It is interesting to notice the large variations in directional 

stiffness as reported in [34], [35]. In the first case, directional stiffness 

of a vertical milling machine was calculated to be about 62 N/um in X, 

33 N/um in Y and 67 N/um in Z direction. In the second case, the 

values of a similar machine (similar structure) were 16 N/um, 40 N/um 

and 93.7 N/um respectively. A similar result is reported also in [38], 

where the authors cite the findings of a company for static stiffness of 

machine tools. The stiffness values in the different directions of three 

axes machines show stiffness of X and Y axes between 15 and 25 N/um 

and 70 to 100 N/um in Z axes. While for 5-axes machines, the values 

vary between 7 and 15 N/um in X and Y and between 50 and 80 N/um 

for Z-axes. Another example reported by Stephenson and Agapiou [33], 

shows the relative stiffness of various type and size of machine tools in 

a comprehensive graph demonstrating the same variations (Figure 2.7). 

Figure 2.7. Relative static stiffness of different machine tools. All machines are 

measured between the table and a dummy tool [27]. 

2.2.1 Stiffness of cutting process 

According to Eq.6 stiffness is among others dependent on the force 

applied on the machine structure. If this cutting force is kept constant 

during the cutting process –assuming that no variation in the stiffness 



of the structure occurs due to change in the axes positions – then one 

would expect a workpiece of accurate dimension or constant deviation 

(due to the finite stiffness of the machine tool – tool - workpiece 

system). 

However, variations in force F assuming a constant kM value can 

occur causing the deformation to change. During the process if the 

workpiece has geometric variations and material inhomogeneities 

(which is often the case) the depth of cut will change affecting the 

generated cutting forces. The force can be expressed as a function of 

chip thickness h, chip width b and material constant C with m being an 

exponent (m<1) and a geometry constant as: 

𝐹 =  𝐶𝑏ℎ𝑚 (7)

The chip thickness can be expressed as a function of the depth of cut 

xc and the chip width as function of the feed fr with σ being the cutting 

edge angle: 

𝑏 =  
𝑥𝑐

𝑐𝑜𝑠𝜎
 , ℎ = 𝑓𝑟 cos 𝜎 

Replacing b and h into Eq.8 yields the following expression for the 

cutting force: 

𝐹 =  𝐶cos𝑚−1𝜎𝑓𝑟
𝑚𝑥𝑐 (8) 

which shows that force is dependent on the depth of cut xc. By 

comparing it to Eq.6 one can express the force to deviation ratio as: 

𝑘𝑐  =  𝐶cos𝑚−1𝜎𝑓𝑟
𝑚 =

𝐹

𝑥𝑐

(9) 

This ratio can be called “cutting stiffness” and denoted with kc, 

representing the process as a single elastic element i.e. as a spring. Eq.9 

is thus written: 

𝑑𝑥𝑐 =
𝐹

𝑘𝑐

(10) 

where F is the cutting force, dxc the deformation and kc the “cutting 

stiffness”. Hence, it can be observed that the deformation is not only 

dependent on the finite stiffness of the machine tool components and 

structure, but also on the finite stiffness of the cutting process itself [4]. 



In this regard, the machine tool and cutting process interaction can 

be represented by a closed loop system (see Figure 2.8). The system 

parameter dx is the deviation between the tool and the workpiece due 

to the finite stiffness of the machine structure, dx’ is the resulting 

deviation in the workpiece under the effect of the machine tool stiffness 

and the cutting stiffness and Fc is the force due to the varying depth of 

cut. 

Figure 2.8. From a static stiffness point of view the machine tool - process 

interaction can be represented by a closed loop system. The machine tool 

structure forms the primary part of the machining system loop, while the quasi-

static response to the cutting process is represented as a subsystem in the 

feedback loop [36]. 

2.3 Machine tool stiffness evaluation and 

measurement 

Stiffness evaluation and measurement is not a trivial task and can 

oftentimes become quite tedious considering the complexity of the 

mechanical structures and particularly machine tool structures. 

International standard ISO230-1 provides guidelines for measurement 

and evaluation of machine tool static compliance (inverse of static 

stiffness) and hysteresis [37]. The measurement procedure is described 

by applying a static load between the spindle and the workpiece (Figure 

2.9a) or between the machine’s components if reachability is limited 

(Figure 2.9b). As stated, the tests provide a measure of the machine 

compliance (stiffness) and an indication of what more detailed methods 

could achieve. In the standard it is explicitly mentioned that the 



stiffness values vary as functions of the position of the machine tool 

axes and the direction of applied force. This means that capturing the 

variation of the machine stiffness in the workspace as a function of 

position would require more detailed testing. 

a) b) 

Figure 2.9. a) Setup for machine static compliance and hysteresis by externally 

applied force using a load cell (3) a linear actuator (2) and a probe (4) mounted 

on the table (5) measuring the deflections at the spindle (1) and in (b) setup of 

internally applied force in the vertical direction with a load cell (2) that is 

mounted on the table (4) and measuring the spindle (1) deflections using a probe 

(3). Testing with internally applied force, this test tend to show smaller machine 

compliance values than the results obtained by the execution of tests with the 

application of external force [37]. 

Similar but more thorough method was described in the now withdrawn 

pre-standard DIN V 8602 [30]. An example of the testing methods 

described in the aforementioned ISO 230-1 procedure can be seen in 

Figure 2.10. 



Figure 2.10. Measurement of the static stiffness of a machine tool as described in 

[38]. 

Following a similar approach, in [39] a method is described using a 

special device to create the static load, a dynamometer and several 

displacement sensors mounted on an frame independent of the machine. 

Sensors are placed at several positions for measuring the deflections for 

defining the machine structure stiffness. 

In a more elaborate test, the authors in [40] designed an 

experimental setup comprising hydraulic pumps, pressure sensors, 

displacement sensors and a dummy tool. Then a force was exerted in x, 

y and z directions simultaneously on a dummy tool mounted on the 

spindle. The tool was equipped with a bearing that allowed the spindle 

to rotate during loading and measurement. 

In addition to the methods described above using e.g. hydraulic or 

mechanical force actuators and load cells, other approaches utilizing 

workpieces for evaluating machine stiffness have been in use. ISO 10791-

7 [41] describes a standard testpiece and testing methodology through 

which the stiffness of machine tools can be evaluated among other 

errors. A similar but simpler procedure was developed and established 

in the beginning of the 1970’s by leading Swedish industrial practitioners 

named BAS machine test [42]. The method – among others – specifies 

a cutting process using a dedicated testpiece (of specified material and 

grade), cutting tool and cutting parameters. The test sequence consists 

of machining in each direction (X and Y) first by down-milling and once 

the tool exited the material reverse the cutting feed direction and up-



milling till the cutter reaches the middle of the workpiece length, where 

the tool cutter would exit the workpiece. This procedure is repeated 

with different cutting depths. The undercut due to the limited stiffness 

of the machining tool would then be measured giving an indication of 

the machine stiffness in the normal to the cutting feed direction (i.e. 

defining as feed direction the x direction stiffness in Y direction would 

be assessed) (see Figure 2.11). 

Figure 2.11. Illustration of BAS test procedure. In a) down-milling configuration 

of the test piece is performed in feed direction 1. Once the tool exits the material 

next step is b) reverse the feed direction to direction (2). The cutter is allowed to 

run to the half way of the test piece side (3) which exits the material. The 

undercut Δt is measured indicating the machine stiffness in the direction normal 

to the cutting feed. 

The goal of the BAS machine test is to evaluate machine tool 

stiffness under real cutting conditions without the need for a complex 

cutting procedure in a simple and predefined way. However, assessment 

of the result is relied on rough guidelines and experience of machining 

experts and testers. In addition, it requires the supply of the specific 

material, tool and expertise of given machine tool configuration and 

machining system behavior. However unlike other methods it has the 

advantage that it takes into account the response of the entire 

machining system (including servo drives, linear guideways and 

guiderails, control system response etc.) when evaluating the stiffness 

behavior under different loads. 



Current standard practice is the prediction of static stiffness during 

early design stage utilizing simulation models representing the 

machining system as mutually interconnected bodies in order to analyze 

and optimize the machine behavior. This ensures that the designs meet 

the required technical and functional requirements and fulfil the needs 

of the intended machining applications under different static and 

dynamic load cases. Different approaches and simulation methods like 

FEM, Rigid or Flexible Multi-Body Simulations and coupled 

simulations are employed depending on the desired evaluation 

parameter [43],[7]. 

Despite the variety of tools and solutions that simulation software 

offer, evaluation of stiffness behavior is difficult and limits the accuracy 

of the simulation results due to the complexity of the machine 

components and their interaction. One of the main difficulty occurs in 

manually calibrating the relevant machine tool models for representing 

the physical system accurately. Hence, although the remarkable 

evolution and development, it is not common to find values for static 

stiffness of machine tools in literature since manufacturers consider this 

information not a significant characteristic for commercial purposes 

[44]. A solution to that problem relies on testing and measuring the 

relevant parameters (e.g. static stiffness) and numerically optimize the 

simulation models. Thus, it becomes evident, that efficient and robust 

stiffness measurement can play an important role in the development 

of machine tool designs as well as for identification of machine behavior 

for machine tool end users. 

Quasi-static loading 

An alternative to a purely static load test for static stiffness analysis is 

a quasi-static loading analysis. Quasi-static loading can be considered a 

special case of dynamic loading (very “slow” loading) of low f < 10 Hz 

[30] or very low frequency f < 1 Hz [4], [7], in that the inertial effects

and transient states can be ignored and the static behaviour and

accuracy of the machine is approximated by the response at these

frequencies. It is worth mentioning here that a quasi-static load for some

mechanical structure may not be considered quasi-static for another

structure. The proposed approach in this thesis uses a loading method

that although it exerts a static load on the structure at any time

instance, due to the simultaneous motion of the machine axes cannot



be considered purely static. However, it gives a good approximation of 

the static behaviour of the machine structure since the variation is very 

slow. Hence, for the rest of the thesis, the term static stiffness and quasi-

static stiffness will be used interchangeably meaning quasi-static 

stiffness. 



Chapter 3 

Closed force loop 

evaluation and analysis 

3.1 Introduction 

Machine tool geometric and kinematic accuracy is critical for ensuring 

high quality of machined parts and prerequisite for machining system 

evaluation. During the cutting process the tool and the workpiece are 

in contact through a variable stiffness link. The link depends on the 

magnitude and orientation of the cutting forces and is affected by the 

workpiece, machine tool accuracy and tool. In this sense, the static 

stiffness of the machine as a performance characteristic affects the 

machine tool accuracy and respectively the dimensional accuracy of the 

machined part. Thus its evaluation is important in defining machining 

system performance. In addition, it is identified as a key parameter that 

contributes to the dynamic stability of the machine tool. 

Evaluation methods of machine tool accuracy defined by 

international standards, provide guidelines for instruments and methods 

for the purpose of checking performance, acceptance testing or 

comparison. These standards are providing guidelines for testing:  

 under unloaded test conditions dealing with machine tool accuracy

(e.g. ISO 230-1, ISO 10791-2), which is not fully representative of

the operating conditions of the machine during cutting;

 under finishing conditions (e.g. ISO 10791-7); or

 during short term machine capability tests [45], where machining

and subsequently measurement of the part dimensional and

geometric accuracy and surface finish defines the cutting accuracy

of a machine tool.

These tests, either do not provide adequate information and knowledge 

about the performance and stability of the machine tool (since unloaded 

test conditions differ from operation conditions) or require substantial 



resources (cutting tool, material, fixture, NC code) and time in 

preparation, machining and measurement of the test piece (e.g. using a 

CMM). This creates a need for testing methods which can assess the 

machine tool performance and behavior under machine operation-like 

conditions (meaning all axes and spindle utilized if possible) by exerting 

similar to cutting process forces, simulating the closed loop machine 

tool-cutting process system, in a reliable and comprehensive way [11]. 

3.2 Elastically Linked System (ELS) 

In this context the Elastically Linked System (ELS) concept proposes 

an ”off-operational” approach for the evaluation of machine tool’s static 

and kinematic accuracy and dynamic stability by representing the 

cutting process induced deviations as a product of geometric and spatial 

static parameters [9], [10]. Through the ELS approach, an ‘elastic link’ 

is introduced between the machine tool spindle and the table (work-

holder) simulating the interaction between machine tool structure – 

control system – process. This ‘elastic link’ represents the machining 

system in a closed loop configuration by introducing loads similar to 

the ones generated during the machining process; and exerting forces of 

variable magnitude and orientation between the spindle and the 

machine table (work-holder). This is giving a similar structural 

deformation and joint loading as under the action of the cutting forces. 

In this framework, the coupling between off-operational and operational 

(in terms of machine tool-cutting process interaction) conditions is 

created by compatibility between excitation/applied forces [9], enabling 

the study and evaluation of machine tool performance under more 

realistic conditions. In particular, for addressing the static behavior and 

static stiffness evaluation of the machine tool, ELS aims in identifying 

the principle stiffness directions within the workspace and capture 

possible variations of the machine’s static stiffness due to the changing 

spatial geometric configuration of the machine’s axes. By this, it can be 

possible to examine how the relative static stiffness varies between the 

table (workholding side) and spindle (tool-holding side) throughout the 

workspace and identify weak directions. In addition, kinematic accuracy 

of the system under the effect of the applied forces can be evaluated 



taking into account the aggregated deviations (deflections and 

geometric errors) at the machine axes positions. 

On a first approach, a basic assumption of ELS is that machine tool 

elements are considered rigid bodies supported on flexible/elastic joints, 

which are considered the compliant components of the system that are 

of variable stiffness (see Figure 3.1). Under this assumption, it is 

considered that the total deviations observed between the spindle tip 

and table is solely due to the variation of the joint position and stiffness 

in the flow of forces (FoF) and none of the deflections come from the 

machines structural bodies. Such a notion could potentially be proven 

inadequate (e.g. in finishing cutting where the tool deflection and 

kinematic can be main source of deviations). However, the static 

deformations generated during intermediate cutting conditions from the 

cutting force can be considered to originate from joint deflections and 

positioning accuracy of the machine tool. 

Experimental implementation of the ELS concept is realized using 

the Loaded Double Ball Bar (LDBB) instrument – a mechatronic 

measurement system that allows the loading of the machine tool 

structure with various force magnitudes and orientations and 

measurement of the resulting relative deviations between the spindle 

and table while two of the machine axes are simultaneously moving 

performing circular interpolation. The test can also be performed while 

the machine axes are being statically positioned in the selected machine 

axes configuration. The testing procedure of varying loading conditions 

and feed rate allows the identification of the non-linear stiffness 

characteristics of the joint elements including the effects of the servo 

feed force, kinematic parameters in the plane under test. Due to the 

non-stationary state of the measurement, it would be inappropriate 

from definition point of view to call the measurement static hence, the 

stiffness value calculated would be more appropriate to call it relative 

quasi-static stiffness of the machine in the plane. 



Figure 3.1. Illustration of the first level approach of ELS in a three axis vertical 

milling machine. Elastic joints are represented by springs acting as the source of 

compliance in the system. The force loop is closed by an ‘ elastic link’, which 

applies forces of various magnitudes and directions loading the structure in order 

to identify the relative static stiffness and identify the non-linear characteristics of 

joint elements. 

3.3 Loaded Double Ball Bar (LDBB) 

The implementation of the ELS requires the ability to load the structure 

in order to capture the behavior under load and at the same time put 

the machining system in a closed loop state. The LDBB (Figure 3.2) 

[9], [10], [36] is a mechatronic instrument which combines the standard 

circular test method as described in ISO 230-4 [46] and the ability to 

generate a variable load on the machine tool elastic structure. In order 

to enable implementation of the ELS concept, a load is applied between 

the spindle/tool holder and the machine table while the machine is 

programmed to perform circular interpolation. By applying loads of 

different magnitude and orientation between the spindle and the table 

and recording the aggregated deviations, the relative stiffness between 

Elastic link 



the machine spindle/toolholder system and the table can be evaluated. 

Possible hysteresis and non-linearities due to play in the ballscrew or 

the guideways can be observed as a result of the loading and unloading 

process. It is important to note that the applied forces from the LDBB 

are not equivalent to the forces generated during the cutting process; 

however, the purpose is to induce similar effect to the machine tool 

structure in order to assess the influence on the static behavior of the 

system. 

The applied mechanical force generated by the LDBB is achieved 

by injecting compressed air in the main cylinder of the instrument. The 

compressed air is supplied and controlled passively by a proportional 

valve inside the control system. The force magnitude can be regulated 

by increasing or decreasing the air pressure inside the system. The air 

pressure can be adjusted between 0.3 - 7 bar in steps of 0.1 bar which 

offers a wide range of loadings. The output force is calibrated to the air 

pressure with 1 bar corresponding to about 110 N of force. A minimum 

of 0.36 bar (~ 35 N) is determined as the minimum force required in 

order to hold the LDBB in position two steel spheres and counteract its 

weight (see Figure 3.2). Measurements conducted at this load are 

considered the unloaded configuration and results can be considered 

equivalent to the standard circular test with a Double Ball Bar device. 

A precision length probe inside the main LDBB cylinder measures the 

deviations between the two joints (table and spindle). 

Figure 3.2. The Loaded Double Ball Bar instrument and its main components. 



The test length (test radius) of the system is 150 mm (nominal 

distance between the tool and table joint spheres) and it has a 

measurement range of ±1 mm with a resolution of 0.1 μm. 

3.3.1 Testing procedure 

The system allows running measurements in any of the Cartesian plane 

defined by the machine axes and within the cross section of the sphere 

defined by the LDBB radius. Depending on the machine type (vertical 

or horizontal spindle) usually the plane vertical to the spindle direction 

is used. For horizontal machine types, additional fixturing structures of 

high rigidity (to eliminate possible contributions in the measurement 

due to their elastic deflection or rigid body deviation) might be required 

in order to orient the table and spindle spheres normal to the test plane. 

This allows performing a full circular sweep. Using analogous fixturing 

approaches, it is possible to perform tests in all planes. Hence, offer the 

flexibility to evaluate the contribution and effect of rotary axis (e.g. 

swivelling spindle head) effect in the machine quasi-static stiffness 

(Figure 3.3). By conducting tests at an angle with respect to a normal 

plane (XY, YZ or ZX) allows to test at any cross section of the sphere 

defined by the system radius hence measuring the aggregated deviations 

under the effect of a load in all three coordinate directions (X, Y and 

Z). In that case, the evaluation would yield quasi-static stiffness in the 

three Cartesian directions. 

A single measurement run is divided in five phases (as described 

in ISO230-4); a feed-in triggering motion, overshoot acceleration phase, 

the data capture phase (360° sweep), the deceleration overshoot phase, 

and the feed-out trigger motion. One run includes both clockwise (CW) 

and counter-clockwise (CCW) directions of motion in order to include 

and identify potential effects from response lag between the control 

system and the axis actuators or position encoders. Running a series of 

tests at different load levels (air pressure) and capturing the deviations, 

it is possible to calculate the relative static stiffness at respective 

directions within the workspace. 



Figure 3.3. Example setup of LDBB in a) three axis horizontal type machine tool, 

b) three axis vertical type machine and c) horizontal five axis machine tool.

The simplest measurement sequence consists of running a series of 

loaded tests in a single setup and at a workspace position relevant to 

the machining process (e.g. center of the table for a three axis vertical 

mill) or at a relevant distance from table top and z axis position for a 

horizontal milling machine i.e. as in Figure 3.3a. The test parameters 

can vary depending on the investigation requirements including feed 

rate (e.g. 1000 and 1500 mm/min) and number of load levels to use in 

the test runs (1 to 8 bar in steps of 1 bar or less). 

A more elaborate process can consist of measurements at several 

different positions in the workspace that cover the largest part of the 

effective workspace of the machine. Such a method for the 

characterization of the static stiffness of three axis machine with an 

modeling methodology is analyzed in Paper D. 

Analysis of measured errors traces and machine deflection 

The captured error traces from the measurement runs represent the 

aggregated deviations of the machine tool under the effect of the 

geometric, servo dynamic and load induced (deflections) deviations of 
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the machine tool structure. Similar to the unloaded circular test process 

it is possible to estimate several parameters such as circular deviation, 

scale mismatch, squareness and straightness under the effect of the 

different loads in order to assess machine contouring accuracy under 

simulated process forces [9]. For calculating the static stiffness only the 

deflections of the machine tool structure are of interest, hence the effect 

of the geometric and motion induced deviations must be removed. 

In addition, deflections of the table and tool joints are also removed 

correcting the measured relative deviations to include only the 

necessary components. The process consists of the following steps: 

 Out-of-center of the captured data is calculated and they are

corrected.

 Data from all load levels are normalized to the minimum radial

deviation value of the unloaded error traces (CW or CCW).

 Tool and table joints attachment deflections due to the load are

removed from the adjusted deviations for each different load level.

 Normalized error traces are adjusted to the unloaded measured

deviations in order to eliminate the effect of the geometric and

motion errors of the machine tool yielding differential endpoint

displacement vectors for each force level.

The resulting deflections or differential endpoint displacement vectors5 

are plotted in a polar graph as seen in Figure 3.4a for every force 

magnitude, relative to the angular position along the circular path with 

respect to the horizontal axis. As can be seen, the deflections along the 

path vary in relation to axes position and the direction of the applied 

force on the structure. 

The stiffness is calculated by the least squares method using the 

differential endpoint displacement values in line with the applied 

differential force at each direction (angle) using the deflection and force 

magnitudes from all the measurements. For the calculation, the 

5 Differential displacement vectors are associated to the deflections of the 
system relative to the unloaded measured errors thus relating the deflections under 

the effect of the applied differential load dFi for each load case where dFi = Fi – F0, 

with F0 being the force of the unloaded state. 



differential displacements from both CCW and CW directions are 

averaged to minimize the effect of servo mismatch and backlash, which 

are considered to not contribute in the stiffness calculation. Stiffness 

values are then smoothed or a best-fit ellipse is calculated to eliminate 

possible high frequency disturbances in the measurement, which do not 

represent a realistic stiffness variation. 

The result is plotted in a polar graph as seen in Figure 3.4b. The 

static behaviour of the machine tool can be seen in the variation of 

stiffness in the plane. Minimum and maximum stiffness direction are 

indicated with green and purple lines respectively. For the given 

example, the minimum and maximum stiffness directions coincide with 

the axis X and Y axis in the machine workspace, however this can vary 

depending on the machine topology and type of axis in the machine 

kinematic structure. 

Examining the plotted stiffness results is important to note that 

these values represent the static stiffness of the machine tool system 

including the tool holder, for a force-displacement measurement in the 

radial direction (normal to the circular path). This means that the 

distance from the origin represents the stiffness value as if an elastic 

spring element were attached at each point of the circumference of the 

circular path in line with the force vector at each orientation (angle) 

which of course has a dependence to the Cartesian stiffness in XY plane. 



Figure 3.4. Representation in polar graph of the machine tool deflections under 

different loads in a) and calculated stiffness ellipse (b) indicating the maximum 

and minimum stiffness directions with magenta and green lines respectively. 

Stiffness ellipse is a representation of stiffness variation in the along the circular 

measurement path. 

a) 

b)



3.3.2 Considerations regarding measurement process 

for stiffness evaluation with LDBB  

Influence of feed rate 

Circular tests using the 

telescoping double ball bar as 

stated in [47] are sensitive to 

the effects of servo-following 

errors and servo response lag, 

which can cause the actual 

radius followed by the 

machine tool to appear 

smaller as the feed rate is 

increased. In this sense, 

performing circular tests at 

high feed rates can introduce 

fictitious errors such as axis 

scaling error (see Figure 3.5). 

Since the LDBB testing 

follows in principle the 

circular test procedure, it is 

sensitive to high feed rates (it 

has a dependency to the 

control loop stiffness) even 

though the main interest from 

the measured error traces is 

the relative deviation between 

the measured errors traces 

under different loads. 

According to [48] in order to 

avoid having a significant 

influence from the feed rate in the measurement result, it is suggested 

to use a feed rate of 10% of the machine’s maximum feed rate or a value 

close to that used for finishing cuts. In the LDBB tests a common range 

of feed rates used are in the range of 1000 – 2000 mm/min. However, 

as will be seen in chapter 4, it is also possible to increase the federate if 

it is relevant to the process parameters. 

Figure 3.5. Relation of feed rate and amount 

of radius decrease for different machine 

types [47]. 
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Hertzian deformation at the interface between steel sphere and 

LDBB 

Based on the basic Hertzian contact theory the deformation at the 

contact interface between the joint spheres and the LDBB main cylinder 

contact areas (flat surfaces) is estimated for correcting the measured 

deviation values. In this case one assumes two elastic bodies i) a sphere 

of diameter 30 mm and ii)three flat surfaces. The basic equation for the 

radius of contact area a formed between the sphere and the flat surface 

is given by [49]: 

𝑎 =  (
3𝑅𝐹

4𝐸∗
)

1
3⁄

 (1) 

where the E* is an expression dependent on the elastic modulus of the 

two bodies material and is given by 

1

𝐸∗
=  

1 − 𝜈1
2

𝐸1

+
1 − 𝜈2

2

𝐸2

 (2) 

and the displacement d is related to contact area a by the expression: 

𝑑 =  
𝑎2

𝑅
=  (

9𝐹2

16𝐸∗2𝑅
)

1
3⁄

 (3) 

Due to the geometry of the LDBB contact areas (inclined) with the 

joint sphere the forces applied are calculated based on Figure 3.7a 

geometry. The deformation of interest dH is along the line of 

measurement (axial) as shown in Figure 3.7a. For the applied load 

values in LDBB the estimated theoretical dH values are shown in Figure 

3.7b. 



Figure 3.7. Geometry of the LDBB contact foot with the joint sphere in a). In b) 

the resulting estimation of the deflection in the axial direction and a polynomial 

fitted to the values (R2
 = 0.99). 

a) 

b)



Measurement uncertainty 

When reporting the results from a measurement of a physical quantity 

it is important to take into account the influences of the various 

disturbances either environmental or from the measurement itself 

(including the measurement system). The uncertainty of the reported 

measurement result is associated to the contributing error components 

and their magnitudes, and provides an indication of the reliability and 

quality of the reported result. 

In Paper D, a type A measurement uncertainty is presented for the 

LDBB measurements at the different workspace positions that the 

measurements were performed. Variations in the uncertainty are further 

analysed in Paper C where a correlation between increasing the force 

level and the standard uncertainty is demonstrated. 

Additionally, a type B evaluation is performed, with the main 

contributors presented in Table 1.

Table 1. Type B uncertainty evaluation for the deviation 

measurement. 

Source of uncertainty 
Uncertainty 

(k=2) 
Uncertainty 

(k=1) 

Uncertainty of LVDT 
probe ± 0.64 μm 0.32 

Non-linearity of probe ± 0.5 μm 0.15 

Steel sphere sphericity 0.50 μm 0.25 

Probe hysteresis ± 0.5 μm 0.25 

Thermal expansion of 

LDBB (± 1°C) 
± 0.2 μm 0.2 

Repeatability ± 0.2 μm (k=1) 0.2 

Table joint deflection ± 0.5 μm (k=1) 0.5 

Tool joint deflection ± 0.5 μm (k=1) 0.5 

Combined uncertainty 0.92 

Expanded Uncertainty 
(k=2) ±1.84 



Since the calculation of the quasi-static stiffness relies on the 

measured deviations and the exerted force on the machine tool 

structure, the uncertainty of the reported quasi-static stiffness should 

also rely on the uncertainty of the force values. 

A mapping of the air pressure to force in Newton provide a 

calibration curve of their relationship. The measurement for each air 

pressure level in Table 2 is based on five repetitions. 

Table 2. Pressure to force calibration 

with corresponding standard error 

Pressure Force Std.error 

0.4 37.1 ±1.81 

0.5 47.0 ±3.83 

1 108.8 ±2.34 

2 231.3 ±2.58 

2.5 291.1 ±2.77 

3 356.1 ±2.62 

3.5 417.6 ±2.37 

4 481 ±2.65 

4.5 538.9 ±0.88 

5 605.3 ±3.14 

5.5 666.3 ±3.98 

6 727.6 ±3.78 

3.3.3 Axis configuration and force direction 

investigation for system characterization 

For a more thorough investigation of the stiffness variation of a machine 

tool, a measurement plan presented in Paper D can be carried out. Such 

a measurement can provide more complete insight into the machine’s 

static behavior and identify possible variations in static stiffness 

depending on parameters like the type of axis (linear, rotary), their 

position in the workspace, position of the non-utilized axes during the 

measurement, and position and direction of the applied force on the 

structural chain/s. 



As stated in Paper D, one of the notable observations from the 

measurement results and the calculation of stiffness is that at the 

intersections of the circular toolpaths, the same points of the investigated 

workspace have different stiffness values. In addition, the most important 

difference in stiffness is observed between the two axes directions (X and 

Y) with Y being the most significant of the two giving a positional

dependency.

The reasons for the identified variations can be in the way the LDBB 

is loading the machine structure and its response in the different measured 

positions. For a machine with a single kinematic chain, where tool chain 

includes all the kinematic axes, there is a one to one relation between the 

workspace position and linear axis position. 

Figure 3.8. Top view of two positions 2 and 3 presented in Paper D. Position 2 

corresponds to a) and d) with the table joint mounted at the same position on the 

table and position 3 is represented in b) and c). 

However, for the C-type milling machine in Paper D there can be 

different locations where the LDBB table sphere correspond to the same 

workspace position. A visual representation is given in Figure 3.8 where 

a) and c) represent the same workspace position in terms of machine

axes positions, hence machine coordinates, however loading direction



and position of the table sphere is not similar. This results in a very 

different loading of the table-carriage structure even though they are 

positioned in exactly the same location. 

Regarding the positional dependency of the stiffness in Y, one can 

observe and compare qualitatively the situations illustrated in Figure 

3.8 a-b and Figure 3.8 c-d. In the first two (a and b) the same load 

magnitude and in the same direction is applied but for different 

positions. It can be understood that the axes positions between the two 

instances are different; hence, the spatial configuration of the machine 

structure is different between the two situations. Similar for c) and d) 

the force magnitude and direction is the same; however, the spatial 

configuration of the machine is different yielding a completely different 

response to the load. 

In Paper B a percentage variation of the calculated stiffness 

between the different positions is presented. 

3.4 Rotating tool joint for the evaluation of 

stiffness under rotating spindle 

The spindle constitutes one of the most fundamental components of a 

machine tool and basically realise two tasks: rotate the tool (e.g. 

milling) or work piece (turning) precisely and transmit the required 

energy to the cutting zone for material removal [50]. As the component 

that drives the cutting tool or the work piece, it has a requirement to 

withstand cutting forces (radial and axial) which requires the spindle-

bearing system to be designed with adequate stiffness (static and 

dynamic). The static stiffness of spindle-bearing system is one of the 

performance characteristics for a machine tool and contributes to the 

total static stiffness of the machine, affecting the part accuracy and 

surface quality. 

During measurement with the LDBB the spindle unit can be either 

mechanically locked (if the machine tool allows this function) or free to 

rotate without though be driven by the spindle motor. However, a fixed 

spindle is not representative to operational like conditions. As the aim 

of ELS concept is to evaluate machine performance under operation like 

conditions performing loaded tests for machine tool accuracy and 

stiffness evaluation under a rotating spindle would offer more realistic 



simulation conditions including the influence of the spindle rotation 

speed. 

Figure 3.9. Illustration of the design of the rotary tool joint. A high precision 

double row roller bearing is used to separate the rotational movement of the 

spindle from the LDBB. A simple interface on the side of the housing allows the 

introduction of the radial force, preventing the LDBB instrument from rotation 

around itself or from being displaced during measurement. Measurements have 

been performed in a 3 axis vertical milling machine with kinematic configuration 

[t-S-Z-b-Y-X-w’]. 

A prototype coupling structure with similarities to the one 

presented in [51] and [52] has been designed for separating the spindle 

rotational movement from the LDBB setup, thus allowing the spindle 

to rotate while the LDBB introduces the force on the housing via a load 

interface during the circular motion (see Figure 3.9). The coupling 

structure consists of a solid shaft mounted in the tool holder, a double 

row roller bearing of very high radial stiffness that separates the rotary 

movement of the spindle from the rest of the setup and a housing that 

carries an interface through which the LDBB introduce the force the 

spindle. In addition, the LDBB main body is fitted with a new end 

effector interface that enables it to interact with the coupling structure. 



a) b) 

c) d) 

Figure 3.10. Polar graphs in a) of the deviations from measurement with the 

coupling rotary structure and b) the stiffness ellipse. The load levels of 2, 4 and 7 

bar were used and correspond to the red black and blue trace colours. In c) and 

d) are presented for comparison the equivalent measurements for the same loads

but with the non-rotating coupling element. 



3.5 Discussion 

Interpreting the results 

Depending on the machine type (horizontal or vertical spindle, three 

four or five axis etc.) and the different configurations within each type, 

the loading is applied differently on the structure and joints. This causes 

the different machine components and subsystems to contribute 

differently in the total relative stiffness calculated. For example, in a 

machine tool with a kinematic configuration of a single serial kinematic 

chain, where all the axes are placed on the tool side creating a single 

kinematic chain, it is straightforward to identify the effect of the axis 

positions –  if any –  on stiffness. However, in cases similar to the 

machine studied in Paper D in the previous section, where two distinct 

kinematic chains can be identified, the workpiece chain and the tool 

chain, both sides affect the aggregated stiffness measured. In this 

perspective, the inserted ‘ elastic link’  can be seen as an element part 

of a virtual continuous serial kinematic chain, and which is of 

controllable stiffness through the adjustable supplied air pressure. This 

allows adjusting the characteristics of a single link on the chain 

observing the effect of the aggregated stiffness at the specific point in 

the serial chain. 

Regarding the exerted forces, since they are applied radially and 

normal to the circular path on the tool joint sphere, the relation to the 

workpiece deviations due to the cutting process forces have not a one 

to one relation. Hence, attempting to create a qualitative link of the 

stiffness results to the process and workpiece should be done cautiously 

to avoid overestimation of the expected inaccuracy. 

Number of load levels for stiffness calculation 

Normally for complete measurement plan, several repeated 

measurements should be done at all load levels that the system can 

generate (max 7 bar). This means that including the unloaded case 

(0.36-0.4 bar) which is always the first run performed, the other runs 

are done at pressure levels 1 – 7 bar with 1 bar step increase between 

each run. However, depending on the repetitions to be performed and 

the selected feedrate this can be time consuming. Reducing the number 

of runs could prove beneficial in cases when time is a crucial factor; 



however, at a risk of overestimating or underestimating the calculated 

stiffness. In the graph in Figure 3.11a the calculated stiffness is plotted 

for a series of different load level combinations from the same 

measurement plan. Depending on the number used in each combination, 

the calculation yields different stiffness results. This can be attributed 

to the non-linearity in stiffness of the machine tool and particularly in 

the joint stiffness especially at low forces. The histogram in Figure 3.11b 

shows the distribution of the combinations. 

An alternative strategy would be to use only high load levels 

knowing that the calculated stiffness will be only reflecting the behavior 

of the system for higher forces. Given though the stiffness non-linearity, 

separating low load level from high can give a more realistic evaluation 

of the machine tool. 
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Chapter 4   

Measurement and 

evaluation of static stiffness 

Loaded testing of machine tools using the LDBB can be considered 

controversial from a precision metrology perspective since according to 

[53] it is desirable to isolate your measurement system from the flow of

forces. However, from a machine tool and system point of view,

evaluation of the relative deviations under operational like conditions

and under load levels and orientations similar to the process forces, offer

valuable information of the system characteristics in terms of stiffness

behaviour of the system.

The case studies presented in this chapter were part of a research 

project with the purpose to investigate accuracy and ability of machine 

tools using LDBB as part of the ELS concept. The objective is twofold: 

i) to investigate and to demonstrate the potential of loaded testing of

machine tools in identifying the performance of a machining system in

terms of static stiffness (an complementary kinematic analysis under

load is done) and ii) highlight the LDBB system’s capability in detecting

variations in machine tool stiffness, its usability and robustness.

The following two studies are intended to highlight the system’s 

ability in measuring different types of machine tools and identifying and 

evaluating stiffness. Case study 1 is detailed in Paper A so the focus in 

the thesis will be on presenting and further discussing the results. Case 

study 2 objective is to compare the static accuracy of two machines of 

similar kinematics but of different geometric structure using the loaded 

testing. 

4.1 Case study 1 

The first case study aims at evaluating the static and kinematic 

accuracy of a 6-axis machining center. The purpose is to investigate and 



characterize the machines’ static stiffness and investigate the influence 

of the machine’s geometry change (axes positions and spatial 

configuration), particularly the effect of the column and the position of 

the spindle ram, on the quasi-static stiffness. The experimental details 

and measurement conditions and procedure are outlined and detailed 

in Paper A. 

4.1.1 Problem description and procedure 

Large machining centers in addition to achieving high volumetric 

positioning accuracy must also be capable of achieving high velocities 

and accelerations during high-speed machining processes. In this regard, 

high accelerations or decelerations can have a considerable impact to 

machining errors due to high inertial forces acting on the machine 

structure during rapid motion. Moreover, the design of the machine tool 

structure (i.e. moving column see Figure 4.1) can also affect static and 

dynamic accuracy by introducing deviations due to structural and joint 

deformations of the machine under the effect of the cutting forces (load) 

(see Figure 4.2). 

Machine tool 

The studied machine is a 6-axis machining center (see Figure 4.1). It is 

equipped with a rotary tilting head (A and C axis) and a rotary table 

(B axis) with a pallet system that offers flexibility and high productivity 

in machining of complex features and surfaces in single setup. The 

machine axes parameters are outlined in Table 3. 

Measurement procedure 

To investigate and compare the machines quasi-static stiffness in the 

three machine planes - XY, YZ and ZX - in the workspace and to utilize 

most of the machine axes (linear and rotary), six different measurement 

positions were defined. The orientation of the table and tool joint for 

the different plane measurement setups is provided by a proper 

orientation of the A, B and C axis. 

In addition, to the evaluation of the quasi-static stiffness in different 

work planes, it was of interest to examine the effect of the Y axis 

position on stiffness in these planes. Thus, the experimental design 



included measurements at different heights from the table surface, in 

order to identify whether the column might deflect by forces acting 

along Z direction (tilt of the column about X and Y axis). In this regard, 

the measurements in ZX plane were performed at two positions, where 

for the elevated Y positions the two fixtures illustrated in Figure 4.3 

were used. 

Figure 4.1. Illustration of the investigated 6-axis machine tool. Arrows indicate 

each axis direction of motion. Kinematic configuration of the machine is 

[wB’X’bZYCA(C)t]. 

Table 3. Machine tool axes parameters. 

Axis X Y Z A B C 

Range 

(mm) 
3400 1700 2850 ±92o endless endless 

Feed rate 40 mm/min 14 rpm 8 rpm 14 rpm 

For the machine planes YZ and ZX, a vertical fixture (Figure 4.4 and 

Figure 4.5) allowed the mounting of the table joint at different heights 

(Y positions in this case). Thus for each machine plane, measurements 

at two different heights from the table are utilized. 

Z

A

C

Y

X

B



For all the performed measurements, the corresponding ‘fixed’ axis 

could not be maintained in the exact same position in order to ensure 

that there would be no influence from the change of the position. 

However, the differences in position are close to 50 mm, which is 

considered not significant. 

An additional measurement run was performed to examine possible 

influence of the orientation of C axis on the milling head. A setup 

similar to the one in Figure 4.3 was utilized with the C axis orientation 

set at 45°. This run is referred to as Pos3-C45. 

Figure 4.2. Side view of the machine tool. Following, an example of the problems 

identified in similar machine structural configurations is given; if the width of the 

column base is small, it can result in tilting of the column in Z direction during 

acceleration or deceleration. In addition, due to the higher distance (h’) from the 

base of the column a force of the same magnitude (F) applied on the spindle will 

create larger deformations due to the lever arm causing subsequently higher 

deformations on the column structure. Thus, the Y axis position (carriage) can 

result in deformations due to the induced load during machining. 



Configurations 

Machine ZX Plane: 

LDBB’s table joint clamped 

on the machine table (Pos1) 

and at the fixtures (Pos2). 

Measuring with A-axis in 

vertical orientation leads to 

a position of Y axis which is 

approx. 495 mm higher 

than A-axis in horizontal 

orientation. 

Figure 4.3. Instance of measurement in Pos2. 

The two fixtures used are visible. 

Machine XY Plane: 

LDBB table joint clamped 

in horizontal orientation on 

the vertical fixture, for 

(Pos3) as in Figure 4.4 and 

(Pos5) using a double 

threaded pin to fix it on the 

fixture. Measurement in 

Pos3 was repeated with the 

C axis in 45° orientations. 

Figure 4.4. Measurement in Pos3 using a 

dedicated vertical fixture. 

Y

X
Z

Y
X

Z



Machine YZ Plane: 
LDBB equipment clamped 

at the vertical fixture 

similar to XY plane for 

Pos4 and Pos6. However, in 

this case B axis is positioned 

in 90° orientation to enable 

the measurement in the YZ 

plane. 

Figure 4.5. Illustration of Pos7. The vertical 

fixture aligned with YZ plane by the B axis 

rotary table. 

4.1.2 Results 

The results of the calculated quasi-static stiffness from the measured 

traces at each position are presented in Table 4. Based on the results, 

it can be observed that the position of the spindle carriage has an 

influence on the calculated quasi-static stiffness. In all the investigated 

planes, the positions at higher height from the machine table (Y axis 

position) have a reduced stiffness value. The effect is similar for both 

high and low stiffness directions. A quick comparison indicates that the 

Y direction has the highest stiffness in the tested planes, with X and Z 

being less stiff. 

Figure 4.6, Figure 4.7 and Figure 4.8 illustrate the calculated quasi-

static stiffness in a polar plot for the machine planes ZX (Pos. 1 and 

2), XY (Pos. 3 and 5) and YZ (Pos. 4 and 6) respectively. In each figure, 

the results from the two measurement positions are superposed for 

comparison purposes. In all the graphs, the blue color line represents 

the stiffness result for measurements at low a distance from the machine 

table (or a low Y axis position) and the red at a higher distance. The 

purple and green lines, highlight the directions of high and low stiffness 

respectively. 

Y

X Z



Table 4. Quasi-static stiffness calculated from the LDBB traces. 
Under each stiffness value is indicated the coordinate direction in 

which the maximum or minimum quasi-static stiffness has been 

identified. The second column corresponds to measurements at 
positions closer to the machine table (low Y axis position) while the 

third column represents measurement positions with a larger distance 
from machine table (high Y axis position). 

Plane XY Pos3 Pos3-C45 Pos5 

Max (N/um) 19 21 18 

Direction Y Y Y 

Min (N/um) 16 17 13 

Direction X X X 

Plane YZ Pos4 Pos6 

Max (N/um) 21 19 

Direction Y Y 

Min (N/um) 13 11 

Direction Z Z 

Plane ZX Pos1 Pos2 

Max (N/um) 18 16 

Direction X X 

Min (N/um) 13 11 

direction Z Z 



Figure 4.6. Pos1 (blue) and Pos2 (red) quasi-static stiffness polar plot. The purple 

lines indicate the maximum and the green lines define the minimum stiffness 

direction. 

Figure 4.7. Pos3 (blue) and Pos5 (red) quasi-static stiffness polar plot. Purple and 

green lines indicate maximum and minimum stiffness direction respectively. 



Figure 4.8. Pos4 (blue) and Pos6 (red) quasi-static stiffness polar plot. Purple and 

green lines indicate maximum and minimum stiffness direction. 

Figure 4.9. Quasi-static stiffness distribution for Pos3 with C axis orientation at 

45°. Purple and green line indicate maximum and minimum stiffness direction. 



The last measurement presented in Figure 4.9 illustrates the calculated 

quasi-static stiffness distribution in the XY plane, however with the C 

axis indexed at 45°. Both the low and high stiffness direction are rotated 

with respect to the Cartesian axes. This might result from the A axis 

servo drive, affecting the stiffness of both directions and indicating a 

slight direction shift of the maximum and minimum stiffness. 

4.1.3 Discussion 

From the calculated quasi-static stiffness, it can be observed – in terms 

of static accuracy – that the geometry of the machine tool and more 

specifically the height of the column can have a significant effect on the 

accuracy of the system. In machining terms, possible column tilting in 

the presence of machining forces could result in inaccuracies in the 

geometry and dimension of the machined part. 

The calculated quasi-static stiffness variation provides evidence of 

how the stiffness of the machine changes, indicating the uneven spatial 

static behaviour within the workspace. From the results of Table 4 it is 

possible to rank the axes or directions with respect to the measured 

quasi-static stiffness, with Y being the stiffest, and Z the least stiff. 

Such knowledge of the stiffness variation can provide benefits in 

avoiding weak machining directions when e.g. machining of critical 

features. 

Regarding the effect of the position of the spindle carriage (Y axis) 

it is relevant to say that it affects the stiffness in all directions. This 

can be attributed to the higher moment generated from the applied 

force by increasing the distance h (see Figure 4.2 and Figure 4.10) from 

the column base. The cause could be the elastic structure of the column 

itself or the non-linear stiffness of the column supporting joints. Change 

in the height of the spindle carriage changes the center of mass of the 

column-carriage-spindle system, which under the effect of the process 

forces (even though they might be of similar magnitude and direction) 

could cause increase in the affecting the column stability, and the 

accuracy at the TCP. 

Finally, an influence from C axis has been identified, which has an 

effect on the calculated static stiffness. The contribution is not 

significant but it deserves attention. In addition, it is a good example 

of the capability of the loaded test method in identifying variations in 

the system characteristics due to machine specific machine axis. 



Figure 4.10. Example of the effect of a force acting on the column structure. The 

moments generated are related to the distance h of the point of application from 

the column base [54]. 

Of interest, is also the capability of performing error analysis of the 

captured circular traces from LDBB using conventional circular test 

methods (i.e. as described in [47]) for identifying geometric and servo-

dynamic characteristics such as circular deviation, squareness or scaling 

mismatch as function of applied load. In paper A, in addition to static 

stiffness results, values of the scaling mismatch are presented for the 

different test planes for unloaded and loaded error traces. The 

comparison does not directly relate the result to part accuracy but 

provides a qualitative indication of the effect of the load on the 

geometric characteristics of the machine accuracy. 

Considerations regarding the case study 

The vertical fixture used in the measurement runs was assumed to be 

rigid, hence no potential deflections were considered and taken into 

account. In addition, repetitions of the test runs were not possible to be 

conducted due to time restrictions. 

Utilization of high feed rates as discussed in chapter 3, seems to 

affect circular test results including the load test. In this case, the feed 

rate was selected as close as possible to the feed rate used in the 

machining application. Regardless of that, there was an influence from 

the increased feed rate, related to the test method as shown in Figure 

4.11. 

h



Finally, as an additional objective, the case study aims to highlight 

and evaluate the capability of LDBB system for measuring and 

assessing the quasi-static stiffness of multi-axis machine tools and 

compare stiffness variation between different machine planes. The 

positive outcome and the high repeatability of the system, makes it 

possible even though the calculated stiffness values cannot be taken as 

absolute values. In Figure 4.12 the calculated maximum and minimum 

stiffness is illustrated for the three coordinate planes at the different 

measured positions. 

Figure 4.11. Comparison of unloaded measurement runs at 1000 (blue) and (red) 

5000 mm/min feed rate for XY machine plane.  

scale 2 um/div
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4.2 Case study 2 

In this case study, two five-axis portal/gantry type milling machines 

(referred to as M1 and M2) are used for machining carbon fiber 

reinforced polymers (CFRP) and other composite materials were 

investigated and compared. The two machines have identical kinematic 

configurations but they differ in the structure geometry. Both machines 

employ a rotary milling head although different for each machine, which 

carries C and A axis. 

The purpose of the study is to: 

 evaluate the static accuracy of the two machines under different

feed rates and loads, and to

 compare the effect of the different structure geometries and the

milling heads on the quasi-static and kinematic accuracy.

The tests are performed using LDBB for evaluating the quasi-static

stiffness. 

4.2.1 Measurement setup and procedure 

The experimental parameters are outlined in Table 5. Measurement 

parameters for each measurement position. The same experimental 

design was used for both machines. The same experimental design is 

used for measuring both machines. The parameters C-0, C-45 and C-90 

correspond to C axis orientation of 0o, 45o and 90o of the milling head 

respectively. For each C axis position, two feed rates have been used. 

One that corresponds to the feed rate close to the one used for the 

machining applications and one that is higher. The load levels are 

selected in order to cover both the high and low force output 

magnitudes of the LDBB system. They can be considered representative 

of the cutting forces exerted on the two machines tools during 

machining operation. Each test run was repeated three times. 

The table joint was clamped on the machine table in both machines 

by means of clamping screw and a T-nut approximately at X: 1500 mm 

and Y:1200 mm (see Figure 4.14). This position corresponds to roughly 

mid-travel range of both X and Y axis. The same toolholder (an HSK 

63 shrink fit) was used for both measurement runs. 



M1 

M2 

Figure 4.13. Illustration of kinematics and structure of the two investigated 

machines. 



Table 5. Measurement parameters for each measurement position. The same 

experimental design was used for both machines. 

Figure 4.14. Measurement setup in machine M2. The table joint is clamped 

directly on the machine table with a T-nut. 

The air pressure of 1, 3 and 7 bar correspond to forces of 110, 357 and 

850 N in the LDBB axial direction. Analysis of the measured deviations 

provides insight about quasi-static stiffness in the test plane for each 

machine and allows the direct comparison of the two machines. 

C-0 C-45 C-90

Feed-rate 

(mm/min) 
800 2000 800 2000 800 2000 

Load (bar) 

1 1 1 1 1 1 

3 3 3 3 3 3 

7 7 7 7 7 7 



4.2.2 Measurement results 

Machine M1 

The calculated quasi-static stiffness results are presented in Table 6. 

The results range from values of 4.5 to 4.6 N/um, which corresponds to 

the high stiffness, to 4.2 to 4.3 N/μm for the low stiffness. This 

highlights a uniform quasi-static stiffness distribution in the workspace. 

The maximum and minimum stiffness directions coincide with the 

machines geometric X and Y axes, and are consistent (see Figure 4.15 

and Figure 4.16). The relative difference between maximum and 

minimum ratios from all the measurements in machine M1 in the C0 

position is negligible which provides another indication that the 

machine tool structure has a balanced static behaviour. 

Small variations of the calculated stiffness along the circular path 

can be observed in Figure 4.16; with the C-0 configuration being the 

most uniformly distributed while C-45 and C-90 have a more elliptical 

shape. Regarding the maximum and minimum calculated stiffness 

values, there is no significant effect from the different C axis positions 

neither in the magnitude nor in the direction. 

Thus, it is possible that the contribution of the linear axes (X, Y 

and Z) and the machine’s structure might have a more significant role 

in the overall stiffness distribution. Additionally, the comparison of the 

calculated static stiffness for the two feed rates shows no difference 

between them. Indicating no significant influence of the feed rate. A 

reason can be that the applied load is not sufficiently large to cause 

deflections at the machine’s structure and the contributions to the 

calculated stiffness arise completely from the toolholder-spindle-spindle 

head system. 



Table 6. Aggregated measurement results of the force to deviation ratio for three 

different C-axis positions, two different feed rates and two feed directions. Reported 

are the maximum and minimum values with their respective direction with respect 

to the machines’ coordinate system. 

C axis C-0 C-45 C-90

Feed 
(mm/min) 

800 2000 800 2000 800 2000 

Max (N/μm) ± ± ± ± ± ±

Dir 

Min (N/μm) ± ± ± ± ± ±

Dir 

Figure 4.15 Calculated quasi-static stiffness for machine M1. The C axis position 

is at C-0. The purple and green lines indicate the highest and lowest calculated 

stiffness directions. The spatial variation is similar for both feed rates. 



Figure 4.16. Calculated quasi-static stiffness in polar graph for feed-rate of 800 

mm/min. Maximum values are illustrated by the radial colored lines. The color of 

each radius corresponds to the respective C axis position measurement. 

As an additional characteristic, the bidirectional circular deviation and 

squareness error are evaluated in relation to the applied load. Relevant 

results can be seen in Paper D. The results show a dependency on C 

axis position for the small variations in squareness. 

Machine M2 

The examination of calculated maximum and minimum stiffness values 

show no significant difference between the three C axis positions (see 

Table 7). Regarding the two different feed rates used for testing, no 

significant influence can be identified even though a small effect is 

observed in the direction of the minimum stiffness (see Figure 4.17).  

The most notable and interesting observation is the direction of 

maximum and minimum quasi-static stiffness for the three C axis 

configurations. A strong correlation appears between the C axis position 

and the direction of maximum calculated quasi-static stiffness (and 

Figure 4.18). 

The stiffness distribution is changing orientation following the C 

axis positions (see Figure 4.18). The phenomenon arises from the dual 

torque motors with backlash elimination of the A-axis drive, which the 



milling head is equipped. The active system continuously compensates 

the head’s angular position resulting in the observed effect. This 

becomes even more apparent by the C-90 configuration measurement. 

As a result, in the three C axis positions, the highest stiffness value is 

observed at a direction normal to the A axis average line at the 

respective test plane. 

The relative difference between minimum and maximum calculated 

stiffness values is ranging between 5 and 9%.  

Table 7. Aggregated measurement results of the force to deviation ratio for three 

different C-axis positions, two different feed rates and two feed directions. Reported 

are the maximum and minimum values with their respective direction with respect 

to the machines’ coordinate system. 

μ ± ± ± ± ± ±

μ ± ± ± ± ± ±



Figure 4.17 Calculated quasi-static stiffness of machine M2 for C axis orientation 
C-0 at different feed rates. The purple green lines indicate high and low stiffness 

directions. 

Figure 4.18. Calculated quasi-static stiffness for the three different C axis 

positions for machine M2, for feed-rate of 800 mm/min. The radial colored lines 

represent the direction of maximum stiffness for the respective C axis orientation. 



C-0 C-45 C-90

Figure 4.19. The two rotary axis average lines with respect to the global 

coordinate system. Maximum stiffness (according to Figure 4.18) is observed in 

direction normal to the A axis average line. 

4.2.3 Comparison and discussion 

The most significant difference between the two machines is in the 

attainable quasi-static stiffness with machine M2 being stiffer. The 

fundamental difference between the machines is their structural design. 

The rigid sidewalls of machine M2 with the gantry design with an upper 

driven portal traveling in the X direction offers higher rigidity and 

makes the entire machine structure stiffer compared to the portal driven 

at floor level structural design of M1 (see Figure 4.20). Both machines 

though present a uniform stiffness along the circular path in the 

different load directions. 

Another difference, that could definitely influence the stiffness, are 

the different milling heads each machine is equipped. Regardless of the 

active functionality of the milling head in machine M2 (dual torque 

milling head) the stiffness of the joints between A/C axes and C/Z axes 

could potentially be the main reason that affects the measurement 

result and be the prevailing reason for the low total calculated quasi-

static stiffness. The stiffness values should not be considered indicative 

for evaluating the stiffness of the machines, but sufficient for a direct 

comparison between the two. 



Figure 4.20. Comparison of the force to deviation ration between Machines M1 

and M2 for feed rate of 2000 mmm/min. Purple lines indicate the direction of 

highest calculated quasi-static stiffness. The difference between the two machines 

is apparent. 

In addition to the measured XY plane (close to the table surface), it 

was attempted to investigate the stiffness in a different XY plane 

(height from table surface – z position) in order to have a better 

understanding of the machines’ behaviour and the effect of the Z axis 

ram. To facilitate the measurement, two stacked steel blocks were fixed 

on the machine table by means of screws and t-nuts to provide the 

necessary height (see Figure 4.21). The setup has proven it-self 

problematic in terms of stiffness since the two blocks were deflecting 

under the effect of the load introducing errors in the measurement. The 

rigidity of the structure of the stacked blocks had a considerable effect 

on the measured deviations even under the unloaded conditions; hence, 

no further measurements were taken. Performing additional loaded 

measurements at different XY planes would offer a better understanding 

of the machine’s behaviour and identify the contribution of the fixed 



axis (Z axis in this case) in the measured plane. Due to lack of time and 

an alternative solution, the additional testing could not be finalized. 

Figure 4.21. Setup of the stacked blocks. A dial gage placed on the machine table 

was used to measure deflections during measurements. 



Chapter 5 

Discussion and Conclusions 

Static stiffness of machine tools is a complex parameter which can 

demonstrate non-linear behavior and vary in different directions and 

positions. In terms of part accuracy, it can in many situations have a 

direct link to the dimensional and geometric accuracy of machined 

features and parts and indirectly influence dynamic stability of the 

system. 

In chapter 4, two test cases were presented where different multi-

axis machines have been tested in closed-loop configuration using the 

LDBB instrument for static stiffness identification and performance 

evaluation. Closed force loop testing, in the context of ELS, offers the 

emulation of operational test conditions by exerting a known load on 

the machine tool structure, causing deformations similar to the 

deformations caused under the effect of the cutting forces. This provides 

more realistic characterization criteria for machining system 

performance. 

5.1  ELS and LDBB system 

Some important remarks and comments regarding the loaded test in 

close force loop and the implementation using LDBB and the 

corresponding results are discussed. 

 Static stiffness is a complex parameter. Applying a load on the

machine tool causes translational and rotational displacements in

the system. The proposed approach in this thesis measures the

aggregated relative linear displacements between table and

toolholder/spindle. However, rotational displacements are equally

important even though they cannot be measured by the current

instrument.



 The applied load on the system is not equivalent to real cutting

forces but the aim is to simulate the machining system response to

the cutting forces by causing static deformations on the structure

similar to the ones caused during the cutting process.

 The contribution from the toolholder is included in the

measurement result. It is important thus to consider the usage. In

a real cutting process, a significant contribution in total compliance

can arise from the cutting tool compliance and the tool-tool holder

interface rigidity. In particular, when the tool diameter is small (e.g.

< 8 mm) or the tool length to diameter ratio is large, the main source

of compliance (reduced stiffness) can be attributed to the tool.

Studies [55] show that different tool holder interfaces have different

rigidity (different contact interface and clamping force exerted on

the tool shaft) resulting in different behaviour and accuracy. In

addition, the length of the toolholder needs to be addressed as it

can also affect the systems stiffness. In such cases, the tool and

toolholder could be the prevailing compliant structure.

 Assuming machining of thin walled components, the reduced part

stiffness will prevail in the overall system stiffness. The same applies

for micro milling where the size of the tool and cutting edge

comparable to material grain size and chip thickness.

 The table joint and LDBB act as a virtual workpiece for the loaded

test. Thus, it can be assumed that any effect coming from fixture

and workpiece might affect the total stiffness significantly.

 Stiffness evaluation can be considered valid for the test plane and

selected machine configuration (fixed axes, federate etc.). Any

changes implemented for machining operations e.g. supporting

structures, fixtures etc. might affect and change the total system

behaviour, which might result in different system response.

5.2  Concluding remarks 

The main benefits of a loaded testing in closed force loop method as 

identified in the thesis can be summarized as follows: 

 Identify the characteristics that govern machine accuracy under

operational like conditions by evaluating accuracy



(geometric/kinematic and quasi-static) under simulated conditions 

similar to the ones generated during machining. 

 Compare available machine tools of similar structural topology and

geometric configuration and support decision making in machine

tool selection during e.g. process planning.

 Identify influence of machine axes in the variation of static stiffness

and the effect on static accuracy. Assess stiffness in workspace

relevant area that highlights machine weaknesses to be avoided or

compensated during machining.

Looking back at the focus of the thesis the two research questions can 

be given the following answers.  

Question 1 (see section 1.2). The potential benefit in further 

development of this method, seen from an industrial perspective, is that 

it offers an completely new and alternative approach in measuring 

machine tool characteristics and for advance analysis. Application 

scenarios can vary from selection of optimal machining conditions 

during process planning where avoiding weak directions could improve 

the resulting accuracy, increase of productivity and quality of the 

machined feature, comparing machine performance profiles and assist 

in maintenance activities by regularly testing and comparing 

conditional or periodic performance.  

Loaded testing in closed force loop, having a similar procedural 

philosophy with existing accuracy test methods (e.g. ISO 230-4 

procedures) seen from an academic perspective, offers a new 

metrological perspective of evaluating systems under loaded conditions, 

which can be considered contradictory to basic metrological 

fundaments. However, it promotes a holistic approach into the 

mechanical system perspective which opens new ways for pursuing 

research ideas. 

The other aim of the thesis, as expressed in research Question 2 (see 

section 1.2), was to investigate the capability of the loaded testing of 

machine tools in closed force loop for identifying dependencies of the 

different axis or axis positions on stiffness. Based on the results of the 

case studies, it is indicated that it is possible and a more detailed 

analysis and identification algorithm could offer an improved way for 

quantifying the contribution of each axis on the aggregated machine 

tool behavior. 



Progressing in the fourth industrial revolution –  as it is common 

title –  loaded tests of machine tools could offer significant value in the 

design of more realistic digital twins for virtual manufacturing schemes 

providing relevant stiffness characteristics of the physical machines for 

representing a more realistic machining system.  



Chapter 6 

Future work 

This thesis focuses on demonstrating the usage and capability of loaded 

testing using the LDBB measurement instrument for implementing the 

ELS framework. As a result, the case studies described in sections 4.1 

and 4.2 mainly focus on the compliance or static stiffness evaluation 

capability of the system, which can be measured on an aggregated level 

at the force introduction point between the tool and the workpiece. The 

additional capabilities of the LDBB system to evaluate kinematic 

accuracy (e.g. squareness, scale mismatch etc.) of the machine under 

test under loaded conditions is not highlighted enough, but it should 

not be neglected and further developed. 

Therefore, it is not a trivial task to have an accurate identification of 

the contribution of the various machine tool elements (axis, fixtures 

etc.) located in the flow of forces on the overall deformation. In order 

to analyze the static deformations of the individual components, the 

relative or absolute movements of the components must be measured 

at many structural points (see for example the method outlined in [30]). 

This is a feasible way to evaluate the effect of the structural compliance 

to the overall behavior. Another example is presented in [56] where the 

authors developed a modeling approach for evaluating the joint 

stiffness. With these methods, the relative positions between the joints 

and links in the machine tool structure have to be known in order to 

achieve reliable and accurate prediction of static stiffness. 

However, placing the aforementioned measurement requirements in 

an industrial context where lack of time and often restrictions in the 

available information in e.g. acquiring machine tool specifications (e.g. 

dimensions and distances between the axis carriages and the center of 

mass) and internal axis configuration, sets several limitations. 



In this context, the suggestion for future research, oriented towards 

the challenge of identifying contributions to the total measured machine 

tool stiffness (either in terms of absolute numbers or in relative 

contribution/percentage) of the different axis without adequate 

knowledge of the internal dimensions is highly challenging and 

motivating. An example of the suggested analysis of the joint forces and 

deviations is illustrated in Figure 6.1. Pursuing this approach careful 

design of experiments and measurement plan is required as the 

measurement data are the basis of identification process. 

In addition, further investigation and development of an improved 

rotating joint that will include a controlled dynamic load can offer 

improved understanding of the machine characteristics, benefiting 

model creation and digital twin implementation. 

Figure 6.1. Example of intended analysis of applied forces on guide carriages 

due to the applied force at the spindle tip. 
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