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Abstract. This thesis concerns two types of quantum many-body systems in
one dimension exactly solved by special functions: firstly, systems with interac-
tions localised at points and solved by the (coordinate) Bethe ansatz; secondly,

systems of Calogero-Sutherland type, as well as certain recently introduced de-
formations thereof, with eigenfunctions given by natural many-variable gener-
alisations of classical (orthogonal) polynomials. The thesis is divided into two

parts. The first provides background and a few complementary results, while
the second presents the main results of this thesis in five appended scientific
papers. In the first paper we consider two complementary quantum many-
body systems with local interactions related to the root systems CN , one with

delta-interactions, and the other with certain momentum dependent interac-
tions commonly known as delta-prime interactions. We prove, by construction,
that the former is exactly solvable by the Bethe ansatz in the general case of

distinguishable particles, and that the latter is similarly solvable only in the
case of bosons or fermions. We also establish a simple strong/weak coupling
duality between the two models and elaborate on their physical interpreta-
tions. In the second paper we consider a well-known four-parameter family

of local interactions in one dimension. In particular, we determine all such
interactions leading to a quantum many-body system of distinguishable parti-
cles exactly solvable by the Bethe ansatz. We find that there are two families
of such systems: the first is described by a one-parameter deformation of the

delta-interaction model, while the second features a particular one-parameter
combination of the delta and the delta-prime interactions. In papers 3-5 we
construct and study particular series representations for the eigenfunctions of

a family of Calogero-Sutherland models naturally associated with the clas-
sical (orthogonal) polynomials. In our construction, the eigenfunctions are
given by linear combinations of certain symmetric polynomials generalising
the so-called Schur polynomials, with explicit and rather simple coefficients.

In paper 5 we also generalise certain of these results to the so-called deformed
Calogero-Sutherland operators.





Preface

This thesis for the degree of Doctor of Philosophy (PhD) in the subject area of
Theoretical Physics is an account of my research at the department of theoretical
physics of the Royal Institute of Technology (KTH) in Stockholm, Sweden, during
the years 2004-2007. The thesis is divided into two parts. The first part is of
an introductory character, and its main purpose is to provide a background for
the scientific results presented in this thesis. This first part also contains a few
complementary results. The main results are then presented in the second part in
the form of five appended scientific papers.

Appended scientific papers

1. M. Hallnäs and E. Langmann, Exact solutions of two complementary one-
dimensional quantum many-body systems on the half-line, J. Math. Phys.
46, 052101 (2005).

2. M. Hallnäs, E. Langmann and C. Paufler, Generalized local interactions
in 1D: solutions of quantum many-body systems describing distinguishable
particles, J. Phys. A38 (2005), 4957–4974.

3. M. Hallnäs and E. Langmann, Explicit formulae for the eigenfunctions of
the N-body Calogero model, J. Phys. A39 (2006), 3511–3533.

4. M. Hallnäs, An explicit formula for symmetric polynomials related to the
eigenfunctions of Calogero-Sutherland models, SIGMA 3 (2007), 037, 17
pages.

5. M. Hallnäs and E. Langmann, Quantum Calogero-Sutherland type models
and generalised classical polynomials, arXiv:math-ph/0703090 (2007).

Within the first part of the thesis these papers will on occasion be referred to
as Papers 1-5. We mention that Paper 4 is to a large extent a review of results
presented in Papers 3 and 5. It is included in the thesis since it provides a somewhat
more pedagogical account of the results contained in these latter papers.

My contributions to the scientific papers

1. The results were obtained in close collaboration between the two authors.
I performed all computations and wrote a first draft of the paper.
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2. I developed and wrote the material in Sections 3 and 4, where the latter is
based on an idea by C. Paufler. I also took part in writing the remaining
parts of the paper.

3. Lemma 3.1 and its generalisation by classical root systems are the result
of a collaborative effort. Apart from the one-particle case the remaining
results were obtained by me. The task of writing the paper was divided
equally between the two authors.

5. The results in Section 2 were obtained independently by both authors
based on an idea by E. Langmann, while the results in the first part of
Section 3, as well as the results in Section 4, were obtained in collaboration
between the two authors. I proved the completeness result presented in
Section 3.3 and wrote large parts of the paper.

A related paper not included in this thesis

In addition to the five appended papers listed above we mention the forthcoming
paper [Hal]. This paper is in many ways a natural continuation of Paper 5. In
particular, it contains complete proofs of certain results which are only sketched
or mentioned in Paper 5. The point of view in the paper is that of symmetric
functions rather than quantum many-body systems. It is therefore in many ways
also complementary to Paper 5.
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CHAPTER 1

Introduction

In theoretical physics mathematical models are built to describe and predict
phenomena observed in the world around us. To determine whether a given model
correctly describes the phenomena it was meant to describe its implications must
be derived, so that they can be compared with experimental observations and pre-
vious results. Newton’s solution of the Kepler problem and the computation of the
spectrum of the Hydrogen atom from the Schrödinger equation are two examples
where such a mathematical modelling of a physical system has been exceptionally
successful. Models of physical systems or phenomena which are amenable to exact
treatments are, however, very rare. For this reason there is in most instances a
rather large gap between the construction of such a model and the understanding
of its implications. To bridge this gap, a multitude of methods can be, and are,
applied. Examples include numerical computations and simulations, deriving ap-
proximate solutions (by some form of perturbation theory), as well as reductions
to simpler (exactly solvable) models. In this thesis we will study certain quantum
mechanical models of an arbitrary number of interacting particles in one dimension
which, like the models mentioned above, are exceptional in that they are exactly
solved, thus enabling them to be understood completely. The reason that their
solutions can be constructed exactly is, in all cases, that they are given in terms of
so-called special functions, or to be more precise, certain many-variable generalisa-
tions of Gauß hypergeometric functions. We discuss this connection in more detail
below. It suffices to say at this point, that these functions are special in that they
exhibit properties which allows them to be studied in great detail. Examples of
such properties include series expansion with very particular structures, generating
functions of simple forms, as well as an orthogonality for a simple and natural inner
product.

To discuss these matters in more detail we must first specify what we should
mean by the solution of a quantum mechanical model. The models we consider
consist of wave-functions, each corresponding to a given state of the underlying
physical system, and differential operators representing the observables of the sys-
tem. Among the observables, the energy holds a special position since it gives the
time evolution of the system. More precisely, if H is the operator representing
the energy, the time evolution of a wave-function Ψ is given by the Schrödinger

3



4 1. INTRODUCTION

equation

i~
∂Ψ

∂t
= HΨ

with ~ being Planck’s constant. Suppose that we have obtained a complete basis
ψn for the eigenfunctions of H and determined the corresponding eigenvalues En.
The time evolution of any initial state Ψ|t=0 is then given by

Ψ(t) =
∑

n

cnψne
− i

~
Ent,

where the coefficients cn are determined by the series expansion of ψ|t=0 in terms
of the eigenfunctions ψn:

Ψ|t=0 =
∑

n

cnψn.

It is thus natural to say that a quantum mechanical model has been solved if the
eigenfunctions and eigenvalues of the operator H, representing the energy of the
system, have been determined. In general this is a very hard problem and it is
at this point that special functions enter. As an illustration, let us consider the
following simple example: a single particle moving on a circle of circumference 2π
under the influence of the potential V (x) = g sin−2 1

2x, where x ∈ [−π, π] represents
the position of the particle and g ∈ R the ‘strength’ of the potential. The possible
energies of the particle are thus given by the eigenvalues of the differential operator

H = − 1

2m

∂2

∂x2
+ g

1

sin2 x
2

where the first term represents its kinetic energy. As we discuss in Chapter 3, the
eigenfunctions of this operator are given by the classical orthogonal Gegenbauer
polynomials, and its eigenvalues are given by a simple second degree polynomial
in a quantum number n ∈ N. To study the quantum mechanical model above is
thus essentially equivalent to studying the Gegenbauer polynomials, a fact which
provides a link to the many and diverse contexts and applications where special
functions (such as the Gegenbauer polynomials) appear.

The quantum many-body body models we consider can in many cases be seen
to arise from a simple one-particle model, describing the relative motion of any two
particles. We mention that this point of view is closely linked with the construction
of quantum many-body system by root systems, as discussed in Chapter 6. The one-
particle cases then correspond to a root system of rank one, see e.g. Heckman and
Opdam [HO87] for a concrete example. To give an example of this correspondence,
we note that the model discussed above is in this sense related to the quantum
many-body system with energy represented by the differential operator

HN = −
N
∑

j=1

∂2

∂x2
j

+ g
∑

j<k

1

sin2 1
2 (xj − xk)

,
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where each xj ∈ [−π, π], and we have set the mass m = 1/2. This model was
introduced and studied by Sutherland [Sut72]. He showed, in particular, that the
eigenfunctions ofHN are given by particular symmetric and orthogonal polynomials
later identified as the so-called Jack polynomials (see e.g. Macdonald [Mac95]),
and with eigenvalues which can be written down explicitly. This model gives a first
and in many ways the simplest example of a quantum many-body model of so-
called Calogero-Sutherland type; see Calogero [Cal71] and Sutherland (loc. cit.).
To further study the eigenfunctions of this type of quantum models is the main
purpose of Papers 3-5.

We also consider another rather different type of quantum many-body systems
where the interaction between two particles is confined to the points where their
positions coincide. A well-known example is the so-called ‘delta-interaction’ model
with energy represented by the differential operator

HN = −
N
∑

j=1

∂2

∂x2
j

+ c
∑

j<k

δ(xj − xk)

where c is a real coupling parameter. It was first solved by Lieb and Liniger [LL63]
for bosonic particles, while the solution for the general case of distinguishable par-
ticles was obtained by Yang [Yan67]. In Papers 1 and 2 we study various general-
isations of this model.

The models discussed above all describe quantum many-body systems in one
spatial dimension. As our discussion progresses, it will become clear that the fact
that they are confined to one spatial dimension is essential for their solvability.
Heuristically, this requirement can be traced back to the fact that in one dimension
two particles can interchange positions only by passing through each other. The
configuration space of a given one-dimensional model is thus effectively divided into
a number of regions, each corresponding to a particular ordering of the particles.
The models discussed above can be solved by first deriving the solution in each
region separately, and then gluing them together at the resulting boundaries. In
higher dimensions such a division of the configuration space is clearly not possible.

To conclude this introduction, we give a brief outline of the remainder of this
first part of the thesis. In Chapter 2 we discuss local interactions in one dimension.
We present a derivation of the four-parameter family of so-called generalised point
interactions, containing the ‘delta-interaction’ as a special case. We then proceed to
review Yang’s solution of the ‘delta-interaction’ model discussed above. In Chapter
3 we consider the Sutherland model and its eigenfunctions. In particular, we make
precise the relation between its eigenfunctions and the Jack polynomials. We also
formulate a statement on the integrability of the Sutherland model. Chapter 4
is of a more mathematical character and is largely concerned with various topics
from the theory of Jack polynomials, as well as some of their generalisations. We
start by presenting a proof of a well-known orthogonality for the Jack polynomials.
As a byproduct we recover a proof of the integrability of the Sutherland model.
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We then discuss a simple duality transformation for the so-called Jack’s symmetric
functions, in a sense Jack polynomials in an infinite number of variables. With this
duality for the Jack’s symmetric functions as motivation we recall a definition of the
so-called super Jack polynomials. We also discuss certain generating functions for
the Jack and super Jack polynomials which play important roles in Papers 3-5. We
conclude Chapter 4 by explaining the fact that the super Jack polynomials give the
eigenfunctions of the so-called deformed Sutherland model. In Chapter 5 we start by
discussing a particular generalisation of hypergeometric series, associated with Jack
polynomials. We then recall the definition of a related many-variable generalisation
of the Hermite polynomials. In conclusion, we prove that these generalised Hermite
polynomials give the eigenfunctions of the so-called Calogero model. In Chapter
6 we discuss unifying properties of certain families of models of quantum many-
body systems in one dimension. In particular, we discuss the relation between root
systems and symmetries of rather large families of quantum many-body models.
We also expound on the relation between classical (orthogonal) polynomials and
quantum many-body models in one dimension. This first part of the thesis is then
concluded in Chapter 7 by brief introductions to the results presented in Papers
1-5.



CHAPTER 2

Local interactions in one dimension

In a quantum system consisting of a single particle a local interaction is by
definition confined to isolated points of the configuration space. A classical example
of such an interaction is formally given by the ‘delta-function’ potential

V (x) = cδ(x)

with c a real coupling constant and x ∈ R. In this chapter we discuss ways in which
the definition of this interaction can be made precise, and the fact that it is only one
special case of a four parameter family of local interactions, the so-called generalised
point interactions. This will lay the ground for a subsequent discussion of the one
dimensional quantum many-body system mentioned in the introduction where the
particles all interact via (repulsive) ‘delta-functions’. Following Yang [Yan67], we
review its exact solution by the Bethe ansatz. In particular, we show how the
Yang-Baxter equations appear as consistency conditions on the Bethe ansatz.

1. On the importance of self-adjointness in quantum mechanics

This section lies somewhat outside the main line of the chapter, and its purpose
is to recall some basic notions from the mathematical formulation of quantum
mechanics in terms of Hilbert spaces and linear operators thereon. In doing so
we will pay particular attention to the notion of self-adjointness and why it is
important in quantum mechanics. This will serve as motivation for discussions in
later sections. As general references we mention Thirring [Thi81] and Lax [Lax02].

The states of the quantum mechanical systems we will encounter will be repre-
sented by functions in some Hilbert space H of square-integrable functions. The
time evolution of an initial state, represented by a function ψ ∈ H , is then deter-
mined by the Schrödinger equation

i
∂Ψ

∂t
= HΨ

and the initial condition Ψ|t=0 = ψ, for some linear operator H. We will in the
following discussion refer toH as the Schrödinger operator of the system in question.
We also remark that we have set Planck’s constant ~ = 1 for simplicity. On a formal
level such a Schrödinger equation has the solution

Ψ(t) = Utψ(0), Ut = e−iHt,

7



8 2. LOCAL INTERACTIONS IN ONE DIMENSION

where e−iHt can be formally defined by the power series

e−iHt =

∞
∑

n=0

(iHt)n

n!
.

In order for the operators Ut to generate a sensible time evolution we must require
that they fulfill certain basic criteria: firstly, the series by which they are defined
must of course converge; secondly, the operators Ut should generate a (strongly)
continuous one-parameter unitary group. We recall that by a one-parameter group
is meant that Ut1 · Ut2 = Ut1+t2 , U

−1
t = U−t and that U0 = I with I the identity

transformation. We note that requiring unitarity, i.e. that ||Utψ|| = ||ψ|| for all
ψ ∈H , is important since it means that the total probability is conserved in time.
The situation is somewhat complicated by the fact that the relevant operators
are in quantum mechanics often unbounded. The question thus arises: for which
(unbounded) operators H does the formal solution of the Schrödinger equation
above fulfill the conditions we have put forth? The answer is provided by Stone’s
theorem, which states that this is the case if and only if H is self-adjoint; see e.g.
Section 2.4 in Thirring [Thi81] or Section 35.1 in Lax [Lax02].

For unbounded operators there is an important distinction between, on the one
hand, self-adjoint operators and, on the other hand, symmetric operators. Before
proceeding further we make this distinction precise. Let H be a linear operator on
some Hilbert space H with a domain D(H) dense in H . The domain of its adjoint
H∗ then consist of all vectors ϕ ∈H for which there exist a vector H∗ϕ such that

(Hψ,ϕ) = (ψ,H∗ϕ)

for all ψ ∈ D(H) and where (·, ·) denotes the inner product in H . Note that since
D(H) is dense in H , this equality uniquely defines H∗ as a linear operator on H .
If H∗ = H then H is said to be self-adjoint, while it is called symmetric if H∗ ⊃ H,
i.e. if D(H∗) ⊃ D(H) and H∗ψ = Hψ for all ψ ∈ D(H). As we will see below,
it can be rather difficult to associate a self-adjoint Schrödinger operator H to a
given physical system since physical reasoning most often only produces a formal
operator, i.e. it does not specify a domain. We will also see that choosing a domain
is not a purely mathematical endeavour, but that it in fact has direct bearing on
the physical implications of the resulting model.

In addition to its relation with time evolution, an important reason for requir-
ing observables in a quantum mechanical model to be represented by self-adjoint
operators is found in the spectral theorem for self-adjoint operators; see e.g. Sec-
tions 2.3 and 2.5 in Thirring [Thi81] or Chapter 32 in Lax [Lax02]. This theorem
ensures a real spectrum and a set of eigenfunctions complete in the relevant Hilbert
space. We note that a real spectrum is important, since the eigenvalues of an op-
erator corresponds to the possible outcomes of a measurement of the observable it
represents, and these should of course be given by real numbers.
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2. A derivation of the generalised point interactions

We now return to the quantum system of a single particle in a ‘delta-function’
potential discussed above. To this system we can on a formal level associate the
Schrödinger operator

(2.1) H = − ∂2

∂x2
+ cδ(x).

We will give the resulting eigenvalue equation Hψ = Eψ a precise meaning by
converting it into a boundary value problem. In doing so we will use a standard
argument which admittedly is rather heuristic, but it is precise enough to convey the
essential properties of the ‘delta-function’ potential. The idea is to first note that the
eigenvalue equation above is for all x 6= 0 equivalent to the free Schrödinger equation
−ψ′′ = Eψ. At the point x = 0 we must then impose certain boundary conditions
on ψ and its derivative ψ′. By integrating the eigenvalue equation Hψ = Eψ twice,
first from x = −ǫ to x = y and then from y = −ǫ to y = ǫ for some ǫ > 0 we obtain,
upon taking the limit ǫ→ 0, the boundary condition

(2.2a) ψ(+0) = ψ(−0)

where we use the notation +0 for limǫց0 ǫ and similarly for −0. On the other hand,
integrating the eigenvalue equation once from x = −ǫ to x = ǫ > 0 and taking again
the limit ǫ→ 0 we obtain the following discontinuity in the derivative of ψ at x = 0:

(2.2b) ψ′(+0)− ψ′(−0) = 2cψ(0).

We thus interpret the formal eigenvalue equation Hψ = Eψ as the boundary value
problem consisting of the free Schrödinger equation −ψ′′ = Eψ for x 6= 0 together
with the boundary conditions (2.2) at x = 0.

We mention that the heuristic argument presented above can be phrased in
rigorous terms using the theory of distributions. The Schrödinger operator H is
then interpreted as an operator from the space of continuous functions C(R) to the
space of distributions D ′(R) on R, acting on a function ψ ∈ C(R) as follows:

(Hψ)(ϕ) = −
∫

R

ψ(x)ϕ′′(x)dx+ cψ(0)ϕ(0)

for any test function ϕ. Using little more than partial integration one can prove that
in the sense of distributions the eigenvalue equation Hψ = Eψ is then equivalent
to the boundary value problem just discussed; see Emsiz et al. [EOS06].

We now proceed to show that the ‘delta-interaction’ model, or rather its formu-
lation in terms of a boundary value problem, belongs to a four parameter family of
such problems, each defining a quantum model of a single particle on the real line
with an interaction localised at the point x = 0. In doing so we are immediately
confronted with the fact that observables are in quantum mechanics required to
be represented by self-adjoint operators, as discussed in the previous section. The
observable is here energy, and it is formally represented by Hf = −∂2/∂x2. By
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the word ‘formal’ we mean that the domain of Hf has not been specified. Defin-
ing an acceptable domain for Hf does in our case amount to imposing boundary
conditions at x = 0 such that the resulting operator Hf is self-adjoint. From this
requirement will the four-parameter family of local interactions naturally emerge.

We observe that each function ψ in the domain of Hf must be contained in
the Hilbert space H = L2(R) of functions square-integrable on R and be such that
ψ′ is absolutely continuous at all points x 6= 0 (to enable partial integration) and
ψ′′ ∈ H . In order for Hf to be self-adjoint we must in addition impose boundary
conditions at x = 0 such that for all ψ in the resulting domain of Hf ,

∫

R\0

(

ψ′′(x)ϕ̄(x)− ψ(x)ϕ̄′′
)

dx = 0

if and only if also ϕ is an element in this domain of Hf . By partial integration this
translates into the boundary condition

(2.3)
(

ψ′ϕ̄− ψϕ̄′
)
∣

∣

+0

−0
= 0.

In general, boundary conditions involving a function ψ and its derivative ψ′ are
either of the form

ψ′(+0) = u11ψ
′(−0) + u12ψ(−0),(2.4a)

ψ(+0) = u21ψ
′(−0) + u22ψ(−0),(2.4b)

parametrised by four complex parameters uij , or given by ψ′(±0) = uψ(±0) for
some complex parameter u. Boundary conditions of this latter type are commonly
said to be separated (see e.g. Exner and Grosse [EG99]) since the two regions x > 0
and x < 0 then are completely independent of each other. In the discussion below
we will only consider boundary conditions of the former type. By inserting (2.3)
into (2.4) and comparing coefficients it is readily verified that imposing (2.3) reduces
the four complex parameters in (2.4) to two, or equivalently, four real parameters.
Among the different concrete parametrisations of the resulting family of boundary
conditions there is one which has a particularly simple physical interpretation. To
establish this parametrisation it is convenient to write ψa(0) = (ψ(+0) +ψ(−0))/2
and similarly for ψ′. The reason being that in general neither ψ nor ψ′ is continuous
at x = 0. With this notation we have the following:

Theorem 2.1. Suppose that the domain of Hf consists of all functions ψ ∈H

such that ψ′ is absolutely continuous, ψ′′ ∈H , and

ψ′(+0)− ψ′(−0) = cψa(0)− 2(γ − iη)ψ′
a(0),(2.5a)

ψ(+0)− ψ(−0) = 4λψ′
a(0) + 2(γ + iη)ψa(0),(2.5b)

for some real parameters c, λ, η and γ. Then Hf is a self-adjoint operator on H .

Sketch of proof. It is clear that any function ϕ in the domain of the ad-
joint of Hf must satisfy all conditions in the statement preceding (2.5). It is thus
necessary and sufficient to prove that (2.3) is satisfied for all ψ in the domain of
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Hf if and only if also ϕ is contained in the domain of Hf . To this end we observe
that the boundary conditions (2.5) can be written in the form

(

ψ′(+0)
ψ(+0)

)

= V

(

ψ′(−0)
ψ(−0)

)

,

for some 2 × 2 matrix V which is easily computed. Combining this with (2.3) we
obtain the following boundary conditions for ϕ:

(

ϕ′(+0)
ϕ(+0)

)

=
(

det V̄
)−1

V̄

(

ϕ′(−0)
ϕ(−0)

)

.

As a straightforward computation shows,
(

det V̄
)−1

V̄ = V.

The boundary conditions for ϕ and ψ are thus identical and the statement follows.
�

Remark 2.1. This classical result is in the literature often deduced using von
Neumann’s theory of defect indices [vN55]. The starting point is then the operator
Hf = −∂2/∂x2 with a domain dense in the Hilbert space H such that the operator is
symmetric. A particularly simple choice of such a domain is C∞

0 (R\0), as advocated
by Šeba [Šeb86]. It has the advantage of making the (physical) interpretation of
the resulting operator Hf immediately clear. In fact, Hf is then a direct sum

Hf = H+
f ⊕H−

f

of H+
f = −∂2/∂x2 with domain C∞

0 (0,∞) and H−
f = −∂2/∂x2 with domain

C∞
0 (−∞, 0). The negative part of the real line is thus completely separated from

the positive and vice versa. It is easily verified that the operator Hf is symmet-
ric but not self-adjoint. However, as a straightforward application of the theory of
defect indices shows, it admits a four-parameter family of self-adjoint extensions,
corresponding to the boundary conditions obtained above; see Šeba (loc. cit.).

Each operator Hf , obtained by making a specific choice for the parameters
(c, λ, γ, η), represents a model of a single particle on the real line with an interac-
tion localised at x = 0. This four-parameter family of local interactions is com-
monly referred to as the generalised point interactions. Using again the argument
described at the beginning of the section, it is straightforward to verify that any
such operator Hf can be seen to arise from the corresponding (formal) Schrödinger
operator

Hf = − ∂2

∂x2
+ cδ(x) + 4λ

∂

∂x
δ(x)

∂

∂x
+ 2(γ + iη)

∂

∂x
δ(x)− 2(γ − iη) ∂

∂x
.

We mention that a related but somewhat different interpetation of the operator Hf

was considered by Šeba [Šeb86]. Since the ‘delta-interaction’ term is the only term
which does not contain a derivative it takes a special place among the generalised
point interactions. Recall that the momentum of the particle is represented by the
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operator p̂ = −i∂/∂x. The presence of derivatives in the interaction terms above
thus represents a dependence on the momentum of the particle.

3. Bethe’s ansatz and the Yang-Baxter equations

Consider now a system of an arbitrary number of particles N placed on the real
line. Let the relative interaction between any two particles be given by the one-
particle ‘delta-interaction’ discussed in the previous section. The resulting quantum
many-body system is thus described by the (formal) Schrödinger operator

HN = −
N
∑

j=1

∂2

∂x2
j

+ 2c
∑

j<k

δ(xj − xk).

The main purpose of this section is to recall an explicit construction of the eigen-
functions of this Schrödinger operator. Before doing so, let us briefly discuss some
of its distinguishing features. First of all, we note that the interactions between the
particles are localised at the hyperplanes where xj = xk for some j, k = 1, . . . , N
such that j 6= k. Furthermore, the Schrödinger operator HN admits a rather
large group of symmetry transformations. It is invariant both under simultaneous
translations, as well as under permutations, of the particle coordinates. The latter
property reflects the fact that the particles in this quantum system are identical,
or put differently, the Schrödinger operator HN does not distinguish between the
different particles. This important observation can be expressed in mathemati-
cal terms using the theory of groups and their representations. The permutation
group SN of N objects acts naturally on functions in N variables x = (x1, . . . , xN )

as follows: for each P ∈ SN let P̂ be the linear transformation defined by
(

P̂ψ
)

(x) = ψ(P−1x),

where ψ is any function in the domain of HN and (P−1x)j = xP−1(j). We note that

the map T : P 7→ P̂ defines a representation of SN . Since the Schrödinger operator
HN is invariant under all permutations of the particles coordinates we have

P̂HN −HN P̂ = 0, ∀P ∈ SN .

This means, in particular, that if ψ is an eigenfunction of HN with eigenvalue E
then so is P̂ψ for all P ∈ SN . We can thus consistently restrict T to a subspace
spanned by the eigenfunctions of HN with a fixed eigenvalue E. We remark that
such restrictions rarely lead to irreducible representations due to degeneracies in
the spectra of the Schrödinger operator in question. In certain cases this problem
can be resolved by considering a sufficiently large commutative algebra of differen-
tial operators, containing the Schrödinger operator in question, i.e. an integrable
system. We will return to the notion of an integrable system in a later chapter.
Suffices to say, at this point, that restricting the representation T to particular sub-
spaces has bearing also on physics, since it can be used to distinguish particles with
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different physical properties, e.g. systems of bosonic particles are (by definition)

described by wave-functions ψ invariant under all transformations P̂ .
We proceed to describe Yang’s solution [Yan67] of the quantum model defined

by the Schrödinger operator HN above. The virtue, and indeed the basis of his
solution method, is that it does not impose any limitation on how the wave-functions
should transform under the linear transformations P̂ . In effect, the particles are
regarded as distinguishable. To describe Yang’s solution method we first consider
the simpler one-particle example given by the Schrödinger operator H in (2.1). In
fact, elements from the solution of this model will appear also in the solution of
the full many-body model, owing to the way in which it was constructed. In the
discussion below we will disregard any bound states and only consider scattering
states.

It is clear from the interpretation of the formal eigenvalue equation Hψ = Eψ
as a boundary-value problem that for x 6= 0 the eigenfunction ψ will be a linear
combination of the plane waves eikx and e−ikx for some real number k. We consider,
in particular, eigenfunctions which are of the form

ψ(x; k) =

{

e−ikx + SR(k)eikx if x > 0,

ST (k)e−ikx if x < 0.

Such eigenfunctions have a very clear and simple physical interpretation: they
describe a stream of particles (with unit amplitude) coming in from the region x > 0
and scattering at x = 0 with reflection amplitude SR and transmission amplitude
ST . We note that the parameter k corresponds to the momenta of the particles
(recall that the momentum operator is given by p̂ = −i∂/∂x). The problem is thus
to determine the scattering amplitudes SR and ST . It is easily verified that the
boundary conditions (2.2) are satisfied if and only if

SR(k) =
c

ik − c , ST (k) =
ik

ik − c .

We observe that the eigenvalue of the resulting eigenfunction ψ(x; k) is E = k2.
Since ψ(x; k) and ψ(−x; k) are linearly independent, any eigenfunction of H cor-
responding to this eigenvalue is a linear combination of ψ1(x; k) := ψ(x; k) and
ψ2(x; k) := ψ(−x; k), where the latter eigenfunctions describe a stream of particles
coming in from the region x < 0. This completes the construction of the eigen-
functions of the Schrödinger operator H, and thus the solution of the one-particle
‘delta-interaction’ model.

We continue to consider the full many-body model given by the Schrödinger
operator HN above. We start by converting the formal eigenvalue equation HNψ =
Eψ into a well-defined boundary-value problem. For that we note that the configu-
ration space R

N of the model is effectively split into N ! regions by the hyperplanes
xj = xk. To each ordering of the particles on the real line corresponds one region,
characterised by an inequality

xQ(1) < xQ(2) < · · · < xQ(N)
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for some permutation Q ∈ SN . We will denote the corresponding region by ∆Q and
employ the short hand notation xQ = (xQ(1), . . . , xQ(N)). Recall that SN consists
of N ! elements, which accounts for the fact that there are precisely N ! such regions.
At all points x ∈ ∆Q and for all Q ∈ SN an eigenfunction ψ of HN should thus
satisfy the free Schrödinger equation

(2.6) −
N
∑

j=1

∂2ψ

∂x2
j

= Eψ.

To obtain the boundary conditions at each hyperplane xj = xk we make a reduc-
tion to the one-particle case studied in the previous section. Consider a region
containing parts of one and only one such hyperplane. In this region ψ should be
an eigenfunction of an ‘effective’ Schrödinger operator

Heff = −
N
∑

j=1

∂2

∂x2
j

+ 2cδ(xj − xk).

Replace now the variables xj and xk by x = xj−xk and y = xj +xk. The previous
arguments for the one-particle case applied in the variable x now yield the boundary
conditions

ψ
∣

∣

xj=xk+0
= ψ

∣

∣

xj=xk−0
,(2.7a)

(

∂ψ

∂xj
− ∂ψ

∂xk

)

∣

∣

∣

∣

∣

xj=xk+0

−
(

∂ψ

∂xj
− ∂ψ

∂xk

)

∣

∣

∣

∣

∣

xj=xk−0

= 2cψ
∣

∣

xj=xk
.(2.7b)

In summary, we interpret the formal eigenvalue equation HNψ = Eψ as the bound-
ary value problem for which ψ should satisfy the free Schrödinger equation (2.6)
in all regions ∆Q and, in addition, the boundary conditions (2.7) at all hyper-
planes xj = xk. This means, in particular, that the restriction ψQ of ψ to the
region ∆Q is a linear linear combination of plane waves eikP ·xQ for some momenta
k = (k1, . . . , kN ) and with kP · xQ = kP (1)xQ(1) + · · ·+ kP (N)xQ(N).

In order to proceed further we make the assumption that the particle momenta
k are conserved in collisions, i.e. that ψQ in each region ∆Q is a linear combination
of the same plane waves. This means that

(2.8) ψQ(x) =
∑

P∈SN

AP (Q)eikP ·xQ

for some coefficients AP (Q) and all Q ∈ SN . The hypothesis that the eigenfunctions
are of this form is commonly referred to as Bethe’s ansatz. It first appeared in a
somewhat different form and context in the work of Bethe [Bet31]. In the context
of the ‘delta-interaction’ model it was first applied by Lieb and Liniger [LL63]
for bosonic exchange statistics, and later by Yang [Yan67] for arbitrary exchange
statistics. We mention that one motivation for this assumption on the particle
momenta k is the fact that the relative motion of any two particles is described
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by the one-particle ‘delta-interaction’ model. As we showed above, in a scattering
event the momenta of the particle is in this model either unaffected or reflected.
Such a reflection of the momenta corresponds to the two particles interchanging
momenta.

It is clear that under the assumption that (2.8) is valid ψ satisfies the free
Schrödinger equation (2.6) in all regions ∆Q and with the same energy eigenvalue
E = k2

1 + · · · k2
N . For each i = 1, . . . , N−1 we let Ti be the elementary transposition

interchanging elements i and i + 1. To determine the coefficients AP (Q) we note
that a hyperplane xj = xk separates any two regions ∆Q and ∆QTi

such that
xQ(i) = xj and xQ(i+1) = xk for some i = 1, . . . , N − 1 or vice versa. Inserting the
Bethe ansatz (2.8) for ψQ and ψQTi

into the boundary conditions (2.7) we obtain
by a straightforward computation the two conditions

AP (Q) +APTi
(Q) = AP (QTi) +APTi

(QTi)

and

i(kP (i) − kP (i+1))(APTi
(QTi)−AP (QTi) +APTi

(Q)−AP (Q))

= 2c(AP (Q) +APTi
(Q)).

They are easily solved to yield the recursion relation

(2.9) APTi
(Q) =

c

i(kP (i) − kP (i+1))− c
AP (Q) +

i(kP (i) − kP (i+1))

i(kP (i) − kP (i+1))− c
AP (QTi).

It is interesting to note that the coefficients which appear in this expression are
precisely the reflection coefficient SR and transmission coefficient ST obtained for
the one-particle ‘delta-interaction’ model above. This is no coincidence and can be
traced back to the fact that the relative motion of any two particles is described
precisely by this one-particle model; c.f. Section 3 in Paper 2. It is important to
note that there is a possible inconsistency in the recursion relation (2.9), which has
its origin in the fact that the elementary transpositions Ti are not free generators
of the permutation group SN . In fact, they obey the defining relations

TiTi = 1, TiTj = TjTi for |i− j| > 1,

TiTi+1Ti = Ti+1TiTi+1.

To deduce the effect this has on the recursion relation (2.9) we define R̂ to act in
the space of coefficients AP (Q) by

(

R̂AP

)

(Q) = AP (QR)

for all R ∈ SN , i.e. by the right regular representation of the permutation group
SN . We can then write the recursion relation (2.9) in the form

(2.10) APTi
(Q) = Yi(kP (i) − kP (i+1))AP (Q)

with the linear operator

Yi(u) = SR(u) + ST (u)T̂i.
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The defining relations for the elementary transpositions Ti thus translate into the
following consistency conditions for the Bethe ansatz:

Theorem 2.2. The Bethe ansatz (2.8) for solutions of the boundary value
problem defined by (2.6) and (2.7) is consistent if and only if

Yi(−u)Yi(u) = I, Yi(u)Yj(u) = Yj(u)Yi(u) for |i− j| > 1,

Yi(u)Yi+1(u+ v)Yi(v) = Yi+1(v)Yi(u+ v)Yi+1(u)

for all (real) u and v. In that case,

AP = YP (k1, . . . , kN )AI

with YP a product of the operators Yi, obtained by repeatedly using the recursion
relation (2.10).

The consistency conditions stated in the theorem are commonly referred to as
the Yang-Baxter equations. Inserting the expression for SR and ST in the operators
Yi it is straightforward to verify that they indeed are satisfied. In the end, all we
really need for the construction of the eigenfunctions of the ‘delta-interaction’ model
is thus the scattering coefficients SR and ST from the corresponding one-particle
model.

We note in conclusion that although the Yang-Baxter equations above were
derived from the structure of the permutation group SN , they have a clear physical
interpretation in that they impose certain conditions on scattering events. Each
operator Yi represents a collision of two particles in which their momenta are in-
terchanged. The first of the Yang-Baxter equations thus requires that the outcome
of two consecutive collisions, interchanging the momenta of the same two particles,
should be equivalent to no collision at all. The latter two equations require, on the
other hand, that the order in which a series of two-particle collisions occur should
be irrelevant. For these reasons the ‘delta-interaction’ model is said to support fac-
torisable scattering, in that each scattering event can be consistently factorised into
a series of two-particle events; see e.g. Zamolodchikov and Zamolodchikov [ZZ79].



CHAPTER 3

The quantum Sutherland model

In a series of papers Calogero [Cal71] and Sutherland [Sut72] initiated the
study of a rather special type of quantum many-body systems in one dimension.
These systems can be characterised by the fact that the particles interact via a ‘long-
ranged’ interaction potential which in some limit degenerates to g/r2 with g a (real)
coupling constant and r a linear function of the particle coordinates (in many cases
of the simple form r = x1 − x2). In addition, these systems are exceptional in that
they can be exactly solved. The purpose of this chapter is to give a first description
of the quantum Calogero-Sutherland models, with particular emphasis on their
eigenfunctions. Rather than attempting to present a comprehensive discussion
already at this point we will restrict our attention to the so-called Sutherland
model, in many respects the simplest model of this type.

1. A simple exactly solved quantum model

To prepare for our study of the Sutherland model we start by considering a
simpler, but in many ways related system: a particle moving on a circle of circum-
ference 2π under the influence of the potential V (x) = g sin−2 x/2 for some (real)
coupling constant g, where x ∈ [−π, π] represents the position of the particle. At
first glance this might seem like a rather strange choice of potential function V . If
so, it is instructive to make the following observation: consider a particle moving
on the real line in the potential g′/x2 for some (real) coupling constant g′. If the
space is made periodic with period 2π, the particle experiences the potential

W (x) =

∞
∑

n=−∞

g′

(x+ 2nπ)2
=

g′

4 sin2 1
2x

which coincides with V upon setting g′ = 4g. A further motivation for studying
this particular quantum system is the fact that it only features bound states which,
in addition, are of an exceptionally simple form.

To establish a quantum mechanical model which describes the system above
we note that the associated Schrödinger operator is formally given by

H = − ∂2

∂x2
+

g

sin2 x
2

17
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where, as before, the word ‘formal’ refers to the fact that we have not yet specified
its domain. The states of the system are furthermore described by functions in
the Hilbert space H = L2([−π, π]), consisting of all functions which are square-
integrable over the interval [−π, π]. It is clear that the domain of H must be a
strict subspace of H , e.g. since all functions in H are not differentiable. Rather
than attempting to specify the domain of H already at this point we proceed to
explicitly construct a set of its eigenfunctions, complete in H . The closure of the
linear span of these eigenfunctions will then provide us with a natural domain for
H, and as a simple and standard argument show, it will on this domain be self-
adjoint. In effect, we will define the Schrödinger operator H by constructing its
eigenfunctions.

In a first step towards this construction we observe that H can be factorised
as follows:

H = Q∗Q+
κ2

4
, Q = − ∂

∂x
+
κ

2
cot

x

2
,

where Q∗ = ∂/∂x+ κ/2 cotx is the formal adjoint of Q and the parameter κ is to
be chosen such that 4g = κ(κ− 1). By solving the first order differential equation
Qψ0 = 0 we thus find that one of its eigenfunctions is given by

ψ0(x) = sinκ x

2

with the corresponding eigenvalue κ2/4. As will become evident below, ψ0 repre-
sents the ground-state of the system in question, i.e. it is the eigenfunction of H
with the lowest eigenvalue. We will represent the eigenfunctions of H in the form
ψ = ψ0p, and consider therefore the (formal) differential operator

H̃ := −ψ−1
0

(

H − κ2

4

)

ψ0 =
∂2

∂x2
+ κ cot

x

2

∂

∂x
.

By introducing the variable z = cosx we obtain

H̃ = (1− z2)
∂2

∂z2
− (1 + (1 + κ)z)

∂

∂z
.

This differential operator has eigenfunctions given by the Gegenbauer polynomials

C
( 1+κ

2 )
n (z) (also known as ultraspherical polynomials) with corresponding eigenval-

ues n(n+1+κ), where n is any non-negative integer; see e.g. Section 6.4 in Andrews
et al. [AAR99]. We have thus shown that, for each non-negative integer n,

ψn(x) = ψ0(x)C
( 1+κ

2 )
n (cosx)

is an eigenfunction of H with eigenvalue

En = n(n+ 1 + κ) + κ2/4.

However, since cosx is an even function, it is clear that these eigenfunctions do not
span the whole Hilbert space H . To obtain a set of eigenfunctions which do span
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the whole of H we let

ψ±
n (x) = θ(±x)ψ0(x)C

( 1+κ
2 )

n (cosx),

where θ(x) denotes the Heaviside function, i.e. θ(x) = 1 for x > 0 and zero other-
wise. It is clear that if we assume that κ > 3/2, the derivative of ψ±

n is everywhere
defined and absolutely continuous. In addition, ∂2ψ±

n /∂x
2 and V (x)ψ±

n (x) are then
both contained in H . It follows that Hψ±

n is an element in H and ψ±
n is thus a

well-defined eigenfunction of H. Consider now an arbitrary function f ∈H and let
f±(x) = θ(±x)f(x). It follows by standard arguments (c.f. Section 6.5 in Andrews
et al. [AAR99]) that the partial sums

sn =

n
∑

k=0

ckψ
+
k , ck =

∫ π

0
f+(x)ψ+

k (x)dx
∫ π

0
(ψ+

k )2dx
,

converge strongly to f+, i.e. in the norm defined by the inner product in H .
Treating the function f− similarly we obtain a sequence of partial sums which
converge strongly to f . We thus conclude that the eigenfunctions ψ±

n of H form a
complete orthogonal set in the Hilbert space H .

By the construction above we have implicitly defined the domain of H to be the
dense subspace of H spanned by its eigenfunctions ψ±

n . Since these eigenfunctions
are pairwise orthogonal and have real eigenvalues bounded from below by κ2/4,
the Schrödinger operator H is symmetric and bounded from below. By standard
arguments it is furthermore straightforward to verify that the closure H̄ of H is a
self-adjoint operator on the Hilbert space H . Let us give a brief sketch of how this
can be verified. Let l2 denote the Hilbert space of sequences α = (α1, α2, . . .) such
that

∞
∑

j=1

|αj |2 <∞

and with the standard inner product

(α, β) =

∞
∑

j=1

αj β̄j ,

where β̄j denotes the complex conjugate of βj . Using the eigenfunctions ψ±
n we can

now define a natural isomorphism between functions ψ ∈H and sequences α ∈ l2
by

ψ =

∞
∑

n=1

α±
nψ

±
n 7→ (α+

1 , α
−
1 , α

+
2 , α

−
2 , . . .).

Using the fact that H̄ acts as a multiplication operator by En on the subspace
spanned by ψ+

n and ψ−
n , it is now straightforward to verify that the domain of H̄

is isomorphic with the subspace of sequences α = (α+
1 , α

−
1 , . . .) in l2 such that

∞
∑

n=1

|En|(|α+
n |2 + |α−

n |2) <∞,
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and thereby coincides with the domain of its adjoint (c.f. Theorem 10.7–2 in
Kreyszig [Kre89]). We thus conclude that H̄ indeed is a self-adjoint operator on
the Hilbert space H . The moral of this discussion is that the question of whether
a given operator is self-adjoint can be safely ignored once we have established that
it has a complete set of eigenfunctions with real eigenvalues in the relevant Hilbert
space.

We proceed to briefly discuss some of the physical properties encoded in the
eigenfunctions ψ±

n of H. Under the assumption that κ > 3/2 the ground-state
factor ψ0 in each wave-function ψ ensures that ψ(0) = ψ′(0) = 0. The probability
current

J = ψ
∂ψ∗

∂x
− ψ∗ ∂ψ

∂x
is then zero across the point x = 0. This means that if the particle is localised in
either of the two regions x > 0 and x < 0 then it will remain there indefinitely. In
this aspect the model discussed above stands in stark contrast to the models with
local interactions discussed in the previous chapter. We mention that for values of
the coupling parameter κ lower than 3/2 the boundary conditions ψ(0) = ψ′(0) = 0
result in an operator H which is not self-adjoint. However, a careful study reveals
that the operator H in such cases admits a four-parameter family of self-adjoint
extensions, corresponding to adding a generalised point interaction at x = 0; c.f.
Basu-Mallick et al. [BMGG03]. The corresponding quantum mechanical model
then becomes more complicated since the particle then can pass between the two
regions x > 0 and x < 0.

2. The Sutherland model and its eigenfunctions

We turn now to the quantum many-body system described by the so-called
Sutherland model. It is a model of an arbitrary number of particles N on a circle,
with the relative motion of two particles determined by the one-particle model
considered in the previous section. The Schrödinger operator of the Sutherland
model is thus formally given by

(3.1) HN = −
N
∑

j=1

∂2

∂x2
j

+ 2κ(κ− 1)
∑

j<k

1

4 sin2 1
2 (xj − xk)

.

As first shown by Sutherland [Sut71,Sut72], the eigenfunctions of this model are
in many ways remarkably similar to those of the simple one-particle model discussed
above. In particular, its ground-state is of a very simple form which can be written
down explicitly, and a complete set of eigenfunctions are given by a particular set
of symmetric polynomials known as the Jack polynomials, studied around the same
time, but in an altogether different context by Jack [Jac70]. In this section we give
a brief account of these results. We proceed in close analogy with the discussion
in the previous section and thus start by establishing a well-known factorisation of
the Schrödinger operator (3.1); see e.g. Langmann et al. [LLP06].
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Lemma 3.1. The Schrödinger operator HN admits the factorisation

HN =

N
∑

j=1

Q∗
jQj + E0, Qj = − ∂

∂xj
+
κ

2

∑

k 6=j

cot
1

2
(xj − xk)

with Q∗
j the formal adjoint of Qj and

E0 =
κ2

12
N(N2 − 1).

Proof. To prove the statement we first observe that

N
∑

j=1

Q∗
jQj = −

N
∑

j=1

∂2

∂x2
j

− κ
∑

k 6=j

1

4 sin2 1
2 (xj − xk)

+
κ2

4

∑

j 6=k,l

cot
1

2
(xj − xk) cot

1

2
(xj − xl).

Using the fact that cot2 x = sin−2 x− 1 we thus find that

N
∑

j=1

Q∗
jQj = HN +R

with the remainder terms

R =
κ2

4

∑

j 6=k,l
k 6=l

cot
1

2
(xj − xk) cot

1

2
(xj − xl)−

κ2

4
N(N − 1)

It follows from the well-known identity

cotx cot y + cotx cot z + cot y cot z = 1

for x+ y + z = 0 that

R =
κ2

12

∑

j 6=k,l
k 6=l

(

cot
1

2
(xj − xk) cot

1

2
(xj − xl) + cot

1

2
(xk − xl) cot

1

2
(xk − xj)

+ cot
1

2
(xl − xj) cot

1

2
(xl − xk)

)

− κ2

4
N(N − 1) = −E0.

�

As a simple consequence we obtain a particular eigenfunction of HN which, as
will become apparent below, represents the ground-state of the many-body system
described by the Sutherland model.

Corollary 3.1. The function

Ψ0(x) =
∏

j<k

sinκ 1

2
(xj − xk)
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is an eigenfunction of HN with eigenvalue E0.

Proof. The statement is immediate from the observation that QjΨ0 = 0 for
all j = 1, . . . , N . �

We proceed to show that HN has eigenfunctions of the form Ψ = Ψ0P with P
particular symmetric polynomials in the ‘exponential’ coordinates zi = eixi . These
symmetric polynomials are then eigenfunctions of the differential operator

H̃N := Ψ0(HN − E0)Ψ
−1
0

=
N
∑

j=1

z2
j

∂2

∂z2
j

+ (1− κ(N − 1))
N
∑

j=1

zi
∂

∂zj
+ 2κ

∑

j<k

1

zj − zk

(

z2
j

∂

∂zj
− z2

k

∂

∂zk

)

.

To obtain the polynomials P we compute the action of this differential operator on
the so-called monomial symmetric polynomials. We recall that they can be defined,
for each a ∈ N

N , by

ma(z1, . . . , zN ) =
∑

P

z
aP (1)

1 · · · zaP (N)

N ,

where the sum extends over all distinct permutations P of the terms ai of a. It
is clear that upon restriction to the integer vectors a = λ for some partition λ of
length at most N , i.e. λ = (λ1, . . . , λN ) with λ1 ≥ · · ·λN ≥ 0, the monomials mλ

form a linear basis for the algebra of symmetric polynomials in N variables. Using
the identity

1

x− y

(

x2 ∂

∂x
− y2 ∂

∂y

)

(xnym + xmyn)

= (n−m)

n−m−1
∑

k=1

xn−kym+k + n(xnym + xmyn),

valid for all non-negative integers n and m such that n ≥ m, it is a simple exercise
to verify that, for all partitions λ = (λ1, . . . , λN ),

H̃Nmλ = Ẽλmλ + 2κ
∑

j<k

(λj − λk)

⌊(λj−λk−1)/2⌋
∑

ν=1

mλ−ν(ej−ek)

with ⌊n/2⌋ the integer part of n/2, ej the standard basis elements in Z
N defined

by (ej)k = δjk, and

Ẽλ =
N
∑

j=1

λj(λj + κ(N − 2j + 1)).

For our purposes, the decisive property of this action of H̃N on mλ is that it has a
triangular structure in the so-called dominance order (on the set of partitions of a
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given weight): if two partitions λ and µ are such that λ1 + · · ·+λN = µ1 + · · ·+µN

we write µ ≤ λ if

µ1 + · · ·µj ≤ λ1 + · · ·+ λj , ∀j = 1, . . . , N.

Indeed, the fact that mP (a) = ma for all a ∈ N
N and permutations P ∈ SN implies

that

H̃Nmλ = Ẽλmλ +
∑

µ<λ

cλµmµ

for some coefficients cλµ. It follows that a polynomial

Pλ = mλ +
∑

µ<λ

uλµmµ

is an eigenfunction of the differential operator H̃N if the coefficients uλµ satisfy the
recursion relation

(Ẽλ − Ẽµ)uλµ =
∑

µ<ν≤λ

uλνcνµ

with uλλ = 1. It is important to note that this recursion relation is well defined
if and only if Ẽλ 6= Ẽµ for all µ < λ. If κ is not a negative rational number or
zero, this condition is known to hold true for all partitions λ, see e.g. Example 3
in Section VI.5 of Macdonald [Mac95] or, for a more comprehensive discussion,
Feigin et al. [FJMM02]. The Jack polynomials, for each partition λ denoted by
Pλ, can now be defined by the following:

Theorem 3.1. Let λ = (λ1, . . . , λN ) be a partition. If κ is not a negative
rational number or zero, there exist a unique eigenfunction Pλ(z1, . . . , zN ) of the

differential operator H̃N such that

Pλ = mλ +
∑

µ<λ

uλµmµ

for some coefficients uλµ.

Remark 3.1. In the form stated here, the result is due to Macdonald (loc.
cit.); see also Stanley [Sta89]. The result is also implicit in a paper by Sutherland
[Sut72].

We will discuss the Jack polynomials in more detail, and from the point of view
of symmetric functions, in Chapter 4. We mention, however, already at this point
the well-known fact that also zqPλ(z) with zq = (z1 · · · zN )q is an eigenfunction of

the differential operator H̃N for all integers q. In fact, if q is a non-negative integer
then

zPλ−(1N )(z) = Pλ(z)

where (1N ) is the partition with N terms all equal to 1; see e.g. Proposition 5.1
in Stanley [Sta89]. This fact can be used to extend the definition of the Jack
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polynomials to arbitary decreasing integer vectors λ ∈ Z
N . In the Sutherland

model, a factor

(z1 · · · zN )q = eiq(x1+···+xN )

describes the motion of the center-of-mass in the corresponding quantum many-
body system. We note that it is important that q is an integer in order for this
factor to be periodic with period 2π.

Since the Jack polynomials are symmetric, they do not give rise to a complete
set of eigenfunctions of the Schrödinger operator HN in the Hilbert space HN =
L2
(

[−π, π]N
)

. To construct such a complete set we let ∆Q with Q ∈ SN denote

the region in [−π, π]N defined by the inequality

zQ(1) < zQ(2) < · · · < zQ(N).

For each decreasing integer vector λ = (λ1, . . . , λN ) ∈ Z
N and Q ∈ SN we let

Ψ
(Q)
λ (x) =

{

Ψ0(x)Pλ(x) if x ∈ ∆Q

0 otherwise.

By an argument analogous to that presented in the previous section it is straightfor-

ward to verify that these eigenfunctions Ψ
(Q)
λ are complete in HN and, moreover,

that if κ > 3/2 then the closure of the Schrödinger operator HN is self-adjoint in
HN . We observe that, similar to the one-particle model discussed in the previous

section, all eigenfunctions Ψ
(Q)
λ , as well as their derivatives, are zero at the hyper-

planes xj = xk, i.e. at points where the positions of two particles coincide. Hence,
the particles can in the Sutherland model not pass each other.

3. Integrals of motion for the Sutherland model

In this section we state the integrability of the Sutherland model by reviewing
a construction of integrals of motion due to Matsuo [Mat92]. The proof will
then be given in Chapter 4. As before, let HN denote the Schrödinger operator
for the Sutherland model. The Sutherland model is then said to be integrable if
there exist N algebraically independent and pairwise commuting partial differential
operators such that the algebra they generate contain HN . We mention that by
algebraically independent is meant that there exist no polynomial relations between
the operators. Although its integrability is an important aspect of the Sutherland
model, it will in this thesis play a rather small role. Our discussion will for this
reason be rather brief.

Following Matsuo (loc. cit.) we recursively define a sequence of partial differ-

ential operators ∂
(p)
j , p ≥ 1, by setting ∂

(1)
j = zj∂/∂zj and

∂
(p)
j = ∂

(1)
j ∂

(p−1)
j − κ

2

∑

k 6=j

zj + zk

zj − zk

(

∂
(p−1)
j − ∂(p−1)

k

)
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for p > 1. By symmetrisation we thus obtain the partial differential operators

H̃
(p)
N :=

N
∑

j=1

∂
(p)
j .

We proceed to verify that the first N of these operators are algebraically indepen-
dent. To this end we note that the leding term (in the order of the derivatives) of

a partial differential operator H̃
(p)
N is

N
∑

j=1

(

zj
∂

∂zj

)p

.

It is a well-known fact that the power sums zp
1 + · · · zp

N with p = 1, . . . , N are
algebraically independent, see e.g. Section I.2 in Macdonald [Mac95]. We thus
obtain the first part of the following:

Theorem 3.2. The partial differential operators H̃
(p)
N with p = 1, . . . , N are

algebraically independent. Moreover,

H̃
(p)
N H̃

(q)
N − H̃(q)

N H̃
(p)
N = 0

for all positive integers p and q.

Remark 3.2. To prove the commutativity of the partial differential operators

H̃
(p)
N is at this point a rather lengthy endeavour (c.f. the proof of Theorem 1 in

Sergeev and Veselov [SV04]). We therefore postpone the proof of this fact to Chap-
ter 4, where it will be obtained by an argument due to Heckman [Hec91] using the
theory of Jack polynomials.

Let ΛN be the algebra of symmetric polynomials inN variables z = (z1, . . . , zN )
with complex coefficients. We recall that the power sums zp

1 + · · · zp
N with p =

1, . . . , N are free generators of ΛN , see e.g. Macdonald (loc. cit.). By Theorem 3.2,

the map H̃(p) 7→ zp
1 + · · ·+zp

N for p = 1, . . . , N thus induces an algebra isomorphism

C

[

H̃
(1)
N , . . . , H̃

(N)
N

]

→ ΛN .

In addition, H̃N is easily expressed as a linear combination of H̃
(2)
N and H̃

(1)
N and

is thus seen to be contained in the former algebra. To the best of my knowledge,
the fact that the algebra of (symmetric) partial differential operators commuting

with H̃N is isomorphic to ΛN was first established by Opdam [Opd88] in a more
general context, see also Heckman [Hec91].

The integrals of motion of the Sutherland model are now obtained by the
similarity transformation

H̃
(p)
N 7→ Ψ0H̃

(p)
N Ψ−1

0 =: H
(p)
N .

Since HN can be expressed as a linear combination of H
(2)
N and H

(1)
N this establishes

the integrability of the Sutherland model. As far as I know, the first result in the
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literature from which this integrability can be easily inferred is due to Sekiguchi
[Sek77]. We mention that the integrability of the Sutherland model is here stated
only in a formal sense, in that we have not specified the domains of the operators

H
(p)
N . In Chapter 4 we will prove that they in fact can be defined with the same

domain as HN and that the resulting operators are self-adjoint. We will thus obtain
a stronger statement than Theorem 3.2.



CHAPTER 4

Excerpts from the theory of Jack polynomials

We saw in the previous chapter that the Jack polynomials, up to a change of
variables and multiplication by a ground-state factor, give the eigenfunctions of
the Schrödinger operator for the Sutherland model. In this chapter we discuss the
Jack polynomials in more detail and from the point of view of symmetric functions.
There exist a wealth of material in the literature relating to the Jack polynomials,
and we will in this chapter only sketch those results which are most closely related
to the scientific papers presented in the second part of this thesis. After a brief
recapitulation of some basic definitions from the theory of partitions we start by
giving a proof of a natural and well-known orthogonality for the Jack polynomials.
As a byproduct we obtain the integrability of the Sutherland model. We then
proceed to discuss the notion of symmetric functions, and, in connection, the so-
called Jack’s symmetric functions (see Stanley [Sta89]), in a sense Jack polynomials
in an infinite number of variables. This will lead us to the definition of the so-called
super Jack polynomials (see Kerov et al. [KOO98]), which give the eigenfunction
of the so-called deformed Sutherland operator (see Sergeev and Veselov [SV05]).

1. Partitions and their orderings

The permutation group SN , with N a positive integer, acts naturally on N
N

by permuting the terms of an integer vector α = (α1, . . . , αN ). The orbits of this
action can be parametrised by the partitions with N terms. For this reason it is
often possible and natural to parametrise also sets of symmetric polynomials (in N
variables) by partitions (with N terms). We recall that a partition is any sequence
of non-negative integers λ = (λ1, λ2, . . .) in descending order, i.e.

λ1 ≥ λ2 ≥ · · · ,
such that only finitely many terms λj are non-zero. In this section we briefly recall
some basic terminology regarding partitions and some of their orderings; see e.g.
Section I.1 in Macdonald [Mac95] for further details.

The non-zero terms of a partition are called parts. We will refer to the number
of parts of a partition λ as its length, and denote it by ℓ(λ). It will be convenient
not to distinguish two partitions differing only by a string of zeros at the end. The
sum |λ| := λ1 + λ2 + · · · of the parts of a partition λ is called the weight of λ, or
equivalently, it is said that λ partitions |λ|.

27
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To each partition λ is associated the points (i, j) ∈ Z
2 such that 1 ≤ j ≤ λi.

This set is commonly referred to as the diagram of λ. It can be visualised by
representing each such point in Z

2 by a box, e.g. to the partition λ = (43221) is
associated the diagram

The conjugate λ′ of a partition λ is defined by transposition in the main diagonal
of its diagram. For the diagram above we obtain

corresponding to the partition λ′ = (5421). We also recall the notion of the arm–
length a(s) = λi− j and leg–length l(s) = λ′j− i at a point s = (i, j) in the diagram
of a partition λ.

The set of partitions of a given weight N is denoted PN . In this chapter we
make use of two different orders on these sets PN . The dominance order was defined
in the previous chapter. We recall that this is a partial order, i.e. all partitions in
PN are in this order not comparable. As a simple example of this fact consider
λ = (411) and µ = (33), both contained in P6, and clearly not comparable. On
one occasion we will also use the so-called lexicographic order, which, in contrast to
the dominance order, is a total order on each set PN . In the lexicographic order,
µ ≤ λ for any two partitions in PN if and only if µ = λ or the first non-zero term
in λ− µ is positive. It is a simple exercise to verify that the lexicographic order is
compatible with the dominance order in the sense that if µ ≤ λ in the dominance
order then µ ≤ λ also in the lexicographic order.

2. A natural orthogonality for the Jack polynomials

We let 〈·, ·〉 be the scalar product on the algebra C[z] of polynomials with
complex coefficients defined by

〈p, q〉 =
1

2π

∫

|z|=1

p(z)q̄(z)
dz

z

with q̄ the complex conjugate of q. For the ‘ordinary’ monomials zn with n an
arbitary integer Cauchy’s theorem implies

〈zn, zm〉 ≡ 1

2π

∫

|z|=1

zn−m dz

z
= δnm,
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i.e. these monomials are for this scalar product pairwise orthogonal. In this section
we prove that the Jack polynomials are similarly pairwise orthogonal for a natural
many-variable generalisation of the scalar product 〈·, ·〉. As a byproduct we obtain
the integrability of the Sutherland model, as stated in Theorem 3.2 in Chapter 3.
The results established here are all well known and can for the most part be found
in Macdonald’s book [Mac95]. More specific references will be given in the text
below.

As before, we let ΛN be the algebra of symmetric polynomials in N variables
z = (z1, . . . , zN ) with complex coefficients. In addition, we let

w(z;κ) =
∏

j 6=k

(1− zj/zk)κ.

We let TN denote the N -torus z ∈ C
N : |zj | = 1 for all j = 1, . . . , N . We also note

that w = |Ψ0|2 on TN with Ψ0 the groundstate wave-function of the Sutherland
model. Following Macdonald (loc. cit.) we let 〈·, ·〉N be the scalar product on ΛN

defined by

〈f, g〉N =
1

N !

∫

T N

f(z)ḡ(z)w(z;κ)dz

for all f, g ∈ ΛN and where dz = (2π)−Nz−1
1 dz1 · · · z−1

N dzN is the normalised Haar
measure on TN . It is clear from the remarks above that this inner product can be
viewed as a manifestation of the inner product in the Hilbert space L2([−π, π]n, dx)
with dx = dx1 · · · dxN on the level of the polynomial parts of the eigenfunctions of
the Sutherland model. We note that 〈·, ·〉1 is identical with the scalar product 〈·, ·〉
defined above. A definition of the Jack polynomials, alternative to that given in
Chapter 3, is now provided by the following:

Proposition 4.1. The Jack polynomials Pλ are uniquely determined by the
following two conditions:

(1) Triangularity:

Pλ = mλ +
∑

µ<λ

uλµmµ

for some coefficients uλµ.
(2) Orthogonality:

〈Pλ,mµ〉 = 0

for all µ < λ.

Proof. It is clear that the two conditions uniquely determine the polynomials
Pλ. That condition 1 is satisfied by the Jack polynomials is immediate from their

definition, as given by Theorem 3.1. Since H̃
(1)
N and H̃

(2)
N are self-adjoint for the

scalar product 〈·, ·〉N , as follows from Proposition 4.2 below,

Ẽλ〈Pλ,mµ〉N = 〈Pλ, H̃Nmµ〉N = Ẽµ〈Pλ,mµ〉N +
∑

ν<µ

cµν〈Pλ,mν〉N .



30 4. EXCERPTS FROM THE THEORY OF JACK POLYNOMIALS

That the Jack polynomials satisfies also Condition 2 thus follows from the fact that
Ẽλ 6= Ẽµ for all µ < λ (see the discussion preceding Theorem 3.1) and induction in
the dominance order. �

Although the proposition above provides us with a definition of the Jack poly-
nomials as orthogonal polynomials, it is not completely satisfactory, since it does
not directly imply that the Jack polynomials are pairwise orthogonal. To see why
let us recall that given any scalar product on ΛN we can, by the Gram-Schmidt
procedure, construct a complete set of symmetric polynomials which are pairwise
orthogonal. This requires, however, that we arrange the symmetric monomials (or
any other basis for ΛN ) in a total order. The dominance order (in which the orthog-
onality in Proposition 4.1 is expressed) is however only a partial ordering. It is for
this reason a priori not clear whether the Jack polynomials are pairwise orthogonal
for the scalar product 〈·, ·〉N . All we know at this point is that

〈Pλ, Pµ〉N = 0

for any two distinct partitions λ and µ which are either comparable in the dominance
order or such that |λ| 6= |µ|. It is thus natural to enquire if the statement holds
true for all partitions, regardless of whether they are comparable in the dominance
order or not. We will devote the remainder of this section to proving that this is
indeed the case. The proof which we present make use of the partial differential

operators H̃
(p)
N and relies on two important properties of these operators: firstly,

that they are self-adjoint for the scalar product 〈·, ·〉N ; secondly, that they have the
Jack polynomials as common eigenfunctions.

To prove these two statements we will go somewhat outside the theory of sym-
metric polynomials and make use of a particular set of partial differential-difference
operators introduced by Heckman [Hec91] as ‘global’ analogues of the so-called
Dunkl differential-difference operators [Dun89]. The reason is that this will al-
low us to make a reduction to differential-difference operators of order one rather

than having to deal with the partial differential operators H̃
(p)
N for an order p up

to N . Heckman’s differential-difference operators act on elements in the algebra
C[z] = C[z1, . . . , zN ] of polynomials in the variables z = (z1, . . . , zN ) with complex
coefficients. On such a polynomial p we have a natural action of the permutation
group SN given by

(Qp)(z) = p(Q−1z)

for all Q ∈ SN and where (Q−1z)j = zQ−1(j). Following Heckman (loc. cit.) we
now define the differential-difference operators

Dj = zj
∂

∂zj
− κ

2

∑

k 6=j

zj + zk

zj − zk
(1− Tjk)

with Tjk the transposition interchanging elements j and k. We note that, for all
transpositions Tjl,

TjlDj = DlTjl.
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We also remark that these operators are closely related to the so-called Cherednik
operators [Che91] (see also [Che94]) which have the advantage of pairwise com-
muting. For our specific purposes is nevertheless Heckman’s operators somewhat
simpler to work with.

For any linear operator A on C[z] we let Res(A) denote its restriction to ΛN .

Each of the differential operators ∂
(p)
j , as defined in Chapter 3, then naturally arise

as the restriction of the corresponding operator Dp
j to ΛN . Indeed, Res(Dj) =

zj∂/∂zj ≡ ∂(1)
j and, for p > 1,

Res
(

Dp
j

)

= Res
(

DjD
p−1
j

)

− κ

2

∑

k 6=j

zj + zk

zj − zk
Res

(

(1− Tjk)Dp−1
j

)

= Res (Dj) Res
(

Dp−1
j

)

− κ

2

∑

k 6=j

zj + zk

zj − zk

(

Res
(

Dp−1
j

)

− Res
(

Dp−1
k

))

= ∂
(p)
j

by induction in p. It is clear that 〈·, ·〉N is well defined also as a scalar product
on C[z]. Using the differential-difference operators Dj it is now straightforward to

establish the self-adjointness of the partial differential operators H̃
(p)
N .

Proposition 4.2. For each positive integer p,
〈

H̃
(p)
N f, g

〉

N
=
〈

f, H̃
(p)
N g

〉

N

for all f, g ∈ ΛN

Proof. We will prove the following more general statement: the differential-
difference operators Dp

j are self-adjoint for the scalar product 〈·, ·〉N . For simplicity

of notation we let ∂zj
= ∂/∂zj and let

∆±
jk =

zj + zk

zj − zk
(1± Tjk).

We observe that

〈zj∂zj
f, g〉N ≡

∫

T N

(

zj∂zj
f
)

ḡwdz

=

∫

T N

f(zj∂zj
g)wdz −

∫

T N

fḡ
(

zj∂zj
w
)

dz

for all f, g ∈ C[z]. Since the weight function w is invariant under the action of all
transpositions Tjk,

〈∆−
jkf, g〉N ≡

∫

T N

(

∆−
jkf
)

ḡwdz = −
∫

T N

f
(

∆+
jkg
)

wdz.

The fact that

w−1zj∂zj
w = κ

∑

k 6=j

zj + zk

zj − zk
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thus implies that the differential-difference operators Dj are self-adjoint for the
scalar product 〈·, ·〉N , and consequently that

〈Dp
j f, g〉N = 〈f,Dp

j g〉N
for all positive integers p and f, g ∈ C[x]. The statement now follows by restriction
to ΛN . �

In proving that the Jack polynomials are common eigenfunctions of the partial

differential operators H̃
(p)
N we make use of the fact that the actions of these operators

on the symmetric monomials are triangular in dominance order.

Lemma 4.1. For each positive integer p,

H̃
(p)
N mλ =

∑

µ≤λ

aλµmµ

for some coefficients aλµ.

Sketch of a Proof. For any integer vector α = (α1, . . . , αN ) ∈ N
N we let

α+ denote the unique partition obtained by permuting the terms αj of α. We define
a partial ordering of integer vectors α, β ∈ N

N such that α1+· · ·+αN = β1+· · ·+βN

by writing β � α if

β+
1 + · · ·+ β+

j ≤ α+
1 + · · ·+ α+

j , ∀j = 1, . . . , N.

We observe that for any two non-negative integers n and m such that n > m,

zj + zk

zj − zk
(1− Tjk)zn

j z
m
k = (zj + zk)(zjzk)m

zn−m
j − zn−m

k

zj − zk

= (zj + zk)

n−m−1
∑

ν=1

zn−1−ν
j zm+ν

k

=

n−m−1
∑

ν=1

zn−ν
j zm+ν

k +

n−m
∑

ν=2

zn−ν
j zm+ν

k ,

where the second equality follows by a geometric series expansion of the fraction.
Using this identity it is straightforward to verify that with α ∈ N

N ,

Djz
α =

∑

β�α

bαβz
β

for some coefficients bαβ . The statement is now easily deduced as a consequence of
the fact that each differential operator

H̃
(p)
N =

N
∑

j=1

∂
(p)
j =

N
∑

j=1

Res
(

Dp
j

)

.

�

We are now ready to prove the following:
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Proposition 4.3. The Jack polynomials are common eigenfunctions of the

partial differential operators H̃
(p)
N .

Proof. It is clearly necessary and sufficient to verify that, for any Jack poly-

nomial Pλ and positive integer p, H̃
(p)
N Pλ satisfies the two conditions in Proposition

4.1. By Theorem 3.1 and Lemma 4.1 we have that

H̃
(p)
N Pλ = bλλmλ +

∑

µ<λ

bλµmµ

for some coefficients bλµ. Moreover, it follows from Proposition 4.2 and again
Lemma 4.1 that
〈

H̃
(p)
N Pλ,mµ

〉

N
=
〈

Pλ, H̃
(p)
N mµ

〉

N
= 〈Pλ, aµµmµ〉N +

∑

ν<µ

aµν〈Pλ,mν〉N = 0

for all partitions µ < λ. �

It is clear from the explicit definition of the differential operators H̃
(p)
N that the

eigenvalue Ẽ
(p)
λ of a Jack polynomial Pλ is a polynomial with leading term λp

1 +λp
N

(in the degree of monomials). It follows that the commutative algebra of differential

operators generated by the operators H̃
(p)
N separate the Jack polynomials, i.e. there

are no two Jack polynomials with the same eigenvalues for all H̃
(p)
N . Since these

operators are self-adjoint for the scalar product 〈·, ·〉N we thus arrive at the pairwise
orthogonality of the Jack polynomials.

Theorem 4.1. For all distinct partitions λ and µ,

〈Pλ, Pµ〉N = 0.

As a direct consequence of the fact that the Jack polynomials are common

eigenfunctions of the partial differential operators H̃
(p)
N follows that they pairwise

commute, i.e. we obtain the proof of Theorem 3.2. In addition, it follows from the
discussion in the last part of Section 2 in Chapter 3 that we implicitly have defined

the domains of the operators H
(p)
N such that their closures are self-adjoint operators

with the same domain as HN .

3. On the algebra of symmetric functions

The precise number of variables is in the theory of symmetric polynomials often
of little importance. In fact, it is in many instances convenient or even necessary to
work with infinitely many variables. In this section we recall how this last remark
can be made precise using the notion of inverse limits, leading to the definition of
the algebra of symmetric functions. We will to a large extent follow the presentation
in Section I.2 in Macdonald [Mac95].

Consider any sequence of algebras {An} and algebra homomorphisms {θn} such
that

θn+1 : An+1 → An.
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This is called an inverse system of algebras. The algebra of all sequences (an)
with an ∈ An such that θn+1an+1 = an is called the inverse limit of the system in
question; see e.g. Atiyah and Macdonald [AM69]. The algebra structure is defined
by term-wise addition and multiplication.

For any non-negative integer k we let Λk
N denote the subspace of ΛN consisting

of all homogeneous symmetric polynomials of degree k, together with the zero
polynomial. We shall form the inverse limit (in the number of variables) of these
subspaces Λk

N for a fixed degree k. We therefore consider, for any two positive
integers M and N such that M ≥ N , the algebra homomorphism

C[z1, . . . , zM ]→ C[z1, . . . , zN ]

which sends each of the variables z1, . . . , zN to themselves and the remaining vari-
ables to zero. The restrictions of this homomorphism to ΛM and Λk

M will be denoted
by ρN,M and ρk

N,M , respectively. Since mλ(z1, . . . , zN ) = 0 unless ℓ(λ) ≤ N ,

ρN,M (mλ(z1, . . . , zM )) =

{

mλ(z1, . . . , zN ) if ℓ(λ) ≤ N
0 if ℓ(λ) > N

and similarly for ρk
N,M . This provides an alternative definition of the homomor-

phisms ρN,M and ρk
N,M which makes no reference to the algebras C[z1, . . . , zM ] and

C[z1, . . . , zN ]. We now form the inverse limit

Λk = lim←−Λk
N

of the homogeneous components Λk
N with respect to the homomorphisms ρk

N+1,N .
The algebra of symmetric functions can then be defined as the direct sum

Λ =
⊕

k≥0

Λk.

We will let ρN denote the restriction to a fixed number of variables N , and similarly
for ρk

N . We note that Λ by construction is a graded algebra. We also note that the
inverse limit of the algebras ΛN with respect to the homomorphisms ρN+1,N in the
category of algebras does not coincide with Λ. This limit would for example contain
the infinite product

∏

i(1 + zj) which clearly is not a finite linear combination of
homogeneous terms. Rather, Λ is the inverse limit of the algebras ΛN in the
category of graded algebras. When we discuss inverse limits below we will always
refer to an inverse limit in the category of graded algebras.

It is clear from the discussion above that the inverse limits mλ of the symmetric
monomials mλ(z1, . . . , zN ) form a linear basis for Λ. As indicated here, we will in
the following distinguish an element in Λ and its restriction to a fixed number of
variables by explicitly writing out the variables for the latter. We proceed to briefly
discuss other linear bases for Λ. Most of the ‘elementary’ linear bases for Λ arise
from a set of algebraic generators for Λ. A particular example which will play an
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important role in the following section is the so-called power sums, for each r ≥ 1
defined by

pr = zr
1 + zr

2 + · · · .
Note that the corresponding polynomials pr(z1, . . . , zM ) indeed are stable under
the restriction homomorphisms ρN,M , i.e. ρN,M (pr(z1, . . . , zM )) = pr(z1, . . . , zN )
for all positive integers M and N such that M ≥ N . It is well known that the
power sums are free generators of Λ. This means, in particular, that a linear basis
for Λ can be obtained by setting

pλ = pλ1
pλ2
· · ·

for all partitions λ. These important facts can be established by expressing the pλ in
another set of symmetric functions known to constitute a linear basis for Λ, such as
the elementary symmetric functions; see e.g. Macdonald [Mac95]. It is important
to note that the power sums pr do not freely generate ΛN for any finite number of
variables N . This provides a first example of the advantage of working with the
algebra of symmetric functions rather than an algebra of symmetric polynomials.

4. Jack’s symmetric functions and the super Jack polynomials

We begin this section by establishing the well-known fact that the Jack poly-
nomials are stable under the homomorphisms ρN,M and thus give rise to a linear
basis for Λ, called Jack’s symmetric functions; see e.g. Macdonald [Mac95] and
Stanley [Sta89]. For that we make use of the partial differential operator

DN =

N
∑

j=1

∂2

∂z2
j

+ 2κ
∑

j 6=k

zjzk

zj − zk

(

∂

∂zj
− ∂

∂zk

)

.

A property which distinguishes this operator is that it is stable under the homo-
morphisms ρN,M , i.e.

ρN,M ◦DM = DN ◦ ρN,M ,

as is clear from its definition. Its inverse limit

D = lim←−DN

is thus a well-defined linear operator on Λ. It is straightforward to verify that the

operator DN is a linear combination of the operators H̃
(2)
N and H̃

(1)
N , as defined in

Section 3 of Chapter 3. It follows that the Jack polynomials are eigenfunctions of
DN . It also follows that DN has a triangular action (in dominance order) on the
symmetric monomialsmλ(z1, . . . , zN ). Refering to the discussion leading up to The-
orem 3.1 in Chapter 3 we thus conclude that the Jack polynomials Pλ(z1, . . . , zN )
can be uniquely characterised by the fact that they are eigenfunctions of DN and
the triangular structure of their expansion in symmetric monomials. The fact that
the Jack polynomials are stable under restrictions of the number of variables is
thus a direct consequence of the stability of both DN and the symmetric monomi-
als mλ(z1, . . . , zN ). We mention that the stability of the Jack polynomials can be
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derived also from their definition as orthogonal polynomials, see e.g. Example 2 in
Section VI.6 of Macdonald [Mac95]. Jack’s symmetric functions Pλ can now be
defined by the following:

Proposition 4.4. Fix k to be a non-negative integer. For each partition λ of
k there exists a (unique) element Pλ ∈ Λk such that

ρk
N (Pλ) = Pλ(z1, . . . , zN )

for all positive integers N . Moreover, as λ runs through all partitions λ of k, the
corresponding Pλ form a linear basis for Λk.

Proof. There remains only to prove that the Jack’s symmetric functions Pλ,
indexed by the partitions λ of k, form a linear basis for Λk. To this end we consider
the two sets of symmetric functions (Pλ) and (mλ), both indexed by the partitions
λ of k. We let M = (Mλµ) denote the transition matrix, defined by the equalities

(4.1) Pλ =
∑

µ

Mλµmµ,

from the Jack’s symmetric functions (Pλ) to the symmetric monomials (mλ). It
follows from Theorem 3.1 that such a transition matrix M exists, that Mλµ = 0
unless µ ≤ λ, and also that Mλλ = 1. Following Macdonald [Mac95] we say that a
matrix of this form is strictly lower unitriangular. As will become apparent below,
to prove the statement it is sufficient to establish that the inverse of M exists. To
accomplish this we order the rows and columns of M in increasing lexicographic
order. Since the lexicographic order is compatible with the dominance order, the
matrix M is with this ordering of rows and columns lower triangular with unit
diagonal. It is a basic result of linear algebra that the inverse of such a matrix
exists and is of the same form. This implies that the equations (4.1) are equivalent
to

mλ =
∑

µ

(M−1)λµPµ

where M−1 is lower triangular in the lexicographic order and with unit diagonal.
The statement thus follows from the fact that the symmetric monomials (mλ)
form a linear basis for Λk. We mention that in fact M−1 is even strictly lower
unitriangular; see Statement 6.1 in Section I.6 of Macdonald [Mac95]. �

Remark 4.1. Although well known, we have included the proof of the proposi-
tion, since it illustrates the importance of triangular structures in establishing which
subspace of Λ a given set of symmetric functions span. In this case it allowed us
to make a reduction from the rather complicated Jack’s symmetric functions to the
much simpler symmetric monomials for which the statement in question is obviously
true. In Papers 4 and 5 we will make extensive reference to this type of triangular
structures, relating different families of polynomials.
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We mention that Jack’s symmetric functions were originally defined as or-
thogonal symmetric functions for a particular scalar product 〈·, ·〉 on Λ (see Stan-
ley [Sta89]) which can be viewed as a properly scaled limit of 〈·, ·〉N as N → ∞.
More precisely, for all f, g ∈ Λ,

〈ρNf, ρNg〉N
〈1, 1〉N

→ 〈f, g〉

as N → ∞; see Statement 9.9 in Section VI.9 of Macdonald [Mac95]. For Jack’s
symmetric functions the statement is the following:

〈Pλ, Pµ〉 = δλµb
−1
λ

with

bλ =
∏

s∈λ

a(s) + κl(s) + κ

a(s) + κl(s) + 1
.

As far as I know, this result was first obtained by Stanley [Sta89].
There exists a simple and well-known duality transformation for Jack’s sym-

metric functions, mapping the functions for a particular parameter value κ to those
for the inverse value 1/κ; see e.g. Section 5 in Macdonald [Mac95] and Stanley
(loc. cit.). It is commonly denoted ωκ, and using the power sums it can be defined
by first setting

ωκ(pr) = (−1)r−1κpr, ∀r ≥ 1,

and then extending it to the whole of Λ as an algebra homomorphism. Note that
this uniquely defines ωκ, since the power sums are free generators of Λ. Regarding
Jack’s symmetric functions, the precise statement is the following:

Proposition 4.5. With

Q
(κ)
λ = b

(κ)
λ P

(κ)
λ

we have

ω1/κ

(

P
(κ)
λ

)

= Q
(1/κ)
λ′ .

Although we will not use this result in itself it does provide important moti-
vation for certain definitions below. Since a complete proof of the proposition is
rather lengthy, at least within the theory of Jack polynomials, we will here limit
ourselves to isolate the main difficulty in constructing such a proof and point at
one particular way in which it can be resolved.

Sketch of a proof of Proposition 4.5. The first step is to prove that

ω1/κD
(κ) = −κD(1/κ)ω1/κ.

This can be accomplished by an explicit computation, verifying that
(

ω1/κD
(κ) + κD(1/κ)ω1/κ

)

pλ = 0
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for all power sum products pλ. We thus obtain

D(1/κ)ω1/κ

(

P
(κ)
λ

)

= − 1

κ
ω1/κ

(

D(κ)P
(κ)
λ

)

= − 1

κ
e(κ)(λ)ω1/κ

(

P
(κ)
λ

)

with e(κ)(λ) the eigenvalue of P
(κ)
λ for D(κ). It follows from the equality

− 1

κ
e(κ)(λ) = e(1/κ)(λ′)

that ω1/κ

(

P
(κ)
λ

)

is an eigenfunction of D(1/κ) with eigenvalue e(1/κ)(λ′). The

argument above thus implies that ω1/κ

(

P
(κ)
λ

)

is a linear combination of the Jack

polynomials with eigenvalue e1/κ(λ′). As we have previously noted, this eigenspace
is in general not one-dimensional, and here lies the main difficulty in the proof.

One way to resolve this problem is to exploit the fact that each P
(κ)
λ is dual to

Q
(κ)
λ for the scalar product 〈·, ·〉. It turns out that this particular duality structure

can be used to make a reduction to the case κ = 1 which corresponds to the well-
known Schur functions for which the action of, in this case, ω = ω1 can be explicitly
computed; see e.g. Example 3 (c) in Section VI.5 of Macdonald [Mac95]. �

Remark 4.2. We stress that the duality transformation ωκ appears in the sim-
ple form above only on the level of symmetric functions and not for any algebra
of symmetric polynomials. The reason being that such a latter algebra is not freely
generated by the power sums, while the algebra of symmetric functions is.

Our main motivation for discussing the duality transformation above for Jack’s
symmetric functions is that it naturally leads to the definition of the so-called
super Jack polynomials. They were defined by Kerov et al. [KOO98] (in their
paper referred to as κ-extended Jack polynomials) using the algebra homomorphism
ϕκ : Λ→ Λ× Λ defined by setting

ϕκ(pr) = (zr
1 + zr

2 + · · · )− 1

κ
(z̃r

1 + z̃r
2 + · · · ), ∀r ≥ 1,

with z = (z1, z2, . . .) and z̃ = (z̃1, z̃2, . . .) two infinite sequences of independent

variables. For each Jack’s symmetric function P
(κ)
λ we let

SP
(κ)
λ = ϕκ

(

P
(κ)
λ

)

.

By restriction to N variables z = (z1, . . . , zN ) and Ñ variables z̃ = (z̃1, . . . , z̃Ñ )
we obtain the super Jack polynomial SPλ(z, z̃;κ). It is clear from the definition of
the homomorphism ϕκ that by further setting the variables z̃ to zero we obtain the
Jack polynomial Pλ(z;κ). Using the fact that Jack’s symmetric functions Pλ are
homogeneous of degree |λ| a comparison with the homomorphism ωκ reveals that
setting instead the variables z to zero we obtain (−1)|λ|Qλ′(z̃; 1/κ). In this sense,
the super Jack polynomials unify the Jack polynomials for a given value of κ with
their dual counterparts.



5. GENERATING FUNCTIONS FOR JACK POLYNOMIALS 39

One motivation for defining the homomorphism ϕκ above with a factor −1
rather than (−1)r−1, as in the case of ωκ, is that it allows for a simple characteri-
sation of the algebra generated by the ‘deformed’ power sums

pr,κ(z, z̃) := z1 + · · ·+ zN −
1

κ
(z̃1 + · · ·+ z̃Ñ ).

As observed by Sergeev and Veselov [SV04], in addition to being separately sym-
metric in the variables z and z̃, the ‘deformed’ power sums pr,κ(z, z̃) satisfy the
condition

(

∂

∂zi
+ κ

∂

∂z̃I

)

pr(z, z̃)
∣

∣

zi=z̃I
= 0

for all i = 1, . . . , N and I = 1, . . . , Ñ . We will denote the algebra of all such
polynomials with complex coefficients by ΛN,Ñ,κ. It has been shown by Sergeev

and Veselov [SV04] (see Theorem 2) that, as long as κ is not a negative rational
number or zero, this algebra is generated by the ‘deformed’ power sums. It is clear
from their definition that also the super Jack polynomials satisfy the conditions
above. In conclusion we state a fundamental result on the super Jack polynomials,
obtained by Sergeev and Veselov; see Theorem 2 in [SV05]. For each pair of non-

negative integers N and Ñ let HN,Ñ denote the set of partitions contained in the

fat (N, Ñ)-hook, i.e. the set of partitions λ such that λN+1 ≤ Ñ .

Theorem 4.2. If κ is not a negative rational number or zero, the kernel of ϕκ

is spanned by the Jack’s symmetric functions Pλ with λ /∈ HN,Ñ .

The non-trivial super Jack polynomials SPλ(z, z̃) are thus naturally labelled by
the partitions λ ∈ HN,Ñ . This result could have been anticipated for the following

reason: recall that a Jack polynomial Pµ(z) = 0 unless ℓ(µ) ≤ N , and consequently

that a Jack polynomial Pν′(z̃) = 0 unless ℓ(ν′) ≤ Ñ . Since the first part of the
homomorphism ϕk (in the variables z) corresponds to the identity transformation
while the second part (in the variables z̃) corresponds to the duality transformation
ω1/κ mapping each Pλ(z̃;κ) to Qλ′(z̃; 1/κ), it is not unreasonable to expect that
the non-trivial super Jack polynomials are labelled precisely by the partitions λ =
(µ1, . . . , µN , ν1, ν2, . . .) such that ℓ(ν′) = ν1 ≤ Ñ , i.e. the partitions contained in
HN,Ñ .

5. Generating functions for Jack polynomials

By a generating function for a sequence of functions fk(z), k ≥ 0, in N inde-
pendent variables z = (z1, . . . , zN ) is commonly meant a function G(z, w) in the
variables z and an ‘auxiliary’ variable w such that

G(z, w) =
∑

k≥0

fk(z)wk.

The functions fk(z) are then said to be generated by G(z, w). We mention that
questions relating to the convergence of such a series expansion of G is often of little
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importance, since the variable w only serves the purpose of a book keeping device.
More generally, a generating function for a set of functions indexed by integer
vectors in N

M for some positive integer M will be a function of M ‘auxiliary’
variables w = (w1, . . . , wM ).

In this section we briefly discuss functions which generate the Jack- and super
Jack polynomials when expanded in the Jack polynomials themselves. As our start-
ing point we take the following well-known result due to Stanley; see Proposition
2.1. in [Sta89]:

Proposition 4.6. Let z = (z1, z2, . . .) and w = (w1, w2, . . .) be two sequences
of independent variables. If κ is not a negative rational number or zero then

Π(z, w;κ) =
∏

j,k

(1− zjwk)−κ

has the expansion

Π(z, w;κ) =
∑

λ

Pλ(z;κ)Qλ(w;κ)

where the sum extends over all partitions λ.

It is interesting to note that the expansion above is a natural generalisation of
a geometric series expansion. Indeed, upon restriction to one variable z and one
variable w, as well as setting κ = 1, we obtain

(1− zw)−1 =
∑

k≥0

(zw)k.

This lends further support to the interpretation of the Jack polynomials as a natural
many-variable generalisation of the ordinary monomials zk. As an example of a
powerful application of Π(z, w;κ) we mention the following connection to the scalar
product 〈·, ·〉 on Λ:

Theorem 4.3. For each k ≥ 0, let (uλ) and (vλ) be linear bases for Λk, indexed
by the partitions λ of k. The following two conditions are then equivalent:

(1) 〈uλ, vµ〉 = δλµ for all partitions λ and µ,
(2) Π(z, w) =

∑

λ uλ(z)vλ(w).

Remark 4.3. This result is due to Macdonald; see Statement 10.4 in Section
VI.10 of Macdonald [Mac95]. It allows for a further interpretation of Π(z, w;κ)
as the ‘metric tensor’ corresponding to the scalar product 〈·, ·〉; see the Example
in Section VI.1 of Macdonald (loc. cit.). In addition, to each homogeneous linear
basis for Λ this result associates a dual basis via the corresponding expansion of
Π(z, w;κ).

By computing the action of the algebra homomorphism ϕκ on Π(z, w;κ) in
the variables z, Sergeev and Veselov obtained the following natural analogue of
Stanley’s expansion for the super Jack polynomials; see Lemma 3 in [SV05]:
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Proposition 4.7. Let z = (z1, . . . , zN ) and z̃ = (z̃1, . . . , z̃Ñ ) be two sequences
of independent variables. If κ is not a negative rational number or zero then

ΠN,Ñ (z, z̃, w;κ) =
∏

j,k

(1− zjwk)−κ
∏

J,k

(1− z̃Jwk)

has the expansion

ΠN,Ñ (z, z̃, w;κ) =
∑

λ

SPλ(z, z̃;κ)Qλ(w;κ)

where the sum extends over all partitions λ ∈ HN,Ñ .

Remark 4.4. By subsequently acting with the homomorphism ϕκ on ΠN,Ñ in
the variables w it is straightforward to deduce a corresponding expansion in super
Jack polynomials; see Proposition 3.2 in [Hal].

6. The deformed Sutherland operator

As the Jack polynomials, up to a change of variables and multiplication by
a ground-state factor, give the eigenfunctions of the Schrödinger operator for the
Sutherland model, the super Jack polynomials give the eigenfunctions of the so-
called deformed Sutherland operator. In this section we sketch a proof of this fact
due to Sergeev and Veselov [SV05] in which the generating function ΠN,Ñ (z, z̃, w)
plays a central role.

The deformed Sutherland operator is the following partial differential operator
in two sequences of independent variables x = (x1, . . . , xN ) and x̃ = (x̃1, . . . , x̃Ñ ):

HN,Ñ = −
N
∑

j=1

∂2

∂x2
j

+ κ

Ñ
∑

J=1

∂2

∂x̃2
J

+ 2κ(κ− 1)
∑

j<k

1

4 sin2 1
2 (xj − xk)

+ 2(1− κ)
∑

j,J

1

4 sin2 1
2 (xj − x̃J)

+
2(κ− 1)

κ

∑

J<K

1

4 sin2 1
2 (x̃J − x̃K)

.

For Ñ = 1 this operator was introduced by Chalykh et al. [CFV98] while the

general case of arbitrary Ñ was first considered by Sergeev [Serg01,Serg02]. We
note that HN,0 = HN and that

−1/κH0,Ñ = −
Ñ
∑

J=1

∂2

∂x̃2
J

+
2

κ

(

1

κ
− 1

)

∑

J<K

1

4 sin2 1
2 (x̃J − x̃K)

,

i.e. H0,Ñ is essentially the Schrödinger operator HÑ with coupling parameter 1/κ.
It can be verified through a straightforward computation that

Ψ0(x, x̃) =

∏

j<k sinκ 1
2 (xk − xj)

∏

J<K sin1/κ 1
2 (x̃K − x̃J)

∏

j,J sin 1
2 (x̃J − xj)
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is an eigenfunction of HN,Ñ with eigenvalue

E0 =
κ2

3

(

(

N − Ñ/κ
)3

−N + Ñ/κ3

)

− κ2

2

(

(N − Ñ/κ)2 −N − Ñ/κ2
)

;

see Sergeev and Veselov [SV04] or Paper 5. Although Ψ0 is a natural analogue
of the ground-state wave-function for the Sutherland model it is important to note
that it has singularities on the hyperplanes xj = x̃J . The function Ψ0 is therefore
not square-integrable. It is for this and other reasons questionable whether it is
possible to associate a quantum mechanical system to the deformed Sutherland
operator HN,Ñ .

We proceed to sketch a proof of the fact that the super Jack polynomials give
the eigenfunctions of the deformed Sutherland operator above. To this end we
write the eigenfunctions of HN,Ñ in the form Ψ = Ψ0P and consider the partial
differential operator

H̃N,Ñ := Ψ−1
0

(

HN,Ñ − E0

)

Ψ0.

Since an explicit expression for this operator is somewhat lengthy (in the notation
used in this section) we refrain from writing it down here, but refer to Paper 5
where such an expression is given. In addition, we let ΠN,Ñ,M (z, z̃, w) denote the

restriction of ΠN,Ñ to M variables w = (w1, . . . , wM ). With

E1
M =

M
∑

j=1

wj
∂

∂wj

it is readily verified by a straightforward computation that

H̃N,Ñ,z,z̃ΠN,Ñ,M (z, z̃, w) =
(

H̃M,w + CE1
M,w

)

ΠN,Ñ,M (z, z̃, w)

for some constant C and where the suffix’s z, z̃ and w indicates in which variables
the corresponding operator acts; see Lemma 3 in Sergeev and Veselov [SV05] or
Paper 5. We observe that Theorem 3.1 and the fact that they are homogeneous
implies that the Jack polynomials are common eigenfunctions of the operators H̃M

and E1
M . It thus follows from the expansion formula in Proposition 4.7 that the

super Jack polynomials indeed are eigenfunctions of the operator H̃N,Ñ .



CHAPTER 5

Generalised hypergeometric functions

We recall that a power series

∞
∑

n=0

cnx
n

in one variable x is called hypergeometric if the ratio cn+1/cn is a rational function
of n, i.e. if for some (complex) constants µ, a1, . . . , ap and b1, . . . , bq+1,

cn+1

cn
= µ

(a1 + n) · · · (ap + n)

(b1 + n) · · · (bq+1 + n)
;

see e.g. Andrews et al. [AAR99]. It is customary to set bq+1, and also µ, to one.
The latter since µ can be eliminated by replacing x by µx. For a particular choice
of the remaining parameters ai and bi we obtain the corresponding hypergeometric
series

pFq

(a1,...,ap

b1,...,bq
;x
)

=

∞
∑

n=0

(a1)n · · · (ap)n

(b1)n · · · (bq)n

xn

n!
,

where (a)n = Γ(a+ n)/Γ(a) = a(a+ 1) · · · (a+ n− 1) is the so-called Pochhammer
symbol. For p = 2 and q = 1 this general series reduces to the ‘ordinary’ Gauß hy-
pergeometric series. In this chapter we first discuss a well established generalisation
of this notion of hypergeometric series in which the ‘ordinary’ monomials xn are
replaced by Jack polynomials; see e.g. Kaneko [Kan93]. We then proceede to use
a special case of this generalised hypergeometric series to define a particular many-
variable generalisation of the Hermite polynomials, introduced by Lassalle [Las91a]
and independently by Macdonald [Mac]. We recall that the ordinary Hermite poly-
nomials in one variable are themselves given by Gauß hypergeometric series; see
e.g. Andrews et al. (loc. cit.). In conclusion we briefly discuss the Calogero model
and show that its eigenfunctions are given precisely by these generalised Hermite
polynomials, a fact established by Baker and Forrester [BF97a].

1. Hypergeometric series from Jack polynomials

When working with these generalised hypergeometric series, it is often conve-
nient to choose a normalisation for the Jack polynomials different from both the

43
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one specified by the monic structure of the Pλ, as well as their integral form Jλ.
More precisely, following Kaneko [Kan93] we set

Cλ(x;κ) =
|λ|!

∏

s∈λ(a(s) + κl(s) + 1)
Pλ(x;κ)

so that
∑

|λ|=q

Cλ(x;κ) = (x1 + · · ·+ xN )q.

This latter fact is a direct consequence of Proposition 2.3 and Theorems 5.6 and
5.8 in Stanley [Sta89]. We will make use of the particular generalisation of the
Pochhammer symbol given by

(a)λ =

ℓ(λ)
∏

i=1

(a− κ(i− 1))λi
.

For two sequences of independent variables x = (x1, . . . , xN ) and y = (y1, . . . , yN )
we define the following generalised hypergeometric series:

pFq

(a1,...,ap

b1,...,bq
;x, y

)

=
∑

λ

(a1)λ · · · (ap)λ

(b1)λ · · · (bq)λ

Cλ(x)Cλ(y)

Cλ(1N )|λ|! ,

where Cλ(1N ) denotes Cλ(y) evaluated at y1 = · · · = yN = 1. This family of
generalised hypergeometric series, in two sequences of variables, was written down
by Macdonald [Mac] in an unpublished manuscript. Setting the variables y to
one, we obtain a generalised hypergeometric series in one sequence of variables x,
defined and studied by Kaneko [Kan93], and in the special case p = 2 and q = 1
independently by Korányi [Kor91]. The particular normalisation chosen for the
Cλ clearly implies that these series further reduce to the ‘ordinary’ one-variable
hypergeometric series discussed above upon setting x = (x1). We also mention
that using the fact that the coefficients in the expansion of the Jack polynomials
Cλ in symmetric monomials are all positive (see e.g. Knop and Sahi [KS97]), it
is a simple exercise to verify that the generalised hypergeometric series pFq has
a non-zero radius of convergence if p ≤ q + 1; c.f. Proposition 3.10 in Baker and
Forrester [BF98]. A proof of this fact which does not rely on this positivity property
has been given by Kaneko [Kan93] for the case of a generalised hypergeometric
series in one sequence of variables.

We proceed to briefly discuss two special cases of the generalised hypergeometric
series pFq which are of particular interest for the following discussion. We first
consider the special case p = q = 0. Since Cλ(1) = 1 for all partitions λ of length
ℓ(λ) = 1 we obtain upon restriction to one variable x and one variable y

0F0(x, y) =
∑

k≥0

(xy)k

k!
= exy.
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The generalised hypergeometric series 0F0(x, y) (and also 0F0(x) := 0F0(x, 1
N ))

thus provide a natural many-variable generalisation of the exponential function. A
second special case of particular interest is

1F0(κN ;x, y) =
∑

λ

(κN)λ
Cλ(x)Cλ(y)

Cλ(1N )|λ|! .

As can be inferred from Theorem 5.8 in Stanley [Sta89],

Cλ(1N ) = |λ|!
∏

s∈λ

(a(s)+κl(s)+1)−1(a(s)+κl(s)+κ)−1
∏

s∈λ

(κN −κ(i−1)+ j−1).

We thus find that

1F0(κN ;x, y) =
∑

λ

bλPλ(x)Pλ(y) = ΠN,N (x, y),

where the first equality follows by a straightforward computation and the second
equality is a direct consequence of Proposition 4.6. The generating function ΠN,N

for the Jack polynomials, as discussed in the previous chapter, thus arises as a
generalised hypergeometric series for p = 1 and q = 0.

2. Generalised Hermite polynomials

We recall that the ‘ordinary’ Hermite polynomials Hk(x) in one variable x can
be defined as the coefficients in the expansion of their generating function

e2xy−y2

=
∑

k≥0

Hk(x)yk

k!
;

see e.g. Andrews et al. [AAR99]. In their paper [BF97a] Baker and Forrester gave
an account of unpublished results of Lassalle in which this definition of the Hermite
polynomials is given a natural many-variable generalisation. More precisely, for
each partition λ of length ℓ(λ) ≤ N , the generalised Hermite polynomial Hλ(x) is
defined by the expansion

0F0(2x, y)e
−p2(y) =

∑

λ

Hλ(x)Cλ(y)

|λ|! .

We recall that the ‘ordinary’ Hermite polynomials Hk(x) are eigenfunctions of the
differential operator d2/dx2 − 2d/dx with eigenvalues −2k. For any non-negative
integers k and ℓ we let

(5.1) Dk
N =

N
∑

i=1

xk
i

∂2

∂x2
i

+ 2κ
∑

i6=j

xk
i

xi − xj

∂

∂xi

and

(5.2) Eℓ
N =

N
∑

i=1

xℓ
i

∂

∂xi
.
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A fundamental result of Lassalle is the following (see Proposition 3.1 in Baker and
Forrester [BF97a]):

Proposition 5.1. Each generalised Hermite polynomial Hλ is an eigenfunction
of the partial differential operator D0

N − 2E1
N with eigenvalue −2|λ|.

To give an idea of Lassalle’s proof (as presented by Baker and Forrester) we
require a particular generalisation of the ‘ordinary’ binomial coefficients. They are
defined, for each pair of partitions λ and µ, by the expansion

Cλ(1 + x1, . . . , 1 + xN )

Cλ(1N )
=

|λ|
∑

s=0

∑

|µ|=s

(

λ

µ

)

Cµ(x1, . . . , xN )

Cµ(1N )
.

We note, in particular, that
(

λ
λ

)

= 1. A central ingredient in Lassalle’s proof is the

action of the partial differential operator D0
N on the Jack polynomials. For any

partition λ we let

λ(i) = (λ1, . . . , λi − 1, . . . , λN ), λ(i) = (λ1, . . . , λi + 1, . . . , λN ).

In a first step it is observed that

E0
NCλ(x)

Cλ(1N )
= lim

h→0

Cλ(x1 + h, . . . , xN + h)− Cλ(x1, . . . , xN )

hCλ(1N )
.

Since each Cλ is homogeneous of degree |λ|,

Cλ(x1 + h, . . . , xN + h) =

|λ|
∑

s=0

∑

|µ|=s

(

λ

µ

)

h|λ|−|µ|Cµ(x1, . . . , xN ).

It follows that

E0
NCλ(x)

Cλ(1N )
= lim

h→0

(

∑

i

(

λ

λ(i)

)

Cλ(i)
(x)

Cλ(i)
(1N )

+O(h)

)

=
∑

i

(

λ

λ(i)

)

Cλ(i)
(x)

Cλ(i)
(1N )

,

where the sum extends over all i = 1, . . . , N such that λ(i) is a partition. Observing

that Dk−1
N = k−1[E0

N ,D
k
N ] it is now straightforward to compute D0

NCλ(x)/Cλ(1N ).
Another key ingredient in Lassalle’s proof is the formula

p1(x)Cλ(x) =
1

1 + |λ|
∑

i

(

λ(i)

λ

)

Cλ(i)(x)

which can be extracted from the proof of Theorem 3 in Kaneko [Kan93]. Kaneko’s
proof is, however, rather lengthy and involved. A more direct and conceptually
clearer proof has been given by Okounkov and Olshanski [OO97], exploiting their
observation that the generalised binomial coefficients above are essentially the so-
called shifted Jack polynomials. With the results above at hand it is straightforward
to verify that

D0
N,x0F0(2x, y) = 4p2(y)0F0(2x, y).
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Since each Jack polynomial Cλ is an eigenfunction of E1 with eigenvalue |λ|, it
follows that
∑

λ

1

|λ|! |λ|Hλ(x)Cλ(y) = E1
N,y 0F0(2x, y)e

−p2(y)

= e−p2(y)E1
N,y 0F0(2x, y)− 2p2(y) 0F0(2x, y)e

−p2(y)

= e−p2(y)E1
N,x 0F0(2x, y)−

1

2
D0

N,x 0F0(2x, y)e
−p2(y)

= −1

2

∑

λ

1

|λ|!
(

D0
N,x − 2E1

N,x

)

Hλ(x)Cλ(y).

Proposition 5.1 is thereby established. One can furthermore verify that each

Hλ =
∑

µ⊆λ

uλµCµ

for some coefficients uλµ such that uλλ is non-zero; see the proof of Proposition
3.10 in Baker and Forrester [BF97a].

In addition to the implicit definition above by way of a generating function,
the generalised Hermite polynomials can be defined by converting the action of the
partial differential operator D0

N − 2E1
N on the Jack polynomials into a recursion

relation for the coefficients uλµ; see Lassalle [Las91b] and Macdonald [Mac]. The
generalised Hermite polynomials can also be defined as orthogonal polynomials for
the scalar product on ΛN given by

〈f, g〉(H)
N =

∫

RN

f(x)ḡ(x)∆(H)(x)dx

for all f, g ∈ ΛN , with the weight function

∆(H)(x) =
N
∏

i=1

e−x2
i

∏

i<j

(xj − xi)
2κ

and where the integration measure dx = dx1 · · · dxN . For general values of κ, this
orthogonality for the generalised Hermite polynomials was first established by Baker
and Forrester [BF97a]. Their proof relies on the fact that they occur as a particular
limit of the corresponding generalised Jacobi polynomials. Shortly thereafter it was
proved by van Diejen [vD97] using a different limit procedure, relating them to a
certain many-variable generalisation of the so-called continuous Hahn polynomials.
We also mention that this orthogonality for the generalised Hermite polynomials
can be obtained by proving the analogue statement in a non-symmetric setting; see
Baker and Forrester [BF97b].

3. The quantum Calogero model

We conclude this chapter by recalling the link between the generalised Her-
mite polynomials and the eigenfunctions of the quantum Calogero model. The
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Schrödinger operator for the latter model is given by

HN = −
N
∑

i=1

∂2

∂x2
i

+ ω2
N
∑

i=1

x2
i + 2κ(κ− 1)

∑

i<j

1

(xi − xj)2
.

It was defined and studied by Calogero [Cal71] in a slightly different form. We
mention that the precise relation between these two formulations of the model is
spelled out in Appendix A in Paper 3. Since the coupling parameter ω can be
eliminated by a change of variables to yi = ω1/2xi followed by the scaling H →
ω−1/2H we henceforth set ω = 1. We recall the following well known factorisation
of HN , established in Lemma 3.1 in Paper 3:

HN =

N
∑

i=1

Q∗
iQi + E0, Qi = − ∂

∂xi
− xi + κ

∑

i6=j

1

xi − xj

with Q∗
i the formal adjoint of Qi and

E0 = N(1 + κ(N − 1)).

As a direct consequence follows that

Ψ0(x) =
N
∏

i=1

e−
1
2 x2

i

∏

i<j

(xj − xi)
κ

is an eigenfunction of HN with eigenvalue E0, a result originally due to Calogero
[Cal71]. Writing the eigenfunctions Ψ of the Schrödinger operator HN in the form
Ψ = Ψ0P , we are led to consider the partial differential operator

H̃N := −Ψ−1
0 (HN − E0)Ψ0 =

N
∑

i=1

∂2

∂x2
i

− 2

N
∑

i=1

xi
∂

∂xi
+ 2κ

∑

i6=j

1

xi − xj

∂

∂xi
.

Since H̃N ≡ D0
N − 2E1

N we thus conclude that, up to multiplication by the ground-
state wave-function, the generalised Hermite polynomials give the eigenfunctions of
the quantum Calogero model.



CHAPTER 6

Unifying properties of many-body systems

Our discussions have this far almost exclusively been based on specific exam-
ples. In this last chapter we will instead discuss properties which are common to
rather large families of quantum many-body systems, in this way attaining a certain
degree of unification. In the first part of the chapter we discuss how symmetries
can be used to characterise quantum many-body models in one dimension. A cen-
tral tool in this characterisation is the language of root systems and the associated
Weyl groups. We have seen traces of this already in previous chapters, in so far
that the models we have discussed have all been invariant under an action of a
symmetric group, which in fact is isomorphic to the Weyl group of a root system
AN . In the second part of the chapter we expound on an inter-relationship between
quantum many-body systems and classical (orthogonal) polynomials. In particular,
to each such polynomial we associate, in a natural manner, a model of a quantum
many-body system. This generalises our previous observations that the Suther-
land model is naturally associated with the ‘ordinary’ monomials zn and that the
Calogero model is similarly associated with the Hermite polynomials.

1. Root systems and Weyl groups

We start by recalling some of the very basics of root systems and the associ-
ated Weyl groups. As general references on these topics we mention Chapter 3 of
Humphreys [Hum72] and Bourbaki [Bou02].

Let E be a Euclidean space, i.e. a finite dimensional linear space V over R

endowed with a scalar product (·, ·). For each vector α ∈ E we let σα be the
reflection given by

σα(x) = x− 〈x, α〉α, 〈x, α〉 = 2
(x, α)

(α, α)
,

for all x ∈ E. A subset R of E is said to be a root system in E if it satisfies the
following conditions:

(1) R is finite, does not contain 0, and span E.
(2) For all α ∈ R, the reflection σα preserves R.

In addition, if 〈α, β〉 ∈ Z for all α, β ∈ R, the root system R is called crystallo-
graphic; and if, for all α ∈ R, kα ∈ R if and only if k = ±1, R is said to be reduced.
A root system is said to be irreducible if it cannot be written as the union of two

49
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mutually orthogonal root systems. Up to isomorphisms there are four infinite se-
quences of root systems, as well as five exceptional ones, which, in addition to being
irreducible, are both crystallographic and reduced. These infinite sequences of so-
called classical root systems are denoted AN , BN , CN and DN . We also mention
that BCN = BN ∪ CN are the unique non-reduced irreducible root systems.

For the remainder of this section we will assume all root systems under con-
sideration to be crystallographic. Fix such a root system R. A vector γ ∈ E is
called regular if (γ, α) 6= 0 for all α ∈ R, or put differently, if γ ∈ E \ ∪α∈RPα

with Pα the hyperplane orthogonal to α. Since a root system only contains a fi-
nite number of vectors it is clear that regular vectors always exist. By fixing a
regular vector α0 we can divide the root system R into so-called positive roots
R+ = {α ∈ R : (α0, α) > 0} and negative roots R− = −R+. Clearly R = R+ ∪R−.
A set of vectors α1, . . . , αn in R is called a base for R if they form a linear basis
for E, and each vector β ∈ R is a linear combination β =

∑

α∈R cαα with integral
coefficients cα either all non-negative or all non-positive. It is well known that to
each division of R into positive and negative roots corresponds a base for R and vice
versa; see e.g. the Theorem in Section 10.1 of Humphreys [Hum72]. The elements
in a base are called simple roots, and their cardinality (which coincides with the
dimension of E) the rank of R.

We will now briefly describe the root systems AN and CN in more detail. The
reason that we discuss precisely these two sequences of root systems is that they
hold a rather special position in the relation between root systems and quantum
many-body systems discussed in the next section. The setting will be R

M for some
positive integer M , and the inner product the standard one. We let e1, . . . , eM

denote the corresponding orthonormal basis.

Example 6.1. The root system AN . The Euclidean space E is in this case the
subspace of R

N+1 orthogonal to the vector e1 + · · · + eN+1. Let AN be the set of
vectors ei− ej with i, j = 1, . . . , N + 1 such that i 6= j. It is clear that AN is finite,
does not contain 0, and spans E. It is furthermore easy to verify that all reflections
σα with α ∈ AN preserve AN . It follows that AN indeed is a root system in E. We
can choose as positive roots the vectors ei − ej with i, j = 1, . . . , N + 1 such that
i < j. Since all these vectors

ei − ej = (ei − ei+1) + · · ·+ (ej−1 − ej),

the vectors αi = ei − ei+1 with i = 1, . . . , N form a base for AN .

Example 6.2. The root system CN . Here, E = R
N , and CN consists of the

vectors 2ei and ±(ei ± ej) with i, j = 1, . . . N such that i 6= j. It is easily verified
that these vectors indeed constitute a root system in E and, furthermore, that the
vectors αi = ei − ei+1, i = 1, . . . , N − 1, and αN = 2e1 form a base for CN .

The reflections σα, α ∈ R, generate the so-called Weyl group of the root system
R. Since each such reflection preserves R, the Weyl group is a subgroup of the group
of permutations of the roots in R. This implies, in particular, that it is a finite
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group. It is known that any set of reflections corresponding to a set of simple
roots of R generates the Weyl group of R; see e.g. the Theorem in Section 10.3
of Humphreys [Hum72]. To illustrate this latter point let us return to the two
examples above and deduce the Weyl groups of the root systems AN and CN . In
doing so we retain the specific bases specified above. For a given set of simple roots
αi we write σi = σαi

for the corresponding simple reflections.

Example 6.3. The Weyl group of the root system AN . Observe that σi(ej) =
ej− (ej , ei−ei+1)(ei−ei+1). The reflection σi thus interchanges the unit vectors ei

and ei+1, while leaving the remaining such vectors fixed. This means that the Weyl
group of AN acts as the group of permutations on the set of unit vectors e1, . . . , eN .
Hence, upon identifying a simple reflection σi with the elementary transposition Ti,
we obtain a natural isomorphism of the Weyl group of AN onto the permutation
group SN+1.

Example 6.4. The Weyl group of the root system CN . Observe that σN (ei) =
ei − 2(ei, e1)e1. It follows by the previous example that the Weyl group of the root
system CN acts on the set of unit vectors e1, . . . , eN as the group of permutations
and sign changes ei → −ei. It follows that the Weyl group of CN is isomorphic to
the semi-direct product (Z/2Z)N

⋊ SN , where the former factor corresponds to the
sign changes.

In conclusion, we state a somewhat more abstract and general result due to
Coxeter [Cox34] on the structure of the Weyl groups of root systems (see also
Theorem 2 and the subsequent remarks in Section VI.1.5 of Bourbaki [Bou02]).

Theorem 6.1. Let α1, . . . , αN be a base for a crystallographic root system R.
The corresponding simple reflections σi, i = 1, . . . , N , generate the Weyl group of
R. Moreover, the order mij of each product σiσj is given by

〈αi, αj〉〈αj , αi〉 = 4 cos2(π/mij).

In particular, for each choice of simple roots, this result directly provides a pre-
sentation for the Weyl group of a given root system in terms of a set of generators
and defining relations (c.f. the presentation in terms of the elementary transposi-
tions Ti for the symmetric group discussed in Section 3 of Chapter 2).

2. Symmetries of quantum many-body models

As previously noted, the models we have discussed so far have all been invariant
under permutations of their particle coordinates. Moreover, we have seen that
this property plays an important role in the construction of their solutions. In a
seminal paper, Olshanetsky and Perelomov [OP83] expressed this symmetry in the
language of root systems and Weyl groups. This lead to a rather large family of
generalisations of the models introduced by Calogero and Sutherland, as well as of
the ‘delta-interaction’ model. The main purpose of this section is to sketch some
of their results.
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We will start our discussion by considering the example provided by the Suther-
land model. We note that its Schrödinger operator HN , as defined by (3.1), can be
formulated in terms of the root system AN−1 as follows:

(6.1) HN = −
N
∑

i=1

∂2

∂x2
i

+ 2
∑

α∈R+

gα
1

4 sin2 1
2 (x, α)

, gα = κα(κα − 1),

where R = AN−1 and its positive roots are fixed by Example 6.1. For this specific
case κα = κ for all roots α. As indicated in the expression above, we can now let
R be any root system, and for each such choice (different from AN−1) we obtain
a generalisation of the Sutherland model. In addition, since its potential function
is even, the resulting Schrödinger operator will be invariant under the action of
the corresponding Weyl group if the coupling parameters κα are constant on each
group orbit. In the following discussion we will assume this to be the case.

When studying the Sutherland model it is in many instances sufficient to refer
only to the abstract properties of root systems, thus enabling all of its root system
generalisations to be studied simultaneously. To illustrate this point we now derive
a factorisation of the Schrödinger operators HN above.

Proposition 6.1. Let R be a reduced root system. Then the Schrödinger op-
erator HN admits the factorisation

HN =

N
∑

i=1

Q∗
iQi + E0, Qi = − ∂

∂xi
+

1

2

∑

α∈R

κα(ei, α) cot
1

2
(x, α),

with Q∗
i the formal adjoint of Qi and

E0 = ρ2, ρ =
1

2

∑

α∈R+

καα.

Proof. Through a straightforward computation we obtain

N
∑

i=1

Q∗
iQi = −

N
∑

i=1

∂2

∂x2
i

+ 2
∑

α∈R+

κα(κα − 1)
1

4 sin2 1
2 (x, α)

− 1

2

∑

α∈R+

κα|α|2

+
1

2

∑

α,β∈R+

α6=β

κακβ(α, β) cot
1

2
(x, α) cot

1

2
(x, β).

To prove the statement it is thus sufficient to verify that

S(x) :=
∑

α,β∈R+

α6=β

κακβ(α, β)

(

cot
1

2
(x, α) cot

1

2
(x, β)− 1

)

= 0,

or equivalently, that

P (x) := S(x)
∏

α∈R+

sin
1

2
(x, α) = 0.
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It is readily verified that

P (x) = C
∑

α,β∈R+

α6=β

(e
1
2 (x,α−β) + e

1
2 (x,β−α))

∏

γ∈R+

γ 6=α,β

(e
1
2 (x,γ) − e− 1

2 (x,γ))

for some constant C. Observe that S is symmetric and that
∏

α∈R+
sin 1

2 (x, α)

is antisymmetric under the action of the Weyl group WR of R. It follows that
P is antisymmetric under WR. As is well known, every such Laurent polyno-
mial (in the exponential coordinates e

1
2 (x,α) with α a simple root) is divisible by

∏

α∈R+
sin 1

2 (x, α); see e.g. Proposition 2 in Section VI.3.3 of Bourbaki [Bou02].

For P , this is clearly only possible if P = 0. �

Remark 6.1. The techniques used in the proof above are standard in this type of
computations; c.f. the proof of Lemma 4.4.6 in Dunkl and Xu [DX01] and the proof
of Theorem 5.1 in Olshanetsky and Perelomov [OP83]. In addition, it is interesting
to note that the requirement that the root system R be reduced is important for the
argument in the proof leading to the conclusion that P = 0. The statement can,
however, be extended to include also the non-reduced root system BCN ; c.f. the
proof of Theorem 5.1 in Olshanetsky and Perelomov (loc. cit.).

As a direct consequence of the proposition above we recover the following well-
known result (which generalises Corollary 3.1 in Chapter 3), originally due to Ol-
shanetsky and Perelomov (loc. cit.):

Corollary 6.1. For any reduced root system R, the function

Ψ0(x) =
∏

α∈R+

sinκα
1

2
(x, α)

is an eigenfunction of HN with eigenvalue E0.

It was observed by Olshanetsky and Perelomov (loc. cit.) that the differential
operators

H̃N := Ψ−1
0 (HN − E0)Ψ0 = Ψ−1

0 (x)

N
∑

i=1

∂

∂xi
Ψ0(x)

∂

∂xi
,

for very special values of the coupling parameters κα, coincide with the radial part
of the Laplace-Beltrami operator on certain symmetric spaces. A large number
of results from harmonic analysis on symmetric spaces have subsequently been
generalised to other values of the coupling parameter κα by Heckman [HS95],
Opdam [Opd95], and others.

We note that, up until Proposition 6.1, the discussion above required only two
facts from the Sutherland model: that its potential is even, and that the coupling
parameters κα are constant on each orbit of the Weyl group. Hence, this part of the
discussion immediately generalises to both the Calogero- and the ‘delta-interaction’
model.
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We conclude this section by some general remarks on quantum many-body
models defined by a Schrödinger operator of the form

HN = −
N
∑

j=1

∂2

∂x2
i

+ 2
∑

α∈R+

gαV ((x, α))

for some potential function V , and where the root system R is either of classical
type or coincides with BCN for some positive integer N . If the potential function
V is fixed, it is easily verified that all such Schrödinger operators are contained
either in the corresponding AN−1- or BCN -model. The AN−1-model is obtained
from (6.1) upon replacing the potential function of the Sutherland model by V ,
while the BCN -model is given by

HN = −
N
∑

i=1

∂2

∂x2
i

+
N
∑

i=1

(

g1V (xi) + g2V (xi)
)

+ g3
∑

i<j

(

V (xi − xj) + V (xi + xj)
)

for some coupling constants g1, g2 and g3. Suppose that V is a homogeneous
function, i.e. that V (ax) = adV (x) for all complex numbers a and some constant
d. Then

g1V (x) + g2V (2x) = (g1 + 2dg2)V (x),

and the BCN -model is equivalent to the BN -model. Example of models with such
homogeneous potential functions are the Calogero model (in the absence of the
harmonic confinement potential) and the ‘delta–interaction’ model. We make use
of this observation in Paper 3.

3. Quantum many-body models and classical polynomials

In previous chapters we have seen examples of quantum mechanical many-body
models which are exactly solved precisely since their eigenfunctions, up to a change
of variables and multiplication by a ground-state factor, are given by polynomials
which solve a second order differential equation. In this section we investigate this
type of quantum mechanical models in a more systematic fashion.

To this end we let {pn : n ∈ N} be a complete sequence of polynomial eigen-
functions of an ordinary second order differential operator, i.e.

(6.2) α(z)
d2pn(z)

dz2
+ β(z)

dpn(z)

dz
= γnpn(z)

for some eigenvalues γn and functions α and β. We remark that ‘complete’ here
means that the polynomials pn form a linear basis for C[x]. It is well known, and
indeed straightforward to verify, that this is the case only if α and β are polyno-
mials of degree at most two and one, respectively. To the best of my knowledge,
this result was first published by Bochner [Boc29]. It is also worth commenting on
the word ‘classical’ in the title of this section. For a given pair of such polynomials
α and β, the differential equation (6.2) can, by an affine change of variable, be
transformed into the differential equation for either one of the classical orthogonal



3. QUANTUM MANY-BODY MODELS AND CLASSICAL POLYNOMIALS 55

Hermite-, Laguerre- or Jacobi polynomials, or the Bessel polynomials. It seems it
is not generally agreed whether also the Bessel polynomials should be called clas-
sical orthogonal polynomials. We mention that one argument against calling also
the Bessel polynomials classical orthogonal polynomials is that their orthogonality
properties are rather different from those of the Hermite-, Laguerre- and Jacobi
polynomials; see e.g. Krall and Frink [KF49].

Within the theory of (ordinary) differential equations it is not uncommon to
reduce to standard forms by changing variable and multiplying the solutions by an
overall factor. We will here be concerned with a particular such transformation of
the differential equation (6.2). Let the variable x be determined as a solution of
the differential equation

x′(z) =
1√
α
,

and let the function ψ0 be such that

ψ0(x) = e−w(z(x)), w′ =
α′ − 2β

4α
.

As a straightforward computation shows, the functions ψn(x) = ψ0(z)pn(z(x)) are
then solutions of the Schrödinger equation hψn = −γnψn, with the Schrödinger
operator

h = −ψ0(x)

(

α(z)
d2

dz2
+ β(z)

d

dz

)

ψ−1
0 (x) = − d2

dx2
+ V (x),

where the potential function V is given by

V (x) = v(z(x)), v =
(2β − α′)(2β − 3α′)

16α
− 1

4
α′′ +

1

2
β′.

We mention that in the theory of ordinary differential equations, as well as in quan-
tum mechanics, this type of transformations of differential equations are extensively
used; see e.g. Section 1.8 in Szegö [Sze31]. From the point of view of quantum
mechanics the transformations are very much of interest, since they associate a
quantum mechanical model to each differential equation (6.2), and the polynomial
solutions of the latter provide the exact solution of the corresponding quantum
mechanical model (c.f. Section 1 in Chapter 3).

There exists a simple and natural many-variable generalisation of the differen-
tial equations (6.2), of which the discussion of the generalised Hermite polynomials
provides one example. This generalisation is perhaps best described as follows:
replace in (6.2) a differential operator zkd2/dz2 by the corresponding partial differ-
ential operator Dk

N , as defined by (5.1), and replace zℓd/dz by Eℓ
N , as defined by

(5.2). In this way we obtain the partial differential equation
(

2
∑

k=0

αkD
k
N +

1
∑

ℓ=0

βℓE
ℓ
N

)

Pλ = γλPλ,
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where the coefficients αk and βℓ are obtained from the polynomials α and β, re-
spectively:

α(z) = α2z
2 + α1z + α0, β(z) = β1z + β0.

To each differential equation (6.2) we have in this way associated a partial differ-
ential equation in N variables z = (z1, . . . , zN ). For given polynomials α and β, it
is now straightforward to show that conjugation by the function

Ψ0(x) =
N
∏

i=1

ψ0(xi)
∏

i<j

(z(xj)− z(xi))
κ,

followed by a change of coordinates to xj = x(zj) results in the Schrödinger equation
HNΨ = EΨ with the Schrödinger operator

HN := −Ψ0

(

2
∑

k=0

αkD
k
N +

1
∑

ℓ=0

βℓE
ℓ
N

)

Ψ−1
0 + E0

= −
N
∑

i=1

∂2

∂x2
i

+
N
∑

i=1

V (xi) + κ(κ− 1)
∑

i<j

W (xi, xj)

with the potential function W given by

W (xi, xj) =
α(zi) + α(zj)

(zi − zj)2
− α2

and the constant

E0 = −α2κ
2

3
N(N2 − 1)− κ(β1 − (1 + κ)α2)

2
N(N − 1).

We remark that we have subtracted the constant α2 from the potential function
W in order to conform with the conventions used in Paper 5. We use the point
of view discussed above in Paper 5 (see also Paper 4) to derive particular series
representations for eigenfunctions of all such Schrödinger operators associated to
classical (orthogonal) polynomials.



CHAPTER 7

Introduction to the scientific papers

The main purpose of this chapter is to introduce and discuss the results pre-
sented in the five scientific papers appended to this thesis. Papers 1 and 2 are
discussed in Sections 1 and 2, respectively. Since the remaining three papers are
very closely related their results are discussed simultaneously in Section 3. We
stress that these discussions are not meant to replace the introductions in the re-
spective papers, but rather to supply further motivation and consider aspects which
for various reasons are not present in the papers. In particular, the references given
below are very scarce and they are in no way intended to represent the previous lit-
erature on the subjects under discussion. More detailed references and discussions
of the previous literature are given in the respective papers.

1. Local interactions on the half-line and root systems

Models of quantum many-body systems associated with the root systems CN

(in the sense discussed in Chapter 6) are often said to describe particles confined to
the half-line; see e.g. Cherednik [Che84]. On a heuristic level, this interpretation
has a simple and well known motivation: consider N particles on the real line with
positions x = (x1, . . . , xN ). Suppose that the interactions between these particles
are described by terms of the form V (xj −xk) for some potential function V . Now,
add to each particle with position xj in the system a ‘mirror’ particle with position
yj such that yj = −xj . The interaction between the particle with position xj and
the ‘mirror’ particle with position yk = −xk such that k 6= j is then described by
a term V (xj + xk). Similarly, the interaction between a particle and its ‘mirror’
particle is given by V (2xj). Hence, the full interaction potential for the system is
given by

N
∑

j=1

V (2xj) +
∑

j<k

(V (xj − xk) + V (xj + xk)) ,

which clearly is associated with the root system CN . More generally, we can allow
for a potential function different from V in the former sum while still preserving
the symmetries of the system, as discussed in Chapter 6. If the potential V is
sufficiently repulsive each particle will be prevented from passing the origin by its
‘mirror’ particle, i.e. the particles are effectively constrained to a half-line.
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In Paper 1 we consider two quantum many-body systems with local interactions
which in the sense described above are associated to the root systems CN . The
first system is given by a generalisation of the ‘delta-interaction’ model discussed
in Chapter 2 and can formally be defined by the Schrödinger operator

HN = −
N
∑

j=1

∂2
xj

+ 2c1
∑

j<k

(δ(xj − xk) + δ(xj + xk)) + c2

N
∑

j=1

δ(xj)

for some real coupling constants c1 and c2. The second model contain instead
certain momentum-dependent interactions and is formally given by

HN = −
N
∑

j=1

∂2
xj

+ 2λ1

∑

j<k

(

∂xj
− ∂xk

)

δ(xj − xk)
(

∂xj
− ∂xk

)

+ 2λ1

∑

j<k

(

∂xj
+ ∂xk

)

δ(xj + xk)
(

∂xj
+ ∂xk

)

+ 4λ2

N
∑

j=1

∂xj
δ(xj)∂xj

with λ1 and λ2 real coupling constants. We note that since δ(2xj) = 1/2δ(xj)
and similarly for the momentum-dependent interaction above these models can
indeed be associated with the root system CN . We also mention that the AN−1

version of the latter of these two models has been extensively studied by Grosse et
al. [GLP04].

We prove in Paper 1 that the former of the two models above, with interactions
given by ‘delta-functions’, is exactly solvable by the Bethe ansatz in the general case
of distinguishable particles. For the second model, with momentum dependent in-
teractions, we show that it is solvable by the Bethe ansatz in and only in the
case of bosonic or fermionic particles. It is well known that ‘delta-interactions’ are
trivial for fermions but non-trivial for bosons. For the momentum dependent inter-
actions above the situation is reversed, they are trivial for bosons but non-trivial
for fermions. In the paper we show that there exist a simple strong/weak coupling
duality transformation between the solution of, on the one hand, the bosonic ‘delta-
interaction’ model and, on the other hand, the model with momentum dependent
interactions, thus generalising a result of Grosse et al. (loc. cit.) for the correspond-
ing models associated with the root system AN−1. This provides one important
example of the complementary relation between the two models. In the paper we
also make precise in which sense the models above describe particles confined to
the half-line.

2. Generalised point interactions and the Bethe ansatz

In Section 3 of Chapter 2 we reviewed Yang’s solution by the (coordinate)
Bethe ansatz of the one-dimensional quantum many-body system with particles
pairwise interacting via (repulsive) ‘delta-interactions’. Natural modifications of
this model are obtained by replacing the ‘delta-interactions’ by any of the other
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generalised point interactions discussed in Section 2 of Chapter 2. In special cases
such modifications have been extensively studied in the literature; see e.g. Albeverio
et al. [AGHKH88,AK00] and references therein.

The main purpose of Paper 2 is to determine for which generalised point inter-
actions the resulting quantum many-body model is exactly solvable by the (coor-
dinate) Bethe ansatz. We find that there are two families of such models. The first
family can on a formal level be defined by the Schrödinger operator

HN = −
N
∑

j=1

∂2

∂x2
j

+ 2c
∑

j<k

δ(xj − xk)

+ 2ηi
∑

j<k

(

(

∂xj
− ∂xk

)

δ(xj − xk) + δ(xj − xk)
(

∂xj
− ∂xk

)

)

with c and η real coupling constants. An interesting and important feature of this
model is that it is not invariant under permutations of the particle coordinates, i.e.
it represents a quantum many-body system of non-identical particles. This fact has
a rather large impact on the construction of the eigenfunctions of this model. In
particular, the operators Yi discussed in Chapter 2 are in this case more compli-
cated than for the ‘delta-interaction’ model. The reason being that the scattering
coefficients ST in this case depend on the specific ordering of the particles on the
real line. However, as we also discuss in the paper, the model above is actually
unitary equivalent to the ‘delta-interaction’ model, i.e. there exists a unitary oper-
ator (which is easily written down explicitly) which maps any eigenfunction of the
‘delta-interaction’ model to an eigenfunction of the model above.

The second model can, in a formal sense, be defined by the Schrödinger operator

HN = −
N
∑

j=1

∂2

∂x2
j

+ 2c
∑

j<k

δ(xj − xk) +
2

c

∑

j<k

(

∂xj
− ∂xk

)

δ(xj − xk)
(

∂xj
− ∂xk

)

with c a real coupling constant. A particularly interesting aspect of this model
is the fact that it naturally incorporates the dual relation between the bosonic
‘delta-interaction’ model and the model with fermions interacting via the momen-
tum dependent interactions ∂xδ(x)∂x discussed in Chapter 2. Indeed, for bosons,
the latter momentum dependent interactions are invisible, and the model effec-
tively reduces to the ‘delta-interaction’ model. On the other hand, for fermions the
‘delta-interaction’ is invisible and the situation is reversed. In the paper we show
that the operators Yi (discussed in Chapter 2) are, in fact, independent of any
exchange statistics and identical with those appearing in the case of the bosonic
‘delta-interaction’ model. Hence, to construct the solution of the model above we
require only the solution of the ‘delta-interaction’ model and the given exchange
statistics.

From the results obtained in the paper we can thus draw one important con-
clusion: all models of quantum many-body systems with particles interacting via a
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generalised point interactions and which can be exactly solved by the Bethe ansatz
are in a simple manner related to the ‘delta-interaction’ model.

3. Explicit formulae for the eigenfunctions of quantum CS models

In the previous chapters we have seen that there exists a rather large family of
quantum many-body systems of Calogero-Sutherland type which have eigenfunc-
tions given by natural many-variable generalisations of classical (orthogonal) poly-
nomials. The main purpose of Papers 3-5 is to construct and study a particular type
of series representations of these polynomials which lead to rather explicit and sim-
ple formulae. In paper 5 we also generalise certain of the results to the correspond-
ing deformed Calogero-Sutherland operators. We mention that, as a byproduct of
our approach, we obtain particular generalisations of all these Calogero-Sutherland
models where the particles are allowed to have different masses, but are such that
the ground-state wave-function is of a very simple form which we write down ex-
plicitly. For a first account of these results the reader is recommended to consult
Paper 4, which was written with the aim of providing a pedagogical, and in some
parts a more detailed, account of the results presented in Papers 3 and 5.

We proceed to give a brief description of the nature of our results, comple-
mentary to the discussions in the respective papers, and then, in particular, to the
introduction in Paper 4. Our series representations are (in most cases) expressed as
linear combinations of a particular set of symmetric polynomials fn with n ∈ Z

N .
These polynomials can be defined by the expansion of their generating function

GN,N (z, w) :=
∏

j<k

(1− wk/wj)
κ

N
∏

j,k=1

(1− zjwk)−κ =
∑

n

fn(z)wn,

where the sum is over integer vectors n ∈ Z
N , valid for |wN | > · · · > |w1| >

maxj(|zj |). These polynomials were defined and studied by Langmann [Lan01] in
terms of a particular integral formula and in the context of the Sutherland model.
We note that the second factor in the generating function above is precisely the
function ΠN,N (z, w) discussed in Chapter 4. Consider now the Schrödinger operator
HN for the Sutherland model, as defined by (3.1), written in the ‘exponential’
coordinates zj = eixj ,

HN = −
N
∑

j=1

z2
j

∂2

∂z2
j

−
N
∑

j=1

zj
∂

∂zj
+ 2κ(κ− 1)

∑

j<k

zjzk

(zj − zk)2
.

Consider, furthermore, the region in C
N characterised by the inequality

|zN | > |zN−1| > · · · > |z1|.
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In this region we can expand the interaction terms in the Schrödinger operator HN

in geometric series to obtain

HN = −
N
∑

j=1

z2
j

∂2

∂z2
j

−
N
∑

j=1

zj
∂

∂zj
+ 2κ(κ− 1)

∑

j<k

∞
∑

ν=1

ν

(

zj

zk

)ν

.

As before, let ej be the standard basis vectors in Z
N defined by (ej)k = δjk. For

all integer vectors n ∈ Z
N we thus obtain

HNz
n = −

N
∑

j=1

n2
jz

n + 2κ(κ− 1)
∑

j<k

∞
∑

ν=1

zn+ν(ej−ek).

The reason that our series representations, in this case for the Jack polynomials,
are particularly simple and explicit is that the action of H̃N on the polynomials fn

is essentially equivalent to this action of HN on the ‘ordinary’ monomials zn. To
trace the origin of this equivalence we recall the well-known identity

(7.1) H̃N,zΠN,N (z, w) = H̃N,wΠN,N (z, w),

which can be obtained as a direct consequence of the expansion of ΠN,N in terms of
Jack polynomials (see Proposition 4.6) and the fact that the Jack polynomials are

eigenfunctions of H̃N (see Theorem 3.1). Suppose now that we expand ΠN,N (z, w)
in some linear basis vλ for ΛN ,

(7.2) ΠN,N (z, w) =
∑

λ

uλ(z)vλ(w).

The identity above then intertwines between the action of H̃N on the polynomials vλ

and on the polynomials uλ. Indeed, if we have established H̃Nvλ we can compute
the right-hand side of (7.1) by inserting (7.2). We then obtain H̃Nuλ by com-
paring coefficients with the left-hand side. Now, it is easily verified that the factor
∏

j<k(1−wk/wj)
κ inGN,N (z, w) above is essentially the ground-state wave-function

Ψ0 of the Sutherland model, written in ‘exponential’ coordinates. This means, in
particular, that conjugation of H̃N by this factor

∏

j<k(1 − wk/wj)
κ transforms

the identity (7.1) into an identity involving GN,N (z, w) instead of ΠN,N (z, w) and,

instead of H̃N,w, an operator simply related to HN,w. The resulting identity thus
(essentially) intertwines between the action of HN on the ’ordinary’ monomials zn

and the action of H̃N on the symmetric polynomials fn. We mention that the
point of view on our construction discussed above is closely related that used by
Langmann [Lan07] to transform certain singular eigenfunctions of the Sutherland
model into regular ones.

It is interesting to compare the action of H̃N on the polynomials fn with its
action on the symmetric monomials mλ, as discussed in Chapter 3. We note, in
particular, that the latter is somewhat more complicated than the former in (at
least) two aspects: firstly, it involves a non-trivial dependence on the parts of the

partition λ; secondly, the formula for H̃Nmλ, as derived in Chapter 3, is only valid
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for partitions λ, and a formula valid for arbitrary integer vectors in N
N is somewhat

more complicated. These points are further discussed in Paper 4.
In conclusion we mention that arguably, the main virtue of our series repre-

sentations for the polynomial parts of the eigenfunctions of Calogero-Sutherland
models are their relative simplicity and explicitness in comparison with other such
series representations, e.g. in terms of the symmetric monomials mλ. We also men-
tion that a further motivation for studying the polynomials fn is that they coincide
with the so-called Schur polynomials for κ = 1, as discussed in Paper 5.
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