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Abstract

Circular dichroism (CD) spectroscopy, exploiting the wavelength-dependent
differential absorption of left- and right-handed circularly polarized light, is
a popular method of protein characterization. Theoretically computed CD
spectra from quantum mechanical computer models of peptides can widen the
applicability of the method. In this work, the usefulness of Time-Dependent
Density Functional Theory (TD-DFT) with the CAM-B3LYP functional and
6-31+G(d) basis set in obtaining CD spectra of model alanine α-helices 3
to 15 residues long is investigated. It is found that including 10 excited
states per residue in the TD-DFT calculation resolves the characteristic part
of the spectra sufficiently. However, the results suffer from blueshift and
improper weakness of the 222 nm peak of the characteristic α-helix spectra
corresponding to the n→ π∗ transition, despite extension of the basis set to
6-311++G(d,p) and use of the Polarizable Dielectric Continuum Model to
treat solvent effects. In this case, these issues are limiting the usefulness of
TD-DFT for prediction of peptide CD spectra. More advanced methods to
treat solvent interaction and benchmarking the performance of the functional
with higher-level ab initio methods are suggestions for future studies.

A introduction to electronic structure theory and the use of time-dependent
perturbation theory to treat spectroscopy is also given in this work.



Sammanfattning

Cirkulär dikroism (CD), den våglängdsberoende skillnaden i absorption av
vänster- och högercirkulärpolariserat ljus, utnyttjas i populära spektroskopis-
ka metoder för att karakterisera proteiner. Teoretiskt beräknade CD-spektra
erhållna från kvantmekaniska datormodeller av peptider kan vidga metodens
applicerbarhet. I detta arbete undersöks användbarheten hos tidsberoende
densitetsfunktionalteori (TD-DFT) med funktionalen CAM-B3LYP och bas-
mängden 6-31+G(d) för beräkning av CD-spektra för modeller av α-helixar
av alanin, 3 till 15 aminosyror långa. Det visas att beräkningar som inklude-
rar 10 exciterade tillstånd per alanin är tillräckliga för att erhålla den karak-
teristiska delen av spektrat hos α-helixar. Resultaten lider dock av blåskift
och felaktig svaghet hos toppen vid 222 nm i det karakteristiska α-helix-
spektrat motsvarande övergången n → π∗, trots utvidgning av basmängden
till 6-311++G(d,p) och användning av metoden Polarizable Dielectric Con-
tinuum Model (PCM) för att behandla inverkan från lösningsmedel. Dessa
brister begränsar i detta fall användbarheten av TD-DFT för bestämning
av strukturbestämning från CD-spektran. Förslag för framtida studier är att
behandla interaktion från lösningsmedlet med mer avancerade metoder samt
att kontrollera prestandan hos funktionalen med ab initio-metoder av högre
nivå.

En introduktion till elektronstrukturteori och användningen av tidsberoende
störningsteori för att behandla spektroskopi ges även i detta verk.
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Chapter 1

Introduction

Proteins are the functional building blocks of all life, but today they are also
valuable trade commodities, traded for billions of dollars per annum globally.
The use and range of applications of proteins are widening. In the life sciences
and in the burgeoning biomedical and biotech industries, there is a demand
for rapid, reliable and cheap protein structure characterization techniques,
and the global market for protein detection and quantification alone was
worth USD 1.48 billion in 2016.1 This reflects the need for researchers and
users of proteins to determine their proteins’ structure and state.

The currently available techniques for protein structure characterization are
X-ray crystallography, nuclear magnetic resonance, cryo-electron microscopy,
small-angle X-ray scattering and circular dichroism. X-ray crystallography is
the oldest method and has resolved more protein structures in the PDB than
all other methods combined.2 However, X-ray crystallography is time and
resource intensive and not useful for quick characterization or verification
of protein structure in an applications research or industrial setting. In this
regard, circular dichroism spectroscopy is a popular and widely used method.

Circular dichroism (CD) spectroscopy currently offers a fast and simple method
for characterizing the secondary structures of proteins. The data can be col-
lected and analyzed in a few hours without special preparation of the sam-
ple.3 CD spectroscopy can thus be used to verify the secondary structure
of a protein in solution, monitor changes in protein conformation during,
for example, folding, ligand binding or amino acid substitution, and more.
CD spectroscopy is thus a very important complement to other methods of
protein structure characterization.4

Underlying CD spectroscopy is the optical phenomenon of circular dichroism,
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(a)
(b)

Figure 1.1: (a): The action of chiral molecules on plane polarized light (blue).
The rotation of plane α is due to ORD. The elliptical polarization (red) is due
to CD. (b): Typical instrumentation of a CD spectrometer. The equation
is Beer–Lamberts law, where ∆A is the difference in absorbance of the two
polarizations and ∆ε the extinction coefficient.

which is defined as the differential absorption of left- and right-handed circu-
larly polarized light. A linearly polarized wave of light may be represented as
two circularly polarized waves of equal magnitude rotating in opposite direc-
tions. If the linearly polarized wave is passed through a solution containing
an enantiomer of a chiral molecule, the polarization of the wave is changed.
The plane of rotation is tilted, and the polarization changes from linear to el-
liptical, as illustrated in Fig. 1.1a. The induced elliptical polarization is due
to one of the circular polarizations being more strongly absorbed than the
other. The rotation of the plane of polarization is due to the closely related
phenomenon of optical rotatory dispersion (ORD) in which the refractive
index of the polarizations differ.5

Circular dichroism activity can thus be measured by the ellipticity induced
in a linearly polarized wave of light. However, most actual CD spectroscopy
instrumentations instead employ birefringence to periodically send pure left-
circularly polarized and right-circularly polarized light through the sample
and measure the difference in absorbance, from which the extinction coeffi-
cient ∆ε may be calculated. A schematic illustration of the typical instru-
mentation is shown in Fig. 1.1b.

In general, only molecules that are chiral may show CD activity. A chiral
molecule is one which cannot be superimposed on its mirror image by any
combination of rotations. A source of chirality in organic molecules is asym-
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CHAPTER 1. INTRODUCTION

(a)

(b)

Figure 1.2: (a): Chiral molecules like amino acids cannot be superimposed on
their own mirror images, like the left and right human hand. Consequently,
they are characterized as left- or right-handed. Courtesy of NASA. (b): The
α-helix structure with hydrogen bonds marked in magenta. Each hydrogen
bonding amide pair is separated by three amides (most easily counted by
counting the blue nitrogens).

metric carbons which connect four different groups (see Fig. 1.2a). Such
carbons are present in all amino acids except glycine. Proteins are in essence
polymers of amino acids, and all amino acids naturally used in proteins are
left-handed. Larger molecular structures can also be chiral. Any helical
structure, such as an α helix in a protein, is either left- or right-handed. In
proteins, right-handed helices dominate left-handed due to being energeti-
cally favorable.

Protein structure is divided into primary, secondary, tertiary and quaternary
structure. Primary structure is the sequence of amino acids in the chain.
Secondary structure is the local three-dimensional structure of the chain and
is determined by the hydrogen bonds between the N-H and carbonyl groups
of different amino acids along the chain. Secondary structure may also be
characterized by the torsion angles ϕ, ψ in Ramachandran plots. One of the
most prominent secondary structures is the α helix (Figure 1.2b), where the
protein polymer is turning in a helix and each amide in the helix is bonding
to the carbonyl of the fourth residue forward in the chain. Characteristic
secondary structures like α helices form basic building elements of large pro-
teins.

All amino acids share the same backbone, and differ only in their side chain.
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(a) π → π∗ (b) n→ π∗

Figure 1.3: A model of the transitions in the peptide bonds which appear
in the CD spectra. In the planar symmetry of an amide, the CD activity is
close to zero. In peptides, the carbons on the sides are chiral, breaking the
planar symmetry of the bond and causing CD activity. Not shown in the
excited state of (a) is a surface extending from the amide carbon into the
surroundings of the bond, which was hidden for visibility.

The amide group of peptide bonds between amino acids shows CD activity
in the middle and far ultraviolet region (below 250 nm). The amides interact
with their neighbors according to relative orientation. This encodes informa-
tion about the secondary structure into the far-UV region of the CD spectra
of proteins, and is what is exploited in CD spectroscopy. The important
transitions contributing to CD activity in the peptide bond are a π → π∗

and an n→ π∗ transition, illustrated in Figure 1.3.6

α helices have highly characteristic spectra in the far UV which are easily
experimentally identifiable. There are three peaks: the first at 192 nm is
positive and approximately twice as large in magnitude as the other two,
which are at 208 nm and 222 nm, respectively. This spectrum is distinct
from that of other secondary structures like the β sheet, which have only two
peaks, one positive at 195 nm and one negative at 216 nm, or the so-called
random coil spectra, which has a strong negative band around 200 nm.4 As
there is some variability in the exact conformation (often quantified in terms
of (φ, ψ), see Figure 1.4) of α helices, there is also some variation in the
exact locations and intensities of the peaks in the characteristic spectra with
residue content and solvent.

6



CHAPTER 1. INTRODUCTION

Figure 1.4: The angles φ, ψ used to quantify secondary structure.

The contribution of separated structural elements of proteins to the CD ab-
sorption is additive, so for larger peptide ensembles the measured spectra is
approximately a superposition of the characteristic spectra of the individual
elements. This fact underlies the established methods of protein secondary
structure inference from CD spectra. Some typical experimental reference
spectra are shown in Figure 1.5. The fractional content of a particular sec-
ondary structure, like the α helix, is defined as fi. With a reference spectra
Bi(λ) for that secondary structure, the total spectrum is C(λ) =

∑
fiBi(λ).

For experimental spectral data, least-squares or similar methods may be
used in conjunction with reference spectra to estimate the secondary struc-
tural fractions fi. This is the output data of the currently popular CD
spectroscopy methods. The method has also been extended to estimate the
number of secondary structural segments.4

Clearly, the accuracy of the method is dependent on the relevance of the
reference spectra to the sample, and there has been hope that refined meth-
ods of obtaining reference spectra will increase the precision of the method to
include more details about the protein conformation. Research into CD spec-
tra prediction from theoretical methods promises such improvements. Such
research has been ongoing since at least the 1990’s, and is the underlying
motivation for the present investigation.

Methods of obtaining theoretical CD spectra can be classified into ones using
classical physics and ones based on quantum mechanics. The classical models
consider interactions of electrical dipoles, but do not give as accurate results
as the quantum mechanics-based methods.

The quantum methods form a part of the general field of quantum chemistry.
The idea of quantum chemistry is that since most chemically relevant prop-
erties of molecules stem from their electrons, which are described completely
by the Schrödinger (or more generally, Dirac) equation, it should be possible
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Figure 1.5: Experimental CD spectra for characteristic secondary structures,
redrawn from Brahms & Brahms.7

to calculate those properties from ab initio, meaning ”from the beginning”,
i.e. from first principles with no more data than knowing which elements
make up the molecule and some knowledge of its structure. This idea was
formulated already by Dirac in 1929.8 The Schrödinger equation for multiple
interacting electrons is not analytically solvable, so approximate methods are
required, and have been in development since the beginning of quantum me-
chanics. Successful ab initio methods include the Hartree–Fock method and
the associated theory, and the method of density functional theory (DFT),
the latter especially in the formulation of Kohn and Sham.

The computational problem of solving the Schrödinger equation using ab
initio methods grows very quickly with system size, and since the inception
of quantum chemistry, computational power has been a limiting factor of
the size of the molecules and chemical systems which can be considered.
Therefore, it has not been and is still not possible to perform a full ab initio
calculation on a protein, which may contain hundreds or even thousands of
amino acids. To the end of acquiring CD spectra, then, special methods have
been developed where the protein is divided into small parts, e.g. single or
a couple of amino acids. Their electronic wave functions are calculated by
ab initio methods, and the results are linked together via theory treating
coupling between the parts to some extent.6;9

The upper limit on the size of systems which may be treated accurately has
been growing rapidly during the last two decades. Two contributing factors
are the exponentially increasing processing power of commercially available
computer hardware following Moore’s law, and advances in DFT. Through
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the introduction of the CAM-B3LYP functional10, DFT can now treat long-
range exchange correlation in relatively large systems with satisfactory accu-
racy. It should now be possible to treat a significant number of amino acids
in the same calculation. This is opening up new opportunities for protein
structure determination from CD spectroscopy.

The larger the system size that can be treated in a single calculation, the
fewer errors are introduced and/or the fewer features are missed due to the
fragmentation scheme. If one imagines having access to perfectly accurate
and quick computational spectra, one could do away with the current ap-
proach of fitting from experimental spectra and instead link the spectrum of
interest to a computer model. This would enable new possibilities. To iden-
tify an unknown structure, one could vary the model in a deliberate way until
the computed spectrum converges to the experimental. The same approach
could be employed to study conformational changes or protein folding to a
high level of structural detail. These methods would yield unprecedented
extensions of the use of CD.

It is not probable, due to the computational complexity of ab initio methods
and the eventual saturation of Moore’s law, that even in the long term large
proteins may be treated as a single unit in ab initio calculations. Most likely,
all future schemes of calculating CD spectra of proteins will require some
division of the protein into subunits. To the end of informing such division
choices in future analysis software, it is of interest to know how the calculated
spectra scale with peptide length and also how the computational cost scales.

Answering this question is the goal of the present work. First, the underlying
theory of ab initio methods for finding equilibrium geometries and electronic
wave functions of molecules is presented in Chapter 2, followed by an expla-
nation of how CD spectra may be calculated from electronic wave functions
and a derivation of the relevant quantity in Chapter 3. Finally, the CD spec-
tra for alpha helices of 3–15 alanine residues are calculated in Chapter 4, and
the scaling of computational time and the dependence of the spectra on the
helix length are investigated.
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Chapter 2

Electronic Structure Theory

Electronic structure theory is introduced to the unfamiliar reader. Familiar
readers may want to skip this chapter.

2.1 Molecular Hamiltonians

The basic idea of quantum chemistry is to obtain approximate solutions
to the Schrödinger equation for molecules. The solutions themselves give
information about the energy of the molecule, but they can also be used to
calculate many of its properties. The start of solving the time-independent
Schrödinger equation ĤΘ = EΘ, where Θ is the molecular wave function, is
obtaining an expression for the Hamiltonian Ĥ.

In standard treatments,11 electrons and nuclei in molecules are assumed to
interact electrostatically. The Hamiltonian of a molecule is then the sum of
these interaction energies and the kinetic energies of each particle. If there
are N electrons and A nuclei, the Hamiltonian is

Ĥ = −
N∑
i=1

1

2
∇2
i −

A∑
a=1

1

2Ma

∇2
a −

1

2

N∑
i=1

A∑
a=1

Za
|ri −Ra|

+
1

2

N∑
i=1

N∑
j=1,
j 6=i

1

|ri − rj|
+

+
1

2

A∑
a=1

A∑
b=1,
b 6=a

ZaZb
|Ra −Rb|

(2.1)

where the r are spatial vectors of electrons and R spatial vectors of nuclei,
Za is the atomic number of nuclei a, Ma is the ratio of mass of nuclei a to an

10



CHAPTER 2. ELECTRONIC STRUCTURE THEORY

electron, ∇2
i is the Laplace operator acting on the vector ri and ∇2

a operates
on the nuclear vectors Ra. Note that the expression is given in atomic units
which hides some fundamental, constants like e, the elementary charge, inside
the physical quantities. Atomic units will be used throughout this chapter.
This Hamiltonian is not solvable by analytical methods, nor by numerical
methods except for very small systems like diatomics.12 A solvable problem
can be obtained by approximations.

The molecular Hamiltonian may be split into an electronic Hamiltonian Ĥe

and nuclear Hamiltonian Ĥn. The eigenfunctions of the electronic Hamilto-
nian Ĥe, here denoted Ψ, may be used as a basis to expand the molecular
wave function:

Θ =
∑
ν

Φν(Ra)Ψν(ri;Ra), (2.2)

where the dependence on the full set of coordinates {ri} and {Ra} is under-
stood, and the parametric dependence of Ψν on the nuclear coordinates has
been made explicit by the use of the semicolon.

If the system were classical, the nuclei and electrons would experience the
same pairwise forces, but the change of momenta of the nuclei would be much
smaller than the change of electron momenta due to the large ratio of nuclear
to electronic mass. It might then be assumed that, in the quantum system,
the electrons are far more mobile than the nuclei and adapt to changes in
nuclear coordinates, making the electronic and nuclear motion adiabatically
separated. More specifically, the electronic wave function does not transi-
tion between states as a consequence of nuclear motion. For a determinate
electronic state Ψn, then, there is no need to describe the molecular wave
function as a sum over states. Instead, Θ = Φν(Ra)Ψν(ri;Ra). The Hamilto-
nian acting on Θ now will give rise to coupling terms involving ∇aΨn(ri;Ra).
According to the Born–Oppenheimer approximation,

∇aΨn(ri;Ra) ≈ 0 (2.3)

when the molecule is close to an energy minimum.13 The molecular Hamil-
tonian may then be replaced by two separate eigenvalue problems: The elec-
tronic eigenvalue problem Ĥe(Ra)Ψν(ri;Ra) = εν(Ra)Ψν(ri;Ra), and the
nuclear eigenvalue problem ĤnΦν

k(Ra) = Eν
kΦν

k(Ra), where Eν
k is the total

molecular energy in the state k, ν.

Following Szabo and Ostlund,11 the electronic Hamiltonian is

Ĥe =
N∑
i=1

[
−1

2
∇2
i −

A∑
a=1

Za
|ri −Ra|

]
+

1

2

N∑
i=1

N∑
j=1
j 6=i

1

|ri − rj|
. (2.4)
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2.2. MANY-ELECTRON WAVE FUNCTIONS AND TRANSITION
MOMENTS

Note that the nuclear coordinates {Ra} are parameters to Ĥe. If there is no
significant motion of the nuclei, the total energy of the molecule is simply

E = εν +
A∑
a=1

A∑
b=1,
b 6=a

ZaZb
|Ra −Rb|

+ Ezp, (2.5)

where εν = 〈Ψν |Ĥe|Ψν〉 as defined above, the nuclear repulsion may be cal-
culated electrostatically, and Ezp is a correction arising from the zero-point
energy of molecular vibrations, which may be calculated from curvature of
εν(Ra) but which will not concern us here. Approximate solutions Ψ to the
electronic problem can be found via schemes like the Hartree–Fock method
and density functional theory (DFT), which are introduced in subsequent
sections. By these methods it is then possible to find the electronic wave
functions for a given set of nuclear coordinates. To find molecular equilib-
rium geometries, i.e. to find the nuclear coordinates which give the lowest
molecular ground state energy, (a procedure called structure optimization),
an iterative procedure is employed where the nuclei are treated as classical
particles moving stepwise in the potential given by E(Ra).

It has been shown how the molecular Hamiltonian may be split into an elec-
tronic and nuclear problem, and their solutions combined to give molecular
equilibrium structures. This is the starting point of quantum chemical calcu-
lations, but its application requires method to solve the electronic problem,
which is what will be explored next.

2.2 Many-electron wave functions and transi-
tion moments

The goal of quantum chemistry is to find eigenfunctions to the electronic
Hamiltonian and use them to calculate molecular properties. This requires a
formalism for the electronic wave functions Ψ, which may represent hundreds
of electrons in large molecules. Such a formalism is introduced in this section.

For Hamiltonians which do not contain any electron–electron interactions,
the Schrödinger equation becomes separable in the electron coordinates and
its solutions Ψ are antisymmetrized products of one-electron wave functions.
In general these products can be written as Slater determinants, and their
form will be introduced shortly. The one-electron wave functions making
up the Slater determinants are eigenfunctions of the one-electron operators
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CHAPTER 2. ELECTRONIC STRUCTURE THEORY

constituting the no-interaction-Hamiltonian. The total state Ψ is then deter-
mined by the one-particle states occupied by the electrons. The one-particle
states are termed orbitals.

Electrons have spin and two electrons of opposite spin can share orbitals with
identical spatial extents. Thus there is a distinction made between spatial
orbitals, dependent only on the three spatial coordinates r and written ψ(r),
and spin orbitals, which depend on r and one symbolic spin coordinate ω.
The spin orbitals are written χ(x), where x = (r, ω). All operators which do
not act on spin have spatial orbitals ψ(r) as their eigenfunctions. In those
cases, spin orbitals may be constructed from spatial orbitals via multipli-
cation by a spinor φ(ω): χ(x) = ψ(r)φ(ω). The spatial orbitals ψ(r) can
generally be ordered by increasing energy and indexed ψi. Similar orderings
are used to index the spin orbitals χi, so that the N lowest indices 0 . . . N
correspond to the N spin orbitals with lowest energy. If the Hamiltonian
lacks spin-dependent operators, the ordering of spin orbitals will necessar-
ily be degenerate. It is then common to employ some systematic indexing
scheme, like making all spin orbitals with odd index be spin up and all with
even index be spin down.

When electron-electron interactions are included in the Hamiltonian, the
Hamiltonian is formally no longer separable, and Slater determinants can-
not be its eigenfunctions. However, it is useful to keep the picture of the
electronic wave function Ψ being made up of individual spin orbitals as a
still valid description. The reason is that given a set of spin orbitals which
completely spans the one-electron wave function space, the set of Slater deter-
minants which can be constructed from those spin orbitals will be a complete
set in the N -electron wave function space, and the exact eigenfunctions of
the Hamiltonian will then be expandable in the Slater determinants. Addi-
tionally, the Hartree–Fock-method, which will be introduced later, provides
a way to find the Slater determinant most closely approximating the exact
wave function, and if the exact ground state wave function is expanded in
the basis of Slater determinants constructed from spin orbitals obtained via
the Hartree–Fock method, the ground state Hartree–Fock Slater determinant
will have a dominating coefficient, meaning its separable description of the
exact wave function is accurate to a good degree.

An antisymmetrized sum of N spin orbitals can be represented as the N×N -
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2.2. MANY-ELECTRON WAVE FUNCTIONS AND TRANSITION
MOMENTS

determinant, called the Slater determinant:

|Ψ〉 =

∣∣∣∣∣∣∣∣∣
χi(x1) χj(x1) · · · χk(x1)
χi(x2) χj(x2) · · · χk(x2)

...
... . . . ...

χi(xN) χj(xN) · · · χk(xN)

∣∣∣∣∣∣∣∣∣ = |χiχj · · ·χk〉 , (2.6)

the last expression being a useful shorthand notation since a Slater deter-
minant is determined by its constituent orbitals. Slater determinants fulfill
the antisymmetrization requirement since interchange of electron coordinates
correspond to row exchange, under which determinants are antisymmetric.
Equivalently, they fulfill the Pauli exclusion principle, since two electrons
occupying the same spin orbital would correspond to two identical columns
in the determinant, which makes the determinant vanish.

The Slater determinant with the lowest energy is written |Ψ0〉 = |χ0χ1 · · ·χN〉
and is made up of the N spin orbitals with the lowest energy. From |Ψ0〉
the following notation is used for producing excited determinants, which are
wave functions where one of the spin orbitals χi in |Ψ0〉 has been replaced
by another spin orbital χr:

|Ψr
i 〉 = |χrχj · · ·χk〉 (χr replaces χi in |Ψ0〉)

The same notation is used to produce doubly, triply, up to N -tuply excited
determinants:

|Ψrs
ij 〉 = |χrχs · · ·χk〉 (χr, χs replaces χi, χj in |Ψ0〉)

If χ0, χ1, χ2, · · · is a complete set for the single-electron space x, then |Ψ0〉 ,
|ΨN+1

0 〉 , |ΨN+2
0 〉 · · · will be a complete set in the x1 subspace of the 3N -

dimensional space x1, x2, · · · xN . Since the same is true for all coordinates
xi, the set of all possible excited determinants must be complete in the total
3N -dimensional x1, x2, · · · xN space. This motivates the above statement
about expansion of eigenfunctions of interacting-electron Hamiltonians into
Slater determinants.

To calculate physical properties or in any manner use these many-electron
wave functions one must know how to apply operators to them. In this work,
apart from the Hamiltonian, only operators which act on electrons individu-
ally will be of interest. Such operators are called one-electron operators and
examples include the core Hamiltonian ĥ and the electric and magnetic dipole
operators µ̂ and m̂. Let Â be a general one-electron operator representing the
observable A. All such operators are sums of identical operators acting over
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CHAPTER 2. ELECTRONIC STRUCTURE THEORY

the electron coordinates, Â =
∑N

i=1 â(xi). Calculating the expectation value
〈Ψn| Â |Ψn〉 corresponds to finding the property A of the molecule in the state
|Ψn〉. As shown in Appendix A or in the book by Szabo and Ostlund,11 the
expectation value is calculated as

〈Ψ0|Â|Ψ0〉 =
N∑
i=1

〈χi|â|χi〉 . (2.7)

If the operator â is independent of spin, this expression may be reduced to the
spatial orbitals ψ(r). The result will be dependent on the make-up the spin
orbitals, but commonly the ground state is assumed to be a restricted closed-
shell determinant, meaning that all electrons are paired in spin (closed-shell)
and electrons of opposite spin occupy the same spatial orbital (restricted).
The result is then

〈Ψ0|Â|Ψ0〉 = 2

N/2∑
i=1

〈ψi|â|ψi〉 . (2.8)

For certain operators like the magnetic and electric dipoles, it is also of
interest to find quantities of the type 〈Ψn| Â |Ψm〉, called transition moments
between states Ψn and Ψm. Physically, transition moments correspond to
observables which relate two states, like the polarizations and energies of
electromagnetic waves which induce state transitions. For singly excited
determinants and the ground state, the result is

〈Ψt
s|Â|Ψ0〉 = 〈χt|â|χs〉 (2.9)

meaning that only the differing orbitals contribute to the transition moment.
For any determinants which differ by two orbitals or more, the transition
moments are identically zero (see Appendix A or the book of Szabo and
Ostlund11 for a proof).

The many-electron analogue to the single-electron probability density |ψ(r)|2 dr
is

ρ(r) = N

∫
|Ψ|2 dr2 · · · drN dω1 · · · dωN . (2.10)

In a similar manner as obtaining Eq. (2.8) but leaving r1 out of the integra-
tion (i.e. the operator â is ”do not integrate over r1”), it is shown that for a
restricted closed-shell determinant

ρ(r) = 2

N/2∑
i

|ψi(r)|2. (2.11)
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2.3. HARTREE–FOCK METHOD

A common name for ρ(r) is the electron density. Note that the electron den-
sity is a function of just 3 coordinates, as opposed to the Slater determinants
which depend on 3N coordinates. Note also that integrating ρ(r) over all
space gives the number of electrons N .

The formalism necessary to handle many-electron wave functions and calcu-
late their properties has been introduced, but its application is dependent on
having access to a set of spin orbitals χi which represent one-electron states
in the molecule of interest. Methods to find such spin orbitals are considered
next.

2.3 Hartree–Fock method

As mentioned, since the electronic Hamiltonian Ĥe contains electron–electron
interaction terms, its eigenfunctions are not of Slater determinant form. How-
ever, an interesting question is which Slater determinant most closely approx-
imates the ground state of the electronic Hamiltonian. Finding that Slater
determinant is done by finding a set of spin orbitals from which it can be
built. From the same spin orbitals excited determinants can also be built, and
they can then be used to expand the ground state in a best-approximating
basis.

The best-approximating Slater determinant can be found via the variational
principle, which yields the eigenvalue equation[
h(x1) +

1

2

N∑
a

∫
dx2χ

∗
b(x2)r−1

12 (1−P12)χb(x2)

]
χa(x1) ≡

≡ f(x1)χa(x1) = εaχa(x1) (2.12)

where the expression in brackets is defined as the Fock operator f(x). This
equation is called the Hartree–Fock equation and the spin orbitals χa satis-
fying it are called the Hartree–Fock spin orbitals. Some important details
of the derivation of the Hartree–Fock equation are given in Appendix A.
The full derivation is given by Szabo and Ostlund.11 The eigenvalue εa is
the orbital energy of χa. Finding the eigenfunctions to the Fock operator
then yields the spin orbitals from which the best-approximating Slater de-
terminants may be constructed. The Slater determinant containing the N
Hartree–Fock spin orbitals with the lowest energies is called the Hartree-Fock
ground state determinant.
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CHAPTER 2. ELECTRONIC STRUCTURE THEORY

Slater determinants formed from the Hartree–Fock spin orbitals are eigen-
functions of the operator

F̂ =
N∑
i

f(xi) (2.13)

sometimes itself called the Fock operator (though that name will here be
reserved for the single-electron operator) or, as by Szabo and Ostlund,11 the
Hartree–Fock Hamiltonian. Note that F̂ is a one-electron operator. Com-
paring it to the to the electronic Hamiltonian, it is seen that F̂ approximates
Ĥe by treating the electron–electron interaction as the interaction of electron
i with the averaged wave functions of all other electrons.

The Fock operator is functionally dependent on the set of spin orbitals {χi}.
This necessitates an iterative solution. An initial guess of the orbitals {χi}
are used to calculate a new set {χ′i} via the Fock operator. The latter are
then taken as initial guesses for the next step, and the procedure is repeated
until the set of orbitals converge, i.e. {χ′i} = {χi}. The molecular ground
state |Ψ0〉 is then formed from the N spin orbitals with the lowest energies.
This procedure is called the self-consistent field (SCF) procedure.

To vary the spin orbitals χi it is necessary to express them in a basis of known
functions {ϕi}. The choice of basis set {ϕi} becomes important for compu-
tational considerations as the choice affects computational performance. In-
tegral evaluations is a major workload in the SCF procedure. A widespread
method to reduce this workload is to use Gaussian functions as a basis since
they are easily integrated. Since in practice the basis set {ϕi} must be fi-
nite and thus cannot be complete, the choice of {ϕi} also affects accuracy
of results. Smaller basis sets give fewer integral evaluations to be made and
thus compute faster, but the projection of electronic wave functions onto
the subspace spanned by {ϕi} may become inaccurate if the basis set is too
small, yielding inaccurate values of electronic energies and observables. This
is especially true for excited states.

The formal expansion of the spatial orbitals ψi(x1) into the basis {ϕi}

ψi(x1) =
K∑
µ

Ciµϕµ(x1) (2.14)

is the start of obtaining any numerical implementation of the SCF proce-
dure, as it allows the Fock and other operators to be expressed in matrix
form. Details of such implementations can be found in literature, e.g. Szabo
and Ostlund.11 In practice one uses software packages like Gaussian14 which
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2.4. DENSITY FUNCTIONAL THEORY

implement the details of the SCF. The element numbers ZA and nuclear co-
ordinates RA along with a choice of basis set {ϕi} constitute the input data
to such software. The software obtains a starting guess of the expansion
coefficients Ciµ and performs the SCF automatically.

2.4 Density functional theory

An important alternative to the Hartree–Fock method is density functional
theory (DFT) and its refinements, which have seen a significant increase in
scope of applicability over the last two decades. It is built upon the fact that
there is a surprising one-to-one correspondence between the electron density
ρ(r) and the energy E of a many-electron system. The proof is simple and
follows.

As has been discussed the electronic Hamiltonian is of the form Ĥ = −∑N
i

1
2
∇2
i+

V̂ where V̂ represents potential energy. Assume that two Hamiltonian oper-
ators Ĥ and Ĥ ′ differ in the potential term, but give rise to the same electron
density ρ(r). Let Ψ and Ψ′ be eigenfunctions to the respective Hamiltonians
and let E0 and E ′0 be the respective energies. From the variational principle,

E0 < 〈Ψ′| Ĥ |Ψ′〉 = 〈Ψ′| Ĥ − Ĥ ′ |Ψ′〉+ 〈Ψ′| Ĥ ′ |Ψ′〉 =

= 〈Ψ′| V̂ − V̂ ′ |Ψ′〉+ E ′0 (2.15)

The expectation value can be calculated immediately from ρ(r),

〈Ψ′| V̂ − V̂ ′ |Ψ′〉 =

∫
ρ(r)(V̂ − V̂ ′) dr (2.16)

⇒ E0 <

∫
ρ(r)(V̂ − V̂ ′) dr + E ′0 (2.17)

Performing the same calculation with Ĥ ′ and Ψ and manipulating the signs
yields E ′0 < E0 −

∫
ρ(r)(V̂ − V̂ ′) dr. Addition of these formulas give

E ′0 + E0 < E0 + E ′0 (2.18)

which is inconsistent. The assumption that Ĥe and Ĥ ′ give rise to the same
ρ(r) must then be false, i.e. there is a one-to-one correspondence between Ĥ
and ρ(r), thus also between ρ(r) and the ground-state energy E0. The energy
must then be expressible as a functional of the electron density: E = E[ρ].
�
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CHAPTER 2. ELECTRONIC STRUCTURE THEORY

The theorem is due to Kohn and Hohenberg.15 While it may seem surpris-
ing at first, ρ in fact contains all information necessary to specify Ĥ, and
thus determine E. Firstly, ρ will peak close to the nuclear positions, and
the magnitude of its gradient near the spikes will be proportional to the nu-
clear charge. Secondly, as mentioned, integrating ρ over all space gives the
number of electrons (a condition which in the context of DFT is called N-
representability). Knowing this, given a ρ the exact expression for Ĥ could be
written down and the Hartree–Fock method used to find E. This illuminates
the correspondence between ρ and E.

If the form of E[ρ] was known, but ρ was not, a scheme could be employed
where a starting guess for ρ is varied (under the condition of maintaining
N -representability) to minimize E[ρ], and take the minimizing ρ as the elec-
tronic ground state ρ0, akin to the Hartree–Fock method. This is the princi-
pal idea of DFT. Much research has been devoted to finding E[ρ]. Commonly,
it is separated into components resembling the Hamiltonian:

E[ρ] = TS[ρ] + Vne[ρ] + J [ρ] + Vxc[ρ] (2.19)

where TS is a functional for the kinetic energy of the corresponding sys-
tem of non-interacting electrons, Vne is a functional for the electron-nuclear
attraction, J for the electron-electron repulsion and Vxc for the exchange in-
teraction (including all corrections arising from electron interactions). The
form of Vne and J (the term that causes all the trouble in Hartree-Fock the-
ory!) are taken straight from classical electrostatics. T is set to be calculated
by expanding the electron density in a basis set and using the single-electron
operator expressions with the kinetic energy operator. However there is no
clear way to find Vxc, and finding it constitutes the major challenge of DFT.
Many years of focused research devoted to the topic has produced function-
als which give accurate results in many situations. One of the most famous
functionals is called B3LYP.16;17 Its form will not be considered here.

While they are founded on distinct principles, it is possible to formulate
DFT and HF in more similar terms. By inserting (2.11) into the classical
expressions of Vne, J and with the strategy for T as above these terms become
identical in the HF and DFT approaches. Thus DFT can in a sense be viewed
simply as replacing the exchange term in (2.12) with the functional Vxc. The
same SCF procedure is then used to calculate molecular states and their
properties.

Just like HF, in practice DFT is implemented by software packages like Gaus-
sian.14 To use DFT, in addition to the input data to the SCF procedure in
Hartree–Fock, an exchange functional (e.g. B3LYP) must also be specified.
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2.4. DENSITY FUNCTIONAL THEORY

In summary of this chapter, using Hartree–Fock or density functional the-
ory, a set of spin orbitals χ are obtained (expressed in a basis set {φ}) from
which the Hartree–Fock (or in DFT, Kohn–Sham) ground state Slater de-
terminant |Ψ0〉 is constructed. From the same set of spin orbitals χ, excited
determinants which form a basis for the exact ground and excited states of
molecules can be produced. Using the expressions for single-electron opera-
tors, observables and transition moments of the molecule can be calculated.
All procedures considered are implemented in software packages like Gaus-
sian.14 In this way properties of molecules can be predicted just from knowing
their geometry. By means of structure optimization, equilibrium geometries
can be obtained from initial guesses.
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Chapter 3

Time-Dependent Molecular
Properties

aThe fundamental quantity which gives ECD spectra was derived by Norman
et al.18 using second quantization. It is re-derived here from time-dependent
perturbation theory as introduced at the undergraduate level.

3.1 Time-dependent perturbation theory

Electronic structure theory provides approximate solutions to the time-independent
Schrödinger equation, but the interaction of molecules with light is time-
dependent, and is described by the time-dependent Schrödinger equation

ĤΨ = i~
∂Ψ

∂t
. (3.1)

where Ĥ is now time-dependent. To find time-dependent properties of molecules,
approximate methods to solve (3.1) are required. If the time-dependent in-
teraction is small, it may be treated as a perturbation. The details follow.

Let Ĥ be Ĥ = Ĥ0 + V̂ , where Ĥ0 is a time-independent Hamiltonian, like
the molecular Hamiltonian or the Hartree–Fock Hamiltonian. Then there is
a complete set of eigenfunctions to Ĥ0, {|n〉}, which in the case of molecules
are found by the Hartree–Fock method or DFT (as explained in Chapter 2)
and can be taken to be sums of Slater determinants. Then the eigenfunctions
are solutions to (3.1) when combined with an exponential factor: |n〉 e−iEnt/~.

21



3.1. TIME-DEPENDENT PERTURBATION THEORY

Any general time-dependent solution to (3.1) may be expanded in the basis
|n〉:

ψ(t) =
∞∑
n=0

Cn(t) |n〉 e−iEnt/~ (3.2)

Assuming that V̂ is small compared to Ĥ0, the coefficients C may be ex-
panded in a power series Cn = C

(0)
n + C

(1)
n + C

(2)
n + · · · where C(k)

n is the
k:th correction to the RHS which approximates the exact Cn. Then there
is an identical expansion of ψ(t) = ψ(0)(t) + ψ(1)(t) + · · · , and ψ(k)(t) =∑∞

n=0 C
(k)
n (t) |n〉 e−iEnt/~. Inserting into (3.1) and requiring that the equa-

tion be satisfied independently for like orders of corrections1, it follows that

Ĥ0ψ
(k) + V̂ ψ(k−1) = i~

∂ψ(k)

∂t
(3.3)

and especially for the zeroth order, Ĥ0ψ
(0) = i~∂ψ

(0)

∂t
. For all orders, i~∂ψ

(0)

∂t
=

i~
∑∞

n=0 Ċ
(k)
n |n〉 exp(−iEnt/~) + Ĥ0ψ

(k)(t). The unperturbed Hamiltonian
cancels. By taking the inner product with a basis function |m〉 we obtain for
orders k > 0

Ċ(k)
m =

1

i~

∞∑
n=0

〈m|V̂ |C(k−1)
n n〉 e−i(En−Em)t/~ (3.4)

and for the zeroth order Ċ(0)
m = 0, meaning that the zeroth-order coefficients

are constant in time.

If it is assumed that the molecule is in its ground state |0〉 prior to the pertur-
bation turning on, then limt→−∞Cm = δ0m, implying that C(0)

m (t) = δ0m for
all t. The equation of motion (3.4) for C(k)

m then implies that the total wave
function ψ(t) becomes a superposition of the ground state and the excited
states, and the time-dependent contribution of state |m〉 is determined by the
time-evolution of the transition moment 〈m|V̂ |0〉. However, it is known that
excited states of molecules decay to the ground state via spontaneous emis-
sion. Spontaneous emission does not arise naturally at the level of theory of
this report19, but it can be treated by the introduction of a dampening term
−γmCm to the equation of motion (3.4), where −γm is the inverse lifetime of
the excited state |m〉. The value of γm is not easily calculated for molecules,
but it is useful as a semiempirical parameter21. Adding −γmCm to the RHS
of (3.4), the equation can be solved via the method of integrating factors:

Cme
γm =

1

i~

∫ t

−∞
〈m|V̂ |0〉 e(iωm0+γm)τ dτ (3.5)

1A symbolic variable λk = 1k multiplying ψ(k) and letting V̂ be of order 1 is of help in
this step
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CHAPTER 3. TIME-DEPENDENT MOLECULAR PROPERTIES

where the opportunity has been taken to introduce ωn0 = (En−E0)/~ as the
photon frequency corresponding to the energy difference between the n:th
and zeroth state.

Perturbation by electromagnetic radiation of general frequency composition
can be represented as a Fourier series

V̂ =
Ω∑

ω=−Ω

−P̂αFα(ω)e−iωt, (3.6)

where F(ω) are the electric and magnetic field vectors for the frequencies of
the radiation, the multiple-electron operator P̂α are the Cartesian compo-
nents of the appropriate multipole operators (typically the dipole operators),
and there is an implied summation over the Cartesian components α. Ad-
ditionally, it is assumed that there is no static field, i.e. ω 6= 0, since prop-
agating electromagnetic waves cannot be sources of static fields. The time
dependence is contained in the exponential, which allows integration of the
integral in (3.5). The lower limit vanishes, and the integrating factor cancels
post-integration. Inserting the result for the coefficients into (3.2), ψ(t) has
been found as

ψ(1)(t) =
1

~

Ω∑
ω=−Ω

∞∑
n=0

Fα(ω) 〈n|P̂α|0〉
ωn0 − ω − iγn

|n〉 ei(ωn0−ω)te−iEnt/~. (3.7)

Observables can be expanded as

A = 〈Â〉 = 〈ψ(t)|Â|ψ(t)〉 =

= 〈ψ(0)(t) + λψ(1)(t) + · · · |Â|ψ(0)(t) + λψ(1)(t) + · · ·〉 =

= 〈ψ(0)(t)|Â|ψ(0)(t)〉+ λ
[
〈ψ(0)(t)|Â|ψ(1)(t)〉+ 〈ψ(1)(t)|Â|ψ(0)(t)〉

]
+

+O(λ2) (3.8)

where λ = 1. The first-order correction is the expression multiplied by λ1:

〈Â〉(1)
= 〈ψ(0)(t)|Â|ψ(1)(t)〉+ 〈ψ(1)(t)|Â|ψ(0)(t)〉 (3.9)

As found previously, ψ(0) = |0〉 e−iE0t/~, and the zeroth-order term is inde-
pendent of time. The first-order correction is then what will dominate the
time-dependent response of the molecule to the electromagnetic field. The
first term in (3.9) is

〈ψ(0)(t)|Â|ψ(1)(t)〉 =
1

~

∞∑
n=0

Ω∑
ω=−Ω

〈0|Â|n〉 〈n|v̂α|0〉
ωn0 − ω − iγn

Fα(ω)e−iωt (3.10)
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~1-10 nm

~150-350 nm 

Figure 3.1: At near and middle ultraviolet wavelengths, which are spectro-
scopically interesting, molecules are very small ( 0.1 nm for water, 1–10
nm for oligopeptides), allowing the interaction with light to be treated as a
uniform time-dependent external field.

The second term in (3.9) is simply the conjugate of (3.10). By employing
the fact that the sum over ω is symmetric, the sign of the conjugate can be
manipulated via the switch of index ω → −ω so that both terms are multi-
plied by e−iωt. Since the electromagnetic field is real-valued, it must be that
F ∗α(−ω) = Fα(ω), so the factor Fα(ω) is also common to both terms. The
first-order correction to the observable A under perturbation by an electro-
magnetic field is then

〈Â〉(1)
=

1

~

Ω∑
ω=−Ω

∞∑
n>0

[
〈0|Â|n〉 〈n|P̂α|0〉
ωn0 − ω − iγn

+
〈0|P̂α|n〉 〈n|Â|0〉
ωn0 + ω + iγn

]
Fα(ω)e−iωt.

(3.11)
The sum over states excludes n = 0 because its contribution cancels (ω00 =
0, γ0 = 0). Using this result, time-dependent responses of molecular prop-
erties to electromagnetic fields may be calculated to first order. Generally,
the bracketed sum in (3.11) contains information about the coupling of the
external field to the molecular property, and is useful in its own right for cal-
culating the frequency-dependent effect on light passing through a collection
of molecules. A phenomenon which may be studied in this way is circular
dichroism, which is the subject of the remainder of this work.
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3.2 Circular dichroism

As stated in the introduction, circular dichroism (CD) is the differential ab-
sorption of left- and right-circularly polarized light. Circular dichroism is
caused by coupling of the external magnetic field to the induced electric po-
larization of the molecule.5;6;21 At visual wavelengths, molecular dimensions
are small enough compared to the wavelength that the external field may
be treated as uniform (see Figure 3.1) and the interaction may be described
by the dipole operators. The electric polarization of the molecule is then
〈µ̂〉, where µ̂ is the electric dipole operator, and the coupling to the exter-
nal magnetic field is given by m̂, the electric dipole operator. Insertion of
Â = µ̂α, P̂α = m̂β in (3.11) allows identification of the bracketed sum as the
linear coupling tensor to the external electric and magnetic fields 18

χαβ(ω) =
1

~
∑
n>0

[〈0|µ̂α|n〉 〈n|m̂β|0〉
ωn0 − ω − iγn

+
〈0|m̂β|n〉 〈n|µ̂α|0〉
ωn0 + ω + iγn

]
. (3.12)

This is an example of a molecular response function, which are functions giv-
ing the amplitudes of the time-dependent responses of molecular properties
to external perturbations.

Experimentally, circular dichroism is reported in terms of the extinction co-
efficient ∆ε or the ellipticity η, which are both proportional to the real part
of the trace of χαβ: ∆ε ∝ η ∝ χαα(ω) + χαα(ω)∗.21 Then if χαβ is calcu-
lated, the expected CD spectra is easily found. The software used in this
work, Gaussian,14 does not follow this method exactly. It calculates the
scalar product of transition moments 〈0|µ̂α|n〉 〈n|m̂α|0〉 (the imaginary part
of which are known as rotational strengths) and excited state energies En,
and the frequency dependence must be inferred externally. Typically the
spectral contribution of each rotatory strength is taken to be a Gaussian
function and the total spectrum is obtained by summation.6 However, un-
derstanding the properties of χαβ is still useful as the conclusions drawn from
it are valid for both methods.

The importance of chirality for optical activity is illuminated by the form of
χαβ. Chiral molecules cannot be superposed onto its mirror image by any
combination of rotations and translations. This implies that they cannot
contain any planes of symmetry or inversion centers. In fact, the presence of
any such symmetry implies that χαα is identically zero.

To see why, consider that for a molecule with one of these symmetries the
symmetry operator must commute with the molecular Hamiltonian. The
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Figure 3.2: Mirroring in the yz-plane (denoted σv). The coordinate operators
ŷ and ẑ transform symmetrically, but x̂ transforms antisymmetrically.

electronic wave functions must then either be symmetric or antisymmetric
under the present symmetry. But the components of the dipole operators µ̂α
and m̂α will always be either symmetric or antisymmetric, and crucially, will
always be of opposite symmetry. Then, in the presence of a symmetry in the
Hamiltonian, one of the matrix elements 〈0|µ̂α|n〉 and 〈n|m̂α|0〉 will always
be zero, making χαα vanish.

The fact is illustrated by considering a molecule which has mirror symmetry
in the yz-plane. As seen in Figure 3.2, under mirroring in the yz-plane
the operator x̂ will belong to the antisymmetric irreducible representation
(irrep) A′′, while the operators ŷ and ẑ will belong to the symmetric irrep
A′. The same is true of the momentum operators: p̂x will belong to A′′ and
p̂y, p̂z will belong to A′. The electric dipole operator is µ̂α = −er̂α, where
r̂ = (x̂, ŷ, ẑ), so µ̂x, µ̂y and µ̂z will belong to the same irrep as the respective
Cartesian coordinates. The magnetic dipole operator is m̂α = −e[̂r× p̂]α, so
i.e. m̂x = −e(ŷp̂z − ẑp̂y). The magnetic dipole operator’s components will
then belong to the opposite irrep as the respective Cartesian components.
Which operators belong to which irreps are summarized in Table 3.1.

For a one-dimensional integral of three functions f(x), g(x), h(x), where
each function either belongs to A′ or A′′, having two functions belonging to
the same irrep and one belonging to the opposite irrep will always result in
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Table 3.1: Irreducible representations of the Cs point group for operators in
the situation of a molecule which is symmetric under mirroring in the yz-
plane. A′′ is antisymmetric under mirroring and A′ is symmetric. Note that
µ̂α and m̂α belong to the opposite symmetry groups. This is the fundamental
reason for the vanishing of χαα in the presence of internal planes or centers
of symmetry.

A′′ x̂, µ̂x, p̂x, m̂y, m̂z

A′ ŷ, ẑ, µ̂y, µ̂z, p̂y, p̂z, m̂x

the integral over the real line being zero:∫ ∞
−∞

f(x)g(x)h(x)dx = {x→ −x}
∫ −∞
∞
−f(x)g(x)h(x)(−dx) =

= −
∫ ∞
−∞

f(x)g(x)h(x)dx = 0. (3.13)

This generalizes to the integrals 〈0|µ̂α|n〉 and 〈n|m̂α|0〉. |n〉 and |0〉 will
belong either to A′ or A′′ independently. Since µ̂α and m̂α belong to opposite
irreps, exactly one of the elements 〈0|µ̂α|n〉 and 〈n|m̂α|0〉 will always be zero
for every n and α, making their product identically zero.

If the symmetry of the Hamiltonian is broken, as in chiral molecules, the
electronic wave functions |0〉 and |n〉 will no longer belong to any irrep,
and the transition moments 〈0|µ̂α|n〉 and 〈n|m̂α|0〉 will be simultaneously
nonzero, leading to optical activity. This can be visualized as the transition
moments, represented as vectors, being orthogonal in the presence of any
symmetry, and becoming non-orthogonal if that symmetry is broken. Again,
because chiral molecules lack internal symmetries, this illustrates why chiral
molecules are optically active but achiral molecules in general are not.

In proteins, the amide in the backbone making up the peptide bond between
amino acids, which was modeled in Figure 1.3, will always be locally planar.
However, the carbons on its sides will be the chiral α-carbons of amino acids
in proteins, breaking the local symmetry of the amide and causing optical
activity. Conceivably, the φ and ψ angles of the peptide bonds might influence
how the symmetry is broken. Additionally, the oxygen and the NH group of
the amide will participate in hydrogen bonding which is highly dependent on
conformation and which may also contributes to symmetry breaking. This
is how information about the secondary structure of the protein is encoded
into the CD spectrum.

Also, as illustrated by Norman and Linares21, stacked chiral monomers with
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π-bonds may interact by the so-called exciton interaction, causing a single
peak in the spectrum of the monomer to be split into a negative and a positive
band separated by a small gap of energy. This effect may become pronounced
in proteins in systems like the α-helix, where the amides are stacked in an
ordered fashion due to the hydrogen bonding of the structure (see Figure
1.2b), adding additional characteristics to the CD spectrum (for α-helices,
the pair of a positive peak at 192 nm and a negative peak at 208 nm).

With this in mind, the important conclusion drawn from Eq. (3.12) is that
each excited state |n〉 in the molecule may contribute to a peak in the CD
spectrum if the product 〈0|µ̂α|n〉 〈n|m̂α|0〉 is non-zero, and it will do so only in
the vicinity of its transition energy from the ground state ~ωn0, because only
there will the denominator of its term in (3.12) be small. Since the ordering of
states is from low to high energy, the wavelength corresponding to ωn0 will be
a steadily decreasing function of n. Therefore, for computational purposes,
it is important to know how many excited states |n〉 need to be included in
the sum of (3.12) to sufficiently resolve the experimentally interesting part
of the CD spectrum. For proteins, as was seen in Figure 1.5, this is the
150-250 nm region. At the same time, each excited state will contribute
to the time and memory requirements of any calculation. If a scheme is to
be employed where model peptides are algorithmically created to match an
experimental CD spectra, having a useful rule of thumb to include enough
but not too many states becomes especially important. Obtaining such a rule
is the major objective of the present work, where the effect on the calculated
CD spectra of an alanine oligopeptide alpha helix by stepwise increasing the
length of the helix and varying the number of excited states included in the
calculation is investigated.
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Chapter 4

Investigation

4.1 Computational details

Alanine α-helix structures (with φ = −60◦ and ψ = −40◦) containing 6,
9, 12, 15 and 18 alanine residues were created using PeptideBuilder.22 The
structures were optimized at the B3LYP level of theory16;17 with GD3 empir-
ical dispersion23 using Gaussian0914 with the 6-31+G(d) basis set.24;25 The
validity of the resulting structures were verified by Ramachandran plots and
inspection.

Optical rotatory strengths were calculated using TD-DFT with CAM-B3LYP10

and 6-31+G(d).24;25 For the benchmark, a series of calculations were per-
formed using 5, 10 and 15 excited states per alanine residue. From the
obtained rotatory strengths, the CD spectra were calculated as f(λ) =∑N

i=1Ri2
−(εi−hcλ )/β2 where N was the number of states, Ri, εi the rotatory

strength and energy of excited state i, and β a broadening factor which was
taken as 0.3 eV.

To investigate the energy shift compared to experimental data taken of helices
solvated in hexafluoroisopropanol26, the 12-residue chain was selected for
further calculations. Solvent effects were treated using the self-consistent
reaction field polarizable continuum model (SCRF PCM).27 From literature
the relative permittivity was taken to be 17.8, and the index of refraction
1.275. Additionally, the basis set was extended to 6-311++G(d,p)25;28;29 to
check the resolution of excited states.
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Figure 4.1: CD spectra obtained in the benchmark. Wavelengths of peaks are
annotated. A convergence to the excitonic band can be seen for increasing
helix length. As expected, increasing the number of states decreases the
cutoff wavelength of the spectrum, but not the appearance of the previously
resolved spectrum. The experimental spectra taken by Parrish and Blout26

is plotted for comparison. In all cases, it has been normalized to appear the
same size as the calculated spectra.

4.2 Results and Discussion

The TD-DFT calculations converged for all helix lengths and number of
states up to and including the 12-residue helix. For 15 residues the cal-
culations converged for 5 and 10 states/residue, but the 15 states/residue
calculation failed to converge. None of the 18 states/residue calculations
converged. The failures were due to the memory requirements of a single job
step exceeding the available computer memory.

Helix length was found to be a stronger predictor of convergence time than
the number of states used, with the convergence time of 15 alanines with
5 states/residue exceeding that of 12 alanines with 15 states/residue. The
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Figure 4.2: The effect on varying number of states for the 12-residue helix.

Peptide length
(in residues) States / residue Convergence time [T/T0]

1 5 1
3 5 13
3 10 15
3 15 18
6 5 72
6 10 119
6 15 172
9 5 393
9 10 659
9 15 856
12 5 1418
12 10 1756
12 15 2396
12 20 3108
15 5 2850
15 10 5117

Table 4.1: Convergence times expressed in units of T0, the time to perform
TD-DFT on a single alanine with 5 states, which for the environment used
was 20 seconds of wall time, or approximately 1280 seconds of processor time.
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Figure 4.3: The data of Table 4.1 together with the fitted model t = C ·
r2.73s0.45.

convergence times for all TD-DFT calculations are shown in Table 4.1. As
a specific examples, all with 10 states per residue, the calculation wall time
for 15 alanine residues was 28 hours and 25 minutes, for 12 residues residues
9 hours and 45 minutes, and for 9 residues 3 hours and 39 minutes. These
calculations ran on 4 nodes with 16 CPUs each, so the CPU time is obtained
by multiplying the wall times by 64.

To estimate time complexity of the calculations the model t = C · rmsn
where r is no. of residues and s no. of states was fitted, yielding m = 2.73
and n = 0.45. However the residuals for the largest calculations were large,
on the order of 1000T0, indicating that this model grows too slowly to fit the
data. The R2 value was 1.85.

As can be seen in Figure 4.1, the spectra of the 9, 12 and 15-residue helices
show a clear excitonic band, though the relative size of the negative band
appears slightly exaggerated when compared to the experimental data. More
crucially, the negative band present in the experimental data from 210 nm
and upwards is missing in the calculated spectra for these helices. In all
cases, 10 states per residue was enough to resolve the characteristic parts of
the spectrum (the 222 nm band from the n→ π∗ transition and the exciton
band from the π → π∗ transition). Specifically, as seen in Figure 4.2, there
was no useful extra information gained from going beyond 10 states/residue.
The conclusion is then that 10 states per residue should be a useful rule of
thumb for calculations of CD spectra from helices.
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Figure 4.4: The convergence of CD spectra for 10 states/residue. The spectra
have been normalized by number of residues.

The 1 and 3 residue spectra are dissimilar to helices because they are too
short to form a helix structure. The 6 residue helix spectra is also dissimilar
to the experimental spectrum, and upon inspection it was found that it had
in fact not converged to the traditional α-helix structure, but rather to an
overstretched conformation with only 2.5 residues per turn in the alpha helix.
Attempts were made to re-optimize the 6-residue helix and force it into the
alpha helix conformation. φ and ψ were varied and an attempt was also
made to cut the optimized 9-residue helix into a 6-residue helix, but in all
cases the helix consistently left the alpha helix conformation and stabilized
in the overstretched conformation. Experimental α-helix spectra for peptides
as short as 4 residues has been reported,30 so the inability of the 6-residue
peptide to form a helix should be taken as a limitation of the model, most
likely due to lack of solvent interaction, and not as a real lower limit of α-
helix length. Most likely the discrepancy arises from the free motion of the
termini in the model. The reported 4-residue helices were part of longer,
straight, peptides and stabilized by binding of La3+.

For the quality of the results, there are two crucial problems in the calculated
spectra. The first is the weakness of the 222 nm-band, and the second is the
blueshift of 15 nm of the excitonic band. These problems may be related, as
some intensity may be transferred from the excitonic band to the n → π∗

transition if the energy gap between them is decreased.
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Figure 4.5: Attempts to decrease the energy shift to the experiment by in-
creasing the number of diffuse functions in the basis set and by using a PCM
model.

To investigate the cause of the blueshift, further calculations were performed
on the 12 residue helix employing the SCRF polarizable continuum model
(SCRF PCM)27 and extending the basis set to 6-311++G(d,p)25;28;29. How-
ever, as can be seen in Figure 4.5, this did not improve results. The basis set
extension had barely no effect on the spectra. The SCRF PCM increased the
blueshift slightly. If the blueshift is due to solvent effects, the SCRF PCM
model is too simple to capture the effect.

According to Sreerama et al.4, the energy of the n→ π∗ transition is sensitive
to hydrogen bonding from the solvent, decreasing its energy in the absence
of hydrogen bond donors. This kind of interaction would not be captured
by the SCRF PCM model. It is then possible that the apparent appearance
of the n → π∗ transition at just the expected wavelength is a coincidence
and that the whole CD spectra is in fact blueshifted. To properly investigate
the solvent interaction, hydrogen-bonding solvent molecules should be added
to the TD-DFT calculation, preferably to the 9 or 12 residue simulations
where there is some leeway in the system size. Sampling from a molecular
dynamics simulation of the dissolved protein could provide useful input to
such calculations.

However, there is also the possibility of errors arising from the functional
itself. Previously, as reported by Eriksen et al.31, TD-DFT/CAM-B3LYP
has been found to fail in obtaining the correct ground state and excited state
dipole moments in charge transfer systems, that is, systems in which the
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transition from ground to excited state involves transfer of a significant charge
across the molecule. While the transitions responsible for the CD activity in
peptides are not pronouncedly charge transfer transitions (see Figure 1.3),
one should not be closed to the possibility that the CAM-B3LYP functional
has difficulties obtaining both the correct excitation energies and the correct
transition dipole moments simultaneously. As suggested by Eriksen et al.,
a higher-level ab initio calculation could be employed on one of the smaller
systems (the 9-residue helix) to benchmark this issue.

4.3 Conclusion

The main objective of this work was to find a useful rule for determining
the number of excited states to be included in a TD-DFT calculation for
peptide CD spectra, and 10 states/residue has been identified as a rule which
worked sufficiently in all cases investigated in this report. It was also found
that around 9 alanine residues was the lower limit of obtaining an α-helix
like spectra in the optimization model of B3LYP/6-31+G(d) and no solvent
correction.

For the time requirements, with the setup used and using the recommenda-
tion of 10 states per residue, the calculation wall time for 15 alanine residues
is about 29 hours, for 12 residues 10 hours, and for 9 residues 4 hours. CPU
times are obtained by multiplication by 64. Using the reported relative times
in Table 4.1, these times should be able to be scaled to any setup using a
benchmark calculation on a single alanine with 5 states.

Two major issues in the calculated spectra have been found: Firstly, the
peak at 222 nm arising from the n → π∗ transition is much weaker than in
the experimental spectra, and secondly, there is a blueshift of the exciton
band of 15 nm or approximately 0.5 eV. These issues might be severe enough
to hamper the usefulness of the present model in CD spectra prediction.
As has been suggested in the discussion, possible sources of these errors
are the lack of solvent interaction or failures of the CAM-B3LYP functional
itself, and investigating these issues should be the next step in investigating
the prerequisites for the use of TD-DFT in CD protein structure prediction
methods.
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Appendix A

Some extra details of electronic
structure theory

A.1 Proofs of one-electron operator expressions

We are interested in calculating the observable A (which, to exemplify, could
be the electric or magnetic dipole moment) for Slater determinants |Ψ〉 =
|χiχj · · ·χk〉. By definition, A is represented by the operator Â =

∑N
i=1 â(xi).

Insertion of Â into the expectation value 〈Ψ|Â|Ψ〉 gives

〈Ψ|Â|Ψ〉 = 〈Ψ|
N∑
i=1

â(i) |Ψ〉 =
N∑
i=1

〈Ψ| â(i) |Ψ〉 (A.1)

Since each wave function χk appears as a function of the coordinates xi in
the determinant |Ψ〉, all the terms in the sum (A.1) are in fact identical. The
actual index used for the coordinate of the operator â is also unimportant
since it is integrated over. Thus the sum is equal toN 〈Ψ| â |Ψ〉. To go further
we must consider the form of the Slater determinants |Ψ〉. To be general,
we will allow the determinants to differ in wave function composition. Using
the ground state |Ψ0〉 = |χ1χ2 · · ·χN〉 as starting point, note that a general
form to write an N ×N -determinant is

|Ψ0〉 =
1√
N !

N !∑
i=1

(−1)piPi{χ1χ2 · · ·χN} (A.2)

The operator Pi here generates the i:th permutation of theN wave functions,
and pi is odd or even for odd and even permutations respectively. Recall that
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there are N ! such iterations. Thus we can write

〈Ψ| Â |Ψ〉 = N 〈Ψ| â |Ψ〉 =

=
N

N !

N !∑
i=1

N !∑
j=1

(−1)pi+pj
∫

Pi{χ∗1χ∗2 · · ·χ∗N}â(x1)Pj{χ1χ2 · · ·χN}dx1 · · · dxN

(A.3)

Since the wave functions χi are orthogonal, the only hope of finding some-
thing nonzero is if the permutations i and j are the same (i = j), meaning
that the two permutations reduce to permuting only the coordinates x1 · · ·xN
over the groups (χ∗iχi). This reduces the double sum to a single sum and
eliminates the sign ((−1)2pi = 1):

N 〈Ψ| â |Ψ〉 =
N

N !

N !∑
i=1

∫
Pi{(χ∗1χ1)(χ∗2χ2) · · · (χ∗NχN)}â(x1)dx1 · · · dxN

(A.4)
An intuitive way to think of the operation of Pi now is considering N empty
bra-kets, the first of which contains a:

〈 | â | 〉 〈 | 〉 〈 | 〉 · · · (A.5)

The operation of Pi is to distribute the wave functions χ1 · · ·χN into the
brakets, and the sum over i makes this happen for all possible permutations.
Since there are N χi, when a χ has been chosen for the braket containing â,
there are (N − 1)! ways to distribute the remaining orbitals, and since they
are normalized, all the brakets not containing â will equate to 1. Thus the
sum becomes

N

N !

N !∑
i=1

∫
Pi{(χ∗1χ1)(χ∗2χ2) · · · (χ∗NχN)}â(x1)dx1 · · · dxN =

=
N

N !

N∑
i=1

〈χi|â|χi〉 (N − 1)! =
N(N − 1)!

N !

N∑
i=1

〈χi|â|χi〉 =

=
N∑
i=1

〈χi|â|χi〉

So we have arrived at the result

〈Ψ0|Â|Ψ0〉 =
N∑
i=1

〈χi|â|χi〉 . (A.6)
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A.2. CONSIDERATIONS WHEN DERIVING THE HARTREE–FOCK
EQUATION

Using the same thought device, we can easily extend our analysis to elements
of Â with unequal Slater determinants. Such elements are known as transition
moments. Consider first a singly-excited determinant |ΨR

r 〉 where orbital χr
in |Ψ0〉 has been replaced by orbital χR. Since all orbitals are orthogonal, we
quickly realize that when permuting the conjugate pairs in Eq. (A.5), the
placement of χR will always result in the braket giving zero, eliminating the
whole product, unless χR and χr are both placed in the braket containing
â, whose value depends on the operation of â. Therefore, the only surviving
term in the sum will be

〈ΨR
r |Â|Ψ0〉 = 〈χR|â|χr〉 (A.7)

If we have a doubly or higher excited determinant, written |ΨRS···
rs··· 〉, we realize

that in the placement of the orbitals which differ among the determinants,
only one of them can be placed in the â-braket. The rest will give zero
regardless of in which braket they are placed, and thus for all determinants
which differ by more than one orbital,

〈ΨRS···
rs··· |Â|Ψ0〉 = 0. (A.8)

So we have reduced the many-electron expression for the value of A to simple
sums of single-electron expressions.

A.2 Considerations when deriving the Hartree–
Fock equation

Under the condition that the orbitals in |χiχj · · ·χk〉 remain orthonormal,
the variational principle11 yields the following set of equations

h(x1)χa(x1) +
N∑
b=1

(∫
χ∗b(x2)r−1

12 χb(x2)dx2χax1−

−
∫
χ∗b(x2)r−1

12 χa(x2)dx2χb(x1)

)
=

N∑
b=1

εabχa(x1) (A.9)

where r−1
12 = 1

|r1−r2| . The two integrals here represent Coulomb interaction
and the mitigation of Coulomb repulsion due to exchange effects, respectively.
This equation can be turned into an eigenvalue equation via the following
steps.
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1. Perform a unitary transformation of the spin orbitals χa such that∑
b εabχa = εaχa. Although it will not be proven here, such a transfor-

mation always exists.

2. Use the exchange operator P12, which exchanges the coordinates x1

and x2, to combine the integrals into the single term
∫

dx2χ
∗
b(x2)r−1

12 (1−
P12)χb(x2)χa(x1).

3. Use the fact that (1−P12)χa(x2)χa(x1) = 0 to add the term
∫

dx2χ
∗
a(x2)r−1

12 (1−
P12)χa(x2)χa(x1) to the left-hand side.

Consequently we obtain[
h(x1) +

1

2

N∑
a

∫
dx2χ

∗
b(x2)r−1

12 (1−P12)χb(x2)

]
χa(x1) ≡ (A.10)

≡ f(x1)χa(x1) = εaχa(x1)
(A.11)

where we have defined the expression in brackets as the Fock operator f(x).
This equation is called the Hartree–Fock equation.

Let us briefly discuss the steps made in obtaining equation (A.11) from (A.9).
Step 1 is important because it means that the spin orbitals minimizing the
total energy E are not unique, and can be transformed to give orbitals more
or less in line with chemical intuition. No physical significance can then be
attached to a particular choice of these orbitals (the physically significant
quantity is |Ψ|2, which is invariant under unitary transformations). Step 2 is
made possible due to the similarity of the Coulomb and exchange terms. If
not for this step, we could not obtain an equation of eigenvalue form.
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