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Abstract 

 

A phase transformation from liquid to solid phase takes place when the material solidifies. 

Limited diffusion during this phase transition causes microsegregation, which is a 

phenomenon during solidification that leads to the formation of secondary phases and 

concentration gradients. This affects the properties of the material and how it is to be treated 

in further processing steps. Due to the complexity of the solidification process, a modeling 

approach has been used for investigation of microsegregation.  

 

The Scheil-Gulliver model assumes negligible diffusion in the solid phase but an exchange of 

solute during back-diffusion can have an important influence on solidification. While the 

Brody-Flemings model considers this, it is questionable in its assumptions. A new proposed 

model by John Ågren that considers multicomponent diffusion effects have been implemented 

using the Matlab-Toolbox for Thermo-Calc.  

 

The model is used to perform solidification simulations for the binary Al-2.1Cu and the 

ternary Al-2.1Cu-1Si system (at%) and the results are compared to the Scheil-Gulliver model 

and DICTRA simulations. The Ågren model gives excellent results for the binary system at 

high cooling rates. It does however show deviations from the DICTRA results at lower 

cooling rates and for the ternary system.  

 

  



Sammanfattning 

 

När ett material stelnar sker en fasomvandling från flytande till fast fas. Begränsad diffusion 

under denna fasövergång orsakar mikrosegring, vilket är ett fenomen under stelningsförloppet 

som skapar sekundära faser och koncentrationsgradienter. Detta påverkar egenskaperna hos 

materialet and hur den ska behandlas under senare processteg. På grund av komplexiteten av 

stelningsprocessen har modellering använts för att undersöka mikrosegring. 

 

Scheil-Gulliver modellen antar att det inte sker någon diffusion i fast fas men ett utbyte av 

inlösta ämnen kan ha ett viktigt inflytande på stelningsförloppet. Fastän Brody-Flemings 

modellen tar hänsyn till detta så är den tveksam i sina antaganden. En ny föreslagen modell av 

John Ågren betraktar diffusionseffekter för ett multikomponent system och denna har 

implementerats med hjälp av Matlab-Toolbox för Thermo-Calc.  

 

Modellen har använts för att simulera stelning för ett binärt Al-2.1Cu och ett ternärt Al-2.1-

1Si system (at%) och resultaten har jämförts med Scheil-Gulliver modellen och DICTRA 

simuleringar. Ågren modellen ger utmärkta resultat för det binära systemet vid höga 

kylhastigheter. Modellen visar däremot avvikelser från DICTRA vid låga kylhastigheter samt 

för det ternära systemet.  
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1. Introduction 

 

Almost all materials in use have, at some point, transformed from liquid phase to solid phase. 

It is during this phase transition that the microstructure develops which in turn affects the 

mechanical properties of the material and influences further processing steps. Numerous 

parameters need to be considered such as temperature, number of alloying elements, degree of 

microsegregation; and this can easily become a complicated system to work with. It is 

therefore important to use computer simulation programs and models that can aid in 

understanding of how the system works and consequently reduce the time of material 

development. To be able to meet the growing demand of materials with advanced properties, 

faster and improved models of real systems must be developed.  

 

In the case for cast alloys, a good understanding of microsegregation during solidification is 

vital. This is a phenomenon that creates concentration gradients causing the formation of non-

equilibrium phases which can have horrendous consequences on the mechanical properties of 

the material. Knowing the extent of microsegregation is therefore significant and better 

models of the solidification process can help predict and avoid unnecessary complications. 

 

There are several ways to model solidification and the microsegregation phenomena. If 

equilibrium is assumed, the process follows the phase diagram of the system and complete 

diffusion in both the solid and the liquid phase is assumed. The mobility in the solid state is 

however restricted, and a model that takes this into consideration is the one by Scheil-

Gulliver. The Scheil-Gulliver model assumes negligible diffusion in the solid phase and once 

a fraction solid is formed, it thus retains the same composition during the whole process. 

Solute redistribution, back-diffusion, after and during solidification can however have an 

impact on the final microstructure. The DICTRA software can accurately describe 

solidification for multi-component systems, as it solves diffusion equations for all elements at 

every instance. However, the simulations are very time consuming and requires heavy 

computation work.  

 

Several works have therefore aimed at improving the Scheil-Gulliver model while keeping its 

simplicity and ability to be used for multicomponent systems. One of the first modified 

models describing solute redistribution is the model by Brody-Flemings and it combines both 

thermodynamic and kinetic theory. The model has however been shown to be limited and 

uncertain in many cases. A new proposed model by Professor John Ågren at KTH Royal 

Institute of Technology takes back-diffusion into consideration and describes multicomponent 

diffusion effects.  

 

The aim of this project is to implement the model by John Ågren and compare it with the 

Scheil-Gulliver model and diffusion calculations using DICTRA. The model will be tested on 

a binary Al-2.1Cu alloy and ternary Al-2.1Cu-1Si (at%) alloy which are systems commonly 

used for casting.   
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2. Background  

 

Solidification is a phase transition from liquid to solid that the material undergoes as the 

temperature decreases. The background investigates this; from the ICME approach, to 

microstructural evolution, and to established models and simulation software.  

 

2.1 Materials by design  

 

The growing demand for materials with advanced properties has changed the view on 

materials engineering. More advanced applications demand more advanced materials and for 

a material to be able to fully meet the expected performance in an application, it must be 

specifically designed. The technological performance of a material is determined by its 

properties. The properties are in turn connected to the microstructure of the material which is 

a consequence of its processing method. Understanding these aspects and how they relate to 

one another is therefore critical in developing both new and already existing materials [1]. 

 

Numerical models derived from theoretical and empirical assessments of various physical 

phenomena can be used to build powerful computational tools that are used to investigate 

more complex systems. This Integrated Computational Materials Engineering (ICME) 

approach can reduce the time of material development and give way to innovative solutions. 

The models used are based on theory and assessed using experimental data at different length 

scales [2]. This has given way to numerous initiatives, such as the Materials genome initiative 

(MGI) which aims to create a framework for materials design through collected research 

using both computational and real experiments [3]. 

 

Important for ICME is the CALculation of PHAse Diagram (CALPHAD) method which is a 

method to describe phase-based properties of multicomponent systems. Theoretical and 

experimental information is used to parametrize properties for each phase in the system. The 

thermodynamics of the system is described using models of Gibbs free energy for each phase 

and mobilities are used to describe diffusion. These are then used as inputs for simulations of 

phase transformations and phase diagram calculations [4].  

 

2.2 Solidification   

 

One of the final steps in materials processing is the casting process, which is when the 

material is poured into a mold and solidifies. The casting process starts with the material in a 

liquid state with an initial temperature above the melting point [5]. A decrease in temperature 

changes the conditions of the system and allows for crystallization to take place. The solid 

phase nucleates and grows into various types of structures depending on the casting 

conditions as well as the inherent properties of the system [6]. 
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2.2.1 Nucleation 
 

As the temperature decreases, a gain in free energy is obtained that generates a driving force 

for the solid phase to form. The solid phase becomes stable and a crystal structure nucleates at 

heterogeneities in the melt. This is called heterogeneous nucleation and the structure develops 

on the surface of existing particles, a phenomenon that only takes a few seconds to occur [7]. 

The existing surface lowers the energy needed for the atomic clusters to form, allowing a 

faster nucleation rate. Homogeneous nucleation, where every site is just as likely for 

crystallization to occur is not as common [8].  

 

At a certain temperature, a drastic increase in the nucleation rate can be observed. To reach 

this critical nucleation temperature, an undercooling of approximately 3-5 ℃ is necessary for 

aluminum alloys. New crystals can develop during a secondary nucleation and from 

fragmentations of primary crystals. Grain refinements, such as particles with a higher melting 

temperature, acts as new surfaces at which heterogeneous nucleation can take place. This 

creates additional nucleation sites and thereby a finer microstructure  [6].  

 

2.2.2 Growth 
 

For the nucleated crystal structure to grow, a certain critical radius must be overcome [8]. The 

system will then consist of a solid phase, a liquid phase as well as a section with both phases 

called a mushy zone. As the crystal structure grows, the interface moves into the melt. The 

velocity of the moving solid-liquid interface is highly dependent on the casting conditions and 

faster cooling rates results in a higher velocity. The shape of the front depends, not only on 

the cooling process, but also on the alloying elements. The interface is planar for a pure metal 

and for eutectic alloys. Large atoms, substantially solved, move in in a more sluggish way and 

can cause an irregular front. This can also be the case when the components have different 

mobilities [9]. 

 

A disturbance or irregularity in the solid-liquid interface can become thermodynamically 

unstable, causing branches to grow into the melt resulting in a dendritic microstructure. 

Secondary branches grow from the primary dendrite, and the distance between these are an 

important parameter used to describe the structure [5]. This distance, also called the 

secondary dendrite arm spacing (d) is described in Figure 1.  

 

          
Figure 1. Schematic picture of the dendritic structure with the secondary dendrite arm 

spacing (d). 

d 
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The secondary dendrite arm spacing is very sensitive to the cooling rate. A slow cooling 

results in a coarser structure and larger distances between secondary arms. The dendritic 

structure formed is complex, and can be described as tree-shaped. The morphology changes 

drastically during solidification and small dendritic arms can through coarsening, fuse into 

larger ones through diffusion due to surface tension [10].  

 

The geometry will affect the amount of diffusion, and a longer dendrite arm spacing results in 

longer diffusion distances [11]. Some geometries that can be used to describe the dendritic 

shape are plates or spheres. It has however been shown that the error because of the 

geometrical factor should not be too crucial if a good approximation of the secondary dendrite 

arm spacing is used [12]. 

 

The secondary arm spacing is strongly dependent on solidification time and cooling rate. 

Several empirical relations for this parameter have been published; one of them being 

equation (1) where d is the secondary dendrite arm spacing and  𝑡𝑓 is the solidification time 

[11]. 

 

𝑑 = 7.5𝑡𝑓
0.39 (1) 

 

The solidification time, in turn, dependent on the cooling rate as well as the size of the 

alloying elements. Substitutional solved elements are more restricted because of their size 

resulting in extensive concentration gradients. While interstitial elements have higher 

mobility in the lattice, they can also show this behavior. The lattice structure and the packing 

density of the matrix can also affect the mobility of the elements. For substitutional elements 

in an FCC lattice, the diffusion coefficient can have a magnitude of 10−13𝑚2/𝑠. It becomes 

more uncertain for a BCC lattice, where the substitutional elements can have a diffusion 

coefficient of the magnitude 10−11𝑚2/𝑠 which can result in a much more rapid diffusion [9]. 

The diffusion coefficients are however very system dependent [13]. 

 

2.2.3 Microsegregation 

 

The phase transition taking place during solidification is controlled by diffusion as an 

exchange of atoms between the phases occurs. Various diffusion processes can be identified. 

One of them being diffusion between the phases at the interface when the system attempts to 

create local equilibrium with compositions as described by the phase diagram. Although 

diffusion in the solid phase is restricted, there is a driving force for the system to obtain the 

equilibrium solute concentrations [9].  

 

Atoms of a smaller size, interstitially solved, move in between the regular lattice sites in a 

solid phase practically unhindered. Large atoms, substitutional elements, occupying regular 

sites in the lattice can only move through vacancies, causing a restrained movement and lower 

diffusion rate. This restrained movement in the solid phase can cause varying chemical 
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composition throughout the microstructure resulting in the phenomenon called 

microsegregation [9].  

 

As the solid structure forms, solute is rejected to the liquid phase. An exchange of elements 

can take place between the dendritic arms and the liquid when the concentration gradient at 

the interface becomes large enough. The exchange of elements between the liquid and the 

solid phase is called back-diffusion and results in the solid phase having a different 

concentration than was originally frozen in. Diffusion in the solid reduces concentration 

gradients allowing less segregation in the final microstructure [6]. 

 

The concentration of alloying elements in the solid phase is therefore not as predicted by the 

phase diagram when the solidus is reached. At this point, there will still be liquid remaining in 

the system with residual solute and the solidification continues. The temperature interval 

during solidification, from liquid to 100 % solid phase, is therefore extended in consequence 

of microsegregation.  

 

Depending on the system, new phases can form for instance through eutectic or peritectic 

reactions in consequence of the high solute concentration in the liquid phase. The micro-

segregation in the system can be measured by the amount of non-equilibrium phases formed 

during solidification but also by investigating the concentration gradients between the 

secondary dendrite arms [14].  

 

The distribution of alloying elements is of great significance as they give the structure its 

properties. A non-uniform distribution of alloying elements and coarse secondary phases due 

to segregation can reduce the ductility of the material [15]. For Al-Cu alloys, 

microsegregation can lead to the formation of the non-equilibrium phase 𝐴𝑙2𝐶𝑢. This phase is 

extremely hard in comparison with the matrix and precipitates in grain boundaries and 

between dendrite arms [16]. The existence of these precipitates in the microstructure causes 

embrittlement and increased anisotropy of the properties. Furthermore, this also increases the 

microporosity which in turn weakens the material further [17]. 

 

2.2.4 The casting process  
 

Heat transports from the melt to the surroundings and to the mold. The material at the surface 

which is in contact with the mold reaches the critical nucleation temperature first, using the 

mold walls as nucleation sites. The temperature is used to control the solidification process. A 

high casting temperature would affect the mold and at a low temperature there is a risk of the 

mold not being filled completely because of the decreased viscosity. This could also lead to 

an uncontrolled casting process. A high undercooling, namely a large 𝛥𝑇, results in many 

nucleation points and thereby a finer microstructure with shorter diffusion distances. A 

temperature interval needs to be specified and the narrower it is, the better quality of the 

material when it comes to surface finish and homogeneity [18].  

 



 6 

Depending on the shape of the mold, it is possible to cast complex shapes and geometries as 

well as internal passages in the product. The materials produced using shape casting do not 

necessarily require machining, as they take the same shape as the mold itself. While this 

reduces the production cost, it also leads to inferior material properties as the mechanical 

work can be used to refine the microstructure. Some brittle alloys cannot handle machining 

after casting. It is therefore important to control the solidification process to acquire the 

desired microstructure. Wrought products are cast in simple shapes, and are thereafter 

processed into the desired final shape and structure through mechanical deformation and heat 

treatment [19]. 

 

The mechanical properties of the material can after solidification be altered through different 

types of heat treatment. For aluminum alloys, the most important being annealing, solution 

heat treatment and precipitation ageing. Small precipitates are formed that hinder dislocation 

movement which gives the material a higher strength and ductility. The increased temperature 

enables diffusion in the solid phase, and a homogenization of the structure takes place as the 

alloying elements are redistributed [20].  

 

For cast alloys, homogenization heat treatment aims to reduce segregation. The material is 

held in an elevated temperature, around 450-600 ℃. While the concentration gradients are 

reduced, this treatment can however result in a coarser structure, with inferior mechanical 

properties. Some precipitated particles, for example particles containing Mn and Fe cannot be 

dissolved because of their low mobility [6]. 

 

2.3 Modeling of solidification 

 

Four solidification models are described in this section; one of them assumes equilibrium and 

the rest describe non-equilibrium systems. There are many similarities between the models as 

they are based on similar assumptions and theory. 

 

2.3.1 The Lever-rule 
 

If the solidification process is said to be infinitely slow, equilibrium can be assumed.  The 

solidification is then described using the Lever-rule and the process follows the solidus and 

liquidus lines of the phase diagram for the system. This model presumes fast diffusion both in 

the solid and the liquid phases and can accurately describe solidification for systems with 

small atoms such as carbon with high solid diffusivity. The composition of the solid phase is 

uniform throughout the whole solidification process and no microsegregation occurs. This 

model yields therefore satisfactory results for Fe-C alloys, but cannot model alloys with 

substitutional solved elements where the atomic mobility is restricted [21].  
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 2.3.2 The Scheil-Gulliver model 
 

The Scheil-Gulliver model assumes negligible diffusivity in the solid phase. This assumption 

results in each infinitely small volume element of the solidified structure retaining the same 

composition during the whole solidification process. The diffusion is negligible in the solid 

state resulting in a nonhomogeneous composition and microsegregation.  The Scheil-Gulliver 

model can be described by equation (2),  

 

𝑥𝑠
𝑖 = 𝑘𝑖𝑥0(1 − 𝑓𝑠)

𝑘𝑖−1 (2) 

 

, where 𝑥𝑠
𝑖  is the composition of element i of the solid at the solid-liquid interface, 𝑘𝑖 the 

equilibrium partition coefficient between the composition of the phases, 𝑥0 the composition of 

the alloy and 𝑓𝑠 is the fraction of the solid phase in the system [22].  

 

A local equilibrium is assumed at the interface between the solid and the liquid phase and the 

model uses compositions given by the equilibrium phase diagram. While no geometry of the 

solid phase is considered, a closed volume element is assumed in which no mass flow in or 

out of the system occurs. Nucleation of the solid phase occurs without any undercooling [23]. 

An undercooling below the liquidus temperature generates a driving force for precipitation of 

new phases, and is what drives the interface reaction forward. This assumption yields for low 

growth rates which are usually achieved during standard industrial casting processes [15]. A 

high undercooling results in a faster nucleation rate, which can be accomplished with a fast 

cooling rate [14]. 

 

In cases where back-diffusion occurs, the Scheil-Gulliver model becomes less accurate. The 

model has therefore been improved many times to better describe solidification processes and 

many of the improvements handle back-diffusion. One can assume that the real behavior 

during the solidification process lies in between the Lever rule and the Scheil-Gulliver model, 

and differs with the assumptions on solid diffusivity namely how much the atoms are allowed 

to move in the solid phase [12]. 

 

2.3.3 The Brody-Flemings model 

 

One of the first models describing solute redistribution is the model by Brody and Flemings. 

A similar approach to the Scheil-Gulliver model is used with further additions to implement 

diffusion even in the solid state. It is an analytical model that describes solute redistribution in 

solidification for a binary system with only one solid phase. Complete diffusion in the liquid 

state is assumed and the system is considered having insignificant undercooling before 

nucleation just as the Scheil-Gulliver model [22] [24].  

 

The Brody-Flemings model describes dendritic solidification and uses a plate like geometry 

for the dendrite with plates parallel to the direction of the heat flow. A volume element with 

the length of half the secondary dendrite arm spacing, L=d/2, is considered. 
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Further assumptions determine the atomic transport in the solid phase as being through 

volume diffusion, and that the rate of thickening of the dendrite geometry is a continuous 

function. The solid-liquid interface is assumed to be in equilibrium and the concentration 

gradient at the interface is not affected by the occurring diffusion. The Brody-Flemings model 

assumes a parabolic growth rate which can be described by equation (3),  

 

𝑥𝑖
𝑠 = 𝑘𝑖𝑥𝑖

0{1 − (1 − 2𝛼𝑘𝑖)𝑓𝑠}
(𝑘𝑖−1)/(1−2𝛼𝑘𝑖) (3) 

 

, where the back-diffusion parameter 𝛼 is constant for the investigated system and is given by 

equation (4).  

𝛼 = 4𝐷𝑖
𝑆𝑡𝑓/𝐿

2 (4) 

 

The expression is dependent on solid diffusivity where 𝐷𝑖
𝑆 is the diffusion coefficient for 

element i in the solid phase. The parameter is set as constant and uses an average of the 

diffusivity in the solid phase.  

 

The model by Brody-Flemings has shown to be limited. It does not conserve solute in the 

system and large values for the back-diffusion parameter gives solidification curves which are 

not possible and exceeds even solidification under equilibrium conditions. The model by 

Brody and Flemings is also limited to slow moving elements and while it can be reduced to 

the Scheil-Gulliver model for certain conditions it cannot describe solidification if 

equilibrium is assumed in the whole system [12].  

 

Furthermore, the assumption that the growth has a parabolic time dependence is questionable. 

Simulations using the software DICTRA for the dendrite thickness as a function of time yield 

results that do not indicate parabolic behavior. A new model for solute redistribution has 

therefore been proposed by John Ågren [25]. 

 

2.3.4 The Ågren model 

 

The model developed by John Ågren keeps the assumption on insignificant change of the 

concentration gradient at the interface but neglects the one on parabolic growth. The model 

assumes complete diffusion in the liquid phase and local equilibrium, just like previous 

mentioned models. It does however assume limited diffusion in the solid phase, with an 

exchange of solute at the interface due to back-diffusion.  

 

The model can be described using equation (5) for an n-component system, 

 

(1 − 𝑓𝑠)(𝑥𝑖
𝐿 − 𝑥𝑖

𝐿′) = −

(

 (𝑥𝑖
𝑠 − 𝑥𝑖

𝐿)Δ𝑓𝑠 +
1

Δ𝑓𝑠
Δ𝑡 𝐿

2
∑𝐷𝑖𝑘

𝑛𝑠 𝑥𝑘
𝑠

𝑥𝑘
𝐿 (𝑥𝑘

𝐿 − 𝑥𝑘
𝐿′)

𝑛−1

𝑘=1
)

  

 

(5) 
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, where 𝑥𝑖
𝐿′ is the liquid composition from the previous step and Δ𝑡 is the time step used 

during the evaluation. A plate like geometry for the dendrite is assumed with one half of the 

secondary arm spacing L. The diffusion coefficients,𝐷𝑖𝑘
𝑛𝑠, of components in the solid phase are 

used to determine the amount of back-diffusion. Multicomponent diffusion coefficients will 

be described in the next section. 

 

There are (n-1) equations of the type given by equation (5) where the unknowns are the 

compositions 𝑥𝑖
𝑠 and 𝑥𝑖

𝐿 as well as the fraction solid phase 𝑓𝑠 [25]. 

 

2.4 Simulation software 

 

The simulation software used in this project are Thermo-Calc and DICTRA. Thermo-Calc is 

used for Scheil-Gulliver simulations based only on thermodynamic theory, while DICTRA 

uses a moving boundary model based on diffusion calculations where both thermodynamic 

and kinetic theory are applied [26].  

 

2.4.1 Thermo-Calc  

 

Thermo-Calc is a software used for thermodynamic calculations that uses databases with 

CALPHAD description of Gibbs free energy. The Gibbs energy for the phases is modeled 

using functions of temperature, composition and pressure. A Gibbs energy is described for 

each individual phase and a minimization of the sum of all Gibbs energy functions is executed 

under given conditions to find the equilibrium in the system.  

 

The software is used in combination with databases that have the thermodynamic information 

needed to assess the system at hand. A database describes the phases of a system and their 

properties with functions of Gibbs energy. The parameters of these functions are evaluated 

using collected data from literature and experiments with a least squares method. The data for 

binary and ternary systems are thereafter extrapolated to describe higher ordered systems. 

Results from the simulations are therefore dependent on the accuracy of the databases. 

 

Thermo-Calc can be used to simulate solidification in multi-component and multi-phase 

alloys and the software has a separate module for the Scheil-Gulliver analyses. The liquidus 

temperature of a system is obtained from an equilibrium calculation and with that as a starting 

value, the software steps in temperature. For every temperature step taken, an equilibrium 

calculation determines the compositions of the phases and the fraction solid is calculated 

using the Lever-rule.  

 

The Scheil-Gulliver model assumes negligible diffusion in the solid phase and the formed 

solid fractions are therefore treated in a different way by the program. Like previously, a 

phase equilibrium is calculated at each temperature step. The fraction solid formed with a 

certain composition is stored separately and remaining liquid phase assumes a new 
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composition according to the liquidus line which will be used as the global condition in the 

next step [26]. 

 

The program supports a modified Scheil-Gulliver model allowing computation of partial 

equilibrium solidification as it considers back-diffusion of interstitial elements. Certain 

elements can be placed as fast diffusers and there is an extra calculations step that evaluates 

their chemical potentials. The chemical potentials is changed and put as equal throughout the 

system [22]. A uniform chemical potential in all phases of the system indicates 

thermodynamic equilibrium [13]. 

 

It must be clarified that there is no diffusion considered in the calculations, and these models 

are only based on thermodynamic theory and data. Hence, the model cannot be used to 

evaluate cooling rates. 

 

2.4.2 DICTRA 

 

Most reactions are however controlled by diffusion, solidification being one of them. 

DICTRA (DIfussion Controlled TRAnsformations) is a software used for simulations of 

diffusion controlled reactions [26]. The DICTRA software can be used for simulations of 

multicomponent and multiphase systems in one dimension. The software is linked to Thermo-

Calc for the thermodynamic calculations and uses kinetic databases for calculations based on 

multicomponent diffusion equations as seen in equation (6), 

 

𝐽𝑘 = −∑𝐷𝑘𝑗
𝑛

𝑛−1

𝑗=1

𝜕𝑐𝑗

𝜕𝑧
 

 

(6) 

 

, where 𝐽𝑘 is the diffusive flux of element k, 𝐷𝑘𝑗
𝑛  is a matrix of diffusion coefficients and 

𝜕𝑐𝑗 𝜕𝑧⁄  describes the concentration gradient of element j. The matrix 𝐷𝑘𝑗
𝑛  gives the diffusion 

coefficients for the considered phase in a solvent n [27]. The diffusion coefficients in turn can 

be expressed by equation (7),  

 

𝐷𝑘𝑗 = −∑𝐿𝑘𝑖
′
𝜕𝜇𝑖
𝜕𝑐𝑗

𝑛

𝑖=1

 
 

(7) 

 

, where 𝜕𝜇𝑖 𝜕𝑐𝑗⁄  are thermodynamic quantities; with 𝜇𝒊 as the chemical potential for every 

element i as functions of compositions, 𝑐𝑗. The parameter 𝐿𝑘𝑖
′  is a proportionality factor 

depending on the mobility of the elements. Equation (7) can therefore be divided into one 

thermodynamic part, and one kinetic. As mentioned earlier, both thermodynamic and kinetic 

databases are used for DICTRA calculations. The kinetic databases contain data on atomic 

mobilities and are used in combination with the thermodynamic data to calculate the diffusion 
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coefficients resulting in the matrix 𝐷𝑘𝑗
𝑛 . This is then used to solve the diffusion equations 

describing the system [28]. 

 

The solidification simulation uses a moving boundary model that describes phase 

transformations caused by diffusion. A region and geometry is specified and single phases are 

separated by a planar boundary. The movement of the region depend on the diffusion between 

the phases at the interface. For a two-phase system with a liquid phase, L, and a solid phase, 

𝛼, a flux balance equation is established to conserve the amount of component, k, in the 

system. This is shown by equation (8), 

 

𝑣𝛼𝑐𝑘
𝛼 − 𝑣𝐿𝑐𝑘

𝐿 = 𝐽𝑘
𝛼 − 𝐽𝑘

𝐿 (8) 

 

, where 𝑣𝜶 and 𝑣𝐿 describe the interface migration rates in each phase. The concentrations of 

element k near the interface is given by 𝑐𝑘
𝛼 and 𝑐𝑘

𝐿. Local equilibrium is assumed and the 

migration rate of the interface is calculated using equation (8). The diffusion in the system is 

solved using equation (6) for both the 𝛼 phase and the L phase as well as the interface at every 

time step, allowing diffusion to take place at every instance [26]. 

 

The boundary conditions at the interface is calculated initially and the interfacial reactions is 

compared to the migration rate of the interface. If the reactions are faster in comparison to the 

migration of the interface, a local equilibrium can be assumed. This hypothesis indicates no 

gradient of chemical potential across the interface which allows the use of concentrations 

assessed from regular thermodynamic data. The transformation rate is thereby only controlled 

by atomic transport to and from the interface. Some of the effects not considered by DICTRA 

that occurs during phase transformations are elastic stresses and curved interfaces [28].  
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3. Method 

 

The Ågren model has been implemented using the Matlab-Toolbox for Thermo-Calc with the 

thermodynamic database TCAL4 and the mobility database MOBAL3 to perform 

solidification simulations on aluminum  alloys [26]. Through the use of easy commands, the 

toolbox can connect to Thermo-Calc for equilibrium calculations and to access data. The 

chosen binary system is the same as the one referred to by Ågren, Al-2.1at%Cu [25]. To test 

the model’s applicability on multi-component systems, solidification simulations of the 

ternary Al-2.1Cu-1Si (at%) alloy have been performed. The results of the simulations are 

presented as solidification profiles, where the fraction solid phase formed during the 

solidification is a function of temperature.  

 

As shown by equation (5), the secondary arm spacing is an input parameter in the Ågren 

model. This parameter is calculated using equation (1) that depends on solidification time. 

This equation gives a good approximation for the Al-2.1at%Cu alloy when compared to 

experimental values [11].  To test the model’s sensitivity to this parameter, different cooling 

rates are used during the simulations. 

 

As DICTRA accounts for multi-component diffusional effects throughout solidification it can 

be a way to see how well the proposed model by Ågren can describe this process. For these 

simulations, the DICTRA results are thus used as reference but the model is also compared to 

the Scheil-Gulliver model and equilibrium through the Lever-rule. 

 

3.1 Computational procedure 

 

The databases, elements and phases for the system are selected and the compositions defined. 

Only two phases are chosen for this system, which are the liquid phase and the aluminum rich 

FCC_A1 phase. These two are the equilibrium phases for the Al-2.1at%Cu as shown by the 

phase diagram in Figure 2.  

 
Figure 2: Phase diagram of the Al-Cu system with 2.1at% Cu marked by a vertical line. 
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Simulations using the Scheil-Gulliver model in Thermo-Calc yield a solidification profile 

which can show the solidification behavior if no diffusion occurs in the solid phase. This 

temperature interval will be used for all simulations for the Al-Cu system. Cooling rates for 

the temperature interval are chosen and thereafter used to determine the solidification time 

which, in turn, is used to define the secondary dendrite arm spacing from equation (1). 

 

A stepwise procedure is suggested by Ågren where the first step is a regular Scheil calculation 

using the nominal composition as the composition of the melt. For the calculations of the 

binary system, two conditions other than the pressure and the size of the system must be 

defined to Thermo-Calc. In this case, it is the composition of the liquid phase and temperature 

of the system that are used.  

 

The melting temperature is given as an input and a linear change in temperature is assumed 

during the solidification as described by equation (9), 

 

𝑇(𝑡) = 𝑇𝑚 − �̇� ∙ 𝑡 (9) 

 

, where �̇� is the cooling rate. The melting temperature for the system, 𝑇𝑚, is obtained from an 

equilibrium calculation using Thermo-Calc and set as the starting temperature of the 

simulations. For the Al-2.1at%Cu it is approximately 920 K.  

 

An equilibrium calculation using these conditions yields values for 𝑓𝑠, 𝑥𝑐𝑢
𝑠  and 𝑥𝐶𝑢

𝐿 . These 

values will be stored, and the liquid composition will be corrected in further steps to account 

for back-diffusion. The new corrected composition of the liquid phase is set as conditions for 

a new equilibrium calculation using Thermo-Calc. They are thereafter used to obtain new 

compositions for the solid and liquid phase as well as the fraction solid phase. The fraction 

solid does not reach 100% and a condition has been set to end the calculations when the 

fraction of the liquid phase reaches a certain value. 

 

The computational procedure for the binary system can be described in these simple steps: 

 

1. The initial conditions 𝑥0 = 2.1 𝑎𝑡% and 𝑇𝑚 = 920 𝐾 are used as an input for an 

equilibrium calculation. Thermo-Calc checks the equilibrium compositions of the 

system at the given conditions. 

 

2. Initial values for  𝑥𝑐𝑢
𝑠  and 𝑥𝑐𝑢

𝐿  are appended and a Scheil-Gulliver calculation is used 

to determine 𝑓𝑠. 

 

3. The new liquid composition, 𝑥𝑐𝑢
𝐿 , is used as a condition for the next temperature step, 

𝑇2. At this temperature a new liquid composition, 𝑥𝑐𝑢
𝐿 *, is calculated. 
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4. Because of an exchange of Cu between the new solid fraction and the liquid phase, the 

liquid composition is evaluated and corrected according to equation (5). This accounts 

for back-diffusion. 

 

5. The corrected liquid composition, 𝑥𝑐𝑢
𝐿 ** is used as an input for an equilibrium 

calculation using the same temperature, 𝑇2. The compositions for the formed solid 

phase and the liquid phase in the system is determined. 

 

6. Steps 3, 4 and 5 are repeated. 

 

The chemical diffusion coefficients are appended from Thermo-Calc after each equilibrium 

calculation and they describe the mobility of the components at the interface. These are used 

in step 4 during the correction of the liquid composition.  

 

The same procedure is used for the ternary system, with the composition of the third alloying 

element set as another condition. Both 𝑥𝑐𝑢
𝐿  and  𝑥𝑆𝑖

𝐿  are corrected at every temperature step. 

The system is however more complex and a Scheil-Gulliver simulation indicates that the Al-

2.1Cu-1Si alloy used for the ternary system has a miscibility gap at around 773 K. Results 

have therefore only been used from temperatures ≥ 733 𝐾. For the ternary system, both the 

diagonal and the off-diagonal diffusion coefficients are appended.  

 

Equation (1) has also been used to relate the secondary dendrite arm spacing to the 

solidification time during the simulations. Every time step yields a fraction solid with a 

certain composition. The relation has therefore been used in the Ågren model to study the 

composition profiles of the alloying elements in the dendrite.  
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4. Results  

 

4.1 The Al-Cu system 

 

The melting temperature of the Al-2.1at%Cu alloy is approximately 920 K and the 

solidification process takes place at the temperature interval 920-780 K according to the 

Scheil-Gulliver simulation using Thermo-Calc. Three different cooling rates (�̇�) were used to 

test the Ågren model and compare it with DICTRA simulations. These conditions, as well as 

the solidification time (t) and one half of the secondary arm spacing (L) as shown in Table 1 

are used as inputs for the aforementioned models. Solidification during equilibrium conditions 

and the Scheil-Gulliver model do not depend on these parameters, and remains the same for 

all cooling rates. 

 

               Table 1. Three different cooling rates during solidification of Al-2.1at%Cu. 

 �̇� (K/s) t (s) L (𝜇𝑚) 

A 1 140 25.8 

B 0.1 1 400 63.24 

C 0.01 14 000 155.26 

 

The corresponding solidification simulations are presented in Figure 3, 4 and 5.  

 

 
 

Figure 3: Solidification simulations of Al-2.1at%Cu at cooling rate 1 K/s using the Lever-rule 

(equilibrium), the Scheil-Gulliver model, DICTRA and the model by Ågren. 
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Figure 4: Solidification simulations of Al-2.1at%Cu at cooling rate 0.1 K/s using the Lever-

rule (equilibrium), the Scheil-Gulliver model, DICTRA and the model by Ågren. 

 

 
 

Figure 5: Solidification simulation at of Al-2.1at%Cu at cooling rate 0.01 K/s using the 

Lever-rule (equilibrium), the Scheil-Gulliver model, DICTRA and the model by Ågren. 

 

 

The solidification process continues until a certain fraction of the liquid phase is reached, 

which is shown by the horizontal line at the end of the curve.  
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A segregation profile for the cooling rate 1 K/s from DICTRA and the model by Ågren is 

shown in Figure 6.  

 

 
 

Figure 6: Composition of Cu in the FCC phase as a function of distance with simulations 

using DICTRA and the model by Ågren. 

 

4.2  The Al-Cu-Si system 

 

The ternary Al-2.1Cu-1Si (at%) system has a miscibility gap at around 773 K, and only 

results from this temperature and above are considered. The melting temperature for this 

system is 914.8 K and the Scheil simulations shows a very steep curve after around 723 K 

when the fraction solid phase reaches approximately 95%. The solidification interval is 

therefore considered to be between 914.8 and 723 K. 

 

Two cooling rates are used as shown by Table 2. 

 

                  Table 2. Two different cooling rates during solidification of Al-2.1Cu-1Si. 

 �̇� (K/s) t (s) L (𝜇𝑚) 

D 1 191.8 29.13 

E 0.1 1918 71.51 

 

 

The results for the simulations are presented in Figure 7 and Figure 8. 
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Figure 7: Solidification simulation of Al-2.1Cu-1Si (at%) at cooling rate 1 K/s using the 

Lever-rule (equilibrium), the Scheil-Gulliver model, DICTRA and the model by Ågren. 

 

 
 

Figure 8: Solidification simulations of Al-2.1Cu-1Si (at%) at cooling rate 0.1 K/s using the 

Lever-rule (equilibrium), the Scheil-Gulliver model, DICTRA and the model by Ågren. 

 

 

It has been observed during simulations using the model by Ågren that that the off-diagonal 

diffusion coefficients, 𝐷𝑐𝑢,𝑠𝑖
𝐴𝑙,𝐹𝐶𝐶

 and 𝐷𝑠𝑖,𝑐𝑢
𝐴𝑙,𝐹𝐶𝐶

 appended from Thermo-Calc have negative values. 

They are of a lower magnitude in comparison with the positive diagonal diffusion 

coefficients,  𝐷𝑐𝑢,𝑐𝑢
𝐴𝑙,𝐹𝐶𝐶

 and 𝐷𝑠𝑖,𝑠𝑖 
𝐴𝑙,𝐹𝐶𝐶

. When it comes to simulation time, solidification according 

to equilibrium is fastest and it is followed by Scheil-Gulliver and thereafter the Ågren model. 

DICTRA calculations took longer time.  

770

790

810

830

850

870

890

910

930

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

T
em

p
er

a
tu

re
 (

K
) 

Fraction solid phase 

D 

Ågren

DICTRA

Equilibrium

Scheil-Gulliver

770

790

810

830

850

870

890

910

930

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

T
em

p
er

a
tu

re
 (

K
) 

Fraction solid phase 

E 

Ågren

DICTRA

Equilibrium

Scheil-Gulliver



 19 

5. Discussion 

 

Solidification simulations for a binary Al-Cu alloy and a ternary Al-Cu-Si alloy have been 

performed using the Scheil-Gulliver model in Thermo-Calc, diffusion calculations using 

DICTRA and an implementation of the model proposed by John Ågren. The results are 

discussed and the approach evaluated with a regard to social and ethical aspects.  

 

5.1 Models 

 

Several different cooling rates were used during the simulations, with different input 

parameters for DICTRA and the Ågren model. The Scheil-Gulliver model and solidification 

according to equilibrium remain the same during the simulations, only depending on the 

composition. DICTRA is used as a reference, and the aim is to achieve the same result using 

the new model. Keeping this in mind, the results from the binary Al-2.1at%Cu simulations 

show that the Ågren model gives excellent results for high cooling rates.  

 

The solidification curve coincides with the one from the DICTRA simulation perfectly at 1 

K/s and 0.1 K/s as seen in Figure 3 and Figure 4. Solidification at a lower cooling rate of 0.01 

K/s, Figure 5, show deviations between DICTRA and Ågren. The deviation from DICTRA 

are clearly seen for the ternary system in Figure 7 and Figure 8 and while the curve from the 

Ågren model has the same shape, there is a clear offset. Furthermore, the curvature changes 

drastically when the cooling rate is lowered from 1 to 0.1 K/s which is a behavior that has not 

been observed for the binary system.  The solidification ends much faster as shown in Figure 

8 and exceeds the line describing equilibrium which should not be possible. This was one of 

the limitations observed in the Brody-Flemings model as well.  

 

To investigate the Ågren model further, the segregation profile was calculated using DICTRA 

and the Ågren model for the binary system. Figure 6 shows a difference in the distributing of 

Cu in the FCC phase between the models. The result was expected as DICTRA evaluates the 

diffusion for every phase at each time step allowing further diffusion to take place in the solid 

structure. For the Ågren model however, once a solid fraction with a certain corrected 

composition is determined it will not change. This is another benefit of using DICTRA and 

the Ågren model and not the commonly used Scheil-Gulliver that does not consider diffusion 

distances. Diffusion in the solid state can be significant as shown by the segregation profile, 

where redistribution in the solid structure can give a change in the concentration gradient. 

Introducing back-diffusion to modeling of microsegregation has shown that it can indeed be 

an important parameter to consider during solidification. 

 

Many simplifications have been made during the implementation of the model. The 

simulations were performed on relatively simple systems, with only one solid phase present. 

However, secondary phases can due to microsegregation form during the solidification 

process. The diffusion between these different solid phases and with the liquid phase is very 

important to consider as well as solid phase transformations during solidification.  
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The negative off-diagonal coefficients observed, while low in magnitude, can influence the 

results. However, both the Al-Cu and the Al-Cu-Si systems have been assessed carefully. The 

use of equation (1) to determine the secondary dendrite arm spacing is uncertain. This is an 

empirical expression and it is more practical to relate the cooling rates directly to the dendrite 

arm spacing. When developing new materials, it is not known which temperature interval is to 

be expected. On the other hand, having such data as inputs for both DICTRA and the Ågren 

model has enabled a comparison to be made between the results. 

 

5.2 Social and ethical aspects 

 

The Ågren model just like DICTRA uses a combination of kinetic and thermodynamic data to 

evaluate the growth of the solid phase during solidification. Results show that the cooling rate 

has an impact on the casting process and it affects the degree of microsegregation. It is thus 

very clear that the use of solidification modeling is significant for the understanding of this 

complex process. Better understanding of solidification can give a more refined picture of the 

microstructural evolution and in turn the material properties.  

 

By changing the casting parameters, a material with the desired microstructure can be 

developed. Using computational approaches enables a faster development, thus making the 

ICME and CALPHAD approaches valuable tools for materials design. This will reduce the 

time of material development and be beneficial economically but also with a regard to 

sustainability. Materials with advanced properties that are especially designed for certain 

applications will perform better under given conditions and does not have to be replaced as 

often. This will save financial resources as well as optimizing the use of alloying elements, 

enabling the replacement of harmful elements while keeping the desired properties of the 

material. 
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6. Conclusion 

 

While homogenization treatment can reduce segregation in the material, it cannot fully erase 

the phenomenon and some precipitated second phases can remain. This can result in a coarser 

structure, with inferior mechanical properties and in some cases also a dissolution of desired 

metastable phases. To be able to design a material with certain mechanical properties, the 

solidification phenomena must be fully observed and controlled. This enables the design of 

materials that are better suited for their applications, saving both financial and natural 

resources.  

 

A new solidification model has been implemented using the Matlab-Toolbox for Thermo-

Calc for investigation of the microsegregation phenomena. The model by Ågren can 

effectively simulate solidification for binary Al-Cu alloys but cannot do that as well for the 

ternary Al-Cu-Si system. It is however more practical compared to DICTRA calculations that 

require heavy computational work and are more time consuming.  

 

Computational programs are needed for this approach with models that effectively describe 

physical and chemical phenomena at different length scales. However, the quality of the 

simulations depends in most cases also on the data used. Commercial alloys used today 

consist of various components. The CALPHAD method is vital in that aspect as it can be used 

to build databases for many important alloying systems, using interpolation methods to 

predict the behavior of more complex systems and thus enabling the investigation of 

advanced materials.  
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7. Further investigations 
 

This model as it is now can only describe the first parts of the process if a multiphase system 

is investigated. It is therefore recommended to improve the code so that it allows phase 

transformations to take place. The relation between the secondary dendrite arm and the 

cooling rate should be investigated and this would improve the code further.  

 

Comparing the simulations to real experiments on solidification and microsegregation can be 

useful in further investigations of the model. While the DICTRA results were used as a 

reference, both experimental and computational methods must be used to evaluate the 

solidification process. Simulations of other alloying systems can give a clearer picture on the 

applicability of the model. 
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