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Abstract

In decision analysis maximising the expected utility is an often used approach in
choosing the optimal alternative. But when probabilities and utilities are vague
or imprecise expected utility is fraught with complications. Studying second-
order effects on decision analysis casts light on the importance of the structure
of decision problems, pointing out some pitfalls in decision making and sug-
gesting an easy to implement and easy to understand method of comparing
decision alternatives. The topic of this thesis is such second-order effects of de-
cision analysis, particularly with regards to expected utility and interval-bound
probabilities. Explicit expressions for the second-order distributions inherent in
interval-bound probabilities in general and likewise for distributions of expected
utility for small decision problems are produced. By investigating these distri-
butions the phenomenon of warping, that is concentration of belief, is studied.

Summarium

In explicatione consiliorum, maxima facere communis utilitas saepe trita ra-
tio deligendi meliorem optionem est. Verum si probabilitates et utilitates in-
certae vel dubiae sint, communis utilitas perturbationes affert. Studium se-
cundi ordinis effectuum in explicatione consiliorum explanat momentum struc-
turae quaestionium consilii, insidias aliquas ad consilium capiendum indicat
et facilem ad efficiendum et intellegendum rationem comparandi varia consilia
suadet. Haec thesis tractat de secundi ordinis effectibus explicationis consilii,
praesertim de commune utilitate et de probabilitatibus coniunctis intervallo.
Voces apertae distributionum ordinis secundi in probabilitatibus intervallo con-
junctis insitarum omnino et item distributionum utilitatis expectatae in parvis
quaestionibus consiliorum eduntur. His distributionibus cognitis studetur res
inflexionis, aliter dictu intentio fidei.
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1 Introduction

A decision maker is someone who has to choose one of several possible alter-
natives, e.g. what to do in the weekend, whether to invest in new machinery,
where to build a new road or deciding the repo rate. Decision analysis is the art
of helping a decision maker making choices in a rational and systematic way,
taking into consideration relevant factors such as the outcomes of the choices,
the probabilities of events outside of the decision maker’s control and the effect
of such events on the decision.

In decision analysis one often employs the model of maximising expected
utility. This entails firsthand establishes the alternatives, then, for each alter-
native, the decision analyst explores what events that can effect the result. The
decision maker or decision analyst tries to determine the probabilities of these
events and assigns values, utilities, according to some scale so that the effects of
the events can be compared. The decision situation of taking the family for a
picnic may, for instance, be modelled with the alternatives being ‘yes’ and ‘no’.
Weather is an important issue in both alternatives; assume the the forecast says
that there is a 20 % chance of rain and a 2 % chance of a tornado. If I go for a
picnic and there is neither rain or tornado, I and my family will be quite happy,
let us assign this fortunate situation with a utility of 10. If there is rain, we will
be miserable and thus the utility drops to 0. Having a picnic during a tornado
doesn’t seem like a very good idea at all, let’s say that the utility here is -1 000.
If we stay home and the weather is fine, the children will be bored, utility 2, if
we stay home and there is rain, we will be glad we didn’t go out, let’s say 7 on
the scale. If we are at home during the tornado it may not be very comfortable,
but much better than being outdoors, utility 50.

When the alternatives, relevant events and their probabilities and deci-
sions are determined, the decision analyst computes the expected utility of
the alternatives. The alternative with the highest expected utility is recom-
mended. In the example of the picnic the expected utility of alternative ‘yes’ is
0.78 · 10 + 0.2 · 0 + 0.02 · (−1 000) = −12.2 and the expected utility of ‘no’ is
0.78 · 2+0.2 · 7+0.02 · 50 = 3.96. Since 3.96 > −12.2, the family stays at home.
An obvious problem with this example, and indeed one of the most important
problems in decision analysis, is the arbitrariness of the values and probabili-
ties. One could easily pick an other value for the utility of, say, staying at home
during a tornado that would be equally reasonable but resulting in a recom-
mendation for going to the picnic. And the probabilities given by the weather
service are not always reliable, nor are they even meant to be interpreted as
exact probabilities.

It should be clear that such uncertainties are not limited to such everyday
situations. It is e.g. impossible for anyone to predict that the chance of a
company’s profit next year being exactly e 12 000 000 under some given cir-
cumstances is precisely 57%. To handle vague and imprecise probabilities and
utilities is one of the great challenges of decision analysis. In the picnic example,
one could say that the utility of staying at home in the rain is not exactly 0 but
rather somewhere between -2 and +3, for instance, and assume that the risk of
rain is between 10 % and 30 %. Using intervals in this way is a commonly used
way of modelling uncertainty and to avoid the risk of introducing a false sense
of precision.

The interval based approach is perhaps the most basic approach to imprecise
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probabilities and utilities, it is certainly intuitive and it is seemingly easy to
implement. But deciding the interval boundaries is in general a demanding
task and much research has been devoted to this issue, among several models,
capacities, see [4, 23, 24], and the Dempster-Shafer theory, see [12, 33], may be
mentioned. As an example of the difficulties with interval based probabilities
and utilities, consider that when I say that a probability p ∈ [a, b] I do not in
general wish to express that all probabilities between a and b are equally likely;
values in the middle of the interval are usually considered more realistic than
values near the boundaries. Furthermore, in many decision making systems,
optimisation tends to favour boundary values, so that even if I really mean that
all probabilities in the interval are equally likely, the middle values might be
considered less important.

A solution to this problem may be to state for each probability value how
likely it is to be true, i.e. by determining a second-order distribution. There exist
already some different ways to do this, such as those presented in [6, 29, 37, 38].
Hierarchical models that are more general and allow second-order probabilities
as one way of representing imprecise probabilities, include those in [5, 9, 10]
that have a possibilistic approach, and the model in [19] that requires only a
real-valued (and preferably bounded) measure for the reliability of probabili-
ties. In likeness with second-order probabilities, fuzzy probabilities considered
in e.g. [43], measure belief in first-order probabilities. But with the demand
for normalisation relaxed, fuzzy probabilities are not probabilities in the sense
of Kolmogorov. In [15] there is further motivation for considering second-order
models in the context of decision analysis. See also [18, 42] for some background
to higher order probabilities.

A probability measure µ2(P(S)) is called a second-order probability measure
if S = [0, 1] is the range of a probability measure µ1. Correspondingly, a proba-
bility distribution function defined on probabilities of an event is a second-order
distribution. Decision analysis that take into account second-order distributions
of probabilities, distributions of utilities, and distribution of expected utility, is
here called second-order decision analysis.

Just as with probabilities, there is a need for representing imprecise utilities.
Since utilities as opposed to probabilities are in general independent, the rep-
resentation problem is not as demanding as for probabilities and has received
less attention. Nevertheless, the problem should not be overlooked, and in e.g.
[26, 1, 2] decision situations with imprecise utilities as well as probabilities are
considered.

However, one apparent problem with second-order models for uncertainty
with regards to implementation is that the decision maker might lack the in-
formation needed to provide second-order distributions over the probabilities
and utilities. Nevertheless, already when the number of possible outcomes are
comparatively small, we will see that the shape of the second-order distribution
is far less important for the end result than the centroid, the centroid being the
centre of mass of a belief distribution, of the distribution since belief tend to be
concentrated rather heavily around the centroid.

Calculating expected utility is in general cumbersome both with interval-
based and second-order models, but considering the above mentioned concen-
tration of belief around the centroid, the calculations of, e,g., the generalised
expected utility – i. e. the scalar product p ·u of the vectors p and u of the cen-
troids of the probabilities and utilities respective second-order distributions – is
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reasonably fast, simple and giving the same rating of actions as other reasonable
but more complicated methods of maximising expected utility.

Some of the difficulties with using intervals for modelling imprecise utilities
and probabilities are overlapping of expected utility intervals, interval represen-
tation sometimes poorly modelling the decision makers beliefs near the interval
endpoints and that the theoretical framework of interval-based modelling often
is quite complicated and of little help in terms of implementation, making it
hard for a decision maker to model the problem at hand correctly and to find a
decision rule that reflects the decision makers intentions.

Recently, the authors of [3, 27, 20] and [30], have pointed out the usefulness
of second-order probabilities and utilities for uncertainty aversion, the tendency
to prefer to bet on events with less ambiguous probability, Ellsberg’s paradox
[17]. Uncertainty aversion is a special case of the general problem of first-order
probabilities and utilities not offering enough discrimination.

In this thesis some rationale for using generalised expected utility under
certain circumstances is given. Some different models for imprecise probabilities
are discussed and compared, with respect to e.g. conceptual and computational
complexity and difficulties in implementation. Then second-order effects, i.e.
to what degree second-order belief is concentrated to the centroid is studied.
It should be noted that generalised expected utility not is to be considered a
as a suitable model for all decision situations but rather as a complement to
traditional, e.g. interval-based, models since concentration of belief, warping, is
not very strong when there are a small number of possible consequences.

Slightly more formally, we may describe warping as the effect that the vari-
ance of various second-order distributions, individual probabilities [35], products
of probability distributions [15] or in values of expected utility [36], decreases
with a larger number of consequences, all other things being equal. The term
warping, due to Mats Danielson, refers to the change in the shape of probability
density function curves.

In particular, in the case of interval-based probabilities, given the number of
possible consequences and the interval boundaries, with the assumption that ev-
ery probability vector p = (p1 p2 . . . , pn) is assigned equal probability (uniform
belief assumption), the induced second-order distributions of probabilities and
the corresponding centroids, are given explicit expressions [35]. And the prob-
ability distribution of expected utility

∑n
i=1 piui = z, also under the uniform

belief assumption, but with intervals [0, 1] for both utilities and probabilities, is
calculated for two, three and four possible outcomes [36].

2 Research Environment

This section provides some background to the area of imprecise representation.
Historically, capacities of order 2, [4], marks a beginning in 1953-1954, although
capacities of order 2 was not used for modelling imprecise probabilities until
1994, [13]. With [21] and [34], in the early sixties, classes of probability measures
began to be used for interval-valued probability functions. The Dempster-Shafer
theory has its beginning in 1967 with [12] and was completed in 1976 by [33].
The models mentioned above and below, in addition to the other models of
imprecise probabilities not mentioned, are theoretical foundations that with
few exceptions take into account how a decision maker is able to express his
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or hers knowledge or lack thereof. In 2005-2006 some authors have considered
expression of risk attitude in a second-order environment [3, 27, 20, 30].

We briefly go into some details of a few models for second-order representa-
tion of imprecise probabilities, [5, 19, 29, 16, 43], as examples to demonstrate
how they are constructed, what differences and similarities there are between
them and how, if at all, the models are supposed to be implemented for decision
analysis.

2.1 Possibilistic hierarchy

De Cooman and Walley [5] present a possibilistic hierarchical model for be-
haviour under uncertainty. The possibility space Ω is the set of possible states
of the world, assumed to be mutually exclusive and exhaustive. A gamble X is
a bounded, real-valued function on Ω. The reward X(ω) is assumed to be on a
linear utility scale.

The goal is to model uncertainty about probabilities; let the subject be a
person that has made some subjective assessments about probabilities of the
states in Ω. The modeller wishes to express his uncertainty about the subjects
probabilities.

Let R(X, x) denote the event that the subject will refuse to buy the gamble
X for the price x. Then the modellers second-order uncertainty may be modelled
by his propensity to bet against the event R(X, x). For any real x, the buying
function βX(x) is defined as the modellers infimum acceptable betting rate for
betting against R(X, x). Equivalently, βX(x) is the modellers upper probability
of R(X, x).

Example 1 If the modeller only knows that the subjects lower prevision for X
is c (i.e. the subject is committed to buy X for any price smaller than c) the

corresponding buying function is βX(x) =
{

0, x < c
1, x ≥ c .

Example 1 above is from [5].
Analogously, a selling function σX is the modellers upper probability of the

event R′(X, x) that the subject will refuse to sell X for x units.

2.1.1 Axioms for buying functions

The authors of [5] require that the buying functions satisfy a set B of axioms,
one of which being that βX+Y (x+y) ≤ max{βX(x), βY (y)} for all real numbers
x, y, c and all gambles X, Y ∈ K. It is this axiom that renders the theory
possibilistic. A possibility measure P is characterised by the property that for
any two events A and B, P (A ∪B) = max{P (A), P (B)}.

Buying functions that satisfy the axiom set B are called possibilistically co-
herent.

Since buying and selling functions are conjugate, σX(x) = β−X(−x), it is
sufficient to study the theory of either buying or selling functions. The infor-
mation in buying and selling functions may be incorporated in price functions.

Definition 1 and Example 2 below are taken from [5].

Definition 1 Given possibilistically coherent buying function βX defined for all
X in a linear space of gambles K the price function ρX is defined by

ρX(x) = min{βX(x), β−X(−x)} = min{βX(x), σX(x)} (1)
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for every X in K and all real numbers x.
Buying and selling functions can be recovered from price functions through

a mode of the price function, i.e. mX such that ρX(mX) = 1.

βX(x) =
{

ρX(x), if x < mX

1, if x ≥ mX .
(2)

σX(x) =
{

ρX(x), if x > mX

1, if x ≤ mX

If the subject has a fair price P (X), such that P (X) is both his supremum
acceptable buying price and his infimum acceptable buying price, then ρX(x)
may be interpreted as the modellers upper probability that P (X) = x.

Example 2 Suppose that the subject reveals both his lower prevision c and his
upper prevision d, (d ≥ c) for X. Then this information is modelled by the price
function

ρX(x) =
{

0, if x < c or x > d
1, if c ≤ x ≤ d .

2.1.2 Axioms for price functions

There is in [5] a corresponding set of axioms P derived from B, and these axiom
sets are in [5] proved to be equivalent.

As with buying functions, price functions are called possibilistically coherent
if they satisfy the axioms.

2.1.3 Second-order possibility distributions

Price functions ρX concern just one gamble at a time; they are local models.
Possibility distributions are designed to model the subjects overall probability
model. Possibilistically coherent price functions are exactly the price functions
that can be generated by this global model.

Assume that the subject is Bayesian, whose actions are determined by a
linear prevision. A linear prevision P is a real-valued function such that P (X)
is defined for all gambles on the possibility space Ω, which satisfies the convexity
axiom P (X) ≥ inf[X] and the linearity axiom P (X + Y ) = P (X) + P (Y ). The
value P (X) is interpreted as the subject’s fair price for the gamble X. Every
linear prevision is the expectation operator of some probability measure. Let P
denote the set of all linear previsions on Ω.

In [5] π : P → [0, 1] such that sup{π(P ) : P ∈ P} = 1 is in [5] defined to be
a second-order possibility distribution. The number π(P ) is interpreted as the
upper probability for the modeller that the subject’s true linear prevision PT is
P . And π(R) measures how plausible it is that PT ∈ R.

A problem with the generous definition of second-order possibility distribu-
tions appears to be that it does not preclude that π(x) < π(y) when y < x.
Even granted that a possibility distribution is not a probability distribution, the
possibility of X ≤ x should be larger than the possibility of X ≤ y < x.

A price function can be generated from a possibility distribution by

ρX(x) = π({P ∈ P : P (X) = x}) = sup{π(P ) : P ∈ P, P (X) = x} , (3)
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with ρX(x) = 0 if the set in (3) is empty.
Similarly, π generates a buying function βX(x) = π({P ∈ P : P (X) ≤ x})

and a selling function σX(x) = π({P ∈ P : P (X) ≥ x}).
So, an alternative interpretation of βX(x) is the upper probability that the

subject’s fair price PT (X) satisfies PT (X) ≤ x.
It is pointed out in [5] that a limitation of second-order possibility distribu-

tions is that the subject is assumed to be Bayesian. However, price functions
does not rely on the subject being Bayesian, and just as possibility distribu-
tions generate price functions, price functions generate possibility distributions.
But π(P ) can, according to [5], be interpreted as the modeller’s infimum upper
probability, over all games X in K, that the subject will refuse to buy X for
the price P (X), an interpretation that does not rely on the assumption that the
subject is Bayesian.

2.1.4 Decision making with second-order possibility distributions

To choose a unique maximal action the authors of [5] suggests maximising
P (Xa), where Xa is a bounded linear utility function defined Ω, yielding a
so called P -maximin action. If K is compact and convex, there is at least
one P -maximin action. When P is vacuous the definition of P -maximin action
agrees with the standard notion of maximin. And if P is defined on an alge-
bra of events and is a two-monotone Choquet capacity, and is further extended
to gambles X by defining P (X) as the Choquet integral of X with respect to
the capacity, then an action is P -maximin if and only if it maximises Choquet
expected utility.

However, referring to [41], the authors point out that they do not suggest
that either using P -maximin or maximising Choquet expected utility is a good
way of making decisions.

Another way of making decisions in the possibilistic hierarchical model is
suggested in [5] through the fact that the price function ρA of an event A can
be seen as a fuzzy probability. In fact, there is not one, but several different ways
of ranking actions based on fuzzy expected utility. The authors of [5] find it
reasonable, and in line with [31] to use the price function ρX as fuzzy expected
utility.

One of the ranking methods mentioned in [5] is the centre-of-mass method
[31]; maximise the centre of mass of the fuzzy expected utility
εX

∫
xεX(x) dx/

∫
εX(x) dx. The method is similar to the centroid method in

[16], but with fuzzy probabilities instead of belief distributions, see also sections
2.4 and 2.5. In the centre-of-mass method a fuzzy number is integrated, but in
the centroid method the second-order distributions of utilities and probabilities
are integrated separately and the expected utility is computed as the inner
product of the centroids. The centroid of a utility or a probability vector u
or p in the sense of [16] could as well be considered masses of centre since∫

u(x) dx =
∫

p(x) dx = 1.
It is not clear how utility and possibility functions of a complex decision

problem are combined to produce a price function of an action. We suggest
using separate price functions for utilities and probabilities.

As remarked in [5], a second-order possibility distribution π may be inter-
preted as epistemic reliability, as in [19], described below in section 2.2, since
π(P ) measures the reliability of the probability distribution P .
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In conclusion, the possibilistic hierarchy is a solid framework for representa-
tion of uncertain probabilities that allows for e.g. interval-based probabilities as
well as second-order models such as fuzzy probabilities. The possibilistic theory
makes no claims about practical issues of implementation.

2.2 Epistemic reliability

In [19] Gärdenfors and Sahlin considers sets of probability measures P as a way
to model second-order uncertainty by assigning each probability measure P in
P a measure of epistemic reliability, ρ(P ).

Even though ρ is assumed to be real-valued and bounded both from below
(when there is no second-order information about the elements of P) and from
above (representing complete information), it will only be necessary that the
distributions in P can be ordered with respect to their epistemic reliability ρ.

2.2.1 Desired level of epistemic reliability

In the decision theory of [19], decision making consists of two steps; the first is
to restrict P to a set P/ρ0 of probability measures with a minimum epistemic
reliability, i.e. P with ρ(P ) ≥ ρ0 for some appropriate choice of ρ0, depending
on the modeller’s aversion to risk.

The next step is applying the maximin criterion for expected utilities; for
each alternative ai and each probability distribution in P/ρ0 the expected util-
ity eik is computed in the ordinary way; the minimal expected utility of each
alternative ai relative to P/ρ0 is computed, and finally the alternative with
the largest minimal expected utility is chosen. Gärdenfors and Sahlin compare
their work to that of Levi [28], who requires that the set of permissible proba-
bility measures (corresponding to P/ρ0) are convex, and questions the need for
convexity. A case could be made for convexity by looking at the work of [5].

If the probability distributions in P are probability measures as in section
2.1.3, the set P/ρ0 is equal to the cut set {P ∈ P : π(P ) ≥ c} in [5]. Recall
that full second-order possibility distributions represent possibilistically coher-
ent price functions, and that the cut sets of a possibility distribution is required
to be convex for the distribution to be full.

Again, the work of Gärdenfors and Sahlin is purely theoretical, paying little
attention to practical details. But as opposed to the possibilistic hierarchy of
[5], the concept of epistemic reliability in [19] is a pure second-order model. And
in [19], the authors do include a method of ranking decision alternatives.

2.3 Likelihood discrimination

Another take on modelling second-order uncertainty is offered by Luce and
Raiffa in [29]. Suppose that a decision maker has a set A of pure alternatives,
giving a set of gambles depending on a Boolean algebra E of chance events. If
a and b are gambles and α is an alternative in E, aαb denotes the gamble in
which a is the outcome if α occurs and b if it does not. The set of all such
gambles, including the alternatives in A, is denoted by G. If a and b are two
gambles in G, P (A,B) is the probability that an individual, corresponding to
“the subject” in section 2.1, will prefer a to b.
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The theory includes a probability Q(α, β), interpreted as the probability
that α is more likely than β to occur. Hence, Q is a second-order probability.
Q induces a relation on events; α % β if

Q(α, δ) ≥ Q(β, δ) and Q(δ, α) ≤ Q(δ, β) for every δ ∈ E .

The context of the probability Q in [29] is the situation that the subject must
decide between the two gambles aαb and aβb. Then there are two combinations
of preference over a and b and the likelihoods of α and β that should lead to
preference for aαb over aβb:

I. a is preferred to b, and α is deemed more likely to occur than β ,

II. b is preferred to a, and β is deemed more likely to occur than α .

The probabilistic theory of utility in [29] is then characterised by a set of
11 axioms; the main result of [29] is that these axioms can not be fulfilled
simultaneously.

In [29] it is assumed that there exists at least one real-valued utility function
u and at least one real-valued function φ on E called the subjective probability
function, which is, as opposed to Q, a first-order probability.

To be able to state the final results of impossibility in [29] without reference
to independent events, the authors need two axioms to ensure that there is a
dense set of independent events in E, though it is not clear how the axioms are
used, since the results are not proven in the article.

It seems to be implied that decision making in this setting is to be made by
maximising expected utility with utilities u and probabilities φ. Both u an dφ
can be calculated from the discriminatory probabilities P and Q, respectively.
From the axioms it is established in [29] that the second-order discriminatory
probability Q depends only on the difference of the subjective first-order prob-
abilities of its two events.

Q(α, β) =

 1/2 + 1/2[φ(α)− φ(β)]ε, if α ≺ β
1/2, if α ∼ β
1/2− 1/2[φ(β)− φ(α)]ε, if β ≺ α .

, (4)

where ε > 0 varies with the degree of discrimination.
When 0 < ε < 1 , φ can be expressed in terms of Q:

φ(α) =

 1/2 + 1/2[2Q(α, α)− 1]1/ε, if Q(α, α) > 1/2,
1/2, if Q(α, α) = 1/2,
1/2− 1/2[1− 2Q(α, α)]1/ε, if Q(α, α) > 1/2

(5)

A similar result holds for u and P ;

P (a, b) =

 1/2 + 1/2[P (a∗, b∗)− P (b∗ − a∗)][u(a)− u(b)]ε, if a ≺ b,
1/2, if a ∼ b,
1/2− 1/2[P (a∗, b∗)− P (b∗ − a∗)][u(b)− u(a)]ε, if b ≺ a

,

(6)
and
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u(a) =


[

P (a,b∗)−P (b∗,a)
P (a∗,b∗)−P (b∗,a∗)

]1/ε

, if a ≺ b∗

1−
[

P (a∗,a)−P (a,a∗)
P (a∗,b∗)−P (b∗,a∗)

]1/ε

, if b∗ ≺ a
, (7)

where ε is the discrimination constant associated with Q and a∗ and b∗ are
as in Axiom 5.

2.3.1 Impossibility

As their final conclusion, the authors of [29] states what they call an impossi-
bility theorem; namely that the 11 axioms cannot be satisfied simultaneously.

The argument is that when the subject can discriminate perfectly, there are
at least three properties a, b and c which are perfectly discriminated with respect
to preference, i.e. P (a, b) = P (b, c) = P (a, c) = 1. E.g. when a, b and c are
certain rewards of $10, $5 and $1 , respectively. Perfect discrimination entails
that Q(α, β) can only assume the values 0, 1/2 or 1. On the other hand there
are events α and β such that Q(α, β) 6= 0, 1/2 or 1; events that are neither
perfectly discriminated or equally confused.

We believe that this “paradox” can be resolved by allowing two different
scales of discrimination; the conflict arises only because we have at the same
time perfect discrimination of utilities and less than total discrimination of prob-
abilities. In (6) and (7) it is assumed that the discrimination constant ε is the
same as in (4) and (5). It is not obvious that a single ε for both types of
discrimination is needed.

Although Q is a second-order probability, it is far from clear whether the
ordinary second-order probability that a first-order probability has a particular
value can be computed from the discriminatory probability Q that one event
is more likely than another. And vice versa, it is unclear whether Q can be
computed from the ordinary second-order probability.

The theory of the article [29] is not so much a foundation of imprecise prob-
abilities as an attempt to show that certain reasonable demands on any such
theory, embodied in the 11 axioms, is impossible to achieve. Such an impossi-
bility result would have far reaching consequences for decision analysis. We are
however not convinced that the axioms really are impossible to satisfy. Two
different types of discrimination constants, εp and εu, for probabilities and util-
ities, respectively, would seem to resolve the paradox, and we can see no reason
why a single discrimination constant for both probabilities and utilities would be
necessary in a theory for imprecise representation of probabilities and utilities.

2.4 Global belief distributions

One way to introduce second-order probabilities is to use probability distribu-
tions on the probabilities of consequences. Second-order probabilities of this
type as used in decision analysis are considered in [16]. As opposed to the other
models considered in this section, not only probabilities but also utilities are
allowed to have second-order distributions. In this model every point in the
probability space and every point in the utility space is assigned a probability.

The corresponding generalised expected utility can be easily computed as
the scalar product of the mass centres of the probability- and value belief distri-
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butions; in a sense this is the standard expected utility with probabilities and
values chosen that are the most central in their distributions.

A global belief distribution is a probability distribution over a unit cube
[0, 1]n, giving the distribution of vectors x = (x1, x2, . . . , xn). For purposes
of decision analysis, x is either a vector of the utility values of the n possible
consequences of a decision alternative, or a vector of the n probabilities of the
consequences. The global distribution g(p) can be interpreted as the second-
order probability that the probabilities of a consequences actually is p.

Regarding the first-order probabilities, it is in the nature of the problem that
we can not compute them exactly, but it would be reasonable to consider the
expected probabilities.

Assume that we have a global belief distribution g defined on a unit cube
B, then the expected value of a function of the first-order probabilities x =
(x1, x2, . . . , xn) is defined as:

Definition 2 Ep(f(x)) =
∫

B
f(x)g(x) dVB(x), where f is any function of x .

Then it is shown in [16] that Ep satisfies linearity of expectation. Let us
abuse notation somewhat and call the expected probability of an event Ai with
unknown first order probability xi Ep(Ai). Then the expected probabilities of
an event and a conjunction of independent events follow from Definition 2:

Ep(Ai) =
∫

B

xig(x) dVB(x) ,

i.e. Ep(Ai) is the moment of xi,

Ep

(
n∧

i=1

Ai

)
=
∫

B

Πn
i=1xig(x) dVB(x) .

2.4.1 Local distributions

In an even moderately complicated decision situation it may be infeasible for a
decision maker to model the probabilities and utilities by global distributions. It
is somewhat more realistic to assume that a decision maker can state his or her
beliefs through local distributions, that is, belief distributions on a particular
utility ui or probability pi for every i.

The authors of [16] prove that the local distribution of xi can be derived from
global distributions via projection on the xi-axis and that the global distribution
over x = (x1, x2, . . . , xn) is the product of the local distributions f(xi).

2.4.2 Generalised Expected utility

The goal of decision analysis according to utility theory is to maximise the
expected utility E(Ci) =

∑mi

j=1 pijvij but what values of pij and vij should be
used when probabilities and utilities are described by belief distributions?

Decision scenarios and generalised expected utility are concepts that are used
in [16] for dealing with belief distributions in decision analysis.

A decision scenario is a structure (D,P, V, {pi}i=1,...,n, {vi}i=1,...,n), where

• D is a decision situation {{cij}j=1,...,mi
}i=1,...,n.

• P = (p11, p12, . . . , p1m1 , . . . , pn1, . . . , pnmn) is a unit cube.
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• V = (v11, v12, . . . , v1m1 , . . . , vn1, . . . , vnmn
) is a unit cube.

• pi is a global belief distribution over the unit cube Pi = (pi1, . . . , pimi
)

such that pi(x) = 0 when
∑mi

j=1 pij 6= 1.

• vi is a global belief distribution over the unit cube Vi = (vi1, . . . , vimi
).

Definition 3 [16] Let ({Ci}i=1,...,n, P, V, {pi}i=1,...,n, {vi}i=1,...,n) be a decision
scenario. Then the generalised expected utility for Ci is∫

Pi×Vi

mi∑
j=1

xijyij

pi(xi1, . . . ximi
)vi(yi1, . . . , yimi

)

dV (xi1, . . . ximi
) dV (yi1, . . . , yimi

) .

Obviously, the generalised expected utility as defined above is not easy to
calculate, but it becomes less cumbersome with the use of the centroids of the
global belief distributions.

2.4.3 Centroids

Definition 4 Given a unit cube B = (b1, . . . , bk) and a global belief distribution
gB, the centroid of gB is the point xgB

= (β1, . . . βk) in B whose i:th component
is

βi =
∫

B

xigB(x) dVB(x).

That is, the centroid consists of the expected probabilities of Ep(xi).
And correspondingly for local belief distributions:

Definition 5 Given a unit cube B = (b1, . . . , bk) and a local belief distribution
fBi

, the centroid of fbi
is the point in bi defined by

xfbi
=
∫

bi

xifbi
(xi) dVbi

(xi).

The generalised expected utility can be calculated as the inner product of
the centroids of the global belief distributions of probabilities and utilities, this
is stated more carefully in the following theorem, proved in [16].

Theorem 1 If (D,P, V, {pi}i=1,...,n, {vi}i=1,...,n) is a decision scenario then
the generalised expected utility

G(Ci) = 〈xpi
, xvi

〉 ,

where xpi
and xvi

are the centroids of pi and vi, respectively.
Ranking decision alternatives by generalised expected utility as the inner

product of centroids is as fast and uncomplicated as with expected utility with
exact probabilities and utilities. Since some of the information in the distribu-
tions is disregarded when using centroids, generalised expected utility can be a
crude measure, and the decision process should be supplemented with sensitiv-
ity analysis when belief distributions are not very warped and certainly when
belief distributions are concave. But when a strong warping effect is present, the
discarded information makes little difference and ranking through generalised
expected utility is relatively stable.
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2.5 Fuzzy probabilities

An approach akin to belief measures is to consider probabilities as fuzzy num-
bers. In [43] fuzzy optimisation problems where fuzzy numbers are compared
via ordering cones are considered. One type of optimisation problem looked at
in [43] is problems where the objective function has fuzzy-valued coefficients,
that is, to minimise f̃(x) subject to the constraints [g̃i](x) ∈ −Cc, i = 1, 2, . . . ,m
and x ∈ Rn, where ã is a fuzzy number, [ã] is an equivalence class induced by
a defuzzification function and −Cc is a convex cone.

Fuzzy probabilities are used for modelling uncertainty, but it may be in-
convenient to solve a decision problem directly with fuzzy numbers. But one
can transform such a problem to an optimisation problem with real coefficients
via a defuzzification function η or a a functional φ such that φ([x̃]) = η(x̃),
[g̃]i(x) ∈ −Cc if and only if gi(x) = φ([g̃i](x)) ≤ 0. The corresponding problem
is then to minimise f(x) subject to gi(x) ≤ 0, i = 1, 2, . . . ,m,x ∈ Rn.

It is proven in [43] that if x∗ ∈ Rn is an optimal solution to the corresponding
real optimisation problem then x∗ is a Pareto optimal solution to the original
fuzzy problem.

For our purposes we want to study optimisation problems where the ob-
jective function is the expected utility of an action and the probabilities and
utilities are fuzzy. In the fuzzy optimisation problem above, only the coeffi-
cients are allowed to be fuzzy, but the constraints are also fuzzy, so we could
have probabilities as the fuzzy coefficients and utilities as the real-valued vari-
ables, or the other way around. E. g. if we want to express that utility ui is
somewhere around a we could add the constraints ã 	 1̃ui ≤ 0̃ and 1̃ui 	 ã,
where 1̃ has the same shape as 0̃.

But in this way all inequality constraints are in effect equalities and there is
only one solution, namely the expected utility

∑n
i=1 piui, where pi = η(p̃i) and

ui = η(ũi). If the defuzzification function η then is the centre of mass, we have
in essence the generalised expected utility of [16], except that probabilities and
utilities are fuzzy numbers and do not have to sum to one.

2.6 Comparison of Models

Our interest here is mainly in second-order models and in the efficiency of
decision-making systems, both with regards to representing uncertainty and
with regards to computational complexity.

Of the models investigated above, the possibilistic hierarchy of [5] is the most
general, giving a foundation on which a wide range of models for uncertainty and
methods of ranking decision alternatives can be built. Since the degree to which
a decision maker can easily and accurately express his or hers knowledge about
the problem parameters, and the computational complexity of a system for
decision analysis, depends on factors not specified by [5], little can be said of such
practical matters. In other words, all details of implementation are left open,
even if some alternatives are discussed. The concepts of the theory in [5] are not
easily grasped, but such complexity does not preclude the implementation of an
efficient decision analysis system that bridges the advanced theory with a user-
friendly interface. The possibilistic hierarchy allows for the kind of second-order
representations of uncertainty under study in this thesis.

The theory of epistemic reliability, a designated second-order theory, in [19],
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is of great historical interest, and includes a method, maximin, for ranking
decision alternatives. Little is said in [19], though, about how representation of
the decision maker’s information affects the outcome of the decision process, or
how efficiently the decision process may be implemented.

The concept of likelihood discrimination in [29] is of purely theoretical in-
terest.

The decision analysis concepts in [16] are of a second-order nature and utilises
the properties of second-order probabilities not only for representing uncertainty
but also for reducing computational complexity. This connection between prop-
erties of second-order probabilities and computational complexity is a main
tenet of this thesis.

Fuzzy numbers, as in [43], have much in common with the second-order
probabilities of [16], but do not have to sum one. The second-order effects
that allow for reduction of computational complexity depend on second-order
probabilities being probabilities, so for these desired effects to occur in a fuzzy
context, normalisation would be necessary.

Since the research presented in this thesis is centered second-order effects on
decision analysis, we find it practical to have a system such as that of [16], which
explicitly deals with second-order probabilities and utilities and how second-
order effects may be used for discriminating alternatives, as basis. The results
on second-order effects are applicable to any decision theory based on second-
order probabilities and utilities.

3 Contributions

With variations, the principle of using centroids or centres of mass when obtain-
ing expected utility is allowed as one method among others in [5], see Section
2.1, and in [43]. Neither article goes into the details of how to implement this
principle in practice. It seems to be crucial for the centroid method that the
centre of mass of a belief distribution really is representative. Concentration of
belief to the vicinity of the centroid is a measure of the degree of representa-
tiveness.

For this purpose, in this thesis we want to study the importance of cen-
troids in decision analysis. Since of the theories outlined above, the generalised
expected utility of [16], discussed above in Section 2.4, is the one that most
clearly makes a point of using centroids we choose to take this as our focal
point. It would be conceivable to take e.g. fuzzy probabilities, [43], Section 2.5,
or the second-order possibility distributions of [5], described in Section 2.1.3 as
starting point, but such choices would introduce unnecessary difficulties as we
would have to either, in the case of fuzzy probabilities, adapt the system, or,
in the case of e.g. possibility distributions, define concepts like second-order
probabilities and centroids to fit into the theory.

Our main interest is second-order effects on probabilities, utilities and ex-
pected utility. In particular, we will consider the effect of belief concentrating
towards the centroid when the number of possible consequences grows.

Below we explain the contributed papers in this context.
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3.1 Cross-Disciplinary Research in Analytic Decision Sup-
port Systems

The article [7], co-authored to a minor degree by the author of this thesis,
considers the importance of decision support systems for efficient and accurate
decision analysis and the requirements, theoretical and practical, of the princi-
ples behind the algorithms of such support systems. The principles of decision
analysis and certain problems such as how the concept of rationality can or can
not be formalised and how difficult it is for individuals to distinguish between
probabilities are discussed.

Different models of representing imprecise information are compared from
a theoretical viewpoint and also with regards to how a decision maker is able
to express the relevant information. Different principles of ranking decision
alternatives are also investigated with respect to computational complexity. The
article then proceeds to explain the details of a particular decision support
system and gives examples of it’s use in practice.

The article connects theory and practice in an unusual way. A decision
support system is not reliable unless the decision maker’s information can be
entered into the support system without too much distortion and is of little use if
it is not efficient with respect to running time. The importance of the approach
in [7] is that both these aspects are considered with regards to the design of a
decision support system. The contribution to this paper by the author of this
thesis is the concluding remarks in the section Modelling Imprecise Information.

3.2 Structure Information in Decision Trees and Similar
Formalisms

The article [8] firstly makes a brief historical survey of decision analysis models
and then continues by suggesting a new paradigm. In the so called first genera-
tion models, introduced by e.g. [39, 32], probabilities and utilities are assumed
to have precise values. In realistic decision problems this reliance on precise
values is problematic; rarely can a decision maker be expected to provide pre-
cise values for probabilities and utilities. Although these classical models can
be expanded to handle imprecision, they are not built for imprecision. Thus,
it takes some effort to consider vague and imprecise probabilities and utilities,
further, the results in terms of finding the optimal decision are not always in
accord with common sense.

Other models that are from the outset designed for imprecision are jointly
named second generation models in the paper. Some examples are [22, 25, 40].
These second generations models are based on many different concepts, e.g. ca-
pacities, belief functions, sets of probability measures or upper and lower prob-
abilities. In either case, the decision maker is by design allowed to use imprecise
probabilities and utilities, which is the strength of these models. However, this
strength is also the weakness; evaluation of expected utility becomes computa-
tionally expensive when probabilities and utilities are not fixed numbers. Also,
these models typically rely on some kind of interval estimates of probabilities
and utilities, this in turn leads to expected utility being an interval rather than
a number and comparison of different alternative’s expected utilities sometimes
become impossible due to overlapping.
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A common theme for this thesis is that second-order distributions are inher-
ently present even if only interval representations are explicit, and that these
underlying distributions contain information that the decision maker may not
have intended. What the article denotes third generation models take these
second-order effects, chiefly that of warping, most of the mass under a distribu-
tion functions being close the centroid, into account.

Therefore the article [8] is highly relevant to the thesis. The most original
aspect of the paper is the way that second-order decision analysis is motivated
by second-order effects. The author of the thesis has participated mainly in the
section concerning third generation models.

3.3 Some Second Order Effects on Interval Based Proba-
bilities

In this article, [35], where the author of this thesis is the main author and
have produced the calculations behind the results, we look at the warp effect
on second-order probability density functions of the probabilities of n possible
outcomes under the assumption that the probabilities are restricted by intervals.
That is, for n − 1 probabilities pi, pi is at least ai and at most bi, the n-th
probability pn = 1 −

∑n−1
i=1 pi and it is also assumed that each point in the

polytope formed by pi ∈ [ai, bi], i = 1, . . . , n−1 and 1−
∑n−1

i=1 pi = pn is equally
likely, representing a lack of information other than the interval boundaries
about the probabilities.

The second-order probability density function f(p1) of probability p1 is in
the paper produced by a geometric argument; projecting the above mentioned
polytope on the p1-axes. The density function is a, in general piecewise defined,
polynomial function with degree n − 2. Then, given the probability density
function, computing the centroid is straightforward.

We note the warp effect namely that as n grows, the more of the area under
the graph of the second-order probability density function is concentrated to
the lower admissible values of probability p1. As can be expected, the effect is
accentuated when the intervals are wide, e.g. in the extreme case where all lower
boundaries are equal to zero and upper boundaries one, but less so when the
intervals are narrow. So, stating an interval for probabilities also means defining
a second-order distribution; the choice is whether to provide one’s own or be
satisfied with one induced by the intervals and uniform belief in all probability
vectors. The results in the article [35] have important implications for both
interval-based and second-order decision analysis.

3.4 Some Properties of Aggregated Distributions over Ex-
pected Values

The topic of the fourth and last article, [36], of the thesis is the distribution of
expected utility, limited to decision trees of depth one, uniform belief over [0, 1]
in all utilities and uniform belief in all probability vectors as in paper [35], re-
stricted only by probabilities being non-negative and summing to one. Further,
only the cases of two, three and four possible outcomes are considered. These
restrictions are for simplicity, the general problem requires more sophisticated
methods.
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Distribution functions for expected utilities have to our knowledge not been
given explicit expressions before this. Nevertheless, the problem is important
for second-order decision analysis; in the end, decision alternatives are in the
utility model discriminated by their expected utility, and we need to know the
strength of the warping effect in different circumstances with regards to e.g.
the number of consequences in order to determine for which types of decision
situations that generalised expected utility is justified as a decision rule.

It can be expected from the law of large numbers that expected utility will
tend towards the middle value 1/2 under these conditions, the question here is
how fast and how, exactly, the density function of expected utility behaves for
different numbers of possible outcomes. We see that the warp effect is present,
though modestly, already when there are only two possible outcomes, and clearly
stronger when there are three or four possible outcomes.

We produce the distribution of expected utility by two different methods;
the first is by geometry (giving results for two and three possible outcomes),
similar to the method in [35] but using box splines [11], the other is a purely
statistical approach (usable also for four possible outcomes), relying on a special
case of the probability density function of a probability from [35]. The density
function when there are n possible outcomes is a sum of polylogarithms of order
n−1 and less, multiplied by polynomials of degree up to n−1, see [14]. Perhaps
surprisingly, expected utility is not beta-distributed. However, the probability
density functions for beta distributions with parameters chosen to obtain the
same variance as the corresponding density functions for expected utility, are
numerically very close to the density functions for expected utility, for two,
three or four possible outcomes. The difference is less than 0.01 for all values
of expected utility between zero and one.

As with [35], the calculations in [36] were made by the author of the thesis
and the co-authors have contributed with background and conclusions.

4 Conclusions and further research

How to represent imprecise probabilities is one of the greatest problems in de-
cision theory. There is a plethora of different models, most of which giving
only a theoretical basis and leaving aside practical issues as how a human de-
cision maker will be able to formulate the decision problem in the model and
whether it is possible to rank the decision alternatives within a reasonable time
frame. We have looked at some models of imprecision mainly with regards to
such practical aspects and found that second-order decision analysis in terms
of generalised expected utility have some advantage both with regards to com-
putational complexity and not demanding too much of the decision maker, at
least when certain second-order effects, namely that of concentration of belief
to the centroid, are considerable.

The main focus of the thesis is therefore second-order effects and how they
depend on the number of consequences of a decision alternative. The second-
order effects that are explored in this thesis have two main consequences. One
being that a decision maker needs to be aware that unless he or she is working
strictly in a first-order model with precise, single-valued probabilities, there are
inherent second-order distributions in play, affecting the result. The other, on
a more positive note, is that for complex decision problems with many possible
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outcomes, comparing the expected utility of the decision alternatives can be
done with great ease and correct results using centroids. The decision maker
need not give full second-order distributions, but merely decide what the cen-
troids of these distributions would be.

It has been made clear that warping, the second-order effects that the
method of centroids rely on, depend on the complexity of the decision prob-
lem, hence, as for further research, considering the distribution of expected
utility with more than four possible outcomes, indeed extending to a general n
consequences, seems like the most relevant venue. Also, a decision maker can
realistically be expected to know at least something about reasonable probabil-
ities and utilities for the decision problem, letting the probabilities and utilities
be bound by intervals also provides a relevant, and challenging, problem with
regards to the density function of expected utility.

Distribution of expected utility with and without interval-bound probabili-
ties and utilities in decision trees with depth greater then one is of course also
interesting since complicated decision situations often have deep trees. Whether
the depth of the decision tree affect warping in the same way as depth is for
instance is a pertinent question to be addressed.
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