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Abstract

Since first discovery in 1911 by Heike Kamerlingh Onnes, superconductivity has al-
ways been an extremely active research field. A conventional superconductor (SC)
is described by a single complex order parameter, and its behavior can be easily
classified by studying the ratio of two characteristic length scales: the magnetic
penetration depth λ and the coherence length ξ. However, a single component
model is not sufficient to describe all kinds of superconductors: iron pnictides,
require a multiband models with two or more order parameters. Moreover, many
superconducting materials present spatial anisotropies, which should be included in
the theoretical framework to fully describe their behavior.As an example, the three
band anisotropic superconductor Sr2RuO4 is a material of central interest today.
The intention of this work is to describe how anisotropies change the behavior of a
three-band SCs using a phenomenological Ginzburg-Landau model with Josephson
potential. This potential leads to a variety of situations exhibiting phase frustra-
tion, which we study for specific sets of Ginzburg-Landau coefficients. Then we
introduce anisotropies in the system and study how topological excitations change
compared to the isotropic case. Our goal is to show that the additional couplings
introduced by the anisotropy tensor structurally change the vortex structure, yield-
ing non-Abrikosov vortices. Using a non-linear conjugate gradient method, we start
with specific sets of parameters and initial guesses and study the convergence to
equilibrium states.

Key words: Superconductivity, multi-band superconductor, three components
superconductor, anisotropies, BTRS, topological excitations, vortex matter
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Sammanfattning

Sedan 1911 d̊a supraledning upptäcktes av Heike Kamerlingh Onnes har supra-
ledning varit ett extremt aktivt forskningsomr̊ade. Konventionella supraledare be-
skrivs av enbart av en komplex ordningsparameter. Dess beteende beskrivs av
förh̊allandet mellan tv̊a längdskalor. Dessa är den magnetiska penetrationslängden
λ och koherenslängden ξ. Dock räcker en-komponentsmodellen inte till för att be-
skriva alla typer av supraledare. Dessutom kan materialen vara anisotropa vil-
ket m̊aste tas hänsyn i teorin för att fullt ut beskriva materialen. Till exempel
är Sr2RuO4 en anisotrop tre-komponentssupraledare. Målsättningen med denna
studie är att fenomenologiskt beskriva hur anisotropin förändrar beteendes hos
tre-komponentssupraledare med hjälp av Ginzburg-Landau teori med Josephsons
potential. Denna potential leder till situationer med fasfrustration. Vi inför ani-
sotropier i systemet och studerar hur topologiska excitationer skiljer sig fr̊an det
isotropa fallet. V̊art m̊al är att visa att växelverkan fr̊an anisotropin förändrar vir-
velstrukturer strukturellt vilket resulterar i icke-Abrikosov-virvlar. Med hjälp av
icke-linjära konjugatgradientsmetoden börjar vi med en specifik mängd av para-
metrar och initialchansningar och studerar konvergensen till jämvikt.

Nyckelord: Supraledning, flerkomponentssupraledare, tre-komponentssupraledare,
anisotropi, BTRS, topologiska excitationer, virveltillst̊and
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amount of time, since in three band sistems the number of degrees of freedom is
high, and to reach a good level of convergence in the simulations a lot of core-hours
are required.
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Chapter 1

Introduction

Conventional superconductors are described by a single complex order parameter
which plays the role of a macroscopic wave function. In this physical system there
are two main fundamental lengthscales, namely the magnetic penetration depth λ
and the matter field coherence length ξ. Their ratio offers the possibility of easily
classifying the superconductor behavior in presence of magnetic field. When λ < ξ,
we have a positive surface energy between superconducting and normal domains.
In this case, we have no magnetic field penetrating inside the superconductor bulk.
This effect is called Meissner-Ochsenfeld. However, once the external field reaches a
critical value, proper of the specific superconductor, we assist to a phase transition
yielding back to the normal state. In this case we talk of Type - I superconductors.
If instead we have λ > ξ, the situation can be radically different. For external mag-
netic fields that are smaller than the first critical field, i.e. H < Hc1, the system
remains in the Meissner state. At H =Hc the situation changes, in fact the surface
energy between superconducting and normal states becomes negative, therefore the
formation of interfaces is suddenly favorable. These interfaces are in the form of
vortices. Since the superconducting field is charged, vortex excitations are coupled
with the magnetic field. One of the most surprising feature of vortices is related
to the magnetic field flux that they carry: in one component superconductors each
vortex brings a quantum of magnetic flux, namely Φ0 = 2πh̷

e
. If one keeps increasing

the magnetic field, we assist to an increase of the vortex density in the material. For
H >Hc2, superconductivity is not thermodynamically convenient anymore and the
system undergoes a transition back to the normal state. This is classified as Type-
II sueprconductivity. The situation becomes even more interesting when we start
dealing with multi-band superconductors. These models describe materials where
we have simultaneous formation of different bands leading to different supercon-
ducting components. These components can also interact, for example via cooper
pairs tunneling. While the magnetic penetration depth λ remains unique, each
band will be characterized by a proper coherence length ξ. This has an interesting
consequence: if ξ1 < λ and ξ2 > λ we are in neither of the case discussed above.

1



2 Chapter 1. Introduction

This new regime is called Type-1.5 superconductivity. The existence of supercon-
ductors with two gaps was theoretically predicted in 1959 [39], and experimentally
measured almost fifty years later with the discovery of MgB2 [33]. After that,
multi-band superconductivity was found also in the high temperature iron based
superconductors [43]. These materials are thought to be described by models rang-
ing from one to four bands. Moreover, many materials are not isotropic, therefore
being able to adapt the models to describe superconductivity to anisotropic system
can lead to the discovery of new phenomena. Anisotropies were first taken into
account by Gork’ov [28], while obtaining the Ginzburg Landau coefficients for a
two bands superconductor starting from BCS theory [5]. One of the interesting
features of anisotropic superconductors regards the legthscales: in fact we start
having different lengthscales in different direction. Also the magnetic field happens
to have direction dependent penetration depth. This yields to a wider range of pos-
sible phenomena. For two bands anisotropic superconductors, an extensive work
concerning length scale hierarchies is reported in [38][40][42].

1.1 Ginzburg-Landau theory

Ginzburg Landau theory provides an extremely useful tool to phenomenologically
describe superconductors close to the critical temperature. The phase transition
at Tc signals the appearance of an ordered state in which the electrons are at least
partially condensed into frictionless superfluid. The state of the superconductor is
represented by a complex field order parameter ψ and its free energy functional is
given by:

F = FN + ∫
Rd

ddx [ h̷2

2m∗
∣(∇ + i e∗

h̷c
A)ψ∣2 + α∣ψ∣2 + β

2
∣ψ∣4 + (∇ ×A)2

8π
] (1.1)

Where m∗ and e∗ are effective mass and charge, and are directly linked to the mass
and charge of the particle responsible for superconductivity. FN represents the free
energy of the material when it is in a normal state, which can be easily considered
as energy offset. A is the vector potential. Experiments indicate m∗ = 2me and
e∗ = 2e, where me is the electron mass. This suggests that the particle leading to
superconductivity are bound state of electrons. Thus, it is convenient to choose
a normalization for the order parameter such that ∣ψ(r)∣ = n∗s(r), where n∗s(r)
represents the superconducting particle density. We are allowed to make this choice
thanks to the freedom in α and β. However, Ginzburg Landau theory does not
explain why electron condensate in pairs and give rise to a frictionless fluid. These
answers were given by Bardeen Cooper Schrieffer in 1957 [5], when BCS theory
was first published, even though its connection with GL theory was still unknown.
Two years later, Gor’kov [20], using Green Functions formalism derived Ginzburg
Landau equations as a consequence of the free energy functional reported in Eq.(1).
Its particular structure is due to the vicinity to the critical temperature. In this
way, Gor’kov managed to ascribe a physical meaning to the order parameter ψ.
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Let us now focus on the coefficients α and β. Following Gor’kov derivation
and Matsubara formalism it is possible to express them in in terms of inter/intra-
band coupling coefficients and impurity level. However, as the Ginzburg Landau
theory for second order phase transitions states, we know that, the coefficients of
the second order term must be α ∝ 1− Tc

T
. This means that if T < Tc then α < 0 an

order parameter ∣ψ∣ ≠ 0 will lower the energy, leading to a minimum. By contrast
if T > Tc then α > 0 and the most favorable situation occurs for ∣ψ∣ = 0.

Moreover GL theory completely covers and justifies all the previously existing
London theory of superconductivity, and explains the magnetic flux quantization.
As an example let us consider the simplest solution, i.e. ∣ψ∣ = const and A = 0.
From Eq.(1) it is clear that a uniform field leads to a smaller energy then a non
uniform one. Hence we have:

F = FN + α∣ψ∣2 + β
2
∣ψ∣4 (1.2)

To obtain the equation of motion let us minimize the free energy functional, i.e.
δF
δ∣ψ∣

= 0 which leads to the equation of motion for ∣ψ∣:
(α + β∣ψ∣2)∣ψ∣ = 0 (1.3)

Whose possible solutions are ∣ψ∣ = 0 and ∣ψ∣ = √
−α
β

. The fist one leads to F = FN ,

i.e. the normal state in which we have no cooper pairs formation. The second one
leads to:

F = FN − α2

2β
(1.4)

In this case we obtain a state leading to an even smaller energy, but for this solution
to be possible, we need the coefficient α to be negative. It is also important to check
that these states actually represent minima of the free energy. We can easily do
that by studying the concavity of the free energy in that point, i.e.:

∂2F

∂∣ψ∣2 = 2α + 6β∣ψ∣ (1.5)

Therefore in the two possible minima we have:

∂2F

∂∣ψ∣2 ∣∣ψ∣=∣ψ0∣

= −4α > 0 if T < Tc (1.6)

∂2F

∂∣ψ∣2 ∣∣ψ∣=∣ψ0∣

= 2α > 0 if T > Tc (1.7)

This confirms the fact that below the critical temperature the superconducting
state is preferred, while above Tc the ground state corresponds to the normal state.
Moreover, Eq.(1.4) directly explains the presence of the critical field in Type 1



4 Chapter 1. Introduction

superconductors. In fact, the energy ∆F = α2

2β
is what we need to provide to bring

the superconductor back into a normal state, therefore we can define the critical
field as follows:

H2
c

4π
= α2

β
(1.8)

This requires β to be positive, which is coherent with GL theory assumptions.
To conclude this brief introduction about Ginzburg Landau theory, it is worth
underlying how it offers an extremely interesting and deep picture of particle-drive
phenomena from a field theory perspective.
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1.2 Ground state excitations

Now that the conditions to have a stable superconducting ground state are clear,
let us study what happens when we apply a perturbation to it. This is the first
step necessary to understand the fundamental topological excitations, i.e. the vor-
tices. We will start by studying the simplest case of a single component isotropic
superconductor, whose free energy, written in dimensionless units, is:

F = ∫ d3x{∣(∇+ iqA)ψ∣2 + a∣ψ∣2 + 1

2
b∣ψ∣4 + (∇ ×A)2

2
} (1.9)

Let us suppose now that the order parameter and the vector potential are respec-
tively:

ψ = [ūi + ε(r)]ei[θ̄i+φi] (1.10)

A = a(r) (1.11)

Where ūi and θ̄i are the ground state values, obtained as in the previous section.
ε(r),φ(r),a(r), are instead small perturbations. Moreover we assume cylindrical
symmetry in the system. Substituting in the free energy, we can write the functional
as:

F = aū2 + b
2
ū4

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
F(0)

+ 2ε(a + bū2)ū´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
F(1)

+ (∇ε)2 + ū2(∇φ)2 + ε2(2a + 6bū2)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
F(2)

+

+ (∇ × a)2

2
+ 1

2
q2a2ū2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Fa

(1.12)

Since in a superconducting ground state the order parameter is ū = √
−a
b

, we notice

that F(1) = 0. Moreover we can introduce the following notation:

(Γ) = (ε) ∇(Γ) = (∇ε) M2 = (2a + 6bū2000) (1.13)

Where φ̂ = ūφ. Then Eq.(1.12) becomes1:

F = (∇Γ)2 +ΓTM2Γ + (∇ × a)2

2
+ 1

2
q2a2ū2 (1.14)

We can notice that this linearized free energy is the sum of two remarkable free
energies. We have a Klein-Gordon free energy for what concerns the field modulus
and phase, and Proca free energy for the vector potential. Moreover, it is worth

1We will neglect the constant term F(0) since it is irrelevant to the equation of motion
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underlining how in the linearized free energy, the vector potential and supercon-
ducting field perturbation are decoupled. The vector potential couples instead to
the ground state of the superconductor trough the charge q. We can now derive the
equation of motion for the modulus and phase of the macroscopic wave function
and for the vector potential. In the functional differentiation we will assume that
the fields perturbations vanish at the boundaries of the system. We have then:

δF

δΓ
= 0 ⇒ ∇2Γ +M2Γ = 0 (1.15)

δF

δa
= 0 ⇒ ∇ ×∇ × a − q2ū2a = 0 (1.16)

By introducing ∇ × a = b we obtain the equation of motion for the magnetic field
as follows:

∇ ×∇ × b = q2ū2b (1.17)

Using the relation ∇×∇×b = ∇(∇ ⋅ b)−∇2b, and the solenoidality of the magnetic
field, i.e. ∇ ⋅ b = 0, we obtain:

∇2b −m2
bb = 0 mb = q2ū2 (1.18)

Let us now analyze more in detail the physical consequences of these equations.
Starting by Eq.(1.18), we can notice that the magnetic field has acquired a mass
mb = q2ū2. This equation is the London equation for perturbations to the gauge
field. In fact, the order parameter is assumed to be constant everywhere, except
for a local perturbation. Hence the magnetic field has to vanish everywhere except
for the perturbed area. By solving its equation of motion, keeping in mind that we
assumed cylindrically symmetric perturbations, we obtain:

b(r) = b(0)e−mbr (1.19)

We define penetration depth the inverse of the field mass, i.e. λ =m−1
b = 1

qū
. It is λ

to describe how far the magnetic field can penetrate in the superconductor. This
is an evidence of the Anderson-Higgs mechanism. If we had no superconductivity
in the ground state, then we would have m2

a = 0 and the magnetic field would be
massless again. Let us now focus on what happens to the perturbations of the
magnetic field. The equation of motion for the perturbation of the modulus is:

∇2ε + (2a + 6bū2)ε2 = 0 → ū = √−a
b

→ ∇2ε − 4a = 0 (1.20)

Since α > 0 by hypothesis, the requirement of a perturbation vanishing at infinity
is fulfilled, yielding:

ε(r) = ε(0)e− rξ with ξ = 1

2
√
α

(1.21)

Let us finally focus on what happens to the phase. From Eq.(1.15), we have:

∇2φ̂ = 0 (1.22)



1.2. Ground state excitations 7

This means that we have a massless mode, since the mass associated to the phase
recovery is zero. This equation reflects the local U(1) symmetry of the Ginzburg
Landau free energy. By adding more superconducting components and potential
terms we would obtain a more complicated and non diagonal mass matrix M2.
This means that to obtain the coherence lengths as done above, we would need
to diagonalize the matrix. Therefore, the eigenvectors would also be linear com-
bination of the modes associated to the single superconducting components. The
physical consequence of this is the presence of collective modes at which more than
one condensate takes part. We could also obtain phase collective modes, the so
called Leggett modes [26][27].
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1.3 Flux quantization and vortex solutions

One of the most successful results of Ginzburg Landau theory is the possibility to
describe the presence and interaction of vortices in superconductors. To introduce
this topic, let us start by considering a single component 2D isotropic superconduc-
tor with a hole in the bulk, as shown in Figure 1.1

𝜎

Figure 1.1: Integration contour

Let us now calculate the magnetic flux within the contour σ. In the Meissner
state, supercurrents occurring around the hole rapidly screen the magnetic field.
Hence, along the contour we can assume J(σ) = 0. Hence the magnetic flux results:

Φ = ∫
S(σ)

d2xB ⋅ n = {B = ∇ ×A} = ∮
σ

dl ⋅A (1.23)

In a one component isotropic superconductor the vector potential is coupled to the
gradient of the order parameter phase, resulting in the supercurrent:

J = −λ2(∇θ
q
+A) (1.24)

Re-arranging with respect to the vector potential and substituting into Eq.(1.23),
we obtain:

Φ = −∮
σ

dl ⋅ (λ2J + ∇θ

q
) (1.25)

Since we assumed the superconductor to be in Meissner state, and the hole to be
in the bulk, we have a lot of freedom in the choice of the contour σ. Hence, we can
choose it such that:

λ2 ∮
σ

dl ⋅ J = 0 (1.26)

That leads to:

Φ = −1

q
∮
σ

dl ⋅∇θ = −∆θ

q
(1.27)

Since the macroscopic wave function must be a single valued function, we have
that ∆θ = 2πN , where N is an integer number, to which we will refer as winding
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number. Hence we obtain that the flux trough the superconductor is quantized,
because it can only be a multiple of Φ0:

Φ = −NΦ0 Φ0 = 2π

q
(1.28)

We can therefore define the vortex charge as:

N = 1

2π
∮
σ

dl ⋅∇θ (1.29)

Let us now study more in details the structure and properties of vortices. Physically,
a vortices are points in 2D or lines in 3D around which the order parameter phase
winds N times and the modulus decays to zero. These topological defects are
strongly related to the U(1) symmetry of the model. The presence of the gauge
field plays a fundamental role in this scenario, in fact the phase winding produces a
phase gradient, that with no magnetic filed would be present also at infinite distance
from the singularity. This would cost an enormous amount of energy, since the free
energy is directly dependent on these gradients. Hence the vector potential couples
with the phase gradient, and effectively winds around the vortex as well. In this way
the vector potential compensates the phase winding leading to energetically stable
states. This means that, if we have a stable state with a vortex and no external
magnetic field, we have to expect a magnetic field produced by the presence of the
vortex.

The first thing we need to study to understand the behavior of these excitations
are their equation of motion2

δF

δψ∗
= 0 (1.30)

= δ

δψ∗
∫

Ω
d3x{1

2
[(∂j − iqAj)ψ∗][(∂j + iqAj)ψ] + aψψ∗ + b

2
ψ2ψ2∗} (1.31)

= 1

2

δ

δψ∗
{∮

∂Ω
d2xψ∗(∇+ iqψA) ⋅ n − ∫

Ω
d3xψ∗(∇+ iqA)2

ψ} (1.32)

+ (a + b∣ψ∣2)ψ (1.33)

⇒ (∇+ iqA)2
ψ = 2aψ + 2b∣ψ∣ψ (1.34)

2We spend some time deriving them since this single component case is handy. In multicom-
ponent cases the equation of motion are more complex, but the underlying structure such as the
assumptions for the boundary conditions remain the same
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With the boundary condition of no normal current, i.e. (∇+ iqψA) ⋅n = 0. For the
vector potential we have:

δF

δAk
= 0 (1.35)

= 1

2

δ

δAk
∫ d3x[(∇− iqAj)ψ∗(∇+ iqAj)ψ + (∇ ×A)2] (1.36)

= q Im{ψ∗(∇+ iqAk)ψ} + δ

δAk
∫ d3x∂iδAj(∂iAj − ∂jAi) (1.37)

= q Im{ψ∗(∇+ iqAk)ψ} + δ

δAk
∮
∂Ω

d2xni[(∂iAj − ∂jAi)]δAj+ (1.38)

− δ

δAk
∮
∂Ω

d3xδAj∂i(∂iAj − ∂jAi) (1.39)

= q Im{ψ∗(∇+ iqAk)ψ} + δ

δAk
∮
∂Ω

d2xδAj(B × n)j (1.40)

+ δ

δAk
∮
∂Ω

d3xδAjεjik∂i(εklm∂lAm) (1.41)

⇒ (∇ ×∇ ×A)k + q2∣ψ∣2Ak = −q Im{ψ∗∂kψ} (1.42)

Where we assumed the boundary condition B × n = 0. Recapping we have:

(∇+ iqA)2 = 2(a + b∣ψ∣2)ψ (1.43)

∇ ×∇ ×A + q2∣ψ∣2A = q Im{ψ∗∇ψ} (1.44)

With the boundary conditions:

⎧⎪⎪⎨⎪⎪⎩
(∇ψ + iqψA) ⋅ n = 0

B × n = 0
(1.45)

Since we assumed cylindrical symmetry we can perform the following ansatz. Using
N for the winding number we have:

ψ = f(r)eiθ A = a(r)
r

uφ (1.46)

Substituting into Eq.(1.30) yields to the coupled equations:3

− 1

r

∂

∂r
(r ∂
∂r
f(r)) + [ 1

r2
(N + qa(r)) − 2(a + bf2(r))]f(r) = 0 (1.47)

∂

∂r
[1

r

∂

∂r
(a(r))] + 1

r
(q2a(r) + qN)f(r)2 = 0 (1.48)

3In the following equations we are using the differential form of the identity ∮ ∇θ ⋅ dl =
2πN ⇒ ∇θ = N

r
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It is worth noticing that thanks to cylindrical symmetry terms like ∇θ ⋅ ∇f and
A ⋅∇∣ψ∣ vanish. Moreover, to have vortex-like solutions we need the field to recover
its ground state value for r →∞ and to be in its normal state for r = 0, hence:

f(r = 0) = 0 f(r →∞)→√−a
b

(1.49)

We can also obtain the asymptotic value of the vector potential by considering
Eq.(1.48) in the limit r →∞. Considering only the leading order:

q2a(r) − qN = 0 ⇒ A(r →∞) = −N
qr

uθ (1.50)

By solving Eq.(1.47) and Eq.(1.48) we are able to fully describe interactions between
vortices, taking into account their kinetic energy, magnetic interactions and core
core interaction. However, given the highly non-linearity of those equations have
no analytical solution.

A very useful approximation is the London limit, in which we have ∣ψ∣ ∼ const. In
this case we would neglect the core-core interaction, but at the same time we would
be able to have analytical expressions for kinetic energy and magnetic interaction.
In this regime we also have ξ ≪ λ, which means that the order parameter recovers
way faster compared to the magnetic field attenuation, as displayed in Fig.1.2

−15 −10 −5 0 5 10 15

x

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

|ψ1|
|Bz|

Figure 1.2: Comparison between ∣ψ1∣ and ∣Bz ∣
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In this approximation we can obtain a very nice equation for the magnetic field
by taking the curl of Eq.(1.44) yielding:

∇ ×∇ ×B + λ−2B = −1

q
∇ ×∇θ (1.51)

= {∇ ×∇ ×B = ∇(∇ ⋅B) −∇2B} (1.52)

⇒ λ2∇2B −B = Φ0

2π
∇ ×∇θ (1.53)

Since A = A(r)uθ ⇒ B = B(r)uθ. Moreover we have ∇θ = N
r

uθ ⇒ ∇ × ∇θ =
2πNδ(r−r0). We can then solve Eq.1.53 with the boundary condition B(r →∞)→
0; calling Φ = NΦ0 we have:

λ2∇2Bz −Bz = Φδ(r − r0) ⇒ Bz(r) = Φ

2πλ2
K0( ∣r − r0∣

λ
) (1.54)

Where K0(r) is the zeroth order modified Bessel function of the second kind. Since
it is diverging for r → 0, we can estimate the magnetic field in the vortex core
introducing a cutoff for r ∼ ξ. This is reasonable since in the center of the vortex
we have a normal conductor. Hence we have:

Bz(0) ≃ Φ

2πλ2
ln(λ

ξ
) (1.55)

With energy per unit of length in z direction:

Ev = Φ

2
Bz(0) ≃ 1

4π
(Φ

λ
)2

ln(λ
ξ
) (1.56)

Eq.(1.53) is linear, therefore in this limit we can easily obtain the magnetic field and
interaction energy of multiple vortices, even though core-core interaction remains
neglected. For example, in case of two vortices with (N1,N2) in position r1 and r2

we have:
Bz(r) + λ2B(z) = Φ0[N1δ(r − r1) +N2δ(r − r2)] (1.57)

With energy per unit of length:

E = Φ

2
Bz(0) ≃ 1

4π
(Φ

λ
)2

ln(λ
ξ
) + Φ2

0N1N2

2πλ2
K0( ∣r1 − r2∣

λ
) (1.58)

Where the interaction energy is:

Eint = Φ2
0N1N2

2πλ2
K0( ∣r1 − r2∣

λ
) (1.59)

We can notice that the interaction energy is quadratic in the winding numbers. We
can notice that in the London limit, two vortices with same windings will always
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repel each other, while having opposite winding numbers yield attraction. In this
case the total topological charge must be conserved. For the interested reader, a
much more complete treatment of multi-band superconductivity can be found in
[2] [25] [1].
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1.4 First and second critical fields

Before proceeding to the multicomponent case it is worth studying how the critical
fields change in presence of vortex excitations in the superconducting field. In fact.
The critical field obtained at the beginning in fact was for a type-1 superconductor,
i.e. for a superconductor in which the transition is between normal and Meissner
state. In a type-2 instead we can have the formation of a vortex state, therefore
we will have more critical fields to take into account. The critical field we obtain
before, i.e. :

Hc = ∣α∣√
β
= Φ0

4πλξ
(1.60)

Determines the field for which it is not energetically convenient to have super-
conductivity anymore. However, vortices will enter the system for fields that are
smaller than this one, but sufficiently big to destroy the uniform ground state. To
estimate this energy we need to introduce in the free energy a term for the external
magnetic field. Let us then perform a Legendre transformation to start working
with the Gibbs free energy:

G = F − ∫ d3xB ⋅H (1.61)

The superconductor will enter in a stable vortex state when the conditionG(1vortex)−
G(0vortex) < 0. Hence we can find the lower critical field by requiring G(1)−G(0) = 0,
that leads to:

Hc1 = 1

4π

Φ0

λ2
ln(λ

ξ
) (1.62)

If we compare Eq.(1.62) with Eq.(1.60), it is clear that Hc1 < Hc in a type-2 su-
perconductor where λ > ξ, while Hc1 > Hc for a type 1 superconductor. Hence in
type 1 superconductors, vortex states are energetically unfavorable, since supercon-
ductivity is destroyed for lower fields. Focusing on a type two superconductor, for
H > Hc1 we will start assisting to vortex formation. The more we increase the ex-
ternal magnetic field the more vortices we will create. At a certain field value, Hc2,
we are going to reach a state in which vortex cores overlap, creating a macroscopic
area in which superconductivity is destroyed in favor of the normal state. This field
is called second or upper critical field and it is given by:

Hc2 = Φ0

4πξ2
(1.63)

Comparing it with Hc we notice that Hc2 > Hc, meaning that a type-2 supercon-
ductor can maintain superconductivity at much higher field than a type 1.
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1.5 Multicomponent Ginzburg Landau

It is possible to use Ginzburg Landau theory to describe multicomponent super-
conductors. In this case we need to use more order parameters, specifically, one
complex order parameter per phase. In this case the free energy functional becomes
(once rescaled to be dimensionless)4

F = N∑
α
∫
Rd

ddx [1

2
∣Dψα∣2 + aα∣ψ∣2 + bα

2
∣ψ∣4 + (∇ ×A)2

2
] (1.64)

Where N is the number of components, Dj = ∂j + iqAj is the covariant derivative,
aα < 0 ∀α and bα > 0 ∀α. Since there are not inter-band terms, all the compo-
nent will have independent equation of motion, therefore we can now focus on the
free energy functional per component, i.e.:

Fα = 1

2
∣Dψα∣2 + aα∣ψ∣2 + bα

2
∣ψ∣4 (1.65)

Here we can identify the the covariant derivative 1
2
∣Dψα∣2 as the kinetic energy of

the field, and the quadratic and quartic term as the potential. We have then:

Kα = ∣(∇ + iqA)ψα∣2 (1.66)

Vα = aα∣ψ∣2 + bα
2

∣ψ∣4. (1.67)

This underlines that the model that we are using to describe superconductivity is
well known in classical field theory: it is the non-relativistic limit of the U(1) gauge
theory for the scalar complex massive field ψ = ∣ψ∣eiθ, with the self interaction term∣ψ∣4.

The potential is plotted in Fig.1.3. We can obtain the equation of the different
matter fields by imposing δF

δψ∗α
= 0 and using boundary conditions (1.45), obtaining:

DjDjψα − 2(aα + bα∣ψ∣2)ψ = 0 (1.68)

The first symmetry which is worth studying is the U(1) symmetry. As first thing,
we notice that, under the assumption of no magnetic field and uniform matter field,
we have:

∣ψ0α∣2 = −aα
bα

⇒ ∣ψ0α∣ =
√−aα

bα
(1.69)

This solution leaves the phase completely free. Hence any field of the form

ψα = ψ0αe
iθ (1.70)

is solution in the uniform case. This result is well displayed in Fig.1.3. The equation
of motion fixes the modulus of the order parameter, that is represented as a vector

4In this case we are considering the time independent theory, i.e. with no electric field. More-
over we suppose that in each component the carriers have the same charge.
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Re{ψα}
Im{ψα}

Vα[∣ψα∣]
Mexican hat potential

Figure 1.3: aα∣ψ∣
2
+
bα
2
∣ψ∣4

in the Gauss plane. Since the potential only depends on the modulus, any rotation,
generated by the term eiθ, will lead to an equivalent physical situation. Since
the field is uniform, also the phase must be constant, hence we speak of global
U(1) symmetry. As the system goes in the ground state, one value of the phase is
chosen, and therefore we say that the system has broken the U(1) global symmetry.
Since the considered free energy describes a N component superconductor without
inter-band couplings, each component has U(1) symmetry, and the whole system
therefore has U(1)N symmetry. Let us now consider a spatially variating fields
with minimal coupling with the vector potential A. For the sake of simplicity we
will study a single component. In fact, until we introduce inter-band couplings
all components behave qualitatively in the same way. Considering the free energy
functional is Eq.1.65, let us study what happens under a U(1) rotation of the field,
i.e.:

ψ′α = ψαeiφ(r) (1.71)

We have:

Fα = 1

2
∣(∇ + iqA)ψαe−iφ∣2 + aα∣ψ′α∣2 + bα2 ∣ψ′α∣4 (1.72)

= 1

2
∣e−iφ(r)[∇ + iq(−∇φ

q
+A)]ψ′α∣2 + aα∣ψ′α∣2 + bα2 ∣ψ′α∣4 (1.73)

= {A′ = A − ∇φ

q
} (1.74)

= 1

2
∣(∇ + iqA′)ψ′α∣2 + aα∣ψ′α∣2 + bα2 ∣ψ′α∣4 (1.75)
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We can notice that the field ψ′α has the same free energy functional Fα up to a gauge
term. This means that these two fields are describing the same physical situation.
Moreover, it is interesting to see how it is the phase of the field to couple with
the vector potential gauge. However, in this case the U(1) symmetry is not global
anymore. In fact, since the field is non-uniform, we have a position dependent
phase, which implies a local U(1) symmetry, i.e.:

θ′ = θ + φ(r) (1.76)

A′ = A − ∇φ

q
(1.77)

This free energy functional presents also a discrete symmetry, namely Z2 symmetry.
In fact we can perform a complex conjugate transformation on the order parameter
ψα → ψ∗α, and still have the same functional. This symmetry is commonly referred
to as time reversal symmetry. Let us now derive a crucial quantity in a super-
conductor, the current density J = ∑Nα jα. To find jα we can perform a functional
derivative of the free energy wrt A, neglecting the magnetic field free energy 5.

Calling F ′ = F − ∫ (∇×A)
2

2
, and ρ2 = ∑Nα ∣ψα∣ we have:

J = −δF ′

δA
(1.78)

= N∑
α

iq

2
(ψ∗∇ψα − ψα∇ψ∗) − q2ρ2A

= {ψα = ∣ψα∣eiθ}
= − N∑

α

iq

2
{∣ψα∣∇∣ψα∣ + i∣ψα∣2∇θα − ∣ψα∣∇∣ψα∣ + i∣ψα∣2∇θα − q2∣ψα∣2A}

⇒ J = − N∑
α

q∣ψα∣2{∇θα + qA} (1.79)

This result highlights how it is the phase of the superconducting field to couple
with the vector potential and generate supercurrents. Moreover, the bigger the
modulus of a certain component is, the higher will be its influence on the current
density. It is also worth introducing the definition λ−2

α = q2∣ψα∣2. These coefficients
define the contribution of each component to the Meissner screening of the magnetic
field. We could now proceed as for the one component case to study the linearized
equation of motion for ground state excitations. Without potential terms we would
get still a diagonal mass matrix, i.e. independent gapped modes for the matter field
and gapless mode for the phase difference. In this case we just report the results

5If we include it, then by putting this functional derivative to 0 we obtain the equation of
motion of the vector potential
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for the two component case. A more detailed analysis of it is presented in [22] [15].

The mass matrix in the basis f = (ε1, ε2, φ12)T is given by:

M2 = ⎛⎜⎝
a1 + 3b1 0 0

0 a2 + 3b2 0
0 0 0

⎞⎟⎠ (1.80)

While the equation for the vector potential is:

∇ ×∇ ×A = q2(ū2
1 + ū2

2)a (1.81)

In this case the lenghtscale of the system is the magnetic field penetration depth
and it is given by the recovery length of the gauge field, which in this case is:

λ−2 = q2(ū2
1 + ū2

2) =∑
α

λ−2
α (1.82)

1.6 Fractional Vortices

It is now worth studying how the flux quantization changes in a multicomponent
superconductor. Proceeding in the same was as did in the single component case, we
integrate the current density along a contour sufficiently big to have ∣J(r →∞)∣→ 0.
Using Eq.(1.79) for the current density we obtain:

∮
σ(r→∞)

J ⋅ dl = −∮
σ

N∑
α

q∣ψα∣2{∇θα + qA} (1.83)

0 = N∑
α

λ−2
α ∮

σ
∇θα ⋅ dl + (N∑

α

λ−2
α )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
λ−2

∮
σ

A ⋅ dl (1.84)

⇒ ∫
S(σ)

B ⋅ ndS = − N∑
α

λ−2
α

λ−2 ∮σ∇θα ⋅ dl (1.85)

Using the definitions of λ−2, λ−2
α , ρ2 = ∑Nα ∣ψα∣ and that ∮σ∇θα⋅ = 2πNα we get6

Φ = −Φ0

N∑
α

∣ψα∣2
ρ2

Nα (1.86)

Therefore we can notice that in a multicomponent superconductor each vortex

carries a fraction ∣ψα∣
2

ρ2
of the flux quantum. That is why we talk of fractional

vortices. Fractional vortices exhibit very interesting features that are analytically
obtainable in the London limit. However, in the present work the London limit will
not be used due to highly frustrated situations. We invite the interested reader to
check [14] [2] [3] [11] [13] [4] [6] [19].

6In this case Nα is the total winding per component.
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1.7 Anisotropic superconductors

Normally, most of superconducting materials are anisotropic, therefore it is cru-
cial to know how the Ginzburg-Landau theory changes consequently. Adding
anisotropies physically means that we are imposing different energy weights for
“moving” in different directions. This means that the potential terms of the free
energy will remain unchanged, wether the kinetic part becomes, using summation
connection on the roman indices:

K =∑
α

(D∗
jψ

∗
α)Qαjk(Dkψα) (1.87)

The {i, j} indeces define the spatial directions, while the greek index α denotes the
superconducting component. The terms Qαij define the weight of the field covariant
derivatives in the different spatial directions. For example if Qαxx ≪ Qαyy, it means
that in the α-th component it is much more expensive to have a sharp variating
field in the y direction that along x. If we were in a single component system,
we could simply rescale the system’s coordinate and vector potential, to make it
isotropic. In a multi-band superconductor however, this procedure can ”isotropise”
only a single band, while the others will remain anisotropic. We will now study
how the current density changes in these conditions. Let us consider the following
free energy, for an anisotropic multicomponent superconductor:

F = N∑
α
∫
Rd

ddx [1

2
(D∗

jψ
∗
α)Qαjk(Dkψα) + Fpot + (∇ ×A)2

2
] (1.88)

Proceeding as in Eq.(1.78):

Jk = − δF ′

δAk
(1.89)

= N∑
α

iq

2
Qαkj(ψ∗α∂jψα − ψα∂jψ∗α) − q2∣ψα∣2QαkjAj

= {ψα = ∣ψα∣eiθ}
= N∑

α

−q∣ψα∣2Qαkj(∂jθα + qAj) (1.90)

As first thing we notice that the coefficients defining the influence of each band to
the Meissner screening are not scalar anymore but rank 2 tensors. Naming:

(λ−2
α )

kj
= q2∣ψα∣2Qαkj (1.91)

We obtain:

Jk = − N∑
α

(λ−2
α )

kj
(1

q
∂jθα +Aj) (1.92)
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The contribution of each component to the total current is then:

jk = −(λ−2
α )

kj
(1

q
∂jθα +Aj) (1.93)

This result explicitly underlines how different directions can lead to different cur-
rents and magnetic field screening. We can check that this result is consistent
with Eq.(1.78) by asking Qαjk = (1)jk. The magnetic field is given by the Maxwell

equation7 εijk∂jBk = Ji. We can now consider an explicit example for a two band
superconductor with small anisotropies, i.e.:

Q1
jk = (Q1

xx 0
0 Q1

yy
) Qαjk = (Q1

xx(1 + ε) 0
0 Q1

yy(1 + ε)) (1.94)

Then we can rearrange Eq.(1.92) with respect to A. Introducing the notation

λ̂2
L = [∑α λ̂−2

α ]−1
, where (λ̂−2

α )
jk

= (λ−2
α )

kj
= q2∣ψα∣2Qαkj , we have:

A = λ̂2
LJ − 1

q
∑
α=1,2

λ̂2
Lλ̂

−2
α ∇θα (1.95)

Taking the curl of the vector potential yields:

B = ∇ × λ̂2
LJ − 1

q
∇ × ∑

α=1,2

λ̂2
Lλ̂

−2
α ∇θα (1.96)

Supposing to be dealing with a 2D superconductor in the London model, we will
have J = J(x, y) and the same for ∇θα, that implies B = Bzuz. Hence, the exp-
landed expression turns out to be:

Bz = 1

qρ2
(∂xJy
Q1
yy

− ∂yJx
Q1
xx

) − 1

qρ2
[∣ψ1∣2(∇ ×∇θ1)z + ∣ψ2∣2(∇ ×∇θ2)z] (1.97)

− ∣ψ2∣2
qρ4

( εyy
Q1
yy

∂xJy − εxx
Q1
xx

∂yJx) (1.98)

− ∣ψ2∣2∣ψ1∣2
qρ4

[εyy∂x∂y(θ2 − θ1) − εxx∂y∂x(θ2 − θ1)] (1.99)

nonumber (1.100)

With ρ2 = ∑α ∣ψα∣2. Supposing not to have vortices, i.e. (∇ ×∇θ1)z = 0 and(∇ ×∇θ2)z = 0, expression (1.97) becomes:

Bz = 1

qρ2
(∂xJy
Q1
yy

− ∂yJx
Q1
xx

) − ∣ψ2∣2
qρ4

( εyy
Q1
yy

∂xJy − εxx
Q1
xx

∂yJx) (1.101)

− ∣ψ2∣2∣ψ1∣2
qρ4

[εyy∂x∂y(θ2 − θ1) − εxx∂y∂x(θ2 − θ1)]
7This equation can also be obtained by setting δF /δA = 0
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We can notice that Eq. 1.101 highlights the fact that anisotropies couple phase
differences to the magnetic field. In this case, even simple fluctuations of θ21 = θ2−θ1

can lead to magnetic field. If we now take the isotropic limit, i.e. Q1
xx = Q1

yy = 1
and εxx, εyy → 0, expression (1.101) becomes:

Bz = 1

qρ2
(∂xJy − ∂yJx) (1.102)

Which corresponds to the magnetic field of a isotropic superconductor with no
vortices.

However, the result we just obtained for the current density can be further
generalized by adding mixed kinetic terms. Let us see what is their effect on
the current density. The most general form for the free energy functional in an
anisotropic superconductor is:

F = N∑
α,β
∫
Rd

ddx [1

2
(D∗

jψ
∗
α)Qαβjk (Dkψβ) + Fpot + (∇ ×A)2

2
] (1.103)

That can be rewritten as:

F = N∑
α
∫
Rd

ddx [1

2
(D∗

jψ
∗
α)Qαjk(Dkψα) + Fpot + (∇ ×A)2

2
]

+ 1

2

N∑
α≠β

∫
Rd

ddx (D∗
jψ

∗
α)Qαβjk (Dkψβ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Fmix

(1.104)

Hence the current density is:

Jk = − δF ′

δAk
⇒ Jk = N∑

α

−q∣ψα∣2Qαjk(∂jθα + qAj) − δFmixδAk
(1.105)

Let us then focus on δFmix
δAk

; We have:

δFmix
δAm

= 1

2

N∑
α≠β

δ

δAm
∫
Rd

ddx (D∗
jψ

∗
α)Qαβjk (Dkψβ) (1.106)

Since the free energy must be real we have that the tensor Qαβjk needs to be sym-

metric under spacial index interchange, hence Qαβjk = Qαβkj and have symmetric real
part and antisymmetric imaginary part for what concerns the component index.



22 Chapter 1. Introduction

However, we will start by considering it just as a real symmetric tensor. Hence we
have:

Qαβjk = Qαβkj = Qβαkj = Qβαjk (1.107)

The current density is given by:

Jmixk = −δFmix
δAk

(1.108)

= −q2 ∑
α≠β

Qαβkj {1

q
Im{(ψ∗β∂jψα)} +Aj Re{(ψαψ∗β)}} (1.109)

= −q2 ∑
α≠β

Qαβkj {1

q
[(∣ψβ ∣∂j ∣ψα∣) sin (θα − θβ) + ∣ψα∣∣ψβ ∣ cos (θα − θβ)∂jθα]

(1.110)

+ ∣ψα∣∣ψβ ∣Aj cos (θα − θβ)} (1.111)

We can easily notice that we can express the total current in a more compact fashon
as:

Jk = −q2 ∑
α,β

Qαβkj {1

q
[(∣ψβ ∣∂j ∣ψα∣) sin (θα − θβ)] + 1

q
∣ψα∣∣ψβ ∣ cos (θα − θβ)∂jθα

+∣ψα∣∣ψβ ∣Aj cos (θα − θβ)} (1.112)

Where (λ−2
α )

kj
= q2∣ψα∣2Qαβkj δab. We can notice how in this case, also the gradients

of the modulus of the order parameter can have an influence in the overall current.
We can now order expression (1.112) with respect to the vector potential A and
take its curl to obtain the magnetic field B. Introducing the following notation:

(λ−2
L )

kj
= q2 ∑

α,β

Qαβkj ∣ψα∣∣ψβ ∣ cos θαβ (1.113)

and (λ−2
α )

kj
= q2∑

β

Qαβkj ∣ψα∣∣ψβ ∣ cos θαβ (1.114)

With θαβ = θα − θβ . Using summation convention we have:

Bi = εiml[∂m(λ2
L)lk]

⎧⎪⎪⎨⎪⎪⎩−Jk − q∑αβQ
αβ
kj ∣ψβ ∣∂j ∣ψα∣ sin θαβ −∑

α

(λ−2
α )

kj

∂jθα

q

⎫⎪⎪⎬⎪⎪⎭ (1.115)

− εiml{(λ2
L)lk∂mJk −∑

α

[(λ2
L)lk∂m((λ−2

α )
kj

)∂jθα
q

− (λ2
L)lk(λ−2

α )
kj

∂m∂jθα

q
]}

(1.116)

− qεiml(λ2
L)lk∑

α,β

Qαβkj {∂m∣ψβ ∣∂j ∣ψα∣ sin θαβ + ∣ψβ ∣∂m∂j ∣ψα∣ sin θαβ
+ ∣ψβ ∣∂j ∣ψα∣ cos θαβ∂mθαβ}
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We can notice that in the most general case the number of terms generating the
magnetic fields increases. In fact, we find first and second order derivatives not
only in the phase but also in the modulus of the superconducting fields.

1.8 Anisotropic Vortices

When anisotropies are present in the system the vortex structures change and one
of the first evidence is the loss of cylindrical symmetry. While in the isotropic model
each solution has S0(2) symmetry, in the anisotropic case the symmetry is reduced
to a four-fold one, therefore the ansatz proposed in Eq. (1.46) is no longer valid and
the situation becomes analitically much more complicated. The interested reader
can find an extensive treatment of two components anisotropic superconductors in
[38][40][42].
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Chapter 2

Three component
superconductors

Let us now enter the core topic of the present work: three components super-
conductors. Multiband sperconductivity was theoretical pioneered in [39]; the ex-
perimental results reported in [21] with in the theoretical followup [32] represent
a strong motivation to investigate further the theory of three component super-
condutors. Moreover, as shown in [4], it is possible to microscopically derive a
multi-component Ginzburg Landau theory for s+ is superconducting states, which
provides an extremely powerful tool to discover new phenomena. Since most of
the superconducting materials are also anisotropic, we will use an anisotropic GL
theory. In the present work we will not derive the Ginzburg-Landau coefficient mi-
croscopically, therefore each band will be described by our choice of (aα, bα). More-
over the three different components can interact via Josephson coupling, which is
included in the free energy functional as:

FP = 1

2

3∑
β>α

ηαβ(ψαψ∗β + ψβψ∗α) (2.1)

This kind of coupling is the simplest we could think of, but while in a two band
system it does not lead to any peculiar phenomena, in the three band case it leads
to highly frustrated situations. The new physics arises from the presence of three
inter-band Josephson coupling instead of just one. This leads to situations in which
the Josephson terms cannot be minimized all simultaneously, and compete to find
the most favorable phase locking. The result of this frustration is the so called time
reversal symmetry breaking. Moreover, in the present work we will be analyzing
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anisotropic superconductors, therefore the free energy functional reads:

F = 3∑
α,β

(D∗
jψ

∗
α)Qαβjk (Dkψβ) + 3∑

α

(aα∣ψα∣2 + bα
2

∣ψα∣4) (2.2)

+ 1

2

3∑
β>α

ηαβ(ψαψ∗β + ψβψ∗α) + (∇ ×A)
2

2

Let us now study the terms of Eq.(2.2). The tensor Qαβij contains all the information
about the anisotropies,and we will assume it to be diagonal, both in the component
and spacial indices. This physically means that we do not have inter-component
scattering, and that the spacial anisotropies allow a diagonal representation for all
the three components. Another important aspect to analyze concerns the coeffi-
cients (aα, bα). In fact, since we have additional potential terms, we can face the
situation in which aα > 0 but the band still has nonzero superfluid density: in this
case we would talk of passive bands. In the usual case of aα < 0 we would talk
of active band. The reason why aα might change sign is due to its temperature
dependence. Starting from microscopic theory it is possible to derive a proper
relation for it. A work concerning the methods to do it is presented in [24]. More-
over, it is worth rewriting the Josephson term to highlight its dependence on the
phase differences among the different components. Writing ψα = ∣ψα∣eiθα and using
cosx = 1

2
(eix + e−ix), we obtain:

F = 3∑
α

(D∗
jψ

∗
α)Qαjj(Djψβ) + 3∑

α

(aα∣ψα∣2 + bα
2

∣ψα∣4) (2.3)

+ 3∑
β>α

ηαβ ∣ψα∣∣ψβ ∣ cos (θα − θβ) + (∇ ×A)
2

2

We will study only situation in which the superconductor is frustrated, in which we
cannot assume ∣ψα∣ = const, therefore the London limit is not applicable. Fluctu-
ations around the ground state of three band superconductors are also studied in
[9], [8] and [12].

2.1 Ground state

As seen in the previous section, the ground state depends only on the potential
terms, and is not affected by anisotropies. Hence, to determine it we need to
minimize with respect to the order parameters the following expression:

FP = 3∑
α

(aα∣ψα∣2 + bα
2

∣ψα∣4) + 3∑
β>α

ηαβ ∣ψα∣∣ψβ ∣ cos (θα − θβ) (2.4)

In general it is not possible to obtain an analytical result, since the Josephson terms
introduce coupling between the bands. Before obtaining the equation of motion for
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the fields ground state, we can have an insight of what is going to happen by
studying the sign of the Josephson coefficients ηαβ . Supposing to have only active
bands, we can have:

1. ηαβ < 0 ∀α,β, then the free energy is minimized if all the phase differences
are zero, that means θ1 = θ2 = θ3

2. η12, η13 < 0 and η23 > 0. In this case, to achieve the minimum energy value,
one would require θ1 = θ2 θ1 = θ3 ⇒ θ2 = θ3 but also θ2 = θ3 + π, which
clearly contradicts the previous requirement. Hence this scenario leads to a
frustrated superconductor.

3. η12 < 0 and η13, η23 > 0. Here we need θ1 = θ2, θ1 = θ3 + π and θ2 = θ3 + π,
which still fulfills θ1 = θ2, not yielding to frustration.

4. ηαβ > 0 ∀αβ. Here we need θ1 = θ2 + π, θ1 = θ3 + π and θ2 = θ3 + π ⇒
θ1 = θ3 which contradicts the previous requirement. Hence we are again in a
frustrated case.

Differently from the two band case, here we can have phase frustration simply by
introducing a bilinear Josephson. In a two components superconductor we have
symmetry with respect to the change of sign of the Josephson coupling constant,
i.e. η12 → −η12 implies θ12 → θ12 + π. In the three bands case, as we have seen,
this is not happening. Let us now derive the equation of motion. Since the fields
are complex and the free energy only depends on phase differences we can take
derivative with respect to the modulus and the phase differences. Naming the
ground state fields as follows ψα0 = ūαeiθ̄α , and θαβ = θα − θβ , we have:

a1ū1 + b1ū3
1 + η12

2
ū2 cos θ̄12 + η13

2
ū3 cos θ̄13 = 0 (2.5)

a2ū2 + b2ū3
2 + η12

2
ū1 cos θ̄12 + η23

2
ū3 cos θ̄23 = 0 (2.6)

a3ū3 + b3ū3
3 + η13

2
ū1 cos θ̄13 + η23

2
ū2 cos θ̄23 = 0 (2.7)

η12ū1ū2 sin θ̄12 + η13ū1ū3 sin θ̄13 = 0 (2.8)

η12ū1ū2 sin θ̄12 − η23ū2ū3 sin θ̄23 = 0 (2.9)

η13ū1ū3 sin θ̄13 + η23ū2ū3 sin θ̄23 = 0 (2.10)

Unless being in very peculiar cases, it is not possible to find analytical solutions to
these equations. In the following work we will always solve them numerically. We
will now study some of the frustrated ground state, that we will use in the next
chapter to study excited states.

The method used to obtain the minimum energy order parameter starts from
an initial guess and then progressively minimizes the energy using a non linear
conjugate gradient procedure. We know that the ground state has a global U(1)
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symmetry, but at the same time, we can notice that we also have a Z2 symmetry1.
In fact, under the transformation ψα → ψα∗, we have θαβ → −θαβ . Since ∣ψα∣ is
phase independent and cos(−θαβ) = cos(θαβ), the free energy remains unchanged.
Hence our model presents a U(1) ×Z2 symmetry, that will be naturally broken by
the choice of the ground state. Now the ground state phase differences between
components start playing a fundamental role. Let us fix the gauge by assuming
θ3 = 0, which means θ13 = θ1 and θ23 = θ2. In case θ1 = π and θ2 = −π, we have
θ12 = 2π, and this particular state is invariant under complex conjugation, because
U(1) group is mod (2π). However, this is not always the case and for certain sets
of parameters we will obtain more ground states with minimal free energy. These
situations will lead to interesting excited states.

The method we used to spot the presence of Z2 symmetry breaking was to
repeat many time the ground state minimization using random initial guess.

2.2 Examples

Let us start by studying the simplest case, i.e. aα = −1, bα = 1 and ηαβ = 0.5∀α,β.
The values of the phases are shown in Fig.2.1
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Figure 2.1: Possible ground state phases obtained by minimizing the
potential free energy using random initial states. We can notice the
phase frustration happening.

We can notice that the values of the field’s phases are not the same each step.
They oscillate between 2π

3
and − 2π

3
. Maintaining our gauge convention, we can

easily plot them on a gauss plane as complex vectors, as shown in Fig.2.2 Once the
gauge is fixed, θ12 can be immediately derived from θ1 and θ2

1More cases of time reversal symmetry breaking are presented in [7],[16], [30], [31],[37]
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Figure 2.2: Representation of the ground state phases on a unit circle.
We can notice that by complex conjugating all the order parameters,
the phase differences remain the same in module, hence do not change
the energy value

If we complex conjugate the state we obtain another ground state having the
same energy. This is a very simple example of the frustration phenomena that we
can have in three components superconductors. We will see in the next chapter
which kind of excitation can be created thanks to this symmetry breaking.

Let us now study what happens when we change some parameters in the poten-
tial free energy. In particular, we will study what happens by changing the bilinear
Josephson coupling constants. In particular, we will vary η12, and set η13 = η23 = −1.
If we consider:

FP = F(aα, bα) + η12∣ψ1∣∣ψ2∣ cos θ12 + η13∣ψ1∣∣ψ3∣ cos θ13 + η23∣ψ2∣∣ψ3∣ cos θ23 (2.11)

Let us start by supposing ∣η12∣ ≪ ∣η23∣, ∣η13∣, then we have that the value of ∣ψ1∣∣ψ2∣ cos θ12,
becomes less relevant. Assuming η13, η23 < 0 , then the ground state will be for
θ1 = θ3 and θ2 = θ3. If η12 < 0 we will also have θ12 = 0 and a non-frustrated
superconductor. As we start to increase η12, it is reasonable to have moduli vari-
ation, still maintaining the same phase locking. We can have an insight of this by

expanding about θ = 0 cos θ = 1− θ2
2

. Therefore, neglecting constant terms we would
have:

FP = F(aα, bα) + ∣η12∣∣ψ1∣∣ψ2∣θ2
12 + ∣η13∣∣ψ1∣∣ψ3∣θ2

13 + ∣η23∣∣ψ2∣∣ψ3∣θ2
23 (2.12)
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Where each ∣ψα∣ and θαβ is implicitly function of η12. Therefore, within a certain
range of η12 values, we can expect to have a linear decrease of ψ2 and ψ1, to
compensate the increase of η12, but still no phase variation. This allows a ”slower”
increase of the free energy. Then, after a certain critical value, the phases will lose
the initial locking and will start variating with η12. A plot of the phases and moduli
variation is shown in Figure 2.3
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Figure 2.3: Phase and moduli variation with respect η12; We can
notice that the system does not exhibit frustration until the critical value
ηcrit = 0.282; here we can also spot a change in the modui variation

We can notice how ∣ψ1∣ and ∣ψ2∣ change exactly in the same way. It is interesting
what happens to ∣ψ3∣ for η > ηcrit; its sudden drop indicates a cooper pairs decrease
in the third band. Therefore the potential terms absψ3(η13∣ψ3∣ cos θ13 + η23∣ψ2∣ cos θ23)
decrease their weight in the overall potential.

Hence the remaining term is η12∣ψ1∣∣ψ2∣ cos θ12. As we can see from Figure 2.3,
φ12 → π, which minimizes the potential. We also present plots of the three different
order parameters as complex vectors on the unit circle. Fixing the gauge such that
θ3 = 0, it is really possible to notice that in certain cases the Z2 symmetry breaking
leads to a different ground state, while in others, e.g. η12 < ηcrit, to the same state.
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(a) η12 < ηcrit (b) η12 > ηcrit (c) η ≫ ηcrit

Figure 2.4: Representation of the phase difference as complex vectors
on a unit circle as η12 changes

For example by complex conjugating the situation in Fig.2.4a, we end up in the
same state, while in Fig.2.4b, 2.4c we have frustration, and therefore the possibility
to have domain walls.

Before studying the excitations of this kind of superconductors, it is interesting
to see what happens when we end up having passive bands, i.e. when some of the
aα coefficients are positive. In that case the superconductivity in the α-th band
is very fragile, since it only depends by the Josephson terms. Let us consider the
following case:

(a1, b1) = (1,1) (a2, b2) = (1,1) (1,1) (η12, η13, η23) = (2,3,3) (2.13)

Since we are dealing with passive bands, it is not immediate to determine wether
we are dealing with a frustrated case or not.
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(a) Possible phase values (b) Phase differences representation on a unit
circle

Figure 2.5: Phase difference values with random initial guess for pas-
sive bands. We can notice that we start in a non frustrated situation
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Figure 2.6a shows the result of variating η12. We can notice that we start in
a non frustrated situations, in which all the phases are the same and the state
exhibit U(1) symmetry. For η > ηcrit = 2.536 we enter in the U(1) × Z2 regime.
Here we notice that the third band starts to get depleted to compensate the phase
differences changes. Then for η ≫ ηcrit, we end up again in a U(1) regime, where
θ12 → 2π and ∣θ13∣ = ∣θ23∣ = π. To compensate these phase differences ∣ψ3∣→ 0 .
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(a) Order parameter phases and moduli variation as η12 changes in the case of passive
bands.

(b) η12 < ηcrit (c) η12 > ηcrit (d) η ≫ ηcrit

Figure 2.6: Order parameters as η12 changes. We can notice the phase
frustration happening for η12 > ηcrit

Proceeding as done before we find that the ground state does not exhibit frus-
tration. The phase values oscillate between ±π, as shown in Figure 2.5a. A better
visual representation of the possible ground states is provided in Figure 2.5b. In
this case if we perform a complex conjugation, the state is the same. Maintaining
the same values for (aα, bα) coefficients, let us study what happens to the phases
and moduli when we variate the Josephson coupling constants.
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In conclusion of this chapter we can notice that, to have a superconducting
ground state, it does not really matter wether we are dealing with active or passive
bands. Clearly, this remains true as far as we have Josephson potential terms
that can compensate for the positive aα coefficients. The second interesting feature
regards the tight relation between modulus and phase. In fact, in both the analyzed
cases, every time we enter in the U(1)×Z2 regime, we notice that the moduli start
compensating the phase change. In our cases, ∣ψ1∣, ∣ψ2∣ always increased, while ∣ψ3∣
dropped. This is specific to our choice of the Josephson coefficient to variate.
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Chapter 3

Excitated states

Recent experimental works show the need of more than two components mod-
els to fully describe the behavior of new superconductors [32][10]. In [32], a four
component microscopic model is used to describe the non equilibrium behavior of
optimally doped Ba1−xKxFe2As2. However, after some approximation the model
is reduced to an effective three band one. The behavior of three band s + is wave
superconductors, is deeply analysed in [14],[17],[18], in which a detailed analysis
of possible stable topological excitations is presented to the reader. However, a
lot of possible superconducting materials are anisotropic, therefore knwoing how
anisotropies affect the behavior of the superconductors is crucial. The two compo-
nent case is studied in [38],[40] and [42]. At the moment, no work on anisotropic
three component superconductor has been carried out. Given its relevance in the
current research, in this chapter we study how anisotropies change the behavior of
topological excitations in three band superconductors, described by GL free energy.
Our focus is on vortex excitations: we study different sets of coefficients leading to
active and passive bands respectively. In both case we analyze how the increasing
crystal anisotropies affects the equilibrium states. Then we start studying clusters
of vortices, to understand their interaction.

From now on we take into account the full free energy functional, including also
the kinetic part, which will play a foundamental role:

F = 3∑
α

(D∗
jψ

∗
α)Qαjj(Djψα) + 3∑

α

(aα∣ψα∣2 + bα
2

∣ψα∣4) (3.1)

+ 3∑
β>α

ηαβ ∣ψα∣∣ψβ ∣ cos (θα − θβ) + (∇ ×A)
2

2
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3.1 Active Bands

Let us start the study of the excitation with a very simple case of anisotropies in
a superconductor having all active bands, i.e. aα=1,2,3 < 0. As previously said,
it is possible to derive these coefficient microscopically, as function of interband
and intraband couplings and impurities. However, we are mainly interested in a
phenomenological study of the excitations behavior in presence of anisotropies. The
first set of coefficient we study is reported below:

(a1, b1) = (−0.1,0.5) (a2, b2) = (−1,0.5) (a3, b3) = (−0.5,0.5) (3.2)

(η12, η13, η23) = (0.3,0.3,0.3) (3.3)

And the anisotropies:

(Q1)ij = (1 0
0 0.1

) (Q2)ij = (0.1 0
0 1

) (Q3)ij = (1 0
0 1

) (3.4)

Our initial guess is a single winded vortex per component, i.e. (N1,N2,N3) =(1,1,1). The resulting moduli are displayed in Figure 3.1a,3.1b,3.1c.
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(a) First order parameter modulus ∣ψ1∣.
We can notice the non-cylindrical sym-
metic core structure due to the presence
of anisotropies
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(c) Third order parameter ∣ψ3∣. The
third band is isotropic, however the
shape of the the third vortex is affected
by the core structure of the excitations
in the other two bands

Figure 3.1: Order parameters moduli in active band case

As expected, the first band results squeezed in the x direction while the second
band in the y direction. This is because, given the choice of the anisotropies, in the
first band it is much more expensive to have sharp derivative along x, while in the
second component is more expensive to have sharp derivative along y. The third
component is left isotropic, but the shape of the vortex is slightly influenced by the
other two bands. The relative phase are shown in Figures 3.2a,3.2b,3.2c:

20 15 10 5 0 5 10 15 20
20

15

10

5

0

5

10

15

20

1.8

2.0

2.2

2.4

2.6

2.8

3.0

(a) Phase difference ∣θ12∣. We can notice
a non-trivial structure exhibiting four-
fold symmetry due to the presence of the
anisotropies
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(c) ∣θ23∣. Non-trivial structure exhibit-
ing four-fold symmetry due to the pres-
ence of the anisotropies in the other two
bands.

Figure 3.2: Phase differences in active band case

The pattern of the phase difference is typical when dealing with multicomponent
anisotropic superconductors. The two band case is discussed in [38] and [40]. The
reason of this particular results can be found in the linearized theory where the
anisotropy matrices create additional couplings between the phase gradient and the
gauge field. For an analytical treatment read [41]. The magnetic field is represented
in Figure 3.3a. As expected in case of anisotropies, we have magnetic field inversion
[40], which is shown in Figure 3.3b.
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(a) Magnetic field generated by the
vortices. We can notice the lack
of cylindrical symmetry due to the
anisotropies
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Figure 3.3: Magnetic Field in active band case
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3.2 Passive Bands

In this case we will instead study a new set of coefficients, leading to two passive
bands and just one active one. Hence we have a1 < 0 and a2,3 > 0. Specifically:

(a1, b1) = (−1,1) (a2, b2) = (1,0.5) (a3, b3) = (3,0.5) (3.5)

(η12, η13, η23) = (−2,2.7,−4) (3.6)
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Figure 3.4: Ground state moduli for the considered parameter set. We
can notice that the third band is almost depleted if compared with the
other two

The ground state for this set of parameters is shown in Figure 3.4. We can
immediately see that the third band results way more depleted than the other
two. We will now insert a vortex excitation in each band to study how the excited
state changes the phase and moduli distribution. In Figure 3.5c, we can notice
that the third band remains depleted compared to the other two, as in the ground
state. However, inserting vortex excitations in the system gives rise to unbalances
in the phase relations, which are coupled to the moduli amplitude by the Josephson
potential. This introduces complex competitions, that lead to non trivial excited
states. For example, vortices have different sizes in the different bands and this
is one of the reason why one band may undergo a deeper depletion compared to
others. Moreover, due to the phase gradients introduced by the kinetic terms in
Eq.(3.1), the phase relationship of an excited equilibrium state can be completely
different from the ground state. While θ12 remains zero, θ13, θ23, exhibit a phase
jump reported in Figure 3.6a and 3.6b.

The reason of the indentation in the phase difference plots lies in the fact that
π and −π are the same state. The shape of the vortex in the third band is a
consequence of this phase difference structure. Still maintaining the cylindrical
symmetry, it exhibits a moat core structure in which, in addition to the central
zero, we have a concentric ring where the order parameter is zero. The Josephson
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(a) First order parameter modulus ∣ψ1∣,
in isotropic system with single winded
topological excitation. We can notice
how in this case we recover the cylindri-
cal symmetry
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(b) Second order parameter modulus
∣ψ2∣ in isotropic system with single
winded topological excitation. We have
cylindrical symmetry also in this case.
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(c) Third order parameter modulus in
∣ψ3∣ isotropic system with single winded
topological excitation. In this case we
have a moat core vortex, which has non-
trivial but cylindrical-symmetric core
structire

Figure 3.5: Passive band moduli

coupling η12 = −2 locks the phase difference θ12 = 0. At the same time, there is
the competing term η23 which would prefer θ23 = 0, while η13 = 2.7 would prefer
the phase locking θ13 = π. In the uniform ground state, the term weighted by
η23 dominates, and therefore we end up having θ1 = θ2 = θ3. However, one of the
costs of it, is the depletion of the third band. Once we add vortex excitations,
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(a) Phase differnece θ13. The values ac-
quired in the central area by θ13 is π. It is
interesting to notice the jump in the nodal
ring of ∣ψ3∣
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(b) Phase differnece θ23. The values ac-
quired by θ23 in the central area is π. It is
interesting to notice the jump in the nodal
ring of ∣ψ3∣

Figure 3.6: Phase differences

the spatial variation of the moduli of the order parameters can be seen as new
effective Josephson coupling terms, i.e. η̃ij = ηijfi(r)fj(r). Hence the variation of
the moduli can create areas in which a certain phase coupling is more favorable.
This will be particularly evident in anisotropic system, where additional phase
gradients will give rise to peculiar patterns. An interesting parameter to display is
the modulus of the partial current densities, i.e. the current densities generated by
each phase. The mathematical expression is reported in Eq.3.7:

jα = λ−2(∇θα
q

+A) (3.7)

The result is reported in Figures 3.7a,3.7b,3.7c.
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(a) Partial current density generated by
the first component ∣j1∣. Since we are
considering the isotropic limit we can no-
tice cylindrical symmetry
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(b) Partial current density generated by
the second component ∣j2∣. Since we are
considering the isotropic limit we can no-
tice cylindrical symmetry
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(c) Partial current density generated by
the third component ∣j3∣. Since we are
considering the isotropic limit we can no-
tice cylindrical symmetry

Figure 3.7: Partial current densities
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Let us now introduce some anisotropies in the system, in particular let us con-
sider:

(Q1)ij = (1 0
0 0.168

) (Q2)ij = (0.168 0
0 1

) (Q3)ij = (1 0
0 1

) (3.8)

As expected in Figure 3.8a, ∣ψ1∣ is stretched in x-direction, since it is more expensive
to have derivatives along y and the other way around for ∣ψ2∣ in Figure 3.8b. In
Figure 3.8c we can notice a radical change of the situation.
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(a) First order parameter module ∣ψ1∣. We
can notice the presence of anisotropies by the
very smooth field spatial variation along x.
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(b) Second order paramter module ∣ψ2∣. We
can notice the smooth derivatives in the
y direction, accordingly to our choice of
anisotropy matrices.



44 Chapter 3. Excitated states

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
10.0

7.5

5.0

2.5

0.0

2.5

5.0

7.5

10.0

0.002

0.004

0.006

0.008

0.010

(c) Third order parameter module ∣ψ3∣. In
this case we completely lose the vortex struc-
ture and we assist to strong modulus over-
shootings. This structure is a clear evidence
of the simultaneus presence of anisotropy and
phase frustration

Figure 3.8: Order parameter moduli

An interesting behavior is displayed by ∣ψ3∣ in Figure 3.8c, where we lose the
moat core structure of Fig. 3.5c and we assist to strong overshooting. However,
the phase winding is maintained in all three the components. Therefore in three
component superconductors, we can have more kinds of flux carrying solitons, with
different structures than the classical Abrikosov vortex. We can display this result
in an alternative fashion, by taking planar sections of these vortices along different
axes. The result is shown in Fig. 3.9a-3.9c.
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(a) Cross section of the first order
parameter module. The direction-
dependent core size is here enhanced.
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(b) Cross section of the second or-
der parameter module. The direction-
dependent core size is here enhanced.
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(c) Cross section of the third order pa-
rameter module. While along x we main-
tain the vortex structure, along y we as-
sist to strong modulus overshootings.

Figure 3.9: Modulus cross sections

The section along x in Figure 3.9c has the structure of normal stretched vortex.
By contrast along y we assist to two highly peaked overshoots. We can investigate
the origin of this phenomenon by studying the relative phases. θ12, θ13 and θ23 are
shown in Figures 3.10a-3.10b-3.10c respectively. We can notice that the pattern of
the phase differences is qualitatively similar to Fig. 3.2a-3.2c. This is completely
reasonable since the additional couplings between the phase gradients and gauge
field, introduced by the anisotropies, do not depend on the choice of the potential
coefficients. Moreover, we can notice a y-elongated phase jump from ±π → ∓π in
Fig 3.10b,3.10c, which is similar to what we saw in Fig.3.6a,3.6b.
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(a) Phase difference θ12. We can no-
tice the untrivial structure with four-fold
symmetry.
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(b) Phase difference θ13. We can no-
tice the untrivial structure with four-fold
symmetry At y = 0 we assist to a jump
π → −π and vice versa.
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(c) Phase difference θ23. We can no-
tice the untrivial structure with four-fold
symmetry. At y = 0 we assist to a jump
π → −π and vice versa.

Figure 3.10: Phase differences

The value of the phase differences is coupled to the value of the field moduli
via the bilinear Josephson potential. Since the Josephson coupling only depends
on the cosine of the phase difference, and cos (x) = cos(−x) = cos (∣x∣), let us plot
the moduli of the three phase differences instead.
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(a) Modulus of the phase difference ∣θ12∣.
We can notice the four-fold symmetric
structure.
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(b) Modulus of the phase difference ∣θ13∣.
We can notice the four fold symmetric
structure. The phase jump π → −π is
clearly not visible here.

We can notice that the shape of ∣ψ3∣ displayed in Fig. 3.8c, follows the “but-
terfly wing” four-fold symmetric pattern of the phase differences. This is one of
the examples in which the non linearity of the model introduces extremely strong
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(c) Modulus of the phase difference ∣θ23∣.
The phase jump is not visible here as
well.

Figure 3.11: Phase difference moduli

couplings between the phase and the moduli that can lead to non trivial equilibrium
states.

Figures 3.12a,3.12b, 3.12c show the partial current densities, which are given
by:

jk = (λ−2
α )

kj
(1

q
∂jθα +Aj) (3.9)

The modulus of the total current density and the modulus of the magnetic field are
instead represented in Fig. 3.13a and 3.13b respectively.
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(a) First component partial current den-
sity ∣j1∣. We can notice the effect of the
presence of anisotropies on the spatial
distribution
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rent density ∣j2∣. The effect of the
anisotropies on the spatial distribution
is clear here as well
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density ∣j3∣. We can notice the unconven-
tional structure. Due to the extremely
smaller modulus, its influence on the
magnetic field will not be visible

Figure 3.12: Current densities

Finally, the presence of anisotropies leads to a soft magnetic field inversion at
the corners of our grid. The result is displayed in Figure 3.13c. In the isotropic
case this kind of phenomenon does not occur.
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(a) Total current density ∣Jtot∣. We can
notice that the spatial pattern of the third
component partial current is not visible
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(b) Magnetic field Bz. We can notice the
anisotropy influence on the spatial distri-
bution
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(c) Magnetic field inversion pattern due to
anisotropies

Figure 3.13

We can now change the anisotropy matrices, introducing coefficients of the same
order as the Josephson coupling. Namely:

(Q1)ij = (2 0
0 1

) (Q2)ij = (1 0
0 2

) (Q3)ij = (1 0
0 1

) (3.10)

As before, it is more expensive to have sharp field derivatives along x for component
one and along y for the second component. Therefore ∣ψ1∣ will be stretched along x
and ∣ψ2∣ will be elongated along y, even though in this case the anisotropy is softer.
The three moduli are displayed in Figure 3.14a-3.14c.
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(a) First order parameter modulus ∣ψ1∣.
The elongated structure is coherent with
our choice of the anisotropies
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(b) Second order parameter modulus
∣ψ2∣. The elongated structure is coher-
ent with our choice of the anisotropies
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(c) Third order parameter module ∣ψ3∣.
We can notice a new unconventional
structure due to the substantial reduc-
tion of anisotropies

Figure 3.14: Order parameters modulus

While nothing unexpected happens to ∣ψ1∣ and ∣ψ2∣, we can notice that ∣ψ3∣
assumes a shape that is more similar to an elongated vortex, still maintaining
overshoots inside. We can also see how the three nodes are already in the same
position as in Fig 3.8c. The phase difference are plotted in Figures 3.15a-3.15c.

15 10 5 0 5 10 15
15

10

5

0

5

10

15

0.20

0.15

0.10

0.05

0.00

0.05

0.10

0.15

(a) Phase difference θ12. Uncon-
ventional four-fold symmetric stucture.
Qualitatively the same as the previus
case.
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(b) Phase difference θ13.Unconventional
four-fold symmetric stucture. Qualita-
tively the same as the previus case.
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(c) Phase difference θ23. Uncon-
ventional four-fold symmetric stucture.
Qualitatively the same as the previus
case.

Figure 3.15: Phase differences

We can notice that the phase difference remain qualitatively the same as Fig
3.10a-3.10c. This means that the change in the spatial distribution of the third
order parameter is mainly related to the different core-shape of the vortices in the
first and second band. An interesting feature is the decreased inversion length of
the magnetic field, and its increased oscillation as we can notice from Figure 3.16b.
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(a) Magnetic field Bz
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(b) Magnetic field inversion. We can no-
tice that in this case the inversion length
is much smaller than in the strongly
anisotropic scenario.

Figure 3.16
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The situation can radically change if we modify the coefficient of the first com-
ponent, i.e. the only active one. Maintaining the same value for the anisotropies,
let us vary a1 = −1→ a1 = −0.1. We obtain:
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(a) First order parameter modulus ∣ψ1∣.
We assist to an increased deplation of
the first band
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(b) Second order parameter modulus
∣ψ2∣. This modulus remains unchanged
compared to the previus case
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(c) Third order parameter modulus ∣ψ3∣.
We can notice that we obtain a new
elongated structure without overshoot-
ing but with an increased nodal area.

Figure 3.17: Order parameters moduli

We can notice that the third order parameter modulus has completely changed
structure. There are no overshoots, but an elongated nodal area directed along the
y direction. The phase differences, shown in Figures 3.18a-3.18c are qualitatively
similar to Figure 3.10a-3.10c. In this case the responsible of the change is ∣ψ3∣ is
the increased deplation of the first band.
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(a) Phase difference θ12.
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(b) Phase difference θ13.
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(c) Phase difference θ23.

Figure 3.18: We can notice the unconventional four-fold symmetric
structure due to the additional coupling introduced by the anisotropies
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3.3 Clustering

Let us study now what happens when, in presence of anisotropies we introduce
more vortices in each band. Using the coefficient set:

(a1, b1) = (−0.1,0.5) (a2, b2) = (−1,0.5) (a3, b3) = (−0.5,0.5) (3.11)

(η12, η13, η23) = (0.3,0.3,0.3) (3.12)

And

(Q1)ij = (1 0
0 0.168

) (Q2)ij = (0.168 0
0 1

) (Q3)ij = (1 0
0 1

) (3.13)

We can use as initial guess two vortices in each band. The result for the moduli
and phases are displayed in Figures 3.19a-3.20c:
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(a) ∣ψ1∣. Both vortices maintain the elon-
gated structure along x
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(b) ∣ψ2∣.Both vortices present y-directed
elongation
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(c) ∣ψ3∣. We can notice that the interacting soli-
tons mainain their peculiar spatial structure also
while interacting.

Figure 3.19: Order parameters moduli
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(c) θ23

Figure 3.20: We can notice the unconventional phase difference shape
for the case of interacting vortices
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The magnetic field is shown in Figure 3.21a , and the inverted field in Figure
3.21b. We can notice that the increment in the number of vortices amplifies the
field inversion.
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(a) Magnetic fieldBz. Mostly generated by
the partial current of component one and
two.
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(b) Magnetic field inversion. We can notice
that the magnetic field inversion pattern is
radically different if compared to the single
vortex case

Figure 3.21: Magnetic field

A detailed analysis on the origin of the non-monotonic potential would require
a complete mode analysis. However, we have the intuition that the physics be-
hind this effect is similar to what outlined in [38] for a two component anisotropic
superconductor. The main difference in this case lies in the presence of a third con-
densate, which means we will have three modes coupled to the magnetic field. Still,
the leading mode is the one giving rise to the inverted field, which mediates the
attraction between the two excitations. The short distance repulsive mode instead
is to be ascribed to the vortex spatial structure. However the clustering problem
in the anisotropic case still requires further investigations.



Chapter 4

Numerical methods

A significant part of this thesis has been learning how to perform the simulations
for a three band superconductor. Since we are dealing with a time-independent
Ginzburg-Landau theory, the most efficient method is to use finite element sim-
ulations. There are more than one available environment to acomplish this task,
but among them, FreeFem++ remains the most performing and flexible in terms
of parameter control. Another possible language is FeniCS, however, depsite a
more friendly “grammar” it turns out to have much more overhead time in the
computations.

4.1 Finite element method

The finite element method is a numerical method used to solve linear and non
linear partial differential equation with specific boundary conditions. It allows by
a discretization of the doman to transform a system of partial differential equation
into an algebraic system. The process is structured as follows:

• The continuos domain on which the fucntion is defined gets divided in finite
elements trough a process named tassellation. Hence the mesh is automat-
ically built using Delaunay-Voronoi algorithm. Each tassel is triangular. If
we identify each triangle as Tk, then the finite elemente approximation of the
domain Ω→ f.e.m→ Ωh = ⋃ntk=1 Tk, where nt is the number of triangles.

• The finite element space is defined. It usually consists of a Hilbert space
of polinomial functions defined on each element of the mesh and affine in
x, y. These functions build the canonical basis of the Hilbert space and are
continuous, piecewise equal to 1 on one vertex and 0 on all others. Naming
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them φk, and indicating with Th = {Tk}k=1,..,nt
the family of triangles in the

mesh, we can define the space as:

Vh(Th, P2) = {w(x, y) ∣w(x, y) = M∑
k=1

wkφk(x, y),wk ∈ R} (4.1)

Here M is the dimension of Vh, i.e. the number of vertices. P2 indicates
that the basis functions are conotnuos piecewise quadratic. FInally the set of
coefficients wk are called “degrees of freedom of w”, and effectively contain all
the information about the projection of the analytic function we are interested
in, onto the finite dimensional Hilbert space.

• The algebraic system is set depending on the particular differential equation
solved. An example for the Poisson equation follows hereby.

Let us consider the following algebric system:⎧⎪⎪⎨⎪⎪⎩
∇2u(x, y) = −f(x, y) (x, y) ∈ Ω

n ⋅∇u(x, y) = 0 (x, y) ∈ ∂Ω
(4.2)

Here u(x, y) is our analytical function, f(x, y) the source term function and we
impose Neumann boundary conditions. To proceed in discretizing u, we need to
obtain the weak formulation of the initial problem and perform a Galerkin projec-
tion. By performing the weak formulation of 4.2, we allow less regularity in u, but
at the same time we increase the size of the solution space. In this case, we don’t
need anymore u ∈ C2(Ω), but only u ∈ L2(Ω), which mean integrable with respect
to its first derivative. To perform this transformation we multiply 4.2 by a test
function v, and integrate over the space as follows:

∫
Ω

drv(x, y)∇2u(x, y) = −∫
Ω

drfv (4.3)

Using the identity:
∂i(v∂iu) = ∂iu∂iv + v∂i∂iu (4.4)

We can re-write the first integral in Eq. 4.3 as:

∫
Ω

dr∇ ⋅ (v∇u) − ∫
Ω

dr∇u ⋅∇v = −∫
Ω

drfv (4.5)

Using Green’s theorem we have:

∮
∂Ω

drun ⋅∇v²
=0

− ∫
Ω

dr∇u ⋅∇v = −∫
Ω

drfv (4.6)

Therefore we end up with:

∫
Ω

dr∇u ⋅∇v = ∫
Ω

drfv (4.7)

Naming the bilinear form ∫Ω dr∇u ⋅∇v = a(u, v) and the source fucntional ∫Ω drfv =
F (v), we are left with the weak formulation a(u, v) = F (v). If a(u, v) and F (v) are
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continuos and positively constrained, it is possible to show the weak formulation
admits a unique solution. What we need to do now is to discretize u; we can use
the basis of the previusly defined Hilbert space to acomplish this task:

u = M∑
k=1

ukφk (4.8)

There is no need to discretize v because, being an arbitrary well behaved function,
it can be chosen to be one of the basis fucntions φk. Hence, we end up with:

a(M∑
k=1

ukφk, φi) = F (φi) (4.9)

And since a(u, v) is bilinear it can be described as a stiffnes matrix, whose matrix
elements are:

Ajk = a(φj , φk) fk = F (φk) (4.10)

Here the proble is easily solved.

4.2 Ginzburg Landau Functional

Unfortunately in the GL theory the situation is more complicated, because we
are dealing with highly non-linear partial differential equations, which cannot be
reduced to an easy algebraic formulation. Just to give an insight on how different
the problem is, let us consider a simple GL functional without any potential term,
i.e. a U(1)N model. The functional, written using Einstein index convenction, is
reported in Eq.

F =∑
α
∫

Ω
dr[(Djψα)(Djψα) + aα∣ψα∣2 + bα

2
∣ψα∣4 + (∇ ×A)2

2
] (4.11)

And the equation of motion is obtained by requiring:

δF [ψ1, .., ψN ,A] = 0 ⇒ 0 = ∫
Ω

dr[∑
α

( δF
δψα

δψα) + δF
δA

⋅ δA] (4.12)

Even tough we cannot obtain a algebraic formulation, we still reduce the problem
to its weak formulation as before. Following analogous steps as before we end up
with the boundary conditions:

∮
∂Ω

d2xδψαnj(∂j + iqAj)ψα = 0 (4.13)

∮
∂Ω

d2xAlεljkBjnj = 0 (4.14)

The method used to minimise the energy, once we obtain the weak formulation of
the problem is the Non Linear Conjugate Gradient (NLCG). This method consists
in an unconstrained optimization for nonlinear problems. The interested reader can
find exhaustive informations in [34]
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4.3 Initial Guess

In this work, we have treated mainly three components superconductors, where each
of them is described by a complex scalar field. FreeFem is able to treat complex
field, however it turns out much more handy to to treat each field as two scalar
fields. Therefore we end up performing minimization with eight degrees of freedom,
namely:

[Re{ψ1}, Im{ψ1},Re{ψ2}, Im{ψ2},Re{ψ3}, Im{ψ3},Ax,Ay] (4.15)

To minimize the free energy we perform iterations with the NLCG method until
the relative variation of the norm of the functioal gradient with respect to the
eight degrees of freedom is on average less than 10−7. To study the properties of
topological excitation we need to provide an initial guess which should have similar
properties to the solution we are looking for. Hence the initial guess is defined
accordingly:

ψα = ∣ψα∣(x, y)eiθα(x,y) (4.16)

∣ψα∣(x, y) = ūα N∏
k=1

√
1

2
[1 + tanh( 4

ξα
rα,k(x, y) − ξj)] (4.17)

θα(x, y) = θ̄α + N∑
k=1

arctan( y − yα,k
x − xα,k ) (4.18)

Where ψα0 = ūeiθ̄ the ground state and rα,k = √(x − xα,k)2 + (y − yα,k). The
parameter ξα is instead the guessed core size. Finally to start the minimization we
also need a guess for the vector potential A, which can be obtained by solving the
Maxwell equation ∇ × B = J, where the supercurrent J is obtained by the initial
guess.
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Conclusion

Recent discoveries in iron-based superconductors require more than two-component
models to describe the experimental results [32],[10]. In [32] an effective microscopic
three-band model is used to describe the properties of Ba1−xKxFe2As2. Moreover, it
is widely known that the Ginzburg-Landau theory is an extremely useful and pow-
erful model to qualitatively describe superconductors. Eilenberger solutions show
that phenomelogocal GL models can fit microscopic theory in a wide tempreature
range. The two component case can be found in [36], where the GL coefficitents
are derived and the applicability conditions discussed. In addition to this, three-
component superconductors show unique behaviors, which cannot be found in two-
or one-band models. The new physics comes from the the competitions of the three
components mediated by the Josephson coupling terms, which can lead to phase
frustration. In this scenario, the three potential terms cannot reach their most
favourable phase-locking arrangement simultaneously. Then, it is important to
consider that many superconducting materials have anisotropic lattices, therefore
the models used to describe them need to be adapted accordingly. Motivated by the
worked carried out in [14],[17],[18], for three-band isotropic s + is wave supercon-
ductors, and in [38],[40],[42] for two-band anisotropic SC, we decided to extend the
analysis of the anisotropic Ginzburg-Landau model to three band superconductors.
An example of anisotropic three-band superconductor that exhibits unconventional
vortex behavior [35] is Sr2RuO4, the theory of which is discussed in [29], and mi-
croscopically in [23]. We started with a brief overview on how anisotropies change
the GL model, and the main related physical quantities. Then, we carefully stud-
ied the frustration phenomena occourring in the ground state for cartain sets of
parameters. The presence of the anisotropies only affects the kinetic terms in the
Ginzburg-Landau free energy, therefore the ground states remain the same as in the
isotropic case. We observed an extremely strong correlation between phase differ-
ence and field’s moduli variation, which is related to the lack of an optimal solution
for the individual Josephson terms. In the final chapter we analyzed equilibrium
topological excitations for certain sets of GL coefficients, yielding both active and
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passive bands. We studied single vortex states, and compared the isotropic case
to the anisotropic one. We found that the structure of the topological excitations
can change completely as a consequence of the spatial anisotropies. The additional
couplings between phase gradients and gauge field yield peculiar patterns in the
phase differences; these, in a frustrated situation, lead to depletion or overshoots in
the order parameter modulus, resulting in flux carrying excitations that are very
different from standard Abrikosov vortices. Finally we studied a two-vortex equilib-
rium state. We noticed how the inter-vortex force is not monotonic, but short range
repulsive and long range attractive. The prediction of this work can be experimen-
tally checked using scanning SQUD microscopy, scanning Hall probe microscopy
and and muon spin rotation measurements.
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