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Abstract
The studies presented in this Thesis are focused on the role that nuclear dynamics plays

in the formation of X-ray absorption (XAS) and resonant inelastic X-ray scattering spectra

(RIXS) of multimode free molecules. A combined approach based on ab initio electronic

structure methods and quantum nuclear wave packet dynamics is applied to two systems

– water and methanol in gas phase. An IR-pump X-ray probe scheme is employed to

explore the XAS and RIXS spectra of a vibrationally excited water molecule and its isotope

substitutions using a two-dimensional wave packet technique. A selection of different initial

vibrational states makes it possible to explore different vibrational progressions of the final

electronic state due to a spatial filtration of vibrations in the core-excited state and because

of selection rules. We demonstrate the possibility to use RIXS as a tool to study X-ray

absorption from a selected vibrational level of the ground state. IR-pump X-ray-probe

spectroscopy of the HDO molecule sheds light on the old classical problem of wave function

collapse. The collapse of the wave function takes time, as it is demonstrated by the gradual

evolution of the ground electronic state vibrational wave function localised on an OH or

OD bond to a delocalised vibrational wave function of the 2b2 core-excited state of HDO.

We describe in detail the dynamical nature of the splitting of the 1b1 peak in the RIXS

spectrum of H2O and of the isotope substituted HDO and D2O molecules. It is shown

that this splitting can be referred to close-lying molecular and atomic-like peaks. A special

attention is paid on the polarisation dependence of RIXS.

In order to study X-ray spectra of multimode molecules we developed a special theoretical

tool, the so-called mixed representation, where m modes are described using the time-

dependent wave packet technique while the remaining n modes are treated using the statio-

nary method of Franck-Condon (FC) amplitudes. This approach combines the advantages

of the quantum wave packet technique for simulations of the dynamics in dissociative states

with the efficiency of the FC method for computing transitions between bound states. It is

shown that the multimode nuclear dynamics plays an important role in the formation of the

XAS and RIXS spectra of methanol. The main reason for this is the different vibrational

broadening and dynamics in the core-excited states with different potential energy surfaces.

The nuclear dynamics in the core-excited states is crucial for the formation of the long mul-

timode vibrational progression in the RIXS spectra which are sensitive to the value of the

detuning of the exciting X-rays from the XAS resonance. It is found that the soft modes

fade faster than the high frequency modes when the value of the detuning is increased, thus

when the scattering duration becomes shorter. The entanglement of vibrational modes by

anharmonicity and by the life-time vibrational interference makes the formation of RIXS

spectra in polyatomic molecules more complex in comparison with diatomic molecules.
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and A. Föhlisch, Directionally controlled 1D cuts through multidimensional potential

energy surfaces by X-rays, Physical Review A, accepted (2018).



III

2. V. Vaz da Cruz, E. Ertan, N. Ignatova, R. C. Couto, S. Polyutov, M. Odelius, V.

Kimberg, and F. Gel’mukhanov, Anomalous polarization dependence in vibrationaly

resolved RIXS of H2O, in manuscript.

Comments on my contributions to the papers included

� I was responsible for the calculations, figures preparation, and writing of the manuscript

of Papers I and II.

� I was responsible for a part of the simulations and participated in discussions of theory

and results of Paper III.

� I was responsible for the major part of the electronic structure calculations and all the

nuclear dynamics simulations in Paper IV. I also contributed to figures preparation,

discussion of the results and writing of the manuscript.



IV

Acknowledgements

I am very thankful for the opportunity to learn about X-ray science during my PhD studies at

the Theoretical Chemistry and Biology group at KTH and the Institute of Nanotechnology,

Spectroscopy and Quantum Chemistry, SibFU. The time passed was very fruitful for me,

which is the merit of many many people whom I want to acknowledge.

I feel grateful to my supervisors, Dr. Victor Kimberg and Dr. Sergey Polyutov, who

supported me in all the issues within my PhD studies, for their patience and help to find

solutions for the scientific and administrative problems. Their participation in preparing

of manuscripts and thesis was crucial. I am grateful to Prof. Faris Gel’mukhanov for

elaborative supervising my work on the PhD thesis. Thanks for the great patience and

responsibility and invaluable lessons on how to make clear and sharp research. He has

inspired me by his exemplary passion to X-ray science. I am very thankful to Prof. Hans
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Chapter 1

Introduction

The desire to understand, control and use phenomena that occur in Nature stimulates sci-

entific progress. Concerted development of experimental tools and theory followed by great

scientific findings help humanity to answer many pressing questions, but also to formulate

new questions time and again. A good example for this, is the development of spectroscopic

tools, allowing for a level of understanding of matter properties never possible before, but

which always reveal new phenomena that require even deeper exploration.

Spectroscopy appeared in the early 19th century and has since that time provided humans

with opportunities to learn about the structure, properties, and functions of matter, as

well as to establish new phenomena and to design new properties. Spectroscopy is based

on spontaneous or stimulated transitions between different energy states of matter driven

by the interaction with electromagnetic radiation. The interaction of an atomic system

with electromagnetic radiation leads to rearrangement of electron occupation of certain

energy and spin states. In molecules, the change of electronic state may be followed by

nuclear motions. The electronic structure and nuclear dynamics of the system, studied

by spectroscopic tools, can be linked to chemical and molecular interactions, processes of

proton, charge and energy transfer. Our deep understanding in this field brings many new

applications for material science, physics and chemistry, biological sciences and medicine.

Ultra-fast pico- and femto-second linear and non-linear optical spectroscopic techniques have

been widely used in the last decades in chemical and material science. These methods have a

big impact for understanding the structural and dynamical properties of free molecules and

condensed matter. Optical spectroscopy which includes the infra-red (IR), visible and ultra-

violet ranges, has been successful in monitoring rotation, vibration and electronic excitations

in the energy domain up to 20 eV (equivalent wavelength of 200 nm). Spectroscopy in the

X-ray region brings atomic selectivity due to the short wave length as well as atom-specific
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energy of the core levels.

The history of X-ray spectroscopy started with the discovering of short wave radiation by

W. Röntgen in 1895 [1, 2]. Later it was related to electronic transitions and atomic struc-

ture by H. Moseley [3]. Soon after M. Sieghbahn developed a spectrometer for measuring

X rays [4] making it possible to use X-ray radiation for element analysis. Nowadays, spec-

troscopy in the X-ray range is a well developed analytical tool to study matter with atomic

resolution. The improvement of the experimental methods is related to the development of

the instruments (detectors and spectrometers) and the invention of new sources of X-ray

radiaton: synchrotron [5, 6] and X-ray free electron laser (XFEL) [7–9] facilities. High

brilliance of modern light sources and novel analysers allows for vibrational resolution in

the X-ray absorption (XAS) [10, 11], emission (XES) [12–14], as well as resonant inelastic

X-ray scattering (RIXS) [15–17] spectroscopy experiments. One should point out a further

important property of RIXS namely super high spectral resolution: Contrary to XAS and

XES the width of RIXS resonances does not depend on the lifetime broadening of the core-

excited state Γ [18, 19]. The RIXS technique [15, 19–21] with its high resolution and angular

anisotropy is used in numerous applications for molecules, liquids and solids. Resonant X-

ray scattering probes both occupied and unoccupied molecular orbitals for the core-excited

atom. High localisation of the core-orbitals makes RIXS site-sensitive and this makes it

possible to study local properties (e.g. local structure of hydrogen bonds networks [22–24]).

Advances in experiment are complemented by a progress in theory. The general theory

of RIXS was developed by Kramers and Heisenberg in 1925 [25], resulting in the fa-

mous Kramers-Heisenberg (KH) formula. The time-dependent formulation of the Kramers-

Heisenberg formalism was established for non-resonance [26, 27] and resonance cases [19, 26].

Accounting for the nuclear dynamics in XAS and RIXS processes in polyatomic molecules is

particularly difficult as it includes many nuclear degrees of freedom on top of the electronic

transitions. Because the nuclei are much heavier than the electrons, the Born-Oppenheimer

approximation (BO) is applicable in many cases [28]. This approximation, used in the cur-

rent thesis, decouples the electronic and nuclear degrees of freedom and drastically simplifies

the theory.

The thesis is devoted to the XAS and RIXS spectroscopies of water and methanol in gas

phase. The study of these free molecules is a necessary step to understand their properties

in the liquid phase.

The electronic structure [29] and vibrational dynamics [30–32] of water in gas phase has

already been studied by means of XAS and RIXS spectroscopy. Vibrationally resolved

RIXS demonstrates the effect of spatial filtration of vibrations in the intermediate state

[30–32]. Here we extend conventional RIXS by studies of preliminary selective vibrational



3

excitation of the ground electronic state using IR pump radiation. We name this type of

spectroscopy IR-pump – X-ray-probe spectroscopy. A special preparation of the vibrational

states with selected symmetry gives direct information about the symmetry of vibrational

levels of the core-excited state in XAS and the final states in RIXS using the spatial filtration

effect [30–32] and selection rules [33]. The spectral features of RIXS depend on the nuclear

dynamics in both the decaying and final states. The dynamics in the core-excited state

occurs within the ”scattering duration time” which is defined by the core-hole lifetime and

the detuning Ω from this state [19, 34]. The unique opportunity to control nuclear dynamics

by Ω using continuum wave light sources leads to several dynamical effects in RIXS [19].

One example is the control of dynamical symmetry breaking by asymmetric vibrations. This

effect was observed in RIXS of CO2 [35, 36] and other systems [19]. In the present thesis,

we pay special attention to the role of nuclear dynamics in RIXS. In particular, we study

a classical problem of quantum mechanics – the collapse of the wave function [37], and

we show using the IR-pump – X-ray-probe scheme that the collapse takes time [38]. This

effect is exemplified for an asymmetric HDO molecule where the localised OH stretching

vibration in the ground state becomes delocalised in the course of the core-excitation [38].

The effect of delocalisation might in particular be interesting from the point of view of the

migration of vibrational excitations in large coupled systems or in liquids [39]. We explain

quantitatively the dynamical origin of the splitting of the 1b1 RIXS resonance in H2O by

close lying molecular and pseudo-atomic peaks.

Methanol in the liquid phase is an example of weaker hydrogen bonding interaction sys-

tem [40–43]. There are a number of theoretical and experimental works on X-ray absorption

at the O and C K-edge [44–46] and on X-ray emission at the C K-edge [47] of methanol

in gas phase. However, the accurate theoretical analysis of the XAS and RIXS spectra of

methanol is missing, in particular with vibrational resolution. This motivates us to apply

high level quantum simulations to describe the multi-mode vibrational dynamics induced

by core-excitation. The role of the nuclear motion is crucial for both XAS and RIXS spec-

tra. Different core-excited states have different vibrational profiles. This makes the spectral

shape of XAS very sensitive to nuclear motion.

The thesis is organized as follows. Chapter 2 outlines the theory of X-ray processes studied

in the thesis. The central part here is the theory of quantum multimode nuclear dynamics

(Sec. 2.3). The XAS and quasi-elastic RIXS of vibrationally excited H2O and HDO molecules

are discussed in Chapter 3. The role of the isotope substitution on splitting of the 1b1 RIXS

peak is investigated in Chapter 4. Chapter 5 is devoted to simulations of multi-mode XAS

and RIXS spectra of the methanol molecule. Chapter 6 summarises the main results of the

thesis.
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Chapter 2

Theoretical background

In this chapter we describe the basic X-ray processes and the applied theoretical tools. The

atomic units (a.u.) are used through the Thesis, if not stated otherwise.

2.1 X-ray spectroscopy methods

2.1.1 Basics of X-ray spectroscopy

With X-ray spectroscopy one studies the transitions between different electronic-vibrational

states driven by high-energy photons and involving the electronic transitions from the core-

orbitals. The core-excitation or core-ionisation followed by a relaxation via radiative (with

release of a photon) and non-radiative (with release of an electron) processes give rise to

various spectroscopic techniques, some of which are illustrated in Fig.2.1. Let us briefly

consider the main features of the basic X-ray methods.

The electronic transitions from the core-orbital to the unoccupied molecular orbitals (MO)

and continuum form the XAS profile (Fig. 2.1(a)). The binding energies or ionisation

potentials (I1s) of the core-electrons are very different for different atoms (e.g. C1s is 284.2

eV, while O1s is 543.1 eV). This gives the opportunity to get the contributions of p atomic

orbitals in unoccupied MOs by measuring the K spectrum of a given atom in the molecule.

XAS is named NEXAFS (near edge X-ray absorption fine structure) in the region near core-

ionisation threshold (I1s). When the photon energy ω is higher than the core ionisation

threshold ω − I1s & 50 eV the XAS cross section experiences weak modulations caused

by the scattering of ejected electron by nearby atoms. These oscillations named EXAFS

(extended X-ray absorption fine structure) are widely used for structure determination of
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Figure 2.1: Scheme of XAS (a), XES (b) and Resonant X-ray Scattering (RXS) (c,d); RXS

is further subdivided into RIXS (c) and resonant Auger scattering (RAS) (d), corresponding

to radiative and nonradiative decay channel, respectively.

disordered systems [48, 49] .

When the photon energy is larger than I1s, the core-electron is kicked out and the created

core hole is filled by a valence electron with emission either of a photon (XES, Fig. 2.1(b))

or Auger electron, providing information about occupied MOs.

The resonant core-electron excitation to an unoccupied molecular orbital is also followed by

radiative or Auger decays. The corresponding resonant processes are the resonant inelastic

X-ray scattering (RIXS) and the resonant Auger scattering (RAS) (Fig. 2.1(c) and (d),

respectively). Since the energy of the incoming photon ω matches one of the core-excited

states of the system, the cross section drastically enhances at strict resonance. Due to

the high element and site selectivity of the core-orbital, the RIXS and RAS techniques

can be used as a local probe of valence orbitals. As it will be shown below, tuning the

X-ray frequency to different intermediate electron-vibrational states makes it possible to

control the nuclear dynamics in the core-excited state. The high resolution experimental

instruments, available nowadays for XAS and RIXS processes, together with the possibility

of anisotropy measurements (polarisation dependence) makes it possible to study ultra-fast

nuclear dynamics in molecules under core-excitation.

In the present thesis, we focus on XAS and RIXS in the soft X-ray region near the O K-edge.
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2.1.2 Principle of the IR-pump – X-ray-probe spectroscopy

The thesis is devoted to the effects of the nuclear motion in vibrationally resolved XAS

and RIXS spectroscopies. In the present section we outline the basic principles of infra-red

(IR)-pump – X-ray-probe technique which we apply to XAS and RIXS.

The time-resolved pump-probe techniques are well known for studies of various dynamical

processes in molecules, such as ultrafast structural change and chemical reactions, charge

and proton transfer, molecular isomerisation and dissociation, etc [50–52]. In general, the

pump-probe measurement employs two pulses. The pump pulse promotes the molecule to

an excited state of interest, while the time-delayed probe pulse measures the electron or

nuclear dynamics triggered by the pump. The pump and probe pulses, depending on the

scheme and the studied systems, may cover a broad range of wavelength from the vacuum-

ultraviolet (VUV) and X-ray to IR and THz radiation. A IR-pump – X-ray-probe scheme

was previously implemented for phase-sensitive X-ray absorption driven by strong IR field

in Refs. [53–55]. The authors of these articles investigated how the XAS is affected by the

dynamics of coherent superposition of vibrational states (nuclear wave packet) created in

the ground electronic state by the pump field.

Figure 2.2: Schematic illustration of the IR-pump X-ray probe technique applied for a

molecule. (1) The IR pump pulse excites the molecule in vibrational states ν1, ν2, . . .. The

prepared state is probed by X-rays in the course of X-ray absorption (2) or using the RIXS

process (3). As an example, the first three vibrational states of the water molecule are

shown.

In the present thesis, the IR-pump – X-ray-probe method is applied for XAS and RIXS.

We assume that the IR pulse selectively populates a certain vibrational level (see Sec. 2.3.4)

which is then probed by X-rays in XAS and RIXS spectroscopies (Fig.2.2). In contrast to

conventional XAS and RIXS schemes, where the process starts from the lowest vibrational
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level ν0, here we consider selective population of higher vibrational levels with vibrational

wave functions of different symmetry. This will be applied to study the role of symmetry

selective excitation on XAS (Sec. 3.2.1) and RIXS spectra (Sec. 3.2.2) of the water molecule.

A special attention will be paid to the role of isotope substitution and the dynamics of

delocalisation of the vibrational wave functions in the course of core-excitation of HDO

(Sec. 3.4).

The discussion of the preparation of the initial vibrational state by IR pump field goes

beyond the scope of the present thesis. However, one can mention possibility for selective

population of a particular vibrational state employing specially prepared IR pulses [56–59],

or using IR Raman type of processes, STIRAP (stimulated Raman adiabatic passage) [60–

63].

2.2 General description of theoretical methods

In the present thesis we use a combined approach in order to compute XAS and RIXS

taking into account nuclear dynamics. The approach consists of two steps. The first step

is calculation of the electronic structure of a molecule using high-level ab initio methods.

These simulations provide the potential energy surfaces (PES) of each electronic state and

transition dipole moments (TDM). The ab initio methods, used in this work are complete

and restricted active space methods followed by the second-order perturbation correction

to the energy, CASPT2 [64, 65] and RASPT2 [66]. All details of electronic structure cal-

culations for the water and methanol molecules are given in Paper III and Paper IV,

respectively. At the second step, we use quantum wave packet methods (see Sec. 2.3) based

on time-dependent solutions of the nuclear Schrödinger equation for an accurate description

of the quantum nuclear dynamics under core-electron excitation and de-excitation.

In the present thesis, we employ the Born-Oppenheimer (BO) approximation, which states

that the electronic and nuclear degrees of freedom in a molecule can be separated. It is

important to mention that we use the adiabatic potential energy surfaces provided from the

ab initio calculations.

The Frank-Condon (FC) principle is another basic approximation commonly used in the

spectroscopy. It is based on the assumption that the TDMs between the electronic states are

independent on the nuclear coordinates. Despite the fact that our general theory presented

in Sec. 2.3.3 is beyond this approximation, the main part of our simulations is performed

assuming constant TDM. The FC approximation can be broken near avoided crossings

because the TDM can here strongly depend on the nuclear displacement. This is the case in

our study of RIXS of the water molecule beyond the FC approximation, presented in Sec. 4
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and Sec. 2.3.5.

2.3 Quantum multimode nuclear dynamics

Let us turn to the methods used for the simulation of the quantum nuclear dynamics in

multimode molecular systems. The general equation for the XAS and RIXS cross-sections

can be written using the stationary and time-dependent picture [19]. Depending on a par-

ticular system under study one can use either stationary or time-dependent representations.

The time-independent approach based on the FC amplitudes for computing the intensities

of the vibrational transitions is computationally cheap and well suited for the description

of bound-bound transitions. However, in the case when dissociative states are involved, the

time-dependent approach becomes much more efficient. Here we use a combination of both

approaches for description of multimode dynamics, as described below.

2.3.1 Time-independent picture

The X-ray absorption cross section can be computed with the help of Fermi’s golden

rule

σabs =
Γ

π

∑
νc

|〈νc|Dc0|ν0〉|2

(ω − ωc0 − ενc + ε0)2 + Γ2
, (2.1)

where ω is the incoming X-ray frequency, ωc0 is the electronic transition frequency at the

equilibrium, ε0 and εν are the vibrational energies of the ground and core-excited states, re-

spectively, Γ is the lifetime broadening of the core-excited state (half-width at half-maximum

(HWHM)). The transition probability Dc0 = (e · dc0) depends on the scalar product of

polarisation vector e and TDMs of electronic transition dc0. The intensity of the electron-

vibrational transition is given beyond the FC approximations |〈νc|Dc0|ν0〉|2, with vibrational

wave functions of the ground (initial) |ν0〉 and core-excited (final) |νc〉 states of the X-ray

absorption process.

The RIXS cross section for molecules in the stationary representation

σ(ω′, ω) =
∑
νf

|Fνf |2∆
(
ω − ω′ − ενf + εν0 ,Γf

)
(2.2)

is given by the Kramers-Heisenberg (KH) equation for the scattering amplitude [19]

Fνf =
∑
νc

〈νf |Dfc|νc〉〈νc|Dc0|ν0〉
ω − ωc0 + εν0 − ενc + ıΓ

. (2.3)
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Here ω′ and e′ are the frequency and polarisation vectors of the scattered photon, respec-

tively, Γf and ενf are the lifetime broadening and vibrational quanta of the final electronic

state, Dfc = (e′ · dfc). The vibrational energy ενi of the i th electronic state (i = 0, c, f)

is specified by the vibrational quantum number which is a vector for a multimode molecule

νi = (ν
(0)
i , ν

(1)
i , ν

(2)
i , · · ·). The Lorentzian ∆(Ω,Γ) = Γ/(π(Ω2 + Γ2)) at the right-hand side

of eq.(2.2) takes maximum at

ω′ = ω − ενf + εν0 . (2.4)

Thus the peak position ω′ of RIXS depends linearly on incoming photon frequency ω, which

is the Raman dispersion law.

2.3.2 Time-dependent picture

Equation ∆(Ω,Γ) = −Im(1/(Ω + ıΓ) and the half-Fourier transform of the Lorentzian func-

tions 1/(Ω + ıΓ) = −ı
∞∫
0

exp(ı(Ω + ıΓ))dt makes it possible to write the X-ray absorption

cross-section (2.1) in the time-dependent representation

σabs(ω) =

∞∫
0

dt e(ı(ω−ωc0+ε0i)−Γ)tσabs(t), σabs(t) = 〈ν0|ψc(t)〉. (2.5)

The autocorrelation function σ(t) is computed using the time-dependent solution of the

Shrödinger equation for the core-excited nuclear wave packet |ψc(t)〉

|ψc(t)〉 = e−ıhct|ν0〉, (2.6)

with the multimode Hamiltonian of the core-excited state hc.

The RIXS cross section (2.2) and the KH scattering amplitude (2.3) can be rewritten in

the time-dependent picture [19, 38]

σ(ω′, ω) =
1

π
Re

∞∫
0

eı(ω−ω
′+εν0+ıΓf )tσ(t)dt, σ(t) = 〈Ψ(0)|Ψ(t)〉,

Fνf = −ı
∑
〈νf |Ψ(0)〉, (2.7)

similarly to the XAS using the half-Fourier transform of the Lorentzian function. The RIXS

process is defined by nuclear dynamics in the core-excited and final states via the nuclear

wave packets

|ψc(t)〉 = e−ıhctDc0|ν0〉, |Ψ(t)〉 = e−ıhf t|Ψ(0)〉, (2.8)

|Ψ(0)〉 = ı
∑
νc

Dfc|νc〉〈νc|Dc0|ν0〉
ω − ωc0 + εν0 − ενc + ıΓ

= Dfc

∞∫
0

eı(ω−ωc0+εν0+ıΓ)t|ψc(t)〉dt,
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where hf is the multimode Hamiltonian of the final electronic state. Let us note, that in

most of the problems considered in the present thesis (except Chapter 4), we study the decay

back to the ground electronic state, so in our case f = 0 in the above eqs. (2.7-2.8). In

what follows, we call this electronically elastic scattering channel the “quasi-elastic” RIXS

channel, since the photon can lose the energy due to vibrational excitation in the final state.

2.3.3 Mixed time-dependent and stationary representation

For studies of the multimode nuclear dynamics in molecules it is convenient to combine

the time-dependent and stationary representations in a mixed representation for the cross

sections. In this case, m modes will be described using the time-dependent nuclear wave

packet technique, while the rest n modes are described using the stationary FC method.

Such a combined approach makes it possible to significantly reduce the computational ef-

forts. The wave packet method is used for computing the electronic transitions involving

the dissociative or quasi-dissociative potentials, while the stationary FC method is more

efficient for the bound-bound electronic transitions.

Let us start by writing the total nuclear Hamiltonian as the sum of two independent parts

hi = h
(m)
i + h

(n)
i , [h

(m)
i , h

(n)
i ] = 0, i = 0, c, (2.9)

neglecting the coupling between the selected manifolds of vibrational modes, [h
(m)
i , h

(n)
i ] = 0.

Respectively, the solution of the Schrödinger equation in the mixed representation is the

product of the nuclear wave packet ψ
(m)
i (t) and the vibrational eigenfunction |νi〉

|ψ(m)
i (t)〉|ν〉, (2.10)

where

|ψ(m)
i (t)〉 = e−ıh

(m)
i t|ψ(m)

i (0)〉,
h

(n)
i |νi〉 = ενi |νi〉.

Now the initial vibrational state in general eqs. (2.1-2.8) should be replaced by

|ν0〉 → |µ0〉|ν0〉, εν0 → εµ0 + εν0 , (2.11)

where (|µ0〉, εµ0) and (|ν0〉, εν0) are the vibrational eigenfunctions and eigenvalues of the

ground state Hamiltonians h
(m)
0 and h

(n)
0 , respectively. Using the condition of completeness∑
|νi〉〈νi| = 1 (2.12)
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and the approximation (2.9) [h
(m)
i , h

(n)
i ] = 0 we obtain:

|ψ(m)
c (t)〉 = e−ıh

(n)
c t|ν0〉e−ıh

(m)
c tDc0|µ0〉 =

∑
νc

e−ıενc t|νc〉〈νc|ν0〉|ψ(m)
c (t)〉,

where

|ψ(m)
c (t)〉 = e−ıh

(m)
c tDc0|µ0〉. (2.13)

This makes it possible to write the expression for the wave packet |Ψ(0)〉 (2.7)

|Ψ(0)〉 =
∑
νc

|νc〉〈νc|ν0〉|Ψνc(0)〉, (2.14)

|Ψνc(0)〉 = Dfc

∞∫
0

eı(ω−ωc0+εν0+εµ0−ενc+ıΓ)t|ψ(m)
c (t)〉dt.

The evolution of |Ψ(0)〉 in the final state with the propagator

exp(−ıhf t) ≈ exp(−ıh(m)
f t) exp(−ıh(n)

f t) results in the wave packet |Ψ(t)〉 (2.8)

|Ψ(t)〉 = e−ıh
(n)t
0 te−ıh

(m)t
0 t

∑
νc

|νc〉〈νc|ν0〉|Ψνc(0)〉

=
∑
νf

∑
νc

e−ıενf t|νf〉〈νf |νc〉〈νc|ν0〉|Ψνc(t)〉,

Ψνc(t) = e−ıh
(m)
0 tΨνc(0). (2.15)

This makes it possible to get the final expressions for the XAS (2.5) and RIXS (2.7) cross

sections in the mixed representation:

σabs(ω) = Re
∑
νc

|〈ν0|νc〉|2〈µ0|Ψ̃νc(0)〉,

σ(ω′, ω) =
1

π
Re

∑
νfν′cνc

∞∫
0

eı(ω−ω
′−ενf+εν0+εµ0+ıΓf )tσν′cνc(t)dt,

σν′cνc(t) = 〈Ψν′c(0)|Ψνc(t)〉. (2.16)

The wave packet |Ψ̃νc(0)〉 is given by the same equation as |Ψνc(0)〉 (2.14) except, both Dfc

and Dc0 should be replaced by dc0. In this work, this approach is applied to study XAS

and RIXS spectra of methanol (see Chapter 5, Paper IV). One should notice that the

nuclear degrees of freedom in X-ray spectra of the water molecule are accounted for using

the solution of the 2D time-dependent Schrödinger equation.
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2.3.4 IR-pump – X-ray-probe spectroscopy

The general theory developed in the previous sections describes conventional XAS and RIXS

spectra when the initial vibrational state is the lowest one ν0 = 0. One should mention that

the thermal motion can populate the soft vibrational modes εν0 . kBT with kBT ≈ 0.027 eV

at room temperature. We neglect this small effect in the present studies.

To apply the general theory to the IR-pump – X-ray-probe spectroscopy we need only to

specify the pumped vibrational level of the ground electronic state. For example, in the

IR-pump – X-ray-probe spectroscopy of the water molecule studied in Sec. 3.2, we consider

the six lowest vibrational states as initial state of the molecule:

|ν0〉 → |ψ0,0〉, |ψ1,0〉, |ψ0,1〉, |ψ2,0〉, |ψ1,1〉, |ψ0,2〉,
ε0 → ε0,0, ε1,0, ε0,1, ε2,0, ε1,1, ε0,2. (2.17)

The 2D vibrational wave function |ψi,j〉 and corresponding vibrational energy εi,j are charac-

terised by quantum numbers i and j of the symmetric and antisymmetric stretching modes

of H2O. See for more detail Sec. 3.1.

2.3.5 Averaging over molecular orientation in the gas phase

The core-excitation occurs in the narrow FC region defined by the size of the initial vibra-

tional wave function |ν0〉. This makes it possible to neglect the variation of the transition

dipole moment dc0 in this region and to extract it from the FC amplitude of core-excitation

in eq.(2.3)

Fνf = (e · dc0)
∑
νc

〈νf |(e′ · dfc(R))|νc〉〈νc|ν0〉
ω − ωc0 + εν0 − ενc + ıΓ

. (2.18)

As one can see, the KH amplitude depends on the polarisation vectors of incoming e and

scattered e′ photons via the scalar product of the polarisation and TDMs of the core-

excitation and decay transitions.

Eq.(2.18) shows that the polarisation dependence of the RIXS cross sections comes from

|Fνf |2 ∝ |(e · dc0)|2〈νf |(e′ · dfc(R))|νc〉〈νf |(e′ · dfc(R1))|ν ′c〉 as

σ(ω′, ω) = |(e · dc0)|2
∫
dR

∫
dR1(e′ · dfc(R))(e′ · dfc(R1)) · · · , (2.19)

where R and R1 are independent variables of integration over nuclear coordinates. The

whole thesis is devoted to the gas phase molecules which have chaotic orientation. Due to

this fact the RIXS cross section should be averaged over molecular orientations. Instead
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of this we will perform equivalent averaging over the orientation of polarisations using the

following equation [67]

(e · dc0)(e · dc0)(e′ · dfc)(e′ · d′fc) (2.20)

=
1

15

[
(2− cos2 θ)d2

c0(dfc · d′fc) + (3 cos2 θ − 1)(dfc · dc0)(d′fc · dc0)
]
,

where we use the following notations dc0 ≡ dc0(R0), dfc ≡ dfc(R), d′fc ≡ dfc(R1).

To be specific, let us choose the z-axis molecular axis along dc0 TDM vector z ‖ dc0 and to

rewrite (2.20) as

(e · dc0)(e · dc0)(e′ · dfc)(e′ · d′fc) (2.21)

=
d2
c0

15

[
(2− cos2 θ)

∑
i=x,y,z

d
(i)
fcd
′(i)
fc + (3 cos2 θ − 1)d

(z)
fc d′

(z)
fc

]
.

Thus the RIXS cross section (2.18) reads

σ(ω′, ω, θ) =
1

15

[
(2− cos2 θ)

∑
i=x,y,z

σi(ω
′, ω) + (3 cos2 θ − 1)σz(ω

′, ω)

]
, (2.22)

where the partial cross section σi(ω
′, ω) is computed with the scattering amplitude

F (i)
νf

= dc0
∑
νc

〈νf |d(i)
fc(R))|νc〉〈νc|ν0〉

ω − ωc0 + εν0 − ενc + ıΓ
, i = x, y, z. (2.23)

Eq. (2.22) shows that the RIXS cross section depends on the angle between the polarisation

vectors of the incoming e and scattered e′ X-ray photons

θ = ∠(e, e′). (2.24)

At the present state of the experimental setups, it is rather difficult to measure the po-

larisation of the scattered X-ray photon e′ due to limitations of the X-ray optics. It is

however very common to collect all emitted X-rays in a particular direction relative to the

polarisation of the incoming radiation. In this case, instead of angle θ (2.24), the angle

χ = ∠(e,k′) between the incoming polarisation e and direction of the momentum of the

scattered photons k′ is detected. This can be taken into account by using the following

relation between the θ and χ angles [67]

cos2 θ = (e · e′)2 =
1

2
sin2 χ, χ = ∠(e,k′). (2.25)

The R-dependence of the TDM and polarisation effects are found to be important for the

RIXS processes studied in Paper III (see Chapter 4).
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2.4 Two coupled oscillators

Significant part of the thesis is devoted to the manifestation of stretching vibrations of the

H2O and HDO molecules in X-ray spectra. To understand the formation of symmetric and

antisymmetric stretching modes in H2O we explore two coupled degenerated localised OH

modes (Sec. 3.1). Here we start from delocalised modes of H2O coupled by the asymmetric

kinetic energy operator to explain the dynamical delocalisation of stretching modes under

core-excitation studied in Sec. 3.4.3. This motivates us to provide in this section the general

solution of the problem of two interacting oscillators.

Let us solve Schrödinger equation for two coupled oscillators

hψ = εψ, h = h0 + δh, (2.26)

where h0 is the Hamiltonian of two independent vibrations

h0ψn = εnψn, 〈ψn|ψm〉 = δnm, n = 1, 2, (2.27)

which have in general case distinct energies ε1 and ε2. The perturbation δh mixes the wave

function of these vibrations

ψ = c1ψ1 + c2ψ2. (2.28)

The substitution of this wave function in Schrödinger equation (2.26) results in the following

system of equations

c1(ε1 − ε) + c2V = 0, c1V + c2(ε2 − ε) = 0, (2.29)

c2
1 + c2

2 = 1, V = 〈ψ1|δh|ψ2〉 = 〈ψ2|δh|ψ1〉.

The solution of the eigenvalue problem (2.29) gives two solutions ψ+ and ψ− of the Schrödinger

equation (2.26)

ψ = ψ± = c±1 ψ1 + c±2 ψ2,

ε = ε± =
1

2

[
ε1 + ε2 ± (ε1 − ε2)

√
1 + ζ2

]
, (2.30)

where

c±1 =
1√
2

√
1± 1√

1 + ζ2
, c±2 = ± 1√

2

√
1∓ 1√

1 + ζ2
. (2.31)

Let us discuss the dependence of the solution on the value of ζ parameter:

ζ =
2V

ε1 − ε2
. (2.32)
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Weak coupling. When |ζ| � 1 one can use the Taylor expansion

√
1 + ζ2 ≈ 1 +

ζ2

2
,

1√
1 + ζ2

≈ 1− ζ2

2
. (2.33)

This results in

ε+ ≈ ε1, ε− ≈ ε2, (2.34)

c+
1 ≈ 1, c+

2 ≈
ζ

2
→ 0, ψ+ ≈ ψ1,

c−1 ≈
ζ

2
→ 0, c+

2 ≈ −1, ψ− ≈ −ψ2.

Strong coupling. When coupling is strong and |ζ| � 1 eqs. (2.30-2.32) result in

ε± ≈
ε1 + ε2

2
± V,

c±1 ≈
1√
2
, c±2 ≈ ±

1√
2
, (2.35)

ψ± ≈
ψ1 ± ψ2√

2
.

The obtained results will be used in Secs. 3.1 and 3.4.3.



Chapter 3

IR-pump – X-ray-probe spectroscopy

In this chapter we study IR-pumped H2O and HDO molecules with the help of the XAS

and RIXS processes (see Sec. 2.1.2), using the method of quantum wave packets described

in Sec. 2.3. Before making a detailed analysis of the IR-pump – X-ray-probe spectra of

the studied molecules it is instructive to outline the electronic structure of the ground and

core-excited states of the water molecule, as well as its vibrational structure.

3.1 Electronic and vibrational structure of the water

molecule

The water molecule has ten electrons, which in the ground electronic state occupy the five

lowest molecular orbitals, as it is displayed on Fig. 3.1(a). Let us consider excitation of the

Oxygen 1s electron from the 1a1 molecular orbital to the two lowest unoccupied MOs. The

excitations to the LUMO and LUMO+1 result in a formation of the two core-excited states

|1a−1
1 4a1

1〉 and |1a−1
1 2b1

2〉, respectively, referred as the 4a1 and 2b2 states in the following

text for brevity. Here we study the electronic transitions between the ground and these two

core-excited states.

The water molecule has three vibrational degrees of freedom: two stretching (symmetric

ωs=0.4531 eV and antisymmetric ωa=0.4654 eV) and one bending (ωb=0.1976 eV) modes

[68] (see Fig. 3.2). However, in the present chapter we limit our description to a 2D case

considering only 2 stretching modes strongly coupled by Darling-Dennison coupling [69, 70].

The bending mode is weakly coupled to the stretching motion and as it was shown in earlier

studies [31, 32] it is only weakly excited when the molecule is promoted to the 4a1 and 2b2

core-excited states. Due to this fact, the 2D model used here is a rather good approximation
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Figure 3.1: (a) Energy level scheme of H2O molecule. (b) 2D potential energy surfaces of

stretching modes of the ground state (GS) and two lowest core-excited states (dissociative

4a1 and bound 2b2) in valence coordinates R1, R2. The directions of the normal symmetric

Qs and antisymmetric Qa modes are also shown schematically. The angle Θ = ∠HOH =

104.2◦ is fixed and is equal to the equilibrium value in the ground state. Image taken from

Paper II.

Figure 3.2: Vibrational modes of H2O. The gas phase water molecule in the ground state

belongs to the C2v group of symmetry. Valence coordinates R1, R2, and Θ are shown. Image

taken from Paper II.

reproducing all main features of the X-ray spectra. The 2D potential energy surface of the

ground and two core-excited states calculated in Ref.[31] by the RASSCF method followed

by the second-order perturbation theory method RASPT2 [66, 71] are presented in the

Fig. 3.1 (b).

In order to describe the dynamics of the nuclear wave packet, we use a 2D nuclear Hamil-

tonian in the valence coordinate representation [72]:

hi = K + Ui(R1, R2,Θ), K = − 1

2µ1

∂2

∂R2
1

− 1

2µ2

∂2

∂R2
2

− cos Θ

mO

∂2

∂R1∂R2

. (3.1)

Here, the label i = 0, c denotes the ground and core-excited electronic states, respectively,

R1 and R2 are the lengths of the OH1 and OH2 bonds (Fig. 3.2). In the 2D model used

here, the bond angle Θ is assumed constant and equal to the equilibrium value Θ = 104.21◦
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[31, 32], Ui = Ei − Emin
i is the potential energy with respect to the bottom Emin

i of the

potential energy surface Ei(R1, R2) (Fig. 3.1(b)). The Hamiltonian (3.1) is included in all

XAS and RIXS spectra simulations using eqs. (2.8) for the wave packet. The properties

of the XAS and RIXS spectra of the vibrationally excited molecules studied in the present

chapter depend drastically on the symmetry of the initial vibrational wave function. Due

to this fact, let us start with a detailed description of the properties of the ground state

vibrational wave functions.

3.1.1 Ground state vibrational modes of H2O

The stretching motion in H2O is strongly anharmonic which results in strong coupling of

the symmetric and anti-symmetric modes [69, 70] with the vibrational quantum numbers

ns and na, respectively. In spite of this fact, an assignment of 2D vibrational state ψns,na
by quantum numbers ns and na is still appropriate and has been widely used for H2O.

The vibrational levels of the ground state are clustered in groups characterised by the total

quantum number n = ns + na. Each nth group is composed of n + 1 vibrational levels

with quantum numbers (ns,na)=(n − na,na). The first two groups with n = 0, 1 preserve

the properties of the wave-function in the harmonic approximation. The vibrational energy

spacing for higher groups is varying non-monotonically as the potential becomes anharmonic.

One very interesting feature has been observed in ref. [32], namely that first two vibrational

states of each group are closely degenerate (εn,0 ' εn−1,1). It is instructive to explain the

quasi-degeneracy of these two lowest states inside the nth group. Let us start from the fact

that plus and minus combinations of the first two vibrational states inside the group result

in states localised on the bond as it is demonstrated on Fig. 3.3 for n = 3. We assign two

differently localised states inside the nth group as ψR1 and ψR2 . Due to the symmetry of

the H2O molecule the vibrational energies of these localised states are the same εR1 ≡ εR2 .

Figure 3.3: Mixing of the two lowest nearly degenerate vibrational states of H2O for group

n = 3 results in a localisation of vibrations on the OH bonds.

Note that the localised states ψR1 and ψR2 are not strict eigenstates of the Hamiltonian
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hH2O. However, one can express the eigenstates of hH2O trough the localised states as the

linear combination

ψ = c1ψR1 + c2ψR2 . (3.2)

Substitution of (3.2) into the Schrödinger equation

hH2Oψ = εψn,m (3.3)

and subsequent multiplication by 〈ψR1| and 〈ψR2| results in a system of equations

c1(εR1 − ε) + c2V = 0 (3.4)

c1V + c2(εR2 − ε) = 0.

Here the matrix element V = 〈ψR1|h|ψR2〉=〈ψR2|h|ψR1〉 is small due to the weak overlap

between the localised states (see Fig. 3.3). The general solution of the eigenvalue problem

(3.4) is given in Sec.2.4, eq.(2.30). In our case the parameter ζ in eq.(2.30) and (2.32) is

equal to infinity due to the strict degeneracy of the energy of the localised states

ζ =
2V

εR1 − εR2

≡ ∞, εR1 = εR2 . (3.5)

Finally, we get two quasi-degenerate levels with small splitting 2V (see eq.(2.35))

ε± = εR1 ± V, (3.6)

ψ+ =
ψR1 + ψR2√

2
≡ ψn,0; ψ− =

ψR1 − ψR2√
2

≡ ψn−1,1.

The energy splitting V decreases with increase of the group number n, since the overlap

between the localised states becomes smaller.

The quasi-degeneracy of the symmetric states ψ+ = ψn,0 and ψ− = ψn−1,1 plays an important

role when symmetry of the water molecule is broken. This happens, for example, in liquid

water where the symmetry is broken due to asymmetric interaction δV with nearby water

molecules. This asymmetric intermolecular potential δV strongly mixes the symmetric

quasi-degenerate vibrational states ψn,0 and ψn−1,1 and results in strong localisation of the

vibrations on the OH bonds. One should notice that vibrations can be strongly delocalised

even in non-symmetric molecules, like the water isotopomer HDO, as it is discussed in

Sec. 3.4.

3.2 IR-pump – X-ray-probe spectroscopy of water molecule

In this section XAS and RIXS near the 4a1 and 2b2 core-excited states of vibrationally

excited water molecule are discussed. Here we considered six selectively populated initial
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vibrational states ψs,a of the ground electronic state (ns, na)=(0,0), (1,0), (0,1), (2,0), (1,1),

(0,2) (see Fig. 3.4). In order to simulate the XAS and RIXS spectra we solve a 2D time-

dependent Schrödinger equation with the Hamiltonian (3.1) using the 2D PESs (Fig.3.1(b)).

The simulations performed use the locally developed eSPec program [53, 54].

Figure 3.4: Formation of the X-ray absorption profile for different initial vibrational states

according to the reflection principle. The left-hand side shows XAS from the lowest vibra-

tional level, while XAS at the right-hand side corresponds to the core-excitation from the

first excited vibrational state having one node. Image taken from Paper II.

3.2.1 XAS of vibrationally excited water molecule

The two lowest core-excited states of water have qualitatively different character: 4a1 is a

dissociative and 2b2 is a bound state (see Fig. 3.1(b)). Due to this fact, the formation of

the vibrational band in this two cases is essentially different. Figs. 3.5 and 3.6 illustrate the

absorption spectra near the dissociative 4a1 and bound 2b2 states, respectively. Excitation

to the 4a1 state results in a broad absorption profile due to the continuous spectrum of the

dissociative state (Fig. 3.5), contrary to the bound 2b2 state where a discrete vibrational

progression is observed (Fig. 3.6). Let as now discuss the dependence of the XAS profile on

the initial vibrational state.
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Figure 3.5: XAS at the dissociative 4a1 resonance of H2O (solid lines) and HDO (dashed

lines) molecules excited at the six lowest initial vibrational levels. The right-hand side

panels present the initial vibrational wave functions of the molecules together with the 4a1

core-excited state PES drawn by the isolines. The initial vibrational states of HDO ψnD,nH
are assigned using the vibrational quantum numbers nD and nH of the vibrations localised

on the OD and OH bonds, respectively. Image taken from Paper II.

Reflection principle in XAS

The reflection principle is a well-known approach to describe spectral formation in photo-

electron spectroscopy [70, 73], resonant Auger scattering [74, 75] and RIXS spectroscopy

[76]. According to the reflection principle the absorption cross section is formed by the

reflection of the absolute value of the vibrational WF in the ground state on the potential

slope of the excited state, as it is illustrated in Fig. 3.4 for the 1D case. Thus, the XAS

profile approximately copies the nodal structure of initial WF. The formation of the XAS

profile in the 2D case also follows the reflection principle. The 2D character of the vibra-

tional WF makes the implementation of this principle slightly different. The coordinate

distribution of the initial 2D vibrational WFs is given at the right panel of Fig. 3.5.
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Let us consider the core-excitation to the dissociative 4a1 state from different initial vibra-

tional wave functions (IVWFs) of the H2O molecule. Now the envelop of the XAS profile

of H2O molecule reflects only partly the coordinate distribution of the square of the IVWF

(ψns,na). Due to the symmetry, the reflection principle should be applied separately along

the Qs and Qa coordinates (Fig. 3.5). Apparently, the nodal structure of the IVWF along

Qs will be reproduced in XAS contrary to Qa where the potentials are symmetric. In the

case of the ψ0,0 IVWF the XAS has a single peak similar to the single maximum of the

IVWF distribution. The reflection principle is also straightforward in the case of formation

of XAS for |ψ1,0|2 and |ψ2,0|2 where two and tree maxima of the IVWF along Qs appear in

the spectra, respectively. However, the XAS spectral profile for the antisymmetric IVWF

ψ0,1 does not display the nodal structure of ψ0,1 along Qa. The reason for this fact is the

symmetry of the PES for the core-excited state along Qa (Fig.3.1). Due to this symmetry,

the transition energies near the two maxima of |ψ0,1|2 are the same. This results in a double

degeneracy of the XAS peaks produced by a reflection of two lobes of |ψ0,1|2 (Fig.3.5). An

approximately similar picture is seen in XAS for the antisymmetric IVWFs ψ1,1 and ψ0,2.

Replacement of a hydrogen by a deuterium in H2O changes qualitatively the XAS profile,

as one can see from a comparison of the H2O and HDO spectra on Fig. 3.5. Due to the

mass difference the kinetic energy operator in the nuclear Hamiltonian (3.1) is asymmetric

and vibrations become localised [30, 32] as it will be discussed in detail in Sec 3.4.2. Now

the reflection principle should be applied along the bonds (R1 and R2). The reflection of

the localised IVWF structure is well reproduced in XAS of HDO. The square of the IVWF

ψ1,1 of HDO is nearly symmetric, which leads to two degenerate peaks in XAS, similarly to

the H2O case. The spectral asymmetry of XAS from the IVFWs localised on the OH and

OD bonds (ψ1,0, ψ0,1 and ψ2,0, ψ0,2) is due to a slower dissociation of the heavier deuterium

atom as compared to the hydrogen atom [38].

The envelope of the XAS spectrum of the bound 2b2 core-excited is formed according to

the reflection principle, explained above for the formation of the 4a1 resonance. Contrary

to the smooth XAS profile of the dissociative 4a1 state, the XAS spectra of the bound

2b2 state (Fig. 3.6) demonstrate the presence of vibrational structure. The intensities of

each vibrational resonance can also be obtained in the Franck-Condon approximation as

an overlap between the IVWF in the ground state and 2b2 vibrational wave functions, that

is eigenfunction of the 2D Hamiltonian of the core-excited state. The structure of the

vibrational progression is governed by the symmetry selection rules, as it is discussed in the

following section.

Symmetry selection rules in XAS

The amplitude of the XAS transition ψn0
s,n

0
a
→ ψncs,nca is defined by the FC overlap 〈ψn0

s,n
0
a
|ψncs,nca〉.
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Figure 3.6: XAS of the bound 2b2 core-excited state of H2O molecule for the six lowest

initial vibration states ψ00 . . . ψ02 (see Fig. 3.5). Red vertical lines display calculated Franck-

Condon factors. Image taken from Paper II.

The shapes of the ground and core-excited (4a1 and 2b2) states PESs are symmetric with

respect to the reflection Qa → −Qa. Thus, the selection rules are defined by the sym-

metry of the vibrational eigenfunction ψns,na of H2O with respect to the reflection of the

antisymmetric coordinate Qa → −Qa

ψns,na(Qs,−Qa) = (−1)naψns,na(Qs, Qa). (3.7)

This results in the following identity for the FC amplitude

〈ψncs,nca |ψn0
s,n

0
a
〉 = (−1)(nca+n0

a)〈ψncs,nca |ψn0
s,n

0
a
〉. (3.8)

Thus the selection rule for the XAS transition reads:

Allowed transitions : nca + n0
a = even. (3.9)
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The selection rules are absent for XAS transitions to the dissociative 4a1 core-excited state

due to the degeneracy of the symmetric and antisymmetric motions in the dissociative

continuum.

Let as take a closer look on the absorption spectra of the 2b2 core-excited state for different

IVWFs ψns,na (Fig. 3.6). The symmetry selection rule allows us to probe separately the

excited odd and even antisymmetric vibrational quanta of the bound core-excited vibrational

states by choosing particular symmetry of the IVWF. The XAS spectra consists of only

even antisymmetric vibrational states ψncs,nca with nca = 0, 2, ..., when the antisymmetric

quantum number of the IVWF ψn0
s,n

0
a

is even: ψ0,0, ψ1,0, ψ2,0, ψ0,2. Pre-selection of the

odd antisymmetric vibrational quanta (in our case ψ0,1, ψ1,1) results in the excitation of

a vibrational progression with odd antisymmetric quantum numbers (ncs, n
c
a)=(0,1), (1,1),

(2,1), (3,1), . . . in the core-excited state. This demonstrates that the choice of IVWF can

be used as an additional tool for in-depth studies of core-excited PESs using XAS. One

should notice that the discussed selection rules can be broken due the R-dependence of the

transition dipole moment dc0 [77].

3.2.2 RIXS from vibrationally excited water molecule

Fig. 3.7 shows RIXS spectra via the two lowest core-excited states (4a1, 2b2) for the vibra-

tionally excited water. The nuclear wave-packet propagates far away from the equilibrium

in the dissociative core-excited 4a1 state [30–32]. As a result, the RIXS profile has a long

vibrational progression, up to an energy loss ω − ω′ = 5 eV. In contrast, the wave-packet

in the bound 2b2 core-excited state is confined in a rather short range of bond lengths and

thus only a relatively short vibrational progression is observed.

The wave-packet in the core-excited state is sensitive to the IVWF (see Sec. 3.2.1), which

makes the RIXS profile (Fig. 3.7) different for different initial vibrational states. One can

see that initial vibration excitation of the molecule leads to the appearance of anti-Stokes

resonances in the region ω − ω′ < 0 (Fig.3.7). Let as discuss how the IR excitation of the

initial vibrational state may affect the RIXS spectra.

Selection rules for the RIXS process

The symmetry selection rules affect the formation of the anti-Stokes lines. For example, the

anti-Stokes line at energy loss -0.46 eV is formed in the case of the symmetric IVWF ψ1,0,

but disappears in the case of the anti-symmetric IVWF ψ01. Indeed, the lowest vibrational

state ψ0,0, forming the peak at -0.46 eV, is symmetric and its population is forbidden for an

anti-symmetrical IVWF.

In general, the selection rules for RIXS are defined by the symmetry property of the RIXS
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Figure 3.7: RIXS spectra of vibrationally excited H2O. Here ψns,na is the initial vibrational

wave function. The 4a1 RIXS spectra are shifted vertically for better visibility. Image taken

from Paper II.

amplitude ψn0
s,n

0
a
→ ψnfs ,nfa , 〈ψn0

s,n
0
a
|ψncs,nca〉〈ψncs,nca |ψnfs ,nfa〉. Taking into account the symmetric

property of the evolution operator exp(−ihct) with respect to inversion Qa → −Qa and

eq.(3.8) for the one step transition in H2O molecule we get the following identity

〈ψn0
s,n

0
a
|ψncs,nca〉〈ψncs,nca|ψnfs ,nfa〉 = (−1)n

0
a+nfa〈ψn0

s,n
0
a
|ψncs,nca〉〈ψncs,nca |ψnfs ,nfa〉. (3.10)

This equation gives the selection rule for the RIXS process in molecules with C2v symmetry

Allowed transitions : n0
a + nfa = even. (3.11)

Contrary to XAS transitions, the selection rule (3.11) remains valid irrespective of whether

the core-excited state is bound or dissociative. The selection rules (3.11) generalise the

selection rules [30, 31] obtained for n0
a = 0.
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Let us now take a closer look on the fine vibrational structure shown and assigned in

Fig. 3.8 for both the 4a1 and 2b2 states. Here we compare RIXS profiles from two initial

vibrational states of opposite parities: symmetric ψ1,0 and antisymmetric ψ0,1 under the

inversion Qa → −Qa. One can see that each RIXS peak associated with a particular

group n = ns + na consists of a number of close lying resonances. In conventional RIXS

of vibrationally unexcited water [30, 32] only final vibrational states of even parity with nfa
= 0,2,4... are populated, according to the symmetry selection rule (3.11). Similarly to the

conventional RIXS, starting from the ψ0,0 state, the ψ1,0 IVWF leads to the excitation of

the even antisymmetric states nfa = 0, 2, 4, ... (Fig. 3.8(a)). The situation becomes opposite

in RIXS starting from antisymmetric IVWF ψ0,1, then only the odd antisymmetric final

states nfa = 1, 3, .... are populated (Fig.3.8(b)) for both 4a1 and 2b2 core-excited states.

This example demonstrates how the IR-pump – X-ray-probe technique makes it possible to

measure separately even nfa = 2m and odd nfa = (2m+ 1) vibrational progressions. Here m

is an integer number.

Figure 3.8: Fine structure of the RIXS spectrum of H2O molecule with initial vibrational

state ψ1,0 (a) and ψ0,1 (b). The vertical dashed lines show the ground state eigenvalues. The

vertical solid lines show the Frank-Condon factors for the emission from 4a1 and 2b2 states.

The allowed vibrational states are assigned by quantum numbers. Image taken from Paper

II.
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Propensity rule in RIXS

On top of the strict symmetry selection rules, the RIXS spectra exhibit suppression of

some symmetry allowed vibrational states due to a propensity rule [30, 31]. This rule

obtained in Ref. [30, 31] for vibrationally unexcited molecules originates from the state

specific localisation of the wave packet |Ψ(0)〉 in the valleys of the PES of the core-excited

state (Fig. 3.1). For example, |Ψ(0)〉 is localised along the OH bonds and between these

bonds for the core-excited states 4a1 and 2b2, respectively. This localisation acts like gates

and selects the final vibrational states ψnfs ,nfa with similar spatial localisation because the

RIXS amplitude (∝ 〈ψnfs ,nfa |Ψ(0)〉) is proportional to the overlap between ψnfs ,nfa and Ψ(0).

However, the wave packet Ψ(0) (see eq.(2.8)) depends also on the initial vibrational state

ψν0 ≡ ψns,na which strongly affects its spatial distribution as one can see from the upper

panel of Fig. 3.9. This motivates us to label the wave packet Ψ(0) by the quantum numbers

of the initial vibrational state

Ψ(0)→ Ψns,na(0). (3.12)

Let us explore the role of ψns,na for two different initial states ψ1,0 and ψ0,1. The propensity

rule is defined by the overlap

〈ψnfs ,nfa |Ψns,na(0)〉. (3.13)

It is important to notice that the symmetry of Ψns,na(0) with respect to the inversion

Qa → −Qa is the same as of the initial state ψns,na .

Initial state ψ1,0. The wave packet Ψ1,0(0) is symmetric with respect to the inversion

Qa → −Qa (Fig. 3.9) and it is confined along the OH bonds and between the bonds for the

4a1 and 2b2 core-excited states, respectively. Therefore, the propensity rule is the same as

in the earlier studied RIXS from the lowest vibrational state [30, 31] ψ0,0. Starting from

the group n = ns + na = 3 the peaks ψna,0 = (ψ3,0, ψ4,0, ψ5,0, ...) are vanishing, while the

resonances ψns,na with na = 2m, (ψ0,2, ψ1,2, ψ2,2, ψ1,4, ...) show larger intensities in the RIXS

via the 2b2 state with IVWF ψ1,0 (Fig. 3.8(a)). RIXS through the dissociative 4a1 state

shows an opposite trend: the resonance ψns,2 has smaller intensities than ψns,0 vibrational

progression.

Initial state ψ0,1. Now the wave packet Ψ1,0(0) is antisymmetric with respect to the

inversion Qa → −Qa (see Fig. 3.9). Let us first consider RIXS via the 2b2 core-excited state.

In this case, the main contribution to the overlap (3.13) for the transitions to the ψ2,1, ψ3,1

and ψ4,1 final vibrational states are given by the overlap with the big blue and red lobes of

these WFs at R1,2 ≈ 2.5 a.u. (Fig.3.9). These lobes move apart with increasing quantum

number ns, thereby decreasing the overlap with Ψ0,1(0) and quenching the intensities of

the transitions to the higher ψn−1,1 states. In contrast, the final vibrational wave functions

ψ0,3, ψ1,3, and ψ0,5 have a larger overlap with WP Φ0,1(0) and, hence, strong RIXS intensities.
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Figure 3.9: Physical picture of the propensity rules formation for the RIXS via the 2b2

core-excited state. The propensity rule governs the fine vibrational structure in RIXS, and

it can be found from the analysis of FC factors: overlap of the core-excited WPs Ψ1,0(0) or

Ψ0,1(0) (upper panels) with the final vibrational states ψns,na (lower panels). Image taken

from Paper II.

To summarise, the propensity rule for the antisymmetric initial state ψ0,1 (strong intensities

for (nfs , n
f
a)=(0,3), (1,3), (0,5) can be obtained from the propensity rule for the symmetric

initial state (ψ0,0 or ψ1,0) by a simple shift of both vibrational quantum numbers by 1. The

propensity rule for the 4a1 RIXS can be obtained in a similar way. Only the final states

(nfs , n
f
a)=(2,1), (3,1) and (4,1) give a significant contribution in this scattering channel.

3.3 X-ray absorption in the Raman scattering mode

In conventional pump-probe experiments the pump IR field can populate several low-lying

vibrational levels with the population weights ρν0 . Here by ν0 we assign the vibrational level

in the ground electronic state. The total X-ray absorption cross section consists of partial

contributions from particular absorption profiles of the initial vibrational state ν0

σabs(ω) =
∑

ρν0σν0(ω), (3.14)

where σν0(ω) is defined by Fermi’s golden rule (2.1).

Let us look at the RIXS map for a resonance with 2b2 core-excited state for different initial



30 Chapter 3 IR-pump – X-ray-probe spectroscopy

Figure 3.10: RIXS map at 2b2 core-excited state of water, measured from two initial vibra-

tional states ψ0,0 (a) and ψ1,0 (b). The panel (c) displays the overlap of the partial XASRM

spectra for both initial vibrational states, ψ0,0 (red) and ψ1,0 (blue) RIXS profiles. The

cross section shown in panel (c) is computed for equal population of the initial ψ0,0 and ψ1,0

states. Image taken from Paper II.

vibrational states (Fig. 3.10). According to the Raman dispersion law each diagonal ridge

corresponds to the condition

ω′ = ω + εν0 − ενf . (3.15)

On Fig. 3.10(a) the first line νf = ν0 = (0, 0) corresponds to the elastic RIXS transition,

while on the Fig. 3.10(b) it will be νf = ν0 = (1, 0) according to the initial vibrational state.

The absorption cross section at this resonant conditions approximately coincides with the

conventional XAS profile.

We can approximate the partial absorption cross section σν0(ω) by the RIXS cross section

σν0(ω
′, ω) along the Raman ridge (see eq.(3.15) and Fig. 3.10) ενf = εν0

σXASRM(ω, ω′ = ω, νf = ν0) ∝

∣∣∣∣∣∑
νc

|〈ψcνc|ψν0〉|
2

Ω + ∆− ενc + ıΓ

∣∣∣∣∣
2

. (3.16)

One can pay attention to the difference of the conventional XAS expression (2.1) and X-ray

absorption spectra in the Raman mode (XASRM), σXASRM (3.16). The first distinction is
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the presence of lifetime vibrational interference (LVI) [26] in the cross section (3.16). As we

demonstrated in Paper II, the LVI effect is rather weak in the case of the water molecule,

so the theoretical XAS and XASRM profiles are very similar. The second feature of the

XASRM (3.16) cross section is that the FC matrix elements are squared, as compared to

conventional XAS. This results in a sharpening of the fine vibrational structure in XASRM.

This effect was successfully applied for extracting of the XAS with high vibrational resolution

in the resonant Auger scattering spectra of CO [78]. In order to compare directly XASRM

and XAS profiles we take the square root of σXASRM .

Let us now discuss XASRM as an opportunity to measure XAS from a particular initial

vibrational state. The overlap of partial XASRM cross sections from different initial vi-

brational states is shown in Fig. 3.10(c). First, one can notice that the anti-Stokes line

at ω − ω′ ≈ 0.45 eV in RIXS from the vibrationally excited molecule (Fig. 3.10(b,c),

νf = (0, 0), ν0 = (1, 0)) is well separated and provides an opportunity to measure XAS

from this particular initial vibrational state. The XASRM profile in this case reproduces all

main features of XAS (see details in Paper II). For the elastic RIXS channel (ω−ω′ = 0 eV)

the XASRM partial cross sections for IVWF ψ0,0 and ψ1,0 can not be separated because they

are lying on the same Raman ridge (Fig. 3.10(c)). The insert in Fig. 3.10(c) shows three close

lying ridges ω−ω′ = ενf−εν0 = (ε0,2−ε1,0), (ε1,0−ε0,0) and (ε2,0−ε1,0) near ω−ω′ ≈ 0.45 eV.

Now the partial XASRM contributions from the IVWFs ψ0,0 (red profile) and ψ1,0 (blue pro-

file) can in principle be separated. The required spectral resolution 10 meV may become

available already in the near future by invention a new long-arm spectrometer at the soft

X-ray beam line at MAX IV synchrotron facility (Lund, Sweden).

Thus, the XASRM method allows to separate the XAS profiles from different initial vibra-

tional states even when few initial vibrational states are populated by the IR light.

3.4 Delocalisation of localised vibrational modes in HDO

by core-electron excitation

This part is devoted to studies of the dynamics of the delocalisation of nuclear motion in

the electronic excited state performed using resonant inelastic X-ray scattering of the vibra-

tionally excited HDO molecule. The interest in the mode localisation is stimulated by studies

of bond-selective vibrationally mediated photochemistry [79–82]. The HDO isotopomer of

water is an important system in such studies [83–87].

The isotope substitution in the water molecule leads to symmetry breaking. It results

in a localisation of the vibrations along the bonds in the ground states (upper panel of
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Figure 3.11: Selected vibrational wave functions of H2O and HDO for the ground and

core-excited 2b2 states. The energy of each vibrational state, with respect to zero-point

energy of the correspondent PES, is shown in each plot (see Paper I for a larger set of the

vibrational wave functions).

Fig. 3.11), which was observed previously using RIXS spectroscopy [30, 32]. The localisation

of vibrational modes in the HDO molecule is not strict and changes in the course of core-

excitation to the dissociative 4a1 and bound 2b2 states. We demonstrate that the mode

delocalisation in an excited electronic state can be controlled by using an IR-pump – RIXS-

probe technique (Paper I). Using the IR radiation one can selectively populate a localised

vibrational state of the ground electronic potential (for instance ψ1,0 or ψ0,1 localised on OD

and OH bonds respectively, see upper panel of Fig. 3.11). The X-ray photon promotes the

system into a core-excited state, where the nuclear dynamics is defined by the shape of the

PES, which is different for different core-excited states. Finally, the relative intensities of

the vibrational lines in the quasi-elastic RIXS back to the ground state contains fingerprints

of the degree of delocalisation in the core-excited state. Let us start with an analysis of the

HDO vibrational wave functions in the ground and core-excited states.
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3.4.1 Vibrational wave function of HDO: ground and core-excited

states

Figure 3.11 shows the vibrational wave functions of HDO and H2O computed by solving

the stationary Schrödinger equation. One can see that in the water molecule, possessing

C2v symmetry, the two hydrogen atoms vibrate coherently in the ground state, forming

symmetric ψns,0 and antisymmetric ψ0,na stretching modes delocalised on both the bonds.

In contrast, the ground state vibrational states of the HDO molecule are fully localised either

on the OH or the OD bond (Fig. 3.11). Nevertheless, the 2b2 core-excited state vibrational

wave functions of HDO demonstrate a trend to be delocalised, very similar to the same

excited state of the symmetric H2O molecule. The reason for this effect is the shape of the

PES of the 2b2 electronic state (See Fig. 3.1) that defines the degree of localisation.

Let us introduce a notation of the vibrational wave function of HDO for the stretching

modes. Similarly to the water molecule (Sec. 3.2) we will use two quantum numbers. Due

to the strong localisation of the symmetric and anti-symmetric modes in the ground state it

is appropriate to use quantum numbers assigned according to the localisation bond ψnD,nH .

In the core-excited state the wave functions are delocalised and it is sufficient to assign them

using notations for the symmetric and antisymmetric vibrations ψncs,nca . For further clarity,

let as summarise the notations used for the ground and core-excited state as follows

Ground state Core− excited state

H2O : ψn0
s,n

0
a

(or ψH2O
n0
s,n

0
a
) ; ψncs,nca

HDO : ψnD,nH ; ψncs,nca .

It is important to note that the quasi-degeneracy of the vibrational levels manifested in the

ground state of water does not hold any more in the core-excited 2b2 state (see vibrational

energies at Fig. 3.11).

3.4.2 Dynamical delocalisation of wave functions in HDO

Let as explain the nature of the localisation and delocalisation of the vibrational motion

in the HDO molecule, using the 2D model for the two stretching modes. Substitution of a

hydrogen atom in the H2O molecule by deuterium reduces the symmetry from C2v to the Cs

group due to the different mass of the hydrogen and deuterium atoms. The mass difference

(mD/mH u 2) introduces an asymmetry in the nuclear Hamiltonian of the stretching motion

of water defined in Sec. 3.1 via the kinetic energy operator K (3.1). We can express the

Hamiltonian of the HDO molecule hHDO, where we can ignore the off-diagonal contribution
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which is small in HDO and H2O because mH/mO � 1

hHDO = KHDO + U(R1, R2), (3.17)

KHDO = − 1

2µ1

∂2

∂R2
1

− 1

2µ2

∂2

∂R2
2

= − (µ+ − µ−)

2(µ2
+ − µ2

−)

∂2

∂R2
1

− (µ+ + µ−)

2(µ2
+ − µ2

−)

∂2

∂R2
2

,

where R1 = ROH , R2 = ROD. Potential energy U(R1, R2) ≡ U(R1, R2,Θ) is taken at the

ground state equilibrium bond angle Θ, U = Ei − Emin
i . We introduce here the reduced

masses and their symmetric and antisymmetric combinations

µ1 =
mHmO

mH +mO

, µ2 =
mDmO

mD +mO

, µ± =
µ1 ± µ2

2
. (3.18)

It is important to notice that the potential energy is the same in H2O and HDO and is

symmetric

U(R1, R2) = U(R2, R1) (3.19)

with respect to permutation of the coordinates

R1 � R2. (3.20)

To proceed further let us write the Hamiltonian of HDO (3.17) as the sum of the symmetric

term hH2O(R1, R2) = hH2O(R2, R1) and a perturbation δK to the kinetic energy term:

hHDO = hH2O + δK,

hH2O = KH2O + U(R1, R2), KH2O = − 1

2µ

[
∂2

∂R2
1

+
∂2

∂R2
2

]
(3.21)

δK ≡ δK(R1, R2) =
µ1 − µ2

4µ1µ2

[
∂2

∂R2
1

− ∂2

∂R2
2

]
.

Here µ = 2µ1µ2/(µ1 + µ2). We can notice that δK is antisymmetric with respect to the

permutation of the coordinates (3.20). We use the label H2O for hH2O because this Hamil-

tonian is symmetric with respect to the permutation (3.20), and because it is very similar

to the Hamiltonian of H2O molecule: the only difference is the reduced mass µ ≈ 4mH/3

which is rather close to the mass of hydrogen mH .

3.4.3 Nuclear wave functions of HDO vs H2O

Let us now consider the two eigenstates ψ1,0 and ψ0,1 of the symmetric Hamiltonian of the

water molecule hH2O

hH2Oψ1,0 = ε1,0ψ1,0, hH2Oψ0,1 = ε0,1ψ0,1 (3.22)
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Figure 3.12: Delocalised and localised vibrational stretching states of H2O, ψns,na (n=1)

in the ground electronic state.

As one can see from Fig. 3.12 (see also Sec. 3.1, Fig. 3.3) the plus and minus combinations

of these two states result in states

ψ1 =
ψ1,0 + ψ0,1√

2
, ψ2 =

ψ1,0 − ψ0,1√
2

(3.23)

localised along the R1 and R2 bonds very similar to the ψHDO1,0 and ψHDO0,1 of the ground

state of the HDO molecule.

Apparently, the function ψ1 becomes ψ2 when we permute the coordinates R1 
 R2:

ψ1(R1, R2) = ψ2(R2, R1), ψ2(R1, R2) = ψ1(R2, R1). (3.24)

This means that ψ1,0 is symmetric function, while ψ0,1 is antisymmetric one under the

coordinate permutation (3.20)

ψ1,0(R1, R2) = +ψ1,0(R2, R1), ψ0,1(R1, R2) = −ψ0,1(R2, R1). (3.25)

Using the properties of the vibrational wave functions of the H2O molecule one can construct

the wave functions ψHDO of HDO as a linear combination of functions ψn0
s,n

0
a

of H2O with

different parities

ψHDO = c1ψ1,0 + c2ψ0,1. (3.26)

The wave function ψHDO is an eigenstate of the Hamiltonian hHDO (3.21)

hHDOψ
HDO = εψHDO. (3.27)

The antisymmetric perturbation operator δK (3.21)

δK(R1, R2) = −δK(R2, R1) (3.28)

mixes the vibrational wave functions of H2O, ψ1,0 and ψ0,1, with opposite parities (3.25).

The substitution of the wave function ψHDO (3.26) in the Schrödinger equation (3.27) results

in the following equations

c1(ε1,0 + 〈ψ1,0|δK|ψ1,0〉) + c2〈ψ1,0|δK|ψ0,1〉 = εc1, (3.29)

c1〈ψ0,1|δK|ψ1,0〉+ c2(ε0,1 + 〈ψ0,1|δK|ψ0,1〉) = εc2.
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Here we took into account properties of the wave-function, namely the orthonormality of

ψH2O
1,0 and ψH2O

0,1 and the antisymmetric property of ψH2O
0,1 with respect to permutation (3.20)

〈ψ1,0|ψ0,1〉 = 〈ψ0,1|ψ1,0〉 = 0, 〈ψ1,0|ψ1,0〉 = 〈ψ0,1|ψ0,1〉 = 1; (3.30)

〈ψ1,0|hH2O|ψ0,1〉 = 〈ψ0,1|hH2O|ψ1,0〉 = 0.

The permutation symmetry of the perturbation operator δK (3.28) leads to the following

properties of the matrix elements

〈ψ1,0|δK|ψ1,0〉 = 〈ψ0,1|δK|ψ0,1〉 = 0,

〈ψ1,0|δK|ψ0,1〉 = 〈ψ0,1|δK|ψ1,0〉 6= 0. (3.31)

These properties make it possible to rewrite the eigenvalue problem (3.29) as

c1(ε1,0 − ε) + c2V = 0, (3.32)

c1V + c2(ε0,1 − ε) = 0,

where we have introduced the short notation for the off-diagonal matrix element (2.29)

V ≡ 〈ψ1,0|δK|ψ0,1〉 = 〈ψ0,1|δK|ψ1,0〉. (3.33)

The eigenvalue problem (3.32) is similar to the two coupled oscillators problem introduced

in Sec. 2.4 (2.29). There are two solutions ψ+ and ψ− of the Schrödinger equation (3.27) or

eigenvalue problem (3.32) that have been introduced in Chapter 2 (see Sec. 2.4 eq.(2.30))

ψ = ψ± = c±1 ψ1,0 + c±2 ψ0,1,

ε = ε± =
1

2

[
ε1,0 + ε0,1 ± (ε1,0 − ε0,1)

√
1 + ζ2

]
(3.34)

where

c±1 =
1√
2

√
1± 1√

1 + ζ2
, c±2 = ± 1√

2

√
1∓ 1√

1 + ζ2
. (3.35)

In this case the dimensionless parameter ζ of the dynamical coupling depends on the energy

spacing between vibrational levels ψH2O
1,0 and ψH2O

0,1

ζ =
2V

ε1,0 − ε0,1
. (3.36)

The perturbation parameter ζ is defined by the shape of the PES of HDO (Fig. 3.1). Let us

discuss the solution (3.34) of our example problem taking into account the real electronic

structure of the HDO molecule, which is similar to the one of H2O.
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Localisation of states (strong dynamical coupling): Symmetry is broken

In the ground electronic state the potential of H2O (Fig.3.1) is shallow around the equilib-

rium geometry. In this case the energy spacing between ψH2O
1,0 and ψH2O

0,1 states is small and

the parameter ζ (3.36) becomes large:

εH2O
0,1 − εH2O

1,0 = 0.009 eV ⇒ |ζ| � 1. (3.37)

Then the solution (3.34) and (3.35) of the eigenvalue problem (3.36) reads (see eq. (2.35)):

ε± ≈
ε1,0 + ε0,1

2
± V,

ψHDO
± ≈ ψ1,0 ± ψ0,1√

2
, (3.38)

where the states ψHDO
+ and ψHDO

− become localised (see discussion in Sec. 3.1). The localised

vibrational wave functions of the ground electronic state of HDO are illustrated at the

Figure 3.11.

Delocalisation of states (weak dynamical coupling): Symmetry is preserved

In the bound 2b2 electronic state the potential has a steep valley along the symmetric

stretching coordinate aligned between the bonds (Fig. 3.1). In that case the difference

between the vibrational quanta ψH2O
1,0 and ψH2O

0,1 is remarkably large, as compared to the

ground state:

εH2O
0,1 − εH2O

1,0 = 0.258 eV ⇒ |ζ| � 1. (3.39)

In the present case, the solution of the eigenvalue problem (3.32) (see Sec.2.4, eq.(2.34))

ε+ ≈ ε1,0, ε− ≈ ε0,1, (3.40)

ψHDO
+ ≈ ψH2O

1,0 , ψHDO
− ≈ −ψH2O

0,1 ,

results in two states, delocalised between the OH and OD bonds. In that case the potential

energy is much stronger than the perturbation δK, caused by the mass difference, which

preserves the delocalisation of vibrations in the bound 2b2 core-excited state.

3.4.4 IR-pump – X-ray-probe scheme for studies of localised and

delocalised vibrations

In the previous subsection we considered the competition of the two factors: asymmetry of

the kinetic energy operator (K) (caused by the H and D atoms mass difference) and the

steepness of the symmetric PES (U(R1,R2)). This competition can lead to coexistence of
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Figure 3.13: RIXS probe of the localised/delocalised vibrations in the IR-pumped H2O and

HDO molecules. (a) Scheme of the IR pump process (in the ground electronic state) depicted

for the HDO molecule. (b) Scheme of the RIXS probe process via the core-excited states

4a1 and 2b2. In H2O (upper panel), the delocalised initial state ψ1,0 leads to a delocalised

core-excited wave packet |Ψ(0)|2 (2.7) in both core-excited states. In HDO (lower panel),

the initial localised wave function leads to a localised wave packet in the dissociative 4a1

state and a delocalised one in the bound 2b2 core-exited state. The contour lines represent

the potential energy surface of the ground and core-excited states. Image taken from Paper

I.

the localised and delocalised types of vibrations in the same molecule. The HDO molecule is

a good example for analysis of this phenomena. In spite of that the ground state vibrations

of HDO are fully localised on the molecular OH and OD bonds, the vibrations may become

delocalised in a particular core-excited states [38], as it is explained in Sec. 3.4.2.

These two type of vibrational dynamics in the HDO molecule can be observed by using the

IR-pump – RIXS-probe technique (Paper I, Paper II), as illustrated in Fig. 3.13. The

spatial shape of a vibrational wave function indicates directly if the vibrations are localised

or delocalised, as it was demonstrated in Sec. 3.4.3. Let us assume, that the HDO molecule
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is initially populated to a particular localised vibrational level of the ground electronic state

(Sec. 3.2). The left and right panel of Fig. 3.13(a) show the population of the ψHDO
1,0 state

localised on the OD bond and ψHDO
0,1 localised on the OH bond, respectively. Then the

system is probed by a quasi-elastic RIXS via the dissociative 4a1 core-excited state, where

the nuclear motion is localised (left panel of Fig. 3.13(b)) or via the bound 2b2 state, where

the vibrations are delocalised (right panel of Fig. 3.13(b)). In the RIXS process back to the

ground electronic state, the population of the vibrational levels is governed by the selection

rules and the degree of the delocalisation in the core-excited state. The scattering amplitude

(2.7) can be defined as an overlap of the core-excited WP and final vibrational state, so the

RIXS spectrum traces directly the nuclear dynamics in the core-excited state. Using the WP

approach we demonstrate the sensitivity of RIXS to the localised and delocalised dynamics

in the core-excited state.

In what follows, we treat explicitly the coupled nuclear dynamics in the two stretching modes

(see Sec. 3.2) using the strict 2D Hamiltonian (3.17) in a time-dependent representation (see

Sec. 2.3.3), neglecting the bending mode excitation.

RIXS at the 4a1 resonance

Let as first consider RIXS spectra at the resonance with the dissociative 4a1 core-excited

state. Fig. 3.14 shows the RIXS spectra with an initially populated ground vibrational

state (upper panel), as well as the first ψ1,0 and second ψ0,1 excited vibrational states (two

lower panels). The spatial distribution of the initial wave functions and the integrated core-

excited wave-packets are shown in the inserts of each panel. The lowest vibrational state

ψ0,0 of the electronic ground state is delocalised between the bonds. The delocalisation is

preserved in the core-excited state (see distribution of the integral WP |Ψ(0)|2 in upper

panel of Fig. 3.14), which is reflected in the RIXS spectrum. Indeed, the intensity of the

lines correspondent to the scattering to the first (localised on the OD bond, green area)

and second (localised on the OH bond, blue area) vibrational states has nearly the same

intensities. The intensity corresponding ε0,1 peak (OH vibration) is slightly more pronounced

than ε1,0 (OD vibration) due to a slower dissociation of the twice as heavier deuterium atom.

The localisation of the initial vibrational wave function is also preserved in the dissociative

core-excited state, as it is observed in the RIXS spectrum. Indeed, when the RIXS starts

from ψ1,0 (Fig. 3.14, mid panel), localised on the OD bond, the intensity of the ε0,1 resonance

is negligible as compared to the ε1,0 line. In this case the shape of the localised IVWF aligned

along the valley of the dissociative PES resulting in the localisation of the core-excited wave-

packet propagating along the OD bond (Fig. 3.1). The same effect is observed for the RIXS

starting from the ψ0,1 (Fig. 3.14, lower panel), localised along the OH bond. In this case,

the RIXS resonance ε0,1, correspondent to OH bond localisation, is dominating.
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Figure 3.14: RIXS spectra at the 4a1 resonance of vibrationally excited HDO. The left-hand

side shows the shape of the initial vibrational wave function in the ground state and the

integrated core-excited WP |Ψ(0)|2 (2.7). The ε1,0 and ε0,1 dashed lines represent the energy

position of the ψ1,0 and ψ0,1 final vibrational states, respectively. The photon frequency ω

is tuned in resonance with the top of the X-ray absorption profile. Image taken from Paper

I.

RIXS at the 2b2 resonance

Contrary to the localised vibrational excitation in the ground state of HDO (see Sec. 3.4.1),

the vibrational wave functions of the 2b2 electronic state are delocalised, similarly to the

vibrational wave functions of the H2O molecule (Fig. 3.11). Indeed, the PES of the 2b2

state is the same for H2O and HDO having a steep canyon-like shape along the symmetric

stretching coordinate R1 = R2 (right panel of Fig. 3.13(b)). This results in a delocalised

shape of the vibrational eigenfunctions, as it was explained in Sec. 3.4.2.

Let as look at Fig. 3.15 showing the RIXS spectra for the delocalised IVWF ψ0,0 (Fig. 3.15(a))

and the localised one ψ1,0 (Fig. 3.15(b)). To trace delocalisation of the vibrations we scan

the incoming photon energy across the 2b2 core-excited state, tuning it in the resonance with

the ψ0,0, ψ1,0, ψ2,0 and ψ5,0 core-excited vibrational states of HDO (Fig. 3.11). The excita-

tion energies ω are represented by the detuning Ω from the energy of the lowest core-excited
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Figure 3.15: RIXS spectra of HDO via 2b2 core-excited state with various detuning from the

resonance. Ω = 0.000, 0.152, 0.301, 0.721 eV correspond to the excitation in resonance with

the ψ0,0, ψ1,0, ψ2,0, ψ5,0 vibrational levels of the core-excited state, respectively (Fig. 3.11).

(a) The lowest vibrational state ψ0,0 is used (no IR-pump). (b) The initial vibrational state

ψ1,0 is pumped by an IR pulse. Right panels of (a) and (b) show the squared core-excited

wave packet |Ψ(∞)|2 (2.7)).

vibrational level ε
(c)
0,0

Ω = ω − (ωc0 + ε
(c)
0,0 − ε(0)

s,a). (3.41)

Similarly to the case of RIXS via the dissociative core-excited state, let us analyse the relative

intensities of the two final vibrational states ε1,0 and ε0,1, localised on the OD and OH bonds,

respectively. In the case of the delocalised IVWF ψ0,0 the core-excited wave-packet |Ψ0,0(0)|2
(right panel of Fig. 3.15(a)) preserves delocalisation for all considered detuning, which is

observed in the RIXS spectra. We can conclude this referring to similar intensities of the

both ε1,0 and ε0,1 vibrational levels.

For the RIXS from the localised IVWF state ψ1,0 the localisation is broken, and the degree

of the delocalisation depends on the detuning (Fig. 3.15(b)). When the excitation energy is

tuned far below the resonance (Ω = −1 eV) the wave packet is fully localised, similar to the

initial state ψ1,0, and the intensity of the ε0,1 line dominates in the RIXS spectrum. This
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can be explained using the concept of the effective scattering duration time [34]

τs =
1√

Ω2 + Γ2
. (3.42)

Indeed, when the detuning is much larger than Γ the scattering duration time is short, and

the wave packet has no time to propagate in the core-excited state, preserving the locali-

sation properties. The situation changes drastically for smaller detunings: The intensities

of the peaks ε1,0 and ε0,1 become comparable for Ω = 0, 0.152 and 0.301 eV, reflecting

the delocalisation of the localised IVWF. At even higher excitation energy Ω = 1.721 eV

(Fig. 3.15(b)) the localisation is again preserved in the RIXS process, which is reflected in

domination of the intensity of the ε1,0 line. This is related to a rather small energy spacing

between the vibrational states in the high energy region of the core-excited PES. The same

trend is observed for RIXS initiated from the excited vibrational state ψ0,1 localised on the

OH bond (see Paper I).

In summary, the tight confinement of the nuclear motion in the 2b2 state’s PES forces the

H and D atoms to oscillate coherently along the symmetric stretching coordinate, like in

the H2O molecule, disregarding the large mass difference between the H and D atoms. This

results in the delocalisation of the nuclear dynamics in the 2b2 state of HDO. The dynamics

of the delocalisation is explained in detail in the following Sec. 3.4.5.

3.4.5 Dynamics of vibrational wave function collapse

This section is devoted to an essential problem of quantum mechanics – the collapse of

wave function [37, 88]. Is the wave function collapse from a coherent superposition of a

few quantum states to a single one a sudden process, as it is often considered in quantum

mechanic, or gradual?

In order to shed light on this problem, let as consider the simple case of an absorption

transition from the vibrational level of ground electronic state to the one of the core-excited

vibrational state ψν0 → ψνc . We might note that the IVWF ψν0 is not an eigenfunction of

the core-excited Hamiltonian hc, thus it can be expressed through the superposition of the

core-excited vibrational states

|ψν0〉 =
∑
νc

|ψ(c)
νc 〉〈ψ

(c)
νc |ψν0〉. (3.43)

We can write the absorption cross section at a resonance condition with state νc as:

σabs ∝ |Dc0|2
|〈ψν0|ψ

(c)
νc 〉|2

(ω − ωc0 − (ε
(c)
νc − εν0))2 + Γ2

, (3.44)
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where εν0 and ενc are the eigenvalues of corresponding vibrational eigenstates. The transition

probability in (3.44) is defined by the the projection of the initial WP (3.43) on a single core-

excited vibrational state ψνc . The projection resembles the system jumps from a coherent

superposition of states |ψν0〉 to a single state instantaneously. Let us note, however, that

eq. (3.44) is valid, when the measurements time is much longer than the lifetime of the

core-excited state. In our case, the core-excited lifetime 1/Γ, mainly defined by the Auger

decay rate, is rather short, and can be additionally controlled varying the detuning from

the resonance (3.42). For a better understanding of the collapse problem one has to take

into account the finite time of the measurements [89].

The localised IVWF of the HDO molecule probed in RIXS is a good example case to shed

light on the collapse of wave function. We will consider collapse of a quantum system of

states by considering the process in a time domain as well as we will use the possibility

to control the scattering time by varying the detuning (3.41) from the resonance in RIXS

measurements.

Dynamical collapse controlled by the detuning in the RIXS experiment

As it was demonstrated above (Fig. 3.11) the vibrational wave functions of the ground

electronic state of HDO are localised on the bonds, while in the bound 2b2 electronic state

vibrations become delocalised. Dependence of the dynamics of the core-excited WP on the

scattering duration time (Sec. 3.4.4) allows to evidence that the localised vibrational states

undergo a rotation. To illustrate this one can introduce the degree of delocalisation κ as the

relative intensities of the OD ε1,0 and OH ε0,1 peaks in the RIXS spectra from the localised

IVFW ψ1,0

κ =
σOH

σOH + σOD

. (3.45)

Here by σOH and σOD we denote the peak intensities of the localised final states ε0,1 and

ε1,0 in the RIXS spectra of 2b2 state with initial vibrational function ψ1,0 at Fig. 3.15(b).

To demonstrate the dynamics we plot the degree of delocalisation (3.45) as a function of

scattering duration τs (3.42) (Fig. 3.16). The top panel of Fig. 3.16(a) shows the real part of

the core-excited wave packet at various scattering duration times computed using equation

(3.42), see Fig. 3.16(b) for the correspondent detuning values. As it is seen from the lower

panel of Fig. 3.16 (a), the scattering duration time has a direct relation to the collapse of

the vibrational wave function, expressed as a delocalisation parameter κ. Indeed, when the

scattering is fast (detuning Ω is small), the core-excited WP completely coincides with the

localised IVWF (κ = 0), as the WP has no time to propagate on the core-excited potential.

Contrary to that, when the scattering duration is rather long, the WP has time to align

along the eigenstates of the core-excited Hamiltonian leading to a complete delocalisation

of the vibrational wave function (κ→ 0.5). Such behaviour illustrates straightforward by a
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Figure 3.16: Dynamics of the IVWF collapse controlled by the detuning from the resonance.

(a) The real part of the core-excited wave packet |Ψ(0)〉 for the different values of the

scattering duration τs versus the delocalisation parameter κ (3.45). (b) Correspondence

between the detuning Ω (3.41) and the scattering duration time (3.42). Image is taken from

Paper I.

gradual evolution of the vibrational wave function, rather than a sudden collapse.

Dynamical collapse controlled in the RIXS experiment in the time domain

Invention of XFELs, providing ultra-short X-ray pulses, brings up a new opportunity to

observe the collapse of the vibrational wave functions in real time. To describe the collapse

dynamics with the help of short XFEL pulses, we have to include in our formalism the time

of the interaction of the quantum system with an X-ray pulse (measurement duration time).

Let us consider the propagation of an X-ray light pulse E = E(t) cos(ωt − kz) along the z

axis in a resonant medium. Here E(t) = eE(t) is the pulse envelope, k = ω/c is the wave

vector. It can be shown (see Paper I and its supplementary information for the derivation),

that the absorption of the pulse is described by the wave equation within the slowly varying
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Figure 3.17: Dynamics of the wave function collapse in the 2b2 core-excited state of HDO,

shown through the nuclear wave packet |Φ(T )〉 for different pulse duration T . Image is

taken from Paper I.

amplitude approximation:(
∂

∂z
+

∂

c∂t

)
|E(t)|2 = − k

εν0
N(e · dc0)2Re〈ψν0|Φ(t)〉. (3.46)

This equation shows that the absorption coefficient at the time t is defined by the field-

dependent wave packet |Φ(t)〉

σabs(t) ∝ Re〈ψν0 |Φ(t)〉, (3.47)

|Φ(t)〉 = E(t)

t∫
0

E(t− t1)eı(ω−ωc0+εν0+ıΓ)t1|χc(t)〉dt1,

where |χc(t)〉 describes the core-excited nuclear wave packet. In the case of a rectangular

pulse of width T , the wave packet reads

|Φ(t)〉 = Θ(T − t)E2

t∫
0

eı(ω−ωc0+εν0+ıΓ)t1e−ıhct1 |ψν0〉dt1, (3.48)

where Θ(T − t) is the step function. One can see that when the interaction time is large

t → ∞ and T = ∞ the wave packet (3.48) converges to the wave packet |Φ(∞)〉 for the

continuous wave X-ray fields, used in the synchrotron experiments. Let us note, that the

WP |Φ(∞)〉 is equivalent to the |Ψ(0)〉, introduced before (see eq. (2.8)). However, in this

section we keep the notation |Φ(∞)〉 to stress the time dependence of the WP |Φ(t)〉 (3.48).

By changing the X-ray pulse duration T , we can observe the rotation of the nuclear wave

packet, as it is illustrated in Fig. 3.17. This is a direct observation of the gradual evolution

of the IVWF |ψν0〉 to the eigenstate of the core-excited Hamiltonian. The initial |ψ1,0〉 wave

function, localised along the OD bond, gradually aligns along the valley of the core-excited

potential (“collapsed state”). This confirms that the wave packet |Φ(t)〉 approaches the

collapsed state evolutionary, but not suddenly.
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Chapter 4

Isotope effects in RIXS of water via

the dissociative state

In the previous Chapter 3 (Sec. 3.4) we discussed the role of the isotope substitution on the

vibrational progression in the quasi-elastic RIXS channel in the water molecule. However,

the RIXS via the dissociative |1s−1
O 4a1

1〉 core-excited state has an additional spectral feature,

a so-called atomic-like peak [32]. The origin of this peak is ultrafast dissociation in the core-

excited state followed by the decay transition in the core-excited fragment of the dissociation

radical O∗H:

ω + H2O→ H2O∗ → O∗H + H→ OH + H + ω′. (4.1)

Apparently this dynamical effect is sensitive to isotope substitution. It should be pointed

out that in the case of the ultra-fast dissociation of a diatomic molecule, this peak is formed

due to transition in the atomic fragment and its spectral width equals to the broadening Γ.

In the present case, however, the decay in the dissociation region is additionally broadened

by the vibrational structure of the O∗H fragment.

It is important to note that the first valence excited state |1b−1
1 4a1

1〉 converges to the same

limit as the ground state |GS〉 in the region of dissociation (see Fig.4.1, lower panel). We

will see below that the RIXS to this final state overlaps strongly with the atomic-like peak

because the PESs of the |1b−1
1 4a1

1〉 and |1s−1
O 4a1

1〉 states are almost parallel to each other

(Fig. 4.1). Thus, in order to describe the shape of the spectral region near the ”atomic-like”

peak correctly one should take into account both RIXS channels (Paper III):

ω + H2O→ H2O[1s−1
O 4a1

1]→


H2O[1b−1

1 4a1
1] + ω′,

H2O[GS] + ω′
(4.2)
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Figure 4.1: 1D cut of the potential energy surfaces along the R1 bond (the second R2 bond

is taken at GS equilibrium length) for the ground |GS〉 (U0, black line), valence-excited

|1b−1
1 4a1

1〉 (Uf , red line) and core-excited |1s−1
O 4a1

1〉 (Uc, blue line) states. The upper panel

shows the R-dependence of the absolute energy difference between the core-excited and

ground (black line), and core- and valence-excited (red line) state. The core-excited wave

packet for different scattering times is shown by the shaded areas, according to the 1D

simulations. Image taken from Paper III.

We performed RIXS simulations in the framework of the 2D model, neglecting the bending

mode [30, 32] similar to what is discussed in the previous Chapter 3.

The 2D PESs of the ground, core- and valence-excited states were obtained using the same

level of ab initio calculations as described in Sec. 3.1. On top of that, we computed the

transition dipole moments on the core-excited to ground, and core- to valence-excited states

along R = (R1, R2) valence coordinates (Fig. 3.2). Our ab initio simulations show (see

Paper III) that the R-dependence of the transition dipole moment of the decay channel

from the core-excited to ground state dcg(R) is very strong. The decay transition dipole

moment is lying in the molecular (z, y)-plane and has the z- and y-components dcg = (d
(z)
cg ,

d
(y)
cg ) (see Fig. 4.2). In contrast to that, the transition dipole moment of the decay channel

to the valence excited state |1b−1
1 4a1

1〉 has only the x-component, d
(x)
cf , reflecting the fact

that the 1b1 molecular orbital is a π-type orbital aligned along the x-axis perpendicular the

molecular plane. The R-dependence of this dipole moment is very weak as compared to the
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dipole moment of the decay channel to the ground state |1s−1
O 4a1

1〉 → |GS〉.

one of the decay transition to the ground state (see Paper III).

Using eqs.(2.22) and (2.25) we can write the total RIXS cross section as a sum of cross

sections for the two decay channels to the ground (g) and valence excited (v) states (see for

more details Paper III)

σ(ω, ω′) = σg(ω, ω
′) + σv(ω, ω

′) (4.3)

=
1

30

[
2(2− cos2 χ)σzg(ω, ω

′) + (3 + cos2 χ)(σyg (ω, ω
′) + σxv (ω, ω′))

]
.

This cross section is averaged over chaotic molecular orientations in the gas phase exper-

iment, where χ = ∠(e,k′) is the angle between the polarisation vector of the incoming

photon and the momentum vector of the scattered photon. This angle χ is usually fixed to

0◦ or 90◦ in typical synchrotron measurements.

GS RIXS channel. In order to understand the formation of the region near the atomic-like

peak we first analyse the structure of the quasi-elastic RIXS which ends up in the ground

state (see Fig. 4.3). The quasi-elastic RIXS cross section has a long vibrational progression

corresponding to the stretching modes of the water molecule, as it was discussed already in

the previous Chapter 3. This vibrational progression reflects the transitions in the bound

molecule (so-called molecular band) in the region R1 ≤ 4.0 a.u. (see Fig. 4.1).

In contrast, the atomic-like peak near an energy loss of ω − ω′ ≈ 7.8 eV is formed by the

transition in the dissociative region of R1 ≥ 6.0 a.u., where the PES of the core-excited and

the ground state become parallel (see upper panel of Fig. 4.1). As it was mentioned above,

the decay transition is accompanied by the excitation of the OH mode in the fragment of

dissociation O∗H. This results in a peak width much larger than the lifetime broadening of

the core-excited state Γ = 0.08 eV. Another important result found in Paper III is the

crucial importance of the R-dependence of the transition dipole moment for the increase of

the atomic-like peak intensity. Indeed, in the Franck-Condon approximation the dependence
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Figure 4.3: 2D calculation of the RIXS cross section of H2O with polarisation dependence,

χ = ∠(e,k′). (a) Total RIXS cross sections for χ = 0◦ (black curve) and χ = 90◦ (red

curve). (b) Partial cross sections used to compute the total σ(ω, ω′), see eq. (4.3). The

excitation energy is tuned close to top of the XAS resonance, Ω = 0.05 eV. The energy loss

is ω − ω′.

of the transition dipole moment on the nuclear coordinate is neglected, dcg(R) ≡ dcg(R0) =

const, as it is illustrated by the black line in Fig. 4.2. One can see, that this approximation

is valid near the ground state equilibrium geometry, where dcg(R0) ≈ dzcg(R0), however it

is broken in the dissociation region where the z- and y-components of the transition dipole

moment are sufficiently larger than dzcg(R0). Our simulations explicitly take into account

the R−dependence of the transition dipole moment. This shows that the breakdown of

the Frank-Condon approximation results in an increase of the atomic-like peak intensity by

factor of 10 (Paper III). Due to this, the intensity of the atomic-like peak from the quasi-

elastic channel becomes comparable to the one of inelastic decay channel to the valence-

excited state, thus playing an important role in the formation of the total RIXS profile.

|1b−1
1 4a1

1〉 RIXS channel. Let us now discuss the formation of the RIXS profile of the

second decay channel |1s−1
O 4a1

1〉 → |1b−1
1 4a1

1〉, described by the σxv (ω, ω′) cross section shown

in the middle panel of Fig. 4.4. Similar to the quasi-elastic channel, the overall shape of this

cross section also consists of two parts: the molecular band (ω − ω′ ≈ 7.4 eV), formed by

the transition near the equilibrium and atomic-like peak (≈ 7.8 eV). However, the reason

for the atomic-like feature is very different. The upper panel of Fig. 4.1 shows the R-

dependence of the difference between the energies of the core- and valence-excited states

Uc − Uf (red line). One can see that the PESs of these states become parallel already near

the equilibrium geometry. This is very different from RIXS to the ground state, which PES
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Figure 4.4: The role of the isotope substitution on the partial and total RIXS cross sections

of atomic-like peak for the two scattering angles: χ = ∠(e,k′) = 00 and 900. Image taken

from Paper III.

becomes parallel to one of the core-excited state only in the dissociative region (see Uc−Ug,
black line) at R1 ≈ 6 a.u. Similar to the ground state RIXS channel, the atomic-like feature

is formed in the region where the potentials Uc and Uf are almost parallel. However, this

happens for the |1b−1
1 4a1

1〉 decay channel already near the equilibrium geometry, but not in

the region of dissociation. Therefore, it is natural to name this feature a pseudo-atomic

peak. The change in Uc − Uf (red line) between R1 = R0 and R1 ≈ 3 a.u., ∆ ≈ 0.45 eV

(Fig. 4.1), corresponds approximately to the energy splitting between the molecular band

and the atomic-like peak in RIXS on top of the resonance (see Fig. 4.3). It is worthwhile to

note, that this effect may also explain the double-peak |1b−1
1 4a1

1〉 structure in the pre-edge

RIXS from liquid water [22, 90], where this structure is formed near the equilibrium which

is almost insensitive to the hydrogen bond network.

Now we are able to discuss the dynamical role of isotope substitution in the water molecule

on the RIXS profile. Fig. 4.4 shows partial contributions σzg (a), σyg (b), and σxv (c), as well
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as the total RIXS cross section (4.3) at 0◦ (d) and 90◦ (e) geometries for the H2O, HDO,

and D2O molecules. From the comparison of the partial contribution intensities of the decay

channel to the ground and valence excited states, we can see that the quasi-elastic RIXS

channel to the ground state gives sufficient contribution and has to be taken into account

for the analysis of the ultra-fast dissociation dynamics. The comparison of the 0◦ and 90◦

shows very small anisotropy of the RIXS spectra at the atomic-like peak region.

Let us now look at the isotope substitution effect comparing the total RIXS profiles for

D2O, H2O and HDO. One can see that the intensity of the atomic peak ω − ω′ ≈ 7.8 eV

decreases when light hydrogen is substituted by heavy deuterium. The reason for this is

that the heavier atom propagates a shorter distance during the lifetime of the core-excited

state. Thus the probability of the decay in the molecular region is large, giving rise to the

molecular band at ≈ 7.4 eV, at the expense of the decrease of the decay probability in

the dissociative region, forming the atomic-like peak at ≈ 7.8 eV. The isotope substitution

effect is sharpest, when comparing the spectral profiles of the H2O and D2O molecules (black

and red lines). For the HDO molecule, the effect is intermediate, since in this case both

channels leading to OH and OD fragments contribute coherently to the spectrum. The fine

structure of the RIXS profiles for these three molecules is also different, since it is affected

by the different vibrational structures of D2O, H2O and HDO. Our simulation of the isotope

substitution effect is in good agreement with the corresponding experimental results [29].

To make the picture complete, we show in Fig. 4.5 the comparison of our simulations of

RIXS of H2O with the experiment for different excitation energies and χ = ∠(e,k′) = 0◦,

90◦. One can see a rather good agreement of our calculations with the experiment.
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Figure 4.5: Experimental (thin blue line) and theoretical (thick red line) RIXS spectra

in 2D model for χ = 900 and χ = 00. Partial contributions from the quasi-elastic channel

(thin black line) and inelastic channel to |1b−1
1 4a1

1〉 state (thin green line) are shown. The

experimental spectra are shifted horizontally for better visibility. Values of the detuning

from the top of the |1s−1
O 4a1

1〉 resonance (ω = 534.15 eV) are shown in the figure. The

experimental feature around 10 eV results from the scattering to the higher valence-excited

state |3a−1
1 4a1

1〉 [29], which is not considered in this work. Image taken from Paper III.
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Chapter 5

XAS and RIXS of the methanol

molecule

This chapter is devoted to the role of the nuclear dynamic properties on XAS and RIXS of

the multimode methanol molecule. Recently, a lot of attention is attracted to liquid phase

methanol, which structure is dominated by hydrogen-bond interaction [40–43], similar to the

water. In this context, a theoretical study of the gas phase methanol is of interest as a first

step to an accurate theoretical modelling of the liquid phase. From the experimental side,

the O1s X-ray absorption spectra of CH3OH was studied in Refs. [44–46, 91]. However,

mainly semi-empirical assignment of the O1s pre-edge XAS features was given [44–46],

except for the O1s XAS calculation based on the DFT approach [91]. So far, there was no

accurate and systematic theoretical study of the methanol molecule under core-excitation

with vibrational resolution.

Therefore, the goal of the work presented in this chapter is to shed light on the core-

excited states which form the pre-edge XAS of methanol, using high-level quantum-chemical

calculations. In addition, here we explore role of the nuclear dynamics on the XAS and RIXS

spectra of methanol (see Paper IV). The electronic structure calculations are followed by

quantum simulations of the nuclear degrees of freedom with the help of the combined time-

dependent wave packet and stationary FC amplitudes approach described in Sec. 2.3.3.
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5.1 Methanol molecule: vibrational and electronic struc-

ture

The methanol molecule in the ground state has Cs symmetry. The molecule consists of

N = 6 atoms providing 3N − 6 = 12 vibrational modes, which can be divided into two

symmetry subgroups, A′ and A′′ (see Table 5.1). We compare the normal mode frequencies

computed using DFT with the B3LYP hybrid functional [92] and the complete active space

method with second order perturbation theory correction (RASPT2) [64, 65]. The normal

coordinates was taken from the DFT calculations, since it provides better agreement with

the experimental vibrational frequencies (see Table 5.1). The vibrational structure of the

torsion mode (ν12) cannot be resolved by the present state X-ray spectrometers, due to its

low frequency (εν12 = 0.036 eV). Therefore, this soft mode is neglected in our calculations.

We have performed a scan of the PESs along the remaining 11 vibrational modes of the

ground and few low-lying core-excited states using the multi-configurational method. The

potential energy curves (PEC) along the A′ normal modes have been computed using the Cs

symmetry constrain. The symmetry plane for these modes aligns in the xy coordinate plane

(see insert to Fig. 5.1). The rest antisymmetric modes A′′ were treated with C1 symmetry.

The oscillatory strengths (fc0) and transition energies ωc0 at the equilibrium were computed

using three different methods (RASPT2, ADC(2)-x, TDDFT) as it described in detail in

Table 5.1: Experimental [93] and theoretical vibrational frequencies of methanol in the

ground electronic state.

Vibrational mode Sym. Exp., Theor. (DFT), Theor. (RASPT2),

cm−1 (eV) cm−1 (eV) cm−1 (eV)

Torsion ν12 A′ 295 (0.036) 296 (0.037) 301 (0.037)

CO stretching ν8 A′ 1033 (0.128) 1039 (0.129) 1060 (0.131)

CH3 rock ν7 A′ 1060 (0.131) 1076 (0.133) 1093 (0.136)

CH3 rock ν11 A′′ 1165 (0.144) 1170 (0.145) 1188 (0.147)

OH bending ν6 A′ 1345 (0.167) 1365 (0.169) 1375 (0.170)

CH3 s-deform. ν5 A′ 1455 (0.180) 1477 (0.183) 1492 (0.185)

CH bending ν10 A′′ 1465 (0.182) 1498 (0.186) 1523 (0.188)

CH bending ν4 A′ 1477 (0.183) 1508 (0.187) 1533 (0.190)

CH stretching ν3 A′ 2844 (0.353) 2994 (0.371) 3054 (0.378)

CH stretching ν9 A′′ 2960 (0.367) 3040 (0.377) 3131 (0.388)

CH3 d-stretching ν2 A′ 3000 (0.372) 3109 (0.385) 3189 (0.395)

OH stretching ν1 A′ 3681 (0.456) 3829 (0.475) 3874 (0.480)
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Figure 5.1: Natural orbitals of methanol molecule. Occupied orbitals are extracted from

the ground state multi-electron wave function. Unoccupied orbitals are extracted from the

corresponding state-specific RASSCF wave function. The insert shows the molecular frame

coordinates. Image taken from Paper IV.

Paper IV. Here we describe only the RASPT2 technique (see Table 5.2). The optimisation

of the multi-configurational wave function with the RASSCF method [71] followed by the

second-order perturbation theory (RASPT2) [66] has been performed using the MOLCAS

quantum chemical package (version 8.2) [94]. In order to compute highly excited valence and

Rydberg states with a good accuracy the ANO-RCC-VTZP [95] basis set was augmented

with a diffuse Rydberg basis set (4s4p2d) centered on the oxygen atom.

The ground state electronic configuration of methanol is O1s(1a′)2, (2a′)2, (3a′)2, (4a′)2,

(1a′′)2, (5a′)2, (6a′)2, (7a′)2, (2a′′)2. To visualise the electronic structure it is useful to

look at the natural orbitals (Fig. 5.1) which we computed using the RASSCF method. The

occupied natural orbitals were taken from the ground state calculation while the unoccupied

(in the ground state) orbitals φi were obtained from separate calculation for each core-excited

state |1s−1
O φ1

i 〉.

5.2 X-ray absorption spectrum of methanol

The experimental X-ray absorption spectra of the methanol molecule at O K-edge has four

well pronounced peaks (see Fig. 5.2). In the present study, we take into account excitation to

the six lowest core-excited states in order to reproduce the experimental XAS profile [45] in



58 Chapter 5 XAS and RIXS of the methanol molecule

the range of 534.0–537.5 eV. To understand the role of nuclear dynamics in X-ray absorption,

we compare the XAS cross-section calculated neglecting and taking into account the nuclear

degrees of freedom.

5.2.1 XAS neglecting nuclear dynamics

Let us start with the calculation of the XAS profile neglecting nuclear degrees of freedom

(Fig. 5.2(a)). The electronic XAS cross section shown in Fig. 5.2(a) is obtained using the

following equation (in SI units)

σ(ω) =
e2

2mecε0

∑
c

fcoΓ

(ω − ωc0)2 + Γ2
. (5.1)

The XAS spectrum displays resonance transitions from the O1s level to unoccupied or-

bitals 8a′, 9a′, 3a′′, 10a′, 11a′, 12a′ (the corresponding transition energies are in the Ta-

ble 5.2). In what follows, we use shorthand notations for the core-excited states, corre-

sponding to the single-excited determinant with the largest contribution to the particular

multi-configurational state:

8A′ = |1s−1
O 8a′〉, 9A′ = |1s−1

O 9a′〉, 3A′′ = |1s−1
O 3a′′〉, ... (5.2)

Let us now discuss the electronic XAS of methanol (Fig. 5.2(a)). As one can see, the exci-

tation energies obtained by the RASPT2 method reproduce with rather good accuracy the

relative peak positions in the experimental spectrum. The theoretical spectrum displays five

absorption peaks between 534.0–537.5 eV (the states 3A′′ and 10A′ are almost degenerated).

The corresponding transitions to unoccupied levels are characterised by the natural orbitals

shown in Fig. 5.1. However, the theoretical intensity distribution differs significantly from

the experimental one (see Fig. 5.2(a)). As one can see from the next section the reason for

this is the neglected nuclear degrees of freedom.

Table 5.2: Vertical transition energies (eV) (oscillatory strengths, f×103)) of core-excitation

from RASPT2 calculations.

8A′ 9A′ 3A′′ 10A′ 11A′ 12A′ 4A′′

535.04 536.59 537.10 537.11 537.62 537.85 538.02

(9.56) (2.83) (0.82) (1.51) (2.36) (4.46) (0.11)
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Figure 5.2: O 1s XAS cross section of gas-phase methanol computed using the RASPT2

method. (a) XAS neglecting the nuclear dynamics; the spectrum is obtained by the con-

volution with the lifetime broadening Γ=0.08 eV. (b) XAS profile computed taking into

account the nuclear dynamics. In panel (b) theoretical spectrum is shifted by ≈ −1 eV in

order to fit the experimental profile [45], shown by the dashed line. The colour scheme is

the same for both panels.

5.2.2 Role of vibrational dynamics on XAS formation

Let us turn our attention to the role of the nuclear motion which we took into account

using the mixed representation (see Sec. 2.3.3). Not all of the 12 vibrational modes of

methanol molecule, presented in Table 5.1, are active under core excitation. In order to

reduce computational costs only active modes were considered. The preselection of the

active modes was done by computing XAS for each of the 11 vibrational modes separately

by freezing the other modes. This analysis shows that only 6 vibrational modes are active in

the XAS. The PECs of the ground and core-excited states for each active mode are shown

in Fig. 5.3. In fact, only four modes are active for each core-excited electronic state. This

important observation justifies the use of the mixed 1D+3D model (see Sec. 2.3.3). Here,

the 1D time-dependent quantum wave packet method was applied for the description of the

dissociative (ν1) and quasi-dissociative (ν7, ν8) modes, while other modes were treated in

the stationary FC approach. Thus, the following sets of the 1D+3D combination for each

core-excited state were used in our simulations:

8A′ : 1D(ν1) + 3D(ν8, ν5, ν6)

9A′ : 1D(ν8) + 3D(ν7, ν5, ν6)

3A′′ : 1D(ν8) + 3D(ν7, ν5, ν6) (5.3)

10A′ : 1D(ν8) + 3D(ν7, ν5, ν6)

11A′ : 1D(ν7) + 3D(ν8, ν5, ν6)

12A′ : 1D(ν7) + 3D(ν8, ν5, ν6)
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Figure 5.3: PECs of the ground and low-lying core-excited states for the selected active

modes of methanol. Image taken from Paper IV.

The results of the simulation including the vibrational dynamics in the 1D+3D model are

depicted in Fig. 5.2(b). Comparison of the left and right panels in Fig. 5.2 shows the im-

portance of the vibrational structure in order to quantitatively reproduce the experimental

XAS profile. The main reason for this are the state-specific PECs (Fig. 5.3) yielding vi-

brational profiles which are different for each core-excited state, except for the 10A′, 11A′

and 12A′ states. For example, the first core-excited resonance 8A′ experiences the largest

broadening (full-width at half-maximum (FWHM)=1 eV) due to the dissociative character

of this core-excited state along the OH bond as one can see from Fig. 5.3. This large broad-

ening results in the suppression of the peak intensity of the 8A′ resonance as compared to

the higher excited states (Fig. 5.2(b)). Thus, the nuclear dynamics brings a better overall

agreement of the theoretical XAS profile with the experimental one.

5.3 Quasi-elastic RIXS from the methanol molecule

The nuclear dynamics accompanied by the core-excitation affects also the RIXS spectra.

Here we focus on the quasi-elastic RIXS channel – the scattering process back to the ground

electronic state. As it was already explained in Sec. 2.3.2, we call this channel “quasi-

elastic” since it is elastic in terms of the electronic transition, but inelastic in terms of the

vibrational excitation. The quasi-elastic scattering is a well-known tool in studies of nuclear

dynamics in the core-excited states and the ground state, as well as for the mapping of

the ground state potential in the wide energy range [96]. Similar to the XAS calculation,
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Figure 5.4: RIXS via |1s(−1)
O 9a′〉 core-excited state. The excitation energy is tuned to the

top of the XAS profile ω = ωtop. The assignment of the major vibrational contributions is

presented in the lower panel. Image taken from Paper IV.

our RIXS simulations are performed within the 1D+3D model outlined in Sec. 2.3.3 for

the vibrational modes selected in eq. (5.3) and using the PECs shown in Fig. 5.3. In the

following sections, we focus on the RIXS via the two lowest core-excited states 8A′ and 9A′.

The main difference between these two RIXS processes is the PEC along the ν1 mode in

the core-excited state: the OH bond is breaking in the dissociative 8A′ core-excited state,

while the higher 9A′ core-excited state is bound (Fig. 5.3).

5.3.1 RIXS via the 9A′ (|1s−1O 9a′1〉) bound state

In the |1s−1
O 9a′1〉 core-excited state the PESs of all active modes (ν5, ν6, ν7, ν8) preserve the

bound character (Fig. 5.3). The high-frequency OH stretching mode ω1 = 0.456 eV is not

active for this scattering channel and only low-frequency modes with rather close frequencies

(ω5 = 0.180 eV, ω6 = 0.167 eV, ω7 = 0.131 eV, ω8 = 0.128 eV) are excited. One can notice

that the PEC of the ν8 mode (see red curve at Fig. 5.3) has a double-well, quasi-dissociative,

shape. Due to this, the mode ν8 is described using a time-dependent wave-packet method

in our 1D+3D approach. The RIXS profile of this channel (Fig. 5.4) has a rather short
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vibrational progression which is however complicated due to the overlap of the vibrational

progressions with nearly identical frequencies and their overtones. Nevertheless, we were

able to perform a full and accurate assignment of the RIXS vibrational profile with the help

of the frequency analysis. For brevity of notation we characterise the vector of the quantum

numbers of final active vibrational states (nν8 , nν7 , nν6 , nν5) by number n as it is shown in

Fig. 5.4. One can see that the RIXS spectrum in the energy range 0–0,4 eV is formed

preferentially by excitation of the pure ν8 (nν8 , 0, 0, 0) and ν5 (0, 0, 0, nν5) vibrations and

their overtones. The RIXS tail with weak modulation at ω − ω′ > 0.6 eV is formed by the

transitions to the region with high density of vibrational states, which makes the spectral

assignment difficult.

5.3.2 RIXS via the dissociative 8A′ (|1s−1O 8a′1〉) core-excited state

When the photon frequency is tuned near the first core-excited state 8A′ the molecule

undergoes ultra-fast dissociation along the OH bond (see Fig. 5.3)

ω + CH3OH→ CH3O∗ + H→ ω′ + CH3O + H (5.4)

yielding a core-excited methoxy radical CH3O∗. Due to this, we describe the core-excited

dynamic on a dissociative PEC of the OH stretching mode ν1 (see black curve in Fig. 5.3)

using the time-dependent wave packet approach in the 1D+3D model. The nuclear wave

packet propagates far away from the equilibrium along the OH bond during the lifetime

of the core-excited state. This results in a high excitation of the ν1 mode in the RIXS

spectra, shown in Fig. 5.5. The long ν1 vibrational progression with a spacing of about

0.5 eV creates the skeleton of the RIXS spectrum. One can see that each resonance of the

OH stretching progression is ”dressed” by the overtones related to simultaneous excitation

of other vibrational modes with lower frequencies (see Table 5.1). The full assignment

of the vibrational resonances is shown in the lower panel of Fig. 5.5 using the number

n = (nν1 , nν8 , nν6 , nν5) similar to Sec. 5.3.1.

The ultra-fast OH dissociation in the core-excited state results in appearance of the so-

called atomic-like peak [32] which is seen near an energy loss of ω − ω′ = 8 eV (Fig. 5.5,

top panel). Contrary to diatomic molecules [19, 97], the atomic-like peak in methanol is

formed by the decay transitions in the CH3O∗ fragment of the dissociation. Due to this,

the atomic-like peak is significantly wider than the lifetime broadening of the core-excited

state Γ = 0.08 eV because of the vibrational structure of the methoxy radical.

It is worthwhile to mention that the PES of the first valence-excited state |2a′′−18a′1〉 is

dissociative and converges to the same dissociative limit as the ground state: the ground
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Figure 5.5: RIXS spectra via the dissociative 8A′ core-excited state. The excitation energy

is tuned to the top of the XAS profile ω = ωtop. The lower panel shows zoom of the 0–1 eV

energy range with the assignment of vibrational resonances giving the main contribution to

the RIXS spectrum. Image taken from Paper IV.

state X2E of the methoxy radical CH3O· is double degenerated. Due to this, the atomic-

like peak in RIXS is formed by the contributions from both quasi-elastic and inelastic

|2a′′−18a′1〉 decay channels (see Paper IV for more details). This situation is very similar

to the formation of the atomic-like peak in water molecule (Paper III).

5.3.3 Control of the nuclear dynamics in the dissociative state via

detuning from the resonance

Fig. 5.6 shows the RIXS spectra via the 8A′ core-excited state computed for several negative

values of the detuning Ω = ω−ωtop from the maximum of the XAS peak. In order to discuss

the Ω-dependence of RIXS, it is important to remind that the RIXS profile can be controlled

by the variable scattering duration time [19, 34], introduced in eq. (3.42). The scattering

duration time is maximal at Ω = 0, where τs = Γ−1, while it becomes shorter when |Ω|
increases. Thus, the change of the detuning can be used as a tool to control the nuclear

dynamics in the core-excited state and, hence, the RIXS profile. Here, we will focus on
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Figure 5.6: Dependence of the RIXS spectra on the detuning Ω = ω−ωtop from the top of

the first core-excited state 8A′ XAS profile. Image taken from Paper IV.

the three main features in the RIXS spectrum via the 8A′ state related to the scattering

duration.

The first consequence of increasing |Ω| is the gradual quenching of the atomic-like peak (see

Fig. 5.6). Indeed, the intensity of this peak drops down sufficiently already at Ω = −0.5 eV.

At higher detuning (Ω = −0.75,−1 eV) the atomic-like peak is almost absent. This is the

effect of the shortening of the scattering time: The core-excited wave-packet has no time

to propagate to the dissociation region. One can also see the second consequence of the

shortening of τs. The vibrational progression collapses [98] to a single resonance ω− ω′ = 0

when |Ω| becomes large.

Another dynamical effect related to the scattering duration is a “purification” of the RIXS

spectra. This effect is revealed as a gradual quenching of the soft modes. Indeed, the RIXS

spectrum starting from Ω = −0.75 eV (Fig. 5.6) displays mainly the high frequency ν1

mode, while the overtones caused by soft modes are almost quenched. This effect is also

explained by the scattering duration time concept. Indeed, the soft vibrational modes with

the vibrational period Tvib are suppressed faster than the high frequency ν1 mode because

these soft modes have no time to perform oscillations during short τs

τs =
1

|Ω|
< Tvib =

2π

ωvib
. (5.5)



Chapter 6

Summary of results

� We developed theory for IR pump X-ray probe spectroscopy and applied it for studies

of the H2O and HDO molecules.

� The XAS and RIXS profiles of vibrationally excited water molecule are sensitive to

the shape of initial vibrational wave function (reflection principle) and are formed

according to symmetry selection rule and propensity rules. This make it possible to

study different vibrational progressions by varying the symmetry of the initial wave

function.

� By means of XAS in the Raman mode it is possible to separate the X-ray absorption

profiles from different initial vibrational states.

� It is shown that the vibrations are localised in the core-excited bound 2b2 state of the

HDO molecule, contrary to the ground state.

� It is demonstrated that the collapse of the wave function is not instantaneous but

takes time. The dynamics of the wave function collapse was illustrated for the XAS

and RIXS spectra of the HDO molecule.

� We suggested two ways to observe the dynamics of the nuclear wave function collapse

experimentally: 1) making use of short X-ray pulses of variable duration; 2) varying the

effective scattering duration by the excitation energy in experiments with continuous-

wave X-ray fields.

� Our theoretical simulations evidence the dynamical origin of the splitting of the

|1b−1
1 4a1

1〉 RIXS resonance in the H2O, HDO and D2O molecules showing close ly-

ing ”quasi-atomic” and molecular peaks, which is supported also by the sensitivity of

the shape of the |1b−1
1 4a1

1〉 peak to isotope substitution.
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� The theoretical modelling shows that the formation of the atomic-like peak in RIXS

via the 4a1 core-excited state is due to two scattering channels leading to the ground

and dissociative valence-excited |1b−1
1 4a1

1〉 states. The theoretical scattering anisotropy

is in good agreement with experimental measurements for ∠(e,k′) = 0◦, 90◦.

� The results of our computation of the XAS of the methanol molecule are in good

agreement with experiment.

� It is shown that the nuclear dynamics is crucial for explaining the experimental XAS

spectra of methanol.

� We have found that among twelve vibrational modes of methanol only five modes are

active in the XAS and RIXS spectra.

� The RIXS spectra via the 8A′ dissociative core-excited state of methanol is formed

mainly by the OH vibrational progression with a small contribution of the CH3 s-

deformation and CO stretching modes.

� The “skeleton” of RIXS via the 9A′ bound core-excited state of methanol consists of

CO stretching and CH3 s-deformation modes.



Bibliography
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V. Kimberg, and A. Föhlisch, Nat. Commun. 8, 14165 (2017).

[32] V. Vaz da Cruz, E. Ertan, R. C. Couto, S. Eckert, M. Fondell, M. Dantz, B. Kennedy,

T. Schmitt, A. Pietzsch, F. F. Guimaraes, H. Agren, F. Gel’mukhanov, M. Odelius,

A. Fohlisch, and V. Kimberg, Phys. Chem. Chem. Phys. 19, 19573 (2017).

[33] N. Ignatova, V. V. da Cruz, R. C. Couto, E. Ertan, M. Odelius, H. Ågren, F. F.
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H. Ågren, Phys. Rev. A 71, 043407 (2005).
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