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Sammanfattning
Kondenserade materiens fysik är den mikroskopiska läran om materia i kondenserad form, såsom fasta och flytande material. Egenskaperna hos fasta material
uppstår som en följd av samverkan av ett mycket stort antal atomkärnor och elektroner. Utgångspunkten för modellering från första-principer av kondenserad materia är Schrödingerekvationen. Denna kvantmekaniska ekvation beskriver dynamik
och egentillstånd för atomkärnor och elektroner. Då antalet partiklar i en solid är
mycket stort, av storleksordningen 1026 , är en direkt behandling av mångpartikelproblemet ej möjlig. Kännedom om enskilda elektroners tillstånd har vanligen liten
relevans då det är det kollektiva beteendet av elektroner och atomkärnor som ger
upphov till en solids makroskopiska och termodynamiska egenskaper.
Det kanske enklaste sättet att beskriva elektrontillstånd i en solid utgår från
att vi kan beakta N antal icke växelverkande elektroner i en volym V . För en
enskild elektron i en potential följer av Schrödingerekvationen att ett antal diskreta
energitillstånd finns tillgängliga medan det för det termodynamiskt stora antalet
elektroner i en solid finns ett kontinuum av energitillstånd i form av bandstruktur.
Centrala begrepp är Ferminivån vilken är den energinivå till vilken elektrontillstånd
finns ockuperade, samt Fermiytan vilken är den sfär i reciproka rymden inom vilken
de ockuperade tillstånden befinner sig.
I ett riktigt material växelverkar elektronerna och teorin för icke växelverkande
partiklar behöver kompletteras. Ett viktigt steg i den riktningen togs av Lev
Landau som formulerade teorin för Fermivätskor. Enligt denna teori kan lågenergiexcitationerna hos ett oändligt stort antal växelverkande fermioner fortfarande
beskrivas av ett oändligt stort antal icke växelverkande fermioner. Dessa icke
växelverkande partiklarna skiljer sig något från de ursprungliga elektronerna och
benämns därför kvasipartiklar, ett koncept som äger stor tillämpbarhet för modellering och beskrivning av flertalet vanliga metaller.
Fermiytan för ett d-dimensionellt material är en d − 1-dimensionell mångfald
vars topologi utgör en begränsning för kvasipartiklarnas spektrum, vilket för många
solider kan beskrivas av en Schrödingerekvation för en elektron med effektiv massa,
avvikande från elektronmassan för en fri elektron, i en effektiv potential.
År 2004 gjorde Andre Geim och Konstantin Novoselov upptäckten att det går
att framställa mycket tunna filmer av kol på ett förbluffande enkelt sätt. En bit
vanlig kontorstejp fästs på kolmaterialet grafit, och då tejpen avlägsnas exfolieras
ett monoatomärt lager med kol. Detta material kom att benämnas grafen och
besitter en rad intressanta elektriska och mekaniska egenskaper, däribland kvasipartiklar med linjär dispersion. Till skillnad från de kvasipartiklar som beskrivs av
Schrödingerekvationen kan den linjära dispersionen modelleras som lösningen till
en Diracekvation i vilken ljushastigheten i detta sammanhang ersätts med Fermihastigheten som i grafen antar värden av storleksordning 106 meter per sekund. Den
karakteristiska egenskapen hos ett Diracmaterial är att noderna hos dess spektrum
skyddas av olika slags symmetri, till exempel för grafen i form av tidsreversionsoch inversionssymmetri.
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För fermioner gäller Fermi-Dirac-statistik och Pauli-principen som uttrycker att
ett enskilt fermiontillstånd endast kan vara ockuperat av noll eller en fermion, till
skillnad från bosoner vars tillstånd kan besättas av i princip godtyckligt många
partiklar. Ett extremfall är så kallade Bose-Einstein-kondensat i vilket en mycket stor mängd bosoner kondenserar till ett och samma kvanttillstånd. I en enpartikelbeskrivning av Diracliknande kvasipartiklar är statistiken av underordnad
betydelse och vi kan därmed förvänta oss att det utöver fermioniska Dirackvasipartiklar även kan finnas bosoniska Dirackvasipartiklar.
Temat för denna avhandling är att studera egenskaper hos fermioniska och
bosoniska kvasipartiklar med Diracdispersion. Jag har studerat hur bosoniska
kvasipartiklar kan förekomma i en bikakestruktur av supraledande öar, samt i den
ferromagnetiska isolatorn CrBr3 . För det senare materialet har jag analyserat hur
yttillstånd kan uppstå i ett bosoniskt Diracmaterial, och hur dessa tillstånd skiljer
sig från bulktillstånden. Avvikelser från effektiv enpartikelbeskrivning är temat för
mina studier på växelverkande Diracmaterial, projekt inom vilka jag har undersökt hur Coulomb-, Hubbard- och Heisenbergväxelverkan samt elektromagnetisk
dipolväxelverkan påverkar spektra och tillståndstätheter hos Diracmaterial.

I take this opportunity to dedicate my thesis to my mother and father. I would
not have come this far in my life without their continuous support throughout my
life.
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Abstract
The discovery of graphene in 2004 has led to a surge of activities focused
on the theoretical and experimental studies of materials hosting linearly dispersive quasiparticles during the last decade. Rapid expansion in the list of
materials having similar properties to graphene has led to the emergence of a
new class of materials known as the Dirac materials. The low energy quasiparticles in this class of materials are described by a Dirac-like equation in
contrast to the Schrödinger equation which governs the low energy dynamics
in any conventional materials such as metals. The Dirac fermions, as we call
these low-energy quasiparticles, in a wide range of materials ranging from the
d-wave superconductors, graphene to the surface states of topological insulators share the common property. The particles move around as if they have
lost their mass. This feature results in a completely new set of physical effects consisting of various transport and thermodynamic quantities, that are
absent in conventional metals.
This thesis is devoted to studying the properties of bosonic analogs of the
commonly known Dirac materials [1, 2] where the quasiparticle are fermionic.
In chapter one, we discuss the microscopic origin of the Dirac equation in
several fermionic and bosonic systems. We observe identical features of the
Dirac materials with quasiparticles of either statistics when the interparticle
interaction is absent. Dirac materials with both types of quasiparticles possess
the nodal excitations that are described by an effective Dirac-like equation.
The possible physical effects due to the linear dispersions in fermionic and
bosonic Dirac materials are also outlined.
In chapter two, we propose a system of superconducting grains arranged
in honeycomb lattice as a realization for Bosonic Dirac Materials (BDM). The
underlying microscopic dynamics, which give rise to the emergence of Dirac
structure in the spectrum of the collective phase oscillations, is discussed in
detail. Similarities and differences of BDM systems to the conventional Dirac
materials with fermionic quasiparticles are also mentioned.
Chapter three is dedicated to the detailed analysis of the interaction effects on the stability and renormalization of the conical Dirac band structure.
We find that the type of interaction dictates the possible fate of renormalized Dirac cone in both fermionic and bosonic Dirac materials. We study
interaction effects in four different individual systems : (a) Dirac fermions in
graphene interacting via Coulomb interactions, (b) Dirac fermions subjected
to an onsite Hubbard repulsion, (c) Coulomb repulsion in charged Cooper
pairs in honeycomb lattice and (d) Dirac magnons interacting via Heisenberg
exchange interaction. The possibility of interaction induced gap opening at
the Dirac nodal point described is also discussed in these cases.
Chapter four mainly concerns the study of a related topic of the synthetic
gauge fields. We discuss the possibility of Landau quantization in neutral
particles. Possible experimental evidence in toroidal cold atomic traps is
also mentioned. A connection to Landau levels in case of magnons is also
described. We finally conclude our thesis in chapter five and discuss the
possible future directions that can be taken as an extension for our works in
interacting Dirac materials.
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Chapter 1

Introduction
Predicting and analyzing new phases of matter is at the heart of studying the
physics of condensed matter. Following Landau’s fundamental work, it is accepted
that a phase of matter is characterized by a specific order parameter. Nature
provides us with different material realizations which exist in diverse phases. One
of the most common examples in this respect is water. At typical temperatures and
pressures (viz. at a temperature of 300 K and pressure of 1 Bar) water is liquid.
However, it becomes solid (i.e. ice) if its temperature is lowered below 273 K and
gaseous if the temperature is raised above 373 K at the same pressure. In general,
matter can broadly exist in four phases - solid, liquid, gas, and plasma. There are
few other extreme phases like critical fluids and degenerate gases. Generally, as a
solid is heated, it will change to a liquid form, and will eventually become a gas.
The gaseous phase, if heated to extremely high temperatures (and low pressure)
eventually transforms into a plasma state.
A major part of condensed matter physics is concerned with the study of these
different phases of matter, while in general the understanding of solid materials
is conventionally called the solid-state physics. Solid materials are formed from
densely packed interacting atoms. These atomic interactions produce versatile
elastic, thermal, electrical, magnetic and optical properties of solids. In condensed
matter physics one studies the large-scale properties of a thermodynamic number of
atoms that emerge out of their atomic-scale behavior. The atomic properties, like
the dynamics of a single electron, can be described by quantum mechanics, more
specifically the Schrödinger equation. However, in a typical solid there is an almost
infinite number (approximately 1026 ) of electrons that interact with the underlying
lattice and with each other. It is impossible to solve the Schrödinger equation with
such a huge number of degrees of freedom, even with any of the available supercomputers. On the other hand, we do not have to know the dynamics of all the
individual electrons. The thermodynamical properties of a material do not depend
on the properties of a single electron, rather they are the outcome of a collective
behavior of all the constituent entities forming the solid.
1
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Fermi Surafce

(a)

, (b)

Figure 1.1: The Fermi surface of a three-dimensional metal is shown as the spherical surface
in three-dimensional momentum space. The Fermi momentum kF is the highest momentum
available for the electrons at zero temperature. Real materials, such as Cu, might have a different
shape for the Fermi surface in comparison to the ideal sphere. (b) Copper Fermi surface and
electron momentum density in the reduced zone scheme measured with two-dimensional Angular
Correlation of Electron Positron Annihilation Radiation. Photo courtesy Wikipedia and Weber
et. al. [6]

This raises the question of how one can describe such a complicated system. In
the simplest approximation, we assume that there are N non-interacting electrons
in a crystalline solid of volume V . A single particle subjected to a potential has a set
of energy levels that can be derived by solving the associated quantum mechanical
Schrödinger equation [3]. For example, an electron in a harmonic oscillator potential
has quantized energy levels. Atomic cores in a crystalline solid produce a periodic
potential for the electrons. Each electron in this periodic potential acquires its
own discrete energy levels. All the available energy states for the thermodynamic
number of electrons form energy bands, labeled by momentum, instead of having
discrete energies. This is known as the band structure which is described within the
framework of band theory of solids [4, 5]. Electrons are fermions and therefore obey
the Pauli exclusion principle. Consequently, when filling up the available energy
bands, the set of states with maximum electron momentum forms a hypersurface,
known as the Fermi surface. A “Fermi–Sphere"/"Surface", (shown in Fig. 1.1 (a))
which in the simplest case makes a sphere, in general, can have a rather complicated
shape depending on available electron density as shown in Fig. 1.1 (b).
In real materials, the electrons do interact and the non-interacting approximation does not hold anymore. Hence, a natural question arises how to describe such
a system. Landau came up with an idea for the description of the electrons in
real solids. According to his famous Fermi liquid theory [7]: an infinitely large
number of strongly interacting particles can be described in terms of an equally
infinite number of weakly interacting quasiparticles with renormalized parameters
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such as mass. Within Fermi liquid theory [7], the interacting electrons in solids are
described by low energy quasiparticle excitations around the Fermi surface. For
example, the low-energy quasiparticles can be seen from the density plot (in red) of
electrons around the Cu Fermi surface in Fig. 1.1 (b). The quasiparticles possess a
spectrum dictated by the topology of the Fermi surface. Mathematically, the Fermi
surface for a d-dimensional material is a d − 1-dimensional manifold in momentum
space. For example, the low energy quasiparticles in three dimensional real solids
around the spherical surface shown in Fig. 1.1 (a), are described by a Schrödinger
equation as
H=−

~2 2
∇ + V (r),
2m∗

(1.1)

where m∗ is the effective mass of the electrons and V (r) is assumed to be an
external potential. An electronic excitation around the Fermi surface will give rise
to a "hole" like excitation inside the Fermi sphere. In conventional materials, both
the electron and the hole excitations are described by a Schrödinger equation. The
effective mass of the electrons and the holes can be different. In the absence of any
external potential the Hamiltonian in Eq. (1.1) produces a parabolic spectrum,
whose curvature is dictated by the effective mass m∗ . In the low-density limit, we
can apply the simple noninteracting quasiparticle approximation. The Hamiltonian
in Eq. (1.1) explains the behavior of various thermodynamical observables to a very
good degree of accuracy at room temperature. For example, the specific heat of
the electron gas follows from this approximation as [4]
cV =

π2
(kB T )2 g(EF ),
3

(1.2)

where g(EF ) is the electronic density of states at the Fermi energy EF . Similarly,
the Drude model provides a realistic estimate of the electrical and thermal conductivity [4]. However, many other interesting metallic properties like Hall coefficient,
magneto-resistance, AC conductivity etc. can be explained only if the interactions
between the electrons are taken into account. More intricate phases like superconductivity cannot be explained without taking into account the interaction between
the electrons and other degrees of freedom such as quantized modes of atomic vibrations. Other interesting features in real materials are the effects of disorder
which lead to the localization [8] of otherwise mobile electrons. Describing the interplay between disorder and interactions is one of the great challenges in modern
condensed matter physics.
In this thesis, we study the effect of quasiparticle interactions in a relatively new
class of condensed matter system commonly known as Dirac materials [1]. One of
the primary motivations for this work is to extend the concept of fermionic Dirac
materials (DM) to include quasiparticles of bosonic nature and explore the effects
of interactions on their physical properties.

4
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1.1

Dirac materials

In this section, we discuss physics of Dirac materials which became popular over
the last decade. The rapid expansion in the list of materials with Dirac fermion
low-energy excitations [9], with examples ranging from the superfluid-A phase of
3
He [10], d-wave superconductors [11] and graphene [12, 13] to the surface states of
topological insulators [14, 15] has led to its emergence. Dirac systems are very distinct from conventional metals and doped semiconductors because of the presence
of symmetry protected nodal points in their quasiparticle spectra. This difference
can be understood if one considers the density of states for the quasiparticles at
the Fermi energy. In three-dimensional metallic systems, the density of states is
constant at the Fermi energy whereas in insulator it is zero if the chemical potential
is inside the gap. In contrast, the quasiparticle density of states in a d-dimensional
Dirac material scales as |ε|d−1 . Specifically, in two-dimensional Dirac materials,
the density of states vanishes linearly as one approaches the Fermi surface. Therefore, these materials are often referred to as semi-metals. The most important
feature of the Dirac materials is their low-energy pseudo-relativistic fermions. The
diverse distinctions between relativistic and non-relativistic behavior that are often
discussed in the framework of high-energy physics are closely related, and most
importantly directly observable in various tabletop experiments. The presence of
a node in the excitation spectrum of this new class of materials controls their low
energy properties. Some of these universal physical properties that are absent in
conventional metals or doped semiconductors are listed below,
√
• the quasiparticle Landau levels scale with the magnetic field as B [16];
• the electrical conductivity scales as T d−2 for a d-dimensional Dirac material [16];
• suppressed backscattering of the quasiparticles due to the presence of impurities [1];
• Klein tunneling of the Dirac quasiparticles through a potential barrier [17];
• identical response of local impurities in the form of localized resonances [1].
A characteristic feature of Dirac materials is that the nodes in their spectra are
protected by different symmetries. For example, the nodal points in the graphene
spectrum are protected by time-reversal and inversion symmetry [16] while in the
topological insulators the Dirac surface states are protected by time-reversal symmetry [14]. In contrast to the quasiparticles described by a Schrödinger equation in
conventional metals, the dynamics of low-energy fermionic quasiparticles in Dirac
materials is governed by a Dirac-like Hamiltonian [9] with the "speed of light" c being replaced by the Fermi velocity vD . In two spatial dimensions, the Hamiltonian
has the following form
H = vD σ · p + m 0 σ z ,
(1.3)

1.1. DIRAC MATERIALS
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Figure 1.2: Left: The linear dispersion of the quasiparticles in Dirac materials in the absence of
mass term m0 in Eq. (1.3). Right: The conical dispersion realizes a gap (massive Dirac) when
the symmetry protecting the states is broken either by impurities or doping in the material.

where in Eq. (1.3), m0 is the mass of the quasiparticles and σ = (σx , σy ) are the
Pauli matrices. In the absence of the mass term m0 → 0, there is no gap in the
quasiparticle spectrum. The resulting Dirac dispersion is shown in the left panel
of Fig. 1.2 . The linear dispersion of the quasiparticles in Dirac matter is in stark
contrast with the parabolic dispersion in conventional metals. The Dirac particles and holes are also interconnected because of the structure in Eq. (1.3) and
they have the same mass. The presence of a nodal point in the spectrum can be
mathematically explained by analyzing the topology of the Fermi surface. In a typical d-dimensional Dirac material, the Fermi surface becomes a lower dimensional
(d − 2 or d − 3) manifold due to the additional symmetries as mentioned earlier.
For example, in two-dimensional graphene, the Fermi surface is a point object and
is protected by time-reversal and inversion symmetry. As a result, the low energy
quasiparticles in graphene are described by a pseudo-relativistic equation and show
a linear dispersion with a Fermi velocity vD .
So far we mentioned several examples of systems where the effective low-energy
fermionic quasiparticles are described by the Dirac equation. This fact naturally
raises an interesting question of whether there is evidence of bosonic quasiparticles/excitations that obey a similar Dirac-like equation. The work presented in this
thesis [18, 19, 20] along with a growing list of many other realizations containing
bosonic excitations with nodal spectrum, provide a positive answer to this question.
Consequently, Dirac matter as a category can be divided into two types based on
the statistics of the underlying excitations: (a) Fermionic Dirac matter and (b)

6
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Bosonic Dirac matter. In the following sections, we explain the microscopic origin
of Dirac excitations by selecting paradigmatic representatives from each type mentioned in (a) and (b). We show that in the single particle description, the Fermionic
and Bosonic Dirac matter provide similar band structures.

1.2

Fermionic Dirac Matter: Graphene

Figure 1.3: Left: The two-dimensional honeycomb lattice of carbon atoms which are building
blocks of graphene. The red and blue sites form two triangular lattices. The Brillouin zone of the
lattice is shown to the right.

Graphene is the best-known example of a two-dimensional Dirac material. The
last decade has seen an enormous amount of theoretical and experimental studies
of this two-dimensional material. It is made out of carbon atoms arranged on a
honeycomb lattice. See Fig. 1.3. A honeycomb lattice is composed of two interpenetrating triangular lattices with a basis of two atoms per the unit cell. The
lattice vectors are given by τ1 and τ2
√ 
a √ 
a
τ1 =
; τ2 =
(1.4)
3, 3
3, − 3 ,
2
2
where a ≈ 1.42Å [16] is the lattice constant, the distance between two neighboring
carbon atoms. The reciprocal lattice vectors for the honeycomb lattice are given
by
√ 
√ 
2π 
2π 
1, 3
; b2 =
1, − 3 .
(1.5)
b1 =
3a
3a
The three nearest neighbor vectors in the graphene lattice are
√ 
√ 
a
a
δ1 =
1 , 3 , δ2 =
1 , − 3 , δ3 = −a (1 , 0) .
(1.6)
2
2

1.2. FERMIONIC DIRAC MATTER: GRAPHENE
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Figure 1.4: Left: The spectrum for quasiparticles in graphene in the first Brillouin zone. The
low-energy linear dispersion around the corners of the Brillouin zone is shown to the right.

To understand the electronic properties of graphene, we recall that a single
carbon atom has the electronic structure 1s2 2s2 2p2 with four valence electrons. The
sp2 hybridization between one s-orbital and two p-orbitals leads to a trigonal planar
structure with the formation of a σ-bond between the carbon atoms. The highenergy σ-bond is responsible for the robustness of the lattice structure. Due to the
Pauli exclusion principle [21], these bands have a filled shell and do not contribute
to the conduction of electrons, whereas the pz -orbital, which is perpendicular to
the lattice plane, forms covalent bonding with neighboring carbon atoms leading to
the formation of a π-band. Since each p-orbital has one extra electron, the π-band
is half-filled. These electrons can hop between the nearest neighbor lattice sites.
We write a simple tight-binding Hamiltonian for the hopping of the electrons as
follows

X  †
H = −t
ai,σ bj,σ + h.c ,
(1.7)
hiji,σ

where hiji denotes nearest neighbor indices and σ is the spin of the electron. t ≈
2.8eV [16] is the strength of the hopping amplitude for the electrons. The creation
and annihilation operators a†i,σ , bj,σ correspond to the two sublattice degrees of
freedom in the honeycomb structure (see Fig. 1.3). The energy bands are obtained
by diagonalizing the Hamiltonian
ε± (k) = ±t|γk |,

(1.8)

where γk = j eik·δj is the structure factor for the honeycomb lattice. The plus
sign applies to the upper (π) band whereas the minus sign to the lower band (π ∗ ).
P
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The quasiparticle spectrum is shown in Fig. 1.4. The Dirac points are identified as
the corners of the hexagonal Brillouin zone and are denoted by K and K 0 points.
The positions of these two inequivalent Dirac points in reciprocal space are given
by,




2π
2π
2π
2π
0
, √
, K =
, − √
(1.9)
K=
3a 3 3a
3a
3 3a
The low-energy linear dispersion near the Dirac crossing point is shown in Fig.
1.4. Expanding the dispersion (see Eq. (1.8)) near one of the Dirac points (the
expansion is performed around K), we obtain
ε± (K + q) = ±vD |q|

(1.10)

3t
where vD = 2a
is the Fermi velocity. Henceforth, we call the Fermi velocity as
the Dirac velocity. The value of vD is of the order of 106 m/s if the experimentally
known values for the lattice constant a and the hopping energy t are used and was
first obtained by Wallace [22]. In graphene, therefore the quasiparticles behave
as massless relativistic particles with an effective velocity about 300 times smaller
than the speed of light c. This fact provides a natural platform to realize various
relativistic effects in a tabletop set-up. As already mentioned at the beginning of
this section, graphene being an example of a Dirac material, shows many interesting
physical properties ranging from Klein tunneling [1] to the presence of zero-energy
Landau levels.

1.3

Bosonic Dirac Matter: Honeycomb ferromagnet

In the previous section, we analyzed the microscopic origin of the Dirac spectrum
in graphene. In that case, the quasiparticles are fermionic and tuning of the chemical potential provides a natural way to utilize the linear spectrum. In undoped
graphene, the chemical potential is at zero energy and hence the excitations are
populated near the Dirac crossing points (see Eq. (1.10)). However, the situation
is more complicated when we focus on the bosonic counterpart of Dirac materials.
In thermal equilibrium, bosonic quasiparticles do not have any chemical potential.
Therefore, the effects of bosonic Dirac quasiparticles, which populate the high energy part of the spectrum, on any physical observables are negligible. In general,
the low energy bosons take part in any physical process. Finding a way to populate
the bosons at the Dirac energy in bosonic Dirac Materials is a challenge. We will
clarify this situation as we explain the emergence of the bosonic Dirac spectrum in
this section.
The presence of a Dirac node in graphene is a consequence of the underlying nonBravais lattice structure. Two sublattices in the unit cell give rise to two different
flavors of the otherwise identical carbon atoms shown in red and blue spheres in Fig.
1.4. Motivated by this fact, one can naturally ask whether the bosonic quasiparticles
arranged in a honeycomb lattice, with an appropriate nearest neighbor hopping,
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would give rise to a similar Dirac spectrum? Our studies [18, 19, 20] included in
this thesis address this question.

(a)

(b)

Figure 1.5: (a) A-B stacked crystal structure of the ferromagnetic insulator CrBr3 . The
chromium spins are arranged in a honeycomb lattice. In each layer, the Cr3+ spins are weakly
coupled by Van der Waals interaction. (b) The Cr3+ spins arranged on the sites of a honeycomb
lattice with spin S = 23 . The three nearest neighbor vectors ci are shown in red arrows.

In this section, we focus on the prototypical ferromagnetic insulators CrX3 (X =
Cl, Br, I) which naturally offer the necessary playground for non-Bravais magnetic
lattice materials. In Fig. 1.5, we show the crystal structure of CrBr3 which is
a Heisenberg ferromagnet with a Curie temperature of 32.5 K [23]. Readers who
are interested in studying the electronic properties of this material can consult
the recent paper by Wang [24]. The Cr3+ ions (with an effective spin of 3/2) are
arranged in a honeycomb lattice in each layer whereas the individual layers are
weakly coupled via Van der Waals interaction. Recently, there has been a rapid
growth of interest in Van der Waals-bonded honeycomb layered materials because
of their intrinsic ferromagnetic phase as reported for CrI3 [25]. Motivated by this
recent discovery, we continue our analysis on a single layer of interacting chromium
spins via Heisenberg exchange. We write the Hamiltonian as
X
H = −J
Si · Sj ,
(1.11)
hiji

where J ≈ 0.7 meV [25] is the coupling constant between the two nearest neighbor
spins. At this point, we do not discuss the implications of the Mermin-Wagner theorem which forbids a true long-range ferromagnetic order in two dimensions. Instead,
we study the magnetic excitations a.k.a Dirac magnons, above the preexisting ferromagnetic ground state on the honeycomb lattice. However, we want to point out
that in real halide materials, there are shreds of evidence [25] of non-uniaxial single spin anisotropy which circumvents the restrictions due to the Mermin-Wagner
theorem. We follow the standard procedure of bosonizing the Hamiltonian by
introducing Holstein-Primakoff operators. We begin by introducing the bosonic
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annihilation operators a and b corresponding to the two sublattices. This is exactly
analogous to the situation in graphene or other honeycomb materials. We relate the
spin and boson operators using the Holstein-Primakoff transformation truncated to
the first order in S1 as
!


√
1
a†i ai ai
y
x
+O
Si + iSi = 2S ai −
,
4S
S 3/2
!


√
a†i a†i a
1
y
†
x
,
(1.12)
Si − iSi = 2S ai −
+O
4S
S 3/2


Sz = ~ S − a†i ai ,
with the transformations for the B-sublattice being similar to Eq. (1.12). The total
spin S = 23 in the above equation is a dimensionless constant. Substituting the
leading order terms from the Holstein-Primakoff
P transformation in Eq. (1.11), we
perform the Fourier transform as aj = √1N k eik·rj ak (and similarly for bj ). We
obtain the free boson Hamiltonian as


X †
3
−γk
H0 =
Ψk H0 (k) Ψk , H0 = JS
.
(1.13)
−γk∗
3
k

T

The Hamiltonian H0 acts on the spinor (ak , bk ) with the components corresponding
sublattices. The off-diagonal element γk is defined as γk =
P ik·cj to the two
= |γk |eiφk , where the cj are the three nearest neighbor vectors (shown
je
in Fig. 1.5(b)) analogous to the situation described in the case of graphene. We
diagonalize the Hamiltonian H0 to obtain the spectrum and the corresponding
eigenfunctions
!
iφk
1
e 2
u,d
u,d
εk = JS(3 ± |γk |), Ψk = √
,
(1.14)
iφk
2
∓e− 2
The bipartite structure of the lattice provides two branches in the spectrum. An
acoustic "down" and an optical "up" branch in exact analogy to the occurrence of
π and π ∗ bands in graphene. Therefore, we observe that there is no formal difference between the fermionic and bosonic Dirac materials as far as the spectrum and
eigenfunctions are concerned. However, both quasiparticles are populated in the
spectrum according to their own statistics. In case of the magnons, the quasiparticles are distributed according to the Bose-Einstein statistics. In thermal equilibrium, they are populated near the bottom of the down band as shown by the color
combination in Fig. 1.6(a) (Red: populated; Blue: Unpopulated).
We compare the similarities of the band structure for both the Fermi and Bose
Dirac materials in Fig. 1.6. In 1.6(a) the positive definite spectrum for the Dirac
magnons is shown. The "red" and "blue" dots denotes the Dirac points in the
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Figure 1.6: (a) The Bose-Dirac spectrum found from the Hamiltonian in Eq. (1.14). Color is
used to show the variation of the bosonic population at finite temperature. (Red = populated,
Blue = not populated). The high energy Dirac crossing points are shown in the colored dots. (b)
The fermionic spectrum found from the Hamiltonian in Eq. (1.10). Due to the finite chemical
potential, the spectrum can be approximated by a linear dispersion. The red and blue colors
indicate filled and empty bands at zero temperature. Additionally, the red and blue dots are used
to denote the nodal points where the bands cross each other.

Brillouin zone, whereas only low-energy Dirac cones for fermions are shown at the
six (two inequivalent) corners of the Brillouin zone. Although the structure of the
spectrum near the crossing point is similar in these two cases, a natural distinction
becomes obvious between the Fermi and Bose cases. The Dirac cone is populated
by low-energy quasiparticles in case of Fermionic Dirac materials in contrast to
the Bosonic Dirac cone in thermal equilibrium, populated by quasiparticles at high
energy.
An isolated Bosonic Dirac system with high energy Dirac points might be more
difficult to realize in experiments. However, one can analyze these excitations experimentally if the bosonic Dirac quasiparticles are coupled to an external drive. In
such a non-equilibrium system, one could study the transient bosonic states around
the Dirac points. Analyzing the intricate competition between interaction, driving,
and decay in such systems is a challenging task and depends on the microscopic
details of the materials. Understanding such a situation is an ongoing project and
will not be addressed in this thesis. Interested readers can consult our forthcoming
work which will be published in the near future.

Contents of this thesis
Fig. 1.7 provides a simple view of the modern research trends in the field of Dirac
materials. As a class, Dirac materials can host both the bosonic and fermionic
quasiparticles as denoted by the red arrows in the Figure. Distinctions between
these excitations in Dirac Materials from conventional materials are rooted in their
symmetry and topological properties. The nodal structure in their spectrum is pre-
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Figure 1.7: This picture portrays a schematic for the current field research in Dirac materials. At
the single particle level, Dirac systems are similar and have Bosonic and Fermionic analogs with
interesting topological band structure. The interplay between the role of interactions, disorder and
topological properties in Dirac materials leads to various exotic phases that are otherwise absent in
their conventional counterparts. Periodically driven Dirac system in time can profoundly modify
its long-time dynamics and trigger dynamical topological order. They are promising schemes
for generating nontrivial band structures and engineering gauge fields. This thesis constitutes
an important step towards understanding the role of interactions and driving in various Dirac
systems.

served unless the associated symmetries protecting the states are externally broken.
The robust linear dispersion leads to a plethora of physical effects. The physical
observables in the case of Dirac bosons are analogous to Dirac fermions, as a consequence of the mathematical similarity of the band structure and eigenfunctions.
However, disorder and interactions present in real systems can affect these properties and lead to experimentally observable effects such as the renormalization of
the Dirac velocity. This thesis constitutes an important step towards understand-
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ing the role of interactions in the context of the Bosonic Dirac materials. In the
subsequent chapters, the effects of interactions in different Bosonic Dirac systems
are explored in detail. Similarities to and differences with the Fermionic analogs
are also outlined.
The plan of this thesis is as follows. In chapter 2, we start by analyzing a superconducting granular system which hosts bosonic quasiparticles. The emergence
of a different type of topological surface and edge states are also discussed in the
context of a magnetic insulator. Chapter 3 contains a discussion on the role of interactions in Dirac bosons with emphasis on the Dirac magnons in CrBr3 . We extend
the analysis to other Dirac systems primarily based on two types of interactions:
(a) long-range and (b) short-range and study the similarities to and differences between the Fermionic and Bosonic Dirac materials. The universality of interacting
Dirac materials with respect to the quasiparticle statistics is mentioned. Chapter
4 contains a related discussion on modifying the band structure for neutral bosonic
particles due to the coupling of gauge fields. Consequently, the emergence of a Landau like spectrum for neutral particles is discussed. Chapter 5 contains conclusions
and future prospects of the effects of disorder on interacting Dirac systems.

Chapter 2

Bosonic Dirac materials
The growing importance of the class of Bosonic Dirac materials was mentioned in
the introduction. The high-energy bosonic excitations in these systems, show linear
dispersion. Their dynamics, analogous to the case of Dirac fermions, are governed
by a Dirac-like Hamiltonian (see Eq. (1.3)). A rapid expansion in the list of materials hosting these types of bosonic excitations, ranging from the collective modes
in photonic graphene [26] and acoustic vibrations in two-dimensional metamaterials [27] to plasmons in graphene SiO2 interface [28], has led to an increased focus for
the search of various other realizations of Bosonic Dirac materials (BDM). In this
chapter, we study such a system namely granular superconductor [18]. The analysis of the effective theory for the collective phase oscillations and the emergence of
Dirac-like dispersions are presented in detail. A brief discussion on the Quantum
Monte Carlo simulation is added in Sec. 2.3 in connection to the microscopic model
for the specific granular system.
The similarities of the single particle spectrum in both Fermionic and Bosonic
Dirac materials become obvious from the Dirac spectrum in Fig. 1.6. However,
the energy of a bosonic quasiparticle is always positive definite while that is not
true for fermions. This fact gives rise to different physical consequences between
the two paradigmatic representatives of Dirac materials when finite size effects are
considered. We show in Sec. 2.6 that the edge and surface states have different
spectral structures in magnon Dirac systems when compared to their fermionic
analogs.

2.1

Artificial Granular Materials

We begin our study by reviewing the literature for various granular electronic systems [29]. This provides a new class of artificial materials with tunable properties.
The nanoscale control of the close-packed granules in such a system can vary in size
from a few to hundreds of nanometers. They are popularly known in the literature as nanocrystals. The granules are large enough to possess their own electronic
15
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Figure 2.1: Scanning Electron Microscope photographs of indium evaporated onto SiO2 at room
temperature. The average film thickness is given below each photograph. (a), (b) Growth and
coalescence of islands. The real magnification of the sample size is shown in label denoted by the
respectively nanometer length scale. Picture courtesy Yu et.al. [36].

structure, at the same time being sufficiently small to be mesoscopic in nature so
that they can exhibit effects of the quantized energy levels of the confined electrons.
Metallic granular systems combine the unique properties of the individual electrons
and at the same time the collective behavior of each of the coupled nanocrystals.
Applications of such a granular system range from light-emitting devices [30] to photovoltaic cells [31] and biosensors. It is not only their role in potential applications
but also a robust control of the microscopic effects of the disorder, the electronic
interactions and the lattice effects which make this class of artificial materials [32]
of immense interest. Similar artificial controls can be achieved in conventional cold
atomic situations [33].
The most common traditional methods to prepare [34, 29, 35] such granular systems include thermal evaporation and sputtering technique, i.e. sputtering metallic,
superconducting or insulating material components onto a substrate. An example of such a grown system is shown in Fig. 2.1. Diffusion of such components
in the substrate leads to the formation of multiple granular patches, usually few
nanometers in diameter. Depending on the materials used for the synthesis, one
can device artificial magnetic, superconducting or insulating granular systems. A
granular superconductor, like a granular metal in Fig. 2.1, can be pictured as an
array of superconducting granules that are coupled via Josephson tunneling of the
associated Cooper pairs. The superconducting properties of the granular array
are determined by the superconducting properties of their constituent individual
grains. Therefore, we briefly discuss the superconducting properties in a single
isolated grain. This problem was first addressed by Anderson [37] who realized
the impartiality of an array of s-wave superconducting grains to a randomly dis-
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ordered medium. The diffusive scattering of the electrons by the grain boundaries
acts in a similar way to the scattering by the potential impurities in the bulk. As
long as time-reversal invariance of the sample is preserved, one could apply the
standard Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity to the system [38]. The effective critical temperature of the disordered granular system is
also expressed via the BCS effective coupling constant and the available density
of states in the vicinity of the chemical potential. Therefore, it is expected that
the critical temperature of a single grain is close to the bulk granular system [37].
However, it is important to mention that these properties are valid as long as the
average distance (δ) between the energy levels in a single grain is still smaller than
the superconducting gap ∆. When the energy level separation (δ) in each grain
becomes approximately of the order of the superconducting gap (∆), standard BCS
theory cannot be applied anymore. However, we concentrate on a simple situation
of the former case. If the volume of each grain is V , the electronic energy level
separation in each grain δ can be written as
δ = (g(εF )V )

−1

,

(2.1)

where the g(εF ) is the density of states at the electronic Fermi energy εF . For a
typical metallic/superconducting grain with a diameter of several nanometers, the
parameter δ becomes of the order 0.1 meV. Utilizing the conventional definition of
superconducting gap equation in BCS theory [39, 40], we can, therefore, write the
effective gap equation for the granular system as
XX
∆
,
(2.2)
∆ = δλT
2 + ( − µ)2 + ∆2
ω
l
ω

l

wherein Eq. (2.2) the dimensionless constant λ describes the strength of the effective attraction between the electrons (mediated by the lattice phonons). and T is
the temperature and ω = 2πT (2n + 1) is the fermionic Matsubara frequency. The
chemical potential is denoted by µ and l are the eigenenergies of the electronic
states. In the limit of large granular size the level separation δ → 0 and the gap
equation in Eq. (2.2) becomes the conventional BCS gap equation [39]. We should
also point out that the thermodynamics of a single grain does not get affected
by the presence of Coulomb interaction. This fact can be explained via quantum
mechanical theorems: Two commuting operators host the same set of eigenvalue
spectrum and eigenfunctions. An isolated grain contains a conserved number of
electrons and hence commutes with the Coulomb interaction. However, the phase
of the superconducting order parameter is sensitive to the charging energy of each
grain (an outcome of the Coulomb interaction) and manifests interesting dynamics
in presence of the later. The phase of the order parameter in each grain can be
written as


∆(rj ) = |∆(rj )|exp iφrj ,
(2.3)
where the label in Eq. (2.3), rj denotes the position of each grain in the sample
and φrj is the associated phase. Motivated by this fact, we begin our discussion of
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granular superconductors, where each grain is arranged in a quasi-two-dimensional
manner forming a honeycomb lattice. The Coulomb interaction leads to unique
phase dynamics and consequently offers a realization for bosonic Dirac excitations.

2.2

Honeycomb array of a granular superconductor

Here, we examine the influence of the charging energy on the phase oscillations in
a honeycomb lattice of superconducting grains coupled via Josephson tunneling.
A schematic diagram of the proposed physical situation is shown in Fig. 2.2. We
consider the limit, where the level spacing in each grain is much smaller than the
superconducting gap such that the effective superconducting transition temperature Tc for the array is approximately the same as that of the single grain. At a
temperature, T  Tc , each grain hosts a collection of preformed Cooper pairs. The
grains can be made out of any conventional superconducting material such as N b
and the choice depends on the practicality of sample preparations as mentioned
before. We consider a quasi-two-dimensional limit such that the height of each
grain is much smaller than its two-dimensional extent. The Cooper pair creation
operator in each grain can be assumed to be of the bosonic character and can be
written in the simplest approximation as
†α †α
b†α
Ri = cRi ↑ cRi ↓ .

(2.4)

The bipartite structure of the honeycomb lattice enables us to assign a flavor, or
sublattice index α = A/B to the otherwise identical bosonic pairs. Whether a
Cooper pair can be considered as a true boson or not is a subject of considerable
debate. However, recent experimental results [41, 42] provide affirmative pieces
of evidence where a bound pair of electrons behaves like boson [43]. We know
that the eigenvalues of the number operator for a pair state nk1 ,k2 = c†k1 c†k2 ck2 ck1
are limited to 0 and 1 following Fermi statistics (here c† is the fermion creation
operator). However, if we define the pair state of electrons as [44]
X †
(2.5)
nq =
ck+ q c†−k+ q c−k+ q2 ck+ q2
2

2

k

Sc dots

Figure 2.2: A schematic of an engineered quasi-2D hexagonal lattice structure of superconducting
islands on an insulating substrate. The cooper pairs (shown in green) hop between the nearestneighbor islands. Reproduced from Banerjee et.al [18].
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with a finite momentum q, the eigenvalues can be 0, 1, 2.... This happens due
to the individual term in the summation in Eq. (2.5) contributing either 0 or 1.
As a result, the pairons (finite momentum (q) Cooper pairs) satisfy Bose-Einstein
statistics. To the best of our knowledge, a finite momentum Cooper pair made of
single electron creation operator has not been reported so far. Therefore, without
going into the details of how to construct a true bosonic Cooper pair, we assume
their bosonic nature and write down the effective Hamiltonian in the honeycomb
geometry as shown in Fig. 2.2

X  †A
X
2
H = −t
bi bB
(nα
(2.6)
j + h.c. + U
i − n0 ) ,
i,α

hiji

where t is the strength of the Josephson tunneling energy and U stands for the onsite charging energy. U is in general related to the inverse of the capacitance of each
grain. Hence, the strength of the charging energy U is inversely proportional to the
granular size. We observe that the dynamics of the effective bosonic Cooper pairs is
captured via the Bose-Hubbard Hamiltonian in Eq. (2.6). The Josephson tunneling
energy t is assumed the same for all the nearest neighbor pairs of grains hiji. In the
absence of any external magnetic field, we can write the above Hamiltonian in an
explicitly "ferromagnetic" form favoring identical alignment of the order parameter
phases on each of the grain. In two-dimensions, the Bose-Hubbard model exhibits
an interesting phase diagrams as a result of the competition between the strong
correlation and the kinetic energy term. Therefore, before proceeding further on
analyzing the phase oscillations, we discuss the emergence of a superfluid phase
(the delocalized Cooper pairs move freely around the lattice) and a Mott insulating
phase (localized Cooper pairs on the sites of the lattice) [45].

Mean field Analysis: Bose-Hubbard model
We expand the boson operator b†α
i in Eq. (2.6) in terms of a mean field (superfluid
phase) φ and the low-energy fluctuations around it as following
†α
b†α
i = φ + δbi ,

(2.7)

The mean-field φ is determined self-consistently by diagonalizing the Hamiltonian
(Eq. (2.6)). We note that φ has no site dependencies and for simplicity we assumed
it to be a real-valued parameter. We rewrite the Hamiltonian in Eq. (2.6) with
respect to the field φ and the fluctuations δb†α
i as follows,
X
X
X
B
α
H = −t
(φ + δb†A
nα
nα
(2.8)
i (ni − 1) − µ
i
i )(φ + δbj ) + U
i,α

hiji

= −3tN φ2 − 3tφ

X
i

.



B
δb†A
+U
i + δbi

i,α

X
i,α

α
nα
i (ni − 1) − µ

X
i,α

nα
i
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(a)

(b)

Figure 2.3: (a) Number density of the bosons hb†i bi i is plotted as a function of two effective
parameters Ut and µt . The phase boundary is shown in a the stair case feature. The integer
filling of Ut and µt characterizes the Mott phase. (b) Superfluid density φ2 as a function of the
parameters Ut and µt . The zero density region signifies the Mott phase.

P
A chemical potential term (µ i,α nα
i ) has been added to the Bose-Hubbard model
to account for the fact that we are considering a grand canonical ensemble. The
prefactor 3 in the second line signifies the summation over three nearest neighbors
in the lattice. The Hamiltonian, therefore, decouples in the site localized form as
X
H = E0 +
Hi ,
(2.9)
i



where E0 = −3tN φ2 , N is the total number of lattice sites and Hi = −3tφ δb†i + δbi +
U ni (ni − 1) − µni − 3tφ2 . The sublattice labels have been dropped from the original model. We now relabel the fluctuation operators δb† as b† and obtain the site
localized Hamiltonian as follows

HM F = −3tφ b† + b + U n(n − 1) − µn − 3tφ2 .
(2.10)
In Eq. (2.10) the site labels are dropped for further simplifications. The mean
field Hamiltonian Eq. (2.10) can be solved in the Fock basis with n = 0, 1, 2, ..., N
bosons and φ is self-consistently determined in terms of the three parameters in
the model: (a) the charging energy or the on-site potential U , (b) the Josephson
tunneling energy t and (c) the chemical potential µ. The Hamiltonian is written in
the Fock basis as

−3tφ2 − µ
−3tφ
0
0
2

−3tφ
−3tφ
+
2U
−
2µ
0


−3tφ
−3tφ2 + 6U − 3µ 0
H= 

..
..

.
−3tφ
.
0

...

N (N − 1)U + . . .





.
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We diagonalize this above Hamiltonian with an initial guess value for the field
φold and thereafter obtain the ground state energy as a function of this value. We
construct a new superfluid field φnew with the eigenvectors of the Hamiltonian
and redo the previous steps. This procedure is continued self-consistently until
we reach the desired accuracy. A non-zero value of the mean field φ signifies the
superfluid character of the Bose-Hubbard model whereas a finite number density
n with zero mean-field signifies the emergence of an insulating phase. A phase
diagram depicting the non-zero φ is shown in Fig. 2.3(b) as a function of the
parameters Ut and Uµ . We observe that for U  t the Bose-Hubbard model is in
a superfluid phase. The Mott lobes (defined by the absence of the mean field φ in
Fig. 2.3(b)) are distinguished in Fig. 2.3(a) by the staircase like feature for the
mean occupation number of the Cooper pairs on integer filling factors. We find
that this simple mean field analysis provides a correct phase diagram in quite good
agreement with the other simulation/experimental
[46] results. The critical value

for the phase transition Ut C comes out to be 0.22 from our mean-field analysis. A
more involved Quantum Monte simulation [47] predicts a similar value for the Mott
insulator and superfluid transition. We take this opportunity to present a closely
related study on the Quantum Monte Carlo simulation. Thereafter, we continue
our analysis of the collective phase oscillations in the superfluid phase of the system.

2.3

Quantum Monte-Carlo Simulation

This section provides an introduction to Quantum Monte Carlo Simulation. A
simulation is defined to be the imitation of the operation of a real-world process or system over time. The act of simulating something first requires that a
model be developed and then this model represents the key characteristics or behaviors/functions of the selected physical system. The model represents the system
itself, whereas the simulation represents the operation of the system over time. In
our case, the corresponding model is the Bose-Hubbard model defined in Eq. (2.6).
In this Section, we use the Stochastic Series Expansion (SSE) of the partition function to perform the Monte-Carlo Simulation. In the previous section, a mean-field
analysis of the Bose-Hubbard model (BHM) on a honeycomb lattice was presented.
In this section, we map the BHM to a Heisenberg model with an inverse HolsteinPrimakoff transformation. As honeycomb and square lattice are both bipartite, we
discuss our simulation in a square lattice. We first write the Bose-Hubbard model
in a square lattice with t as the hopping parameter, U is the on-site potential, V is
nearest neighbor interaction strength and µ is the chemical potential as follows
X † †
X
X
X
H = −t
bi bj + U
ni (ni − 1) + V
ni nj − µ
ni .
(2.11)
hiji

i

hiji

i

In Eq. (2.11), hiji refers to nearest neighbor vectors in a square lattice, for U, V  t
we can assume the bosons are hardcore. Therefore, the average boson occupancy
is either 0 or 1 i.e. hni i = 0/1. We associate the following spin operators with the
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creation, annihilation and number operators for the bosons,
ni = Siz +

1
2

(2.12)

b†i = Si+
bi = Si−
.
Utilizing above mapping in Eq. (2.11), we obtain the following anisotropic Heisenberg model
H = −t

X
X
X
1
1
1
(Siz + )(Sjz − ) − µ
(Si+ Sj− + h.c) + V
(Siz + )
2
2
2
i

(2.13)

hiji

hiji

X
1
(Siz 2 − )
4
i
X
X
X
1
H = −t
(Si+ Sj− + Si− Sj+ ) + V
Siz Sjz − V N − µ
(Siz + )
2
i
+U

hiji

hiji

X
1
+U
(Siz 2 − )
4
i
X
X
X
X 2
H = −t
(Si+ Sj− + Si− Sj+ ) + V
Siz Sjz − µ
Siz + U
Siz + E0
hiji

H = −t

X
hiji

i

hiji

(Si+ Sj−

+

Si− Sj+ )

+V

X

Siz Sjz

−µ

hiji

X

i

Siz

+ E1

i

NU
where E0 = −V N − µN
2 − 4 and E1 = E0 + N U/4. N is the number of sites
in the square lattice in two spatial dimensions. To understand the basics of SSE
quantum Monte Carlo simulations, a simplified homogeneous and isotropic limit
of the Heisenberg model is analyzed. The details of the anisotropy and external
magnetic field can be easily implemented once we simulate this system.

General principles of the SSE method
In classical statistical mechanics, we are interested in thermal expectation values
of certain observables. Given a system Hamiltonian, we write its partition function
Z in the following way
X
Z=
e−βE(σ) .
(2.14)
{σ}

P
In Eq. (2.14), {σ} includes all the degrees of freedom in the system and
represents the discrete sum and the integrals as the case may be. E(σ) represents
the energy of the system and β = kB1T . Thermal average/expectation value of the
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observable f is defined as

hf i =

1 X
f (σ)e−βE(σ) .
Z

(2.15)

{σ}

For classical problems we can evaluate the average by Monte Carlo method where
different configurations {σi }(i = {1, 2, 3, ..., Nsample }) are importance sampled using the Boltzmann probability distribution as

P (σ) =

1
W (σ);
Z

W (σ) = e−βE(σ) .

(2.16)

Therefore, the average hf i can be computed as

hf i = hf iW =

1

X

Nsample

i

f (σ[i]).

(2.17)

Most of the classical statistical mechanic problems can be simulated with this importance sampling technique and the average values can be computed. However,
evaluating the Boltzmann distribution e−βE(σ) for many quantum systems is not
possible analytically. Therefore, for these systems, it is practically impossible to use
e−βE(σ) as a probability distribution for importance sampling. However, there is
an alternative to it. We can expand the sampling space by expanding the exponential term in higher order expansion and in a way (will be shown) these expansion
dimensions will be the ‘one’ we will be performing the importance sampling of our
configurations. Hence, we expand e−βE(σ) ,

hf i =

∞
1 XX
(−βE)n
f (σ)
,
Z
n!
n=0
{σ}

Z=

∞
XX
(−βE)n
.
n!
n=0

(2.18)

{σ}

One can think this procedure as enlarging the configuration space into an "expansion
dimension" where coordinates to be sampled are the powers ‘n’. The probability
distribution in this case is assumed to be P ({σ}, {n}) = Z1 W ({σ}, {n}) and the
n
weights are W ({σ}, {n}) = (−βE)
. But, in order to make all the weights in the
n!
distribution positive, we will choose a constant  and redefine the weights to be,

W ({σ}, {n}) =

β n [ − E(σ)]n
.
n!

(2.19)
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Now, we look at the expectation values of some observables. We begin by analyzing
the energy of the system,
hHi =

1 X
H({σ})W ({σ}, {n})
Z

(2.20)

{σ},n

=

1 X
β n [H({σ})]n
H({σ})
Z
n!
{σ},n

1 X m
=
W (({σ}, {m})
Z
β
{σ},m

1
= hniW .
β
Therefore, we write
E =−

1
hniW .
β

(2.21)

Similarly, we find the expectation value of H 2 . Proceeding as above, we obtain
hH 2 iW =

1
hn(n − 1)iW .
β2
2

(2.22)
2

. In all the quantities we
We know that the specific heat capacity is C = hH i−hHi
T2
assume kB = 1. Therefore, the specific heat capacity becomes
C = hn2 i − hni2 − hni.

(2.23)

Using Eq. (2.21) and Eq. (2.23) we get the following expression
hn2 i − hni2 = β(C +  − E).

(2.24)

For most of the statistical systems specific heat capacity C vanishes at zero temperature. Therefore, for low enough temperature T one can approximate Eq. (2.24)
and write the variance as
hn2 i − hni2 = hni.
(2.25)
Eq. (2.25) is a very important result for both the classical and quantum systems at
low temperatures. Since, the energy of the system is proportional to the system size
N , we deduce that at low temperatures the average expansion power is proportional
to N/T .

Quantum statistics: SSE algorithm
In quantum statistical mechanics we are interested in the expectation value of some
operators A at a given temperature T . Let us assume that the corresponding model
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Hamiltonian is H, (β = 1/T , from here and onwards we will be working in the unit
of Boltzmann constant i.e. kB = 1)
hAi =

1
T r{Ae−βH },
Z

Z = T r{Ae−βH }.

(2.26)

We choose a suitable basis |αi and the trace is expressed as a sum over a complete
set of states. We now expand the exponential term Eq. (2.26) in power series
Z=

∞
XX
βn
hα | (−H)n | αi .
n!
α n=0

(2.27)

n

Similar to the classical problem we now treat βn! hα | (−H)n | αi as the probability
distribution and implement the importance sampling method. However, there is a
difficulty in this extension. The individual terms in the summation can be negative
if the expansion power is odd. We write the Hamiltonian H in the following form
X
H=−
Ha,b ,
(2.28)
a,b

to eliminate the negative probabilities. This redefinition of Hamiltonian is true
for a restricted class of systems as will be discussed in the next Section. In Eq.
(2.28) indices a, b refer to a particular class or type of operator. For a given lattice
configuration we denote the total number of bonds to be equal to NB .
• a = 1 ⇒ Diagonal in the basis |αi.
• a = 2 ⇒ Off-diagonal in the basis |αi.
• b = 1, 2, .., NB ⇒ Bond operator connecting a pair of interacting sites i(b), j(b).
If there are different types of diagonal and off-diagonal operators a can take more
values than 1 and 2. The powers of the Hamiltonian are written as a sum over all
possible products of operators
(−H)n =

n
X Y

Ha(p),b(p) .

(2.29)

{Ha,b } p=1

As all the operators Ha,b don’t commute with each other, the order they occur in
Eq. (2.29). In the SSE algorithm, we use the product Eq. (2.29) as an operator
string. However, as we see the number of operators in the product is a variable
depending on the expansion order, the operator strings will be of different length.
We do a further simplification to circumvent the difficulty of working with variable
string lengths and include a bunch of identity operators H0,0 = 1. The Taylor
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expansion is truncated at some cut-off order at M which is chosen sufficiently large
for minimal truncation error. We finally obtain
(−H)n =

M
X (M − n)!n! Y
Ha(p),b(p) .
M!
p=1

(2.30)

{Ha,b }

Hence the partition function Z becomes,
X X β n (M − n)!
Z=
M!
α

*
α

M
Y

+
Ha(i),b(i) α .

(2.31)

i=1

{Ha,b }

In Eq. (2.31), the quantities can be easily computed in a particular basis and
hence this form is suitable for Monte Carlo importance sampling. We first obtain
the optimized configurations and compute the averages in these configurations.
For diagonal operators the expectation values are easily computed from hα | A | αi,
however, for non-diagonal operators, the computation of expectation values is more
complicated.

SSE algorithm for S=1/2 Anti-ferromagnetic Heisenberg Model:
Here, we apply the SSE algorithm on the following homogeneous and isotropic
Heisenberg Hamiltonian. This is a simplified version of the model derived from the
Bose-Hubbard Hamiltonian in Eq. ??
X
H=J
Si .Sj
(2.32)
hiji

The interaction is between the nearest neighbor sites in a square lattice (N =
Lx × Ly ) with J > 0 is the strength of the Heisenberg coupling. We choose the
basis states as the eigenstates of the operator Siz . For a lattice with N spins
(S = 1/2), the basis states are labeled as
z
|αi = |S1z , S2z , ..., SN
i,

Siz = ±1/2.

(2.33)

The Hamiltonian in this basis reads as (the strength of the coupling J is assumed
to be unity)
H1,b =

1
z
z
− Si(b)
Sj(b)
,
4

H2,b =


1 + −
−
+
Si(b) Sj(b) + Si(b)
Sj(b)
.
2

(2.34)

We rewrite the above equation in the following way
H=−

B X
2
X
b=1 a=1

Ha,b

(2.35)
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where B is the total number of bond on the lattice. For square lattice with periodic
boundary conditions, the total number of bonds is 2N . We have done a spin
rotation for the off-diagonal part of the Hamiltonian on one of the sublattice (Eq.
(2.34), H2,b ) and also added the constant 1/4 to H1,b in Eq. (2.34) to make the
eigenvalues positive definite suitable for sampling and to avoid sign problem. The
bipartite square lattice is shown below Fig. 2.4,

Figure 2.4: The Bipartite square lattice with its two sublattices marked by red and blue colors.

Configurational representation for the SSE algorithm:
QM
The product of operators i=1 Ha(i),b(i) (Eq. 2.31)in the expansion of the partition
function is represented by an operator string in the code according to,
str[i] = 2b[i] + a[i] − 1

(2.36)

where b[i] denotes the bond index. Therefore, even value of str[i] refers to the
collection of diagonal operators and odd value corresponds to off-diagonal operators.
The bond indices are shown in Fig. 2.5 For identity operator we have a[i] = b[i] = 0

Figure 2.5: The bond indices are shown on a square 4 ∗ 4 lattice with periodic boundary condition.

and hence we encode str[i] = 0 for the identity operators. The spin states are
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denoted by,
spin[i] = 2Siz

(2.37)

The bond index b is also stored in the program as bsites[s, b] where s = 1, 2 corresponds to the two sites. Bond b connects the sites bsites[1, b] and bsites[2, b]. The
total number of sites in the square lattice is N = Lx ∗ Ly , where Lx/y is the linear
dimension of the lattice in x or y-direction. The bond indices are assigned as follows. x-bonds range from b = 1, 2, ..., N and y-bonds from b = N + 1, N + 2, ..., 2N
in the periodic boundary condition. The bond index assignment is shown in Fig.
2.5. Having formed the configuration suitable for simulation, we list in the following
the key aspects of the SSE algorithm.
• The addition of constant 41 forces all the matrix elements of the operators
(diagonal/off-diagonal) to be 1/2. And both the type of operators can act
only on anti-parallel spins. This simplifies the algorithm to a great extent.
• As all the matrix elements are 1/2, the weight of an allowed configuration
(α, {Ha,b }) is simply given by the number of non-unit operators in the sequence.
 n
β
(M − n)!
W (α, {Ha,b }) =
(2.38)
2
M!
• The propagated states |α(i)i is defined as the action of first i operators in the
string to a state |αi and should be same as one of the stored states spin[i]
i.e. there will be no branching of states/"paths".
|α(i)i =

M
Y

Ha(i),b(i) |αi

(2.39)

i=1

|α(i)i ⊂ {spin[i]|i ∈ {1, 2, ..., N }}

Sampling the configuration:
We now discuss the sampling procedure for the SSE simulation. The sampling is
performed with the probability distribution P = W/Z. We start from an arbitrary
allowed configuration and generate Markov chain of configuration with the operator
probability distribution. We use the Metropolis algorithm to accept a new change
from an old configuration


WN ew
PAccept = min
,1
(2.40)
WOld

2.3. QUANTUM MONTE-CARLO SIMULATION

29

The decision to accept the change is done by comparing with some random number
R ∈ [0, 1). If PAccept < R the update is rejected. We consider two allowed configurations A and B. If the probability of selecting A from B is same as selecting B
from A, we use the detailed balance condition to use the acceptance probability as,


WB PSelect (B → A)
PAccept (A → B) = min
,1
(2.41)
WA PSelect (A → B)
We start the simulation from an arbitrary allowed configuration, e.g., an "empty"
string (containing only elements 0, and thus n=0) of arbitrary length M and a
random spin state. The cut-off M will later have to be adjusted. This will be
discussed after we have described the different types of updates. We now describe
the diagonal update.
Diagonal Update:
The purpose of the diagonal update is to change the number n of Hamiltonian
operators in the operator sequence. The simplest way to do this is to substitute
unit operators str[i] = 0 by diagonal operators str[i] = 2 ∗ b[i] and vice versa.
While one can always substitute a diagonal operator by a unit operator and obtain
a new valid configuration, the insertion of a diagonal operator acting on a bond
b requires that the spins at this bond are in an anti-parallel configuration in the
propagated state |α(i)i. Hence one has to keep track of the propagated states. It is
then natural to carry out the diagonal updates sequentially, starting at i = 1 and
propagating the state stored in spin[i] as off-diagonal operators are encountered.
Off-diagonal operators cannot be inserted or removed one-by-one due to periodic
boundary condition and they are thus left unchanged in this update.

Insertion of a diagonal operator: If str[i] = 0 a bond index b is generated at
random among the possible bonds b = 1...B. At this stage, the spin array spin[i]
should contain the spins of the pth propagated state. We can then easily determine
whether the diagonal operator is allowed at bond b. This bond acts on the spins
s1 = bsites[1, b] and s2 = bsites[2, b]. The operation is only allowed if these spins
are not equal, so in case spin[s1] = spin[s2] the update is rejected and we move on
to position p+1. If the operation is allowed, we have to consider the probability of
actually accepting the update. The ratio of the new and old weight is very easy to
calculate, as the weights depend only on n and in this update n is incremented by
1. The weight ratio is,
β/2
Wn+1
=
(2.42)
Wn
M −n
We also have to consider the probability of selecting the bond b, which is 1/B.
This is different from the selection of the opposite move where we select the unit
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operator with probability one when removing a diagonal operator. The ratio is
PSelect (b → 0)
=B
PSelect (0 → B)

(2.43)

and thus the acceptance probability is

PAccept (n → n + 1) = min


Bβ/2
,1
M −n

(2.44)

Removal of a diagonal operator: This scheme is implemented when we encounter a diagonal operator, i.e., if the stored operator list element is nonzero and
even; if {M OD(str[i], 2) = 0}. This case is very similar to the insertion case, but
we do not have to generate any bond index. The weight ratio when n is decreased
by one is
M −n+1
W (n − 1)
=
(2.45)
W (n)
β/2
and so the acceptance probability is

PRemove (n → n − 1) = min


M −n+1
,1
Bβ/2

(2.46)

State propagation with an off-diagonal operator: When the encountered
operator is an off-diagonal one, i.e., if {M OD(str[i], 2) = 1}, we cannot carry out a
diagonal update. In this case the operator changes the spin state and so we propagate the stored state, using the bond index of the operator at i; We choose the bond
index b = str[i]/2, which acts on spins at sites s1 = bsites[1, b] and s2 = bsites[2, b].
These spins are then flipped; spin[s1] = −spin[s1], spin[s2] = −spin[s2].

Ergodicity restoration: Off-diagonal pair update and Loop update So
far in the diagonal update and state propagation with the off-diagonal operator
the energy is either increasing or decreasing. Hence, the system loses ergodicity.
In order to restore the ergodicity, we do another type of update where we don’t
change the energy of the particular configuration. This is done by loop update.
The main reason for this update is to introduce off-diagonal operator/ interchanging a diagonal to an off-diagonal operator and vice-versa. This can be done by the
command IEOR(a, 1). This operation has the effect of adding 1 to an even number
a and subtracting 1 from an odd a. This is exactly what we need to change the
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operator element str[i] between diagonal and off-diagonal operators with the bond
index unchanged. Therefore, we relabel str[i] = IEOR(str[i], 1).
Off-diagonal operators cannot be introduced or removed one at a time, because
of the periodicity requirement |α(0)i = |α(M )i, which implies that every spin has
to be flipped zero or an even number of times, where M is the cut-off which is
arbitrary now. We show this update scheme pictorially in Fig. 2.6, 2.7 for a one
dimensional lattice of length 8 and cut-off M = 12. In practice the pair update is

Figure 2.6: The off-diagonal update scheme for the off-diagonal pair operators in an one dimensional chain containing 8 spins. The evolution of the system takes place in increasing p
direction.

not very efficient; it only makes very small changes in the propagation path whereas
the subspace of configurations contributing significantly to the partition function
often involves hugely different paths (not only close to critical points). In fact, for
a system with periodic boundary conditions this update, in combination with the
diagonal update.
Operator loop update: The loop update accomplishes changes in the types of
operators diagonal/off-diagonal for a varying number of operators without changes
in the bonds on which they operate. In the simplest case, it corresponds exactly
to the off-diagonal pair update. The idea is to construct a loop connecting vertex
legs as shown in the figure below. Each vertex leg is linked to some other leg and
these two form a segment of a path. By extending the path to the legs of these
same vertices on the same horizontal level (above or below the operator bar in the
figure), and then to the legs they are linked to, etc., a closed loop will eventually
be formed. As seen in the configuration to the right, the spins at all the vertex legs
covered by this path can be flipped, which, for operators encountered only once,
corresponds to changing the operator type, diagonal to off-diagonal and vice versa.
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Figure 2.7: The pair of operators enclosed by solid green squares in the configuration to the left
can be replaced by diagonal operators, as shown in the configuration to the right, without affecting
the periodicity of the path. Furthermore, since the diagonal and off-diagonal operators have the
same value 1/2 of their non-vanishing matrix elements, such an update can always be accepted
according to the Metropolis rule, provided of course that the probability to select the pair is the
same in going from the right to left configuration and vis-a-vis (which can be very easily arranged
for the case). Notice that the columns of spins between the two replaced operators have been
flipped in the process.

For operators encountered twice (which is the case with the one at p=5 in the
figure), all four spins are flipped and the operator type then remains unchanged.
Clearly, a loop update can affect a very large number of operators and hence it can
be expected to be more efficient than the pair update. This is shown in Fig. 2.8

Figure 2.8: The schematic of loop update procedure. A loop is constructed by looking at the
operator positions on the path of the string propagation. Once a loop is formed all the spins in
loop are flipped.
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Cut-off adjustment: The cut-off M in the expansion is chosen large enough to
make the error in the truncation becomes negligible. In the program, we choose an
arbitrary cut-off and then increase the cut-off during the equilibration to approximately equal to βE, as can be seen in Eq. 2.21.

Operator Expectation values:
We use this two update procedures to perform the SSE simulation on a square lattice
of different sizes and calculate the corresponding operator averages. We calculate
the bin averages after the system has equilibrated and find relevant thermodynamic
quantities. The plots in Fig. 2.10 (a-e) display each of the quantities as a function
of temperature. We also look at the equilibration of the SSE simulation program
on the square lattice in Fig. 2.9 (a-c). We analyzed the equilibration at the highest
inverse temperature (β = 32) for two lattice size 12*12 and 8*8. In both the
cases, the system equilibrates after approximately 100 Monte-Carlo steps. The
Monte Carlo Simulation performed on 8*8 Lattice at inverse Temperature 32
0.6
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Monte Carlo Simulation performed on 8*8 Lattice at inverse Temperature 22
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Figure 2.9: The energy of the system is plotted with increasing Monte-Carlo steps. As we see
that the system equilibrates approximately after 100 Monte-Carlo steps. However, the fluctuations
larger for the small systems even after the system has equilibrated. (a) Equilibration for 12*12
square lattice at inverse temperature 32, (b) 8*8 square lattice at inverse temperature 32, (c) 8*8
square lattice at inverse temperature 22.

thermodynamic quantities that we calculated in the simulation are defined here-inbelow
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Monte Carlo Simulation performed on 12*12 Lattice at inverse Temperature 32
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Figure 2.10: (a) The internal energy and (b)specific heat per spin are plotted as functions of
temperature (in the unit of J) on 12-by-12 square lattice. (c) The staggered structure factor, (d)
staggered susceptibility and (e) spin stiffness are shown for the same lattice after the equilibration
is achieved as in Fig. 2.9.

• Internal energy U: The internal energy per spin is defined as U = hHi. See
Fig. 2.10(a).
2

2

.
• Specific heat: The specific heat of the system is defined as CV = hH i−hHi
T2
See Fig. 2.10(b). The specific heat is highly fluctuating near the zero temperature and even becomes negative. This is because of the SSE scheme is
not good near zero temperature.
• Staggered structure factor : The quantity is defined as Sq = heiQ.ri Si i. This
is shown in Fig. 2.10(c).
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• Staggered susceptibility : The staggered susceptibility is defined as χq =
heiQ.(ri −rj ) Siz .Sjz i. This quantity is plotted in Fig. 2.10(d).
• Spin Stiffness ρS : The spin stiffness for the homogeneous and isotropic
Heisenberg model is defined as (the stiffness is defined in y direction but
z
x
i. The
it should be same for x direction also) ρS = −JhSiz Si+y
+ Six Si+y
quantity is plotted in Fig. 2.10(e).
• A couple of other thermodynamic quantities can be calculated from the simulation of the model. One important quantity winding number w. From the
winding number, we can calculate the superfluid density and therefore, can
produce the phase diagram of the anti-ferromagnetic as well as Bose-Hubbard
model. The super-fluid density ρSF is related to the winding number as
ρSF =

3
h(N + − N − )2 i
2βL

(2.47)

where N + (N − ) is the total number of hopping terms in the positive (negative)
direction that appears in the MC simulation after the system has equilibrated. And
many other order parameters can be defined as well to look for different phases in
the system. The calculation of the phase diagram is left for a future work. Interested
readers may consult our future works in this direction.

2.4

Collective phase oscillations

We now continue our discussions on the collective oscillations. It was shown earlier,
that the Bose-Hubbard model in Eq. 2.6 manifests a superfluid phase when the
charging energy U is much weaker than the Josephson tunneling energy t. Within
this phase, we map the Bose operators bRi in the charge-density representation as
q
q
A
A
A
b†A
nA
bA
(2.48)
i = exp[−iθi ] ni
i =
i exp[iθi ],
where the angle θiα denotes the associated phase of the Cooper pairs and is conjugate to the number operator nα
i . Assuming the bosonic commutation relation
[bi , b†j ] = δij , it can be easily shown that the phase and number operators commute
as [θi , nj ] = iδij . We assume that each grain contains a relatively large number
of Cooper pairs and therefore the effects of amplitude fluctuations can be ignored.
√
The kinetic term is approximated by b†A
n0 exp[iθiA ]. Here, n0 is assumed to be
i ≈
the mean number of Cooper pairs in each grain. However, we retain the amplitude
terms in the charging energy to capture the phase dynamics. Hence, we obtain the
effective Hamiltonian
X
X
2
H = −2J
cos(θiA − θjB ) + U
(nα
(2.49)
i − n0 ) .
hiji

iα
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The Josephson coupling J in Eq. (2.49), comes out to be approximately equal to
∼ n0 t . By shifting ni → ni + n0 , we can rewrite the Hamiltonian as
X
X
2
H = −2J
cos(θiA − θjB ) + U
(nα
(2.50)
i ) .
iα

hiji

The physics under focus is given in the superfluid limit, J/U  1, when the system
is a superfluid. Assuming small phase fluctuations θiα = θ0α + δθiα , we can linearize
the above Hamiltonian and obtain
X
X
2
H0 = J
[(δθiA − δθjB )]2 + U
(nα
(2.51)
i ) .
iα

hiji

We switch to reciprocal spaceP
by defining the Fourier P
transforms of the phase and
α ik·ri
α
α ik·ri
number operators as δθiα =
θ
e
and
n
=
. Rewriting the
i
k k
k nk e
above Hamiltonian in reciprocal space we obtain


X 
α
B
A B
α
H0 =
J 3θkα θ−k
− γk θkA θ−k
− γ−k θ−k
θ k + U nα
n
(2.52a)
k −k
kα

γk =

X

eik·δi = 2 cos(3ky a/2)eikx a/2 + e−ikx a

(2.52b)

i

The above Eq. 2.52b provides us with a lattice structure factor similar to those
obtained in our discussion of graphene and honeycomb magnets (see Eq.(1.8)). We
note that Eq. (2.52a) is a model for two coupled phases θA and θB . We write the
dynamical equation for the normal modes φ1 and φ2 as
(1,2)

φ̈k

(1,2)

= −JU (3 ± |γk |)φk

,

The normal modes φ1 and φ2 are connected to the phase oscillations as

ηk
1  ηk
φ1k = √ e−i 2 θkA − ei 2 θkB
2
 ηk

ηk
1
φ2k = √ e−i 2 θkA + ei 2 θkB ,
2

(2.53)

(2.54)

where the angle ηk is defined as γk = |γk |eiηk . We identify these two modes
as acoustic and optical excitations in the case of two band p
superconductors [48,
JU (3 ± |γk |). The
49]. The frequency of the modes are given by ω1,2 (k) =
bipartite structure of the granular Josephson array provides a simple set up for
analyzing a similar situation to that of a two-band superconductor. Following
the literature, we refer to these two modes as Leggett (optical branch) and the
Bogoliubov-Anderson-Gorkov (acoustic branch) modes. We show their dispersion
in Fig. 2.11(a) and emphasize the emergence of the Dirac node in the spectrum by
analyzing the structure around the nodal point in 2.11(b).
√
q
√
3 3JU
ω1,2 (K + q) = JU (3 ± |γK+q |) ≈ 3JU ±
a|q|
(2.55)
4
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Figure 2.11:
√ (a) Energy spectra of the bosonic excitations ω1 (k) and ω2 (k) (See Eq. (2.53)) (in
units of JU ),
eV. Two modes ω1 (k) and ω2 (k) cross each other
√
√ with J≈ 0.01 eV. and U≈ 0.001
at K = 2π(1, 3/3)/3a and K 0 = 2π(1, − 3/3)/3a in the Brillouin zone and form a Dirac cone
which is emphasized by the green circle. (b) Zoomed in linear conical spectrum of the encircled
region in panel (a). Reproduced from Banerjee et.al. [18].

where a is the lattice constant. An important and fundamental issue is finding out
the chiral/helical structure of these collective modes. In most of the conventional
Dirac materials, the fermionic quasi-particles are helical. For example, in graphene
the massless Dirac fermions near the K point are helical. We find that the highenergy Dirac modes around the K point follow similar helical structure. We define
the helicity operator with respect to the pseudospin structure coming out of the
bipartite honeycomb lattice as
ĥ =

1
σ · k̂,
2

k̂ =

k
.
|k|

(2.56)

The Hamiltonian in Eq. (2.52a) commutes with the helicity operator defined above.
Therefore, we identify the bosonic modes around the Dirac point to be helical
and the Dirac node in the spectrum is protected by the inversion symmetry of
the honeycomb lattice. Borrowing the definition of the Dirac materials from the
previous chapter 1, we realize that the honeycomb array of superconducting grains
(Fig. 2.2) constitutes a simple model for Dirac materials with bosonic excitations.
The high-energy helical Dirac modes attain a gap if one of the symmetries in the
lattice is broken. For example, the inversion or the sublattice symmetry of the
system can be broken by choosing two different on-site charging energies UA and
UB . Following the similar analysis, we obtain the mode dispersion in this case as
3JUA UB 2 2
a |q| + O(q2 ),
2(UA − UB )
3JUA UB 2 2
ω22 (q) ' 3JUB −
a |q| + O(q2 ).
2(UA − UB )
ω12 (q) ' 3JUA +

(2.57a)
(2.57b)

We notice that the linear dispersion is destroyed
and
√
√ the underlying Dirac nodes
acquire a "mass" gap of ∆ of the order of 3JUA − 3JUB . The gapped spectrum
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Figure 2.12: (a) The linear dispersion relation near K for same on-site energy UA = UB . (b)
Different on-site energy UA 6= UB leads to opening of a gap (∆) near the K point in the Brillouin
zone for the bosonic modes. Reproduced from Banerjee et.al. [18].

is shown in Fig. 2.12(b). The tunability of the bosonic spectrum due to the gap
opening allows using these materials for thermal, optical and transport applications.
The choice of different on-site potentials UA and UB depends on the particular
synthesis technique of the granular superconducting system.

2.5

Discussions and estimates of parameters

We described the microscopic origin of the Dirac nodes in the context of bosonic
excitations in a granular superconductor. We now turn to the range of parameters
that can be tuned in this class of materials. Assuming typical values for the parameters J = 0.01 eV and UJ = 0.1, one obtains the velocity of the bosonic Dirac
excitations near K (K 0 )
vD ≈ 5 meV × a,

(2.58)

where a is the lattice constant of the artificial granular system. The size of a can
vary in the range of microns. By tuning the intergrain distance and the sizes of each
of the grains the bosonic modes can be made slower or faster. A typical value of the
velocity vD is of the order of 106 ms−1 . In the presence of different on-site potentials
UA and UB , the gap ∆ between the acoustic and optical bosonic excitations can be
observed in various spectroscopic measurements. Finally, we mention that different
light scattering techniques such as microwave can couple to the charged bosonic
excitations. The Cooper pairs carry an effective charge of 2e and hence microwave
scattering can be used as an excellent probe to measure the band structure shown
in Fig. 2.11 [50].
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Surface states in BDM: Honeycomb ferromagnet

The spectrum of bosonic excitations in Dirac systems is similar to the case of their
fermionic analogs. Therefore, Bosonic and Fermionic Dirac materials are similar to
each other in consideration to their single-particle spectrum and eigenfunctions. In
this section, we emphasize the differences between the two classes of Dirac materials
that emerge when finite size effects are considered. Two realizations on CrBr3
and granular superconducting array, however, considered only the two-dimensional
setups. It would be interesting to analyze stacks of such arrays or layers and their
effects of the Bosonic Dirac spectrum. CrBr3 crystal provides a natural framework
to study such situations. The three-dimensional structure can be visualized as the
ABC stack of the honeycomb monolayers of chromium atoms (Fig. 1.5) as shown in
Fig. 2.13 (a). The layers are strongly coupled in-plane with a Heisenberg coupling of
strength J. The interlayer coupling, assumed to Jz , is much weaker than J [51, 23].
We begin by studying the effect of the three-dimensional coupling in the zdirection as shown in Fig. 2.13(a) on the magnon spectrum. In the simplest model
the Cr3+ layers are coupled by the vertical bonds shown in Fig. 2.13(a) with
strength Jz . The non-interacting 3D Hamiltonian for this model can be written as


3 + γz
−γk − γz eikz
H0 (k) = JS
.
(2.59)
−γk∗ − γz e−ikz
3 + γz
By comparing with the 2D case (Eq. 1.13) we see that the matrix element acquires
an extra term as γz = JJz . Therefore, the dynamics of the Dirac point in the
Brillouin zone is governed by the equation γk + γz eikz = 0. The real and imaginary
part of this condition, provide two separate equations in the three-dimensional
reciprocal space of momentum k = (kx , ky , kz ). The solution, therefore, becomes
a curve in the reciprocal space. Hence the Dirac nodal point in a two-dimensional
system transforms to a nodal line. It is shown as a helical curve in the Brillouin zone

(a)

(b)

Figure 2.13: (a) Structure of ABC stacked honeycomb lattices. The layers are coupled by a weak
ferromagnetic coupling Jz . (b) The Dirac nodes form spirals winding around the corners of the
Brillouin zone.
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in Fig. 2.13(b). Consequently, the magnon branches are degenerate along the nodal
lines having identical topological properties of the usual Dirac point. Specifically,
we compute the Berry phase around the nodal line to be exactly similar to the case
in graphene
I
dkhψk |i∂k ψk i = π

(2.60)

Here, the integration is performed along a contour (similar to the one around
"red" or "blue" circles show in Fig. 2.13(b)) in the kz = 0 plane. We further
notice that the "red" ("blue") circles in Fig. 2.13(b) denote the projection of the
nodal lines in the kz = 0 plane. However, the finite size of the system gives rise to
various interesting features in this three-dimensional spectrum. Now, we continue
our discussion of the edge states in ribbon geometry and surface states in the slab
geometry for the honeycomb magnet.
Edge states in 2D: Since the honeycomb lattice is bipartite, it is a natural
candidate to search for the topological zero-energy edge states [52, 53]. Indeed, the
fermionic honeycomb lattices possess the zero-energy edge states both in 2D and
3D set ups [54, 55]. Intuitively, since the analysis is performed on a single-particle
level, one might expect that the edge states in the magnetic lattices will be the
identical copies of the edge states in the corresponding fermionic lattices. However,
it is demonstrated below that this is not the case. The spectrum of a 2D magnetic
lattice in a ribbon geometry is calculated and we find a significant disagreement
from the fermionic analogs.
In order to study the magnonic edge states, we consider a honeycomb ribbon
of finite width with N = 40 atoms in the y-direction and being infinite in the
x-direction as shown in Fig. 2.14. We perform the Fourier transform in the x
direction and introduce the corresponding momentum kx . However, the real space
representation in the y direction is preserved. This motivates us to write the tightbinding N -by-N Hamiltonian as


2ν + b
−2ν cos kx
−pb
 −2ν cos kx

2ν + 1
−1




−1
3
−2ν
cos
k
x
H = JS 
 (2.61)


.
.
.
.


.
−2ν cos kx
.
−pb
...
2ν + b
The Hamiltonian in Eq. 3.67 acts on the N -component wave-function ψj , j =
1, ...., N , where j labels atoms in the y-direction and henceforth describes an effective one dimensional dimerized lattice parametrically-dependent on momentum kx .
We introduced the following terms: p implements periodic boundary conditions, b
- an extra boundary potential, ν - relaxation of coupling between the edge and the
bulk states at the boundary. p = 0, 1 corresponds to open and closed boundary
condition. We note the structure of the Hamiltonian Eq. (2.61): The off-diagonal
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(a)

(b)

(c)

(d)
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Figure 2.14: (a) Geometry: Ribbon of a finite width N = 40 atoms and infinite in x direction.
(b-d) Magnon energy spectrum (red) for various boundary conditions. (b) Spectrum (red) for the
truncated Hamiltonian (i.e. p = 0, b = 1, ν = 1). (c) Spectrum when proper diagonal boundary
term is used (i.e. p = 0, b = 0, ν =1). (d) Spectrum (red) when relaxation of coupling near the
edge is included (i.e. p = 0, b = 0, ν = 1/2). For comparison, in panels (b-d), the black lines
show the spectrum when there is no edge, and periodic boundary conditions are used (i.e. p = 1,
b = 1, ν = 1).

elements alternate between 1 and 2 cos kx . This represents the dimerized nature
of the Hamiltonian, i.e. if viewed in the y direction the vertical bonds alternate
with tilted bonds. The non-zero diagonal elements (b) in Eq. (2.61) originate from
the interatomic coupling Siz Sjz according to the Holstein-Primakoff transformation
Eq. (1.12). This is peculiar to bosons because the interatomic coupling between
spins generates the on-site (diagonal) potential in the bosonic language. Therefore,
the diagonal element corresponding to each site is equal to the sum of all bonds
connecting to this site
X
Hi = S
Jij a†i ai
(2.62)
j

This guarantees that the spectrum of the magnon Hamiltonian is positive definite.
We diagonalize the spectrum of Eq. (2.61) and plot it as a function of kx in Fig. 2.14
(b-d). For brevity of exposition, we discuss the several parameters: p implements
periodic boundary conditions, b - an extra boundary potential, ν - relaxation of
coupling between the edge and the bulk states at the boundary. First let us consider
the periodic boundary condition in the y-direction, which corresponds to connecting
the dashed bonds (seen in panel a) to the other side of the sample. The periodic
boundary conditions are implemented by the parameters p = 1, b = 1, ν = 1. We
plot the corresponding spectrum with black lines in all panels (b-d). The spectrum
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(a)

(b)

(c)
Figure 2.15: (a) Geometry: Ribbon of a finite width N = 40 atoms and infinite in x direction.
(b-d) Magnon energy spectrum (red) for various boundary conditions. (b) Spectrum (red) for the
truncated Hamiltonian (i.e. p = 0, b = 1, ν = 1). (c) Spectrum when proper diagonal boundary
term is used (i.e. p = 0, b = 0, ν = 1). (d) Spectrum (red) when relaxation of coupling near the
edge is included (i.e. p = 0, b = 0, ν = 1/2). For comparison, in panels (b-d), the black lines
show the spectrum when there is no edge, and periodic boundary conditions are used (i.e. p = 1,
b = 1, ν = 1) in Eq. (2.63).

is symmetric and has two Dirac degeneracies expected for the periodic boundary
condition. We now eliminate the dashed bonds in panel (a), i.e. consider a ribbon.
We set the parameter b = 0, which corresponds to cutting the dashed bonds shown
in panel (a) and plot the corresponding spectrum with red in Fig. 2.14 (b). We
observe that the two Dirac cones are connected by the topologically nondispersive
edge states, which was broadly discussed in the context of fermionic honeycomb
lattices. In order to capture the open boundary condition correctly, we set b = 0,
which manifestly eliminates the dashed bonds but also introduces the boundary
potential on the edge atoms. The resulting spectrum is shown in Fig. 2.14 (c). In
contrast with the panel (b), edge states are not visible because they are pushed
into the bulk band by the boundary potential. Thus, the edge states known for
fermionic honeycomb lattices do not survive for the case of magnons. However, a
relaxation at the edge to the bulk bands can still generate edge states. Indeed, it is
feasible that the coupling between the edge atoms, highlighted with blue in panel
(a), is different. We implement this relaxation of the edge states at the surface with
ν = 1/2. This means that the edge states has certain penetration length to the bulk.
The edge spectrum for Dirac magnons, therefore, signifies strong disagreement with
their fermionic analogs, for example, in graphene.
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Surface states in 3D : A similar strategy, taken for the two-dimensional analysis, can be applied to study the surface states and the magnon spectrum in a slab
geometry as shown in Fig. 1.5 (a). In this case, the in-plane momentum k = (kx , ky )
is a good quantum number, whereas we keep the real space representation in the
z- direction


3 + bγz
−γk
−pbγz
 −γk∗

3 + νγz
−νγz




−νγz
3 + νγz
γk
(2.63)
H = JS 



.
..
..


.
−2ν cos k
x

−pbγz

...

3 + bγz

The parameter p captures the periodic boundary condition, b - the correct boundary
term defined for magnons, ν implements the relaxation of the interlayer coupling
Jz at the surface. In panel (a), we show the spectrum of Hamiltonian Eq. (2.63) for
open boundary conditions, i.e. p = 0. We observe the surface states are flat band,
identical to the surface states for fermions. However, this boundary condition does
not correctly describe surface states of magnons discussed in the case of edge states
in the previous paragraph. The correct boundary condition, which corresponds to
setting b = 0, sets an extra potential on the surface and pushes the edge states into
the bulk spectrum (panel b). If we take into account the relaxation of the interlayer
coupling Jz , by setting ν = 1/2, the edge states are "pulled" back in the gap (panel
c).
Therefore, although the single particle spectrum for Dirac fermions and bosons
are identical, the finite size effects make clear distinctions between these two paradigmatic representations of Dirac materials. The emergence of the on-site potentials in
bosonic surface states plays a crucial role in the fate of the surface state dispersions.
This feature is absent in the case of Dirac fermions.

Chapter 3

Interactions in Dirac materials

Many-body interactions are crucial in almost all areas of physics ranging from
condensed matter to atomic and molecular physics [33], nuclear physics [56], astrophysics and string theory [57], metallic and insulating magnetism [40] and supercoductivity [38] to quark-gluon plasma in heavy ion collisions and the asymptotic
freedom of the gauge theory in quantum chromodynamics (QCD) [56]. A complete theoretical analysis of the effects of the interactions is very specific to the
underlying microscopic mechanisms and poses a challenging task. However, Landau’s great insight provided a qualitatively simple yet profound answer to this
puzzle: the dynamics of an infinitely large number of strongly interacting particles
can be explained by an equally infinite collection of weakly interacting quantized
excitations carrying the same quantum numbers as that of the original particles.
Following the discussion in the introduction, these quantized excitations are known
as quasiparticles. However, the existence of a well-defined quasiparticle depends
on the dimensions and the specific forms of the interactions on the system. In
three dimensional materials, Fermi liquid theory provides an accurate description
for analyzing the physical properties with respect to the well-defined quasiparticles.
In contrast, a one-dimensional system (such as nanoribbons) cannot be described
within Fermi liquid theory and are often described within the framework of the
Luttinger liquid model [58].
In this chapter, we focus our attention on two-dimensional interacting Dirac
systems. One of the interesting features of non-interacting fermionic Dirac systems
is the linearly vanishing density of states, in contrast to a constant density of states
at the Fermi energy for their conventional analogs. Therefore, as one approaches
the Fermi surface in fermionic Dirac materials, there is always arbitrarily small but
finite number of available energy states that can take part in different scattering
processes in the presence of interactions. This fact leads to a drastic modification of
transport properties for Dirac Materials. We show the density of states for graphene
dispersion in Fig. 3.1 and emphasize their linearly vanishing characteristics close
45
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Figure 3.1: The Density of states (DOS) for graphene. The DOS vanishes linearly as we approach
the Fermi point labeled by the blue circle around the zero energy (zero chemical potential) in the
figure. The van Hove singularities correspond to the band dispersions at the edge of the first
Brillouin zone.

to the Fermi point. The density of states in the case of graphene is defined as
X 1 Z

g(ε) =
δ ε − ελk dkx dky ,
(3.1)
VBZ BZ
λ

where λ = ±1 in Eq. 3.1 corresponds to the conduction and the valence bands in
the spectrum and VBZ is the area of the Brillouin zone shown in Fig. 1.3. For this
reason, graphene is also referred to as a semi-metal in the literature.
We begin our analysis of the effects of the conventional Coulomb repulsion in
graphene and subsequently treat various other interactions in different Dirac systems. The previous two chapters provided a detailed discussion of the various
Bosonic and Fermionic Dirac materials. We analyzed microscopic origins of the
emergence of the Dirac nodes in the excitation spectrum for Dirac matter of both
fermionic and bosonic statistics. In the case of the fermions, the low energy quasiparticles are described by the symmetry protected Fermi surfaces. In contrast,
the bosonic Dirac excitations are high energy modes with a similar band structure. Therefore, in the single particle description, both the fermionic and bosonic
Dirac materials possess identical properties as far as their nodal excitations are con-
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Table 3.1: This table gives a summary of the main results discussed in the paper [4]: The selfenergy for the positive/upper part of the Dirac cone. The classification is based on short-range
and long-range interactions. The “+" and “-" signs in the cells for ReΣ+ (k) respectively signify
the enhancement and reduction of the renormalized Dirac velocity for the nodal excitations. For
short-range Dirac fermions, f0 and f1 are temperature independent positive constants as explained
in Sec. 3.2. The exponent ν ∼ 1±0.2 has been evaluated numerically for half-filled Hubbard model
on a honeycomb lattice. The renormalization of spectrum for Dirac magnons is proportional to
T 2 as explained in Sec 3.4. The renormalization of the bosonic Dirac spectrum with long-range
interaction is performed considering a nonequilibrium steady state as discussed in Sec. 3.6. The
ImΣ+ (k) is computed with the help of the Kramers-Kronig relation. The bold line between the
type of the interactions specifies that the distinction is based on the range of interaction. The
quasiparticle statistics plays a negligible role for long-range Coulomb interactions, but determines
different outcomes (e.g. in thermal power laws and zero temperature results) for short-range
interactions. Note: In the long-range Coulomb interaction the self-energy proportionality constant
is αe∗ vD , where αe∗ is the effective fine structure constant and e∗ refers to the effective charge
3Cdd
of the Dirac excitations. For dipolar interaction the proportionality constant is
3 . For
5/2
8(2π)

Λdz

short range interactions, the exact proportionality constant is not known to our knowledge.

cerned. Various interactions among the quasiparticles lead to interesting phases in
both classes of Dirac materials. Fundamental effects of various interactions include
: (a) renormalization of the non-interacting quasiparticle spectrum, (b) lifetime or
decay rates for the quasiparticles, (c) incorporation of the finite temperature effects
to the quasiparticle properties. In the following and subsequent Sections, we will
make an effort to answer these questions in various Dirac systems. We summarize
the main findings of this chapter in Table 3.1.
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Figure 3.2: The free spectrum for Dirac fermions in graphene. The approximate linear spectrum
is shown along the six corners of the hexagonal Brillouin zone.

3.1

Coulomb interaction: Graphene

In Sec. 1.2 we presented the microscopic origin of the low-energy Dirac equation
for the quasiparticle excitations in graphene. In undoped pristine systems, these
excitations are described by the following Hamiltonian
H = ~vD σ · k,

(3.2)

where vD is the Dirac velocity as explained earlier. Owing to the Dirac structure
in Eq. 3.2, the conduction and valence bands meet at six different points on the
edge of the Brillouin zone. The linear part of the spectrum is shown in Fig. 3.2.
The energy of the two bands are given by ε±1
k = ±vD |k|. In quantum mechanics,
the momentum of a particle is related to its wavelength λ by p = λ~ . Therefore, in
case of graphene, the kinetic energy scales with the wavelength as EK = ~vλD . If we
assume the average distance between the Dirac electrons is l, the average kinetic
energy per electrons is expected to be of the order of EK ≈ ~vlD . On the other
hand, the charged Dirac fermions interact via the Coulomb repulsion as
Vr =

e2
,
0 r

(3.3)

where e is the charge of the excitations and 0 is the dielectric constant of the
medium. Assuming the mean separation l between the electrons as before, we
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expect the average potential energy for the electrons to be of the order of EP ≈ e0 l .
Therefore, the ratio of typical kinetic and potential energy in the case of pseudorelativistic fermions in graphene is obtained as the following

αG =

e2
EP
=
,
EK
0 ~vD

(3.4)

The factor αG in Eq. 3.4 (also known as the fine structure constant in 3+1 Quantum
Electrodynamics) therefore becomes independent of the electronic density, being
only dependent on the material properties and the environmental conditions. The
uncommon relation between the kinetic and the potential energy not only affects the
interparticle interactions, but also the interactions of the Dirac electrons with the
charged impurities. In graphene the pseudo-relativistic structure of the Hamiltonian
in Eq. 3.2 leads to a lack of screening for the Coulomb interaction and one has
to consider the long-range effects with appropriate techniques. In 3+1- quantum
electrodynamics (QED) the value of the fine structure constant α is approximately
1
137 . Therefore, the relativistic QED is a can be solved perturbatively in terms of
α. In contrast, the 2+1 -QED formulation in pristine graphene has to be done nonperturbatively as αG ≈ 2.2 [16]. However, in most practical situations, graphene is
grown on a substrate [59]. This substrate generally induces an effective dielectric
constant  in the graphene sample and the effective fine structure constant αef f
decreases below 1. In this situation we can analyze the 2+1- QED in graphene as
a perturbation theory in the effective coupling constant αef f [60, 61, 59].
In this section, we analyze the effect of the Coulomb interaction using the conventional Dysonian perturbation theory and the techniques from the Feynman diagrams. As mentioned earlier, we focus on the renormalization of the linear Dirac
cone (Fig. 3.2) due to the Coulomb repulsion. The standard technique to evaluate
the renormalization of the quasiparticle spectrum is to incorporate the particleparticle self-energy into the total Green’s function of the interacting system. In
Dyson notation the self-energy Σ[k, ω] is defined as
−1

G[k, ω]

−1

= G0 [k, ω]

− Σ[k, ω]

(3.5)

where G0 [k, ω] and G[k, ω] are the Green’s functions for the free and interacting
system respectively. The free particle "propagator" or the Green’s function for the
Dirac fermions is given by
G0R [k, ω] =

ωI + vD σ · k
2 k2 ,
(ω + i0+ )2 − vD

(3.6)

where I is a 2 × 2 identity matrix. We now define the two-dimensional Fourier
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transform of the Coulomb potential Vr as
Z

2π

Z

∞

rdr

dθ

Ṽ (q) =

0

0

Z
=
0

2π

Z

dθ
2 Z

2πe
=

2πe2
=
q

∞

dr
0
∞

e2 iq.r
e
r

(3.7)

e2 iqr cos θ
e


J0 (qr)dr
0

where J0 (qr) is the Bessel function of the first kind and  is the effective dielectric constant arising because of the particular substrate for the graphene sample.
We focus on one loop renormalization of the quasiparticle propagator due to the
Coulomb repulsion. The self-energy Σ[k, ω] for the same can be written by following
the conventional Feynman diagram shown in Fig. 3.3 as
Z
Σ[k, ω] = −i dqdε G0R (ε + ω, k + q)Ṽ (q)
Z
(ε + ω)I + vD σ · (k + q)
= −i dqdε
2 (k + q)2 Ṽ (q)
(ε + ω + i0+ )2 − vD
Z
vD σ · (k + q)
= −i dqdε
2 (k + q)2 Ṽ (q)
(ε + i0+ )2 − vD
Z
σ · (k + q)
= π dq
Ṽ (q).
|k + q|

(3.8)

In the final step, we performed the contour integration over the energy ε. Now,
we choose the coordinate system such that k = (k, 0). The frequency dependence

Figure 3.3: The Rainbow diagram for the scattering of Dirac fermions with long-range Coulomb
interaction. The straight line corresponds to the Dirac fermion propagator G0R [k + q, ω + ]. The
wavy line corresponds to the Coulomb interaction Ṽ (q).
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Figure 3.4: The relative change of Dirac cone is shown. The transparent region shows the linear
cone in the absence of any Coulomb interaction and the diverging conical structure represents the
logarithmic renormalization of the cone.

of the self-energy is dropped and therefore we obtain
Z
(k + q cos θ, q sin θ)
Σ[k] = πσ · qdqdθ p
Ṽ (q)
k 2 + q 2 + 2kq cos θ
Z
k + q cos θ
Ṽ (q)
= πσx qdqdθ p
k 2 + q 2 + 2kq cos θ
Z
2π 2 e2
k + q cos θ
=
σx dqdθ p
2
0
k + q 2 + 2kq cos θ

(3.9)

Let us now consider the behavior of this integral in the ultraviolet regime. To do
this we introduce an ultraviolet cutoff for the momentum integration qcutof f = Λ.
In this case, the divergence of the integral can be analyzed as a function of Λ as


e2
Λ
Σ[k] ≈
k · σ log
(3.10)
4π0
k
The self-energy correction to the Dirac dispersion shows a logarithmic divergence
for small momentum as k → 0. The typical scale of the ultraviolet cutoff Λ for
the graphene lattice is ∼ a1 with a being the lattice constant. This is a remarkable
feature for the Dirac fermions in 2-D as the divergence is occurring in the first
order calculation. Although not shown here, the logarithmic divergence persists
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even in the higher order perturbation analysis [61, 62]. Therefore, the Coulomb
repulsion reshapes the linear Dirac cone of the noninteracting Dirac fermions in
graphene. A schematic of the reshaping of the conical structure is shown in Fig.
3.4. The renormalized Dirac velocity δvD can be extracted from the expression of
the self-energy in Eq. 3.10 and also diverges as
δvD =

e2
Λ
log
4π0
k

(3.11)

The logarithmic divergence of the self-energy and the related Dirac velocity signifies
that the undoped graphene belongs to the university class of the marginal Fermi
liquid [60]. However, performing a similar one loop renormalization calculation at
finite temperature we obtain that the self-energy behaves as


vD Λ
e2
k · σ log
(3.12)
Σ[k] =
4π0
max(vD k, kB T )
In Eq. 3.12 temperature T acts as an infrared scale to remove the divergence of the
Dirac velocity as k → 0 [63]. However, the Dirac velocity still increases at finite
temperature due to Coulomb repulsion.

3.2

Hubbard interaction: Dirac fermions

Following our discussion in the previous section, we observed that the long-range
interaction leads to a logarithmic divergence in the Dirac velocity. Even at finite
temperature, the self-energy and the associated Dirac velocity increases with depending on a specific combination of the ultraviolet energy scale and temperature.
Therefore, it is tempting to assume that any long-range interaction leads to an
increase in the velocity for the fermionic Dirac excitations.
In this Section, we explore the effects of a short-range type of interaction compared to the Coulomb case by focusing on the effect of an on-site Hubbard repulsion
between the Dirac fermions. Since in a typical metal the short-range correlations between the conduction and valence band electrons are important, the Hubbard model
has been regarded as an important tool to explain various many-body effects ranging from ferromagnetism to superconductivity [40] in real materials. Consequently,
we focus on the following model
X †
X
X †
H = −t
ciσ cjσ + U
ni↑ ni↓ − µ
ciσ ciσ ,
(3.13)
hi,ji,σ

i

i,σ

where σ is the spin of the electrons and U is the strength of the on-site Coulomb
repulsion. We also assume that there is a finite chemical potential. t is the strength
of the hopping amplitude for the electrons between the nearest neighbor sites of a
honeycomb lattice. Despite the apparent simplicity of the model in Eq. (3.13), an
exact solution of the Hubbard Hamiltonian has been found only in one-dimension
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with the bosonization procedure [64]. In higher dimensions, no such exact solutions
have been reported to the best of our knowledge. On the other hand, this interaction
is crucial in various compounds composed of transition elements, such as Cu0 [65,
66] as a result of the localized d− or f −electrons.
Owing to the lack of exact solutions, various analytical and numerical approaches have been used to analyze the properties of the correlated Hubbard model.
Two-particle self-consistent approrach [67], dynamical mean-field theory (DMFT) [68]
and non-perturbative renormalization [69] techniques are a few important techniques that provide very accurate descriptions of this local perturbation. Coming
back to our model in Eq. (3.13), we note that at the half-filling (µ = 0) the lowenergy Dirac fermions on a honeycomb lattice are described by the Dirac equation.
0
The effective linear dispersion is parametrized by the Dirac velocity vD
. It is natural to ask whether an on-site interaction U would decrease vD and eventually make
the system gapped. Various Dynamical mean-field theory analyses of the Hubbard
model in different lattice systems actually provide an affirmative answer in this
regard. Here, we focus on a few such DMFT results at zero and finite temperature [70, 71, 72, 73]. These results suggest that Dirac electrons in the presence of
Hubbard repulsion host two distinct phases (a) a semi-metallic phase (where the
valence and conduction bands cross each other resulting with a well defined Dirac
velocity) and (b) an anti-ferromagnetic insulating phase (the conduction and the
valence bands are separated by a gap throughout the Brillouin zone). The semimetallic phase is identified with the presence of a nodal point in the renormalized
R
. A
quasiparticle spectrum and is parametrized by a renormalized Dirac velocity vD
recent DMFT analysis [70] at zero temperature predicted that this Dirac velocity
decreases as the strength of the Hubbard repulsion is increased. In Fig. 3.5 we revR
in the case for the Dirac fermions defined on a honeycomb
produce [70] the ratio vD
D
lattice at zero chemical potential. The DMFT result shown in Fig. 3.5 suggests
that a phase transition from the semi-metal to the Mott insulator region occurs at
a critical value of UC ≈ 13.29t. The critical value for the transition reported in
this study [70] is quite high compared to the other DMFT analysis [71, 72]. However, the renormalization trend of the Dirac velocity is accurately captured and is
supported by various experimental results [74].
We perform a calculation based on the second order perturbation theory in the
semi-metallic phase, assuming that the Hubbard repulsion U is weak compared
the hopping energy t for the Dirac fermions. The mean-field Hartree calculation
(similar to the first order perturbation theory, see Fig. 3.6 (a)) contributes to an
overall shift
P of the energy
P spectrum. We verify this by expanding the Hubbard
term U i ni↑ ni↓ as U i hni↑ ini↓ + ni↑ hni↓ i where the quadratic fluctuations are
neglected. Therefore, the energy shift is proportional to U hn−σ i, where the "minus"
sign signifies that the energy of one spin branch is shifted by an average occupation
number of electrons belonging to the other spin branch.
However, a second-order perturbation theory provides a monotonic momentum
dependent self-energy correction to the Dirac fermions. We write the expression
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for the self-energy from the Feynman diagram shown in Fig. 3.6 (b). In the second
order, only one diagram contributes to the correction to the Green’s function. We
denote the energy of the non-interacting Dirac fermions from the tight-binding
model as εsk = svD |k|, where the label s = 1 is used for the conduction (up) and
s = −1 for the valence (down) band respectively. A straight-forward computation
leads to the following expression for the self-energy in the two bands labeled by
m = ±1
U 2 X (m)
G [k0 + q0 , k + q]Π[q0 , q],
(3.14)
Σ(m) (k) = i
4 q ,q 0
0

where Π[q0 , q] is the polarization function and G0 [q0 , q] is the free propagator for
the Dirac fermions. See Eq. (3.6). In the above Eq. 3.14 we perform the summation over the bosonic Matsubara frequencies iq0 = 2iβπn, where β is the inverse
temperature. The polarization function for Dirac fermions can be easily evaluated
as follows
i
i X h
T r G0 [p0 + q0 , p + q]G0 [p0 , p] .
(3.15)
Π[q0 , q] = −
β p ,p
0

After straightforward calculation and taking the trace over the matrix Green’s
functions, we obtain the following expression for the polarization function as [60]
Π[q0 , q] = −

X
s,s0 ;p

fsp − fs0 p0
Fss0 (p, p0 ).
iq0 + εsp − εs0 p0

(3.16)

where q0 is the fermionic Matsubara frequency and Fss0 (p, p0 ) = (1 + ss0 cos θ)) /2

Figure 3.5: The renormalized Dirac velocity decreases by increasing the interaction U in the
Fermi-Hubbard model. A semi-metal to insulator transition happens near UC ∼ 13.29t. The
Dirac velocity becomes zero at this quantum critical point. Reproduced from Jafari et.al. [70].
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Figure 3.6: (a) First order Hartree diagram. The solid line is the fermionic propagator and the
dashed line is the Hubbard coupling U . (b) The second order bubble diagram correction to the
fermionic self-energy. The dashed lines correspond to U 2 .

Figure 3.7: ReΣ+ [k] for the conduction band is shown at three different temperatures 0.05t, 0.1t
and 0.2t. The linear momentum dependence of the self-energy is shown by the dashed lines. The
on-site potential U is assumed to be 0.1t for this numerical calculation. Reproduced from Banerjee
et.al [63].

(where θ is the angle between the vectors p and p0 = p + q) is the overlap of
the eigenstates for the conduction and the valence bands respectively. fε is the
1
Fermi-Dirac distribution function fε = eβ(ε−µ)
. We obtain the expression for the
+1
self-energy using this polarization function as
ih
i
"h
f (εsp ) − f (εs0 p0 ) b(εsp − εs0 p0 ) + f (εm0 k0 )
X X
Σ(m) (k) = U 2
(3.17)
εmk − εm0 k0 − εsp + εs0 p0 + iδ
p,q s,s0 ,m0
#
× Fss0 (cos Θp;p0 ) Fmm0 (cos Θk;k0 ) .
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1
and θp;p0
Where the bε is the Bose-Einstein distribution function bε = eβ(ε−µ)
−1
0
0
and θk;k0 are the angles between the vectors p & p and k & k respectively. We
numerically perform the above for the conduction band close to the Dirac point
and plot the renormalized spectrum ReΣ(+1) [k] for three different temperatures
T1 = 0.05t, T2 = 0.1t, T3 = 0.2t in the unit of t in Fig. 3.7. The numerically
evaluated energy renormalization provide us with the key features of this particular
model. First of all, we emphasize that this numerical result is valid only if we
are in the limit of weak Hubbard interaction i.e. U  t. Negative self-energy
dictates that the energy of the Dirac fermions decreases resulting in a decrease in
the renormalized Dirac velocity. Guided by our numerical result in Fig. 3.7, we
propose a functional form for the temperature dependence of the self-energy as

ReΣ(+1) [k] ≈ −G[

T
]U 2 |k| + O(|k|2 ).
TF

(3.18)

The negative sign is assigned to Eq. 3.18 guided by our numerical estimate in Fig.
3.7 and TF is the temperature corresponding to the bandwidth. The conduction
and the valence bands are connected by the mirror symmetry and therefore we can
generalize the temperature dependence of the spectrum for both bands near the
nodal point. We further assume that in the weak coupling limit i.e. U  t, the
function G[ TTF ] can be expanded in a Taylor expansion of the temperature T as
G[

∞
X
T
Tν
fν
] = f0 +
TF
Tν
ν=1 F

(3.19)

where fν , ν = 0, 1, 2, ... in Eq. 3.19 are temperature independent constants. Analyzing the self-energy for small momentum at three different temperatures we obtain
the first non-vanishing exponent for small temperatures to be νmin = 1 ± 0.2 [63].
The renormalized Dirac velocity is further extracted from the above Eq. 3.18 as


D
vR
T νmin
(3.20)
∝ 1 − f0 + f1 νmin U 2 + O(|k|2 ), νmin = 1 ± 0.2
vD
TF
Our numerical analysis predicts a zero temperature renormalization of the Dirac
velocity and is consistent with the velocity renormalization result found in the recent
DMFT analysis by Jafari et.al. [70] (shown in Fig. 3.5). The linear temperature
dependence of the velocity in Eq. 3.20 is a new finding of our study. We further
emphasize that our numerical analyses are valid for the small U limit and cannot
be used for analyzing the structure of the velocity renormalization near the critical
point of the phase transition.

3.3

Coulomb interaction: Cooper pairs

In the previous two Sections, we analyzed the renormalization of the Dirac spectrum
for fermionic quasiparticles interacting via long-range Coulomb and the on-site
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Hubbard repulsions. From the point of view of the range of the interaction, these
two repulsive regimes are completely opposite to each other. The typical range
of Coulomb interaction is infinite whereas the on-site Hubbard repulsion is a zero
range interaction. We obtained the renormalization for the Dirac spectrum for
these two cases and found that the Dirac velocity increases for the long-range
interaction whereas the on-site Hubbard repulsions lead to a decrease in the overall
velocity. However, the particular nature of the renormalization depends on various
other parameters viz. the momentum, the temperature in a different way. The
renormalization of the Dirac velocity depends logarithmically on the temperature
in the case of Dirac fermions interacting via the Coulomb repulsion whereas the
same is governed by a different temperature dependent power law in case of the
Hubbard interaction. In this section, we describe the effects of Coulomb interaction
in case of Dirac bosons.
In chapter 2, we described the microscopic origin of Dirac dispersion in a granular superconducting system arranged in a honeycomb lattice. We found that the
collective excitations of the phase oscillations in each of the grains gave rise to a
nodal dispersion as in Eq. 2.53. The phase oscillations were related to the associated tunneling of Cooper pairs between the grains. In the model Hamiltonian (Eq.
2.6) we considered the effects of the Josephson tunneling and the on-site charging
energy U . However, the Cooper pairs carry an effective negative charge of 2e and
hence it is natural to assume that they can interact via an effectively long-range
Coulomb repulsion. Considering all the approximations explained in detail in Chapter 2, we phenomenologically modify the Hamiltonian in Eq. 2.49 by adding the
Coulomb repulsion between the Cooper pairs as [18]
X
X
X
2
0 α β
H = −2J
cos(θiA − θjB ) + U
(nα
Uij
ni nj ,
(3.21)
i ) +
iα

hiji

i,j;α,β

where the sum over the lattice sites i, j extends over the entire sample and α, β de0
note the sublattice indices A, B. Ui,j
is an effective Coulomb repulsion between the
Cooper pairs in each of the grains which are otherwise coupled via the Josephson
tunneling. In order to analyze the effect of this interaction on the collective modes
(see the description of the "optical" Leggett mode and the "acoustic" BogoliubovAnderson-Gorkov (BAG) [18] mode in chapter 2), we incorporate specific approximations while performing the Fourier transform of the Hamiltonian. We first write
the effective model for the phase oscillations and explain the details below

X 
0
α
B
A B
α
H =
J 3θkα θ−k
− γk θkA θ−k
− γ−k θ−k
θk + U n α
k n−k
kα

+

B
Vk0 nA
k n−k

+

B
Vk0 nA
−k nk

+

A
Uk0 nA
−k nk

+

B
Uk0 nB
−k nk )


,

(3.22)

where the effective Coulomb interaction between the grains belonging to the same
sublattice is assumed to be Uk0 and that between two different sublattices is assumed
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√
Figure 3.8: The spectrum for bosonic collective modes (in the units of JU ). The Leggett mode
with dispersion ω1 (k) crosses the plasma band dispersion ω2 (k) at the edge of the Brillouin zone
at K point. Plasma mode gap is proportional to ∼ (C1 − C2)) near the Γ point in the Brillouin
zone [18].

to be Vk0 . In the long wavelength limit, there should not be any difference between
the effective Coulomb interactions between the grains belonging to either the A or
the B sublattices. Therefore, we approximate the intra-grain repulsions (A − A or
B − B) as Uk0 . However, the effective repulsions can be different between the grains
belonging to two different sublattices. We approximate the inter-grain (A − B)
repulsions by Vk0 . We define the spinor eigenstate of the two-phase modes as
Θk = θkA

θkB

T

,

(3.23)

and obtain the following equations of motion for the phase oscillations from the
Hamiltonian in Eq. 3.22 as
"
#"
#
Θ̈k = −J (U + Uk0 ) I + Vk0 τz

3JI + Jγk τz θk

(3.24)

where τ are the Pauli matrices, I is the 2×2 identity matrix in the spinor space and
γk is the structure factor for the honeycomb lattice as defined earlier in Eq. 1.8.
We approximate the three-dimensional Fourier transforms of the effective Coulomb
repulsions Uk0 &Vk0 as the following
Uk0 ∼

C1
,
|k|2

Vk0 ∼

C2
|k|2

(3.25)

where C1 &C2 are constants which depend on the specifics of the sample. We
notice that the screening effect has been neglected in the form of the momentum
dependence and assumed to be only responsible for modifying the strengths C1 and
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C2 . Without loss of generality, we assume that C1 > C2 and obtain the dispersion
relation for the long wavelength "acoustic" BAG mode as


3J 2
C1 − C2
2
(3.26)
ω2 (k) ∼
|k| U +
2
|k|2
3JU 2
ω22 (k) ∼ (C1 − C2 ) +
|k|
2
As long as the constants C1 and C2 are different, the acoustic band (Goldstone
mode) in the Bose-Hubbard model becomes gapped. In the language of two band
superconductors [48] this mode is called the plasma mode. However, Coulomb interaction does not break the inversion symmetry which is responsible for protecting
the nodal point in the bosonic spectrum (see Fig. 2.11). Therefore, the Leggett
and the plasma modes still cross at the edge of the Brillouin zone K point and
the Dirac cone is preserved. The spectrum for this case is shown in Fig. 3.8 [18].
However, we observe (Fig. 3.8) that the Dirac velocity is renormalized due to the
emergence of the plasma mode and increases due to the increase in the bandwidth
of the spectrum.

3.4

Heisenberg interaction: Dirac magnons

The purpose of this current section is to perform a comprehensive study of the
effects of interaction on a honeycomb ferromagnet CrBr3 , where magnons possess
the Dirac energy spectrum. The microscopic emergence of the magnon dispersion
for this particular system was analyzed in detail in chapter 1. Since the early
definition by F. Bloch [75], the physics of magnons has been active and remains a
subject of both experimental and theoretical research [76, 77]. However, we would
like to point out that despite a large number of seminal works, the important case
of ferromagnets with non-Bravais lattices has been paid relatively little attention.
Even the two milestone papers by Dyson [78, 79] discuss magnon thermodynamics
only for crystals with Bravais lattices. Therefore, such theories cannot be applied to
the honeycomb lattice, a prominent example of the non-Bravais bipartite lattices,
which is the subject of our current discussion.
Because of the geometry of the honeycomb lattice, the magnon energy spectrum
closely resembles the electronic energy spectrum in graphene as shown in Fig. 1.6(a):
the two branches of the energy spectrum cross linearly at the K and K 0 points of
the Brillouin zone. We study the non-linear spin-wave theory by calculating the
lowest-order self-energy diagrams to extract the effects of Heisenberg interaction
of the magnon spectrum. The Hartree self-energy gives a uniform renormalization
of the energy bands consistent with the theory of Bloch [80]. Then, we calculate
a real and imaginary part of a second-order rainbow diagram, which gives the
energy renormalization and the decay rate of the magnon excitations. We perform
a low-temperature expansion which resembles, but is not equivalent to, the analysis
in the case of the antiferromagnet [81], and calculate the momentum space map

60

CHAPTER 3. INTERACTIONS IN DIRAC MATERIALS

of the magnon decay rate. We find that the complex landscape of the energy
dispersion indeed brings in a non-trivial non-monotonic momentum-dependence of
the lifetime and the energy renormalization. We identify the van Hove-like peaks of
the decay rate and show that they correspond to the reconnections of the scattering
contours in the momentum space. At this point, we also mention that Maksimov
and Chernyshev [82] recently discussed similar issues for an anisotropic honeycomb
antiferromagnet with the Dirac magnon spectrum.
Our analysis is relevant to the long-forgotten compound CrBr3 that was extensively studied in the nineteen-seventies [51, 23]. This three-dimensional (3D)
material (see Fig. 1.5) consists of interpenetrating layers of Cr and Br. The Cr3+
ions, which carry magnetic moments of effective spin 32 , are arranged in planar honeycomb lattices in such a way that the neighboring honeycomb layers are weakly
coupled. The effect of the three-dimensional coupling on the magnon dispersion
was analyzed in detail in chapter 2. The material becomes ferromagnetic below
TC = 32.5 K as mentioned in the introduction. There is a fifty-year-old puzzle of an
elevated energy band renormalization which is inconsistent with Dyson’s theory of
the scattering in conventional Bravais ferromagnets. At that time, the significance
of the Dirac cone in the energy spectrum was little emphasized. In this section, we
make a connection with the experimental observation in Ref. [51, 23] and henceforth
analyze the effects of the interactions. Since the energy renormalization is given
by the real part of the self-energy, whereas the scattering rate by the imaginary
part of the self-energy, the two counterparts are related via the Kramers-Kronig
relation. Thus, our observation of the non-monotonic behavior of the scattering
rate around the K and K 0 points is related to the experimental observation made
in Ref. [51, 23].
We start with a Heisenberg model on a 2D honeycomb lattice as described in
the introduction (the crystal structure is shown in Fig. 1.5(a). The Heisenberg
Hamiltonian of the model
X
H = −J
Si · Sj
(3.27)
hiji

describes the nearest-neighbor coupling between spins. For convenience, we choose
the units in which the coupling J has units of energy, whereas the magnitude of the
spin S is dimensionless. The sign of coupling J > 0 gives the ferromagnetic ground
state at low temperatures. At this point, we do not discuss the implications of the
Mermin-Wagner theorem, which forbids a true long-range ferromagnetic order in
two-dimensions. Instead, we study the magnetic excitations, the Dirac magnons,
above the well defined ferromagnetic ground state on the honeycomb lattice.
The prototypical ferromagnetic system described by Hamiltonian (3.27) is CrBr3 [83]
with ferromagnetic transition at Tc = 32.5K. The magnetic Cr atoms carrying spin
S = 5/2 are arranged in the 2D honeycomb layers, which have ABC stacking in
the z direction. We also note that the system has a weak easy-axis anisotropy not
captured by Hamiltonian (3.27). The effect of interlayer coupling is neglected in
the current section as already been discussed in chapter 2.
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We relate the spin and boson operators using the Holstein-Primakoff transformation truncated to the first order in 1/S and write it explicitly once again
!


†
√
a
a
a
1
i
i
y
x
i
Si + iSi = 2S ai −
+O
,
4S
S 3/2
!


√
a†i a†i a
1
†
y
x
+O
,
(3.28)
Si − iSi = 2S ai −
4S
S 3/2


Sz = ~ S − a†i ai ,
The similar equation is written for the other sublattice bosons replacing a with b.
We already described the emergence of noninteracting Dirac spectrum that results
from keeping the leading order expansions of the Holstein-Primakoff transformation.
As mentioned earlier, the Dirac spectrum (see Fig. 1.6(a)) is composed of an optical
up and an acoustic down branch. The energy and the wave-functions are given by
!
iφk
1
e 2
u,d
u,d
εk = JS(3 ± |γk |), Ψk = √
,
(3.29)
iφk
2
∓e− 2
P
where γk = j eik·cj = |γk |eiφk are the same functions as defined earlier in Eq.
1.14 and cj are the three nearest neighbor vectors in the lattice as shown in Fig.
1.5(b). Using the wave-functions (3.29) we also relate the annihilation operators
corresponding to the up uk and down dk magnon branches to the sublattice operators as

iφk
1  iφk
uk = √ e− 2 ak − e 2 bk ,
2

iφk
1  − iφk
(3.30)
dk = √ e 2 ak + e 2 bk .
2
Now we include the next-order terms of the Holstein-Primakoff expansion (3.28)
and find an interaction term as
J Xh ∗ † †
γk2 ak1 bk2 ak3 ak4 + γk4 a†k1 a†k2 ak3 bk4 + γk2 b†k1 a†k2 bk3 bk4
V=
(3.31)
4N
{ki }
i
+ γk∗4 b†k1 b†k2 bk3 ak4 − 4γk4 −k2 a†k1 b†k2 ak3 bk4 .
The interaction Hamiltonian (3.31) describes a four-magnon process where two
magnons with momenta k3 and k4 scatter into the two magnons with momenta k1
and k2 . The sum in Eq. (3.31) is carried over all momenta satisfying the conservation law k1 + k2 = k3 + k4 .
We add a comment on the difference between the honeycomb ferromagnet, considered here, and the honeycomb antiferromagnet, considered recently in Ref. [82].
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In the case of the ferromagnet, the Hamiltonian commutes with the global spinrotation operator around the magnetization axis. This protects the form of the
four-magnon interaction (3.31). The interaction (3.31) acts upon the states with
at least two of the excited magnons. Thus, in the limit of zero temperature T → 0,
where only a single magnon excitation is present, the effect of interaction (3.31) vanishes. However, in the case of the canted antiferromagnet considered in Ref. [82],
such a rotational symmetry is absent, which permits the three-magnon scattering
terms in the interaction Hamiltonian. The effect of the three-magnon process is
non-zero even at absolute zero T = 0 [81]. Thus, although the single-particle spectrum may be predominantly identical in the cases of the honeycomb ferromagnet
and antiferromagnet, the effects of interaction terms are completely different. In
the following sections, we analyze the effect of interaction (3.31) on the honeycomb
magnons perturbatively in the order of S1 .

Hartree contribution:
Here, we examine the effect of scattering to the first order in the interaction vertex (3.31). We evaluate the Hartree diagram shown in Fig. 3.9(a). We consider, for
example, the first term in Eq. (3.31) γk∗2 a†k1 b†k2 ak3 ak4 . Now, in order to calculate
the self-energy, we replace the product of two operators by their expectation values.
There are four ways to do this:
h
γk∗2 a†k1 b†k2 ak3 ak4 → γk∗2 a†k1 hb†k2 ak3 iak4 + a†k1 hb†k2 ak4 iak3
i
+ b†k2 ha†k1 ak3 iak4 + b†k2 ha†k1 ak4 iak3

(3.32)

For low temperatures, only the down band is occupied. So expectation values in
Eq. (3.32) can be expressed using the occupation number of the down magnons and

(a)

, (b)

Figure 3.9: (a) One- and (b) two-loop contribution to magnon self-energy. Variable q denotes the
momentum of thermally excited magnons. For small temperatures T  J, only the low-energy
magnons with small q are excited.
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the matrix elements of the | dk i wave-functions. So, we substitute

1
b εdq ,
2

e−iϕq
ha†q bq i = hb†q aq i∗ =
b εdq
2

ha†q aq i = hb†q bq i =

(3.33)

where b(ε) is the Bose-Einstein distribution function as follows (we assumed the
Boltzmann constant kB to be equal to the unity)
b(εq ) =

1
exp

εq 
T

−1

and find that the Eq. (3.32) generates the following expression




a†k ak |γq |b(εdq ) + γk∗ b†k ak b(εdq )

(3.34)

(3.35)

We perform the same procedure for all the other terms in Eq. (3.31) and find that
it produces the following extra contribution to the free Hamiltonian
X †
HHartree =
αak ak + αb†k bk + βk a†k bk + βk∗ b†k ak
(3.36)
k

where for brevity we define the coefficients

J X
(|γq | − |γ0 |) b εdq ,
α=
2N q
βk =



J X
γk − eiφq γk−q b εdq .
2N q

(3.37)
(3.38)

For low temperature T → 0, only the magnons populated near the vicinity of Γ
point matter and the functions can be calculated. We use an expansion around
2
small q: |γq | = 3 − 3q4 and evaluate the integrals in Eq. 3.37 to obtain
Aπ
36J 2 S 3
Aπ
βk = −T 2
γk
108J 2 S 3
where A is the area of the lattice unit cell. We find that the renormalized
tonian can be written as


Aπ
3
−γk
2
,
ΣHartree (k) = −T
3
108JS 2 −γk∗
α = −T 2

(3.39)
(3.40)
Hamil-

(3.41)

Therefore, we observe that the temperature rescales the overall prefactor of the
Hamiltonian while keeping the matrix structure intact. We note that Bloch [80]
calculated the Hartree term for a cubic lattice, which is a specific example of the
Bravais lattice. Equation (3.41) generalizes the results of Ref. [80] to the nonBravais lattices, i.e. where the magnon Hamiltonian is a matrix.
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Second-order renormalization of Dirac magnons
Having analyzed the Hartree contribution, we now focus on the effects of the interaction (Eq. 3.31) to the second order and consider the diagram in Fig. 3.9(b). The
corresponding self-energy can be calculated by performing a Matsubara frequency
summation over the bosonic frequency as

Σ(Ω, k) =

X
q,p

|Vk,q;p |2 Fk,q;p
,
Ω + εq − εp − εk+q−p + iδ

Fk,q;p = [1 + b(εp )] [1 + b(εk+q−p )] b(εq ) − b(εp )b(εk+q−p ) [1 + b(εq )] .

(3.42)
(3.43)

where Vk,q;p is the amplitude for the two-magnon scattering processes and Fk,q;p
is the combination of different Bose-Einstein distributions as written in Eq. 3.43.
We rewrite the interaction term in Eq. 3.31 in terms of the diagonal operators uk
and dk to analyze the structure of the different scattering amplitudes Vk,q;p for six
different scattering processes. The annihilation operators corresponding the up and
down bands are related to the original sublattice annihilation operators ak and bk
via the unitary transformation (3.30), which we invert and obtain
uk + dk
√
,
2
iφk −u
k + dk
√
bk = e− 2
2

ak = e

iφk
2

(3.44)

We now substitute the transformation (3.44) in the interaction Hamiltonian (3.31)
and rewrite it in the band operators uk and dk basis. Finally, with the suitable
permutations, we obtain the following scattering amplitudes for three different scattering processes as

VV =

1 X h (1) † †
(2)
Vk,q,p up dk+q−p uk dq + Vk,q,p d†p d†k+q−p uk dq +
N
k,q,p

(3)
Vk,q,p d†p d†k+q−p dk dq + rest
(1)

(2)

(3)

(3.45)

Now, we list the forms of Vk,q,p , Vk,q,p and Vk,q,p for three different scattering
processes uk + dq → up + dk+q−p , uk + dq → dp + dk+q−p and dk + dq →
dp + dk+q−p in Eq. (3.45). In the scattering processes above, there is always a
thermal down band magnon, which we label by the incoming momentum by q.
Other scattering processes involving "up" band magnons are not written explicitly.
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The corresponding matrix elements are
(1)

J
J
J
(|γq | − |γk | − |γp | + |γk+q−p |) cos Φ + |γq−p | cos Ξ − |γp−k | cos Ψ
4
2
2
(3.46)
iJ
iJ
iJ
=
(|γk | − |γq | − |γp | − |γk+q−p |) sin Φ + |γq−p | sin Ξ + |γp−k | sin Ψ
4
2
2
J
J
J
= (|γk | + |γq | + |γp | + |γk+q−p |) cos Φ − |γq−p | cos Ξ − |γp−k | cos Ψ
4
2
2

Vk,q,p =
(2)

Vk,q,p
(3)

Vk,q,p

and the phases in each of the scattering amplitudes are defined as follows
φp + φk+q−p − φq − φk
2
−φp + φk+q−p + φq − φk + 2φp−q
Ξ(k, p, q) =
2
φp − φk+q−p + φq − φk + 2φk−p
Ψ(k, p, q) =
.
2
Φ(k, p, q) =

(3.47)

We notice that each of the matrix elements vanishes for q = 0, i.e. Vk,q;p |q=0 = 0
on 3D hypersurface (see Fig. 3.10) defined by the energy conservation for each
of the processes involving magnons from up and down branches. Physically, the
fact that the matrix element vanishes for q = 0 is in agreement with the fact
that d†q=0 is not a true excitation of the ground state, but rather represents the
SO(3) degeneracy of the ground state. Overall, Eq. (3.42) can be calculated using
a computationally expensive four-dimensional integration. However, we choose a
different route and notice that Eq. (3.42) can be further simplified in the limit of
small temperatures T  J. We observe that the first term in the thermodynamic
function Fk,p,q corresponds to the direct scattering process, i.e. where the original
magnon with momentum k and the thermal magnon with momentum q scatter into
magnons with momenta p and k + q − p, whereas the second term corresponds to
the reverse scattering process. For small temperatures T  J, the direct scattering
process dominates, and Fk,q;p can be approximated as
Fk,q;p = b(εq ) + b(εq )b(εp ) + b(εq )b(εk+q−p ) − b(εp )b(εk+q−p )

(3.48)

which is composed of the products of the Bose filling factors. At small temperatures,
we expect that the first term dominates others in Eq. (3.48), so we approximate it
as
Fk,q;p ≈ b(εdq )
(3.49)
where we explicitly used the dispersion of the acoustic branch εdq . As the temperature is lowered, the Bose filling factor (3.34) populates only the states in the close
vicinity of q ∼ 0. Now we expand the generic matrix element Vk,q;p for small q.
As d†q=0 is not an excitation (i.e. not a magnon), but rather represents the SO(3)
degeneracy of the ground state, the scattering vertex for this state d†q=0 with other
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(a)
Figure 3.10: Sketch of the manifold where the energy conservation Ek,q;p = εk + εq − εp −
εk+q−p = 0 is satisfied in the 4D momentum space (q, p) for fixed k.

non-zero momentum k 6= 0 magnons vanishes. Indeed, the explicit expressions for
(1,2,3,4,5,6)
= 0.
the scattering matrix shown in Eq. 3.46 have this property Vk,q;p
q=0

Therefore, the expansion of the matrix element in q starts with the first order term
as
Vk,q;p = q · vk;p + O(q2 ),
(3.50)
where vk;p is a two-component vector giving an expansion of the matrix element.
There is a subtle point that the expansion (3.50) should be made on-shell, i.e. on
the hypersurface in the 4D momentum space (q, p) where the energy conservation
is satisfied. The energy conservation hypersurface is selected by the delta function
of the following arguments, which we write as
Ek,q;p = εk + εq − εp − εk+q−p

(3.51)

and illustrate in Fig. 3.10. The expansion (3.50) should be done on the hypersurface
given by Eq. (3.51). After a few steps of straight-forward linear algebra, we obtain
h
(∇p V · ∇p E) i
vk,p = ∇q V − ∇q E
.
(∇p E)2
q=0

(3.52)

We further observe that in addition to the first trivial term in Eq. (3.52), there is a
second term which comes from performing the expansion on the hypersurface (3.51).
Performing the similar analysis for each of the three processes (the other processes
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involving scattering of "up" band magnons do not contribute to the self-energy
at low temperature for their negligible occupation) we obtain the two-component
vectorial matrix elements as
i
J h
(1)
vk;p = Re eiΦ(k,p) e−iφk−p ∇γk−p − e−iφp ∇γp
(3.53)
2
h
i

iJ
(2)
vk;p = − Im eiΦ(k,p) e−iφk−p ∇γk−p + e−iφp ∇γp
2
i
J h iΦ(k,p) −iφk−p
(3)
vk;p = Re e
∇γk−p + e−iφp ∇γp
e
2
φ +φ

−φ

k
where Φ(k, p) = p k−p
. Thus the expansion in Eq. 3.50 of the matrix
element
2

in the linear order in q, together with the simplification Fk,q;p ≈ f εdq in Eq. 3.49
allows us to integrate over q and we obtain
Z
|vk;p |2
d2 p
(3.54)
Σ(ω, k) = αT 2 A
2
(2π) ω − εp − εk−p + iδ

where A is the area of the lattice unit cell and the constant α is defined in Eq. 3.37.
Scattering rate:
First, let us discuss the details of evaluating the scattering rate. The scattering
rate is related to the imaginary part of the self-energy, and we thus obtain from
Eq. (3.54)
Z
Wk = απT 2

d2 p|vk,p |2 δ (εk − εp − εk−p )

(3.55)

The integrand in Eq. (3.55) contains two terms: the matrix elements computed earlier and the delta function. The delta function determines the kinematically allowed
phase space. Since k is an external parameter, the argument of the delta function
generically determines a one-dimensional (1D) contour in the two-dimensional (2D)
momentum p space. The competition between the matrix element and the kinematic factor, given by the delta-function, determines the overall behavior of the
scattering rate (3.55). To give an idea about the kinematic factor in the scattering
rate, we also compute the scattering density of states,
Z
Kk = d2 pδ (εk − εp − εk−p )
(3.56)
which retains only the kinematic part of Eq. (3.55). Then, one can compare the
relative contribution of the matrix element and the kinematic terms by superposing
Eqs. (3.55) and (3.56).
The bare original energy spectrum contains the up and down branches, which
we label as uk and dk for brevity. There are multiple scattering channels allowed by
the energy conservation which we have already mentioned. We represent the related
scattering channels as : u → u + d, u → d + d and d → d + d (here we omit a label
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for the "ghost" thermal magnons from the down branch). We evaluate numerically
the scattering rate Eq. (3.55) and density of states Eq. (3.56) by approximating
the delta-function with the Lorentzian of finite width J/100. A Lorentzian function
is defined as
1 2
(3.57)
δ(t) = lim
to0 π 2 + t2
The results for the three different processes are shown in Fig. 3.11(a,c,e) along the
line Γ → K → M → Γ in the momentum space. For clarification we also plot
the phase space contours for all these three processes in Fig. 3.11(b), 3.11(d) and
3.11(f). Below, we briefly describe each of the three scattering processes in details.

Process u → u + d: We provide the corresponding plots for the scattering rate
Wk and the density of states Kk in panels (a) and (b) of Fig. 3.11. The scattering
rate, shown in panel (a), displays a series of van Hove-like peaks and dips as a
function of momentum k. In order to analyze this pattern, we consider the energy
conservation corresponding to the process u → u + d,
0 = εuk − εup − εdk−p = JS (|γk | − 3 − |γp | + |γk−p |)

(3.58)

which is also the argument of delta function in Eqs. (3.55)-(3.56). Recall that
k denotes the momentum of the original magnon, whereas p - the momentum of
one of the two new magnons, and the momentum of another k − p is determined
by the momentum conservation. The solution of Eq. (3.58) with respect to the
momentum, p determines the scattering contours in the 2D momentum p space,
which we show in the panel (b). For reference, the coloring scheme in panels (a) and
(b) is identical: the vertical line of a particular color in panel (a) corresponds to the
momentum k, for which the scattering contour (3.58) of the same color is plotted
in panel (b). For instance, consider the peak in the scattering rate located halfway
between the Γ and K points in the panel (a). In panels (b), we plot the scattering
contours in red and green corresponding to the momenta k, in the vicinity the
scattering rate peak as shown by the red and green vertical line in panel (a). So, by
comparing panels (a) and (b), we observe that the van Hove peak in the scattering
rate corresponds to the reconnection of the scattering contours (compare red and
green lines). With further increase of the momentum k towards the K point, the
scattering contour shrinks around the K point as shown in blue and magenta lines
in panel (b). Therefore, the scattering density of states decreases and ultimately
vanishes for k = K. The scattering rate has the strongest singularity for k near
the Γ point. Notice that exactly at Γ, i.e. for k = 0, Eq. (3.58) is trivially satisfied
for all p within the Brillouin zone. The apparent divergence of the scattering rate
stems from the mirror symmetry of the magnon spectrum 3.29.
Process u → d + d : The corresponding plots for the scattering rate Wk and
the density of states Kk are shown in Fig. 3.11 (c) and 3.11 (d). The argument
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Figure 3.11: Left panels: Scattering rate (3.55) shown with solid and scattering density of states
(3.56) shown with dashed line for k along the line Γ → K → M → Γ in the Brilluoin zone. Right
column: Scattering contours, i.e. the solutions of Eqs. (3.58)-(3.60) with respect to momentum
p. The top, middle, and bottom rows correspond to different scattering channels u → u + d,
u → d + d and d → d + d correspondingly. Coloring scheme: Scattering contours of different
colors in the right panels correspond to the initial magnon k shown with vertical lines of the same
color in the left panels. Reproduced from Pershoguba et.al. [20].

of the delta function in Eqs. (3.55)-(3.56), gives the energy conservation for this
scattering channel,
0 = εuk − εdp − εdk−p = JS (|γk | − 3 + |γp | + |γk−p |)

(3.59)

Because of the energy conservation Eq. (3.59), the process is allowed only for k
sufficiently close to the corners K of the Brillouin zone. In particular, for momentum k close to the Γ point, there is no solution of Eq. (3.59). The scattering rate
in panel (b) consists of three characteristic peaks. The side peaks correspond to
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the van Hove singularity where the single-particle energy εuk enters the two-magnon
continuum εp + εk−p . Both processes u → u + d and u → d + d determine the
scattering rate of the magnons in the up-branch. The total decay rate for the "up"
magnons is a sum over the decay channels discussed above and is shown in Fig.
3.12 (a).
Process d → d + d: This process happens entirely within the down-band. The
corresponding plots are shown in Fig. 3.11 (e, f). The argument of the delta function
in Eq. (3.55) and Eq. (3.56) gives the energy conservation for this scattering as
follows,
0 = εdk − εdp − εdk−p = JS (−|γk | − 3 + |γp | + |γk−p |)
(3.60)
The pattern in panel Fig. 3.11 (e) has a number of peaks near the corners of the
Brillouin zone K. All peaks correspond to reconnections of the scattering contours
as shown in panel (e). In the vicinity of the Γ point, the dimensionless scattering
rate Wk is suppressed, although the corresponding scattering density of states Kk
is finite. Physically this means that interactions keep the Goldstone down magnons
as well defined sharp excitations with a relatively long lifetime.
Real part of the self-energy: The real part of the self-energy carries an important physical significance as explained earlier and provides an interaction-induced
renormalization of the magnon energies. So, we calculate the real part of the selfenergy (3.54),
ReΣ(εk , k) = αT 2

X
p

|vk;p |2

(εk − εp − εk−p )
2

(εk − εp − εk−p ) + δ 2

(3.61)

where δ = J/100 is chosen finite for numerical reasons. In contrast with the imaginary part given only by the on-shell processes, we now consider both the on-shell
and off-shell processes. So, six processes are considered in calculating the real part
of the self-energy. The three processes u → u + u ,u → u + d and u → d + d
contribute to the renormalization of the up-band and the three processes d → u + u
,d → u + d and d → d + d contribute to the renormalization of the down-band.
Using Eq. (3.31) and the derived expressions for the matrix elements vk,p , we
evaluate the real part of the self-energy. We consistently find that the self-energy of
the down band is negative for momentum k close to the Γ point. This observation
makes sense from the point of view of the text-book second-order perturbation
theory, which always produces a negative shift of the lowest energy state. This also
means that the renormalized energy spectrum of the Goldstone modes is negative,
which is clearly unphysical. The only way to fix this inconsistency would be to force
the momentum-dependent matrix element vk,p to zero where the momenta are close
to the Γ point. In fact, Dyson [78, 79] argued that the Holstein-Primakoff approach
incorrectly estimates the matrix elements in the long-wavelength limit. In order to
bypass this difficulty, we consider the decay rate shown in Fig. 3.11 (left panels),

3.4. HEISENBERG INTERACTION: DIRAC MAGNONS

(a)

(b)

(c)

(d)

71

Figure 3.12: Normalized decay rate of the (a) up-band and (b) down-band. A sequence of van
Hove like peaks is a unique signature of the Dirac dispersion. Normalized magnon dispersion
renormalization for (c) up-band and (d) down-band. The vertical axes are plotted with respect to
temperature-dependent energy unit ET = T 2 /JS 3 ; therefore all contributions scale as T 2 with
temperature T .

where we observe that the results with (solid curve) and without (dashed curve)
matrix element are similar. So, the role of the matrix element is relatively weak:
it is just a well-behaved function that only slightly modifies the results. The gross
features of the tunneling spectrum such as the van Hove peaks are predominantly
determined by the energy denominator. So, with these reservations in mind, we
suggest that the real part would also be weakly dependent on the matrix element.
Given that we cannot extract the correct long-wavelength behavior of the matrix
elements from the Holstein-Primakoff transformations anyway, we postulate the
following ansatz for all matrix elements
h
ih
ih
i
|vk,p | = 1 − exp(|k|/λ) 1 − exp(|p|/λ) 1 − exp(|k − p|/λ)
(3.62)
where λ is a constant. Next, we substitute Eq. (3.62) in Eq. (3.31) and evaluate
the real part of the self-energy and obtain the results after performing numerical
integration in Mathematica 10 and show the corresponding plots in Figs. 3.12
(c),(d).

Comparison with a triangular ferromagnet:
Before continuing our discussion of the magnon Dirac cone renormalization, we
focus on the effects of the renormalization in a triangular lattice. Because of the
two-sublattice (non-Bravais) structure of the honeycomb lattice, there are multiple
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(a)

(b)

(c)

(d)

Figure 3.13: (a) Magnon dispersion in a triangular ferromagnet. (b) Scattering rate (3.55) and
scattering density of states (3.56) shown with solid and dashed lines correspondingly. (c) The
real part of the self-energy. (c) For each initial momentum k shown with a thick dot, we plot a
scattering contour with a line of the corresponding colors.

scattering channels that we have discussed so far. Therefore, it is helpful to mention
an analogous scattering rate in the triangular lattice (note that the honeycomb
lattice is composed of the two interpenetrating triangular lattices). This discussion
closely follows that of the honeycomb lattice: we start with the Heisenberg model,
bosonize it, and evaluate the free Hamiltonian
 X
X †
H0 = JS
ai aj + h.c. =
εk a†k ak
(3.63)
hiji

k

as well as the interaction,

X † †
Hint = J
aj aj aj ai + a†i a†j ai ai + a†i a†j aj aj + a†i a†i ai aj − a†i a†j ai aj

(3.64)

hiji

In contrast with the honeycomb lattice, there is now only a single magnon branch
with spectrum εk = JS (6 − 2fk ), where


√
√
a
a
(3.65)
fk = cos(akx ) + cos( (kx + 3ky )) + cos( (kx − 3ky ))
2
2
Here a is the lattice constant. The spectrum has only one branch and is shown
in Fig. 3.13(a). As above, we perform the low-temperature approximation and
evaluate the scattering rate Eq. (3.55) as well as the density of states Eq. (3.56)
in Fig. 3.13(b) (to be compared with Fig 3.11(e)). The decay spectra in the
vicinity of the Γ point are similar for the triangular and honeycomb lattices as
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Figure 3.14: Summary of experimental results for ∆E
as a function of the Brillouin zone moE
mentum q. The circles are the experimental data, while rectangles are from Ref. [23]. The
smoothed-fitted curve is derived from the non-interacting magnon dispersion shown in Fig. 1.6.
The dashed line is the prediction of first-order perturbation theory in comparison with the Hartree
term 3.4. Reproduced from Yelon et. al. [51]

expected: the long-wavelength Goldsone magnons cannot distinguish between the
lattice structures. On the other hand, the spectra are quite different close to the
Brillouin zone boundary near the K and M points. One similar feature is that both
the spectra have a number of peaks near the high- symmetry points. The evolution
of the scattering contours of the triangular lattice is shown in Fig. 3.13(d). We
plot the real part of the self-energy in Fig. 3.13(c).

3.5

Comparison with experiment and magnon Dirac cone
reshaping

We previously mentioned that the spin waves in this prototypical ferromagnetic
insulator (CrBr3 ) were studied with neutron scattering experiments [51, 23] back in
the seventies. This previous studies reported the renormalization of long-wavelength
magnons. However, their results could not be explained by the first-order approximation in the Dysonian [78, 79] spin-wave theory, which predicts that the magnon
energy shift ∆E
E is independent of the momentum. We already analyzed this feature
in Sec. 3.4 and observed that Hartree renormalization contributes to an overall scaling of the magnon spectrum with temperature but do not change the momentum
dependence.
In contrast, the second order perturbation theory gave rise to a non-monotonic
dependence to the spectrum as shown in Fig. 3.12(c),(d). We take this opportunity
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(b)

Figure 3.15: (a) Temperature-dependent renormalization of the Dirac dispersion near the K
point. The bare and renormalized spectra are shown in red and black lines. (b) Temperaturedependent renormalization of magnon energy spectrum copied from Ref. [51] overlaid with our
theory (red). The green and blue arrows in both panels are used as a guide to the eye and point
to the corresponding features in the spectrum. In panel (b), the horizontal dashed line represents
the energy renormalization due to the constant Hartree term (Eq. 3.41). The momentum kDP =
4π
√ a denotes the position of the Dirac point.
3 3

to apply our results to explain the unresolved puzzle of the energy renormalization
in this particular material. The experimental data of the energy renormalization
is reproduced from the paper by Yelon [51] in Fig. 3.14. In Fig. 3.14 the energy
renormalization is defined as the following expression
h
ih
i
◦
◦
◦
◦
E(6
K)
−
E
(6
K)
E(20
K)
−
E
(20
K)
g
g
∆E
=
(3.66)
E
E(6◦ K) − Eg (6◦ K)
where Eg is the experimentally measured energy gap in the magnon spectrum. The
origin of this gap is related to the uniaxial anisotropy present in the ferromagnetic
system. In our discussion of the Heisenberg model for the system, we ignored this
term for simplification which resulted in the low-energy Goldstone mode dk .
We now use our numerically evaluated results for the renormalized spectrum
for up and down branch magnons around the Dirac point K shown in Fig. 3.12
and overlay them at a temperature of T = 3J to obtain the reshaped Dirac cone.
We observe that Fig. 3.15 (a) predicts that the Dirac velocity is decreased (red
curve) compared to the bare spectrum (black cone). We also show that our temperature dependent renormalization of the magnon spectrum surprisingly provides
a very good qualitative agreement with the experimentally measured [51] energy
renormalization in Fig. 3.15 (b). The theoretically predicted energy shift (shown
in red curve in Fig. 3.15 (b)) is calculated for the down band which is written in
our notation as
∆εk
εD ◦ (k) − εD
T =20◦ K (k)
= T =6 K D
(3.67)
εk
εT =6◦ K (k)
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In the literature, there are many distinct value of the coupling constant J has been
reported as J = 11K [84], J = 6K [23] and J = 28K [85]. We evaluate the quantity
∆εk
εk for different coupling constant J from our interacting Dirac magnon theory and
find the best fit of our result with the experimental plot at J = 18K.

3.6

Interacting dipolar bosons: Honeycomb lattice

In the previous section, we analyzed the effect of Heisenberg exchange interaction
among thermally excited Dirac magnons. The interaction led to a non-monotonic
momentum dependent renormalization of the Dirac spectrum as shown in Fig. 3.14
(a). In this section, we analyze a different situation of bosonic atoms arranged
in a honeycomb lattice interacting via dipole-dipole exchange repulsion [63]. The
atomic dipoles are arranged in a preferred direction governed by the applied electric
field. The Hamiltonian for the interacting system can be modeled as
H = −t

X
hiji

a†i bj +

X
UX α α
β
ni (ni − 1) +
Vij nα
i nj ,
2 i,α

(3.68)

ij,α,β

where U denotes the strength of the repulsive on-site potential, Vij is the effective
dipole-dipole interaction in 2D, and a†i ,(b†i ) are the creation operator on the sub†
†
lattices A(B). The sublattice indices are denoted by α = A, B and nα
i = ai ai (bi bi )
denotes the number of bosons at site i. In this model, we assume that the bosonic
dipolar atoms are strongly confined in the z direction and choose an ansatz for
bosonic density in such a configuration as
 2
z
1
exp − 2 n(x, y),
(3.69)
ρ(r) = p
2
d
πdz
z
where the Rdensity in the plane n(x, y) is normalized to the total number of dipolar
atoms as n(x, y)d2 r = N . We choose dz as the confinement length in the z
Direction. The 3D dipolar interaction Vdd (r) between the dipolar atoms in such a
configuration is given by
Vdd (r) =

3Cdd 1 − 3z 2 /r2
,
4π
r3

(3.70)

Here, we provide the details for the derivation of the 2D Fourier transform of the
potential Vdd (r) (see Eq. (3.70). The 3D dipole interaction between the atoms can
be expanded as
Z
Hdd = drdr0 ρ(r)Vdd (r − r0 )ρ(r0 )
(3.71)
Z
= dqṼdd (q)ρ̃(q)ρ̃(−q),
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where ρ̃(q) and Ṽdd (q) are the Fourier transforms of the density of bosons ρ(r)
and the dipole potential Vdd (r) respectively. We use the following identity for the
differentials over a sphere
Z
Z
∂ ∂ 1 3
∂ rj 3
d r.
(3.72)
d r=−
3
∂r
∂r
4πr
∂r
i
j
i 4πr
V
V
In right hand side of Eq. (3.72) we use Gauss theorem for vector fields as
Z
Z
∂ ∂ 1 3
rj
dAi .
d r=−
3
∂r
∂r
4πr
4πr
i
j
V
∂V

(3.73)

Analyzing the symmetry under the exchange of the indices i, j in the above equation,
we obtain
(
Z
0, i 6= j.
rj
−
dAi =
(3.74)
1
3
4πr
−
∂V
3 , i = j.
This leads to an operator identity and hence relates the Coulomb potential to the
dipole-dipole potential as
−

∂ ∂ 1
δij − 3r̂i r̂j
1
=
+ δij δ(r).
3
∂ri ∂rj 4πr
4πr
3

(3.75)

The above equation can be Fourier transformed as follows (F denotes the action of
Fourier transform)
 


1
1
δij − 3r̂i r̂j
ki kj
F
− δij .
(3.76)
F
=
3
4πr
4π
r
3
We know
the Fourier transform of the Coulomb potential in three-dimension as

F 1r = 4π
2
q . Using all of these results together, we obtain the Fourier transform of
dipole-dipole potential Vdd (r) in three-dimension as
 2

3qz
Ṽdd (q) = Cdd
−1 .
(3.77)
q2
using the boson density ρ(r) in Eq. (3.69) we derive the effective two-dimension
dipole potential Ṽq as,
dqz , dqk − d2z qz2
e 2 Ṽdd (q)ñ(qk )ñ(−qk )
2π
 2

Z
d2 q 2
Cdd
3qz
− z2 z
=
dqz , dqk e
− 1 ñ(qk )ñ(−qk )
2π
q2
Z
= dqk Ṽqk ñ(qk )ñ(−qk ),
Z

Hdd =

(3.78)
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where q = (qk , qz ) is the three-dimensional momentum, and Ṽdd (q) = Cdd
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h

3qz2
q2

−1

i

is the Fourier transform of Vdd (r). Substituting the boson density ρ(r) defined in
Eq. (3.69) in Eq. 3.78 and integrating over qz we get the effective potential energy
as
"
!
#

qk2 d2z
3qk
qk dz
Cdd
2
√
Ṽqk =
−
,
(3.79)
exp
erfc √
2
2
2
2πdz
2
√ Rx
where erfc (x) = 1 − (2/ π) 0 exp(−t2 )dt is the complementary error function and
qk = (qx , qy ) is the two-dimensional momentum. The on-site potential U provides
a positive energy energy for the collective modes however, the dipole potential may
lead to nontrivial renormalization in the spectrum.
We introduce the Hubbard-Stratonovich field φ to decouple the interaction term
in Eq. (3.79). The corresponding Hamiltonian can be rewritten as
Z

HK = H0 + dq φq n(q) + φq Ṽq−1 φ−q .
(3.80)
We focus on analyzing the renormalization of the linear spectrum within the
Dirac cone near the crossing point in Fig. 1.6(a). Any isolated bosonic system
in thermal equilibrium always hosts quasiparticles in the spectrum populated ac1
with either zero or negative
cording to the Bose-Einstein function b(ε) = eβ(ε−µ)
−1
chemical potential µ. Therefore, thermally excited bosons are always described by a
parabolic dispersion near the ground state. However, this restriction can disappear
when the bosonic system is coupled to some external pumping source and decay
bath. In the steady state of a driven bosonic system, a situation might occur where
an effective chemical potential µBoson is induced. We assume such an arrangement
where µBoson is near the Dirac crossing point (denoted by the "red" and "blue" dots
in Fig. 1.6(a)) due to pumping [86]. The possible emergence of such a situation
from the interplay of pumping, decay and interactions is an interesting problem in
itself but is not the focus here. We treat instead the somewhat related situation of
Dirac bosons with long-range Coulomb interaction in the next paragraph.
Now, a one loop perturbation theory with the coupling Cdd is set up in a fashion
similar to Dirac fermions coupled to gauge fields. The retarded Green’s function

Figure 3.16: Rainbow diagram for the scattering of Dirac bosons Ψ†k with long-range dipole interaction φq . The wavy line corresponds to the propagator D0 (q).
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for the free Dirac bosons G 0 (k, iωn ) and the H-S field D0 (q) = hφq φ−q i are
G 0 (k, iωn ) =

1
,
iωn − vD σ · k

D0 (q) = Ṽq ,

(3.81)

where ωn are the bosonic the Matsubara frequencies. These definitions allow us to
calculate the self-energy for the one loop diagram in Fig. 3.16, and after summing
over the Matsubara frequencies, we find that
Z
σ·q
Σ(k, iωn ) = dq
(1 + 2b(vD |q|)) Ṽq−k
2|q|
 02 2 
 0 
Z
q dz
3Cdd
q dz
0
dqdθ (σ · q) q exp
.
=−
erfc √
8
2
2

(3.82)

In this equation, b(ε) = eβε1−1 is the Bose-Einstein distribution and β = kB1T . In
Eq. (3.82), we assume the temperature to be small enough (T  Λ) so that the
Bose-Einstein distribution for the Dirac energy b(vD |q|) ∼ 0 and q 0 = |q − k|.
The angular integration can be evaluated analytically, and using polar coordinates
where the angle between the vector q and k is γ − θ we find
q 02 = q 2 + k 2 − 2qk cos(γ − θ)
2
q
≈ k 2 t2 (1 − cos(γ − θ)); t =  1.
t
k

(3.83)

−t2 P∞
For large t we expand the error function as, erfc (t) = et√π n=0 (−1)n (2n−1)!!
(2t2 )n and
perform the analytical continuation over the Matsubara frequencies. Hence, we
obtain

Σ(k) ≈

3Cdd
σ · k + O(k 2 ),
8(2π)5/2 Λd3z

(3.84)

where Λ is the ultraviolet cutoff. The renormalization of the Dirac velocity is then
given by the coefficient of the linear k term, so we have
δvD (k) ≈

3Cdd
.
8(2π)5/2 Λd3z

(3.85)

The renormalized Dirac velocity is larger than the single particle Dirac velocity
and it increases with decreasing dz i.e. when we have longer range interaction.
This behavior is plotted in Fig. 3.17. By carefully analyzing Eq. (3.85), we see
that dz should be less than or of the order of the lattice constant a to have a
considerable change in the Dirac velocity, which is consistent with our assumption
of a quasi-two-dimensional system.

3.7. DISCUSSION
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Figure 3.17: The relative change of Dirac velocity δvD /vD as a function of the range of the dipole
interaction. The parameter 1/dz (dz is the confinement length in z direction) is used to tune
the range of the interaction as in Eq. (3.69). The solid and dashed curves are plotted for two
different coupling constants Cdd (see Eq. (3.85)).

3.7

Discussion

In this chapter, we present a comprehensive discussion of the effects of various interactions in Dirac matter. Motivated by the renormalization of the band structure
and lifetime properties of the bosonic and fermionic Dirac quasiparticles, we find
a universal trend in interacting Dirac matter and observe that the quasiparticle
statistics plays a negligible role for long-range Coulomb interactions, but determines different outcomes (e.g. in thermal power laws and zero temperature results)
for short-range interactions. We summarize our results in the illustrative Table 3.1.
In the table, we enlisted the real and imaginary parts of the self-energy for various
interactions as treated in this chapter. For simplicity, the renormalization of the
upper part of the Dirac spectrum is listed in Table 3.1. This is denoted by Σ+ (k).
We notice that the renormalization of the bottom part of the spectrum is related
to the upper part by mirror symmetry. We used the Kramers-Kronig relations in
order to obtain the imaginary parts of the self-energy, .
This is one of the first systematic studies of the renormalization effects in Dirac
materials for various interactions. It is clear that the form of the quasiparticle
interactions qualitatively affects the velocity renormalization. Contact interactions
generically lead to a decrease in the Dirac velocity, whereas finite-range interactions
(which may be screened or unscreened) generically give an increase. The quasiparticle statistics – i.e. whether we are dealing with bosons or fermions - do affect the
power laws fixing the temperature and momentum dependence of the self-energy
corrections for short-range interactions, but do not influence the logarithmic behavior for long-range Coulomb repulsion. This analysis opens up the possibilities of
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both slowing and speeding up Dirac quasiparticles. Interaction effects might be engineered and controlled and lead to new technological applications, e.g. spintronics,
in heterostructures of Van der Waals materials.

Chapter 4

Artificial gauge fields
In the previous chapters, we presented a comprehensive analysis of various interaction effects in a diverse set of fermionic and bosonic Dirac matters. The main focus
of this analysis was studying the renormalization of the Dirac spectrum. Indeed
interaction leads to a drastic modification to the "free" particle dispersion relations.
However, this spectrum renormalization is a result of the many-body effects and
therefore raises a natural question: is it possible to modify the spectrum of free
particles without incorporating any many-body corrections? It is well known that
the spectrum of a two-dimensional non-interacting electron gas is (viz. applies
to the two-dimensional electron gas in a semiconductor) is given by the following
Hamiltonian
p2
H=
,
(4.1)
2m
where p = (px , py ) is the momentum in two spatial dimension. The above Hamiltonian gives rise to a parabolic dispersion. However, in presence of an out-of-plane
magnetic field Bẑ, the Hamiltonian is modified as
H=

(p + eA)2
,
2m

(4.2)

where A = Byx̂ is the electromagnetic gauge field. Choosing kx as the momentum
along the x-direction, we obtain from the Schrödinger equation (HΨ = Ψ)

2 !
d2
kx
1
2
= F (y)
(4.3)
− 2 + (eB) y −
2m
dy
eB
where Ψ(x, y) = eikx x F√
(y). Eq. 4.3 is for a Harmonic oscillator centered around
y0 = kx l2 where l−1 = eB. We observe that the parabolic dispersion now transforms into a set of discrete energy levels, called Landau levels with the spectrum
as


1
eB
n = ωc n +
, ωc =
.
(4.4)
2
c
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In the above equation, ωc is the cyclotron frequency. The Landau levels are infinitely
degenerate in infinite two-dimensional electronic systems. In this case, the external
magnetic field is responsible for transforming the spectrum whereas the particles
are still treated in the non-interacting approximation. In this chapter, we discuss
the effects of such gauge fields that can couple to the non-interacting particles.
Recent theoretical [87] and experimental [88, 89, 90] works in the cold-atom physics
have realized that the neutral atoms can be used as the quantum simulators for the
conventional electrons in a strong magnetic field. Although, the concept of utilizing
quantum simulators, to circumvent the difficulty of exploring physical effects tied
only to the natural materials, dates back to Feynman [91].

4.1

Landau levels in neutral atoms

Motivated by this recent development in cold atoms experiments, we look for the
possibility of neutral particles hosting spectrum analogous to the Landau levels in
charged electrons. We follow the same logic of minimal coupling of gauge field
to the electronic momentum and analyze the condition where an "effective" field
would couple to the orbital motion of the neutral particles. A natural possibility
would be to consider the spin-orbit coupling among these particles. According to the
celebrated result of Aharonov and Casher [92], we already know that neutral particle
with magnetic dipole moment exhibit the Aharonov-Bohm (similar to the one seen
in charged particles) effect under certain circumstances. Due to the relativistic
effects, neutral particles moving with velocity v in an electric field E will feel a
magnetic field B = −(v × E)/c2 [93]. This happens as a result of the underlying
Lorentz transformations between the electric and magnetic field. Therefore, in
the non-relativistic limit, one can write down a Rashba-type interaction between a
neutral particle with a magnetic moment in presence of an electric field E [94]. We
consider a neutral particle whose magnetic dipole moment couples with an external
electric field E. The Hamiltonian for the system can be written as
H=

p2
+ ασ · (p × E)
2m

(4.5)

In Eq. (4.5) p is the momentum of the particle in the two spatial dimension r =
(x, y). The particle has a mass denoted by m. The coupling constant α is related
to the magnetic moment of the neutral atom as
α≈

gµB
2mc2

(4.6)

where c is the speed of light, g is the Lande-g factor and µB is the Bohr magneton.
There are several works on the interaction between neutral atoms and magnetic
field which are of relevance to the present case [95, 96, 97, 98, 99, 100]. In the
context of Atomic, Molecular and Orbital (AMO) physics, this coupling occurs
as a result of an artificial gauge field (also called synthetic gauge field). It is an
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effective gauge field which couples to the dynamics of the neutral atoms in ultracold
quantum gases. Most often, the simulated gauge field is an effective abelian gauge
field similar to the electromagnetic field. They are introduced in the system, either
by the Coriolis force due to the rotation of the quantum gas or by imprinting a
spatially varying geometric phase through an atom-laser interaction. Recently, the
possibility of realizing synthetic dynamical gauge fields with the long-term goal of
using the platform for quantum simulations of problems relevant to Standard Model
of physics [101] was pointed out.
However, continuing our discussion of the model system in Eq. 4.5, we rewrite
the Hamiltonian as
p2
+ α(σ × p).E
2m
2
p
+ αp.Aef f
=
2m
=E×σ

H=

Aef f

(4.7a)
(4.7b)

In Eq. 4.7b, we introduced an effective field Aef f which is made out of an external electric field [102, 103, 104] and the magnetic moment of the neutral particle.
This construction is analogous to the seminal work in Aharonov and Casher [92].
We know that the Pauli matrices form an SU(2) representation. Therefore, the
components of this gauge field (assuming the external electric field transforms as a
vector) (Eq. (4.7a) also forms an SU(2) representation and hence are examples of
non-abelian gauge fields [105, 106]. We observe that such a simple model provides
a platform to realize a non-abelian gauge field. In order to progress further, we
assume an in-plane electric field E as E = γy 2 ŷ. A quadratic electric of this form
may be realized for a linear charge distribution in three dimensions. The specific
choice of the electric field as E = γy 2 ŷ, which couple to the magnetic moments of
the neutral particle, can be compared with the Landau level physics for charged
particles.
Remembering the problem of Landau quantization in electrons, we introduce
momentum kx along the x-direction and rewrite the Hamiltonian in Eq. (4.7a) as
(we assume the Planck constant ~ to be unity)
H± =

p2y
kx2
+
± α γ y 2 kx
2m
2m

(4.8)

We notice that the Hamiltonian in Eq. (4.8) separates into two branches H±
according to the eigenvalues of σz . Proceeding with the above Hamiltonian, we
express the wave function as Ψ(x, y) = eikx x φ(y) in a similar analogy to the charged
particle in magentic field (see Eq. 4.3). Inserting Ψ(x, y) in Eq. 4.8, we obtain the
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±
effective one-dimensional Hamiltonian Hef
f φ(y) = φ(y)

O2y
± αγkx y 2
2m
O2y
1
=−
± mωc2 y 2
2m 2

±
Hef
f =−

(4.9a)
(4.9b)

where we introduce the cyclotron frequency as
ωc2 =

2αγ ~ kx
m

(4.10)

In contrast to the electronic cyclotron frequency in the magnetic field, in this case,
the frequency depends on the atomic mass m and the momentum, kx . Notice that
only the particles with positive wave-vector kx (negative wave-vector kx ) belonging to the H + (H − ) branch of the governing Hamiltonian, possess well-defined
cyclotron frequency. In the other case, the particles do not have a well-defined
ground state. We find the wave-function and the spectrum for the former case as

r
mωc
1  mωc 1/4 − mωc y2
ikx x
2
√
e
Hn
y ,
(4.11a)
ψn (x, y) = e
π
1
2n n!


1
k2
n (kx ) = ωc n +
+ x
(4.11b)
2
2m,
where the function Hn (x) is the Hermite polynomial similar to that for the conventional Landau quantization for electrons. However, the dispersion n (kx ) is distinct

Figure 4.1: The spectrum in Eq. (4.11b) for the neutral atoms as a function of the momentum
kx . In contrast to the infinitely degenerate equally space Landau levels of the charged particles,
this spectrum is non-degenerate. The equal spacing of the levels is also lost due to the explicit
dependence of the spectrum on momentum kx .
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from the conventional Landau levels in Eq. 4.4. We show the spectrum in Fig.
(4.1). The degeneracy, as well as the equal spacing nature of the levels, are lost due
to the presence of the momentum kx in the expression of the energy in Eq. 4.11b.

4.2

Physical realization in toroidal traps

Here we describe a possible physical realization to observe the Landau spectra for
the neutral particles as shown in Fig. 4.1. Several laser beams are focused to interfere and create potential profiles such that the ultracold atoms can reside near
the minima of these potentials and create a quantum many-body system [107].
Our motivation to incorporate cold atoms in optical traps is guided by the analogy
between the pseudo ’spins’ and magnetic moments for the neutral particles. Recent experimental and theoretical works [108, 109, 110, 102, 111] provide a natural
platform for realizing Rashba-type (similar to our model in Eq. 4.5) spin-orbit coupling in ultracold atoms. We already mentioned that particles belonging to both
the channels σz = 1, kx > 0 and σz = −1, kx < 0 satisfy the harmonic oscillator
Hamiltonian. However, there is a subtlety realizing our model in the realistic 2dimensional optical traps. In a finite trap, the particles will be reflected from the
boundary and change their momentum direction. Half of the particles following
H+ channel in Eq. (4.9a) will scatter out of the optical traps when reflected from
the boundary, as they change the sign of the momentum kx . Hence, the particles
will be lost within such a small time window that experimental observation might
not be possible.
The most practical way to prevent the loss of the particles from the trap would be
to utilize toroidal optical traps [112, 113]. In such traps, there will be no reflections
because of the absence of any boundary and the particles following H + branch
will always remain in the trap realizing the Landau physics for the atoms. A twodimensional toroidal trap is shown in Fig. (4.2).
We consider the effect of temperature. The finite temperature of the traps
will result in a momentum distribution for the particles. We may assume a BoseEinstein distribution for these particles as βp12 . Therefore, experimentally a
e

2m

−1

smeared out Landau spectrum would be observed. We assume fermionic atoms (viz.
40
K) [114, 115] in the traps so that they do not form any Bose-Einstein condensate
(BEC). We, therefore, exclude the effects of vortices. We discuss the tunability of
the parameters of our model and whether it is possible to experimentally
p verify
our proposal. A typical energy gap is of the order of ~ωc which is ~ (2αγ vx ).
As discussed earlier, assuming the neutral particles inside the trap would have the
Boltzmann distribution, there will be a mean speed for the particles corresponding
to the temperature of the trap.
We further estimate the typical level spacing for the spectrum assuming realistic
values for the parameters in our model. We choose γ to be approximately 1010 V /m3
and vx to be of the order of 10−1 m/s. The constant α becomes approximately
3.6 × 10−16 m2 s−1 /V . Plugging these values together, we estimate for the typical
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level spacing to be 5.504 × 10−19 eV which is extremely small. It is impossible
to measure such small gaps with current technology. However, if we produce a
similar synthetic electric field with a SO coupling as Hso = ηy 2 kx σz we can use
the freedom of tuning the coupling constant η to get a substantial increase in the
level spacing
p in the spectrum (Eq. (4.11b)). The typical energy gap in this case is
~ωc0 = ~ (2ηvx )/~, where the cyclotron frequency ωc02 = (2ηkx )/m. If we choose
η ≈ 10−20 kg.m/s2 [111], the level spacing between n = 0 and n = 1 level for the
same mean speed is approximately 2.8 × 10−9 eV. The corresponding temperature
scale is of the order of few microKelvin 2.8 × 10−9 eV ∼ 3.25 × 10−5 K which is
attainable in optical traps. Therefore, we may observe neutral atoms Landau levels
in optical traps [116].

4.3

Discussion and Conclusion

In this chapter, we discussed the effects of coupling of the quadratic electric field to
the atomic magnetic moment. This simple model gave rise to an emergent artificial
gauge field. We also discussed the analog situation where of inducing a spin-orbit
coupling in trapped ultracold atoms, one can produce non-trivial spin-dependent
levels in the atomic spectrum. In contrast to conventional Landau levels where
the energy spectrum is equispaced, we find an energy spectrum with continuously
increasing level spacing as a function of the momenta. We note that a new type
of gauge field arises and couples to the momentum of the neutral particles with
magnetic moments in the presence of specific charge distribution. This is to be
contrasted with the Landau level physics of electrons in applied magnetic fields.
The scattering of half of the particles in the optical trap due to the presence of σz

Figure 4.2: A schematic of toroidal potential trap for realizing the Landau spectrum for the
particles. The toroidal traps are incorporated to prevent the loss of particles due to reflection
from the boundary (See Eq.(4.9a)).
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in the Hamiltonian in Eq. (4.8) can be prevented with toroidal traps as shown in
Fig. (4.2).

Chapter 5

Conclusions and future directions
In this thesis, we presented a detailed analysis of the renormalizations in the band
structure as a result of interparticle interactions in various Dirac materials. The motivation for this work originated from a simple question: are there bosonic analogs
of Dirac fermions? We answered this question in chapter 2 by realizing that the
collective phase oscillations in a granular superconducting system bear a similar
band structure to most of the commonly known Dirac materials such as graphene.
The tunability of conical dispersion in Fig. 2.11 was the most important finding of
our initial works. The high-energy bosonic excitations (defined as the Leggett and
BAG mode) around the nodal point have the similar Berry’s phase of π (−π for the
other inequivalent nodal point). Although this proposal for realizing Bosonic Dirac
matter depended on the specific microscopic structure of a Josephson network, this
topological characterization of chiral excitations is universal. The π Berry’s phase
was again realized when we discussed the surface states in a completely different
material CrBr3 in chapter 2. Apart from the Dirac dispersion of the excitations,
we believe that our work in the granular superconductor can provide hints to understand the puzzle of charge ordering in underdoped Cuprates [117, 118]. Another
interesting finding is that local interactions UA and UB open the gap in the Dirac
spectrum and thus allows one to control the bosonic excitation spectrum.
While working on this project, we became aware of various other works on
bosonic systems having similar Dirac dispersions. However, understanding the unifying feature of chiral bosonic excitations around the nodal point was our main
observation. Being aware of yet another such realization in the context of spin-wave
excitations by our close collaborators, we coined the term "Bosonic Dirac Materials"
(BDM) for such system. This categorization extends the previously known works
on Dirac fermions. Therefore, work in this thesis contributed to an extension of
the concept of Dirac materials to much wider subclasses which we now have been
referring to as (a) Fermionic Dirac matter and (b) Bosonic Dirac matter. The novel
features of Dirac materials are related to having linearly dispersing quasiparticle
excitations.
89
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In Paper II, we continue our study of bosonic Dirac systems focusing on the effects of various interactions. It is already known that long-range Coulomb repulsion
among Dirac fermions leads to a considerable change in the linear band structure of
graphene resulting in the logarithmic divergence of the Dirac velocity. Therefore,
it is natural to expect that interparticle interactions among Dirac excitations are
very important; both in the context of a complete understanding of the nature of
quasiparticles and their effects on physical observables. Our study of spin-wave
excitations on CrBr3 is a significant step towards this understanding.
We identified two key features of bosonic Dirac materials: (i) Interacting bosons
lead to a nondivergent velocity renormalization near the Dirac points. In contrast,
Coulomb interactions between fermions lead to a logarithmic correction of the Dirac
velocity. (ii) The non-Bravais nature of the honeycomb lattice structure leads to
significant modifications of the spin-wave interactions. We also found topological
surface states in CrBr3 that are the bosonic analog of Shockley edge and surface
states.
Apart from the key finding listed above, our work explained an anomalous
momentum-dependent renormalization of the magnon spectrum in CrBr3 near the
Dirac points which remained a puzzle for half a century [23, 51]. By evaluating the
self-energy due to the magnon-magnon interactions, we obtained a good agreement
with data from Ref. [51] and have thus resolved a nearly 50-year-old puzzle.
This work also carries significant contribution in the context of the recent discovery of intrinsic single layer van der Waals ferromagnetic systems. We envision that
the magnonic Dirac materials could become important as platforms for magnon
transport [119] and as a basic building block to construct topological magnetic media. Driven magnon Dirac matter and Bose-Einstein condensation are important
future projects to pursue.
Paper III, contains a summary of interaction effects on various Dirac materials.
Motivated by our results in interacting Dirac magnons, we explored the wide variety
of fermionic and bosonic Dirac systems. Broadly, the interactions can be divided
into two types : (i) long-range and (ii) short-range. Our previous work already indicates that the Heisenberg interactions lead to slowing down the Dirac magnons.
Motivated by this, we analyzed the self-energy for Dirac fermions interacting via
on-site Hubbard repulsion. This study was presented in Sec. 3.2 and we observed
that the Dirac velocity also decreases in this short-range interacting system. We
analyzed Dirac excitations under both types of interactions and presented the summary in Table 3.1. It is clear from the table that the form of the quasiparticle
interactions qualitatively affects the velocity renormalization. Contact interactions
generally lead to a decrease in the Dirac velocity, whereas finite-range interactions
(which may be screened or unscreened) generally lead to an increase. The quasiparticle statistics – i.e. whether we are dealing with bosons or fermions - do affect the
power laws fixing the temperature and momentum dependence of the self-energy
corrections for short-range interactions, but do not influence the logarithmic behavior for long-range Coulomb repulsion. We believe that this work is a significant
step in developing a detailed understanding of the renormalizations in interacting
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Finally, in Paper IV we discuss the implications of gauge field coupling to neutral
particles. This study is motivated by the possibility of tailoring band structures in
materials without invoking interparticle interactions. The key result of this work
is the observation of a Landau quantization in neutral atoms. This work lays the
foundation for observing Dirac magnons Landau levels by coupling the magnons to
an elastic gauge field, although our analysis is based on generating artificial gauge
field in neutral atoms or excitations having parabolic dispersion.
The work presented in this thesis expands the list of possible platforms to study
Dirac materials. Our work contributed to understanding various aspects of interacting Dirac materials whereas interplay of interaction and disorder in real materials
provide a rich structure for discovering new states. Magnetic materials hosting
Dirac-like excitations are and will remain a subject of intense studies in our field.
Last but not the least, we should mention that chiral excitations in Dirac matter
will affect the future device manipulation and specifically Dirac magnons in layered
van der Waals magnetic materials can be used to model novel spintronic devices.
This might be useful for topological quantum computing.
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Granular superconductor in a honeycomb lattice as a realization of bosonic Dirac material
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We examine the low-energy effective theory of phase oscillations in a two-dimensional granular superconducting sheet where the grains are arranged in a honeycomb lattice structure. Using the example of graphene,
we present evidence for the engineered Dirac nodes in the bosonic excitations: the spectra of the collective
bosonic modes cross at the K and K  points in the Brillouin zone and form Dirac nodes. We show how two
different types of collective phase oscillations are obtained and that they are analogous to the Leggett and the
Bogoliubov-Anderson-Gorkov modes in a two-band superconductor. We show that the Dirac node is preserved in
the presence of an intergrain interaction, despite induced changes of the qualitative features of the two collective
modes. Finally, breaking the sublattice symmetry by choosing different on-site potentials for the two sublattices
leads to a gap opening near the Dirac node, in analogy with fermionic Dirac materials. The Dirac node dispersion
of bosonic excitations is thus expanding the discussion of the conventional Dirac cone excitations to the case of
bosons. We call this case as a representative of bosonic Dirac materials (BDM), similar to the case of Fermionic
Dirac materials extensively discussed in the literature.
DOI: 10.1103/PhysRevB.93.134502
I. INTRODUCTION

Over the last decade the honeycomb lattice has drawn
significant attention within the condensed matter community.
In addition to having interesting physical properties, the
class of materials with this lattice structure also offers a
realization of excitations with a relativistic dispersion relation.
In contrast to the conventional dispersion obtained by the
Schrödinger equation, these excitations are described by the
Dirac equation. The most common example is graphene, which
exhibits massless low-energy Dirac fermions near the K point
in the Brillouin zone [1]. Other types of Dirac materials
also exist, e.g., d-wave superconductors and surface states
in topological insulators etc. [2,3]. These materials possess
fermionic quasiparticle excitations, which can be described
with linear Dirac-like energy-momentum dispersion relation
for massless electrons. The crossing point of the bands in these
materials are protected by different symmetries and breaking
one of those symmetries leads to a gap opening near the Dirac
point, e.g., in graphene a gap can be opened near the Dirac
point by breaking the sublattice symmetry [4,5].
From this point of view, we can ask whether similar bosonic
Dirac materials (BDM) exists, in which the effective lowenergy quasiparticles are bosons. This question is motivated by
the fact that the elemental carbon atoms in the graphene lattice
have a bipartite lattice structure. Hence, despite each carbon
atom being identical, the bipartite lattice structure ultimately
leads to the Dirac equation in a tight-binding description of
the carbon atoms in the graphene lattice [1]. The logic for
our analysis of BDM rests on the same observation, namely,
that the single-particle hopping Hamiltonian of particles of
any statistics between the nearest neighbors on a honeycomb
lattice will have to generate Dirac nodes in the single-particle
dispersion. Hence one can envision experimental platforms
that will generate the Dirac point in the excitation spectrum
2469-9950/2016/93(13)/134502(10)

of bosons. To present the case of BDM and some of the
universal features that are the consequence of Dirac node we
will use the specific example of granular superconductors.
While there are details that are relevant for the specific case
of our model system, we believe there are general statements
that can be equally applied to other materials with bosonic
excitations that will have similar properties. We point right
away the key difference in dealing with bosons in comparison
to fermions namely that interactions may have to be included
for the emergence of nontrivial physics, for example, a free
2D boson condensate in the ground state. Here, we discuss
the potential to utilize Cooper pairs as effective bosons that
occupy superconducting grains, to generate the BDM.
Recently, we have seen the tremendous growth in our ability
to manipulate the matter at the nano to mesoscale that allows
us now to build structures with the desired properties like
honeycomb lattices in materials and optical metamaterials.
Here we mention some of the relevant work on artificial
Dirac materials. Tarruell et al. studied the emergence and
manipulation of Dirac nodes with cold atomic gases in a
tunable honeycomb lattice [6]. In another important work
authors have designed honeycomb lattice by individually
moving carbon monoxide molecules with STM tip on a
copper surface [7]. A detailed review [8] discussed the recent
progress on fabrication of artificial honeycomb lattices by
different techniques like nanopatterning of two-dimensional
gases, STM guided molecule-by-molecule assembly or optical
lattice. The work by Hammar et al. [9] is directly related to
the experimental paper by Manoharan group [7] and gives
a proposal for artificial fabrication of lattice structures with
tunable defects.
Recently, Weick et al. studied the collective plasmon modes
in a honeycomb lattice, which showed Dirac-like massless
bosonic excitations similar to Dirac fermions in graphene

134502-1
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FIG. 2. A schematic of engineered quasi-2D hexagonal lattice
structure of superconducting islands on an insulating substrate. The
cooper pairs (shown in green) hop between the nearest-neighbor
islands.
FIG. 1. (Left) Lattice structure of superconducting grains (viz.,
Nb) built out of two triangular lattices with lattice vectors τ 1 and
τ 2 . The unit cell (red and blue dots) is composed of grains from two
sublattices with nearest-neighbor vectors δ i ,i = 1, 2, 3. Adjacent
grains interact by Josephson coupling (J ). Individual grains have an
on-site charging energy (U ). Right: the corresponding Brillouin zone
is shown, where b1 and b2 are the reciprocal lattice vectors, whereas
K and K  are the Dirac points.

[10]. Reference [11] studies numerically the nonlinear Bloch
bands in Bose-Einstein condensates (BEC) loaded in an optical
honeycomb lattice in the superfluid regime and discusses
about band crossing between two of them. Reference [12]
studies the Z2 spin liquid states in a honeycomb lattice in
mean-field theory and points out the resulting Dirac nodes
in the dispersion. There is a growing interest in the study
of photonic crystals and the electromagnetic waves around
the sharp corners of the honeycomb lattice. Khanikaev et al.
showed an example of Dirac-like dispersion in photonic
topological insulators (PTI) [13]. Carr et al. studied the
emerging nonlinear Dirac equation for BEC in an optical
honeycomb lattice [14]. Propagation of microwaves in artificial
honeycomb lattices composed of a dielectric resonator and
the resulting graphenelike density of states were discussed in
Ref. [15]. Reference [16] discusses the observation of Dirac
cones in the honeycomb lattice for polaritons. Schneider et al.
discussed the Dirac-type Bloch band in a BEC (Bose-Einstein
condensate) [17]. Reference [18] finds a nonvanishing Berry
curvature in a honeycomb lattice of soft-core bosons and
also talks about the anomalous Hall effect in nonequilibrium.
Saxena et al. discussed the Dirac cones in a photonic crystal
[19]. Dirac-like magnetic excitations were also pointed out for
magnon Dirac materials in Ref. [20]. All the above examples
do prove that we can have artificial materials that exhibit
Dirac-like dispersion for bosons in the solid state context,
in cold atoms and in optical lattices are feasible and within the
experimental reach similar.
To develop the case for BDM, we start with the specific
example of granular superconductors. We will discuss the
physics of the phase fluctuations of a granular superconducting
system where the grains are arranged in a honeycomb
lattice at temperature T  Tc , where Tc is the mean-field
superconducting transition temperature. The grains can be
made of any conventional superconducting material and the
choice depends on the practicality of sample preparations, see
Fig. 2. The typical size (radius) of the grains is of the order of
a few hundred to thousand of nanometers. Within the bipartite

lattice structure, it is convenient to assign flavor, or, sublattice
indices to the otherwise identical bosons. The two types of
bosons bA = |bA | exp(−iθ A ) and bB = |bB | exp(−iθ B ), have
inequivalent phases θ A,B on the grains (red dot A and blue
dot B in Fig. 1) in the unit cell of the lattice (we will
assume that the amplitudes are same if all the grains are of
approximately similar size). Nearest-neighbor grains interact
through a Josephson coupling J and have a charging energy U
depending on the size of the grains, see Eq. (1). We show that
the physics of the inequivalent phases of the granular system
is similar to the physics of a two-band superconductor and
that there indeed are two different collective modes similar to
the Leggett and Bogoliubov-Anderson-Gorkov (BAG) mode
[21], also known in the literature as the Anderson-Higgs and
Goldstone modes. We show that these two modes intersect and
form a Dirac node near the K and K  points of the Brillouin
zone in the bosonic excitation spectrum.
Interacting bosons in 2D have been the focus of intense
investigation for some time especially the two-dimensional
granular superconducting systems [22]. For temperatures
below Tc , the grains support the existence of Cooper pairs.
Therefore, at T  Tc , we can focus on the physics of the
composite boson problem on a honeycomb lattice. Fisher
et al. have studied this problem and shown in the clean boson
limit that the system exhibits an interesting phase diagram
showing (1) a superfluid phase and (2) a Mott insulating phase
[23]. In the disordered boson picture, there is a Bose glass
phase [24,25]. Recently, Doniach et al. proposed a new phase,
called the Bose metal, in 2D superconducting films [26] in the
presence of disorder. In this work, as we are building the case
for the BDM, we will focus on the superfluid phase of the
clean Bose-Hubbard model for honeycomb lattice.
The outline of this work is as follows. In Sec. II, we
describe the formalism of the effective theory of granular
superconductor. In Table I, we summarize the main results
of our work. In Sec. II A, we show the occurrence of the two
collective modes Leggett and BAG. In Sec. II B, we describe
their low-energy behavior of near K, K  , and  points and
show the Dirac-like behavior. In Sec. III, we describe the
modification of the behavior of these collective modes by
including the nearest-neighbor interaction between the grains.
In Sec. III A, we describe their low-energy behavior and show
the Dirac cone. In Sec. IV, we discuss the tunability of the
spectra and nodes at Dirac points and the role of disorder.
Finally, we describe the outlook and conclusion of this work
in Sec. V.
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TABLE I. ω1 (k) is the Leggett mode frequency and ω2 (k) is the BAG mode frequency. This Table contains the
main results of the work. Cons. means a constant here. We use Cons. and Cons . to differentiate between the two
constants.
Parameter

 point
ω1 (k) ≈ Cons. − |k|
ω2 (k) ≈ |k|2
ω12 (k) ≈ Cons. − |k|2
ω2 (k) ≈ |k|
ω12 (k) ≈ Cons. − |k|2
ω22 (k) ≈ Cons . + |k|2
ω12 (k) ≈ Cons. − |k|2
ω22 (k) ≈ |k|2
ω12 (k) ≈ Cons. − |k|2
ω22 (k) ≈ Cons . + |k|2
2

Free boson
UA = UB = UAB = 0
On-site Coulomb
UA = UB = 0 UAB = 0
On-site Coulomb
UA = UB = 0 UAB = 0
Interacting Grains
UA = UB = 0 UAB = 0
Interacting Grains
UA = UB = 0 UAB = 0

II. MICROSCOPIC HAMILTONIAN FOR THE GRANULAR
SUPERCONDUCTOR: ON-SITE INTERACTION

In this section we describe an effective theory for the collective modes of phase oscillations in a 2D honeycomb lattice of
superconducting grains (Fig. 2). We consider the Cooper pairs
in each grain as charge 2e bosons, which are allowed to hop
between the grains
in the lattice. The √
lattice vectors are given
√
by, τ 1 = a(3, 3)/2 and τ 2 = a(3, − 3)/2, where the lattice
constant a is of the order of a few to a few hundreds√of μm.
The reciprocal lattice
√vectors are given by b1 = 2π (1, 3)/3a
and b2 = 2π (1, − 3)/3a.
vectors
√ Three nearest-neighbor
√
are denoted by δ 1 = a(1, 3)/2,δ 2 = a(1, − 3)/2 and δ 3 =
a(−1,0), see Fig. 1. It is important to note that the grains are
deposited on a substrate to form the quasi 2D lattice system.
A Bose-Hubbard model can be written for this system
by defining Cooper pair creation (annihilation) operators
†α
†α †α
bi = cRi ↑ cRi ↓ (biα = cRα i ↓ cRα i ↑ ) in each grain, where α = A,B
assigns to which sublattice the grain belongs. Here, also, Ri
denotes the spatial coordinate of the electrons in the ith grain
and is defined within a single granular size. Considering all
the physics discussed in the introduction, we write down the
Bose-Hubbard model in honeycomb lattice as


2
†A
H=−
nαi − n0 .
tij bi bjB + H.c. + U
(1)
ij

i,α

In Eq. (1), tij is the boson (Cooper pair) hopping amplitude
and U is the on-site (Coulomb) charging energy for the bosons.
The notation ij refers to the nearest-neighbor hopping, n0 is
the neutralizing background density, which is a large number
such that long-range Coulomb interactions can be avoided. We
map the Bose-Hubbard model approximately to a quantum
rotor model in the superfluid phase, by redefining the Bose
operators
according to
 into a charge-density representation

†A

bi =

A
A
A
A
nA
i exp(iθi ) and bi = exp(−iθi ) ni . The operator

exp(iθiA ) denotes the Cooper pair creation operator whereas θiA
is the conjugate variable to the Cooper pair number operator
nA
i , which can be proved from the commutation relations of
†
[bi ,bj ] = δij . As we are interested in the effective theory of
the phase fluctuations in the superfluid phase, we drop the
amplitude fluctuation in the Bose operators and replace them
by large value n0 in Eq. (1).

K point

Gap at K

ω1 (k) ≈ Cons. + |k|
ω2 (k) ≈ Cons. − |k|
ω1 (k) ≈ Cons. + |k|
ω2 (k) ≈ Cons. − |k|
ω12 (k) ≈ Cons. + |k|2
ω22 (k) ≈ Cons . − |k|2
ω1 (k) ≈ Cons. + |k|
ω2 (k) ≈ Cons. − |k|
ω12 (k) ≈ Cons. + |k|2
ω22 (k) ≈ Cons . − |k|2

No
No
No
No
Yes
Yes
No
No
Yes
Yes

We examine the effective theory of phase fluctuations [27]
from the following quantum rotor model, see Appendix A,
Eq. (A1),



2

nαi − n0 . (2)
cos θiA − θjB + U
HQR = −2J
ij

iα

In Eq. (2), the Josephson coupling J ∼ n0 t, where the
nearest-neighbor hopping is assumed to be uniform, tij = t,
for all neighbors. By shifting ni → ni + n0 , we can rewrite
the Hamiltonian as (we are actually looking at the number
fluctuations from the background charge density n0 )
  2



HQR = −2J
nαi .
cos θiA − θjB + U
(3)
ij

iα

For U/J
1, hopping is suppressed and the system is
in the Mott insulating phase [24]. The physics under focus
in this work is given in the opposite limit, J /U
1, where
the system is in the super-fluid phase and we shall study the
phase fluctuations due to the competing charging energy and
the Josephson coupling. For small on-site charging energy U ,
we can write the inequivalent phases as θiA = θiA0 + δθiA and
θjB = θjB0 + δθjB . In the absence of the on-site potential U ,
all the grains should have the same phase θjA0 = θjB0 , i.e., the
grains should be phase coherent. The Hamiltonian is then given
by
  2



HQR = −2J
nαi .
cos δθiA − δθjB + U
(4)
ij

iα

In this work, we will use the Hamiltonian approach. For
completeness, we also mention the effective Lagrangian of
phase fluctuations can be formulated as a path integral in the
diagonal basis θiα . The associated action can, then, be written
as S = dτ L, where the Lagrangian is given by [27]



1   α 2
L = −J
∂τ θi .
cos θiA − θjB +
(5)
4U
ij
iα
The model Hamiltonian in Eq. (4) is, finally, quadratized
by expanding the cosine terms to second order, which is valid
for J /U
1, as the phase fluctuations δθiα are assumed to be
small. We obtain
 
  2
2
H = J
+U
(6)
δθiA − δθjB
nαi ,
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where we have discarded the constant contribution. We switch
to reciprocal space by defining the Fourier transforms of the
phase and number operator as δθiα = k θkα exp[ik · Ri ] and
nαi = k nαk exp[ik · Ri ], giving
 


α
B
A B
J 3θkα θ−k
− γk θkA θ−k
− γ−k θ−k
θk + U nαk nα−k ,
H =
kα

γk =



e

ik·δ i

√
= 2 cos( 3ky a/2)eikx a/2 + e−ikx a .

(7a)
(7b)

i=1,2,3

We should note in Eq. (7b) that γk∗ = γ−k . The Hamiltonian
in Eq. (7a) models two coupled phase oscillations, for which
the equation of motion for the two normal modes is
φ̈k(1,2) = −J U (3 ± |γk |)φk(1,2) ,

(8)

where φk(1) and φk(2) are the normal modes of the coupled
oscillation in Eq. (7a) with φk(1) =
(γk θkB /|γk |+θkA )
√

(γk∗ θkA /|γk |−θkB )
√
2

and φk(2) =

. The low-energy form of the spectra of these two
2
modes can be found in Sec. II B [see Eqs. (13) and (14)],
which suggest that φk(1) and φk(2) are massive and massless
modes, respectively. By comparing our result with the phase
oscillations in two-band superconductors, we identify φk(1) and
φk(2) as the Leggett mode and Bogoliubov-Anderson-Gorkov
(BAG) mode [28,29].
A. Leggett mode and BAG mode

Here, we discuss the physical properties of the Leggett and
BAG mode in more details. The frequencies of these modes
can be obtained from Eq. (8) as
ω1,2 (k) =

J U (3 ± |γk |),

(9)

which are plotted in Fig. 3.
The out of phase, massive, mode φk(1) with frequency
ω1 (k), is identified as the Leggett mode, as indicated in the
previous section, while the in-phase mode, massless, mode
φk(2) with associated frequency ω2 (k), is associated with the
BAG acoustic mode. The existence of two different collective
modes is a manifestation of the bipartite lattice structure. A
schematic for these modes is shown in Fig. 4, where panel
(a) explains graphically the in phase φk(2) mode and panel (b)

FIG. 3. (a) Energy spectra of
√ the bosonic excitations ω1 (k) and
ω2 (k) [see Eq. (9)] (in units of J U ), with J ≈ 0.01 eV. and U ≈
0.001 eV [see
√ ω2 (k) cross each other at
√ Sec. IV]. Two modes ω1 (k) and
K = 2π (1, 3/3)/3a and K = 2π (1, − 3/3)/3a in the Brillouin
zone and forms a Dirac cone which is shown in green circle. (b) Zoom
in of the encircled region in (a).

FIG. 4. Solid arrows (red and blue) correspond to two inequivalent degenerate phases in the limit U ∼ 0. (a) Dotted arrows show
the collective in-phase (BAG) mode with parallel orientation with
finite but small U . (b) Dotted arrows show the collective out of phase
(Leggett) mode with antiparallel orientation.

explains the out of phase φk(1) mode. The special feature of
the two modes is that they cross each other at the K and K 
points, constituting Dirac nodes, see Fig. 5. The corresponding
low-energy bosonic excitations following the Leggett and BAG
dispersion relations are the main result of this work. We find
that it is thus feasible to use an artificial material, made out of
superconducting grains, to obtain the bosonic Dirac crossing
point for honeycomb lattice. At this point, we should also
mention that although we discussed a particular realization for
the Dirac physics of bosons, we claim in general that any other
bosonic entity subjected to any bipartite lattice, will exhibit
same type of physics.
An important issue is finding out the chiral/helical structure
of these collective modes. In most of the conventional Dirac
materials the fermionic quasiparticles are chiral. For example,
in graphene the massless fermions near the K (K  ) point are
chiral. A relevant quantity to classify the eigenfunctions of
the Dirac Hamiltonian (near K point in the Brillouin zone)
is the helicity operator. It is defined as the projection of the
momentum along the (pseudo)spin direction. The quantummechanical form of the operator is
ĥ =

1
k
σ·
.
2
|k|

(10)

√ FIG. 5. The spectra for bosonic collective modes (in units of
J U ) ω1 (k) (Leggett, top band) and ω2 (k) (BAG, down band) as
traversed from high-symmetry points  to M to K to . The spectra
touch each other at K and K  points in the Brillouin zone and form
Dirac cones.
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TABLE II. γk near K and  point.
Function

 point
(3 −

γk
|γk |

(3 −

K point

3 2
a |k|2 )
4
3 2
a |k|2 )
4

3a
(kx
2

+ iky )ei

5π
6

3a
|k|
2

2. Leggett mode near  point

We will use this definition of the helicity operator to
characterize the eigenfunctions of our BDM Hamiltonian. The
modes are shown in Fig. 3. The helicity of the model is found
in the low-energy regime near the Dirac nodes, shown in Fig. 5.
This can be seen easily if we write the free bosonic Hamiltonian
in terms of phase variables and diagonalize the phase part,


α
B
A B
3θkα θ−k
− θkA θ−k
γk − θ−k
θk γ−k + U nαk nα−k
H=J
kα

=



 A A

(1) (1)
(2) (2)
B B
1 (k)φk φ−k + 2 (k)φk φ−k +U nk n−k +nk n−k .

k

Here, φk(1) and φk(2) are linear combinations of the original
θ variables and 1,2 (k) = J (3 ± |γ (k)|). In order to find
the linear combination, we get the unitary matrix for the
θ part and consequently write the linear combination as
(γ ∗ θ A /|γ |−θ B )
(γ θ B /|γ |+θ A )
φk(1) = k k √2k k and φk(2) = k k √2k k . By introducing
(1)†

The linear low-energy dispersion relation suggests that the
BAG mode is acoustic and that
√ this mode has a group velocity
around  point with vg ∼ a 3J U /2. vg is defined as the norm
of |∇ω(k)|.

(2)†

new operators ηk and ηk (which are linear combinations
of θk(α) and nαk ), we can rewrite the Hamiltonian in Eq. (7a) as
two independent harmonic oscillators according to


(1)†
(2)†
ω1 (k)ηk ηk(1) + ω2 (k)ηk ηk(2) .
(11)
H=
k

This is possible since φk are linear combinations of θk and since
[θkA ,nA
−k ] = −i. Using the expansions of ω1,2 (k) discussed in
the next section, Eqs. (15) and (16), we write the Hamiltonian
near the Dirac point as [30]

The dispersion relation of the Leggett mode near the 
point is massive and with negative curvature. For k = q where
|q|  1/a, we have, see Table II,
ω12 (q)  J U 6 −

(14)

suggesting that the Leggett mode is an optical mode. It is clear
from the dispersion relation [Eq. (14)] that this mode has a
negative curvature near the  point and located at high energy
compared to the BAG mode.
3. BAG mode near K and K  points

In contrast to the Leggett mode low-energy spectrum, the
BAG mode gives the following linear dispersion near k =
K + q where |q|  1/a, as, see Table II,
ω2 (q) 

√

3J U 1 −

a|q|
4

+ O(q2 ).

(15)

√

The group velocity of this mode is vg ∼ a 3J U /4, which
also exhibits an energy-shifted Dirac point compared to the
graphene dispersion [1,2].
4. Leggett mode near K and K  points

The dispersion√relation of the Leggett mode near the Dirac
point K = 2π (1, 3/3)/3a in Brilloiun zone for k = K + q
where |q|  1/a, see Table II, is given by
ω1 (q) 

√



Heff =ω0 σ0 + v σ · k,
(12)
√
√
where ω0 = 3J U ,v  = a 3J U /4, and σ0 is the 2 × 2
identity matrix. Using the chirality/helicity operator ĥ defined in Eq. (10), we see that [ĥ,Heff ] = 0. Therefore the
eigenfunctions of the Hamiltonian H in Eq. (12) are also the
eigenfunctions of the helicity operator. Hence we claim that
the collective modes are chiral [2].

3a 2 2
|q| + O(q4 ),
4

3J U 1 +

a|q|
4

+ O(q2 ).

(16)

The
√ a term proportional to
√ Dirac point is shifted in energy by
J U and the group velocity vg ∼ a 3J U /4. We notice that
the charging energy shifts the position of the Dirac point in
energy space. Note that the energy shift is same for BAG and
Leggett modes and thus their spectra touch at the K and K 
points, forming the Dirac cone. We also note that both BAG
and Leggett modes have the same group velocity only differing
in sign.

B. Low-energy behavior of the excitations

5. Gap opening at K and K  points

In this section, we investigate the low-energy theory of the
bosonic excitations near the  and K points in the Brillouin
zone. It is important to distinguish the Leggett mode from
BAG mode by looking at the forms of the spectra near the 
point. The acoustic mode in Eq. (13) is identified as the BAG
mode [i.e., ω2 (k) is the BAG mode] and the Leggett mode is
ω1 (k) [by examining Eq. (14)] [28].

For different on-site energies UA = UB , we obtain the
following dispersion relation for the BAG and Leggett modes
near the Dirac point K:
3J UA UB 2 2
a |q| + O(q2 ),
2(UA − UB )
3J UA UB 2 2
a |q| + O(q2 ).
ω22 (q)  3J UB −
2(UA − UB )
ω12 (q)  3J UA +

1. BAG mode near  point

For k = q where |q|  1/a, we have, see Table II,
ω22 (q)

3J U 2 2

a |q| + O(q4 ).
4

(13)

(17a)
(17b)

The gap develops at the Dirac point since
√ (i) UA =√UB and
(ii) the modes are shifted in energy by 3J UA and 3J UB ,
respectively [see Fig. 6 and Eqs. (15) and (16)].
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FIG. 6. (a) The linear dispersion relation near for same on-site
energy UA = UB . (b) Different on-site energy UA = UB leads to
opening of gap () near the K point in the Brillouin zone for the
bosonic modes.

In graphene [1], the spectrum near the Dirac point is linear
and a gap can be opened by breaking the sublattice symmetry.
Analogously, in the bosonic Dirac spectrum a gap is opened
whenever the on-site charging energy for the two sublattices
UA and UB are distinct. The tunability of the bosonic spectrum
due to the gap opening allows using these materials for
thermal, optical, and transport applications. This feature is also
applicable for other realizations of bosonic Dirac materials by
breaking the sublattice symmetry [2,3].
For completeness, we also present the evolution of bosonic
modes as one changes U in Fig. 7(a). The dispersion relation
for the lowest band near the  point is shown in Fig. 7(b).
For U = 0, the lowest band is quadratic near the  point.
As one turns on the interaction U , the BAG mode becomes
linear or acoustic. In our approximate solution where we
focus on phase fluctuations only, we observe the initial linear
slope, as fully expected for weakly interacting Bose gas. We
recall that the dispersion relation for weakly interacting Bose
gas [31] has a leading order dispersion, linear in momentum
with a coefficient depending on the interaction strength and
a subleading term, cubic in momentum, whose coefficient
is independent of the interaction strength. The apparent
discontinuity between U = 0 and finite U behavior of BAG
mode is a manifestation of O(2) expansion in momentum k
of dispersion relation for the particular phase approximation
in our model which is very similar to the approximation in
Bogoliubov perturbation theory.
III. MICROSCOPIC HAMILTONIAN FOR THE
GRANULAR SUPERCONDUCTOR: INTER-GRAIN
INTERACTION

In the previous section, we discussed Dirac-like bosonic
collective oscillations for phase fluctuations of the 2D superconducting grains with on-site charging energy U . Here,
we shall take into account the intergranular interactions.
Practically, the grains are assumed to be large and contain
a large number of charged Cooper pairs. Therefore one would
expect an intergrain long-range Coulomb interaction. As we
shall see in Appendix B, the inclusion of the Coulomb

FIG. 7. An illustration of the evolution of the bands (Leggett and
BAG) as one changes U from 0 to a finite
√ value. (a) The evolution of
the collectives modes (ω(k) in unit of J U ) as we turn on the onsite
potential interaction U . Without any interaction the lowest band near
 point is quadratic and becomes linear as U changes from 0. Dirac
point moves up in energy as one increases U ; (b) The zoom in of the
region encircled in green, in Fig.7(a) near .

interaction qualitatively changes the properties of the two
collective modes. The acoustic BAG mode becomes gapped
as can be seen by comparing the low-energy expansion of the
dispersion relation in Eq. (13) (without intergrain Coulomb
interaction) and Eq. (B6) in Appendix B (with intergrain
Coulomb interaction) and also comparing Figs. 5 and 10.
The Leggett mode remains qualitatively the same but the
parameters are changed, which can be seen by comparing
Eq. (14) (without intergrain interaction) and Eq. (22) (with
intergrain interaction) and also comparing the Figs. 5 and
10. The model is analytically intractable if we consider
β
the complete long-range Coulomb interaction ij αβ Uij nαi nj ,
where ij summation extends over the whole lattice sites (α,β
summation extends over the sublattice indices). Therefore,
in this section, we will consider nearest-neighbor local
interaction U  and will find out its effect on the behavior of the
collective modes. The extended quantum rotor model for the
intergrain interaction in the system is

  2



β
cos θiA −θjB +U
nαi +U 
H = −2J
nαi nj .
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obtain
2
ω1,2
(k) = J 3U ∓

FIG. 8. (a) Energy spectra√of the bosonic excitations ω1 (k) and
ω2 (k) [see Eq. (20), in units of J U ], with J ≈ 0.01 eV, U/J ∼ 0.1,
and U  ∼ 8 × 10−4 eV (Sec.
2 (k) cross
√ IV). Two modes ω1 (k) and ω√
each other at K = 2π (1, 3/3)/3a and K = 2π (1, − 3/3)/3a
points in the Brillouin zone and forms a Dirac cone which is shown
in white circle. (b) Zoom in of the encircled region in (a).

As discussed in the beginning of this section, we give
an approximate description of the effect of the long-range
Coulomb interaction Uij in Appendix B. Assuming that both U
and U  are smaller than J , we linearize the above Hamiltonian
in Eq. (18) by expanding the cosine term to quadratic order,
such that this model becomes analytically solvable. Fourier
transforming the phase and number variables, we obtain the
effective Hamiltonian of the phase fluctuations as
H = H +


U   A B
B
γk nk n−k + γ−k nA
−k nk ,
2 kα

(20)

For U  = 0 the frequencies ω1,2 (k) reduce to those of Eq. (9).
The mode crossing is shown explicitly in Fig. 6 in the presence
of neighboring grain interaction U  . The crossing of two bands
along the high-symmetry points in the Brillouin zone is shown
in Fig. 9. In the next section, we focus on the dispersion
relations of these two modes near the Dirac point and extract
the Dirac physics.
A. Low-energy behavior of the excitations

In this section, we describe the low-energy behavior of
the modified bosonic excitations near  and K points in the
presence of the nearest-neighbor interaction U  . Therefore we
do not see any considerable quantitative changes except some
renormalization of the parameters. In Appendix B, we give
an intuitive argument for the modification of the behavior of
the acoustic BAG mode near  point. We actually identify the
modes by looking at their forms near the  point.
1. Modified BAG mode near  point

The dispersion relation of the previously discussed BAG
mode near  point in Brilloiun zone, for k = q where |q| 
1/a, see Table II and Eq. (20), is given by

(19)
ω22 (q) 



where H is the same as in Eq. (7a). Inclusion of this local
interaction between the grains in the model leads to a few
qualitative changes in the behavior of the two collective modes
(we call them modified Leggett and modified BAG), which
can be seen by carefully examining the Eqs. (13)–(16) and
(21)–(24). It is important to see that the modified BAG mode
is still an acoustic mode [see Eq. (21)].
We find that the two collective phase modes in this case
also cross each other at the Dirac points K,K (Figs. 8 and 9)
and, as discussed in the previous Sec. II A, these modes are
chiral following the same argument. The frequencies of these
two modes are calculated from the Hamiltonian (19) and we

3U 
U
|γk | ± U |γk | −
|γk |2 .
2
2

3U  2 2
3J U
1+
a |q| + O(|q|4 ).
4
U

(21)

We see that when there is no interaction the frequency matches
Eq.
√ (13). We also see a change in the group velocity vg ∼
a 3J U (1 + 3U  /U )/2 compared to the BAG mode without
the interaction U  .
2. Modified Leggett mode near  point

The dispersion relation of the modified Leggett mode near
the  point, for k = q where |q|  1/a, see Table II and
Eq. (20), is given by
ω12 (q) 6J U − 9J U  −

9U  2 2
3J U
1−
a |q| + O(|q|4 ),
4
2U
(22)

like the Leggett mode in the previous section, this mode is have
a negative curvature and located at high energy compared to
modified BAG mode. For U  = 0, the dispersion reduces to the
Leggett mode frequency in Eq. (14). While the intergranular
interaction renormalizes the parameters in the Leggett mode,
the qualitative properties remain essentially unaffected [see
Eq. (14)].
3. Modified BAG mode near K and K  points
√ FIG. 9. The spectra for bosonic collective modes (in units of
J U ) ω1 (k) (modified Leggett, top band) and ω2 (k) (modified BAG,
down band) as traversed from high-symmetry points  to M to K to
. The interaction U  is finite. The modes ω1 (k) and ω2 (k) cross each
other at K and K  points in the Brillouin zone and form Dirac cones.

The dispersion relations of the previously discussed BAG
modes near the point K in the Brillouin zone for k = K + q
where |q|  1/a, see Table II and Eq. (20), is given by

√
1 3U 
−
a|q| + O(q2 ). (23)
ω2 (q)  3J U 1 −
4
8U
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We see that the modified BAG mode energy is shifted exactly
in the same√manner as in Eq. (15). The group velocity is given
by vg ∼ a 3J U (1 − 3U  /2U )/4.
4. Modified Leggett mode near K and K  points

The dispersion relations of the Leggett mode near the point
K in the Brillouin zone for k = K + q where |q|  1/a, see
Table II and Eq. (20), is given by

√
1 3U 
−
a|q| + O(q2 ). (24)
ω1 (q)  3J U 1 +
4
8U
The modified Leggett mode is also shifted in energy by a term
depending on the charging energy. It is important to note that
the energies of both the modified BAG and modified Leggett
modes are shifted by the same amount and hence they touch
each other at K and K  points in
√ the Brillouin zone. This mode
has a group velocity of vg ∼ a 3J U (1 − 3U  /2U )/4. We see
that the modified BAG and Leggett modes have the same group
velocity vg only differing in sign, as in Sec. II.
IV. PARAMETER CHOICE FOR THE GRANULAR MODEL
AND ROLE OF DISORDER

We described the Dirac nodes in the context of bosonic
excitations. We now turn to the range of parameters that can
be tuned in the class of granular superconductors. We typically
assumed J = 0.01 eV and U/J = 1/10. For these parameters,
we will get the typical velocity of boson modes near K and K 
to be (for U  = 0)
vg ∼ 5 meV a,

(25)

where a is unit cell size, which we expect to be on the range of
microns. By tuning the intergrain distance and also the granular
size we can have some range of choice of the parameter for
J,U , and U  . This facilitates changes in the group velocity
of the modes near the Dirac points. Moreover, the gap can be
opened at the Dirac points K and K  when the on-site charging
energies in the A and B sublattices are chosen differently as
UA = UB , see Fig. 6. If we assume UA ∼ 3 meV and UB ∼
1 meV, the gap magnitude will be on the order of (for J ∼ 0.01
eV)
∼

3J UA −

3J UB ∼ 4 meV,

(26)

which would make it easily observable in spectroscopies.
Optical absorption, local tunneling probes and transport will
be sensitive to the gap opening at the Dirac nodes and can
thus provide experimental evidence for the Dirac nature of the
bosonic modes.
We should also mention the effects of lattice disorder.
As we are analyzing the artificial lattice that can not be
prepared perfectly, we point out that lattice disorder will lead
to on-site potential variations and intergrain coupling energy
fluctuations. All these effects will lead to the modification of
the bosonic spectrum. One can separate the effect of disorder
in two categories. On one hand, the on-site disorder will lead
to localized bosonic excitations, as would be the case for
the fermionic analog [2], where local perturbations of the
on-site potential will induce local single boson resonances.
On the other hand, the intergrain potential energy variations

will induce changes in the gaps at K and K  points and smear
them. Both of these effects are important and would need to
be addressed in detail. The analysis of the role of disorder is a
subject of a separate investigation and is deferred for a separate
publication.
V. DISCUSSION AND CONCLUSION

We presented the case for bosonic excitations on the
honeycomb lattice that lead to the Dirac node in bosonic
dispersion. To carry out specific calculations and illustrate
the formation of the Dirac node, we used the specific example
of superconducting grains forming honeycomb lattice. In this
work, we have proposed to use granular 2D superconductors
as a platform to realize bosonic Dirac materials (BDM). While
the calculations are specific to the case of Josephson network,
we argue that there are universal statements one can make.
We would like to point out that a universal statement about
having a Dirac cone in such two-dimensional materials can be
made with the help of Von Neumann-Wigner theorem [32].
To this end, we have solved the real particle Bose-Hubbard
model in a 2D film of superconducting grains, arranged in a
honeycomb lattice. We find that in the superfluid phase we have
a two-component superfluid with collective phase oscillations
that exhibit Dirac points in the spectrum. In contrast to
graphene [1] and other known Dirac materials [2,3], these
Dirac modes are bosonic excitations. These modes represent
the Bogoliubov-Anderson-Gorkov (BAG) mode and Leggett
modes that touch at the K and K  points of the Brillouin zone.
We also find that the bosonic modes are chiral in similarity
with the conventional fermionic Dirac materials. The proposed
realization of the BDM also opens up a route to design
multicomponent superconducting materials using the bipartite
nature of honeycomb lattices. The two-sublattice structure
of the granular superconductor supports a two-component
superconducting state, where we focused only on its phase
dynamics here.
Another interesting observation is that different local
interactions UA and UB opens the gap in the Dirac spectrum
and thus allows one to control the bosonic excitation spectrum.
Extra advantage in the case of artificial SC grains is the
tunability of the grain sizes and spacings that will lead to
tunable spectra and hence make the determination of the Dirac
nature of the spectra easier to accomplish. To access the Dirac
point and probe, the properties at the energies on that scale one
would need to perform inelastic scattering measurements like
inelastic neutron and sound scattering among other probes.
We left outside of this work important questions that would
be needed to be addressed in a due course. The role of
phase fluctuations and vortex excitations, BCS-BEC crossover
[33], BKT transition, and effects of the charge ordering
at commensurate fillings would be interesting directions to
pursue. As we already indicated, another important topic
would be to investigate the role of disorder. We plan to address
these questions in subsequent work.
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APPENDIX A: THE QUANTUM ROTOR MODEL FROM
THE BOSE-HUBBARD MODEL

In this Appendix, we show the steps to get to the quantum
rotor model from the Bose-Hubbard model. The important
point is neglecting the amplitude fluctuations and assuming
that nαi ∼ n0 . For clarification we use this approximation in
Eq. (1),

†A
H1 = −
tij bi bjB + H.c.
ij


 

B i(θiA −θjB )
B i(θjB −θiA )
=−
tij nA
+ nA
i nj e
i nj e

spinor notation ηk and k for the following matrices:
T
T


η k = nAk nBk , k = θkA θkB .

ij

2






√
tij n0 n0 cos θiA − θjB

ij

2






n0 t cos θiA − θjB .

√ FIG. 10. The spectra for bosonic collective modes (in units of
J U ) ω1 (k) (Leggett, top band) and ω2 (k) (plasma, down band) as
traversed from high-symmetry points  to M to K to  including
the long-range Coulomb interaction Uij . The plasma mode gap is
∼ (C1 − C2 ) near the  point.

(A1)

ij

H = η k T ((U + Uk )I + Vk τ1 )η−k


+ k T 3J I + J γkR τ1 + J γkI τ2 −k .

APPENDIX B: COULOMB INTERACTION
AND PLASMA MODE

In this Appendix, we show that including long-range
Coulomb interaction, the BAG mode explained in Secs. II and
III in Eqs. (13) and (21) as an acoustic mode, becomes a gapped
plasma mode near  point. The grains in the honeycomb lattice
have finite charge due to the large number of Cooper pairs.
Hence, practically, we should include the long-range Coulomb
interaction between them. Considering all the approximations
discussed in Sec. II, the Hamiltonian in Eq. (6) should be
β
modified by adding a term like ij αβ Uij nαi nj . Here, the sum
on i,j extends over the sites and α,β extends over the sublattice
indices A,B. Uij is the bare Coulomb interaction between the
grains. In order to progress further and see its effect on the
collective modes, we need to incorporate some approximations
when taking the Fourier transform of the Hamiltonian:
 

α
B
A B
H =
J 3θkα θ−k
− γk θkA θ−k
− γ−k θ−k
θk + U nαk nα−k
kα


B
 A B
 A A
 B
B
+Vk nA
k n−k + V k n−k nk + U k n−k nk + U k n−k nk .
(B1)

In the above equation, Uk and Vk are bare Coulomb interactions. In low momentum, i.e., long-wavelength limit, we
should expect no difference in the interaction between same
sublattice and different sublattices.
Therefore, in the Hamiltonian (B1), we approximate the
factors coming from a summation over neighboring vectors
in the interaction terms and take them to be Uk and Vk for
two sublattices. We expect this to be a good approximation
to describe the modes near the  point. We write down the
Hamiltonian in matrix notation for simplicity. We define the

(B2)

In terms of this matrix notation, the Hamiltonian becomes
(γkR and γkI denotes the real and imaginary parts of γk and I
denotes the identity matrix and τ are the Pauli matrices)

(B3)

We find the equations of motion for the spinors from the
Hamiltonian in Eq. (B3), couple them and write down the
equation for the modes as


¨ k = −J ((U + U  )I + V  τ1 ) 3J I + J γ R τ1 + J γ I τ2 k .

k
k
k
k
(B4)
We will be solving this equation near the  point and neglect
the γkI near the  point. Now, we do an unitary transformation
π
U = e i 4 τ2 to change the basis of Pauli matrices. After
performing the transformation, we find


¨ k = −J ((U + U  )I + V  τ3 ) 3J I + J γ R τ3 k . (B5)

k
k
k
C1
We take the form of the bare Coulomb interaction Uk ∼ |k|
2
C2

and Vk ∼ |k|2 we get the plasma mode frequency (C1 and C2
are constants and we crudely assume C1 > C2 ):


ω22 (k) ∼ J 3 − γkR (U + Uk − Vk ),

ω22 (k) ∼ J

3 2
|k|
2

U+

C 1 − C2
,
|k|2

3
(B6)
ω22 (k) ∼ (C1 − C2 ) + J U |k|2 .
2
Therefore we see that Coulomb interaction in our model (B1)
gives a plasma mode in similarity with the plasma mode in
a two-band superconductor [28]. When C1 = C2 , this mode
becomes acoustic as explained in the main text [Eqs. (13) and
(21)]. Including the interaction as explained in the beginning
of this Appendix, we expect a qualitative change of the spectra
as traversed along the high-symmetry points in the Brillouin
zone in Fig. 10.
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The discovery of the Dirac electron dispersion in graphene [A. H. Castro Neto, et al., The Electronic
Properties of Graphene, Rev. Mod. Phys. 81, 109 (2009)] led to the question of the Dirac cone stability
with respect to interactions. Coulomb interactions between electrons were shown to induce a logarithmic
renormalization of the Dirac dispersion. With a rapid expansion of the list of compounds and quasiparticle
bands with linear band touching [T. O. Wehling, et al., Dirac Materials, Adv. Phys. 63, 1 (2014)], the
concept of bosonic Dirac materials has emerged. We consider a specific case of ferromagnets consisting of
van der Waals-bonded stacks of honeycomb layers, e.g., chromium trihalides CrX3 (X ¼ F, Cl, Br and I),
that display two spin wave modes with energy dispersion similar to that for the electrons in graphene. At the
single-particle level, these materials resemble their fermionic counterparts. However, how different particle
statistics and interactions affect the stability of Dirac cones has yet to be determined. To address the role
of interacting Dirac magnons, we expand the theory of ferromagnets beyond the standard Dyson theory
[F. J. Dyson, General Theory of Spin-Wave Interactions, Phys. Rev. 102, 1217 (1956), F. J. Dyson,
Thermodynamic Behavior of an Ideal Ferromagnet, Phys. Rev. 102, 1230 (1956)] to the case of nonBravais honeycomb layers. We demonstrate that magnon-magnon interactions lead to a significant
momentum-dependent renormalization of the bare band structure in addition to strongly momentumdependent magnon lifetimes. We show that our theory qualitatively accounts for hitherto unexplained
anomalies in nearly half-century-old magnetic neutron-scattering data for CrBr3 [W. B. Yelon and R.
Silberglitt, Renormalization of Large-Wave-Vector Magnons in Ferromagnetic CrBr3 Studied by Inelastic
Neutron Scattering: Spin-Wave Correlation Effects, Phys. Rev. B 4, 2280 (1971), E. J. Samuelsen, et al.,
Spin Waves in Ferromagnetic CrBr3 Studied by Inelastic Neutron Scattering, Phys. Rev. B 3, 157 (1971)].
We also show that honeycomb ferromagnets display dispersive surface and edge states, unlike their
electronic analogs.
DOI: 10.1103/PhysRevX.8.011010

Subject Areas: Graphene, Magnetism,
Topological Insulators

I. INTRODUCTION
The observation of fermionic quasiparticles with Dirac
dispersion was a key finding for graphene [1]. Since then, the
list of materials exhibiting the Dirac and Weyl energy spectra
for fermions has been extended further. Materials hosting

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

2160-3308=18=8(1)=011010(8)

bosons characterized by Dirac cones have opened a new
stage in the investigation of Dirac materials such as photonic
crystals [2,3], plasmonic systems [4], honeycomb arrays of
superconducting grains [5], and magnets [6,7]. Magnets
studied in the distant past [8,9], especially in the form
of transition metal trihalides TMX3 (where X ¼ F, Cl, Br, I,
and TM ¼ Cr), consist of weakly coupled honeycomb
ferromagnetic planes. These materials have a potential as
spin-polarizing elements and exhibit strong Kerr and
Faraday effects.
Early spin-wave analysis revealed a Dirac crossing point
in the dispersion in the honeycomb layers containing two
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magnetic atoms per unit cell. Neutron-scattering measurements revealed hitherto unexplained anomalies [8,9] in the
boson (spin-wave) self-energies near the Dirac points.
The single-particle properties for both bosonic and fermionic Dirac materials derive from the tight-binding model
on the honeycomb lattice and are, thus, identical. At the level
of quantum statistics, however, there is a difference between
Dirac fermions and bosons. For fermions, the excitations
occur near the chemical potential, and one can focus on the
low-energy Dirac cones shown in Fig. 1(a). In contrast,
bosons are not subject to the Pauli exclusion principle. They
can explore the entire momentum space, and excitations near
zero energy dominate at low temperatures.
The importance of many-body effects was appreciated
immediately for fermionic Dirac materials [10]. In particular, the Coulomb interaction between electrons [see
Fig. 1(c)] leads to a logarithmic renormalization of the
Dirac cone velocity. This renormalization was verified by
observing an anomalous dependence of the cyclotron
frequency on the carrier concentration [11].
A similar analysis for interacting bosons and their effects
on the Dirac node dispersion has not been done systematically, to our knowledge. Since the early work by Bloch
[12], the physics of magnons has remained a subject of
active experimental and theoretical research [13–15].
Despite an immense number of works, the important case

FIG. 1. Comparison of Dirac fermions (left panels) vs bosons
(right panels). (a) The properties of the Dirac fermion materials
are determined by the states at the chemical potential. So,
approximating the band structure by the Dirac cones near the
zone centers is sufficient. (b) In contrast, since bosons can freely
occupy any states within the Brillouin zone, information about
the entire band structure is necessary. In the top panels, the color
scheme (red to blue) is an artistic representation of the particle
occupation number from strong to weak. Temperature can
efficiently excite the bosons in the down-band in the vicinity
of the Γ point. (c) The relevant self-energy diagram that gives the
logarithmic correction to the Dirac fermion velocity. (d) The
relevant self-energy diagrams giving a temperature-dependent
renormalization and decay of the Dirac bosons.

of ferromagnets with non-Bravais lattices has received
relatively little attention. In the two milestone papers by
Dyson [16,17], magnon thermodynamics is discussed only
for crystals with Bravais lattices. Therefore, such theories
cannot be directly applied to the honeycomb lattice, a
prominent example of non-Bravais bipartite lattices.
Here we focus on Dirac bosons, as realized for example
by Cr trihalides with ferromagnetic honeycomb lattices. We
start with a two-dimensional (2D) honeycomb ferromagnet,
where the bosons are spin waves (magnons) that form Dirac
nodes, Fig. 1(b). We calculate the lowest-order self-energy
diagrams shown in Fig. 1(d). The Hartree self-energy gives
a uniform renormalization of the energy bands consistent
with the theory of Bloch [18]. We then consider both the
real and imaginary parts of the self-energy, which give the
energy renormalization and decay rate of magnon excitations. We find that interactions induce strong temperature and
momentum-dependent renormalization of the magnon bands
near a Dirac node. Our results resolve the outstanding puzzle
of spin-wave anomalies seen in CrBr3 [8,9].
We also discuss the band structure and the role of
topology in a three-dimensional (3D) model of CrBr3 .
We note that topological magnonic systems have received
great attention recently [6,7,19–23]. A number of these
systems are gapped by the Dzyaloshinskii-Moriya interaction [7,19,20], producing nontrivial Haldane topology
and chiral edge states, which are protected against backscattering and could, thus, be used for spintronic applications. In contrast, we are interested in the topology of
gapless systems. We show that CrBr3 is the highly soughtafter magnetic analog of ABC stacked graphite. In this
system, the Dirac nodal line [21,24–26] is protected by a
combination of orbital time-reversal and inversion symmetries. The nodal line has an associated topological π
Berry phase winding, which induces surface states [24–26].
We identify the difference between the fermionic and
magnonic surface states in ABC-stacked honeycomb lattices.
Our results are applicable to the rapidly growing class of
van der Waals ferromagnets with non-Bravais lattices. We
note that recent experimental works by Gong et al. [27] and
Huang et al. [28] demonstrate the robustness of the
honeycomb ferromagnetic phase in few-layer van der
Waals materials including CrI3 . Recent theoretical works
[29,30] with a focus on antiferromagnets are also relevant
for our discussion.
The outline of the paper is as follows. After this
introduction, we present the free spin-wave theory in
Sec. II. In Sec. III, we present the main result of the
paper—the evaluation of the self-energies and their effect
on the magnon spectrum. In Sec. IV, we discuss properties
of topological surface states, and we conclude in Sec. V.
II. MODEL
We begin with a Heisenberg model on a 2D honeycomb
lattice with two sites per unit cell commonly denoted
as A and B. The Heisenberg Hamiltonian of the model
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P
H ¼ −J hiji Si · Sj describes the nearest-neighbor coupling
between spins. For convenience, we choose energy units for
the coupling J, whereas the magnitude of spin S is dimensionless. Positive coupling J > 0, together with small Ising
anisotropy and/or interplanar couplings, implies a ferromagnetic ground state at low temperatures (T c ¼ 32.5 K, S ¼
3=2 for CrBr3 ). We choose to study the magnetic excitations,
the Dirac magnons, above the preexisting ferromagnetic
ground state on the honeycomb lattice. For the moment, we
ignore the easy-axis anisotropy of the chromium trihalides
[31], as well as the interlayer coupling in CrBr3 , which will
be discussed at the end of the paper.
We follow standard practice and bosonize the
Heisenberg Hamiltonian using the Holstein-Primakoff
transformation. Truncated to zeroth order, these transformations relate the spin operators to thepmagnon
creation
ﬃﬃﬃﬃﬃﬃ
x þ iSy ¼
x − iSy ¼
or
annihilation
operators
as
S
2S
a,
S
pﬃﬃﬃﬃﬃﬃ †
2Sa , and Sz ¼ S − a† a. We thus obtain the free bosonic
Hamiltonian


X †
3
−γ k
H¼
: ð1Þ
Ψk H0 ðkÞΨk ;
H0 ¼ JS
−γ k
3
k
Here, the two-by-two single-particle Hamiltonian H 0 acts
upon the spinor Ψk ¼ ðak bk ÞT with components corresponding
P to the two sublattices. The off-diagonal element
γ k ¼ j eikrj is ubiquitous for the honeycomb lattice and
corresponds to coupling along the three nearest-neighbor inplane bond vectors rj . The energy spectrum of the single
particle consists of two branches: the acoustic “down” and
optical “up” branches with the dispersion εu;d
 jγ k jÞ
k ¼ JSð3
pﬃﬃﬃ
iϕk =2 se−iϕk =2 Þ= 2, where
and wave functions Ψu;d
k ¼ ðe
s ¼ −1ðs ¼ þ1Þ for the u (d) state and the momentumdependent phase ϕk ¼ arg γ k is introduced. The magnon
energy dispersion is plotted in Fig. 1(b). The down branch
touches zero energy quadratically in the center of
the Brillouin zone near the Γ point as εdk ¼ 3JSk2 =4. The
gapless magnons at the Γ point are protected by the
Goldstone theorem. The magnon branches have symmetry-protected Dirac crossings at the K and K 0 points of
the Brillouin zone characteristic of the honeycomb lattice. At
the single-particle level, the magnon dispersion law is
identical to the energy spectrum of electrons in graphene.
III. RESULTS: BULK STATES
The interaction vertex is obtained from the next-order
terms following from the Holstein-Primakoff transformation (see Ref. [32] for details)
V¼

where the momentum before and after scattering is conserved, k1 þ k2 ¼ k3 þ k4 . Note that the same function γ k
defined above for the single-particle Hamiltonian Eq. (1)
also occurs in the interaction term Eq. (2).
We analyze the effect of interactions to first order and
evaluate the Hartree diagram in Fig. 1(d). For simplicity,
consider the case of low temperature, T ≪ J, where only
the low-energy down-magnons with momenta close to
q ¼ 0 are excited. The Hartree term corresponds to
contracting a pair of boson operators in Eq. (2) and
replacing them with the thermodynamic boson occupation
number of the magnons in the lower band, hd†q dq i ¼
fðεdq Þ ¼ ½exp ðεdq =TÞ − 1−1 . We further perform a lowtemperature expansion and rewrite the self-energy,
ð1Þ

Σk ðTÞ ¼ −α1 T 2 H0 ðkÞ;
ð3Þ
pﬃﬃﬃ 2 3
where α1 ¼ ½π=ð24 3J S Þ. The matrix elements of the
two-by-two Hamiltonian are renormalized by the same
temperature-dependent ratio α1 T 2 . This is a consequence of
a delicate balance between the bare spectrum and the
interaction term, both containing the honeycomb function
γ q . So, the energy of the renormalized bands becomes
ð1 − α1 T 2 Þεu;d
k . The magnon-magnon interaction leads to
an overall temperature-dependent bandwidth renormalization. This is consistent with the observation by Bloch [18],
who discussed a similar effect for a single-band case on a
cubic lattice.
Next, we analyze the effect of interactions to second
order. We consider the sunset diagram in Fig. 1(d),
Z 2 2
jV k;q;p j2 fðεq Þ
d qd p
ð2Þ
Σk ðTÞ ¼ A2
; ð4Þ
4
ð2πÞ εk þ εq − εp − εkþq−p þ iδ
where
pﬃﬃﬃ V k;q;p is the scattering matrix element, and A ¼
3 3a2 =2 is the area of the honeycomb lattice unit cell. Let
us comment on the labeling of the momenta in the
scattering process: Two original magnons with momenta
k, q are scattered into the two magnons with momenta p
and k þ q − p. The momentum of the thermally excited
magnons is q. Note that the numerator of the diagram
contains the Bose occupation number of the thermal
magnons fðεq Þ, which controls the temperature dependence of the self-energy. In the limit of small temperatures,
there is a simplification: Only the thermal magnons from
the down-band in the vicinity of the Γ point are excited, as
is illustrated in Fig. 1(b). The low-temperature expansion
allows us to integrate out the thermal magnons q analytically and reduce Eq. (4) to

J X  † †
γ a b a a þ γ k4 a†k1 a†k2 ak3 bk4
4N fk g k2 k1 k2 k3 k4

ð2Þ

Σk ðTÞ ¼ α2 T 2 A

i

þ γ k2 b†k1 a†k2 bk3 bk4 þ γ k4 b†k1 b†k2 bk3 ak4
− 4γ k4 −k2 a†k1 b†k2 ak3 bk4 ;

ð2Þ

Z

jvk;p j2
d2 p
; ð5Þ
2ε −ε −ε
ð2πÞ k
p
k−p þ iδ

pﬃﬃﬃ
where α2 ¼ ½π=ð6 3J 2 S2 Þ and vk;p is an effective matrix
element at low temperature. The remaining sum in Eq. (5)
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is now carried out numerically, and the result is plotted in
Fig. 2 for momentum k along a closed path Γ → K →
M → Γ in momentum space. Note that the magnitude of the
diagram is set by the overall temperature-dependent prefactor in Eq. (5). We show the self-energy separately for the
up- and down-magnon branches in the left and right
columns of Fig. 2, correspondingly. The real and imaginary
parts of the self-energy have physical significance as the
scattering rate and energy renormalization of the magnon
excitations, respectively.
First, let us comment on the scattering rate, i.e., the
imaginary part of the self-energy, shown in the top row of
Fig. 2. The scattering process is on shell; i.e., the energy of
the magnons is conserved. Generally, we find that the
matrix element vk;p in the numerator of Eq. (5) is a wellbehaved nonsingular function in momentum space that
only slightly modifies the pattern of the self-energy. It is the
energy denominator Dk;p ¼ εk − εp − εk−p in Eq. (5) that is
the major factor determining the self-energy as a function
of momentum. The decay rate displays a complex pattern of
peaks and dips. In order to investigate the origin of these
features in the self-energy, we examine the behavior of the
function Dk;p in momentum space in Ref. [32]. We
consistently find that all features in the self-energy correspond to special points of Dk;p (e.g., saddle or extremum
points). The profile of self-energy in momentum space
shown in Fig. 2 strongly depends on the details and
parameters of the model and can thus be seen as a unique
signature of the honeycomb dispersion εk . For comparison,
we also calculate the scattering rate for the triangular
lattice, which can be regarded as a Bravais lattice relative
of the honeycomb lattice. We find that the profile of the
scattering rate for the triangular lattice is significantly
different from Fig. 2. Note that the mirror symmetry

FIG. 2. Normalized decay rate of the (a) up-band and (b) downband. A sequence of van-Hove-like peaks is a unique signature of
the Dirac dispersion. Normalized magnon dispersion renormalization for (c) up-band and (d) down-band. The vertical axes are
plotted with respect to the temperature-dependent energy unit
ET ¼ T 2 =JS3 ; therefore, all contributions scale with temperature
as T 2 .

[33] of the up- and down-magnon branches, i.e.,
εup þ εd−p ¼ 6JS ≡ εu0 , leads to the strong peak near the Γ
point in Fig. 2(a). In terms of Eq. (5), this means that the
kinematic constraint appearing in the denominator,
Dk¼0;p ¼ εu0 − εup − εd−p ¼ 0, is satisfied for all p, and
the integral diverges. Because of the multiband nature of
the Hamiltonian, there are multiple scattering channels
contributing to each decay process. For example, the
scattering rate for the up-band shown in Fig. 2(a) is derived
from the two scattering channels uk → up þ dk−p and
uk → dp þ dk−p . The decay rate of the down-band, shown
in Fig. 2(b), is determined by the scattering channel
dk → dp þ dk−p , and in the vicinity of the K point, it is
sharply suppressed; i.e., the magnon at the Dirac nodal
point is a well-defined excitation whose lifetime shrinks
rapidly for small excursions away from the K point.
We also plot the real part of the self-energy in the bottom
row of Fig. 2 in panel (c) for the up-band and in panel
(d) for the down-band. The real and imaginary parts obey
the Kramers-Kronig relation, so a peak in the scattering rate
corresponds to a feature in the real part of the self-energy.
Results in the lower panels of Fig. 2 closely correlate with
the upper panels. We pay special attention to the K point,
where the Dirac nodal point is located. Here, the values of
the real parts of the self-energy for the up and down-bands
are equal within the numerical precision. The interaction
preserves the degeneracy of the Dirac nodal point. To
estimate the effect of renormalization on the magnon
energy spectrum, we compare the bare spectrum εk and
temperature-dependent renormalized spectrum
ð1Þ

ð2Þ

u;d
εu;d
k ðTÞ ¼ εk þ Σk ðTÞ þ Σk ðTÞ
ð2Þ

¼ ð1 − α1 T 2 Þεu;d
k þ Σk ðTÞ

ð6Þ

in the vicinity of the K point in momentum space in
Fig. 3(a). We plot the renormalized spectrum for a given
ratio T=J ¼ 3, which allows us to visualize the effect of
renormalization clearly. Interaction leads to renormalization of the energy of the Dirac nodal point, together with a
decrease of Dirac velocity in the immediate vicinity of the
K point. The latter behavior is in stark contrast to that for
the fermionic Dirac materials, where the Coulomb interaction leads to a logarithmic increase of the Dirac velocity
[10,11]. There are also sharp kinks, marked by the green
and blue arrows, in the self-energies, which correspond to
equally sharp features in the magnon decay rate and
strongly reshape the original linear Dirac dispersion.
We believe that these calculations resolve the old puzzle
of the peculiar magnon-band renormalization in CrBr3
observed in the neutron-scattering experiments from the
1970s [8,9]. In Fig. 3(b), we plot the calculated self-energy
shift, together with the experimental points from Ref. [8]
for CrBr3. The plot shows a relative renormalization of the
magnon dispersion of the down-band, which is
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IV. RESULTS: SURFACE STATES IN A 3D MODEL

FIG. 3. (a) Temperature-dependent renormalization of the Dirac
dispersion near the K point. The bare and renormalized spectra
are shown in red and black lines. (b) Temperature-dependent
renormalization of the magnon energy spectrum copied from
Ref. [34] overlaid with our theory (red). The green and blue
arrows in both panels are used as a guide to the eye and point to
the corresponding features in the spectrum. In panel (b), the
horizontal dashed line represents the energy renormalization
due to the p
constant
Hartree term [Eq. (3)]. The momentum
ﬃﬃﬃ
kDP ¼ 4π=3 3a denotes the position of the Dirac point.

Δεk εdk ðT ¼ 6 KÞ − εdk ðT ¼ 20 KÞ
¼
εk
εdk ðT ¼ 6 KÞ

ð7Þ

in the notations of the current work. In the literature,
distinct values for the coupling constant are cited: J ¼
11 K [35], J ¼ 16 K [9], and J ¼ 28 K [36]. We evaluate
Δε=ε from our theory for the coupling constant J ¼ 18 K,
which best fits the experimental data. We then plot Δε=ε
with the red line and overlay it on the experimental data in
Fig. 3(b). Gratifyingly, the theoretical curve and the
experimental data agree reasonably well. In particular,
the self-energy correction in both experiment and theory
undergo rapid evolution in a small region bounded by the
peak, marked by the green arrow near K.
The strong energy dependence of the self-energy is the
result of in-plane interactions and the Dirac spectrum. CrBr3
is a 3D material composed of stacks of weakly coupled, 2D
honeycomb layers. To address three-dimensional aspects,
one would need to include the interlayer coupling. We
expect that the interlayer coupling Jz may lead to a weak
broadening of peaks in the self-energy shown in Fig. 2, but
the magnitude of the effect is small since the interlayer
coupling J z is much smaller than the intralayer coupling
Jz ≪ J [9].
The results obtained in this work are universal and apply to
other types of bosonic Dirac materials. The profile of ReΣðkÞ
in momentum space in Fig. 2 is determined predominantly by
energy denominators and less so by the matrix elements in
Eqs. (4) and (5). Thus, the momentum dependence of these
quantities could be viewed as a unique signature of the
honeycomb dispersion. Therefore, our findings should be
highly relevant to other bosonic honeycomb systems, e.g.,
photonic crystals [2,3,37–41].

Dirac nodes have profound consequences for the topological surface states that are analogous to Fermi nodal
lines. Because the honeycomb lattice is bipartite, it is a
prime candidate to possess topological Shockley edge
states (otherwise known as Su-Schrieffer-Heeger states).
The three-dimensional crystal structure of CrBr3 shown in
Fig. 4(a) consists of the honeycomb Cr layers stacked in the
order that is an analog of the ABC-stacked graphene layers,
which have received a lot of attention because of the
unusual spectrum and edge states [24–26]. We assume
the simplest model in which the honeycomb layers are
coupled via the vertical bonds with a strength Jz , as
illustrated in Fig. 4(a). Thus, the corresponding freemagnon Hamiltonian becomes

H 0 ðkÞ ¼ JS

3 þ γz

−γ k − γ z eikz

−γ k − γ z e−ikz

3 þ γz


:

ð8Þ

In comparison with Hamiltonian (1), Eq. (8) acquires extra
terms proportional to γ z ¼ J z =J. Let us examine the Dirac
points given by the equation γ k þ γ z eikz ¼ 0 as well as the
dispersion in the kz direction. For small γ z , the solution
gives helical contours winding around the corners of the
Brillouin zone as shown in Fig. 4(b). This nodal line, i.e., a
line where the magnon branches are degenerate, retains the
topological properties of the usual Dirac point. In particular, the nodal line has a topological Berry phase,
I
dkhΨk ji∂ k Ψk i ¼ π;

ð9Þ

FIG. 4. (a) The 3D lattice structure of CrBr3 . The honeycomb
layers are composed of Cr atoms and are stacked in ABC order.
(b) The band structure: Dirac nodal lines wind around the corners
of the Brillouin zone. (c) Magnon energy spectrum for a 25-layer
slab of a three-dimensional material. Results for open vs closed
boundary conditions are shown with red and black lines.
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which leads to flat band surface states (in the fermionic
case) given by the projection of the nodal line onto the 2D
momentum space [24–26] as illustrated in Fig. 4(b).
Now, we evaluate the surface states in the 3D model
discussed. Although the surface states are calculated at the
single-particle level, it turns out that the surface magnons
differ from their fermionic analogs. We compute the magnon
dispersion in a slab geometry of N ¼ 25 layers and plot the
result in Fig. 4(c). The figure contains the spectrum for the
closed (in black) and open (in red) boundary conditions. In
this representation, the red lines unmatched by the black
lines correspond to the surface states.
One can observe the magnon surface states appearing in
the vicinity of the K point, which agree with Fig. 4(b).
However, in contrast to what occurs for the analogous
fermionic model, the magnon surface states are clearly
dispersive. To explain this, we Precall the original
Heisenberg Hamiltonian H ¼ −J hiji Si · Sj and the
Holstein-Primakoff transformation, e.g., for the zth component of the spin operators Szi ¼ S − a†i ai . Observe that
intersite coupling in the Heisenberg Hamiltonian generates
an on-site potential in the bosonic language, i.e.,
−JSzi Szj ¼ −JS2 þ JSa†i ai þ JSb†i bi þ Oða4 Þði ≠ jÞ. For
the bulk, this procedure generates the diagonal terms in
the Hamiltonians (1) and (8). For the surface, inspection of
Fig. 4(a) shows that one sublattice—we assume it is A—
will be coupled (to the B sublattice) in the layer immediately below, but not the other. This generates an extra
diagonal surface term H surface ¼ −Jz Sa† a for the A but not
the B sublattice, in addition to the off-diagonal terms that
allow hopping from the A sublattice of the surface to the B
sublattice. In the absence of the diagonal surface term, we
obtain dispersionless topological surface states that are
identical to the fermionic analogs (see, e.g., Ref. [26]).
Note that the decay length ξk ∝ 1=Δk of this surface state
Ψk ðzÞ ∼ expð−z=ξk Þ in the z direction is inversely proportional to the bulk gap Δk , where k ¼ ðkx ; ky Þ is a good
quantum number for a surface cleaved parallel to the layers.
Qualitatively, the dispersion of the magnon surface states
can then be understood by treating the surface term as a
perturbation. Already, the first-order perturbation theory
produces a k-dependent dispersion of the surface states,
εsurface ðkÞ ¼ hΨk ðzÞjHsurface jΨk ðzÞi. Indeed, the nonperturbative exact diagonalization of the bosonic Hamiltonian,
together with the surface term, confirms that the surface
state acquires a strong dispersion (as shown in Ref. [32]).
We further relax the interplanar Heisenberg coupling Jz as
the surface is approached; Fig. 4(c) is plotted for a reduced
coupling Jsurface
¼ 0.5J bulk
between the surface and penulz
z
timate layers. We also note that an earlier study investigated
the effect of edge perturbations in topological magnonic
media [20]. Our discussion extends the previous analysis of
the edge states in 2D photonic materials. We also mention
that the mechanism described for generating the dispersion

of the surface states is universal and should be relevant to
other types of bosonic Dirac materials, e.g., topological
phononic and photonic systems [2,3,37–42].
We also mention several other works [21,22], which
were done in parallel with our work, exploring the nodal
lines in magnonic media. Reference [22] discussed the
existence and consequences of the nodal line in a quasitwo-dimensional setting. Reference [21] predicted the
existence of the magnon nodal lines in a complex fourband model in anisotropic pyrochlore ferromagnets and
revealed a strong dependence of the surface states on the
crystal termination. In contrast, our paper discusses the
nodal lines in the simplest two-band model in a threedimensional setting. Our work is important in the context of
realizing a bosonic ABC-stacked “graphite.” Note that the
analogous ABC-stacked “fermionic” graphite is highly
sought after [43] but is not realized naturally (AB
“Bernal” stacking is stable). We propose that the nodal
lines discussed in this section could be readily realized in
CrBr3 , which has natural ABC stacking. The corresponding
magnonic surface states may serve as a pairing “glue” for
exotic orders on the surface of these materials.
V. CONCLUSION
Noninteracting particles in a 2D honeycomb lattice
exhibit Dirac excitations regardless of the statistics. We
consider the difference between bosonic and fermionic
excitations on such lattices. Two key features of the bosonic
Dirac material were identified as important: (i) Interacting
bosons lead to a nondivergent velocity renormalization near
the Dirac points. In contrast, Coulomb interactions between
fermions lead to a logarithmic correction of the Dirac
velocity. (ii) The non-Bravais nature of the honeycomb
lattice structure leads to significant modifications of the
spin-wave interactions. More generally, non-Bravais
lattices, which entail multicomponent wave functions for
quasiparticles, provide a route to Dirac quasiparticles and
distinct surface states. (iii) We found topological surface
states in CrBr3 that are the bosonic analog of Shockley edge
and surface states (also known as the Su-Schrieffer-Heeger
states).
Our results are important because of the ferromagnetic
Cr trihalides. Magnetic excitations in honeycomb ferromagnetic layers, the building blocks of the Cr trihalides,
possess Dirac nodes. Half a century ago, neutron-scattering
experiments observed an anomalous momentum-dependent
renormalization of the magnon spectrum in CrBr3 near the
Dirac points [8,9]. By evaluating the self-energy due to the
magnon-magnon interactions, we obtained a good agreement with data from Ref. [8] and have thus resolved a
nearly 50-year-old puzzle.
The honeycomb ferromagnets are the conceptually
simplest systems where the magnonic Dirac cones could
be found. Therefore, much of the novel Dirac physics
already developed in graphene can be compared and tested
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in the magnonic Dirac systems, which are readily available
in chromium trihalides. Although the single-particle
Hamiltonians in the bosonic and fermionic systems appear
to be superficially analogous, the effect of the quasiparticle
statistics is decisive. As shown in our work, interaction
effects and topological surface states are substantially
different in the magnonic Dirac materials, so there are
many opportunities for new experiments. We envision that
the magnonic Dirac materials could become important as
platforms for magnon transport and as a basic building
block to construct topological magnetic media. Pumped
magnonic Dirac matter and Bose-Einstein condensation
[44] is also very intriguing to pursue.
Given the large diversity of transition metal trihalides
[36,45], metamaterials generated via top-down and bottomup nanotechnology, and cold atom systems that can implement bosonic Hamiltonians for honeycomb and other nonBravais lattices, our predictions are highly relevant and can
be extensively checked using modern spectroscopic methods. For example, neutron scattering has advanced greatly
over the last five decades, so we anticipate new work to
measure the lifetimes as well as self-energies of spin waves
for honeycomb magnets. There are also potential applications of the surface states, which we have discovered, to the
emerging area of “magnon spintronics” or “magnonics”
[46], for which distinct surface spin waves would be
advantageous because they avoid bulk dissipation.
Recent experimental observation of single-layer honeycomb ferromagnetism [27,28] in CrI3 and other materials
highlights the important role the Dirac nodes will play in
bosonic Dirac materials realized in van der Waals magnetic
structures.
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We investigate the extent to which the category of Dirac materials provides general statements about the
behavior of both fermionic and bosonic Dirac quasiparticles in the interacting regime. For both quasiparticle
types, we find common features in the renormalization of the conical Dirac spectrum by interactions. This
feature motivates us to declare that Dirac materials as a category is a useful description. To do this, we compute
the self-energy for both types of quasiparticles with different interactions and collate previous results from the
literature whenever necessary. The computations are performed both at zero and finite temperature. Guided by
the systematic presentation of our results in Table I, we conclude that long-range interactions generically lead to
an increase of the slope of the single particle Dirac cone, whereas short-range interactions leads to a decrease.
The quasiparticle statistics does not impact the self-energy correction for long range repulsion, but does affect
the behavior of short-range coupled systems, giving rise to different power law thermal contributions.
PACS numbers:
Keywords: Dirac Materials, Fermions, Bosons, Fermi velocity.

I.

INTRODUCTION

The discovery of graphene and other materials with Dirac
nodes has led to a strong interest in materials with Dirac
dispersion in condensed matter systems[1–3]. Conventional
metals are described by well-defined quasiparticles which are
low-energy excitations from the Fermi surface. In a typical ddimensional metal, the Fermi surface is a (d − 1)-dimensional
manifold. In Dirac materials on the other hand, the locus of
points with zero quasiparticle energy shrinks to d − 2 or d − 3
dimensions due to some additional symmetries present in the
system[1, 4]. Specifically, for two-dimensional (2D) Dirac
materials, Dirac nodes have to be point objects. The lowenergy quasiparticles around the Fermi point have linear dispersion and are described by a massless Dirac-like equation.
Because of the linear dispersion, the quasiparticles behave like
relativistic particles with an effective speed of light dictated by
the Fermi velocity. Many realizations of Dirac fermions have
been discussed in, for example, the surface states of topological insulators [5–7], nodal superconductors [8], graphene[9]
and many artificial electronic systems [10, 11]. The resulting
Dirac cone in the spectrum is protected by symmetries and
is robust under disorder and interaction. For example, Dirac
nodes are protected by parity and time reversal symmetries
in graphene, by time reversal and mirror symmetries in topological insulators and by combination of the C4 rotation and
gauge transformation in the case of d-wave superconductors
in 2D square lattices [4]. The Dirac nodes lead to commonly
observed universal features of excitations such √
as the scaling
of the Landau levels with the magnetic field as B, universal
metallic and thermal conductivities related to the nodal structure of carriers, suppressed back scattering, and Klein tunneling [12]. The common properties shared by these systems

lead to the concept of Dirac materials as a useful category for
explaining their behavior.
Recently, bosonic systems possessing Dirac-like spectra
have also been investigated. Plausible physical realizations
of bosonic Dirac materials range from artificial honeycomb
lattices made out of superconducting grains [13] to magnets
[14], photonic and acoustic crystals [15, 16], and plasmonic
devices [17]. At the level of the single particle physics, the
band structures of bosonic and fermionic Dirac materials are
indistinguishable: both are described by point nodes with linearly dispersing quasiparticles parameterized by a velocity.
However, several important questions about this new class of
materials remain unanswered: Is there a universal behavior of
bosonic and fermionic Dirac Materials when interactions are
taken into account? What role does the form of the interaction
play? And how these results are modified at finite temperature ? The first question is particularly important because one
might naively assume that the bosonic or fermionic statistics
will have a strong impact on the interacting behavior. Our result in Sec. III, taken together with the existing literature in the
field of Dirac materials, allows us to answer these questions.
We find that long range interactions lead to an increase in the
slope of the noninteracting Dirac cone, whereas short range
interactions generically decrease this slope. For Coulomb repulsion, the asymptotic results for Fermions and Bosons are
mathematically identical. However, this is not the case for
short-range interactions, where different power laws in temperature and momentum are obtained for the self-energy corrections.
The main result of this paper is the calculation of the selfenergy for different Dirac quasiparticles in the interacting
regime. We compute the self-energy primarily for three different situations : (a) for bosonic Dirac materials which in-
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TABLE I: This table gives a summary of the main results discussed in this paper: The self-energy for the positive/upper part of the Dirac
cone. The classification is based on short range and long range interactions. The “+" and “-" signs in the cells for ReΣ+ (k) respectively
signifies the enhancement and reduction of the renormalized Dirac velocity for the nodal excitations. For short range Dirac fermions f0 and
f1 are temperature independent positive constants as explained in Sec. III (C). The exponent ν ∼ 1 ± 0.2 has been evaluated numerically for
half-filled Hubbard model on honeycomb lattice. The renormalization of spectrum for Dirac magnons is proportional to T2 as explained in Sec
III (E). The renormalization of the bosonic Dirac spectrum with long range interaction is performed considering a nonequilibrium steady state
as discussed in Sec. III (D). The ImΣ+ (k) is computed with the help of the Kramers-Kronig relation. The bold line between the type of the
interactions specifies that the distinction is based on the range of interaction. The quasiparticle statistics plays a negligible role for long-range
Coulomb interactions, but determines different outcomes (e.g. in thermal power laws and zero temperature results) for short-range interactions.
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teract by long-range dipole-dipole interaction, (b) finite temperature renormalization for Dirac fermions which interact
by long-range Coulomb interaction and (c) finite temperature
half-filled Hubbard model on honeycomb lattice. We emphasize that a complete momentum and frequency dependent selfenergy in perturbation theory for the case (c) has not been performed in the literature to the best of our knowledge. Based
on our calculation taken together with other results in the literature, we present a summary of our findings in Table I. Previous results on which we rely include the known logarithmic
divergence of the Dirac velocity in 2D Fermi-Dirac materials where quasiparticles interact via the long-range Coulomb
interaction [18–20]. Contact interactions in Fermi-Dirac systems have also been investigated [21, 22]. Finally, recent studies by some of the present authors analyzed the role of shortrange interactions for Dirac magnons [23] and Cooper pairs
[13]. We use the Kramers-Kronig relation to compute the
imaginary part of the on-shell self-energy Σ+ (k) in the case
of Dirac fermions interacting via short range interaction and
Dirac bosons interacting via long range interaction. The notation Σ+ (k) refers to the on-shell renormalization of the upper
band of the two-band conical spectrum as explained in Sec.
III.
The rest of the paper is structured as follows. In Sec. II,
we give a brief description of the linear Dirac spectrum for

ν

F

the free bosonic and fermionic Dirac systems. In Sec. III,
we present the self-energy calculation in various bosonic and
fermionic systems with different types of interactions. It is
also worth to point the behavior of the renormalized Dirac velocity which is extracted from the self-energy in appropriate
cases. We finally discuss our results and conclude in Sec. IV.
II.

FERMI AND BOSE DIRAC MATERIALS: SINGLE
PARTICLE DESCRIPTION

Let us by discussing the Dirac theory for bosons and
fermions on an equal footing and point out their similarities
and differences. In the single particle description, statistics
does not come into play. Motivated by this fact, we write
down a generic tight binding model on the honeycomb lattice
for a quasiparticle ψ̂i of either statistics
X
X
B
0
H = −t
ψ̂†A
n̂αiψ .
(1)
i ψ̂ j + h.c. + t
hi ji

i,α

Here ψ̂†α
denotes the quasiparticle creation operator on the
i
sublattice α at the lattice site i. The notation hi ji denotes
the nearest-neighbor lattice indices with t being the hopping
amplitude. We introduce an additional on-site term t0 . For

3
fermions we identify t0 as the chemical potential and for
bosons this term is introduced to account for the positivedefinite energy. The number operator is n̂αiψ = ψ̂α†
ψ̂αi . Dei
fine the Fourier transform of the operator ψ̂α†
as ψ̂α†
=
i
i
P α† ik·R
i and rewrite the Hamiltonian in momentum
√1
ψ̂
e
N k k
space
!
!
X
 t0 −tγ ψA
k
B†
k .
ψA†
ψ
H=
(2)
∗
0
k
k
−tγk t
ψBk
k

where γk =

P

iδi .k
δi e

= 2 cos

√

3k y a
2



eikx a + eikx a/2 is the sum

over the nearest neighbor vectors. We diagonalize the Hamiltonian in Eq. 2 and get the spectrum as ε±k = t0 ± t|γk |. The
bipartite structure of the honeycomb lattice gives rise to two
bands which cross at the corner of the hexagonal Brillouin
zone (i.e. at the K point), as shown in Fig. 1. We approximated the fermionic spectrum by showing only the low energy
linear bands around the Dirac crossing point in Fig. 1(b). On
the other hand, the complete spectrum for bosons is shown in
Fig. 1(a). Both fermionic and bosonic spectrum close to the
crossing point (K) are governed by a Dirac-like Hamiltonian
He f f = vD σ · k where vD = 3ta
2 is the Dirac velocity and σ are
the Pauli matrices.
In this section, we have explicitly shown the derivation of
the Dirac Hamiltonian for a tight-binding model on a honeycomb lattice. There are many realizations of non-interacting
Dirac materials as discussed in the introduction. Reader is
referred to the review article by Wehling et.al [1] for more details on the emergence of Dirac structure on different material
realizations. Similarities between fermion and boson Dirac
Materials are obvious from this discussion. We stress that in
addition to the similar linear spectra the whole algebraic structure of the Dirac equation and related symmetries are paralleled in the cases of fermions and bosons. The set of physical
effects which follows from the single particle Dirac spectrum
for fermions will also follow for Dirac bosons. For example the Dirac bosons near the nodal points at K and K0 will
have opposite chiralities. This fact implies that one would expect a similar Klein paradox in the scattering of Dirac bosons
(viz. photonic graphene [24]) as one would have for Dirac
fermions[12].
III.

FERMI AND BOSE DIRAC MATERIALS: MANY
BODY EFFECTS

Now we move on to describe the renormalization of the
Dirac spectrum due to interactions in bosonic and fermionic
systems. The interactions can be broadly classified into two
sectors: (a) long-range and (b) short-range. In most fermionic
systems, the quasiparticles are charged and therefore typically have long-range Coulomb interactions. For example,
the Dirac electrons in pristine graphene have a long range
Coulomb repulsion, which may be screened by disorder and
doping. However, short-range interactions are also possible,
for example between the surface states of a 3D topological insulator [25]. In many bosonic systems the quasiparticles are

neutral and therefore, interactions are short ranged, but longranged dipole–dipole interactions are also accessible.
The standard technique to calculate the effects of the energy renormalization is to incorporate the particle–particle
self-energy into the total Green’s function of the interacting
system. In Dyson notation the self-energy is defined as,
G[k, ω]−1 = G0 [k, ω]−1 − Σ[k, ω]

(3)

where G[k, ω], G0 [k, ω] are the Green’s functions for the interacting and free system respectively. Specific functional dependence of the self-energy on momentum k will then manifest as a modification of the Dirac velocity. Therefore, the
central quantity of interest in this paper is the on-shell selfenergy Σ[k, ω = ε(k)] = Σ(k) for an interacting system. Due
to the bipartite structure of the Hamiltonian in Eq. 2, the selfenergy Σ(k) becomes a 2 × 2 matrix. In the diagonal basis, we
can write,
!
Σ+ (k)
0
Σ(k) =
−
0
Σ (k)
where Σ± (k) corresponds to renormalization in up and down
band of the Dirac spectrum. An exact theoretical evaluation
of the self-energy for both fermions and bosons is a difficult
task. Therefore, we perform first- and second-order perturbation theory assuming the quasiparticle interaction is weak.

A.

Fermi Dirac Material : Long range Coulomb interaction

Starting with fermionic Dirac materials, we discuss the established result of the logarithm divergence of the Dirac cone
in graphene with Coulomb interactions [26]. The details of
the calculation are given in Appendix A. Here, we focus on
two physical situations: (a) zero temperature diverging Dirac
velocity and (b) finite temperature regularized Dirac velocity.
In each cases, the self-energy is related to the renormalized
Dirac velocity as Σ(k) ∝ δvD (k)σ · k.
a. Zero temperature velocity renormalization: We perform Hartree-Fock approximation for the Coulomb interaction by introducing the Hubbard-Stratonovich field φτ (x) (defined in Appendix A). This allows the self-energy associated
with the interaction to be computed, and from it we extract the
renormalization of the linear Dirac cone. The correction to the
Dirac velocity is logarithmically diverging in momentum
δvD (k) ∝ log

Λ
,
k

(4)

where Λ is the ultraviolet cutoff for the momentum. Hence,
the linear Dirac spectrum is reshaped. The logarithmic divergence of the Dirac velocity as k → 0 implies that the velocity
increases. Relative change of the Dirac cone is shown in Fig.
5(a). The type of divergence obtains even for higher order
perturbation theory and is the manifestation of the fact that
undoped graphene belongs to the universal class of marginal
Fermi liquid.
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FIG. 1: (Color online) (a) The Bose-Dirac spectrum found from the Hamiltonian in Eq. (2). The color legend is used to show the variation of
the bosonic population at finite temperature. (Red = Populated, Blue = Not Populated). The high energy Dirac crossing points are shown in
the colored dots. (b) The fermionic spectrum found from the Hamiltonian in Eq. (2). Due to the finite chemical potential, the spectrum can be
approximated by a linear dispersion. The red and blue colors indicate filled and empty bands at zero temperature.

b. Finite temperature velocity renormalization: A similar finite temperature (T  TF low temperature, TF is
the Fermi temperature) (Appendix A) calculation with bare
Coulomb interaction softens the velocity divergence as
δvD (k) ∝ log




vD Λ
,
2kB T

(5)

where kB is the Boltzmann constant. Temperature behaves
as an infrared energy scale to remove the divergence at k →
0. Typically, in Fermi systems temperature dependent corrections to physical quantities appear as certain powers of
T
TF . However, for two dimensional Dirac fermion systems
we find an apparently unknown temperature correction as
δvD ∝ log(T). We also find that the divergence at k → 0 is
absent for finite temperature. It is natural to expect that for
T → 0 the velocity should renormalize according to
δvD (k) ∝ log

!
vD Λ
.
max(vD k, 2kB T)

(6)

B. Fermi Dirac Material : Screened Coulomb interaction

In the previous section, we calculated the renormalization
of the Dirac spectrum in undoped graphene due to Coulomb
interaction. The range of this interaction is infinite. Real materials always are disordered due to impurities and other defects. It is therefore difficult to observe ideal Coulomb interaction in real materials. For practical purposes, we assume that the effects of these defects will be to truncate the
range of Coulomb interaction to a finite amount, implying that
quasi-electrons in graphene interact by a Yukawa potential as
2
V(r) = e0 r e−κr , where κ−1 is the range of the interaction.
We perform a similar Hartree-Fock self-energy calculation for

small κ  Λ (Appendix A). The self-energy can be written as
Σ(k) ∝ δvD (k)σ · k. The Dirac velocity is renormalized as


√
 Λ + Λ2 + κ2 

 .
δvD (k) ∝ log 
(7)

2k
As we can see from Eq. 7, the renormalized Dirac velocity for
Yukawa interaction increases also shown in Table I for relatively long range governed by κ−1 .
C.

Fermi Dirac Material : Onsite Hubbard interaction

In this section, we study the renormalization of Dirac spectrum for the half-filled Hubbard model on honeycomb lattice
using second order perturbation theory. The Hubbard Hamiltonian is written as
X
X
X
H = −t
c†iσ c jσ + U
ni↑ ni↓ − µ
c†iσ ciσ ,
(8)
hi, ji,σ

i

i,σ

where σ is the spin. t and U are the hopping amplitude between the nearest neighbor lattice sites and the strength of the
on-site repulsion respectively. The lattice spacing set to be
a. Following the discussion in Sec. II, we see the that tightbinding term in Eq. 8 gives rise to Dirac spectrum as in Fig.
1 (b) and that the quasiparticles are governed by a Dirac-like
equation parametrized by a Fermi velocity v0D . Dynamical
mean-field theory P
(DMFT), a non-perturbative treatment of
local interaction U i ni↑ ni↓ , reveals that the interacting Dirac
fermions would have a reduced renormalized Fermi velocity
vRD as a function of U. The numerically evaluated ratio of
Fermi velocity vRD /v0D is shown in Fig. 2. This result has been
reproduced from Jafari et.al. [27]. Kuroki et. al. [28] has also
reported similar reduction of Fermi velocity in the semimetallic phase influenced by the interaction. Several other related

5
works [21, 27–29] report a semimetal to insulator transition
at stronger interaction. Jafari et. al. [27] noted the critical
strength Uc = 13.29t for this transition.

FIG. 2: (Color online) The renormalized Dirac velocity decreases by
increasing the interaction U in the Fermi-Hubbard model. A semimetal to insulator transition happens near Uc ∼ 13.29t. The Dirac
velocity becomes zero at this quantum critical point. Reproduced
from Jafari et.al. [27].

FIG. 3: (a) First order Hartree diagram. The solid line is the
fermionic propagator and the dashed line is the Hubbard coupling
U. (b) The second order bubble diagram correction to the fermionic
self-energy. The dashed lines correspond to U2 .

Far from the transition point U  UC , the semimetallic
phase is a Dirac Fermion liquid parametrized by the renormalized Fermi velocity vRD . We analyze this phase in the second
order perturbation theory assuming U is small compared to
t. The self-energy corrections to the non-interacting Green’s
function can be written up to second order from the relevant
Feynmann diagrams shown in Fig. 3. We then extract from
the self-energy, the renormalization of the Fermi velocity. The
contribution of the Hartree digram in Fig. 3 (a) is calculated
as U hn−σ i. This constant contribution can be absorbed in the
redefinition of chemical potential and does not lead to renormalization of the Dirac velocity.

The bubble diagram in Fig. 3 (b), on the other hand, gives a
non-monotonic momentum dependent self-energy correction.
We denote the energy of the non-interacting Dirac fermions as
εsk = svD |k|, where the label s = 1 for the conduction (up) and
s = −1 for the valence (down) band respectively. A straightforward computation leads to the following expression for the
self-energy correction in the band m = ±1,

h
ih
i


U2 X X f (εsp ) − f (εs0 p0 ) b(εsp − εs0 p0 ) + f (εm0 k0 ) 
1 + ss0 cos Θp;p0 1 + mm0 cos Θk;k0 .
Σ(m) (k) =
4 p,q 0 0
εmk − εm0 k0 − εsp + εs0 p0 + iδ

(9)

s,s ,m

where f (ε) = eβε1+1 and b(ε) = eβε1−1 are the Fermi-Dirac and
the Bose-Einstein distributions respectively. Θp;p0 is the angle
between p and p0 and Θk;k0 is the angle between k and k0 respectively. We focus on the renormalization in the conduction
band. To be consistent with our notation for the self-energy
defined in the beginning of Sec. III, we denote the correction Σ(m=+1) (k) ≡ Σ+ (k). The renormalization in the valence
band is related to the conduction band by reflection symmetry.
We perform the 4-D numerical integration in Eq. 9 and plot
ReΣ+ (k) for three different temperatures in Fig. 4 and find
an approximate linear momentum dependence of ReΣ+ (k) for
small momentum ak  1. We assume that the temperature
dependence of the self-energy is governed by some unknown
function f (T/TF ) where TF is the Fermi temperature. Guided

by our numerical result and the functional form of the selfenergy, we write ReΣ+ (k) as
ReΣ+ (k) ∝ − f (T/TF )U2 k + O(k2 )

(10)

We assign a negative sign in Eq. 10 guided by our numerical
estimate in Fig. 4. We further assume that for small temperature (T  TF ) the function f can be expanded in T as
ν
f ( TTF ) = f0 + TTν f1 + O(Tν+ ) where f0 , f1 , .. are temperature inF
dependent constants and ν is the first non-vanishing exponent
in the Taylor expansion. We numerically analyze ReΣ+ (k) for
small momentum and find the exponent to be ν = 1.0 with a
numerical error estimate of ±0.2. The ratio of renormalized
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where the density in the plane n(x, y) is normalized to the total
number of dipolar atoms and dz is the confinement. The 3D
dipolar interaction Vdd (r) between the dipolar atoms in such a
configuration is given by
Vdd (r) =

FIG. 4: ReΣ+ (k) for the conduction band is shown at three different
temperatures 0.05t, 0.1t and 0.2t. The linear momentum dependence
of the self-energy is shown by the dashed lines. The onsite potential
U is assmued to be 0.1t for this numerical calculation.

and non-interacting Dirac velocity vRD /v0D is extracted as
vRD
v0D

∝ 1 − ( f0 + f1

Tν 2
)U + O(k2 ) ; ν = 1 ± 0.2
TFν

(11)

Our numerical analysis predicts a zero temperature renormalization result and is consistent with the DMFT analysis in [27]
(shown in Fig. 2). The linear temperature dependence of the
velocity as in Eq. 11 is a new finding of our paper.
D.

Bose Dirac Material : Long-range interaction

In real materials, long-range interactions among bosons are
rare in the broader context of condensed matter physics. However, one can artificially synthesize cold atomic systems by
confining the atoms in arbitrary dimensions. Therefore, we
examine the role of tunable long-range dipole-dipole interactions between bosonic atoms in quasi-2D. We focus on a typical example: dipolar Bose gas arranged in honeycomb lattice
where all the dipoles point in a preferred direction governed
by an applied field. The Hamiltonian for the interacting Bose
gas on a lattice is
H = −t

X
hiji

a†i b j +

X
UX α α
β
Vij nαi n j ,
ni (ni − 1) +
2
i,α

(12)

i j,α,β

where U denotes the repulsive on-site potential, Vij is the effective dipole-dipole energy in 2D, and a†i (b†i ) is the creation
operator on the sublattice A(B). The sublattice indices are denoted by α = A, B and nαi = a†i ai (b†i bi ) denotes the number of
bosons at site i. In our example, the bosonic dipolar atoms
are strongly confined in z direction. The ansatz for bosonic
density for such a configuration of dipolar atoms was chosen
as
!
1
z2
ρ(r) = p
exp − 2 n(x, y),
(13)
dz
πd2z

3Cdd 1 − 3z2 /r2
,
4π
r3

(14)

where Cdd is a constant proportional to the electric/magnetic
dipole moment and r = (x, y, z). The factor 3 has been chosen
for analytical ease. The effective 2D interaction Vij can be
found by integrating Vdd (r) along the confined direction z.
As explained in the previous section, the mean field analysis
of on-site potential U will set the value of the ground state
for the two band system with positive-definite energy for
the bosons (see Fig. 1(a)). We focus on analyzing the
renormalization of the linear spectrum within the Dirac cone
near the crossing point in Fig. 1(a). Any isolated bosonic
systems in thermal equilibrium always host quasiparticles
in the spectrum populated according to the Bose-Einstein
1
function fb (ε) = β(ε−µ)
with either zero or negative chemical
e
−1
potential µ. Therefore, thermally excited bosons are always
described by a parabolic dispersion near the ground state.
However, this restriction can disappear when the bosonic
system is coupled to some external pumping source and
decay bath. In the steady state of a driven bosonic system a
situation might occur where an effective chemical potential
µBoson is induced. We assume such an arrangement where
µBoson is near the Dirac crossing point (denoted by the "red"
and "blue" dots in Fig. 1 (a)) due to pumping(PLS FIX THE
REFERENCE) [? ]. Possible emergence of such a situation
from the interplay of pumping, decay and interactions is an
interesting problem in itself but is not the focus of this paper.
We treat a similar situation of Dirac bosons with long range
Coulomb interaction in a subsequent paragraph.
a. Dirac bosons with Coulomb interaction: Following
the discussion in this section, we consider a nonequilibrium
steady state of Dirac bosons where the quasiparticles interact via long range Coulomb repulsion. We point that to compare the renormalization effects on equal footing the effective chemical potential is set at the high energy Dirac crossing
point (denoted by the "red" and "blue" dots in Fig. 1 (a)).
(!!Saikat, what about instabilityy of bose spectra and energies
below the chamical potential? We need to say why we are
allowed to consider this case AB!!). Following the identical
analysis as in Sec. III (A), we find the similar behavior for the
renormalization of the Dirac cone dictated by the self-energy
renormalization as



σ· k log Λk

; T=0
Σ(k) ∝ 

Λ
σ · k log max(vvDk,2k
T) ; T , 0
D

B

(15)

Continuing our discussion on the renormalization of dipolar bosons, we focus on such nonequilibrium bosonic systems
where the effective quasiparticle Hamiltonian near the K point
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(a)

(b)

FIG. 5: (Color online) A comparison between Dirac velocity renormalization in Fermi and Bose systems. (a) The relative change of Dirac
cone is shown. The solid curve shows the linear cone and the colored distorted cone represents the logarithmic renormalization of the cone. (b)
The solid curve (black) shows the bare spectrum at zero temperature within a small regime around the Dirac point denoted by kDP . The dashed
curve (red) shows the renormalization of the spectrum at finite temperature within the same momentum regime. The Van-Hove singularities
are shown by the blue and green arrow and exhibits considerable change of spectrum. The dashed lines in both cases are at finite temperature.
Reproduced from Ref. 23.

(b)

(a)

FIG. 6: (Color online) Normalized imaginary part of the self energy for (a) up and (b) down magnon bands for the spin-waves defined on a
T2
2
honeycomb lattice. The vertical axes are dominated in temperature-dependent energy units JS
3 . Therefore, all the contributions scale as T
and vanishes at T = 0. Reproduced from Ref. 23.

follows from Eq. (12) as
Z
Z
HK = vD dk Ψ†k σ · kΨk + dq Ṽq n(q)n(−q),

(16)

where Ṽq is the Fourier transform of Vij , vD is the Dirac velocity for the non-interacting bosons

as defined in the previous
section, and the spinor Ψ†k = a†k b†k is composed of bosonic
R
operators and n(q) = dkΨ†k+q Ψk The details of the deriva-

tion of the effective dipole-dipole interaction Ṽq from the 3D
dipolar potential Vdd (r) are given in Appendix B, where we
find
"
!
!#
q2 d2z
qdz
3q
2
C
− exp
erfc √
.
(17)
Ṽq = dd √
2
2
2πdz 2
2
We introduce a Hubbard-Stratonovich field φ to decouple the
interacting term in Eq. (16) and rewrite the corresponding
Hamiltonian (read out from the action S) as
Z


HK = H0 + dq φq n(q) + φq Ṽq−1 φ−q .
(18)

FIG. 7: Rainbow diagram for the scattering of Dirac bosons Ψ†k with
long range dipole interaction φq . The wavy line corresponds to the
propagator D0 (q).

Now, we set up a one loop perturbation theory with the
coupling Cdd in the similar way we did for Dirac fermions
coupled to gauge fields (analogous to the field φ here) in
graphene. The retarded Green’s function for the free Dirac

8
term, so we have
δvD (k) ≈

FIG. 8: (Color online) The relative change of Dirac velocity δvD /vD
as function of the range of the dipole interaction. The parameter 1/dz
(dz is the confinement length in z direction) is used to tune the range
of the interaction as in Eq. (18). The solid and dashed curves are
plotted for two different coupling constants Cdd (see Eq. (23)).

bosons G0 (k, iωn ) and the H-S field D0 (q) = hφq φ−q i are
G0 (k, iωn ) =

1
,
iωn − vD σ · k

D0 (q) = Ṽq ,

(19)

where ωn are the bosonic the Matsubara frequencies. These
definitions allow us to calculate the self-energy for the one
loop diagram in Fig. 7, and after summing over the Matsubara
frequencies, we find that
Z
σ·q

1 + 2 fB (vD |q|) Ṽq−k
Σ(k, iωn ) = dq
(20)
2|q|
!
!
Z
q02 d2z
q0 dz

3C
dqdθ σ · q q0 exp
erfc √ .
= − dd
8
2
2
In this equation, fB (ε) =

1
eβε −1

is the Bose-Einstein distribu-

tion and β = k 1T . In Eq. (20), we assume the temperature
B
to be small enough (T  Λ) so that the Bose-Einstein distribution for Dirac energy fB (vD |q|) ∼ 0 and q0 = |q − k|. The
angular integration can be evaluated analytically, and using
polar coordinates where the angle between the vector q and k
is γ − θ we find
q02 = q2 + k2 − 2qk cos(γ − θ)
q
1
≈ k2 t2 (1 − cos(γ − θ))2 ; t =  1.
t
k

(21)

For large t we expand error function as, erfc (t) =
2 P
(2n−1)!!
∞
e−t
√
(−1)n (2t2 )n and perform the analytical continuat π n=0
tion over the Matsubara frequencies. Hence, we get
3Cdd
Σ(k) ≈
σ · k + O(k2 ),
8(2π)5/2 Λd3z

(22)

where Λ is the ultraviolet cutoff. The renormalization of the
Dirac velocity is then given by the coefficient of the linear k

3Cdd
.
8(2π)5/2 Λd3z

(23)

The renormalized Dirac velocity is larger than the single particle Dirac velocity. The Dirac velocity increases with decreasing dz i.e. when we have longer range interaction. This behavior is ploted in Fig. 8. By carefully analyzing Eq. (23), we
see that dz should be less than or of the order of the lattice
constant a to have a considerable change in the Dirac velocity,
which is consistent with our assumption of a quasi 2D system.
We believe that the relative difference of the momentum
dependence for the self-energy in the case of Dirac bosons,
interacting via Coulomb and dipolar exchange, emerges from
the different power law dependencies. In case of Coulomb
interaction the interaction behaves as 1/r, where as dipolar
interaction falls off rapidly with 1/r3 .

E.

Bose Dirac Material : Short range and contact interaction

We now review the effect of contact interactions in bosonic
systems. Here we focus on two typical examples of bosonic
Dirac materials: Cooper pairs that are described by an effective Bose-Hubbard model and magnons on a honeycomb lattice. The results are qualitatively similar for both the cases and
can be extended to other classes of bosonic Dirac Material.
a. Mean field description of Dirac bosons: We start with
case of Cooper pairs in superconducting grains which are arranged in a honeycomb lattice. The Bose-Hubbard model for
the bosons is described by the Hamiltonian
X
X
B
H = −t
bA†
(nαi − n0 )2 ,
(24)
i b j + h.c. + U
i,α

hi ji

where bα†
= cα†
cα is the creation operator for a singlet Cooper
i
↑i ↓i

pair at site i and cα†
is the electron creation operator. t is
i
the hopping amplitude of the pairs between the sites and U is
an onsite potential. The operator n0 denotes the mean number of Cooper pairs in each grain. As described in our recent
work[13], this model provides two branches of collective excitations which are commonly known in the literature as Leggett
and Bogoliubov-Anderson-Gorkov (BAG) modes. These two
modes together will produce bosonic Dirac dispersions similar to one shown in Fig. 1. The Dirac velocity near
the cross√
a 3JU
ing point in the Brillouin zone is given by vD = 4 where
J ≈Pn0 t. We can find the effect of a short range interaction
U0 hi ji nA
nB on the Dirac spectrum. Mean field theory prei j
dicts the renormalized Dirac velocity decreases as
δvD /vD ≈ −

3U0
,
2U

(25)

for U0 ∼ U  J. Therefore, the linear conical structure remains valid after the short-range interactions are introduced,
but the associated Dirac velocity is decreased.
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b. Beyond mean field description of Dirac bosons: Here
we review the spectral renormalization near the Dirac point
for magnons in CrBr3 beyond mean field theory[23]. CrBr3 is
a prototypical ferromagnetic insulator where Cr3+ spins (spin
= 3/2) are arranged in a single layer honeycomb lattice and
interact via Heisenberg exchange. A detailed electronic structure of this material can be found in the recent literature by
Wang et. al. [30]. The spin exchange Hamiltonian is written
as
X
H = −J
Si · S j ,
(26)
hiji

Utilizing the Holstein-Primakoff (H-P) transformation, Eq. 26
can be written in terms of spin-wave excitations or magnons.
The underlying honeycomb structure of CrBr3 naturally introduces two species of magnons defined on the two sublattices.
The non-interacting magnons will produce a Dirac spectrum
as described in Sec. II [14, 23]. However, at finite temperature,
the magnons will start interacting with each other and a complete non-interacting description will not be possible. Yelon
et. al. [? ] studied the magnon interaction effects in this
material using inelastic neutron scattering back in 1970’s. As
shown in a recent work [23] by some of the present authors,
the magnon–magnon interaction in CrBr3 will follow keeping
the leading higher order terms of the H-P transformation in
Eq. (26). The interactions following from Heisenberg Hamiltonian are short ranged. In Ref. 23, the authors report a lowtemperature analysis of the magnon self-energy ReΣ(ω, k),
and the renormalized spectrum is shown in Fig. 5(b). From the
numerical results, we extracted the Dirac velocity and found
that it decreases. The imaginary part of the self-energy for up
and down bands are shown in Fig. 6.
IV.

DISCUSSION AND CONCLUSION

In this paper, we present the first systematic study of the
renormalization effects in Dirac materials for various interactions. The results from Sec. III are recorded in Table
I and give a unified summary of the effect of interactions
on the quasiparticles near the Dirac cone of Dirac Materials. It is clear that the form of the quasiparticle interactions
qualitatively affects the velocity renormalization. Contact interactions generically lead to a decrease in the Dirac velocity, whereas finite-range interactions (which may be screened
or unscreened) generically give an increase. The quasiparticle statistics – i.e. whether we are dealing with bosons or
fermions - do affect the power laws fixing the temperature
and momentum dependence of the self-energy corrections for
short range interactions, but do not influence the logarithmic
behavior for long-range Coulomb repulsion.
More specifically, our work represents an advance because
to our knowledge, a complete analysis of frequency and momentum dependent self-energy Σ(k, ω) in the case of a halffilled Hubbard model on honeycomb lattice at finite temperature, has not been performed in the literature. In Sec. III C, we
computed the real part of the finite temperature on-shell selfenergy Σ(k) numerically. We extracted the leading temper-

ature dependence of the velocity as δvD ∼ −( f0 + f1 Tν ), ν =
1±0.2 where f0 and f1 are temperature independent constants.
We have used the Kramers-Kronig relation to compute the
imaginary part of Σ(k) assuming that the later quantity depends on length of the momentum vector k. Isotropic nature
of this renormalization results from the isotropic interaction.
This fact has also been used to calculate the imaginary part of
the self-energy for other situations in Table I.
To conclude, our results show how the quasiparticles in
Dirac materials are modified by interactions and open the possibilities of both slowing and speeding them up for new science and technology, for example in heterostructures of van
der Waals materials. This feature can open up new possibilities for better synthesis of modern spintronic devices.
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Appendix A: Hartree-Fock approximation

The long range Coulomb interaction between the charged
Dirac fermions is given by
Hc =

1
2

Z

dkdk0 dq Vq Ψ†k+q Ψ†k0 −q Ψk0 Ψk ,

(A1)

2

where Vq = e0 q is the Fourier transform on the Coulomb potential in 2D. We rewrite the interacting Hamiltonian for the
Dirac field Ψ†r in position space with the gauge field as follows
Z
h
i
e2
HI = d2 xd2 x0 Ψ†τ (x)Ψ†τ (x0 )
|Ψτ (x0 )Ψτ (x) (A2)
0
|x − x
Z
h
i
2 2 0
= d xd x ρτ (x)φτ (x) + φτ (x)V −1 (x, x0 )φτ (x0 ) ,
where in Eq. (A2), we have introduced the HubbardStratonovich field φτ (x) and defined ρτ (x) = Ψ†τ (x)Ψτ (x) and
e2
V(x, x0 ) =  |x−x
0 | . The retarded Green’s function for the field
0
φ(x, τ) is given by
hφτ (x)φτ0 (x0 )iR = V(x − x0 , τ − τ0 ).

(A3)

The free retarded Green’s function is written as
G0,R
=
k,ω

(ω + iδ) + vF σ · k
(ω + iδ)2 − vF 2 k2

(A4)
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Hartree-Fock self energy with the electron and Coulomb propagator is
Z
ΣHF (k, ω) = −i dqdG0,R (k + q, ω + )Vq
(A5)
Z
−i (ω −  + iδ) + vF σ · (k + q) e2
= dqd
.
(2π)3 (ω −  + iδ)2 − vF 2 |k + q|2 0 q
= Σ + ΣvD .

By carefully looking at the self-energy terms in Eq. (A5), we
find out that it splits into two parts Σ and ΣvD which respectively leads to renormalization of the energy and velocity vD
as their subscripts indicates. We will focus on the velocity
renormalization. Doing complex integration over the energy
 we get
Z
σ·q 1
e2
ΣvD (k, ω) = 2
dq
(A6)
q |q − k|
4π 0
Z
σ · q̂
e2
dq
= 2
|q − k|
4π 0
Z
σ · q̂
e2
= 2
qdqdθ p
2
2
4π 0
q + k − 2qk cos(γ − θ)
Z
e2
σ · r̂
= 2 k rdrdθ p
.
4π 0
r2 + 1 − 2r cos(γ − θ)
q

In the last line we have done transformation of variable λ = k
and the angle γ − θ is the angle between the two vectors q and
k. We do the approximation for small k (large r) and introduce
the ultraviolet cut-off for q integration Λ and define Λ = Λk .
We arrive at the following expression for the self-energy:
Z
e2
σ · λ̂
ΣvD (k, ω) = 2 k λdλdθ p
4π 0
λ2 + 1 − 2λ cos(γ − θ)
!
Z 2π 
Z Λ
cos(γ − θ)
e2
≈ 2 k
dθ σ · λ̂
dλ 1 +
λ
4π 0 0
Z 2π 


e2
= 2 k
dθ σ · λ̂ Λ + cos(γ − θ) log Λ
4π 0 0



e2
Λ 
k log
=
cos γσx î + sin γσ y jˆ
4π0
k


e2
Λ
=
k · σ log
(A7)
4π0
k
Appendix B: Fourier transform of Dipole potential

Here, we give details of the derivation of the 2D Fourier
transform of the potential Vdd (r) defined in Eq. (14). The 3D
dipole interaction between the atoms can be described as
Z
Hdd = drdr0 ρ(r)Vdd (r − r0 )ρ(r0 )
(B1)
Z
= dqṼdd (q)ρ̃(q)ρ̃(−q),
where ρ̃(q) and Ṽdd (q) are the Fourier transforms of the density of bosons ρ(r) and the dipole potential Vdd (r) respectively.

Here, we present a derivation for the Fourier transform of the
Dipole potential Vdd (r). We use the following identity for the
differentials over a sphere
Z
Z
∂ ∂ 1 3
∂ rj 3
d r.
(B2)
d r=−
3
V ∂ri ∂r j 4πr
V ∂ri 4πr
In right hand side of Eq. (B2) we use Gauss theorem for vector
fields as
Z
Z
rj
∂ ∂ 1 3
d r=−
dAi .
(B3)
3
V ∂ri ∂r j 4πr
∂V 4πr
Analyzing the symmetry under the exchange of the indices i, j
in the above equation leads to
(
Z
rj
0, i , j.
dA
=
−
(B4)
i
3
− 13 , i = j.
∂V 4πr
This leads to an operator identity and hence relates the
Coulomb potential to the dipole-dipole potential as
−

δi j − 3r̂i r̂ j 1
∂ ∂ 1
+ δij δ(r).
=
3
∂ri ∂r j 4πr
4πr3

(B5)

The above equation can be Fourier transformed as follows (F
denotes the action of Fourier transform)
#
"
ki k j  1  1
δi j − 3r̂i r̂ j
F
− δij .
(B6)
=
F
3
4π r
3
4πr
We know
h i the Fourier transform of Coulomb potential in 3D
as F 1r = 4π
. Putting all of these together we get the Fourier
q2
transform of dipole-dipole potential Vdd (r) in 3D as
!
3q2z
(B7)
Ṽdd (q) = Cdd 2 − 1 .
q
We now substitute the boson density ρ(r) in Eq. (B1) and
derive the effective 2D dipole potential Ṽq as,
Z
dqz , dqk − d2z q2z
Hdd =
e 2 Ṽdd (q)ñ(qk )ñ(−qk )
(B8)
2π
!
Z
2
2
d2
z qz 3qz
C
= dd
− 1 ñ(qk )ñ(−qk )
dqz , dqk e− 2
2
2π
q
Z
= dqk Ṽqk ñ(qk )ñ(−qk ),
where
 2q =(qk , qz ) is the 3D momentum, and Ṽdd (q) =
3q
Cdd q2z − 1 is the Fourier transform of Vdd (r). Substituting

the boson density ρ(r) defined in Eq. (13) in Eq. B8 and integrating over qz we get the effective potential energy described
in Eq. (16) as

 2 2
!
 qk dz 
3qk
qk dz 
C  2
 erfc √
 , (B9)
Ṽqk = dd  √
−
exp 
2
2
2 
2πdz
2 
√ Rx
where erfc (x) = 1 − (2/ π) 0 exp(−t2 )dt is the complementary error function and qk = (qx , q y ) is the 2D momentum.
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We show the emergence of a new type of dispersion relation for neutral atoms with an interesting similarity
to the spectrum of two-dimensional electrons in an applied perpendicular constant magnetic field. These neutral
atoms can be confined in toroidal optical traps and give quasi-Landau spectra. In strong contrast to the equidistant
infinitely degenerate Landau levels for charged particles, the spectral gap for such two-dimensional neutral
particles increases in particular electric-field configurations. The idea in the paper is motivated by the development
in cold atom experiments and builds on the seminal paper of Aharonov and Casher [Phys. Rev. Lett. 53, 319
(1984)].
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I. INTRODUCTION

It is well known that charged particles, such as electrons,
when subjected in two dimensions to an applied perpendicular
constant magnetic field generate Landau levels. The spectrum
of these particles is infinitely degenerate. This happens
because of the minimal coupling of the electromagnetic
gauge field A(x) to the momenta of the particles in the
two-dimensional Hamiltonian. Landau levels are generated
due to the interference of orbital motion of charged particles
in the external magnetic field with a spectrum that is controlled
by the magnitude of the physically observed field. A similar
question on the possibility of Landau levels generated by
neutral particles can be asked. Following the same logic we
need to find a field that would couple to the orbital motion of
neutral particles. A natural possibility would be to consider
the spin-orbit coupling of these particles.
In this paper, we address the question of formation of
discrete Landau-like states for neutral atoms. In addition to
similarities, the spin-orbit nature of the coupling indicates clear
differences for these states compared to the normal electronic
Landau-level problem as we explain below. According to the
celebrated result from 1984 of Aharonov and Casher [1], we
know that neutral particles with magnetic moments exhibit
the Aharonov-Bohm effect under certain circumstances. Due
to a relativistic effect a particle moving with velocity v in
an electric-field E will feel an effective magnetic-field B =
−(v × E)/c2 [2]. Therefore, theoretically in the nonrelativistic
limit, one can write down a Rashba-type interaction between a
neutral particle with a magnetic moment and an electric-field
E. The Hamiltonian for the system is given by [3]
H=

2

p
+ ασ · (p × E).
2m

(1)

In Eq. (1) p is the momentum of the particle in two
dimensions (assuming the xy plane), m is its mass, E is the
applied electric field, and α is related to the magnetic moment
gμB
as α ≈ 2mc
2 , where c is the speed of light, g is the Lande-g
factor, and μB is the Bohr magneton.
There are several earlier works on the interaction between
neutral atoms and magnetic field which are of relevance to the
2469-9950/2016/93(23)/235134(4)

present one—Paul [4] and Migdall et al. [5] discussed trapping
of neutral atoms; Schmiedmayer discussed the trapping neutral
atoms along a wire [6]; Furtado et al. analyzed the Landau
quantization of electric dipoles in the presence of crossed
electric and magnetic fields [7]; Lin et al. [8] discussed
synthetic gauge fields in cold atomic spin-orbit (SO) physics.
Motivated by the recent advances on cold atom physics, here
we investigate the effect of synthetic electric fields on neutral
atoms [9].
The outline of this paper is as follows. In Sec. II, we explain
the basic model and experimental setup for the interaction of
neutral atoms and electric (synthetic) fields and its utilization
to derive Landau-like states for the atoms. In Sec. III, we
outline some realistic estimates of the typical Landau gaps
and some other parameters of the model in the context of cold
atom physics. In the concluding Sec. IV, we discuss our work
and outline some possible future works based on this idea.
II. NEUTRAL ATOMS IN A SYNTHETIC ELECTRIC FIELD

In this section, we describe the physics of the interaction
between the neutral atoms and an effective electric field and
how to utilize this interaction to find Landau-like states for the
atoms. We rewrite the Hamiltonian in Eq. (1) as
p2
+ α(σ × p) · E
2m
p2
+ αp · Aeff ,
=
2m
= E × σ.

H=

Aeff

(2a)
(2b)

We see an analog of the “gauge” field coupling to the
momentum of the neutral particles compared to the electromagnetic gauge coupling to the momentum of the charged
particles [10]. This gauge field is related to the physical electric
field [11]. We know that the Pauli matrices form an SU(2)
representation. Therefore, the components of this gauge field
(Eq. (2a) also forms an SU(2) representation [12–14]). These
are non-Abelian gauge fields. We assume an electric-field E
applied in the ŷ direction on the two-dimensional xy plane
of the form E = γ y 2 ŷ with a linear charge distribution. The

235134-1

©2016 American Physical Society
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specific choice of the electric field as E = γ y 2 ŷ, which couples
to the magnetic moments of the neutral particle, can be
contrasted to the Landau-level physics for charged particles.
Recollecting the problem of Landau quantization in electrons, a constant magnetic field is obtained for a specific
electromagnetic gauge as Ax = By (considering a twodimensional electron gas). The magnetic moments of the
neutral particles couple to the electric field similar to the
minimal coupling of electromagnetic gauges for charged
particles. The Hamiltonian in Eq. (1) becomes [See Eq. (A2)
in the Appendix]
py2
px2
(3)
+
± αγ y 2 px .
2m 2m
We see that the Hamiltonian in Eq. (3) separates into two
branches H± considering the eigenvalues of σz and does not
depend on x. As we proceed with the simplification of the
above Hamiltonian, we use px as a good quantum number,
which in a way will give Landau-like states. We can express
the wave function as ψ(x,y) = eikx x φ(y). Inserting ψ (x,y)
in Eq. (3), we get an effective one-dimensional Hamiltonian
which acts on φ(y),
H± =

2 2
∇ ± αγ kx y 2 ,
2m y
2 2 1
∇ ± mωc2 y 2 .
=−
2m y 2

±
Heff
=−

(4a)
(4b)

In Eq. (4b) the cyclotron frequency is ωc2 = 2αγmkx . It
depends on the mass of the neutral atoms as well as the on
the x component of the momentum kx . Only the σz = +1
branch of the Hamiltonian in Eq. (4b) gives the bound potential
1
mωc2 y 2 , and the other branch σz = −1 is scattered and
2
remains nonconfined.
We find the wave function and the dispersion of the σz = +1
branch as


1  mωc 1/4 −mωc /2y 2
mωc
y ,
ψn (x,y) = eikx x √
e
Hn

2n n! π 
(5a)


2 2
 kx
1
En = ωc n +
+
.
(5b)
2
2m
The function Hn (x) defined in Eq. (5a) is a Hermite
polynomial, and we find the dispersion relation En in Eq. (5b)
to be similar to that for the standard Landau levels. In contrast
to the standard Landau levels of the charged particle, which
are infinitely degenerate, the dispersion relation in Eq. (5b) is
not degenerate but depends on the momentum kx , and the
spectrum is plotted in Fig. 1. It is important to realize that only
half of the particles will produce the Landau-like spectra and
the other half of the particles will scatter and behave like free
particles.
III. REALIZATION OF THE LANDAU PHYSICS
OF NEUTRAL ATOMS IN OPTICAL TRAPS

In this section, we describe the physical background for
realizing the Landau-like spectra (Fig. 1) for neutral particles.

FIG. 1. The plot of the spectrum [Eq. (5b)] of the neutral atoms
as a function of the momentum along the x direction. In contrast
to the Landau levels of the charged particles, which are infinitely
degenerate and equally spaced, the Landau-like spectrum of the
neutral particles is nondegenerate and nonequispaced but similar to
the standard Landau levels.

We consider neutral atoms in laser-driven optical traps [15].
Several laser beams are focused to interfere and create potential
profiles such that the neutral atoms can reside near the minima
of these potentials and create a quantum many-body system
of ultracold atoms. Our motivation to incorporate cold atoms
in optical traps is that the analogy between the pseudospins
and the magnetic moments for the chargeless particles can
be used [16]. Consequently, we can ask if we can get a
similar type of SO coupling as in Eq. (1) in this ultracold
many-body system [11]. We actually can have a Rashba-type
SO coupling by coupling the internal or “dressed” states
of the cold neutral atoms with the laser field [17–19]. The
coupling strength of these dressed states in comparison with
α in Eq. (1) depends on the laser profile. Hence, we use a
pseudo-spin-orbit interaction with trapped neutral atoms. The
coupling constant α relates these pseudospins to the magnetic
moments of the neutral particles [20]. We know that for optical
traps of cold atoms (neutral) one can talk about a synthetic
electric field which couples to the pseudospins or dressed states
of the neutral atoms [9]. The idea is to generate a synthetic
quadratic electric-field E∗ of the form as discussed in Sec. II.
Coupling of this field to the dressed states of the atoms in the
trap will generate the Landau-like physics as we proposed in
the previous section. Carefully examining the Hamiltonian in
Eq. (3) we see that both σz = 1, kx > 0 and σz = −1, kx < 0
channel particles satisfy the harmonic-oscillator Hamiltonian
H+ . However, there is a subtlety with realizing our model
in realistic two-dimensional optical traps. In a finite trap, the
particles will be reflected from the boundary and change their
momentum direction. Half of the particles following the H+
channel in Eq. (3) will also be scattered when reflected from
the boundary as they will change the sign of the momentum kx
(positive kx channel particles will become negative kx channel
particles).
The most conducive way to prevent the loss of the particles
from the trap is to incorporate toroidal optical traps [21,22]. In
such traps there will be no reflections because of the absence
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FIG. 2. A schematic of a toroidal potential trap used for realizing
the Landau physics for neutral particles is shown in the above figure.
The toroidal traps are incorporated to prevent the loss of particles
from the trap due to reflection from boundary [see Eq. (3)]. For
simplicity only the schematic of a typical toroidal potential trap is
shown, exclusive of the laser sources used to create the trap and the
necessary spin-orbit coupling for the Landau physics [Eq. (5b)].

of any boundary, the particles following the H+ branch will
always remain in this branch, and we can realize the Landau
physics for these neutral atoms. A quasi-two-dimensional
toroidal optical trap is shown in Fig. 2.
We also consider the effect of temperature within the traps.
The finite temperature of the traps will result in a momentum
distribution for the particles. We may assume a Bose-Einstein
distribution for these particles as exp[β(p21/2m)]−1 . Therefore,
we will see smeared out Landau spectra for these particles,
although the temperature in a cold atomic optical trap is close to
absolute zero. We assume fermionic atoms (viz. 40 K) [23,24] in
the traps so that they do not form any Bose-Einstein condensate
(BEC). We therefore exclude the effects of vortices which
will be important if there are BECs in the traps [8]. The
spin-orbit coupling for the neutral particles in the Hamiltonian
[Eqs. (3) and (A2)] is an example of equal admixtures of
Rashba and Dresselhaus interactions in standard solid-state
physics [25]. Generalized Rashba-Dresselhaus SO coupling
can be generated in the cold atomic traps [26]. Using accurate
laser profiles and couplings we can generate a similar coupling
as in Eq. (A1).
IV. PARAMETER TUNING FOR LANDAU PHYSICS
OF NEUTRAL ATOMS IN OPTICAL TRAPS

In this section, we discuss the tunability of the parameters of
our model and whether it is possible for experimentally verify
our proposal.
A typical energy gap is on the order of ωc , which
√
is  (2αγ vx ). As discussed earlier, assuming the neutral
particles inside the trap will satisfy a Boltzmann distribution,
there will be a mean speed for the particles corresponding to the
temperature of the trap. We estimate the typical level spacing
for the Landau-like states by assuming some realistic values
of the parameter for our theoretical model as γ = 1010 V/m3 ,

vx = 10−1 m/s, and α = 3.6 × 10−16 m−2 s1 V on the order
of 5.504 × 10−19 eV. The estimate for α is calculated from
atomic masses of the relevant atoms, the magnetic moment of
the hyperfine spin state, and speed of light c. We see that the
gap is extremely small. It is impossible to measure such small
gaps with current technology. In contrast, in atomic traps we
can produce the synthetic electric field which can couple to
the dressed states of the trapped atoms as discussed in Sec. III.
If we can produce a similar synthetic electric field with a SO
coupling as Hso = βy 2 kx σz we can use the freedom of tuning
the coupling constant β to get a substantial measurable gap
in the spectrum√[Eq. (5b)]. The typical energy gap in this
case is ωc =  (2βvx )/ where the cyclotron frequency is
ωc2 = (2βkx )/m. If we choose β ≈ 10−20 kg−1 m−1 s2 [16],
the level spacing between the n = 0 and the n = 1 levels
for the same mean speed is approximately 2.8 × 10−9 eV.
The corresponding temperature scale is on the order of a
few micro-Kelvin 2.8 × 10−9 eV ∼ 3.25 × 10−5 K, which is
attainable in optical traps. Therefore, we may observe neutral
atoms Landau levels in optical traps [27].
V. DISCUSSION AND CONCLUSION

In this paper we demonstrated that, upon the application
of a quadratic electric field and induced spin-orbit coupling
in optically trapped cold atoms, one can induce nontrivial
spin-dependent levels in the spectrum of the atoms. In contrast
to normal Landau levels where the energy spectrum is
equispaced, we find here a different energy spectrum with
continuously increasing level spacing as a function of the
phase momenta. We note that a new type of gauge field
arises and couples to the momentum of the neutral particles
with magnetic moments in the presence of specific charge
distribution. This is to be contrasted with the Landau-level
physics of electrons in applied magnetic fields. The scattering
of half of the particles in the optical trap due to the presence of
σz in the Hamiltonian in Eq. (3) can be prevented with toroidal
optical traps as presented in Fig. 2.
We have given an order-of-magnitude estimate of the gaps
in the spectrum with some reasonable values of the parameters.
We also keep in mind the technical difficulty of creating a
spatial spin-orbit coupling with gradient Zeeman splitting. If
we choose the synthetic SO coupling constant β as small as
10−26 kg−1 m−1 s2 , the corresponding temperature scale for
the level spacing at the same mean speed is approximately
10−9 K. We see that the range of the level spacing is from μK
to nano-Kelvin for a range of choice of the value of the coupling
constant β. This level spacing can be measured experimentally,
and it makes our proposal more prone to practical verification.
Another important point to note is that the cyclotron frequency
depends on the x component of the phase momentum kx . For
big wave numbers one can therefore tune the energy gap to any
value that is practical. At the same time there are experimental
limitations for observing a very large kx . The cold atomic
experiments are performed at a very low temperature, and so
these atoms cannot have a large momentum.
Although we considered the trapped atoms being fermioniclike 40 K, our approach is still valid for a non-BEC bosonic
system, for example, if one takes 87 Rb the transition temperature for the gas cloud to form Bose-Einstein condensates
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is approximately 0.2 μK. In our estimate, the temperature
range is on the order of 10 μK. In that case, the atoms do
not condense, and a simple quasi-Landau spectrum can be
found. Ultimately the proposed mechanism to control neutral
particles might be useful for optical applications and indicates
the possibility to produce a Hall effect in neutral particles.

discussed in Sec. II, the Hamiltonian in Eq. (1) simplifies as
follows:
H =
=
=
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I. B. Spielman, K. Jiménez-Garcı́a, and I. B. Spielman, Nature
(London) 462, 628 (2009).
Y.-J. Lin, R. L. Compton, K. Jiménez-Garcı́a, W. D. Phillips,
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