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Abstract

This paper is an attempt to analyze the role of transaction fees in a proof-of-
stake cryptocurrency currently in development. The authors have employed
a microeconomic, static equilibrium approach to model a market in which
the cryptocurrency is exchanged for a physical good. Furthermore, the rela-
tionship between transaction capacity and the size of the network has been
investigated. It has been shown that the total amount of validator capital
and the number of validators can be controlled by setting a fixed fee on trans-
actions as well as a minimum capital requirement on individual validators.
The total surplus in the economy has then been optimized by setting a fee
and the authors have discussed how a minimal capital requirement could be
used to also optimize transaction capacity.
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Sammanfattning

Denna kandidatuppsats är ett försök att anlysera transaktionsavgiftens roll i
en ”proof-of-stake”-baserad kryptovaluta under utveckling. Författarna har
använt sig av en statisk jämviktsmodell fr̊an mikroekonomin för att modellera
en marknad p̊a vilken kryptovalutan i fr̊aga används för att handla en fysisk
vara. Fortsättningsvis har förh̊allandet mellan systemets transaktionskapacitet
och dess storlek undersökts. Det har visats att den totala mängden kapital
fr̊an validerare samt antalet validerare kan kontrolleras genom att sätta en fast
avgift för transaktioner samt ett minimikrav p̊a kapital för enskilda validerare.
Sedan har det totala överskottet optimerats genom att bestämma en avgift
och författarna har diskuterat hur en minimikrav p̊a kapital hade kunnat
användas för att ocks̊a optimera systemets transaktionskapacitet.

Nyckelord: Kryptovaluta, proof-of-stake, transaktionsavgift, ekonomi
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Chapter 1

Introduction

Chapter 1 presents reader with background on cryptocurrencies and their
challenges, both societal and technical. The specific aim of this paper is then
addressed and a necessary theoretical foundation for the analysis to be carried
out is provided.

All nations today use fiat currencies that are centralized and controlled
by banks and governments. A fiat currency lacks intrinsic value and is not
backed by any physical quantity. Its reliability is based on the government
maintaining its value and transacting parties agreeing on this value. While
most major fiat currencies exhibit strong long term reliability and purchase
power relative to global markets, they are still susceptible to instability due
to failed monetary policy by governments. This has historically been more
prevalent in (but not exclusive to) the developing world where the citizens of
e.g. Venezuela and Zimbabwe (but also post WW1 Germany) have experienced
hyperinflation. [18] One proposed solution to this is the implementation of
cryptocurrencies, decentralized monetary systems that address the problem
of dependence on governmental intervention by distributing its governance to
a network of validators. In recent years many cryptocurrencies have emerged,
the most famous one being Bitcoin which launched in 2009. [14]

Cryptocurrencies and their potential impact

Since the launch of Bitcoin in 2009 several new cryptocurrencies have emerged,
each with their own flavor and intended use. Among the first of these so
called altcoins were Litecoin, with the intent to solve the problem of slow
transaction speeds in Bitcoin [4].
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As previously stated, one purpose of cryptocurrencies is to rid users of the
need for trusting banks by using the built in trust of blockchain technology.
The blockchain enables the ledger of transactions, that is traditionally kept by
banks, to be encrypted and distributed among a set of selected validators who
maintain and update it together. This enables a decoupling of the currencies
from banks and governments. In nations with a high degree of corruption
this can protect the citizens from the dangers of hyperinflation.

However, the downside of removing state control is that there is no gov-
ernance in the currency and there are a lot of opinions on why and how this
should be solved. In an American Economic Association report Böhme et. al.
present three implications of this lack of governance. Firstly, the anonymous
validators have no obligation to validate payments against embargo lists.
Secondly, they have no incentive to restrict sale of unlawful items such as
weapons or drugs and lastly payments are irreversible inasmuch that there is
no guarantee that a buyer can reverse an accidental payment. [16] On top of
this we would like to add the issue of inability for a government to control
the money supply and to implement macroeconomic policies. To solve issues
like these Accenture, a consultancy, suggest central banks should develop cen-
tralized cryptocurrencies based on so called permissioned blockchains without
giving up their role as regulators of money supply and trade anonymity. [2]
Other voices in the field are critical of this centralization and claim that
permissioned blockchains are not even blockchains at all. [6] Nonetheless, as
the governance issue is solved it will surely constitute a shift of the monetary
paradigm, both in the developing and developed nations. However, there are
several technical problems on top of the governance issue that still need to be
solved before any widespread adoption of cryptocurrencies can happen.

Technical problems of cryptocurrencies

Many conventional cryptocurrencies experience technical problems that ren-
ders them impractical for widespread adaption. The first is high volatility
which erodes the properties of money as a store of value and as a unit of
account, two of the three constituent parts of the definition of what a money
is. [10] High volatility erodes the property of money as a store of value since it
cannot reliably hold its purchasing power over time and it erodes the property
of money as a unit of account since the market prices fluctuate too much
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for it to be a reliable measure of the value of products and services. How-
ever, volatility is far from the only problem with conventional cryptocurrencies.

A second technical problem is the large energy consumption which is en-
vironmentally unsustainable in the long run. Today, Bitcoin uses about 819
KWh per transaction for a total of 56.22 TWh per year or 0.25% of the
global energy consumption [1]. For reasons that will be explained in the
theory section on consensus protocols, this energy consumption is necessary
to validate the transactions and to keep the system secure.

The low transaction speeds are problematic since it prevents the currency
from being used on a daily basis. If one is to purchase groceries in a store
using a cryptocurrency the transaction needs to be validated within seconds
in order to move on to the next customer. As a reference, it takes on average
78 minutes to validate a Bitcoin transaction [5]. Also, closely related to
transaction speed is the transaction throughput of the currency, defined as
transactions per second that can be validated. If this is low then the cur-
rency is not scalable since a low throughput causes a pile up of unconfirmed
transactions in periods of high demand which leads to the problem of low
transaction speeds. Additionally, this leads to surging transaction fees that
users pay for their transactions to be prioritized. On December 8th 2017,
Bitcoin famously experienced an all time high of over 200’000 unconfirmed
transactions with a throughput of 4 transactions per second and transactions
fees of around 20 $ [13].

This thesis is written in conjunction with several other thesis project groups
connected to the development of a new cryptocurrency with the potential of
solving the flaws presented above. The cryptocurrency has a decentralized
exchange which mitigates volatility. It also has a proof-of-stake algorithm for
validating transactions which drastically lowers energy consumption. Finally,
it consists of an alternative structure of the blockchain that increases speed
and throughput. Out of these three design choices, this paper is only con-
cerned with the proof-of-stake component. For detailed descriptions of the
decentralized exchange and on the blockchain structure the reader is referred
to concurrent papers by Grannas and Ahlqvist [3] as well as Lundin and
Rahm [12], respectively.
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1.1 Aim

The aim of the thesis is to answer some or all of the research questions stated
below, related to the cryptocurrency in development [7].

Research questions

How does the fee affect the equilibrium state of the system?

What is the transaction fee that optimizes the total surplus in the economy?

Can any system parameters be adjusted under this optimal fee to maximize
system performance?

1.2 Background on Cryptocurrency

This section serves the reader with relevant theory to understand the tech-
nical and economic aspects of cryptocurrencies used when developing the
mathematical models in the paper.

1.2.1 Blockchain

A blockchain consists of an encrypted ledger of accounts. Each new block
(a new chunk of ledger information) combines its own data together with
the data of the previous block as an input to a hash function that encrypts
the block. It is this property of each block referring to the previous one
that gives it a chain structure. This encrypted ledger is distributed over
a large network of actors instead of being owned and controlled by e.g. a
bank. Any changes to this ledger need to be approved by a majority of
those working in the system, known as validators. Traditionally, a blockchain
contains several transactions in each block. For purposes of this paper these
types of blockchain technicalities can be disregarded and the analyses will be
conducted in terms of transactions rather than blocks. By setting up clever
incentive structures the currency can be run in a decentralized fashion by
creating consensus among the validators around what transaction history is
valid.
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1.2.2 Consensus Protocols

In order to incentivize miners to update the ledger and secure the network a
Proof of Work (PoW) protocol is employed in many cryptocurrencies today.
In PoW validators expend vast amounts of computing power to solve arbitrary
mathematical puzzles which gain the validator the rights to write a block
and collect the attached fees and an eventual block reward. PoW protocols
are often criticized for being environmentally unsustainable and a waste of
resources [9]. In order to solve this energy issue, an alternative consensus
protocol called Proof of Stake can be employed.

In proof of stake, the validators get to place a stake into a pool in order to
gain voting rights on what blocks are valid. The stakeholders that vote with
the majority get to share the transaction fees and eventual rewards attached
to the block. This effectively simulates the setting in proof of work without
the need for expending vast amounts of energy. This is the consensus protocol
that will be implemented in the new cryptocurrency. For the purpose of
understanding the reader can simply think of this consensus protocol as a
network of validators voting on every transaction and a majority vote on a
transaction means that it is approved. The reward can be thought of as being
split among the validators weighted on the fraction of stake put up by each
validator.

1.2.3 Economics

Static modelling

Within economic theory it is common to apply simplified models to describe
complex real-world situations. The primary model applied in this paper is a
simple static partial equilibrium model, in which outside forces or changes are
disregarded. The implications of this are that only the price on a particular
market is considered, all other factors are assumed to be held constant. The
opposite of a static model is a dynamic model, in which time is a factor.
Therefore, outside forces may change the equilibrium over time. Although
static modelling does not consider the transition between equilibria it is
sufficient for the purpose of this paper, as will be discussed in the method
section.
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Measuring surplus

In an economic market, one relevant measure of the overall efficiency of
the market is what’s known as surplus. In a simple static model, both the
consumers and the producers will have a surplus. The producer surplus
is also known as the profit. The consumer surplus is defined as the differ-
ence between the price the consumer was willing to pay and the sales price,
summed over all goods sold. Likewise, the profit is defined as the difference
between the sales price and the price that the producer was willing to sell
at, summed over all goods sold. Geometrically, they can be interpreted as
the upper and lower triangle of a market diagram as highlighted in Figure 1.1.

.

Figure 1.1: Market diagram illustrating consumer and producer surplus,
respectively

Both consumer surplus and profit are measures of how much value the
transactions create for the actors on the markets. They can be added in
order to define a third measure, the total surplus, which expresses the total
value created by the mutually beneficial transactions on the market. As will
be shown later on, a transaction fee will impede the market and reduce the

11



total surplus, an effect known as welfare loss. Its effect can be compared
to that of an excise tax on all goods on the market. The effect of this is
that fewer mutually beneficial transactions are made and less value is created
in the economy. Therefore, it is reasonable to approach the transaction fee
optimization problem from the perspective that any welfare loss should be
minimized, which is equivalent to maximizing the total surplus.

1.3 The cryptocurrency in development

The project owner Healwiz AB has designed a new cryptocurrency which
implements a version of the proof-of-stake consensus protocol. It aims to
address the three main problems that conventional cryptocurrencies experience.
This paper aims to model and optimize the transaction fee in a setting which
mirrors this proposed cryptocurrency, although in a simplified format. The
design of the cryptocurrency has evolved during the writing of this paper and
minor changes have been made. Due to the dynamic nature of the project,
the authors have focused on implementing the core attributes of the design
into the models, while leaving specific details subject to change outside of
the analysis. The new cryptocurrency is explained further in the following
subsections.

1.3.1 The Transaction Mechanism

The transaction mechanism starts when a sender sends a transaction request
to the network of n validators. This request then propagates through the
network and the validators place their votes on the transaction. Because
of asymmetric cryptography this vote cannot be forged. Once a validator
receives a packet with the transaction and enough votes attached to conclude
that consensus has been reached ( i.e. n/2 votes plus their own vote) the net-
work will send a confirmation to the sender and receiver that the transaction
has been deemed valid. In order to cover costs for the validators and create
incentives for the transaction to be processed the user attaches a fee to the
transaction. There are several questions that arise regarding what size this fee
should be and how it affects the network. This paper is concerned with ana-
lyzing the effect of this fee on the network and attempts to find an optimal fee.

The way in which a transaction propagates inside the validator network

12



.

Figure 1.2: Schematic of the transaction mechanism. A sender sends a
transaction reuest to the validator network. When >50% consensus is reached,
a confirmation is sent to the sender and the receiver

is referred to as the network topology. There are many different network
topologies that can be deployed, for a discussion of different topologies and
their impact the reader is referred to concurrent papers by Fredén, Norell [15]
and Lundin, Rahm [12]. In figure 1.2 the arrows between the validators are
drawn in a somewhat haphazard manner to illustrate that the final topol-
ogy is, in the time of writing, not known. For the sake of this paper, the
reader can simply consider the validator network as a black box that validates
transactions.

1.3.2 Transaction fee

Any time two transacting parties make use of a middleman to make a trans-
action, it is likely to require a transaction fee. The fee serves to reward the
middleman who helps in making the transaction possible. This is equally
true for all payment systems, no matter if the middleman is a bank or, as
with cryptocurrencies, a network of validators. It should be obvious that
a large transaction fee rewards the middleman more, how this affects the
validator network will be shown later on. However, a large fee also punishes
the transacting parties, and fewer transactions will be made on the market if
the fees are too high.
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From now on it is assumed that the fee is paid by the sender of the transaction
to the validators that take part in validation. How the fee is shared among
the validators is subject to the order in which they bet (earlier bets yield
larger reward), and their relative size of the total stake. For more information
on how the fee is shared, the reader is referred to Lundin and Rahm [12]. For
the purpose of this paper, the time aspect of the reward policy will be ignored
and only the relative stake will be considered, assuming that on average
validators bet equally fast.

Finally, it should be mentioned that the fee proposed in this paper is fixed
and cannot be chosen by the senders themselves. This serves to uphold the
desired network functions. One could also imagine a market based system
in which validators prioritize transactions with larger fees that increase their
profit. This is discussed in further detail in the discussion chapter.

1.4 Literature review

This section lists and critically analyzes the main sources that have been used
for the thesis. The sources that follow have provided the main theoretical
framework from which the results of the thesis have been drawn. Their
contribution to this paper as well as their credibility is also discussed.

The economics of Bitcoin transaction fees, Nicolas Houy, February
2014

In his working paper from 2014, French CNRS (Centre National de la
Recherche Scientifique) researcher Nicolas Houy explains how to optimally set
a fixed transaction fee for Bitcoin, minimizing the welfare loss created. The
main models and ideas presented by Houy have been used in this thesis after
having been adapted to fit the proposed protocol of this new cryptocurrency.
The greatest difference is that Houy wrote his article on the proof-of-work
protocol used in Bitoin and that the models need to be adapted to work with
the new cryptocurrency’s proof-of-stake protocol.
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Nicolas Houy has master’s degrees in physics, macroeconomics as well as eco-
nomic analysis and policy. He has published several articles in peer-reviewed
journals both on his own and with others. This speaks to the credibility of the
source. However, it should be noted that the article referenced in this thesis
is a working paper, and thus not yet peer-reviewed in a scientific journal.

A transaction fee market exists without a block size limit, Peter R.
Rizun, August 2015

In a working paper intended to settle the Bitcoin block size limit debate,
Peter Rizun shows that a healthy market for Bitcoin transaction fees will
exist even without a block size limit. Although his models have not been
used explicitly in this paper, his approach has been considered and reflected
upon throughout the creation of this project. It is explained further in the
discussion section how the model could be used in future studies.

Peter Rizun is a physicist and entrepreneur from Vancouver, Canada. He is
the chief scientist of Bitcoin Unlimited, an organization which aims to support
the continued growth of Bitcoin as a peer-to-peer electronic cash system. He
holds a bachelors degree in engineering physics from the University of British
Columbia and a Ph.D. in medical physics from the University of Calgary.
Although the merits support his trustworthiness, it should be kept in mind
that also this work is a working paper and has not yet been peer-reviewed.

1.4.1 General reflection on the cryptocurrency-field

Cryptocurrencies and the technologies behind them is still a scientific field
in its infancy. Some peer-reviewed publications on theories surrounding Bit-
coin can be found but there is almost no peer reviewed research that has
been published on alternative cryptocurrencies, so called altcoins, yet. On
the other hand, there are many people involved in the development of new
cryptocurrencies and a lot of less formal information can be found on various
online platforms. For example, using GitHub has become a popular method
of publishing new articles and projects. While this development is exciting in
that it breaches the the gap between the scientific- and the tech-community,
it also presents a problem when exploring the area for scientific purposes
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such as this paper. It is not always straightforward to determine what can be
considered true and what cannot. To combat this, the authors have refrained
from using any informal sources, such as the ones described, to support any
of the key models or arguments.

Chapter 2 presents the development of mathematical models used to solve
the problem. Chapter 3 presents the solution to the mathematical problem.
In Chapter 4 the authors discuss implications and limitations of the solution
and discuss the limitations and recommendations for further research.
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Table of notations

n Number of validators in the network

n Minimum number of validators required to obtain desired uptime

T Upper bound on system downtime

d0 Intercept of the demand curve

α Absolute value of the slope of the demand curve

β Slope of the supply curve

p∗ Equilibrium price under perfect market conditions

q∗ Equilibrium quantity under perfect market conditions

PS∗ Produceer surplus under perfect market conditions

CS∗ Consumer surplus under perfect market conditions

TS∗ Total surplus under perfect market conditions

φ The transaction fee

pf (φ) Equilibrium price with transaction fee

qf (φ) Equilibrium quantity with transaction fee
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PSf (φ) Producer surplus with transaction fee

CSf (φ) Consumer surplus with transaction fee

TSf (φ) Total surplus with transaction fee

V f (φ) Total revenue transferred to the validator network

k Individual validator’s stake

K Total amount of validator stake in the network

k Average validator stake in the network

K Minimum required value of K for security purposes

r Required rate of return for the validators

X Stochastic variable describing number of online validators in the network

ρ Probability that a validator is online at a given time

btx Number of bytes in a transaction package

bsign Number of bytes in a signature

B Bandwidth limit on the validators (bytes)

TPSmax Theoretical maximum TPS under perfect topology
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Chapter 2

Method

The following chapter contains the methods used in order to answer the
research question. It discusses the theoretical models used for analysis and
analyzes them from a critical perspective.

2.1 Assumptions and Limitations

In order to conduct theoretical analysis on the network of validators a number
of assumptions have to be made. Starting from the next section, a static
model of a partial equilibrium setting is used. We consider an economy with
two goods, a physical good and the new cryptocurrency used as a currency.
Supply and demand in this market are modelled as linear functions and
the reader should be aware of this simplification. Further assumptions are
explained continuously in the following section, as well as reflected upon in
Chapter 4 - Discussion.

2.2 Equilibrium under perfect market condi-

tions

The following section illustrates the concept of equilibrium in perfect market
conditions, using the authors adaption of the model created by Houy [8].
Some important results and expressions for producer and consumer surplus
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under perfect market conditions are derived.

Let Qd(p) = d0 − αp denote the quantity demand for the physical good
as a function of its price during a limited, specified time period. The down-
ward slope follows from the law of demand. The physical good is assumed to
follow a quadratic cost function C(q) = q2/(2β) which is equivalent to assum-
ing a linear marginal cost function. Since supply curves can be interpreted as
the marginal cost of the supplier this results in Qs(p) = βp The equilibrium
price is set where these two functions intersect, i.e.

p∗ =
d0

α + β
.

Similarly, the equilibrium quantity is

q∗ =
β

α + β
d0.

From the supply and demand functions we can derive the price customers are
willing to pay at a quantity q

P d(q) =
d0
α
− 1

α
q,

and the price the suppliers are willing to sell for at a quantity q

P s(q) =
1

β
q.

The producer surplus is defined as the difference between the price they
recieve and the price they are willing to sell at, summed over all producers,
i.e.

PS∗ =

∫ q∗

0

(p∗ − P s(q))dq =
β

2(α + β)2
d20.

Another assumption is that that the consumer utility is expressed by P d(q)−p∗
i.e. the difference between the price they are willing to pay and the price they
actually pay at a given output q of the physical good. The consumer surplus
is then

CS∗ =

∫ q∗

0

(P d(q)− p∗)dq =
β2

2α(α + β)2
d20.
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The total surplus is defined as the sum of the producer surplus and the
consumer surplus

TS∗ = PS∗ + CS∗ =
β

2α(α + β)
d20.

2.3 Equilibrium with transaction fee

From now on a fixed fee φ will be required in order to create incentives for val-
idators to validate the transactions. Since it increases the cost of the purchase
for the buyer, the demand curve shifts and becomes Qd(p, φ) = d0 − α(p+ φ).
The supply curve is given by Qs(p) = βp like before. We will have to assume
that 0 ≤ φ ≤ d0

α
. The fee clearly cannot be below zero and if the fee would

be above the upper bound there wouldn’t be any transactions made. Results
similar to the previous section are obtained below.

Under perfect market conditions it was shown that the equilibrium price was
p∗ = d0

α+β
. From the intersection of the new supply and demand curves, the

nwe equilibrium price is

pf (φ) =
d0 − αφ
α + β

.

Likewise, the equilibrium quantity changes from q∗ = β
α+β

d0 to

qf (φ) =
β

α + β
(d0 − αφ).

Under the equilibrium with transaction fee, the producer surplus is now

PSf (φ) =
β

2(α + β)2
(d0 − αφ)2

and the consumer surplus can be expressed as

CSf (φ) =
β2

2α(α + β)2
(d0 − αφ)2.

The total surplus is then

TSf (φ) = PSf (φ) + CSf (φ) =
β(d0 − αφ)2

2α(α + β)
.
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Additionally, the revenue of the validator network is given by

V f (φ) = φ · qf (φ) =
βφ

α + β
(d0 − aφ).

The expression for the total surplus will serve as objective function in the
optimization problem that will be formulated later on. Maximizing TS is
equivalent to minimizing the welfare loss of the market imperfection due to
transaction fees.

First, it must be examined what happens for the individual validators. Any-
one may become a validator by providing a stake k which is used to bet on
transactions during the specific time period. If the rest of the total stake
in the system is K they will, on average, earn a fraction k/(K+k) of the
transaction fees. It should be noted that this assumes that faulty bets by
other validators are ”destroyed” and not transferred to those that made the
correct bet. Individual validators make their decision of how much to stake
by trying to maximize their individual expected return. Assuming that all of
them are risk-neutral, they make their decision by solving

max
k

k

K + k
(V f (φ))− k · r

where r is the required return due to the rate of return for alternative market
investments and the risk of losing their stake. In reality, this number may vary
between validators depending on their individual conditions but for simplicity
it will be regarded as constant. By differentiating the expression with respect
to k, the equilibrium is shown to be

K

(K + k)2
V f (φ)− r = 0.

In the final network the number of validators will, because of the goal of the
cryptocurrency to be in decentralized governance and for availability reasons
to be explained later, be large. Thus it can be assumed that k � K. Then
the equilibrium is

V f (φ)/r =
(K + k)2

K
≈ K.

The economic profit of each validator is now approximately zero.
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2.3.1 A constraint for network security

In order for an entity to perform a 51% attack on the network they need
to acquire 51% of the total betting capital K, this becomes increasingly less
likely to occur as K grows larger. Hence, we require that K ≥ K ≥ 0, where
K is chosen large enough so that the risk of a 51% attack is deemed small
enough. The analysis on what exact value K is large enough is left out of the
scope for this research paper. Thus, we require

V f (φ)/r ≥ K.

Then, in order to maximize the market efficiency, φ should be chosen as the
solution to the optimization problem

maximize
φ

TSf (φ)

subject to
V f (c)

r
≥ K

0 ≤ φ ≤ d0
α
.

By substituting in the expressions for TSf(φ) and V f(φ) we arrive at the
problem

maximize
φ

β

2(α + β)
(d0 − αφ)2

subject to
βφ(d0 − αφ)

(α + β)r
≥ K

0 ≤ φ ≤ d0
α
.

2.3.2 A constraint for network uptime

Let ρ denote probability of a single validator being online in the network at
any given point in time. This is close, but not equal, to one because of e.g.
power outage or server maintenance. The total number of validators in the
network is n. Assuming that all validators go offline independently, the total
number of validators X that are online at any given time is a random variable
following the binomial distribution, i.e. X ∈ Bin(n, ρ).

If X ≤ n/2 it will obviously be impossible for the validators to reach consen-
sus. From now on, this is what is referred to as network downtime.
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The probability of downtime at a given point in time is then

Pr(X ≤ n/2) =

n/2∑
j=0

(
n

j

)
ρj(1− ρ)n−j.

In order to reach a sufficient degree of network uptime it is required that

Pr(X ≤ n/2) =

n/2∑
j=0

(
n

j

)
ρj(1− ρ)n−j ≤ T,

where T is a specified upper bound on system downtime.

It can be shown that Pr(X ≤ n/2) → 0 as n → ∞. Thus, there exists
n such that

Pr(X ≤ n/2) =

n/2∑
j=0

(
n

j

)
ρj(1− ρ)n−j ≤ T, ∀n ≥ n.

It was previously shown that, at equilibrium, the total validator capital in
the network is

K =
V f (φ)

r
.

Let k̄ denote the average validator capital in the network. The number of
validators at equilibrium is then given as a function of the fee,

n(φ) =
V f (φ)

rk̄
.

The uptime constraint can now be constructed as

V f (φ)

rk̄
=
βφ(d0 − αφ)

(α + β)rk̄
≥ n.
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By adding the constraint on the number of validators in order to guarantee a
certain uptime, a revised problem is obtained as

maximize
φ

β

2(α + β)
(d0 − αφ)2

subject to
βφ(d0 − αφ)

(α + β)r
≥ K

βφ(d0 − αφ)

(α + β)rk̄
≥ n

0 ≤ φ ≤ d0
α
.

It can be written in a more compact format as

maximize
φ

β

2(α + β)
(d0 − αφ)2

subject to
βφ(d0 − αφ)

(α + β)r
≥ max{K, nk̄}

0 ≤ φ ≤ d0
α
.

The solution to this problem is explored in the following chapter together
with interpretations of the results.
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Chapter 3

Results

3.1 Maximizing the Total Surplus

The transaction fee is introduced in the system in order to secure system
performance in terms of availability and security. However, an external fee
will always introduce a market imperfection and reduce market efficiency.
This imperfection is minimized by maximizing the total surplus which is the
objective function of the following optimization problem.

maximize
φ

β

2(α + β)
(d0 − αφ)2

subject to
βφ(d0 − αφ)

(α + β)r
≥ max{K, nk̄}

0 ≤ φ ≤ d0
α

This is optimization in one variable with a quadratic objective function and
a quadratic constraint. The procedure for solving the problem is illustrated
below.

Consider the objective function

TSf (φ) =
β

2(α + β)
(d0 − αφ)2.
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The graph of TSf (φ) on 0 ≤ φ ≤ d0
α

is a convex parabola with endpoints

TSf (0) =
β

2(α + β)
d20

and

TSf (
d0
α

) = 0.

The feasible region is a closed interval on which the inequality

βφ(d0 − αφ)

(α + β)r
≥ max{K, nk̄}

holds. A visual interpretation of the problem is given in fig 3.1. If there
were no demands from the network security (K) or availability (n), the
optimal solution would be found at the end-point of the feasible region where
φ = 0. This demonstrates the fact that introducing a transaction fee on the
transacting parties always destroys the efficiency of the market and reduces the
total surplus, which is congruent with the statements in classic microeconomic
theory [10]. There is also a theoretical possibility that the demands on K and
n are too high and that there are no feasible solutions. This occurs if

max{K, nk̄} > βd20
4α(α + β)r

.

The interpretation of this lack of solutions is that the currency is so expen-
sive to maintain that consumers cannot afford to use it as a means of exchange.

When there is a solution, it is given by the leftmost boundary of the feasible
region. This point is found as one of the solutions to the equation

βφ(d0 − αφ)

(α + β)r
= max{K, nk̄}.

The solution is thus given by

φ̂ =
d0 −

√
d20 − 4rmax{K, nk̄}α(α+β)

β

2α
.
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.

Figure 3.1: Visual interpretation of the optimization problem. The gray
shaded area indicates the feasible set of fees.

3.2 Network throughput

Network throughput is defined as the maximum number of transactions per
second (TPS) that can be processed in the system without transaction pile
up. In this section we show that TPS is not dependent on the total validator
capital K, but rather that TPS is decreasing as the number of validators in
the network (n) increases.

In order for a transaction to become approved n/2 + 1 validators need to sign
it. Thus the total package size for an approved transaction is

btx + bsign(
n

2
+ 1).
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In order to reach consensus all validators need to receive this data package.
Now assume that each validator has a bandwidth limit of B (bytes/second)
and that the data propagates optimally throughout the system (i.e. in such a
way that each validator’s bandwidth can be placed on full load). Then the
theoretical maximum TPS for the system is

TPSmax =
B

btx + bsign(n
2

+ 1)
.

Note that this expression is decreasing in n, as seen by fig. 3.2, and is not
dependent on total validator capital K.

Figure 3.2: TPS(n)

B = 12′500′000 Bytes/sec (100MBit/s). btx = 341 bytes. bsign = 301. These parameter values are chosen as an
example to show the magnitude of TPS.
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3.3 Minimizing availability redundancy

After having determined an optimal solution it is important to note which of
the two constraints, security and availability, is the most constricting. That
is, if there is any redundancy in how the constraints are met. In this section
we show that if there is an availability redundancy this can be reduced by
setting a minimum capital requirement on individual validators in order to
improve the theoretical throughput capacity of the system.

Case 1: If K < nk̄.
In this case there is a security redundancy, i.e. the total capital locked into the
system is larger than necessary to achieve the required number of validators in
the system. The result of this is simply a larger than necessary security level
without any performance losses in the system. Since there are no downsides
to this, no adjustment is needed.

Case 2: If K > nk̄.
In this case there is a redundancy in availability. This means that there is a
larger number of validators than necessary in order to achieve the required
security. It was earlier shown that maximum TPS is a decreasing function of
number of validators in the system. Thus, an availability redundancy has a
negative effect on the throughput capacity of the system. In order to adjust
for this loss in system performance one could introduce a minimum indivudual
capital requirement k. If set large enough, k̄ will grow which results in the
system fulfilling the capitla equilibrium point with less validators and thus
more throughput capacity. In terms of actual numbers, it is difficult to draw
any real conclusions on exactly how much the new requirement will influence
the average stake. However, it is clear that it will force validators that bet
less than the minimum to either leave the system or increase their stake, both
resulting in an increased average capital. In the case where those that are
affected by the requirement choose to increase their stake rather than leaving
the system, the increased total capital K that follows will be larger than at
the equilibrium level, i.e.

V f (φ)/r < K =⇒ V f (φ) < K · r.

This indicates that the total cost for the validators is greater than their total
revenue and that other validators will decrease their stake or leave the system
until equilibrium is achieved once again.
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Chapter 4

Discussion

The paper aims to discuss the role of transaction fees in a new proof-of-stake
based cryptocurrency. It presents the fact that, similarly to what happens in a
proof-of-work type protocol, a transaction fee introduces a market inefficiency
for the sake of financing the functionality of the network. The paper shows
the conditions that need to be met in order for an optimal transaction fee φ̂,
which minimizes market inefficiency while still upholding the requirements
on security and availability, to exist. Similarly to what Houy suggests in his
working paper [8], it is shown that there exists a theoretical expression for
the optimal fee, which can be evaluated using empirical data of the market.
However, that has been deemed outside the scope of the project and no such
efforts have been made. Instead, it is left as a suggestion for further research.
Furthermore, results on TPS as a function of the number of validators in
the network are developed. The authors show that one could implement
minimum requirements on capital to shrink the size of network. This could
be beneficial due to the fact that the network then would need to process less
data and as a consequence be able to handle greater amounts of transactions.

Below follows a discussion of the chosen methods and tools as well as a
discussion of the results, their applicability and lastly suggestions for future
research.
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4.1 Discussion of methods

Assumptions

There are several simplifications and assumptions made in modelling the
technical and economic aspects of the system in order to enable mathematical
analysis. The three central assumptions that will be discussed below are the
assumption of perfect information, the assumption of homogeneous economic
behavior of validators and the assumption of a perfect topology. The first
two assumptions affect the accuracy of the results in the static equilibrium
model. The third assumption affects the result on TPS.

The first assumption is that of perfect information. The consensus protocol
is modelled as a voting mechanism where all differences between validators’
computing power, bandwidth, information on other validators’ bets and other
aspects affecting their behavior are negligible and the expected return is
simply a fraction of the fee corresponding to the fraction of betting capital
put at stake. In practice, the proof-of-stake protocol is more like a game
where validators place bets on what transactions are valid and are rewarded
differently depending on how early they place their bets. As the transaction
information propagates through the system more and more information is
revealed to the validators and thus the risk of their bets decreases. To com-
pensate for this the system will be designed so that earlier betters receive a
larger fraction of the reward. The assumption that, on average, the time effect
of rewards is averaged out if we assume that all validators are equally fast at
making a bet, which is reasonable and follows from the law of large numbers.
The exact details on the betting mechanism and information propagation
is investigated in detail by Lundin and Rahm in a concurrent paper [12].
Scenarios where validators make an early bet and then counter-bet on their
own bet as more information arises will add further complexity to the results.
This suggests that analysis from a game theoretical standpoint can yield a
different, and more accurate equilibrium result.

The second assumption is that of validator homogenity in terms of their
expected reward and risk profile. In this paper it is assumed that all valida-
tors make their decision regarding how much stake to put up as a solution
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to

max
k

k

K + k
(V f (φ))− k · r.

In the final system, the validators may compete with different proprietary
algorithms that determine their betting strategy and their expected return.
Furthermore, they will assess their risk differently depending on their betting
strategy and lastly they will have different risk preferences. All in all, the
validators will behave differently depending on differences in resources and
economic preference so the actual equilibrium may be different.

The third assumption is that the network is assumed to have a perfect
topology. The topology refers to the structure of the information propagation
in the system to reach consensus. In the previous chapter, it was shown
that the maximum TPS is strictly decreasing as validators are added to the
system.

TPSmax =
B

btx + bsign(n
2

+ 1)
.

In order to achieve this result it is assumed that each validators bandwidth can
be placed on full load and that no validator receives the same information twice.
This can be interpreted as each validator receiving the maximum possible
amount of information and that all information that is received is necessary for
consensus to be reached. In reality, there will be different levels of wastage (i.e.
validators repeatedly receiving the same information) for different topologies.
Also, bottlenecks that result in some validators’ bandwidths only being placed
on partial load may well arise in some topologies. So, in the final system the
choice of topology will affect TPSmax. Further research is needed in order to
validate if the result that TPSmax is strictly decreasing in n also holds for
imperfect topologies.

Limitations of the static equilibrium model

In addition to the technical limitations, limitations also arise from the decision
of using a static equilibrium model. First, it should be noted that a static
model never considers changes over time. It only analyzes a specific moment
in time where all parameters outside of the model are fixed. This is an
oversimplification where the model for example cannot deal with dynamics
that arise due to system complexity where a change in the fee may affect
other variables in unpredictable ways. Instead it only considers the effect of
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the fee ceteris paribus, that is, all else being equal. Secondly, it is important
to remember that both supply and demand are modeled linearly for simplicity
reasons. In reality, it is unrealistic to assume that the relationships between
these quantities and the price are strictly linear. However, the approach still
allows for conclusions on factors affecting the market equilibrium to be drawn
and is common practice when modelling markets in microeconomics [10].
Additionally, this includes that the linear supply curve is derived from the
fact that the cost function for the physical good is quadratic.

C(q) = q2/(2β) =⇒ Qs(p) = βp.

In microeconomics, it is possible to consider both linear, quadratic or even
cubic cost functions. Different cost curves yield different supply curves and
it cannot be stated that the results found hold for all cost curves. These
simplifications are standard in microeconomic theory and their uses and
limitations have been widely discussed.

Furthermore, there are also simplifications that have been made when an-
alyzing individual validator behavior. As mentioned above, validators will
act independently and are unlikely to behave equally, for example regarding
risk management and/ or betting strategy. Additionally, it has been assumed
that the individual validator’s stake k is significantly smaller than the total
stake K, which has allowed for the approximation

V f (φ)/r =
(K + k)2

K
≈ K.

In reality, this may not necessarily be the case, especially if there is a small
number of validators in the network. Then, the equilibrium which determines
the total capital K in the network changes and additional work may need to
be done in order to determine the new equilibrium. A suggestion for future
research is to consider this from a game theoretic perspective since the one
validators decision may be influenced by how they expect the other validators
to behave.

4.2 Uses and limitations of the results

Discusses the uses and limitations of the theoretical results from the model
and their applicability to the final cryptocurrency system.
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Governance

One of the central tenets of decentralized blockchains is that no single author-
ity has governing power over the system [14]. This raises the question of how
to govern the cryptocurrency in order to optimize performance, security and
other aspects of the system. Specifically, in relation to this paper, there is a
question of how to implement a way to control the fee φ and the minimum
validator capital k without centralizing the control of this mechanism. This
section discusses how these results hold up in the case of a market based fee
and how the minimum validator capital could be controlled under the market
fee.

This paper is written from the standpoint that an optimal, fixed fee, can
be determined in the currency. In actuality, the demand and supply on the
market where the cryptocurrency is used as a means of exchange is dynamic in
time. Because of several contingencies including the business cycle, adoption
rate and changes in markets where cryptocurrencies are used the demand is
dynamic. This in turn means that the optimal fee must change to account
for this. Since this cannot be controlled for, both for complexity reasons and
governance reasons, the currency will most likely implement a market fee
system similar to that of many cryptocurrencies today where users decide
what fee to attach to their transaction. The market fee, together with the
current value of validator capital K and number of validators n (all of which
is data that can be extracted when cryptocurrency is live) can be used as
input to an algorithm that sets a proper level of k to prevent availability
redundancy by mitigating influx of new validators. Further research into
developing this algorithm is needed. In order to develop results on the market
fee further research is needed to look into a market for block space, this idea
is presented in the following section.

Looking at the market for block space

This paper has largely focused on how a fixed fee could be implemented on
an external market in order to maintain maximum efficiency of that market.
One aspect that has not been discussed but has been kept in mind throughout
the process has been what the transaction fee would be on a free market
for transaction processing. On such a market, individuals who try to send
a transaction are viewed as the consumers trying to purchase space on the
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blockchain, referred to as block space from now on. The validators can be seen
as the producers since they attempt to supply this space through validating
the transactions. This is the approach that Rizun takes when analyzing the
market for block space on the Bitcoin network [17]. He shows that since there
always will be a point of intersection between the supply and demand curves
for block space, there exists a possible healthy transaction fee market within
the Bitcoin network with an equilibrium fee. It would be very interesting to
conduct a similar analysis for the cryptocurrency presented in this paper.

However, no such analysis has been made. At the time of writing, all specific
details of the system were not yet fully determined which made it difficult
to describe the costs of the individual validators. This would be necessary
to determine the supply curve on the market for block space. An analysis
like this is still strongly recommended since it approaches the problem from
a different angle and can determine an equilibrium number of transactions
per second as well as the equilibrium fee for those transactions. It is left as
a suggestion for further research. One important question to ask would be
whether the market fee in this case is sufficiently close to the optimal fee
discussed in this paper. Otherwise, there may be an issue in which there is
not enough total capital and number of validators in the system to guarantee
the security and availability of the system.

4.3 Conclusion

Three main conclusions are drawn from the results. From looking at the profit
maximization of the individual validators, it could be seen that there is an
approximate equilibrium amount of total capital where the economic profit
of the validators is zero. This is most clearly seen from

V f (φ)/r ≈ K =⇒ V f (φ) ≈ K · r.

This result is rather understandable as it means that the total revenue of the
validators, represented by the left hand side, is approximately equal to the
total cost of the validators, represented by the right hand side. More capital
in the system would mean that the validators stake too much in comparison
to what they could gain which would result in a withdrawal of capital from
the system. On the other hand, if there were less capital than the equilibrium
level more capital would enter since new actors are drawn to the system to
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reap some of the profits.

Additionally, the results indicate that in order to minimize the market ineffi-
ciency the transaction fee should be kept as low as possible under security
and availability constraints. This shouldn’t come as a surprise since, to the
transacting parties, the fee can be seen as an excise tax which by standard
microeconomic theory creates a welfare loss to the market [10]. However, it
should be noted that the results could be different if there would have been
an alternative approach on how to value security and availability. As for
now, there are fixed constraints which results in that the optimal solution
always will lie on the boundary of the feasible region. For example, n will
been chosen to satisfy 99.99 % system uptime. In regards to solving the
problem, there is therefore no benefit to acquiring an even greater uptime,
even though it would still improve the availability of the system. Although
we are of the opinion that the chosen method is the most suitable, an alterna-
tive approach could have been to leave out the strict constraints and instead
create an objective function which would penalize downtime and/ or insecurity.

Lastly, if there is an availability redundancy, the minimum validator capital
requirement can be raised in order to enhance system throughput. This
result is not explored in as much detail, and needs to be validated by running
simulations. Instead, we settle for concluding that since a larger network
increases the amount of data transfer needed to reach consensus, it would be
beneficial to the transaction throughput to have a smaller network. This in
turn could be achieved, as explained in the results, by introducing a lower
limit on the amount of capital a validator has to stake. This would force some
validators out of the system and others to increase their stake, resulting in an
outflow of validators from the system. Exactly how and to what extent this
should be implemented is not discussed but is instead suggested for further
research.

4.4 Recommendations

Based on the work done and the insights gained from working on this thesis
project, the authors have found several key areas to analyze in future research.
These are primarily using time series data for model validation and develop-
ing a game-theoretic model of the equilibrium, investigating the behavior of
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TPSmax for imperfect topologies and developing a framework for minimizing
the availability redundancy.

A question raised in this paper is whether the result that there is an equilib-
rium validator capital and that it is connected to the fee according to

V f (φ)/r ≈ K

holds. By extracting time series data on the market fee and validator capital
when the cryptocurrency is live, one can obtain estimators of the unknown
parameters d0, α, β and r to validate the model. We suspect that model
inaccuracies will be revealed in this analysis due to the oversimplified static
equilibrium model. A game theoretic approach can yield more insight on
the equilibrium in the system since it can be argued that the market for
cryptocurrency validations is not perfect and the validators’ behaivor may be
influenced by how they percieve and expect other validators to behave.

A second question raised in the discussion is whether it holds that TPSmax
is decreasing in number of validators for imperfect topologies. In order to
achieve faster transaction confirmation times the final system may implement
a topology where the information propagates through several flows in the
network in parallell. This means that there will be different information at
different points in the network and some validator bandwidth will not be neces-
sary for reaching consensus and thus be a source of ”waste” in the system. In
order for the algorithm that sets k to function properly it is necessary to vali-
date whether the results hold for the topology chosen for final implementation.

A third question raised in the discussion is how to govern the cryptocur-
rency. As concluded, any adjustments that need to be made to k need to be
implemented algorithmically since it is not desirable to centralize authority
and control of system parameters to any subset of nodes. Thus, further
research needs to be done in developing and deploying this algorithm.
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