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Abstract
This thesis is devoted to the theory and phenomenology of neutrino physics. While
the standard model of particle physics has been extremely successful, it fails to
account for massive neutrinos, which are necessary to describe the observations of
neutrino oscillations made by several different experiments. Thus, neutrino physics
is a possible window for exploring the physics beyond the standard model, making
it both interesting and important for our fundamental understanding of Nature.
Throughout this thesis, we will discuss different aspects of neutrino physics,
ranging from taking all three types of neutrinos into account in neutrino oscillation
experiments to exploring the possibilities of neutrino mass models to produce a
viable source of the baryon asymmetry of the Universe. The emphasis of the thesis
is on neutrino oscillations which, given their implication of neutrino masses, is a
phenomenon where other results that are not describable in the standard model
could be found, such as new interactions between neutrinos and fermions.
Key words: Neutrino mass, neutrino mixing, neutrino oscillations, matter effects,
non-standard effects, the day-night effect, solar neutrinos, accelerator neutrinos,
exact solutions, three-flavor effects, large density, neutrino decay, neutrino decoherence, neutrino absorption, non-standard neutrino interactions, seesaw mechanism,
stability criteria, leptogenesis.
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Preface
This thesis is a compilation of seven scientific papers which are the result of my
research at the Department of Physics and the Department of Theoretical Physics
during the period June 2003 to May 2007. The thesis is divided into two separate
parts. The first part is an introduction to the subject of neutrino physics in general
and contains the basic concepts needed to understand the scientific papers and put
them into context. It includes a short review of the history of neutrino physics as
well as a review of the standard model of particle physics and how it can be altered
in order to allow for massive neutrinos. The second part of this thesis consists of
the seven scientific papers listed below.
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The thesis author’s contribution to the papers
In all papers, I was involved in the scientific work as well as in the actual writing.
I am also the corresponding author of all papers except Paper [7].
[1] The paper was based on my M.Sc. thesis with some improvements. I performed the analytic and numeric calculations. I also constructed the figures
and did most of the writing.
[2] I had the idea of setting up a real non-linear differential equation for the
neutrino oscillation probabilities rather than a linear differential equation
for the neutrino oscillation amplitudes. I performed the expansion of the
solution and implemented the result numerically to test the convergence of
the solution. I also did most of the writing and constructed the figures.
[3] The idea to use degenerate perturbation theory for large matter potentials
was mine. I performed the analytic and numeric calculations and constructed
the figures. I did most of the work on the discussion of effective two-flavor
cases and I also did most of the writing.
[4] The work was divided equally among the authors. In Sec. 3, I did all the
calculations and wrote most of the discussion. I also did much of the writing
in Sec. 2 and constructed Fig. 1.
[5] The work was divided equally among the authors. I did most of the analytic
discussion in Secs. 2, 3, and 4 as well as Apps. A and C. I also wrote parts of
Secs. 5 and 6 and constructed Figs. 2 and 6.
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simulations were mainly performed by Julian Skrotzki. I performed additional
numeric simulations, did the analytic considerations, constructed the figures,
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har svårt att föreställa mig att någon ens kan önska sig bättre eftersom de alltid tagit väl hand
om alla sina barnbarn.

x

Preface

loving me and accepting me for who I am. Leia, Trixie, Otis, and Rex for being
the greatest dogs in the world as they always make me feel appreciated.
Last, but not least, I wish to thank my parents, Mats and Elisabeth, for raising
me to become who I am and for always being a great support. This thesis is dedicated to them as it would not have been possible to complete it without them.
Mattias Blennow, April 8, 2007

Contents
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

iii

Preface
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

v
ix

Contents

xi

I

3

Background material

1 Introduction
1.1 Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . .

5
6

2 A brief history of neutrinos
2.1 The history of neutrino oscillations . . . . . . . . . . . . . . . . . .

7
9

3 The
3.1
3.2
3.3
3.4
3.5

3.6

Standard Model of particle physics
An overview of the Standard Model . .
Gauge structure . . . . . . . . . . . . . .
Particle content . . . . . . . . . . . . . .
The Higgs mechanism . . . . . . . . . .
Masses of quarks and charged leptons .
3.5.1 Quark mixing . . . . . . . . . . .
3.5.2 Charged lepton masses . . . . . .
Shortcomings of the Standard Model . .

4 Models of neutrino masses
4.1 Why neutrinos are different
4.2 Dirac masses . . . . . . . .
4.3 Majorana masses . . . . . .
4.4 The seesaw mechanism . . .
4.4.1 Type I seesaw . . . .
4.4.2 Type II seesaw . . .
4.4.3 Left-right symmetric

. . . .
. . . .
. . . .
. . . .
. . . .
. . . .
seesaw
xi

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

11
11
12
13
14
18
19
21
21

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

23
23
24
26
27
27
29
30

xii

Contents

5 Theory of neutrino oscillations
5.1 Basic concepts of neutrino oscillations . . . . . . .
5.2 Heuristic derivation . . . . . . . . . . . . . . . . . .
5.3 Hamiltonian formalism . . . . . . . . . . . . . . . .
5.3.1 Two-flavor oscillations . . . . . . . . . . . .
5.3.2 Three-flavor oscillations . . . . . . . . . . .
5.4 Neutrino oscillations in matter . . . . . . . . . . .
5.4.1 Origin of the matter potential . . . . . . . .
5.4.2 Formalism of neutrino oscillations in matter
5.4.3 Two-flavor oscillations in matter . . . . . .
5.4.4 Three-flavor oscillations in matter . . . . .
5.5 Non-standard effects . . . . . . . . . . . . . . . . .
5.5.1 Incoherent effects . . . . . . . . . . . . . . .
5.5.2 Coherent effects . . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

33
33
34
36
38
40
43
43
46
48
51
53
54
55

6 Neutrino oscillation experiments
6.1 Analyzing two-flavor neutrino oscillation
6.2 Atmospheric neutrinos . . . . . . . . . .
6.3 Solar neutrinos . . . . . . . . . . . . . .
6.3.1 The day-night effect . . . . . . .
6.4 Reactor neutrinos . . . . . . . . . . . . .
6.5 Accelerator neutrinos . . . . . . . . . . .
6.5.1 K2K and MINOS . . . . . . . . .
6.5.2 The LSND anomaly . . . . . . .

probabilities
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

57
57
59
60
64
64
66
66
67

7 Leptogenesis
7.1 An asymmetric Universe . . . . . . . . .
7.2 The baryon asymmetry . . . . . . . . .
7.3 The leptogenesis mechanism . . . . . . .
7.3.1 Decay of right-handed neutrinos
7.3.2 Transport equations and washout
7.3.3 Sphaleron processes . . . . . . .

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

69
69
70
71
71
73
74

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

8 Summary and conclusions

77

Bibliography

81

II

Scientific papers

101

To My Parents

Part I

Background material

3

4

Chapter 1

Introduction
What I try to do in the book is to trace the chain of relationships running from
elementary particles, fundamental building blocks of matter everywhere in the
Universe, such as quarks, all the way to complex entities, and in particular
complex adaptive system like jaguars.
– Murray Gell-Mann
Describing the clock-work of Nature has always been one of the greatest challenges of humanity, although the methods have changed. Modern science was essentially born with Newton’s publication of Principia Mathematica [8] and has
developed ever since.
The aim of physics is to describe quantified observations of Nature using welldefined theories written with a mathematical language. Ideally, a good physical
theory accurately describes the results of experiments that have already been performed and makes solid predictions that can be tested in future experiments. As
the predictions are confirmed, the theory becomes more and more accepted, until
there are experimental observations that contradict it, in which case it has to be
revised or even abandoned in favor of some other theory, which gives a better description. A very important part of the scientific process is that a theory can never
be regarded as true, it can never be anything more than a good (or bad) description
of Nature. Even if all the predictions of a theory are verified, it is only a verification of the predictions, not the theory itself. However, a theory can definitely be
invalidated or proven inadequate if any of its predictions are found to be wrong.
One of the most successful physical theories of the last century is the Standard
Model of particle physics, which describes the elementary particles and their interactions. The Standard Model has made extremely accurate predictions for the
properties of particles and the cross-sections in particle interactions. However, even
though the Standard Model has had such a great success, we know that it is not a
complete description of the inner workings of Nature. In fact, it was known to be
5
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inadequate even before any of its predictions were verified, since it does not include
the interaction that is most apparent to us on a macroscopic level, i.e., gravity.
In the later part of the last century, further observations that do not fit into the
Standard Model were made. One of these observations was the evidence for neutrino oscillations presented in 1998 by the Super-Kamiokande collaboration [9]. As
will be described in this thesis, neutrinos are necessarily massless in the Standard
Model and neutrino oscillations require massive neutrinos, and thus, the Standard
Model needs to be revised and extended in order to provide a description of Nature. Because of this fact, the study of neutrino masses and oscillations provide
what could be a very important window for examining the physics beyond the
Standard Model. This thesis consists of two parts, where the first part contains
an introduction to the Standard Model and how it can be extended in order to
accommodate neutrino masses. The second part consists of the papers that have
resulted from my own work during my PhD studies.

1.1

Outline of the thesis

The introductory part of this thesis is structured as follows. In Ch. 2, the history
of neutrino physics is briefly presented before we go into details about the physical
theory in Ch. 3, where the Standard Model of particle physics is introduced. After
going through the Standard Model, we review its possible extensions to include
neutrino masses in Ch. 4 and the theory of neutrino oscillations in Ch. 5. In
Ch. 6, we go through the current experimental evidence for neutrino oscillations.
Chapter 7 contains a short introduction to the subject of leptogenesis, which is a
mechanism for generating the baryon asymmetry of the Universe. Finally, in Ch. 8,
the introductory part is summarized and we present some of the more important
conclusions of the papers included in the second part of the thesis.

Chapter 2

A brief history of neutrinos
No great discovery was ever made without a bold guess.
– Sir Isaac Newton
The history of neutrino physics starts in 1930 and is quite intriguing as the
neutrino itself remained undetected for 26 years. The early 20th century had been
a time of great progress in physics with the birth of both quantum mechanics and
the theory of relativity. The electron had been discovered by Thompson already in
1897 [10] and the proton by Rutherford in 1918 [11], these were believed to be the
elementary particles. According to the Rutherford model, the nucleus consisted of
a number of protons to make up for its mass and a smaller number of electrons in
order to balance its electric charge properly. Experiments by Meitner and Hahn [12]
as well as Chadwick [13] had shown that the beta-decay process had a continuous
energy spectra rather than the discrete spectra predicted by a two-body decay. In
addition, the Rutherford model was unable to properly describe the total spin of
nuclei and it had even been suggested that energy and spin were only conserved on
a statistical level. Neutrino physics were then born on December 4, 1930, as Pauli
proposed the existence of the “neutron”, a new spin 1/2 particle with small mass
and no electric charge, in a letter to a physicist meeting in Tübingen1 . As Pauli
himself stated in the letter, this was a “desperate remedy” in order to save the
conservation of energy and angular momentum as only two elementary particles,
the proton and the electron, were believed to exist at this time. The fact that the
“neutron” had not yet been discovered was implied by its weak interaction with
matter due to the lack of electric charge.
Two years later, in 1932, Chadwick made the experimental discovery of the
neutron [14]. However, it was clear that this particle could not be the same as
Pauli’s “neutron”, since it was far too heavy. Thus, Fermi renamed Pauli’s neutron
to “neutrino”, meaning neutral and small, in 1933 as it was certainly a bad idea to
1 Pauli himself was unable to attend the meeting as he was “indespensible” due to a ball in
Zürich.
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p

n

e−

ν̄
Figure 2.1. The Fermi theory of beta-decay involves an interaction term which
allows a neutron to decay into a proton, an electron, and an anti-neutrino.

use the same name for two different particles. The following year, the neutrino was a
fundamental part in the theory of beta-decay [15,16] presented by Fermi. The Fermi
theory of beta-decay, which is an effective low-energy theory involving an interaction
with one neutron decaying into a proton, an electron, and an anti-neutrino (see
Fig. 2.1), later on became the foundation of the Glashow–Weinberg–Salam (GWS)
theory of electroweak interactions [17–19] unifying the electromagnetic and weak
interactions into one common framework. The model for the nucleus was now
that it consisted of protons and neutrons and beta-decay was described as one of
the neutrons decaying into a proton which remained inside the nucleus while the
electron and the anti-neutrino escaped, thus making the beta-decay a three-body
decay with a continuous energy spectrum. Although described in somewhat more
detail by the knowledge of the existence of quarks in the nucleons, this description
of beta-decay is still valid.
The first calculations of neutrino interaction rates were made by Bethe and
Peierls in 1934 [20] using the Fermi theory of beta-decay and the beta-decay rates.
The resulting cross-sections were so small that many physicists doubted that neutrinos could ever be discovered by experiments. In fact, Pauli himself is known to
have proclaimed that he had made a “terrible mistake” by “inventing a particle
that cannot be detected”.
Despite the small interaction cross-sections of neutrinos, it was suggested by
Pontecorvo in 1946 [21] that they could be detected by using the process
νe + 37 Cl −→ 37 Ar + e−
of a neutrino hitting a Chlorine nucleus turning it into an Argon nucleus by transforming a neutron into a proton while emitting an electron. On June 14, 1956,
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almost 26 years after the proposal by Pauli, Cowan and Reines telegraphed Pauli
to inform him of their successful attempt to use the inverse beta-decay process
ν̄ + p −→ n + e+
to detect the anti-neutrinos resulting from beta-decays in a nuclear reactor at Savannah River [22, 23]. About 30 years later, an old student of Pauli sent Reines a
letter which Pauli had written in response in 1956, but which had never arrived [24]:
Thanks for the message. Everything comes to him who knows how to wait.
– Pauli
The existence of a second type of neutrino, the muon neutrino νµ , was confirmed
by the Brookhaven National Laboratory in 1962 [25]. When the third charged
lepton, the tau τ − , was discovered in 1975 [26], it was natural to assume that it
would also have a neutrino associated to it. However, it was not until 2000 that the
tau neutrino ντ was actually detected by the DONUT collaboration [27], completing
the third generation of fermions in the Standard Model of particle physics (see
Ch. 3).

2.1

The history of neutrino oscillations

Oscillations of neutrinos were first discussed by Pontecorvo in 1957 [28, 29]. However, since only one neutrino flavor was known at the time, Pontecorvo’s discussion
was treating oscillations between neutrinos and anti-neutrinos. The oscillations of
neutrinos into anti-neutrinos were introduced in analogy to the oscillations between
the neutral kaons K 0 and K̄ 0 [30].
After the discovery of the muon neutrino, the mixing of two massive neutrinos
was discussed by Maki, Nakagawa, and Sakata in 1962 [31] as well as by Nakagawa
et al. in 1963 [32], while neutrino oscillations between two different neutrino flavors
were first discussed by Pontecorvo in 1967 [33]. Two years later, Pontecorvo and
Gribov published a study [34] in which they presented a phenomenological theory
for the oscillations between νe and νµ . However, this study failed to provide the
correct oscillation length as the value presented differed by a factor of two from
the correct one. The correct oscillation length was first presented by Fritzsch and
Minkowski in 1976 [35]. The first study of three-flavor neutrino oscillations was
done by Bilenky in 1987 [36].
An important ingredient in the theory of neutrino oscillations is how they are
influenced by the presence of matter. The matter effect was first studied by Wolfenstein [37] and further elaborated on by Mikheyev and Smirnov [38, 39]. It plays a
significant role in the analysis of solar neutrino experiments, where the adiabatic
approximation is used to describe how electron neutrinos oscillate into a linear
combination of muon and tau neutrinos.
Experimentally, neutrino oscillations were indicated already by early attempts
to measure the flux of solar neutrinos in radiochemical experiments [40–46] and in

10
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the Kamiokande experiment (Kamioka Nucleon Decay Experiment) [47–49], which
was initially designed to measure proton decay. While the Kamiokande experiment
was able to actually measure that the solar neutrinos came from the Sun [48, 49],
and thus, giving proof that the Sun is indeed a source of neutrinos, all of these
experiments measured a deficit in the neutrino flux compared to what is expected
from solar models [50, 51].
The first evidence for neutrino oscillations was presented by the Super-Kamiokande experiment in 1998 [9]. The Super-Kamiokande experiment is the successor
of the Kamiokande experiment and consists of a 50 kton water tank surrounded
by photo multiplier tubes. The evidence was in the form of a directional analysis
of the fluxes of atmospheric neutrinos coming from different directions, and thus,
having traveled different distances since their production in the atmosphere. While
the electron neutrino flux was in agreement with what could be expected without
oscillations, there was a deficit in the muon neutrino flux when the neutrinos had
traveled a significant distance through the Earth. This is interpreted as oscillations
of muon neutrinos into tau neutrinos.
Since this first discovery, further evidence for neutrino oscillations have been
observed in experiments with neutrinos coming from the Sun [52–57], the atmosphere [9,58,59], reactors [60,61], and accelerators [62–64]. The most compelling evidence are the observations from the Sudbury Neutrino Observatory (SNO) [56, 57],
which has been able to measure both the electron neutrino flux and the total neutrino flux from the Sun. As the total neutrino flux is larger by a factor of three
and only electron neutrinos can be produced in the Sun, it follows that the electron
neutrinos must have changed their flavor as they have propagated from the Sun
to the detector. In addition, the actual oscillatory pattern in the neutrino flavor
transitions (generally, one could think of other mechanisms than oscillations for
the change in neutrino flavor) have been observed in atmospheric [58] as well as
reactor [61] experiments. For further discussion on the experimental evidence for
neutrino oscillations, see Ch. 6.

Chapter 3

The Standard Model of
particle physics
Every word or concept, clear as it may seem to be, has only a limited range of
applicability.
– Werner Heisenberg

3.1

An overview of the Standard Model

The Standard Model (SM) of particle physics is one of the most successful models
in modern physics. It is a model which describes what is believed to be the fundamental building blocks of Nature and their interactions, from the quarks and their
interactions within nucleons to the weak interactions coupling neutrinos to other
particles. In this chapter, we will introduce the SM and discuss its implications.
In particular, we will discuss the electroweak interaction part of the SM [which is
nothing else than the Glashow–Weinberg–Salam (GWS) model [17–19] for unifying
electromagnetic and weak interactions], since it will be the part of the SM which
is relevant to neutrino physics. Although the SM is very successful, we know that
it cannot be the final description of Nature. Despite its very accurate predictions,
there are a number of observations that do not fall within the scope of what the SM
can describe. These observations will be discussed toward the end of the chapter.
The SM is a description of three out of the four fundamental interactions (the
SM does not include gravity). These interactions are modeled by the exchange of
particles; the electromagnetic interaction is described by the exchange of photons,
the strong interaction by the exchange of gluons, and the weak interaction by the
exchange of massive vector bosons. In addition, the SM contains three generations
of fermions, each including two quarks and two leptons. By construction, the
bosons and fermions in the SM are massless. However, from observations we know
that many of the particles in the SM do have masses. Thus, the SM also includes
11
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Electroweak bosons
Gluons

Related symmetry
U (1)Y
SU (2)L
SU (3)C

Fields
Bµ
Wµi (i = 1, 2, 3)
Vµj (j = 1, . . . , 8)

Table 3.1. The gauge field content of the SM. Each generator has a corresponding
gauge field associated to it.

a mechanism for generating these masses through a process known as the Higgs
mechanism, where the masses arise due to interactions with a Higgs field which has
a non-zero vacuum expectation value (vev).

3.2

Gauge structure

In technical terms, the interactions of the SM are described by a quantized Yang–
Mills theory [65] based on the non-Abelian gauge symmetry group GSM = U (1)Y ×
SU (2)L × SU (3)C . Since GSM is a twelve dimensional Lie group, it has twelve
different generators, each corresponding to a particle mediating a SM interaction.
The generators of SU (3)C are the eight gluons responsible for the strong interaction, while the generators of U (1)Y × SU (2)L are responsible for mediating the
electroweak interaction as will be described below. The Yang–Mills Lagrangian
density is given by
LYM = −


1
j
Fµν F µν + Giµν Giµν + Hµν
H jµν ,
4

(3.1a)

j
where Fµν , Giµν (i ∈ {1, 2, 3}) and Hµν
(j ∈ {1, . . . , 8}) are the field strength tensors
for the symmetry groups U (1)Y , SU (2)L and SU (3)C , respectively, i.e.,

Fµν
Giµν
j
Hµν

= ∂µ Bν − ∂ν Bµ ,
= ∂µ Wνi − ∂ν Wµi + gεijk Wµj Wνk ,

= ∂µ Vνj − ∂ν Vµj + g ′′ f jkℓ Vµk Vνℓ .

(3.1b)
(3.1c)
(3.1d)

Here, Bµ , Wµi , and Vµj are the Yang–Mills potentials, εijk and f jkℓ are the structure
constants and g and g ′′ the gauge couplings of SU (2)L and SU (3)C , respectively.
Note that, unlike quantum electrodynamics (QED), the Yang–Mills Lagrangian
density contains self-interaction terms because of the non-Abelian gauge structure,
leading to the interaction vertices shown in Fig. 3.1. The gauge field content of the
SM is summarized in Tab. 3.1.

3.3. Particle content
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Wµi vertices:

Vµj vertices:

Figure 3.1. The self-interaction vertices in the SM due to the non-Abelian structure
of the gauge groups. The Bµ field does not interact with itself, since the U (1)Y gauge
group is Abelian.

3.3

Particle content

The second ingredient of the SM is the particle content in terms of fermions, i.e.,
the quarks and the leptons. The kinetic term in the Lagrangian density for a free
massless fermion ψ is given by
∂ ψ.
(3.2a)
Lψ = iψ/
If we now assume that ψ is a collection of fermions which transforms as a multiplet
under the SM gauge group, then this Lagrange density is not invariant under gauge
transformations. In order to ensure this gauge invariance, we employ the minimal
coupling scheme, where the differential operator ∂/ is replaced by the covariant
derivative D
/ according to ∂/ → D
/ = ∂/ − ig ′ B(Y
/ /2) − ig W
/ i τ i − ig ′′ V/ j ρj , i.e.,
Lψ = iψ Dψ,
/

(3.2b)

where g ′ is the U (1)Y gauge coupling, Y /2 is the representation of the hypercharge
operator (generator of the U (1)Y symmetry), the τ i are the representations of the
SU (2)L generators, and ρj are the representations of the SU (3)C generators acting
on the multiplet ψ.1 The interactions introduced by this prescription correspond to
Feynman vertices with one gauge boson connecting to a fermion line, see Fig. 3.2.
1 Note that τ i ψ = 0 if ψ is an SU (2) singlet and ρj ψ = 0 if ψ is an SU (3) singlet as ψ then
L
C
transforms in the trivial representations of SU (2)L and SU (3)C , respectively.
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ψ

ψ

ψ

ψ

ig ′ (Y /2)γ µ

ig ′′ ρj γ µ

ψ

ψ
igτ i γ µ
Bµ

Vµj

Wµi
Figure 3.2. The Feynman vertices for the fermion-gauge boson interactions introduced by the minimal coupling prescription.

We introduce a generation of quarks by having one SU (2)L doublet and two
SU (2)L singlets of fermions that transform under the 3 and 3̄ representations of
SU (3)C , respectively. The quark content of a generation can be written as


uL
QL =
, uR , and dR .
dL
In a similar manner, a generation of leptons is introduced by adding one SU (2)L
doublet and one SU (2)L singlet, which are both SU (3)C singlets, and thus, the
lepton content of a single generation is


νL
LL =
, and ℓR .
ℓL
Note that the right-handed neutrino field νR is not introduced in the SM. The
number of generations in the SM is three and the full fermionic content is displayed
in Tab. 3.2.

3.4

The Higgs mechanism

In the above introduction of the SM gauge and fermion content, we have not included any mass term. Thus, all particles introduced have been massless. This is
obviously in violation of experimental results. For example, we know that the electron has a mass of about 511 keV and that the weak interactions are mediated by

3.4. The Higgs mechanism

Quarks
Leptons

SU
 (2)
 L doublets
 
uL
cL
,
,
 dL   sL  
νeL
νµL
,
,
eL
µL
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tL
bL 
ντ L
τL

SU (2)L singlets
uR , dR , cR , sR , tR , bR
eR , µR , τR

Table 3.2. The fermionic content of the SM.

vector bosons with masses of the order of 100 GeV [66]. Let us start by considering
the masses of the vector bosons.
The description of the vector boson masses in the SM is the introduction of
spontaneous symmetry breaking of the electroweak SU (2)L × U (1)Y gauge symmetry down to the electromagnetic gauge symmetry U (1)EM . To break this symmetry,
we introduce an SU (2)L doublet of scalar2 fields
 + 
φ
(3.3)
Φ=
φ0
with hypercharge Y = 1. These scalar fields are known as Higgs fields [67–70] and
the corresponding Lagrangian density is given by
LHiggs = (Dµ Φ)† (Dµ Φ) − V (|Φ|)

(3.4)

and includes the potential term V (|Φ|). This Lagrangian density is obviously symmetric under gauge transformations and the symmetry breaking comes from the
potential V (|Φ|) not having its minimum at |Φ| = 0, making the vacuum of the
theory break the SU (2)L × U (1)Y symmetry (thus, the naming “spontaneous”
symmetry breaking, signifying that the symmetry is not broken by the Lagrangian
density but rather by the choice of vacuum state).
In the simplest model, the Higgs potential includes only a quartic and a quadratic term, i.e.,
V (|Φ|) = −µ2 |Φ|2 + λ|Φ|4 .
(3.5)
The shape of this potential
√ is shown
√ in Fig. 3.3. The minimum of the potential
is obtained for |Φ| = µ/ 2λ ≡ v/ 2 and we obviously have some
√ freedom in the
particular choice of vacuum (since all the states with |Φ| = v/ 2 are equivalent).
We choose the vev of the Higgs field to be


0
Φ0 =
.
(3.6)
v
√
2

This particular choice does not affect any physics as we can always make an SU (2)
transformation to put Φ0 on the above form and redefine the gauge and fermion
2 With

respect to space-time transformations.
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Higgs potential

0.2

0.1

0

-0.1
-1

0

1

|Φ|
Figure 3.3. The shape of the Higgs potential given in Eq. (3.5). The parameter
values have been chosen to µ2 = 1/2 and λ = 0.7 (arbitrary units).

fields accordingly. Writing the Higgs field as Φ = Ψ + Φ0 , the Higgs Lagrangian
density will include the terms

1 v2  ′
(g Bµ − gWµ3 )2 + 2g 2 Wµ+ W −µ ,
4 2

Lm,gauge =

(3.7)

√
where Wµ± = (Wµ1 ∓iWµ2 )/ 2. These terms are the mass terms of the massive vector
bosons. With Zµ = cos(θW )Wµ3 − sin(θW )Bµ , Aµ = sin(θW )Wµ3 + cos(θW )Bµ , and
the Weinberg angle θW given by
g′
,
g

(3.8)



1 g2 v2
1
µ
+
−µ
,
Z
Z
+
2W
W
µ
µ
2 4
cos2 (θW )

(3.9)

tan(θW ) =
this mass term becomes
Lm,gauge =

corresponding to the masses
mW =

gv
,
2

mZ =

gv
,
2 cos(θW )

and

mA = 0.

The remaining U (1) symmetry corresponding to Aµ is nothing else than the
electromagnetic gauge symmetry and Aµ itself is nothing else than the photon field.

3.4. The Higgs mechanism
Multiplet
QL
uR
dR
LL
ℓR
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Hypercharge (Y )
1/3
4/3
−2/3
−1
−2

Table 3.3. The hypercharges of the fermion multiplets in one fermion generation.

Let us examine the coupling of the gauge fields Aµ , Zµ , and Wµ to fermions. From
the minimal coupling prescription, the electroweak interactions between gauge and
fermion fields are given by
Y µ
(3.10a)
γ ψ + gWµi ψτ i γ µ ψ ≡ g ′ Bµ j ′µ + gWµi j iµ .
2
Rewriting this Lagrangian density in terms of the fields Aµ , Zµ , and Wµ± , we obtain
LEWint = g ′ Bµ ψ

µ
LEWint = eAµ jEM
+ gZµ jZµ + g(Wµ+ j +µ + Wµ− j −µ ),

where we have defined the currents


Y
µ
3
µ
ψ,
jEM = ψγ τ +
2


1
Y
µ
2
2
3
µ
jZ =
ψγ cos (θW )τ − sin (θW )
ψ,
cos(θW )
2
1
j ±µ = √ ψγ µ τ ± ψ,
2

(3.10b)

(3.10c)
(3.10d)
(3.10e)

and τ ± = τ 1 ± iτ 2 . Note that the generator τ 3 + Y /2 in the electromagnetic
µ
current jEM
exactly corresponds to the weak analogue of the Gell-Mann–Nishijima
relation [71, 72], since we know that the electromagnetic interaction couples to
fermions as
(3.11)
LEMint = eAµ ψγ µ Qψ,

where Q is the electromagnetic charge, and thus, we have Q = τ 3 + Y /2. From this
relation and observations, we can deduce the hypercharges of the fermions in the
SM. With the appropriate choice of hypercharges (see Tab. 3.3), the electromagnetic
current is




2
1
µ
jEM
= ℓγ µ (−1)ℓ + uγ µ +
u + dγ µ −
d,
(3.12a)
3
3
where we have introduced the Dirac spinors3




ℓL
uL
ℓ=
, u=
,
ℓR
uR

and d =



dL
dR



.

3 Note that these are four-component Dirac spinors under space-time transformations, not
SU (2)L doublets.
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The weak interaction currents are then given by

3.5

j +µ

=

j −µ

=

jZµ

=

1
√ (νL γ µ ℓL + uL γ µ dL ) ,
2

1
√ ℓL γ µ νL + dL γ µ uL ,
2

1
1
1
νL γ µ νL − ℓL γ µ ℓL + ℓγ µ sin2 (θW )ℓ
cos(θW )
2
2
1
2
+ uL γ µ uL − uγ µ sin2 (θW )u
2
3

2
µ1
µ1
−dL γ dL + dγ sin (θW )d .
2
3

(3.12b)
(3.12c)

(3.12d)

Masses of quarks and charged leptons

While the above introduction of the Higgs mechanism is perfectly successful in
breaking the electroweak SU (2)L × U (1)Y symmetry down to the electromagnetic
U (1)EM symmetry and providing masses for the W ± and Z fields, we have so far
not seen how the fermion masses can be introduced into this theory. However, if
we want to allow for the most general form of the Lagrangian density, there should
also be terms of the type
LYuk = −y d QL ΦdR − y u QL Φc uR − y ℓ LL ΦℓR + h.c.,

(3.13)

where y d , y u , and y ℓ are dimensionless Yukawa coupling constants. In the case
of one fermion generation, they can always be made real by a rephasing of the
fermion fields. In the above expression, Φc = iτ 2 Φ∗ is the charge conjugate of Φ
and transforms as an SU (2)L doublet with hypercharge −1 (because of the complex
conjugation). Note that all the terms in the expression above are invariant under all
SM gauge transformations. Since quarks and leptons have different hypercharges,
we cannot introduce terms like QL ΦℓR into the Lagrangian density. When the
Higgs field Φ acquires its vev, the Lagrangian density has the form

v 
LYuk = √ −y d dL dR − y u uL uR − y ℓ ℓL ℓR + h.c. + . . .
2

v  d
= √ −y dd − y u uu − y ℓ ℓℓ + . . . .
(3.14)
2
Comparing this with the mass term −mψψ for a Dirac fermion, we conclude that
the Higgs field gives rise to the effective masses
vy d
md = √ ,
2
as it acquires its vev.

vy u
mu = √ ,
2

vy ℓ
and mℓ = √
2

3.5. Masses of quarks and charged leptons

3.5.1
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Quark mixing

When there are several fermion generations, as is the case in the SM, the most
general form of the Yukawa interaction with quarks is given by
u i c j
d i
QL ΦdjR − yij
QL Φ uR + h.c.,
LYuk = −yij

(3.15a)

d
u
where yij
and yij
are now the components of general complex matrices and the
indices i and j denote the different fermion generations. The mass terms following
from the spontaneous symmetry breaking then become

Lmass = −mdij diL djR − muij uiL ujR + h.c.,
(3.15b)
√
√
where md = y d v/ 2 and mu = y u v/ 2. Since any complex matrix can be diagonalized by a bi-unitary transformation, we can write
md = UL† m̃d UR

and

mu = VL† m̃u VR ,

(3.16a)

where UR , UL , VR , and VL are unitary matrices and m̃d and m̃u are real and
diagonal matrices. If we also introduce the rotated fermion fields
j
d′i
R = UR,ij dR ,

j
d′i
L = UL,ij dL ,

j
u′i
R = VR,ij uR ,

j
and u′i
L = VL,ij uL ,

(3.16b)

then the mass terms are of the form
′j
u ′i ′j
Lmass = −m̃dij d′i
L dR − m̃ij uL uR + h.c.,

(3.17)

and thus, the fields d′ and u′ are the quark fields with definite masses. However,
in terms of these new states, the interaction terms involving the W fields and the
quarks are given by
LW int

=
=
≡

g
√ Wµ+ uiL γ µ diL + h.c.
2
g
µ ′j
√ Wµ+ (VL UL† )ij u′i
L γ dL + h.c.
2
g
CKM ′i µ ′j
√ Wµ+ Uij
uL γ dL + h.c.,
2

(3.18)

where U CKM = VL UL† is the Cabibbo–Kobayashi–Maskawa (CKM) matrix [73, 74]
(or quark mixing matrix), relating the quark mass eigenstates to the quark weak
interaction eigenstates.
A general unitary n × n matrix has n2 real parameters of which n(n − 1)/2
are mixing angles and n(n + 1)/2 are complex phases. However, by rephasing the
′j
′j
′i
quark fields as u′i
L → exp(iφi )uL and dL → exp(iψj )dL , we can remove 2n − 1
4
of the complex phases of the CKM matrix. By making the same rephasing of
4 Redefining the up- or down-type quark fields would remove n phases. However, in both cases,
one of the removed phases is an overall phase which can be removed by either the up- or down-type
redefinitions. Thus, the total number of removed phases is n + n − 1 = 2n − 1.
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Generations (n)
1
2
3
4
..
.

Mixing angles
0
1
3
6
..
.

n

n(n−1)
2

Complex phases
0 [0]
0 [1]
1 [3]
3 [6]
..
.h
i

(n−1)(n−2)
2

n(n−1)
2

Total
0 [0]
1 [2]
4 [6]
9 [12]
..
.
(n − 1)2 [n(n − 1)]

Table 3.4. The number of mixing parameters for different number of generations.
The numbers within the square brackets indicate the number of parameters if either
the up- or down-type fields cannot be rephased. This will be important when we
discuss neutrino mixing in the case of Majorana mass terms.

Mixing parameter
q
θ12
q
θ23
q
θ13
δq

Experimental value
13.1◦ ± 0.1◦
◦
2.42◦ +0.05
−0.08◦
0.22◦ ± 0.04◦
◦
57◦ +5
−11◦

Table 3.5. The quark mixing parameters with corresponding errors [66].

the right-handed fields, the mass terms are left invariant and we conclude that the
phases we have removed are not physically observable. It follows that we are left
with n(n − 1)/2 mixing angles and (n − 1)(n − 2)/2 physical complex phases in the
general n-flavor quark mixing matrix. In Tab. 3.4, we show the number of mixing
parameters for different n.
In the case of three generations of quarks, as in the SM, the standard parametrization of the CKM matrix is [66]


q 
s13 e−iδ
U CKM
s23 c13  ,
c23 c13
(3.19)
q
q
q
q
q
where cij = cos(θij
), sij = sin(θij
). Here, the parameters θ12
, θ23
, and θ13
are the
three quark mixing angles and δ q is the complex phase. The mixing in the quark
sector is small (i.e., the quark mixing angles are close to zero, see Tab. 3.5), which,
as we will discuss in the following chapters, will not be the case in the lepton sector.

c12 c13
q
=  −s12 c23 − c12 s23 s13 eiδ
q
s12 s23 − c12 c23 s13 eiδ

s12 c13
q
c12 c23 − s12 s23 s13 eiδ
q
−c12 s23 − s12 c23 s13 eiδ

3.6. Shortcomings of the Standard Model

3.5.2
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Charged lepton masses

In contrast to the quarks, if there are n generations of leptons, then the most general
lepton mass term arises from the Yukawa coupling
ℓ i
LL ΦℓjR + h.c.,
LYuk = −yij

(3.20a)

with the corresponding effective mass term
Lmass = −mℓij ℓiL ℓjR + h.c.,

(3.20b)

mℓ = UL† m̃ℓ UR ,

(3.21a)

√
where mℓ = y ℓ v/ 2, after the electroweak symmetry breaking. Again, since mℓ is
a general complex matrix, it can be diagonalized by a bi-unitary transformation

where UL and UR are unitary matrices and m̃ℓ is a diagonal matrix with real and
positive entries. However, since there is no neutrino mass term in this case, we can
define
j
j
L′i
and ℓ′i
(3.21b)
L = UL,ij L
R = UR,ij ℓ ,
which will diagonalize the lepton mass term. However, since we have used the same
unitary transformation for the both entries of the SU (2)L doublets LiL , L′i
L will
also be SU (2)L doublets and no mixing matrix will appear in the weak interaction
term for the leptons. For convenience, we simply define the charged leptons with
definite masses as the electron, muon, and tau, respectively, and the corresponding
neutrinos are defined as the neutrinos which are produced in charged-current weak
interactions with these eigenstates.

3.6

Shortcomings of the Standard Model

Even though the SM is one of the most successful modern theories in physics and
has been able to describe all particle interactions observed to this date with very
high precision, some of its shortcomings are gradually revealing themselves just as
we believe its final ingredient (the Higgs particle) is about to be detected at the
Large Hadron Collider (LHC). While the present chapter has been a quick review of
the construction of the SM, the remaining chapters will deal with situations where
it fails.
The most obvious drawback of the SM is the fact that it does not contain
gravity. In addition, there are no neutrino masses in the model. The introduction
of a right-handed neutrino field could give rise to neutrino masses in an analogous
manner to the introduction of the other fermion masses, i.e., by Yukawa couplings
to the Higgs field. However, there is then a problem of naturalness in the fact that
the neutrino masses are so much smaller than the other fermion masses. The issue
of introducing neutrino mass terms in the SM will be dealt with in the next chapter.
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The introduction of neutrino masses is necessary to describe neutrino oscillations, a phenomenon that will be treated extensively in Ch. 5. For neutrino oscillations to occur, it is necessary that neutrinos are massive and that there is mixing in
the lepton sector similar to that in the quark sector described above. Furthermore,
the SM is unable to provide a viable dark matter candidate, and as the astronomical and cosmological evidence for dark matter is now overwhelming, the need of
being able to describe it by a fundamental theory is ever increasing. In addition,
the SM by itself is not capable of describing the baryon asymmetry of the Universe
in a satisfactory way. As the experimental evidence for this asymmetry is also quite
overwhelming, a final theory of particle physics should be able to describe it. The
conclusion from these facts must be that, although its extreme success in describing
particle interactions, the SM must be extended in order to be a theoretical model
consistent with observations.

Chapter 4

Models of neutrino masses
Necessity is the mother of invention.
– Plato

4.1

Why neutrinos are different

In the simplest version of the SM, neutrinos are massless. In fact, this has been a
very good description of Nature for a very long time, since the neutrino masses are
so much smaller than the masses of the other fermions. However, from neutrino
oscillation experiments, we know that neutrinos are massive (see Ch. 5), and thus,
we must find a way of introducing neutrino masses into the SM. At first glance,
the most appealing way would seem to be adding neutrino masses by coupling the
neutrinos to the Higgs field, which would give rise to neutrino masses in the same
way as the other fermion masses. The problem with this approach is to explain
why the neutrino masses would be so much smaller than the masses of the other
fermions, see Fig. 4.1.
Unlike the other fermions, neutrinos do not carry color or electric charge. This
implies that neutrinos can be fundamentally different from the other fermions; it can
actually be its own anti-particle. Such a fermion is known as a Majorana fermion
(the fermion which is not its own anti-particle is known as a Dirac fermion) [75]. At
the present time, there are no observations that have been able to probe if neutrinos
are Dirac or Majorana fermions and this is one of the most intriguing prospects for
future neutrino experiments.1 However, in the case of Majorana neutrinos, there
are problems in describing the neutrino masses in a natural way.
One of the most appealing ways of introducing neutrino masses is known as the
seesaw mechanism. It can describe the existence of the small neutrino masses by the
1 There have been claims of measurements of neutrinoless double beta-decay [76], which would
indicate that neutrinos are Majorana fermions. However, the validity of these results are disputed
[77–79].
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Figure 4.1. While the masses of the charged fermions span five orders of magnitude,
the masses of the charged fermions within a given generation are still within two
orders of magnitude. However, this is not true if we try to include the neutrino
masses. The data for this figure has been adapted from Ref. [66].

introduction of very heavy Majorana neutrinos, which would typically have masses
of the order of some higher energy scale (for example the scale of grand unification).
If such heavy neutrinos exist and neutrinos are affected by the Higgs mechanism
in a way similar to the other fermions, then this will give rise to neutrino masses
which are suppressed by the ratio of the mass scale of the other fermions and the
mass scale of the very heavy Majorana neutrinos. Thus, this model would naturally
describe the small neutrino masses that we observe in Nature, see Fig. 4.2.

4.2

Dirac masses

The most obvious way of introducing neutrino masses into the SM is to introduce
right-handed neutrino fields νR , which are SU (2)L and SU (3)C singlets with hypercharge zero. Obviously, such fields cannot be detected directly, since they do
not couple to any of the gauge bosons. The only term in which it appears in the
Lagrangian density except for its kinetic term is the Yukawa coupling term
LYuk,ν = −y ν LL Φc νR + h.c.,
which becomes

(4.1a)

yν v
LYuk,ν = − √ νL νR + h.c. + . . .
(4.1b)
2
after the spontaneous breaking of the SU (2)L × U (1)Y symmetry. Thus, in analogy
with the masses of the other fermions, we would have a neutrino mass of mν =
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4.2. Dirac masses

Figure 4.2. The seesaw mechanism makes the left-handed neutrinos very light as
some other particle becomes very heavy. The neutrino masses decrease as the mass
scale of the heavy particles increases.

√
y ν v/ 2. If there are several fermion generations, then we introduce the same
number of right-handed neutrinos, labeled by a generation index. The introduction
of the Yukawa couplings for the neutrinos will then imply that there can also be
mixing in the lepton sector. By the same construction as in the quark sector, we
will have a unitary lepton mixing matrix UPMNS , which is the product of the lefthanded unitary matrices diagonalizing the neutrino and the charged lepton Yukawa
couplings, respectively.2 Just as in the quark case, the neutrino and charged lepton
fields can be rephased, leading to the removal of n(n−1) unphysical complex phases
from the lepton mixing matrix (in the case of n fermion generations), leaving (n−1)2
physical parameters. It is customary to use the same type of parametrization for
the lepton mixing matrix as for the quark mixing matrix, i.e., in the case of three
fermion generations, [66]


ℓ
c12 c13
s12 c13
s13 e−iδ
ℓ
ℓ


UPMNS =  −s12 c23 − c12 s23 s13 eiδ
s23 c13  ,
c12 c23 − s12 s23 s13 eiδ
ℓ
ℓ
s12 s23 − c12 c23 s13 eiδ
−c12 s23 − s12 c23 s13 eiδ
c23 c13
(4.2)
ℓ
ℓ
where now cij = cos(θij
), sij = sin(θij
). The four mixing parameters in the lepton
ℓ
ℓ
ℓ
mixing matrix are the mixing angles θ12
, θ23
, and θ13
as well as the CP -violating
phase δ ℓ . In the remainder of this thesis, we will drop the superscript ℓ, since we
will only be concerned with the lepton mixing parameters and we will also adopt
the short-hand notation U = UPMNS unless explicitly stated otherwise.
The neutrino mass term introduced above is known as a Dirac mass term, it is
in complete analogy with the mass term introduced for all other fermions and of
2 The lepton mixing matrix is also known as the Pontecorvo–Maki–Nakagawa–Sakata (PMNS)
′i
− field
matrix. It is usually defined as the mixing between ℓ′α
L and νL in the interaction with the W
′i and ℓ′β in the interaction with the W + field (these definitions
rather than the mixing between νL
L
differ by Hermitian conjugation).
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the form −mψψ, where ψ is a four-component Dirac spinor. At first glance, this
scheme looks very appealing and it would seem like there is little reason to search
for any other way of introducing neutrino masses. However, the Yukawa couplings
needed in order to accommodate neutrino masses of the correct size are orders of
magnitude smaller than the Yukawa couplings for the quarks and charged leptons.3

4.3

Majorana masses

As a matter of fact, there may not even be the need to extend the SM with extra
right-handed neutrinos. As it turns out, the Dirac mass term is not the only possible
fermion mass term. To be more specific, if we have a left-handed neutrino νL , then
we can construct a Majorana mass term
m
(4.3a)
LMaj = i νLT σ 2 νL + h.c.
2
or, in the case of several fermion generations,
MM,ij iT 2 j
νL σ νL + h.c.,
(4.3b)
2
where MM is the Majorana mass matrix. By the anti-commutativity of the components of the Weyl fermion, it follows that νLiT σ 2 νLj = νLjT σ 2 νLi , and thus, MM
can be taken to be complex symmetric, since only the symmetric part is physically
significant.
Any complex symmetric matrix MM can be diagonalized by a unitary transformation UM such that
T
M̃M = UM
MM UM ,
(4.4a)
LMaj = i

where M̃M is real and diagonal. By defining the new left-handed neutrino states
νL′i = UM,ij νLj ,

(4.4b)

the Majorana mass term takes the form
LMaj = i

M̃M,ij ′iT 2 ′j
νL σ νL + h.c.,
2

(4.5a)

while the weak interaction terms involving W and lepton fields are given by4
g
(4.5b)
LW lep = √ Wµ+ (UM UL† )iα νL′i γ µ ℓ′α
L + h.c.,
2
3 Although the Yukawa couplings for quarks and charged leptons also vary by orders of magnitude, the couplings within the same generation are roughly of the same order.
4 It is common to denote the indices in the basis where the charged lepton mass matrix is
diagonal by Greek indices (α, β, γ, . . .) and the indices in the basis where the neutrino mass
matrix is diagonal by Latin indices (i, j, k, . . .). This convention will be adopted throughout
the remainder of this thesis. The basis where the charged lepton mass matrix is diagonal will be
referred to as the “flavor” basis, while the basis where the neutrino mass matrix is diagonal will
be referred to as the “mass” basis. The flavor basis indices will run over the charged lepton flavors
(e, µ, . . .), while the mass basis indices will run from 1 to n.
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where UL is the left-handed unitary matrix involved in diagonalizing the Dirac
mass term for the charged leptons. Thus, in the case of Majorana neutrinos, we
†
also have a unitary lepton mixing matrix given by U = UL UM
. The difference to
the case of Dirac neutrinos is that we cannot rephase the Majorana neutrino fields
νL′i without violating Eq. (4.4a) (i.e., M̃M will no longer be kept real). Thus, the
phases of the Majorana neutrino fields are physical and cannot be removed from the
lepton mixing matrix. It follows that there are n − 1 extra physical phases in the
case of Majorana neutrinos (see Tab. 3.4). The lepton mixing matrix for Majorana
neutrinos can be written as U = UD K, where K = diag(1, eiα1 , eiα2 , . . .), αi are
the extra physical Majorana phases, and UD is parametrized as the lepton mixing
matrix in the case of Dirac neutrinos.
As will be shown in Ch. 5, the Majorana phases do not affect any observables
in neutrino oscillations [80, 81]. However, they can be observed in experiments
which are sensitive to different effective neutrino masses. For example, experiments
searching for neutrinoless double-beta decay are sensitive to the effective electron
neutrino mass [82]
X
2
(4.6)
Uei
mi ,
|mνe | =
i

where mi is the mass of νL′i .
Even though the Majorana mass terms are appealing in the sense that we do
not have to introduce any additional neutrino fields, there is still a number of issues
that are not so satisfying. For example, the Majorana mass terms explicitly break
the SU (2)L symmetry of the SM. In addition, the mass m was put in by hand and
there is no argument why it should be small. It is possible to partially solve these
problems by introducing a heavy SU (2) triplet which couples to both the Higgs
field and to the lepton SU (2)L doublets LiL . This is known as type II seesaw and
will be treated in more detail in Sec. 4.4.2.

4.4

The seesaw mechanism

One very attractive way of introducing small neutrino masses into the SM is the
seesaw mechanism [35,83–91]. By this mechanism, the left-handed neutrinos of the
SM are very light due to some other particles being very heavy (e.g., at the scale of
some grand unified theory). Furthermore, the addition of the very heavy particles
naturally provides a way of generating the baryon asymmetry of the Universe, this
mechanism will be treated in Ch. 7.

4.4.1

Type I seesaw

As we introduced right-handed neutrinos into the SM in order to write down a Dirac
mass term, we did not consider the fact that since the right-handed neutrinos are
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SM singlets, the Majorana mass term
LRH,Maj = −i

MR † 2 ∗
ν σ νR + h.c.
2 R

(4.7)

is invariant under gauge transformations, and thus, should be included into the
Lagrangian density. The mass MR is generally expected to be of the scale where
some unified theory with a larger symmetry is broken, i.e., a scale high above the
electroweak scale.
In order to study the implications of such large right-handed Majorana mass
i∗
terms, it is convenient to introduce the charge-conjugate niL = −iσ 2 νR
of the
i
right-handed neutrino fields. The fields nL are left-handed Weyl spinors and the
Majorana mass term for the right-handed neutrinos is then
LRH,Maj = i

MR,ij iT 2 j
nL σ nL + h.c.
2

(4.8)

It is now possible to write both the Dirac mass term as well as the right-handed
neutrino mass term as one Majorana mass term
LMD = i

Mij iT 2 j
NL σ NL + h.c.,
2

(4.9)

where NLi = νLi for i = 1, . . . , n and NLi = ni−n
for i = n + 1, . . . , 2n. The full mass
L
matrix M is given by


0
mD
M=
,
(4.10)
mTD MR

where mD is the Dirac mass matrix and MR is the right-handed Majorana mass
matrix. Since the right-handed neutrino masses are taken to be much larger than
the Dirac masses, the full mass matrix M is approximately block-diagonalized as


−mD MR−1 mTD
0
M̃ =
≃ U T MU,
(4.11)
0
MR
where
U=



1
−MR−1 mTD

m∗D MR∗−1
1



≡



1
−α†

α
1



.

It follows that what we have just constructed is a Majorana mass term for the fields
NL′i ≃ νLi + αij njL . Disregarding the small part of the right-handed neutrinos in
these fields, the situation is now equivalent to that of a Majorana mass term for the
left-handed neutrinos. The great benefit is that the eigenvalues of this new mass
term are suppressed from the scale of the charged fermions by the quotient between
the fermion and the right-handed neutrino mass scales, thus providing a natural
description for the lightness of the left-handed neutrinos.
The above scheme for describing small left-handed neutrino masses is known as
type I seesaw. The effect on the lepton mixing is that the heavy neutrino mass eigenfields, which are mainly composed from the non-interacting right-handed fields, also
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Figure 4.3. The Feynman diagram representing the interaction term giving rise to
the type I seesaw mechanism as φ0 acquires a vev. The diagram is suppressed by
the Majorana mass term for the right-handed neutrino.

have a small part consisting of left-handed fields. Since the heavy neutrinos are too
heavy to be produced in ordinary processes, this will be reflected by a seemingly
non-unitary lepton mixing matrix as only a 3 × 3 block of the full unitary 6 × 6 matrix will be observed. However, this deviation from unitarity is also suppressed by
the ratio between the fermion and the right-handed neutrino mass scales. The generation of the Majorana mass term for the left-handed neutrinos can be illustrated
in terms of the Feynman diagram shown in Fig. 4.3.

4.4.2

Type II seesaw

Unlike in the type I seesaw, the type II seesaw does not introduce any additional
right-handed neutrinos, and thus, there are no Yukawa couplings. Instead, the
left-handed neutrinos receive their effective mass term from a coupling to a heavy
SU (2)L triplet

 + √
∆++√
∆ / 2
∆=
∆0
−∆+ / 2
of Lorentz scalars with hypercharge +2, which also couples to the Higgs field. The
Lagrangian density for these interactions and the ∆ mass term is
L∆ = −m2∆ tr(∆∆† ) + [µΦc† ∆† Φ + ikLTL σ 2 (iτ 2 )∆LL + h.c.],

(4.12)

where m∆ is the ∆ mass, while k and µ are coupling constants (k is dimensionless
and µ has dimension one). As the Higgs doublet acquires its vev, the effective
potential for the triplet becomes
V (v, ∆) = m2∆ (|∆++ |2 + |∆+ |2 + |∆0 |2 ) − µv 2 Re ∆0 .

(4.13)
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This potential does not have its minimum at ∆ = 0, but will result in a real vev
for ∆0 such that
! 

0
0
0 0
,
(4.14)
≡
h∆i =
µv 2
v∆
0
0
2
2m2
∆

0

with the mass of ∆ being unchanged, since the interaction term with the Higgs
field is linear in ∆.5 Expanding the interaction term between the triplet and the
left-handed neutrino, we have
LII = i

kv∆ T 2
ν σ νL + h.c.,
2 L

(4.15)

which is an effective Majorana mass term with mν = kv∆ for the left-handed
neutrino. In the case of several fermion generations, the coupling k will be replaced
II
= kij v∆ , with
by a coupling matrix kij leading to a Majorana mass matrix Mij
corresponding results for lepton mixing. Assuming that µ and m∆ are of similar
order, the type II seesaw will give rise to neutrino masses of the order v 2 /m∆ , which
are again suppressed from the Higgs vev by the ratio of the Higgs vev and some
large mass.

4.4.3

Left-right symmetric seesaw

In general, there is nothing that prevents the type I and type II seesaw mechanisms
to be present at the same time, a setting known as the type I+II seesaw mechanism.
In such a case, the full neutrino mass term can be written as
LI+II = i

MI+II
ij
NLiT σ 2 NLj + h.c.,
2

where NLi are the same fields as defined in the case of type I seesaw and


M II mD
I+II
M
=
.
mTD MR

(4.16a)

(4.16b)

As M II is to be considered small compared with mD and MR , this mass matrix can
be block-diagonalized by the same transformation as the pure type I seesaw mass
matrix, resulting in the Majorana mass matrix
M = M II − mD MR−1 mTD

(4.17)

for the left-handed neutrinos. The implications for the neutrino mixing is the same
as in the type I seesaw.
5 The existence of the interaction term between the triplet and the Higgs field will change the
minimum of the Higgs potential, since it is quadratic in Φ. In principle, the theory should be
expanded about the minimum of the full potential for both Φ and ∆.
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In left-right (LR) symmetric models, the SM is extended to include an explicit
symmetry between the left- and right-handed parts. The minimal LR symmetric model [88, 91–93] is based on the gauge symmetry group SU (3)C × SU (2)L ×
SU (2)R × U (1)B−L and is spontaneously broken down to the SM at some highenergy scale. In LR symmetric models, the right-handed fermion fields are all part
of SU (2)R doublets just as the left-handed fermion fields are SU (2)L doublets in
the SM. In addition, the Higgs content of the minimal LR symmetric model consists
of one Higgs bidoublet with a B − L charge of zero
Φ=



φ01
φ−
2

φ+
1
φ02



,

(4.18a)

which will turn into two SU (2)L doublets with hypercharge ±1, as well as left- and
right-handed triplets ∆L and ∆R according to


∆L,R = 

∆+
L,R
√
2
0
∆L,R

∆++
L,R
∆+
− √L,R
2



,

(4.18b)

which transform as triplets under SU (2)L and SU (2)R with B − L = 2, respectively. As the LR and electroweak symmetries are broken, the bidoublets will be
responsible for the fermion masses just as the Higgs doublet of the SM provides
fermion masses, while the triplets will provide Majorana mass terms for the left- and
right-handed neutrinos, respectively. With the most general potential for the Higgs
sector of the minimal LR symmetric model, the requirements for the minimum of
the full potential will include the relation [94]
v 2 ∝ vL v R ,

(4.19)

where v 2 is an expression of second order in the bidoublet vevs and vL and vR are the
vevs of the left- and right-handed triplets, respectively. Thus, if the right-handed
vev is large, then the vev of the left-handed triplet must be small in comparison
to the bidoublet vevs, producing a large Majorana mass term for the right-handed
neutrinos and a small Majorana mass term for the left-handed neutrinos. The
smallness of vL is implied by observations of the masses of the left-handed gauge
bosons and the Weinberg angle θW . The ratio between mW and mZ is predicted to
be cos(θW ) at tree-level in the SM and a large vL would give significant corrections
to the left-handed gauge boson masses, which could not be accounted for by SM
loop-corrections.
For the theory to be LR symmetric, there must be a discrete exchange symmetry
between the left- and right-handed sectors, i.e., the Lagrangian density should be
invariant under the exchange
Φ ←→ Φ† ,

∆L ←→ ∆R ,

and

ψL ←→ ψR ,

(4.20)
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where ψL,R are the fermion fields, then the couplings of the left- and right-handed
neutrinos to the triplets must be the same, implying that
M II = vL f

and

M R = vR f

(4.21)

in the type I+II seesaw relation of Eq. (4.17). Thus, the type I+II seesaw relation
in the LR symmetric case is
M = vL f −

1
mD f −1 mTD ,
vR

(4.22)

and if we consider M, vL , vR , and mD as known quantities, then this is a nonlinear equation for the coupling matrix f . Since the equation is non-linear, we
expect that there exist several solutions and it has been shown that the number
of solutions is 2n [95], where n is the number of fermion generations. For n ≤ 3,
there exist analytic expressions for these 2n solutions [95–97], the most interesting
one being the analytic form of the eight solutions in the case where n = 3. From
low-energy phenomenology, we can only determine M, and thus, we will need other
criteria for discriminating among the eight possible solutions. This is the topic of
Paper [7], where we have studied leptogenesis and fine-tuning issues for the different
solutions.

Chapter 5

Theory of neutrino
oscillations
A child of five would understand this. Send someone to fetch a child of five.
– Groucho Marx

5.1

Basic concepts of neutrino oscillations

In general, if neutrinos are massive, then they will oscillate. This means that if a
neutrino is produced in a reaction involving a charged lepton of a given generation,
it can later be detected in a reaction involving a charged lepton of another generation, i.e., the generation to which the neutrino belongs has changed during its
propagation from the point of production to the point of detection. An example of
a process involving an oscillating neutrino is given in Fig. 5.1.

µ+

π+
νµ

u
Ne

n

n
tri

n
tio
a
l
l
sci
o
o

p
e−
νe

Figure 5.1. An example of a neutrino oscillation process: A muon neutrino νµ is
produced along with a charged muon µ+ in the decay of a charged pion π + . As it
propagates from the point of production to the point of detection, it turns into an
electron neutrino νe which produces an electron e− in the detector.
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The probability for the oscillation of a neutrino of a given generation into a
neutrino of another given generation can be calculated to be dependent on the difference between the squares of the neutrino masses. Thus, if neutrinos are massless,
or if they all have the same mass, then they will not oscillate. It follows that if
neutrino oscillations are observed, then neutrinos must be massive with at least
two different masses. In addition to this, there must also be mixing in the lepton
sector as the amount of mixing will determine the oscillation amplitudes. As will
be described in Ch. 6, hints of neutrino oscillations have been around ever since the
first experiments involving solar neutrinos [40–46]. However, it was not until 1998
that the Super-Kamiokande collaboration released the results [9] which included
the first evidence for neutrino oscillations.
At the present time, there is evidence for neutrino oscillations coming from a vast
number of different sources [9, 52–64]. The solar neutrino experiments have been
able to prove that the electron neutrinos coming from the Sun actually turn into
neutrinos of a different generation (many of the neutrino oscillation experiments
only measure the disappearance of the initially produced neutrino type) [56,57]. In
addition, the actual oscillating pattern has been observed for the neutrinos coming
from the interactions of cosmic rays with the atmosphere [58] and for the neutrinos
coming from the nuclear processes in reactors [61].

5.2

Heuristic derivation

In this section, we will make a lot of simplifying assumptions. Although these
assumptions will not be fulfilled, we will still be able to derive the correct result
for ultra-relativistic neutrinos, which is what we will be dealing with. For ultrarelativistic neutrinos, we can define a flavor eigenstate of momentum p as [98]
|να (p)i ≡

X
i

∗
Uαi
|νi (p)i ,

(5.1a)

where |νi (p)i is the neutrino in mass eigenstate i with momentum p. According to
this, we have defined the flavor eigenstates in terms of mass eigenstates with the
same momentum. We could also define the flavor eigenstates as superpositions of
states with the same energy. However, for ultra-relativistic neutrinos, the difference
is not noticeable and the final neutrino oscillation probabilities will be the same,
while for non-relativistic neutrinos, the superposition does not make sense to begin
with. The complex conjugation of the lepton mixing matrix in Eq. (5.1a) is due to
the states being created from the vacuum by the conjugate fields νi . In the same
manner, the anti-neutrino flavor eigenstate is defined as
|ν̄α (p)i ≡

X
i

Uαi |ν̄i (p)i .

(5.1b)
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Since the neutrino mass eigenstates |νi (p)i are states with definite energies Ei2 =
p + m2i , their time evolution will simply be given by the addition of a phase factor
2

|νi (p, t)i = exp(−iEi t) |νi (p)i .

(5.2)

Furthermore, the ultra-relativistic nature of the neutrinos allows us to make an
expansion of Ei as
q
m2
(5.3)
Ei = p2 + m2i = p + i + pO(m4i /p4 ).
2p

The momentum p is common for all of the mass eigenstates, since we assumed them
to have the same momentum. Thus, the leading order phase difference between the
mass eigenstates will arise due to the first correction term m2i /(2p).
The probability amplitude of finding a neutrino of initial flavor να in the flavor
state |νβ i at time t is given by
Aαβ = h νβ (p)| να (p, t)i ,

(5.4a)

where |να (p, t)i is given by propagating the mass eigenstates in |να (p)i separately
according to Eq. (5.2). Thus, we find
X
X
∗ −iEi t
∗ −iEi t
Aαβ =
Uβj Uαi
e
h νj (p)| νi (p)i =
Uβi Uαi
e
.
(5.4b)
i,j

i

The corresponding neutrino oscillation probability, i.e., the probability of finding
the initial να as a νβ at time t, is then given by
2

Pαβ

X

=

∗ −iEi t
Uβi Uαi
e

i

=

X

∗
∗
Uβi Uαi
Uβj
Uαj e−i(Ei −Ej )t

i,j

≡

X

ij −i∆ij
,
Jαβ
e

(5.5a)

i,j

ij
∗
∗
where we have defined Jαβ
= Uβi Uαi
Uβj
Uαj as well as ∆ij = (Ei − Ej )t ≃
2
2
2
2
∆mij t/(2p), and ∆mij = mi − mj is the mass squared difference between the
mass eigenstates νi and νj . There is a number of different ways of rewriting this
expression, for example,
X
X
X
ij
ij
ii
Pαβ =
Jαβ
+2
Re(Jαβ
) cos(∆ij ) + 2
Im(Jαβ
) sin(∆ij ) (5.5b)
i

i<j

= δαβ − 4
=

X
i

X

ij
Re(Jαβ
) sin2

i<j

ii
Jαβ
+2

i<j

X
i<j



∆ij
2



+2

X

ij
Im(Jαβ
) sin(∆ij )

(5.5c)

i<j

ij
ij
|Jαβ
| cos(∆ij − arg Jαβ
).

(5.5d)
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If we instead study anti-neutrinos, the only difference is in the definition of
the anti-neutrino states in Eq. (5.1b), and we can obtain the anti-neutrino oscil∗
lation probability by making the substitution Uαi → Uαi
, which is equivalent to
ij
ij∗
ij
ji
Jαβ → Jαβ = Jβα = Jαβ , in the neutrino oscillation probability. As can be readily
observed in Eqs. (5.5), this substitution will not affect the oscillation probability if
ij
ij
Jαβ
is real. Thus, in order to have CP -violation in neutrino oscillations, Jαβ
must
have an imaginary part. In addition, we note that if we redefine the lepton mixing
ij
matrix as Uαi → Uαi eiφi or Uαi → Uαi eiψα , then this rephasing will not affect Jαβ
,
since such rephasings will cancel out. Thus, any phases that can be removed in
this way will not enter into the neutrino oscillation probabilities. The rephasings
of the latter type are the same rephasings that were made to the charged lepton
fields, and thus, this does not remove any extra phases as neutrino oscillation parameters. However, the former type of rephasing is the equivalent of changing the
phases of the neutrino fields, which could not be made in the case of Majorana
neutrinos. The above consideration shows that, in the case of neutrino oscillations
in vacuum, Majorana phases are not observable in neutrino oscillations. This is in
fact a general result, which also holds in the case of neutrino oscillations in matter.
In the three-flavor case, this leaves us with only one CP -violating phase among the
physically observable neutrino oscillation parameters, regardless of the nature of
neutrinos. Furthermore, we note that
X ij
X ji
∗
Aβα =
Jβα e−i∆ij =
(5.6)
Jαβ ei∆ji = Aᾱ
β̄ ,
i,j

i,j

where Aᾱβ̄ is the amplitude for ν̄α to oscillate into ν̄β . It follows that Pβα =
Pᾱβ̄ , i.e., time reversal is equivalent to CP -conjugation for the neutrino oscillation
probabilities and in order to have T -violation, there must also be Dirac phases in
the lepton mixing matrix.
Since we are dealing with ultra-relativistic neutrinos, it is common to use the
approximations t ≃ L and p ≃ E in the oscillation phases ∆ij , i.e.,
∆m2ij
L,
(5.7)
2E
where L is the distance traveled by the neutrinos and E is the neutrino energy.
This convention will be followed throughout the remainder of this text.
∆ij ≃

5.3

Hamiltonian formalism

A common way of describing neutrino oscillations among n neutrino flavors is in
terms of an n level quantum mechanical system, where the neutrino state |νi is
represented by the state vector


h ν1 | νi


(5.8a)
νm =  h ν2 | νi 
..
.

5.3. Hamiltonian formalism
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in the mass eigenstate basis and

h νe | νi


νf =  h νµ | νi 
..
.


(5.8b)

in the flavor eigenstate basis. In this matrix representation of the neutrino states,
the relation between the mass and flavor eigenstate bases is1

 

h νe | νi i h νi | νi
Uei h νi | νi

 

νf =  h νµ | νi i h νi | νi  =  Uµi h νi | νi  = U νm .
(5.9)
..
..
.
.
The matrix representation of the Hamiltonian of the system is most easily written
in the mass eigenstate basis as


m2i
Hm,ij = hνi |H| νj i ≃ δij p +
(5.10a)
2E

or, equivalently,
Hm ≃



m2
p+ 1
2E



1+

1
diag(0, ∆m221 , ∆m231 , . . .),
2E

(5.10b)

where 1 is the n × n unit matrix. Any contribution to the Hamiltonian which is
proportional to the unit matrix will only give rise to an overall phase of the evolved
state. Thus, subtracting or adding terms proportional to unity will not change the
neutrino oscillation probabilities. Therefore, we will make the substitution
Hm −→

1
diag(0, ∆m221 , ∆m231 , . . .),
2E

(5.10c)

where it also becomes apparent that only the mass squared differences (and not
the absolute mass) of the neutrinos enter as neutrino oscillation parameters. The
Hamiltonian in flavor basis is expressed as
Hf = U Hm U † .

(5.11)

The time evolution of the neutrino state is given by the Schrödinger equation in
either mass or flavor basis as
i

dνm
= Hm ν m
dL

and

i

dνf
= Hf ν f ,
dL

(5.12)

respectively. This Schrödinger equation has the solution
νf,m (L) = Sf,m (L)νf,m (0),
1 Note

(5.13)

that |νi i hνi | is just the identity operator, since |νi i forms a complete set of states.
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where the time evolution operator Sf,m (L) is a unitary matrix given by
Sf,m (L) = exp (−iHf,m L) .
The amplitude for transition from the neutrino state ν to ν ′ is now given by
Aν→ν ′

= hν ′ |S(L)| νi
= h ν ′ | νi i hνi |S(L)| νj i h νj | νi
′†
= νm
exp(−iHm L)νm ,

(5.14)

with the corresponding expression in flavor basis. With the convention that να is
the vector representing the flavor eigenstate |να i in flavor basis and that νi is the
vector representing the mass eigenstate |νi i in mass basis, we have
Aαβ

= νβ† U exp(−iHm L)U † να
∗
= Uβj νj† exp(−iHm L)νi Uαi


X
∆m2i1 L
∗
=
Uβi Uαi
exp −i
,
2E
i

(5.15)

which is the same expression as in Eq. (5.4b) up to an overall phase factor.

5.3.1

Two-flavor oscillations

A very important example of neutrino oscillations is the case where we consider
only two neutrino flavors, say νe and νx . Although we know that there are at
least three neutrino flavors, the two-flavor scenario has been remarkably successful
in describing many neutrino oscillation experiments. The reason for this is that
the neutrino oscillation parameters are such that the neutrino oscillations can be
effectively described by only two flavors. This will be discussed more in the next
subsection, for now we will focus on the two-flavor oscillations.
As was discussed previously, the n-flavor scenario has n(n − 1)/2 mixing angles,
(n − 1)(n − 2)/2 Dirac phases, and n − 1 mass squared differences, which affect
the neutrino oscillation probabilities. Thus, in the two-flavor scenario, there are
no Dirac phases, implying that the lepton mixing matrix is real, and the only
parameters are the mixing angle θ and the mass squared difference ∆m2 = m22 −m21 .
The lepton mixing matrix is then simply a two-dimensional rotation


c s
U=
,
(5.16)
−s c
where c = cos(θ) and s = sin(θ), and the neutrino oscillation Hamiltonian is


∆m2
∆m2
− cos(2θ) sin(2θ)
†
Hf =
,
(5.17)
U diag(−1, 1)U =
sin(2θ)
cos(2θ)
4E
4E
where, in order to make the Hamiltonian traceless, we have used the fact that any
contribution to the Hamiltonian which is proportional to the unit matrix only will

5.3. Hamiltonian formalism
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Figure 5.2. The two-flavor neutrino oscillation probability Pex as a function of
L/Losc for θ = π/8, which corresponds to an oscillation amplitude of sin2 (2θ) = 0.5.

contribute with an overall phase. The two-flavor neutrino oscillation probabilities
are
 
∆
,
(5.18a)
Pee = Pxx = 1 − sin2 (2θ) sin2
2
 
∆
Pex = Pxe = sin2 (2θ) sin2
,
(5.18b)
2
where the oscillation phase is given by ∆ = ∆m2 L/(2E). The factor sin2 (2θ) does
not vary with the baseline L and is therefore the amplitude of the oscillations. The
oscillation phase can be written as
L
∆
=π
,
2
Losc

(5.19a)

where we have defined the neutrino oscillation length
Losc =

4πE
∆m2

(5.19b)

as the neutrino oscillation period. The two-flavor neutrino oscillation probability
Pex for θ = π/8 is plotted in Fig. 5.2.
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Parameter
θ12
θ23
θ13
∆m221 [10−5 eV2 ]
|∆m231 | [10−3 eV2 ]

Best-fit
33.2◦
45◦
0◦
8.1
2.2

3σ region
28.6◦ -38.1◦
35.6◦ -55.6◦
≤ 12.5◦
7.2-9.1
1.4-3.3

Table 5.1. The values of the three-flavor neutrino oscillation parameters from the
global fit to neutrino oscillation data in Ref. [99]. Other global fits [100,101] provide
similar results. Note that the sign of ∆m231 and the CP -violating phase δ are not
yet determined.

That Pee = Pxx and Pex = Pxe in the two-flavor scenario is a direct consequence
of the unitarity of the evolution operator S, which implies that
X
X
Pαβ =
Pβα = 1,
(5.20a)
α

α

i.e.,
Pee + Pex = Pex + Pxx = Pxe + Pxx = Pee + Pxe = 1.

(5.20b)

This unitarity condition basically states that no neutrinos are lost during the neutrino evolution (the probability of finding the neutrino in any of the neutrino states
is one) and that if a neutrino is detected, then it must have been produced as some
type of neutrino (the probability that the neutrino was initially in one of the neutrino states is one). The unitarity condition is present for any number of neutrinos,
but does not generally predict Pαβ = Pβα , c.f. discussion in next subsection.

5.3.2

Three-flavor oscillations

Even if the two-flavor neutrino oscillation scenario is very intuitive and simple, it
is not always a good description. For example, if we wish to measure the neutrino
oscillation parameters with high precision, then we have to use the full three-flavor
scenario, since this is what defines our parameters. Let us therefore examine the
three-flavor scenario and observe in what situations and with which parameter
mappings it can be reduced to effective two-flavor scenarios. We will also discuss
genuine three-flavor effects such as CP -violation.
In the three-flavor scenario, we parametrize the lepton mixing matrix using the
standard parametrization of Eq. (4.2). The parametrization of the lepton mixing
matrix requires three mixing angles and one CP -violating phase. In addition, there
will be two independent mass squared differences2 , ∆m221 and ∆m231 . The values of
these parameters resulting from global fits to neutrino oscillation data are shown
in Tab. 5.1.
2 By

definition, we have ∆m2ij = −∆m2ji and ∆m232 = ∆m231 − ∆m221 .
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Effective two-flavor scenarios
The probability Pαβ of να → νβ is well described by a two-flavor approximation if
it is of the form


∆m2
L .
(5.21)
Pαβ = δαβ + (1 − 2δαβ ) sin2 (2θ) sin2
4E
Comparing this with Eq. (5.5c), we observe that there will be oscillation probabilities which are well described by two-flavor formulas if either any of the elements in
the lepton mixing matrix or one of the mass squared differences are zero.
In the case when an element of the lepton mixing matrix, say Ue3 ,3 is equal
to zero the lepton mixing matrix can be made real by removal of the Majorana
phases, which are irrelevant to neutrino oscillations. Thus, the terms involving the
ij
imaginary part of Jαβ
can be dropped in Eqs. (5.5) and we are left with
Pαβ = δαβ − 4

X
i<j

ij
Re(Jαβ
) sin2

!
∆m2ij
L .
4E

(5.22)

i3
i3
3i
3i
Furthermore, since Ue3 = 0, it follows that Jeα
= Jαe
= Jeα
= Jαe
= 0, and thus,
we have the following effective two-flavor expressions


∆m221
12
L
Pee = 1 − 4Jee
sin2
4E


∆m221
= 1 − 4|Ue1 |2 |Ue2 |2 sin2
L ,
(5.23a)
4E


∆m221
L
Peα = −4Ue1 Ue2 Uα1 Uα2 sin2
4E
= Pαe ,
(5.23b)

where we have dropped the complex conjugation of the lepton mixing matrix elements, since they can be made real by removing the Majorana phases. It should be
noted that the neutrino oscillation probabilities not involving νe are not necessarily
of the two-flavor form even if Ue3 = 0. The fact that the above expressions are of
the two-flavor form is a direct consequence of νe being a superposition of only two
different neutrino mass eigenstates when Ue3 = 0. Unless another element in the
same row or column as Ue3 is also equal to zero, the remaining neutrino oscillation
probabilities will not be of two-flavor form.
The lepton mixing matrix can also be made real in the case when one of the
mass squared differences is zero, in fact, we can then redefine the lepton mixing
matrix such that it contains a zero. However, in this situation, all the neutrino
oscillation probabilities will be of the two-flavor form for the simple reason that
3 We

choose Ue3 as an example, since it is known to be small, c.f. Tab. 5.1
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there will only be one independent mass squared difference left, i.e., if ∆m221 = 0,
then ∆m232 = ∆m231 . The amplitudes and mass squared differences of the above
mentioned cases can be found in Tab. 1 of Paper [3].
Even if the above requirements are not exactly fulfilled, but rather |Ue3 | ≪ 1
or ∆m221 ≪ 2E/L, these two-flavor formulas can be used as approximations. In
addition, there are other scenarios where the final neutrino oscillation probabilities
include two-flavor expressions. For example, if ∆m231 ∼ ∆m232 ≫ 2E/L, then the
factors cos(∆3i ) and sin(∆3i ) will oscillate so fast that experiments will only be
able to observe their averaged effect, which is zero since cosine and sine average to
zero. In this limit, the neutrino oscillation probabilities have the form




∆m221
∆m221
2
12
13
23
12
L −2 Im(Jαβ ) sin
L .
Pαβ = δαβ −2 Re(Jαβ +Jαβ )−4 Re(Jαβ ) sin
4E
2E
(5.24)
While the neutrino transition probabilities (α 6= β) will not only include constants and the characteristic two-flavor modulation sin2 [∆m2 L/(4E)] due to the
CP -violating term, the neutrino survival probabilities (α = β) will be, e.g.,



∆m221
2
2
4
2f
Pee = c13 1 − sin (2θ12 ) sin
L + s413 = c413 Pee
+ s413 ,
(5.25)
4E
2f
where Pee
is the two-flavor neutrino survival probability with ∆m2 = ∆m221 and
θ = θ12 . The reason that the two-flavor probability appears in this expression is
that one of the neutrino mass eigenstates, in this case ν3 , has a mass which is so
different from the masses of the other two states that it effectively decouples from
the oscillations.

CP- and T -violation
As was discussed earlier, in two-flavor neutrino oscillations, we have T -invariance
Pαβ = Pβα as a direct consequence of unitarity (and thus, also CP -invariance
Pᾱβ̄ = Pαβ if we assume CPT -invariance, i.e., Pᾱβ̄ = Pβα ), this is no longer true
in the three-flavor scenario. The three-flavor unitarity conditions are given by
Pαe + Pαµ + Pατ = Peα + Pµα + Pτ α = 1,

(5.26)

where α ∈ {e, µ, τ }. If we define the T -asymmetries
∆Pαβ = Pαβ − Pβα ,
then it is apparent that
X
β

∆Pαβ =

X
β

(Pαβ − Pβα ) = 1 − 1 = 0.

(5.27)

(5.28)

Since ∆Pαβ = −∆Pβα , there are only three T -asymmetries which could be independent. The number of conditions in Eq. (5.28) would seem to be three, one for
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each choice of α. However, because of the anti-symmetry of ∆Pαβ , Eq. (5.28) only
constitutes two independent conditions on ∆Pαβ . Since we have three different T asymmetries on which we impose two conditions, there will only be one independent
asymmetry after the conditions have been taken into account [102], i.e.,
∆Peµ = −∆Peτ = ∆Pµτ = −∆Pµe = ∆Pτ e = −∆Pτ µ .
With the standard parametrization of the lepton mixing matrix, we have
 





∆m221
∆m232
∆m213
∆Peµ = 4J sin
L + sin
L + sin
L ,
2E
2E
2E

(5.29)

(5.30)

where
J = c213 s13 s12 c12 s23 c23 sin(δ)
is the Jarlskog invariant [103]. In the general case of oscillations among n neutrino
flavors, it is easy to show that the same argument as above leads to (n − 2)(n − 1)/2
independent CP -asymmetries, i.e., the same number as the number of CP -violating
Dirac phases in the lepton mixing matrix.
The violation of the CP - and T -symmetries in neutrino oscillations in vacuum
was first discussed by Cabibbo in Ref. [104] and has also been treated in Refs. [80,
81,102], where also the fact that the Majorana phases do not influence the neutrino
oscillation probabilities was discussed.

5.4

Neutrino oscillations in matter

As first discussed by Wolfenstein [37] and elaborated on by Mikheyev and Smirnov
[38, 39], the presence of matter can greatly affect the propagation of neutrinos.
Although the low-energy4 cross-section for neutrino scattering is proportional to
the Fermi constant GF squared, the neutrino dispersion relation can obtain contributions of first order in the Fermi constant due to coherent forward scattering
on the matter constituents. Even though the matter contributions to the neutrino
dispersion relation will still be small, their effect should be compared to that of the
neutrino masses and, in particular, the mass squared differences as this is what determines the neutrino oscillation frequency. We will start by deriving the effects of
coherent forward scattering with the original argumentation and then put this into
the context of thermal field theory following the work of Nötzoldt and Raffelt [105].

5.4.1

Origin of the matter potential

We wish to describe how the presence of coherent forward scattering on matter
constituents affects the neutrino energy levels. Since neutrinos are only weakly
4 With low-energy being defined as the center-of-momentum energy, which should be compared
to the W ± mass.
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f
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νe
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νe

e

Figure 5.3. Tree-level Feynman diagrams for coherent forward scattering of neutrinos on fermions. While the NC scattering (left) is available for all neutrino flavors,
the CC scattering (right) is only possible for electron neutrino scattering on electrons.

interacting, the interaction with matter can occur through either charged-current
(CC, W ± exchange) or neutral-current (NC, Z 0 exchange) interactions, where the
tree-level Feynman diagrams for these processes are shown in Fig. 5.3. The CC
process can be described through the effective four-fermion interaction term
GF
LCC = − √ [νe γ µ (1 − γ 5 )e][eγµ (1 − γ 5 )νe ],
2

(5.31a)

which can be rewritten as
GF
LCC = − √ [νe γ µ (1 − γ 5 )νe ][eγµ (1 − γ 5 )e]
2

(5.31b)

by a Fierz transformation. By introducing the density matrix
1X
ρe =
2 s

Z

d3 p

|e(p, s)i he(p, s)|
Ne f (p, T )
2p0

(5.32)

for the electron distribution, where Ne is the electron number density and f (p, T ) is
the statistical momentum distribution of the electrons at temperature T normalized
as
Z

d3 pf (p, T ) = 1,

(5.33)
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the electron degrees of freedom can be integrated out as
LνCC

=

tr(LCC ρe )
Ne
GF
= − √ [νe γ µ (1 − γ 5 )νe ]
2
2
X Z d3 p
e(p, s) eγµ (1 − γ 5 )e e(p, s) f (p, T )
×
0
2p
s


Z
(/
p + m)
GF
Ne
5
3
µ
5
γµ (1 − γ )
d p tr
= − √ [νe γ (1 − γ )νe ]
2
2p0
2
Z
GF
pµ
= − √ [νe γ µ (1 − γ 5 )νe ]Ne d3 p 0 f (p, T ).
p
2

(5.34)

Assuming that we are in the rest-frame of the medium, f (p, T ) is an even function
and the integral of pµ f (p, T )/p0 vanishes unless µ = 0, it follows that
Z
GF
GF Ne
LνCC = − √ [νe γ 0 (1 − γ 5 )νe ]Ne d3 pf (p, T ) = − √ [νe γ 0 (1 − γ 5 )νe ]. (5.35)
2
2
This interaction term gives a contribution to the electron neutrino self-energy of
√
ΣCC = 2GF Ne γ 0 PL ,
(5.36)
where PL = (1 − γ 5 )/2 is the projection operator on the left-handed states. Thus,
the dispersion relation for the left-handed electron neutrinos is
(E −

√

2GF Ne )2 = m2 + p2

⇐⇒

E ≃p+

m2 √
+ 2GF Ne ,
2p

(5.37)

where m is the electron neutrino mass and we have assumed that the neutrinos are
ultra-relativistic (|p| ≫ m). With several neutrino flavors, we also have to take
lepton mixing into account and the corresponding dispersion relation in flavor basis
is
1
H = p + U M 2 U † + HCC ,
(5.38)
2p
where M = diag(m1 , m2 , m3 ), U is the lepton mixing matrix, H is the Hamiltonian
that has to be diagonalized in order to find the propagation eigenstates, and
√
(5.39)
HCC = 2GF Ne diag(1, 0, 0, . . .).
We note that when Ne = 0, H reduces to the vacuum Hamiltonian of Eq. (5.11)
except for a term proportional to unity, which only contributes with an overall
phase factor. Since p0 is negative for anti-neutrinos and the energy E is defined
as E = |p0 |, the matter potential for anti-neutrinos will differ by a sign
√ from the
5
2GF Ne →
matter
potential
for
neutrinos,
i.e.,
we
have
to
make
the
substitution
√
− 2GF Ne when treating anti-neutrinos.
5 In

addition to the substitution δ → −δ that was present already in the vacuum case.
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The NC interactions can occur between any neutrino flavor and any of the matter constituents and the computations closely follow those of the CC interactions.
For an electrically neutral medium, the NC interaction potentials of neutrinos with
electrons and protons are of the same magnitude but opposite sign and therefore
cancel. Thus, in ordinary matter consisting of protons, electrons, and neutrons, the
only remaining NC contribution will come from the interactions with neutrons and
be of the form
GF Nn
HNC = − √
diag(1, . . . , 1, 0, . . . , 0),
(5.40)
| {z } | {z }
2
n entries k entries

where Nn is the neutron number density, n is the number of active neutrino flavors,
and k is the number of sterile neutrino flavors6 . If there are no sterile neutrinos, then
the tree-level NC interactions will not affect the neutrino oscillation probabilities,
since the corresponding addition to the effective Hamiltonian is proportional to
unity and only amounts to an overall phase in the neutrino oscillation amplitudes.
Thermal field theory approach

A more stringent way of deriving the medium contribution to the neutrino selfenergy is to treat it using thermal field theory methods [105]. We are then interested in finding the finite temperature and density (FTD) contributions to the
neutrino self-energy from the Feynman diagrams displayed in Fig. 5.4, where the
FTD contributions will come from the fermion propagators (the number density of
W ± and Z 0 in ordinary matter is negligible). With the FTD part of the fermion
propagators given by
SFTD = −(/
p + m)2πδ(p2 − m2 )[θ(p0 )n+ (p) + θ(−p0 )n− (p)],

(5.41)

where
n± (p) = [e(|p·u|±µ)/T + 1]−1

(5.42)

are the occupation numbers for particles and anti-particles, respectively, θ is the
Heaviside function, µ is the chemical potential, and u is the four-velocity of the
medium. Computing the FTD parts of the self-energy diagrams, we obtain the
same result as above for Σ.

5.4.2

Formalism of neutrino oscillations in matter

As we have just observed, the presence of matter will alter the effective neutrino
oscillation Hamiltonian in flavor basis to
Hf = H0 + V diag(1, 0, 0, . . .),

(5.43)

√

where V = 2GF Ne and H0 is the vacuum Hamiltonian from Eq. (5.11). The
eigenstates of the effective Hamiltonian are clearly not the same as the eigenstates
6 A sterile neutrino is a neutrino which does not participate in the weak interaction. In the
standard neutrino oscillation framework, we have three active and zero sterile flavors.
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f
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Z0
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νx
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Figure 5.4. The weak interaction contributions to the neutrino self-energy, where
the FTD contributions will arise from the fermion propagators. Note that these are
exactly the same diagrams as those of Fig. 5.3 with the exception that the fermion
lines have been closed.

of H0 . However, we can introduce the basis of matter eigenstates ν̃i as the basis
which diagonalizes the effective Hamiltonian. This new basis will be related to the
flavor basis as
νf = Ũ ν̃ ⇐⇒ ν̃ = Ũ † νf ,
(5.44)
where the unitary matrix Ũ is the effective lepton mixing matrix in matter.
For neutrinos propagating in matter of constant electron number density, the
effective Hamiltonian is time-independent and the neutrino oscillation probabilities can be computed in the same manner as in the case of neutrino oscillations in
vacuum with the substitution U → Ũ and Ei → Ẽi , where Ẽi are the energy eigenvalues of the effective Hamiltonian. However, when neutrinos propagate through
matter with varying electron number density, the effective Hamiltonian, and thus
also the matter eigenstates, will become time-dependent. The Schrödinger equation
in flavor basis can be transformed to the matter eigenstate basis according to
i

dνf
= Hf ν f
dt

⇐⇒
⇐⇒
⇐⇒

dŨ ν̃
= Ũ H̃ Ũ † Ũ ν̃
dt
dŨ
dν̃
+i
ν̃ = Ũ H̃ ν̃
iŨ
dt
dt
!
dν̃
† dŨ
i
ν̃,
= H̃ − iŨ
dt
dt
i

(5.45)

where H̃ = Ũ † Hf Ũ is the diagonalized effective Hamiltonian. Even though H̃ is
diagonal, there will be transitions from one matter eigenstate to another due to the
change in the effective mixing matrix Ũ arising from the varying matter potential.
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Two-flavor oscillations in matter

Just as in the case of neutrino oscillations in vacuum, neutrino oscillations in matter
are most easily described in the case of two neutrino flavors. As in the vacuum
case, many three-flavor problems can be effectively reduced to treating simpler twoflavor problems, and thus, the two-flavor solution is not just a toy model, but can
actually be used in the analysis of experiments where the two-flavor approximation
is justified. As in the two-flavor treatment of neutrino oscillations in vacuum, the
effective lepton mixing matrix will be real and can be parametrized as
Ũ =



c̃ s̃
−s̃ c̃



,

(5.46)

where c̃ = cos(θ̃), s̃ = sin(θ̃), and θ̃ is the effective mixing angle in matter. The
effective Hamiltonian in flavor basis has the form
∆m2
Hf =
4E



− cos(2θ)
sin(2θ)

sin(2θ)
cos(2θ)



V
+
2



1 0
0 −1



,

(5.47a)

where we have subtracted a matrix proportional to unity in order to make Hf
traceless. By the relation Hf = Ũ H̃ Ũ † , it must also hold that
Hf =



∆m̃2
4E

− cos(2θ̃) sin(2θ̃)
sin(2θ̃)
cos(2θ̃)



,

(5.47b)

where ∆m̃2 = 2E∆E and ∆E is the energy difference between the energy eigenvalues in matter. Equating the two expressions for Hf , we obtain
2

∆m̃ = ∆m

2

q

[cos(2θ) − Q]2 + sin2 (2θ)

(5.48a)

and
tan(2θ̃) =

sin(2θ)
,
cos(2θ) − Q

(5.48b)

where Q = 2EV /∆m2 . The latter of these relations can be rewritten as
sin2 (2θ̃) =

sin2 (2θ)
.
[cos(2θ) − Q]2 + sin2 (2θ)

(5.48c)

Note that Eq. (5.48b) contains more information than Eq. (5.48c), since it is sensitive to whether θ̃ is larger or smaller than π/4.
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For two-flavor neutrino oscillations in matter of constant density, the neutrino
oscillation probabilities are given by
Pee = Pex

=

Pex = Pxe

=




∆m̃2
1 − sin (2θ̃) sin
L ,
4E


∆m̃2
L ,
sin2 (2θ̃) sin2
4E
2

2

(5.49a)
(5.49b)

and the derivation is completely analogous to the derivation of the two-flavor neutrino oscillation probabilities in vacuum. From Eq. (5.48c), it is apparent that the
neutrino oscillation amplitude sin2 (2θ̃) is equal to one if
2EV
= cos(2θ).
∆m2

(5.50)

This condition is known as the Mikheyev–Smirnov–Wolfenstein (MSW) resonance
condition [37–39] and can be fulfilled regardless of the vacuum mixing angle θ.
However, the width of the resonance is proportional to sin(2θ) [38], and thus, a
small mixing angle implies a narrow resonance. In addition, the effective mass
squared difference at the resonance is given by
∆m̃2res = ∆m2 sin(2θ),

(5.51)

which implies that the oscillation length at the resonance becomes infinite as θ → 0.
We also note that if θ is chosen such that 0 ≤ θ ≤ π/4 (which can always be achieved
by permuting the two mass eigenstates), then the MSW resonance condition will
be fulfilled either for neutrinos (if ∆m2 > 0) or for anti-neutrinos (if ∆m2 < 0),
but not for both, since V changes sign for anti-neutrinos.
In matter of varying electron number density, the two-flavor evolution can be
expressed as
"
!#
˙
dν̃
0 −iθ̃
= H̃ +
ν̃,
(5.52)
i
˙
dt
0
iθ̃
˙
where θ̃ = dθ̃/dt. In general, there is no simple analytic solution to this problem and one usually relies on approximate solutions. One of the most important
approximate solutions is the solution for neutrino oscillations in matter with an
electron number density which changes slowly with time, i.e.,
γ≡

∆m̃2
≫ 1,
˙
4E θ̃

(5.53)

where γ is known as the adiabaticity parameter. In this case, we can disregard
transitions between the matter eigenstates and the components of ν̃ just obtain

50

Chapter 5. Theory of neutrino oscillations

phase factors from the diagonal entries of H̃, this is known as the adiabatic approximation7 . As the overall phase does not matter for the neutrino oscillation
probabilities, only the phase difference
Z t
∆m̃2
dt
(5.54)
Φ(t) =
2E
0
will be of importance. If the effective mixing angle at time t = 0 is θ̃(0) = θi and
the mixing angle at time t = T is θ̃(T ) = θf , then we have
ν̃1 (t) = c̃(t)νe − s̃(t)νx ,
ν̃2 (t) = s̃(t)νe + c̃(t)νx ,

(5.55a)
(5.55b)

and the neutrino transition probability Pex is given by


2
1
0
Ũ
(0)ν
Pex (T ) = νx Ũ † (T )
e
0 e−iΦ(T )


2
 1
0
ci
−sf cf
=
si
0 e−iΦ(T )
1
=
{1 − cos(2θf ) cos(2θi ) − sin(2θf ) sin(2θf ) cos[Φ(T )]} .(5.56a)
2
In addition, if the phase Φ can be considered to be rapidly oscillating, then cos[Φ(T )]
will average out to zero and we are left with
Pex =

1
[1 − cos(2θf ) cos(2θi )].
2

(5.56b)

If we also make the assumption that the neutrinos are produced in a very highdensity medium and evolve adiabatically to vacuum, then θi → π/2 and θf = θ
and the transition probability is
Pex = cos2 (θ).

(5.56c)

Thus, for a small vacuum mixing angle θ, we can obtain an almost complete transition from νe to νx . However, these computations assume that the adiabaticity
condition is fulfilled. From differentiating Eq. (5.48c), we obtain
˙
2θ̃ =

sin(2θ)
Q̇.
[cos(2θ) − Q]2 + sin2 (2θ)

(5.57)

If Q̇ can be considered to be approximately constant, then
γ=
7 For

∆m2 {[cos(2θ) − Q]2 + sin2 (2θ)}3/2
2E
Q̇ sin(2θ)

discussions on non-adiabatic effects, see Refs. [106–108].

(5.58a)
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will obtain its smallest value
γres =

∆m2 sin2 (2θ)
2E
Q̇

(5.58b)

at the MSW resonance. Thus, if the adiabaticity condition γ ≫ 1 is violated
anywhere, it will be violated at the resonance. Especially, if θ → 0, then γres → 0
and adiabaticity is violated. Thus, for small enough θ, the conditions in deriving
Eq. (5.56c) are not satisfied. The adiabatic approximation is of great importance
in, e.g., the treatment of the oscillations of solar neutrinos.
Even though there is no general closed form solution, there exists analytic solutions for some specific forms of the matter density profile, the constant density
solution being the most simple. Other examples where the solutions are known are
the cases of linear [109] and exponential [110, 111] matter density profiles. In addition, there have also been efforts to rewrite the neutrino flavor evolution equations
as an ordinary complex non-linear differential equation for the neutrino oscillation
amplitude, see e.g. Ref. [112]. In Paper [2], we have discussed the exact analytic
solution of two-flavor neutrino oscillation in an arbitrary matter density profile as
given by a series expansion solution to a real non-linear differential equation for the
the neutrino oscillation probability.

5.4.4

Three-flavor oscillations in matter

Just as in the case of neutrino oscillations in vacuum, going from a two-flavor
treatment to a full three-flavor treatment when treating neutrino oscillations in
matter complicates the analysis rather drastically. Still, some of the three-flavor
neutrino oscillation probabilities will again be reduced to two-flavor neutrino oscillation probabilities.
Unlike in the case of two-flavor neutrino oscillations in matter, in the three-flavor
treatment, there is no simple analytic form for the effective mixing parameters (θ̃ij
and δ̃) and mass squared differences (∆m̃2ij ), although there exists approximative
expressions [113].
An interesting feature of the three-flavor treatment is the fact that we now
have two MSW resonances, which can appear either as two resonances for neutrinos (if ∆m231 > 0) or as one resonance each for neutrinos and anti-neutrinos
(if ∆m231 < 0).8 Because of the hierarchy in the mass squared differences (i.e.,
∆m221 ≪ |∆m231 |), the two resonances can be treated separately and will often reduce to two-flavor treatments. For example, if V ∼ ∆m221 /(2E) ≪ |∆m231 /(2E)|,
then the third mass eigenstate will decouple in the same way as described after
8 Since ∆m2 > 0 and θ
◦
2
12 ≃ 33 , the resonance corresponding to ∆m21 will appear for neu21
trinos and not anti-neutrinos. In fact, it is the matter effect on the solar neutrinos that has been
used to determine the sign of ∆m221 .
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Eq. (5.25). The effective Hamiltonian in the remaining two-flavor system will be
given by (in the mass eigenstate basis)




c2 V
∆m221
cos(2θ12 )
sin(2θ12 )
−1 0
2f
Hm
= 13
+
,
(5.59)
sin(2θ12 ) − cos(2θ12 )
0 1
2
4E
which is nothing else than an ordinary two-flavor Hamiltonian with the two-flavor
parameters V → c213 V , θ → θ12 , and ∆m2 → ∆m221 [114]. Thus, if the baseline
is long enough for the fast oscillations with frequency ∆m231 /(2E) to average out,
then the νe → νe oscillation probability will be given by
2f
Pee = c413 Pee
+ s413 ,

(5.60)

2f
where Pee
is the two-flavor survival probability calculated from the effective twoflavor framework described above. In particular, this situation is applicable to the
oscillation of electron neutrinos produced in the thermonuclear processes in the Sun.
In Paper [1], we have computed the three-flavor effects on the day-night asymmetry
in the flux of electron neutrinos by exploiting this fact.
On the other hand, if ∆m221 L/(2E) ≪ 1, then the effects of ∆m221 are negligible
and we can implement this by setting ∆m221 = 0. In this case, the mixing angle θ12
becomes irrelevant and we have



c13
0 s13 e−iδ
1
0
0
.
0
1
0
(5.61)
U = U23 U13 =  0 c23 s23  
iδ
0 −s23 c23
−s13 e
0
c13

By defining a new basis ν ′ for the neutrino states according to
†
ν ′ = U23
νf ,

(5.62a)

i.e.,
ν1′ = νe ,

ν2′ = c23 νµ − s23 ντ ,

ν3′ = s23 νµ + c23 ντ ,

the Hamiltonian takes the form



s213
V 0 0
2
∆m31 
†
0
H ′ = U23
Hf U23 =  0 0 0  +
2E
s13 c13
0 0 0


0 s13 c13
,
0
0
0
c213

(5.62b)

(5.63)

which shows that this system is now a two-flavor system with ν2′ decoupled from
the other two states and with the two-flavor parameters V → V , θ → θ13 , and
∆m2 → ∆m231 . In particular, since ν1′ = νe , we have
Pee = P1′ 1′ ,

(5.64)

where P1′ 1′ is a two-flavor neutrino survival probability computed with this parameter mapping.
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Another interesting two-flavor limit occurs when the matter potential is significantly larger than the vacuum energy splittings, i.e., when V ≫ ∆m2ij /(2E). In
this limit, the electron neutrino decouples and we are left with a vacuum two-flavor
oscillation scenario for the oscillations between νµ and ντ . This scenario was studied
in detail in Paper [3].
A more detailed review of the three-flavor effects in neutrino oscillations can
be found in Ref. [115]. When the three-flavor effects are relatively small, but not
negligible, it is common to make a series expansion in the small parameters s13
and α ≡ ∆m221 /∆m231 , which has been done in Refs. [113, 116–119]. Approximate
analytic solutions in the three-flavor regime were presented in Refs. [120, 121] in
the case when the two resonances are well separated and can be assumed to be
independent. The full three-flavor solution for matter consisting of constant density layers was presented in Ref. [122], where the Cayley–Hamilton formalism was
used in order to expand the evolution matrix for each layer. This formalism also
provides an easy way of implementing three-flavor neutrino oscillations numerically
by approximating the matter density profile with a profile consisting of sufficiently
thin constant density layers. The effects of CP - and T -violation in matter is also
somewhat more involved than the corresponding effects in vacuum, since the matter
itself violates CP. The effects of CP - and T -violation in matter has been studied
in Refs. [123–128].

5.5

Non-standard effects

What has been described so far in this chapter is the standard framework for treating neutrino oscillations both in vacuum and in matter. This standard framework
has so far been extremely successful in describing all of the neutrino oscillation
experiments that have been performed, with the possible exclusion of the LSND
result [129–131] (see Ch. 6). In recent years, even the oscillatory behavior of the
neutrino flavor transitions have been observed in the Super-Kamiokande [58] and
KamLAND [61] experiments, which favors neutrino oscillations as the leading mechanism behind these flavor transitions. However, that other alternatives are not the
main cause of the flavor transitions does not imply that they do not contribute.
With new generations of neutrino oscillation experiments being planned for measuring the neutrino oscillation parameters with higher accuracy, we may need to
invoke secondary contributions from effects not incorporated into the standard neutrino oscillation framework in order to obtain a coherent description of the neutrino
flavor transitions. Examples of effects that could give secondary contributions are
neutrino decay [132–142], neutrino wave-packet decoherence [143–147], and nonstandard interactions [37, 148–175]. The non-standard effects can be subdivided
into incoherent and coherent effects, depending on whether they must be implemented on the probability level (incoherent effect) or if they can be implemented in
the evolution stage by effectively changing the neutrino evolution Hamiltonian. It

Coherent − PC

Incoherent − PV
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Figure 5.5. An overview of the sets of non-standard effects that could occur in
neutrino oscillations. While a coherent effect is necessarily probability conserving
(PC), a probability conserving effect is not necessarily coherent, but can also be
incoherent. Similarly, a probability violating (PV) effect is necessarily incoherent,
but an incoherent effect is not necessarily probability violating.

is also possible to divide the non-standard effects into probability conserving and
probability violating effects, depending on whether the condition
X
X
Pαβ =
Pαβ = 1
(5.65)
α

β

is fulfilled or not. While coherent effects are probability conserving by construction,
incoherent effects can be either probability conserving or probability violating, as
shown in Fig. 5.5.

5.5.1

Incoherent effects

By definition, an incoherent (or damping) effect is an effect which introduces a
damped interference between two or more of the neutrino mass eigenstates. The
neutrino oscillation probabilities are then given by
X
ij −i∆ij
Pαβ =
,
(5.66)
Dij Jαβ
e
i,j

where Dij ≤ 1 is the damping factor between mass eigenstate i and mass eigenstate
j. Generally, Dij = Dji and can be written on the form
!
|∆m2ij |ξ Lβ
,
(5.67)
Dij = exp −αij
Eγ
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where αij , ξ, β, and γ are characteristic for the specific type of non-standard effect.
The probability conserving incoherent effects fulfill the condition that Dij = 1 if
i = j, which has the effect that only the oscillating terms in the neutrino oscillation
probabilities are damped. Thus, in the limit of Dij → 0 for i 6= j, the probability
conserving incoherent effects are equivalent to averaging out the oscillatory behavior
as the coherence between the mass eigenstates is lost. Examples of probability
conserving incoherent effects are wave-packet decoherence (wave-packets of different
mass eigenstates evolving at different velocities) [143–147] and neutrino decoherence
from interactions with the environment [176–186].
The damping factors of probability violating incoherent effects can usually be
factorized to the form
Dij = Ai Aj

⇐⇒

αij = αi + αj .

(5.68)

For effects of this type, we generally have Dij < 1 even if i = j, which means that
the sum of the neutrino oscillation probabilities will be less than one. A typical
examples of such effect is neutrino decay (where neutrinos are lost due to one or
more of the mass eigenstates decaying) [132–142].
In Paper [4], we give an overview of the incoherent effects and their treatment in
a three-flavor framework along with an example of how they can affect the results of
neutrino oscillation experiments and how one can search for and distinguish them
from standard neutrino oscillations as well as from each other.

5.5.2

Coherent effects

While the incoherent non-standard effects were implemented on the probability
level, the coherent non-standard effects can be implemented by altering the neutrino
evolution Hamiltonian according to
Hf −→ Hf + Hf,NS ,

(5.69)

where Hf,NS is the contribution from the specific non-standard scenario. This
replacement is very similar to the replacement of the vacuum Hamiltonian with
the effective Hamiltonian in matter when treating neutrino oscillations in a matter
background.9 The structure and energy dependence of Hf,NS is dependent on the
specific type of non-standard effect considered. A coherent non-standard effect can
be categorized by a characteristic energy dependence or if it takes a simple form
in a specific basis for the neutrino states, e.g., if it is diagonal in the neutrino
mass eigenstate basis, in which case it does not affect the lepton mixing matrix,
but only the effective mass squared differences. Among the examples of coherent
non-standard effects are non-standard interactions (NSI) [37, 148–175] of neutrinos
with matter and mass-varying neutrinos (MVNs) [187–203].
9 Note

that the standard matter effects are now included in Hf .
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In the case of NSI, it is assumed that there are effective four-fermion interactions
of the form
X fP
√
(5.70)
LNSI = − 2GF
εαβ [f γ µ P f ][να γµ (1 − γ 5 )νβ ],
α,β,f,P

where f are the matter constituents and P = (1 ± γ 5 )/2 are the right- and lefthanded projectors. Such terms are expected to arise in the Lagrangian density
when going beyond the SM and in order to have a real Lagrangian density, we must
P
P∗
have εfαβ
= εfβα
. In a manner completely analogous to the derivation of the MSW
potential V , these effective four-fermion interactions will give a contribution to the
effective neutrino evolution Hamiltonian which is of the form


εee εeµ εeτ
(5.71)
Hf,NSI = V  ε∗eµ εµµ εµτ  ,
ε∗eτ ε∗µτ ετ τ
where we have defined

εαβ =

X
f,P

P
εfαβ

Nf
Ne

and Nf is the number density of fermions of type f .
In Paper [5], we study general coherent non-standard effects, how they affect the
neutrino oscillation probabilities and how they can be distinguished from standard
oscillations, each other, and incoherent effects in a similar fashion as the study of
incoherent effects in Paper [4]. Paper [6] is focused on the implications of including
NSI into the analysis of the MINOS experiment.

Chapter 6

Neutrino oscillation
experiments
A theory is something nobody believes, except the person who made it. An
experiment is something everybody believes, except the person who made it.
– Albert Einstein
No matter how beautiful a physical theory may seem, its predictions must be
verified by experiments before it can be accepted as a good description of Nature.
Thus, we will now turn toward the experimental verifications of neutrino oscillations
in order to examine why they have been accepted as an occurring phenomenon. We
will start by discussing some general features of the two-flavor neutrino oscillation
probabilities in order to better understand the confidence regions in the parameter
space of neutrino oscillations that result from experiments. We will then briefly
summarize the different types of experiments that have been performed and see
how they contribute to our current view of neutrino oscillations.

6.1

Analyzing two-flavor neutrino oscillation
probabilities

If matter effects are not important and a two-flavor framework is sufficient to describe the neutrino oscillations in a given experiment, then the neutrino transition
probability is given by


∆m2
2
2
L .
(6.1)
Pαβ = sin (2θ) sin
4E
Since the survival probability only differs from this by a sign and a constant, it is
sufficient to study this term in order to examine the isocontours of the neutrino
57
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oscillation probability in the parameter space, which is spanned by the mass squared
difference ∆m2 and the lepton mixing angle θ.
Let us suppose that we have an experiment with a fixed baseline L = L0 which
measures the oscillation probability for neutrinos with energy E = E0 and is sensitive to values of Pαβ > p0 . Thus, in order to determine the sensitivity region of
this experiment, we wish to find the isocontour Pαβ = p0 in the neutrino oscillation
parameter space. If ∆m2 L0 /(4E0 ) ≪ 1, then the oscillatory term in the neutrino
oscillation probability can be expanded in order to obtain the relation
2

p0 = sin (2θ)



∆m2 L0
4E0

2

⇐⇒

sin2 (2θ) = α ∆m2

−2

,

(6.2)

where α = 16p0 E02 /L20 . Since the largest possible value of sin2 (2θ) is one, the
smallest value of the mass
√ squared difference which the experiment will be sensitive
to is given by ∆m2 = α and the sensitivity limit is then a straight line with slope
−1/2 when plotted in logarithmic scale in the sin2 (2θ)–∆m2 parameter space as
long as ∆m2 L0 /(4E0 ) ≪ 1 is fulfilled. On the other hand, if ∆m2 L0 /(4E0 ) ≫ 1,
then the oscillatory behavior in the neutrino oscillation probability will average out
due to the finite energy resolution and size of the detector. Thus, in this limit, the
sensitivity limit is given by
1
(6.3)
p0 = sin2 (2θ)
2
which is independent of ∆m2 and we expect the sensitivity limit to be given by a
vertical line in the sin2 (2θ)–∆m2 parameter space. In the intermediate region, we
expect an oscillatory behavior due to the sin2 [∆m2 L/(4E)] term in the neutrino
oscillation probability, see Fig. 6.1. If an experiment is performed with a range
of different neutrino energies, then each energy bin will contribute with its own
sensitivity contour, and thus, the final confidence region must not have the exact
shape shown in this figure, but will rather be a combination of such contours.
Matter effects are definitely not negligible for the solar neutrinos with the highest energy. In addition, because of the finite energy resolution of detectors, the
eccentricity of the Earth’s orbit, the size of the production regions inside the Sun,
and the intrinsic spread of the wave-packets for neutrinos in different mass eigenstates, the oscillating terms in the solar neutrino oscillation probabilities will all
be averaged out. Thus, solar neutrinos are commonly analyzed using the adiabatic
approximation of Eq. (5.56b) with θf = θ. The initial effective mixing angle θi will
depend on where in the Sun the neutrinos are produced and the neutrino energy as
well as the neutrino oscillation parameters. For ∆m2 /(2EV ) ≫ 1 in the production
region, the entire evolution is essentially equivalent to vacuum oscillations and the
averaged electron neutrino survival probability is
Pee = 1 −

1
sin2 (2θ).
2

(6.4a)
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Figure 6.1. The sensitivity contour in the sin2 (2θ)–∆m2 parameter space for a
realistic neutrino oscillation experiment with p0 = 0.05 is shown by the solid curve.
Also shown are the high and low ∆m2 approximations and the isoprobability contour
for Pαβ = p0 .

However, for ∆m2 /(2EV ) ≪ 1, the initial effective mixing angle is θi ≃ π/2 and
the electron neutrino survival probability is then instead given by
Pee = cos2 (θ),

(6.4b)

assuming that θ is large enough in order for the adiabaticity condition to hold.
Thus, the solar neutrino oscillation experiments will be mainly sensitive to the
lepton mixing angle θ and the information on ∆m2 will be embedded in how the
initial effective mixing angle changes with energy.

6.2

Atmospheric neutrinos

As mentioned in the historical overview, the first evidence of neutrino oscillations
were presented by the Super-Kamiokande data for atmospheric neutrinos in 1998
[9]. As the name suggests, atmospheric neutrinos are produced in the Earth’s
atmosphere when it is hit by cosmic rays [204–207]. A very common product in
these collisions are charged pions π ± which decay as [66]
(−)

π ± −→ µ± + ν µ .
The resulting µ± from this decay then subsequently decay according to [66]
(−)

µ± −→ e± + ν

(−)

µ

+ ν e.
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Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.2. The result of the Super-Kamiokande experiment from 1998 providing
the first evidence for neutrino oscillations. The hatched regions correspond to the
expected results without neutrino oscillations and the solid lines to the best-fit expectancy with neutrino oscillations. Apparently, there is a deficit of muon neutrinos
for cos(Θ) < 0, i.e., for neutrinos with longer path-lengths. Reprinted figure with
permission from Ref. [9]. c (1998) by the American Physical Society.

For low energies (Eµ . 5 GeV), the µ± will essentially always decay before it hits
the ground. Thus, at these energies, the ratio Rνµ /νe between the number of muon
neutrinos and the number of electron neutrinos will be two as the above decay
chain produces two muon neutrinos and one electron neutrino. At higher energies,
the µ± will hit the Earth’s surface and stop before it has had time to decay. As
a result, the relative number of electron neutrinos produced at these high energies
will decrease, resulting in a higher value of Rνµ /νe .
While atmospheric neutrinos had been studied by several earlier experiments
[208–213], Super-Kamiokande was the first one to actually provide evidence of neutrino oscillations [9]. What was done by Super-Kamiokande was to measure the νe
and νµ fluxes at different zenith angles, corresponding to different path lengths from
production to detection and the results from their analysis is shown in Fig. 6.2. As
there is no significant discrepancy between the expected and measured number of
electron neutrino events, the deficit of muon neutrinos in this figure is interpreted
as oscillations of muon neutrinos into tau neutrinos.
In 2004, the Super-Kamiokande results were re-analyzed [58] and the neutrino
events were categorized according to their L/E values rather than their L values as
it is the combination L/E that actually appears in the neutrino oscillation probability. The analysis compared neutrino oscillations to other alternative scenarios to
describe the origin of the muon neutrino deficit and found that neutrino oscillations
were indeed the favored solution when compared to neutrino decay and neutrino
decoherence.1 The results of this analysis are shown in Fig. 6.3.
Following the Super-Kamiokande results, oscillations of atmospheric neutrinos
have also been observed by the Soudan 2 collaboration [214].

6.3

Solar neutrinos

As the Sun produces its energy through thermonuclear reactions, it is in no way a
surprise that it is an abundant source of neutrinos. In fact, as the thermonuclear
reactions occur in the center of the Sun, it is only the neutrinos from these reactions
1 This study only considered neutrino decay and neutrino decoherence as the leading mechanism
behind the muon neutrino deficit. In Papers [4, 5], we discuss how the effects of such sub-leading
effects can influence the neutrino oscillation probabilities.
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Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.3. The results of the Super-Kamiokande L/E analysis [58] which favors
neutrino oscillations over neutrino decay and neutrino decoherence as the leading
mechanism behind the deficit of muon neutrinos in the atmospheric neutrino flux.
The solid curve corresponds to the best-fit prediction of neutrino oscillations, while
the other two curves are the best-fit predictions from neutrino decay and neutrino
decoherence, respectively. Reprinted figure with permission from Ref. [58]. c (2004)
by the American Physical Society.

Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.4. The energy spectrum of solar neutrinos coming from different reactions
in the center of the Sun. Reprinted with permission from Ref. [217].

that escape the Sun without interacting. Thus, neutrinos, unlike the electromagnetic waves and solar wind, can provide us with information on what is actually
going on in the center of the Sun right now (or at least about eight minutes ago,
given the travel time). The standard solar model (SSM) [50, 51, 215, 216] has been
very successful in describing the composition, energy production, and seismology
of our Sun and it also gives a detailed description of what the neutrino flux from
the Sun should look like, see Fig. 6.4. The most abundant fusion reaction in the
Sun is
p + p −→ 2 H + e+ + νe ,

which produces the large pp flux at E . 0.4 MeV in this figure, but there are also
others which play a major role in solar neutrino experiments, since the threshold
energy of many experiments is higher.
The first experiment in which the solar neutrino flux was measured was the
Homestake experiment [40–42], which used the inverse beta-decay
νe + 37 Cl −→ 37 Ar + e−

in a 400 m3 tank of perchloroethylene, essentially cleaning fluid, where the produced
Argon atoms were then counted by radiochemical means. The result of the experiment was that the number of Argon atoms was lower than what was expected from
the SSM, this observation became known as the “solar neutrino problem”. There
were now three possible resolutions to this problem:
1. The SSM could be wrong.
2. The predicted neutrino cross-sections could be wrong.
3. Electron neutrinos were lost somewhere along the propagation from the Sun
to the Earth.
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Since it was already known that the SSM was in good agreement with other observations of the Sun and there was no reason to doubt the cross-section computations,
the main candidate for a resolution was the third option, which would be an indication of neutrino oscillations or some other flavor transition mechanism.
One of the drawbacks of the Homestake experiment was that its threshold energy
of about 0.9 MeV was above the energy of the large flux of pp neutrinos, and thus, it
was sensitive only to neutrino fluxes with larger uncertainties. This drawback was
addressed in the Gallium experiments GALLEX [43, 44] and SAGE [45, 46], which
both used a method very similar to that of the Homestake experiment. Instead of
detecting the inverse beta-decay of Chlorine, these experiments relied on the inverse
beta-decay
νe + 71 Ga −→ 71 Ge + e−
of Gallium, after which the resulting Germanium can be extracted and counted
in the same way that the Argon was counted in the Homestake experiment. The
energy threshold of the inverse beta-decay of Gallium is 0.2 MeV, which is low
enough to detect a significant fraction of the neutrino flux from the primary pp
reaction. Still, the results of the Gallium experiments were the same as that of the
Homestake experiment, a deficiency in the flux of electron neutrinos from the Sun.
A second drawback of the Homestake experiment, which was shared by the
Gallium experiments, was that there was no temporal or directional information for
the inverse beta-decays. This drawback is not present in water Cherenkov detectors
such as Kamiokande [47–49] and Super-Kamiokande [52–54]. These detectors can
detect solar neutrinos by the Cherenkov light in water produced by electrons which
have undergone elastic scattering
νx + e− → νx + e−
with the neutrinos. Although this process is allowed for all neutrino flavors νx ,
the cross-section for electron neutrinos is about six times higher.2 Although these
detectors have a neutrino energy threshold of about 5 MeV, and thus only measure
the high-energy 8 B neutrinos, the water Cherenkov technique measures the events
in real-time and the direction of the scattered electron gives some information on
the direction of the incoming neutrino. In fact, the measurement of the directionality of neutrinos in the Kamiokande was the first proof that the neutrinos were
actually originating from the Sun [48]. However, both the Kamiokande and SuperKamiokande experiments also measured a deficit in the electron neutrino flux, just
as the radiochemical experiments had. The measured fluxes of all of the above
experiments are compared to the SSM predictions in Fig. 6.5.
The resolution to the solar neutrino problem came with the results of the Sudbury Neutrino Observatory (SNO) [55–57], which uses methods similar to the water
2 This is due to the fact that the electron neutrino scattering process has an additional diagram
involving W ± exchange at tree-level.
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Figure 6.5. The fluxes of solar neutrinos for different neutrino experiments compared to the predictions of the SSM. The figure has been adapted from Ref. [218].

Cherenkov detectors. However, instead of the detector volume being filled with ordinary water, it is filled with heavy water. With the presence of deuterium in the
detector, the charged-current (CC)
νe + d −→ p + p + e−
and neutral-current (NC)
νx + d −→ n + p + νx
reactions are allowed, making it possible to detect neutrinos also through these
reactions. While the CC reaction is only sensitive to electron neutrinos, the crosssection for the NC reaction is independent of the neutrino flavor. Thus, the SNO was
able to measure both the flux of electron neutrinos and the total flux of neutrinos
independently. As can be observed in Fig. 6.5, the CC measurement shows a deficit
of electron neutrinos, while the NC measurement is in full agreement with the SSM
prediction. The conclusion from this is that the electron neutrinos produced in the
Sun change their flavor during their propagation to the Earth, see Fig. 6.6.
With the data currently available, we know that the solar neutrino oscillations
are due to adiabatic transitions with a relatively large mixing angle. Historically,
the adiabatic conversion has not been the only neutrino oscillation based solution
to the solar neutrino problem. The phenomenology of the solar neutrino oscillation
probabilities has been studied in, e.g., Refs. [38, 39, 219–222]. In addition, different
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Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.6. The fluxes of 8 B electron neutrinos Φe and mu and tau neutrinos Φµτ
as measured by the SNO experiment in the CC, NC, and elastic scattering (ES)
reactions. The SSM prediction for the total neutrino flux is also shown (dashed
lines). Reprinted figure with permission from Ref. [56]. c (2002) by the American
Physical Society.

oscillation mechanisms, such as the resonant spin-flavor precession [223–229] of
neutrinos with a small magnetic moment in a large magnetic field, were discussed
as possible solutions.

6.3.1

The day-night effect

Due to the real-time detection of solar neutrinos in Super-Kamiokande and SNO,
both of these detectors might be able to tell us if there is any difference in the
neutrino flux during day and night. Since the neutrino cross-sections at the energies
of solar neutrinos is extremely small, any such effect would be due to the matter
effect on the neutrinos traversing the Earth during night and arriving directly to the
detector during day. This possibility of having different fluxes during day and night
is known as the “day-night effect” and it is quantified by the day-night asymmetry
Adn = 2

N −D
,
N +D

(6.5)

where D and N are the day- and night-time event rates in the detector and its
value generally depends on the neutrino oscillation parameters and on the neutrino
energy.
The day-night effect has been thoroughly studied for a long time in the twoflavor framework [230–237]. However, the first full three-flavor treatment was made
in Paper [1], in which the Earth was approximated with a sphere of constant matter
density. This was generalized to an arbitrary density profile in Refs. [238,239]. With
the current knowledge of the neutrino oscillation parameters, we expect the daynight asymmetry to be of the order of a few percent. At the present time, the
experimental uncertainties in the value of the day-night asymmetry are still of the
same order as the effect itself [240–242]. Thus, the day-night asymmetry can, with
the present data, only be used to exclude parameter values which predict a large
value of Adn .

6.4

Reactor neutrinos

Through the decays that follow the fission processes in a nuclear reactor, nuclear
power plants become an abundant source of artificial low-energy anti-neutrinos
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Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.7. The results of the CHOOZ short-baseline reactor neutrino experiment.
Since no oscillations were detected, there is an excluded region with the qualitative
shape of Fig. 6.1 [note that the sin2 (2θ) scale in this figure is linear rather than
logarithmic]. With an external bound on ∆m231 , this exclusion plot can be used to
put an upper bound on the lepton mixing angle θ13 . Reprinted from Ref. [244], with
permission from Elsevier.

with well-known energy spectra. Thus, it becomes natural to try to study the
oscillations of these anti-neutrinos. In principle, there are two types of reactor
neutrino oscillation experiments. The short-baseline experiments [243–246], where
the detectors are placed relatively close3 to the detector, are trying to find the
oscillations associated with the large mass squared difference ∆m231 , where the
oscillations governed by ∆m221 have not yet had time to develop. Such experiments
are mainly sensitive to the small mixing angle θ13 since, for ∆m221 → 0,


∆m231
2
2
Pee = 1 − sin (2θ13 ) sin
L
(6.6)
4E
and the absolute value of ∆m231 is fairly well known from atmospheric neutrino
oscillations. In fact, the current upper bound on θ13 comes from the CHOOZ
experiment [244,245], which was a short-baseline reactor neutrino experiment, along
with external bounds on ∆m231 , see Fig. 6.7.
In addition to the short-baseline reactor neutrino experiments, there is also the
possibility to detect reactor neutrinos at longer distances, i.e., long-baseline reactor
neutrino experiments. In this case, it is not sufficient to study the neutrinos from
one single power plant, since the flux will fall off as L−2 . Instead, the detector should
be placed at about equal distance from a number of nuclear power plants, which will
all generate neutrinos that can be detected. The Kamioka site is located at about
180 km away from a large number of nuclear power plants in Japan and Korea
and the Kamioka Liquid Scintillator Anti-Neutrino Detector (KamLAND) [60, 61]
is detecting the reactor neutrinos coming from these power plants. Because of the
longer baseline, the oscillations governed by ∆m231 are effectively averaged out and
the oscillations can be described by the neutrino survival probability
2f
Pee = c413 Pee
+ s413 ,

(6.7)

2f
is the two-flavor neutrino survival probability with θ = θ12 and ∆m2 =
where Pee
∆m221 .
While the solar neutrino experiments are able to put quite stringent limits on
θ12 , KamLAND has narrowed down the allowed region for the mass squared difference ∆m221 (to which the solar neutrino experiments are not very sensitive). As a
3 Of

the order of 1 km or less.
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Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.8. The impact of combining the KamLAND results with the results from
solar neutrino experiments. The dashed regions correspond to the results from solar
neutrino experiments only, while the shaded contours are the results after including
the KamLAND results. As can be seen from the figure, the impact is mainly to
drastically shrink the allowed region for ∆m221 , while the effect on the allowed θ12
is only marginal. The contours correspond to 90 %, 95 %, 99 %, and 3σ confidence
levels at two degrees of freedom. Reprinted figure with permission from Ref. [99].

Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.9. The results of the KamLAND L/E analysis along with the bestfit predictions of neutrino oscillations, neutrino decay, and neutrino decoherence.
Reprinted figure with permission from Ref. [61]. c (2005) by the American Physical
Society.

result, the measurements of the solar neutrino experiments and KamLAND complement each other as can be observed in Fig. 6.8. In addition, as the in the case
of the Super-Kamiokande experiment, the L/E behavior in KamLAND has been
studied and compared to the predictions of neutrino oscillations and other mechanisms of neutrino flavor transition [61]. Just as in the Super-Kamiokande analysis,
neutrino oscillations was found to be the favored description, see Fig. 6.9.

6.5

Accelerator neutrinos

Yet another way of searching for neutrino oscillations is to study neutrinos which
are artificially produced at particle accelerators [62–64, 129–131, 247–250], usually
by having some particle with a significant branching ratio into neutrinos decay in
a decay pipe. One of the great advantages of using accelerator neutrinos lies in
the fact that the entire experiment can be completely designed and controlled by
physicists. In the case of atmospheric and solar neutrinos, the resulting conclusions
are unavoidably based on models of the neutrino source, while in the case of reactor neutrinos, the main task of the neutrino source is to produce electricity, not
neutrinos. In addition, the range of energies and baselines available for accelerator neutrinos is broad, unlike in the case of solar and reactor neutrinos, which are
restricted to relatively low energies.

6.5.1

K2K and MINOS

There are currently two experiments with accelerator neutrinos which have explored
the same parameter space as the atmospheric neutrino experiments. These are the
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Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.10. The results from the K2K (left panel) and MINOS (right panel)
experiments in the sin2 (2θ23 )–∆m232 plane. Reprinted figures with permission from
Ref. [63] and Ref. [64], respectively. c (2005,2006) by the American Physical Society.

Figure removed from online version for copyright reasons. See printed
version or reference for figure.
Figure 6.11. The results of the LSND experiment with the 90 % confidence level
exclusion contours of other neutrino oscillation searches superimposed. Note the
characteristic shape of both the LSND result and the exclusion contours. Reprinted
figure with permission from Ref. [131]. c (2001) by the American Physical Society.

KEK to Kamioka (K2K) [62,63] in Japan and the Main Injector Neutrino Oscillation
Search (MINOS) [64] in the United States. Both of these experiments have an initial
beam of muon neutrinos and study the disappearance of these muon neutrinos, while
the MINOS experiment is also searching for appearance of electron neutrinos. The
K2K experiment has a baseline of about 250 km and a typical neutrino energy of
approximately 1 GeV and the baseline of the MINOS experiment is about 735 km
with a typical neutrino energy of a few GeV. It should be noted that this means that
the two experiments are working in the same L/E range (i.e., the range important
for oscillations driven by ∆m231 that also happens to be the oscillations which are
important for atmospheric neutrinos). It is important to test neutrino oscillations
at different length scales as deviations from the L/E behavior could be a signal of
non-standard physics.
The results of K2K and MINOS are in perfect agreement with the results of
the atmospheric neutrino oscillation experiments, see Fig. 6.10. While the electron neutrino appearance channel in MINOS could also give some information on
the lepton mixing angle θ13 , taking non-standard interactions into account in the
analysis will ruin this possibility, see Paper [6].

6.5.2

The LSND anomaly

While most neutrino oscillation experiments point toward a coherent three-flavor
neutrino oscillation framework with the neutrino oscillation parameters given in
Tab. 5.1, there is one important exception. This exception is the Liquid Scintillator
Neutrino Detector (LSND) experiment [129–131], which was an accelerator neutrino
experiment with a baseline length of 30 m and neutrino energies in the range of
20-200 MeV, making it sensitive to mass squared differences of the order of of 1 eV2 .
The LSND found evidence for oscillations of anti-muon neutrinos into anti-electron
neutrinos, see Fig. 6.11. However, if the standard neutrino oscillation framework is
a good description of Nature and if there is no CPT -violation, then the resulting
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Figure 6.12. The exclusion contours of the MiniBooNE results compared to the
LSND results. Courtesy of Fermilab [252].

mass squared difference of ∆m2 ≃ 1 eV2 would be incompatible with the ones
resulting from other neutrino oscillation experiments, since there can be only two
independent mass squared differences in the case of three neutrino flavors.
The LSND result has recently been tested by the MiniBooNE (Mini Booster
Neutrino Experiment) [251, 252], which is also an accelerator based experiment
searching for the very same type of oscillations as that observed in the LSND and
the same L/E, although with a different baseline and energy range. The results
of MiniBooNE rejects the LSND result, assuming that it was caused by the effect
of neutrino oscillations, see Fig. 6.12. Thus, this also rejects the description of the
LSND results in terms of oscillations including sterile neutrinos [253–257], which
had been one of the most popular descriptions. However, it is still possible that the
LSND result could be correct, although caused by some non-standard effect with a
different dependence on L and E (see Papers [4, 5]).

Chapter 7

Leptogenesis
We cannot conceive of matter being formed of nothing, since things require a seed
to start from...
– William Shakespeare

7.1

An asymmetric Universe

One question that has had physicists puzzled for a long time is why we can exist, or
in other terms, why there is an excess of matter as compared to anti-matter in the
Universe. Without this excess of matter, there would be no protons, neutrons, and
electrons from which our bodies could be built. If one assumes that the Universe was
symmetric at some early time, then it follows that the asymmetry between matter
and anti-matter must have been created during the evolution of the Universe.
Over the years, there have been many possible descriptions for the generation
of this asymmetry. For example, one solution could be that the excess of matter
over anti-matter is local, i.e., matter has accreted in some regions of the Universe
and anti-matter in some other regions. However, with such a setup, there would
inevitably be collisions between chunks of matter and anti-matter in the border
regions which would release radiation that would be detectable. Thus, it seems
more promising to make an attempt to describe the creation of the matter–antimatter asymmetry from physical models.
In 1967, Andrei Sakharov formulated the three necessary conditions that a
model must fulfill in order to produce this asymmetry [258]. Simply put, these
conditions (known as the Sakharov conditions) tell us that any model that describes the creation of the matter–anti-matter asymmetry must include processes
which are matter–anti-matter asymmetric, these interactions must occur out of
thermal equilibrium, and it must include violation of baryon number (since what
we observe is really an asymmetry of baryons and anti-baryons).
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One of the models that may be able to produce the asymmetry is based on
the same heavy neutrinos that are present in the seesaw mechanism. In the early
Universe, there is an abundance of these heavy neutrinos which are in thermal
equilibrium with the rest of the Universe. As the temperature of the expanding
Universe decreases, the heavy neutrinos will fall out of thermal equilibrium and decay into other particles or anti-particles. If the heavy neutrinos decay into particles
more often than into anti-particles, then this may describe why there is an excess of
particles in the present Universe. This model for creation of the matter–anti-matter
asymmetry is known as leptogenesis.

7.2

The baryon asymmetry

It is a very well established fact that there is a larger abundance of matter than
anti-matter in the Universe. However, a reasonable physical theory to describe the
Universe should also be able to predict how large the over-abundance of matter is,
this is quantified by defining the baryon asymmetry of the Universe (the BAU) as
ηB =

nB − nB̄
,
nγ

(7.1)

where nB is the baryon number density, nB̄ is the anti-baryon number density, and
nγ is the photon number density. The observed value for the BAU is [259]
ηB = (6.1 ± 0.2) · 10−10 ,

(7.2)

which, although very small, is far above what could be expected from the SM.
Unless we assume that there was an initial baryon asymmetry in the beginning of
the Universe, this baryon asymmetry has to be generated during its early evolution.
In 1967, Sakharov presented the three conditions that any physical model has
to fulfill in order to be able to produce a baryon asymmetry [258]:
1. Baryon number violation.
2. C - and CP -violation.
3. Out of equilibrium processes.
In more detail, these conditions, known as the Sakharov conditions, tell us that in
any model producing a non-zero BAU, there are processes in which the number of
baryons before the process is different from the number of baryons after the process,
processes which do not occur at the same probability when exchanging particles for
anti-particles, and there has to be some period during the evolution of the Universe
when these processes were out of thermal equilibrium.
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One of the most intriguing features of the seesaw mechanism is that the heavy righthanded neutrinos also provide us with a possible model [260–274] for generating the
BAU. In this model, the BAU is produced by first generating a lepton asymmetry
from the out of thermal equilibrium decay of right-handed neutrinos, followed by a
conversion of this lepton asymmetry into a baryon asymmetry by non-perturbative
processes, which are already present in the SM. Thus, the first of the Sakharov
conditions is fulfilled by SM physics [275–277], while the last two are fulfilled by
physics related to the seesaw mechanism.

7.3.1

Decay of right-handed neutrinos

Let us assume that there is a mass hierarchy among the right-handed neutrinos
and that the mass of the lightest right-handed neutrino N1 is M1 . As we will show,
the final lepton asymmetry generated in this scenario is mostly dependent on the
lightest right-handed neutrino, and thus, we will ignore the effects of the heavier
right-handed neutrinos.
When the Universe is very hot, i.e., T ≫ M1 , then the abundance of righthanded Majorana neutrinos will be held in thermal equilibrium by processes such
as
N1 ←→ Φ + L,
(7.3)
where Φ is the Higgs doublet and L is a lepton doublet. However, as the Universe
cools down and the temperature drops below the right-handed neutrino mass, the
N1 equilibrium distribution becomes Boltzmann suppressed. If the life-time of the
right-handed neutrino is long enough, then a significant fraction of them will remain
and decay out of thermal equilibrium.
We define the decay asymmetry ε according to
ε=

Γ(N1 → Φ + L) − Γ(N1 → Φ† + Lc )
,
Γ(N1 → Φ + L) + Γ(N1 → Φ† + Lc )

(7.4)

i.e., it is the difference in the rate of decays into particles and the rate of decays
into anti-particles normalized by the total decay rate. If the decay rates are only
computed on tree-level, see Fig. 7.1, then the decay asymmetry will be zero, since
the matrix element for the decay into particles is simply the complex conjugate
of the matrix element for the decay into anti-particles. Thus, in order to find a
non-zero decay asymmetry, the decay rates in the numerator must be computed to
(at least) one-loop level, involving the diagrams shown in Fig. 7.2.
If one considers right-handed neutrinos which are degenerate in mass, then
resonance effects can come into play [272] and we also need to compute the decay
asymmetry of the next-to-lightest right-handed neutrino N2 . This computation is
completely analogous to the one for computing the decay asymmetry for N1 .
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Φ

N1

L
Figure 7.1. The tree-level contribution to the decay N1 → φ + L. As the treelevel amplitude for the CP -conjugate decay N1 → φ∗ + Lc is simply the complex
conjugate of the amplitude of the above diagram, the decay asymmetry ε is equal to
zero on tree-level.

Φ

Φ

Lc

Lc

Ni

N1

N1

Ni
†

Φ

Φ†
L

L

Figure 7.2. One-loop diagrams contributing to the decay asymmetry ε. It is
necessary to include these diagrams in order to have a non-zero decay asymmetry,
since the tree-level decay rate is CP -symmetric.
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Φ
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Ni

Φ

Ni

Lc

L

Lc

L

Figure 7.3. The ∆L = ±2 scattering processes involving the lepton doublets and
the Higgs with an intermediate right-handed neutrino. The amplitudes for these
processes obviously have the same magnitude, and thus, they will drive the lepton
number toward zero.

7.3.2

Transport equations and washout

If there was a number nN1 of right-handed neutrinos which would simply decay and
that was the end of the story, then the final number of leptons would be given by
nL = εnN1 .

(7.5)

However, if we introduce the decays of the right-handed neutrinos, we should also
include the real intermediate contributions from the ∆L = 2 scattering shown in
Fig. 7.3. The Boltzmann equations for the system which only takes decays and
inverse decays into account are given by [273]
dNN1
dz
dηL
dz


z
eq
− NNi ,
ΓD NN
i
H1

z
z
eq
− NNi −
ΓD NN
ΓW ηL ,
= −ε
i
H1
H1
=

(7.6a)
(7.6b)

where z = M1 /T , Np is the number of particles p normalized to the the comoving
eq
is the equilibrium number of N1 (i.e.,
volume containing one photon at z ≪ 1, NN
1
eq
NN1 = 3/4 for z ≪ 1), H1 is the Hubble expansion parameter at z = 1, ΓD is the
decay rate, and ΓW is the washout rate. The formal solution for NL in this system
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of equations can be written as
NL (z)


 Z z
z′
ΓW (z ′ )
dz ′
= NLi exp −
H1
zi
 Z z

Z z
′′
dNN1
′′ z
′′
dz ′
−ε
dz
exp
−
Γ
(z
)
W
dz ′
H1
zi
z′

 Z z
z′
ΓW (z ′ ) + εκ(z),
dz ′
= NLi exp −
H
1
zi

where κ(z) is the ε-independent efficiency factor defined by
 Z z

Z z
′′
′ dNN1
′′ z
′′
dz
κ(z) = −
dz
exp −
ΓW (z )
dz ′
H1
zi
z′

(7.7)

(7.8)

and NLi is the initial lepton number at z = zi ≪ 1, which could be due to some
other lepton number generating process such as the decay of the other right-handed
neutrinos. From Eq. (7.7), it is apparent that any initial abundance (e.g., any
abundance coming from the decay of heavier right-handed neutrinos) is suppressed
by the inverse decays so that the remaining lepton asymmetry is simply the one
originating from the decay of the lightest right-handed neutrinos, i.e., the final
lepton asymmetry is given by
NL (∞) = εκ(∞).

(7.9)

While this model is clearly over-simplified, it has many of the features of the full
set of Boltzmann equations, which should also include different types of scatterings.
An introduction to a more complete set of Boltzmann equations and its behavior
and parameter dependence can be found in Ref. [273].

7.3.3

Sphaleron processes

When the lepton asymmetry has been generated, we need some description of how
it is converted into a baryon asymmetry in order for our model to produce the
observed baryon asymmetry. Such a feature is already embedded into the SM in the
form of non-perturbative effects [275–277] known as sphaleron processes. With the
structure of the gauge theory and the Higgs field, there will be several topologically
distinct energy minima of the field configurations, i.e., field configurations that are
not related by continuous gauge transformations.
When introducing fermions into the theory according to the SM prescription,
the accidental B − L symmetry is still preserved and has the same value for all of
the minima, while B +L is no longer conserved and takes different values depending
on the minima. Thus, the process of changing minima will imply a different value
for B + L which, since B − L is conserved, will convert a part of the generated
lepton asymmetry into a baryon asymmetry, see Fig. 7.4. Taking the details of the
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bL
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ντ
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νµ

νe
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Figure 7.4. An example of a sphaleron process. While B − L is conserved, B + L
changes by six. In general, the difference in B + L between two different energy
minima is ∆B + ∆L = 2nf , where nf is the number of fermion generations.

conversion into account, the final baryon number density is given by [276, 277]
NB = −

8nf + 4m
N lep ,
22nf + 13m L

(7.10a)

where NLlep = −NB−L is the lepton asymmetry generated during leptogenesis, m
is the number of Higgs doublets, and nf is the number of fermion generations. In
the SM, we have only one Higgs doublet and three fermion generations, i.e., m = 1
and nf = 3, which results in
28
(7.10b)
NB = − NLlep .
79
Since B − L is conserved, we find that the lepton asymmetry after the sphaleron
processes have come into equilibrium is given by
NL =

51 lep
N .
79 L

(7.10c)

In other words, if NB is positive (signifying an abundance of baryons over antibaryons), then NL must be negative (signifying an abundance of anti-leptons over
leptons). This holds true even if leptogenesis is not the progenitor of the B − L
asymmetry, in which case NLlep should be replaced by −NB−L for the mechanism
considered. The final baryon number density should be compared to the photon
number density Nγrec ≃ 28 [273] at recombination where the baryon asymmetry ηB
is frozen out. Thus, the baryon asymmetry is given by
ηB =

1
NB
≃ − NLlep ≃ −1.3 · 10−2 εκ(∞).
rec
Nγ
79

(7.11)
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In Paper [7], we have used the leptogenesis mechanism in order to discriminate
among the eight different solutions for the right-handed mass matrix in the type
I+II seesaw mechanism.

Chapter 8

Summary and conclusions
A matter that becomes clear ceases to concern us.
– Friedrich Nietzsche
In this introductory part of the thesis, we have introduced the background theory and experimental evidence necessary in order to put the papers of Part II into
context. We have introduced the SM of particle physics and discussed how it fails
to account for, amongst other things, neutrino oscillations, since it is unable to
accommodate massive neutrinos. We also discussed possible ways of extending
the SM in order to include neutrino masses. The theory and phenomenology of
neutrino oscillations were introduced and the experimental status of neutrino oscillations were reviewed. Finally, we briefly discussed the leptogenesis mechanism
for generating the BAU, which is a very nice feature of the seesaw mechanism for
generating neutrino mass.
Throughout this part, we have also mentioned where the papers of Part II come
into context. Below, we list the most important conclusions of the papers:
• The three-flavor effects on the day-night asymmetry have been computed.
Essentially, the day-night difference in the survival probability scales as c613 ,
while the overall probability scales as c413 . Therefore, the day-night asymmetry
scales as c213 .
• The day-night asymmetry could possibly be used as a complementary way of
setting bounds for the lepton mixing angle θ13 due to its c213 behavior. This
was further elaborated on by Akhmedov et al. in Ref. [238].
• The two-flavor neutrino oscillation probability in matter has been exactly
solved in terms of a series solution with a recursive relation for the coefficients. This has been done by rewriting the differential equations describing
the Schrödinger equation for neutrino oscillations in matter as a second order
non-linear differential equation for the neutrino oscillation probability.
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• The effective two-flavor case which arises in matter with very large densities
(2V E ≫ ∆|m2ij |) has been studied in detail. The accuracy of the approximation of infinitely dense matter (2V E/∆m2ij → ∞) has also been examined
both numerically and analytically.
• The concept of general incoherent effects (damping signatures) altering the
neutrino oscillation probabilities has been introduced along with examples of
scenarios where they occur. The incoherent effects have been divided into
two main classes, probability conserving (decoherence-like) and probability
violating (decay-like) effects.
• The alteration of the neutrino oscillation probabilities due to incoherent effects have been carefully examined in both the two- and three-flavor cases.
• The impact of incoherent effects on the determination of the fundamental
neutrino oscillation parameters has been discussed. We have given an example
where damping signatures may lead to an erroneous determination of the
lepton mixing angle θ13 and examined how one can distinguish among different
types of damping signatures.
• The general coherent effects have been studied. We have discussed the possibility to distinguish between different coherent effects on the basis of their
explicit form in different bases.
• The degeneracy between neutrino oscillation parameters and general coherent
effects has been analyzed. In particular, the degeneracy between the lepton
mixing angle θ13 and coherent effects has been computed in a perturbation
theory framework.
• We have analyzed the possibility to distinguish between different types of
coherent and incoherent effects, as well as between coherent effects and subleading standard oscillation effects, such as non-zero θ13 . This analysis has
been made for a numerical example of a fictive future neutrino factory.
• We have discriminated among the eight possible solutions for the right-handed
neutrino masses in a left-right symmetric type I+II seesaw scenario. This
has been done using criteria of stability and viability of leptogenesis for the
different solutions.
• In particular, we have found that leptogenesis is viable in four out of the eight
possible solutions. This is due to extra Majorana-type CP -violating phases,
which can be present due to the left-right symmetry. For the four possible
solutions, the ratio vR /vL is found to be in the range 1018 –1021 due to reasons
of leptogenesis and stability as well as the gravitino bound.
• The impact of including non-standard neutrino interactions in the analysis of
the MINOS experiment has been studied both numerically and analytically.
The impact on the MINOS sensitivity regions have been computed.

79
• We have discussed the possibility to put constraints on the effective NSI parameter εeτ or the lepton mixing angle θ13 from the MINOS results. We
found that MINOS will not be able to put further bounds on any of these
two parameters unless the external bounds on the other parameter can be
improved.
In addition, more detailed conclusions are listed separately at the end of each
paper.
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[172] O. G. Miranda, M. A. Tórtola and J. W. F. Valle, Are solar neutrino oscillations robust?, JHEP 10, 008 (2006), hep-ph/0406280.
[173] M. C. Gonzalez-Garcia and M. Maltoni, Atmospheric neutrino oscillations
and new physics, Phys. Rev. D70, 033010 (2004), hep-ph/0404085.
[174] A. Friedland, C. Lunardini and M. Maltoni, Atmospheric neutrinos as
probes of neutrino matter interactions, Phys. Rev. D70, 111301 (2004),
hep-ph/0408264.
[175] A. Friedland and C. Lunardini,
A test of tau neutrino interactions
with atmospheric neutrinos and K2K, Phys. Rev. D72, 053009 (2005),
hep-ph/0506143.
[176] E. Lisi, A. Marrone and D. Montanino, Probing possible decoherence effects in atmospheric neutrino oscillations, Phys. Rev. Lett. 85, 1166 (2000),
hep-ph/0002053.
[177] F. Benatti and R. Floreanini, Open system approach to neutrino oscillations,
JHEP 02, 032 (2000), hep-ph/0002221.
[178] S. L. Adler, Comment on a proposed Super-Kamiokande test for quantum gravity induced decoherence effects, Phys. Rev. D62, 117901 (2000),
hep-ph/0005220.

Bibliography

93

[179] T. Ohlsson, Equivalence between neutrino oscillations and neutrino decoherence, Phys. Lett. B502, 159 (2001), hep-ph/0012272.
[180] F. Benatti and R. Floreanini, Massless neutrino oscillations, Phys. Rev. D64,
085015 (2001), hep-ph/0105303.
[181] A. M. Gago et al., A study on quantum decoherence phenomena with three
generations of neutrinos, hep-ph/0208166.
[182] G. L. Fogli et al., Status of atmospheric νµ → ντ oscillations and decoherence after the first K2K spectral data, Phys. Rev. D67, 093006 (2003),
hep-ph/0303064.
[183] G. Barenboim and N. E. Mavromatos, CPT violating decoherence and
LSND: A possible window to Planck scale physics, JHEP 01, 034 (2005),
hep-ph/0404014.
[184] G. Barenboim and N. E. Mavromatos, Decoherent neutrino mixing, dark
energy and matter-antimatter asymmetry, Phys. Rev. D70, 093015 (2004),
hep-ph/0406035.
[185] D. Morgan et al., Probing quantum decoherence in atmospheric neutrino
oscillations with a neutrino telescope, Astropart. Phys. 25, 311 (2006),
astro-ph/0412618.
[186] G. L. Fogli et al., Probing non-standard decoherence effects with solar and
KamLAND neutrinos, (2007), arXiv:0704.2568 [hep-ph].
[187] P. Gu, X. Wang and X. Zhang, Dark energy and neutrino mass limits from
baryogenesis, Phys. Rev. D68, 087301 (2003), hep-ph/0307148.
[188] R. Fardon, A. E. Nelson and N. Weiner, Dark energy from mass varying
neutrinos, JCAP 0410, 005 (2004), astro-ph/0309800.
[189] X. J. Bi et al., Thermal leptogenesis in a model with mass varying neutrinos,
Phys. Rev. D69, 113007 (2004), hep-ph/0311022.
[190] P. Q. Hung and H. Päs, Cosmo MSW effect for mass varying neutrinos, Mod.
Phys. Lett. A20, 1209 (2005), astro-ph/0311131.
[191] D. B. Kaplan, A. E. Nelson and N. Weiner, Neutrino oscillations as a probe
of dark energy, Phys. Rev. Lett. 93, 091801 (2004), hep-ph/0401099.
[192] P. Gu and X. Bi, Leptogenesis with triplet Higgs boson, Phys. Rev. D70,
063511 (2004), hep-ph/0405092.
[193] K. M. Zurek, New matter effects in neutrino oscillation experiments, JHEP
10, 058 (2004), hep-ph/0405141.

94

Bibliography

[194] R. D. Peccei, Neutrino models of dark energy, Phys. Rev. D71, 023527 (2005),
hep-ph/0411137.
[195] H. Li, Z. Dai and X. Zhang, Testing mass varying neutrino with short gamma
ray burst, Phys. Rev. D71, 113003 (2005), hep-ph/0411228.
[196] X. J. Bi et al., Cosmological evolution of interacting dark energy models with
mass varying neutrinos, (2004), hep-ph/0412002.
[197] V. Barger, P. Huber and D. Marfatia, Solar mass-varying neutrino oscillations, Phys. Rev. Lett. 95, 211802 (2005), hep-ph/0502196.
[198] M. Cirelli, M. C. Gonzalez-Garcia and C. Peña-Garay, Mass varying neutrinos
in the Sun, Nucl. Phys. B719, 219 (2005), hep-ph/0503028.
[199] A. W. Brookfield et al., Cosmology with massive neutrinos coupled to dark
energy, Phys. Rev. Lett. 96, 061301 (2006), astro-ph/0503349.
[200] R. Horvat, Mass-varying neutrinos from a variable cosmological constant,
(2005), astro-ph/0505507.
[201] N. Afshordi, M. Zaldarriaga and K. Kohri, On the stability of dark energy
with mass-varying neutrinos, (2005), astro-ph/0506663.
[202] R. Takahashi and M. Tanimoto, Model of mass varying neutrinos in SUSY,
(2005), hep-ph/0507142.
[203] R. Fardon, A. E. Nelson and N. Weiner, Supersymmetric theories of neutrino
dark energy, JHEP 03, 042 (2006), hep-ph/0507235.
[204] G. Barr, T. K. Gaisser and T. Stanev, Flux of atmospheric neutrinos, Phys.
Rev. D39, 3532 (1989).
[205] M. Honda et al., Calculation of the flux of atmospheric neutrinos, Phys. Rev.
D52, 4985 (1995), hep-ph/9503439.
[206] T. K. Gaisser and M. Honda, Flux of atmospheric neutrinos, Ann. Rev. Nucl.
Part. Sci. 52, 153 (2002), hep-ph/0203272.
[207] M. Honda et al., A new calculation of the atmospheric neutrino flux in a 3dimensional scheme, Phys. Rev. D70, 043008 (2004), astro-ph/0404457.
[208] D. Casper et al., Measurement of atmospheric neutrino composition with
IMB-3, Phys. Rev. Lett. 66, 2561 (1991).
[209] R. Becker-Szendy et al., The Electron-neutrino and muon-neutrino content
of the atmospheric flux, Phys. Rev. D46, 3720 (1992).
[210] Kamiokande-II collaboration, K. S. Hirata et al., Observation of a small
atmospheric νµ /νe ratio in Kamiokande, Phys. Lett. B280, 146 (1992).

Bibliography

95

[211] Kamiokande collaboration, Y. Fukuda et al., Atmospheric νµ /νe ratio in the
multi-GeV energy range, Phys. Lett. B335, 237 (1994).
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Day-night effect in solar neutrino oscillations with three flavors
Physical Review D 69, 073006 (2004).

Paper 2
Mattias Blennow and Tommy Ohlsson
Exact series solution to the two flavor neutrino oscillation problem in
matter
Journal of Mathematical Physics 45, 4053 (2004).

2

Paper 3
Mattias Blennow and Tommy Ohlsson
Effective neutrino mixing and oscillations in dense matter
Physics Letters B 609, 330 (2005).

3

Paper 4
Mattias Blennow, Tommy Ohlsson, and Walter Winter
Damping signatures in future neutrino oscillation experiments
Journal of High Energy Physics 06, 049 (2005).

4

Paper 5
Mattias Blennow, Tommy Ohlsson, and Walter Winter
Non-standard Hamiltonian effects on neutrino oscillations
The European Physical Journal C 49, 1023 (2007).

5

Paper 6
Mattias Blennow, Tommy Ohlsson, and Julian Skrotzki
Effects of non-standard interactions in the MINOS experiment
hep-ph/0702059

6

Paper 7
Evgeny Akhmedov, Mattias Blennow, Thomas Konstandin,
Tomas Hällgren, and Tommy Ohlsson
Stability and leptogenesis in the left-right symmetric seesaw
mechanism
Journal of High Energy Physics 04, 022 (2007).

7

