
Abelian affine group schemes, plethories, and
arithmetic topology

MAGNUS CARLSON

Doctoral Thesis
Stockholm, Sweden 2018



TRITA-MAT-A 2018:28
ISRN KTH/MAT/A–18/28-SE
ISBN 978-91-7729-831-1

KTH
Institutionen för Matematik

100 44 Stockholm
SWEDEN

Akademisk avhandling som med tillst̊and av Kungl Tekniska högskolan
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Abstract

This thesis consists of four papers.
In Paper A we classify plethories over a field of characteristic zero.

All plethories over characteristic zero fields are “linear”, in the sense
that they are free plethories on a bialgebra. For the proof of this clas-
sification we need some facts from the theory of ring schemes where
we extend previously known results. We also give a classification of
plethories with trivial Verschiebung over a perfect field k of character-
istic p > 0.

In Paper B we study tensor products of abelian affine group schemes
over a perfect field k. We first prove that the tensor product G1 ⊗G2
of two abelian affine group schemes G1, G2 over a perfect field k exists.
We then describe the multiplicative and unipotent part of the group
scheme G1⊗G2. The multiplicative part is described in terms of Galois
modules over the absolute Galois group of k. In characteristic zero the
unipotent part of G1 ⊗ G2 is the group scheme whose primitive ele-
ments are P (G1)⊗P (G2). In positive characteristic, we give a formula
for the tensor product in terms of Dieudonné theory.

In Paper C we use ideas from homotopy theory to define new ob-
structions to solutions of embedding problems and compute the étale
cohomology ring of the ring of integers of a totally imaginary number
field with coefficients in Z/2Z. As an application of the obstruction-
theoretical machinery, we give an infinite family of totally imaginary
quadratic number fields such that Aut(PSL(2, q2)), for q an odd prime
power, cannot be realized as an unramified Galois group over K, but
its maximal solvable quotient can.

In Paper D we compute the étale cohomology ring of an arbitrary
number field with coefficients in Z/nZ for n an arbitrary positive inte-
ger. This generalizes the computation in Paper C. As an application,
we give a formula for an invariant defined by Minhyong Kim.
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Sammanfattning

Denna avhandling best̊ar av fyra artiklar.
I Artikel A studerar vi plethories över en kropp och klassificerar

plethories i karakteristik 0 och ger en partiell klassifikation i posi-
tiv karakteristik. För v̊ara klassifikationsresultat använder vi metoder
fr̊an teorin om algebraiska grupper. Vi visar att varje plethory i ka-
rakteristik 0 är “linjär”, i bemärkelsen att de är fria plethories p̊a ett
bialgebra. Vi klassificerar även plethories med trivial Verschiebung i
karakteristik p > 0.

I Artikel B studerar vi tensorprodukter av abelska affina grupp-
scheman över en perfekt kropp k. Vi bevisar först att tensorprodukten
G1 ⊗ G2 av tv̊a abelska affina grupp scheman G1, G2 över en perfekt
kropp k existerar. Vi bestämmer den multiplikativa och unipotenta
delen av gruppschemat G1 ⊗ G2. Den multiplikativa delen beskrivs i
termer av Galoismoduler över den absoluta Galoisgrouppen av k. I
karakteristik noll är den unipotenta delen av G1 ⊗ G2 det unipoten-
ta gruppschemat vars primitiva element är P (G1) ⊗ P (G2). I positiv
karakteristik, s̊a ger vi en formel för tensorprodukten i termer av Di-
eudonnéteori.

I Artikel C använder vi metoder fr̊an homotopiteori för att definiera
nya obstruktioner till lösningar av inbäddningsproblem och beräknar
étalekohomologiringen av ringen av heltal av en totalt imaginär tal-
kropp med koefficienter i Z/2Z. Som en tillämpning av obstruktionste-
orin ger vi en oändlig familj av totalt imaginära kvadratiska talkroppar
s̊a att Aut(PSL(2, q2)), för q en udda primtalspotens, inte kan reali-
seras som en oramifierad Galoisgrupp över K, medan dess maximalt
lösbara kvot kan realiseras som en oramifierad Galoisgroupp över K.

I Artikel D beräknar vi étalekohomologiringen av en godtycklig
talkropp med koefficienter i Z/nZ, för n ett godtyckligt positivt heltal.
Detta generaliserar beräkningen i Artikel C. Som en tillämpning ger vi
en formel för en invariant definierad av Minhyong Kim.
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1 Introduction

In this introductory chapter we give an informal exposition of the four papers
contained in this thesis and summarize their main results. Background
results and motivating examples are given. Two of the Papers, A and B,
can very broadly be said to belong to a field of mathematics known as
algebra, while Paper C and D belong to a part of mathematics known as
(algebraic) number theory. Paper A and B share a common theme and arose
out of trying to understand an algebraic object known as a plethory. Paper
C and D are also closely related. They can broadly be said to center around
two questions:

Given a finite group G and a number field K, what are the obstructions
to realizing G as an unramified Galois group over K?

Given a number field K and OK its ring of integers, what is the struc-
ture of the étale cohomology ring H∗(Spec OK ,Z/nZ) for n an arbi-
trary positive integer?

The reader should be aware that no proofs are given in the introduction, we
delegate them to the main text.

1.1 Summary of Paper A

In Paper A we classify algebraic objects known as “plethories” over a field
of characteristic zero. In this section, we start by giving some motivation
for plethories and then define them. We continue by giving examples of
plethories, the most prominent example being the plethory which governs
the theory of Witt vectors. We then move on to stating the results of Paper

1



2 CHAPTER 1. INTRODUCTION

A. Any ring or algebra appearing in this section is assumed to be unital and
associative.

Witt vectors and plethories

Let k be a commutative ring, Modk the category of k-modules, and consider
the category of representable endofunctors Modk → Modk . This category
naturally has a monoidal structure: given M,N ∈ Modk, we define

HomModk
(M,−) ◦HomModk

(N,−)

to be

HomModk
(M,HomModk

(N,−)) ∼= HomModk
(M ⊗k N,−).

The unit for this monoidal product is the identity functor. The category of
representable endofunctors together with this monoidal structure allows us
to give the following unorthodox definition of a k-algebra.

Definition 1.1. A k-algebra A is given by a k-module A together with a
comonad structure on the representable functor

HomModk
(A,−) : Modk → Modk

it represents.

It is an easy exercise, using Yoneda’s lemma, to prove that this is equiv-
alent to giving a k-algebra in the usual sense. It might not be clear to the
reader why one should bother with defining a k-algebra in such a complicated
manner. Before answering this question, consider the following example.

Example 1.2. Let k = Z. There is a functor W : AlgZ → AlgZ, the
ring of big Witt vectors, which takes a Z-algebra A to W (A), a ring whose
underlying set is Πi≥1A. To be able to define the multiplication and addition
on this ring, consider the functor (−)N+ : AlgZ → AlgZ which takes A to
Πi≥1A, where the ring structure is given componentwise. There is a natural
transformation (for the moment, of set-valued functors), the ghost map

w : W → (−)N+ ,

which takes the vector x = (xi)i∈N+ ∈W (A) to the vector

w(x) ∈ Πi≥1A,
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where the nth component of w(x) is given by∑
d|n

dx
n/d
d .

The ring structure of W (A) is the unique ring structure which makes the
ghost map w : W ⇒ (−)N+ into a natural transformation of ring-valued
functors. Further, there is a natural transformation

W →W ◦W

of ring-valued functors, known as the Artin-Hasse map.

The ring of big Witt vectors and its p-typical analogues are objects of
central importance in mathematics. The above definition is very mysterious
and does not hint as to why this object might be as important as it is. For
example, does W (A) satisfy some kind of universal property? In [BW05],
James Borger and Ben Wieland gave a conceptual construction of the ring
of Witt vectors, which is much more elucidating than the above. To be able
to give their conceptual construction, we introduce the notion of a plethory.
If k is a commutative ring, denote by Algk the category of commutative k-
algebras. Then an affine ring scheme is given by a k-algebra A, together with
a lift of the functor HomAlgk

(A,−) : Algk → Set to the category Ring, the
category of commutative rings. We say that an affine ring scheme A is a k-
algebra scheme if the lift factors through the category Algk. By Yoneda, the
category of k-algebra schemes identifies with the category of representable
endofunctors Algk → Algk . This latter category has a monoidal structure,
given by composition of functors.

Definition 1.3. A k-plethory P is a k-algebra scheme together with a
comonad structure on the representable functor

HomAlgk
(P,−) : Algk → Algk .

If P is a plethory, then a P -ring is an algebra A such that the representable
functor HomAlgk

(A,−) is a coalgebra over the comonad HomAlgk
(P,−).

We have an obvious notion of the category of P -rings, morphisms being
algebra homomorphisms representing the action of P. The reason for the
unorthodox definition of a k-algebra given above should now be apparent,
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since it naturally leads to the definition of a plethory. Plethories can be
viewed as a non-linear analogue of a k-algebra. Plethories were first defined
by Tall–Wraith [TW70] and then reintroduced by Borger–Wieland [BW05].
Let us give an example of a plethory.

Example 1.4. Let
D = Z[δ◦0, δ◦1, δ◦2, δ◦3, . . .],

where δ◦i is a formal variable. We make D into an affine ring scheme by
identifying HomAlgZ(D,A) with the ring of formal power series of the form∑∞
n=0 anx

n/n! with an ∈ A. Addition of two formal power series is given
component-wise, and multiplication by multiplying the corresponding formal
power series. Here the factor n! should be viewed formally, we do not require
n! to be invertible in A. D is further a plethory, the comonad structure

HomAlgZ(D,−)→ HomAlgZ(D,HomAlgZ(D,−))

is given as follows. For A ∈ Algk, we identify HomAlgZ(D,A) with the ring of
formal power series in x of the above form, and identify HomAlgZ(D,HomAlgZ(D,A))
with formal power series

∑∞
n=0 bny

n/n! where bn ∈ HomAlgZ(D,A). Then

HomAlgZ(D,A)→ HomAlgZ(D,HomAlgZ(D,A))

takes f(x) =
∑∞
n=0 anx

n/n! to f(x+ y). This plethory is what is known as
the differential plethory. A P -ring is a ring equipped with a derivation.

The general philosophy is that whenever we have an object which knows
how to act on algebras over a ring, then this object should be a plethory.
The following theorem is a general reconstruction theorem for plethories.

Theorem 1.5 ([BW05, Theorem 4.9]). Let k be a commutative ring and let
C be a category with all (small) colimits and limits. Suppose that we have
a functor U : C → Algk which reflects isomorphisms, and which further has
a left adjoint F and a right adjoint G. Then C is equivalent to the category
of P -rings for the plethory P = UF (k) and U identifies with the forgetful
functor from P -rings to rings.

We will now use the above theorem to better explain the universal prop-
erties the functor of big Witt vectors has. To do this, we first introduce
p-derivations, following Joyal [Joy85a] [Joy85b].
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Definition 1.6. Let p be a prime. Then a p-derivation on a commutative
ring R is a set-theoretic map δp : R→ R satisfying the following properties

• δ(x+ y) = δ(x) + δ(y)−
∑p−1
i=1

1
p

(p
i

)
xiyp−i

• δ(xy) = xpδ(y) + δ(x)yp + pδ(x)δ(y)

• δ(1) = 0.

We define a δp-ring to be a commutative ring R equipped with a p-derivation.

Example 1.7. Let p be a prime number and R be a commutative ring
with no p-torsion. Then a Frobenius lift of R is a ring homomorphism
ψp : R → R lifting the Frobenius morphism Fp : R/pR → R/pR, i.e., ψp
is a ring homomorphism satisfying ψp(x) = xp mod p. We now show that
to give a Frobenius lift on R is equivalent to defining a p-derivation on R.
From the condition that ψp(x) = xp mod p, we see that

ψp(x) = xp + pδp(x)

for some function δp : R→ R. Since ψp is a ring homomorphism we have

δp(x+ y) = (x+ y)p + pδp(x+ y) = xp + yp + pδp(x) + pδp(y),

i.e.,

δp(x+ y) = δp(x) + δp(y)−
p−1∑
i=1

1
p

(
p

i

)
xiyp−i

and using ψp(xy) = ψp(x)ψp(y), ψp(1) = 1, one verifies the second and third
conditions of Definition 1.6.

If p, q are two distinct primes and R is equipped with both a p-derivation
δp and a q-derivation δq, then we say that these operations are compatible
if the relation

δp(δq(x)) + pq−1 − 1
q

δp(x)q +
q−1∑
i=1

1
q

(
q

i

)
pi−1δp(x)ixp(q−i) =

δq(δp(x)) + qp−1 − 1
p

δq(x)p +
p−1∑
i=1

1
p

(
p

i

)
qi−1δq(x)ixq(p−i)

is satisfied.
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Definition 1.8. Let P be the set of all primes. Then a δP -ring is a ring
equipped with compatible p-derivations, for all primes p. We have an obvious
category RingδP

of δP -rings, where morphisms respect the δP -maps.

Example 1.9. If R is a torsion-free ring, then one can verify that R can
be given the structure of a δP -ring if and only if we can find commuting
Frobenius lifts ψp, for all primes p.

We will now relate the theory of δP -rings to the functor of big Witt
vectors W, and plethories. Note that there is a functor

δP ◦ − : Ring→ RingδP
,

the free δP -ring functor.

Theorem 1.10. The forgetful functor U : RingδP
→ Ring reflects isomor-

phisms and has both a left adjoint Λ ◦ − and a right adjoint W, the functor
of big Witt vectors. Thus, RingδP

is equivalent to the category of Λ-rings
over the plethory Λ = Λ ◦ Z :

This theorem gives us the universal property of W immediately, namely:
W (A) is the cofree δP -ring on A. If A is torsion-free, then W (A) is the
cofree ring on A which has commuting Frobenius lifts for all primes p. One
can show that the plethory Λ is given by the ring of symmetric functions in
infinitely many variables [BW05]. The plethystic approach to Witt vectors
has been extensively developed by Borger [Bor11] and gives a conceptual
view of Witt vectors.

Classification of plethories in characteristic zero

In the previous subsection, we saw there was a plethory, Λ which governed
the theory of Witt vectors. Given a ring k, a natural question to ask is
whether we can classify plethories over k. In general, this question is proba-
bly very hard. Nonetheless, a classification of plethories over a field should
be possible. In Paper A, we give a classification of plethories over a field of
characteristic zero. To state our classification theorem, consider the follow-
ing example.

Example 1.11. Let k be a ring and A be a cocommutative counital bialge-
bra over k. Then one can endow S(A), the symmetric algebra on A, with the
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structure of a k-plethory such that the category of S(A)-rings is equivalent
to the category of A-rings, i.e. k-algebras with an action of A. Any plethory
P that is isomorphic to S(A) for some cocommutative counital bialgebra
over k is linear.

A plethory P is in particular a Hopf algebra, and thus has a coaddition
map

∆+
P : P → P ⊗k P.

Whenever we have a plethory P, we can thus consider its primitive elements,
which we denote by Prim(P ). This is the set of elements a ∈ P satisfying

∆+
P (a) = a⊗ 1 + 1⊗ a.

One can show that if k is a field, then Prim(P ) is a cocommutative counital
k-bialgebra. This gives us a functor

Prim : Plk → Bialgk

from the category of plethories over k into cocommutative counital bial-
gebras, which has the left adjoint S given above. We thus have, for any
plethory P over a field k, a natural map

εPrim(P ) : S(Prim(P ))→ P

of plethories. Bergman-Hausknecht [BH96, pg. 336] and Borger-Wieland
[BW05] asked whether εP is always an isomorphism when k is a field of
characteristic zero. This is answered in the affirmative by the following
theorem, which is the main result of Paper A.

Theorem 1.12 (Paper A, Theorem 4.4). Let k be a field of characteristic
zero. Then any plethory P over k is linear.

Remark 1.13. In the paper [Ell16] the class of idempotent plethories was
studied. A plethory P over a ring k is idempotent if the comonad HomAlgk

(P,−)
is idempotent. Our classification result was used in [Ell16] to show that over
a field of characteristic zero, the only idempotent plethory is the plethory
corresponding to the identity functor.

Our approach towards proving the above theorem is to study the cate-
gory of affine k-algebra schemes. We show in Paper A that if k is a field
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of characteristic zero, that this category is very uniform. All objects in the
category will be connected unipotent groups over k, and the category of
unipotent groups over a field of characteristic zero is a category that is very
easy to describe. We then derive the results about plethories from this clas-
sification result. We also study in Paper A the category of ring schemes over
any field in detail, and generalize results obtained by Greenberg in [Gre64].
In the end of the paper, we give some introductory classification results in
characteristic p > 0, but our results are far from complete.

1.2 Summary of Paper B

Given the classification of plethories in characteristic 0 obtained in Paper A,
we might ask how the results extend to positive characteristic. Our strategy
to prove the classification result in Paper A hinged on the fact that the
category of ring schemes over a field k of characteristic zero is very rigid.
However, if k has positive characteristic, then the category of ring schemes
is more wild. Paper B should be seen as a small step towards a classification
of plethories in positive characteristic, in that it can be used as a stepping
stone towards understanding affine ring schemes over perfect fields. In the
end, the Paper grew to not focus on affine ring schemes, but rather, to focus
on bilinear maps between abelian affine group schemes over a perfect field
k. The main contribution of the Paper is a formula for the tensor product
of two affine abelian group schemes over k. If k has characteristic zero, the
answer is very simple, but in positive characteristic, the situation is more
intricate, and one has to use Dieudonné theory to get a satisfactory formula.
Previously, Hedayatzadeh [Hed10] [Hed15], has studied the tensor product
and exterior powers of finite abelian group schemes and p-divisible groups
in some detail over fields and more general base schemes. Our results over a
field generalizes the results he obtains for finite commutative group schemes
over a field k. The methods we use to prove our results are different from
the ones found in [Hed10] [Hed15].

Tensor products of affine group schemes over a perfect field

Let C be a category which has finite products and consider the category
Ab(C) of abelian group objects in C. The objects of Ab(C) consists of A ∈
Ob(C) together with a lift of the functor HomC(−, A) : Cop → Set to the
category Ab of abelian groups.
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Definition 1.14. Let C be as above and A,B,C ∈ Ab(C). Then a morphism
ϕ : A×B → C in C is bilinear if the induced map

HomC(−, A)×HomC(−, B)→ HomC(−, C)

is a bilinear natural transformation of abelian groups. We denote by Bil(A,B;C)
the set of bilinear maps from A×B to C. An object A⊗B is called a tensor
product of A and B if the functor HomAb(C)(A⊗B,−) represents the functor
Bil(A,B;−).

It is clear that a tensor product, if it exists, is unique. If C = Set, then
the tensor product of two abelian groups A,B ∈ Ab(Set) = Ab in the sense
of Definition 1.14 is just a tensor product in the ordinary sense.

Theorem 1.15 ([Goe99, Proposition 5.5]). Let C be as above and assume in
addition that Ab(C) has coequalizers and that the forgetful functor Ab(C)→
C has a left adjoint. Then tensor products exist in Ab(C).

In the papers [Goe99] [BL07] [HL13] the tensor product of formal group
schemes over a perfect field k was studied. In Paper B, we study tensor
products in the category Ab(Schk), the category of affine abelian group
schemes over a perfect field k. We first prove the following theorem

Theorem 1.16 (Paper B, Theorem 1.2). If k is a perfect field, then tensor
products exist in Ab(Schk).

Theorem 1.16 does not tell us how to compute the tensor product of two
affine group schemes G1, G2. The goal of Paper B is to explicitly compute
G1 ⊗G2 in terms of data coming from G1 and G2.

Abelian affine group schemes over a perfect field

In this subsection we discuss abelian affine group schemes over a perfect field
k. We review standard constructions and explain how abelian affine group
schemes over a perfect field k can be classified. All the material appearing
in this section is well-known and for more details, we refer the reader to
[DG70] or [Mil17].

Definition 1.17. Let G = Spec OG be a abelian affine group scheme over a
perfect field k. We then say that G is diagonalizable if OG is isomorphic (as
a Hopf algebra) to a group ring k[A] for A some abelian group. We say that
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G is of multiplicative type if the base change G×k Spec k̄ is diagonalizable,
where k̄ is the algebraic closure of k.

Some basic examples of diagonalizable group schemes are

Gm,k = Spec k[Z], µn,K = Spec k[Z/nZ].

Another class of group schemes which will be essential for the study of affine
abelian group schemes over a field is the class of unipotent group schemes,
which we now define.

Definition 1.18. Let G = Spec OG be an abelian affine group scheme over
a perfect field k. We then say that G is unipotent if any homomorphism
G→ Gm,k is trivial.

Example 1.19. We will denote by Ga the group scheme which takes A ∈
Algk to A, seen as an abelian group. This is called the additive group
scheme, and it is a unipotent group scheme.

The full subcategory of AbSchk consisting of multiplicative (unipotent)
group schemes over k will be denoted by AbSchmk (resp. AbSchuk). The
following result is key to the classification of affine abelian group schemes
over k.

Theorem 1.20 ([Mil17, Theorem 16.6]). Let k be a perfect field. Then the
category AbSchk of affine abelian group schemes is equivalent to the category
AbSchuk ×AbSchmk .

This implies that if we have an affine abelian group scheme G over k,
then G = Gu × Gm, where Gu is a unipotent group scheme, and Gm is
a multiplicative group scheme. We thus see that to classify affine abelian
group schemes, it is enough to classify the multiplicative and the unipotent
part respectively. We now move on to stating the classification results for
multiplicative group schemes over a perfect field k. Recall that if we have
profinite group Γ, then the category ModΓ of discrete Γ-modules is the cat-
egory whose objects are discrete abelian groups together with a continuous
action of Γ, and where the morphisms are homomorphisms of abelian groups
respecting the action.
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Theorem 1.21 ([Mil17, Theorem 12.23]). Let k be a perfect field with abso-
lute Galois group Γk. Then the functor Ḡr : AbSchmk → ModΓk

, which takes
G to

Ḡr(G) := HomAbSchk̄
(G×k Spec k̄,Gm,k̄),

is an anti-equivalence of categories.

For the unipotent part, the classification is dependent on whether the
characteristic of k is zero or positive. In characteristic zero the classification
is particularily easy, as seen by the following theorem. Denote by Vectk the
category of vector spaces over k.

Theorem 1.22 ([Mil17, Theorem 14.32]). Let k be a field of characteristic
zero. Then the functor P : AbSchuk → Vectk, which takes G to

P (G) = HomAbSchk
(G,Ga),

is an anti-equivalence of categories.

Corollary 1.23. Let k be a field of characteristic zero with absolute Ga-
lois group Γk. Then the category AbSchk is anti-equivalent to the category
ModΓk

×Vectk .

To classify the unipotent part in positive characteristic, we introduce the
Dieudonné ring. We will let W (k) be the ring of Witt vectors of k. There is
a homomorphism φ : W (k)→W (k) which lifts the Frobenius map on k.

Definition 1.24. The Dieudonné ring, R, is the noncommutative ring gen-
erated over W (k) by two indeterminates F , V modulo the relations

FV = V F = p, Fa = φ(a)F, aV = V φ(a) for a ∈W (k).

The category of Dieudonné modules Dmodk is the category of leftR-modules.

For a module M ∈ Dmodk, we let M [V n] be the kernel of multiplication
by V n. We define DmodV,nil

k to be the full subcategory of Dmodk consisting
of those M such that M ∼= colimnM [V n]. Let Wn

k be the group scheme
representing the functor which takes a ring A ∈ Algk to its length n Witt
vectors. Now, Dieudonné theory allows us to classify the unipotent part of
group schemes in positive characteristic.
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Theorem 1.25. [DG70, V.1.4, Théorème 4.3] Let k be a perfect field of
positive characteristic. Then there is an anti-equivalence of categories

D : AbSchuk → DmodV,nil
k

given by taking the unipotent group G to

D(G) = colimn HomAbSchk
(G,Wn

k ).

Furthermore, D(G) is finitely generated if and only if G is of finite type,
and D(G) is of finite length as a W (k)-module if and only if G is a finite
affine group.

Example 1.26. Let Ga be the group scheme of Example 1.19. Then
D(Ga) ∼= k〈F 〉, where k〈F 〉 is the ring (non-commutative if k 6= Fp) gener-
ated over k by a single generator F, subject to the relations Fc = cpF, c ∈ k.

Example 1.27. Let Z/pZ be the constant group scheme on Z/pZ. Then

D(Z/pZ) ∼= R/(V, F − 1).

We end this subsection with a construction that will be useful in the
next subsection. If G is an affine group scheme of finite type over k, then
π0(G), its etale group scheme of connected components, is the maximal étale
subalgebra of OG. If G is not of finite type, then let π0(G) = limG′ π0(G′)
where G′ runs through all quotients G′ of G which are of finite type.

Classification of tensor products in characteristic zero

In this subsection we state the classification results for tensor products in
characteristic zero which we prove in Paper B. Let k be a field of charac-
teristic zero and G1, G2 ∈ AbSchk be abelian affine group schemes over k.
We see that to compute G1⊗G2, it is enough to compute its unipotent and
multiplicative part. Further, since the tensor product respects colimits,

G1 ⊗G2 ∼= Gu1 ⊗Gu2 ×Gu1 ⊗Gm2 ×Gm1 ⊗Gu2 ×Gm1 ⊗Gm2 .

This decomposition of G1 ⊗G2 shows that to compute the tensor product,
it is enough to compute the tensor product G1 ⊗G2 in the cases where G1
and G2 are, independently of each other, either unipotent or multiplicative.
The case when at least one of G1 and G2 are multiplicative is dealt with in
the following proposition.
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Proposition 1.28 (Paper B, Proposition 4.1). Let k be perfect of arbitrary
characteristic, with absolute Galois group Γk, and let G1, G2 be two affine
groups over k with G2 of multiplicative type, i. e. G2 ∼= Spec k̄[M ]Γ for some
M ∈ ModΓ. Then G1 ⊗G2 is multiplicative, and

G1 ⊗G2 ∼= Spec k̄[Homc(π̂0(G1)(k̄),M)]Γk

where Homc denotes continuous homomorphisms of abelian groups into the
discrete module M , (−)Γk denotes taking fixed points, π0(G1) is the étale
group of connected components, and Γk acts by conjugation on Homc(π0(G1)(k̄),M).

Note that the above proposition classifies the tensor product of multi-
plicative group schemes in arbitrary characteristic.

Example 1.29. Let k be a field of characteristic p > 0 and consider µp =
Spec k[Z/pZ]. Then π0(µp) = Spec k, so that by the above proposition,
µp ⊗ µp = 0.

Proposition 1.28 shows that to compute the tensor product in character-
istic zero, what remains is to compute the tensor product of two unipotent
group schemes. In the following proposition, we view the category Vectk
of vector spaces over a field k as a monoidal category where the monoidal
product is the tensor product.

Proposition 1.30 (Paper B, Theorem 1.7). Let k be a field of characteristic
zero and let G1, G2 be two unipotent group schemes over k. Then the tensor
product of two unipotent group schemes is unipotent, and the equivalence of
categories

P : AbSchuk → Vectk
from Theorem 1.22 is an equivalence of symmetric monoidal categories.

The next subsection will deal with the tensor product of two unipotent
group schemes in positive characteristic. As we will see, the answer there is
considerably more complicated.

Tensor product of unipotent group schemes in positive
characteristic and formal groups

Let k be a perfect field of positive characteristic. The classification of unipo-
tent group schemes over k is given by Dieudonné modules, and we now aim
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to give a formula for G1 ⊗ G2, the tensor product of two unipotent group
schemes, in terms of the Dieudonné modules of G1 and G2. In characteristic
zero, the tensor product of two unipotent group schemes was unipotent, but
this is false in positive characteristic. Thus, one needs to calculate both
the unipotent part of G1 ⊗ G2 and the multiplicative part. The formula
for the multiplicative part is best characterized through first dualizing, but
since that will take us a bit too far into technicalities on formal groups and
Dieudonné modules, we only give the formula for the unipotent part in this
section. Let R be the Dieudonné ring and denote by F the subring of R
generated by W (k) and F.

Definition 1.31. Let K,L ∈ Dmodk, and let K ∗ L be the F-module
TorW (k)

1 (K,L) with the diagonal F -action. We then define the symmetric
monoidal structure � on Dmodk by

K � L ⊆ HomF (R,K ∗ L);

K � L =
{
f : R → K ∗ L

∣∣∣∣∣ (1 ∗ F )f(V r) = (V ∗ 1)f(r)
(F ∗ 1)f(V r) = (1 ∗ V )f(r)

}
.

We let K�uL to be the maximal unipotent submodule of K�L, consisting
of those f ∈ K �u L that are killed by some power of the Verschiebung.

The following gives the classification for the unipotent part.

Theorem 1.32 (Paper B, Theorem 10.2). Let k be a perfect field of char-
acteristic p > 0 and let G1, G2 be two affine unipotent group schemes over
k. Then D(G1 ⊗G2) ∼= G1 �u G2.

Example 1.33. Let G1 = G2 = αp. Then the above formula (with some
work!) allows us to calculate that the unipotent part of the group scheme
αp⊗αp is isomorphic to lim←−nWtnk [F ] where Wtnk is the group scheme repre-
senting the functor taking a ring to its length n Witt vectors, the transition
maps are the Verschiebung maps Wtnk [F ]→Wtn−1

k [F ], and [F ] denotes the
kernel of the Frobenius. Note that despite the fact that αp is a finite group
scheme, the tensor product is not a finite group scheme.

For the formula for the multiplicative part, we refer the reader to Paper
B.
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1.3 Summary of Paper C

In Paper C we use ideas from homotopy theory to study the unramified
Galois group ΓurK of a number field K. This is a profinite group of which
very little is known; Kay Wingberg [Win93] dubbed the maximal pro-p
quotient of ΓurK as “one of the most mysterious objects in algebraic number
theory”. We know that ΓurK can be infinite, but apart from that, not much is
known. The abelianization of ΓurK is finite and identifies with the class group
of K, which is a group that is intensely studied in algebraic number theory.
In Paper C we find conditions on the number field K so that certain groups
G do not occur as finite quotients of ΓurK , equivalently, G can not be realized
as an unramified Galois group over K. On our way to proving this result,
we calculate the étale cohomology ring H∗(X,Z/2Z), where X = Spec OK
is the ring of integers of a totally imaginary number field.

Embedding problems and obstructions to their solution

In this section we introduce embedding problems. For more on the theory
of embedding problems, we refer the reader to [ILF97], [NSW08],[MM99] or
[Ser08]. Recall the following definition.

Definition 1.34. Let Γ be a profinite group. Then a finite embedding
problem E for Γ is a diagram

Γ

G H

p

f

where G,H are finite groups, f is surjective and p is continuous and sur-
jective where H is given the discrete topology. We say that the embedding
problem has a proper solution if there exists a continuous surjective homo-
morphism q : Γ→ G such that p = fq. The embedding problem has a weak
solution if there exists a continuous map q : Γ→ G (not neccesarily surjec-
tive) such that p = fq. We will denote by ker f the kernel of the embedding
problem E.

Note that if Γ is equal to the absolute Galois group of a field K and
H in the above diagram is trivial, then a proper solution to E consists of
a realization of G as a Galois group over K. The embedding problem was
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famously used by Shafarevich [Sha54] to show that any finite solvable group
can be realized as a finite Galois group over Q.

Example 1.35. Let Γ = ΓK be the absolute Galois group of a field K of
characteristic not equal to two, and consider the embedding problem

ΓK

Z/4Z Z/2Z

p

where the map p corresponds to some quadratic extension L = K(
√
a) for

a ∈ K∗ \ (K∗)2 and the map Z/4Z → Z/2Z is the canonical projection.
When does this embedding problem have a proper solution? If K contains√
−1, then the embedding problem has the solution given by letting the

map ΓK → Z/4Z correspond to the extension K( 4
√
a). So let us assume that

K does not contain
√
−1. In this situation, the embedding problem has a

proper solution if and only if a = x2 + y2 for x, y ∈ K∗.

If we have an embedding problem E, given by the diagram

Γ

G H

p

f

which we suspect has no solution, how do we go about to prove that no
solutions exist? This is where obstruction theory comes in. Let ker f be the
kernel of the map f, and note that we by pulling back the diagram along p
get the short exact sequence

1→ ker f → Γ×H G
π−→ Γ→ 1.

It is easy to see that if the map π has a section, then the embedding problem
E has a solution. If ker f is abelian, then the short exact sequence is classified
by an element o1 in the Galois cohomology groupH2(Γ, ker f). If o1 6= 0, then
π has no section, and thus, the embedding problem E has no solution. One
can imagine producing obstruction to the solution of embedding problems
using this method by, for example, looking at abelian quotients of ker f, so
that if ker f is for example solvable, maybe we might be able to produce
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a non-trivial obstruction. If however ker f is very far from abelian, in the
sense of having no abelian quotients, i.e., if ker f is perfect, then this method
for showing that E is without solutions gives us nothing since any abelian
quotient is trivial. The first contribution of Paper C is the production of
new obstructions to the embedding problem for profinite groups which gives
non-trivial information in the situation when ker f is perfect.

Proposition 1.36 (Paper C, Propositions 2.4-2.5). Let Γ be a profinite
group and suppose we have an embedding problem

Γ

1 ker f = P G H 1

p

f

where G and H are finite and ker f is perfect. Then there is an obstruction

o2 ∈ H3(Γ, H2(P,Z))

such that if o2 6= 0, there are no solutions to the embedding problem.

The ideas for deriving this obstruction come from the field of homotopy
theory [BS16]. The above obstruction can be defined under the more gen-
eral condition that the obstruction o1 ∈ H2(Γ, ker fab) (where ker fab is the
abelianization of ker f) we outlined above vanishes. Then, the obstruction

o2 ∈ H3(Γ, H2(ker f,Z))

is part of a family of higher obstructions

on ∈ Hn+1(Γ, Hn(ker f,Z))

for n = 1, 2, . . . , where on+1 is defined if on vanishes. This obstruction
generalizes the previous one we outlined above, in the sense that if n = 1,
then H1(ker f,Z) = ker fab, and o1 ∈ H2(Γ, Pab) coincides with the classical
obstruction.

Applications of embedding problems to the unramified
inverse Galois problem

The aim of this section is to sketch how to apply the above obstruction to
problems of arithmetic interest. Recall the following definition.
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Definition 1.37. Let K be a number field with ring of integers OK . We say
that an extension L/K of number fields is unramified if the map Spec OL →
Spec OK is unramified, i.e., if for any prime ideal p of OK , in the prime
factorization pOL = qe11 · · · qen

n , we have that ei = 1 for all i.

Given a finite group G and a number field K, the unramified inverse
Galois problem for G and K asks whether it is possible to realize G as
an unramified Galois group over K. If G is any non-trivial finite group
and K = Q, then the question has a negative answer since Q has no non-
trivial unramified extensions, by essentially Minkowski’s theorem [Neu99,
III, Theorem 2.18]. However, number fields in general do have unramified
extensions. For example, ifK is any number field with non-trivial class group
CK , then there is an unramified Galois extension H/K, the Hilbert class
field, such that Gal(H/K) ∼= CK . The unramified extensions of a number
field K are at the moment much of a mystery to us; even in the case when
K has trivial class group, there can exist unramified Galois extensions of
arbitrarily high degree (see [Mai00]). Further, if we denote by Kur the
maximal unramified extension, Gal(Kur/K) is not in general solvable.

Example 1.38 ([Bri10]). Let K = Q(
√

29,
√

4967). Then K has an unram-
ified PSL(2, 7)-extension L/K, which can be realized as the splitting field of
the polynomial x7 − 11x5 + 17x3 − 5x+ 1.

In Paper C, we prove the following proposition.

Proposition 1.39 (Paper C, Proposition 1.2). Let p1, p2, p3 be three primes
such that

p1p2p3 ≡ 3 mod 4,

and (
pi
pj

)
= −1

for all i 6= j. Let K = Q(
√
−p1p2p3). Then Aut(PSL(2, q2)) cannot be real-

ized as the Galois group of an unramified extension of K, but its maximal
solvable quotient Aut(PSL(2, q2))solv ∼= Z/2Z⊕ Z/2Z can.

We now sketch the proof of the above proposition. Let ΓurK be the un-
ramified Galois group of K. One can show that under the above conditions,
that

H1(Γur
K ,Z/2Z) ∼= Z/2Z× Z/2Z.
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We let a, b be any choice of generators. Then the elements a and b define
a surjective map pab : Γur

K → Z/2Z × Z/2Z. We then have the embedding
problem given by the diagram

Γur
K

0 PSL(2, q2) Aut(PSL(2, q2)) Z/2Z× Z/2Z 0

pab

where the map

Aut(PSL(2, q2))→ Out(PSL(2, q2)) ∼= Z/2Z× Z/2Z

is the natural quotient map. We see that Aut(PSL(2, q2)) occurs as an
unramified Galois group over K if and only if for some surjection

pab : Γur
K → Z/2Z× Z/2Z,

corresponding to generators a, b of H1(Γur
K ,Z/2Z), there is a surjective map

filling in the dotted arrow. From the obstruction theory we sketched in the
previous subsection, we get for each pab an obstruction

o2 ∈ H3(Γur
K , H2(PSL(2, q2),Z/2Z)) ∼= H3(Γur

K ,Z/2Z),

depending of course on a and b. We prove in Paper C that the obstruction o2
can be identified with the cup product c2 ∪ d where c and d are two distinct
and non-zero linear combinations of the elements a, b ∈ H1(Γur

K ,Z/2Z). If the
obstruction o2 is non-zero, for each choice of generators of H1(Γur

K ,Z/2Z),
then Aut(PSL(2, q2)) cannot be realized as an unramified Galois group over
K. Letting X = Spec OK be the ring of integers of K and Xet be the small
étale site of X and BΓur

K the classifying site of Γur
K , there is a tautological

map of sites
k : Xet → Bπ1(X) = BΓur

K .

Further, k induces an isomorphism

H1(X,Z/2Z) ∼= H1(Γur
K ,Z/2Z),

so to show that o2 is non-zero it clearly suffices to prove that k∗(o2) is
non-zero and this is equivalent to the cup product a2 ∪ b of

a, b ∈ H1(X,Z/2Z) ∼= Z/2Z× Z/2Z

being non-zero. We prove that this cup product is non-zero by computing
the cohomology ring H∗(X,Z/2Z).
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Étale cohomology of the ring of integers of a totally
imaginary number field and cup products

In the 60’s, David Mumford suggested that one should somehow view primes
as being analogous to knots embedded in a (closed, orientable) 3-manifold
[Maz63]. This sounds very odd, but the analogy is both beautiful and strik-
ing. In what follows, we will explain this analogy by investigating the étale
cohomology of a number field K. This was first done in Mazur’s beautiful
paper [Maz73] and the results are classical. After this introduction, we then
state the results that Paper C contribute to the study of the étale cohomol-
ogy of Spec OK , the ring of integers of K. We assume for simplicity in the
exposition that follows that K is a totally imaginary number field, however,
analogous statement holds for when K is any number field.

If we have a prime ideal p ⊂ Spec OK and let k(p) = OK/pOK be
the residue field of p, then the analogy suggests, as noted above, that we
should view Spec k(p) → Spec OK as being analogous to the inclusion of
a knot into a 3-manifold. The reason for this is that, through the eyes
of étale cohomlogy, Spec k(p) is like a circle, while Spec OK behaves as
a 3-manifold. We will make the claim about Spec k(p) being like a circle
more precise in the example that follows after this definition. Recall that
if X is a scheme and x a geometric point, then π1(X,x) denotes the étale
fundamental group of X. If F is any sheaf on X, then there are natural
comparison maps H i(π1(X,x),Fx) → H i(X,F), for all i ≥ 0, where the
first cohomology group is profinite group cohomology, and the latter is étale
cohomology.

Definition 1.40. A connected scheme X is a K(π, 1) if for every base point
x ∈ X and for any locally constant constructible abelian sheaf F on X, the
comparison maps H i(π1(X,x),Fx) → H i(X,F) are isomorphisms for all
i ≥ 0.

If X is a K(π, 1), then this says that in some sense, the fundamental
group is “complicated enough” to capture the étale cohomology of X.

Example 1.41. The above definition allows us to specify in what way
Spec k(p) is analogous to a circle. Recall that since Spec k(p) is a field,
étale cohomology coincides with profinite group cohomology of its absolute
Galois group. Thus, trivially, Spec k(p) is a K(π, 1). Since further Spec k(p)
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is a finite field, its étale fundamental group coincides with Ẑ, the profinite
completion of the integers. Thus, through the eyes of étale cohomology,
Spec k(p) is K(Ẑ, 1). In ordinary topology, the circle S1 is a K(Z, 1), so that
its fundamental group, defined for our purposes as the covering transforma-
tions of the universal covering R → S1. However, the universal covering is
not algebraic and this suggests that one should instead just consider finite
covering spaces of S1, since these are precisely the algebraic coverings. If one
restricts to finite covering spaces of S1, then the fundamental group of S1,
defined as automorphisms of the fiber functor, is Ẑ, the profinite completion
of Z. One can, using language we have not defined, say that Spec k(p) has
the étale homotopy type of (the profinite completion of) the circle.

We now move on to explaining how X = Spec OK should be viewed
as a closed 3-manifold. In [Maz73], Mazur showed that X is of étale coho-
mological dimension 3, and satisfies an arithmetic Poincaré duality, called
Artin-Verdier duality. In the theorem that follows, Gm,X will be the étale
sheaf that sends the scheme U étale over X to Γ(U,OU )∗, the units of the
global sections. Gm,X should be viewed as analogous to an orientation sheaf
on a 3-manifold.

Theorem 1.42. Let X = Spec OK be the ring of integers of a totally imag-
inary number of a field K. Then for any constructible abelian sheaf F , the
Yoneda pairing

H i(X,F)× Ext3−i
X (F ,Gm,X)→ H3(X,Gm,X) ∼= Q/Z

is a non-degenerate pairing for all integers i.

Since Exti(F ,Gm,X) vanishes for i < 0, Artin-Verdier duality gives that
X is of étale cohomological dimension 3. This gives one sense in which X is
like a closed orientable 3-manifold: it satisfies a version of Poincaré duality
and has cohomological dimension 3. The analogy goes a lot deeper, see for
example [Mor12] or [Sik03].
Remark 1.43. The analogy between 3-manifolds suggests that we should
view the class group CK of a number field K as being analogous to the first
homology group of 3-manifold M. We have that H1(M,Z) is isomorphic to
Gal(Mab/M), where Mab is the maximal abelian cover of M, while

CK ∼= Gal(HK/K),
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where HK is the Hilbert class field of K, the maximal abelian unramified
extension of K. If one accepts the analogy between 3-manifolds and number
fields, this suggests that one should view unramified class field theory as
being analogous to the Hurewicz isomorphism.

Using Artin-Verdier duality, Mazur calculated that for a totally imagi-
nary number field K,

H i(X,Z/nZ) =



Z/nZ if i = 0
(Pic(X)/n)∼ if i = 1
Ext1

X(Z/nZ,Gm,X)∼ if i = 2
µn(K)∼ if i = 3
0 if i > 3

where ∼ denotes the Pontryagin dual. Note that the answer for i = 2 is
very non-explicit. To compute cup products, a more explicit description
H2(X,Z/nZ) is clearly needed, and we will now provide one. We denote by
DivK be the free abelian group on the prime ideals of K, equivalently, the
group of fractional ideals of K, and if a ∈ K∗, we let div(a) be the fractional
ideal it generates. Set

Z1 = {(a, a) ∈ K∗ ⊕DivX| − div(a) = na}

and
B1 = {(bn,−div(b)) ∈ K∗ ⊕DivX|b ∈ K∗}.

We then have

Corollary 1.44 (Paper C, Corollary 4.3). Let K be a totally imaginary
number field and X = Spec OK . Then H2(X,Z/nZ) ∼= (Z1/B1)∼.

We now explain the idea for how to compute the cohomology ringH∗(Spec OK ,Z/2Z).
It comes from a beautiful fact from the theory of covering spaces for ordinary
topological spaces.

Example 1.45. Let X be a topological space and let p : Y → X be a 2-fold
covering space. Then p : Y → X is represented by a class x ∈ H1(X,Z/2Z).
Denote by C∗(−,Z/2Z) the functor taking a topological space X to singular
chains with coefficients in Z/2Z. We then have an exact sequence of chain
complexes

0→ C∗(X,Z/2Z) τ−→ C∗(X̃,Z/2Z) p∗−→ C∗(X,Z/2Z)→ 0
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where p∗ is induced by projection and τ is defined taking a singular simplex
∆k → X to the sum of its two lifts, and extending by linearity. If we dualize
this exact sequence, denoting by C∗(−,Z/2Z) singular cochains, we get the
exact sequence

0→ C∗(X,Z/Z) p∗−→ C∗(X̃,Z/2Z) τ∗−→ C∗(X,Z/2Z)→ 0.

It is then a fact (see [Hau14, Proposition 4.3.9]) that the connecting ho-
momorphism δ : H i(X,Z/2Z)→ H i+1(X,Z/2Z) coming from this exact se-
quence is given by cup product by x ∈ H1(X,Z/2Z) representing p : Y → X.

The idea is then to translate the above example into the world of schemes.
Recall that if X is a scheme, then any x ∈ H1(X,Z/2Z) can be represented
by a 2-fold étale cover p : Y → X. There are natural maps u : Z/2ZX →
p∗p
∗Z/2ZX , N : p∗p∗Z/2ZX → Z/2ZX , coming from the fact that p∗ is both

left and right adjoint to p∗.

Lemma 1.46 (Paper C, Lemma 5.1). Let X be a scheme and

p : Y → X

a 2-fold étale cover corresponding to an element x ∈ H1(X,Z/2Z). Then the
connecting homomorphism

δx : H i(X,Z/2Z)→ H i+1(X,Z/2Z)

arising from the short exact sequence of sheaves on X

0→ Z/2ZX
u−→ p∗p

∗Z/2ZX
N−→ Z/2ZX → 0, (1.3.1)

is given by cup product with x.

This lemma, together with Artin-Verdier duality allows one to compute
the cohomology ring of H∗(Spec OK ,Z/2Z). The ring structure is quite
intricate, so we only state a special case, in this subsection. In the exposition
for Paper D, we will give the ring structure for arbitrary coefficients.

Proposition 1.47 (Paper C, Proposition 3.3). Let X = Spec OK where K
is a totally imaginary number field and let x and y be elements in H1(X,Z/2Z),
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corresponding to the unramified quadratic extensions L = K(
√
c),M =

K(
√
d), where c, d ∈ K∗. Let

div(d)/2 =
∏
i

pei
i

be the factorization of div(d)/2 into prime ideals in OK . Then x ∪ x ∪ y ∈
H3(X,Z/2Z) is non-zero if and only if∑

pi inert in L

ei ≡ 1 (mod 2).

Proposition 1.47 allows us now to finally prove Proposition 1.39. Since
K = Q(

√
−p1p2p3), the unramified quadratic extensions are given by adjoin-

ing a square root of p∗i , i = 1, 2, 3 to K, where p∗i = (−1)pi(pi−1)/2pi [SW96].
The above proposition then tells us that if L = K(

√
p∗i ),M = K(

√
p∗j ) are

the two unramified quadratic extensions, we must show that div(pj)/2 is in-
ert in L, and an elementary calculation shows that this is the same as saying
that pj is inert in Q(

√
p∗i ), and this follows from our congruence conditions.

Our computation of the ring H∗(X,Z/2Z) has also recently been applied
to study the unramified Fontaine-Mazur conjecture for totally imaginary
number fields K and the 2-cohomological dimension of GK,S , the Galois
group of the maximal unramified extension unramified outside of a finite set
of primes S. We refer to [Mai17] for more details.

1.4 Summary of Paper D

In Paper D, we generalize the computation of the cohomology ring in Paper
C. More precisely, we compute the ring H∗(X,Z/nZ) for arbitrary n > 1,
where X = Spec OK is the ring of integers of any number field, with the
added proviso that if K is not totally imaginary, the étale cohomology is
taken in a “completed” étale site. The methods for computing this ring is
close to those of Paper C, but with some new twists. We use our computation
of H∗(X,Z/nZ) to give a formula for an invariant defined by Minhyong Kim.

The cohomology ring of the ring of integers of a number field

Considering that we in the introduction to Paper C have already given an
exposition of the étale cohomology of a number field, this subsection will just
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state the cohomology ring structure we compute in Paper D. For simplicity of
exposition, we will assume that the number field K is totally imaginary, but
Paper D works for general number fields. Since X = Spec OK has étale co-
homological dimension 3 and cup product is unital and graded-commutative,
one sees that all we need to compute the ring H∗(X,Z/nZ) is to compute
the maps

− ∪− : H1(X,Z/nZ)×H1(X,Z/nZ)→ H2(X,Z/nZ),

− ∪− : H1(X,Z/nZ)×H2(X,Z/nZ)→ H3(X,Z/nZ).

We will use Artin-Verdier duality to identifyH i(X,Z/nZ) with Ext3−i
X (Z/nZ,Gm,X)∼,

where ∼ means we are taking the Pontryagin dual. We now move on to giv-
ing the formula for the first map. Note that any element x ∈ H1(X,Z/nZ)
can be represented by a Z/nZ-principal homogeneous space p : Y → X. Fur-
ther, one can show that this Z/nZ-principal homogeneous space is induced
from an unramified cyclic extension L/K.

Proposition 1.48 (Paper D, Proposition 1.1). Let X = Spec OK be the ring
of integers of a totally imaginary number field K, and identify H2(X,Z/nZ)
with Ext1

X(Z/nZX ,Gm,X)∼, where ∼ denotes the Pontryagin dual. Let x ∈
H1(X,Z/nZ) be represented by a cyclic unramified extension L/K of degree
d|n and let σ ∈ Gal(L/K) be a generator. For an element y ∈ H1(X,Z/nZ) ∼=
(ClK/nClK)∼ represented by an unramified cyclic extension M/K, we have
that

〈x ∪ y, (a, b)〉 = 〈y,NL|K(I)n/d + n2

2db〉

where (a, b) ∈ Ext1
X̃

(Z/nZX̃ , φ∗Gm,X) and I ∈ DivL is a fractional ideal
such that bn/dOL = I − σ(I) + div(t) for some t ∈ L∗ such that NL|K(t) =
a−1. In particular, 〈x ∪ y, (a, b)〉 = 0 if and only if n2

2db + NL|K(I)n/d is in
the image of NM |K .

The existence of the fractional ideal I ∈ DivL in the above proposition
is a consequence of the proof of the theorem. We now move on to the map
− ∪ −H1(X,Z/nZ) × H2(X,Z/nZ) → H3(X,Z/nZ). Recall that DivK is
the group of fractional ideals of K, and that µn(K) are the nth roots of
unity.

Proposition 1.49 (Paper D, Proposition 1.2). Let X = Spec OK be the ring
of integers of a number field K and identify H2(X̃,Z/nZ) and H3(X̃,Z/nZ)
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with Ext1
X̃

(Z/nZX̃ , φ∗Gm,X)∼ and µn(K)∼ respectively, where ∼ denotes the
Pontryagin dual. Let x ∈ H1(X̃,Z/nZ) be represented by the cyclic exten-
sion L/K of degree d|n, unramified at all places (including the infinite ones)
and let σ ∈ Gal(L/K) be a generator. Let ξ ∈ µn(K) and choose b ∈ L∗ such
that ξn/d = σ(b)/b, and let a ∈ K∗ and a ∈ DivK be such that aOL = div(b)
and a = b−n in L∗. If y ∈ H2(X̃,Z/nZ), then

〈x ∪ y, ξ〉 = 〈y, (a, a)〉.

As the reader might see, this formula is quite complicated and non-
explicit. It becomes more concrete in the case where K contains the n-th
roots of unity and one can give a simple criterion for when the cup product
is zero.

Corollary 1.50 (Corollary 3.10, Paper D). Let X = Spec OK be the ring of
integers of a number field K containing all nth roots of unity, and identify
H2(X̃,Z/nZ) and H3(X̃,Z/nZ) with Ext1

X̃
(Z/nZX̃ , φ∗Gm,X)∼ and µn(K)∼

respectively, where ∼ denotes the Pontryagin dual. Let x ∈ H1(X̃,Z/nZ) be
represented by a Kummer extension L = K(v1/n) of degree d = [L : K], with
v ∈ K∗ such that div(v) = na for some a in Div(K). If y ∈ H2(X̃,Z/nZ),
then x ∪ y 6= 0 if and only if 〈y, (v−1, a)〉 6= 0.

The final part of Paper D applies the above to give a non-vanishing cri-
terion for an invariant defined by Minhyong Kim. These invariants were
defined as part of a program trying to importing ideas from physics into
number theory (see [Kim15], [CKK+17]). To define the invariant, assume
that K is a totally imaginary number field which contains a primitive nth
root of unity. By choosing a primitive nth root of unity ξ, we fix an iso-
morphism µn,X ∼= Z/nZX , where µn,X is the nth roots of unity étale sheaf.
There is then an invariant map inv : H3(X,µn)→ Z/nZ, and this gives an
isomorphism H3(X,Z/nZ) ξ∗−→ H3(X,µn) ∼= Z/nZ. Let G be a finite group,
and assume that we have a morphism f : π1(X,x)→ G for some base point
x ∈ X. Note that we have a map of sites kX : Xet → Bπ1(X,x), where
Bπ1(X,x) is the category of finite sets with a continuous action of π1(X,x).
If we fix a class c ∈ H3(G,Z/nZ), then Kim’s invariant associated to c and
f is the element inv(k∗Xf∗(c)) ∈ Z/nZ. The following proposition gives a
non-vanishing criterion for this invariant when G = Cn, the cyclic group of
order n.
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Proposition 1.51 (Proposition 3.11, Paper D). Let K be a number field
containing a primitive nth root of unity and let X = Spec OK be its ring of
integers. Let Cn be the cyclic group, c1 ∈ H1(Cn,Z/nZ) ∼= HomAb(Z/nZ,Z/nZ)
correspond to the identity and c2 = βn(c1) ∈ H2(Cn,Z/nZ) be its im-
age under the Bockstein homomorphism. Suppose that we have a contin-
uous homomorphism f : π1(X,x) → Cn, corresponding to the unramified
Kummer extension L/K, where L = K(v1/n) for some v ∈ K∗ such that
there is an a ∈ DivK satisfying na = −div(v). Then Kim’s invariant,
inv(f∗X(c)) ∈ Z/nZ, vanishes if and only if a is in the image of the norm
map NL|K : ClL→ ClK, i.e. if and only if ArtL|K(a) = 0.

Remark 1.52. Formulas for Kim’s invariant have already been obtained
in [BCG+17] and [CKK+17]. Our formula differs from the one found in
[BCG+17], but the formula we give can be derived from the results of
[CKK+17], as pointed out to me by Minhyong Kim.

The main strategy for proving Propositions 1.48 and 1.49 is to generalize
Lemma 1.46 to arbitrary n > 0. Recall that Lemma 1.46 said that if we had
a scheme X and an element x ∈ H1(X,Z/2Z), represented by a Z/2Z-torsor
p : Y → X, then we could realize the map

− ∪ x : H i(X,Z/2Z)→ H i+1(X,Z/2Z)

as the connecting homomorphism arising from the short exact sequence

0→ Z/2ZX → p∗p
∗Z/2ZX

N−→ Z/2ZX → 0.

For n > 2, we would like to, given x ∈ H1(X,Z/nZ) represented by a Z/nZ-
torsor p : Y → X, find a similar short exact sequence which has the property
that the connecting homomorphism is given by cup product by x. This is
given by the following lemma, which we state in an informal fashion, the
precise statement is in Paper D.

Lemma 1.53. Let X be a connected scheme and let x ∈ H1(X,Z/nZ) be
non-zero. Represent x by a Z/nZ-torsor p : Y → X. Then there exists a
sheaf F on Xét such that p∗F is a constant sheaf, and a short exact sequence

0→ Z/nZX → F → Z/nZX → 0

such that the connecting homomorphism H i(X,Z/nZ)→ H i+1(X,Z/nZ) is
given by x ∪ −.
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Under the equivalence between sheaves split by p and Cn-modules (Cn
being the cyclic group of order n), F corresponds to the Cn-module

Z/nZ⊕ Z/nZ

where Cn acts through the matrix(
1 1
0 1

)
.

Note that if n = 2,
F ∼= p∗p

∗Z/2ZX .

We then use Lemma 1.53 when X is a number field to compute the map

− ∪ x : H i(X,Z/nZ)→ H i+1(X,Z/nZ)

under Artin-Verdier duality. In broad strokes, the strategy is to note that
under Artin-Verdier duality, this map is Pontryagin dual to the connecting
homomorphism

c∼x : Ext3−(i+1)(Z/nZX ,Gm,X)→ Ext3−i(Z/nZX ,Gm,X)

which we get from applying Ext(−,Gm,X) to the short exact sequence of
Lemma 1.53. One can then represent the map c∼x in the derived category
D(Xét) as RHom(δx,Gm,X), where δx : Z/nZ → Z/nZ is the connecting
homomorphism from the exact sequence of Lemma 1.53. One then calculates
RHom(δx,Gm,X) by finding “good” resolutions of Z/nZX ,F and Gm,X . One
can represent x ∈ H1(X,Z/nZ) by a Z/nZ-torsor

p : Y → X

such that Y is an “induced” Galois covering, coming from an unramified
cyclic extension L of K. Following this line of ideas, one recovers the formulas
for the cup product we just gave.
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The author’s contribution to the papers contained
in this thesis

I wish to state that I believe the joint papers in this thesis truly are joint.
As such, the results and proofs in the papers grew out of joint discussion,
making precise bookkeeping of who contributed what an exercise in futility.
Nonetheless, I now give what I believe my contributions to the papers in
this thesis are.

Paper A

This paper is written without a coauthor, so I think it is safe to say that I
contributed to most parts of the paper.

Paper B

This paper is joint with Tilman Bauer. While I participated in discussion for
all parts of the paper, I believe that my main contributions lie in the parts
concerning the tensor product of affine group schemes and their classification
in terms of Dieudonné modules.

Paper C

This paper is joint with Tomer Schlank. Once again, I was involved in
discussions for all parts of the paper. I believe that my main contributions
to this paper can be found in the description of the homotopical obstruction
in elementary terms and in the idea on how to compute the cohomology
ring (with Z/2Z-coefficients) of the ring of integers of a totally imaginary
number field K.

Paper D

This paper is joint with Eric Ahlqvist. My main contribution lies in the
computation of the cohomology rings of the ring of integers of a number field
K with coefficients in Z/nZ, and the idea on how to apply it to calculate
the abelian arithmetic Chern–Simons invariant.
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(SGA 3). Tome I. Propriétés générales des schémas en groupes,
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