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Abstract—This report describes the feasibility of
attitude determination and control of the student satellite
MIST. It investigates the stability and controllability of
the satellite system, it covers attitude determination based
on magnetometer and sun sensor measurements available
and finally compares two controllers and the resulting
pointing accuracy of the satellite. The study shows that
the pointing requirements can be met under nominal
circumstances.

Sammanfattning—I denna rapport utreds hur nog-
grannt en studentsatellits attityd kan uppskattas och
kontrolleras. Sensorerna och aktuatorerna består av en
magnetometer, tre magnetiska spolar och sex solsensorer.
Mätningarna filtreras och används i två olika regler-
algoritmer, följt av en jämförelse mellan resultaten av
de båda metoderna. Rapporten visar att satellitens nog-
grannhetskrav på attityden kan uppfyllas under normala
förhållanden.

I. INTRODUCTION

A. MIST Satellite

The MIST (MIniature STudent satellite) is a
student satellite project at the Royal Technical In-
stitute KTH. The satellite is a 3U satellite with
dimensions 100 × 100 × 300 mm following the
California Polytechnic State University and Stanford
University CubeSat specifications, primarily built
and designed by students working in small teams.
The main objective of the project is to provide
a hands-on experience for students to work on a
complete aerospace system.

B. Literature Review

Attention has recently been directed towards
attitude control using nothing but magnetic
actuation. This is not only because of it being

Supervisor and examiner: Associate Professor Gunnar Tibert,
School of Engineering Sciences, KTH.

Figure 1: View of the MIST satellite, courtesy of Kavithasan
Patkunam.

cheap, lightweight and reliable, but also because
the miniaturization of satellites reduces the power
and mass/volume budgets required for more
sophisticated control systems.

The use of Proportional-Derivative (PD)
controllers has been studied and shown to be
successful, [1,2], by calculating and determining
the desired control signal assuming that the system
is fully controllable, followed by a projection
onto the plane perpendicular to the geomagnetic
field line to save power by not actuating on the
uncontrollable axis, as shown later in Section IV.
Other studies, [3,4], have assessed the performance
of a PD-like controller with time-varying gains,
increasing controller performance by increased
complexity.

Work has also been conducted on the use of
Linear Quadratic Regulators (LQR) for three-axis
attitude control using magnetic actuators in [5].
Approximating the system as roughly periodic
based on the geomagnetic field variations, robust
closed-loop systems are achievable yielding
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relatively high pointing accuracy.

The control design involves tuning of weighting 
parameters, and [6,7] have demonstrated the use of 
particle swarm and genetic algorithm optimization 
respectively when it comes to gain selection for 
magnetic attitude control.

Other controllers have also been considered, such 
as the sliding mode controller, [8]. The authors 
discuss the construction of sliding manifold, and 
also the resulting asymptotically stable system that 
solves the problem of magnetic underactuation.

On the subject of attitude filtering methods, 
several new approaches that deviate from the 
Extended Kalman Filter (EKF) have been presented 
and described in [9] such as QUaternion ESTimator 
(QUEST), Unscented Kalman Filter (UKF) or 
higher order EKF:s. Other methods that do not 
rely on the assumption that the probability density 
functions of the Gaussian measurement and model 
noises are sufficiently s pecified by  th e me an and 
covariance, such as particle and Bayesian filters are 
also reviewed. The performance of magnetometer 
and sun sensor-based attitude determination systems 
has been assessed in [10], and in [11] the sun 
sensor measurements were successfully replaced 
by simple solar cell data from the solar panels.

II. SPACECRAFT ATTITUDE MODEL

A. Coordinate systems

The attitude of the satellite can be described as
a deviation compared to a reference coordinate
system. The coordinate systems used to describe
the attitude and the environment are defined below:

- Earth Centered Inertial (ECI) frame which
originates at the Earth’s center of mass. xi points
towards the vernal equinox in the equatorial plane,
zi points towards the north pole and yi completes

the right-handed triad.

- Earth Centered Earth Fixed (ECEF) frame
which originates at the Earth’s center of mass. xe

points towards the International Reference Meridian
corresponding to 0◦ latitude and 0◦ longitude, ze

points towards the north pole, and ye completes
the right-handed triad.

- Orbital frame which originates at the satellite’s
center of mass and rotates around the Earth. xo

points in the satellite’s velocity direction, zo in the
nadir direction, and yo completes the right-handed
triad.

- Body frame which originates at the satellite’s
center of mass. xb points along the axis of interme-
diate inertia, zb along the axis of minimum inertia,
and yb along the axis of maximum inertia. The body
frame axes are assumed to coincide with the control
frame axes.

B. Quaternion Attitude Representation
There are several ways of describing attitude

and rotations in three-dimensional space. The
common methods are direction cosine matrices,
Euler eigenaxis parameters, Euler angles or Euler
parameters. The Euler parameters (or quaternions)
are used in this report, and a detailed description
of the advantages and disadvantages of the other
methods can be read in [12].

The quaternions are used to express the kinematic
equations and the attitude of the satellite as they
describe it efficiently and free from singularities.
The quaternions consist of a scalar part q0 and an
imaginary vector part q1:3 defined as:

q0 = cos
Φ

2
, q1:3 = esin

Φ

2
(1)

where Φ corresponds to a rotation around the unit
vector e.

The attitude quaternion satisfies the constraint

R =

q20 + q21 − q22 − q23 2(q0q3 + q1q2) 2(−q0q2 + q1q3)
2(−q0q3 + q1q2) q20 − q21 + q22 − q23 2(q0q1 + q2q3)
2(q0q2 + q1q3) 2(−q0q1 + q2q3) q20 − q21 − q22 + q23

 (2)
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q20 + q21 + q22 + q23 = 1 (3)

because the Euler eigenaxis components from which 
the Euler parameters are derived are constrained by 
e21 + e22 + e23 = 1.

The direction cosine matrix rotating vectors from 
one frame to another is given by (2) where the 
quaternion components represent the attitude in the 
frame the vector is rotated from.

C. Spacecraft Kinematics and Dynamics

The kinematics and dynamics involve the
orientation of the satellite in rotational motion as
well as the influence of external forces and torques
on the motion. The satellite is assumed to be a rigid
body, which is not strictly true but is an accurate
enough approximation for this study.

1) Dynamic Equations: Euler’s equation states
that

L =
d

dt
Iω (4)

Note that the inertia matrix remains constant in
the body frame of the satellite. Assuming a fully
rigid body and using the transport theorem, Euler’s
equation can be expressed as

Lb =
d

dt
Ibωb

ib + ωb
ib × (Ibωb

ib) (5)

The second term on the right-hand side is due
to the fact that the body frame of the satellite is
rotating compared to the inertial frame. This yields
and is equivalent to the Euler rotational equations
of motion

Iω̇b
ib = −[ω̃]bibIω

b
ib + Lb (6)

where ω̃ is the skew-symmetric matrix of the space-
craft’s angular velocity vector. In component form,
this is equivalent to:

Ixω̇1 = −(Iz − Iy)ω2ω3 + L1 (7)
Iyω̇2 = −(Ix − Iz)ω3ω1 + L2 (8)
Izω̇3 = −(Iy − Ix)ω1ω2 + L3 (9)

2) Quaternion Kinematics: The differential
equations below govern the change of the attitude
quaternions:

q̇ =
1

2


0 −ω1 −ω2 −ω3

ω1 0 ω3 −ω2

ω2 −ω3 0 ω1

ω3 ω2 −ω1 0

 q (10)

The angular velocities above are the body-frame
angular velocities with respect to the orbital frame.
The body-frame angular velocities in the inertial
frame in (5) can be expressed in the orbital frame
as given by [13]:

ωb
ob = ωb

ib −Robω
o
io (11)

The eccentricity is very low so the orbit can
be approximated as circular, meaning the satellite’s
position and velocity vectors are perpendicular. This
leads to a constant angular mean motion around the
yo axis that is perpendicular to the orbital plane,
equivalent to:

ωo
io =

[
0 −ω0 0

]T (12)

The rotation matrix R is defined in the previous
section.

D. Space environment
In Low Earth Orbit (LEO), there are several

external disturbances that will affect the attitude
and orientation of the satellite. The main ones
are gravity gradient torques that depend on the
satellite’s mass distribution, aerodynamic torques
caused by the low-density atmosphere colliding
with the structure, solar radiation torques caused by
the interaction between the Sun’s electromagnetic
radiation and the satellite, and finally the magnetic
disturbance torques caused by the satellite’s internal
magnetic field interacting with the geomagnetic
field.

1) Orbital parameters: In this stage of the
project, the orbit of the satellite is subject to
change. However a reference orbit is chosen
to perform the necessary simulations. The orbit
is a sun-synchronous one at an altitude of 650
kilometres. It is near-polar at an inclination
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Figure 2: Magnetic field total intensity, WMM Epoch 2015 [14].
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Figure 3: Magnetic field strength in the orbital frame of the orbit.

of 97.9◦, and nearly circular with a very low
eccentricity of 0.001. The Right ascension of the
ascending node which orients the orbital plane
relative to the vernal equinox is set to 250◦ and the
argument of the perigee to 0◦. The choice of the
orbital parameters used in the simulations will not
be commented on in this report, but is elaborated
and explained in [15].

2) World Magnetic Model: The World Magnetic
Model (WMM) is a representation of the
geomagnetic field provided and produced by
the U.S. National Geophysical Data Center and the
British Geological Survey. It is revised every five
years with updated model coefficient values.

The WMM is a 12th degree and order spherical-
harmonic main field model. The magnetic field is
composed by the main field, the crustal field and
disturbance field that all vary with time and space.

The model also accounts for the secular variation,
which is the slow change in time of the main
magnetic field [16].

The derivation and expression of the equation
on which the WMM is based can be found in [17]
and is not elaborated further here.

The magnetic field strength and direction is
provided by the MATLAB wrldmagm function.
The inputs are the spacecraft coordinates in the
form of its geodetic latitude, longitude and altitude,
requiring a transformation from the ECI coordinates
provided by the Simplified General Perturbations
propagator used to generate the orbit based on the
reference Two-Line Element. The magnetic field
strength values in the orbital frame over a period of
approximately 24 hours or 15 orbits are visualized
in Figure 3, with the frame axes defined previously.
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3) Gravity gradient torque: All particles of a 
rigid body orbiting Earth, will be affected by gravity 
differently, depending on their distance to Earth’s 
center of mass and to the satellite’s center of mass. 
The torque is primarily influenced by the spacecraft 
inertias and the orbit altitude. Particles on the lower 
half of the satellite closer to Earth will be exposed 
to a larger gravitational pull than the particles of 
the upper half farther away from Earth. This causes 
gravitational torques on the body, given by [18]:

Lgg = 3
GM

r3
o3 × (Io3) (13)

where G is the gravitational constant, M the
mass of the Earth, r the distance between Earth’s
and the satellite’s center of masses, I the inertia
matrix and o3 the third column of the rotation
matrix Rob.

The satellite is supposed to rotate around the yo

axis. It can be shown that a rigid body is stable
when spinning around the major or minor axis.
Spin around the minor axis is however rendered
unstable due to energy dissipation and spin around
the intermediate axis is always unstable. For sta-
bility reasons, it is important that Iy is the highest
moment of inertia. The configuration of the satellite
is subject to change, but the present assumption is:

I =

0.0385 0 0
0 0.0572 0
0 0 0.0252

 kgm2

which ensures reduced effect from gravity gradient
and a stable spin of the satellite. The gravity
gradient torques on the satellite are in the order of
10−8Nm, depending on its attitude.

4) Aerodynamic torque: The aerodynamic
torques are caused by Earth’s atmosphere interacting
and colliding with the satellite surface. Since both
the orbital velocity and the atmospheric density
decrease with altitude, low Earth orbits are affected
by drag. Any vertical winds and lift effects are
neglected, meaning the drag forces act in the
opposite direction of the satellite’s velocity vector.
The drag is given by [19] as:

Fdrag =
1

2
ρApCDV

2
r
−V r

|Vr|
(14)

where ρ is the atmospheric density, A the surface
area, V r is the satellite’s velocity vector and CD

the atmospheric drag coefficient. CD is difficult to
predict and it also varies depending on the attitude,
and so it is given a relatively high value of 2.5.

The aerodynamic torques acting on the satellite
are given by

Ldrag = cpa × Fdrag (15)
where cpa is the vector from the center of gravity

to the center of aerodynamic pressure.
The United States Naval Research Laboratory

Mass Spectrometer and Incoherent Scatter Radar
Exosphere (NRLMSISE-00) model is used to
compute the atmospheric density in order to
generate accurate torque values [20].

As Figure 4 shows, the atmospheric density
according to the model used varies with the latitude
affecting the magnitude of the aerodynamic torque
depending on the satellite’s position in the orbit.
The differences are small in absolute values, but
also depends on the altitude of the orbit.

The atmospheric density is extracted from
the NRLMSISE-00 look-up tables at a number
of altitudes, to which a decreasing exponential
function is fitted in Figure 4. The atmospheric
density increases by a factor of 50 between the two
considered altitudes, increasing the effect of the
aerodynamic drag. Due to the very unaerodynamic
shape of the satellite regarding the location of the
deployable solar panels and antennas, it is highly
desirable to place the satellite in as high orbit as
possible. The antennae visible in Figure 1 will
obviously have an effect on the aerodynamic effects
on the satellite, but are disregarded at this stage as
their properties are not properly defined and their
configuration is not yet determined.
The aerodynamic torque varies between an order
of magnitude of 10−9Nm and 10−7Nm depending
on the altitude.

5) Magnetic torque: The magnetic torque is
caused by the interaction between the magnetic
properties of the satellite and the surrounding
geomagnetic field.

The magnitude and direction of the Earth’s
magnetic field is computed using the WMM as
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Figure 4: Left: Atmospheric density variations over one circular orbit at 650 kilometres of altitude. Right: Average atmospheric
density over one orbit as a function of the orbital altitude.

described above.

Current loops or magnetic materials onboard the
satellite create an internal magnetic field. In order
to determine the magnetic disturbance torque, the
magnitude of the magnetic dipole moment and its
orientation must be known or estimated. As the on-
board electronics have different characteristics and
have varying duty cycles, it is very difficult to model
this as the residual vector will change in magnitude
and direction depending on the equipment in use.
For now, an initial estimate of 5 mAm2 equally
distributed over the three body axes is used in the
simulations. A worst case scenario would imply a
residual dipole moment in the yo direction, which
would maximize the magnetic torque due to the
geomagnetic field strength being the weakest in
this direction. The dipole moment will need to be
estimated and kept in mind when assembling the
satellite to better predict and minimize the torque.
When in eclipse, the satellite relies on nothing but
magnetometer measurements for attitude determina-
tion, and so a high unknown residual dipole moment
will also degrade and corrupt magnetometer mea-
surements and further decrease pointing accuracy.
The resulting torque is given by

Lmag = mb
res ×Bb (16)

where mb
res is the internal magnetic dipole

moment and Bb the geomagnetic field vector,
both expressed in the satellite’s body frame. As
previously stated, the residual dipole moment is
difficult to determine and predict, and so this

is a rough estimate that will need revisiting.
The magnetic torques acting on the satellite body
thus increase from the order of 10−7Nm to 10−6Nm.

6) Solar radiation pressure torque: The Sun
emits electromagnetic particles that collide with the
CubeSat body. The torque generated varies depend-
ing on the exposed area of the satellite. It also
depends on the reflectivity of the satellite, which
is very difficult to estimate because of the various
materials it is composed of. The solar pressure is
given by [21] as:

Psrp =
Fs

c
(17)

where Fs is the solar constant with an approxi-
mate value of 1360W/m2, and c the speed of light.

The force and torque generated by the solar
pressure are given by [19] as:

F srp = PsrpA(1 + cR) cos i (18)

Lsrp = csp × F srp (19)

where A is the surface area, cR is the unitless
reflectance factor of the exposed surface that ranges
between 0 and 1, i the angle of incidence of
the Sun and csp is the vector between the center
of gravity and the center of solar pressure. The
worst-case solar radiation torques acting on the
satellite are in the order of 10−10Nm, thus several
order of magnitude weaker than the remaining
disturbance torques.
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E. Linearized Satellite Model
To use the LQR described in following sections, a

linearized system is derived based on the nonlinear
equations of motion. The equations are written in
the form

ẋ(t) = Cx(t) + D(t)u(t) (20)

where C is the system state matrix, D(t) the input
matrix, u(t) the control vector, and finally x(t) the
state vector, defined as

x(t) =

[
q1:3

ωb
ob

]
(21)

Using (3), it is clear that q0 can be determined
from the vector part of the quaternion, and can be
omitted from the state vector. Thus, the desired state
vector and the attitude around which the system is
linearized is

xdes =
[
06×1

]
(22)

1) Linearized Dynamics: The rotation matrix Rob

must be linearized along with the kinematic and
dynamic equations. At the equilibrium point, it can
be written as

Rob =

 1 2q3 −2q2
−2q3 1 2q1
2q2 −2q1 1

 (23)

where the quaternions represent the body-frame
attitude with respect to the orbital frame.

The body-frame angular velocities of the satellite
in the inertial frame are a function of the satellite’s
and the orbit’s rotational velocities, and can be
expressed as:

ωb
ib = Robω

o
io + ωb

ob (24)

From this, we get the linearized dynamic equations

ωb
ib =

2q̇1 − 2ω0q3
2q̇2 − ω0

2q̇3 + 2ω0q1

 (25)

Followed by their time derivatives:

ω̇b
ib =

2q̈1 − 2ω0q̇3
2q̇2

2q̈3 + 2ω0q̇1

 (26)

which are inserted in (6).

2) Linearized Kinematics: Approximating the
same small-angle rotations as previously, the linear
kinematics can be expressed as:

q̇ =
1

2
ωb
ob (27)

3) Linearized Gravity Gradient: The gravity gra-
dient torque exerted on the spacecraft body is zero
whenever the body frame axes align with the orbital
frame axes. The linearized gravity gradient torque
is given by:

Lgg ≈ 6ω2
0

−(Iy − Iz)q1
−(Iz − Ix)q2

0

 (29)

The characteristic polynomial based on the so-
lution of the dynamics equation with the gravity
gradient torque generate two inertia parameters (or
Smelt parameters) KR and KY defined by [18] as:

KR =
I2 − I1
I3

, (30a)

KY =
I2 − I3
I1

(30b)

In order for the motion of the linearized model to
be stable and oscillate around the reference point,
the eigenvalues of the characteristic polynomial
must be purely imaginary. This yields four stability
conditions given by:

KY > KR (31a)

KYKR > 0 (31b)

Figure 5: Linearized Gravity Gradient Spacecraft Stability
Regions.
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1 + 3KY +KRKY > 0 (31c)

(1 + 3KY +KYKR)2 − 16KYKR > 0 (31d)

A graphic representation of the stability regions 
can be seen in Figure 5. In the old configuration 
of the MIST satellite, the solar panels were placed 
perpendicular to the velocity direction which 
violated the stability conditions of the satellite. 
With no control input, the satellite would rotate 
into the new and stable configuration in Region
I. The shaded regions in Figure 5 are inherently
unstable, as well as Region II in the presence of
the Coriolis effect.

4) Linearized Dynamic Model: Insertion into
(23), yields the linearized dynamic model in com-
ponent form

ω̇b
ob,x = ω0(1− σx)ωb

ob,z − 8σxω
2
0q1 (32a)

ω̇b
ob,y = 6σyω

2
0q2 (32b)

ω̇b
ob,z = −ω0(1 + σz)ω

b
ob,x + 2σzω

2
0q3 (32c)

where

σx =
Iy − Iz
Ix

(33)

σy =
Iz − Ix
Iy

(34)

Ix − Iy
Iz

σz =               (35)

The linear system can now be expressed with 
(36), (37) and (38) inserted in the state-space form 
in (20).

D(t) =



0 0 0
0 0 0
0 0 0

0 Bz(t)
Ix

−By(t)

Ix
−Bz(t)

Iy
0 Bx(t)

Iy
By(t)

Iz

−Bx(t)
Iz

0


(36)

u =

mx

my

mz

 (38)

III. DETERMINATION AND CONTROL

The controllers described in the following section 
require knowledge of the attitude and attitude rates 
to orient the satellite properly. In order to determine 
its attitude, the MIST satellite uses a combination 
of attitude sensors: a three-axis magnetometer and 
six crude sun sensors. The lack of onboard gyros to 
measure the attitude rate of the satellite means that 
the angular rates need to be propagated by Euler’s 
equation in order to be estimated. 

A. Sensors

1) Magnetometer: The three-axis magnetometer
measures the ambient magnetic field in the satellite
body frame, and compares the magnetic field vector
to the predicted and expected vector determined
from the magnetic field model used and described
earlier. Magnetometers are the least precise attitude
sensors due to the uncertainties in the magnetic
field models used due to inaccuracies in model
coefficients or missing contributions to the total
geomagnetic field. The uncertainties are in the order
of 150 nT. Gaussian white noise in the order of
100 nT is also added to simulate the measurement
noise of the magnetometer. The magnetometer
is also affected by bias that can be determined
and eliminated via testing of the hardware. The
average angle estimation error of magnetometer
measurements is in the order of 5 degrees.

C =


0 0 0 1

2
0 0

0 0 0 0 1
2

0
0 0 0 0 0 1

2
−8σxω

2
o 0 0 0 0 ωo(1− σx)

0 6σyω
2
0 0 0 0 0

0 0 2σzω
2
0 −ω0(1 + σz) 0 0

 (37)
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2) Sun sensors: The sun sensors are photodiodes 
mounted on the six faces of the satellite that 
estimate the attitude by comparing the measured 
sun vector to the expected and known sun vector. 
The main issue using sun sensors is the Earth albedo 
effect that corrupts the sun vector measurements 
and can induce large errors. [10] states that the 
estimation error of coarse sun sensors can vary 
between approximately 1◦ and 20◦ depending on 
the accuracy of the albedo model used in the filter. 
Good knowledge of the albedo effect is assumed 
here and so estimation errors are assumed to be in 
the lower range in the order of 1◦ as recommended 
by the supplier [22]. The Sun model error is based 
on [11] and is caused by imprecise ephemeris data 
and the sun position knowledge error is assumed 
to be in the order of 0.01◦.

3) Observation and measurement model: The 
measurement from the magnetometer is defined as 
the magnetic field v ector B body i n t he b ody frame 
rotated into the ECI frame using the rotation matrix 
R, and then compared to the computed magnetic 
field vector f rom t he WMM model.

The measurements from the sun sensors are de-
fined as

sbody =

U(+X)
U(+Y)
U(+Z)

−
U(-X)

U(-Y)
U(-Z)

 (39)

where the sun vector sbody in the body frame is
obtained by subtracting the output voltage U of the
photodiodes on the opposite sides of the satellite.

The magnetometer and sun sensor data are then
combined to reconstruct the attitude of the satellite,
as explained in the next section.

B. Attitude Determination and Kalman Filtering

The Kalman Filter is a recursive algorithm mak-
ing use of measurements containing white noise,
errors and inaccuracies to estimate the state of a
system. This report investigates the use of the filter
to estimate the attitude and the angular rates of the
satellite based on magnetometer measurements.

The first step of the algorithm corresponds to the
prediction phase, where the filter predicts the state
of the system based on the dynamic model of the
satellite and Euler’s rotational equations of motion.

In the next phase, the filter corrects and updates
the previous estimate using the measurements. This
algorithm is ideal for an attitude estimation system
for a satellite, since it only requires information
about the current state and measurement and does
not need to store unnecessary amounts of data.

The linear Kalman filter mainly applies to linear
systems, or to linearized models of the kinematics
and dynamics of the spacecraft. The reference
attitude and trajectory of the satellite is normal
nadir-pointing and so the system is linearized
around this reference point.

The EKF on the other hand is an extended version
of the linear Kalman filter but for nonlinear systems
where the nonlinear equations are approximated
by linearization of the equations via Taylor series
expansion. The satellite model, its dynamics and
kinematics are nonlinear, and the disturbance
torques change depending on the position and
attitude of the satellite. The EKF is therefore more
computationally expensive than the linear filter but
provides more accurate attitude estimates.

The rigid body dynamic model is propagated by
the filter, with the following state vector:

x =

[
q
ω

]
(40)

As opposed to the state vector defined in (20),
the scalar part of the quaternion is included in the
filter due to the presence of estimation errors.

The nonlinear differential equation of the dy-
namic system of the satellite is described as:

ẋ(t) = f(x(t)) + w(t), (41)
ẏ(t) = h(x(t)) + v(t) (42)

where w(t) and v(t) are process noise and measure-
ment noise respectively with covariance matrices Q
and W. The measurements are discrete readings at
different time steps tk depending on the ADCS loop
speed, and the dynamic model is converted using
discrete Euler series according to [23],[24]:

xk+1 = Φkxk + Gkwk (43)
yk = Hkxk + vk (44)
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where the system matrix Φk is defined a s the 
partial derivatives of the dynamic and kinematic 
equations of motion defined i n (6) and (10):

Φk ≈ I6×6 +
∂f(x, t)

∂x
∆t (45)

where I6×6 is the identity matrix and ∆t the sample
time.

The algorithm consisting of the prediction and the
update phase described above can be expressed by
[25] as:

x̂k̄ = Φkx̂
+
k−1 (46)

ŷk = Hkx̂k̄ (47)

P–
k+1 = ΦkP

+
k ΦT

k + Qk (48)

Kk = P–
kH

T
k

(
HkP

–
kH

T
k + Wk

)−1 (49)
x̂+
k = x̂–

k + Kk(yk − ŷk) (50)
P+

k = (I6×6 −KkHk)P–
k (51)

The predicted state and covariance matrices are 
indicated with the (–) superscript, while the updated 
and corrected ones are indicated with the (+) super-
script.

Because of the quaternion’s unit norm constraint,
[11] and [24] point out the difficulties of maintain-
ing the orthogonality of the system and covariance
matrices Φ and P due to round-off errors in the
numerical algorithm. The measurement update for
the quaternion therefore needs to incorporate a nor-
malization to maintain orthogonality, whereas the
angular velocity update can be done as expressed in
(50). References [27] and [28] propose introducing
an error quaternion δq as such:

δqk = qk ⊗ q−1k (52)

where δqk is the update to the prediction, and qk the
estimated attitude quaternion. The actual quaternion
can then be obtained from the error quaternion as
such:

δqk = Kk(yk − ŷk) (53)

qk =
[
δqT

k

√
1− δqT

k · δqk

]T ⊗ qk (54)

The real, measured and filtered attitude
quaternions can be seen in Figures 6 and 7
that clearly show how the attitude estimation

is improved when combining the measurements
with the dynamic model. However, whenever the
spacecraft enters eclipse, the measured attitude can
be seen to diverge slightly from the real attitude, but
converges again once the sun sensors come back
online. It could be interesting to look at further
smoothing methods to negate the high-frequency
noise of the magnetometers in particular.

There is room for improvement in the filter de-
sign. The initial attitude guess is very close to the
actual attitude in the simulations in Figures 6 and
7, and estimates farther away will lead to increased
convergence times, which will have to be taken into
consideration. The filter used for attitude estimation
could also be given different moments of inertias
than what are used in the simulations, to investigate
its sensitivity to the mass properties. The SGP4
propagator used to generate the satellite’s orbit
computes the effect of external disturbances, but has
an error of approximately 1 km at epoch that can
grow at 3 kilometres per day [29]. The propagation
algorithm used to determine the position of the
satellite therefore needs to be updated repeatedly.
These position errors will affect the expected values
of both the magnetic field and sun vector, and should
be accounted for in the model.

IV. MAGNETIC CONTROL DESIGN

Due to low power, mass and volume budgets
available to CubeSats and to MIST in particular,
the primary active control available is the three-axis
magnetic system provided by Innovative Solutions
in Space (ISIS) [30]. The control torques from
the magnetorquer board is used to negate external
disturbances or to orient the satellite in a particu-
lar attitude or direction. The magnetic moment is
defined as:

mb
ctrl = iNS (55)

where mb
ctrl is the magnetic moment, i is the current

provided to the coils, N the number of coil windings
and S the coil area.

The magnetic control torque is expressed in the
same manner as the magnetic disturbance torque,
with a varying and controllable magnetic dipole
moment:
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Figure 6: Real and measured attitude quaternions over one orbit with zero control input.
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Figure 7: Filtered values of the scalar part of the quaternion. The attitude here is determined using combined magnetometer
and sun sensor readings every second.

Lm = mb
ctrl ×Bb (56)

The desired torque Ld from Figure 8 is not
achievable due to the underactuation of the system,
and is instead projected onto the plane perpendicular
to the magnetic field. The cross product between
the magnetic moment and the magnetic field vector
implies that the axis parallel to that vector is un-
controllable and no torque can be produced around
this axis. For a highly inclined orbit such as the

one MIST will be placed in, this means reduced
roll authority in the equatorial regions of the orbit,
and reduced yaw authority in the polar regions. This
will be further elaborated in the controller design
section.

A. Stability and Controllability of the System

Lyapunov’s direct method is used to investigate
the stability of the system. A candidate Lyapunov
function is proposed that reflects the total energy
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of the system, meaning the sum of the kinetic and 
potential energies of the satellite. The expressions 
are derived from [31] and [32] and adapted to the 
current mission.

The translational kinetic energy of the orbit frame 
rotating around the inertial frame is disregarded 
when investigating the in-orbit stability and so the 
rotational kinetic energy of the satellite’s body 
frame with respect to the orbital frame is defined 
as:

Tkin =
1

2
ωb

obH =
1

2
ωbT

ob Iωb
ob (58)

The reference orbit of MIST has an eccentricity
of e = 0.001, meaning the orbit is essentially
circular and the mean motion ω0 is assumed
constant.

The main contribution to the potential energy of
the satellite are the gravity gradient effects. They
were described in detail in a previous section, and
it can be deduced that the potential energy is zero
whenever the satellite’s body axes align with the or-
bital axes, and maximum in orientations correspond-
ing to 90◦ roll and pitch rotations from the desired
attitude, according to the following expression:

Pgg =
3

2
ω2
0(zbT

o Izb
o − Iz) (59)

where zb
o is the radial z axis of the orbital frame

projected onto the body frame of the satellite.

The rotation around the Earth also contributes to
the total potential energy of the satellite. See [31]
for the full derivation of the expression from the
dynamics equation, which results in:

Pgyro =
1

2
ω2
0(Ix − xbT

o Ixb
o) (60)

which in the same way as the potential energy
from gravity gradient is minimum in the desired
orientation and maximum when away from it.

If the system’s Lyapunov function, defined as the
sum of the kinetic and potential energies, has the
following properties defined by [33]:

V (x) = 0 for x = 0 (60a)
V (x) > 0 for x 6= 0 (60b)

V̇ (x) ≤ 0 for all x (60c)

Under ideal conditions, the system can be shown
to be Lyapunov stable, i.e. remain within some
boundary of the desired state. However when
introducing energy contributions from aerodynamic
drag and solar radiation, it can be shown that
the conditions listed above are violated as these
potential energies are maximum in the desired
attitude, partly due to the configuration of the
deployable solar panels of the satellite.

[33] states the system is not necessarily unstable
if the requirements are not met, as they are only a
sufficient condition for a stable system. Simulations
however show and confirm the need of active
attitude control to meet the pointing requirements
of the satellite.

1) PD Controller: PD (Proportional-Derivative)
controllers in magnetic attitude control have
been the subject of previous work, as already
mentioned. Integral action is often excluded

Figure 8: Magnetic control torque.
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because in the case of pure magnetic control, 
there is lack of controllability and inconsistent and 
time-varying disturbance torques making it very 
difficult t o n egate a ny s teady-state e rrors. This 
report addresses the use of a different PD-like 
control law than what was proposed in [1,2,3,5] 
and investigates the achievable pointing accuracy.

The desired PD control torque is expressed by:

Ldes = −Kpsign(q0)q1:3 −Kdω
b
ob (61)

where Kp and Kd are standard positive feedback
gains meant to drive the angular rates to zero and
the attitude to the identity quaternion. In the general
form of the controller, q1:3 is replaced by the error
quaternion vector q̃1:3 defined as:

q̃1:3 = q1:3,dq1:3 (62)

where q1:3,d is the desired attitude quaternion vector
and q1:3 is the current attitude quaternion vector.
The two expressions are however equivalent as the
desired attitude quaternion is given by:

qd = [1, 0, 0, 0]T (63)

Markley and Crassidis [34] suggest augmenting
the controller by multiplying the attitude feedback
term with the sign of the scalar quaternion, to
guarantee the shortest path between the current and
the desired state. This is equivalent to the mapping
between standard and shadow parameters when
using the Gibbs parameters attitude representation.

The control torque can also be made model-
dependent, as suggested by [35]. The absence of
information and properties of the system to be
controlled can constrain the feedback gains and
limit the performance of the controller. A more
generalized control law is suggested:

Ldes = −Kpsign(q0)q1:3 −Kdω
b
ob + I

d

dt
ωb

ib + ωb
ob × Iωb

ob

(64)

n

However the nominal angular rates of the 
satellite during the nominal phase of the mission 
are relatively low, as are the moments of inertia of 
the satellite meaning the final t erm i s s mall enough 
to neglect. Instead the gains are determined based 
on the inertia matrix as is shown below.

The gains are selected and tuned according to the 
natural frequency ωn of the system and damping ra-
tio ς desired. By assuming zero disturbance torques 
and knowing the dynamics of rigid bodies as well as 
the feedback law described in this section, equation 
(6) can according to [36] be rewritten as:

The Laplace transform of (66) yields the following 
s-dependent characteristic equation:

s2 + (Kd/I)s + (Kp/I) = s2 + 2ςωns + ω2
 = 0

(67)

and the gains can be deduced from:

Kp = ω2
nI (68)

Kd = 2ς
√
KpI (69)

The torque needs to be converted and expressed 
as the magnetic dipole moment controlled by the 
magnetorquer driver and the magnetorquers. The 
magnetic moment that yields the desired torque 
is different from the one that results in the actual 
torque projected onto the controllable plane, and 
the detailed derivation of the conversion can be 
found in [31] and is given by (65). The dipole 
moment is then inserted in (56) to determine the 
generated torque. It is important to keep in mind 
that the projection of the magnetic moment onto 
the controllable plane does save power which is 
desired in a CubeSat, but the time taken to 
map the moment will result in a change of the 
ambient magnetic field, which in turn generates 
a torque other than what was expected and desired.

mb
ctrl =

(
−Kpsign(q0)(B

body × q1:3)−Kd(B
body × ωb

ob)

)
1

||Bbody||2
(65)

(66)
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2) LQR Controller: The LQR is an optimal 
controller looking to minimize a cost function de-
pendent on, in this attitude control problem, the 
cost of the state vector error and the cost of the 
control effort. When using pure magnetic control 
in CubeSats, it is desirable to minimize the control 
effort required to reach the desired attitude, without 
putting any costs on the time taken to reach it 
because of the periodic controllability issues. Since 
it is best used on linear systems, the kinematic and 
dynamic model was linearized in a previous sec to 
evaluate the performance of this controller.

The cost function is defined as:

J =
1

2

∫ ∞
t0

(
xT (t)QLQRx(t) + uT (t)RLQRu(t)

)
dt

(70)

where QLQR is a positive semi-definite matrix
weighting the state vector error, and RLQR is a
positive definite matrix weighting the control effort.

The solution of the LQR problem comes in the
form of a feedback control law given by:

u(t) = −R−1LQRD(t)TP(t)x(t) (71)

where P(t) in this case is the solution to the Riccati 
equation [37]:

PT C + PC − PD(t)R−LQR
1 D(t)T P + QLQR = Ṗ(t)

(72)

In reality, the solution P is time-varying with 
the same period as the magnetic field, which can 
be approximated as periodic over a period of one 
orbit based on Figure 3. Storing a constant solution 
matrix would be useful to avoid having to solve the 
computationally expensive algebraic Riccati equa-
tion presented above. The input matrix D(t) is still 
time-varying and is obtained from the magnetometer 
measurements, and leads to a periodic gain matrix 
to be used in the linear controller. A demonstration 
of the conditions required for this assumption to 
be valid is derived and can be found in [5]. A 
time-invariant controller and system can however 
be obtained by time-averaging the magnetic field 
values over a period T like so:

B =
1

T

∫ t0+T

t0

B(t)dt (73)

which simplifies (72) by removing its time-
dependency and letting Ṗ converge to zero. The user 
still needs to specify the cost function parameters of 
the controller, meaning the matrices QLQR and RLQR. 
[38] proposes the use of Bryson’s rule to tune the
matrices which results in:

Qii =
1

maximum acceptable value of x2
i

i = 1, ..., 6

Rjj =
1

maximum acceptable value of u2
j

j = 1, ..., 3

The pointing requirements of the satellite demand
a deviation no more than 15 degrees from the
desired attitude, and angular velocities in the order
of 5 ·10−3 ◦/s to minimize smearing of the pictures
taken by the on-board camera. For small angles,
the quaternions are approximately equal to the
sine of half the acceptable angle deviation. The
actuation level available from the magnetorquers is
0.2Am2. However, the maximum achievable control
torque is at least an order of magnitude larger
than the disturbance torque acting on the satellite,
and saturation has according to simulations shown
to reduce stability and cause tumbling. Larger
QLQR entries imply an increased control signal and
therefore a quicker response, whereas larger RLQR

entries would imply a lower control signal at a
lower cost. The initial values obtained from this
rule is then followed by an iterative tuning process
to increase the performance of the controller.

The built-in lqr Matlab-function determines the
optimal gain matrix depending on the state matrix
C, the now time-invariant magnetic field input
matrix D(t), and the weighting matrices QLQR

and RLQR. The final parameters used for both
controllers are summarized in the table below.

V. RESULTS

This section of the paper presents the simulation
results. An attitude simulator for MIST has been
developed and implemented in Matlab, reusing an
SGP4 propagator to generate the orbit as well as an
eclipse model from the Princeton Cubesat Toolbox
[39]. The actuators and sensors described previ-
ously have been implemented with performance
and constraints taken into account. The differential
kinematic and dynamic equations of motion are nu-
merically integrated using Matlab’s ode45 function
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Table I: Controller parameters.

Gain Value

Kp

0.494 0 0
0 0.734 0
0 0 0.323

 · 10−7

Kd

0.611 0 0
0 0.907 0
0 0 0.399

 · 10−4

QLQR


59 0 0 0 0 0
0 59 0 0 0 0
0 0 59 0 0 0
0 0 0 108 0 0
0 0 0 0 108 0
0 0 0 0 0 108


RLQR

2.5 0 0
0 2.5 0
0 0 2.5

 · 103

with all control and disturbance torques included in
the simulations.

The offset of the centre of mass compared to
the geometric centre of the satellite is varied to
investigate the effect of uneven mass distribution,
or difficulties to determine the mass configuration
in detail. The total satellite mass of 3.5 kg is also
an estimate and is subject to change. Finally, a dis-
placement of 30 mm in the negative Z-direction of
the satellite’s centre of mass is assumed to account
for the uneven distribution due to the deployable
solar panels as well as propellant usage that alters
the satellite’s inertia properties with time.

A. Simulation Results

With external torques acting on the satellite and
with no control input, Figure 9 shows that starts to 
tumble with no stability around the desired attitude, 
regardless of the initial conditions. This confirms 
what was previously stated regarding the need for 
active attitude control.

The PD attitude control law is applied to the 
spacecraft with the parameters listed in Table I 
and the results can be seen in Figure 10. In a 
post-detumbling attitude acquisition phase, a 90◦

offset in roll and pitch are assumed, and with 
perfect knowledge of the attitude, the controller 
is able to stabilize the satellite around the desired 
attitude and is just barely able to meet the pointing 
requirements. As Figure 10 shows, the initial 
offset is negated, but with large oscillations in 
both the attitude quaternions and the angular rates.
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Figure 9: Uncontrolled attitude quaternions, angular rates and 
angle error of the spacecraft.

The steady-state angle error as defined in (1) is 
approximately 10◦ and the angular rates around all 
axes reach approximately 0.025◦/s.

The LQR controller is tested using initial param-
eters close to the desired attitude, with the gain 
matrices specified in Table I , and the results can be 
seen in Figure 11. With perfect knowledge of the 
attitude, the linear optimal controller performs much 
better than the PD controller. The angle error is in 
the order of 5◦, and the angular rates are also 
smaller, in the order of 10−4 ◦/s, well within the 
pointing requirements. Oscillatory and time-variant 
disturbances will prevent perfect attitude acquisition, 
but the controller is able to bring it in
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Perfect attitude knowledge
Estimation errors included

close proximity to the desired attitude.

With estimation errors included, we see that the 
attitude differs from the attitude when assuming 
perfect knowledge, as can be seen in Figure 12. The 
simulation takes place in the steady-state region of 
the LQR-controlled attitude presented in Figure 11. 
The achievable attitude is well within the pointing 
requirements mentioned earlier, although wee see 
the mean angle error of the satellite increase from

5◦ as previously mentioned to approximately 7◦. 
Some of the periodicity due to mainly the magnetic 
field is also lost as the actuators compensate 
differently due to the presence of estimation errors, 
making the attitude of the satellite somewhat 
unpredictable.

Figure 11: LQR-controlled attitude quaternions, angular 
rates and angle error with perfect attitude knowledge. The 
initial conditions are q = [0.9786, 0, 0.1997, 0.0499]T and ω = 
[0, 0.05, 0.025]T ◦/ s.

Figure 12: LQR-controlled angle error with and without 
estimation errors. The simulation parameters 
correspond to the steady-state values of Figure 11.

Figure 10: PD-controlled attitude quaternions, angular rates 
and angle error with perfect attitude knowledge. The initial 
conditions are q = [0.5, −0.5, 0.5, 0.5]T and ω = [0.025, 
−0.06, 0.022]T ◦/s. 
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VI. CONCLUSIONS AND RECOMMENDATIONS
FOR FURTHER WORK

The filter performs satisfactory as it is able to 
estimate the attitude with higher precision than 
the measurements alone, with an average error 
of approximately 2 degrees in sunlight and 5 
to 10 degrees in eclipse. These results might be 
too optimistic, as the implementation of a more 
realistic albedo model will increase the estimation 
errors and reduce the pointing accuracy further in 
the sunlit part of the orbit. As previously stated, 
the filter can be improved on a few other points. Its 
sensitivity to inaccuracies in the determination of 
the moments of inertia should be investigated. Orbit 
determination has been overlooked in this work, 
so the positional errors of the satellite need to be 
accounted for as they will impact the expected 
values of the magnetic field and the sun vector 
computed according to the models used.
As to the controllers, they seem able to stabilize 
the satellite in the attitude acquisition phase as 
well as maintain a small angular deviation in the 
nominal pointing phase. Both meet the pointing 
requirements, although the linear controller clearly 
performs better closer to the desired state and vice 
versa. However both controllers are capable of 
maintaining the pointing accuracy within 15◦ of 
nadir, even with estimation errors included in the 
LQR simulations. The mean angle error as well as 
the maximum angle errors increased compared to 
when perfect attitude knowledge is assumed, but 
well within the requirements as seen in Figure 13. 
This is however based on the reference conditions 
regarding altitude and residual dipole moment, and 
increased torques quickly deteriorate the pointing 
accuracy.
An algorithm that performs a switch between the 
two controllers depending on the attitude could 
be implemented, as well as one that performs the 
switch to these controllers from the initial B-dot 
detumbler analyzed in [39]. Further work can also 
be done when it comes to gain selection, and 
various optimization methods can be applied in the 
tuning of both controllers. However in this early 
stage in the project, the configuration and moments 
of inertia are constantly subject to change, so 
the satellite parameters need to be determined in 
greater detail for further work in gain optimization 
as they are greatly affected by these parameters.

In the future, both filter a nd t he c ontroller n eed to 
be implemented on microcontrollers to investigate 
whether they are simplified enough for the on-board 
computer to run.
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