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Abstract
Quantum mechanics is basically a mathematical recipe on how to construct physical
models. Historically its origin and main domain of application has been in the micro-
scopic regime, although it strictly seen constitutes a general mathematical framework
not limited to this regime. Since it is a statistical theory, the meaning and role of proba-
bilities in it need to be defined and understood in order to gain an understanding of the
predictions and validity of quantum mechanics. The interpretational problems of quan-
tum mechanics are also connected with the interpretation of the concept of probability.
In this thesis the use of probability theory as extended logic, in particular in the way
it was presented by E. T. Jaynes, will be central. With this interpretation of probabili-
ties they become a subjective notion, always dependent on one’s state of knowledge or
the context in which they are assigned, which has consequences on how things are to
be viewed, understood and tackled in quantum mechanics. For instance, the statistical
operator or density operator, is usually defined in terms of probabilities and therefore
also needs to be updated when the probabilities are updated by acquisition of additional
data. Furthermore, it is a context dependent notion, meaning, e.g., that two observers
will in general assign different statistical operators to the same phenomenon, which is
demonstrated in the papers of the thesis. It is also presented an alternative and concep-
tually clear approach to the problematic notion of “probabilities of probabilities”, which
is related to such things as probability distributions on statistical operators. In connec-
tion to this, we consider concrete numerical applications of Bayesian quantum state
assignment methods to a three-level quantum system, where prior knowledge and vari-
ous kinds of measurement data are encoded into a statistical operator, which can then be
used for deriving probabilities of other measurements. The thesis also offers examples
of an alternative quantum state assignment technique, using maximum entropy meth-
ods, which in some cases are compared with the Bayesian quantum state assignment
methods. Finally, the interesting and important problem whether the statistical opera-
tor, or more generally quantum mechanics, gives a complete description of “objective
physical reality” is considered. A related concern is here the possibility of finding a
“local hidden-variable theory” underlying the quantum mechanical description. There
have been attempts to prove that such a theory cannot be constructed, where the most
well-known impossibility proof claiming to show this was given by J. S. Bell. In con-
nection to this, the thesis presents an idea for an interpretation or alternative approach
to quantum mechanics based on the concept of space-time.
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Preface

This thesis consists of two parts. The first part gives a brief introduction to and summary
of those areas of the research field that are needed to understand the motivation behind
and the content of the research papers, which are found in the second part of the thesis.
The ambition is that, after having read the first part of the thesis, a “typical researcher”
in the field should have acquired enough basic knowledge to be able to get started on the
second part of the thesis. The original contribution, significance, and the progress the
research papers represent in relation to existing research, together with details on the
contribution by the author to the papers, are presented in “Summary of original work”.
The second part forms the core of the thesis and was the result of research work between
the years 2001 and 2006 in the group of Quantum Electronics and Quantum Optics,
at the Department of Microelectronics and Applied Physics, at the Royal Institute of
Technology in Stockholm.
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A. Månsson
quant-ph/0501133

B On distinguishability, orthogonality, and violations of the second law: contradic-
tory assumptions, contrasting pieces of knowledge
P. G. L. Porta Mana, A. Månsson and G. Björk
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Chapter 1

Introduction

The whole of science is nothing more than a refinement of everyday thinking.

— Albert Einstein

In almost any area of science the introduction and usage of the concept of prob-
ability is not only useful but also necessary, and in this regard quantum mechanics is
definitely no exception. Quantum mechanics is a statistical theory and the concept of
probability plays a central role in it, but exactly what role it plays is not so clear and
still a controversial subject. When examining and trying to understand something, it is
not only important to have a good understanding of one’s tools, but of crucial impor-
tance to be able to distinguish between what constitutes the tools and what constitutes
the thing one is trying to understand. It may perhaps seem obvious that the concept of
probability constitutes a tool, not to be confused with the physical reality one is try-
ing to understand. But according to some interpretations of the concept of probability
this is not the case, since a probability there is viewed as an ontological property of
the material world, existing irrespective of humans and their mental state. Historically
there has been more agreement among scientists on the mathematical form of probabil-
ity theory than on the conceptual meaning of probabilities. In the quantum mechanics
literature there also circulate different interpretations of the notion of probability. The
interpretation of the notion of probability is connected with the philosophical interpre-
tation of quantum mechanics. There are interpretations of quantum mechanics, one of
those being the very influential and standard Copenhagen interpretation, where it seems
to the author that the concept of probability has been mixed up with the physical real-
ity the theory describes and acquired its own existence. To better understand quantum
mechanics and how to apply the theory in various problems, the role of probabilities in
the theory needs to be clarified, and an understanding of the concept of probability and
probability theory is also needed. Furthermore, an understanding of probabilities is also
believed to be necessary to be able to identify problems and limitations of the quantum
mechanical description itself, and when it comes to, in the author’s opinion, the future
goal to replace the quantum mechanical description with a more complete description
of objective physical reality.
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2 Chapter 1. Introduction

In light of the discussions above, a substantial part of the introduction to the papers
in this thesis will be devoted to the concept of probability. In Chapter 2 we will begin
with a historical account and a classification of the different interpretations of the notion
of probability that have been circulating in the science community, which will give us a
better background, understanding, and broader perspective on the concept of probabil-
ity. Also, since there among “quantum physicists” is no widely accepted interpretation
of the meaning of probability, such a clarifying account and classification is felt needed
before we consider the approach to or interpretation of probability theory that we will
be mainly focusing on in this thesis. This is probability theory as (extended) logic, a
view promoted notably by E. T. Jaynes [1]. The reason for using probability theory as
logic is because it is the most convincing, satisfying and fruitful work on probability
theory, which comes closest to and captures the essence of what probability is, among
those the author has come across in the literature. Unfortunately Jaynes’ work has not
gotten the attention the author thinks it deserves and should have gotten among “quan-
tum physicists”. This in itself is another justification for the emphasis on Jaynes’ work
on probability theory in the first part of the thesis. The theory is built on a firm concep-
tual and mathematical basis, on which the theory can be further developed in the future.
In this approach to probability theory the probabilities will be subjective to their nature
and they will always depend on one’s state of knowledge or on the context in which
they are assigned. To emphasise their subjective character they will also be called plau-
sibilities. The aim of the thorough introduction to and summary of probability theory as
logic is to give the reader the right background to be able to start to read and understand
the papers in the second part of the thesis. The usage of probability theory as logic is a
central theme in most of them and many of the ideas behind the papers had their origin
in this approach to probability theory. In the present state of the art there is no real
consensus on a general approach to quantum mechanics, in particular when it comes
to the interpretation and usage of probability in the theory and its applications. Instead
different, and sometimes competing, techniques, methods and conceptual approaches
are used in problems and applications of quantum mechanics. The general situation
is, to the author, unclear and unsatisfying. Ideally one would like to have one general
basis and approach to quantum mechanics which everyone would agree on, similar to
how logic reasonings are generally accepted and agreed on. Probability theory as logic
is in the same way as logic subject independent and it should therefore in principle be
possible to apply it in any area of science. Quantum mechanics would then be only
one possible application of probability theory as logic. The reason for using the lat-
ter in quantum mechanics was not only to discover new things based on it, but also to
clarify, understand, and re-interpret what is already known and put it on a more firm
conceptual and logical basis. This ambition was also fulfilled for many of the results
in the papers of the thesis, being consequences of using probability theory as logic in
quantum mechanics. Some of the results are new or alternative to those already existing
in the literature, while others are re-interpretations or rediscovered results, being put on
a more firm logical and conceptual basis.

We will conclude this introduction with a terse overview of the contents of the the-
sis and a short presentation of the results in the papers. In this thesis we will be much
concerned with the statistical operator (also known as density operator), which is a
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mathematical object that encodes the statistical properties and gives a description of
a quantum system. The way it is being introduced, interpreted, and used in quantum
mechanics depends on which interpretation of the notion of probability one advocates.
The question whether probabilities are to be regarded as real or fictitious is, for in-
stance, related to the question whether quantum states and statistical operators are to be
regarded as real or fictitious. Different interpretations of the notion of probability can
also lead to different mathematical and conceptual approaches to problems in quantum
mechanics. For example, how to work with a probability distribution on the statisti-
cal operators themselves, depends on whether they represent something objective of
the system or perhaps instead represent a class of macroscopic preparations leading to
the same statistics in measurements performed on the system. This is, for instance, of
importance when it comes to the troublesome concern of choosing a prior probability
distribution or finding a natural measure over the set of statistical operators in Bayesian
quantum state assignment. Papers C-F and [2] deal with and present new or alternative
approaches to this problem.

By using probability theory as logic the statistical operator will depend on one’s
state of knowledge. Therefore two different persons will in general assign different sta-
tistical operators to the same phenomenon, which we are going to see examples of in
Papers D-E. Furthermore, since the statistical operator describing the quantum system
depends on the context, it also depends on which preparations and measurements one
have at one’s disposal. This is clarified and demonstrated in Paper B. The paper also
discusses and clarifies the concepts of preparation, measurement procedure, “one-shot”
distinguishability, and their mathematical counterparts: statistical operator, positive op-
erator valued measure, and orthogonality. The failure to recognise and clearly under-
stand the physical-mathematical relation for such concepts can lead to erroneous con-
clusions. This was the case when it comes to two statements by von Neumann, concern-
ing relations between these concepts and thermodynamics, and a thought-experiment in
connection to this by Peres, a problem that is addressed and resolved in Paper B. In
Chapter 4 a short summary of some basic quantum mechanics will be given and in
particular the notion of statistical operator is considered.

Sometimes one encounters models that involve probability distributions on param-
eters having the characteristics of probabilities. One is then faced with the redundant
notion of “probabilities of probabilities” that has led to philosophical problems, in par-
ticular for those with a subjective interpretation of probabilities. They have often been
rescued from this problem by using de Finetti’s celebrated representation theorem, since
the parameters with characteristics of probabilities can then be introduced as mere math-
ematical devices and therefore need not be interpreted. But in Papers C, F an alternative
approach using probability theory as logic is presented, called the “circumstance inter-
pretation”, where the parameters can be regarded as probabilities and nevertheless the
notion of “probabilities of probabilities” is completely avoided. This also provides a
re-interpretation of some kinds of inverse methods, for which is developed a simple and
general logical framework. The concept of “circumstance” is in itself a useful concept
in other applications of probability theory as logic. The notion of circumstance can, for
instance, be of use when it comes to choosing a parameter space and a probability dis-
tribution on this space. We will see more on the concept of circumstance in Papers C, F
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and [2]; see also [2, 3]. In connection to this, another application of probability theory as
logic is Bayesian quantum state assignment, where prior knowledge and various kinds
of measurement data are encoded into a statistical operator, which can then be used for
deriving probabilities of other measurements. In Papers C, F and [2] a general formal-
ism for inverse problems in classical and quantum mechanics is developed, including
quantum state assignment and tomography, based on the notion of circumstance. The
framework presented subsumes and re-interprets known techniques of quantum state
reconstruction and tomography, offering also an alternative one. It also offers parallel
techniques in classical mechanics. Papers D-E give examples of concrete numerical
applications of Bayesian quantum state assignment methods to a three-level quantum
system for various measurement data and prior knowledge. Sometimes an analytical
solution is not sought or needed, but an approximation suffices for one’s purposes. A
numerical solution could then be easier and faster to obtain, and interesting conclusions
can be drawn from it. The paper explicitly demonstrates that numerically calculating
the assigned statistical in a higher dimension than two is possible and simple in princi-
ple. Previous numerical studies have been confined to two-level quantum system or a
smaller subset of a three-level quantum system. In Paper E some of the resulting statis-
tical operators are also compared with those obtained by instead using Jaynes’ quantum
maximum entropy method. The reason for doing that was to investigate whether the
quantum maximum entropy method could be seen as a special case of Bayesian quan-
tum state assignment methods. This is also of interest when it comes to the problem
of finding a natural measure on the set of statistical operators. The maximum entropy
method will be considered in Chapter 3 and its quantum analogue in Chapter 5. An ex-
ample of the use of the maximum (Shannon) entropy method in a quantum mechanical
setting is given in Paper A. This paper is concerned with the question whether the quan-
tum mechanical description gives a complete description of “objective physical reality”.
If this is not the case, then some sort of hidden variables are thought to exist which we
cannot directly access or monitor, and therefore are out of our control. These hidden
variables would then affect other variables that are observable, making them appear to
behave in a “random” fashion. The hidden variables themselves are however imagined
to behave in a completely deterministic and local (meaning that they can only influence
their immediate surroundings) way. Our inability to control and monitor them would
then explain the statistical character of quantum mechanics, and they would constitute
a more complete description of objective physical reality than the quantum mechanical
one. Reasons for why we have not found such hidden variables, unknown to us in our
present state of knowledge, could perhaps be due to limitations in today’s experimental
techniques. It could also be that we need to look somewhere we have not looked before,
or look at something we already know in a different way. To know what one should be
looking for, we will probably also need a theory that tells us what it is that we should
be looking for. There have been attempts to rule out such theories, where the most
well-known one was proposed by J. S. Bell in the 1960’s, which is felt by many to have
put an end to the discussion of the possibility finding a local and deterministic hidden-
variable theory underlying quantum mechanics. However, this conviction is not shared
by everyone, including the author, not being satisfied or convinced by the “Bell-type
proofs” that have been put forward. More on this and the other type of questions and
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considerations mentioned above, will be presented and discussed in Chapter 6. That will
give us a better background on the idea presented in Paper A concerning deterministic
and local hidden-variable theories underlying quantum mechanics seen from a space-
time perspective. The aim of this is to try to see the problems of quantum mechanics
in a new light, e.g., the origin of entanglement or, as the author sees it, the absence of
a “microscopic physical picture” and description of objective physical reality. Based
on this idea, a general framework for a particular class of hidden-variable theories is
presented, discussed, and analysed. As an example, the theory is applied in the case of
quantum state estimation or assignment for a two-level quantum system, using the max-
imum (Shannon) entropy method. The use of the latter method in quantum mechanics is
here made possible by the “microscopic physical picture” given by the hidden-variable
model presented in the paper. The statistical operator obtained is then shown to be same
as the one obtained by the quantum maximum entropy method for the same experimen-
tal situation. Finally, the point of Chapter 6 is also to place the thesis in a larger context
where the final goal is, again in the author’s opinion, to replace quantum mechanics by
a theory giving a more complete description of objective physical reality, which is felt
necessary to enable future developments of quantum mechanics and thereby science in
general. The author believes that the main contribution of the thesis towards this goal
lies in the introduction and use of probability theory as logic in quantum mechanics,
thereby putting the theory on a more firm and conceptually clear basis.
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Chapter 2

Probability theory

Probability theory is nothing but common sense reduced to calculation.

— P. S. Laplace

We will here give a short introduction to and summary of the concept of probability
and probability theory, on its historical development, interpretation and mathematical
representation. It will not be a complete account nor a complete classification of the
different approaches to probability theory and the notion of probability that exist in the
literature. For more details on what will be written here see, e.g., [1, 4, 5, 6]. The
terminology and definitions used, and also many of the references not explicitly given
here, can be found in these papers. A summary of selected parts of Jaynes’ work on
probability theory will be given, since much of this thesis is based on it. More references
to works on probability and probability theory can also be found in what follows.

2.1 Probability

What is a “probability”? Most people have some understanding or intuitive feeling for
what probability means when it comes to throwing dice, the chance of winning in a
lottery, in sports, in economics, the risk of getting a disease, the chance of ever getting
married, weather prognoses, and so on. But what is the scientific meaning of probabil-
ity? Well, the meaning of probability is a controversial subject, having been debated
for at least 200 years. The debate has mainly been philosophical; E.g., whether prob-
abilities describe real properties of Nature, or only human information and knowledge
about Nature. On the mathematical form of probability theory scientists have more or

7



8 Chapter 2. Probability theory

less agreed. The basic equations of probability theory are the product and sum rules,
given by:

P (XY |Z) = P (X|Y Z)P (Y |Z) (2.1.1)
P (X|Y ) + P (X̄|Y ) = 1. (2.1.2)

We have here used symbolical logic, which we will come back to and explain in more
detail below, but let us just briefly say that the X, Y, Z are here propositions, where XY
denotes the proposition “X and Y are both true”, X̄ the proposition “X is false”, and
P (X|Y ) stands for the probability of X given that Y is true. The question is then what
meaning one should give to these equations and the (conditional) probability P (X|Y ).
The answer to this question will again depend on what philosophical interpretation of
probability one advocates.

Probability theory began in the 16’th century in consideration of gambling devices
by Gerolamo Cardano, and in the 17’th century by Fermat and Pascal. Stimulated by
applications in astronomy and physics, it was further developed in the 18’th and 19’th
centuries by James and Daniel Bernoulli, Laplace, Legendre, Poisson, Gauss, Maxwell,
Gibbs, Boltzmann, most of whom we would today describe as mathematical physi-
cists. The original view by James Bernoulli and Laplace on probability theory was as
an extension of logic to the case where, because of incomplete information, deductive
reasoning is not possible. In the middle of the 19’th century reactions against Laplace
started to come from logicians, statisticians and mathematicians such as Cournot, Ellis,
Venn, Boole, von Mises, Fisher, Kendall, Cramer, Feller, Neyman and others down to
our time, spokesmen of the “objective” or “frequentist interpretation” of probability.
This school of thought regards the probability of an event as an objective and empiri-
cal property of that event, which can in principle always be determined by observation
of frequency ratios in a random experiment. In the beginning of the 20’th century a
new group of workers appeared, not physicists and mostly concerned with biological
problems, and also they attacked and rejected most of Laplace’s work. According to
Jaynes, their critique of Laplace’s viewpoint was always to his philosophy and none
of these critics were able to show that Laplace’s methods [i.e., an application of equa-
tions (2.1.1) and (2.1.2) as a form of extended logic] contained any inconsistency or
led to unsatisfactory results. The methods of this new school have come to be known
as “orthodox” statistics, and the modern profession of statistician has its origin in this
movement. The physicists left the field and statistical analysis disappeared from the
physics curriculum. Instead the physicists of this time, such as Poincaré and Jeffreys,
played a leading role in the development of the “Bayesian methods”, in the tradition
of Bernoulli and Laplace. This development represented the “subjective” school of
thought, regarding probability as an expression of human ignorance, as a formal ex-
pression of our degree of expectation or plausibility that an event will or will not occur,
based on the information we have. It is in this direction of history we are going to focus
on, having culminated in the treatise “Probability theory - The Logic of Science” by E.
T. Jaynes (1922-1998), which started as notes for a series of lectures in 1956 and the
last unfinished edition of his book is from 1996. Jaynes was inspired by readings of
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Jeffreys [7], Cox [8], Shannon [9] and Pólya [10, 11], and he showed that, if degrees
of plausibility are represented by real numbers, then there is a uniquely determined set
of quantitative rules for conducting inference. The final result was the standard rules of
probability theory, given already by Bernoulli and Laplace, but with the new feature that
the rules were now seen as uniquely valid principles of logic in general. No reference
is made to “chance” or “random variables”, so the range of application is vastly greater
than had been supposed in the conventional probability theory that was developed in
the early twentieth century. Jaynes viewed probability theory as extended logic, which
means that the mathematical rules of probability theory constitute the unique consistent
rules for conducting inference (i.e., plausible reasoning) of any kind. But before ex-
plaining all this in more detail, let us first consider a classification of other approaches
to and interpretations of probability that are or have been circulating in the “science
community”, to get a broader perspective and deeper understanding of the concept of
probability and problems related to its different interpretations.

2.2 Classification of probabilities

Doctors say he has got a 50-50 chance of living...though it’s only a 10% chance of that.

— from the movie “The Naked Gun”

Viewing a probability as a physical probability [also called “material probability”,
“intrinsic probability”, “propensity”, or “(objective) chance”] means that one regards it
as an ontological intrinsic property of the material world, existing irrespective of hu-
mans and their mental state, such as the charge or mass of an elementary particle or
the temperature of a body. A psychological probability is a degree of belief or intensity
of conviction in something, but it is not necessarily after mature consideration and not
necessarily with any attempt of “consistency” with one’s other opinions [12, 13]. At
least this seems to come close to the everyday usage of probability which is not sel-
dom inconsistent. A subjectivist regards probabilities as degrees of belief or credences,
where the latter has to do with utility. In 1937, de Finetti published a work which ex-
pressed a philosophy similar to Jaynes’. This work not only contained his celebrated
exchangeability theorem (see [14, 15] and also [16, 17, 18]; in Paper F a complemen-
tary, or in some cases alternative, approach to de Finetti’s one is presented), but he also
sought to establish the foundations of probability theory on the notion of coherence. If
a person uses a fairly coherent set of probabilities, it is called a subjective probability,
where a coherent set of probabilities is one against which it is not possible to make a
so called “Dutch book”, which roughly speaking means that one should assign and ma-
nipulate probabilities so that one cannot be made a sure loser in bettings based on them.
De Finetti showed [14] (see also Ramsey [19], von Neumann and Morgenstern [20])
that one can derive the rules of probability theory from this premise. Critique that could
be raised against this approach is that it feels unsatisfactory to base probability theory
on betting preferences. A logical probability or “credibility”, in the terminology of F.
Y. Edgeworth and Bertrand Russell, is a rational intensity of conviction, implicit in the
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given information, such that if a person does not agree with it he or she is wrong. Log-
ical probabilities have been studied by many philosophers, such as Leibniz, von Kries,
Keynes, Wittgenstein, Waismann, Carnap [5]. Jeffreys [7] and Keynes [21] both formu-
lated theories in which credibilities are central. If a probability is either subjective or
logical, it is called an intuitive probability. A probability is called tautological or purely
mathematical probability if it is introduced by definition.

There is today an active school of thought, most of whose members call themselves
Bayesians, but who are actually followers of Bruno de Finetti and concerned with mat-
ters that Bayes never dreamt of. Paraphrasing Good [6] there are several different kinds
of Bayesians, where the defining property of being a Bayesian is that he or she regards
it as meaningful to talk about the probability P (H|E) of a hypothesis H given evidence
E; and that he or she will make more use of Bayes’ theorem than a non-Bayesian will.
Bayes’ theorem follows from equation (2.1.1) and can be stated as:

P (X|Y Z) =
P (Y |XZ)P (X|Z)

P (Y |Z)
. (2.2.1)

Further, and still according to Good, it is the readiness to incorporate intuitive proba-
bility into statistical theory and practice, and into the philosophy of science and of the
behaviour of humans, animals, and automata, and in an understanding of all forms of
communication, and everything, that characterise a Bayesian.

The oldest interpretation of probability is the classical interpretation. It is based on
the “principle of indifference”, which says that whenever there is no evidence favouring
one possibility over another, each so called “equi-possibility” should be assigned the
same probability. Hence, if there are a finite number of possibilities, N , and the number
of possibilities in which a certain event occurs is M , the probability of that event is
M/N . This interpretation of probability was due to scientists such as Pascal, Fermat,
Huygens and Leibniz, and was clearly articulated by Laplace. But the classical proba-
bility interpretation is not problematic free, for although the principle of indifference is
a useful principle in some situations, what are and how are these “equi-possibilities” to
be found in a general situation? At what depth or level should a situation be analysed?
What are the “equi-possibilities” in the case of, e.g., a biased coin or dice? And what
are the “equi-possibilities” if the set of possibilities is continuous?

A frequentist interpretation of a probability means that one believes that a proba-
bility is a real physical phenomenon existing independently of human information or
“state of knowledge”. The probability of an event is defined as the relative frequency of
the number of occurrences of that event to the total number of trials in “independent re-
peatable random experiments”; the words “in the long run” or “limiting frequency” are
sometimes added. There exist different variants on this definition and the frequentists
typically confine their attention to “finite actual frequentism” and “infinite hypothetical
frequentism”, where the former means that one only considers actual trials, i.e. finitely
many realised in the real world, and the latter that one may countenance hypothetical
trials, possibly infinitely many. Some advocates of frequentism are scientists such as
Venn, von Mises, Reichenbach, von Fraassen, Fisher, Neyman, Feller, Savage. Critique
against a frequentist interpretation of probability can be raised on several points [5],
but let us say here, paraphrasing Jaynes [1], that even if we ignore difficulties on how
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to specify a procedure that we would say gives rise to a certain frequency distribution
and constitutes a “random experiment”, the problems that can be solved by a frequentist
probability theory form a subclass of those that are amenable to probability theory as
logic. Considerations of random experiments are only one specialised application of
probability theory as logic, for probability theory as logic can solve far more general
problems of reasoning which have nothing to do with chance or randomness, but a great
deal to do with the real world. Most real problems arise out of incomplete information
and have nothing to do with (frequencies in) random experiments. The connections be-
tween probability and frequency appear automatically as mathematical consequences of
probability theory as logic, whenever they are relevant to the problem; there is never any
need to define a probability as a frequency (see [1, ch. 18], and also [3], Papers C, F
and [2]). In the terminology of probability theory as logic, a probability is something
we assign in order to represent a state of knowledge or that we calculate from previ-
ously assigned probabilities according to the rules of probability theory. A frequency is
a factual property of the real world that we measure or estimate. Probabilities change
when we change our state of knowledge; frequencies do not.

In 1933 Kolmogorov presented an approach to probability theory phrased in the lan-
guage of set theory and measure theory. The Kolmogorov system is very different from
probability theory as logic in general viewpoint and motivation, but the final results of
the two are identical in several respects. As far as the Kolmogorov system of probability
goes there is no real conflict, but the probability theory as logic has a deeper conceptual
foundation which allows it to be extended to a wider class of applications.

2.3 Symbolical logic

We are going to work with symbolical logic or Boolean algebra, so called since George
Boole introduced a notation similar to the following. We will denote propositions by
capital letters, {A,B, C, ..}, where every proposition must have an unambiguous mean-
ing and will be either true or false, i.e., Aristotelian logic. We will denote the proposition
“both A and B are true” by

AB (2.3.1)

called the logical product or conjunction. Since the order does not matter, the logical
product is commutative. Further we will denote the proposition “A or B are true”, or in
other words “at least one of the propositions A,B is true”, by

A + B (2.3.2)

called the logical sum or disjunction, which is obviously also commutative.
If it happens to be that a proposition A is true if and only if B is true, then they are said
to have the same truth value. This could be only a simple tautology, which is the case if
A and B are verbal statements which obviously say the same thing, but it could also be
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that we only after immense mathematical labors finally proved that A is the necessary
and sufficient condition for B. Equal truth value is denoted by

A = B (2.3.3)

and the same truth value per definition is denoted by

A ≡ B. (2.3.4)

The negation or denial of a proposition is indicated by a bar

Ā ≡ ”A is false”. (2.3.5)

One then, of course, has that ¯̄A = A.
Using these definitions, the following rules hold:

Idempotence: AA = A

A + A = A

Commutativity: AB = BA

A + B = B + A

Associativity: A(BC) = (AB)C ≡ ABC

A + (B + C) = (A + B) + C ≡ A + B + C (2.3.6)
Distributivity: A(B + C) = AB + AC

A + (BC) = (A + B)(A + C)
Duality: If C = AB, then C̄ = Ā + B̄

If D = A + B, then D̄ = ĀB̄

The parentheses indicates the order in which the propositions are to be taken. In absence
of parentheses the order in which to take logical product and logical sum follows that
of ordinary algebra, which means that AB + C denotes (AB) + C and not A(B + C).
Another proposition we will consider is implication

A ⇒ B, (2.3.7)

to be read as “A implies B”. A ⇒ B is defined to be false if A is true and B false, and
true otherwise. Implication could also be written as the logical equation A = AB. Note
that “A implies B” should not be confused with logical deducibility having the meaning
it has in ordinary language. In formal logic A ⇒ B only means that the propositions A
and AB have the same truth value.

By combining the different logical operations presented above one can generate new
and more complex propositions, such as

{A + C} = {[(A + B̄A)C] ⇒ [(B̄C + Ā)(B + C̄)]}. (2.3.8)

More generally, given n propositions (A1,.., An), one realises easily that there are ex-
actly 22n

different logical functions f : {T, F}n 7→ {T, F}, i.e., having the value
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f(A1,.., An) ∈ {T, F}. By combining the logical operations conjunction, disjunction,
negation and implication one can show that all possible logical functions can be gen-
erated from these four. But in fact they form an overcomplete set since they can all
be shown to be generated by using only a single operation, and there exist two such
operations. The first one is called “NAND”, defined as the negation of “AND”:

A ↑ B ≡ AB. (2.3.9)

The second one is called “NOR” and is defined as the negation of “OR”:

A ↓ B ≡ A + B. (2.3.10)

Thus, from either of these two operations any logical function can be generated. How-
ever, in this thesis we will not be using these two operations, but instead use conjunction
together with negation, which also can be shown to generate all possible logical func-
tions through (2.3.9).

2.4 Deductive and Plausible reasoning
a) Socrates is a man. b) All men are mortal. c) All men are Socrates.

— Woody Allen in “Love and Death”

Consider the following example of “plausible reasoning” due to Jaynes [1, p. 101]:

Suppose some dark night a policeman walks down a street, apparently de-
serted; but suddenly he hears a burglar alarm, looks across the street, and
sees a jewelry store with a broken window. Then a gentleman wearing a
mask comes crawling out through the broken window, carrying a bag which
turns out to be full of expensive jewelry. The policeman doesn’t hesitate
at all in deciding that this gentleman is dishonest. But by what reasoning
process does he arrive at this conclusion? [...] A moment’s thought makes
it clear that our policeman’s conclusion was not a logical deduction from
the evidence; for there may have been a perfectly innocent explanation for
everything. It might be, for example, that this gentleman was the owner of
the jewelry store and he was coming home from a masquerade party, and
didn’t have the key with him. But just as he walked by his store a pass-
ing truck threw a stone through the window; and he was only protecting
his own property. Now while the policeman’s reasoning was not a logical
deduction, we will grant that it had a certain degree of validity. The evi-
dence did not make the gentleman’s dishonesty certain, but it did make it
extremely plausible. This is an example of a kind of reasoning in which we
have all become more or less proficient, necessarily, long before studying
mathematical theories. We are hardly able to get through one waking hour
without facing some situation (such as, will it rain or won’t it?) where we
do not have enough information to permit deductive reasoning; but still we
must decide immediately what to do.
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Deductive reasoning can be analysed into repeated application of two strong syllogisms,
which was realised already in the 4’th Century B.C. by Aristotle in the Organon, the
collective name of his six works on logic:

If A is true, then B is true
A is true (2.4.1)

Therefore, B is true

and its inverse

If A is true, then B is true
B is false (2.4.2)

Therefore, A is false

What this means is that, given that the propositions in the first two rows (called major
and minor premise, respectively) are both true, then one concludes that the proposition
in the third row (called conclusion) is also true. What we would like is to be able to
use this kind of reasoning in every situation we are confronted with, since we could
then by “calculating” arrive at a conclusion with certainty. But as we noted in the
policeman example, in almost all the situations we encounter we do not have the right
kind of information, or insufficient information, to allow this kind of reasoning. What
we instead have to do, is to fall back on weaker syllogisms such as:

If A is true, then B is true
B is true (2.4.3)

Therefore, A becomes more plausible

That B is true does not prove that A is true, but verification of one of its consequences
give us more confidence in A. To demonstrate this, consider the following example [1,
p. 102]:

A ≡ ”It will start to rain by 10 AM at the latest.”
B ≡ ”The sky will become cloudy before 10 AM.” (2.4.4)

Say that we observe clouds at 9:45 AM (hence B is true). From the evidence that the
sky becomes cloudy we cannot, of course, deduce with logical certainty that rain will
follow. But our common sense, which obeys the weak syllogism above, tells us that if
those clouds become sufficiently dark, it may induce us to change our plans and behave
as if we believed that it will rain.

Note that, when scientists put theories to test, their reasoning consists for the most
part of the strong syllogism in (2.4.2) and the weak syllogism in (2.4.3). If predictions
made by a theory agree with observations, then we become more confident in the cor-
rectness of the theory and the hypotheses that lead to this theory. But if there are, or
could be, alternative hypotheses and theories (whose possible existence we are willing
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to accept) leading to the same observations, the correctness of the theory is not deduced
with certainty. If the predictions never fail in vast numbers of tests, we become more
and more confident in the hypotheses that lead to the theory and eventually come to call
them “physical laws”.

Let us look at another weak syllogism, with the same major premise as in the previ-
ous case:

If A is true, then B is true
A is false (2.4.5)

Therefore, B becomes less plausible

That A is false does not prove that B is false, but since one of the possible reasons for
it being true has been eliminated, we feel less confident about B.

The following quote on the examples presented above [1, p. 103] concludes this
short introduction to “plausible reasoning”:

These examples show that the brain, in doing plausible reasoning, not only
decides whether something becomes more plausible or less plausible, but
it also evaluates the degree of plausibility in some way. The plausibility of
rain by 10 depends very much on the darkness of those clouds. And the
brain also makes use of old information as well as the specific new data
of the problem; in deciding what to do we try to recall our past experi-
ence with clouds and rain, and what the weather-man predicted last night.
In our reasoning we depend very much on prior information to help us in
evaluating the degree of plausibility in a new problem. This reasoning pro-
cess goes on unconsciously, almost instantaneously, and we conceal how
complicated it really is by calling it common sense.

2.5 Probability theory as extended logic
In the previous section we saw examples of the fact that in real life most of our reasoning
is usually not deductive but rather a case of “plausible reasoning”. We now want to see
if it perhaps could be possible to see “plausible reasoning” as a sort of extended logic.
For every proposition we want to reason about we then need to assign a degree of
plausibility based on some knowledge that we have, and if we obtain new knowledge
the plausibility must be updated accordingly to take this new knowledge into account. If
this is possible, then there should be certain conditions that would have to be satisfied.
Jaynes therefore stated some desirable goals or “desiderata” to investigate whether these
goals are attainable without contradictions and if they determine any unique extension
of logic; see [1] for a complete account of the motivations on this particular choice of
desiderata and the possibility of using alternative ones.

Before we state the first desideratum, consider the following quote [1, p. 105]:

In order to direct attention to constructive things and away from contro-
versial irrelevancies, we shall invent an imaginary being. Its brain is to be
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designed by us, so that it reasons according to certain definite rules. These
rules will be deduced from simple desiderata which, it appears to us, would
be desirable in human brains; i.e., we think that a rational person, should he
discover that he was violating one of these desiderata, would wish to revise
his thinking. In principle, we are free to adopt any rules we please; that is
our way of defining which robot we shall study. Comparing its reasoning
with yours, if you find no resemblance you are in turn free to reject our
robot and design a different one more to your liking. But if you find a very
strong resemblance, and decide that you want and trust this robot to help
you in your own problems of inference, then that will be an accomplish-
ment of the theory, not a premise.

By “inference” is here meant deductive reasoning whenever enough information is at
hand to permit it; inductive or plausible reasoning when the necessary information is
not available. The idea of a robot was not a necessary part of Jaynes’ exposition and
his derivations are not depending on it. However, as he further argued, since what we
in some sense are doing here is to create a mathematical model which reproduces a
part of common sense, we shall at the same time be lead to some very explicit ideas
about the mechanism of thinking and the possibility of building a computer that does
plausible reasoning. If one at some point wants to create a machine that is supposed
to use extended logic, the plausibilities must be associated with some definite physical
quantity, such as voltage or pulse duration or a binary coded number, etc, depending on
how one chooses to design the robot. Then there needs to be some kind of association
between degrees of plausibility and real numbers; which we will see gives additional
motivation for the choice of the first desideratum stated below. However, the reason
for introducing the idea of a robot did not only have to do with the usefulness of the
mathematical theory when it comes to programming computers, but as already touched
upon in the quote above it was also for psychological reasons. When speaking directly
of the reasoning process used by the complicated human brain, one risks becoming
misunderstood and involved in endless and emotionally charged debates over issues
that are not only irrelevant but also undecidable in our present state of knowledge.

We are now ready to state the first desideratum, which is a very natural one:

(I) Degrees of plausibility are represented by real numbers. (2.5.1)

We here include the natural but inessential convention that a greater plausibility shall
correspond to a greater number. Further we also include in this desideratum the as-
sumption of continuity of the plausibility. Intuitively this means that an infinitesimally
greater plausibility corresponds only to an infinitesimally greater number, which is a
condition for qualitative correspondence with common sense.

In general, the plausibility that will be assigned to some proposition A will depend
on whether we are told that some other proposition B is true. This plausibility will be
denoted by A|B, following the notation of Keynes [21] and Cox [22], which we may
call “the conditional plausibility that A is true, given that B is true” or just, “A given
B”. It is here understood that the plausibility should not be defined on an impossible
or contradictory premise. Thus, A|BC is not defined when B and C are mutually
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contradictory; whenever such a symbol appears, B and C are assumed to be compatible
propositions.

The convention that a greater plausibility shall correspond to a greater number, can
then be expressed as

(A|C) > (B|C) (2.5.2)

which says that, given C, A is more plausible than B; the parentheses have been added
for clarity.

The second desideratum concerns the qualitative correspondence to how humans
reason and is stated simply as:

(II) Qualitative correspondence with common sense. (2.5.3)

The exact meaning of this desideratum is given in the conditions that now follow. Say
that we have some knowledge C which gets updated to C ′ in such a way that the plau-
sibility of A is increased,

(A|C ′) > (A|C), (2.5.4)

but that the plausibility of B given A is not changed,

(B|AC ′) = (B|AC). (2.5.5)

Then the requirement is that this should produce an increase, and never a decrease, in
the plausibility that A and B are both true:

(AB|C ′) ≥ (AB|C) (2.5.6)

and also that it should produce a decrease in the plausibility that A is false:

(Ā|C ′) < (Ā|C). (2.5.7)

The conditions do not say how much the plausibilities change, but they give a “sense of
direction” in which the plausibilities should go in these two cases. However, the con-
tinuity condition demands that if A|C changes only infinitesimally, then AB|C and
Ā|C can also only change infinitesimally.
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The third and final desideratum has to do with consistency, which is taken to have
the three common colloquial meanings of the word:

(IIIa) If a conclusion can be reasoned out in more than one way,

then every possible way must lead to the same result. (2.5.8)

(IIIb) The robot always takes into account all of the evidence it

has relevant to a question. It does not arbitrarily ignore

some of the information, basing its conclusions only on

what remains. In other words, the robot is completely non-

ideological. (2.5.9)

(IIIc) The robot always represents equivalent states of knowledge

by equivalent plausibility assignments. That is, if in two

problems the robot’s state of knowledge is the same (except

perhaps for the labelling of the propositions), then it must

assign the same plausibilities in both. (2.5.10)

Without going into too much detail and give a lengthy proof here, let us just state the
main conclusions. The desiderata stated above are actually enough to uniquely deter-
mine a set of mathematical operations for manipulating plausibilities. This means that
there is actually only one consistent set of rules by which our robot can do plausible
reasoning. This set of mathematical operations is given by the product rule

p(AB|C) = p(A|C) p(B|AC) = p(B|C) p(A|BC) (2.5.11)

and the sum rule

p(A|B) + p(Ā|B) = 1. (2.5.12)

The p(x) is here a “function” with range [0, 1] and its argument x is of the form X|Y ,
which from now on stands for “X given that Y is true” and no longer a real number.
Note that this result was established for probabilities assigned on finite sets of proposi-
tions, but with mathematical care it can be extended to infinite sets. The quantity p(x)
can now be given its technical name probability.

Using the product and sum rule one can prove the useful and well-known generalised
sum rule:

p(A + B|C) = p(A|C) + p(B|C)− p(AB|C). (2.5.13)

More generally assume that we have a set of propositions {A1, .., An}. The basic con-
junctions corresponding to this set are then all combinations of conjunctions of the Ai
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or its negation:

Qi,..,j
k,..,l ≡ Ai . . . AjĀk . . . Āl (2.5.14)

where {i, .., j, k, .., l} = {1, .., n}. It is not hard to realise that any logical function
f(A1, .., An) other than the trivial contradiction can be expressed as a logical sum con-
taining a subset of these basic conjunctions. There are 2n different basic conjunctions
and if one has enough background information to determine the probabilities of these
basic conjunctions, by using the product and sum rule one can then obtain the proba-
bility of every proposition in the Boolean algebra generated by {A1, .., An}. However,
in real applications, knowledge of all probabilities of the basic conjunctions is almost
always more than one needs. In this sense the product and sum rules form an adequate
set for plausible inference, in the same way as conjunction and negation form an ad-
equate set for deductive logic. But in real applications knowledge of all probabilities
of the basic conjunctions is almost always more than one needs. If only a small part
of the Boolean algebra is of interest to us, then having only background information to
determine the probability of a few of the basic conjunctions is sometimes enough.

One can show that Aristotelian deductive logic is the limiting form of the sum and
product rule as the robot becomes more and more certain of its conclusions. In addition
to that one also gets a quantitative form of the weak syllogisms in (2.4.3) and (2.4.5)
and the original qualitative statements follow from present rules.

Note that the example with the rain clouds considered earlier demonstrated the fact
that inference is concerned with logical connections, which do not necessarily corre-
spond to causal physical influences. For “If A then B” expresses B only as a logical
consequence of A and not necessarily as a causal physical consequence; the rain at 10
AM was not the physical cause of the clouds at 9:45 AM. The same thing holds here
for probabilities and a probability p(A|B) does not necessarily express some kind of
causal influence of B on A. To realise this, consider an example where we know that
there are 5 green and 5 red balls in an urn, and the balls are then “randomly” drawn from
the urn without replacement. If we are then being told that in the last four draws only
red balls were drawn, then that information is relevant for assigning a probability to the
proposition that a red ball was drawn in the first draw. Information on the outcomes of
later draws in general effects our state of knowledge about what could have been drawn
on an earlier draw.

Suppose we have a set of propositions {A1, .., An} which are mutually exclusive in
the context or background information I , i.e., only one of them is true. One can then
show that

p(A1 + .. + An| I) =
n∑

i=1

p(Ai| I). (2.5.15)

As Jaynes informs us, in conventional expositions of probability theory this is usually
introduced as an arbitrary axiom, while here it is deducible from simple qualitative
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conditions of consistency. If the set of propositions is also exhaustive, which means
that one and only one of them is always true in the context I , then

n∑

i=1

p(Ai| I) = 1. (2.5.16)

This is of course not sufficient to determine p(Ai| I) for all i, and the problem of trans-
lating background information into numerical probabilities p(Ai| I) is an open-ended
one and an area under current research. However, as remarked in Paper C, the parallel
between plausibility theory and truth-functional logic suggests another point; since we
do not require of logic, when put to practical use, that it should also provide us with
the initial truth-value assignments, why should we have an analogous requirement on
plausibility theory with regard to initial plausibility-value assignments?

When the state of knowledge I is such that it is indifferent between a set of exhaus-
tive and exclusive propositions {A1, .., An}, one also has that

p(Ai| I) = 1/n, (2.5.17)

which Jaynes, following Keynes [21], called the principle of indifference. By taking
disjunctions of these propositions so that each of them falls into one of two logical
sums, A or B, it then follows that

p(A| I) = m/n, (2.5.18)

where m is the number of propositions contained in A, and p(B| I) = 1 −m/n. We
have therefore derived what was the original mathematical definition of probability as
given by James Bernoulli in 1713 [23], which were used by most writers for the next
150 years. Laplace opened his work on probability theory [24] in 1821 with the sen-
tence: “The probability of an event is the ratio of the number of cases favorable to it, to
the number of all cases possible when nothing leads us to expect that any one of these
cases should occur more than any other, which renders them, for us, equally possible.”
Now one could of course ask what the point is in taking all the trouble to derive what
has been known for 150 years and what, perhaps, one’s intuition already had led to.
Paraphrasing Jaynes, the problem is that intuition leads us to the same final conclusion
far more quickly, but without any correct appreciation of its range of validity. The result
has therefore been that the development of the theory has been retarded for some 150
years because various workers have insisted on debating various issues on the basis of
their conflicting intuitions, and not of demonstrative arguments.

This concludes our introduction to probability theory as extended logic, but from it
can be shown to follow essentially all of conventional probability theory as currently
taught and also many important results that have often been thought to be outside the
scope of probability theory. For more on this and many other things concerning proba-
bility theory, the interested reader is refereed to Jaynes’ book.
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Shannon entropy

My greatest concern was what to call it. I thought of calling it ’information,’ but the
word was overly used, so I decided to call it ’uncertainty.’ When I discussed it with John
von Neumann, he had a better idea. Von Neumann told me, ’You should call it entropy,
for two reasons. In the first place your uncertainty function has been used in statistical
mechanics under that name, so it already has a name. In the second place, and more
important, no one really knows what entropy really is, so in a debate you will always
have the advantage.’

— Claude Shannon

In 1948 Shannon presented a theorem [9] which stated that, if there exists a reason-
able measure of the “amount of uncertainty” represented by a probability distribution
p := (p1, .., pn), then there are certain conditions that it should satisfy, and he showed
that the only function H(p) satisfying these conditions is the so called Shannon entropy:

H(p) := −
n∑

i=1

pi log pi, (3.0.1)

where one has the option to take the logarithm to any base one pleases. The correspond-
ing expression in the continuous case is

H[p(x)] := −
∫

p(x) log
[ p(x)
m(x)

]
dx, (3.0.2)

where p(x) is a probability density and m(x) a measure function [25] which is necessary
if H[p(x)] is to be invariant under parameter changes, if instead of x another variable
y(x) is used.

21
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A related and useful quantity is the relative entropy or Kullback measure [26, 27] of
two probability distributions p and q, defined as

H(p, q) :=
n∑

i=1

pi log
pi

qi
, (3.0.3)

and in the continuous case, for two probability densities p(x) and q(x),

H[p(x), q(x)] :=
∫

p(x) log
[p(x)
q(x)

]
dx. (3.0.4)

The concept of Shannon entropy is central to information theory. However, it has also
been argued [26] that the Shannon entropy represents a special case of the Kullback
measure as a basis of a consistent and general theory of information, in the case of
a constant prior distribution and for a particular probability distribution representing
“maximum information”. It is therefore thought that the latter measure is preferable to
the former; also in the case of the maximum entropy method, which is considered in the
next section. But we will not go further into this kind of complications here and will
be content with taking the Shannon entropy as the measure of uncertainty. As such a
measure it agrees with our intuitive notions that a broad or uniform distribution repre-
sents more uncertainty than does a sharply peaked one. The way the Shannon entropy
is shown to be a measure of uncertainty actually resembles the way how plausibilities
are introduced, i.e., from a number of desiderata, and Jaynes also viewed it as a con-
tinuation of the basic development of probability theory. Note that there are alternative
ways of arriving at the Shannon entropy without the need for any interpretation of it
as “amount of uncertainty”, in some cases, e.g., as a consequence of the “laws of large
numbers”. But, as Jaynes envisioned, by doing so one will be able to see that the princi-
ple of indifference and many frequency connections of probability are special cases of
a single principle, and that statistical mechanics, communication theory, and a mass of
other applications are instances of a single method of reasoning.

3.1 The maximum entropy method
In many problems one is faced at the onset with the problem of assigning prior proba-
bilities. For this one can use the principle of indifference if it is possible to break the
situation up into mutually exclusive, exhaustive possibilities, or circumstances, in such
a way that none of them is preferred to any other by the evidence. However, often there
will be prior information that does not change the set of possibilities, but does give a
reason for preferring one possibility to another. What can one do in this case?

The maximum entropy method is a rule for inductive reasoning that tells us which
predictions are most strongly indicated by our present information. The method has
important applications, for instance, in statistical mechanics and communication the-
ory. In Paper A we will see it being applied in a quantum mechanical setting for the
particular hidden-variable theory considered there; see also Chapter 5 and 6. This will
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at the same time demonstrate the maximum entropy method being used in the contin-
uous case, since we will here only present it for the discrete case. Thus, consider a
quantity that can assume the discrete values xi, where i = 1, .., n. We are not given
the corresponding probabilities pi; all we know is the expectation value of the function
h(x):

〈h(x)〉 =
n∑

i=1

pih(xi). (3.1.1)

If n > 2 the given information is insufficient to determine the probabilities pi. But
what would be the most unbiased probability assignment satisfying the condition on the
expectation value in (3.1.1)? With uncertainty as a measure of how biased a probability
assignment is, the most unbiased probability distribution is the one maximising the
Shannon entropy, which is given by

pi =
e−λh(xi)

∑

j

e−λh(xj)
, (3.1.2)

where λ is a constant (Lagrange-multiplier) determined by condition (3.1.1).
This may be generalised to any number of functions {hk(x)}. Given the m expec-

tation values

〈hk(x)〉 =
n∑

i=1

pihk(xi), (3.1.3)

the maximum entropy probability distribution is then given by

pi =
e−[λ1h1(xi)+..+λmhm(xi)]

∑

j

e−[λ1h1(xj)+..+λmhm(xj)]
, (3.1.4)

where the λk are determined by the m conditions in equation (3.1.3).
Note that when we put no constraints at all on the probability distribution, the max-

imum entropy method assigns equal probabilities to all possibilities,

pi = 1/n, (3.1.5)

which means that it includes the principle of indifference as a special case.
The principle of maximum entropy has, fundamentally, nothing to do with any re-

peatable “random experiment”. In many situations the probabilities pi have no fre-
quency connection. The xi could simply be an enumeration of the possibilities in the
single instance of the situation considered. But let us now consider a case where the xi

enumerate the n possible outcomes of some experiment and N successive repetitions of
this experiment are performed. There are then nN possible results of the whole experi-
ment. Suppose that every outcome is associated with values hk(xi), where k = 1, ..,m,
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and that in the whole experiment the outcome x1 occurred n1 times, x2 occurred n2

times, and so on. Assume we for all k are given the average h̄k of hk(x) for the N
outcome values:

h̄k =
n∑

i=1

nihk(xi)/N. (3.1.6)

If m < n − 1 these conditions together with
∑

i ni = N are insufficient to determine
the relative frequencies fi = ni/N . However, some of the relative frequencies can
be realised in more ways than others. For, out of the original nN conceivable results,
how many would lead to a given set of sample numbers (n1, .., nn)? The answer is the
multinomial coefficient

W =
N !

n1! · · ·nn!
. (3.1.7)

The frequency distribution (f1, .., fn) that can be realised in the greatest number of
ways is therefore the one which maximises W subject to the constraints above. We
can equally well maximise any monotonic increasing function of W and in particular
N−1 log W , and if we in particular consider the limiting case when N → ∞ we have
that

1
N

log W → −
n∑

i=1

fi log fi = H(f1, .., fn). (3.1.8)

Thus, for N → ∞ successive repetitions of some experiment, the maximum entropy
probability distribution with expectation value constraints given by 〈hk〉 = h̄k, is iden-
tical to the frequency distribution with average values h̄k that can be realised in the most
number of ways. As a final remark, note that this result corresponds to a direct applica-
tion of Bayes’ theorem where one has assigned a uniform prior probability distribution
on all nN conceivable results satisfying the constraint in equation (3.1.6), in the limit
when N →∞.
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Quantum mechanics

I think I can safely say that no one understands quantum mechanics.

— Richard Feynman

We will assume the reader already has some knowledge of quantum mechanics and
focus on those aspects of it that will be of particular use when studying the papers in
the thesis. Below we give a summary of quantum mechanics, on which there are many
books written. Some of the works used to write this summary are [27, 28, 29, 30].

Quantum mechanics is a general mathematical shell or framework, and gives a
recipe on how to set up and develop physical models. Historically its origin and primary
domain of application have been in the microscopic regime involving physical objects
such as the electro-magnetic field, photons, electrons and atoms. Conceptually it is a
rather pragmatic theory concerned with primitive notions such as “preparations” and
“measurements”, which could be described as completely specified sets of instructions
on how to set up a macroscopic experimental procedure. The possible existence, be-
haviour and character of microscopic physical objects, with the related notion of “phys-
ical system”, intermediate to the preparation and measurement, can only be assumed
and studied indirectly by their effect on macroscopic objects. This is also true in clas-
sical physics, but the difference is that in the classical case there is an established and
widely accepted physical picture and ontological description of the microscopic objects,
whereas in the quantum case there is not. Quantum mechanics in general only gives sta-
tistical predictions on outcomes of measurements following a preparation. The origin of
this element of “randomness” in the theory is not completely understood and is a con-
troversial subject that falls under the category of different interpretations of quantum
mechanics. A related concern is the possible existence and character of hidden-variable
theories that would give a more complete description of “objective physical reality”
than quantum mechanics provides. We will come back to these sorts of questions in
Chapter 6. In Papers B, D-E the concepts of preparation and measurement procedure,
and their mathematical representatives, are further discussed and used.

25
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Before turning our attention to quantum mechanics, let us first refresh our memories
with a terse repetition of linear algebra. It is not in any way meant to be a complete
introduction to linear algebra, since it is assumed that the reader has already some basic
knowledge of the subject and also because the presentation is such that it specifically
has quantum mechanics in mind.

4.1 Linear algebra

Laughter is the shortest distance between two people.

— Victor Borge

A vector space V is a set of objects, called vectors, closed under an associative
and commutative binary operation “+”, called “addition”, and it has an identity “0” and
additive inverses in the set. The vector space is defined over a field F , or a set of scalars,
and the vector space is closed under an operation of left multiplication of the vectors by
elements of F , with the following properties for all a, b ∈ F and all x, y ∈ V :

a(x + y) = ax + ay (4.1.1)
(a + b)x = ax + bx (4.1.2)

a(bx) = (ab)x (4.1.3)
ex = x, (4.1.4)

where e is the multiplicative identity of F . The type of fields we will mostly be con-
cerned with are the set of real numbers R or complex numbers C under the usual op-
erations of addition and multiplication. An example of a vector space that will be of
interest to us here is the complex vector space Cn, consisting of all n-tuples of com-
plex numbers, (z1, .., zn), over the field C. More generally, any n-dimensional vector
space over a field F is isomorphic to Fn. Hence any n-dimensional real vector space is
isomorphic to Rn.

A linear operator between vector spaces V and W is any function A : V → W
which is linear in its input; a linear operator acting on a vector space V means that
W = V . The linear operators, on a vector space V over a field F , can be equivalently
represented as matrices with elements belonging to F ; the representing matrix depends
on the chosen basis. A vector space equipped with an inner product or scalar product
defines an inner product space. In the case of finite dimensional complex vector space,
which is the case that will be of most concern to us here, a Hilbert space is exactly the
same thing as an inner product space. As an example, the set LH of all linear operators
on a Hilbert space H forms a vector space, and if also equipped with a scalar product
the vector space LH becomes a Hilbert space.
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4.2 State vectors
There exist several different, but equivalent, mathematical formulations of quantum
mechanics. Here we will concentrate on the commonly used complex-Hilbert-space-
based-one, limiting ourselves to the finite dimensional case. Additional results of linear
algebra will also be given in what follows for this particular choice of mathematical
formulation. In the standard Dirac notation of quantum mechanics a vector in this
space H is denoted by |ψ〉. The scalar product, taking two vectors |ψ〉, |φ〉 as input and
producing a complex number as output, will be denoted by (ψ, φ) ≡ 〈ψ | φ〉. The norm
of a vector |ψ〉 is defined by ‖ψ‖ ≡

√
〈ψ | ψ〉. Given a set of vectors {|ψi〉, |φi〉}where

|ψi〉, |φi〉 ∈ H, the following definition of a linear operator on H is useful:
{∑

iαi|ψi〉〈φi|
} |θ〉 ≡ ∑

i

{
αi〈φi | θ〉

}|ψi〉, (4.2.1)

where |θ〉 is an arbitrary vector in H. Let {|i〉} be any orthonormal basis for H. One
then has the completeness relation

∑

i

|i〉〈i| = I, (4.2.2)

where I is the identity operator on H. This relation can be used to express any operator
A on H in terms of its matrix elements 〈i|A|j〉 in the basis {|i〉}:

A = (
∑

i|i〉〈i|)A (
∑

j |j〉〈j|) =
∑

ij〈i|A|j〉 · |i〉〈j|. (4.2.3)

An eigenvector of a linear operator A on H is a non-zero vector |a〉 such that A|a〉 =
α|a〉, where α is a complex number known as the eigenvalue of A corresponding to |a〉.
The set of eigenvectors with eigenvalue α is the eigenspace corresponding to eigenvalue
α. When an eigenspace has a dimension larger than one, we say that it is degenerate.
If an operator A on H can be expressed as A =

∑
i αi|ψi〉〈ψi|, where the vectors

{|ψi〉} form an orthonormal set of eigenvectors for A with corresponding eigenvalues
αi, this is called a diagonal representation of A; an operator which has a diagonal
representation is said to be diagonalisable. The Hermitian conjugate or adjoint of an
operator A on H, denoted by A†, is defined as the linear operator on H such that for all
vectors |v〉, |w〉 ∈ H it holds that:

(|v〉, A|w〉) = (A†|v〉, |w〉), (4.2.4)

where it can be shown that A† exists and is unique. In terms of a matrix representation
the Hermitian conjugate of an operator A is obtained by taking the complex conjugate
of the matrix elements and transposing the matrix. If an operator A is equal to its
Hermitian conjugate, A = A†, it is called Hermitian. An important subclass of the
Hermitian operators are the positive operators, defined as operators A on H such that
for any vector |ψ〉, the scalar product (|ψ〉, A|ψ〉) = 〈ψ|A|ψ〉 is a real and non-negative
number. The Hermitian operators in turn form a subclass of the normal operators, where
an operator is said to be normal if AA† = A†A; if it also satisfies A†A = AA† = I
it is said to be unitary. One can show that an operator A is normal if and only if it is
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diagonalisable. It can also be shown that a normal operator A is Hermitian if and only if
it has real eigenvalues. Let A =

∑
i αi|ψi〉〈ψi| be a diagonal representation of a normal

operator A, and f a function from the complex numbers to the complex numbers. Then
a corresponding operator function f of A is defined as f(A) :=

∑
i f(αi)|ψi〉〈ψi|,

which can be shown to be uniquely defined.
Suppose HV and HW are Hilbert spaces of dimension m and n, respectively. Then

HV ⊗HW is the mn-dimensional Hilbert space consisting of all vectors that are linear
combinations of tensor products |v〉 ⊗ |w〉 where |v〉 ∈ HV and |w〉 ∈ HW . In particu-
lar, if {|i〉} and {|j〉} are orthonormal bases of HV and HW , then {|i〉 ⊗ |j〉} is a basis
for HV ⊗ HW . The tensor product enables us to combine separate Hilbert spaces to
form larger Hilbert spaces, which can be used, e.g., in the case of multiparticle systems
or connecting different degrees of freedom of a single system.

The basic postulates of quantum mechanics enable a connection between its math-
ematical formalism and the physical world. There exist different versions of these pos-
tulates depending on one’s approach to quantum mechanics regarding philosophy, ap-
plication, taste, etc, but their core and generality are in principle the same. We will in
this and the next section present a couple of different versions, where we begin with the
more standard one. In this version our first postulate states that any isolated or closed
physical system can be described by a state vector, which is a unit vector (|ψ〉 with
‖ψ‖ = 1) in a Hilbert space, known as the state space of the system. Isolated means
here that it is not interacting in any way with other systems, since they then have to
be included in the system to make it isolated again; or alternatively one can use the
description in terms of statistical operators that we will consider in the next section.

The next postulate states that measurements are to be described by a set of measure-
ment operators {Mi} acting on the state space, satisfying the completeness relation:

∑

i

M†
i Mi = I, (4.2.5)

where I is the identity operator of the state space. The index i refers to the measurement
outcomes, and if the state of the system before the measurement is |ψ〉 the probability
that the outcome i occurs is given by

pi = 〈ψ|M†
i Mi|ψ〉, (4.2.6)

and the state of the system after the measurement is

Mi|ψ〉√
〈ψ|M†

i Mi|ψ〉
. (4.2.7)

In some situations one is not interested in the state of the system after the measure-
ment has occurred but only the probabilities of obtaining the different outcomes, for
instance, if the measurement destroys the object which is being studied. In such cases
a particular kind of measurement operators can advantageously be used instead, i.e.,
a positive operator-valued measure (POVM). This is a collection of positive operators
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{Ei}, where each operator Ei acts on the state of the system being measured, and the
operators satisfy the completeness relation

∑
i Ei = I .

A particular case of the general measurement is a projective measurement, or “von
Neumann measurement”, and in this case the measurement operators Mi ≡ Pi are or-
thogonal projectors, namely Hermitian operators satisfying the condition PiPj = δijPi.
Projective measurements are actually equivalent to the general measurement postulate
when taken together with the unitary operators; see the time evolution postulate and the
comments in the end of this section.

An equivalent, but somewhat “old-fashioned”, way to represent projective measure-
ments is in terms of observables. The observable corresponds to some physical quantity
of the system which is then mathematically represented and described by a Hermitian
operator M on the state space of the system being observed. Since the observable is
Hermitian it has a diagonal representation

M =
∑

i

miPi. (4.2.8)

The index i enumerates the possible different outcomes and Pi is the projector onto
the eigenspace of M with eigenvalue mi, where the latter are the different values the
physical quantity can assume and the values attached to the different outcomes. The Pi

can here be identified as the projectors in the case of a projective measurement. The
probability pi of obtaining outcome i when measuring a state |ψ〉 is then given by

pi = 〈ψ|Pi|ψ〉. (4.2.9)

Given that outcome i occurred, the state of the quantum system immediately after the
measurement becomes

Pi|ψ〉√
〈ψ|Pi|ψ〉

. (4.2.10)

Depending on the situation it can sometimes be advantageous to use one or another of
the above described different representations of measurements.

Let us turn to another postulate of quantum mechanics, which tells us how to math-
ematically represent states of a composite system made up of n distinct physical sys-
tems. According to this postulate the state space H of a composite physical system is
the tensor product of the state spaces Hi of the component physical systems. If the ith
component system is prepared in the state |ψi〉, then the state of the composite system
is given by |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉.

The fourth and in this version final postulate tells us how the state of a closed quan-
tum system changes with time. The state of a closed quantum system |ψ〉 at time t is
related to the state |ψ′〉 of the system at time t′ as |ψ′〉 = U |ψ〉, where U is a unitary
operator depending on the times t and t′. This postulate can also be stated in an equiv-
alent differential form where the time evolution of the state of a closed system is given
by the Schrödinger equation:

i~
d|ψ〉
dt

= H|ψ〉. (4.2.11)
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Here ~ is Planck’s constant and H is the Hamiltonian, being the (Hermitian) energy
operator of the closed system.

Note that a general measurement on a Hilbert space H can always be realised as a
unitary transformation on the tensor product H ⊗ H′, where H′ is some other Hilbert
space, followed by a projective measurement on H′. This means that it would have
been sufficient to postulate projective measurements instead of the more general mea-
surement postulate, if one at the same time is, if necessary, willing to enlarge one’s
Hilbert space by an ancillary one. Depending on the situation it can sometimes be nat-
ural and advantageous to use one of the representations of measurements instead of the
other. However, explicit reference to such an ancillary system is in some situations not
of interest and perhaps only an artificial mathematical construction. In such cases it
could be more straight to the point and convenient to work with a more general repre-
sentation of measurements; this is also the case when it comes to representing the state
of a system, which lead us into the topic of the next section.

4.3 Statistical operators
An equivalent mathematical formulation of quantum mechanics can be given in terms
of statistical operators, also known as density operators, where the formalism was orig-
inally introduced independently by Landau [31] and von Neumann [32]. The way sta-
tistical operators are normally presented, interpreted and used, depend on such things as
application, utility, philosophy, taste, etc. It can on the one hand be seen as a convenient
mathematical tool to describe a quantum system where the state of the system is not
completely known, or to describe subsystems of a composite system without explicit
reference to the other involved subsystems. But the statistical operator can also be in-
troduced as a separate and independent concept in a similar way to how the state vector
was introduced. The statistical operator and the state vector would then be on “equal
footing” or “equally fundamental”, the latter being a special case of a statistical operator.

Suppose the state of some quantum system is unknown, but one knows that it is
one of a number of possible states |ψi〉 with respective probabilities pi. We shall call
such a set of states together with their respective probabilities an array or mixture of
pure states, which we denote by {pi, |ψi〉}. This array or mixture of pure states can be
associated with a statistical operator of the system, defined by:

ρ :=
∑

i

pi|ψi〉〈ψi|. (4.3.1)

As we will see below, the statistical operator constitutes a compact way of encoding
the outcome probabilities of any measurement performed on the corresponding array.
If ρ can be expressed in the form |ψ〉〈ψ| for some state vector |ψ〉, it is said to be in a
pure state; otherwise it is in a mixed state. A simple criterion for determining whether a
statistical operator is pure or mixed is given by the inequality tr(ρ2) ≤ 1, with equality
if and only if ρ is pure. Instead of an array of pure states we could also imagine an array
or mixture of statistical operators {pi,ρi}, i.e., we assume that a quantum system is in
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the state ρi with probability pi. Since every ρi corresponds to an array {pij , |ψij〉} and
the probability for being in the state |ψij〉 is then pipij , this mixture can be described
by ρ =

∑
ij pipij |ψij〉〈ψij | =

∑
i piρi.

Note that the concept of probability is involved in the definition of a statistical op-
erator and interpretational issues concerning probabilities would also be expected to
arise when it comes to the notion of statistical operators. Since we are here interpret-
ing probability theory as extended logic, where the probabilities depend on the state
of knowledge of the person or robot assigning them, this means that statistical opera-
tors are “disposable” objects which depend on the context and the observer’s particular
knowledge about the state of the system, which is demonstrated in Papers B, D-E. Fur-
thermore, the notion of “one-shot” distinguishability and its mathematical counterpart
orthogonality, are presented and analysed in Paper B. There it is demonstrated that dif-
ferent observers can describe the same phenomenon by different statistical operators,
which may even be orthogonal, depending on the context and their state of knowledge
of the phenomenon.

A natural and interesting question concerning the definition in Eqn. (4.3.1) is which
state vectors give rise to the same statistical operator. The answer to this question has
many applications in quantum computation and quantum information, e.g., in the un-
derstanding of quantum noise and quantum error correction. In general there are (in-
finitely) many arrays that lead to the same ρ, so by representing an array as a statistical
operator, the knowledge of exactly which array generated the statistical operator is lost.
But in many situations knowledge of the array is not available or of interest, and it is
then sufficient to know the statistical operator. Let ρ be any statistical operator on an
n-dimensional Hilbert space. Since ρ is a positive operator with unit trace, there exists
an eigen-array {λi, |ei〉} of a basis of orthonormal eigenvectors |e1〉, .., |en〉 which di-
agonalise ρ, with eigenvalues λ1, .., λn, respectively, having the characteristics of prob-
abilities;

∑
i λi = 1 and λi ≥ 0. We can also write this array of ρ as {|ê1〉, .., |ên〉},

where the symbol “ˆ” indicates that we have “probability normalised” the vectors such
that 〈êi | êi〉 = λi for each i. By omitting those states for which λi = 0, one obtains the
eigen-ensemble {|ê1〉, .., |êk〉} of ρ, where k = rank(ρ) ≤ n and λ1, .., λk are non-zero.
The following theorem can now be proved [33]:

Theorem. Let {|ê1〉, .., |êk〉} be an eigen-ensemble of ρ, where k = rank(ρ).
(a) Let Mij be any r × k matrix whose columns are k orthonormal vectors in Cr (so
r ≥ k). Set

|ψ̂i〉 :=
k∑

j=1

Mij |êj〉, i = 1, .., r. (4.3.2)

Then the array {|ψ̂1〉, .., |ψ̂r〉} has the statistical operator ρ.
(b) Conversely let {|φ̂1〉, .., |φ̂s〉} be any probability normalised array with statistical
operator ρ. Then there exists an s × k matrix Nij whose columns are k orthonormal
vectors in Cs such that

|φ̂i〉 =
k∑

j=1

Nij |êj〉, i = 1, .., s. ¤ (4.3.3)
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As already remarked, the statistical operator as defined by equation (4.3.1) can be shown
to be a positive operator with unit trace. The opposite also holds, i.e., any positive oper-
ator on some Hilbert space H with unit trace can be associated to some array {pi, |ψi〉}
in the sense of equation (4.3.1), where pi ≥ 0,

∑
i pi = 1 and |ψi〉 ∈ H. So instead

of defining a statistical operator as a mixture of state vectors, one can alternatively and
equivalently define a statistical operator as a positive operator with unit trace, acting on
some Hilbert space H. With this definition one can reformulate the postulates of quan-
tum mechanics in the statistical operator language. The first postulate is then instead
that any isolated physical system can be described by a statistical operator acting on
a Hilbert space, still known as the state space of the system, and if the quantum sys-
tem is in the state ρi with probability pi, then the state of the system is

∑
i piρi. The

postulate concerning measurements still states that they are to be described by measure-
ment operators acting on the state space of the system being measured and satisfy the
completeness equation, but where the outcome probabilities are instead given by

qi = tr{M†
i Miρ}, (4.3.4)

and the state of the system after the measurement is

MiρM†
i

tr{M†
i Miρ}

. (4.3.5)

The state space of an n-component composite physical system is the tensor product of
the component state spaces, and the total state of the system is given by ρ1⊗ρ2⊗· · ·⊗
ρn. The time evolution of an isolated system is given by a unitary operator U , and the
state ρ′ at time t′ is related to the state ρ at time t as ρ′ = UρU†, where U depends on
t′ and t.

Turning now our attention to the other way the statistical operator is normally used,
i.e., as a means to describe a subsystem of a composite system. Consider two physical
systems A and B and their corresponding Hilbert spaces HA and HB , respectively.
Suppose that one is only interested in or only has access to the first system A, and wants
a description of this system that does not involve the other system B. If ρAB is the state
ofHA⊗HB , then this is described by the reduced statistical operator ρA of system A,
defined as

ρA ≡ trB{ρAB}, (4.3.6)

where trB is by definition a linear operator-mapping, known as the partial trace. It is
defined as:

trB{|ψA〉〈φA| ⊗ |θB〉〈ξB |} ≡ |ψA〉〈φA| · tr{|θB〉〈ξB |}, (4.3.7)

where |ψA〉,|φA〉 are any two vectors in HA, and |θB〉,|ξB〉 are any two vectors in
HB . The operation “tr” in (4.3.7) is the usual trace operation; tr{|θB〉〈ξB |} = 〈ξB |
θB〉. As expected, the reduced statistical operator ρA defined in equation (4.3.7) is in
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fact a statistical operator, since it can be shown that it is a positive operator with unit
trace. Further it can also be shown that, given a statistical operator ρA on some Hilbert
space HA, it is always possible to find a pure state ρAB on HA ⊗ HB , where HB is
some Hilbert space corresponding to a fictitious ancillary system B, such that ρA is the
reduced statistical operator of the pure state ρAB . This purely mathematical procedure
is called purification.

The reduced statistical operator is a mathematical tool that enables one to directly
describe a system which is not necessarily isolated without explicitly involving the state
of the other system it is interacting with (the system that one has “traced away”), usually
called environment. Note that a physical system and its environment could be different
degrees of freedom of the same physical object, e.g., the polarisation and position of a
single photon. However, we will here not concern ourselves with the dynamics of open
quantum systems or the general effect of a measurement on the state of the system; for
some recent developments in this area see [34, 35, 36, 37, 38]. Let us instead rewrite
those parts of the postulates of quantum mechanics that are of interest to us here in a
language that is free from the notion and abstraction of a “(isolated) physical system” as
something intermediate to the preparation and measurement. We only want to use the
notions of preparation and measurement procedures, or preparation and measurement
for short. Since we are not interested in what happens to the state of the system after
the measurement has taken place, it will suffice to describe measurements by POVMs.
We want to avoid using such notions as “operators acting on a Hilbert space”, since that
easily makes associations with such things as “state vectors” and “physical systems”.
Therefore we will use the equivalent terms “operators” and “matrices” interchangeably.

Preparations are then to be mathematically represented by positive (Hermitian) ma-
trices with unit trace, usually called “statistical operators”. Consider a probability dis-
tribution pi over a collection of preparations represented by ρi. This constitutes an-
other preparation, which can be mathematically represented by the statistical operator∑

i piρi. The measurements are represented by a set of positive (Hermitian) matrices,
constituting a positive operator-valued measure (POVM). If a measurement, described
by a POVM {Ei}, is performed on a preparation, described by ρ, the probability of
obtaining outcome i is then given by the trace formula qi = tr{Eiρ}. A joint prepa-
ration of n separate preparations, where the ith preparation is represented by statistical
operator ρi, is represented by the tensor product ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρn.

Given a selection of statistical operators ρ1, .., ρn, their convex combination
∑

i λiρi,
where 0 ≤ λi ≤ 1 and

∑
i λi = 1, can also be shown to be a statistical operator (which

was implicitly assumed above). The set of statistical operators therefore form a convex
subset of the vector space of Hermitian operators. A statistical operator ρ can in general
be expressed as a convex combination of two or more other statistical operators and if
it can we will call it a mixed preparation; otherwise we call it a pure preparation. Any
mixed preparation can be expressed in an infinite variety of ways as a convex combina-
tion of other preparations. The pure preparations, on the other hand, are here identical
to what we previously called “pure states”, or one-dimensional projectors. More gener-
ally, the vectors in a convex set (which is a subset of a real vector space that contains the
straight line segment connecting any two points in the set) that cannot be expressed as a
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convex combination of other vectors in the set are called the extremal points of the set.
Hence the pure preparations are the extremal points of the set of statistical operators,
and only them because any mixed preparation can be written as ρ =

∑
i pi|i〉〈i| in the

basis in which it is diagonal and is therefore a convex combination of pure preparations.
Note the use of Dirac notation here. Expressing the projectors in terms of vectors is not
out of necessity, but simply because it is a practical and convenient notation. In fact,
we will now see an example of an alternative but equivalent way of representing, or
parametrising, statistical operators.

Consider the n2-dimensional vector space of n× n Hermitian matrices (with com-
plex matrix elements) over the field of real numbers. The positive operators form an n2-
dimensional subset of this space. The condition of unit trace decreases the dimension by
one, which means that the set of statistical operators is an (n2−1)-dimensional convex
subset of the n2-dimensional vector space of Hermitian matrices. Equipping the latter
space with a scalar product, choosing here the Hilbert-Schmidt or trace scalar product
(C,D) := tr{C†D}, turns it into an inner product space. Let Bi be an orthonormal
basis of the Hermitian operators; tr{B†

i Bj} = δij . A general Hermitian operator A can

then be expanded in this basis; A =
∑n2

i=1 biBi, where b ≡ (bi) ∈ Rn2
is an “expansion

coefficients vector”. The scalar product between two Hermitian operators A′ and A′′

then becomes the usual scalar product; (A′, A′′) = tr{A′A′′} =
∑n2

i=1 b′ib
′′
i = b′ · b′′.

As already has been stated, any d-dimensional vector space over a field F is isomorphic
to F d and in this case a natural isomorphism is given by the mapping A 7→ b̄ ∈ Rn2

. So
instead of working in the n2-dimensional inner product space of Hermitian operators,
one can work in the real vector space Rn2

with the usual scalar product. In particular, a
POVM {Ei} can be represented by a set of real vectors {mi}, where mi ∈ M ⊂ Rn2

and M can be determined by translating the positivity requirement on the Hermitian
operators into a corresponding condition on the expansion coefficients vector. In the
same way a statistical operator ρ can then be represented by a real vector s belonging
to an (n2−1)-dimensional subset S of Rn2

. Then, for a preparation represented by si

and a measurement represented by a POVM {mk}, the probability qij of obtaining the
jth outcome is given by qij = si ·mj .

An explicit example of this kind of representation of quantum mechanics can be
found in Papers D-E, where a Hermitian matrix basis known as “Gell-Mann matrices”
was used and the statistical operators parametrised by so called “Bloch vectors”. In
Papers D-E interesting symmetries of the “Bloch vector space”, which is the set of all
Bloch vectors, were also found and used, and they simplified and reduced the number
of computations performed in these papers.
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Von Neumann entropy

There’s no sense in being precise when you don’t even know what you’re talking about.

— John von Neumann

A quantum analogue of the Shannon entropy of a probability distribution is the
von Neumann entropy of a statistical operator:

S(ρ) := −tr(ρ log ρ). (5.0.1)

Consider an array of pure states {pi, |ψi〉}r
i=1. Then the array entropy, or mixing en-

tropy, is defined as H(p1, .., pr), which is the Shannon entropy of the probabilities of
the array. Let {qi, |φi〉}d

i=1 be an eigen-array of the statistical operator ρ. One can then
show that

S(ρ) = H(q1, .., qd). (5.0.2)

The von Neumann entropy of a statistical operator ρ is thus equal to the Shannon en-
tropy of the eigenvalues of ρ, where the eigenvalues have the characteristics of proba-
bilities. Further one also has that

H(q1, .., qd) ≤ H(p1, .., pr) (5.0.3)

for every array {pi, |ψi〉}r
i=1 of ρ. Hence the von Neumann entropy is equal to the

minimum array entropy of the arrays giving rise to ρ. The von Neumann entropy is
zero for pure states and attains its maximum value log d for the completely mixed state
I/d.

Let us also mention that there is a quantum analogue of the relative entropy of
statistical operators ρ to σ, defined as

S(ρ,σ) := tr(ρ log ρ)− tr(ρ log σ). (5.0.4)
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5.1 The quantum maximum entropy method
In the case of quantum mechanics there is an analogous method to the maximum entropy
method presented in section 3.1, which we can call the quantum maximum entropy
method [39]. Suppose we are given the expectation values 〈M1〉, .., 〈Mm〉 of Hermitian
operators M1, .., Mm, corresponding to observables M1, .., Mm. The most unbiased
statistical operator is then taken to be the one that maximises the von Neumann entropy
subject to these constraints:

tr{Miρ} = 〈Mi〉 (5.1.1)

for i = 1, . . . ,m, and this statistical operator is

ρ =
e−(λ1M1+...+λmMm)

tr{e−(λ1M1+...+λmMm)} , (5.1.2)

where the λi are determined by the constraints in equation (5.1.1).

5.2 Bayesian and maximum entropy methods in
quantum mechanics

The maximum (Shannon) entropy method is a general logical scheme, not limited to
the domain of physics, but is applicable in basically any situation and area such as eco-
nomics, biology, throwing dice, etc. So why does one use a different method in the case
of quantum mechanics than in all other situations and areas? Why not simply use the
maximum entropy method with the Shannon entropy, being a proven measure of uncer-
tainty? One problem in connection to this is that in the domain of quantum mechanics
it is not always so clear what the “possibilities” xi should correspond to and therefore
not what it is that one should assign probabilities pi to. In quantum mechanics there is
no “microscopic picture” of “objective physical reality” in the same way as in classi-
cal mechanics [40]. Instead one only speaks about the “state” or “condition” in which
a system is or has been prepared in, being mathematically represented by a statistical
operator giving a statistical description of the system. Things like this complicate mat-
ters and it is a controversial issue what the right conceptual and mathematical approach
should be in different applications.

However, the hidden-variable model presented in Paper A provides such a “micro-
scopic physical picture” which could be identified as “possibilities”. This enabled a
direct application of the maximum entropy method in state estimation for a two-level
quantum system and the same statistical operator was shown to be obtained as the one
assigned by the quantum maximum entropy method. Another relevant aspect concern-
ing the application of the maximum (Shannon) entropy method in quantum mechanics is
that states are “statistical to their nature”, which is connected to the problem how to deal
with such things as probability distributions on states and the related notion of “a prob-
ability of a probability”. This problem is treated in Papers C, F based on the concept of
circumstance, which is introduced in Paper C, and a complementary, or in some cases
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an alternative approach is presented in Paper F; see also [2] and Papers D-E. The sta-
tistical operators obtained in the examples of quantum state assignment using Bayesian
methods, considered in Papers D-E, enabled a comparison with those obtained with the
quantum maximum entropy method for the same experimental situation. The interest of
this was to see whether the quantum maximum entropy method could be seen as a spe-
cial case of Bayesian quantum state assignment, which would, in the author’s opinion,
be desirable to be able to put the quantum maximum entropy method on a more con-
ceptually clear and firm logical basis. Furthermore, to compare the statistical operators
obtained by the two different methods is interesting when it comes to the problem of
finding a natural measure on the set of statistical operators, because the statistical oper-
ator obtained by the quantum maximum entropy method could be taken as a constraint
for the ones assigned by the Bayesian method for different priors or measures.
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Chapter 6

Entanglement and hidden
variables

...what is proved by impossibility proofs is lack of imagination.

— J. S. Bell

Assume that the quantum system we are interested in is made up of two systems
A and B, for instance a hydrogen atom and an orbiting electron, or the polarisation of
each of two photons. We will here use the state formulation of quantum mechanics and
let HA and HB be the corresponding state spaces. A pure state |φ〉AB of the combined
state space HA ⊗HB is then said to be entangled if it cannot be expressed as a product
of two pure states |α〉A ∈ HA, |β〉B ∈ HB :

|φ〉AB = |α〉A|β〉B . (6.0.1)

Here we could also have considered a definition of entanglement for mixed states, which
is a topic of current research, but since it is not as well understood as pure state entan-
glement and outside the scope of this thesis, we will not consider it here. As an example
of an entangled state consider

|ψ〉AB :=
1√
2
(|0〉A|0〉B + |1〉A|1〉B), (6.0.2)

where {|0〉, |1〉} is an orthonormal basis for each of the component state spacesHA and
HB , here chosen to be two-dimensional. The labels, A or B, on the basis states indi-
cate which of the component state spaces they belong to. Suppose identical projective
measurements in this basis are performed on each of the two subsystems, where the
combined system is prepared in the entangled state |ψ〉AB . Then the outcomes of each
measurement viewed separately will be unpredictable and appear “random”, where the
probabilities of obtaining “0” and “1” are both 50%. However, although the outcomes
seem “random” considered separately, when comparing the results of the two measure-
ments, the outcomes are always correlated such that 0A ↔ 0B and 1A ↔ 1B . If the
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outcomes “0A” and “0B” were obtained, the state of the combined system after the
measurement has taken place is |0〉A|0〉B , and |1〉A|1〉B if instead the outcomes “1A”
and “1B” were obtained.

It is straightforward to show that the entangled state in equation (6.0.2) looks basi-
cally the same in any basis {|a〉, |b〉} of the component state spaces HA and HB :

|ψ〉AB =
1√
2
(|0〉A|0〉B + |1〉A|1〉B) =

1√
2
(|a〉A|a〉B + eiφ|b〉A|b〉B), (6.0.3)

where the labels, A or B, on the basis states indicate which of the component state
spaces they belong to. It then follows that the correlations described above hold irre-
spective of the choice of basis {|a〉, |b〉} for the two identical projective measurements.
The phase-factor eiφ, where φ ∈ R, we need not worry about since it has no effect on
the correlations in the case considered here.

Consider now the situation where the systems A and B are separated in physical
space by some distance L, which could, e.g., be the case if the systems correspond
to the polarisation of each of two photons at different locations in space. Suppose
that the outcome “0A” was obtained by an observer (which could be a human or an
inanimate object like a machine) performing a projective measurement on system A.
This observer will be called “observer A”. For “him” the state of the combined system
after the measurement is given by |0〉A|0〉B . This means that, before the measurement
took place, observer A described the state of system B by the reduced statistical operator
ρB = trA{|ψ〉AB〈ψ|AB} = 1

2 (|0〉B〈0|B + |1〉B〈1|B), and after the measurement by
ρ̂B = trA{|0〉A|0〉B〈0|A〈0|B} = |0〉B〈0|B . Now the measurement on system A could
in principle be made an instantaneous process. As described by observer A, the state
of system B, which could be separated from system A by an arbitrarily large distance
L, could therefore be made to change instantaneously by performing a measurement on
system A. Two events that are simultaneous are also space-like. Remember that in the
language of the special theory of relativity two events are said to be spacelike if it is
not possible to send a signal with speed v ≤ c, where c as usual denotes the speed of
light, from one of the events to the other; or in other words, if they do not lie inside each
others light cones.

Note that one does not have to consider an entangled state to demonstrate this kind
of “collapse” of the state of the system. Consider a particle in a one-dimensional space
with position coordinate x. One can then form a superposition of position state vectors
|x〉 such as | − L/2〉 + |L/2〉. After a projective position measurement on the state
is performed at position x = L/2, with 50% probability the particle will be found at
x = L/2 and with 50% probability it will not be found there, which means that it is to
be found at position x = −L/2. If the particle was found at position x = L/2, then
at the time of the measurement the state | − L/2〉 + |L/2〉 “collapses” into the state
|L/2〉; if the particle was instead found at position x = −L/2 then the state “collapses”
into | − L/2〉. Since the distance L between the two points could be arbitrarily large
and the measurement an instantaneous process, the “collapse” of the state due to the
measurement at position x = L/2 occurs instantaneously.

So could this not be used to send information faster than the speed of light, which
seems to be at odds with the special theory of relativity? The answer is no, because one



41

can show that the change in the state due to the measurement by observer A cannot in
any way be detected by observer B. We will here only indicate or sketch the answer
to this question in the case of the entangled state; for a more complete explanation
see, for instance, [29, sec. 2.5.3]. Before the measurement on subsystem A, observer
B’s state description of subsystem B is given by the reduced statistical operator ρB =
trA{|ψ〉AB〈ψ|AB} = 1

2 (|0〉B〈0|B + |1〉B〈1|B) = 1
2I , where I is the identity operator.

After the measurement has taken place his state is instead given by the statistical mixture
of the states |0〉B〈0|B and |1〉B〈1|B with the outcome probabilities, in this case both
being 1/2; ρB = 1

2 |0〉B〈0|B + 1
2 |1〉B〈1|B = 1

2I and this holds irrespective of the basis
observer A has chosen to measure in. Hence, both before and after the measurement,
observer B describes his system by the same statistical operator and therefore he cannot
detect any effect of the measurement by observer A. It is not until observer A sends
information to observer B in “some other way” that his state description changes. This
“other way” would then have to be using an information carrier travelling with a speed
less than the speed of light, since we are here investigating the possibility of finding
a way of transmitting information with a speed greater than the speed of light. The
conclusion reached here holds in general for every possible measurement scenario using
the quantum mechanical formalism, e.g., no matter what state shared and measurements
used by our two observers. Let us here quote Peres [28, p. 170]:

Quantum theory by itself neither imposes nor precludes relativistic invari-
ance. It only guarantees that if the dynamical laws are relativistically in-
variant [. . . ], the particles used as information carriers cannot propagate
faster than light over macroscopic distances — insofar as the macroscopic
emitters and detectors of these particles are themselves roughly localized.
Therefore all the statistical predictions (which are the only predictions) of
relativistic quantum theory necessarily satisfy Einstein locality.

Einstein locality or the principle of local causes is a physical principle that has been
named after Einstein, although it was conjectured before him. Slightly different versions
of this criteria occur in the literature. One often used version is a quote by Einstein [41]:

The real factual situation of the system S2 is independent of what is done
with the system S1, which is spatially separated from the former.

This principle states that distant objects cannot directly influence one another, but can
only influence or be influenced by its immediate surroundings. In physics this is how
things in the physical world traditionally and historically have been thought to interact.
If two spatially separated physical objects are to interact, it is supposed that there must
be some kind of “physical link” between them consisting of a combination of physical
objects in direct spatial contact, e.g., some sort of continuous field, or via the motion of
physical objects in the intermediate space, such as particles. There should in other words
be no “action at a distance” between spatially separated systems. The transmission of
the “action” or “signal” is normally thought to occur at a finite speed. For example
sound waves, electro-magnetic waves, gravitational waves, planetary motion, bacteria
motion, and gas particles, are all of this type. According to the special theory of rela-
tivity the speed of light is the upper limit to the speed of any signalling. Note however
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that classical Newtonian mechanics is a non-local theory since the gravitational interac-
tion between two objects separated in space is instantaneous and there is no mediator of
the gravitational force. But it is one thing what is in the theory and another thing how
one imagines the real and objective physical reality the scientist aims to explain and
understand. Not even Newton himself believed in the idea of action at a distance, but
at the time he probably did not see any other way of creating his theory of gravitation.
The field concept as something having a physical existence on its own came only much
later with Faraday’s work on the electro-magnetic forces. If the propagation speed is
allowed to become infinite, then spatially separated systems connected via some sort
of “physical link” could in general no longer be seen as independent, since they could
influence one another over any distance in space instantaneously. But one could also
imagine theories where, e.g., “individual waves” can have an arbitrarily high speed, but
only when superposed into “wave-packets” of finite speed could they be detected, for
some reason given by the theory.

Coming back to the example with the entangled state, we saw that the state de-
scription of another system at an arbitrarily large distance away can be made to change
instantaneously. However, that “a description can change faster than the speed of light”
is, as an isolated fact, not so strange, for consider the following classical physics exam-
ple: Suppose we know that two twins A and B, living together in the city of London,
always dress in the same colours, black or white, which we denote by 0 and 1, respec-
tively. Every morning in their home the two twins base their decision on what to wear
on the outcome of a coin toss. Then they go by plane to their separate working places,
where A is working in Stockholm and B in New York. A person C at A’s working
place is a curious guy and every day he enters A’s office to see if A is wearing black
or white clothes. Person C also knows about the strange habit of the twins of always
wearing clothes with the same colour and them deciding on what to wear based on a
coin toss. Before entering A’s office, C’s state of knowledge I of the situation can be
represented by a probability distribution [p(0A∧0B | I), p(1A∧1B | I)] = [1/2, 1/2], or
with B described separately [p(0B | I), p(1B | I)] = [1/2, 1/2]. After having entered the
office and observed the colour of A’s clothes, assume that C observed the colour black,
i.e., “0A”. His state of knowledge is then updated to Ĩ , represented by the probability
distribution [p(0A ∧ 0B | Ĩ), p(1A ∧ 1B | Ĩ)] = [1, 0], or with B described separately
[p(0B | Ĩ), p(1B | Ĩ)] = [1, 0]. This change in the description of B is obviously “instan-
taneous” and there is no question of sending any signal, or anything else, to or from B
in New York.

However, according to the standard interpretation or Copenhagen interpretation of
quantum mechanics, the state vector gives a complete description of a quantum system.
This interpretation was mainly developed in the 1920’s by Niels Bohr, who directed the
institute of theoretical physics in Copenhagen, and also by people such as Heisenberg,
Pauli and Born. But since the description in terms of the state vector in general only
gives statistical predictions, this postulate has felt unsatisfactory to many and has given
rise to much debate and controversy. Before the time of quantum mechanics, the clas-
sical theories of physics such as classical Newtonian mechanics [40], Maxwell’s theory
of electro-magnetism [43] and Einstein’s theory of relativity [44, 45], were all deter-
ministic and in principle gave a complete, ontological and non-statistical description of
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Nature. In the case of statistical theories like statistical mechanics [1, 46, 47, 48, 49],
they are a combination of, on the one hand, a classical, deterministic and complete the-
ory, and on the other hand, a statistical description using the notion of probability, the
latter being an expression of human ignorance or lack of knowledge of the exact onto-
logical microstate of the system. The question whether a statistical theory like statistical
mechanics gives a complete description of Nature therefore translates into the question
whether the underlying theory, such as classical mechanics, gives a complete description
of Nature. Its conceptual foundation and philosophical interpretation are therefore not
controversial issues (although Boltzmann’s work on statistical mechanics was initially
heavily criticised and even ridiculed by some people for its hypothesis on the existence
of atoms and molecules) as they are in the case of quantum mechanics. In statistical
mechanics the reason for introducing probabilities is due to the practical impossibility
of giving an exact description of, e.g., a gas consisting of ∼1023 particles, each particle
having a position and momentum; add to this the possibility for them to interact, among
themselves and with an environment, and that every particle also could have internal
degrees of freedom. But the important thing here is that in principle such a description
would be possible since the underlying classical mechanical theory is deterministic and
gives a complete description of “objective physical reality”.

Another interesting classical physics example is the toss of a normal coin. Say that
you place a coin on your thumb and shoot it up into the air and it lands on a table. By
repeating this procedure a couple of times you will end up with a sequence of heads
and tails that probably will seem “random”. But a coin is a classical physical object
like any other and therefore obeys the laws of Newtonian mechanics. If we would
know the initial conditions of the coin, which are the position and momentum of its
centre of mass, its orientation and angular momentum, we could in principle determine
its subsequent motion exactly, disregarding such things as air-resistance. For the coin
to come to a rest on the table it has to lose its initial potential and kinetic energy by
transferring it to the table as heat by frictional forces. Assuming that the table can be
modelled as a lattice of balls connected by springs, one could from knowledge of the
initial conditions of the coin and table in principle determine with certainty the outcome
of the coin-toss, which is heads or tails. But since in practice one lacks control of the
initial conditions, the outcome of a coin-toss appears “random”.

But someone might react on the use Newtonian mechanics here and argue that, since
the involved objects such as the coin and table are made up of microscopic particles and
fields, they should instead be described by quantum mechanics and such a description
is indeterministic. To understand what is here meant by indeterministic, consider the
following example of an experimental situation belonging to the domain of quantum
mechanics: When light is being shined on a metal surface, electrons are ejected from
the surface, but only at particular times that are not determined by any known param-
eters of the light. According to the Copenhagen interpretation of quantum mechanics
one cannot even in principle predict when an electron will be ejected from the surface
but only give the probability that it will happen at a certain time. This peculiar character
of the theory has nothing to do with lack of complete information or practical impos-
sibility of predicting or describing the behaviour of the system. The claim is that it
is in principle impossible to find a more complete description that would remove this
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unpredictability or indeterminacy of quantum mechanics. This is to hold not only for
the particular case with the ejected electron described above, but for any physical phe-
nomenon, at least in the microscopic domain. Hence no causal mechanism for physical
phenomena was thought to exist and the laws of quantum mechanics were thereby pos-
tulated to be indeterministic and could only be expressed in a probabilistic form. The
implication of viewing things like this was basically that probabilities thereby became
viewed as something fundamental, primary, or even physically real, while the objects
the probabilities were concerned with, such as atoms and photons, became secondary
or even unreal. Note that we have already encountered similar views on probabilities,
i.e., as something physically real, when we considered different interpretations of the
notion of probability.

This is in sharp contrast to how probabilities traditionally have been used or inter-
preted in the history of physics before quantum mechanics, and on this point there have
been much debate and controversy. One of those critics was Jaynes, who was not only
interested in probability theory but was also a distinguished physicist who wrote on and
contributed to quantum mechanics. He nicely articulated the following, by him strongly
felt and by the author in principle shared, opinion and critique [1, p. 1013]:

In current quantum theory, probabilities express our own ignorance due
to our failure to search for the real causes of physical phenomena — and
worse, our failure even to think seriously about the problem. This igno-
rance may be unavoidable in practice, but in our present state of knowl-
edge we do not know whether it is unavoidable in principle; the “central
dogma” simply asserts this, and draws the conclusion that belief in causes,
and searching for them, is philosophically naive. If everybody accepted
this and abided by it, no further advances in understanding of physical
law would ever be made; indeed, no such advance has been made since
the 1927 Solvay Congress in which this mentality became solidified into
physics. [footnote:] Of course, physicists continued discovering new parti-
cles and calculation techniques — just as an astronomer can discover a new
planet and a new algorithm to calculate its orbit, without any advance in his
basic understanding of celestial mechanics. [end of footnote] But it seems
to us that this attitude places a premium on stupidity; to lack the ingenuity
to think of rational physical explanation is to support the supernatural view.

Although not commenting on whether Bohr or the Copenhagen interpretation were right
or wrong, let us just mention “in his defence” that he was not the only advocate of the
Copenhagen school, and was therefore not solely responsible for its conceptual and
interpretational development. One could perhaps get a more balanced view on and
better understanding of Bohr’s position and interpretation of quantum mechanics when
seen from his philosophical point of view. Bohr thought that the goal of physics was
not to describe reality, but only our information about reality [42]:

There is no quantum world. There is only an abstract quantum physical
description. It is wrong to think that the task of physics is to find out how
nature is. Physics concerns what we can say about nature.
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So perhaps he was not saying that there is no reality “out there”, but only that it is not a
meaningful question to ask since it cannot be answered or decided anyway.

The most well-known and prominent critic of the Copenhagen interpretation was
Einstein who was deeply disturbed and dissatisfied by, what he felt, the lack of a com-
plete description of objective physical reality. In the example with the entangled state
considered above we saw that the measurement on system A made the description of
system B to change instantaneously. Also, if A measures in another basis, a different
pair of basis states will be the possible measurement outcome states at B’s side. How
could this be possible if the entangled state vector gives a complete description of objec-
tive physical reality? If regarded as such, this kind of discontinuous and instantaneous
“collapse” of the state of the system seems not only highly unphysical, but it seems also
to be at odds with the special theory of relativity. To give an analogous example of what
could be meant by complete, let us compare it with the twin example above. Also there
the description, in terms of a probability distribution, of the colour of the clothes of twin
B changed when person C “observed” the colour of the clothes of twin A. But this is in
accordance with what we would expect of a reasonable criteria of completeness, since
the description of the colour of the clothes of B by person C was indeed incomplete,
because a probability distribution over the colours of the clothes was used and not the
colour of the clothes themselves. In other words, a complete description would be to
directly describe the colour of the clothes of twin B since that corresponded to the “ob-
jective physical reality” of the situation.

Another example giving an indication that the state vector does not give a complete
description of a system concerns relativity theory and the concept of simultaneity; for
a similar example see [28, p.153-154]. Consider the experimental situation with the
entangled state again and assume that the two observers are in rest relative to each other
and have synchronised clocks, in the language of the special theory of relativity. For
simplicity we will in what follows ignore the time evolution of the states, and also as-
sume that the space is one-dimensional. Before the measurement by observer A, or in
other words for t < t0 where t0 is the time of the measurement, the state of the system
was given by |ψ〉AB = 1√

2
(|0〉A|0〉B + |1〉A|1〉B). Suppose that the outcome “0A” was

obtained in the measurement, which means that for t > t0 the state is |0〉A|0〉B . As we
have already seen, observer A’s description of the state of subsystem B changes at time
t0 from 1

2 (|0〉B〈0|B + |1〉B〈1|B) into |0〉B〈0|B . But now assume that a third observer,
Â, moving with constant velocity v, passes observer A at the time t0 of the measure-
ment. Let us assume that Â also describes the state of the system by an entangled state
of the same form as observer A. Since the observers A and Â are moving relative to each
other, according to Â the state change of subsystem B from 1

2 (|0〉B〈0|B + |1〉B〈1|B)
into |0〉B〈0|B did not occur at a time corresponding to t0 in observer B’s reference
frame, but at some earlier or later time t′0, depending on how Â is moving relative to A.
By varying v and the distance L in space between observer A and B one could make
the absolute time difference |t0 − t′0| as large as one would like. So not only does the
description of a system change instantaneously over arbitrary large distances, but the
time when the “collapse” occurs seems to depend on who one is asking.
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However, as we saw an example of in the twin example, the characteristics of a “col-
lapse” are shared by probabilities if interpreted as extended logic, since they depend on
the state of knowledge of the person who assigns them and such logical inferences have
no problem with “travelling faster than light”, since they have, of course, nothing to do
with travel. All the considerations above seem to suggest, or hint, that there could be
some deeper and more complete description of a physical system than given by quan-
tum mechanics. Although the state vector and statistical operator description, e.g., in the
entangled state example above, are not, at least not explicitly, probability distributions
over some sort of variables, it was probably something similar that Einstein envisaged.
He seemed to have envisioned a more complete description that would remove the inde-
terminacy of quantum mechanics. A theory of this type goes under the name of a local
hidden-variable theory, describing a deterministic objective physical reality in terms
of hidden variables underlying the quantum mechanical description. The reason why
quantum mechanics would then be a statistical theory is because some of its parameters
would be hidden, i.e., undetected or unknown and not under the control of the experi-
mentalist, perhaps due to limitations in present-day experimental techniques. However,
in principle one assumes that these hidden variables could be controlled, or at least ex-
ist, and the probabilistic character of the theory would then be removed, analogously to
classical statistical mechanics.

In 1935 Einstein and his co-authors Podolsky and Rosen (EPR) [50] published a
paper with the title “Can quantum-mechanical description of physical reality be consid-
ered complete?”. The paper presented a thought-experiment that they believed showed
that quantum mechanics must be incomplete. In their argumentation they considered a
situation that was later re-interpreted by Bohm [51, p. 614] using the entangled state in
equation (6.0.2). They gave, what they thought, a necessary requirement for a theory to
be complete, namely

[. . . ] every element of the physical reality must have a counterpart in the
physical theory.

Another related criterion, which at the same time also made it more clear what they
meant by “elements of reality”, was:

If, without in any way disturbing a system, we can predict with certainty
(with probability equal to unity) the value of a physical quantity, then there
exists an element of physical reality corresponding to this physical quantity.

Consider again the example with the entangled state in equation (6.0.2). Suppose that
observer A has the choice between two different projective measurements M1 and M2

corresponding to the orthonormal basis states {|a〉, |b〉} and {|c〉, |d〉}, respectively. We
have here labelled the basis states by their corresponding outcome values, where {a, b}
corresponds to M1 and {c, d} to M2. Further assume that the basis states belonging to
the measurements M1 and M2 are non-orthogonal, i.e., 〈i | j〉 6= 0 where i ∈ {a, b},
j ∈ {c, d}. Then, according to quantum mechanics, there does not exist any state
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|ψ〉 = α|0〉 + β|1〉 for which one can predict with certainty what the outcomes will be
for both measurements M1 and M2. It is therefore not possible to simultaneously attach
physical quantities i ∈ {a, b} and j ∈ {c, d} to the state |ψ〉. In the EPR-paper their
measurements M1 and M2 corresponded to measurements of position x and momentum
p. In quantum mechanics a state representing a physical system with an exact value of
the position, |x〉, is always non-orthogonal to a state representing a physical system
with an exact value of the momentum, |p〉. This means that the position and momentum
of a physical system cannot simultaneously be predicted with certainty. If one prepares
a particle with a precise momentum p, in a state |p〉, then the outcome in a measurement
of its position cannot be predicted with certainty and when the position-measurement
is repeated on many identically prepared particles (all prepared in the state |p〉) the
outcomes will statistically fluctuate by a certain statistical spread dictated by quantum
mechanics. Measurements like this, i.e., x and p, or M1 and M2, are examples of what
in quantum mechanics are called mutually incompatible experiments.

From equation (6.0.3) we have that:

|ψ〉AB =
1√
2
(|0〉A|0〉B + |1〉A|1〉B) =

=
1√
2
(|a〉A|a〉B + eiφ|b〉A|b〉B) =

1√
2
(|c〉A|c〉B + eiθ|d〉A|d〉B), (6.0.4)

where eiφ and eiθ (φ, θ ∈ R) are two phase-factors, which we again need not worry
about. When the observers A and B measure in the same basis they will then always
obtain the same outcome. This means here that, if both measure M1, their outcome
values, or outcomes for short, will be correlated as aA (bA) ↔ aB (bB), and if both in-
stead measure M2 the correlation is cA (dA) ↔ cB (dB), where the system the outcome
corresponds to is indicated on the outcome values and the parentheses are there just to
avoid writing the correlations twice.

In order to be able to follow the reasoning of EPR and speak of a “physical quantity
of a system”, the outcome values of the measurement are not just something we attach to
the different outcomes, but they are imagined to correspond to some physical quantity of
the system itself, like spin, polarisation, position, momentum, or energy. Suppose now
that observer A performs the measurement M1, associated with a physical quantity m1,
and obtains outcome a (b). Observer A can then predict with certainty that, if B also
performs measurement M1 he will obtain the same outcome, that is, measure the same
value of the physical quantity. EPR then reasoned that there must therefore correspond
an “element of physical reality” to m1:

[. . . ] since at the time of measurement the two systems no longer inter-
act, no real change can take place in the second system in consequence of
anything that may be done to the first system.

Instead of performing the measurement M1 on system A one could perform M2, asso-
ciated with a physical quantity m2, with outcomes c or d. Reasoning in the same way
as above, the value of m2 in system B can then also be predicted with certainty without
disturbing system B, so also m2 corresponds to an “element of physical reality”. Hence
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both m1 and m2 correspond to an “element of physical reality”. But as previously men-
tioned, there is nothing in the quantum mechanical state description that enables one to
simultaneously assign precise values to m1 and m2, and EPR therefore

[. . . ] are forced to conclude that the quantum mechanical description of
physical reality given by wave functions is not complete.

Shortly after the publication of their paper it was criticised by Bohr [52] and his criticism
was mainly directed at the comparison of results of mutually incompatible experiments
like the one EPR used, which were the measurement of momentum and position. He
argued that, no conclusions can be drawn from that, because performing one of those
measurements precludes performing the other measurement. As he saw it, each experi-
mental setup must be considered separately.

No real consensus was reached in the “Einstein-Bohr debate” on the completeness
of quantum mechanics. The general impression was that “Bohr won and Einstein lost”
the debate; for an analysis of the situation see [53]. It was also felt by many that it was
more of a philosophical problem without the possibility of being tested. However, in
1964 J. S. Bell published a paper with the title “On the Einstein Podolsky Rosen para-
dox” where he proved a theorem, known as Bell’s theorem [54, paper 2]. This theorem
was not specifically concerned with quantum mechanics, but was claimed to be con-
cerned with any physical theory and to give an upper limit to the correlation of distant
events under the assumption that the principle of local causes is valid. The implica-
tion of the theorem was then to be the non-existence of a local hidden-variable theory
underlying quantum mechanics, meaning that quantum mechanics is incompatible with
the principle of local causes. About the same time of the publication of this paper, Bell
published another paper where he showed that it is possible to create a deterministic
hidden-variable theory that has the same statistical properties as quantum mechanics,
but the important point being that, because of Bell’s theorem, this hidden-variable the-
ory had then to be non-local [54, paper 1].

Bell’s theorem had a major impact on the physics community and it was felt by
many, and still many feel, that it put an end to the possibility of finding a determinis-
tic local hidden-variable theory behind quantum mechanics. After the publication of
Bell’s article different aspects, versions, and generalisations of his theorem have been
presented (see [28] and references therein). Most of them are similar in spirit to Bell’s
original formulation of the theorem, being based on similar arguments as in Bell’s orig-
inal proof, which was given in the form of an inequality. For that reason they go under
the generic name of Bell inequalities. However, there also exist formulations without
inequalities.

The experimental situations analysed in “Bell-type considerations” are often similar
to the one we considered before with the entangled state, describing, e.g., two spin-1/2
particles measured by Stern-Gerlach apparatuses that can rotate to any angle. This state
is supposed to be created at some point in space and then one of the two subsystems is
sent to observer A at one location xA and the other subsystem is sent to observer B at
some other location xB . Then the two observers perform measurements on their respec-
tive subsystems, where the measurements constitute two spacelike events preventing the
possibility of sending any signal with speed v ≤ c between the two events. Any sort of
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hidden variables completely specifying the two combined spin-1/2 particle systems are
collectively written as a single continuous parameter λ, which could stand for a single
variable or set of variables, discrete or continuous, or even a set of functions. Then
according to Bell the most general way of expressing the intentions of EPR, i.e., a local
hidden-variable theory, is:

P (AB|a, b) =
∫

P (A|a, λ) P (B| b, λ) p(λ) dλ, (6.0.5)

where a and b are unit vectors giving the direction of the respective Stern-Gerlach
apparatus. Here A and B denote the outcomes of the measurements on the respective
subsystems, which we will assume here can take on the values “+1” or “−1”; A,B ∈
{+1,−1}. The probability distribution of the unknown and hidden variable λ is given
by p(λ) dλ. The above presented version could be made more elaborate, but it will
suffice here for the purpose of demonstrating “Bell-type proofs”. Using this probability
expression Bell derived an inequality that had to be satisfied. But according to quantum
mechanics the entangled state in equation (6.0.2) does not satisfy this inequality. He
therefore drew the conclusion that there cannot exist any local hidden-variable theory
underlying quantum mechanics. This he interpreted in the following way [54, ch. 2]:

[. . . ] there must be a mechanism whereby the setting of one measuring
device can influence the reading of another instrument, however remote.
Moreover, the signal involved must propagate instantaneously, so that such
a theory could not be Lorentz invariant.

Some 20 years later experiments were also constructed which confirmed the predictions
of quantum mechanics and therefore the violation of Bell’s inequality [55, 56].

However, according to probability theory (not necessarily as extended logic) the
most general expression for P (AB|a, b) was not the one given above by Bell, but
instead:

P (AB|a, b) =
∫

P (AB|a, b, λ) p(λ|a, b) dλ, (6.0.6)

where one further has that

P (AB|a, b, λ) = P (A|B, a, b, λ)P (B|a, b, λ) = P (B|A, a, b, λ)P (A|a, b, λ).
(6.0.7)

By comparing these two equations with equation (6.0.5) we see that one assumption Bell
had to make to be able to derive his inequality was that p(λ|a, b) dλ = p(λ) dλ, which
basically says (although depending on one’s interpretation of probability) that knowl-
edge of a and b does not make us change our probability assignment to λ. The other two
assumptions he had to make were P (A|B, a, b, λ) = P (A|a, λ) and P (B|a, b, λ) =
P (B|b, λ), or alternatively that P (B|A, a, b, λ) = P (B|b, λ) and P (A|a, b, λ) =
P (A|a, λ), which means that one assigns the same probability to the outcome of the
measurement regardless of the measurement setting and outcome of the other system.
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Let us now give some comments on these type of “Bell-type proofs”, although we
will not attempt here to give a complete account or classification of the generalisations
or criticism of it that occur in the literature. Jaynes [42], for example, commented that
there are at least two hidden assumptions in Bell’s argumentation behind making the as-
sumptions given above. He says that for Bell a conditional probability such as P (X|Y )
expressed a physical causal influence, exerted by Y on X . But, as we saw in the urn
example in section 2.5, in probability theory as extended logic, conditional probabilities
express only logical inferences concerning situations that may or may not correspond
to physical causation. The failure to recognise this would then lead to what seems as
an action at a distance, because even if physical causal inferences cannot travel faster
than light, logical inferences “can”; as we saw an example of in the case with the twins.
The other hidden assumption, or criticism from Jaynes, was that the class of hidden-
variable theories that Bell considered was not the most general one; for instance, Jaynes
did not think that the time variation had been accounted for in a satisfactory way. The
different assumptions underlying Bell’s proof and more general local hidden-variable
theories have also been analysed; see, for instance, [57, 58], and references therein.
In [58] a more general inequality than Bell’s was obtained, which is not violated by
quantum mechanics unless several assumptions are being made concerning the possi-
ble correlations that can exist between physical parameters or variables in space-time.
Some of these assumptions are not at all obvious and seemingly unphysical, since one
should then, e.g., assume that different parts of space-time having interacted in the past
are not correlated. In any case, from a personal point of view, the author has never
seen a completely satisfying and convincing proof for the claim of the nonexistence of a
deterministic local hidden-variable theory underlying quantum mechanics. An analysis
and proof containing a general model that in a satisfactory and correct way incorporate
and mimics all aspects of objective physical reality therefore seems to the author to be
missing. As a final short comment, perhaps the role, best use or value of “Bell-type
proofs” lies in its classification of possible hidden-variable theories of a certain type,
giving hints on how a convincing and satisfying hidden-variable theory could be found
in the future and what it would be like.

In Paper A the question of hidden-variable theories is approached from a different
perspective, based on the concept of space-time. If the space-time concept is, so to say,
“taken seriously” and not just as a useful mathematical notion, then instead of seeing
objective physical reality in a “Newtonian way”, as something that exists in an absolute
space only at a certain time and then evolves with time, one could view objective physi-
cal reality as something that is in space-time and hence not evolves with time. This view,
or interpretation, of the space-time concept was taken in Paper A, to see if quantum me-
chanics could perhaps be better understood when viewed from this perspective. To see
how that relates to “Bell-type proofs” and hidden-variable theories, let us consider an
explicit example of the more general hidden-variable model, or “objective configuration
picture”, on page 12 in Paper A, translated to the labels used here. We will here define
the hidden variable as λ := (ψ, x,y), where x,y are unit vectors in R3 and ψ has been
added to indicate which state is being prepared (but since it will be kept fixed in this
scenario it will play no active role here). The hidden variable describes here the objec-
tive physical reality of the two spin-1/2 particles, intermediate to the preparation and
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measurements, and is constant in time. Then, if the direction of the Stern-Gerlach appa-
ratus at location xA is a, the probability of obtaining measurement outcome A = +1 is
1 if the hidden variable is (ψ,a,y) and zero otherwise. In the same way the probability
of obtaining measurement outcome A = −1 is 1 if the hidden variable is (ψ,−a, y)
and zero otherwise; and similarly for the other Stern-Gerlach apparatus at location xB .
The probability distribution over the hidden variable is according to Paper A given by

p(λ|a, b) dλ ∝
∑

x′=±a

∑

y′=±b

|〈x | y〉|2δ(x− x′)δ(y − y′) dxdy. (6.0.8)

Here |n〉 is the normalised eigenvector of S · n = (Sx, Sy, Sz) · (nx, ny, nz) =
~
2 (σx, σy, σz) · (nx, ny, nz) = ~

2 σ · n with eigenvalue ~
2 , where {σx, σy, σz} are the

Pauli operators and n is the unit vector giving the direction of the Stern-Gerlach appa-
ratus. Since p(λ|a, b) dλ 6= p(λ) dλ it does not satisfy the assumption needed for the
derivation of Bell’s theorem given above. However, without an attached “space-time
interpretation” to this explicit choice of hidden-variable model, it would perhaps seem
to be a strange and trivial example that does not really fit into the local hidden-variable
models considered in “Bell-type proofs”. Furthermore, the questions of locality and
determinism for such a hidden-variable model are of a different character. Accord-
ing to the “space-time interpretation”, the possible hidden variables or “objective con-
figurations”, and the “statistical mixture” or probability distribution over these hidden
variables, depend not only on the preparation, but also on the directions of the Stern-
Gerlach apparatuses. The reason for this is, according to this interpretation, that the
space-time is, so to say, created “all at once”, where the particular preparation together
with the directions on the Stern-Gerlach apparatuses could be seen as boundary con-
ditions which determine the possible intermediate “objective configurations” and their
“statistical mixture”. For more on the “space-time interpretation” of quantum mechan-
ics the reader is referred to Paper A.
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Chapter 7

Summary of original work

This chapter gives a short summary of the work presented in papers A-F, which form
the scientific core of the thesis. The original contribution, significance, and the progress
it represents in relation to existing research are presented. The author’s contributions to
the different papers are also indicated.

Paper A: Quantum mechanics as ”space-time statistical mechanics”?
A. Månsson

The paper presents, discusses, and analyses an interpretation of or an idea for a dif-
ferent conceptual approach to quantum mechanics based on the notion of space-time.
The goal is to perhaps being able to see the problems of quantum mechanics in a new
light, e.g., the origin of entanglement or, as the author sees it, the absence of a “mi-
croscopic physical picture” and description of objective physical reality. Based on this
idea, a general framework for a particular class of hidden-variable theories is presented.
As an example, the theory is applied in the case of quantum state estimation or assign-
ment for a two-level quantum system, using the maximum (Shannon) entropy method;
which also connects the paper to the other papers presented in the thesis. The use of
the latter method in quantum mechanics is made possible by the “microscopic physical
picture” provided by the hidden-variable model presented in the paper. The statistical
operator obtained is then shown to be same as the one obtained by the quantum maxi-
mum entropy method for the same experimental situation.

Paper B: On distinguishability, orthogonality, and violations of the second law: con-
tradictory assumptions, contrasting pieces of knowledge
P. G. L. Porta Mana, A. Månsson and G. Björk.

The paper analyses a thought-experiment by Peres and a statement by von Neumann
involving the second law of thermodynamics. It is argued and demonstrated that, when
the thought-experiment or the statement are understood as being concerned with one ob-
server, they are self-contradictory and therefore cannot be used to draw any meaningful
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conclusions, in particular not concerning the validity of the second law of thermody-
namics. However, the thought-experiment or the statement can also be conceived as
being concerned with two observers. This case is then used to demonstrate the fact that
different observers will in general describe the same phenomenon by different statistical
operators. They may sometimes even be orthogonal, depending on the context and their
state of knowledge of the phenomenon. Again it is shown that there is no violation of
the second law. Furthermore, the paper discusses and clarifies the concepts of prepa-
ration, measurement procedure, “one-shot” distinguishability, and their mathematical
counterparts: statistical operator, positive operator valued measure, and orthogonality.
The thermodynamic implications of these concepts are also discussed.
Contributions by the author: The author supported the development of the revision of
the earlier version of the paper with general work such as discussions, analyses, calcu-
lations, information search, literature reading, etc.

Paper C: From ”plausibilities of plausibilities” to state-assignment methods. I. ”Plau-
sibilities of plausibilities”: an approach through circumstances
P. G. L. Porta Mana, A. Månsson and G. Björk.

This is the first part of a three-note study where a general formalism for inverse
problems in classical and quantum mechanics is developed, including quantum state as-
signment and tomography. The framework presented subsumes and re-interprets known
techniques of quantum state reconstruction and tomography, offering also an alternative
one. It also offers parallel techniques in classical mechanics. In this first note the con-
cept of circumstance is presented and it is analysed how it can deal with the problem-
atic notion of “a probability of a probability” that appears in connection with statistical
models with probability-like parameters. This also provides a re-interpretation of some
kinds of inverse methods, for which is developed a simple and general logical frame-
work. The interpretation of the notion of “a probability of a probability” using the
concept of circumstance combines ideas put forward by Laplace and Jaynes. The cir-
cumstance concept can sometimes be used to give the probability-like parameters some
interpretation. This can lessen one’s problems when it comes to choosing a parameter
space and a probability distribution on this space, especially in classical and quantum
mechanics.
Contributions by the author: The author supported the development the paper with
general work such as discussions, analyses, calculations, information search, literature
reading, etc.

Paper D: Bayesian state assignment for a three-level quantum system. I. Absolute-
frequency data, constant and Gaussian-like priors
A. Månsson, P. G. L. Porta Mana and G. Björk.

In this first paper in a series of two, Bayesian quantum state assignment methods
are presented and examples of concrete numerical applications to a three-level quan-
tum system are considered. From prior knowledge together with measurement data
a statistical operator can be assigned to the system. The measurement data is in this
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paper given as absolute-frequency data for a constant and a Gaussian-like prior. The
assigned statistical operators were computed partly through numerical integration on
a computer, and partly analytically, using symmetries of the Bloch vector space since
Bloch vectors were used to parametrise the set of all statistical operators. Sometimes
an analytical solution is not sought or needed, but an approximation suffices for one’s
purposes. A numerical solution could then be easier and faster to obtain, and interest-
ing conclusions can be drawn from it. Previous applications of Bayesian quantum state
assignment techniques have been confined to two-level quantum systems or a smaller
subset of a three-level quantum system. One reason for this is the complicated shape
of the high-dimensional convex region of the set of statistical operators. The paper is
therefore the first to explicitly demonstrate that numerically calculating assigned statis-
tical operators in a higher dimension than two is possible, simple in principle and easy
to do in practice. Generalisations to higher-dimensional quantum systems and different
kinds of measurements are straightforward. The paper should not only be of theoretical
interest, but also be of use to experimentalists involved in state estimation.
Contributions by the author: The author contributed to the development of the theory
and ideas behind the paper, did the main work on the application of the theory to a
three-level quantum system, co-worked on the numerical calculations, and did part of
the literature search. The paper was mainly written by the author and then edited by P.
G. L. Porta Mana.

Paper E: Numerical Bayesian quantum-state assignment for a three-level quantum sys-
tem. II. Average-value data with a constant, a Gaussian-like, and a Slater prior
A. Månsson, P. G. L. Porta Mana and G. Björk.

This is the second paper in a series of two and it offers examples of concrete numer-
ical applications of Bayesian quantum state assignment methods. The same comments
as given on Paper D above also hold here. In this paper the measurement data is given
as average-value data for a constant prior, a prior studied by Slater and a Gaussian-
like prior. The obtained statistical operators in the first two cases are compared with
those obtained by the quantum maximum entropy method for the same experimental
situation. This was done to investigate whether the quantum maximum entropy method
could be seen as a special case of Bayesian quantum state assignment methods. This is
also of interest when it comes to the problem of finding a natural measure on the set of
statistical operators. The numerical calculations showed, in the case of a constant and a
“Slater prior”, that the assigned statistical operators did not agree with the one given by
the quantum maximum entropy method.
Contributions by the author: The author contributed to the development of the theory
and ideas behind the paper, did the main work on the application of the theory to a
three-level quantum system, co-worked on the numerical calculations, and did part of
the literature search. The paper was written by the author.

Paper F: From ”plausibilities of plausibilities” to state-assignment methods. II. The
Laplace-Jaynes approach to induction
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P. G. L. Porta Mana, A. Månsson and G. Björk.

In this second paper of a three-note study where a general formalism for inverse
problems in classical and quantum mechanics is developed. A completely Bayesian
approach to induction, i.e., the prediction of unobserved events from knowledge of ob-
served (similar) ones, based on the notion of circumstance is analysed. The approach
is complementary or in some cases alternative to the one based on de Finetti’s repre-
sentation theorem and the notion of infinite exchangeability. Various advantages and
applications of the presented approach are discussed. It is also demonstrated that the
analysis of the particular situation of interest into possible circumstances allows an in-
terpretation, formalisation, and quantification of feelings of “uncertainty” or “instabil-
ity” about some probability assignments. Furthermore, this approach is applicable in
situations where the maximum number of possible observations is finite and infinite
exchangeability cannot therefore be applied. It is also straightforwardly generalised to
more generic circumstances, the case of non-exchangeable probability assignments, and
the case when different kinds of measurements are present.
Contributions by the author: The author supported the development of the paper pri-
marily with discussions and analyses.



Chapter 8

Conclusions and outlook

Unthinking respect for authority is the greatest enemy of truth.

— Albert Einstein

Probability theory as logic is subject independent in the same way as logic. It is
therefore in principle possible to apply it to any field and in particular quantum me-
chanics. In fact, many of the results in this thesis have followed from the use of prob-
ability theory as logic in quantum mechanics. The reason for using probability theory
as logic was not only to discover new things based on it, but also to clarify, understand,
and re-interpret what is already known and put it on a more firm conceptual and logical
basis. This is not only advantageous but, as a general principle, also necessary to en-
able continued progress of science in the future. Applying probability theory as logic in
quantum mechanics implies, for instance, that the statistical operator is a “disposable”
object and different persons in general use different statistical operators to describe the
same phenomenon, depending on their state of knowledge or the context, which was
demonstrated by explicit examples in Papers B, D-E. This emphasises the subjective
character of the notion of statistical operator, classifying it, at least partly, as a tool
and not as something representing an ontological property of objective physical real-
ity. Paper B analyses, discusses and clarifies the concepts of preparation, measurement
procedure, “one-shot” distinguishability, and their mathematical representatives: sta-
tistical operator, positive operator valued measure, and orthogonality. Thermodynamic
implications of these concepts are also discussed, and in the future it would be interest-
ing to investigate further relations between quantum mechanics, thermodynamics, and
statistical mechanics.

However, Paper B was not directly concerned with these type of questions. It anal-
ysed a thought-experiment by Peres, involving “quantum gases”, seemingly demon-
strating a statement by von Neumann and thereby also a violation of the second law
of thermodynamics. But in the paper this statement and the thought-experiment were
analysed and clarified, and it was shown that no violation of the second law was implied
by the thought-experiment. The paper demonstrates that consistency between the phys-
ical phenomena considered and their mathematical description is essential. Failure to
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detect such inconsistencies in the physical-mathematical relation, which can sometimes
be subtle and difficult to identify, can lead to erroneous conclusions.

Paper C is the first part of a three-note study where a general formalism for in-
verse problems in classical and quantum mechanics is developed, including quantum
state assignment and tomography. The framework presented subsumes and re-interprets
known techniques of quantum state reconstruction and tomography, offering also an al-
ternative one, and parallel techniques in classical mechanics. The paper introduces the
“circumstance interpretation”, combining ideas put forward by Laplace and Jaynes. It
deals with the notion of “a probability of a probability”, which can sometimes appear
in connection with statistical models with probability-like parameters, and is a prob-
lematic and redundant notion in particular for those with a subjective interpretation of
probabilities. This notion appears sometimes in connection with statistical models with
probability-like parameters. Those with a subjective interpretation of probabilities have
often been rescued from this problem by using de Finetti’s celebrated representation
theorem, since the parameters with characteristics of probabilities can then be intro-
duced as mere mathematical devices and therefore need not be interpreted. However,
with the “circumstance interpretation” the parameters can be regarded as probabilities
and nevertheless the notion of “probabilities of probabilities” is completely avoided.

The second part of this three-note study, Paper F, presents a circumstance ap-
proach to induction complementary to the one using infinite exchangeability. Various
advantages and applications of this approach are discussed. Furthermore, it is shown
that the circumstance concept can also be used to give an interpretation, formalisation,
and quantification of feelings of “uncertainty” or “instability” about some probability
assignments. The Laplace-Jaynes approach is straightforwardly generalised to more
generic sets of circumstances, the case of non-exchangeable probability assignments,
and the case when different kinds of measurements are present. The concept of circum-
stance is in itself a useful concept in other applications of probability theory as logic,
for instance, when it comes to choosing a parameter space and a probability distribution
on this space. In the future it would be interesting to investigate other applications of
the circumstance concept; see, for example, [1, ch. 18] and [3].

In connection to the general formalism for inverse problems in classical and quan-
tum mechanics developed in Papers C, F and [2], an example of a concrete numerical
application of quantum state assignment for a three-level quantum system was given
in Papers D-E. Bayesian quantum state assignment techniques have been studied for
some time now, but have, to the author’s knowledge, never been applied to the whole
set of statistical operators of systems with more than two levels, and they have never
been used for state assignment in real cases. The paper is therefore the first to explicitly
demonstrate that numerically calculating the assigned statistical operator in a higher di-
mension than two is possible and in practice easy to do. These papers are not only of
theoretical interest, but could also be of use to experimentalists involved in state esti-
mation. In some cases the statistical operators seem to be possible to solve analytically
and this would be interesting to investigate further in the future. In any case, sometimes
an analytical solution is not sought or needed, but an approximation suffices for one’s
purposes. A numerical solution could then be easier and faster to obtain. Furthermore,
interesting conclusions can be drawn from such a numerical solution. In Paper E the
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assigned statistical operators for uninformed priors were compared with the statistical
operators obtained by instead using Jaynes’ maximum entropy method for the same
experimental situation. The interest of this was to see whether the quantum maximum
entropy method could be seen as a special case of Bayesian quantum state assignment.
To the author this would be desirable to be able to put the quantum maximum entropy
method on a more conceptually clear and firm logical basis. Furthermore, to compare
the statistical operators obtained by the two different methods is interesting when it
comes to the problem of finding a natural measure on the set of statistical operators, be-
cause the statistical operator obtained by the quantum maximum entropy method could
then be taken as a constraint for the ones assigned by the Bayesian method for differ-
ent priors. The numerical calculations showed in the case of a constant and a “Slater
prior”, that the assigned statistical operator did not agree with the one given by the
maximum entropy method. It would also be interesting to consider other kinds of pri-
ors, in particular “special” priors like the Bures one [59], which is a strong candidate
for being a natural measure on the set of statistical operators. Generalisations of the
papers to higher-dimensional quantum systems and different kind of measurements are
straightforward.

In Paper A quantum state assignment is also used, there called quantum state esti-
mation, but instead of Bayesian methods it was based on the maximum entropy method.
Paper A is concerned with and presents an idea for an alternative view or interpreta-
tion of quantum mechanics based on the concept of space-time. The ambition is to
perhaps be able to see the problems of quantum mechanics in a new light. This could,
for example, be the origin of entanglement or, in the author’s opinion, the absence of
a “microscopic physical picture” and complete description of objective physical real-
ity. Based on this “space-time idea”, a general framework for a particular class of
hidden-variable theories was presented. One thing that makes quantum mechanics hard
to grasp, is that it does not really provide an ontological “microscopic physical picture”
of Nature in the same way as, for example, classical mechanics or Maxwell’s theory
of electro-magnetism do. The lack of such a picture, enabling one to visualise and de-
velop an intuitive feeling for the physics, makes it difficult to understand and apply the
theory to various problems. For illustrative, demonstrative and pedagogical reasons, in
Chapter 6 an explicit example of a hidden-variable model belonging to this framework
was given. Although already contained in and not presenting anything new compared
to Paper A, it provided a concrete example of a “microscopic physical picture” and
explicitly demonstrated a possible origin of or “mechanism” behind entanglement and
how so-called “non-locality” effects could possibly arise. The general framework for
hidden-variable models based on the “space-time idea” enabled the “classical” max-
imum entropy method to be applied in quantum mechanics on a two-level quantum
system. The statistical operator obtained was shown to be same as the one obtained by
the quantum maximum entropy method for the same experimental situation. In the fu-
ture it would be interesting to consider other applications of the “space-time idea” than
quantum state assignment. Regarding the idea or interpretation presented in the paper,
an explicit model based on this “space-time idea” is under construction and planned to
be presented in the future.



60 Chapter 8. Conclusions and outlook

When it comes to the question whether quantum mechanics gives a complete de-
scription of objective physical reality, the author does not think that the last word has
been said concerning this and expects that in the future one will find a deterministic and
local hidden-variable theory underlying quantum mechanics. The author believes that
the main contribution of the thesis towards this goal lies in the introduction and use of
probability theory as logic in quantum mechanics, thereby putting the theory on a more
firm and conceptually clear basis. This is thought to be necessary to enable future devel-
opments of quantum mechanics and science in general. It may of course be that this is
not how Nature is, but the long tradition, history and the success of physics with a local,
causal and deterministic view on Nature should not be something that is abandoned so
easily. Furthermore, the “hypothesis” or belief in causes behind things not only seems
to be an extremely successful one, but also the way how humans reason, or perhaps how
they ideally should reason. For example, if one sees two seemingly identical balls lying
on a flat table in an otherwise seemingly perfectly symmetric situation, and one of them
jumps up and down while the other one lies still, one would start to look for some signs
or reasons that could be a possible cause of the different behaviours of the balls. It does
not seem as one would feel satisfied until one could find at least something that possibly
could be the cause of the different behaviours of the two balls (e.g., a very thin thread
attached to one of the balls and a guy sitting on a chair next to the table with a big smile
on his face). The failure to find possible causes behind things could of course makes
one postulate that such causes do not exist and that it is philosophically naive to look
for them, as was done by the Copenhagen school in the case of quantum mechanics; or
one could decide to have a more curious, optimistic and constructive attitude and look
harder for such causes, and perhaps one day one will find them. In connection to this,
the author has not seen a completely convincing proof of the claim of the impossibility
of a deterministic and local hidden-variable theory underlying quantum mechanics, and
to stop looking for such a theory seems premature.
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Théorie analytique des probabilités (Gauthier-Villars, Paris, 1886), “Publiées
sous les auspices de l’Académie des sciences, par MM. les secrétaires
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