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Abstract

The purpose of system identification is to build mathematical models for dynam-
ical systems from experimental data. With the current increase in complexity of
engineering systems, an important challenge is to develop accurate and computa-
tionally simple algorithms, which can be applied in a large variety of settings.

With the correct model structure, maximum likelihood (ML) and the prediction
error method (PEM) can be used to obtain (under adequate assumptions) asymp-
totically efficient estimates. A disadvantage is that these methods typically require
minimizing a non-convex cost function. Alternative methods are then needed to
provide initialization points for the optimization.

In this thesis, we consider multi-step least-squares methods for identification
of dynamical systems. These methods have a long history for estimation of time
series. Typically, a non-parametric model is estimated in an intermediate step, and
its residuals are used as estimates of the innovations of the parametric model of
interest. With innovations assumed known, it is possible to estimate the parametric
model with a finite number of least-squares steps. When applied with an appropriate
weighting or filtering, these methods can provide asymptotically efficient estimates.

The thesis is divided in two parts. In the first part, we propose two methods:
model order reduction Steiglitz-McBride (MORSM) and weighted null-space fitting
(WNSF). MORSM uses the non-parametric model estimate to create a simulated
data set, which is then used with the Steiglitz-McBride algorithm. WNSF is a more
general approach, which motivates the parametric model estimate by relating the
coefficients of the non-parametric and parametric models.

In settings where different multi-step least-squares methods can be applied, we
show that their algorithms are essentially the same, whether the estimates are based
on estimated innovations, simulated data, or direct relations between the model
coefficients. However, their range of applicability may differ, with WNSF allowing us
to establish a framework for multi-step least-squares methods that is quite flexible in
parametrization. This is specially relevant in the multivariate case, for which WNSF
is applicable to a large variety of model structures, including both matrix-fraction
and element-wise descriptions of the transfer matrices.

We conduct a rigorous statistical analysis of the asymptotic properties of WNSF,
where the main challenge is to keep track of the errors introduced by truncation
of the non-parametric model, whose order must tend to infinity as function of the
sample size for consistency and asymptotic efficiency to be attained. Moreover, we
perform simulation studies that show promising results compared with state-of-the-
art methods.

In the second part, we consider extensions of the developed methods for appli-
cability in other settings. These include unstable systems, recursive identification,
dynamic networks, and cascaded systems.



Sammanfattning

Syftet med systemidentifiering är att bygga matematiska modeller av dynamiska
system från observerade data. Dagens alltmer komplexa tekniska system har gjort
att behovet av att utveckla noggranna och beräkningseffektiva algoritmer som kan
användas i ett stort antal tillämpningar ökat.

Om modellens struktur och ordningstal är korrekta kan maximum likelihood-
metoden och prediktionsfelsmetoden användas för att få (under lämpliga förutsät-
tningar) asymptotiskt effektiva skattningar. En nackdel med de här metoderna är
att de generellt kräver att en icke-konvex funktion minimeras. I detta fall behövs
alternativa metoder för att hitta initieringspunkter åt optimeringen.

I denna avhandling betraktas flerstegs-minstakvadratmedoter för identifiering av
dynamiska system. Sådana metoder har en lång historia för skattning av tidsserier.
Generellt skattas, i ett mellansteg, en icke-parametrisk modell av högt ordningstal,
vars residualer används för att skatta innovationerna för den parametriska modellen
av intresse. Med innovationer som antas kända är det möjligt att skatta den
parametriska modellen med ett ändligt antal av minstakvadratsteg. Sådana metoder
kan ofta förse asymptotiskt effektiva skattningar vid användning av korrekt viktning
eller filtrering.

Avhandlingen är organiserad i två delar. I första delen föreslås två metoder:
modellordningsreduktions-Steiglitz-McBride (MORSM) och viktad nollrumsanpass-
ning (WNSF). MORSM använder den icke-parametriska modellen för att simulera
datan, som används för Steiglitz-McBride algoritmen. WNSF är en mer generell
metod, som motiverar den parametriska modellskattningen genom att sätta i relation
koefficienterna för den icke-parametriska och den parametriska modellerna.

I tillämpningar där olika flerstegs-minstakvadratmedoter kan användas, påvisar vi
att deras algoritmer är väsentligen lika, vare sig skattningarna kommer från skattade
innovationer, simulerade data, eller relationerna mellan modellkoeficienterna. Dock
kan deras tillämpningsområden variera, och WNSF används då för att utveckla
ett ramverk för flerstegs-minstakvadratmedoter som är flexibelt i parametrisering.
Detta är speciellt relevant för flervariabelmodeller, där WNSF kan användas för
skattning av många olika modeller, inklusive både matrisfraktion och elementvis
beskrivningar av överföringsmatriserna.

En rigorös statistiskt analys av asymptotiska egenskaper utförs för WNSF,
som tar hänsyn till hur ordningstalet av den icke-parametriska modellen beror på
antalet data så att konsistens och asymptotiskt effektivitet verifieras. Dessutom
uförs simuleringar som visar på lovande resultat jämfört med konkurrenskraftiga
metoder.

I andra delen undersöks utvidgningar av de förslagna metoderna. Dessa inkluderar
instabila system, onlineidentifiering, dynamiska nätverk, och kaskadsystem.
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N→∞ 1

N ∑N
t=1 Ext

xiii



xiv Notation

cov(x) covariance matrix of the random vector x

Ascov(x) asymptotic covariance matrix of the random vector x

AsN(a, R) asymptotic normal distribution with mean a and covariance R

xN = O(fN) the function xN tends to zero at a rate not slower than fN , as
N →∞ w.p.1

q−1 backward shift operator, q−1xt = xt−1, where xt is the value of
the signal x evaluated at time t

Γn column vector given by [q−1 . . . q−n]⊺
∥G(q)∥2 defined by ∥G(q)∥2 ∶= �

1
2π ∫ π−π Trace[G∗(eiω)G(eiω)]dω, with

G(q) a transfer matrix with element i, j Gi,j(q) = ∑∞k=−∞ g
(ij)
k q−k

∥G(q)∥∞ defined by ∥G(q)∥∞ ∶= supω ∣∣G(eiω)∣∣, with G(q) as above⟨X(q), Y (q)⟩ inner product between transfer matrices X(q) and Y (q) of appro-
priate sizes, given by ⟨X(q), Y (q)⟩ ∶= 1

2π ∫ π−π X(eiω)Y ∗(eiω)dωTn,m[X(q)] Toeplitz matrix of size n ×m (m ≤ n), with X(q) = ∑∞k=0 xkq−k,
whose first column is [x0 ⋯ xn−1]⊺ and has zeros above the main
diagonalTn,m[x] Toeplitz matrix of size n ×m (m ≤ n), with x a p-dimensional
column vector (n ≥ p), whose first column is [x⊺ 0⊺n−p]⊺ and has
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Chapter 1

Introduction

System identification is about using experimental data to build mathematical models
for dynamical systems. A system is a process where different variables interact,
producing observable signals, which are called outputs. The system can often be
affected by external signals manipulated by the observer—called inputs—and by
disturbances, either measurable or only observable indirectly through their influence
on the outputs. System identification deals with dynamical systems, which are
systems whose current output value depends not only on the current input, but also
on its history. Mathematical models for such systems can be written as differential or
difference equations that describe the relations between the interacting variables. One
possibility to obtain these mathematical models is to derive them from the physical
laws that govern the system dynamics. This approach can become increasingly
complex with the complexity of the system we intend to model. The alternative is
to use experimental data from the system—collected input and output signals—to
infer the mathematical model.

These mathematical models are not true descriptions of the system. The reason
is, first and foremost, that physical systems are entities different in nature than our
mathematical models. Mathematics is simply the tool we use to describe the behavior
of a system. Mathematical models can be more or less accurate in describing some
behavior, or more or less intuitive in helping to understand that behavior, but an
evaluation about how truthfully they capture the nature of the system cannot be
performed. Another reason is that physical systems are very complex objects, whose
behavior is influenced by many factors that cannot be precisely and individually
accounted for. In this sense, a model is also a simplification of a real-life system.
Nevertheless, we will often in this thesis use the notion of a true system, in the sense
of a particular mathematical model that we assume has generated the collected data.
This notion is, of course, an idealization; nevertheless, it is useful for performing
theoretical analysis of system identification methods.

Ljung (1999), in Chapter 1, summarizes the system identification procedure in
four steps. The first step is to collect the data. Here, an experiment is conducted with
the real system, and the input and measured output signals are recorded. Sometimes,

1



2 Introduction

the user has the possibility to choose the input of the experiment. The second step
is to choose a set of candidate models. Many choices for model structures exist,
which differ in the way that they describe how the input and the output signals
relate. Moreover, it is possible to choose between different model orders, related to
the order of the differential or difference equations that describe the system. The
third step is to choose the best model among the candidate ones. The best model is
typically considered to be the one that best explains the data according to some
criterion, depending on the identification method. Finally, the fourth step is to
validate the model. Here, the purpose is to test if the model that was obtained in the
third step is appropriate for its intended use. This can be based on prior knowledge
about the system or on the ability of the model to explain other data sets. If the
model does not pass the validation test, some of the previous steps should be revised
and repeated, until an appropriate model is found.

There are important challenges in all steps of the system identification procedure.
If the user has the freedom to choose the input of the experiment, for example,
it is important to conduct the experiment that maximizes the information in
the data about the system dynamics. This field of system identification is known
as experiment design (e.g., Gervers and Ljung, 1986; Forssell and Ljung, 2000a;
Gevers, 2005; Hjalmarsson, 2005; Jansson and Hjalmarsson, 2005; Rojas et al., 2007).
Concerning the choice of model order, some identification methods bypass this issue
by estimating non-parametric models—that is, they estimate truncated versions of
models whose number of parameters ideally tends to infinity. The main problem with
estimating non-parametric models is that, as the number of parameters increases,
so does the variance of the estimated model. Regularization and kernel methods
deal with this problem (e.g., Sjöberg et al., 1993; Mohan and Fazel, 2010; Pillonetto
and Nicolao, 2010; Chen et al., 2012; Pillonetto et al., 2014). Concerning parametric
models, which have a fixed number of parameters, the model order can sometimes
be decided based on physical intuition. Alternatively, cross-validation can be used,
which consists of testing the ability of the model to explain fresh data sets. Moreover,
criteria exist based on the parsimonious principle, according to which a model
should not use unnecessarily many parameters. These criteria—such as the Akaike
Information Criterion (AIC) or the Bayesian Information Criterion (BIC)—weigh
the ability of a model to explain the data against its complexity. For an overview
on model order selection and validation, see Chapter 16 by Ljung (1999).

When estimating parametric models, the best model within a set of candidate
models is typically defined as the one that minimizes a cost function that measures
the ability of the model to predict future outputs based on past data. The main
difficulty is that this cost function is typically non-convex. Consequently, local
non-linear optimization techniques are required, which depend on good initialization
points to be able to find the global optimum. The basic motivation for this thesis is
based on this difficulty.
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1.1 Motivation

In this thesis, we consider the problem of finding parameter estimation methods
that do not require non-linear optimization techniques and that provide accurate
estimates. To better specify the motivation for the thesis, we proceed to review
advantages and disadvantages of maximum likelihood (ML) and the prediction error
method (PEM), which have been extensively studied for model estimation. Then,
we discuss alternative methods and how the contributions proposed in this thesis
complement them.

The maximum likelihood (ML) method dates back to Fisher (1912), and an
extensive analysis of its properties when applied to linear systems has been conducted
by Hannan and Deistler (1988). The basic idea is to parametrize the joint probability
density function of the random output to be observed as function of some parameters.
Then, for a particular realization of the output, the parameters can be chosen such
that the probability of the observed event is maximized. To analyze the properties of
ML, it is assumed that the true system (i.e., the mathematical model we assume has
generated the data) is in the model set. In other words, there is a particular value
of model parameters for which the model corresponds to the true system. Then, the
ML estimator is consistent, meaning that the model corresponding to the minimizer
of the cost function will approach the true system, as the sample size tends to
infinity. Moreover, for a correctly parametrized model (i.e., without unnecessary
parameters), the estimates of the model parameters obtained are asymptotically
efficient. This means that, as the sample size tends to infinity, the covariance matrix
of the estimated parameters corresponds to the Cramér-Rao bound, which is the
minimum asymptotic covariance achievable by a consistent estimator.

For identification of dynamical systems with the purpose of control design, the
numerical application of maximum likelihood dates back to Åström and Bohlin
(1965). This led to the development of the prediction error method, consisting in
minimizing a cost function of prediction errors—the difference between the observed
output and its prediction based on the model and past data. Unlike ML, application
of PEM does not require knowledge of the noise distribution; however, when the
noise is Gaussian, PEM with a quadratic cost function and ML are equivalent. A
general treatment of PEM from numerical and theoretical perspectives is provided
by Ljung (1999).

One important drawback with ML and PEM is that the cost function is, in
general, non-convex in the model parameters. Therefore, ML/PEM require local
non-linear optimization techniques and good initialization points. Except for some
particular model structures, there are no guarantees of finding the global optimum,
as the algorithm may converge to minima that are only local.

Some system identification methods do not suffer from non-convexity. Two
important classes of such methods are subspace methods (van Overschee and
de Moor, 1996) and instrumental variable (IV) methods (Söderström and Stoica,
1983b). Subspace methods are based on numerically stable procedures and thus
have attractive computational properties. However, they are in general not believed
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to be as accurate as PEM (Qin, 2006), and it is difficult to incorporate structural
information in the model. Concerning IV methods, they do not employ local non-
linear optimization techniques, but the optimal instruments require knowledge of the
true system. This limitation can be overcome by using multi-step (Söderström and
Stoica, 1983a) or iterative algorithms (Young, 2008), known as refined instrumental
variables (RIV). However, to be asymptotically efficient in open loop for a quite
general class of linear systems, multi-step IV methods still require the application
of PEM in some step, whereas RIV is dependent on iterations. In closed loop, the
Cramér-Rao bound cannot be attained with IV methods (Gilson and Van den Hof,
2005), although there is an extension of RIV that attains a lower bound on the
covariance for this family of methods (Gilson et al., 2009).

Moreover, some methods attempt to minimize an ML cost function using al-
ternative approaches. One such class of methods consists in first estimating a
non-parametric (i.e., with arbitrarily many parameters) model, and then using an
ML cost function to reduce this estimate to a parametric model, instead of using
the observed data directly. For the first step, the estimation of the non-parametric
model can be made computationally simple, as this model can typically be chosen
linear in the model parameters. For the second step, the data are replaced by the
non-parametric model estimate and its statistical properties. This second step may
still require non-linear optimization procedures, but it has been observed to provide
numerical advantages compared with a direct application of ML/PEM on observed
data. Examples are indirect PEM (Söderström et al., 1991), which is restricted to
cases that the higher-order model is of fixed order, and the asymptotic method
(ASYM) of Zhu (2001), for which the higher-order model uses an arbitrarily large
number of parameters.

To avoid a non-convex optimization problem, other methods attempt to minimize
an ML cost function by iteratively applying least squares. For example, the algorithms
by Steiglitz and McBride (1965) and Evans and Fischl (1973) are part of this class of
methods. The problem with both these methods is that their range of applicability
is quite limited, with consistency and asymptotic efficiency only achieved in special
cases. Moreover, consistency can typically only be achieved as the number of
iterations tends to infinity.

The Box-Jenkins Steiglitz-McBride (BJSM) method, first proposed by Zhu
(2011), is an important contribution within this class of methods, combining non-
parametric estimation with the Steiglitz-McBride method. The method is consistent
for a more general class of systems than the Steiglitz-McBride, and asymptotic
efficiency is achieved in open loop provided that the Steiglitz-McBride iterations
converge (Zhu and Hjalmarsson, 2016). However, these results rely on an infinite
number of Steiglitz-McBride iterations.

For estimation of time series, extending the work of Durbin (1960), Mayne and
Firoozan (1982) recognized that solving a finite number of least-squares problems,
by first using the residuals of a non-parametric model to estimate the unknown
noise signal, was sufficient to attain consistent and asymptotically efficient estimates.
Hannan and Kavalieris (1984), Koreisha and Pukkila (1990), Reinsel et al. (1992),
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Poskitt and Salau (1995), Dufour and Jouini (2014) have proposed and/or analyzed
procedures based on the same ideas, which are also applicable to multivariate time
series that may include exogenous inputs.

This thesis continues this development, by proposing multi-step least-squares
methods that also estimate a non-parametric model as an intermediate step to obtain
the parametric model of interest. The focus is on flexibility of parametrization, such
that a wide range of model structures can be estimated. Moreover, we conduct a
rigorous analysis of the statistical properties of the proposed methods. A major
effort of the analysis is to keep track of the model errors induced by estimating
a truncated non-parametric model in an intermediate step. The key issue is to
determine how the non-parametric model order should increase as a function of the
sample size such that these induced errors vanish as the sample size grows: to this
end, the results by Ljung and Wahlberg (1992) have been instrumental.

This thesis also addresses the extension of these algorithms to other settings,
including modern applications that reflect the continuously increasing size of en-
gineering systems and computational power. Examples are online applications,
multivariate systems, and systems interconnected in dynamic networks. The flex-
ibility of parametrization of the proposed methods is then fundamental for the
extension to these settings.

1.2 Outline and Contributions

In this section, we provide the outline of the thesis and indicate the contributions
in each chapter. In papers where the author of this thesis is first author, he had the
major role in the development of the theoretical and experimental content, as well as
the writing of the paper. In papers where the author of this thesis is second author,
only the content for which the author has a contribution comparable to that of the
first author is included in this thesis. This typically means that theoretical results
from papers where the author of the thesis is second author are not included, as he
is not the main responsible for those results; however, algorithms and experimental
results are often included, as he typically had an important role in that content
even as second author.

With the exception of Chapters 2 and Chapter 3, which are based on existing
results, the main content of the thesis is divided in two parts: the first part includes
the fundamental algorithms and analysis, and the second part includes extensions
and applications to other settings.

Chapter 2

In Chapter 2, we provide the necessary background for the thesis. Here, we introduce
generic assumptions regarding the true system and review typical models and system
identification methods that are in some way connected to the methods proposed
in this thesis. A significant part of the material is based on Ljung (1999), whereas
references to other material are provided when appropriate.
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Chapter 3

In Chapter 3, we review the asymptotic statistical properties of the least-squares
method, in particular when the model order grows with the number of samples at
specified rates. This requires some technical assumptions regarding the true system
and external signals, which are also assumed to hold when, in later chapters, we
derive the asymptotic statistical properties for the methods we propose. The results
presented have been derived by Ljung and Wahlberg (1992).

Part I: Fundamental Algorithms and Analysis
In this part, we focus on the fundamentals of the proposed multi-step least-squares
methods. We contextualize, motivate, and present the methods; we perform theo-
retical analyses of the asymptotic statistical properties; and we conduct simulation
studies to illustrate and compare performance with state-of-the-art methods.

Chapter 4

In Chapter 4, we propose a multi-step least-squares method that applies the Steiglitz-
McBride algorithm to a data set simulated from a non-parametric model estimate.
The method has close similarities with the Box-Jenkins Steiglitz-McBride algorithm
of Zhu and Hjalmarsson (2016), but with improved convergence properties. The
focus is on open loop, although we indicate how the method can be adapted to
closed loop. We perform simulations comparing the performance of the method with
competitors. The asymptotic statistical analysis is not provided in this thesis, but
the open-loop case is analyzed in the contribution that the chapter is based on.

The covered material is based on the following contribution:

• N. Everitt, M. Galrinho, and H. Hjalmarsson. Open-loop asymptotically
efficient model reduction with the Steiglitz–McBride method. In Automatica
89, pp. 221–234, 2018.

Chapter 5

In Chapter 5, we propose a weighted least-squares method for identification of
parametric models based on an intermediate non-parametric model estimation
step. We provide motivation and relate the proposed method to existing methods.
Moreover, we perform a rigorous theoretical analysis of the asymptotic statistical
properties: namely, consistency, and asymptotic distribution and covariance. Finally,
we discuss practical aspects in terms of implementation and illustrate the properties
and performance of the method with simulation examples.

The covered material is based on the following contributions:

• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. A weighted least-squares
method for parameter estimation in structured models. In 53rd IEEE Confer-
ence on Decision and Control, pp. 3322–3327, 2014.
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• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. Parametric System Identifica-
tion Using Weighted Null-Space Fitting. Provisionally accepted in Transactions
on Automatic Control.

Chapter 6

In this chapter, we compare different multi-step least-squares methods. All the
methods are based on first estimating a non-parametric model. However, the way
this model estimate is used to obtain a parametric model differs. Several existing
methods covered in Chapter 2 use its residuals to estimate the innovations sequence.
The method in Chapter 4 uses it to filter the input and simulate the output sequences.
The method in Chapter 5 uses the polynomial relations between the parametric
and non-parametric models. These different algorithms to accomplish a similar
purpose are examined with greater detail in this chapter, where we conclude that
the algorithms are essentially the same for certain model structures, but their range
of applicability differs.

The covered material is based on a part of the following contribution:

• H. Weerts, M. Galrinho, G. Bottegal, H. Hjalmarsson, and P. Van den Hof. A
sequential least squares algorithm for ARMAX dynamic network identification.
In 18th IFAC Symposium in System Identification, 2018.

Chapter 7

In Chapter 7, we address the problem of identification of multivariate systems.
This is done using the method in Chapter 5, whose flexibility in parametrization
allows for its extension to several multivariate model structure. We argue that the
asymptotic statistical properties follow from the analysis in Chapter 5, and we
perform simulation studies with several multivariate model structures to illustrate
the potential of the method.

The covered material is based on the following contribution:

• M. Galrinho and H. Hjalmarsson. Weighted Null-Space Fitting for Multivariate
System Identification. In preparation.

Chapter 8

In Chapter 8, we propose a variation of the method in Chapter 5 that does not
estimate a parametric noise model. Although this is also a feature of the method
in Chapter 4, the method proposed here has the advantage of not requiring the
reference signal in closed loop. We provide a theoretical analysis of its asymptotic
statistical properties, which is technically more challenging than the corresponding
analysis in Chapter 5.

The covered material is based on the following contribution:
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• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. Estimating Models with High-
Order Noise Dynamics Using Semi-Parametric Weighted Null-Space Fitting.
Under re-review for Automatica.

Part II: Extensions and Applications
In this part, we consider complements, extensions, and applications for the methods
proposed in the previous part.

Chapter 9

In Chapter 9, we deal with a particular limitation of methods that estimate a
non-parametric model, regarding the truncation of data due to unknown initial
conditions. We propose a procedure to include the complete data set and estimate
some transient-related parameters. Although this procedure does not improve the
quality of the estimated non-parametric model, the estimated transient parameters
also contain information about the system. Thus, they can be used by methods
that make use of the non-parametric model estimate to improve the estimate of
a parametric model of interest. As the method proposed in Chapter 5 is one such
method, we discuss how the procedure can be incorporated in this method. Then,
in a simulation example, we observe clear improvements for finite sample size.

The covered material is based on the following contribution:

• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. On estimating initial conditions
in unstructured models. In 54th IEEE Conference on Decision and Control,
pp. 2725–2730, 2015.

Chapter 10

In Chapter 10, we address the problem of identification for unstable systems. For
stable systems, there is a well-known correspondence between the polynomials of the
non-parametric and parametric models. Some methods use this correspondence to
perform model order reduction from the non-parametric estimate (e.g., the method
proposed in Chapter 5). In this chapter, we consider unstable systems and the
possibility of using non-parametric models to estimate them. Without the stability
assumption of the system, we derive the relation between the non-parametric model
polynomials obtained asymptotically and the polynomials of the parametric model
that we assume has generated the data. This is an important result for methods that
use non-parametric models as intermediate steps to estimate parametric models.
As an example, we discuss how these results can be used to extend the method
proposed in Chapter 5 to estimate unstable systems.

The covered material is based on the following contributions:

• M. Galrinho, N. Everitt, and H. Hjalmarsson. ARX modeling of unstable
linear systems. In Automatica 75, pp. 167–171, 2017.
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• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. A weighted least squares
method for estimation of unstable systems. In 55th IEEE Conference on
Decision and Control, pp. 341–346, 2016.

Chapter 11

In Chapter 11, we propose an algorithm for recursive identification of parametric
models based on the method in Chapter 5. The idea is to recursively estimate the
non-parametric model, which has an exact recursive formulation, and then use
weighted least squares to project it to a parametric estimate, as with the off-line
method. Unlike recursive prediction error methods, which rely on approximations
and may easily diverge in the transient phase, the proposed method has guaranteed
convergence, performing similarly to the off-line method for sufficiently large number
of samples. We illustrate this with simulation studies and provide ideas for how
adaptation of the non-parametric model order can be incorporated.

The covered material is based on the following contribution:

• M. Fang, M. Galrinho, and H. Hjalmarsson. Recursive Identification Based
on Weighted Null-Space Fitting. In 56th IEEE Conference on Decision and
Control, pp. 4644–4649, 2017.

Moreover, the chapter includes ideas that will be published in a future contribution
(in preparation).

Chapter 12

In Chapter 12, we address the problem of identification of systems embedded in
dynamic networks subject to process and sensor noise, and containing an external
reference signal. For these networks, it is often impractical to identify the entire
network simultaneously, so the identification is focused on particular parts of interest
in the network. With this purpose, we extend the algorithm in Chapter 4 to identify
particular system modules parametrically, whereas the remaining part of the network
and the noise contribution are modeled non-parametrically. This is done for the case
that the network module of interest can be isolated into a single-input single-output
setting, as in the contribution that this chapter is based on. However, we also
describe how the method can be extended to the case that the network module of
interest is part of a multi-input single-output setting.

The covered material is based on the following contribution:

• M. Galrinho, N. Everitt, and H. Hjalmarsson. Incorporating noise modeling in
dynamic networks using non-parametric models. In 20th IFAC World Congress,
2017.

Moreover, the chapter includes ideas that will be published in a future contribution
(in preparation).
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Chapter 13

In Chapter 13, we address the problem of identification in a particular type of
network with interconnected systems: the systems are connected in a cascaded
manner and the measurement signals are affected by white sensor noise. In this
case, it is possible to find a parametrization that, by estimating the complete
network simultaneously, gives asymptotically efficient estimates. However, to apply
the prediction error method, there is the difficulty of finding appropriate methods
for initialization that can capture the cascade topology. With this in mind, we
extend the method in Chapter 5 to identify cascaded networks, and we determine
sensor and actuator locations that allow for a direct application of the principles
in Chapter 5. When this is not possible, we propose an approximation that allows
for the identification of cascade networks with arbitrary locations of sensors and
actuators. Simulation studies support that the method is robust for identification of
cascade networks, and that it is asymptotically efficient, even when an approximation
is required. We point out that the method can potentially be applied to other types
of connections between the systems, such as parallel or feedback, although a generic
framework has not yet been finalized.

The covered material is based on the following contributions:

• M. Galrinho, R. Prota, M. Ferizbegovic, and H. Hjalmarsson. Weighted Null-
Space Fitting for Identification of Cascade Networks. In 18th IFAC Symposium
in System Identification, 2018.

• M. Ferizbegovic, M. Galrinho, and H. Hjalmarsson. Weighted Null-Space Fit-
ting for Cascade Networks with Arbitrary Location of Sensors and Excitation
Signals. Accepted for publication in 57th IEEE Conference on Decision and
Control, 2018.

Chapter 14

In Chapter 14, we summarize the main conclusions of the thesis and provide
guidelines for future research directions.

Contributions not included in this thesis

The following contributions have not been included in this thesis:

• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. A least squares method for
identification of feedback cascade systems. In Proceedings of the 17th IFAC
Symposium on System Identification, pp. 98–103, 2015.

• M. Ferizbegovic, M. Galrinho, and H. Hjalmarsson. Nonlinear FIR Identifica-
tion with Model Order Reduction Steiglitz-McBride. In 18th IFAC Symposium
in System Identification, 2018.
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• E. Simonazzi, M. Galrinho, D. Varagnolo, J. Gustafsson, and W. Garcia-Gabin.
Detecting and modelling air flow overprovisioning/underprovisioning in air-
cooled datacenters. Accepted for publication in 44th Conference of the IEEE
Industrial Electronics Society, 2018.





Chapter 2

Background

In this chapter, we introduce the type of systems considered in this thesis and review
common model structures and methods to identify them. As the purpose of this
chapter is to provide the essential background to contextualize the contributions
proposed in the thesis, the choice of covered material, as well as the point of view
and depth with which we review it, relates to how it will be used in subsequent
chapters.

The chapter is structured as follows. In Section 2.1, we provide a mathematical
description of the type of systems we consider. In Section 2.2, we review model
structures typically used in system identification that will be used throughout the
thesis. In Section 2.3, we discuss several identification methods that are in some
sense related to the proposed methods.

Most of the covered material is based on Ljung (1999). When based on other
sources, references are provided.

2.1 System Description

The systems considered in this thesis are linear time invariant. A system is linear
when the output to a linear combination of inputs is equal to the same linear
combination of outputs obtained from the individual inputs. It is time invariant
when the response does not depend on absolute time. The systems are also assumed
causal, meaning that the output at a certain time depends only on inputs up to that
time. Let u(t) be the continuous-time input of such a system. Then, the output
y(t) of this system can be written as

y(t) = � ∞
0

go(τ)u(t − τ)dτ, (2.1)

where go(τ) is called the impulse response of the system. If y(t) and u(t) are
scalars, the system is said to be single-input single-output (SISO). For multiple-
input multiple-output (MIMO) systems, y(t) and u(t) are vector-valued signals,

13
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and go(τ) is a matrix. We will use ny to denote the number of outputs and nu to
denote the number of inputs.

Typically, data are acquired in discrete time. Therefore, we assume that the
output of the system is only available at sampling instants tk = kT (k = 1, 2, ...), at
which we have

yt ∶= y(kT ) = � ∞
0

go(τ)u(kT − τ)dτ. (2.2)

For control applications, the input signal is typically kept constant between sampling
instants. Thus, we have

u(t) = uk, kT ≤ t < (k + 1)T. (2.3)

With these assumptions, and considering T = 1 for notational simplicity (the
choice of sampling time is not considered in this thesis), we have that

yt = ∞�
k=1

go
kut−k, t = 1, 2, ..., (2.4)

where t is, from here onwards, used to refer to the sampling instants, and

go
k = � k

k−1
go(τ)dτ. (2.5)

In (2.4), we also assumed that there is one delay between input and output. This is,
for simplicity and without loss of generality, a standard assumption in this thesis.

According to (2.4), the output can be observed exactly. In practice, this is often
not the case, because of signals beyond our control that affect the system. In our
system description, we consider that the effect of these signals can be represented
by an additive term {vt} at the output, according to

yt = ∞�
k=1

go
kut−k + vt. (2.6)

It is then assumed that the disturbance signal {vt} can be described as generated
by a stable and inversely stable filter driven by white noise,

vt = ∞�
k=0

ho
ket−k, (2.7)

where the white-noise sequence {et} has zero mean, finite variance, and a proba-
bility density function (PDF) fo

e . The sequence of values {et} is sometimes called
innovations.

Introducing the backward shift operator q−1, for which

q−1ut = ut−1, (2.8)
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we can re-write (2.4) as

yt = ∞�
k=1

go
kq−kut = Go(q)ut, (2.9)

where
Go(q) ∶= ∞�

k=1
go

kq−k. (2.10)

With this description, we call Go(q) the plant transfer function of the system (2.4).
Treating the disturbance analogously, we can write

Ho(q) = ∞�
k=0

ho
kq−k, (2.11)

where Ho(q) is the transfer function of the true noise model. Finally, our LTI system
with additive disturbance can be written as

yt = Go(q)ut +Ho(q)et. (2.12)

The systems considered in this thesis have the form (2.12).

2.2 Models

The idea with system identification is to construct a model that approximates the
behavior of the system description (2.12), using the input sequence {ut} and the
observed output {yt}. If the true system is given by (2.12), a natural choice for a
complete model description is given by

yt = G(q,{gk})ut +H(q,{hk})et (2.13)

and by the PDF of {et}, fe(⋅). Here, {gk} and {hk} are an infinite set of parameters to
be estimated such that, when gk = go

k and hk = ho
k, we have that Go(q) = G(q,{go

k})
and Ho(q) =H(q,{ho

k}). If, in addition, fe = fo
e , the output {yt} generated by the

model description (2.13) has the same statistical properties as the one generated by
the true system (2.12).

Obtaining this model requires estimating the parameters {gk}, {hk}, and the
PDF fe. However, because the sequences {gk} and {hk} are infinite, and there
are also infinite candidates for the function fe, it is impractical to obtain such a
model. Alternatively, the transfer functions Go(q) and Ho(q) can be parametrized
by a finite number of parameters, and the sequence {et} characterized by its first
and second-order moments (often, {et} will also be considered Gaussian, in which
case the first two moments completely characterize the sequence). If we lump the
alternative finite set of parameters to be determined in a vector θ, we may write
our model description with the new parametrization as

yt = G(q, θ)ut +H(q, θ)et. (2.14)
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When the parameters characterizing the noise sequence are unknown, the PDF fe(⋅)
can also be parametrized as fe(x, θ) or previously estimated from data.

In this section, we overview different types of models that are common in system
identification, and which will be considered throughout this thesis.

2.2.1 Transfer Function Models
In transfer function models, G(q, θ) and H(q, θ) are parametrized as rational transfer
functions, and the parameters to be determined are the coefficients of the numerator
and denominator polynomials. We now consider this type of models, which will
be used throughout this thesis. For simplicity of notation, we consider only SISO
models; however, many can be extended to MIMO, which will be considered in
Chapter 7.

Autoregressive Exogenous (ARX)

Consider the following model describing a linear difference equation:

yt + a1yt−1 +⋯ + anayt−na = b1ut−1 +⋯ + bnb
ut−nb

+ et. (2.15)

For this model, the parameters to be determined are

θ = �a1 ⋯ ana b1 ⋯ bnb
�⊺ ∈ Rna+nb . (2.16)

In terms of the transfer functions G(q, θ) and H(q, θ) in the model description (2.14),
we have that

G(q, θ) = B(q, θ)
A(q, θ) , H(q, θ) = 1

A(q, θ) , (2.17)

where
A(q, θ) = 1+a1q−1 +⋯ + anaq−na ,

B(q, θ) = b1q−1 +⋯ + bnb
q−nb .

(2.18)

Using (2.18), (2.15) can alternatively be written as

A(q, θ)yt = B(q, θ)ut + et. (2.19)

This model is called autoregressive exogenous (ARX), and, in the particular case
that na = 0, a finite impulse response (FIR) model. An advantage of the ARX model
is that it can be estimated using PEM with a quadratic cost function by solving
a linear regression problem. The main limitation of this type of model is that the
noise sequence {et} is simply filtered by the same denominator dynamics as the
input, and there is no independence in the parametrization of H(q, θ) from G(q, θ).
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Autoregressive Moving Average Exogenous (ARMAX)

A more flexible model description than ARX is the ARMAX model, given by

F (q, θ)yt = L(q, θ)ut +C(q, θ)et, (2.20)

where
F (q, θ) = 1+f1q−1 +⋯+fmf

q−mf ,

L(q, θ) = l1 q−1 +⋯+ lml
q−ml ,

C(q, θ) = 1+c1q−1 +⋯+fmc q−mc .

(2.21)

Here, the parameter vector to be estimated is

θ = �f1 ⋯ fmf
l1 ⋯ lml

c1 ⋯ cmc
�⊺ ∈ Rmf+ml+mc . (2.22)

In terms of plant and noise-model parametrization, we have

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = C(q, θ)

F (q, θ) . (2.23)

Thus, for ARMAX models, we observe that there is some independence in the
parametrization of H(q, θ), through the numerator C(q, θ), whereas the noise se-
quence {et} is filtered by the same denominator dynamics as the input.

Box-Jenkins (BJ)

A more flexible model description is given by

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = C(q, θ)

D(q, θ) , (2.24)

where
F (q, θ) = 1+f1q−1 +⋯+fmf

q−mf ,

L(q, θ) = l1 q−1 +⋯+ lml
q−ml ,

C(q, θ) = 1+c1 q−1 +⋯+fmc q−mc ,

D(q, θ) = 1+d1q−1 +⋯+dmd
q−md .

(2.25)

Here, the parameter vector to be estimated is

θ = �f1 ⋯ fmf
l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd
�⊺ ∈ Rmf+ml+mc+md .

(2.26)

This model is called Box-Jenkins (BJ), as it was proposed by Box and Jenk-
ins (1970). It uses an independent parametrization of G(q, θ) and H(q, θ), both
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parametrized with numerator and denominator polynomials. This make it a very
flexible parametrization for (2.14).

In the case that the additive output disturbance is white noise, we have that
mc =md = 0. In terms of G(q, θ) and H(q, θ), we have

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = 1. (2.27)

This is called an output-error (OE) model.

2.2.2 State-Space Models
An alternative model description is the state-space model. In this case, the relations
between input, disturbance, and output signals are described by a set of first order
difference equations (in discrete time), using an auxiliary vector xt called state. The
methods proposed in this thesis do not use a state-space form. However, this form
will sometimes be used for comparison with other methods.

Although there are several state-space forms, we present here the innovations
form. In this form, we model the relation between input {ut}, white noise {et}, and
output {yt} as

xt+1 = A(θ)xt+B(θ)ut +K(θ)et

yt = C(θ)xt+et,
(2.28)

where A, B, C, and K are matrices parametrized by the parameter vector θ. Here,
we assumed that there is no direct feedthrough from input to output.

Although one transfer function description can have several state-space descrip-
tions, the transfer function description is unique. Therefore, from a state-space
model (2.28), G(q, θ) and H(q, θ) in (2.14) are given by

G(q, θ) = C(θ)[qI −A(θ)]−1B(θ),
H(q, θ) = C(θ)[qI −A(θ)]−1K(θ) + I.

(2.29)

We observe that the denominator polynomials of both G(q, θ) and H(q, θ) are
obtained from the inverse of qI −A(θ). Therefore, if the state-space matrices are not
parametrized to impose specific pole-zero cancellations when converting to transfer
function, estimates of G(q, θ) and H(q, θ) will have the same poles, as ARMAX
models. In the SISO case, there is an explicit relation between state-space and
ARMAX models (Ljung, 1999, Appendix 4.A); in the multivariate case, there is a
correspondence but more involved (e.g., Beghelli and Guidorzi, 1983, Gevers and
Wertz, 1984).

2.3 Identification Methods

The purpose of identification methods is to estimate models for dynamical systems.
System identification methods can be divided in several classes. Three important
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classes of methods are maximum likelihood (ML) and prediction error methods
(PEM), subspace methods, and instrumental variable (IV) methods. Other methods
are related to a maximum likelihood motivation, but instead of directly maximizing
the likelihood criterion, they use an indirect approach to obtain the estimate. In
some cases, this is done by using iterative least squares on a maximum likelihood
criterion, belonging to a class known as iterative quadratic maximum likelihood
(IQML) methods. In other cases, attaining an estimate with desired asymptotic
properties does not require convergence by iterating, but only a finite number of
(weighted) least-squares problems. These will be called multi-step least-squares
methods.

In this section, we review methods that are in some sense related to the methods
that will be proposed. We cover ML and PEM, iterative and multi-step least-squares
methods, and subspace methods.

2.3.1 Maximum Likelihood and Prediction Error Methods
The maximum likelihood estimator is a classic framework for parameter estimation,
which has been extensively studied for linear systems (e.g., Hannan and Deistler,
1988). The idea of maximum likelihood is to describe the observed data as realizations
of stochastic variables, which have a certain PDF parametrized by θ. Then, the ML
estimate of θ is the one that maximizes the probability that the realization should
take the observed values.

To derive the ML estimator, we start by writing (2.14) as

yt =H−1(q, θ)G(q, θ)ut + [Iny −H−1(q, θ)]yt + et, (2.30)

where Iny is the identity matrix of size equal to the number of outputs. From (2.30),
it is clear that the measured output at time t is assumed to be generated by past
input and output data filtered by some linear functions, as well as the white-noise
sequence {et}. Then, we can express our model by a parametrized PDF fe(x, t, θ)
of {et} together with

yt = gt(ut−1, yt−1; θ) + et, (2.31)

where gt is a sequence of functions parametrized by θ and depending on past input
and output data, contained in ut−1 ∶= {ut−1, ut−2, . . .} and yt−1 ∶= {yt−1, yt−2, . . .},
respectively. Using Lemma 5.1 by Ljung (1999), the joint PDF of the observations

yN = �y1 ⋯ yN�⊺ , (2.32)

where N is the sample size, is given by

fy(θ; yN) = N�
t=1

fe (εt(θ), t; θ) , (2.33)
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with ε(θ) ∶= yt−gt(ut−1, yt−1; θ). The maximum likelihood estimate is the maximizer
of (2.33); however, it is more common to maximize instead its logarithm,

LN(θ) ∶= log fy(θ; yN) = N�
t=1

log fe (εt(θ), t; θ) . (2.34)

In the particular case that {et} is Gaussian, zero mean, with covariance matrix
Λ, we have that

− log fe (εt(θ), t; θ) = C + 1
2

log det Λ + 1
2

ε⊺t (θ)Λ−1εt(θ), (2.35)

where C is a constant. This yields the cost function

VN(θ, Λ) = C + N

2
log det Λ + 1

2
N�

t=1
ε⊺t (θ)Λ−1ε⊺t (θ) (2.36)

to minimize. If the covariance matrix Λ is unknown and not parametrized by θ, it is
possible to minimize (2.36) analytically with respect to Λ for every fixed θ:

arg min
Λ

VN(θ, Λ) = Λ̂N(θ) = 1
N

N�
t=1

εt(θ)ε⊺t (θ) (2.37)

Then, minimizing (2.36) for θ with fixed Λ, and replacing Λ by Λ̂N(θ) obtained
in (2.37), the following cost function can be minimized to determine the ML estimate
of θ:

VN(θ) = det � 1
N

N�
t=1

ε⊺t (θ)εt(θ)� . (2.38)

In the SISO case, the criterion simply becomes

VN(θ) = 1
N

N�
t=1

ε2
t (θ). (2.39)

Denoting the ML estimate by θ̂N , its asymptotic statistical properties can be
analyzed. To do so, we assume that the system generating the data is in the model
set (2.14)—that is, there exists a parameter vector θo such that data were generated
according to (2.14), with θ = θo. In this case, we denote Go(q) = G(q, θo) and
Ho(q) =H(q, θo). Then, under mild regularity conditions, we have that (for details,
see, e.g., Ljung, 1999)

θ̂N → θo, as N →∞ w.p.1, (2.40)

which implies that ML is consistent. Moreover, the error
√

N(θ̂N − θo) converges in
distribution to the normal distribution according to√

N(θ̂N − θo) ∼ AsN(0, M−1
CR), (2.41)
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where M−1
CR corresponds to the Cramér-Rao bound: the smallest covariance asymp-

totically achievable by consistent estimators. This implies that ML is asymptotically
efficient.

Significant contributions were made in the seventies to establish the appropriate
assumptions and further derive such results for the ML estimator in the context
of time series. For example, Hannan (1973) established a quite complete theory
for univariate linear stationary processes; multivariate models were addressed by
Dunsmuir and Hannan (1976); and exogenous inputs included by Hannan et al.
(1980).

Another approach to obtain an estimate of θ is with the prediction error method,
consisting of minimizing a cost function of prediction errors—the difference between
the observed output and its prediction based on the model and past data. Application
of PEM does not require the knowledge of the noise distribution; however, as we
will see, PEM with a quadratic cost function and ML are equivalent when the noise
is Gaussian.

At a particular value of the parameter vector θ, the model (2.30) can be used
to predict future outputs of the system (2.12), based on past inputs and outputs.
Typically, a one-step-ahead predictor is used. In this case, we want to use our model
to predict yt based on yk and uk, with k ≤ t − 1. The conditional expectation of
yt—given this information—is denoted by ŷt∣t−1(θ), and given by (Ljung, 1999)

ŷt∣t−1(θ) =H−1(q, θ)G(q, θ)ut + [1 −H−1(q, θ)]yt. (2.42)

Then, the prediction error is the difference between the observed output yt and its
predicted value ŷt∣t−1(θ):

εt(θ) = yt − ŷt∣t−1(θ) =H−1(q, θ)[yt −G(q, θ)ut]. (2.43)

The variable εt represents the part of the output yt that cannot be predicted from
past data. Thus, if the model describes the true system, the prediction error sequence{εt(θo)} is a white-noise sequence.

Under the criterion of PEM, the parameter vector θ is estimated by minimizing
a cost function of the prediction errors,

VN(θ) = 1
N

N�
t=1

l(εt(θ)), (2.44)

where l(⋅) is a scalar-valued function. If a quadratic cost function is used and εt(θ)
is scalar, (2.44) can be written as (2.39), which corresponds to ML for Gaussian
errors. In the multivariate case, possible functions are the trace or the determinant
of ε⊺t (θ)εt(θ); in case the determinant is used, (2.44) can be written as (2.38). Hence,
PEM is equivalent to ML for Gaussian noise and with a quadratic cost function.

From this equivalence, PEM has the same asymptotic statistical properties as ML
when the noise-sequence {et} is Gaussian. In this case, the asymptotic covariance
matrix M−1

CR, corresponding to the Cramér-Rao bound, is given by (Ljung, 1999)

MCR ∶= Ē[ψt(θo)Λ−1ψ⊺t (θo)], (2.45)
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where
ψt(θo) = − d

dθ
εt(θ)�

θ=θo

. (2.46)

However, even if the noise is not Gaussian, the asymptotic covariance matrix is still
given according to (2.45), although it no longer corresponds to the Cramér-Rao
bound.

Having been developed for identification of dynamical systems for control, the
study of these properties for PEM has been considered under more practical condi-
tions on the input signal from a control and identification perspective: in particular,
consistency is treated by Ljung (1976a), and asymptotic normality and accuracy
are treated by Caines and Ljung (1976). Additional contributions established con-
vergence and asymptotic normality properties even when the system is not included
in the model class (Ljung, 1976b; Ljung and Caines, 1980).

One important drawback with PEM and ML is that the optimization prob-
lem (2.44) is, in general, non-convex. Therefore, solving this problem might be
computationally expensive, and the obtained estimate of θ might not be the global
minimizer of VN(θ). Although, when initialized with a consistent estimate, one
Gauss-Newton iteration is sufficient to obtain an asymptotically efficient estimate
(see, e.g., Gourieroux and Monfort, 1995), guarantees of convergence to the global
minimum for finite sample size exist only under special conditions, which depend
on the model structure. For example, for ARMA models, Åström and Söderström
(1974) have shown that asymptotically there are no non-global minima. For ARMAX,
output-error (OE), or Box-Jenkins (BJ) models, additional conditions are required
(Söderström, 1975; Goodwin et al., 2003; Zhu and Heath, 2009; Eckhard et al., 2012).
Moreover, input design (Eckhard et al., 2013) or pre-filtering (Eckhard et al., 2016)
techniques can be used to improve the convergence properties of PEM.

Nevertheless, for some model structures, the PEM estimate can be obtained by
solving a linear-regression problem. This is the case of the ARX model structure,
which is considered next.

ARX modeling

Consider the ARX model (2.15), which can be written in regressor form as

yt = (ϕn
t )⊺ηn + et, (2.47)

where
ϕn

t = �−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n�⊺ , (2.48)

and
ηn ∶= �a1 ⋯ an b1 ⋯ bn�⊺ ∈ Rn (2.49)

is now the parameter vector to estimate (for reasons of consistency with later
notation for ARX models, we will use ηn for the ARX-model parameters). For
simplicity of notation, and without loss of generality, we assume na = nb = n.
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Using (2.43) with (2.17), we have that the prediction errors for this model
structure are given by

εt(ηn) = A(q, ηn) �yt − B(q, ηn)
A(q, ηn)ut� = A(q, ηn)yt −B(q, ηn)ut. (2.50)

Then, using (2.18) and (2.47), we can write

εt(ηn) = yt + a1yt−1 +⋯ + anyt−n − b1ut−1 −⋯− bnut−n= yt − (ϕn
t )⊺ηn.

(2.51)

With a quadratic cost function, the PEM estimate of the parameter ηn is given
by minimizing

VN(ηn) = 1
N

N�
t=1

�yt − (ϕn
t )⊺ηn�2

. (2.52)

The corresponding minimizer—η̂n
N —is obtained as the least-squares solution

η̂n
N = [Rn

N ]−1rn
N , (2.53)

where
Rn

N = 1
N

N�
t=1

ϕn
t (ϕn

t )⊺, rn
N = 1

N

N�
t=1

ϕn
t yt. (2.54)

Thus, for an ARX model structure, minimizing a PEM quadratic cost function
is a linear-regression problem. Moreover, if the data are generated by (2.47) at some
ηn = ηn

o , the estimates η̂n
N are asymptotically distributed according to (Ljung, 1999)√

N (η̂n
N − ηn

o ) ∼ AsN �0, σ2
o[R̄n]−1� , (2.55)

where R̄n ∶= Ē[ϕn
t (ϕn

t )⊺] and σ2
o is the variance of {et}.

Constructing ϕn
t for t ≤ n requires knowledge of {ut, yt} for t ≤ 0, which may

not be available. However, knowledge of initial conditions does not influence the
asymptotic properties; thus, in Chapter 3, where our assumptions are formally
introduced, we consider the sums in (2.54) starting at t = n + 1. On the other hand,
initial conditions can affect the estimation accuracy for finite sample size (we will
return to this topic in Chapter 9).

Another advantage of ARX models is that, if the model order n is allowed to
tend to infinity, they can approximate a quite general class of systems arbitrarily
well, which includes systems with BJ structure (Ljung and Wahlberg, 1992). This
will be formally described in Chapter 3, but we can observe it with the following
intuitive argument. Assume that data were generated according to (2.12), with
Go(q) and Ho(q) given by (2.10) and (2.11), respectively. Consider also the ARX
model (2.19), but with polynomials of infinite order:

A(q, η) = 1 + ∞�
k=1

akq−k, B(q, η) = ∞�
k=1

bkq−k. (2.56)
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This ARX model can also be written in regressor form as

yt = ϕ⊺t η + et. (2.57)

Here, we have that ϕt and η are infinite dimensional vectors, given by

ϕt ∶= �−yt−1 −yt−2 ⋯ ut−1 ut−2 ⋯�⊺ ,

η ∶= �a1 a2 ⋯ b1 b2 ⋯�⊺ .
(2.58)

Asymptotically in N , estimates of A(q, η) and B(q, η) are obtained by minimizing
the cost function

V̄ (η) = Ē [A(q, η)yt −B(q, η)ut]2 . (2.59)

If we assume that Go(q) is stable—that is, its coefficients in (2.10) decay to zero with
k at some rate—and Ho(q) is stable and inversely stable, the cost function (2.59)
has minimizers Ao(q) and Bo(q) given by (Ljung and Wahlberg, 1992)

Ao(q) = 1
Ho(q) , Bo(q) = Go(q)

Ho(q) . (2.60)

The problem is that, if only N data samples are available, an infinite-order ARX
model cannot be estimated. However, this does not render the ARX model useless
for the purpose of approximating more general structures. Under the assumption
that Go(q) is stable and Ho(q) is inversely stable, it can be observed in (2.60) that
the coefficients of Ao(q) and Bo(q) decay to zero with k. Therefore, despite the bias
error introduced by the truncation of the ARX-model polynomials for finite n, this
error can be made arbitrarily small by letting n increase. This means that using an
ARX model with polynomials (2.18) can approximate the system (2.12) arbitrarily
well, if n = na = nb can be chosen arbitrarily large. For a rigorous asymptotic analysis,
we will let the model order n increase to infinity as function of the sample size N
according to some rate, as done by Ljung and Wahlberg (1992), which is reviewed
in Chapter 3. For now, we simply write that, for sufficiently large N and n,

A(q, η̂n
N) ≈ 1

Ho(q) , B(q, η̂n
N) ≈ Go(q)

Ho(q) , (2.61)

where the estimate η̂n
N is obtained by (2.53).

The limitation of this approach is that, as the number of parameters in the ARX
model increases, so does the variance of the estimated model. Nevertheless, some
methods use a high-order ARX model as an intermediate step to obtain an estimate
of a low-order model of interest. Because it is of low order, the final estimated model
will have smaller variance. As we will see in the following, replacing the data with
the ARX model estimates and its covariance to obtain a low-order model can be
done without loss of information, still attaining an asymptotically efficient estimate.
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2.3.2 Model Order Reduction with Explicit Maximum
Likelihood Optimization

The importance of the ARX model lies in the computational simplicity of the
estimation. Furthermore, if n can be increased arbitrarily, the ARX-model estimate
and its covariance matrix become “closer and closer” to a sufficient statistic for our
problem. A statistic is said to be sufficient with respect to a model and its unknown
parameters when no other statistic calculated from the same sample can provide
additional information about the unknown parameters. This is however not the case
for finite n because of the bias error due to truncation. Nevertheless, this bias error
can be made to disappear asymptotically by making n increase as function of N at
an appropriate rate, and we can use the estimate η̂n

N and its covariance instead of
data without loss of information. Therefore, if a non-parametric ARX model (i.e.,
of arbitrary high order) is estimated, it can be used with a maximum likelihood
criterion to obtain an asymptotically efficient estimate of the parametric model of
interest (Wahlberg, 1989). We now proceed to discuss this type of approach.

Exact maximum likelihood

Consider that data are generated by (2.12), and that Go(q) and Ho(q) have para-
metric representations—G(q, θo) and H(q, θo), respectively—and we are interested
in estimating the parameter vector θ. As discussed, an ARX model (2.47) can
be used to consistently model Go(q) and Ho(q) if the order of the ARX model
is allowed to tend to infinity. Then, fixing the order n of the ARX model to be
sufficiently large to capture the dynamics of the true system to a desired precision,
the maximum likelihood estimate of θ given the ARX-model estimate η̂n

N can be
obtained. Following an approach similar to the derivation of (2.34), the log-likelihood
function of θ given η̂n

N is (approximately for finite data)

LN(θ; η̂n
N) = −C− 1

2
log det [cov(η̂n

N)]− 1
2σ2

o
[η̂n

N − ηn(θ)]⊺ [cov(η̂n
N)]−1 [η̂n

N − ηn(θ)] ,
(2.62)

where C is a constant, ηn(θ) is the high-order parameter vector given as function of
the low-order parameter-vector θ, and cov(η̂n

N) is the covariance of the estimates η̂n
N .

Although this quantity is typically not available, it can be replaced by a consistent
estimate based on (2.54) and (2.55) without affecting the asymptotic properties
(Wahlberg, 1989).

Because the two first terms in (2.62) are not dependent on θ, we have that

arg max
θ

LN(θ; η̂n
N) = arg min

θ
[η̂n

N − ηn(θ)]⊺ [cov(η̂n
N)]−1 [η̂n

N − ηn(θ)] . (2.63)

Replacing [cov(η̂n
N)]−1 with the consistent estimate Rn

N , the cost function

VN(θ; η̂n
N) = [η̂n

N − ηn(θ)]⊺Rn
N [η̂n

N − ηn(θ)] (2.64)
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can be minimized to obtain an estimate of θ that is almost asymptotically efficient.
The error only lies in the truncation of the ARX model. However, for exponentially
stable systems, this error decreases fast as n increases, comparing to the increase
in variance by estimating more parameters. Therefore, minimizing (2.64) provides
asymptotically efficient estimates of θ (Wahlberg, 1989).

The limitation with this approach is that minimizing (2.64) can still be a rather
complex non-convex optimization problem. However, in some special cases, the
minimizer can be obtained with least squares, as we proceed to review.

Durbin’s efficient method for moving-average models

Consider the moving-average (MA) model,

yt = C(q, θ)et, (2.65)

where C(q, θ) is a polynomial with unknown coefficients to estimate, collected in
the vector θ. Despite their apparent simplicity, the estimation of MA processes in
a computationally efficient way has been an important problem (see, e.g., Stoica
et al., 2000). In the following, we review the method of Durbin (1959) for efficient
estimation of parameters in MA models.

For illustration purposes, as Durbin (1959) does, we specialize to the case that
C(q, θ) = 1 + θq−1, where θ is a scalar, which gives the model

yt = et + θet−1. (2.66)

Even for this single-parameter model, it is not possible to find a closed-form solution
for the maximum likelihood estimate (see Durbin, 1959). The procedure proposed
by Durbin (1959) is to describe the model (2.65) as an infinite auto-regressive (AR)
process

yt + ∞�
k=1

akyt−k = et. (2.67)

This representation is related to (2.66) according to

ak = (−θ)k. (2.68)

Hence, for ∣θ∣ < 1 (required for stability), the approximation

1 + n�
k=1

akyt−k = et (2.69)

can be made arbitrarily accurate by choosing n arbitrarily large.
Being a particular case of the ARX model, parameter estimates of the AR

model (2.67) can be obtained with least squares, denoted âk. This can be done by
applying (2.53), particularizing (2.48) for the AR case (i.e., without the external
input). Then, assuming that the error introduced by truncation of the AR process
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is negligible, we may use (2.55) to approximate the asymptotic covariance of the
estimated coefficients. In particular, we have

Ē[ytyt−k] =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

σ2
o(1 + θ2

o) if k = 0,

σ2
oθo if k = 1,

0 if k ≥ 2,

(2.70)

where σ2
o is the variance of et and θo is the true parameter that generated yt

according to (2.66). This gives

Pn = 1
N

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 + θ2
o θo 0 ⋯ 0

θo 1 + θ2
o θo ⋯ 0

0 θo 1 + θ2
o 0⋮ ⋱ ⋱ ⋱

0 0 0 1 + θ2
o

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1

(2.71)

as the covariance matrix of the estimated AR parameters, where N is the sample
size.

The final step is to make use of the high-order AR model estimates and covariance
to estimate θ. To do this, Durbin (1959) interprets the estimated {âk} as noisy data
with a certain covariance, and notices that the ML estimator, asymptotically, can
be simplified.

At the true values, the AR coefficients can be interpreted as being generated by
the recursive relation

ao
k + ao

k−1θo = 0, k = 1, 2, . . . , n, a0 = 1. (2.72)

When ao
k are replaced by the estimates âk, we have

âk + âk−1θo = (âk − ao
k) + (âk−1 − ao

k−1)θo, k = 1, 2, . . . , n, â0 = 1. (2.73)

Then, Durbin (1959) uses a result from Dixon (1944) to compute the matrix inverse
in (2.71), which for large n yields

Pn ≈ 1
N

1
1 − θ2

o

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −θo θ2
o ⋯ (−θ)n−1

o−θo 1 −θo ⋮
θ2

o −θo 1 ⋮⋮ ⋱ −θo(−θ)n−1
o ⋯ ⋯ −θo 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.74)

Finally, we can use this to compute the covariance of the residuals in (2.73). Denoting
δk = âk − ao

k, we have, for the auto-covariance

N Ē[(δk + δk−1θo)2] = Ē[δ2
k] + 2θoĒ[δkδk−1] + θ2

oĒ[δ2
k−1]

= 1
1 − θ2

o
+ 2θo

−θo
1 − θ2

o
+ θ2

o
1

1 − θ2
o
= 1.

(2.75)
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For the cross-covariance, we have, for l ≥ 1,

N Ē[(δk + δk−1θo)(δk−l + δk−l−1θo)]= Ē[δkδk−l] + θoĒ[δk−1δk−l] + θoĒ[δkδk−l−1] + θ2
oĒ[δk−1δk−l−1]

= (−θo)l
1 − θ2

o
+ θo
(−θo)l−1

1 − θ2
o
+ θo
(−θo)l+1

1 − θ2
o
+ θ2

o
(−θo)l
1 − θ2

o

= (−θo)l
1 − θ2

o
− (−θo)l

1 − θ2
o
− θ2

o
(−θo)l
1 − θ2

o
+ θ2

o
(−θo)l
1 − θ2

o
= 0.

(2.76)

As consequence of (2.75) and (2.76), (2.73) are white residuals. With this motivation,
Durbin (1959) estimates θ by computing

θ̂N = −∑n−1
k=0 âkâk+1∑n

k=0 â2
k

, (2.77)

and shows that the variance of θ̂N can be made arbitrarily close to that of maximum
likelihood for Gaussian innovations, by increasing the AR model-order n.

The approach of Durbin (1959) essentially consists of minimizing the expression
on the right side of (2.63) with cov(η̂n

N) set to identity, motivated by the asymptotic
covariance of the residuals (2.73). Indeed, the recursive relation (2.72) can be written
in vector form as

ηn
o −Q(ηn

o )θo = 0, (2.78)
where

ηn =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1

a2⋮
an

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Q(ηn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1−a1⋮−an−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.79)

Then, replacing ηn
o by η̂n

N (containing the estimated coefficients {âk}), (2.77) is the
minimizer of

VN(θ; η̂n
N) = [η̂n

N −Q(η̂n
N)θ]⊺[η̂n

N −Q(η̂n
N)θ]. (2.80)

Durbin (1959) proceeds to show that an identical procedure can also be applied in
the case of higher-order MA processes.

Indirect PEM

As Durbin (1959) shows, in some special cases an asymptotic approximation of the
expression on the right side of (2.63) can be minimized with least squares. When
this is not the case, minimizing (2.64) can still have numerical advantages with
respect to minimizing (2.39), if the information in the data can be condensed to an
estimate of smaller dimensions. This has been observed by Söderström et al. (1991),
where this type of procedure is systematized for the case where the higher-order
model is of fixed order.
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Söderström et al. (1991) name their proposed procedure indirect PEM, which
is presented as follows. Consider that we are interested in estimating a model
structure parametrized by the vector θ, which we denote M1(θ). Consider also a
model structure parametrized by the vector ηn, which we denoteM2(ηn), such thatM1 is a subset of M2. Note that indirect PEM assumes that M2(ηn) is of fixed
order—that is, M2(ηn) is a subset of M1(θ) for finite n.

The idea of indirect PEM is to, in a first step, apply PEM to M2(ηn), obtaining
an estimate η̂n

N of ηn. Then, in a second step, this estimate η̂n
N is used to obtain

an estimate of θ using a maximum-likelihood approach. The estimate θ̂N obtained
in this manner has the same asymptotic properties as if PEM had been applied toM1(θ) directly. Although, in general, both steps of indirect PEM require solving
non-convex optimization problems, this can be avoided in some settings. In particular,
for some model structures M1, the model structure M2 can be chosen such that
Step 1 becomes a linear-regression problem.

Consider, for example, the model M1(θ)
A1(q, θ)yt = B1(q, θ)ut + 1

D1(q, θ)et, (2.81)

where A1(q, θ), B1(q, θ), and D1(q, θ) are finite order polynomials in q−1, and {et} is
a Gaussian white-noise sequence with variance σ2

o . The prediction errors associated
with (2.81) are given by

εt(θ) = A1(q, θ)D1(q, θ)yt −B1(q, θ)D1(q, θ)ut, (2.82)

which is non-linear in the model parameters θ. Therefore, the corresponding cost
function (2.39) requires, in general, local non-linear optimization techniques to be
minimized.

Alternatively, we re-write (2.81) as

A1(q, θ)D1(q, θ)yt = B1(q, θ)D1(q, θ)ut + et. (2.83)

Then, if we use an over-parametrization according to

A2(q, ηn)yt = B2(q, ηn)ut + et, (2.84)

this model, denotedM2(ηn), is an ARX model, and can be estimated using PEM by
solving a linear-regression problem. Moreover, the model parameters ηn of M2 can
be written as function of the model parameters θ ofM1—that is, ηn = ηn(θ)—based
on the polynomial equivalences

A2(q, ηn) = A1(q, θ)D1(q, θ), B2(q, ηn) = B1(q, θ)D1(q, θ). (2.85)

Having obtained an estimate η̂n
N , an estimate θ̂N can be obtained by minimiz-

ing (2.64).



30 Background

We recall that minimizing (2.64) still requires, in general, local non-linear opti-
mization techniques, as the function ηn(θ) is non-linear. To minimize it, a Gauss-
Newton algorithm may be used, which consists on updating the lower-order estimates
according to

θ̂
(k+1)
N = θ̂

(k)
N +�Q⊺(θ̂(k)N )[cov(η̂n

N)]−1Q(θ̂(k)N )�−1
Q⊺(θ̂(k)N )[cov(η̂n

N)]−1 �η̂n
N − ηn(θ̂(k)N )� ,

(2.86)
where

Q(θ̂(k)N ) = ∂ηn(θ)
∂θ

�
θ=θ̂

(k)
N

. (2.87)

As previously mentioned, because it is an ML criterion, one Gauss-Newton step is
enough to obtain an estimate of θ that is asymptotically efficient, as long as the
algorithm can be initialized with a consistent estimate.

Returning to our example, a consistent estimate can be obtained by replacing
ηn with its estimate η̂n

N in (2.85). In particular, consistent estimates of A1(q, θ) and
B1(q, θ) can be obtained with least squares, based on the polynomial relation

A1(q, θ)B2(q, ηn) −B1(q, θ)A2(q, ηn) = 0, (2.88)

replacing ηn by its estimate η̂n
N . Then, a consistent estimate of D1(q, θ) can be

obtained also with least squares, based on, for example,

A2(q, ηn) −A1(q, θ)D1(q, θ) = 0, (2.89)

replacing ηn by its estimate η̂n
N , and A1(q, θ) by its estimate previously obtained.

This provides a consistent estimate, which can be used to initialize the Gauss-Newton
algorithm.

In conclusion, indirect PEM may be used to ease the computational burden of
PEM when the model structure M2 can be chosen such that Step 1 becomes a
least-squares problem. Then, Step 2 provides estimates with the same asymptotic
statistical properties as if PEM has been applied to M1 directly. Although Step 2
still requires local linear optimization techniques, Söderström et al. (1991) observed
that numerical issues and convergence properties for finite sample size can be better
than with a direct PEM estimation.

Asymptotic maximum likelihood for model order reduction

We now return to the case that the order n may tend to infinity, and consider again
the expression on the right side of (2.63). For the remaining methods presented
in this section, we assume that the system is operating in open loop. Instead of
using [Rn

N ]−1 as an estimate of the covariance matrix cov(η̂n
N), which gave the cost

function (2.64), we can parametrize the theoretical covariance matrix using the
parametric model description. We denote this parametrization by Rn(θ). As argued
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by Wahlberg (1989), replacing [cov(η̂n
N)]−1 by Rn(θ) in (2.63) can be done without

affecting the asymptotic properties of the estimate. In this case, we minimize

VN(θ; η̂n
N) = [η̂n

N − ηn(θ)]⊺Rn(θ) [η̂n
N − ηn(θ)] . (2.90)

Although minimizing (2.90) may seem at first more complicated than minimiz-
ing (2.64) (there are now extra dependencies on the parameter vector θ), we have
that this criterion can be written as an asymptotic ML criterion that allows sepa-
rating the estimation of G(q, θ) from the estimation of H(q, θ). Wahlberg (1989)
shows that, if we ignore the truncated tails of the ARX model (which are assumed
to tend to zero exponentially), the criterion (2.90) can be converted to the frequency
domain, for large N , as

V̄ (θ; η̂n
N) = � 2π

0
�G(eiω, η̂n

N) −G(eiω, θ)�2 Φu(ω)�H(eiω, η̂n
N)�2 dω

+ σ̂2

2π
� 2π

0

�H(eiω, η̂n
N) −H(eiω, θ)�2

�H(eiω, η̂n
N)�2 dω, (2.91)

where σ̂2 is a consistent estimate of σ2
o and Φu is the spectrum of {ut}.

The criterion (2.91) allows us to simplify the minimization problem to estimate
θ, asymptotically in N and in open-loop operation. This is due to the first term
in (2.91) being only dependent of G(q, θ) and the second term only of H(q, θ).
Therefore, if G(q, θ) and H(q, θ) are parametrized independently, the estimation
of θ can be separated into two smaller problems, one for estimating G(q, θ) and
another for estimating H(q, θ). If only a parametric model of the plant is of interest,
we simply have to minimize

V̄ (θ; η̂n
N) = � 2π

0
�G(eiω, η̂n

N) −G(eiω, θ)�2 Φu(ω)�H(eiω, η̂n
N)�2 dω. (2.92)

This is related to that the asymptotic distribution of the estimates G(eiω, η̂n
N) is, in

the frequency domain, given by (Wahlberg, 1989; Zhu, 2001)

√
N[G(eiω, η̂n

N) −G(eiω, θo)] ∼ AsN �0, n
∣Ho(eiω)∣2

Φu(ω) � . (2.93)

The asymptotic ML criterion can also provide intuition on how to use alternative
model reduction techniques (e.g., balanced reduction, Hankel norm model reduction).
Some procedures have been proposed by Wahlberg (1986). However, they do not
provide asymptotically optimal estimates and are considered outside the scope of
this thesis.
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The ASYM method

Motivated by (2.92), the idea of the ASYM method (Zhu, 2001) is to minimize

VN(θ; η̂n
N) = 1

N

N�
t=1

��B(q, η̂n
N)

A(q, η̂n
N) −G(q, θ)�A(q, η̂n

N)ut�2

, (2.94)

which is a consistent estimate of (2.92) in the time domain. The limitation here is
that minimizing (2.94) is still a non-convex optimization problem. However, Zhu
(2001) observes that this minimization problem has numerical advantage over directly
estimating G(q, θ) using PEM. This is in line with what Söderström et al. (1991)
had observed for indirect PEM, but now allowing for the higher-order model to be
of arbitrarily larger order.

2.3.3 Iterative Least-Squares Methods
Some methods avoid a non-convex optimization procedure by applying least squares
iteratively to some fitting criterion, potentially with weighting. A great variety of
such methods have been proposed and studied in signal processing and system
identification, both for time- and frequency-domain applications.

The class of methods we will call iterative quadratic maximum likelihood (IQML)
consists essentially in attempting to optimize a maximum likelihood criterion by
applying iterative weighted least squares on a quadratic approximation. The idea of
performing transfer function estimation using least-squares methods can be traced
back to at least Sanathanan and Koerner (1963). Such methods have been applied
to different problems, with different choices for weighting: examples are Evans and
Fischl (1973), Bresler and Macovski (1986), Shaw (1994), Shaw et al. (1994), Stoica
et al. (1997), Kristensson et al. (1999), Lemmerling et al. (2001). Also the algorithm
by Steiglitz and McBride (1965) can be interpreted as IQML (McClellan and Lee,
1991).

We now proceed to review least-squares methods related to IQML that we
consider relevant for the methods proposed in this thesis. Although more advanced
techniques have been proposed, for the purposes of our discussion we present the
algorithm by Evans and Fischl (1973) as an example of what we call IQML. Then,
we review the method of Steiglitz and McBride (1965) and establish connections
with the previous method. Finally, we present the Box-Jenkins Steiglitz-McBride
algorithm (Zhu and Hjalmarsson, 2016), which extends the range of applicability of
Steiglitz-McBride and improves its asymptotic accuracy.

Evan-Fischl method

Consider an OE model, given by (2.24) with C(q) =D(q) = 1:

yt = L(q, θ)
F (q, θ)ut + et, (2.95)
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where
θ = �f1 ⋯ fm l1 ⋯ lm�⊺ ∈ R2m. (2.96)

For simplicity of notation, we assumed the same orders for L(q, θ) and F (q, θ); for
convenience, we define also

f ∶= �1 f1 ⋯ fm�⊺ ∈ Rm+1, l ∶= �l1 ⋯ lm�⊺ ∈ Rm. (2.97)

Let
G(q, θ) ∶= L(q, θ)

F (q, θ) (2.98)

have impulse response coefficients {gk(θ)} according to

G(q, θ) = ∞�
k=1

gk(θ)q−k, (2.99)

and assume that we have measured the first N coefficients of the impulse response,
which we denote by {ĝk}. Then, defining the error

εk(θ) = ĝk − gk(θ), (2.100)

we can obtain an estimate of θ by minimizing the error criterion (2.39).
Instead of performing the minimization explicitly, this can be done as follows.

Note that, by re-writing (2.98) as

F (q, θ)G(q, θ) −L(q, θ) = 0 (2.101)

and expanding its polynomials, we can write the relation between the respective
coefficients as ⎡⎢⎢⎢⎣

l

0

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
Q1

Q2

⎤⎥⎥⎥⎦f, (2.102)

where

Q1 ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

g1 0 ⋯ 0 0
g2 g1 ⋯ 0 0⋮ ⋮ ⋱ ⋮ ⋮
gm gm−1 ⋯ g1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Q2 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gm+1 gm ⋯ g1

gm+2 gm+1 ⋯ g2⋮ ⋮ ⋱ ⋮
gN gN−1 ⋯ gN−m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.103)

Although the matrices Q1 and Q2 are not known, we can replace the coefficients {gk}
by their estimates {ĝk}, denoting the obtained matrices by Q̂1 and Q̂2, respectively.
Observing that

Q̂2f ≈ 0, (2.104)



34 Background

and because the first term in f equals 1, an initial estimate f̂
(0)
N of f can be obtained

with least squares, according to

f̂
(0)
N = ⎡⎢⎢⎢⎢⎣

1
−�Q̂⊺2Q̂2�−1

Q̂⊺2 q̂2

⎤⎥⎥⎥⎥⎦ , (2.105)

where
q̂2 ∶= �ĝn+1 ĝn+2 ⋯ ĝN�⊺ . (2.106)

Note that f̂
(0)
N is a crude estimate, as (2.104) is only approximate. Using that⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gm+1 gm ⋯ g1

gm+2 gm+1 ⋯ g2⋮ ⋮ ⋱ ⋮
gN gN−1 ⋯ gN−m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
f1⋮
fm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣
fm fm−1 ⋯ 1 0⋱ ⋱ ⋱
0 fm fm−1 ⋯ 1

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

g1

g2⋮
gN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (2.107)

we can write
Q̂2f = T (f)ĝ, (2.108)

with

T (f) ∶=
⎡⎢⎢⎢⎢⎢⎢⎣
fm fm−1 ⋯ 1 0⋱ ⋱ ⋱
0 fm fm−1 ⋯ 1

⎤⎥⎥⎥⎥⎥⎥⎦
, ĝ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ĝ1

ĝ2⋮
ĝN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.109)

Then, the Evan-Fischl algorithm re-computes an estimate of f using weighted least
squares, according to

f̂
(1)
N = ⎡⎢⎢⎢⎢⎣

1
−�Q̂⊺2W (f̂ (0)N )Q̂2�−1

Q̂⊺2W (f̂ (0)N )q̂2

⎤⎥⎥⎥⎥⎦ , (2.110)

where, motivated by (2.108), the weighting matrix is given by

W (f) = �T (f)T ⊺(f)�−1
. (2.111)

Finally, the idea is to continue to iterate, solving the weighted least-squares problem

f̂
(k+1)
N = ⎡⎢⎢⎢⎢⎣

1
−�Q̂⊺2W (f̂ (k)N )Q̂2�−1

Q̂⊺2W (f̂ (k)N )q̂2

⎤⎥⎥⎥⎥⎦ (2.112)

until the estimates converge to a parameter vector that we denote by f̂
(∞)
N . When

they have converged, the relation l = Q̂1f can be used to obtain an estimate of
l using a similar approach. In this case, no more iterations are required, as the
weighting matrix is the same. In particular, it depends only on f , whose estimates
have already converged.

A limitation with this procedure is that it does not consider the statistical
properties of the data {ĝk}.
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Steiglitz-McBride method

We now present the method by Steiglitz and McBride (1965), which is related to
IQML. Consider the OE model (2.24) again, and assume that the data are generated
by (2.95) at some θ = θo. With a PEM estimator, the estimate of θ is obtained by
minimizing

VN(θ) = 1
N

N�
t=1

�yt − L(q, θ)
F (q, θ)ut�2

. (2.113)

We observe that, at θ = θo, we have

VN(θo) = 1
N

N�
t=1

e2
t . (2.114)

Therefore, the minimum VN(θo) corresponds to a function of a white sequence,
as is the case when the true system is in the model set. The problem with mini-
mizing (2.113) is that it is, in general, non-convex in θ, requiring local non-linear
optimization routines.

To avoid this limitation, the Steiglitz-McBride method uses iterative least squares
to estimate θ. Consider, first, the following three-step scheme. In the first step, an
ARX model

F (q, θ)yt = L(q, θ)ut + et (2.115)

is estimated with least squares, as in (2.53), and an estimate θ̂
(0)
N of θ is obtained.

In the second step, the input and output are filtered by

yF
t = 1

F (q, θ̂
(0)
N )yt, uF

t = 1
F (q, θ̂

(0)
N )ut. (2.116)

In the third step, the ARX model

F (q, θ)yF
t = L(q, θ)uF

t + et, (2.117)

is estimated, providing a new estimate θ̂
(1)
N of θ. Then, steps two and three can be

repeated to refine the estimate.
To understand the motivation for the algorithm, we start by observing that the

true system is not in the model set defined by (2.115), which is the model being
estimated. Thus, the cost function being minimized in the first step is

VN(θ) = 1
N

N�
t=1
[F (q, θ)yt −L(q, θ)ut]2 . (2.118)

At the true parameters, we have

VN(θo) = 1
N

N�
t=1
[F (q, θo)et]2 . (2.119)
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Therefore, the true parameter vector θo does not correspond to the cost function of
a white sequence.

In Step 3, at iteration k, the function being minimized is

VN(θ) = 1
N

N�
t=1

⎡⎢⎢⎢⎢⎣
F (q, θ)

F (q, θ̂
(k)
N )yt − L(q, θ)

F (q, θ̂
(k)
N )ut

⎤⎥⎥⎥⎥⎦
2

. (2.120)

Then, at θ = θo, we have

VN(θo) = 1
N

N�
t=1

⎡⎢⎢⎢⎢⎣
F (q, θo)

F (q, θ̂
(k)
N )et

⎤⎥⎥⎥⎥⎦
2

. (2.121)

Thus, assuming convergence of θ̂
(k)
N to the true parameters θo, as k → ∞, (2.121)

asymptotically corresponds to (2.114).
Convergence of the Steiglitz-McBride has been studied by Stoica and Söderström

(1981). The method is locally convergent when the additive output noise is white;
additionally, if the signal-to-noise ratio is sufficiently large, it is also globally conver-
gent. Assuming convergence, the estimates are asymptotically Gaussian distributed.
However, in general the method is not asymptotically efficient.

Thus, although the Steiglitz-McBride is not a PEM algorithm, it attempts to
minimize a loss function of prediction errors without using non-convex optimization
techniques. Instead, it uses iterative least squares with data filtered by a model
based on the estimate obtained at the previous iteration. The main limitations
of Steiglitz-McBride are that it is only consistent with additive white noise (OE
models), and even then it is not asymptotically efficient.

An important remark is that the Steiglitz-McBride method can also be applied
to an impulse response estimate instead of data. In this case, we simply set

ut = ⎧⎪⎪⎨⎪⎪⎩
1, t = 0
0, t > 0

(2.122)

and yt = ĝk with t = k, where ĝk are defined as for the Evan-Fischl algorithm. If this
is done, Steiglitz-McBride and Evan-Fischl are exactly equivalent, in the sense that
they provide the same estimates at each iteration. Although this has been shown
formally by McClellan and Lee (1991), it can be intuitively understood as follows.
At each iteration of both methods, the previous denominator estimate is used to
filter the signals. With Steiglitz-McBride, this is done by filtering with 1/F (q, θ);
with Evan-Fischl, this is done by weighting. The equivalence holds because the
matrix T (f) in (2.109) has Toeplitz structure and can be interpreted as a filtering
by F (q, θ).

With impulse-response data, both methods can be seen as a way of performing
model order reduction with an indirect procedure to minimize a cost function. In
particular, instead of using a local non-linear optimization technique, they apply



2.3. Identification Methods 37

least squares (combined with weighting or filtering) iteratively. However, these
methods are restricted to models with additive white noise, and the estimates are,
in general, not asymptotically efficient. The following method attempts to deal with
these limitations.

Box-Jenkins Steiglitz-McBride method

The Box-Jenkins Steiglitz-McBride (BJSM) method, first proposed by Zhu (2011),
combines ARX modeling and the Steiglitz-McBride method. The idea is to estimate a
non-parametric ARX model and use it to pre-filter the input and output data. Then,
the Steiglitz-McBride method is applied to the pre-filtered data set. This procedure
not only extends the range of applicability of the Steiglitz-McBride method to BJ
models, but it also provides asymptotically efficient estimates in open loop (Zhu
and Hjalmarsson, 2016).

The method can be motivated as follows. Consider that data are generated
by (2.12), with

Go(q) = L(q, θo)
F (q, θo) , Ho(q) = Co(q)

Do(q) , (2.123)

where F (q, θo), L(q, θo), Co(q), and Do(q) are finite-order polynomials, similarly
to (2.25). Here, we are interested in estimating the parameter vector

θ = �f1 ⋯ fmf
l1 ⋯ lml

�⊺ ∈ Rmf+ml , (2.124)

with parametrization F (q, θ) and L(q, θ). We observe that, for the Steiglitz-McBride
iterations to be applied, the model of interest must be of OE structure, as (2.95).
Then, the idea is to estimate a non-parametric ARX model and use it to create a
data set that has been generated by a system that is approximately of OE structure.

The first step of BJSM is to estimate an ARX model according to (2.53),
obtaining the estimated parameter vector η̂n

N . Having estimated the ARX model,
the next step of the method is to create pre-filtered versions of the input and output
data, which we denote ypf

t and upf
t , respectively. This is done according to

ypf
t = A(q, η̂n

N)yt, upf
t = A(q, η̂n

N)ut. (2.125)

Then, notice that ypf
t and upf

t are related by

ypf
t = L(q, θo)

F (q, θo)upf
t +A(q, η̂n

N)Ho(q)et. (2.126)

From (2.61), we observe that, for sufficiently large N and n, we have

A(q, η̂n
N)Ho(q) ≈ 1. (2.127)

Thus, we can write
ypf

t ≈ L(q, θo)
F (q, θo)upf

t + et. (2.128)
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We conclude that the pre-filtered sequences {ypf
t } and {upf

t } are related by a system
approximately of OE structure, which is appropriate for the Steiglitz-McBride
method. Then, the final step of BJSM is to apply Steiglitz-McBride to the model
structure

ypf
t = L(q, θ)

F (q, θ)upf
t + et (2.129)

to obtain an estimate of θ.
Zhu and Hjalmarsson (2016) show that the estimate of θ obtained with BJSM is

asymptotically efficient, provided convergence of the Steiglitz-McBride iterations and
that the data are collected in open loop (in closed loop, the asymptotic properties
have not been established). Nevertheless, not all the information in η̂n

N is being used,
as the filtering (2.125) only uses A(q, η̂n

N) and not B(q, η̂n
N). This leads to a counter-

intuitive result. Suppose that Ho(q) = 1 (i.e., the true system is already of OE
structure). Then, we have that Ao(q) = 1, and estimating a finite impulse response
(FIR) model would suffice to asymptotically model the true system. However, if this
is done, the filtering (2.125) would maintain the data set unchanged, and BJSM
would be reduced to the Steiglitz-McBride method, which is not asymptotically
efficient. If, on the other hand, it is not assumed that Ao(q) = 1, and an estimate
A(q, η̂n

N) is obtained as if the noise in the true system were not white, BJSM is still
asymptotically efficient. Thus, although an FIR model can approximate a system
of OE structure arbitrarily well, it is not possible to make use of that information
when applying the BJSM method, because it does not exploit the full statistical
properties of the non-parametric model estimate.

BJSM has optimal asymptotic statistical properties in open loop, but re-using
the data instead of using the complete ARX-model estimate and its covariance
leads to one limitation. Although it avoids a non-convex optimization problem by
applying the Steiglitz-McBride algorithm, BJSM is still an iterative method: it
requires the number of Steiglitz-McBride iterations to tend to infinity in order to
provide consistent and asymptotically efficient estimates.

2.3.4 Multi-Step Least-Squares Methods

The methods in Section 2.3.3 were called iterative, in the sense that they were
presented in terms of requiring iterations for convergence of the estimate. However,
some least-squares methods have been presented in terms of requiring a finite number
of least-squares steps to obtain an estimate with certain asymptotic statistical
properties. We will call these multi-step least-squares methods.

These methods have a long history in the field of time-series estimation. Because
of their relevance for contextualizing the main methods in this thesis, we now review
several of these methods.
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From Durbin’s first and second methods to Mayne and Firoozan

As we reviewed in Section 2.3.2, the approach of Durbin (1959) for MA processes
estimates the parameter vector of interest with least squares, starting from a high-
order AR process. The more general case of ARMA processes

F (q, θ)yt = C(q, θ)et (2.130)

has been considered by Durbin (1960), where two least-squares methods are proposed
based on a high-order AR process. For purposes of illustration, we focus on the
first-order model

yt + fyt−1 = et + cet−1, θ = �f c�⊺ ∈ R2. (2.131)

The first method is not iterative, but it is not asymptotically efficient; in the second
method, efficiency is attained by iterating.

In both methods, the idea is to use an estimated high-order AR model (2.69) to
compute the residuals

êt = yt + n�
k=1

âkyt−k. (2.132)

Replacing et−1 in (2.131) according to the computed residuals in (2.66), we obtain

yt + fyt−1 ≈ et + cêt−1, (2.133)

from where f and c can be determined with a least-squares approach, by minimizing

VN(θ; η̂n
N) = 1

N

N�
t=1
[yt + fyt−1 − cêt−1]2 (2.134)

(note that there is a dependency on η̂n
N through {êt}). This consists of the first

method for estimation of ARMA processes, and it is a direct extension of the
method of Durbin (1959). However, it is not asymptotically efficient, because the
corresponding residuals are now in general not white.

For the second method, the coefficients f and c are estimated alternately, where
the first method can be used for initialization. We exemplify with the re-estimation
of c. Consider a transformation of the AR coefficients according to

1 + ∞�
k=1

akq−k = �1 + ∞�
k=1

ãkq−k��1 + fq−1� . (2.135)

Given f and {a1, . . . , an}, {ã1, . . . , ãn} can be computed recursively. Re-writing the
AR process as

�1 + ∞�
k=1

akq−k�yt = et ⇔�1 + ∞�
k=1

ãkq−k��1 + fq−1�yt = et, (2.136)
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and defining zt ∶= �1 + fq−1�yt, we have that zt satisfies

�1 + ∞�
k=1

ãkq−k� zt = et

zt = �1 + cq−1� et.

(2.137)

Hence, the coefficients ãk behave as AR coefficients for the MA process zt =�1 + cq−1� et, and the method of Durbin (1959) can be applied to re-estimate c.
This uses the estimated ˆ̃ak, obtained from (2.135) by replacing ak with âk and f
with the estimate obtained by applying least squares to (2.134). The coefficient f
can then be re-estimated with a similar procedure, and continue by iterating.

Durbin (1960) argues that this procedure provides efficient estimates. However,
being an iterative method, it is not part of the class of multi-step least-squares
algorithms. Attaining asymptotic efficiency in a finite number of steps was accom-
plished by Mayne and Firoozan (1982) with an additional filtering step. Similarly
to Durbin’s first method for estimation of ARMA processes, the method starts by
estimating a high-order AR process, computing the residuals according to (2.132),
and then minimizing

VN(θ; η̂n
N) = 1

N

N�
k=1
[F (q, θ)yt −C(q, θ)êt]2 , (2.138)

which provides an initial estimate of θ, denoted θ̂
(0)
N . Then, because of the equivalence

between the high-order AR and the low-order ARMA processes, we have

F (q, θo)yt −C(q, θo)�1 + ∞�
k=1

ao
kq−k�yt = 0. (2.139)

Defining A(q, ηn
o ) = 1+∑n

k=1 ao
kq−k and neglecting the error introduced by truncation

of the AR process, the residuals corresponding to (2.138) can be expressed as

F (q, θo)yt −C(q, θo)êt = F (q, θo)yt −C(q, θo)A(q, η̂n
N)yt= F (q, θo)yt −C(q, θo)[A(q, ηn
o ) +ΔA(q; ηn

o , η̂n
N)]yt= −C(q, θ)ΔA(q; ηn

o , η̂n
N)yt,

(2.140)

where ΔA(q; ηn
o , η̂n

N) ∶= A(q, η̂n
N) = A(q, ηn

o ). Because the term ΔA(q; ηn
o , η̂n

N)yt can
be shown to be asymptotically white, to whiten the residuals in (2.140), they should
first be filtered by the inverse of C(q, θo). In the absence of the true parameters, we
use the previously obtained estimate, generating

ỹt = 1
C(q, θ̂

(0)
N )yt, ˆ̃et = 1

C(q, θ̂
(0)
N ) êt. (2.141)

Then, θ can be re-estimated according to

VN(θ; η̂n
N , θ̂

(0)
N ) = 1

N

N�
k=1

�F (q, θ)ỹt −C(q, θ)ˆ̃et�2
, (2.142)
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where there is also now a dependency on θ̂
(0)
N .

Although it is possible to continue to iterate, Mayne and Firoozan (1982) show
that the estimate obtained by minimizing (2.142) is already “n-efficient”. By this it
is meant that the efficiency property is analyzed as N →∞ while the AR-order n is
fixed, and the estimator can then be made arbitrarily close to this property as n is
made arbitrarily large. Hannan and Kavalieris (1983) proposed an alternative to
analyze the asymptotic statistical properties of this method, which applies to all
methods that use a high-order model as intermediate step to obtain a low-order
model of interest. Because the AR-model order can be chosen larger as the available
sample size increases, it is intuitive that n should tend to infinity as function of N .
Hannan and Kavalieris (1983) establish conditions on how n should increase with
N to prove consistency of the method by Mayne and Firoozan (1982).

In his PhD thesis on multi-step least-squares methods, Firoozan (1977) provides
extensions of the method by Mayne and Firoozan (1982). For example, it is described
how to handle the presence or external inputs (ARMAX models). In this case, a
high-order ARX model is estimated according to (2.53), and then used to compute
the residuals according to

êt = A(q, η̂n
N)yt −B(q, η̂n

N)ut. (2.143)

The cost function to minimize in the first step becomes

VN(θ; η̂n
N) = 1

N

N�
k=1
[F (q, θ)yt −L(q, θ)ut −C(q, θ)êt]2 , (2.144)

which is still quadratic in the model parameters, and θ can be estimated with least
squares. Finally, the step for efficiency follows analogously, but also ut must be first
filtered according to ũt = C(q, θ̂

(0)
N )ut.

Methods for multivariate ARMA(X) models

Multi-step least-squares methods have become popular for estimation of multivariate
ARMA models—that is, yt and et in (2.130) are vectors, which makes F (q, θ) and
C(q, θ) polynomial matrices. These can be written as

F (q, θ) = Iny + mf�
k=1

Fk(θ)q−k, C(q, θ) = Iny + mc�
k=1

Ck(θ)q−k (2.145)

where each element of Fk(θ) and Ck(θ) is either zero or parametrized by one element
of the parameter vector θ.

Here, we focus mainly on five contributions, since the eighties to the present
decade. In the context of determining the orders of ARMAX systems, Hannan
and Kavalieris (1984) proposed a least-squares approach to estimate the model
parameters. In the univariate ARMA case (although straightforward to generalize to
the multivariate case), Koreisha and Pukkila (1990) conducted extensive simulation
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studies with a similar procedure to that of Mayne and Firoozan (1982), showing
superior performance compared with explicit optimization of the maximum likelihood
function. Reinsel et al. (1992) and Poskitt and Salau (1995) discuss theoretically
the relation between an explicit optimization of the maximum likelihood function
and weighted least squares. Finally, Dufour and Jouini (2014) propose a new scheme
to estimate the innovations, which can be advantageous for finite sample sizes.
Even when presented only for the ARMA case, these methods can typically be
straightforwardly extended to multivariate ARMAX models (i.e., including an
external input signal). For simplicity, as is also done in the majority of these
contributions, we consider only the ARMA case.

For all these methods, and analogously to the univariate case, the first step
consists of estimating a high-order AR model

A(q, ηn)yt = et, (2.146)

where A(q, ηn) is now a polynomial matrix. This model can be written in regression
form as (2.47), where ϕn

t is now a matrix function of {yt−1, . . . , yt−n}. The high-order
parameter vector ηn can then be estimated with least squares, similarly to (2.53),
and the estimate denoted by η̂n

N .
The next step consists of estimating the ARMA process (2.130), now multivariate.

With F (q, θ) and C(q, θ) given by (2.145), (2.130) can be written in regression form
linearly in θ, as

yt = ϕ̄tθ + et, (2.147)
where ϕ̄t is now function of {yt−1, . . . , yt−mf

, et−1, . . . , et−mc}. For simplicity of nota-
tion, we will in the remainder of this section often omit the regression form (2.147),
considering implicit that (2.130) is parametrized linearly in θ, such that it can be
written as (2.147).

If the innovations {et−1, . . . , et−mc} were known, (2.130)—or, more explicitly,
(2.147)—could be used to estimate θ with a least-squares approach. One possible
solution to estimate θ with such a simple estimator is to estimate the innovations
with the residuals of the estimated high-order AR (2.146), according to

êt(η̂n
N) = A(q, η̂n

N)yt. (2.148)

Then, (2.130) can be approximated with

A(q, θ)yt ≈ [C(q, θ) − Iny ]êt(η̂n
N) + et, (2.149)

which can be used to obtain a consistent estimate of θ with a least-squares approach.
This is done in the second stage of the procedure by Hannan and Kavalieris (1984),

also used by Reinsel et al. (1992) in their analysis. However, other formulations can
be used for this purpose. Koreisha and Pukkila (1990), as well as the multivariate
generalization by Poskitt and Salau (1995), apply least squares on a variation
of (2.149), given by

yt − êt(η̂n
N) + [A(q, θ) − Iny ]yt ≈ [C(q, θ) − Iny ]êt(η̂n

N). (2.150)
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Dufour and Jouini (2014) use (2.149), but include also a weighting matrix with
the inverse of the sampled covariance of et, estimated from ∑N

t=1 êt(η̂n
N)ê⊺t (η̂n

N)/N .
Irrespective of the procedure used, we denote this estimate by θ̂

(0)
N .

The third step provides an asymptotically efficient estimate. Here, the differences
between the methods depend on how the innovations are estimated using the
estimates from the previous steps. For this purpose, Hannan and Kavalieris (1984)
use the consistent estimate θ̂

(0)
N , according to

êt(θ̂(0)N ) = C−1(q, θ̂
(0)
N )F (q, θ̂

(0)
N )yt. (2.151)

Then, they apply weighted least squares on

A(q, θ)ỹt ≈ [C(q, θ) − Iny
]ˆ̃et(θ̂(0)N ) + et, (2.152)

where, similarly to (2.141) and with the same motivation,

ỹt = C−1(q, θ̂
(0)
N )yt, ˆ̃et(θ̂(0)N ) = C−1(q, θ̂

(0)
N )êt(θ̂(0)N ), (2.153)

and using the inverse of the sampled covariance of

�t(η̂n
N , θ̂

(0)
N ) ∶= F (q, θ̂

(0)
N )yt − [C(q, θ̂

(0)
N ) − Iny ]êt(η̂n

N) (2.154)

as weighting. Reinsel et al. (1992) show that this procedure is equivalent to per-
forming one Gauss-Newton iteration on the likelihood function (assuming Gaussian
innovations) initialized with θ̂

(0)
N .

Unlike Hannan and Kavalieris (1984) and Reinsel et al. (1992), Koreisha and
Pukkila (1990) do not recompute the innovations using the estimate θ̂

(0)
N , as

in (2.151), but keep êt(η̂n
N). This is similar to the method of Mayne and Firoozan

(1982), but instead of filtering yt and êt(η̂n
N) as in (2.141), they equivalently con-

sider the covariance of (2.140) in a weighted least-squares problem that uses θ̂
(0)
N

to construct the weighting, which is function of C(q, θ). Using a straightforward
extension of this method to the multivariate case, Poskitt and Salau (1995) show
that it is asymptotically equivalent to a Gauss-Newton iteration on the maximum
likelihood function (assuming Gaussian innovations), which, as Reinsel et al. (1992)
had shown, has a weighted least-squares interpretation. For finite sample sizes, the
simulation results of Koreisha and Pukkila (1990) support the numerical superiority
of multi-step least-squares, keeping êt(η̂n

N) as estimate of the innovations also for
the third step.

Finally, Dufour and Jouini (2014) propose a new procedure to estimate the
ARMA innovations using both residuals êt(η̂n

N) (2.148) and �t(η̂n
N , θ̂

(0)
N ) (2.154)

according to

êt(η̂n
N , θ̂

(0)
N ) = êt(η̂n

N) +C(q, θ̂
(0)
N )[�t(η̂n

N , θ̂
(0)
N ) − êt(η̂n

N)]. (2.155)

Dufour and Jouini (2014) argue that, in terms of initial conditions, there are
advantages with using (2.155) rather than (2.151) or (2.148). The efficient estimator
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is then based on the difference between the reconstructed residuals (2.155) and those
that would be obtained with an arbitrary θ vector, êt(η̂n

N , θ), from (2.155).
In these contributions, consistency and asymptotic efficiency are analyzed with

the high-order n function of the sample size N , as first proposed by Hannan and
Kavalieris (1983). The different procedures illustrate that there are several ways to
obtain an efficient estimator with multi-step least-squares algorithms based on a
non-parametric model, but they may have different numerical properties for finite
sample size.

2.3.5 Subspace Identification Methods
We now proceed to discuss another class of identification methods, known as subspace
methods. This class of methods is popular for using numerically robust algorithms.
Although the focus of this thesis is not on subspace identification, the method
proposed in Chapter 5 (and extended to multivariate models in Chapter 7) has
certain conceptual similarities with the main ideas present in this methodology. A
classical and extensive treatment of subspace methods has been provided by van
Overschee and de Moor (1996), and useful overviews by Ljung (1999) and Qin
(2006), with the latter including more recent developments. In general, they can be
characterized by the following steps:

1. regression or projection to estimate one or several high-order models;

2. reduction of the previously obtained high-order models to an observable
low-dimensional subspace;

3. estimation of the state-space matrices from the reduced observability matrix.

Our presentation of subspace is mostly based on the algorithm by Kung (1978).
Although this method is outdated, as more powerful subspace methods have later
been proposed in the literature, it captures some important ideas that characterize
subspace algorithms, and can be useful for illustration purposes. However, we
complement this with references to modern subspace methods.

Consider the state-space model in (2.28); then, the extended observability and
controllability matrices are written as

Of =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C

CA⋮
CAf−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Cp = �B AB ⋯ Ap−1B� , (2.156)

respectively, where f and p are user-defined parameters, known as future and past
horizon, whose influence has been discussed by Jansson and Wahlberg (1996). The
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product OfCp =∶Hfp is a Hankel matrix, given by

Hfp =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

CB CAB ⋯ CAp−1B

CAB CA2B ⋯ CApB⋮ ⋮ ⋮
CAf−1B CAf B ⋯ CAf+p−2B

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.157)

The rank of this matrix is at most equal to the order of the system (Kailath, 1980).
Using the relation between state-space and transfer function (2.29), it can be

shown that the elements in (2.157) are the impulse response coefficients of the
system, and the Hankel matrix can be also written as

Hfp({go
k}) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

go
1 go

2 ⋯ go
p

go
2 go

3 ⋯ go
p+1⋮ ⋮ ⋮

go
f go

f+1 ⋯ go
f+p−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.158)

A truncated version of the impulse response parameters can be easily estimated
by applying PEM to an FIR model, as in (2.15) with na = 0. Note that, with the
notation in (2.15) and na = 0, the truncated impulse response parameters correspond
to {bk}nb

k=1. Early versions of subspace identification use this procedure to obtain
estimates of the impulse response parameters, {ĝk}. Then, these coefficients are
used to construct an estimate H({ĝk}) of the Hankel matrix. Because of estimation
errors, this Hankel matrix will usually be full rank. The key step is to use a singular
value decomposition of H({ĝk}),

Hfp({ĝk}) = USV ⊺, (2.159)

to form low rank estimates of Of and Cp. This consists of approximating Hfp({ĝk})
with Hfp({ĝk}) = USV ⊺ ≈ UmSmV ⊺m (2.160)

where Um consists of the first m columns of U (analogously for Vm) and Sm of
the top-left m ×m block of S. Then, the extended observability and controllability
matrices can be estimated, for example, by

Ôf = UmS1/2
m , Ĉp = S1/2

m V ⊺m. (2.161)

Having estimates Ôf and Ĉp, the state-space matrices A, B, and C, can be estimated
from (2.156) (e.g., with least squares, using the shift-property of these matrices).

Statistical (and numerical) properties can be improved by pre- and post-multiplyingHfp({ĝk}) with certain weighting matrices. Alternatively to (2.160), the SVD

W1Hfp({ĝk})W2 = USV ⊺ (2.162)
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is computed, and the observability and controllability matrices estimated from

Of =W −1
1 UmS1/2

m , Cp = S1/2
m V ⊺mW −1

2 . (2.163)

Using these principles, most subspace methods consist of estimating the Hankel
matrix Hfp followed by an SVD and a model-reduction step to estimate the observ-
able subspace through the observability matrix Of , which can be used to retrieve
the state-space matrices. The difference between subspace methods is essentially in
the estimate of Hfp and the choice of weighting matrices W1 and W2.

Although this simplified exposition did not consider the disturbance matrix K, it
can be easily incorporated. However, the presence of a non-white disturbance makes
many classical subspace methods only consistent in open loop. This is the case of
algorithms such as N4SID (van Overschee and de Moor, 1994), MOESP (Verhaegen
and DeWilde, 1992), and CVA (Larimore, 1990), which can be interpreted under a
unified framework where the SVD is taken with certain choices of weighting (van
Overschee and de Moor, 1995). To attain consistency in closed loop, Verhaegen
(1993) estimates the overall open-loop problem followed by model reduction, Qin and
Ljung (2003) and Jansson (2003) use a pre-processing step based on high-order ARX
modeling, Chiuso and Picci (2005) use the convenient structure of some matrices.

The main appeal of subspace methods is their numerically robust implemen-
tations. However, two disadvantages are of importance. One is the difficulty in
incorporating structural information, as they typically provide only unstructured
estimates of the state-space matrices. Another is that subspace methods are difficult
to analyze statistically: despite significant contributions (Jansson and Wahlberg,
1996; Bauer et al., 1999; Bauer and Jansson, 2000; Chiuso and Picci, 2004; Bauer,
2005; Chiuso and Picci, 2005), a complete statistical analysis is still unavailable,
and subspace methods are under general conditions not believed to be as accurate
as PEM.

2.3.6 Optimal Null-Space Estimation of the Extended
Observability Matrix

The difficulty in establishing a weighting for subspace methods that is optimal for
general settings was considered by Viberg et al. (1997), who instead of using the
range space of the extended observability matrix, used the information contained
in its null-space. In particular, Viberg et al. (1997) derived the optimal weighting
to compute the null-space of an estimated observability matrix with a multi-step
least-squares method. This approach has conceptual similarities with the weighted
subspace fitting approaches for sensor array processing (Viberg and Ottersten, 1991;
Viberg et al., 1991; Ottersten et al., 1992), being also relevant to contextualize the
method that will be proposed in Chapter 5. For this reason, the remaining of this
chapter is used to review it.

Consider the plant transfer function

G(q) = C(qI −A)−1B, (2.164)
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obtained from the state-space matrices, as in (2.29). This plant admits also the
matrix fraction description (Kailath, 1980),

G(q) = F −1(q)L(q) (2.165)

where
F (q) = mf�

k=0
Fkq−k, L(q) = ml�

k=1
Lkq−k, (2.166)

with Fk and Lk being matrix coefficients of appropriate sizes. Equating the expres-
sions (2.164) and (2.165) for the plant description, it is possible to relate the matrix
coefficients Fk with the observability matrix according to (see, e.g., Kailath, 1980;
Viberg et al., 1997)

�Fmf
Fmf−1 ⋯ F0�

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C

CA⋮
CAmf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0, (2.167)

From (2.167), we observe that the matrix coefficients of F (q) parametrize parts of
the null-space of the observability matrix. Hence, this null-space contains structural
information about the poles of the system, which can potentially be used to achieve
a more flexible parametrization than what standard subspace methods allow.

The idea of Viberg et al. (1997) is to extend (2.167) according to the form

Ff(θ)Of = 0, (2.168)

for arbitrary f , where Ff(θ) is a full-rank matrix with as many rows as the dimension
of the null-space of Of , and θ is the parameter vector to estimate. A parametrization
that satisfies these conditions and can be applied in general does not follow straight-
forwardly from (2.167). Viberg et al. (1997) propose such a parametrization (with
arbitrary future horizon f) for a canonical form of F (q). The estimation procedure
then consists of using an observability matrix estimate Ôf with the appropriate
rank (i.e., constructed with a subspace method and taking the SVD, using only
the singular values of interest) to determine θ from a vectorized version of (2.168).
Because this is linear in θ, its estimate can be obtained with least squares. When the
estimate Ôf replaces Of in (2.168), the right-hand side is not equal to zero, but to
some residual terms. Then, an optimal estimate of θ can be obtained from a weighted
least-squares problem, with the weighting given by the inverse of the covariance of
the residuals. This weighting is derived by Viberg et al. (1997), and despite being
dependent on unknown quantities, a consistent estimate can be obtained based on
the sample covariance of the terms in Ôf and a previously obtained estimate of
θ with ordinary least squares. Finally, weighted least-squares can be applied with
this consistent estimate of the weighting, which does not asymptotically affect the
optimality of the θ estimate.
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In summary, Viberg et al. (1997) use the information in the null-space of the
observability matrix, and derive a two-step weighted least-squares procedure that
provides an optimal estimate of the parameters. The possibility to derive an optimal
weighting is a significant advantage of the method by Viberg et al. (1997) compared
to subspace methods. However, despite providing a parametric estimate instead of
the state-space matrices, this method is not specially flexible in parametrization. In
fact, to guarantee an entire parametrization of the null-space, the method admits only
canonical forms. The authors consider that further work is required to investigate
the possibility of including other linear parameterizations of the null-space.

2.3.7 Summary
In this section, we reviewed existing methods to estimate commonly used model
structures in system identification. These methods are of importance to contextualize
and motivate the contributions in this thesis.

In Table 2.1, we summarize the features of some of these methods. Namely,
we consider maximum likelihood and prediction error methods, subspace methods,
the ASYM method of Zhu (2001), the BJSM method of Zhu and Hjalmarsson
(2016), and the multi-step least-squares methods reviewed in Section 2.3.4 that
are applicable under the most general scenario (denoted MSLS). The first row
summarizes the computational procedures for the estimation; the features filled
in this row are under general conditions (e.g., ML/PEM not always require the
optimization of non-convex cost functions), and LS stands for least squares. The
second row indicates if an initialization estimate is required from another method.
The third row summarizes the flexibility in parametrization, namely regarding to
the type of models structures admitted. The fourth row indicates if the methods
can be applied to estimate multivariate model structures. The fifth row indicates if
the method is asymptotically efficient in open loop (OL); this assumes Gaussian
noise, a correct model structure for the plant, and a flexible enough noise model.
The sixth row indicates if the method is consistent in closed loop (CL); this assumes
Gaussian noise, a correct model structure for the plant, and a flexible enough noise
model. The seventh row indicates if the method is asymptotically efficient in closed
loop; this assumes Gaussian noise and correct model structures for the plant and
noise model.

Motivated by the summary provided in Table 2.1, this thesis addresses the
development of a method with the following desired features. Similarly to ML/PEM,
it should be asymptotically efficient in open and closed loop. Similarly to the multi-
step least-squares methods from Section 2.3.4, its asymptotic statistical properties
should be attained in a finite number of least-squares steps. However, it should be
more flexible in parametrization than these methods and, similarly to ML/PEM
and ASYM, allow for the identification of additional model structures, including in
multivariate settings.
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Chapter 3

Asymptotic Properties of the Least-Squares
Method

As discussed in Chapter 2, the prediction error method can be used to estimate a
model description

yt = G(q, θ)ut +H(q, θ)et, (3.1)
as in (2.14), where G(q, θ) and H(q, θ) are rational transfer functions parametrized
by the parameter vector θ. One limitation with this approach is that, for many
parameterizations, PEM requires minimizing a non-convex function, and there are
often no guarantees of attaining the global minimum.

However, for some parameterizations, finding the PEM estimate consists of
solving a linear regression problem. Consider, for example, the ARX model

�1 + n�
k=1

akq−k�yt = � n�
k=1

bkq−k�ut + et, (3.2)

introduced in (2.15). Because (3.2) is linear in the model parameters {ak, bk}n
k=1,

PEM with a quadratic cost function can be minimized explicitly.
In terms of the transfer functions G(q, θ) and H(q, θ), for the model (3.2) they

are given by

G(q, θ) = ∑n
k=1 bkq−k

1 +∑n
k=1 akq−k

, H(q, θ) = 1
1 +∑n

k=1 akq−k
. (3.3)

Alternatively,

1 + n�
k=1

akq−k = 1
H(q, θ) ,

n�
k=1

bkq−k = G(q, θ)
H(q, θ) . (3.4)

One limitation of this approach is clear from (3.4). If the data are generated by (3.1)
at some θ = θo such that 1/H(q, θo) and G(q, θo)/H(q, θo) have infinite impulse
responses, {ak, bk}n

k=1 will not be able to capture the complete dynamics of the true
system. Consequently, the obtained model estimate will be biased.

51



52 Asymptotic Properties of the Least-Squares Method

However, by the additional assumption that G(q, θo) and 1/H(q, θo) are stable,
their respective impulse response coefficients tend to zero with some rate. Then, if
n can be made arbitrarily large, the true system can be captured with arbitrary
accuracy by the parameters {ak, bk}n

k=1. Thus, asymptotically in n, the obtained
model estimate will be consistent.

The limitation of making n too large is that, as more parameters are estimated,
the variance of the estimated model increases. Nevertheless, as discussed in Chapter 2,
high-order ARX models are still useful as an intermediate step to obtain a parametric
model, as their estimate—together with the covariance matrix—can be used in an
additional step to obtain an estimate of the parametric model of interest.

One problem is that n cannot simply be set to infinity, because of the practical
impossibility of estimating a model with more parameters than the amount of
available data samples N without taking other measures such as regularization (e.g.,
Pillonetto and Nicolao, 2010). The approach taken by Ljung and Wahlberg (1992) is
to let n depend on N . Then, for an asymptotic statistical analysis of the estimated
model, we let n →∞ as N →∞ according to a specified rate. Consequently, even if
G(q, θo) and 1/H(q, θo) have impulse responses of infinite length, the true system
is asymptotically in the model set defined by (3.2).

Ljung and Wahlberg (1992) analyze the asymptotic statistical properties of
the estimated ARX model. Because this thesis deals with methods that estimate
high-order ARX models as an intermediate step to obtain the model of interest, the
results of Ljung and Wahlberg (1992) will be used for the statistical analysis of the
proposed methods. This chapter summarizes the results obtained therein that are
of importance for the analysis performed in this thesis.

The chapter is organized as follows. In Section 3.1, we provide necessary defini-
tions and assumptions. Results related to convergence are presented in Section 3.2
and results related to variance in Section 3.3.

3.1 Definitions and Assumptions

Before introducing the assumption on the true system, we have the following
definition.

Definition 3.1 (fN -stability). Let fN be a decreasing sequence of positive scalars,
such that fN → 0 as N →∞. A filter G(q) = ∑∞k=0 gkq−k is fN -stable if

∞�
k=0

∥gk∥2 /fk <∞. (3.5)

The true system is subject to the following assumption.

Assumption 3.1 (True system). The data-generating system has scalar input {ut},
scalar output {yt} and is subject to the scalar noise {et}, related by

yt = Go(q)ut +Ho(q)et, (3.6)
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where
Go(q) = Lo(q)

Fo(q) , Ho(q) = Co(q)
Fo(q) (3.7)

and
Lo(q) = lo

1 q−1+⋯+lo
ml

q−ml ,

Fo(q) = 1+ fo
1 q−1+⋯+fo

mf
q−mf ,

Co(q) = 1+co
1 q−1+⋯+fo

mc
q−mc ,

Do(q) = 1+do
1 q−1+⋯+do

md
q−md ,

(3.8)

with the delay in Lo(q) being without loss of generality, and ml, mf , mc, and md

being finite positive integers. The polynomials Fo(q), Co(q), and Do(q) have all
roots strictly inside the unit circle. Moreover, the polynomials Lo(q) and Fo(q), as
well as Co(q) and Do(q), do not share common factors.

Note that the true system assumed by Ljung and Wahlberg (1992) is more
general, given by

Ao(q)yt = Bo(q)ut + et, (3.9)

where
Ao(q) = 1 + ∞�

k=1
ao

kq−k, Bo(q) = ∞�
k=1

bo
kq−1, (3.10)

with ∞�
k=1

√
k∣ao

k ∣ <∞,
∞�

k=1

√
k∣bo

k ∣ <∞. (3.11)

Our true system description (3.6) can be written in the form (3.9) according to the
relations

Ao(q) = 1 + ∞�
k=1

ao
kq−k = 1

Ho(q) , Bo(q) = ∞�
k=1

bo
kq−k = Go(q)

Ho(q) . (3.12)

Moreover, because of the rational description (3.7) and the stability assumptions,
(3.11) is satisfied.

Because we will allow for the possibility that the input {ut} is obtained in
feedback, this signal can be stochastic. Then, we let Ft−1 be the σ-algebra generated
by {es, us, s ≤ t − 1}. For the noise, the following assumption applies.

Assumption 3.2 (Noise). The noise sequence {et} is a stochastic process that
satisfies

E[et∣Ft−1] = 0, E[e2
t ∣Ft−1] = σ2

o , E[∣et∣10] ≤ C,∀t, (3.13)

for some positive finite constant C.

Before stating the assumption on the input sequence, we introduce the following
definition.
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Definition 3.2 (fN -quasi-stationarity). Define

RN
vv(t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1
N ∑N

t=τ+1 vtv
⊺
tτ

, 0 ≤ τ < N
1
N ∑N+τ

t=1 vtv
⊺
tτ

, −N < τ ≤ 0
0, otherwise.

(3.14)

The vector sequence {vt} is fN -quasi-stationary if

i) There exists Rvv(τ) such that
sup∣τ ∣≤N �RN

vv(τ) −Rvv(τ)� ≤ C1fN

ii) 1
N ∑N

t=−N ∥vt∥2 ≤ C2

for N large enough, where C1 and C2 are finite constants.

Before stating the assumptions on the input sequence, we introduce the following
definition.

Definition 3.3 (Power spectral density). The power spectral density of an fN -
quasi-stationary sequence {vt} is given by Φv(ω) = ∑∞τ=−∞Rvv(τ)e−iτω, if the sum
exists.

For the input, the following assumption applies.

Assumption 3.3 (Input). The input sequence {ut} is defined by ut = −Ko(q)yt+rt,
under the following conditions.

i) The sequence {rt} is independent of {et}, fN -quasi-stationary with fN =� log N
N

,
and uniformly bounded: ∣rt∣ ≤ C, ∀t.

ii) Fr(q) is BIBO stable, where Φr(ω) = Fr(eiω)Fr(e−iω) is the power spectral
density of {rt}.

iii) The closed loop system is fN -stable with fN =√N .

iv) The feedback transfer function Ko(z) is bounded on the unit circle.

v) The spectral density of the process {[rt et]⊺} is bounded from below by the
matrix δI, δ > 0.

Operation in open loop is obtained by taking Ko(q) = 0.
For the model to be estimated, the following assumption applies.

Assumption 3.4 (ARX model order). The model is given by

A(q, ηn)yt = B(q, ηn)ut + et, (3.15)

where
ηn = �a1 ⋯ an b1 ⋯ bn�⊺ . (3.16)
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The estimate of the parameter ηn, η̂n
N , is obtained similarly to (2.53), according to

η̂n
N = [Rn

N ]−1rn
N , (3.17)

where
Rn

N = 1
N

N�
t=n+1

ϕn
t (ϕn

t )⊺, rn
N = 1

N

N�
t=n+1

ϕn
t yt (3.18)

and
ϕn

t = �−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n�⊺ . (3.19)

For the model order n, it holds that it depends on the sample size N—n = n(N)—
according to

D1. n(N)→∞, as N →∞;

D2.
√

Nd(N)→ 0, where d(N) = ∑∞k=n(N)+1 ∣ao
k ∣ + ∣bo

k ∣, as N →∞;

D3. n2(N) log(N)/N → 0, as N →∞;

D4. n4+δ(N)/N → 0, for some δ > 0, as N →∞.

Although D4 implies D3 (Ljung and Wahlberg, 1992), we maintain both conditions
for convenience, as expressions similar to D3 and D4 will often appear in the analysis
conducted in Chapters 5 and 8.

Although η̂n
N is obtained by (3.17), a regularized estimate is considered for the

statistical analysis, according to

η̂n
N ∶= η̂n,reg

N = [Rn
reg(N)]−1rn

N , (3.20)

where

Rn
reg(N) = ⎧⎪⎪⎨⎪⎪⎩

Rn
N if �[Rn

N ]−1� < 2/δ,

Rn
N + δ

2 I2n otherwise,
(3.21)

for some small δ > 0. Asymptotically, the first and second order properties of η̂n,ls
N

and η̂n
N are identical (Ljung and Wahlberg, 1992). Also, when n = n(N) according

to Assumption 3.4, we denote η̂N ∶= η̂
n(N)
N .

3.2 Convergence Results

In this section, we present results by Ljung and Wahlberg (1992) related to conver-
gence.

Before introducing the first result, we define R̄n
N and r̄n

N as

Rn
N → R̄n �∶= Ē �ϕn

t (ϕn
t )⊺�� , as N →∞ w.p.1,

rn
N → r̄n �∶= Ē [ϕn

t yt]� , as N →∞ w.p.1,
(3.22)
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where the order n is fixed. The fact that these limits exist is a consequence of
Assumptions 3.1, 3.2, 3.3, and Theorem 4.1 by Ljung and Wahlberg (1992). The
following lemma concerns convergence of R

n(N)
N .

Lemma 3.1. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then, w.p.1,

�Rn(N)
N − R̄n(N)� ≤ 2n(N)

�
log N

N
+C

n2(N)
N

. (3.23)

Proof. See Lemma 4.1 by Ljung and Wahlberg (1992).

As a particular case of (2.37), the noise variance σ2
o can be estimated by

σ̂2(N) = 1
N

N�
t=1
[A(q, η̂N)yt −B(q, η̂N)ut]2. (3.24)

The following lemma defines the rate at which this value converges to σ2
o .

Lemma 3.2. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then, w.p.1,

∣σ̂2(N) − σ2
o ∣ = O⎛⎝n(N)

�
log N

N

⎞⎠ +O⎛⎝
�

n(N) log N

N
[1 + d(N)]⎞⎠

+O⎛⎝
�

log N

N

⎞⎠ + d(N).
(3.25)

Proof. See the proof of Theorem 3.1 by Ljung and Wahlberg (1992).

The following lemma defines a bound for Rn
N .

Lemma 3.3. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then, there exists N̄
such that, w.p.1, ∥Rn

N∥ ≤ C, ∀n, ∀N > N̄ . (3.26)

Proof. See Lemma 4.2 by Ljung and Wahlberg (1992).

Before stating the next result, let

η̄n ∶= [R̄n]−1r̄n. (3.27)

From (3.17) and (3.22), we have that, for fixed n,

η̂n
N → η̄n, as N →∞ w.p.1. (3.28)

The following theorem applies regarding convergence of η̂N .
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Theorem 3.1. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then,

�η̂N − η̄n(N)� = O⎛⎝
�

n(N) log N

N
[1 + d(N)]⎞⎠ , (3.29)

and �η̂N − η̄n(N)� → 0, as N →∞ w.p.1. (3.30)

Proof. For the first part, see Theorem 5.1 by Ljung and Wahlberg (1992). The
second part follows from�

n(N) log N

N
[1 + d(N)]→ 0, as N →∞, (3.31)

using Conditions D2 and D3 in Assumption 3.4.

The following lemma concerns the error made, for fixed n, between the limit
vector η̄n and the truncated true parameter vector

ηn
o ∶= �ao

1 ⋯ ao
n bo

1 ⋯ bo
n�⊺ . (3.32)

Lemma 3.4. Let Assumptions 3.1, 3.2 and 3.3 hold. Then,

∥η̄n − ηn
o ∥ ≤ C

∞�
k=n+1

∣ao
k ∣ + ∣bo

k ∣ → 0, as n →∞. (3.33)

Proof. The lemma is a direct consequence of Lemma 5.1 by Ljung and Wahlberg
(1992).

3.3 Variance Results

The following theorem concerns asymptotic distribution and covariance of variables
of the form θ = Υnηn, where Υn is an m × 2n deterministic matrix, with m fixed.

Theorem 3.2. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Also, let ∥Υn∥ be
bounded independently of the dimension 2n. Then, we have that√

NΥn(η̂N − η̄n(N)) ∼ AsN(0, P ), (3.34)

where
P = σ2

o lim
n→∞Υn[R̄n]−1(Υn)⊺, (3.35)

if the limit exists.

Proof. See Theorem 7.3 by Ljung and Wahlberg (1992).
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Chapter 4

Model Order Reduction Steiglitz-McBride

The Box-Jenkins Steiglitz-McBride (BJSM) algorithm (Zhu and Hjalmarsson, 2016),
reviewed in Section 2.3.3, is an iterative least-squares method that extends the
range of applicability of the Steiglitz-McBride and improves its asymptotic accuracy.
The idea is to estimate a non-parametric ARX model, which is used to filter the
input and output data in order to whiten the noise contribution, and then apply
the Steiglitz-McBride algorithm to the filtered data set. This yields asymptotically
efficient estimates in open loop, but it requires the Steiglitz-McBride iterations to
tend to infinity, making BJSM an iterative least-squares method.

In this chapter, we address this limitation of BJSM. In particular, we propose a
method that uses the non-parametric ARX-model estimate to construct an alterna-
tive data set, which is motivated by an asymptotic maximum likelihood criterion
(Section 2.3.2). When applied to this data set, one iteration of the Steiglitz-McBride
algorithm is enough to obtain an asymptotically efficient estimate in open loop,
making the proposed method a multi-step least-squares method. We name the
method model order reduction Steiglitz-McBride (MORSM).

For this method, we separate the open- and closed-loop cases. When PEM is used
in open loop, the plant and noise-model estimates are asymptotically uncorrelated
if they are independently parametrized (Ljung, 1999). Therefore, asymptotically
efficient estimates of the plant can be obtained even if a high-order noise model is
used. However, in closed loop, a correctly parametrized noise model is required to
achieve asymptotic efficiency for the plant estimates. Nevertheless, there exists an
upper bound on the covariance of the plant estimates when PEM is applied with a
noise-model order that tends to infinity (Forssell and Ljung, 1999). As the proposed
method only considers a high-order noise model, efficiency cannot be attained in
closed loop. However, the estimates have the same asymptotic covariance as PEM
with an infinite-order noise model.

The chapter is organized as follows. In Section 4.1, we state the considered
problem. In Section 4.2, we provide the motivation for the method. In Section 4.3,
we present the method for open loop, and argue that it provides asymptotically
efficient estimates of the plant. A formal proof is available (Everitt et al., 2018b),
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62 Model Order Reduction Steiglitz-McBride

but it is not included in this thesis. In Section 4.4, we present the method for closed
loop. Simulation examples are performed in Section 4.5, followed by conclusions in
Section 4.6.

4.1 Problem Statement

Consider that a scalar output {yt} is generated by

yt = Go(q)ut +Ho(q)et (4.1)

where {ut} is a known scalar input, {et} is a scalar unknown white-noise signal with
variance σ2

o , and Go(q) and Ho(q) are rational functions according to

Go(q) = Lo(q)
Fo(q) =

lo
1q−1 +⋯ + lo

ml
q−mo

l

1 + fo
1 q−1 +⋯ + fo

mf
q−mo

f
,

Ho(q) = Co(q)
Do(q) =

1 + co
1q−1 +⋯ + co

mc
q−mo

c

1 + do
1q−1 +⋯ + do

md
q−mo

d
.

(4.2)

For discussions regarding asymptotic efficiency, we assume in addition that {et}
is Gaussian. The transfer functions Go(q), Ho(q), and 1/Ho(q) are assumed to be
stable. The polynomials Lo(q) and Fo(q)—as well as Co(q) and Do(q)—do not
share common factors.

We consider a Box-Jenkins model, with

yt = G(q, θ)ut +H(q, α)et, (4.3)

where
G(q, θ) = L(q, θ)

F (q, θ) = l1q−1 +⋯ + lml
q−ml

1 + f1q−1 +⋯ + fmf
q−mf

,

H(q, α) = C(q, α)
D(q, α) = 1 + c1q−1 +⋯ + cmcq−mc

1 + d1q−1 +⋯ + dmd
q−md

,

(4.4)

and
θ = �f1 . . . fmf

l1 . . . lml
�⊺ ∈ Rmf+ml ,

α = �c1 . . . cmc d1 . . . dmd
�⊺ ∈ Rmc+md .

(4.5)

The orders of the polynomials of Go(q) are assumed to be known (i.e., mf = mo
f

and ml =mo
l ). For simplicity of notation only, we also assume that mg ∶=mf =ml.

Concerning H(q, α), we do not assume that the orders mo
c and mo

d are known. Again,
for simplicity, we assume mh ∶=mc =md and mo

h ∶=mo
c =mo

d.
In this chapter, we will discuss the consequences of under-parametrizing and

over-parametrizing H(q, α) for the estimation of θ. The objective is to propose a
least-squares method that non-iteratively provides asymptotically optimal estimates
of G(q, θ), when H(q, α) is of infinite order. The motivation to estimate a parametric
plant model while the noise is modeled non-parametrically is considered next.
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4.2 Motivation

The model for a system is an abstraction: it can never be a true description of
the system, but some form of representation to be used with a specific purpose.
The choices of model structure and model order are therefore an important part
of system identification, although not covered in this thesis. Nevertheless, in this
chapter we separate the need to know the true model order of the plant and of the
noise model, if only the plant estimate is of interest.

Even if a model is always an abstraction, an appropriate choice of plant model
order can often be based on physical knowledge or intuition. Naturally, different
model orders can be chosen depending on the desired precision to know the system
dynamics. However, this is still a choice that, in many cases, can be directly connected
to some understanding of the physical reality.

On the other hand, the choice of noise-model order is typically more difficult to
grasp from a physical perspective. The noise affecting the output can come from
many different sources: sensor noise, unmodeled dynamics, process noise. However,
because it is impossible to distinguish the noise sources individually on the measured
output, their aggregate effect is lumped into a signal consisting of white noise
filtered by the noise model. The objective is to create a noise signal whose spectrum
resembles that of the aggregate effect of the disturbances. From this discussion, it
makes sense that the concept of true order for a noise model requires a higher level
of abstraction than for the plant model.

Therefore, a method where the choice of noise-model order is not required
would be more user friendly, as argued by Schoukens et al. (2011). Therein, a
frequency domain method that estimates a parametric model for the plant and
a non-parametric noise model is proposed for estimation of Box-Jenkins systems.
Then, it makes sense to discuss what the consequences are for the plant estimate
when a noise model that is under- or over-parametrized is chosen. We consider the
prediction error method in open and closed loop.

If data are collected in open loop, an under-parametrized noise model still
provides consistent estimates of the plant, but asymptotic efficiency is lost; for an
over-parametrized noise model, the plant estimates are still asymptotically efficient,
even if the noise-model order tends to infinity (Ljung, 1999). Therefore, in open
loop, a precise choice of noise-model order is not particularly important: if the
interest is only to obtain consistent estimates, there is no concern in the choice of
noise-model order; to obtain asymptotically efficient estimates, the order can be
chosen arbitrarily large.

The closed-loop case has been studied, among others, by Forssell and Ljung (1999),
where different approaches to identification are considered. With the direct approach,
which uses the plant input and the measured output to directly estimate the system,
the plant estimates depend on the noise model as follows. If an under-parametrized
noise model is used, the plant estimates are biased. If an over-parametrized model is
used, the plant estimates are consistent, but not asymptotically efficient. Asymptotic
efficiency is only achieved when a noise model with the correct order is chosen.
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However, when the noise-model order tends to infinity, there is an upper bound on
the asymptotic covariance of the plant estimates.

From these considerations, if the true noise-model order is unknown, it is appro-
priate to guarantee that it is in the model set. In this sense, the noise-model order
could be chosen arbitrarily large: in open loop, the plant estimates are asymptotically
efficient; in closed loop, they are consistent and the asymptotic covariance is below
a certain bound. The problem is that the more parameters PEM is required to
estimate, the more numerically complex the optimization problem becomes. Thus,
choosing the noise-model order arbitrarily large is in general not appropriate with
the prediction error method.

However, with an ARX model, the estimate obtained with PEM has a closed-form
solution. In this case, as discussed in Chapter 2, the order can be chosen arbitrarily
large while using a numerically stable procedure. Moreover, an ARX-model estimate
asymptotically (in model order) provides consistent estimates of more general classes
of systems, such as Box-Jenkins. Consider the ARX model

A(q, ηn)yt = B(q, ηn)ut + et, (4.6)

where
A(q, ηn) = 1+a1q−1 +⋯ + anq−n,

B(q, ηn) = b1q−1 +⋯ + bnq−n,
(4.7)

and the parameter vector to be estimated is

ηn = �a1 ⋯ an b1 ⋯ bn�⊺ ∈ R2n. (4.8)

Then, the ARX-model parameter estimate η̂n
N is obtained with least squares as

in (2.53), repeated here for convenience:

η̂n
N = [Rn

N ]−1rn
N , (4.9)

where
Rn

N = 1
N

N�
t=n+1

ϕn
t (ϕn

t )⊺, rn
N = 1

N

N�
t=n+1

ϕn
t yt. (4.10)

and
ϕn

t = �−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n�⊺ . (4.11)

Having an estimate η̂n
N , we have (for sufficiently large N and n), as pointed out

in (2.61), that

Go(q) ≈ B(q, η̂n
N)

A(q, η̂n
N) , Ho(q) ≈ 1

A(q, η̂n
N) . (4.12)

Then, using (4.12) and the statistical properties of η̂n
N (see Chapter 3), we can

obtain low-order estimates of Go(q) and Ho(q) from a maximum likelihood criterion,
using the parametrization (4.4).
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However, because we do not assume the orders of Ho(q) known, we are not
interested in estimating a low-order model for it. With this motivation, we take an
approach that continues the discussion in Section 2.3.1 regarding asymptotic ML for
model reduction from a non-parametric ARX model, which considers the estimates
of G(q, θ) and H(q, α) separately.

4.3 Open Loop

In this section, the discussion only considers data obtained from open-loop opera-
tion. Before stating the proposed method, we present some results regarding the
asymptotic properties of the plant estimates obtained with PEM when the noise
model is over-parametrized. Then, we recall the main ideas of the BJSM algorithm
as a way to introduce the proposed method.

4.3.1 Preliminaries
For BJ models (4.3), the one step-ahead prediction errors (2.43) are given by

εt(θ, α) = D(q, α)
C(q, α) �yt − L(q, θ)

F (q, θ)ut� . (4.13)

The parameter estimates, using PEM with a quadratic cost function, are determined
by minimizing the loss function

VN(θ, α) = 1
N

N�
t=1

ε2
t (θ, α), (4.14)

where N is the number of data samples. We denote by θ̂PEM
N the estimate of θ

obtained by minimizing (4.14). Moreover, θo corresponds to the vector θ evaluated
at the coefficients of Fo(q) and Lo(q).

Because the system operates in open loop, it is well known that the estimate of θ
is asymptotically uncorrelated with the estimated parameters α in the noise model
H(q, α), as long as the true noise model is in the model set (e.g., Ljung, 1999). In
particular, when PEM is applied to the model (4.3), we have (independently of the
estimate of α) √

N(θ̂PEM
N − θo) = AsN �0, σ2

oM−1
OL� , (4.15)

where (we omit the argument of the transfer functions for brevity)

MOL = 1
2πσ2

o
� 2π

0

⎡⎢⎢⎢⎢⎣
− Go

FoHo
Γmg

1
FoHo

Γmg

⎤⎥⎥⎥⎥⎦Φu

⎡⎢⎢⎢⎢⎣
− Go

FoHo
Γmg

1
FoHo

Γmg

⎤⎥⎥⎥⎥⎦dω, (4.16)

with Γm(q) = �q−1 . . . q−m�⊺ and Φu the spectrum of the input {ut} (within
integrals that are functions of ω, functions of q−1 are evaluated at q = eiω). For
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convenience of notation, the asymptotic covariance expressions in (4.16) and (2.45)
are defined with slightly different notation.

When {et} is Gaussian, PEM with a quadratic cost function is asymptotically
efficient, meaning that M−1

OL corresponds to the Cramér-Rao lower bound, the
smallest possible asymptotic covariance matrix for a consistent estimator (Ljung,
1999). Again, we recall that only the orders of G(q, θ) need to be chosen correctly to
achieve efficiency, whereas H(q, α) only needs to include Ho(q) for some particular
values of α. Thus, if only a model of Go(q) is of interest, and the order of Ho(q) is
unknown, mh can be allowed to grow to infinity (guaranteeing that H(q, α) is in
the model set) without affecting the asymptotic properties of the estimate of θ.

An important remark is that the non-convex optimization problem of minimiz-
ing (4.14) becomes numerically more complex if we let the order of the noise model
H(q, α) be arbitrarily large. A more numerically robust alternative is to use the
BJSM method (Zhu and Hjalmarsson, 2016), recalled in Section 2.3.3. This method
uses the Steiglitz-McBride iterations (Steiglitz and McBride, 1965; also described in
Section 2.3.3), but extends its range of applicability and improves its asymptotic
properties. In particular, the method provides consistent and asymptotically efficient
estimates of the plant if the true system is of BJ structure, under the assumptions
that the data are obtained in open loop and that the Steiglitz-McBride iterations
converge.

To recall the main idea of BJSM, the first step consists of computing an ARX-
model estimate η̂n

N . Then, the Steiglitz-McBride method is applied to the pre-filtered
data set

ypf
t = A(q, η̂n

N)yt, upf
t = A(q, η̂n

N)ut. (4.17)
The motivation is that the pre-filtered data set satisfies

ypf
t = Lo(q)

Fo(q)upf
t +A(q, η̂n

N)Ho(q)et, (4.18)

which asymptotically corresponds to

ypf
t ≈ Lo(q)

Fo(q)upf
t + et. (4.19)

Because (4.19) is of OE structure, the Steiglitz-McBride algorithm can be applied
to the data set {ypf

t , upf
t }. If we were to apply PEM to the pre-filtered data set, we

would minimize, motivated by (4.19),

VN(θ; η̂n
N) = 1

N

N�
t=1

�ypf
t − L(q, θ)

F (q, θ)upf
t �2

(4.20)

(note that there is a dependency on η̂n
N through upf

t and ypf
t ). To avoid a non-convex

optimization problem, the Steiglitz-McBride method is used instead.
One limitation with BJSM, observed in Section 2.3.3, is that it theoretically

requires the number of Steiglitz-McBride iterations to tend to infinity for consistency
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and asymptotic efficiency to be attained. We also observed a quite counter-intuitive
result: A(q, η̂n

N) needs to be estimated even if Ho(q) = 1 (i.e., an ARX model is still
required, although a non-parametric FIR is sufficient to asymptotically model the
true system). The reason can be traced back to BJSM not using all the information
contained in the non-parametric ARX estimate: the data {yt} is still used in the
pre-filtering step, and the estimate B(q, η̂n

N) is never used.
In the following, our objective is to obtain an asymptotically efficient estimate

based on the asymptotic maximum likelihood criterion (2.92) in a multi-step least-
squares fashion. As we will see, this leads to an algorithm that has close similarities
with BJSM but does not suffer from the same limitations.

4.3.2 Model Order Reduction Steiglitz-McBride
According to an asymptotic maximum likelihood criterion, the estimation of G(q, θ)
is (in open loop) obtained by minimizing (2.92), repeated here for convenience:

V̄ (θ; η̂n
N) = � 2π

0
�G(eiω, η̂n

N) −G(eiω, θ)�2 Φu(ω)�H(eiω, η̂n
N)�2 dω. (4.21)

The idea of the ASYM method of Zhu (2001), described also in Section 2.3.1, is to
minimize the time-domain equivalent

VN(θ; η̂n
N) = 1

N

N�
t=1

��B(q, η̂n
N)

A(q, η̂n
N) −G(q, θ)�A(q, η̂n

N)ut�2

, (4.22)

as given in (2.94), using non-linear optimization algorithms. In the following, we
are interested in using least-squares methods.

To accomplish this, we first write (4.22) as

VN(θ; η̂n
N) = 1

N

N�
t=1

�B(q, η̂n
N)ut − L(q, θ)

F (q, θ)A(q, η̂n
N)ut�2

. (4.23)

Then, we notice that (4.23) has the same form as (4.20) if we define

ypf
t ∶= B(q, η̂n

N)ut, upf
t ∶= A(q, η̂n

N)ut. (4.24)

Thus, the same idea (i.e., applying the Steiglitz-McBride to {ypf
t , upf

t }) can be used,
where the estimate at iteration k is given by

θ̂
(k)
N = arg min

θ

1
N

⎡⎢⎢⎢⎢⎣F (q, θ) 1
F (q, θ̂

(k−1)
N )ypf

t −L(q, θ) 1
F (q, θ̂

(k−1)
N )upf

t

⎤⎥⎥⎥⎥⎦
2

, k ≥ 1,

(4.25)
initialized with

θ̂
(0)
N = arg min

θ

1
N

�F (q, θ)ypf
t −L(q, θ)upf

t �2
. (4.26)
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The only difference between this approach and BJSM is in how the pre-filtered data
set is generated. Comparing (4.24) and (4.17), we observe that {upf

t } are identical,
but {ypf

t } are different. The difference lies in the measured output not being used
to construct the new pre-filtered data set. In (4.17), the measured output is used;
in (4.24), the output is simulated from the input and the ARX model estimate. In
particular, we simulate the output according to

ys
t ∶= B(q, η̂n

N)
A(q, η̂n

N)ut, (4.27)

and then apply the same filter as in (4.17) but on the simulated output, according
to

ypf
t = A(q, η̂n

N)ys
t = B(q, η̂n

N)ut, (4.28)
obtaining the proposed pre-filter (4.24).

Because the essential idea of the proposed method is to use the Steiglitz-McBride
algorithm to perform model order reduction based on an asymptotic ML criterion,
we name it model order reduction Steiglitz-McBride (MORSM), which can be
summarized in the following algorithm.

Algorithm 4.1 (Model Order Reduction Steiglitz-McBride). The model order
reduction Steiglitz-McBride (MORSM) method consists of the following three steps:

(1) estimate an ARX-model using the input-output data {ut, yt}, according to (4.9);

(2) construct the pre-filtered data {upf
t , ypf

t }, according to (4.24);

(3) apply the Steiglitz-McBride method to {upf
t , ypf

t } to obtain estimates L(q, θ̂N)
and F (q, θ̂N).
Note that the pre-filtered data set (4.24) only depends on the original output

data {yt} through the least-squares estimate η̂n
N . As shown by Everitt et al. (2018b),

disregarding the data after the non-parametric ARX model has been estimated leads
to MORSM having the following asymptotic statistical properties.

Theorem 4.1. Let Assumptions 3.1, 3.2, 3.3 (with Ko = 0), and 3.4 hold, and the
estimate θ̂

(k)
N be given by (4.25) for k ≥ 1 and by (4.26) for k = 0 . Then, we have

that
θ̂
(k)
N → θo, as N →∞ w.p.1, ∀k ≥ 0. (4.29)

Proof. See Appendix B of Everitt et al. (2018b).

Theorem 4.2. Let Assumptions 3.1, 3.2, 3.3 (with Ko = 0), and 3.4 hold, and the
estimate θ̂

(k)
N be given by (4.25) for k ≥ 1. Then, we have that√

N(θ̂(k)N − θo) ∼ AsN(0, σ2
oM−1

OL), ∀k ≥ 1, (4.30)

with MOL given by (4.16).



4.3. Open Loop 69

Proof. See Appendix D of Everitt et al. (2018b).

Theorem 4.1 implies that, in open loop, the initializing estimate of MORSM
is already a consistent estimate. In addition, Theorem 4.2 implies that, in open
loop, the estimate obtained after the first iteration (k = 1) is already asymptotically
efficient for Gaussian noise.

These results distinguish MORSM and BJSM in two ways. First, if the noise
contribution affecting the true system (4.1) is white, they are still valid if a non-
parametric FIR model is estimated instead of an ARX. In this case, we set A(q, η̂n

N) =
1, which leaves {ut} unchanged when performing the pre-filtering step (4.24), but
still generates a pre-filtered output using B(q, η̂n

N). Second, the results hold for
finite k, whereas for BJSM the corresponding results hold only as k →∞.

To intuitively understand why BJSM requires iterations whereas MORSM does
not, we first recall why Steiglitz-McBride is an iterative method. From (2.119), the
cost function for initialization of the Steiglitz-McBride (2.118) evaluated at the true
parameters is given by

VN(θo) = 1
N

N�
t=1
[F (q, θo)et]2 ; (4.31)

so, the true parameter vector θo does not correspond to the cost function of a white
sequence. Therefore, the estimate θ̂

(0)
N obtained in this step is not consistent. In the

next step, we have from (2.121) that

VN(θo) = 1
N

N�
t=1

⎡⎢⎢⎢⎢⎣
F (q, θo)

F (q, θ̂
(0)
N )et

⎤⎥⎥⎥⎥⎦
2

; (4.32)

so, θo still does not correspond to the cost function of a white sequence, because
θ̂
(0)
N is not a consistent estimate of θo. Therefore, the new estimate θ̂

(1)
N is still not

consistent. We can then iterate, obtaining a new estimate θ̂
(k+1)
N with F (q, θ̂

(k)
N ).

Under the conditions established by Stoica and Söderström (1981), we have that
θ̂
(k)
N → θo, as N →∞ and k →∞. Concerning the original BJSM method, because

the pre-filtered data are according to (4.18), the model is asymptotically of OE
structure, and a similar procedure takes place.

On the other hand, the MORSM pre-filtering (4.24), which disregards the original
data, satisfies

ypf
t = Lo(q)

Fo(q)upf
t + �B(q, η̂n

N)
A(q, η̂n

N) −
Lo(q)
Fo(q)�upf

t . (4.33)

This is a noise-free equation, except for the noisy parameters in the estimated ARX
model. However, the second term in (4.33) tends to zero asymptotically. As conse-
quence, the variance of the error sequence being minimized by the Steiglitz-McBride
iterations disappears asymptotically, and only one Steiglitz-McBride iteration is
required to obtain an asymptotically efficient estimate.
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The idea of using Steiglitz-McBride to, in some sense, perform model order
reduction, is not new. Variants of the Steiglitz-McBride method have been applied
to estimate rational filters from an impulse response estimate, instead of applying
the method directly to data (e.g., Evans and Fischl, 1973; McClellan and Lee, 1991;
Shaw, 1994). However, although some of these procedures are in some sense optimal
under specific conditions, we consider a quite general system identification problem
and motivate the application of the method based on an ML criterion. This, as
shown by Everitt et al. (2018b), not only provides asymptotically efficient estimates
under a quite general class of systems and external signals, but also does so in one
iteration.

4.4 Closed Loop

Consider now that the system (4.1) operates in closed loop. In particular, the input
sequence {ut} is generated by

ut = rt −Ko(q)yt, (4.34)

where {rt} is an external reference signal with spectrum Φr and uncorrelated with{et}, and Ko(q) is a linear controller. The input and output data are then given by

yt = Go(q)So(q)rt +Ho(q)So(q)et,

ut = So(q)rt −Ko(q)Ho(q)So(q)et,
(4.35)

where S(q) = [1 +Ko(q)G(q)]−1 is the sensitivity function. We assume that data{ut, yt} are available, where the input can either be available through measurements
according to (4.35) or computed using (4.34) from a known external reference {rt}
and controller Ko(q).

We now recall some results regarding the statistical properties of the plant
estimates obtained when PEM is applied with an over-parametrized noise model.
Then, we propose a generalization for MORSM to be applicable in closed loop with
optimal statistical properties for an infinite-order noise model.

4.4.1 Preliminaries
As discussed in Section 4.2, PEM does not provide consistent estimates of θ if
mh < mo

h (i.e., if the noise model is under-parametrized). If mh ≥ mo
h, the plant

estimates will be consistent. However, unlike the open-loop case, the asymptotic
covariance of θ̂N depends on the exact value of mh chosen.

In closed loop, if θ̂PEM
N is the estimate obtained with PEM, we have that (Forssell

and Ljung, 1999) √
N �θ̂PEM

N − θo� ∼ AsN �0, σ2
oM−1

CL� , (4.36)
where

MCL = 1
2π

� 2π
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Γmg
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Γmg

1
FoHo

Γmg

⎤⎥⎥⎥⎥⎦dω +Δ, (4.37)
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with Φr
u the spectrum of {ut} due to {rt} (i.e., if et ≡ 0) and Δ a positive semi-definite

matrix. In particular, this matrix reaches a maximum when mh =mo
h, at which point

the covariance M−1
CL reaches a minimum, corresponding to the Cramér-Rao bound

for closed loop. On the other hand, Δ → 0 when mh →∞. In conclusion, although
θ̂N is only an asymptotically efficient estimate in closed loop when mh = mo

h, its
asymptotic covariance can be upper bounded if the noise model is over-parametrized.
In particular, for an infinite order noise model, we have

MCL = 1
2π

� 2π

0

⎡⎢⎢⎢⎢⎣
− Go

FoHo
Γmg

1
FoHo

Γmg

⎤⎥⎥⎥⎥⎦Φr
u

⎡⎢⎢⎢⎢⎣
− Go

FoHo
Γmg

1
FoHo

Γmg

⎤⎥⎥⎥⎥⎦dω =∶ M∞
CL. (4.38)

Moreover, comparing (4.16) and (4.38), we see that estimating θ from a closed-loop
experiment with a particular reference signal {r̄t} and an infinite-order noise model
provides estimates with the same covariance as performing an open-loop experiment
with the input sequence {ut} defined by ut = So(q)r̄t.

Guaranteeing consistency in closed loop with under-modeled noise dynamics has
been addressed by two-stage methods (Van den Hof and Schrama, 1993; Forssell
and Ljung, 2000c). As MORSM in open loop only estimates a non-parametric noise
model, its approach is also appropriate to obtain consistent estimates of the plant in
closed loop without having to estimate a parametric noise model. In the following,
we present this algorithm, which can also attain asymptotically optimal estimates
for an infinite-order noise model.

4.4.2 Model Order Reduction Steiglitz-McBride
The idea of MORSM is to use Steiglitz-McBride on an asymptotic maximum
likelihood cost function. In closed loop, the asymptotic negative log-likelihood
function to estimate G(q, θ) from G(q, η̂n

N) is given by (Zhu, 2001)

V̄ (θ; η̂n
N) = 1

2π
� π

−π
�G(eiω, η̂n

N) −G(eiω, θ)�2 Φu(ω)σ2
o − ∣Φue(w)∣2

Φv(ω)σ2
o

dω, (4.39)

where

Φu(ω) = �So(eiω)�2 Φr(ω) + �K(eiω)�2 �So(eiω)�2 �Ho(eiω)�2 σ2
o ,

Φue(ω) = −K(eiω)So(eiω)Ho(eiω)σ2
o ,

Φv(ω) = �Ho(eiω)�2 σ2
o .

(4.40)

Replacing (4.40) in (4.39), we obtain

V̄ (θ; η̂n
N) = 1

2π
� π

−π
�G(eiω, η̂n

N) −G(eiω, θ)�2 �So(eiω)�2 Φr(ω)∣Ho(eiω)∣2 dω. (4.41)
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Because So(q) is unknown, we replace it by its high-order estimate

S(q, η̂n
N) ∶= A(q, η̂n

N)
A(q, η̂n

N) +Ko(q)B(q, η̂n
N) , (4.42)

where we assume that the controller Ko(q) is known. Concerning Ho(q), we replace
it by A−1(q, η̂n

N) as before. Then, in the time domain and with finite sample size,
we minimize

VN(θ; η̂n
N) = 1

N

N�
t=1
{[G(q, η̂n

N) −G(q, θ)]S(q, η̂n
N)A(q, η̂n

N)rt}2

= 1
N

N�
t=1
[B(q, η̂n

N)S(q, η̂n
N)rt −G(q, θ)S(q, η̂n

N)rt]2 .

(4.43)

Comparing (4.43) and (4.20), we may define

ypf
t ∶= B(q, η̂n

N)S(q, η̂n
N)rt, upf

t ∶= A(q, η̂n
N)S(q, η̂n

N)rt. (4.44)

Then, similarly to the open-loop case, the Steiglitz-McBride method can be applied
with the data set (4.44). With Ko(q) = 0 (open loop), we have S(q, η̂n

N) = 1 (4.42)
and rt = ut, which makes the closed-loop data set (4.44) correspond to the open-loop
data set (4.24).

A formal proof that this procedure provides consistent estimates of θ with
asymptotic covariance given by (4.38) has not been published. However, the idea is
very similar to the open-loop proof by Everitt et al. (2018b).

The data-set (4.44) shows that closed-loop MORSM has similarities with two-
stage methods beyond the common objective of not requiring a noise-model estimate
for consistency. The basic idea of two-stage methods is to apply the prediction error
method with the true input replaced by a “noise-free” version, estimated from a
high-order model of the sensitivity function. MORSM can be differentiated by also
estimating a “noise-free” output and using a multi-step least-squares algorithm.

One disadvantage with this algorithm is that it requires knowledge of the
controller Ko(q). This can be easily solved by estimating the sensitivity function
from a non-parametric model of the second equation in (4.35) instead of (4.42),
similarly to the two-stage method of Van den Hof and Schrama (1993). However,
knowledge of the external signal {rt} is still required. We will return to this issue in
Chapter 8.

4.5 Simulation Examples

In this section, we perform several Monte Carlo simulations to illustrate the perfor-
mance of MORSM. We first consider open-loop and then closed-loop operation.
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4.5.1 Open Loop
We perform two open-loop simulations. First, we illustrate that MORSM only re-
quires one Steiglitz-McBride iteration to provide an asymptotically efficient estimate,
whereas BJSM requires more. Second, we compare the average number of iterations
required for MORSM, BJSM, and PEM. Third, we perform a study comparing the
performance of MORSM with other methods.

Asymptotically efficient estimates in one iteration

The first simulation is for illustration purposes regarding the number of iterations
required for MORSM and BJSM. The implementation difference between these
methods is in the pre-filtering. In particular, MORSM does not use the noisy output
to construct the pre-filtered data set: unlike BJSM, the output measurements are
only used indirectly via the non-parametric model estimate. The consequence is that
MORSM only requires one iteration to provide an asymptotically efficient estimate.

In this simulation example, the data are generated by

yt = q−1 + 0.1q−2

1 − 1.2q−1 + 0.6q−2 ut + 1 + 0.7q−1

1 − 0.9q−1 et. (4.45)

One hundred Monte Carlo simulations are performed with eight sample sizes log-
arithmically spaced between N = 200 and N = 20000. The input {ut} is obtained
by

ut = 1
1 − q−1 + 0.89q−2 uw

t , (4.46)

where {uw
t } and {et} are mutually uncorrelated white and Gaussian with zero mean

and unit variance.
We compare the following methods:

• the prediction error method, initialized at the true parameters (PEMt);

• the Box-Jenkins Steiglitz-McBride method, with 100 iterations (BJSM100);

• the Box-Jenkins Steiglitz-McBride method, with one iteration (BJSM1);

• the model order reduction Steiglitz-McBride method, with 100 iterations
(MORSM100);

• the model order reduction Steiglitz-McBride, with one iteration (MORSM1).

All methods estimate a plant parameterized with the correct orders, and PEM
also estimates a correctly parameterized noise model. For BJSM and the proposed
method, an ARX model of order 50 is estimated in the first step. As the objective of
this simulation is to observe convergence and asymptotic variance properties, PEM is
started at the true parameters, and all methods assume known initial conditions—for
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MORSM and BJSM, this means that the sums in (4.10) for computing the non-
parametric ARX-model estimate start at t = 1 instead of t = n+1. With MORSM and
BJSM, the plant model we estimate has the correct structure and orders, whereas
only a high-order noise model is considered; with PEM, both the plant and noise
model are correctly parametrized. The MATLAB2014b implementation of PEM is
used.

The results are presented in Fig. 4.1, where the average RMSE of the estimated
impulse response from 1000 Monte Carlo runs is plotted as function of the sample
size. The RMSE is defined by

RMSE ∶= ∥go − ĝ∥ , (4.47)

where go is a vector with the impulse response coefficients of Go(q), and analogously
for ĝ with the impulse response of the estimated plant model (sufficiently long
impulse responses are taken to make sure the RMSE is not affected). In Fig. 4.1,
we observe that MORSM and BJSM perform similarly with 100 iterations for the
complete range of sample sizes used: notice that the markers ‘×’ (MORSM100) and
‘○’ (BJSM100) always coincide. MORSM performs slightly worse with one iteration
than with 100 for small sample sizes, but one iteration gives an asymptotically
efficient estimate, unlike with BJSM. Thus, if allowed to converge, both MORSM
and BJSM attain the asymptotic covariance of PEM. However, BJSM theoretically
needs the Steiglitz-McBride iterations to tend to infinity, whereas MORSM only
needs one iteration.

Convergence speed

In the following simulation, we compare the performance of BJSM and MORSM
with randomly generated systems, with structure

yt = lo
1q−1 + lo

2q−2 + lo
3q−3 + lo

4q−4

1 + fo
1 q−1 + fo

2 q−2 + fo
3 q−3 + fo

4 q−4 ut + 1 + co
1q−1 + co

2q−2 + co
3q−3 + co

4q−4

1 + do
1q−1 + do

2q−2 + do
3q−3 + do

4q−4 et,

(4.48)
where {ut} is given as in the previous simulation, and {et} is Gaussian white noise
with variance chosen to obtain a signal-to-noise ratio

SNR = ∑N
t=1[Go(q)ut]2∑N
t=1[Ho(q)et]2 = 5. (4.49)

The coefficients of Lo(q) are generated from a uniform distribution, with values
between −1 and 1. The coefficients of the remaining polynomials are generated such
that Fo(q), Co(q), and Do(q) have all roots inside an annulus in the unit disc with a
radius between 0.7 and 0.9, with positive real part. We do this with the objective of
studying a particular class of systems: namely, the systems are effectively of fourth
order (i.e., no poles are extremely dominant over others), they can be approximated
by ARX models roughly of orders between 30 and 100, and they resemble physical
systems.
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Figure 4.1: Average RMSE as function of sample size for several methods, obtained
from 100 Monte Carlo runs with a fixed system.

We consider the following methods:

• the prediction error method, initialized at the true parameters (PEMt);

• the prediction error method, with default MATLAB initialization (PEMd);

• the Box-Jenkins Steiglitz-McBride method (BJSM);

• the model order reduction Steiglitz-McBride method using multiple iterations
(MORSM);

• the model order reduction Steiglitz-McBride method using one iteration
(MORSM1).

All the methods except MORSM1 perform a maximum of 1000 iterations and use 10−4

as tolerance for the sopping criterion (PEM for the function value, MORSM/BJSM
for the normalized relative change in the parameter estimates). With PEM, we
estimate initial conditions with the default MATLAB approach, whereas with
MORSM and BJSM we truncate them when estimating the non-parametric ARX
model, as in (4.10). Although a procedure to estimate initial conditions for this type
of methods will be proposed in Chapter 9, it is only applicable if the plant and noise
model share the same poles (e.g., ARMAX) or if the noise-model poles are known
(e.g., OE), which is not the case for BJ models.



76 Model Order Reduction Steiglitz-McBride

An important question for MORSM and BJSM is how to choose the ARX-model
order n. The approach we take will be further motivated and detailed in Chapter 5. It
consists of running MORSM/BJSM for a grid of non-parametric ARX-model orders
n, which provides several parametric estimates θ̂N(n), one for each order n. Then,
an appropriate procedure to choose the best θ̂N(n) is to use the prediction error
criterion (4.14), meaning that we choose the estimate θ̂N(n) that provides the lowest
value of (4.14). However, because MORSM/BJSM do not provide a parametric
estimate α for the noise model, when computing the prediction errors (4.13), we
replace D(q, α)/C(q, α) by the non-parametric ARX-model polynomial A(q, ηn)
corresponding to the highest order n in the grid. For this simulation, we use a grid
of values between 25 and 125, spaced with intervals of 25.

The performance of each method is evaluated by calculating the FIT of the
impulse response of the plant, given by, in percent,

FIT = 100�1 − RMSE∥go −mean[go]∥� , (4.50)

where mean[go] is the average of the elements of go. The results are presented
in Figure 4.2, with the average FIT as function of sample size. Comparing PEM
initialized at the true parameters (PEMt) and with default initialization (PEMd),
we conclude that the default initialization in MATLAB and consequent optimization
procedure provide estimates that not always attain the global optimum. Moreover,
we confirm that, with sufficient iterations, MORSM and BJSM perform similarly,
and attain the performance of PEM initialized at the true parameters. MORSM
with only one iteration, despite having guaranteed the same asymptotic properties,
performs worse for these settings and range of sample sizes.

That both MORSM and BJSM, for finite sample size, require more than one
iteration for convergence does not render MORSM useless with respect to BJSM.
In Table 4.1, we indicate the average number of iterations required for each method
to converge as function of the sample size (for MORSM and BJSM, which are run
several times in parallel for a grid of ARX-model orders, we present the number
of iterations corresponding the best ARX-model order according to our criterion).
From here, we conclude that, even when MORSM needs more than one iteration to
converge, it still converges faster than BJSM. Moreover, BJSM needs approximately
the same amount of iterations independently of sample size, whereas the number of
iterations required for MORSM decreases with sample size. This is in accordance with
the theoretical result that, asymptotically, MORSM provides an efficient estimate
in one iteration.

Comparison with other methods

In the following simulations, we use two systems, each in two different settings, where
PEM often provides an estimate that does not correspond to the global minimum of
its cost function (we use PEM with default MATLAB initialization). We compare
with different methods, and observe that MORSM is quite robust against failures of
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Figure 4.2: Average FIT for several methods, obtained from 100 Monte Carlo runs
with random systems.
Table 4.1: Average number of iterations until convergence for several methods and
different sample sizes.

N 400 818 1674 3425 7007 14335 29328 60000
BJSM 46 54 81 116 111 118 119 117
MORSM 23 13 10 8 6 5 4 3
PEMd 23 22 26 18 19 16 14 20
PEMt 13 8 7 5 4 3 3 2

the algorithm, while having a median performance competitive with other methods
that have the same asymptotic statistical properties.

The following methods are compared:

• the prediction error method, with default MATLAB initialization (PEMd);

• a subspace method with CVA weighting (SS);

• the refined instrumental variable method (RIV);

• the model order reduction Steiglitz-McBride method (MORSM);

• the prediction error method, initialized at the true parameters (PEMt).

PEMd, SS and PEMt are according to the implementation in MATLAB2016b with
default settings. RIV is according to the implementation in the CAPTAIN toolbox
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Figure 4.3: System in (4.51) with true noise model (4.52): boxplot of FIT for several
methods, obtained from 100 Monte Carlo runs.

v7.5:11 with default settings. With PEM and RIV, the plant and noise models
always have the correct order. With SS, the state-space model order is chosen as
the number of non-zero Hankel singular values of the state-space description. With
MORSM, the plant is estimated with the correct order while the noise model is
non-parametric, initial conditions are truncated for the ARX-model estimate, and
a maximum of 20 iterations are performed (this is also the default for PEM in
MATLAB). We also include PEM initialized at the true parameters as benchmark.

The first system we consider is given by

Go(q) = 0.016 + 0.026q−1 − 0.0375q−2

1 − 1.6252q−1 + 0.642q−2 . (4.51)

This system, with its widely separated eigenvalues, is problematic for PEM in some
settings if the initialization estimate is not very close to the true parameter values
(Young, 2008). Here, we begin by repeating the simulation conducted by Young
(2008), for which RIV does not have the same convergence problems as PEM. In
the considered scenario,

Ho(q) = 1 + 0.5q−1

1 − 0.85q−1 , (4.52)

{ut} and {et} are zero-mean Gaussian white-noise sequences with variances 8.8 and
0.0009, respectively, and the sample size is N = 1700. We use MORSM with a grid
of ARX-model orders n = {20, 40, 60, 80} and perform 100 Monte Carlo simulations.

The obtained FITs are shown in Figure 4.3. Confirming the results of Young
(2008), there is probably a non-global minimum for the PEM cost function giving
a FIT around 85%, to where the optimization procedure often converges with
the default initialization. In this simulation, the subspace method CVA is an
appropriate approach to avoid the local-minimum issue with PEM; however, the
median performance is inferior to PEM. Also RIV avoids the problematic local
minimum of PEM, and has a median performance superior to subspace. Finally,
MORSM performs similarly to RIV and to PEM initialized at the true parameters.

We now consider the same simulation settings except for the noise model, now
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Figure 4.4: System in (4.51) with true noise model (4.53): boxplot of FIT for several
methods, obtained from 100 Monte Carlo runs.

given by

Ho(q) = 1 + 0.23q−1 + 0.07q−2 + 0.05q−3 + 0.014q−4

1 − 3.04q−1 + 3.85q−2 − 2.36q−3 + 0.616q−4 . (4.53)

In this case, the results are shown in Figure 4.4. PEM with the default MATLAB
initialization has less outliers corresponding to not finding the global minimum
than in the previous scenario, but two cases with negative FIT are encountered.
Subspace CVA is not competitive, having poor median performance. Although
RIV has a median performance similar to PEM, it has a considerable amount of
low-performance model estimates. Finally, MORSM has a median performance
similar to RIV and PEM, but with no outliers. Despite the robustness of MORSM
against failures of the algorithm, the estimates obtained not always correspond to
the global minimum of the PEM cost function, as PEM (when initialized at the
true parameters) has slightly better performance.

The second system we consider is a 6th order system with three resonance peaks,
given by

Lo(q) = 0.08q−1 + 0.53q−2 − 0.29q−3 − 0.51q−4 + 0.23q−5 + 0.04q−6,

Fo(q) = 1−1.89q−1 + 2.26q−2 − 1.78q−3 + 1.63q−4 − 1.09q−5 + 0.56q−6.
(4.54)

The noise model is given by

Ho(q) = 1 + 0.8q−1

1 − 0.9q−1 , (4.55)

{et} is a Gaussian white-noise sequence with unit variance, and the sample size
is N = 2600. For this system, MORSM is run on a grid of ARX-model orders
n = {100, 150, 200}. We consider two scenarios, with different inputs. In the first, {ut}
is a Gaussian white-noise sequence with zero mean and unit variance, uncorrelated
with {et}.

The FITs obtained from 100 Monte Carlo simulations are shown in Figure 4.5.
Similarly to the case in Figure 4.3, there is probably a non-global minimum in the
PEM cost function corresponding to a FIT between 30% and 40%, to where the
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Figure 4.5: System in (4.54) with white input: boxplot of FIT for several methods,
obtained from 100 Monte Carlo runs.

optimization procedure often converges with the standard MATLAB initialization.
The subspace method used also provides a model that gives a FIT around 30–40%.
Also similarly to Figure 4.3, RIV and MORSM always avoid the non-global minimum
that PEM sometimes converges to, and both perform close to PEM initialized at
the true parameters.

In the following, we show a scenario where MORSM is advantageous with respect
to the other methods in this study: compared to subspace, it has better median
performance; compared to PEM (default MATLAB initialization) and RIV, it has
similar median performance but, unlike these, shows no algorithm failures. The
setting is the same as before, except for the input. In this case, the input is given by

ut =
√

0.05
1 − 1.85q−1 + 0.87q−2 uw

t , (4.56)

where {uw
t } is the input from the previous simulation. This is a low-pass filter with

cut-off frequency 0.1rad/s.
The FITs obtained from 100 Monte Carlo simulations are shown in Figure 4.6.

Here, PEM with the default MATLAB initialization has a considerable amount of
low-accuracy estimates, where the algorithm fails to find the global optimum. The
subspace method is favored with this setting compared to the previous one, but the
median performance is still worse than PEM. Like PEM, the RIV algorithm also
shows several failures, and the median performance is slightly inferior to PEM. On
the other hand, MORSM has no algorithm failures, whereas the median performance
is only slightly inferior to that of PEM and RIV. Despite the robust performance
of MORSM, it does not attain the performance of PEM initialized with the true
parameters. This means that MORSM is not converging to the global minimum of
PEM, but always finds a model with good performance.

4.5.2 Closed Loop
We now turn to the application of MORSM in closed loop. Our main purpose here
is to illustrate the asymptotic properties of the method. As discussed in Section 4.4,
MORSM is not asymptotically efficient in closed loop. The reason is that, in closed
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Figure 4.6: System in (4.54) with colored input (4.56): boxplot of FIT for several
methods, obtained from 100 Monte Carlo runs.

loop, a correctly parametrized noise model must be estimated to achieve efficiency,
whereas MORSM estimates a high-order noise model. As the order of the noise
model increases, the asymptotic covariance of the plant estimates obtained with
PEM tends to a finite limit, corresponding to the inverse of (4.38). Using a similar
theoretical approach to the one used for the open-loop case (Everitt et al., 2018b),
it is possible to show that the asymptotic covariance of the plant estimates obtained
with MORSM corresponds to that same limit (this work is unpublished).

Here, we present a simulation illustrating that, in closed loop, the plant estimates
obtained with MORSM have the same asymptotic covariance as PEM with an
infinite-order noise model. However, because of the numerical difficulty in estimating
a model of excessively high order with PEM, we take a different approach. The
asymptotic covariance obtained with PEM in closed loop, given by the inverse
of (4.38), corresponds to the asymptotic covariance obtained with an open-loop
experiment where the input has spectrum Φr

u (i.e., the same spectrum as the signal
ut = So(q)rt). We expect this approach and MORSM in closed loop to have the
same asymptotic properties.

For illustration purposes of the asymptotic properties, we compare the following
methods:

• the prediction error method, initialized at the true parameters, operating in
closed loop, with correctly parametrized noise model (PEM);

• the prediction error method, initialized at the true parameters, operating in
open loop with input spectrum Φr

u, and with correctly parametrized noise
model (PEM OL);

• the model order reduction Steiglitz-McBride, operating in closed loop, with
one iteration (MORSM1).

The closed loop data are obtained by (4.35), with

Go(q) = q−1 + 0.1q−1

1 − 1.2q−1 + 0.6q−2 , Ho(q) = 1 + 0.7q−1

1 − 0.9q−1 , (4.57)
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Figure 4.7: Average RMSE as function of sample size for several methods, obtained
from 1000 Monte Carlo runs with a fixed system operating in closed loop.

and Ko(q) = 1. For PEM with open-loop data, to guarantee that the input has
spectrum Φr

u from the closed loop experiment, we have that

ut = So(q)rt, yt = Go(q)ut +Ho(q)et. (4.58)

Fig. 4.7 shows the average RMSE (4.47) obtained from 1000 Monte Carlo runs.
We observe that PEM in closed loop performs best. As it is a second-order system
initialized at the true parameters, we assume that PEM converged to the global
minimum, and that this corresponds to the Cramér-Rao bound. Then, as expected,
MORSM is not asymptotically efficient. However, it performs asymptotically as
PEM in open loop with the input chosen to have spectrum Φr

u from the noiseless
closed-loop data. This corresponds to the asymptotic covariance obtained with PEM
in closed loop with an infinite-order noise model. As expected, MORSM attains this
covariance asymptotically.

4.6 Conclusion

In this chapter, we proposed a least-squares method for estimation of models with
a plant parameterized by a rational transfer function and a non-parametric noise
model. The essential idea of the method is to perform model order reduction based
on an asymptotic ML criterion using the Steiglitz-McBride method. We then name
it model order reduction Steiglitz-McBride (MORSM). The method uses ideas
from asymptotic ML (in particular, the ASYM method) and BJSM. This provides
asymptotically efficient plant estimates in open loop. In closed loop, the estimates
are optimal for a high-order noise model.
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We performed simulation studies to investigate performance of the method, from
which the following main conclusions can be drawn. First, the proposed method pro-
vides asymptotically efficient estimates with one Steiglitz-McBride iteration, whereas
BJSM does not. Second, even when extra iterations are required for convergence
with finite sample sizes, the proposed method still converges with less iterations than
BJSM. Third, the proposed method is competitive with state-of-the-art methods.





Chapter 5

Weighted Null-Space Fitting

The method proposed in Chapter 4 uses the Steiglitz-McBride algorithm and ideas
from asymptotic maximum likelihood to provide an optimal estimate of a parametric
plant model of interest in a finite number of steps. However, from the conclusions
in the previous chapter, this method can be considered to have the two following
limitations. First, the intrinsic separation between plant and noise-model estimates
precludes asymptotic efficiency to be attained in closed loop. Second, application of
the method in closed loop requires knowledge of the reference signal.

In this chapter, we propose a method that estimates the plant and noise model
simultaneously, and uses the same algorithm and input/output data set in open
and closed loop. It is a three-step weighted least-squares method consisting of the
following steps. In the first step, a non-parametric ARX model is estimated. In the
second step, this non-parametric estimate is reduced to a parametric estimate with
least squares. In the third step, the parametric model is re-estimated with weighted
least squares. According to the motivation in Section 5.2, the method will be named
weighted null-space fitting (WNSF).

The method belongs to the class of multi-step least-squares methods in Sec-
tion 2.3.4. In addition, we argue that it can be interpreted as being at the crossroad
between maximum likelihood and subspace methods, sharing favorable properties
with both domains—namely, asymptotic efficiency and flexibility in the parametriza-
tion with PEM and numerical robustness with subspace methods.

We provide a theoretical analysis of WNSF applied to stable single-input single-
output (SISO) Box-Jenkins (BJ) systems, which may operate in closed loop. Namely,
we establish conditions for consistency and asymptotic efficiency. A major effort of
the analysis is to keep track of the model errors induced by using a non-parametric
ARX model on data generated by a system of BJ type. It is a delicate matter to
determine how the ARX-model order increases as a function of the sample size
such that it is ensured that these errors vanish as the sample size grows: to this
end, the results in Chapter 3, based on Ljung and Wahlberg (1992), have been
instrumental. Moreover, we conduct a finite-sample simulation study where WNSF
shows competitive performance with state-of-the-art methods.

85
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The chapter is organized as follows. In Section 5.1, we introduce the problem
we want to solve. In Section 5.2, we contextualize and motivate the method. In
Section 5.3, the algorithm is presented for both output-error models and, more
generally, Box-Jenkins models, where it is also pointed out that it is applicable to
other model structures, such as ARMAX. In Section 5.4, we analyze the asymptotic
properties of the method. In Section 5.5, we consider practical aspects and perform
a simulation study. Finally, the main conclusions are summarized in Section 5.6.

5.1 Problem Statement

Consider the BJ model introduced in (2.24), which we repeat here for convenience:

yt = L(q, θ)
F (q, θ)ut + C(q, θ)

D(q, θ)et, (5.1)

where
L(q, θ) = l1q−1 +⋯ + lml

q−ml ,

F (q, θ) = 1+f1q−1 +⋯ + fmf
q−mf ,

C(q, θ) = 1+c1q−1 +⋯ + fmcq−mc ,

D(q, θ) = 1+d1q−1 +⋯ + dmd
q−md ,

(5.2)

and {et} is a zero-mean white-noise sequence with variance σ2
o (for discussions

regarding asymptotic efficiency, it is also assumed Gaussian). We are interested in
estimating the parameter vector

θ = �f1 ⋯ fmf
l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd
�⊺ ∈ Rmf+ml+mc+md

(5.3)

using the known input sequence {ut} and the observed output {yt}, for t = 1, 2, ..., N .
We assume that data are generated according to (5.1) for some θ = θo, at which we
define Fo(q) ∶= F (q, θo), and analogously for the other polynomials in (5.2).

The problem we consider is to derive a multi-step least-squares method that
provides asymptotically efficient estimates of θ in open and closed loop. We recall
that the multi-step least-squares methods presented in Section 2.3.4 are derived for
ARMA(X) models, and that MORSM (Chapter 4) is not asymptotically efficient in
closed loop.

For purposes of illustration, we will often consider an output-error model, which
is a particular case of the Box-Jenkins model (5.1) with C(q, θ) =D(q, θ) = 1:

yt = L(q, θ)
F (q, θ)ut + et. (5.4)
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When we do so, we assume that the data are generated by (5.4) with θ = θo. In this
case, the parameter vector to estimate is

θ = �f1 ⋯ fmf
l1 ⋯ lml

�⊺ ∈ Rmf+ml . (5.5)

5.2 Motivation

As motivation for the proposed method, we continue the discussion from Sec-
tions 2.3.5 and 2.3.6. Therein, we considered two disadvantages of subspace methods:
the lack of flexibility in parametrization and their probable asymptotic inefficiency
in general, associated with the difficulty in conducting a complete statistical analysis.
By considering the null-space of the observability matrix instead of the range space,
Viberg et al. (1997) proposed a multi-step least-squares method starting from an
estimate of the extended observability matrix, which provides asymptotically opti-
mal estimates for a given estimate of the extended observability matrix and of its
covariance. This is based on finding an appropriate parametrization of the complete
null-space of the extended observability matrix, starting from an observability matrix
of size corresponding to the order of the system. Here, we use the Hankel matrix
instead, for which an appropriate parametrization follows straightforwardly.

We assume a system of OE structure (5.4), and begin by expanding the rational
transfer function Lo(q)/Fo(q) as

Lo(q)
Fo(q) =

∞�
k=1

go
kq−k. (5.6)

Then, we can write this as

(1 + fo
1 q−1 +⋯ + fo

mf
q−mf ) ∞�

k=1
go

kq−k − (lo
1q−1 +⋯ + lo

ml
q−ml) = 0, (5.7)

where {fo
1 , . . . , fo

mf
, lo

1, . . . , lo
ml
} are the parameters in θ evaluated at θo. To keep the

illustration simple, we consider mf =ml = 2. Then, we can re-write (5.7) as

(go
1 − lo

1)q−1+(go
2 +fo

1 go
1 − lo

2)q−2+(go
3 +fo

1 go
2 +fo

2 go
1)q−3+(go

4 +fo
1 go

3 +fo
2 go

1)q−4+⋯ = 0.
(5.8)

Taking the equations defined for each coefficient q−k in (5.8) with k ≥ 3, we have

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

go
1 go

2 go
3

go
2 go

3 go
4

go
3 go

4 go
5

go
4 go

5 go
6⋮ ⋮ ⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
fo

2
fo

1
1

⎤⎥⎥⎥⎥⎥⎥⎦
= 0. (5.9)

The left matrix in (5.9) is a Hankel matrix, whose null-space contains the denominator
polynomial of the system. By adding columns to this matrix, (5.9) can be extended
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as ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

go
1 go

2 go
3 go

4 ⋯
go

2 go
3 go

4 go
5 ⋯

go
3 go

4 go
5 go

6 ⋯
go

4 go
5 go

6 go
7 ⋯⋮ ⋮ ⋮ ⋮ ⋱

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fo
2 0 ⋯

fo
1 fo

2 ⋯
1 fo

1 ⋯
0 1 ⋯
0 0 ⋯⋮ ⋮ ⋱

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0. (5.10)

Truncated to an arbitrary number of rows and columns, the left matrix in (5.10)
is the Hankel matrix (2.158), whose estimate is used by most subspace methods
described in Section 2.3.5. Generically, its entire null-space is parametrized by the
denominator of the system, as the right matrix in (5.10) is full rank. This is similar to
what is done by Viberg et al. (1997), as recalled in Section 2.3.6, where, instead, the
observability matrix is used. In the multivariate case, finding a parametrization that
always parametrizes the complete null-space of the extended observability/Hankel
matrix is not always straightforward, as Viberg et al. (1997) show. This is not a
problem in the single-input single-output case, where the parametrization (5.10) can
be used. Nevertheless, using (5.10) is unnecessary for the solution of our identification
problem, which is to estimate θ in (5.5). By considering (5.9), which uses the Hankel
matrix instead of the observability matrix in the corresponding (2.167), there is no
need to extend the Hankel matrix to (5.10), whereas something analogous needed to
be done for the observability matrix, as in (2.168). The reason is that an arbitrary
number of impulse response coefficients can already be considered by truncating
the number of rows of the Hankel matrix in (5.9), from where the denominator
polynomial is uniquely determined. In addition, the determination of the numerator
polynomial can be easily incorporated by including the equations relating to the
coefficients of q−1 and q−2 in (5.8).

With this in mind, we start afresh from (5.9), but do not add any more columns
to the Hankel matrix. Note that this is equivalent to vectorizing (5.10) and then
eliminating the redundant equations. This allows us to determine a procedure that
is flexible in parametrization and where we can tailor the weighting exactly to the
statistics of the estimate {ĝk} that will be used to construct the Hankel matrix,
paving the way for an asymptotically efficient estimate.

Proceeding with the same example, we define

go ∶= �go
1 go

2 go
3 go

4 ⋯�⊺ (5.11)

and let zk(go, θo) be the coefficient of q−k in (5.8). For this example, we have

θ = �f1 f2 l1 l2�⊺ ∈ R4. (5.12)

Defining
z(go, θo) ∶= �z1(go, θo) z2(go, θo) z3(go, θo) ⋯�⊺ = 0, (5.13)



5.2. Motivation 89

we may write (5.8) in vector form as

z(go, θo) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

go
1 0 0 −1 0

go
2 go

1 0 0 −1
go

3 go
2 go

1 0 0
go

4 go
3 go

2 0 0⋮ ⋮ ⋮ ⋮ ⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
fo

1
fo

2
lo
1

lo
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0. (5.14)

Then, we re-write (5.14) as

z(go, θo) = go −Q∞(go)θo = 0, (5.15)

where

Q∞(go) ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1−go
1 0 0−go
2 −go

1 0−go
3 −go

2 0⋮ ⋮ ⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (5.16)

Here, we observe that (5.15) is linear in θ. Therefore, if the impulse response is
available, θ is easily obtained. This is true even if we truncate go to

gn
o ∶= �go

1 ⋯ go
n�⊺ . (5.17)

In this case, we write
z(gn

o , θo) = gn
o −Qn(gn

o )θo = 0, (5.18)
where

Qn(gn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1−g1 0 0−g2 −g1 0−g3 −g2 0⋮ ⋮ ⋮−gn−2 −gn−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.19)

The truncated impulse response can be estimated with a finite impulse response
(FIR) model—that is, (2.19) with na = 0. This is not computationally costly, as
an FIR model can be obtained with PEM by solving a linear-regression problem.
However, when (5.18) is computed with an estimate ĝn

N of gn
o , we have that

z(ĝn
N , θo) = ĝn

N −Qn(ĝn
N)θo (5.20)

no longer equals zero. Rather, (5.18) and (5.20) can be used to write

z(ĝn
N , θo) = z(ĝn

N , θo) − z(gn
o , θo)= (ĝn

N − gn
o ) − [Qn(ĝn

N) −Qn(ĝn
o )] θo= Tn(θo)(ĝn

N − gn
o ),

(5.21)
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where

Tn(θ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 ⋯ ⋯ 0
f1 1 0 ⋮
f2 f1 1 ⋱ ⋮
0 f2 f1 ⋱ ⋱ ⋮⋮ ⋱ ⋱ 0
0 0 0 ⋯ f1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.22)

This is perhaps easier to observe from the polynomial form: using (5.7) and neglecting
the error made by truncation of the FIR model, we can write (with some abuse of
notation, used only for this expression, the elements in ĝn

N are denoted {ĝk})
F (q, θo) n�

k=1
ĝkq−k −L(q, θo) ≈ F (q, θo) n�

k=1
(ĝk − go

k)q−k, (5.23)

with the expression Tn(θo)(ĝn
N − gn

o ) in (5.21) corresponding to the vector form of
the right-hand side of (5.23).

The key observation in (5.21) is that z(ĝn
N , θo) is linear in the noise term ĝn

N −gn
o .

Moreover, although ĝn
N − gn

o is unknown, its asymptotic statistical properties are
known; in particular, from the least-squares estimator, ĝn

N − gn
o is asymptotically

Gaussian distributed with zero mean and a certain covariance matrix Pg:√
N(ĝn

N − gn
o ) ∼ AsN(0, Pg). (5.24)

This assumption is motivated by (2.55), where the covariance matrix Pg is specified.
The difference here is that the true system is not in the model set defined by the FIR
model. However, the assumption is reasonable if, for n large enough, the truncation
error is small (a formal argument is given later). Assuming (5.24), we then have
that √

Nz(ĝn
N , θo) ∼ AsN �0, Tn(θo)PgT ⊺n(θo)�. (5.25)

Knowing the statistics of z(ĝn
N , θo) allows solving for θ using a maximum likeli-

hood (ML) approach. First, by taking the order n of the FIR model large enough,
ĝn

N and its covariance can be used to obtain an estimate of θ that is almost asymp-
totically efficient (Wahlberg, 1989). The error only lies in the truncation of the
impulse response. Second, we observe that the map from z(ĝn

N , θo) to ĝn
N is unique.

Therefore, we can use z(ĝn
N , θo) to obtain an estimate of θ that is almost asymptoti-

cally efficient. This we can achieve by considering the ML estimate of θ based on
z(ĝn

N , θ). Analogously to (2.62), the log-likelihood function of z(ĝn
N , θ) is given by

LN(θ; η̂n
N) = −C − 1

2
log [2π det Pz(θ)] − 1

2
[z(ĝn

N , θ)]⊺P −1
z (θ)z(ĝn

N , θ), (5.26)

where
Pz(θ) = Tn(θ)PgT ⊺n(θ) (5.27)
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and C is a constant. This corresponds to a non-convex problem, as both z(ĝn
N , θ)

and Tn(θ) depend on θ. However, the parameter-dependent part in the second
term of (5.26) is constant—namely, det Tn(θ) = 1. Thus, the first two terms are
not parameter-dependent, and we only need to maximize the last term. This is
equivalent to (2.62), where we discussed that a non-parametric model could be
reduced to a parametric model by optimizing an ML criterion. Although this is still
a non-convex problem, we have now written it in a way that allows us to solve it
using a multi-step least-squares algorithm, as will be detailed in the next section.

5.3 Algorithm

In this section, we present the proposed method in detail, which we call weighted null-
space fitting (WNSF). It is a three-step weighted least-squares method, consisting
of the following steps. First, a non-parametric FIR/ARX model is computed with
least squares. Second, this model is reduced to a parametric estimate using the
least-squares method. Third, the parametric model is re-estimated, using weighted
least squares, with the weighting matrix obtained from the first parametric estimate.

5.3.1 Output-Error
For a more intuitive understanding, we start by explaining the algorithm for the
OE case, which does not require as complex notation as other model structures.

Step 1: Non-parametric FIR model

Consider the FIR model
yt = n�

k=1
gkq−kut + et. (5.28)

Using PEM, the parameter vector

gn ∶= �g1 ⋯ gn�⊺ ∈ Rn (5.29)

can be estimated using a least-squares approach, as it is a particular case of the
ARX model (2.47). Using the same steps as for the ARX model, we re-write (5.28)
in the regressor form (2.47), as

yt = (ϕn
t )⊺gn + et, (5.30)

where
ϕn

t = �ut−1 ⋯ ut−n�⊺ . (5.31)

Then, the least-squares estimate of gn, analogously to (2.53), is obtained by

ĝn
N = [Rn

N ]−1rn
N , (5.32)
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with Rn
N and rn

N as in (2.54)—that is,

Rn
N = 1

N

N�
t=n+1

ϕn
t (ϕn

t )⊺, rn
N = 1

N

N�
t=n+1

ϕn
t yt. (5.33)

If initial conditions are known, the sums in (5.33) may be started at t = 1.
We recall from Chapter 3 that, as the sample size increases, we have

Rn
N → R̄n �∶= Ē �ϕn

t (ϕn
t )⊺�� , as N →∞ w.p.1,

rn
N → r̄n �∶= Ē [ϕn

t yt]� , as N →∞ w.p.1.
(5.34)

Then, we also have that

ĝn
N → ḡn = �R̄n�−1

r̄n, as N →∞ w.p.1. (5.35)

If the order n is chosen large enough, (5.28) can model (5.4) with arbitrary
accuracy. However, the non-parametric estimate (5.32) may have high variance,
especially when n has to be chosen large. In the next steps, we reduce this estimate
to a parametric one.

Step 2: Reduction to an OE model

The second step of the WNSF method is to use (5.18) to obtain an estimate of θ
from ĝn

N . If gn
o were known, it would be satisfied that

θo = �Q⊺n(gn
o )Qn(gn

o )�−1
Q⊺n(gn

o )gn
o . (5.36)

With this motivation, having an estimate ĝn
N , we can use a least-squares approach

to estimate θ:
θ̂
(0)
N = �Q⊺n(ĝn

N)Qn(ĝn
N)�−1

Q⊺n(ĝn
N)ĝn

N . (5.37)

Step 3: Re-estimation of the OE model

The third step consists of re-estimating θ in a statistically sound way. Recall that,
when ĝn

N replaces gn
o in (5.18), we obtain (5.21), which are the residuals we attempt

to minimize. These residuals are distributed according to (5.25), but we still have to
determine the matrix Pg in (5.24). If the true system were in the model set defined
by the FIR model (5.28), because PEM is a consistent estimator, we would have
that ḡn = gn

o , where ḡn is given by (5.35). Then, analogously to (2.55), we would
have √

N (ĝn
N − gn

o ) ∼ AsN �0, σ2
o �R̄n�−1� , (5.38)

The difference between ḡn and gn
o is due to the bias error induced by truncation

of the impulse response to n parameters. Because this bias error can be made
arbitrarily small by taking n arbitrarily large, the difference between these vectors
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should, in some sense, be close to zero for sufficiently large n. Then, we consider
that (5.38) is valid for sufficiently large n (a formal argument will be given later),
from where we observe that Pg in (5.24) is given by Pg = σ2

o �R̄n�−1. Then, for the
residuals (5.21), we have

√
Nz(ĝn

N , θo) ∼ AsN �0, Tn(θo)σ2
o �R̄n�−1

T ⊺n(θo)� . (5.39)

Knowing the statistical properties of z(ĝn
N , θo), θ can be estimated with weighted

least squares, where the estimate with minimum variance is given by solving the
weighted least-squares problem

θ̂o
N = �Q⊺n(ĝn

N)W̄n(θo)Qn(ĝn
N)�−1

Q⊺n(ĝn
N)W̄n(θo)ĝn

N , (5.40)

where the weighting matrix

W̄n(θo) = �Tn(θo)σ2
o[R̄n]−1T ⊺n(θo)�−1 (5.41)

is the inverse of the covariance of the residuals z(ĝn
N , θo) (e.g., Kailath et al., 2000).

This corresponds to maximizing the log-likelihood function (5.26) with Pz(θo)—that
is, with Pz(θ) fixed at the true parameters.

In practice, θo is not available, so we use its estimate θ̂
(0)
N instead. Likewise,

instead of R̄n, we use the sample covariance Rn
N . Moreover, σ2

o can be disregarded,
because a scalar contribution to the weighting does not change the solution of a
weighted least-squares problem. Thus, the third step consists of re-estimating θ
according to

θ̂
(1)
N = �Q⊺n(ĝn

N)Wn(θ̂(0)N )Qn(ĝn
N)�−1

Q⊺n(ĝn
N)Wn(θ̂(0)N )ĝn

N , (5.42)

where
Wn(θ̂(0)N ) = T −⊺n (θ̂(0)N )Rn

N T −1
n (θ̂(0)N ). (5.43)

As we will show in Section 5.4, (5.42) is an asymptotically efficient estimate. This
leads to the following algorithm.

Algorithm 5.1 (Weighted Null-Space Fitting for Output-Error Models). The
weighted null-space fitting (WNSF) method consists, for OE models, of the following
steps:

1. estimate a non-parametric FIR model, according to (5.32);

2. reduce the non-parametric model to a parametric OE model, according
to (5.37);

3. re-estimate the OE model, according to (5.42).



94 Weighted Null-Space Fitting

We note that the choice of least squares in the second step of the algorithm is
arbitrary and made only for simplicity. Alternatively, weighted least squares can also
be used in this step with any invertible weighting matrix. One possibility, motivated
by (5.43), is to choose the weighting matrix as Rn

N , corresponding to Tn(θ) = In.
Another important note is that, although (5.42) is an asymptotically efficient

estimate, it is also possible to continue to iterate, solving

θ̂
(k+1)
N = �Q⊺n(ĝn

N)Wn(θ̂(k)N )Qn(ĝn
N)�−1

Wn(θ̂(k)N )Q⊺n(ĝn
N)ĝn

N (5.44)

iteratively, where θ̂
(k)
N is the estimate obtained at iteration k. This could be beneficial

for finite sample size, as discussed in Section 5.5.
In summary, WNSF can be contextualized within maximum likelihood for model

reduction from non-parametric model estimates and subspace methods, by the
use of the Hankel matrix. However, unlike subspace, WNSF uses the information
in the null-space of the Hankel matrix. This is similar to the method of Viberg
et al. (1997), which uses the entire null-space of the extended observability matrix;
however, for the purposes of our problem, we illustrate the advantage of using the
Hankel matrix. WNSF has also conceptual similarities with the weighted subspace
fitting method (Viberg and Ottersten, 1991; Viberg et al., 1991; Ottersten et al.,
1992). For these methods, the optimal weighting for a subspace fitting problem is
also derived, and it is shown that a consistent estimate of the weighting matrix is
sufficient to asymptotically minimize the variance of the obtained estimates.

The proposed method is also related with older algorithms for transfer function
estimation from impulse response estimates, such as the the algorithm by Evans and
Fischl (1973) presented in Section 2.3.3, and to the multi-step least-squares methods
covered in Section 2.3.4. An in-depth comparison between multi-step least-squares
methods is provided in Chapter 6.

5.3.2 Box-Jenkins
Consider the BJ model (5.1) and the parameter vector (5.3) to estimate. Consider
also the ARX model

A(q, ηn)yt = B(q, ηn)ut + et, (5.45)
where

A(q, ηn) = 1+a1q−1 +⋯ + anq−n,

B(q, ηn) = b1q−1 +⋯ + bnq−n,
(5.46)

and the parameter vector

ηn = �a1 ⋯ an b1 ⋯ bn�⊺ ∈ R2n. (5.47)

If we let the order n tend to infinity, the ARX model (5.45) approximates the
BJ model (5.1) arbitrarily well. In particular, with

ηo = �a1 a2 ⋯ b1 b2 ⋯�⊺ , (5.48)
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we have that
L(q, θo)
F (q, θo) = B(q, ηo)

A(q, ηo) , C(q, θo)
D(q, θo) = 1

A(q, ηo) . (5.49)

In other words, (5.1) evaluated at θ = θo and (5.45) evaluated at η = ηo generate the
same output.

Step 1: Non-parametric ARX model

Step 1 of the algorithm consists in estimating the parameter ηn of the non-parametric
ARX model, analogously to the OE case with a non-parametric FIR model. This is
done by writing the ARX model in its regressor form (2.47),

yt = (ϕn
t )⊺ηn + et, (5.50)

where ϕn
t is, as in (2.48), given by

ϕn
t = �−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n�⊺ . (5.51)

Then, as in (2.53), we compute

η̂n
N = [Rn

N ]−1rn
N , (5.52)

with Rn
N and rn

N defined as in (5.33), but with the corresponding ϕn
t from (5.51). As

in the FIR case, (5.34) still holds with corresponding Rn
N and rn

N , and, analogously
to (5.35), we now write

η̂n
N → η̄n = �R̄n�−1

r̄n, as N →∞ w.p.1. (5.53)

Regarding the asymptotic distribution of the estimates, we consider that, analogously
to (5.38), √

N (η̂n
N − ηn

o ) ∼ AsN �0, σ2
o �R̄n�−1� (5.54)

can be assumed for sufficiently large n.

Step 2: Reduction to a BJ model

Inserting the respective polynomial expressions in (5.49), we can write

(1 + co
1q−1 +⋯ + co

mc
q−mc)�1 + ∞�

k=1
ao

kq−k� − (1 + do
1q−1 +⋯ + do

md
q−md) = 0,

(1 + fo
1 q−1 +⋯ + fo

mf
q−mf ) ∞�

k=1
bo

kq−k − (lo
1q−1 +⋯ + lo

ml
q−ml)�1 + ∞�

k=1
ao

kq−k� = 0.

(5.55)
In matrix form, the coefficients of q−1 to q−n of these polynomials are related by

z(ηn
o , θo) = ηn

o −Qn(ηn
o )θo = 0, (5.56)
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where
ηn = �a1 ⋯ an b1 ⋯ bn�⊺ , (5.57)

Qn(ηn) = ⎡⎢⎢⎢⎣
0 0 −Qc

n(ηn) Qd
n−Qf

n(ηn) Ql
n(ηn) 0 0

⎤⎥⎥⎥⎦ . (5.58)

Moreover,

Qc
n(ηn) = Tn,mc[A(q, ηn)], Ql

n(ηn) = Tn,ml
[A(q, ηn)],

Qf
n(ηn) = Tn,mf

[B(q, ηn)], Qd
n = Īn×md

,
(5.59)

where Īn×md
is an n ×md matrix whose top md ×md block is the identity and has

zeros otherwise, and Tn,m[X(q)] is the Toeplitz matrix of size n ×m (m ≤ n) with
zeros above the main diagonal and whose first column is [x0 ⋯ xn−1]⊺, where
X(q) = ∑∞k=0 xkq−k.

We notice that the relation (5.56) between the high-order model parameters
ηn

o and the low-order model parameters θo is linear in θo. Therefore, motivated
by (5.56), and analogously to the OE case, for Step 2 of the algorithm we can
compute the least-squares estimate

θ̂
(0)
N = �Q⊺n(η̂n

N)Qn(η̂n
N)�−1

Q⊺n(η̂n
N)η̂n

N . (5.60)

As discussed for the OE case, this step can also be solved with weighted least squares,
with a potential choice for weighting being Rn

N .

Step 3: Re-estimation of the BJ model

Finally, Step 3 is also analogous to the OE case, with a weighting matrix that we
proceed to determine. Then, analogously to (5.21), the optimal weighting matrix is
given by the inverse of the covariance of

z(η̂n
N , θo) = η̂n

N −Qn(η̂n
N)θo = Tn(θo)(η̂n

N − ηn
o ), (5.61)

where Tn(θ) is now given by

Tn(θ) = ⎡⎢⎢⎢⎣
T c

n(θ) 0−T l
n(θ) T f

n (θ)
⎤⎥⎥⎥⎦ , (5.62)

with

T c
n(θ) = Tn,n[C(q, θ)], T l

n(θ) = Tn,n[L(q, θ)], T f
n (θ) = Tn,n[F (q, θ)]. (5.63)

As in the OE case, (5.61) can be more easily derived from the polynomial form.
Using (5.55), we can write

C(q, θo)A(q, η̂n
N) −D(q, θo) ≈ C(q, θo)[A(q, η̂n

N) −A(q, ηn
o )],

F (q, θo)B(q, η̂n
N) −L(q, θo)A(q, η̂n

N) ≈ F (q, θo)B(q, η̂n
N − ηn

o )−L(q, θo)[A(q, η̂n
N) −A(q, ηn

o )],
(5.64)
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where the approximation sign is due to the truncation error in the ARX model.
Then, the vector form (5.61) corresponds to the polynomial form (5.64), which can
be used to derive Tn(θ).

The residuals in (5.61) have the same structure as in the OE case (5.21). Hence,
they are still distributed according to (5.39), but with Tn(θo) given by (5.62) and
with Rn

N (5.33) constructed using the regressor (5.51). Thus, when applied to BJ
models, Step 3 of WNSF consists of solving

θ̂
(1)
N = �Q⊺n(η̂n

N)Wn(θ̂(0)N )Qn(η̂n
N)�−1

Wn(θ̂(0)N )Q⊺n(η̂n
N)η̂n

N , (5.65)

where W (θ̂(0)N ) is computed as in (5.43), with the corresponding T (θ̂(0)N ) and Rn
N .

5.3.3 Other Model Structures
Although we have presented the WNSF method for OE models (unitary noise
model) and BJ models (fully independently parametrized noise model), the method
is applicable for other model structures as well, for example when G(q, θ) and
H(q, θ) share parameters. The key requirement to apply WNSF is that there is a
bilinear relation between the high-order model parameters and the parameters of
the parametric model of interest.

Consider, for example, an ARMAX model (2.20), given by

F (q, θ)yt = L(q, θ)ut +C(q, θ)et, (5.66)

where F (q, θ), L(q, θ), and C(q, θ) are given as the corresponding polynomials
in (5.2), and

θ = �f1 ⋯ fmf
l1 ⋯ lml

c1 ⋯ cmc
� ∈ Rmf+ml+mc . (5.67)

In the first step, a non-parametric ARX model is estimated. Then, Steps 2 and 3
can be derived by writing a relation similar to (5.56), relating the high-order ARX
model parameters with the low-order model parameters. In particular, at the true
parameter values, we have

L(q, θo)
F (q, θo) = ∑∞k=1 bo

kq−k

1 +∑∞k=1 ao
kq−k

,
C(q, θo)
F (q, θo) = 1

1 +∑∞k=1 ao
kq−k

. (5.68)

We can now re-write (5.68) as

C(q, θo)�1 + ∞�
k=1

ao
kq−k� − F (q, θo) = 0,

C(q, θo) ∞�
k=1

bo
kq−k −L(q, θo) = 0,

(5.69)
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and proceed to derive the remaining steps accordingly. To apply WNSF, we need
the matrices Q(ηn) and T (θ), which, in this case, will be given by

Qn(ηn) = ⎡⎢⎢⎢⎣
Īn×mf

0n×ml
−Tn×mc[A(q, ηn)]

0n×mf
Īn×ml

−Tn×mc[B(q, ηn)]
⎤⎥⎥⎥⎦ ,

T (θ) = ⎡⎢⎢⎢⎣
Tn×n[C(q, θ)] 0

0 Tn×n[C(q, θ)]
⎤⎥⎥⎥⎦ .

(5.70)

5.4 Theoretical Analysis

We now turn to the asymptotic analysis of the WNSF method. In particular, we
show that the method is consistent and asymptotically efficient for the model (5.1),
with corresponding true system at θ = θo.

When we let n = n(N) according to Assumption 3.4, we use η̂N ∶= η̂
n(N)
N . We also

denote η̄n(N) and η
n(N)
o , defined in (5.53) and (5.57), respectively. Concerning the

matrices R̄n (5.34), Qn (5.58), Tn (5.62), W̄n (5.41), and Wn (5.43), we maintain
the subscript n even if n = n(N) for notational simplicity. However, we specify
whether n is fixed or increasing with sample size when it is not obvious from the
context.

Regarding consistency of the estimate θ̂
(0)
N (5.60), we have the following result.

Theorem 5.1. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold, and the estimate θ̂
(0)
N

be given by (5.60). Then, we have that

θ̂
(0)
N → θo, as N →∞ w.p.1. (5.71)

Moreover, we have that

�θ̂(0)N − θo� = O⎛⎝
�

n(N) log N

N
(1 + d(N))⎞⎠ . (5.72)

Proof. See Appendix 5.B.1.

Theorem 5.1 implies that θ̂
(0)
N in (5.60) is a consistent estimate of θo.

Regarding consistency of the estimate θ̂
(1)
N (5.65), we have the following result.

Theorem 5.2. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold, and the estimate θ̂
(1)
N

be given by (5.65). Then, we have that

θ̂
(1)
N → θo, as N →∞ w.p.1. (5.73)

Proof. See Appendix 5.C.1.
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Theorem 5.2 implies that θ̂
(1)
N in (5.65) is a consistent estimate of θo.

Regarding asymptotic distribution and covariance, we first recall that the estimate
of θ obtained with PEM has asymptotic covariance σ2

oM−1
CR, where

MCR = Ē �ψt(θo)ψ⊺t (θo)� (5.74)

with

ψt(θo) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− Go
HoFo

Γmf
ut

1
HoFo

Γml
ut

1
Co

Γmcet− 1
Do

Γmd
et

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Γm =

⎡⎢⎢⎢⎢⎢⎢⎣
q−1

⋮
q−m

⎤⎥⎥⎥⎥⎥⎥⎦
. (5.75)

This definition of MCR is slightly different than the one used in (2.45) by not
including the variance σ2

o , which is more convenient for the theoretical analysis.
With Gaussian noise and a correctly parametrized model, M−1

CR corresponds to the
minimum covariance asymptotically achievable by a consistent estimator.

Then, we have the following result regarding asymptotic distribution and covari-
ance of the estimate θ̂

(1)
N (5.65).

Theorem 5.3. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold, and the estimate θ̂
(1)
N

be given by (5.65). Then, we have that θ̂
(1)
N is asymptotically Gaussian distributed

according to √
N(θ̂(1)N − θo) ∼ AsN(0, σ2

oM−1
CR), (5.76)

where MCR is given by (5.74).

Proof. See Appendix 5.D.

As consequence of Theorem 5.3, the WNSF method is asymptotically efficient
when the noise is Gaussian, as it has the same asymptotic covariance as PEM.

5.5 Simulation Examples

In this section, we perform simulation studies and discuss practical issues. First,
we illustrate the asymptotic properties of the method. Second, we consider how to
choose the order of the non-parametric model. Third, we exemplify with two difficult
scenarios for PEM how WNSF can be advantageous in terms of robustness against
convergence to non-global minima and convergence speed. Fourth, we perform a
simulation with random systems to test the robustness of the method compared with
other state-of-the-art methods. Fifth, we consider estimation of over-parametrized
models. To differentiate from MORSM, which requires different algorithms for open
and closed loop, and the simulations in Chapter 4, we focus here on closed-loop
simulations, for which many standard methods are not consistent.
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5.5.1 Illustration of Asymptotic Properties
The first simulation has the purpose of illustrating that the method is asymptotically
efficient. We perform open- and closed-loop simulations, where the closed-loop data
are generated by

ut = 1
1 +Ko(q)Go(q)rt − Ko(q)Ho(q)

1 +Ko(q)Go(q)et,

yt = Go(q)
1 +Ko(q)Go(q)rt + Ho(q)

1 +Ko(q)Go(q)et,

(5.77)

and the open-loop data by

ut = 1
1 +Ko(q)Go(q)rt, yt = Go(q)ut +Ho(q)et, (5.78)

where {rt} and {et} are independent Gaussian white sequences with unit variance,
Ko(q) = 1, and

Go(q) = q−1 + 0.1q−2

1 − 0.5q−1 + 0.75q−2 , Ho(q) = 1 + 0.7q−1

1 − 0.9q−1 . (5.79)

We perform 1000 Monte Carlo runs, with sample sizes

N ∈ {300, 600, 1000, 3000, 6000, 10000}. (5.80)

We apply WNSF with an ARX model of order 50 with open- and closed-loop data.
Performance is evaluated by the mean-squared error of the estimated parameter
vector of the dynamic model, MSE = ∣∣ ˆ̄θ(1)N − θ̄o∣∣2, where θ̄ contains only the elements
of θ that parametrize to G(q, θ). As this simulation has the purpose of illustrating
asymptotic properties, initial conditions are zero and assumed known—that is, the
sums in (3.18) start at t = 1 instead of t = n + 1.

The results are presented in Fig. 5.1, with the average MSE over 1000 Monte
Carlo runs plotted as function of the sample size (closed loop in solid line, open loop
in dash-dotted line), where we also plot the corresponding CR bounds (closed loop
in dashed line, open loop in dotted line). The respective CR bounds are attained as
the sample size increases.

5.5.2 Practical Issues
In the previous simulation, an ARX model of order 50 was estimated in the first
step. Although the order of this model should, in theory, tend to infinity at some
maximum rate to attain efficiency (Assumption 3.4), a fixed order was sufficient
to illustrate the asymptotic properties of WNSF in this particular scenario. This
suggests that when the number of data samples increases, a non-parametric model
of fixed order with sufficiently low bias error may be enough for practical purposes.
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Figure 5.1: Illustration of asymptotic properties: CR bounds in closed loop (dashed)
and open loop (dotted), and average MSE for the plant estimates as function of sample
size obtained with WNSF in closed loop (solid) and open loop (dash-dotted).

However, for fixed sample size, the question remains on how to choose the most
appropriate non-parametric model order: a too small n introduces bias, and a
too large n introduces unnecessary noise in the non-parametric model estimate,
which may affect the accuracy of the parametric model estimate. Some previous
knowledge about the speed of the system may help in choosing this order, but the
most appropriate value may also depend on sample size and signal-to-noise ratio.

We proceed to illustrate the effect of choosing different non-parametric orders
and consider a scheme to select this order. For this, we consider the same scenario as
in Section 5.5.1 with N = 600 and 100 Monte Carlo runs. We estimate a BJ model
with WNSF, using as intermediate step non-parametric ARX models of orders n = 10
to n = 150, spaced by intervals of 20. As in the previous simulation, initial conditions
are assumed zero.

Performance is evaluated by the FIT of the impulse response of the estimated
OE model G(q, θ̂

(1)
N ), given in percent by

FIT = 100�1 − ∥go − ĝ∥∥go −mean[go]∥� , (5.81)

where go is a vector with the impulse response parameters of Go(q), mean[go] their
mean, and similarly for ĝ but for the estimated model G(q, θ̂

(1)
N ). To compute (5.81),

sufficiently long impulse responses are taken to make sure that the truncation of
their tails does not affect the FIT.

In Table 5.1, we present the average FIT obtained for different orders n of the
non-parametric model. Here, we observe that the average FIT is lowest for n = 10,
because this order is too low to accurately capture the system dynamics, introducing
a considerable bias error. For the largest values of n, the average FIT also decreases
as n increases because what is gained in bias reduction does not compensate for the
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Table 5.1: Practial issues: average FITs according to the non-parametric model order;
bottom row uses the PEM criterion for choosing of the non-parametric order.

n 10 30 50 70 90 110 130 150

mean FIT per n 70.3 90.0 89.8 88.8 86.8 85.0 82.8 78.6

mean FIT selected n 90.1

additional variance in the non-parametric model, which then affects the low-order
model. In between, there is a range of values of n for which better values of FIT
can be attained.

An appropriate procedure to choose n is to use the PEM cost function (2.39) as
criterion: with available parametric estimates corresponding to different high orders,
we may choose the one that minimizes (2.39). If we do so for each estimated model,
the average FIT obtained is 90.1, as presented in the bottom row of Table 5.1.

Moreover, θ̂
(1)
N need not be used as final estimate, as, for finite sample size,

performance may improve by iterating. However, because WNSF does not minimize
the cost function (2.39) explicitly, subsequent iterations may not correspond to
a lower cost-function value than previous ones. Here, we will also use the cost
function (2.39) as criterion to choose the best model among the iterations performed.

5.5.3 Comparison with PEM
One of the main limitations of PEM is the non-convex cost function, which may make
the method sensitive to the initialization. Here, we provide examples illustrating how
WNSF may be a more robust method than PEM regarding initialization: in cases
where the PEM cost function is highly non-convex, WNSF may require less iterations
and be more robust against convergence to non-global minima. The simulations use
the implementation of PEM in MATLAB2016b.

We consider the system

Go(q) = 1.0q−1 − 1.2q−2

1 − 2.5q−1 + 2.4q−2 − 0.88q−3 , (5.82)

where Ho(q) = 1, Ko(q) = 0.3, and with data generated according to (5.77). In this
case, the reference signal is generated according to

rt = 1 + 0.7q−1

1 − 0.9q−1 rw
t , (5.83)

where {et} and {rw
t } are mutually-uncorrelated Gaussian white-noise sequences

with zero mean and variances 4 and 0.25, respectively. The sample size is N = 2000.
We estimate an OE model with the following algorithms:
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Table 5.2: Comparison with PEM: average FITs with different methods (Meth) and
initializations (Init).

Meth
Init MtL LS true

WNSF 98 98 –
PEM GN 74 87 98
PEM LM 98 85 98

• WNSF with a non-parametric model of order n = 250;

• PEM with default MATLAB initialization and Gauss-Newton (GN) algorithm;

• PEM with default MATLAB initialization (MtL) and Levenberg-Marquardt
(LM) algorithm;

• WNSF with a non-parametric model of order n = 250, where the weighting
matrix, instead of being initialized with θ̂

(0)
N (5.37), is initialized with the

default MATLAB initialization (MtL);

• PEM initialized with θ̂
(0)
N (LS) and the GN algorithm;

• PEM initialized with θ̂
(0)
N (LS) and the LM algorithm;

• PEM initialized at the true parameters (true).

All the methods use a maximum of 100 iterations, but stop early upon convergence
(default settings for PEM, 10−4 as tolerance for the normalized relative change
in the parameter estimates for WNSF) and initial conditions are assumed zero.
Performance is evaluated by the FIT of the impulse response of the estimated OE
model G(q, θ̂

(1)
N ), given by (5.81).

The average FITs for 100 Monte Carlo runs are shown in Table 5.2. For PEM,
the results depend on the optimization method and the initialization point: as
consequence of the non-convexity of PEM, the algorithms do not always converge
to the global optimum. For PEM implementations, the average FIT is the same as
for PEM started at the true parameters only with default MATLAB initialization
and LM algorithm. For WNSF, the average FIT is the same as for PEM started at
the true parameters independently of the initialization point used in the weighting
matrix, suggesting robustness to different initial weighting matrices.

In this simulation, PEM was most robust with the LM algorithm and the default
MATLAB initialization, having on average the same accuracy as WNSF. Then, it is
appropriate to compare the performance of these methods by iteration when WNSF
also is initialized with the same parameter values. In Fig. 5.2, we plot the average
FITs for these methods as function of the maximum number of iterations. Here,
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Figure 5.2: Comparison with PEM: average FIT from 100 Monte Carlo runs function
of the maximum number of iterations.

WNSF reaches an average FIT of 98 after two iterations, whereas PEM with LM
takes 20 iterations to reach the same value. This suggests that, even if WNSF and
some PEM implementation start and converge to the same value, WNSF may do it
faster than standard optimization methods for PEM.

The robustness of WNSF against convergence to non-global minima compared
with different instances of PEM can be even more evident than in Table 5.2, as
WNSF seems to be appropriate for modeling systems with many resonant peaks,
for which the PEM cost function can be highly non-linear. Take the example of the
system

Lo(q) = 1.0q−1 − 3.40q−2 + 4.80q−3 − 3.30q−4 + 0.96q−5,

Fo(q) = 1−5.4q−1 + 13.5q−2 − 20.1q−3 + 19.5q−4 − 12.1q−5 + 4.5q−6,
(5.84)

whose magnitude Bode plot is shown in Fig. 5.3. The data are generated according
to (5.77) with Ko(q) = −0.05 and

rt = 0.05
1 − 0.99q−1 rw

t , (5.85)

where {rw
t } and {et} are mutually-uncorrelated Gaussian white-sequences with

zero mean and unit variance. Here, initial conditions are not assumed zero: PEM
estimates initial conditions by backcasting and WNSF uses the approach that will
be proposed in Chapter 9.

The FIT results based on 100 Monte Carlo runs are shown in Fig. 5.4. In this
scenario, PEM with the LM algorithm and default initialization fails in most runs to
find the global optimum. Subspace methods, often used to avoid the non-convexity
of PEM, may not help in this scenario: SSARX (Jansson, 2003), a subspace method
that is consistent in closed loop, provides an average FIT around 20% (default
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Figure 5.3: Magnitude Bode plot of the system given by (5.84).
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Figure 5.4: FITs from 100 Monte Carlo runs with a highly resonant system.

MATLAB implementation). Here, WNSF with n between 100 and 600 spaced with
intervals of 50 performs similarly to PEM initialized at the true parameters.

5.5.4 Random Systems

In order to test the robustness of the method, we now perform a simulation with
random systems. Also, closed-loop data often introduces additional difficulties: for
example, many standard methods are not consistent. Thus, we perform a simulation
with these settings and compare the performance of WNSF with other methods
available in the MATLAB System Identification Toolbox. For a fair comparison, we
only use methods that are consistent in closed loop and only use input and output
data. From the subspace class, we use SSARX (Jansson, 2003), as this method is
competitive with other subspace algorithms, such as CVA (Larimore, 1983; Peternell
et al., 1996) and N4SID (van Overschee and de Moor, 1994), and it is consistent in
closed loop. IV methods are not considered, as the instruments need to contain the
reference signal in closed loop.
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For the simulation, we use 100 systems with structure

Go(q) = lo
1q−1 +⋯ + lo

4q−4

1 + fo
6 q−6 +⋯ + fo

mq−6 . (5.86)

As we have observed, PEM may have difficulties with slow resonant systems: therefore,
it is for this class of systems that WNSF may be most beneficial. With this purpose,
we generate the polynomial coefficients in the following way. The poles are located
in an annulus with the radius uniformly distributed between 0.88 and 0.98, and the
phase uniformly distributed between 0 and 90○ (and respective complex conjugates).
One pair of zeros is generated in the same way, and a third real zero is uniformly
distributed between −1.2 and 1.2 (this allows for non-minimum-phase systems). The
noise models have structure

Ho(q) = 1 + co
1q−1 + co

2q−2

1 + do
1q−1 + do

2q−2 , (5.87)

with the poles and zeros having uniformly distributed magnitude between 0 and
0.95, and uniformly distributed phase between 0 and 180○ (and respective complex
conjugates).

The data are generated in closed loop by

ut = Ko(q)
1 +Ko(q)Go(q)rt − Ko(q)Ho(q)

1 +Ko(q)Go(q)et,

yt = Ko(q)Go(q)
1 +Ko(q)Go(q)rt + Ho(q)

1 +Ko(q)Go(q)et.

(5.88)

The reference signal is generated by

rt = 1 − 1.273q−1 + 0.81q−2

1 − 1.559q−1 + 0.81q−2 rw
t , (5.89)

where {rw
t } a Gaussian white-noise sequence with zero mean and unit variance. The

noise sequence {et} is Gaussian with zero mean, uncorrelated with {rw
t }, and the

variance is chosen such that the signal-to-noise ratio (SNR) is

SNR = ∑N
t=1 � Ko(q)Go(q)

1+Ko(q)Go(q)rt�2

∑N
t=1 [Ho(q)et]2 = 2. (5.90)

The controller Ko(q) is obtained using a Youla-parametrization to have an integrator
and a closed-loop transfer function that has the same poles as the open loop except
that the magnitude of the slowest open-loop pole pair is reduced by 80%. The
sample size is N = 2000 and we perform 100 Monte Carlo runs (one for each system,
different noise realizations).

We compare the following methods:
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Figure 5.5: Random systems: FITs from 100 Monte Carlo runs.

• PEM initialized at the true parameters (PEMt);

• PEM with default MATLAB initialization (PEMd);

• SSARX with the default MATLAB options;

• WNSF using the approach in Section 5.5.2 to choose n from the grid{50, 100, 150, 200, 250, 300}.
• PEM initialized with WNSF (PEMw).

WNSF and PEM estimate a correctly parametrized model, and SSARX estimates a
state-space model of order 8. We use the MATLAB2016b implementation of SSARX
and PEM. For PEM, the optimization algorithm is LM. For SSARX, the horizons
are chosen automatically by MATLAB, based on the Akaike Information Criterion.
WNSF and PEM use a maximum of 100 iterations, but stop earlier upon convergence
(10−4 as function tolerance for PEM, and as tolerance for the normalized relative
change in the parameter estimates for WNSF). PEM estimates initial conditions
by backcasting and WNSF truncates them (the approach that will be proposed in
Chapter 9 does not apply to BJ models).

The FITs obtained in this simulation are presented in Fig. 5.5. In this scenario,
PEM with default MATLAB initialization (PEMd) often fails to find a point close to
the global optimum, which can be concluded by comparison with PEM initialized at
the true parameters (PEMt). Moreover, SSARX is not an alternative for achieving
better performance. WNSF can be an appropriate alternative, failing only once
to provide an acceptable estimate, and having otherwise a performance close to
the practically infeasible PEMt. The estimate obtained with WNSF may be used
to initialize PEM. This provides a small improvement only, suggesting that the
estimates obtained with WNSF are already close to a minimum of the PEM cost
function.

5.5.5 Over-parametrized Models
In the following, we perform a simulation that illustrates another potential advantage
of WNSF with respect to PEM: identification of over-parameterized models. This
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setting is outside the scope of the theoretical analysis, and may not be generalizable
to all cases of over-parametrized models. However, because it can be often observed,
we illustrate it and propose an idea for why WNSF can be advantageous.

Consider data generated according to

yt = q−1 − 0.5q−2

1 − 1.2q−1 + 0.72q−2 ut + et, (5.91)

where {ut} and {et} are mutually-uncorrelated Gaussian white-noise sequences with
zero mean and variances 0.5 and 1, respectively. To identify (5.91), we consider the
OE model

yt = ∑m
k=1 bkq−k

1 +∑m
k=1 fk

ut + et, (5.92)

where {fk, bk}m
k=1 are the parameters to estimate.

For the identification, we consider two scenarios: a model with the correct order
m = 2; an over-parametrized model of order m = 8. Then, we apply the following
methods:

• PEM with m = 2 initialized at the true parameters (PEM-2);

• PEM with m = 8 initialized at the true parameters (PEM-8);

• WNSF with m = 2 and non-parametric FIR model of order n = 40 (WNSF-2);

• WNSF with m = 8 and non-parametric FIR model of order n = 40 (WNSF-8);

• PEM with m = 8 initialized at the estimates provided by WNSF-8 (PEM-
wnsf8).

Both PEM and WNSF iterate until convergence with a maximum of 100 iterations.
For WNSF, the estimate that minimizes the PEM cost function is chosen.

The FITs for 100 Monte Carlo runs and sample size N = 1000 are presented in
Fig. 5.6. When the true order m = 2 is chosen, PEM and WNSF perform similarly.
However, when the order is chosen m = 8, WNSF performs better than PEM. This
is not due to an issue with non-global minima: when PEM is initialized with the
estimate of WNSF-8, the performance drops compared to WNSF-8, although the
cost function associated with PEM must have a value at least as low as the cost for
the initializing estimate. This is confirmed with Fig. 5.7, presenting the PEM cost
function values evaluated at the corresponding estimates: PEM-8 and PEM-wnsf8
attain slightly lower cost function values than WNSF-8, although this does not
correspond to a larger FIT.

This behavior is probably due to over-fitting. Because we estimate 10 more
parameters than required and N is not specially large, too low values of the PEM
cost function may overfit the data. This problem has been addressed by Sjöberg
and Ljung (1995) for PEM, where early stopping is proposed when over-fitting is
a concern. Because WNSF does not minimize the PEM cost function explicitly
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Figure 5.6: Over-parametrized models: FITs for 100 Monte Carlo runs.
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Figure 5.7: Over-parametrized models: PEM cost function for 100 Monte Carlo runs.

(although we may use it as criterion to choose one estimate among several), it may
avoid too low values of the cost function and in practice have a similar effect to
early stopping.

5.6 Conclusion

In this chapter, we proposed a method for identification of parametric models
connecting ideas from maximum likelihood and subspace methods, which we named
weighted null-space fitting (WNSF). It is a multi-step least-squares method consisting
of the following steps: (1) a non-parametric model is estimated using least squares;
(2) least squares is applied again to perform model reduction to a parametric model
estimate; (3) the parametric model is re-estimated using weighted least squares,
with the weights obtained from the estimate in the previous step.

We showed that these three steps provide consistent and asymptotically efficient
estimates for SISO Box-Jenkins models, although we point out that the method
can be applied analogously to other model structures, such as OE or ARMAX,
with the same asymptotic properties. Experimentally, we performed Monte Carlo
simulations, comparing PEM, subspace, and WNSF under settings where PEM
typically performs poorly. The simulations suggest that WNSF is competitive with
these methods, being a viable alternative to PEM or to provide initialization points
for PEM.
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5.A Auxiliary Results

In this appendix, we derive two auxiliary results that will be useful to simplify the
theoretical analysis.

Proposition 5.1. Consider the product ∏p
i=1 X̂

(i)
N , where p is finite and X̂

(i)
N are

stochastic matrices of appropriate dimensions (possibly a function of N) such that

∣∣X̂(i)N − X̄
(i)
N ∣∣ → 0 as N →∞ w.p.1; ∣∣X̄(i)N ∣∣ < Ci, (5.93)

where X̄
(i)
N is a deterministic matrix for each N , which may influence its dimensions

according to the dimensions of X̂
(i)
N . Then, we have that

��∏p
i=1 X̂

(i)
N −∏p

i=1 X̄
(i)
N �� → 0 as N →∞ w.p.1. (5.94)

Proof. We show this by induction. First, let p = 2 and define Δ(i)N ∶= X̂
(i)
N − X̄

(i)
N .

Then, we write

X̂
(1)
N X̂

(2)
N − X̄

(1)
N X̄

(2)
N =Δ(1)N X̄

(2)
N + X̄

(1)
N Δ(2)N +Δ(1)N Δ(2)N , (5.95)

which yields, using (5.93),

∣∣X̂(1)N X̂
(2)
N −X̄

(1)
N X̄

(2)
N ∣∣≤ ∣∣Δ(1)N ∣∣ ∣∣X̄(2)N ∣∣

+∣∣X̄(1)N ∣∣ ∣∣Δ(2)N ∣∣+∣∣Δ(1)N ∣∣ ∣∣Δ(2)N ∣∣ → 0 as N →∞ w.p.1.
(5.96)

Second, we consider an arbitrary p, and assume that

��∏p−1
i=1 X̂

(i)
N −∏p−1

i=1 X̄
(i)
N �� → 0 as N →∞ w.p.1. (5.97)

Then, using a similar procedure as (5.95), we have

��∏p
i=1 X̂

(i)
N −∏p

i=1 X̄
(i)
N �� ≤ ∣∣Δ(p)N ∣∣ ∣∣∏p−1

i=1 X̄
(i)
N ∣∣

+ ∣∣X̄(p)N ∣∣ ∣∣∏p−1
i=1 Δ(i)N ∣∣ + ∣∣Δ(p)N ∣∣ ∣∣∏p−1

i=1 Δ(i)N ∣∣, (5.98)

which, in turn, is bounded by

∣∣Δ(p)N ∣∣ ∏p−1
i=1 ∣∣X̄(i)N ∣∣ + ∣∣X̄(p)N ∣∣ ∏p−1

i=1 ∣∣Δ(i)N ∣∣
+ ∣∣Δ(p)N ∣∣ ∏p−1

i=1 ∣∣Δ(i)N ∣∣ → 0 as N →∞ w.p.1,
(5.99)

where the convergence follows by assumption. Then, (5.94) is verified when assum-
ing (5.97), which considering also (5.98) and an induction argument, concludes the
proof.
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Proposition 5.2. Let x̂N = √NÂN B̂N δ̂N be a finite-dimensional vector, where
ÂN and B̂N are stochastic matrices and δ̂N is a stochastic vector of compatible
dimensions. The dimensions may increase to infinity as function of N , except for
the number of rows of ÂN , which is fixed. We assume that there is N̄ such that∣∣ÂN ∣∣ < C for all N > N̄ , there is B̄ such that ∣∣B̂N − B̄∣∣ → 0 as N →∞ w.p.1, and∣∣δ̂N ∣∣ → 0 as N → ∞ w.p.1. Then, if

√
N ∣∣B̂N − B̄∣∣ ∣∣δ̂N ∣∣ → 0 as N → ∞ w.p.1, x̂N

and
√

NÂN B̄δ̂N have the same asymptotic distribution and covariance.

Proof. We begin by writing

x̂N =√NÂN B̄δ̂N +√NÂN(B̂N − B̄)δ̂N . (5.100)

Although some of the matrix and vector dimensions may increase to infinity with
N , the number of rows of ÂN is fixed, which makes x̂N finite dimensional. Then, it
is a consequence of Slutsky’s theorem (e.g., Gut, 2013) that x̂N and

√
NÂN B̄δ̂N

have the same asymptotic distribution and covariance if the second term on the
right side of (5.100) tends to zero with probability one. By assumption, we have

∣∣√NÂN(B̂N − B̄)δ̂N ∣∣ ≤ √N ∣∣ÂN ∣∣ ∣∣B̂N − B̄∣∣ ∣∣δ̂N ∣∣ → 0, as N →∞ w.p.1, (5.101)

which completes the proof.

5.B Consistency of Step 2

The main purpose of this appendix is to prove Theorem 5.1. However, before we do
so, we introduce some results regarding the norm of some vectors and matrices.

• �η̂N − η
n(N)
o � → 0 when N →∞ w.p.1

Consider the estimated parameter vector η̂N ∶= η̂
n(N)
N (3.20) and the truncated

true parameter vector η
n(N)
o (5.57). Using the triangular inequality, we have

�η̂N − ηn(N)
o � ≤ �η̂N − η̄n(N)� + �η̄n(N) − ηn(N)

o � , (5.102)

where η̄n is defined by (5.53). Then, from Lemma 3.4, the second term on the
right side of (5.102) tends to zero as n(N)→∞. Moreover, from Theorem 3.1,
the first term on the right side of (5.102) tends to zero as N →∞ w.p.1. Thus,

�η̂N − ηn(N)
o � → 0, as N →∞ w.p.1. (5.103)

• �Qn(η̂N) −Qn(ηn(N)
o )� → 0 when N →∞ w.p.1

Consider the matrix Qn(ηn(N)
o ), given by (5.58) evaluated at the truncated

true parameter vector η
n(N)
o , and the matrix Qn(η̂N), given by (5.58) evaluated
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at the estimated parameters η̂N . We have that

�Qn(η̂N) −Qn(ηn(N)
o )� ≤ �Qc

n(η̂N) −Qc
n(ηn(N)

o )� + �Ql
n(η̂N) −Ql

n(ηn(N)
o )�

+ �Qf
n(η̂N) −Qf

n(ηn(N)
o )�

≤ C �η̂N − ηn(N)
o � .

(5.104)

Then, using (5.103), we conclude that

�Qn(η̂N) −Qn(ηn(N)
o )� → 0, as N →∞ w.p.1. (5.105)

• ∥Qn(ηn
o )∥ is bounded for all n

We have that

∥Qn(ηn
o )∥ ≤ ∥Qc

n(ηn
o )∥ + �Ql

n(ηn
o )� + �Qf

n(ηn
o )� + �Qd

n�≤ C ∥ηn
o ∥ + 1 ≤ C ∥ηo∥ + 1 ∀n,

(5.106)

which is bounded because the coefficients of Ao(q) and Bo(q) are exponen-
tially decaying (the true system is asymptotically stable and has a rational
description).

• ∥Qn(η̂N)∥ is bounded for sufficiently large N w.p.1
Using the triangular inequality, we have that

∥Qn(η̂N)∥ ≤ �Qn(η̂N) −Qn(ηn(N)
o )� + �Qn(ηn(N)

o )� . (5.107)

Then, using (5.106) and (5.104), the first term on the right side of (5.107) can
be made arbitrarily small as N increases, and the second term is bounded for
all n(N). Then, there exists N̄ such that

∥Qn(η̂N)∥ ≤ C, ∀N > N̄ . (5.108)

• ∥Tn(θo)∥ is bounded for all n

Consider Tn(θo) as the matrix given by (5.22) evaluated at θ = θo. Bounding
the norm of Tn(θo) by its constituting blocks, we have that

∥Tn(θo)∥ ≤ �T f
n (θo)� + ∥T c

n(θo)∥ + �T l
n(θo)�≤ ∥Fo(q)∥∞+ ∥Co(q)∥∞+ ∥Lo(q)∥∞ ≤ C ∀n,

(5.109)

where the last two inequalities follow from Theorem 3 of Rojas et al. (2012)
and from asymptotic stability of Fo(q), Co(q), and Lo(q).

The following lemma deals with invertibility of Q⊺n(η̂N)Qn(η̂N), which appears
when solving the least squares problem (5.60).
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Lemma 5.1. Let Assumption 3.1 hold and

M(ηo) ∶= lim
n→∞Q⊺n(ηn

o )Qn(ηn
o ), (5.110)

where Qn(ηn
o ) is given by (5.58) evaluated at ηn

o , defined in (5.57). Then, M(ηo) is
invertible.

Proof. First, we observe that the limit in (5.110) is well defined, because the entries
of M(ηn

o ) ∶= Q⊺(ηn
o )Q(ηn

o ) are either zero or sums with form

∑n
k=1 ao

kao
k+p, ∑n

k=1 ao
kbo

k+p, ∑n
k=1 bo

kbo
k+p, (5.111)

for some finite integers p, and the coefficients ao
k and bo

k are stable sequences.
Thus, these sums converge as n → ∞. For simplicity of notation, let Q∞(ηo) ∶=
limn→∞Qn(ηn

o ); that is, Q∞(ηo) is block Toeplitz according to (5.58), with each
block having an infinite number of rows and given by

Qc∞(ηo) = T∞,mc[A(q, ηo)], Ql∞(ηo) = T∞,ml
[A(q, ηo)], (5.112)

Qf∞(ηo) = T∞,mf
[B(q, ηo)], Qd∞ = ⎡⎢⎢⎢⎣

Imd,md

0∞,md

⎤⎥⎥⎥⎦ . (5.113)

We can then write M(ηo) = Q⊺∞(ηo)Q∞(ηo). From this factorization, we observe that
M(ηo) is singular if and only if Q∞(ηo) has a non-trivial right null-space. Moreover,
the block anti-diagonal structure of Q∞(ηo) implies that Q∞(ηo) has full column
rank if and only if both matrices [−Qf∞(ηo) Ql∞(ηo)] and [−Qc∞(ηo) Qd∞(ηo)] have
full column rank. We proceed by contradiction. Suppose that

�−Qf∞(ηo) Ql∞(ηo)� ⎡⎢⎢⎢⎣
α

β

⎤⎥⎥⎥⎦ = −Qf∞(ηo)α +Ql∞(ηo)β = 0, (5.114)

where α and β are some vectors α = [α0 . . . αmf−1]⊺ and β = [β0 . . . βml−1]⊺, such
that ∥α∥ ≠ 0 and ∥β∥ ≠ 0. Then, (5.114) implies

B(q, ηo)α(q) = A(q, ηo)β(q)⇔ L(q, θo)α(q) = F (q, θo)β(q), (5.115)

where α(q) = ∑mf−1
k=0 αkq−k and β(q) = ∑ml−1

k=0 βkq−k. Because F (q, θo) and L(q, θo)
are co-prime by Assumption 3.1 and polynomials of order mf and ml − 1, and α(q)
and β(q) are polynomials of orders at most mf − 1 and ml − 1, (5.115) can only be
satisfied if α(q) = 0 = β(q). Hence, [−Qf∞(ηo) Ql∞(ηo)] has full column rank.

Analogously for [−Qc∞(ηo) Qd∞(ηo)], this matrix has full column rank if and
only if C(q, θo)α(q) =D(q, θo)β(q) is satisfied only for α(q) ≡ 0 ≡ β(q), where here
we have α(q) = ∑mc−1

k=0 αkq−k and β(q) = ∑md−1
k=0 βkq−k. This is the case, as C(q, θo)

and D(q, θo) are co-prime and polynomials of higher order than α(q) and β(q).
Hence, [−Qf∞(ηo) Ql∞(ηo)] and [−Qc∞(ηo) Qd∞(ηo)] are full column rank, implying
that Q∞(ηo) has a trivial right null-space and M(ηo) is invertible.

Finally, we have the necessary results to prove Theorem 5.1.
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5.B.1 Proof of Theorem 5.1
We start by using (5.60) to write

θ̂
(0)
N − θo = �Q⊺n(η̂N)Qn(η̂N)�−1

Q⊺n(η̂N)η̂N − θo

= �Q⊺n(η̂N)Qn(η̂N)�−1
Q⊺n(η̂N) [η̂N −Qn(η̂N)θo]

= �Q⊺n(η̂N)Qn(η̂N)�−1
Q⊺n(η̂N)Tn(θo)[η̂N − ηn(N)

o ],
(5.116)

where the last equality follows from (5.61). If n were fixed, consistency would follow
if η̂N − ηn

o would approach zero as N →∞, provided the inverse of Q⊺n(η̂N)Qn(η̂N)
existed for sufficiently large N . However, for consistency to be achieved, n = n(N)
must increase according to Assumption 3.4. This implies also that the dimensions
of the vectors η̂N and η

n(N)
o , and of the matrices Qn(η̂N) (number of rows) and

Tn(θo) (number of rows and columns), become arbitrarily large. Therefore, extra
requirements are necessary. In particular, we use (5.116) to write

�θ̂(0)N − θo� = �M−1(η̂N)Q⊺n(η̂N)Tn(θo)(η̂N − ηn(N)
o )�

≤ �M−1(η̂N)� ∥Qn(η̂N)∥ ∥Tn(θo)∥ �η̂N − ηn(N)
o � ,

(5.117)

where M(η̂N) ∶= Q⊺n(η̂N)Qn(η̂N), and observe that consistency is achieved if the
last factor on the right side of the inequality in (5.117) approaches zero as N →∞
w.p.1, and the remaining factors are bounded for sufficiently large N w.p.1. This can
be shown using (5.108), (5.109), and (5.103), but we need additionally that M(η̂N)
is invertible for sufficiently large N , w.p.1.

With this purpose, we write

∣∣M(η̂N) −M(ηn(N)
o )∣∣ = ∣∣Q⊺n(η̂N)Qn(η̂N) −Q⊺n(ηn(N)

o )Qn(ηn(N)
o )∣∣. (5.118)

Using (5.104), (5.106), (5.108), and Proposition 5.1, and because M(ηn
o )→ M(ηo)

as n →∞, we have that

M(η̂N)→ M(ηo), as N →∞ w.p.1. (5.119)

As M(ηo) is invertible (Lemma 5.1), by (5.119) and because the map from the
entries of a matrix to its eigenvalues is continuous, there is N̄ such that M(η̂N) is
invertible for all N > N̄ w.p.1.

Returning to (5.117), we may now write

��θ̂(0)N − θo�� ≤ C ��η̂N − η̂n(N)
o ��, ∀N > N̄ .

→ 0, as N →∞ w.p.1.
(5.120)

Moreover, using (5.102), we can re-write (5.120) as

��θ̂(0)N − θo�� ≤ C���η̂N − η̄n(N)�� + ��η̄n(N) − ηn(N)
o ���. (5.121)
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From Proposition 3.4, we have ∣∣η̄n(N) − η
n(N)
o ∣∣ ≤ Cd(N), which thus approaches

zero faster than ∣∣η̂N − η̄n(N)∣∣, whose decay rate is according to (3.29). For the decay
rate of ∣∣θ̂(0)N − θo∣∣, it suffices then to take the rate of the slowest-decaying term,
which is given by (5.72), as we wanted to show.

5.C Consistency of Step 3

The main purpose of this appendix is to prove Theorem 5.2. However, before we do
so, we introduce some results regarding the norm of some vectors and matrices.

• �T −1
n (θo)� is bounded for all n

With Tn(θ) given by (5.62), the inverse of Tn(θo) is given by

T −⊺n (θ) = ⎡⎢⎢⎢⎣
T c

n(θ)−1 0
T f

n (θ)−1T l
n(θ)T c

n(θ)−1 T f
c (θ)−1

⎤⎥⎥⎥⎦ (5.122)

evaluated at the true parameters θo. Then,

�T −1
n (θo)� ≤ �T f

n (θo)−1� + �T c
n(θo)−1� + �T f

n (θo)−1T l
n(θo)T c

n(θo)−1�
≤ ∥1/Fo(q)∥∞ + ∥1/Co(q)∥∞ + ∥Lo(q)/[Fo(q)Co(q)]∥∞≤C, ∀n

(5.123)

where the last two inequalities follows from Theorem 3 of Rojas et al. (2012)
and from asymptotic stability of 1/Fo(q), 1/Co(q), and Lo(q).

• �T −1
n (θ̂(0)N )� is bounded for sufficiently large N w.p.1.

Consider the matrix T −1
n (θ̂(0)N ), given by (5.122) evaluated at θ̂

(0)
N . Proceeding

as in (5.123), the term ∣∣T−1
n (θ̂(0)N )∣∣ is bounded if F (q, θ̂

(0)
N ) and C(q, θ̂

(0)
N )

have all poles strictly inside the unit circle. From Theorem 5.1 and stability
of the true system by Assumption 3.1, we conclude that there exists N̄ such
that F (q, θ̂

(0)
N ) and C(q, θ̂

(0)
N ) have all roots strictly inside the unit circle for

all N > N̄ . Thus, we have that, w.p.1,

�T−1
n (θ̂(0)N )� ≤ C, ∀n, ∀N > N̄ . (5.124)

• �T −1
n (θ̂(0)N ) − T −1

n (θo)� → 0 when N →∞ w.p.1.

Consider the term ∣∣T −1
n (θ̂(0)N ) − T −1

n (θo)∣∣ with n = n(N). We have that

�T−1
n (θ̂(0)N ) − T −1

n (θo)� ≤ �T−1
n (θ̂(0)N )� �Tn(θ̂(0)N ) − Tn(θo)� �T −1

n (θo)� . (5.125)
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Because ∣∣X ∣∣ ≤ �∣∣X ∣∣1∣∣X ∣∣∞, where X is an arbitrary matrix, we have that

��Tn(θ̂(0)N ) − Tn(θo)�� ≤ mf+ml+mc�
k=1

∣θ̂k,(0)
N − θk

o ∣ ≤ C ��θ̂(0)N − θo��, (5.126)

with superscript k denoting the kth element of the vector. Then, using Theo-
rem 5.1, we have that

�Tn(θ̂(0)N ) − Tn(θo)� = O�
�

n(N) log N

N
�1 + d(N)��. (5.127)

From to Conditions D2 and D3 in Assumption 3.4,�
n(N) log N

N
(1 + d(N))→ 0, as N →∞, (5.128)

and thus �Tn(θ̂(0)N ) − Tn(θo)� → 0, as N →∞ w.p.1. (5.129)

Together with (5.123), (5.124), and (5.125), this implies that

�T−1
n (θ̂(0)N ) − T −1

n (θo)� → 0, as N →∞ w.p.1. (5.130)

The following two lemmas are useful for the invertibility of the weighted least-
squares problem (5.65).

Lemma 5.2. Let Assumption 3.1 hold and

M̄(ηo, θo) ∶= lim
n→∞Q⊺n(ηn

o )W̄n(θo)Qn(ηn
o ), (5.131)

where W̄n(θo) is given by (5.41), and Qn(ηn
o ) is defined by (5.58) at the true

parameters ηn
o . Then, M̄(ηo, θo) is invertible.

Proof. Using (3.22) and (5.41), we re-write (5.131) as

M̄(ηo, θo) = lim
n→∞Q⊺n(ηn

o )T−⊺n (θo)Ē �ϕn
t (ϕn

t )⊺�T −1
n (θo)Qn(ηn

o ). (5.132)

Re-writing ϕn
t , defined in (5.51), as

ϕn
t = ⎡⎢⎢⎢⎣

−Γnyt

Γnut

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
−ΓnGo(q) −ΓnHo(q)

Γn 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
ut

et

⎤⎥⎥⎥⎦ , (5.133)

we can then write

Ē �ϕn
t (ϕn

t )⊺� = 1
2π

� π

−π
Λn(eiω)Φz(ω)Λ∗n(eiω)dω, (5.134)
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where

Λn(q) = ⎡⎢⎢⎢⎣
−ΓnGo(q) −ΓnHo(q)

Γn 0

⎤⎥⎥⎥⎦ (5.135)

and Φz is the spectrum of [ut et]⊺. Then, we can re-write (5.132) as

M̄(ηo, θo) = 1
2π

� π

−π
lim

n→∞Q⊺n(ηn
o )T−⊺n (θo)Λn(eiω)Φz(ω)Λ∗n(eiω)T−1

n (θo)Qn(ηn
o )dω.

(5.136)
Moreover,

Q⊺n(ηn
o )T−⊺n (θo) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −T ⊺n,mf
�Bo

Fo
�

0 T ⊺n,ml
�Ao

Fo
�

−T ⊺n,mc
�Ao

Co
� −T ⊺n,mc

�LoAo
FoCo

�
T ⊺n,md

� 1
Co
� T ⊺n,md

� Lo
FoCo

�

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (5.137)

where the argument q of the polynomials was dropped for notational simplicity. In
turn, we can also write

Q⊺n(ηn
o )T−⊺n (θo)Λn(q) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−T ⊺n,mf
�Bo

Fo
�Γn 0

T ⊺n,ml
�Ao

Fo
�Γn 0

T ⊺n,mc
�Ao

Co
�ΓnGo−T ⊺n,mc

�LoAo
FoCo

�Γn T ⊺n,mc
�Ao

Co
�ΓnHo−T ⊺n,md

� 1
Co
�ΓnGo+T ⊺n,md

� Lo
FoCo

�Γn −T ⊺n,md
� 1

Co
�ΓnHo

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(5.138)
It is possible to observe, for some polynomial X(q) = ∑∞k=0 xkq−k, that

lim
n→∞T ⊺n,m[X(q)]Γn =X(q)Γm. (5.139)

Then, we have that, using also (5.49),

lim
n→∞Q⊺n(ηn

o )T−⊺n (θo)Λn(q) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− Go
HoFo

Γmf
0

1
HoFo

Γml
0

0 1
Co

Γmc

0 − 1
Do

Γmd

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=∶ Ωn(q). (5.140)

This allows us to re-write (5.136) as

M̄(ηo, θo) = 1
2π

� π

−π
Ω(eiω)Φz(ω)Ω∗(eiω)dω =MCR, (5.141)

where the last equality follows because (5.141) can be written as (5.74) using (5.75).
Finally, MCR is invertible because the CR bound exists for an informative experiment
(Ljung, 1999).



118 Weighted Null-Space Fitting

Lemma 5.3. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Also, let M(η̂N , θ̂
(0)
N ) ∶=

Q⊺n(η̂N)Wn(θ̂(0)N )Qn(η̂N), where η̂N ∶= η̂
n(N)
N is defined by (3.20), Qn(η̂N) is de-

fined by (5.58) evaluated at the estimated parameters η̂N , and Wn(θ̂(0)N ) is defined
by (5.43). Then,

M(η̂N , θ̂
(0)
N )→ M̄(ηo, θo), as N →∞ w.p.1. (5.142)

Proof. For the purpose of showing (5.142), we will show that

��M(η̂N , θ̂
(0)
N ) −Q⊺n(ηn(N)

o )W̄n(θo)Qn(ηn(N)
o )�� → 0, as N →∞ w.p.1. (5.143)

We apply Proposition 5.1, whose conditions can be verified using (5.105), (5.108),
(5.124), and Lemma 3.3, but additionally we need to verify that ∣∣W̄n(θo)∣∣ is bounded
and ∣∣Wn(θ̂(0)N ) − W̄n(θo)∣∣ tends to zero. For the first, we have that

∣∣W̄n(θo)∣∣ ≤ ∣∣T−1
n (θo)∣∣2∣∣R̄n∣∣ ≤ C, (5.144)

following from Lemma 3.3 and (5.123). For the second, with Wn(θ̂(0)N ) given by (5.43)
and W̄n(θo) by (5.41), conditions in Proposition 5.1 are satisfied using Lemma 3.3,
(5.123), (5.130) and Lemma 3.1, from where it follows that

∣∣Wn(θ̂(0)N ) − W̄n(θo)∣∣ → 0, as N →∞ w.p.1. (5.145)

Having shown (5.144) and (5.145), the assumptions of Proposition 5.1 are verified,
from which (5.143) follows and implies (5.142).

We now have the necessary results to prove Theorem 5.2.

5.C.1 Proof of Theorem 5.2
Similarly to (5.116), we write

θ̂
(1)
N − θo =M−1(η̂N , θ̂

(0)
N )Q⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)(η̂N − ηn(N)

o ), (5.146)

and analyze

��θ̂(1)N − θo�� ≤ ��M−1(η̂N , θ̂
(0)
N )�� ��Qn(η̂N)�� ��Wn(θ̂(0)N )�� ��Tn(θo)�� ��η̂N − ηn(N)

o ��. (5.147)

From Lemma 5.3, M(η̂N , θ̂
(0)
N ) converges to M̄(ηo, θo), which is invertible from

Lemma 5.2. Hence, because the map from the entries of the matrix to its eigenvalues
is continuous, M(η̂N , θ̂

(0)
N ) is invertible for sufficiently large N , and therefore its

norm is bounded, as it is a matrix of fixed dimensions. In addition, from (5.108),∥Qn(η̂N)∥ is bounded for sufficiently large N . Moreover, we have that, making
explicit that n = n(N),

��Wn(N)(θ̂(0)N )�� ≤ ��T −1
n(N)(θ̂(0)N )��2 ��Rn(N)

N ��. (5.148)
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Then, from (5.124) and Lemma 3.3, we have

��Wn(N)(θ̂(0)N )�� ≤ C, ∀N > N̄ . (5.149)

Finally, using also (5.106), (5.109), and (5.103), we conclude that

��θ̂(1)N − θo�� → 0, as N →∞ w.p.1. (5.150)

5.D Asymptotic Distribution and Covariance of Step 3

The purpose of this appendix is to prove Theorem 5.3: asymptotic distribution and
covariance of √

N(θ̂(1)N − θo) =√NΥn(η̂N , θ̂
(0)
N )(η̂N − ηn(N)

o ), (5.151)

which is re-written from (5.146), where

Υn(η̂N , θ̂
(0)
N ) = [Q⊺n(η̂N)Wn(θ̂(0)N )Qn(η̂N)]−1Q⊺n(η̂N)Wn(θ̂(0)N )Tn(θo). (5.152)

If Υn(η̂N , θ̂
(0)
N ) were of fixed dimensions, the standard idea would be to show that

Υn(η̂N , θ̂
(0)
N ) converges w.p.1 to a deterministic matrix, as consequence of η̂N and

θ̂
(0)
N being consistent estimates of ηo and θo, respectively. Then, for computing the

asymptotic distribution and covariance of (5.151), Υn(η̂N , θ̂
(0)
N ) can be replaced by

the deterministic matrix it converges to. This is a standard result (e.g., Slutsky’s
theorem), but it is not applicable here because the dimensions of Υn(η̂N , θ̂

(0)
N )

and η̂N − η
n(N)
o are not fixed. In this scenario, Theorem 3.2 must be used instead.

However, (5.151) is not ready to be used with Theorem 3.2, because it requires
η̂N − ηn

o to be pre-multiplied by a deterministic matrix. The key idea for proving
Theorem 5.3 is to show that (5.151) has the same asymptotic distribution and
covariance as an expression of the form Ῡn[η̂N −η

n(N)
o ], where Ῡn is a deterministic

matrix, and then apply Theorem 3.2. Proposition 5.2 will be useful for this purpose.

5.D.1 Proof of Theorem 5.3
We start by re-writing (5.151) as√

N(θ̂(1)N − θo) =M−1(η̂N , θ̂
(0)
N )x(η̂N , θ̂

(0)
N ), (5.153)

where

M(η̂N , θ̂
(0)
N ) = Q⊺n(η̂N)Wn(θ̂(0)N )Qn(η̂N),

x(η̂N , θ̂
(0)
N ) =√NQ⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)(η̂N−ηn(N)

o ). (5.154)
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Both M(η̂N , θ̂
(0)
N ) and x(η̂N , θ̂

(0)
N ) are of fixed dimension, and we have from (5.141)

and (5.142) that

M−1(η̂N , θ̂
(0)
N )→ M−1

CR, as N →∞ w.p.1. (5.155)

Then, if we assume that
x(η̂N , θ̂

(0)
N ) ∼ AsN(0, P ), (5.156)

we have that (Söderström and Stoica, 1989, Lemma B.4),√
N(θ̂(1)N − θo) ∼ AsN �0, M−1

CRPM−1
CR�. (5.157)

We will show that (5.156) is verified with

P = σ2
o lim

n→∞Q⊺n(ηn
o )W̄n(θo)Qn(ηn

o ) = σ2
oMCR, (5.158)

where the second equality follows directly from (5.131) and (5.141). We now proceed
to show the first equality.

In the following arguments, we will apply Proposition 5.2 repeatedly to x(η̂N , θ̂
(0)
N ).

This required the boundedness of some matrices; however, because all the matrices
in x(η̂N , θ̂

(0)
N ) have been shown to be bounded for sufficiently large N w.p.1, for

readability we will refrain from referring to this every time Proposition 5.2 is applied.
Because it is more convenient to work with η̄n(N) than η

n(N)
o , we start by

re-writing x(η̂N , θ̂
(0)
N ) as

x(η̂N , θ̂
(0)
N ) =√NQ⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)(η̂N − η̄n(N))
+Q⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)√N(η̄n(N) − ηn(N)

o ). (5.159)

Using Lemma 3.4, we have, for sufficiently large N w.p.1,

��Q⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)√N(η̄n(N) − ηn(N)
o )��

≤ C
√

Nd(N)→ 0, as N →∞,
(5.160)

where Condition D2 in Assumption 3.4 was also used. Using an identical argument
to Proposition 5.2, we have that x(η̂N , θ̂

(0)
N ) and√

NQ⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)(η̂N − η̄n(N)) (5.161)

have the same asymptotic distribution and covariance, so we will analyze (5.161)
instead.

Expanding Wn(θ̂(0)N ) in (5.161), we obtain√
NQ⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)(η̂N − η̄n(N))
=√NQ⊺n(η̂N)T−⊺n (θ̂(0)N )Rn

N T −1
n (θ̂(0)N )Tn(θo)(η̂N− η̄n(N)). (5.162)
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Using Proposition 5.2, we conclude that (5.162) and√
NQ⊺n(η̂N)T−⊺n (θ̂(0)N )Rn

N T −1
n (θo)Tn(θo)(η̂N− η̄n(N))

=√NQ⊺n(η̂N)T−⊺n (θ̂(0)N )Rn
N(η̂N− η̄n(N)) (5.163)

have the same asymptotic properties if√
N ∣∣T−1

n (θ̂(0)N ) − T −1
n (θo)∣∣ ∣∣η̂N− η̄n(N)∣∣ → 0, as N →∞ w.p.1. (5.164)

Using (5.123), (5.124) and (5.125) to write√
N ∣∣T−1

n (θ̂(0)N ) − T −1
n (θo)∣∣ ∣∣η̂N − η̄n(N)∣∣

≤ C
√

N ∣∣Tn(θ̂(0)N ) − Tn(θo)∣∣ ∣∣η̂N − η̄n(N)∣∣, (5.165)

we have from (5.127) and Theorem 3.1 that
√

N ��Tn(θo) − Tn(θ̂(0)N )�� ��η̂N − η̄n(N)�� = O�n(N) log N√
N

�1 + d(N)�2�, (5.166)

where
n(N) log N√

N
= �n3+δ(N)

N
�

1
3+δ log N

N
1+δ

2(3+δ) → 0, as N →∞, (5.167)

using Condition D4 in Assumption 3.4. This implies that (5.162) and (5.163), and in
turn x(η̂N , θ̂

(0)
N ), have the same asymptotic distribution and covariance. Repeating

this procedure, it can be shown that these, in turn, have the same asymptotic
distribution and covariance as√

NQ⊺n(η̂N)T−⊺n (θo)Rn
N(η̂N − η̄n(N)). (5.168)

There are two stochastic matrices left in (5.168), which we need to replace by
deterministic matrices that do not affect the asymptotic properties. Using Lemma 3.1,√

N ��Rn
N − R̄n�� ��η̂N − η̄n(N)��

= O�2n3/2(N) log N√
N

�1 + d(N)� +C

�
n2(N) log N

N

�
n3(N)

N
�1 + d(N)��,

(5.169)

where the first term tends to zero by applying Condition D4 in Assumption 3.4 to

n3/2(N) log N√
N

= �n4+δ(N)
N

�
3

2(4+δ) log N

N
1+δ

2(4+δ) → 0, as N →∞, (5.170)

and the second because of Conditions D2, D3, and D4 in Assumption 3.4. Then,
from Proposition 5.2, we have that (5.168) and√

NQ⊺n(η̂N)T−⊺n (θo)R̄n(η̂N − η̄n(N)), (5.171)
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and in turn x(η̂N , θ̂
(0)
N ), have the same asymptotic distribution and covariance, so

we will analyze (5.171).
Applying again Proposition 5.2, we have that (5.171) and√

NQ⊺n(η̄n(N))T−⊺n (θo)R̄n(η̂N − η̄n(N)) (5.172)

have the same asymptotic properties, as√
N ��Qn(η̂N) −Qn(η̄n(N))�� ��η̂N − η̄n(N)��

≤ C
√

N ��η̂N − η̄n(N)��2 = O�n(N) log N√
N

�1 + d(N)�2� (5.173)

by using (5.104) and Theorem 3.1, which tends to zero as N →∞, identically
to (5.166).

In (5.172), the matrix multiplying η̂N − η̄n(N) is finally deterministic, but it will
be more convenient to work with Q(ηn(N)

o ). With this purpose, Lemma 3.4 can be
used to show that (5.172) and√

NQ⊺n(ηn(N)
o )T−⊺n (θo)R̄n(η̂N − η̄n(N)) (5.174)

have the same asymptotic properties, as√
N ��Qn(η̄n(N)) −Qn(ηn

o )�� ��η̂N − η̄n(N)��
≤ C

√
N ��η̄n(N) − ηn(N)

o ����η̂N − η̄n(N)��
= O�

�
n(N) log N

N
�1 + d(N)�√Nd(N)�,

(5.175)

which tends to zero because of Conditions D2 and D3 in Assumption 3.4. Thus,
x(η̂N , θ̂

(0)
N ) and (5.174) have the same asymptotic distribution and covariance, so

we will analyze (5.174) instead.
Let Υn ∶= Q⊺n(ηn

o )T−⊺n (θo)R̄n. Then, using Proposition 3.2,√
NΥn(η̂N − η̄n(N)) ∼ AsN(0, P ), (5.176)

where P is given by (5.158). Finally, using (5.141), (5.157), and (5.158):√
N(θ̂(1)N − θo) ∼ AsN(0, σ2

oM−1
CR). (5.177)



Chapter 6

Comparison Between Multi-Step
Least-Squares Methods

The multi-step least-squares methods covered in Section 2.3.4 estimate a non-
parametric model as intermediate step to estimate a parametric ARMA(X) model.
The residuals of this model are used as estimates of the innovations sequence.
Replacing the unknown innovations with the reconstructed ones, the problem of
estimating the parametric model of interest becomes linear in the parameters, and
a consistent estimate can be obtained with least squares. Although there have been
several procedures proposed to obtain an efficient estimate, essentially they consist
of re-applying least squares on a filtered version of the signals of interest, using the
previously obtained estimate to construct the filters.

In this thesis, we have proposed two additional multi-step least-squares methods.
In Chapter 4, we proposed the model order reduction Steiglitz-McBride (MORSM)
method, which separates the estimation of plant and noise model, motivated by an
asymptotic maximum likelihood criterion. This is done by using the non-parametric
model to estimate the noise-free output and to filter the input, such that the noise
influence is attenuated. The relation between the estimated output and filtered input
is linear in the parameters, and can be estimated with least squares. Asymptotic
efficiency is obtained with one Steiglitz-McBride iteration, which, as in the previously
described methods, consists of filtering using the previous estimates followed by a
new least-squares step.

In Chapter 5, we proposed the weighted null-space fitting (WNSF) method. It
directly uses the relations between the non-parametric and parametric models to
obtain a parametric estimate, using least squares (alternatively, some weighting can
also be applied in this step). An asymptotically efficient estimate is obtained by
solving a weighted least-squares problem, where the weighting is motivated by the
inverse of the residuals covariance, according to the non-parametric estimate error
and the relation between both model descriptions. Because this weighting depends
on the true parameters, it is constructed using the previously obtained estimate.

The ideas underlying these three classes of methods are thus quite different, as

123
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emphasized in the following.

1. The multi-step least-squares methods of Section 2.3.4 estimate the parametric
model using the original data complemented with an estimate of the innovations
sequence.

2. MORSM does not use the original data explicitly for estimating the parametric
model. Instead, the non-parametric model is used to create an alternative data
set on which the parametric model is estimated.

3. WNSF, similarly to MORSM, does not use the original data explicitly for
estimating the parametric model. However, contrary to MORSM, no signals are
used to estimate the parametric model. Instead, it directly uses the relationship
between the coefficients of the non-parametric and the parametric models.

The unifying theme between these three approaches seems thus to be the use of
least-squares estimation. However, below we show that the methods are much closer
connected than what might be perceived at first glance. Actually, some of these
algorithms are essentially equivalent for certain model structures. However, their
range of applicability differs.

The chapter has the following structure. In Section 6.1, we consider a detailed
comparison between the method of Mayne and Firoozan (1982) and WNSF, applied
to ARMAX models. In Section 6.2, we consider in addition a comparison with
MORSM, where the application is an output-error (OE) model. In Section 6.3, we
address the applicability of the methods to Box-Jenkins (BJ) models. In Section 6.4,
we draw the main conclusions and use them to motivate Chapters 7 and 8.

6.1 The ARMAX Model

Consider the ARMAX model

F (q, θ)yt = L(q, θ)ut +C(q, θ)et, (6.1)

where, for simplicity of the presentation, we assume first-order polynomials

F (q, θ) = 1 + fq−1, L(q, θ) = 1 + lq−1, C(q, θ) = 1 + cq−1, (6.2)

with
θ = �f l c�⊺ ∈ R3 (6.3)

being the parameter vector to estimate. In this section, we consider in detail two
approaches to estimate θ. The first approach is with the method by Mayne and
Firoozan (1982) extended to ARMAX models, which has been done by Firoozan
(1977). The second approach is with the WNSF method of Chapter 5.

For both these methods, the first step consists of estimating a non-parametric
ARX model (5.45), repeated here for convenience:

A(q, ηn)yt = B(q, ηn)ut + et, (6.4)
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where
A(q, ηn) = 1+a1q−1 +⋯ + anq−n,

B(q, ηn) = b1q−1 +⋯ + bnq−n,
(6.5)

with parameter vector

ηn = �a1 ⋯ an b1 ⋯ bn�⊺ ∈ R2n. (6.6)

In regressor form, we have
yt = (ϕn

t )⊺ηn + et, (6.7)

where
ϕn

t = �−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n�⊺ . (6.8)

As in (2.53), we estimate this model with least squares, using

η̂n
N = [Rn

N ]−1rn
N , (6.9)

where

Rn
N = 1

N

N�
t=1

ϕn
t (ϕn

t )⊺, rn
N = 1

N

N�
t=1

ϕn
t yt. (6.10)

We assume that we have obtained the non-parametric estimate (6.9), as well as an
estimate θ̂

(k)
N (consistent), which we would like to refine according to each algorithm.

With the method of Mayne and Firoozan (1982) applied to ARMAX models
(see Firoozan, 1977), the idea is to estimate the innovations with the residuals of
the non-parametric model

êt = A(q, η̂n
N)yt −B(q, η̂n

N)ut; (6.11)

filter the output, input, and simulated innovations according to

ỹt = 1
C(q, θ̂

(k)
N )yt, ũt = 1

C(q, θ̂
(k)
N )ut, ˆ̃et = 1

C(q, θ̂
(k)
N ) êt; (6.12)

and finally minimize the cost function

VN(θ; η̂n
N , θ̂

(k)
N ) = 1

N

N�
k=1
[F (q, θ)ỹt −L(q, θ)ũt −C(q, θ)ˆ̃et]2. (6.13)

These steps consist of an extension of (2.132), (2.141), and (2.142) from the ARMA to
the ARMAX case. The minimizer of (6.13) is obtained with least squares, computing

θ̂
(k+1)
N = � 1

N

N�
t=1

ϕ̃tϕ̃
⊺
t �
−1

1
N

N�
t=1

ϕ̃tzt, (6.14)
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where

ϕ̃t = �−ỹt−1 ũt−1 ˆ̃et−1�⊺
= �− 1

C(q,θ̂
(k)
N
)yt−1

1
C(q,θ̂

(k)
N
)ut−1

1
C(q,θ̂

(k)
N
) [A(q, η̂n

N)yt−1 −B(q, η̂n
N)ut−1]�⊺ ,

zt = ỹt − ˆ̃et = 1
C(q, θ̂

(k)
N ) �−�A(q, η̂n

N) − 1�yt +B(q, η̂n
N)ut� .

(6.15)
With WNSF, the estimate θ̂

(k+1)
N is obtained by computing, expanding (5.44),

θ̂
(k+1)
N = �Q⊺n(η̂n

N)T−⊺n (θ̂(k)N ) 1
N

N�
t=1

ϕn
t (ϕn

t )⊺T −1
n (θ̂(k)N )Qn(η̂n

N)�
−1

⋅Q⊺n(η̂N)T−⊺n (θ̂(k)N ) 1
N

N�
t=1

ϕn
t (ϕn

t )⊺T −1
n (θ̂(k)N )η̂n

N . (6.16)

In our case, we have

Q(ηn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 −1
0 0 −a1⋮ ⋮ ⋮
0 0 −an−1

0 1 0
0 0 −b1⋮ ⋮ ⋮
0 0 −bn−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6.17)

and

T (θ) = ⎡⎢⎢⎢⎣
1 0
0 1

⎤⎥⎥⎥⎦ ⊗ Tc(θ), Tc(θ) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 ⋯ ⋯ 0
c 1 0 ⋮
0 c 1 ⋱ ⋮⋮ ⋱ ⋱ ⋮
0 0 0 ⋯ c 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (6.18)

which we have obtained from (5.70). Defining

ϕ̃t = �(ϕn
t )⊺T −1

n (θ̂(k)N )Qn(η̂n
N)�⊺ ,

zt = (ϕn
t )⊺T −1

n (θ̂(k)N )η̂n
N ,

(6.19)

(6.16) can be expressed in the form (6.14). In the following, we show that WNSF and
the method of Mayne and Firoozan (1982) are essentially equivalent for ARMAX
models, as the difference between (6.19) and (6.15) is negligible.
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For this purpose, we interpret the matrix expressions (6.19) in a filtering form,
as in (6.15). For example, we have that

�ut−1 ut−2 ⋯ ut−n�
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b1

b2⋮
bn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= B(q, ηn)ut. (6.20)

Moreover, as Tc(θ) is a lower-triangular Toeplitz matrix with the first column
containing the coefficients of C(q, θ), T −1

c (θ) is also a lower-triangular Toeplitz, now
with the first column containing the first n coefficients of 1/C(q, θ). Then, as an
example, we have that entry k of the vector

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 ⋯ ⋯ 0
c 1 0 ⋮
0 c 1 ⋱ ⋮⋮ ⋱ ⋱ ⋮
0 0 0 ⋯ c 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
a1

a2⋮
an−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(6.21)

is the coefficient of qk−1 in the impulse response of A(q, ηn)/C(q, θ). Hence, we have

�ut−1 ut−2 ut−3 ⋯ ut−n�
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 ⋯ ⋯ 0
c 1 0 ⋮
0 c 1 ⋱ ⋮⋮ ⋱ ⋱ ⋮
0 0 0 ⋯ c 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
a1

a2⋮
an−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≈ A(q, ηn)

C(q, θ) ut−1.

(6.22)
The approximation is due to the matrix form (6.21) truncating A(q, ηn)/C(q, θ) to
n coefficients. Precisely, we should write

�ut−1 ut−2 ut−3 ⋯ ut−n�
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 ⋯ ⋯ 0
c 1 0 ⋮
0 c 1 ⋱ ⋮⋮ ⋱ ⋱ ⋮
0 0 0 ⋯ c 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
a1

a2⋮
an−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= n−1�

k=0
xkq−kut−1,

(6.23)
where xk are defined from

A(q, ηn)
C(q, θ) =

∞�
k=0

xkq−k. (6.24)

For large n, the difference

A(q, ηn)
C(q, θ) − n−1�

k=0
xkq−k = ∞�

k=n

xkq−k (6.25)
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can be made arbitrarily small because of the exponential decay of {xk} (C(q, θo) is
assumed to have all its roots strictly inside the unit circle).

For a general X(q) = ∑∞k=0 xkq−k, let

{X(q)}n ∶= n�
k=0

xkq−k. (6.26)

Using the previous observations, we can re-write (6.19) as

ϕ̃t = �−� 1
C(q,θ̂

(k)
N
)�n−1

yt−1 � 1
C(q,θ̂

(k)
N
)�n−1

ut−1 � A(q,η̂n
N )

C(q,θ̂
(k)
N
)�n−1

yt−1 − � B(q,η̂n
N )

C(q,θ̂
(k)
N
)�n−1

ut−1�⊺

zt = −⎧⎪⎪⎨⎪⎪⎩
A(q, η̂n

N) − 1
C(q, θ̂

(k)
N )

⎫⎪⎪⎬⎪⎪⎭n

yt + ⎧⎪⎪⎨⎪⎪⎩
B(q, η̂n

N)
C(q, θ̂

(k)
N )

⎫⎪⎪⎬⎪⎪⎭n

ut.

(6.27)
Comparing (6.27) and (6.15), we conclude that the method of Mayne and Firoozan
(1982) and WNSF are essentially equivalent when applied to ARMAX models. The
difference lies only in how the filters are truncated when constructing the matrices
in the linear-regression problem. In particular, Mayne and Firoozan (1982) use
the infinite coefficients of the filter (in practice, they are limited to the past data
available), whereas the matrix form of WNSF truncates the filter coefficients. These
differences are negligible for sufficiently large n, which is in any case necessary for
consistency and asymptotic efficiency of both methods.

Thus, for ARMAX models, there is no difference between estimating the innova-
tions with the non-parametric ARX model (Mayne and Firoozan, 1982) and directly
relating the non-parametric estimates to the parametric model (WNSF). These
conclusions apply also to ARMA models and other particular cases. For example,
for MA models (2.65), there is also a close relation with Durbin’s first method (see
Section 2.3.2). In this case, the WNSF estimate is given by (6.16) with

Qn(ηn) = −Tn×mc[A(q, ηn)], Tn(θ) = Tn×n[C(q, θ)] (6.28)

and

ηn =
⎡⎢⎢⎢⎢⎢⎢⎣
a1⋮
an

⎤⎥⎥⎥⎥⎥⎥⎦
, ϕt =

⎡⎢⎢⎢⎢⎢⎢⎣
yt−1⋮
yt−n

⎤⎥⎥⎥⎥⎥⎥⎦
. (6.29)

This corresponds to minimizing

VN(θ; η̂n
N , θ̂

(0)
N ) = [η̂n

N −Q(η̂n
N)θ]⊺W (θ̂(0)N )[η̂n

N −Q(η̂n
N)θ] (6.30)

with
W (θ̂(0)N ) = T −T

n (θ̂(0)N ) 1
N

N�
t=1

ϕtϕ
⊺
t T −T

n (θ̂(0)N ). (6.31)

Durbin (1959) instead minimizes (2.80), whose only difference with (6.30) is in the
weighting matrix, which is set to identity. This is motivated by the observation of
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Durbin (1959) that, in the particular case of MA models, W (θ̂(0)N ) converges to the
identity matrix.

Other methods based on estimated innovations, instead of always using the
non-parametric model residuals, re-estimate the innovations using the previous
parametric estimate (e.g., Hannan and Kavalieris, 1984). In this case, there is not
such a direct connection with WNSF, but there is an equivalence with performing a
Gauss-Newton optimization on a maximum likelihood criterion initialized with the
first estimate of the multi-step least-squares procedure (Reinsel et al., 1992). In case
the non-parametric residuals are always used as estimate of the innovations, as in
the methods we compared, the equivalence with Gauss-Newton optimization is only
verified asymptotically (Poskitt and Salau, 1995); for finite sample sizes, Koreisha
and Pukkila (1990) illustrated the superior numerical performance of the multi-step
least-squares procedure compared to Gauss-Newton optimization.

Finally, MORSM (Chapter 4) is not appropriate for a comparison with other meth-
ods using ARMAX models, as it handles the noise contribution non-parametrically.
However, an OE model can be used to connect MORSM with the method of Mayne
and Firoozan (1982) and WNSF.

6.2 The Output-Error Model

Consider the model
yt = G(q, θ)ut + et, (6.32)

which, for illustration purposes, we assume to be of second order:

G(q, θ) = L(q, θ)
F (q, θ) = l1q−1 + l2q−2

1 + f1q−1 + f2q−2 . (6.33)

The parameter vector to be estimated is given by

θ = �f1 f2 l1 l2�⊺ ∈ R4. (6.34)

For all the methods, the system is first described with the non-parametric FIR
model

yt = B(q, ηn)ut + et, (6.35)

using the same notation as previously (now ηn contains only {bk} parameters), for
which an estimate B(q, η̂n

N) is obtained with least squares. Our analysis will follow
the same lines as for ARMAX models in Section 6.1.

MORSM consists of attempting to seek the minimum of the cost function (4.23)
using the Steiglitz-McBride. Then, given an estimate θ̂

(k)
N , we minimize, analogously
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to (4.25),

VN(θ) = 1
N

N�
t=1

⎡⎢⎢⎢⎢⎣[F (q, θ)B(q, η̂n
N) −L(q, θ)] 1

F (q, θ̂
(k)
N )ut

⎤⎥⎥⎥⎥⎦
2

= 1
N

N�
t=1

�F (q, θ)yf
t −L(q, θ)uf

t�2
,

(6.36)

which uses (4.24) with A(q, η̂n
N) = 1 because we assume that Ho(q) = 1, and where

we have defined
yf

t ∶= B(q, η̂n
N)

F (q, θ̂
(k)
N )ut, uf

t ∶= 1
F (q, θ̂

(k)
N )ut. (6.37)

The minimization problem (6.36) has the least-squares solution (6.14) with

ϕ̃t = �−yf
t−1 −yf

t−2 uf
t−1 uf

t−2�⊺
= �− B(q,η̂n

N )
F (q,θ̂

(k)
N
)ut−1 − B(q,η̂n

N )
F (q,θ̂

(k)
N
)ut−2

1
F (q,θ̂

(k)
N
)ut−1

1
F (q,θ̂

(k)
N
)ut−2�⊺ ,

zt = yf
t = B(q, η̂n

N)
F (q, θ̂

(k)
N )ut.

(6.38)

Although Mayne and Firoozan (1982) have not considered OE models, a similar
procedure to their ARMA(X) approach could be used to estimate them. The method
starts with the estimation of the innovations sequence from the non-parametric
model estimate. In the case of the OE model (6.32), this can be done by

êt = yt −B(q, η̂n
N)ut. (6.39)

If the true parameters and the innovations sequence were known, we would have,
following from (6.32),

F (q, θo)[yt − et] −L(q, θo)ut = 0. (6.40)

Replacing et by êt, (6.40) can be used to obtain an estimate of θ with least squares.
Doing so yields

F (q, θo)[yt − êt] −L(q, θo)ut = F (q, θo)B(q, η̂n
N)ut −L(q, θo)ut= F (q, θo)[B(q, ηn
o ) −B(q, η̂n

N)]ut,
(6.41)

where we used (6.39) and L(q, θo)/F (q, θo) = B(q, ηn
o ), neglecting the truncation

error of the non-parametric FIR model. This expression corresponds to (2.140) in
the original method. Notice now that in the expression on the right of (6.41), the
data {yt} have disappeared, and the expression corresponds simply to a filtered
version of the input {ut}. Whitening the residuals (6.41) to be minimized can be
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accomplished by filtering the signals with 1/F (q, θo). Because θo is not available, we
use a previous estimate, θ̂

(k)
N , analogously to (2.141). Thus, we are lead to minimize

VN(θ; η̂n
N , θ̂

(k)
N ) = 1

N

N�
t=1

⎡⎢⎢⎢⎢⎣F (q, θ) 1
F (q, θ̂

(k)
N )[yt − êt] −L(q, θ) 1

F (q, θ̂
(k)
N )ut

⎤⎥⎥⎥⎥⎦
2

, (6.42)

which, using (6.39), is identical to (6.36).
For WNSF, the estimate θ̂

(k+1)
N is given, as before, by (6.16), now with

ϕn
t = �ut−1 ⋯ ut−n�⊺ (6.43)

and

Qn(ηn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0−b1 0 0 1−b2 −b1 0 0−b3 −b2 0 0⋮ ⋮ ⋮ ⋮−bn−2 −bn−1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Tn(θ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 ⋯ ⋯ 0
f1 1 0 ⋮
f2 f1 1 ⋮
0 f2 f1 ⋱ ⋮⋮ ⋱ ⋱ ⋮
0 0 0 ⋯ f1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6.44)

Then, we can again re-write (6.16) as (6.14) using (6.19). In this second-order OE
setting, the matrix products in (6.19) can be written in filtering form as

ϕ̃t = �−� B(q,η̂n
N )

F (q,θ̂
(k)
N
)�n−1

ut−1 −� B(q,η̂n
N )

F (q,θ̂
(k)
N
)�n−2

ut−2� 1
F (q,θ̂

(k)
N
)�n−1

ut−1 � 1
F (q,θ̂

(k)
N
)�n−2

ut−2�⊺ ,

zt = ⎧⎪⎪⎨⎪⎪⎩
B(q, η̂n

N)
F (q, θ̂

(k)
N )

⎫⎪⎪⎬⎪⎪⎭n

ut,

(6.45)
using the definition (6.26).

Comparing (6.45) with (6.38), we observe that, in the OE case, the difference
between MORSM or the method by Mayne and Firoozan (1982) (adapted for OE
models) and WNSF is only in how the filters are truncated when constructing the
matrices in the linear-regression problem. This is exactly the same conclusion as for
the ARMAX model: in this sense, it is equivalent to use the non-parametric model
residuals to estimate the innovations (Mayne and Firoozan, 1982), to estimate the
output and filter the input (MORSM), or to directly reduce it to a parametric model
(WNSF). However, when the noise contribution is not white, MORSM models this
contribution separately and non-parametrically. The case that the plant and noise
models are not assumed to share poles, and we are interested in simultaneously
estimating parametric plant and noise models, is considered next.
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6.3 The Box-Jenkins Model

With ARMAX models, the key observation to apply methods based on simulated
innovations, such as the one by Mayne and Firoozan (1982), is that (6.1) is linear in
θ if the innovations sequence {et} is known. Consider now the Box-Jenkins model

yt = L(q, θ)
F (q, θ)ut + C(q, θ)

D(q, θ)et (6.46)

with the usual definitions (5.2) and (5.3) for the polynomials and the parameter
vector. Even if the innovations sequence is known, (6.46) cannot be made linear
in θ. Then, methods based on estimated innovations cannot be straightforwardly
extended to estimate BJ models. On the other hand, WNSF uses the relations
between both model parameters directly, which allows for this additional flexibility
in parametrization, as covered in Chapter 5. In this case, the key observation is that
the models are related by (5.49), which can be re-written linearly in θ as

C(q, θo)A(q, ηo) −D(q, θo) = 0,

F (q, θo)B(q, ηo) −L(q, θo)A(q, ηo) = 0.
(6.47)

Thus, the WNSF ideas seem to be appropriate to establish a more general framework
for multi-step least-squares methods.

6.4 Discussion

In this chapter, we showed that there is a strong relation between multi-step least-
squares methods based on estimated innovations from the non-parametric ARX
model, MORSM, and WNSF. In particular, the method by Mayne and Firoozan
(1982) and WNSF are equivalent for OE and ARMAX models (except for a negligible
truncation of some filters), and MORSM is also equivalent to these for OE models.
For ARMAX models, the comparison with MORSM is not appropriate, as this
method handles the noise contribution separately and non-parametrically.

For Box-Jenkins models, methods based on simulated innovations are not directly
applicable. MORSM is applicable, but it handles the noise model non-parametrically,
which hinders attaining the Cramér-Rao bound in closed loop. WNSF allows to
simultaneously estimate the plant and noise models from the non-parametric model,
as we derived in Chapter 5

Using this additional flexibility of WNSF, we believe a significant contribution
of this thesis is a framework for extending multi-step least-squares methods to
a variety of parameter estimation problems. In Chapter 7, we will derive WNSF
for a wide range of multivariate model structures, including matrix-fraction and
element-wise descriptions of the transfer functions. In Chapter 8, we will propose
semi-parametric WNSF, which handles the noise non-parametrically as MORSM,
but does not require a different algorithm in closed loop. Apart from these chapters,
examples of applications will be provided in Part II.



Chapter 7

Weighted Null-Space Fitting for
Multivariate Systems

Until now, the methods considered in this thesis concern the identification of single-
input single-output (SISO) systems. In this chapter, we address the identification of
multivariate systems. Many standard system identification methods can be applied
to some multivariate model structures, such as the prediction error method (PEM),
the instrumental variable (IV) method, and subspace methods. However, there are
challenges that remain to be addressed because of different limitations of these
methods.

Multivariate models typically follow the structure of the SISO models presented
in Section 2.2. However, the extension to the multivariate case may be considered
in several ways. For example, for polynomial models in the SISO case, the plant
transfer function was typically parametrized as a fraction of polynomials, according
to G(q, θ) = L(q, θ)/F (q, θ). In the multivariate case, G(q, θ) is a transfer matrix
with dimensions ny × nu, where ny is the number of outputs and nu the number
of inputs. Then, two approaches can be considered for the parametrization of the
transfer matrix G(q, θ). One is an element-wise description, where element i, j of
G(q, θ) is parametrized by Gi,j(q, θ) = Li,j(q, θ)/Fi,j(q, θ). Another is a matrix-
fraction description (MFD), where F (q, θ) and L(q, θ) are now polynomial matrices,
and G(q, θ) = F −1(q, θ)L(q, θ) (in the case of a left MFD). In this sense, a discussion
about methods for identification of multivariate systems should address how flexible
the methods are in parametrization to admit different model structures.

PEM is flexible in parameterization, allowing for both element-wise and matrix-
fraction descriptions. Using the cost function (2.38) and when the noise is Gaussian,
PEM is equivalent to maximum likelihood (ML), providing consistent and asymp-
totically efficient estimates for a model with the correct structure. One important
drawback is the non-convexity of the cost function and the burden of the optimiza-
tion problem, which may be more serious than in the SISO case because of the
increased problem size. This motivates the need for accurate methods that do not
suffer from non-convexity to initialize PEM.

133
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Subspace methods estimate the matrices in a state-space model with a numerically
stable procedure. Besides, the state-space description straightforwardly incorporates
multivariate systems. These reasons make subspace methods attractive in the
multivariate setting. However, it is difficult to incorporate structural information in
subspace methods and they are in general believed to not be asymptotically efficient.

Being a generalization of the least-squares method, the IV method can be
applied in the multivariate case similarly as least squares. This limits it to ARX-
like models, where A(q) and B(q) are now polynomial matrices. In turn, this
means that the plant model has a left MFD, as it is given by G(q) = A−1(q)B(q).
Nevertheless, IV methods provide the flexibility of choosing the orders of each
polynomial entry in the matrices individually. Using a 2-input 2-output second-
order example, Stoica and Jansson (2000) illustrate that an IV-based method can
provide better estimates than subspace methods. As with the SISO case, optimal
instruments can be derived, but their computation requires the use of intermediate
models obtained with non-linear optimization procedures (Stoica and Söderström,
1983) or iterative algorithms (Jakeman and Young, 1979).

In the time-series community, the theoretical analysis of maximum likelihood for
multivariate systems dates back to the seventies. Dunsmuir and Hannan (1976) derive
the strong law of large numbers and the central limit theorem for ML estimators of
linear multivariate time series, with focus on the auto-regressive moving average
(ARMA) case. This work is continued by Dunsmuir (1979), with the main extension
being that the innovations covariance matrix and the model transfer matrix need not
be independently parameterized. Previous results are extended to include exogenous
inputs by Hannan et al. (1980), using multivariate ARMAX models.

As alternative to maximum likelihood, methods were proposed that estimate
the innovations as the residuals of a non-parametric model, followed by (weighted)
least squares. Such methods were covered in Section 2.3.4, with the methods of
Hannan and Kavalieris (1984), Poskitt and Salau (1995), and Dufour and Jouini
(2014) being applicable for multivariate ARMAX models, even if in some cases they
are presented and analyzed for the multivariate ARMA case.

These methods allow for a flexible parametrization of the entries in the ARMAX
polynomial matrices. As for other model structures, we observed in Chapter 6 that,
in the SISO case, the WNSF approach can straightforwardly incorporate Box-Jenkins
(BJ) models, whereas an analogous approach based on estimated innovations was
not evident. This insight given by WNSF in the SISO case motivates its extension
to several multivariate model structures, which is the topic of this chapter.

The remainder of this chapter is organized as follows. In Section 7.1, we establish
the problem that we will address. In Section 7.2, we motivate and contextualize
multivariate WNSF. In Section 7.3, we formulate WNSF for several multivariate
model structures. In Section 7.4, we show that the theoretical analysis of SISO
WNSF conducted in Chapter 5 extends to the multivariate case. In Section 7.5, we
propose an additional step in the WNSF algorithm to address model structures for
which the method cannot be directly applied. In Section 7.6, we perform a simulation
study with several of the addressed model structures, illustrating the potential of
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WNSF as a method for identification of multivariate models. In Section 7.7, we
summarize the main conclusions of the chapter.

7.1 Problem Statement

Consider an ny × nu transfer matrix Go(q) and an ny × ny transfer matrix Ho(q),
where ny is the number of outputs and nu the number of inputs. Then, data at time
t are generated by

y(t) = Go(q)u(t) +Ho(q)e(t), (7.1)
where y(t) is an ny-dimensional vector of measured outputs, u(t) is an nu-dimensional
vector of inputs, and e(t) is an ny-dimensional vector of mutually uncorrelated
white-noise sequences with variances σ2

1 , . . . , σ2
ny

(when asymptotic efficiency is
discussed, they are also assumed Gaussian). The use of x(t) instead of subscript xt

(as in preceding chapters) to refer to the time sample of a particular signal x is more
convenient with multivariate model structures, for which we will use xk(t) to refer
to the kth element of the signal vector. We assume that Go(q), Ho(q) and H−1

o (q)
are causal and stable, the elements of Go(q) contain one delay, and Ho(0) = I. The
assumptions on the delay of Go(q) and on the stability of H−1

o (q) are without loss
of generality, but they are useful for simplicity of the exposition.

Moreover, we assume that the elements of Go(q) and Ho(q) can be described
by rational transfer functions, parametrized by a finite vector θ. Then, a general
description for the model structures is

y(t) = G(q, θ)u(t) +H(q, θ)e(t), (7.2)

and we assume that there exists θo such that, evaluated at θ = θo, (7.2) is equivalent
to (7.1). The objective is to propose a WNSF-based algorithm for identification
of several multivariate model structure; that is, with specific parametrizations of
the plant model G(q, θ) and the noise model H(q, θ). These will include ARMAX
models, as well as both MFDs and element-wise descriptions of output-error and
Box-Jenkins models.

Identifiability of polynomial multivariate model structures does not follow directly
from the univariate case, except for special parametrizations (e.g., Theorem 2.7.1
by Hannan and Deistler, 1988). Then, conditions for identifiability are typically
determined based on specific parametrizations: a common choice is the one taken
in Theorem 2.7.2 by Hannan and Deistler (1988) and Theorem 4A.1 by Ljung
(1999). Identifiability conditions for a more generalized form are given in Theorem
2.7.3 by Hannan and Deistler (1988). Although the aforementioned results are
mostly focused on ARMAX model structures, they can be extended to other matrix-
fraction description (MFD) models, such as output-error or Box-Jenkins. Additional
difficulties related to determining if data are informative enough arise in closed loop,
which has been a topic of interest since the seventies (e.g., Söderström et al., 1976;
Ng et al., 1977; Anderson and Gevers, 1982) until more recently (e.g., Bazanella
et al., 2007). For the purposes of our contribution, which is focused on an estimation
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algorithm for different model structures, we assume that the required identifiability
conditions are satisfied.

7.2 Motivation

ARMAX model structures have been popular for the identification of multivariate
systems. First, a state-space model can be transformed into an ARMAX model,
which makes subspace methods appropriate to estimate them. Second, they are
linear in the parameters for known innovations, which gives rise to the multi-step
least-squares methods in Section 2.3.4. One problem to consider is that a given
system (7.1) with transfer matrices Go(q) and Ho(q) may have several ARMAX
descriptions (2.20), where Fo(q), Lo(q), and Co(q) are matrix polynomials. In this
sense, it is important to establish ARMAX realizations that are minimal in the
number of parameters. Echelon realizations are often used for this purpose, as
defined in Theorem 2.5.1 by Hannan and Deistler (1988).

In some cases, specially if each element in Go(q) exhibits considerably different
dynamics, an individual parametrization of each element of G(q, θ) may be more
appropriate than ARMAX or other MFDs to model the system, using less parameters.
PEM can handle such parametrizations, but it requires appropriate methods to
initialize it, which are scarce: IV methods are limited to an MFD description of the
plant (they are based on ARX modeling), subspace methods to state-space (which
can be converted to an ARMAX form), and the methods in Section 2.3.4 to ARMAX.
Then, using these methods to initialize PEM with element-wise parametrizations
of the elements G(q, θ) requires over-parametrizations followed by model order
reduction of each element. The need for over-parametrization followed by model
reduction could more easily provide poor estimates; then, because they are used to
initialize PEM, this could increase the risk of convergence to poor local minima.

This motivates the development of methods that do not suffer from non-convexity
and are flexible in parametrization, such that several model structures can be esti-
mated. Recall that, in the SISO case, WNSF provided flexibility in parametrization
to develop a framework that is easily applicable to several model structures, such
as OE, ARMAX, and BJ. On the other hand, using the ideas of the multi-step
least-squares methods reviewed in Section 2.3.4 (i.e., estimated innovations), an
extension to BJ models is not obvious (Chapter 6). For this reason, we consider
the WNSF approach for the multivariate case, which allows for the estimation for
several model structures.

As an example, consider the two-input single-output (MISO) ARMAX model

F (q, θ)y(t) = L1(q, θ)u1(t) +L2(q, θ)u2(t) +C(q, θ)e(t), (7.3)

where all signals are scalar, and F (q, θ), L1(q, θ), L2(q, θ), and C(q, θ) are finite-
order polynomials. With known innovations, (7.3) becomes linear in θ. Then, re-
placing the innovations by the residuals of a non-parametric ARX model, (7.3) can
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be used to estimate θ with (weighted) least squares, using one of the methods in
Section 2.3.4.

Suppose now that each input-output relation in (7.3) cannot be assumed to have
the same poles. Then, one possibility is to over-parametrize the polynomials in (7.3)
so that all the dynamics are captured. However, a more appropriate parametrization
is

y(t) = L1(q, θ)
F1(q, θ)u1(t) + L2(q, θ)

F2(q, θ)u2(t) + C(q, θ)
F (q, θ)e(t), (7.4)

where each transfer function can be parametrized independently. In this case, (7.4)
cannot be made linear in θ even with known innovations.

With the WNSF approach, we determine the polynomials in (7.4) by direct
comparison with a non-parametric ARX description

A(q, ηn)y(t) = B1(q, ηn)u1(t) +B2(q, ηn)u2(t) + e(t). (7.5)

Neglecting the error made by truncation of the polynomials in (7.5), comparing
each input-output and noise-output relation in (7.5) and (7.4) yields

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

L1(q,θ)
F1(q,θ) = B1(q,ηn)

A(q,ηn)
L2(q,θ)
F2(q,θ) = B2(q,ηn)

A(q,ηn)
C(q,θ)
F (q,θ) = 1

A(q,ηn)
⇔

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
F1(q, θ)B1(q, ηn) −L1(q, θ)A(q, ηn) = 0
F2(q, θ)B2(q, ηn) −L2(q, θ)A(q, ηn) = 0
F (q, θ) −C(q, θ)A(q, ηn) = 0

. (7.6)

Describing the relations between the non-parametric and parametric models with
bilinear relations in θ and ηn, (7.6) can be used to apply WNSF, and illustrates the
flexibility in parametrization of this method. In particular, it can be used to identify
several multivariate model structures, as we proceed to present.

7.3 Algorithm

In this section, we derive WNSF for several multivariate model structures. We start
by describing the algorithm in generic terms, to later particularize it to different
parametrizations.

1. Non-parametric model
In the first step, we estimate a non-parametric model that is linear in the
model parameters; in general, this is a multi-input multi-output (MIMO) ARX
model, according to

A(q, ηn)y(t) = B(q, ηn)u(t) + e(t), (7.7)

where

A(q, ηn) = Iny + n�
k=1

Ak(ηn)q−k, B(q, ηn) = n�
k=1

Bk(ηn)q−k, (7.8)
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with Ak(ηn) and Bk(ηn) matrices of sizes ny × ny and ny × nu, respectively.
Analogously to (2.47) in the SISO case, (7.7) can be expressed in regressor
form as

y(t) = ϕ⊺(t)ηn + e(t), (7.9)

where ϕ(t) is a function of {y(t − 1), . . . , y(t − n), u(t − 1), . . . , u(t − n)}. In
particular, ϕ(t) can be defined as

ϕ⊺(t) = �Iny ⊗ϕ⊺y(t) Iny ⊗ϕ⊺u(t)� , (7.10)

where

ϕ⊺u(t) = �ϕ⊺u1(t) ⋯ ϕ⊺unu
(t)� , ϕ⊺y(t) = �ϕ⊺y1(t) ⋯ ϕ⊺yny

(t)� , (7.11)

and

ϕ⊺uk(t) = �uk(t − 1) ⋯ uk(t − n)� , ϕ⊺yk
(t) = �−yk(t − 1) . . . −yk(t − n)� .

(7.12)
An estimate η̂n

N of ηn can then be obtained with least squares, according to

η̂n
N = � 1

N

N�
t=1

ϕ(t)ϕ⊺(t)�−1
1
N

N�
t=1

ϕ(t)y(t). (7.13)

If the order n of the non-parametric model is large enough, it can capture the
system dynamics with arbitrary accuracy. If we neglect the bias introduced by
truncation to order n, the asymptotic distribution of the error in the estimate
η̂n

N —denoted η̃n
N —can be derived from (2.41) and (2.45). One way to write it

for our setting is as √
N η̃n

N ∼ AsN �0, R̄−1(Λ)� , (7.14)

where

R̄(Λ) = Ē �ϕ(t)Λ−1ϕ⊺(t)� , Λ =
⎡⎢⎢⎢⎢⎢⎢⎣
σ2

1 0⋱
0 σ2

ny

⎤⎥⎥⎥⎥⎥⎥⎦
. (7.15)

This can be seen as an extension of (2.55) for the MIMO case. However, for
simplicity of notation, our definition of R̄ in this chapter already includes the
noise variances contained in Λ; moreover we drop the superscript n, used in
other chapters to emphasize the dimensions of this matrix.

2. Consistent parametric estimate
In the second step, we write a relation between the parametric model (function
of θ) and the non-parametric model (function of ηn) linearly in the parametric
vector θ, according to

ηn −Q(ηn)θ = 0. (7.16)
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Then, with the estimate of η̂n
N from the first step, it is possible to obtain an

estimate of θ with weighted least squares, according to

θ̂N = �Q⊺(η̂n
N)WQ(η̂n

N)�−1
Q⊺(η̂n

N)W η̂n
N , (7.17)

where any invertible weighting matrix W can be used. Possible choices are
W = I (ordinary least squares) or the inverse of the non-parametric ARX-
model covariance W = RN(Λ̂). Here, Λ̂ contains estimates of the noise variances
appearing in Λ, which can be obtained by

Λ̂ = 1
N

N�
t=1

ε(t, η̂n
N)ε⊺(t, η̂n

N), (7.18)

where ε(t, η̂n
N) = y(t) −ϕ⊺(t)η̂n

N (by assumption, the non-diagonal elements of
Λ̂ can then be set to zero). Then, the following can be used as a consistent
estimate of R̄ in (7.15):

RN(Λ̂) = 1
N

N�
t=1

ϕ(t)Λ̂−1ϕ⊺(t). (7.19)

The particular estimate obtained from (7.17) in this step is denoted by θ̂
(0)
N .

If the SISO results from Chapter 5 follow, this is a consistent estimate of θ.

3. Asymptotically efficient parametric estimate
As with the SISO case, (7.17) minimizes a quadratic cost function of the
residuals

z(η̂n
N , θ) = η̂n

N −Q(η̂n
N)θ, (7.20)

which we will write linearly in the non-parametric error η̃n
N , according to

z(η̃n
N , θ) = T (θ)η̃n

N , (7.21)

analogously to (5.21) in the SISO case. From (7.14), we have that√
Nz(η̃n

N , θ) ∼ AsN �0, T (θ)R̄−1(Λ)T ⊺(θ)� . (7.22)

Then, the weighting that minimizes the covariance of the θ estimate is the
inverse of the covariance matrix of (7.21), which, using (7.14), is given by

W =W�θ, R̄(Λ)� = �T (θ)R̄−1(Λ)T ⊺(θ)�−1

= T −⊺(θ)R̄(Λ)T −1(θ). (7.23)

Although R̄(Λ) is typically unknown, we can replace it by RN(Λ̂) in (7.19).
Alternatively to using (7.18) to estimate Λ, it is now also possible to use θ̂

(0)
N

for this purpose, computing

Λ̂ = 1
N

N�
t=1

ε(t, θ̂
(0)
N )ε⊺(t, θ̂

(0)
N ), (7.24)
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where ε(t, θ) are now the prediction errors associated with the parametric
model. Concerning θ in T (θ), it can be replaced by θ̂

(0)
N from the previous

step. Hence, a new estimate θ̂
(1)
N can be obtained by applying (7.17) with

W�θ̂(0)N , RN(Λ̂)�. Although it is possible to continue to iterate, which may
improve the estimation accuracy for finite sample size, the SISO analysis in
Chapter 5 suggests that θ̂

(1)
N is an asymptotically efficient estimate of θ.

This gives rise to the following WNSF algorithm.

Algorithm 7.1 (Multivariate WNSF). The WNSF algorithm for multivariate
model structures consists of the following steps:

1. estimate a non-parametric model according to (7.13);

2. estimate a parametric model according to (7.17) with, for example, W = I or
W = RN(Λ̂), providing θ̂

(0)
N ;

3. estimate a parametric model according to (7.17) with W�θ̂(0)N , RN(Λ̂)�, pro-
viding a new estimate θ̂

(1)
N .

From the above descriptions about each step of Algorithm 7.1, we can derive the
requirements to apply it. In Step 2, we relate the non-parametric and parametric
models according to (7.16), so that θ can be estimated with (weighted) least squares,
according to (7.17). For this to be possible, (7.16) must be linear in the parameters
θ. In Step 3, we need to obtain a closed-form expression for the covariance of the
residuals of (7.16) when ηn is replaced by η̂n

N , as in (7.22). This can be accomplished
when the residuals (7.21) are linear in the non-parametric estimate noise η̃n

N , which,
in turn, follows from (7.16) being linear in ηn.

Thus, the requirements to apply Steps 2 and 3 amount to (7.16) being bilinear in
θ and ηn. Recall that (7.16) is derived from the relation between the non-parametric
and parametric models, which, in general, is given in polynomial form by

G(q, θ) = A−1(q, ηn)B(q, ηn), H(q, θ) = A−1(q, ηn). (7.25)

Then, Algorithm 7.1 can be applied when (7.25) can be algebraically transformed
into equations that are bilinear in {A(q, ηn), B(q, ηn)} and θ. In the remaining of
this section, we will observe that this is possible for several multivariate model
structures. Then, for each case, we derive the matrices Q(ηn) (for Step 2) and T (θ)
(for Step 3) required for the numerical application of Algorithm 7.1.

7.3.1 Output-Error
With output-error models, we have that the noise model is assumed H(q, θ) = Iny ,
and the elements of the plant model G(q, θ) are parametrized as rational transfer
functions. In the SISO case, we have that G(q, θ) = B(q, θ)/F (q, θ), where B(q, θ)
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and F (q, θ) are finite-order polynomials. For the multivariate extension, we consider
two possibilities: matrix-fraction description and element-wise description. We will
show that, unlike IV or subspace methods, WNSF admits both descriptions. For
both multivariate output-error model structures (element-wise and MFD), the
intermediate non-parmetric model in Step 1 is the same, which we proceed to detail.

Non-parametric model. In this step, we estimate a non-parametric model that
captures the dynamics of system. Because the noise model is assumed identity, it is
sufficient to consider a multivariate finite impulse response (FIR) model, given by

y(t) = B(q, ηn)u(t) + e(t), (7.26)

where B(q, ηn) is as in (7.8). This corresponds to (7.7) with A(q, ηn) = Iny . Then,
the PEM estimate of ηn is obtained with least squares according to (7.13) but with
ϕ(t) in (7.10) given simply by ϕ(t) = ϕu(t). With this, we can apply Step 1 in
Algorithm 7.1 to obtain the estimate η̂n

N of the non-parametric vector ηn.

Matrix-fraction description

A left MFD model parametrizes the plant by

G(q, θ) = F −1(q, θ)L(q, θ), (7.27)

where F (q, θ) and L(q, θ) are matrices of sizes ny × ny and ny × nu, respectively,
and whose entries are finite-order polynomials. In particular, we let entry i, j of
F (q, θ) and L(q, θ) be given by

Fi,j(q, θ) = f ij
0 + mf�

k=1
f ij

k q−k, Li,j(q, θ) = ml�
k=1

lij
k q−k, (7.28)

where f ij
0 = 1 if i = j and f ij

0 = 0 otherwise. Here, we assume that the polynomials of
all entries in Fi,j(q, θ) and Li,j(q, θ) have the same orders (mf and ml, respectively)
and that all diagonal entries of F (q, θ) have 1 as leading coefficient (this is done
without loss of generality and for simplicity of notation only). We define θ as

θ = �f⊺ l⊺�⊺ ∈ Rny(nymf+numl), (7.29)

where

f = vec

⎡⎢⎢⎢⎢⎢⎢⎣
f11 ⋯ fny1

⋮ ⋮
f1ny ⋯ fnyny

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rn2

ymf , f ij =
⎡⎢⎢⎢⎢⎢⎢⎣

f ij
1⋮

f ij
mf

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rmf ,

l = vec

⎡⎢⎢⎢⎢⎢⎢⎣
l11 ⋯ lny1

⋮ ⋮
l1nu ⋯ lnynu

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rnynuml , lij =

⎡⎢⎢⎢⎢⎢⎢⎣
lij
1⋮

lij
ml

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rml .

(7.30)
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We observe that Algorithm 7.1 can be applied to this model structure as follows.
In (7.25), replace A(q, ηn) = Iny and G(q, θ) by its description (7.27). Discarding
the second equation in (7.25), which is fully determined, this yields

F −1(q, θ)L(q, θ) = B(q, ηn)⇔ F (q, θ)B(q, ηn) −L(q, θ) = 0. (7.31)

Then, for polynomial matrices F (q, θ) and L(q, θ) that are linear in θ, (7.31) is
bilinear in θ and ηn. Consequently, we can derive the required matrices Q(ηn) and
T (θ) to apply Algorithm 7.1.

Consistent parametric estimate. To obtain a consistent estimate of θ, correspond-
ing to Step 2 in Algorithm 7.1, we need to derive Q(ηn). This can be obtained by
deriving a relation between the parametric and non-parametric model coefficients,
by writing (7.31) in the vector form (7.16). Expanding (7.31), we obtain

⎡⎢⎢⎢⎢⎢⎢⎣
∑ny

i=1 F θ
1iB

η
i1 −Lθ

11 ⋯ ∑ny

i=1 F θ
1iB

η
inu

−Lθ
1nu⋮ ⋮∑ny

i=1 F θ
nyiB

η
i1 −Lθ

ny1 ⋯ ∑ny

i=1 F θ
nyiB

η
inu

−Lθ
nynu

⎤⎥⎥⎥⎥⎥⎥⎦
= 0, (7.32)

where we have used the simplified notation F θ
ij ∶= Fi,j(q, θ), Lθ

ij ∶= Li,j(q, θ), and
Bη

ij ∶= Bi,j(q, ηn). Note that each equation in (7.32), for example

ny�
i=1

F θ
1iB

η
i1 −Lθ

11 = 0, (7.33)

defines a set of linear equations in θ (one for each coefficient of the polynomial in
q−1). Let ηn

ij be a vector that contains the coefficients in ηn relating to Bi,j(q, ηn),
in the order implied by the definitions (7.10), (7.11), and (7.12) for the regressors.
Then, we may express (7.33) in vector form as

ηn
11 − �−Tn×mf

[Bη
11] ⋯ −Tn×mf

[Bη
ny1] Īn×ml

�
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f11

⋮
f1ny

l11

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0, (7.34)

where Īn×ml
is an n×ml matrix with the top ml×ml block being the identity matrix

and zeros otherwise. Applying this procedure to all the entries of (7.32) by row, we
can write it as (7.16), where Q(ηn) = [Qf(ηn) Ql(ηn)], with

Qf(ηn) = Iny ⊗
⎡⎢⎢⎢⎢⎢⎢⎣
−Tn×mf

[Bη
11] ⋯ −Tn×mf

[Bη
ny1]⋮ ⋮−Tn×mf

[Bη
1nu
] ⋯ −Tn×mf

[Bη
nynu
]
⎤⎥⎥⎥⎥⎥⎥⎦

(7.35)

and Ql(ηn) = Inynu ⊗ Īn×ml
. Then, we have written the relation between the non-

parametric and parametric models linearly in θ, which allows us to estimate θ with
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(weighted) least squares. With this, we may apply Step 2 in Algorithm 7.1 to obtain
a consistent estimate of the parameter vector θ, θ̂

(0)
N .

Asymptotically efficient parametric estimate. The step remaining is to derive an
estimate of the optimal weighting—in particular, we require T (θ)—so that we can
obtain an asymptotically efficient estimate of θ. This can be done by writing the
residuals (7.20) explicitly for this model structure, which is more easily illustrated
by using the polynomial form. Taking a step back to (7.32), which is a polynomial
version of (7.16), we observe that when we evaluate the polynomials Bη

ij in (7.32)
at the estimate η̂n

N (which we will denote B̂η
ij), we obtain

⎡⎢⎢⎢⎢⎢⎢⎣
∑ny

i=1 F θ
1iB̂

η
i1 −Lθ

11 ⋯ ∑ny

i=1 F θ
1iB̂

η
inu

−Lθ
1nu⋮ ⋮∑ny

i=1 F θ
nyiB̂

η
i1 −Lθ

ny1 ⋯ ∑ny

i=1 F θ
nyiB̂

η
inu

−Lθ
nynu

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣
∑ny

i=1 F θ
1iB̃

η
i1 ⋯ ∑ny

i=1 F θ
1iB̃

η
inu⋮ ⋮∑ny

i=1 F θ
nyiB̃

η
i1 ⋯ ∑ny

i=1 F θ
nyiB̃

η
inu

⎤⎥⎥⎥⎥⎥⎥⎦
,

(7.36)

where B̃η
ij ∶= B(q, η̂n

N)−B(q, ηn). Now, similarly to the procedure to vectorize (7.32)
into (7.16), we express the residuals (7.36) in a vectorized form. Take the first entry
as an example: the coefficients of ∑ny

i=1 F θ
1iB̃

η
i1 can be written in vector form as

�Tn×n[F θ
11] ⋯ Tn×n[F θ

1ny
]�
⎡⎢⎢⎢⎢⎢⎢⎣

η̃n
11⋮

η̃n
ny1,

⎤⎥⎥⎥⎥⎥⎥⎦
. (7.37)

where η̃n
i,j contains the coefficients relating to B̃η

ij . Using the same procedure for all
the entries in (7.36), we may write the residuals z(η̃n

N , θ) as (7.21), where

T (θ) =
⎡⎢⎢⎢⎢⎢⎢⎣

Iny ⊗ Tn×n[F θ
11] ⋯ Iny ⊗ Tn×n[F θ

1ny
]⋮ ⋮

Iny ⊗ Tn×n[F θ
ny1] ⋯ Iny ⊗ Tn×n[F θ

nyny
]
⎤⎥⎥⎥⎥⎥⎥⎦

. (7.38)

Having T (θ), we can then apply Step 3 in Algorithm 7.1 replacing θ by the estimate
θ̂
(0)
N obtained in Step 2.

Alternatively to the left MFD, WNSF also easily admits the right MFD G(q, θ) =
L(q, θ)F −1(q, θ), with L(q, θ) and F (q, θ) having dimensions ny × nu and nu × nu,
respectively. In this case,

L(q, θ)F −1(q, θ) = B(q, ηn)⇔ B(q, ηn)F (q, θ) −L(q, θ) = 0 (7.39)

is bilinear in ηn and θ. Then, similar derivations can be made to obtain Q(ηn) and
T (θ).
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Element-wise description

WNSF also allows for an element-wise parametrization of the plant, which is not
the case of IV and subspace methods. In this model description, each element i, j of
G(q, θ) is parametrized by

Gi,j(q, θ) = Li,j(q, θ)
Fi,j(q, θ) , (7.40)

where Li,j(q, θ) and Fi,j(q, θ) are polynomials as (7.28), but now with f ij
0 = 1 for

all {i, j}. In this case, (7.25) can be written element-wise as

Li,j(q, θ)
Fi,j(q, θ) = Bi,j(q, ηn)⇔ Bi,j(q, ηn)Fi,j(q, θ) −Li,j(q, θ) = 0, (7.41)

which, as required, is bilinear in θ and ηn.
Also in this case, the first step of WNSF is to estimate a non-parametric FIR

model. However, in the case that each row of G(q, θ) is parametrized independently,
the relation between the non-parametric and parametric models can be simplified
compared with the MFD. The reason is that the element-wise parametrization of
G(q, θ) does not impose elements from different rows of B(q, ηn) to appear in in each
element-wise equation (7.41). Then, because each row of B(q, η̂n

N) is uncorrelated
with the others (the noise sources are uncorrelated), each output can be dealt with
individually. With this motivation, we consider without loss of generality a model
with one output and nu inputs, and define θ as (7.29) with

f =
⎡⎢⎢⎢⎢⎢⎢⎣

f11

⋮
f1nu

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rnu , l =

⎡⎢⎢⎢⎢⎢⎢⎣
l11

⋮
l1nu

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rnu , (7.42)

and f1j and l1j still according to (7.30). This consists of a MISO model. We now
present for this case, with less explanatory steps than previously, the remaining
WNSF steps.

Consistent parametric estimate. With the MISO assumption, we can simplify (7.41)
as

B1,j(q, ηn)F1,j(q, θ) −L1,j(q, θ) = 0, j = 1, . . . nu. (7.43)

In vector form, we may write this for all j as (7.16), with

Q(ηn) =
⎡⎢⎢⎢⎢⎢⎢⎣
−Tn×mf

[Bη
11] 0 Īn×ml

0⋱ ⋱
0 −Tn×mf

[Bη
1nu
] 0 Īn×ml

⎤⎥⎥⎥⎥⎥⎥⎦
. (7.44)

Having Q(ηn), we may apply Step 2 in Algorithm 7.1, providing θ̂
(0)
N .
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Asymptotically efficient parametric estimate. The remaining question is how we
can write the residuals as (7.20), which allows us to derive T (θ) in (7.21). Again,
this is easier to see in polynomial form: plugging η̂n

N into (7.43), we obtain

B1,j(q, η̂n
N)F1,j(q, θ) −L1,j(q, θ) = F1,j(q, θ)B1,j(q, η̃n

N), j = 1, . . . nu. (7.45)

Then, we may write this in vector form as (7.21), with

T (θ) =
⎡⎢⎢⎢⎢⎢⎢⎣
Tn×n[F θ

11] 0⋱
0 Tn×n[F θ

1nu
]
⎤⎥⎥⎥⎥⎥⎥⎦

, (7.46)

and we can apply Step 3 in Algorithm 7.1, providing θ̂
(1)
N .

Note that the reduction of the element-wise MIMO OE case to MISO without loss
of generality is only valid if we assume that each row of Gi,j(q, θ) is independently
parametrized. Consider, for example, we would like to impose two elements on
different rows to have the same poles, such as

G(q, θ) = ⎡⎢⎢⎢⎢⎣
L1,1(q,θ)

F (q,θ) L1,2(q,θ)
F1,2(q,θ)

L2,1(q,θ)
F (q,θ) L2,2(q,θ)

F2,2(q,θ)
⎤⎥⎥⎥⎥⎦ . (7.47)

Then, this cannot be reduced to two MISO problems without loss of information,
and the full MIMO problem should be considered simultaneously. This can still be
handled by WNSF, as the relations between the parametric and non-parametric
models will still be bilinear in θ and ηn.

7.3.2 ARMAX and Particular Cases
One of the most common model structures in system identification is the ARMAX
model, given by

F (q, θ)y(t) = L(q, θ)u(t) +C(q, θ)e(t), (7.48)
where the i, j entries of matrices F (q, θ) and L(q, θ) are given by (7.28), and for
C(q, θ) we have

Ci,j(q, θ) = cij
0 + mc�

k=1
cij

k q−k, (7.49)

with cij
0 = 1 if i = j and cij

0 = 0 if i ≠ j. Here, we define

θ = �θ1 ⋯ θny�⊺ ∈ Rny(nymf+numl+nymc), (7.50)

with

θi = �f i1 ⋯ f iny li1 ⋯ linu ci1 ⋯ ciny� ∈ Rnymf+numl+nymc ,

f ij = �f ij
1 ⋯ f ij

mf
� ∈ Rmf , lij = �lij

1 ⋯ lij
ml
� ∈ Rml , cij = �cij

1 ⋯ cij
mc

� ∈ Rmc ,

(7.51)
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where these vectors are here defined as rows for simplicity of notation.
One of the interesting features of ARMAX models is that they have a corre-

spondence with state-space models: in the SISO case, the correspondence is explicit
(Ljung, 1999, Appendix 4.A); in the multivariate case, it is more involved (e.g.,
Gevers and Wertz, 1984; Beghelli and Guidorzi, 1983). For this reason, subspace
methods are specially appealing to initialize PEM for ARMAX models.

The ARMAX model structure is also appropriate for WNSF. In this case, the
system dynamics are in the first step captured by estimating a non-parametric ARX
model (7.7). Then, replacing G(q, θ) and H(q, θ) in (7.25) with the ARMAX matrix
polynomials, we have

F −1(q, θ)C(q, θ) = A−1(q, ηn),
F −1(q, θ)L(q, θ) = A−1(q, ηn)B(q, ηn), (7.52)

which can be re-written as

C(q, θ)A(q, ηn) − F (q, θ) = 0,

C(q, θ)B(q, ηn) −L(q, θ) = 0,
(7.53)

where the second equation in (7.53) is obtained from replacing A−1(q, ηn) by
F −1(q, θ)C(q, θ), according to the first equation in (7.52). The relations defined
in (7.53) are now bilinear in θ and ηn, leading to the following WNSF steps.

Consistent parametric estimate. The polynomial relations (7.53) may be written
in the vector form (7.16) by defining Q(ηn) = Iny

⊗ [Qfl Qc(ηn)], with

Qfl = ⎡⎢⎢⎢⎣
Iny ⊗ Īn×mf

0
0 Inu ⊗ Īn×ml

⎤⎥⎥⎥⎦ ,

Qc(ηn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Tn×mc[Aη
11] ⋯ −Tn×mc[Aη

ny1]⋮ ⋮−Tn×mc[Aη
1ny
] ⋯ −Tn×mc[Aη

nyny
]−Tn×mc[Bη

11] ⋯ −Tn×mc[Bη
ny1]⋮ ⋮−Tn×mc[Bη

1nu
] ⋯ −Tn×mc[Bη

nynu
]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(7.54)

Now, this Q(ηn) can be used to apply Step 2 in Algorithm 7.1.
Asymptotically efficient parametric estimate. To write (7.20) as (7.21), so we can

derive the optimal weighting, it is easier to first consider the polynomial form of the
relation between the non-parametric and parametric models. When η̂n

N is plugged
into (7.53), we obtain

C(q, θ)A(q, η̂n
N) − F (q, θ) = C(q, θ)[A(q, η̃n

N) − Iny ],
C(q, θ)B(q, η̂n

N) −L(q, θ) = C(q, θ)B(q, η̃n
N), (7.55)
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which is linear in the noise term η̃n
N and, in terms of θ, only function of the coefficients

in C(q, θ). Then, in vector form, we may write (7.20) as (7.21), where

T (θ) =
⎡⎢⎢⎢⎢⎢⎢⎣

Iny+nu ⊗ Tn×n[Cθ
11] ⋯ Iny+nuTn×n ⊗ [Cθ

1ny
]⋮ ⋮

Iny+nu ⊗ Tn×n[Cθ
ny1] ⋯ Iny+nuTn×n ⊗ [Cθ

nyny
]
⎤⎥⎥⎥⎥⎥⎥⎦

, (7.56)

which can be used to apply Step 3 in Algorithm 7.1.
The equations derived for ARMAX apply also for particular cases of this model

structure, such as the ARMA time series. In this case, because there is no external
input, a non-parametric AR model is sufficient in the first step, by setting B(q, ηn) = 0
in (7.7). Then, to obtain the desired parametric model, the second equation in (7.53)
is neglected in the remaining derivations. The method then provides estimates
of F (q, θ) and C(q, θ); or, in the case of an MA time series, only the latter. For
ARMAX and particular cases (ARMA, MA), WNSF has then strong similarities
with multi-step least-squares methods covered in Section 2.3.4, as discussed in
Chapter 6.

7.3.3 Box-Jenkins
Whereas with output-error models H(q, θ) = Iny and with ARMAX models G(q, θ)
and H(q, θ) share the same poles (which are common to all entries of these trans-
fer matrices), the Box-Jenkins model structure is more flexible, allowing for the
plant and noise model to be independently parametrized. In the SISO case, the
Box-Jenkins model is given by the parametrization G(q, θ) = B(q, θ)/F (q, θ) and
H(q, θ) = C(q, θ)/D(q, θ), where B(q, θ), F (q, θ), C(q, θ), and D(q, θ) are finite-
order polynomials. In the remainder of this section, we consider a matrix-fraction
description and an element-wise description with diagonal noise model as multivariate
Box-Jenkins models structures.

Matrix-fraction description

For Step 1 of Algorithm 7.1, we estimate a non-parametric ARX model, identically
to Section 7.3.2 for ARMAX models. Then, we consider possible MFDs for a
multivariate Box-Jenkins model.

One possibility is the right MFD, given by

G(q, θ) = L(q, θ)F −1(q, θ), H(q, θ) = C(q, θ)D−1(q, θ), (7.57)

where L(q, θ) has dimensions ny × nu, F (q, θ) has dimensions nu × nu, and both
C(q, θ) and D(q, θ) have dimensions ny × ny. Moreover, the elements i, j of F (q, θ),
L(q, θ), and C(q, θ) are given by (7.28) and (7.49), and we analogously define

Di,j(q, θ) = dij
0 + md�

k=1
dij

k q−k, (7.58)
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where dij
0 = 1 if i = j and dij

0 = 0 otherwise. Now, replacing (7.57) in (7.25) yields

C(q, θ)D−1(q, θ) = A−1(q, ηn),
L(q, θ)F −1(q, θ) = A−1(q, ηn)B(q, ηn), (7.59)

which can be re-written as
A(q, ηn)C(q, θ) −D(q, θ) = 0,

B(q, ηn)F (q, θ) −A(q, ηn)L(q, θ) = 0.
(7.60)

These are polynomial relations bilinear in θ and ηn, and WNSF can be applied. For
this model structure, we let θ be given by

θ = �f⊺ l⊺ c⊺ d⊺�⊺ ∈ Rn2
umf+nynuml+n2

y(mc+md), (7.61)

where

f = vec

⎡⎢⎢⎢⎢⎢⎢⎣
f11 ⋯ fnu1

⋮ ⋮
f1nu ⋯ fnunu

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rn2

umf , f ij =
⎡⎢⎢⎢⎢⎢⎢⎣

f ij
1⋮

f ij
mf

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rmf ,

c = vec

⎡⎢⎢⎢⎢⎢⎢⎣
c11 ⋯ cny1

⋮ ⋮
c1ny ⋯ cnyny

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rn2

ymc , cij =
⎡⎢⎢⎢⎢⎢⎢⎣

cij
1⋮

cij
mc

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rmc ,

d = vec

⎡⎢⎢⎢⎢⎢⎢⎣
d11 ⋯ dny1

⋮ ⋮
d1ny ⋯ dnyny

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rn2

ymd , dij =
⎡⎢⎢⎢⎢⎢⎢⎣

dij
1⋮

dij
md

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rmd ,

(7.62)

and l is according to (7.30).
Consistent parametric estimate. To apply Step 2 of Algorithm 7.1, we write the

polynomial relations (7.60) in the vector form (7.16). This can be done by defining

Q(ηn) = ⎡⎢⎢⎢⎣
0 0 −Qc(ηn) Qd−Qf(ηn) Ql(ηn) 0 0

⎤⎥⎥⎥⎦ , (7.63)

where

Qf(ηn) =
⎡⎢⎢⎢⎢⎢⎢⎣

Inu ⊗ Tn×mf
[Bη

11] ⋯ Inu ⊗ Tn×mf
[Bη

1nu
]⋮ ⋮

Inu ⊗ Tn×mf
[Bη

ny1] ⋯ Inu ⊗ Tn×mf
[Bη

nynu
]
⎤⎥⎥⎥⎥⎥⎥⎦

,

Ql(ηn) =
⎡⎢⎢⎢⎢⎢⎢⎣

Inu ⊗ Tn×ml
[Aη

11] ⋯ Inu ⊗ Tn×ml
[Aη

1ny
]⋮ ⋮

Inu ⊗ Tn×ml
[Aη

ny1] ⋯ Inu ⊗ Tn×ml
[Aη

nyny
]
⎤⎥⎥⎥⎥⎥⎥⎦

,

Qc(ηn) =
⎡⎢⎢⎢⎢⎢⎢⎣

Iny ⊗ Tn×mc[Aη
11] ⋯ Iny ⊗ Tn×mc[Aη

1ny
]⋮ ⋮

Iny ⊗ Tn×mc[Aη
ny1] ⋯ Iny ⊗ Tn×mc[Aη

nyny
]
⎤⎥⎥⎥⎥⎥⎥⎦

,

(7.64)
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and Qd = In2
y
⊗ Īn×md

. Now, it is possible to apply Step 2 of Algorithm 7.1 to obtain
a consistent estimate of θ for the parametrization (7.57).

Asymptotically efficient parametric estimate. When η̂n
N is plugged into (7.60),

we obtain
A(q, η̂n

N)C(q, θ) −D(q, θ) = [A(q, η̃n
N) − Iny ]C(q, θ),

B(q, η̂n
N)F (q, θ) −A(q, η̂n

N)L(q, θ) = B(q, η̃n
N)F (q, θ) − [A(q, η̃n

N) − Iny ]L(q, θ).
(7.65)

which is linear in the noise term η̃n
N . Hence, in vector form, we may write the

residuals (7.20) as (7.21), by defining

T (θ) = ⎡⎢⎢⎢⎢⎣
Iny ⊗ �Tc(θ) 0nny×nny

�
Tfl(θ)

⎤⎥⎥⎥⎥⎦ , (7.66)

where

Tc(θ) =
⎡⎢⎢⎢⎢⎢⎢⎣

Iny ⊗ Tn×n[Cθ
11] ⋯ Iny ⊗ Tn×n[Cθ

ny1]⋮ ⋮
Iny ⊗ Tn×n[Cθ

1ny
] ⋯ Iny ⊗ Tn×n[Cθ

nyny
]
⎤⎥⎥⎥⎥⎥⎥⎦

, (7.67)

and Tfl(θ) = Iny ⊗ �Tl(θ) Tf(θ)�, with

Tl(θ) = −
⎡⎢⎢⎢⎢⎢⎢⎣

Iny ⊗ Tn×n[Lθ
11] ⋯ Iny ⊗ Tn×n[Lθ

ny1]⋮ ⋮
Iny ⊗ Tn×n[Lθ

1nu
] ⋯ Iny ⊗ Tn×n[Lθ

nynu
]
⎤⎥⎥⎥⎥⎥⎥⎦

,

Tf(θ) =
⎡⎢⎢⎢⎢⎢⎢⎣

Iny ⊗ Tn×n[F θ
11] ⋯ Iny ⊗ Tn×n[F θ

nu1]⋮ ⋮
Iny ⊗ Tn×n[F θ

1nu
] ⋯ Iny ⊗ Tn×n[F θ

nunu
]
⎤⎥⎥⎥⎥⎥⎥⎦

.

(7.68)

Finally, we can apply Step 3 of Algorithm 7.1 to obtain an asymptotically efficient
estimate of θ for (7.57).

Unlike the output-error case, WNSF is not equally applicable to left and right
MFDs of Box-Jenkins models. Consider the left MFD

G(q, θ) = F −1(q, θ)L(q, θ), H(q, θ) =D−1(q, θ)C(q, θ), (7.69)

where F (q, θ), C(q, θ), and D(q, θ) are matrices of sizes ny × ny and L(q, θ) is a
matrix of size ny × nu, whose entries are finite-order polynomials defined as before.
Replacing (7.69) in (7.25), we obtain

D−1(q, θ)C(q, θ) = A−1(q, ηn),
F −1(q, θ)L(q, θ) = A−1(q, ηn)B(q, ηn). (7.70)

To apply WNSF, we need to be able to write these equations bilinearly in θ and ηn.
This cannot be accomplished with (7.70). To estimate such a model, it is possible
to use the approach that will be proposed in Section 7.5.
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Element-wise description with uncorrelated noise

Consider an element-wise parametrization of a Box-Jenkins model, for which the
noise signals are uncorrelated. This corresponds to having element i, j of G(q, θ)
given by (7.40), and element i, i of H(q, θ) given by

Hi,i(q, θ) = Ci,i(q, θ)
Di,i(q, θ) (7.71)

with (7.49) and (7.58), and Hi,j(q, θ) = 0 for i ≠ j. In other words, the noise-model
H(q, θ) is diagonal. This is the model structure used by the MATLAB function bj.

In this case, the multivariate problem can be separated in a set of MISO problems,
similarly to what we did in the OE case (except, as mentioned for OE, if elements in
different rows of the plant are not parametrized independently). Then, we consider
without loss of generality a model with one output and nu inputs, where

y(t) = nu�
j=1

L1,j(q, θ)
F1,j(q, θ)uj(t) + C1,1(q, θ)

D1,1(q, θ)e(t). (7.72)

For this model structure, the relations between the non-parametric ARX model and
the parametric model are given by

1
A1,1(q, ηn) = C1,1(q, θ)

D1,1(q, θ) ,
B1,j(q, ηn)
A1,1(q, ηn) = L1,j(q, θ)

F1,j(q, θ) , j = 1, . . . , nu,

(7.73)

which can be re-written as
A1,1(q, ηn)C1,1(q, θ) −D1,1(q, θ) = 0,

B1,j(q, ηn)F1,j(q, θ) −A1,1(q, ηn)L1,j(q, θ) = 0, j = 1, . . . , nu.
(7.74)

The polynomial relations in (7.74) are bilinear in θ and ηn, and WNSF can be
applied. Assuming the non-parametric ARX model is available from Step 1 of
Algorithm 7.1, we now proceed to derive Q(ηn) and T (θ) for application of the
remaining steps.

Consistent parametric estimate. Here, it is convenient to define the parameter-
vector θ as

θ = �f⊺ l⊺ c⊺ d⊺�⊺ ∈ Rnu(mf+ml)+mc+md , (7.75)

where f and l are according to (7.42) and

c = �c11
1 ⋯ c11

mc
�⊺ ∈ Rmc , d = �d11

1 ⋯ d11
md

�⊺ ∈ Rmd . (7.76)

In vector form, we may write the polynomial form (7.74) as the vector form (7.16),
with

Q(ηn) = ⎡⎢⎢⎢⎣
0 0 −Tn×mc[Aη

11] Īn×md−Qf(ηn) Inu ⊗ Tn×ml
[Aη

11] 0 0

⎤⎥⎥⎥⎦ , (7.77)
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where

Qf(ηn) =
⎡⎢⎢⎢⎢⎢⎢⎣
Tn×mf

[Bη
11] 0⋱

0 Tn×mf
[Bη

1nu
]
⎤⎥⎥⎥⎥⎥⎥⎦

. (7.78)

Then, Step 2 of Algorithm 7.1 can be applied to obtain a consistent estimate θ̂
(0)
N .

Asymptotically efficient parametric estimate. When η̂n
N is plugged into (7.74),

we obtain
A1,1(q, η̂n

N)C1,1(q, θ) −D1,1(q, θ) = [A1,1(q, η̃n
N) − 1]C1,1(q, θ),

B1,j(q, η̂n
N)F1,j(q, θ) −A1,1(q, η̂n

N)L1,j(q, θ)= B1,j(q, η̃n
N)F1,j(q, θ) − [A1,1(q, η̃n

N) − 1]L1,j(q, θ) (7.79)

with j = 1, . . . , nu. This is linear in the noise term η̃n
N ; so, in vector form, we may

write the residuals (7.20) as (7.21), where

T (θ) = ⎡⎢⎢⎢⎣
Tn×n[Cθ

11] 0−Tl(θ) Tf(θ)
⎤⎥⎥⎥⎦ , (7.80)

with

Tf(θ) =
⎡⎢⎢⎢⎢⎢⎢⎣
Tn×n[F θ

11] 0⋱
0 Tn×n[F θ

1nu
]
⎤⎥⎥⎥⎥⎥⎥⎦

, Tl(θ) =
⎡⎢⎢⎢⎢⎢⎢⎣
Tn×n[Lθ

11]⋮Tn×n[Lθ
1nu
]
⎤⎥⎥⎥⎥⎥⎥⎦

. (7.81)

We can then apply Step 3 of Algorithm 7.1 to obtain an asymptotically efficient
estimate θ̂

(1)
N .

Consider now the case that H(q, θ) is fully parametrized, according to

Hi,j(q, θ) = Ci,j(q, θ)
Di,j(q, θ) , (7.82)

with Ci,j(q, θ) and Di,j(q, θ) defined by (7.49) and (7.58), respectively, with cij
0 =

dij
0 = 1 for all {i, j}. Such a parametrization would in general have a similar problem

as the left BJ MFD (7.69) for writing the relation between the non-parametric ARX
model and the parametric model (7.25) bilinearly in θ and ηn. In Section 7.5, we
will provide a solution for this.

7.4 Theoretical Analysis

We now consider the asymptotic statistical properties of multivariate WNSF. Because
of the similarities with the SISO case, analyzed in Chapter 5, we will not make a
detailed analysis here. Instead, we show that the same type of procedure can be used
to show consistency and asymptotic distribution and covariance of the estimates in
the multivariate case.
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Theorem 7.1. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold component-wise for
the signals and systems in the multivariate case. Then, for the model structures
considered in Section 7.3, the estimate θ̂

(1)
N obtained in Step 3 of Algorithm 7.1

satisfies

1. lim
N→∞ θ̂

(1)
N → θo w.p.1,

2.
√

N(θ̂(1)N − θo) ∼ AsN (0, M),
where

M = lim
n→∞ �Q⊺(ηn

o )T−⊺(θo)R̄(Λ)T −1(θo)Q(ηn
o )�−1

. (7.83)

Proof. In the SISO case analyzed in Chapter 5, the corresponding analysis consists
in using (7.17) to write θ̂

(1)
N − θo as (5.146), which allows to show the first result in

the theorem if

∣∣η̂n(N)
N − ηn(N)

o ∣∣ → 0 as N →∞ w.p.1,

∣∣Qn(N)(η̂n(N)
N ) −Qn(N)(ηn(N)

o )∣∣ → 0 as N →∞ w.p.1,

∣∣Tn(N)(θ̂(0)N ) − Tn(N)(θo)∣∣ → 0 as N →∞ w.p.1,

∣∣Rn(N)
N (Λ̂) − R̄n(N)(Λ)∣∣ → 0 as N →∞ w.p.1.

(7.84)

Here, we recover the notation that these vectors and matrices have some dimensions
that are proportional to n and grow with N , denoted n(N). In addition, the second
result in the theorem is satisfied if we have (7.84) satisfied with a certain minimum
decay rate. Here, θ̂

(1)
N is determined in an analogous way to the corresponding SISO

estimate (5.65). Hence, analogous algebraic manipulations can be used to write
θ̂
(1)
N − θo identically to (5.146), and the proof for the multivariate case consists again

in establishing (7.84) and verify that the decay rate is sufficiently fast.
The first three equations in (7.84) are satisfied straightforwardly with the same

rates as in the proof of Theorems 5.1 and 5.2, for the following reasons. First, despite
these matrices being larger in the multivariate case, dimensions that were fixed
in the SISO case are also fixed here, and dimensions that increased with a rate
that is function of N in the SISO case still do so with the same rate here. Second,
the results in Chapter 3 regarding the asymptotic properties of the estimate η̂

n(N)
N ,

despite being derived for the SISO case, can be straightforwardly extended to the
multivariate case (Remark 5 by Ljung and Wahlberg, 1992).

The significant difference between the SISO case and the multivariate case is the
stochastic matrix Λ̂ that here appears in RN(Λ̂). In the SISO case, the corresponding
matrix (3.18) was defined without the noise variance, which is a scalar and need not
be considered in the weighting. Then, the rate of convergence for the last equation
in (7.84) for the SISO case, considered in Lemma 3.1, does not take into account
the estimated noise variance.
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Here, we still need to prove that the entries of Λ̂, σ̂2
i (i = 1, . . . , ny), tend to the

true noise variances sufficiently fast. We assume that these estimates have been
obtained from (7.18). Then, from Lemma 3.2, we have

∣σ̂2
i − σ2

i ∣ = O⎛⎝n(N)
�

log N

N

⎞⎠ , (7.85)

where we have kept only the slowest-decaying term, which is enough for our purposes.
Then, the first result of the theorem follows from (together with the analysis in

Chapter 5)
σ̂2

i → σ2
i , as N →∞ w.p.1, (7.86)

which in turn follows from (7.85). For the second result of the theorem, we use that
the decay rate (7.85) of ∣σ̂2

i − σ2
i ∣ is the same as the slowest-decaying term in (3.23),

which is sufficient to derive the asymptotic distribution and covariance of θ̂
(1)
N in

Chapter 5. Then, it is also possible to perform the same derivations for RN(Λ̂), now
including also the terms σ̂2

i in Λ̂.

7.5 Extended Algorithm

In this section, we return to the problem of Section 7.3.3, where we observed that
WNSF could not be applied to the multivariate BJ parametrization (7.69) or to an
element-wise parametrization with full noise model. To work around this issue, we
will first consider a moving-average exogenous (MAX) model.

7.5.1 MAX Model
In a MAX model, the plant and noise model are parametrized as finite impulse
responses, according to

Gi,j(q, ζ) = p�
k=1

gij
k q−k, Hi,j(q, ζ) = hij

0 + p�
k=1

hij
k q−k, (7.87)

where the parameter vector is denoted by ζ, and hij
0 = 1 if i = j and hij

0 = 0 otherwise,
with the subscript i, j denoting the corresponding matrix element. This model can be
obtained with WNSF. In the first step, we use the non-parametric ARX model (7.7).
Then, the relation between this non-parametric model and the MAX model (7.87)
is used to write⎧⎪⎪⎨⎪⎪⎩

H(q, ζ) = A−1(q, ηn)
G(q, ζ) = A−1(q, ηn)B(q, ηn) ⇔⎧⎪⎪⎨⎪⎪⎩

H(q, ζ)A(q, ηn) − Iny = 0
H(q, ζ)B(q, ηn) −G(q, ζ) = 0

. (7.88)

These relations are bilinear in ζ and ηn, and can be expressed in vector form (7.16)
(replacing θ by ζ). We proceed to detail this.
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Step 2 estimate. Here, it is convenience to define the parameter vector ζ as

ζ = �g⊺ h⊺�⊺ ∈ Rny(nu+ny)p, (7.89)

where

g = vec

⎡⎢⎢⎢⎢⎢⎢⎣
g11 ⋯ gny1

⋮ ⋮
g1nu ⋯ gnynu

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rnynup, gij =

⎡⎢⎢⎢⎢⎢⎢⎣
gij

1⋮
gij

p

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rp,

h = vec

⎡⎢⎢⎢⎢⎢⎢⎣
h11 ⋯ hny1

⋮ ⋮
h1ny ⋯ hnyny

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rn2

yp, hij =
⎡⎢⎢⎢⎢⎢⎢⎣
hij

1⋮
hij

p

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rp.

(7.90)

Then, (7.88) can be written in the vector form (7.16) as

Q(ηn) = ⎡⎢⎢⎢⎣
0 −Qa(ηn)

QI −Qb(ηn)
⎤⎥⎥⎥⎦ , (7.91)

where

Qa(ηn) = Iny ⊗
⎡⎢⎢⎢⎢⎢⎢⎣
Tn×p[Aη

11] ⋯ Tn×p[Aη
ny1]⋮ ⋮Tn×p[Aη

1ny
] ⋯ Tn×p[Aη

nyny
]
⎤⎥⎥⎥⎥⎥⎥⎦

,

Qb(ηn) = Iny ⊗
⎡⎢⎢⎢⎢⎢⎢⎣
Tn×p[Bη

11] ⋯ Tn×p[Bη
ny1]⋮ ⋮Tn×p[Bη

1nu
] ⋯ Tn×p[Bη

nynu
]
⎤⎥⎥⎥⎥⎥⎥⎦

,

(7.92)

and QI = Iny ⊗ Inu ⊗ Īn×p. If the MAX-model order satisfies p < n, (7.16) (replacing
θ by ζ) is an over-determined system of equations, and (weighted) least squares can
be applied according to Step 2 of Algorithm 7.1, providing an estimate ζ̂

(0)
N .

Step 3 estimate. To re-estimate ζ according to Algorithm 7.1, we apply (7.17)
with weighting (7.23). Then, we have left to derive the matrix T , which is now
function of ζ, and denoted T (ζ). For this, we plug η̂n

N in (7.88) and write it as

H(q, ζ)A(q, η̂n
N) − Iny =H(q, ζ)[A(q, η̃n

N) − Iny ],
H(q, ζ)B(q, η̂n

N) −G(q, ζ) =H(q, ζ)B(q, η̃n
N), (7.93)

where, as usual, η̃n
N denotes the error in the ARX-model estimate. Then, the

residuals (7.93) can be written in the polynomial form (7.21), having θ replaced by
ζ, as

T (ζ) = ⎡⎢⎢⎢⎣
Ta(ζ) 0

0 Tb(ζ)
⎤⎥⎥⎥⎦ , (7.94)
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where

Ta(ζ) =
⎡⎢⎢⎢⎢⎢⎢⎣

Iny ⊗ Tn×n[Hζ
11] ⋯ Iny ⊗ Tn×n[Hζ

1ny
]⋮ ⋮

Iny ⊗ Tn×n[Hζ
ny1] ⋯ Iny ⊗ Tn×n[Hζ

nyny
]
⎤⎥⎥⎥⎥⎥⎥⎦

(7.95)

and

Tb(ζ) =
⎡⎢⎢⎢⎢⎢⎢⎣

Inu ⊗ Tn×n[Hζ
11] ⋯ Inu ⊗ Tn×n[Hζ

1ny
]⋮ ⋮

Inu ⊗ Tn×n[Hζ
ny1] ⋯ Inu ⊗ Tn×n[Hζ

nyny
]
⎤⎥⎥⎥⎥⎥⎥⎦

. (7.96)

Here, we used the notation Hζ
ij ∶=Hi,j(q, ζ). Then, Step 3 of Algorithm 7.1 can be

applied (with θ replaced by ζ), and we denote the estimate obtained by ζ̂
(1)
N .

7.5.2 Box-Jenkins Element-wise Model
In Section 7.3.3, we saw that WNSF could not be applied to BJ models with left
MFD (7.69) or an element-wise description with full noise model. In the remainder
of this section, we derive an approach that uses an additional non-parametric MAX
model step to estimate a Box-Jenkins model with an element-wise parametrization
and full noise model; that is, elements i, j of G(q, θ) and H(q, θ) are according
to (7.40) and (7.82), respectively. The parameter-vector θ is defined by (7.61), as
for the right MFD Box-Jenkins model.

If the MAX-model order p is chosen large enough, G(q, ζ) and H(q, ζ) can
capture the system dynamics with arbitrary accuracy. Then, if we neglect the bias
error from truncation of the MAX model, we have that

Gi,j(q, ζ) = Li,j(q, θ)
Fi,j(q, θ) , Hi,j(q, ζ) = Ci,j(q, θ)

Di,j(q, θ) , (7.97)

which can be written as

Fi,j(q, θ)Gi,j(q, ζ) −Li,j(q, θ) = 0,

Di,j(q, θ)Hi,j(q, ζ) −Ci,j(q, θ) = 0.
(7.98)

Having an estimate of ζ, we can use the MAX model as the high-order model to be
reduced to a parametric model. Moreover, this can be done with WNSF, as (7.98)
is bilinear in ζ and θ. We now proceed to derive how the WNSF can be applied to
obtain θ from an estimate of ζ.

Step 2 estimate. In vector form, the polynomial relations (7.98) can be expressed
in the vector form (7.16), having ζ instead of ηn being the non-parametric vector,
where

Q(ζ) = ⎡⎢⎢⎢⎣
−Qg(ζ) Inynu ⊗ Īp×ml

0 0
0 0 Inyny ⊗ Īp×mc −Qh(ζ)

⎤⎥⎥⎥⎦ , (7.99)
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with

Qg(ζ) =
⎡⎢⎢⎢⎢⎢⎢⎣
Qg1(ζ) 0⋱

0 Qgny (ζ)
⎤⎥⎥⎥⎥⎥⎥⎦

, Qgi(ζ) =
⎡⎢⎢⎢⎢⎢⎢⎣
Tp×mf

[Gζ
i1] 0⋱

0 Tp×mf
[Gζ

inu
]
⎤⎥⎥⎥⎥⎥⎥⎦

,

(7.100)
and analogously for Qh(ζ) but replacing g, G, nu, and mf by h, H, ny, and md,
respectively. With Q(ζ) and an estimate ζ̂

(1)
N , we may apply Step 2 of Algorithm 7.1

(e.g., with W = I) to obtain an estimate θ̂
(0)
N .

Step 3 estimate. We have left to refine the estimate of θ according to a statistically
sound approach. For this, we will derive an estimate of the optimal weighting to use
in the weighted least-squares problem. As usual, we write the residuals as

ζ̂
(1)
N −Q(ζ̂(1)N )θ = T (θ)ζ̃(1)N , (7.101)

where ζ̃p
N is the estimation error in ζ̂p

N . It is possible to derive, analogously to what
we have done for other models structures, that

T (θ) = ⎡⎢⎢⎢⎣
Tf(θ) 0

0 Td(θ)
⎤⎥⎥⎥⎦ , (7.102)

where

Tf(θ) =
⎡⎢⎢⎢⎢⎢⎢⎣
Tf1(θ) 0⋱

0 Tfny (θ)
⎤⎥⎥⎥⎥⎥⎥⎦

, Tfi(ζ) =
⎡⎢⎢⎢⎢⎢⎢⎣
Tp×p[F θ

i1] 0⋱
0 Tp×p[F θ

inu
]
⎤⎥⎥⎥⎥⎥⎥⎦

,

(7.103)
and analogously for Td(θ) but with f , F , and nu replaced by d, D, and ny, re-
spectively. The weighting to be used is then an estimate of the inverse of the
covariance of (7.101). Unlike the cases derived in Section 7.3, T (θ) in (7.101) is now
pre-multiplying ζ̃

(1)
N and not η̃n

N , as was the case in (7.21). Therefore, RN cannot
be used here as the covariance of the non-parametric estimation error, but we have
to derive an estimate for the covariance of ζ̃

(1)
N . Motivated by Theorem 7.1, we

approximate the asymptotic covariance of ζ̃
(1)
N by

Rζ
N ∶= �Q⊺(η̂n

N)RN(Λ̂)Q(η̂n
N)�−1

, (7.104)

with Q(η̂n
N) as defined in (7.91) for the MAX model. We may then apply Step 3 of

Algorithm 7.1 with weighting

W =W (θ̂(0)N , Rζ
N) = T −⊺(θ̂(0)N )[Rζ

N ]−1T −1(θ̂(0)N )= T −⊺(θ̂(0)N )Q⊺(η̂n
N)RN(Λ̂)Q(η̂n

N)T−1(θ̂(0)N ) (7.105)
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to obtain a refined estimate θ̂
(1)
N .

This allows us to write the following algorithm, which can be used for multivariate
Box-Jenkins models with element-wise parametrization and other model structures
for which WNSF cannot be applied directly, such as the Box-Jenkins left MFD (7.69).

Algorithm 7.2 (Multivariate WNSF with additional MAX-model step). The WNSF
algorithm with an additional MAX model step consists of the following four steps:

1. estimate a MAX model of high order, but with p ≤ n, according to Algo-
rithm 7.1;

2. estimate a parametric model according to (7.17) with η̂n
N replaced by ζ̂

(1)
N and,

for example, W = I or W = Rζ
N , providing θ̂

(0)
N ;

3. estimate a parametric model according to (7.17) with η̂n
N replaced by ζ̂

(1)
N and

W (θ̂(0)N , Rζ
N), providing a new estimate θ̂

(1)
N .

As before, it is possible to continue iterating, which can improve the estimation
accuracy for finite sample size. This applies both within Step 1 (when Algorithm 7.1
is applied to estimate the MAX model) or after Step 3 to refined the estimate θ̂

(1)
N .

Moreover, it is possible to iterate between the non-parametric MAX model and the
parametric BJ model. In particular, after a parametric estimate has been estimated,
the MAX model can be recomputed, but replacing Hζ

ij in (7.95) and (7.96) by the
impulse response coefficients of Hi,j(q, θ) with an obtained θ estimate, which are in
principal more accurate. Then, the recomputed MAX model is used to recompute θ.

A theoretical analysis for this algorithm is outside the scope of this thesis.
However, we will illustrate with a SISO BJ simulation that using an intermediate
MAX model gives indistinguishable asymptotic accuracy compared to a direct WNSF
application.

7.6 Simulation Examples

In this section, we perform simulation studies comparing WNSF with methods
implemented in the MATLAB 2017a System Identification Toolbox for estimation
of multivariate models: namely, PEM (with the functions oe, armax, bj, or ssest),
subspace (with the function n4sid), and the four-stage IV method (with the function
iv4). The RIV method implemented in the Captain toolbox was not considered,
because it is not implemented for full MIMO problems, and for MISO problems it
is only implemented for the case that all input-output transfer functions share the
same poles.

Here, our objective is to cover several model structures (from Sections 7.3 and 7.5)
and test the range of settings where the method can be most advantageous. For this
reason, instead of presenting the performance of many methods, we only present the
difference in FIT between WNSF and another method (e.g., the most appropriate
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for that model structure, or the one that performed best in the simulation). This
allows us to present performance comparisons in a compact way for a range of
sample sizes and noise variances.

We consider the FIT of each estimated transfer function in G(q, θ), defined as

FIT = 100�1 − ∣∣ĝ − go∣∣∣∣go −mean[go]∣∣� , (7.106)

where ĝ is a vector containing the estimated impulse response of each element in
G(q, θ̂N), go contains the true impulse response of the same element, and mean[go]
is their mean (sufficiently long impulse responses are taken to compute the FIT,
making sure truncation does not affect the results). We will consider the average
FIT over all the elements of G(q, θ) and all the Monte Carlo runs. The results will
be presented as follows: first, the average FIT obtained for WNSF; second, the
average FIT difference between WNSF and another method, according to

ΔMETHOD2
FIT ∶= FITWNSF −FITMETHOD2. (7.107)

This requires a fair way to avoid that the average of these differences becomes very
large or small because of individual outliers. For this reason, if ΔMETHOD2

FIT > 100
or ΔMETHOD2

FIT < −100, we simply set it to 100 and −100, respectively. Moreover, if
both FITWNSF < 0 and FITMETHOD2 < 0 for a particular run and estimated transfer
function, we do not consider it. In both cases, the reason is that if a method fails to
provide a reasonable FIT, it is of little relevance to distinguish between extremely
low fits.

As in Chapter 5, we run WNSF for a grid of non-parametric model orders
(indicated for each simulation) with a maximum of 20 iterations (unless indicated
otherwise), and the prediction error criterion is used to choose the best model. PEM
is run with a maximum of 100 iterations and a function tolerance of 10−4. With
subspace methods, the past and future horizons are chosen according to the Akaike
Information Criterion, as implemented in MATLAB. All methods, if encountering
an unstable estimate, project the poles inside the unit circle: for the MATLAB-
implemented methods, this corresponds to setting the option StabilityEnforce
to true. With WNSF, initial conditions are truncated when estimating the non-
parametric model, by starting the sums in (7.13) at t = n+1 (in the case of ARMAX
models, the method in Chapter 9 could be applied to estimate them); with methods
implemented in MATLAB, they are treated as an independent estimation parameters.
All the remaining settings are the default ones.

7.6.1 OE Element-wise Description
We start by considering an element-wise description of an OE model. As pointed
out in Section 7.3.1, unless relations between parameters of transfer functions in
different rows of G(q, θ) are imposed, a MIMO OE model with an element-wise
parametrization can be separated in a set of MISO problems, as the outputs are
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mutually uncorrelated. For this reason, we consider a MISO system for the simulation
study. In particular, we use systems with six inputs, according to

y(t) = 6�
j=1

Lj(q, θo)
Fj(q, θo)uj(t) + e(t), (7.108)

where Lj(q, θ) and Fj(q, θ) are as in (7.28) with mf = ml = 4. We compare PEM
(oe) and WNSF, both with parametrizations according to the true system. For
WNSF, the orders of the non-parametric FIR model are chosen from the grid
n = {20, 30, . . . , 100}.

We consider two sets of one hundred randomly generated systems. In the first
set, each Fj(q, θo) has two pairs of complex roots where the magnitude is uniformly
distributed between 0 and 0.98 (this avoids extremely slow systems, which would
require higher orders of non-parametric models), and the phase is uniformly dis-
tributed in the semi-circle with positive real part (this avoids discrete-time systems
that do not resemble physical systems); Lj(q, θo) has one pair of complex roots and
one real root where the magnitude is uniformly distributed between 0 and 0.98, and
the phase (for the complex pair) is uniformly distributed in the complete circle.
In the second set, the magnitude of the roots is restricted to be between 0.9 and
0.98, and the phase is always such that the roots have positive real part, for both
numerator and denominator polynomials. Because of the similar magnitude of all
the poles and zeros, but having different phases, the systems generated in this way
will often have resonance peaks, which we have observed are particularly difficult
for PEM to find the global minimum.

The inputs are given by uj(t) = F u
j (q)uw

j (t), where {uw
j (t)} are mutually indepen-

dent zero-mean Gaussian white noise with unit variance, F u
j (q) = 1 for j = {2, 4, 5, 6},

and
F u

1 (q) = 0.5
1 − 0.95q−1 , F u

3 (q) = 0.8
1 − 0.8q−1 . (7.109)

The polynomials Lj(q, θo) are then normalized such as to guarantee that each system
has a contribution to the output with similar variance, according to

1
N

N�
t=1

�Lj(q, θo)
Fj(q, θo)uj(t)�2 = 2. (7.110)

We finally perform 100 Monte Carlo runs for a 2D grid with all the combinations of
the following sample sizes and noise variances: N = {1000, 2000, 5000, 10000} and
σ2 = {1, 2, 5, 10}.

For the first set of random systems (roots in complete unit circle), the results are
presented in Table 7.1: on the left, the average FITs obtained with WNSF; on the
right, the average FIT difference ΔPEM

FIT = FITWNSF −FITPEM. The performances of
WNSF and PEM are similar, although with some advantage for WNSF for lower N
and higher σ2. For the second set of random systems, where the zeros and poles are
placed to often form resonance peaks, the results are presented in Table 7.2. In this
case, the advantage for WNSF is more significant.
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Table 7.1: Results as function of N and σ2 from 100 Monte Carlo runs with randomly
generated MISO OE systems parametrized element-wise, and having zeros and poles
with magnitude between 0 and 0.98. Left: average FIT obtained with WNSF. Right:
average ΔPEM

FIT = FITWNSF −FITPEM.

N \σ2 1 2 5 10
1000 74 64 41 19
2000 83 75 59 42
5000 89 83 75 65
10000 93 89 82 75

N \σ2 1 2 5 10
1000 1.4 3.3 4.9 4.4
2000 0.8 −1.0 2.7 −0.6
5000 0.3 −0.5 1.6 2.5
10000 −0.4 0.1 −0.2 1.5

Table 7.2: Results as function of N and σ2 from 100 Monte Carlo runs with randomly
generated MISO OE systems parametrized element-wise, and having zeros and poles
with magnitude between 0.9 and 0.98. Left: average FIT obtained with WNSF. Right:
average ΔPEM

FIT = FITWNSF −FITPEM.

N \σ2 1 2 5 10
1000 81 70 51 32
2000 87 81 67 54
5000 93 90 82 74
10000 95 93 89 81

N \σ2 1 2 5 10
1000 13 13 11 12
2000 10 12 9.2 11
5000 5.7 6.8 11 9.0
10000 4.7 7.0 9.2 9.0

To better interpret these results, Fig. 7.1 presents the FITS obtained for WNSF
and PEM with N = 10000 and σ2 = 1. This is the case for which WNSF was least
advantageous compared to PEM, but it serves for illustration. With lowest noise
variance and highest sample size, this case allows for many models to be estimated
with high accuracy: the median FIT of WNSF is 97.0% and the median FIT of PEM
is 96.6%. Despite the similar medians, the way that the estimates below the median
are distributed reflects the poorer performance of PEM, having smaller values for
the 25th percentile and the lower whisker, as well as more outliers (they are 66 for
WNSF and 98 for PEM).

Many of the estimates below the median may correspond to cases where the
global optimum is not found, due to the risk of performing an explicit optimization
procedure initialized at poor initial estimate. In fact, PEM initializations in MATLAB
are based on either IV or subspace methods, which are not tailored for individual
parametrizations of each transfer function. The flexibility in parametrization of
WNSF allows for a direct estimation of the model parametrization of interest, which
also makes WNSF an appropriate choice for initialization of PEM with these model
structures.
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Figure 7.1: FITs from 100 Monte Carlo with randomly generated OE systems
parametrized element-wise having zeros and poles with magnitude between 0.9 and
0.98, N = 10000, and σ2 = 1.

7.6.2 BJ Element-wise Description with Diagonal Noise Model
As with the OE element-wise description, a BJ model parametrized element-wise
with a diagonal noise model can be separated into a set of MISO estimation problems,
unless relations between parameters are imposed between elements in different rows
of the plant matrix. In the following, we extend the model (7.108) to have colored
noise, according to

y(t) = 6�
j=1

Lj(q, θo)
Fj(q, θo)uj(t) + C(q, θo)

D(q, θo)e(t). (7.111)

The purpose is to test if WNSF is still advantageous in this scenario, where a
non-parametric ARX model is estimated in the first step (instead of FIR), and a
noise model is also estimated.

We use systems generated as in the second OE simulation (Table 7.2), which
were the most challenging for PEM. In addition, we randomly generate the noise
models such that mc =md = 4, and C(q, θo) and D(q, θo) have two pairs of complex
roots with magnitude uniformly distributed between 0 and 0.9, and phase uniformly
distributed in the complete circle. In this case, the simulation uses different variances
ξ2, which refer to the signal

v(t) = C(q, θo)
D(q, θo)e(t). (7.112)

The inputs are generated in the same way as for the OE simulation. We compare
PEM (bj) and WNSF, both with parametrizations according to the true system.
The settings for the methods are the same as for the previous simulation.

The results are presented in Table 7.3: on the left, we have the average FIT
obtained with WNSF; on the right, the average FIT difference ΔFIT = FITWNSF −
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Table 7.3: Results as function of N and σ2 from 100 Monte Carlo runs with randomly
generated MISO BJ systems parametrized element-wise, and having zeros and poles
with magnitude between 0.9 and 0.98. Left: average FIT obtained with WNSF. Right:
average ΔPEM

FIT = FITWNSF −FITPEM.

N \σ2 1 2 5 10
1000 90 85 74 62
2000 93 90 82 75
5000 96 95 91 86
10000 97 96 93 90

N \σ2 1 2 5 10
1000 20 19 24 26
2000 13 15 17 21
5000 10 10 13 17
10000 5.6 12 10 11

FITPEM. Comparing these results with the ones in Table 7.2, we conclude that for
BJ models with element-wise parametrization and diagonal noise model, WNSF
seems to be even more advantageous when compared to PEM than in the previous
scenario. The most significant advantage is attained for the case with lowest sample
size and highest noise variance, for which the FIT obtained with WNSF is on average
26 percentage points better than that of PEM.

7.6.3 ARMAX

We now consider the estimation of multivariate ARMAX models. This is not
the main focus of our study, as some of the methods in Section 2.3.4, which
follow similar principles as WNSF, are already applicable to this class of models.
Nevertheless, we perform two simulations that support the importance of the
flexibility in parametrization of WNSF.

Generating random ARMAX systems as (7.48) is more complicated than with
the previous element-wise parametrizations of OE and BJ models, because stability
of F −1(q, θo) must be guaranteed. For this reason, we here consider state-space
systems generated with the MATLAB function drss, which provide A, B, and C
state-space matrices. The K matrix, related to the noise, is generated such that
each element is normally distributed with zero mean and unitary variance, and then
normalized to have the same Frobenius norm as the B matrix. These systems can
be converted to ARMAX echelon form, according to the procedure in Theorem 2.5.1
by Hannan and Deistler (1988), which is used for identification with WNSF.

The ARMAX echelon form will, in general, have fully parametrized matrices
F (q, θ), L(q, θ) and C(q, θ), whereas PEM is implemented in MATLAB for ARMAX
models with diagonal polynomial matrix C(q, θ) only (function armax). On the
other hand, PEM is implemented in MATLAB for state-space models (function
ssest), which is initialized with subspace (function n4sid). These are appropriate
procedures to estimate the models considered, and they will both be used to compare
with WNSF.



7.6. Simulation Examples 163

We consider two sets of 100 randomly generated systems with drss. In order to
avoid extremely slow systems, we limit the systems in both sets to have all poles
with a maximum magnitude of 0.97; to guarantee that all systems have similar gains,
we restrict them to have 2 < ∣∣Go(q)∣∣H2 < 4 and 2 < ∣∣Ho(q)∣∣H2 < 4. For the first set,
ny = nu = 2 and the order of the state-space model is m = 10; for the second set,
ny = nu = 3, the order of the state-space model is m = 9.

For the first set of systems, the inputs are given by

u1(t) = 0.8
1 − 0.9q−1 uw

1 (t), u2(t) = 1.2
1 − 0.8q−1 + 0.64q−2 uw

2 (t), (7.113)

where {uw
1 (t)} and {uw

2 (t)} are mutually-uncorrelated Gaussian white-noise se-
quences with zero mean and unit variance. For the second set, the same inputs are
used as u1(t) and u2(t), and the third input is

u3(t) = 0.9
1 − 1.3q−1 + 0.64q−2 uw

3 (t), (7.114)

with {uw
3 (t)} satisfying similar assumptions as {uw

1 (t)} and {uw
2 (t)}. We vary N

and the noise variance σ2 (we fix all noise variances σ2
i to be the same, and define

this value by σ2). The non-parametric ARX-model orders for WNSF are selected
from the grid n = {10, 20, . . . , 100} for the first set and n = {10, 20, . . . , 70} for the
second set. Here, we apply Algorithm 7.1 without additional iterations.

For the first set of systems (ny = nu = 2), the average FIT obtained with WNSF
is presented in Table 7.4, and the average FIT differences with subspace and PEM
(ΔN4SID

FIT = FITWNSF − FITN4SID and ΔPEM
FIT = FITWNSF − FITPEM) are shown in

Table 7.5. Comparing with the subspace method used (MATLAB function n4sid),
the results are inconclusive. Comparing with PEM (MATLAB function ssest), there
is some advantage for WNSF. This is a somewhat unexpected result, as ssest is
initialized with n4sid, and therefore the attained model estimate should correspond
to a value of the PEM cost function that is at least as low as for n4sid. The problem
may be related to the large number of parameters to estimate compared to the
sample size and noise variances used, for which decreasing the PEM cost function
value excessively may lead to over-fitting. In light of the simulation results from
Section 5.5.5, it makes sense that WNSF performs better than PEM when there is
the risk of over-fitting, specially as we did not use the iterative version of WNSF.

The results for the second set of systems (ny = nu = 3) are shown in Tables 7.6
(average WNSF FIT) and 7.7 (average FIT differences). Here, subspace is overall
slightly superior to WNSF. Compared to PEM, WNSF is advantageous for the cases
where over-fitting is more likely, but PEM is advantageous (even compared with
subspace) for the cases where over-fitting is less likely to happen.

Although performed only on a particular class of systems (state-space generated
with drss), these simulations indicate that WNSF may not have a clear advantage
compared to the subspace method used when using ARMAX models without a
particular structure imposed, and that subspace may become more advantageous
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Table 7.4: Average FIT obtained for WNSF as function of N and σ2, from 100 Monte
Carlo runs with randomly generated 2-input 2-output state-space systems with drss.

N \σ2 1 2 5 10
1000 75 66 49 29
2000 81 76 64 51
5000 89 84 76 68
10000 92 89 84 78

Table 7.5: Average ΔN4SID
FIT = FITWNSF − FITN4SID (left) and average ΔPEM

FIT =
FITWNSF − FITPEM (right), as function of N and σ2, from 100 Monte Carlo runs
with randomly generated 2-input 2-output state-space systems with drss.

N \σ2 1 2 5 10
1000 2.4 2.8 −0.03 -1.0
2000 1.8 1.8 1.8 1.8
5000 0.5 0.2 −0.02 −0.04
10000 0.2 0.6 1.4 1.8

N \σ2 1 2 5 10
1000 4.2 7.7 11 12
2000 3.1 5.2 5.8 7.6
5000 0.6 0.9 1.3 2.7
10000 0.3 0.7 2.4 3.4

Table 7.6: Average FIT obtained for WNSF as function of N and σ2, from 100 Monte
Carlo runs with randomly generated 3-input 3-output state-space systems with drss.

N \σ2 1 2 5 10
1000 71 63 46 28
2000 80 73 61 49
5000 86 81 74 66
10000 89 86 81 75

Table 7.7: Average ΔN4SID
FIT = FITWNSF − FITN4SID (left) and average ΔPEM

FIT =
FITWNSF − FITPEM (right), as function of N and σ2, from 100 Monte Carlo runs
with randomly generated 3-input 3-output state-space systems with drss.

N \σ2 1 2 5 10
1000 −1.0 −0.07 −1.3 −0.6
2000 0.2 −0.6 −1.5 −0.5
5000 −0.9 −1.1 −0.6 −0.9
10000 −1.9 −1.5 −0.7 0.5

N \σ2 1 2 5 10
1000 −0.7 −0.4 1.4 5.4
2000 −1.5 −1.7 0.3 2.9
5000 −1.9 −1.8 −1.1 1.2
10000 −3.0 −3.3 −2.3 −0.9
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when more inputs and outputs are included. Similarly, for OE and BJ models
parametrized element-wise, when the systems were drawn from a quite generic class,
no significant difference was observed between WNSF and PEM. However, in that
case, it was possible to find a class of systems for which WNSF was considerably
advantageous. Generating ARMAX systems in a similar fashion is not a trivial
matter, as stability of matrix F −1(q, θ) must be guaranteed. Instead of proceeding
by finding specific ARMAX systems that could be advantageous for WNSF, we will
explore the flexibility in parametrization of WNSF: if more structural information
can be included, this can give WNSF a great advantage compared to subspace
methods. We elaborate on this in the remaining simulations.

7.6.4 BJ Matrix-Fraction Description
In ARMAX and state-space descriptions, the plant and noise model share the same
poles. This can be an appropriate assumption if process noise enters the system, but
it may also not be the case if sensor noise dominates. In this case, the assumption
of different pole dynamics in the plant and noise model may be more appropriate.
A BJ model structure reflects this assumption.

First, we conduct a simulation with randomly generated systems using drss,
where this function is used separately to generate the plant and the noise dynamics.
The systems have ny = nu = 2, and the order of the state-space is m = 6 for the
plant and m = 4 for the noise. Similarly to the ARMAX case, we limit poles to a
magnitude of 0.97, and we impose 2 < ∣∣Go(q)∣∣H2 < 6 and 2 < ∣∣Ho(q)∣∣H2 < 6 to avoid
comparing systems with very different gains. In addition, we avoid systems that
have poles with negligible dynamics by imposing the ratio between the magnitudes
of the slowest and fastest poles (or pole pairs) to be at most 2 for the plant and
true noise model. The inputs are given as in (7.113).

To estimate these systems with WNSF, we use the right MFD description (7.57)
with mf =ml = 3 and mc =md = 2. This model structure reflects the assumption that
the plant and the noise have different dynamics. The order of the non-parametric
ARX model is chosen from the grid n = {10, 15, 20, . . . , 50}.

For comparison, we use only the subspace method. This is motivated by the
previous simulations, which suggest that PEM initialized with subspace for this type
of multivariate models does not bring a significant advantage, and may even provide
disadvantages on account of over-fitting. Moreover, a PEM implementation that
can handle parametrizations with different dynamics for the plant and the noise is
not available in MATLAB, and we would need to resort to unstructured state-space
models, as for subspace methods. On the other hand, we apply a subspace method
with two different settings. In one, we neglect our assumption that the noise has
different poles than the plant, and estimate a state-space model of order m = 6, which
is sufficient to capture the plant dynamics (we denote the results by FITN4SID-6).
In the other, we estimate a state-space model of order m = 6 + 4 = 10 to be able to
capture both the plant and noise dynamics (we denote the results by FITN4SID-10).

The average FIT obtained with WNSF is presented in Table 7.8, and the average



166 Weighted Null-Space Fitting for Multivariate Systems

Table 7.8: Average FIT obtained for WNSF as function of N and σ2, from 100 Monte
Carlo runs with randomly generated state-space systems with drss, separately for the
plant and noise dynamics.

N \σ2 1 2 5 10
1000 82 75 59 40
2000 88 81 70 60
5000 91 88 80 73
10000 94 91 87 82

Table 7.9: Average ΔN4SID-6
FIT = FITWNSF −FITN4SID-6 (left) and average ΔN4SID-10

FIT =
FITWNSF −FITN4SID-10 (right), as function of N and σ2, from 100 Monte Carlo runs
with randomly generated state-space systems with drss, separately for the plant and
noise dynamics.

N \σ2 1 2 5 10
1000 3.7 3.2 2.0 −1.4
2000 5.3 4.4 3.8 3.0
5000 6.4 6.7 8.0 8.3
10000 7.4 8.0 9.9 10

N \σ2 1 2 5 10
1000 5.4 7.7 8.7 8.3
2000 4.0 3.6 5.2 7.0
5000 3.3 4.0 6.0 8.2
10000 2.1 2.8 4.5 5.7

FIT differences with the subspace method used (ΔN4SID-6
FIT = FITWNSF − FITN4SID-6

and ΔN4SID-10
FIT = FITWNSF − FITN4SID-10) are shown in Table 7.9, as function of

different sample sizes N and noise variances σ2. There is a clear advantage for WNSF,
both in comparison to the under-parametrized (N4SID-6) and the over-parametrized
(N4SID-10) state-space model estimates with subspace. N4SID-6 is only competitive
for the smallest sample sizes and largest noise variances, as over-fitting is likely with
these settings, and the under-parametrization can be useful to reduce the estimate
variance. With N4SID-10, the opposite phenomenon is verified, for which the least
disadvantage compared with WNSF is observed when over-fitting is less likely.

Despite the clear advantage of WNSF, it is not specially significant. However,
the simulation is still based on a quite generic class of systems. Similarly to how
WNSF was most advantageous compared to PEM for element-wise parametrizations
of OE and BJ models with resonance peaks, also in this case it is possible to find
systems for which subspace fails in providing a reasonable estimate, whereas WNSF
shows no problems in estimating such systems.

We provide such an example using a system described by (7.57) with the plant
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obtained from

F (q, θo) = ⎡⎢⎢⎢⎣
1 − 1.8q−1 + 1.6q−2 − 0.7q−3 0.2q−1 − 0.1q−2

0.1q−1 − 0.2q−2 1 − 2.4q−1 + 2.1q−2 − 0.7q−3

⎤⎥⎥⎥⎦ ,

L(q, θo) = ⎡⎢⎢⎢⎣
q−1 − 1.1q−2 + 0.8q−3 q−1 − 1.3q−2 + 0.8q−3

q−1 − 1.4q−2 + 0.8q−3 q−1 − 1.5q−2 + 0.8q−3

⎤⎥⎥⎥⎦
(7.115)

and the noise model from

C(q, θo) = ⎡⎢⎢⎢⎣
1 − 0.50q−1 + 0.64q−2 0.15q−1

−0.25q−1 1 + 0.90q−1 + 0.81q−2

⎤⎥⎥⎥⎦ ,

D(q, θo) = ⎡⎢⎢⎢⎣
1 − 1.65q−1 + 0.67q−2 0.20q−1

−0.15q−1 1 − 0.20q−1 − 0.63q−2

⎤⎥⎥⎥⎦ ,

(7.116)

where G(q, θo) has the Bode diagram shown in Fig. 7.2. The inputs are given by

u1(t) = 0.45
1 + 0.90q−1 + 0.81q−2 uw

1 (t), u2(t) = 0.45
1 − 0.59q−1 + 0.90q−2 uw

2 (t),
(7.117)

where {uw
1 (t)} and {uw

2 (t)} are mutually-uncorrelated Gaussian white-noise se-
quences with zero mean and unit variance.

We run WNSF using a grid of non-parametric ARX orders n = {10, 20, . . . , 100}
and the correct parametrization. As in the previous simulation, this is compared
with n4sid using a state-space order m = 6 (sufficient to capture the plant dynamics,
and denoted N4SID-6) and using a state-space order m = 10 (sufficient to capture
both the plant and noise dynamics, denoted N4SID-10).

The average FITs obtained with WNSF are presented in Table 7.10, and the
average FIT differences with subspace in Table 7.11. Here, we observe that WNSF
has good performance (except for the lowest signal-to-noise ratios), with the results
suggesting that subspace often fails when estimating this system. WNSF could also
be relevant to initialize an implementation of PEM that allows for right MFDs of
BJ models.

7.6.5 BJ Element-wise Description with Full Noise Model
The BJ structure used for the simulation in Section 7.6.2 parameterizes each element
of the plant and noise model individually, but it does not include correlation between
outputs. On the other hand, the previous BJ structure considers correlation between
the outputs, but it does not allow to parameterize each element in the plant and
noise model individually. As we observed in Section 7.3.3, if we want the flexibility
of an element-wise parameterization with a full noise model, WNSF cannot be
used directly. To solve this issue, we proposed Algorithm 7.2, which estimates an
additional non-parametric MAX model.
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Figure 7.2: Magnitude Bode plot (in dB) of the transfer function for each element in
Go(q) = L(q, θo)F −1(q, θo), given by (7.115).

Table 7.10: Average FIT obtained for WNSF as function of N and σ2, from 100
Monte Carlo runs with the system described by (7.115) and (7.116).

N \σ2 1 2 5 10
1000 69 52 28 9.8
2000 82 72 47 30
5000 90 85 70 52
10000 94 91 82 70
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Table 7.11: Average ΔN4SID-6
FIT = FITWNSF −FITN4SID-6 (left) and average ΔN4SID-9

FIT =
FITWNSF −FITN4SID-10 (right), as function of N and σ2, from 100 Monte Carlo runs
with the system described by (7.115) and (7.116).

N \σ2 1 2 5 10
1000 96 96 91 94
2000 98 99 94 92
5000 100 100 99 95
10000 100 100 100 100

N \σ2 1 2 5 10
1000 84 95 98 90
2000 81 85 85 88
5000 66 78 83 87
10000 50 65 80 82

In the following, we perform two simulations. The first uses a SISO BJ model to
illustrate that Algorithms 7.1 and 7.2 have similar asymptotic performance. The
second uses a multivariate BJ model with element-wise parameterization and full
noise model to illustrate the potential of WNSF with the additional MAX model
step.

For the first simulation, consider the SISO BJ model

y(t) = q−1

1 − 0.7q−1 u(t) + 1 − 0.5q−1

1 + 0.6q−1 e(t), (7.118)

where e(t) is zero-mean Gaussian white noise with unit variance, and the input is
given by

u(t) = 0.5
1 − 0.8q−1 uw(t), (7.119)

where {uw(t)} is zero-mean Gaussian white noise with unit variance, uncorrelated
with {e(t)}. With sample sizes N = {100, 300, 1000, 3000, 10000} and 100 Monte
Carlo runs, we estimate the coefficients in (7.118) using Algorithms 7.1 and 7.2
(no additional iterations). The non-parametric ARX model is of order n = 20, and
Algorithm 7.2 then estimates a non-parametric MAX model of order p = 19.

The results are presented in Fig. 7.3, where we plot the average mean-squared
error of the parameters (MSE = ∣∣θ̂N − θo∣∣) as function of the sample size. For the
smaller sample sizes, direct application of WNSF (Algorithm 7.1) performs better
than Algorithm 7.2, which uses an additional non-parametric MAX-model step.
However, they have similar performance as the sample size increases. This good
asymptotic performance of Algorithm 7.2 motivates its use for multivariate BJ
models parameterized element-wise with full noise model, for which Algorithm 7.1
is not applicable.

We then proceed to illustrate the potential of WNSF to deal with such model
structures. We use randomly generated systems with two inputs and two outputs,
where each plant- and noise-model element is parameterized similarly to (7.118)
(i.e., mf = ml = 2 and mc = md = 1). The denominator of each element in Go(q)
is generated such that its roots are uniformly distributed with a magnitude of
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Figure 7.3: Comparison between Algorithm 7.1 (solid) and Algorithm 7.2 (dashed)
for a SISO BJ model.

maximum 0.97 and a phase uniformly distributed in the semi-circle corresponding
to a positive real part. The denominator of each element in Ho(q) is generated such
that the corresponding root is uniformly distributed in the real line in the interval[−0.97, 0.97]. Each coefficient in the numerator of each element in Go(q) and Ho(q)
is uniformly distributed in the interval [−1, 1].

The inputs are given by

uj(t) = 0.5
1 − 0.95q−1 uw

j (t), j = {1, 2}, (7.120)

where {uw
j (t)} are mutually-uncorrelated Gaussian white-noise sequences with zero

mean and unit variance. The numerators of each element of Go(q) are then normal-
ized such that each signal Gi,j(q, θo)uj(t) has a variance equal to two. The variance
of the noise sequence {ei(t)} is such that the signal Hi,i(q, θo)ei(t) has variance ξ2.
Moreover, the numerator of each off-diagonal element of Ho(q) is normalized such
that the signals H1,2(q, θo)e2(t) and H2,1(q, θo)e1(t) also have variance ξ2. In the
simulation, we use N and ξ2 from the usual grids N = {1000, 2000, 5000, 10000} and
ξ2 = {1, 2, 5, 10}.

For WNSF, we use a grid of non-parametric ARX orders n = {20, 30, . . . , 100},
and, for each of them, we estimate a MAX model of order p = n−1 in an intermediate
step. We do not use additional iterations for computing the MAX model (i.e., within
Step 1 of Algorithm 7.2), but use the usual 20 iterations for the BJ model. Because
the MATLAB implementation of Box-Jenkins model structures does not include
parametrizations with full noise model, we will not consider a comparison with PEM.
In order to use a subspace method, consistent estimates require over-parameterization
to capture the different poles of each element in the plant and noise model: in this
case, we estimate a state-space model of order m = 12.
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Table 7.12: Results as function of N and σ2 from 100 Monte Carlo runs with randomly
generated Box-Jenkins systems parametrized element-wise and with full noise model.
Left: average FIT obtained with WNSF. Right: average ΔN4SID

FIT = FITWNSF−FITN4SID.

N \σ2 1 2 5 10
1000 78 64 44 25
2000 84 78 63 53
5000 91 87 79 72
10000 94 91 86 78

N \ξ2 1 2 5 10
1000 21 23 36 46
2000 16 21 32 42
5000 12 16 23 33
10000 9.2 13 19 23

The results based on 100 Monte Carlo runs are presented in Table 7.12: on
the left, the average FITs obtained with WNSF; on the right, the average FIT
difference ΔN4SID

FIT = FITWNSF −FITN4SID. These results support the superiority of
WNSF for this type of model structure, despite the necessity for an intermediate
non-parametric MAX model. Moreover, the estimate of each element of Go(q)
provided by an unstructured state-space model is over-parametrized, because it is
based on a state-space model of order m = 12. If we are interested in an estimate of
correct order for each of these elements, a model-order reduction technique must
still be applied, which could further decrease the estimation accuracy.

7.7 Conclusion

In this chapter, we extended the WNSF algorithm proposed in Chapter 5 for
the identification of multivariate model structures. Compared with competitive
algorithms that do not require initialization, the main advantage of WNSF is its
flexibility in parametrization. Whereas subspace methods use state-space models,
IV methods ARX-like models, and the multi-step least-squares methods reviewed in
Section 2.3.4 ARMAX-like models, the WNSF approach can be used to develop a
multi-step least-squares framework to estimate several other types of multivariate
model structures. In particular, besides the ARMAX structure, we presented in detail
the WNSF algorithm for OE and BJ element-wise and MFD models. Furthermore,
we showed that the same procedure used for the asymptotic statistical analysis of
SISO WNSF (Chapter 5) can be used for the multivariate WNSF. Finally, because
a direct application of WNSF for BJ element-wise descriptions is limited to diagonal
noise models, we proposed an extension of WNSF, with an additional non-parametric
model, to handle this setting.

In an extensive simulation study, we compared WNSF with state-of-the-art
methods implemented in the MATLAB 2017a System Identification toolbox. In
particular, we used the prediction error method and subspace methods, whereas the
four-stage instrumental variable method (function iv4) was often not competitive,
and results from this method were not included.
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For element-wise parametrizations of MISO OE and BJ models, PEM (functions
oe and bj) was used for comparison with WNSF. Although WNSF only had a smaller
advantage for a quite generic class of randomly generated systems, WNSF clearly
outperformed PEM for systems that have resonance peaks. This was attributed to
the minimization of the PEM cost function initialized by MATLAB with estimates
that are not accurate enough. WNSF was shown to be appropriate to model this
type of structures, and could potentially also be used as initialization for PEM.

For ARMAX models in echelon form, WNSF was often not advantageous com-
pared to the subspace method used (function n4sid with CVA weighting). For these
models, the subspace method used also performed better than PEM (function ssest,
initialized with subspace), which was attributed to over-fitting. Therefore, for models
with large number of parameters and without a specific desired parametrization,
subspace methods may be advantageous compared with parameter-based methods
such as PEM and WNSF.

Finally, we considered models with parametrizations for which PEM is not
implemented in MATLAB. This is the case of BJ models with matrix-fraction
description or element-wise description with full noise model. For these cases,
WNSF showed clear advantages with respect to the subspace method used. Adding
that subspace methods are not tailored to such parametrizations, WNSF could
be particularly useful to initialize an implementation of PEM that covers these
parametrizations.



Chapter 8

Semi-Parametric Weighted Null-Space
Fitting

In Chapter 5, we presented and analyzed the weighted null-space fitting (WNSF)
method, extended to multivariate model structures in Chapter 7. From a non-
parametric model estimate, WNSF uses the equations that relate the coefficients of
the non-parametric and parametric models to estimate the latter, using weighted
least squares. In particular, it uses the following to two-step procedure to reduce
the non-parametric model estimate to a parametric: first, we fix the weighting to
obtain consistent estimates of the parametric model parameters; second, we replace
the previously obtained estimate in the weighting, which provides an asymptotically
efficient estimate in open and closed loop.

In Chapter 4, we presented the model order reduction Steiglitz-McBride (MORSM)
method. From a non-parametric model estimate, MORSM simulates a “noiseless”
data set and then applies the Steiglitz-McBride algorithm to this data set. In open
loop, one iteration of the Steiglitz-McBride algorithm provides an asymptotically
efficient estimate. In closed loop, the method has not been analyzed, but obtaining
an asymptotically efficient estimate is not possible because of the noise model not
being estimated simultaneously with the plant. Moreover, it requires knowledge of
the reference signal if the data have been obtained in closed loop.

The MORSM feature of estimating the noise model only non-parametrically
can be interesting from a practical perspective because the user does not need to
choose a parametric noise-model structure (Schoukens et al., 2011). However, an
even more user-friendly algorithm should not require knowledge of additional signals
if the data have been obtained in closed loop. In this chapter, we accomplish this
requirement with a WNSF variation that estimates the plant model only, discarding
the equation that would determine the parametric noise model. We name this
approach semi-parametric weighted null-space fitting.

Because this WNSF variation does not simultaneously compute a plant and noise
model estimates, it cannot be asymptotically efficient in closed loop, similarly to
MORSM. However, we will show that asymptotic efficiency is attained in open loop,

173
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and the covariance in closed loop corresponds to that of PEM with an infinite-order
noise model. For simplicity of notation, we return on the single-input single-output
case of Chapters 4 and 5; however, in light of Chapter 7, the considerations in these
chapter should also apply to appropriate multivariate models.

Although semi-parametric WNSF is a natural and straightforward extension of
the fully-parametric method, the statistical analysis of its asymptotic properties
is not. Technically, the theoretical analysis of this setting is significantly more
challenging than the fully-parametric case. The reason is that expressions with
structure (TR−1T ⊺)−1, such as (5.41), appear in both variants of the method;
however, T and R are both square and invertible in the fully-parametric case, and
the analysis can be done using T −⊺RT −1 as in (5.43), whereas this is not the case
for the semi-parametric variation.

This type of structure arises in the analysis of Hjalmarsson and Mårtensson
(2011), whose geometric approach to variance analysis can be helpful here. There,
however, the sizes of some matrices are constant, whereas here the dimensions of
both T and R grow unlimited, causing important technical issues that need to be
resolved. This motivates the derivation of a new result based on the approach by
Hjalmarsson and Mårtensson (2011) such that it can be applied in the setting of
our problem.

The remainder of this chapter is organized as follows. In Section 8.1, we define the
problem statement. In Section 8.2, we present the semi-parametric WNSF algorithm.
In Section 8.3, we derive the theoretical results: namely, consistency, and asymptotic
distribution and covariance. In Section 8.4, we conduct simulation examples with
noise signals that have high-order dynamics. In Section 8.5, we conclude the chapter.

8.1 Problem Statement

Consider the BJ model
yt = L(q, θ)

F (q, θ)ut + C(q, α)
D(q, α)et, (8.1)

where the polynomials in (8.1) are defined as in Chapter 5. We repeat it here for
convenience:

L(q, θ) = 1+l1q−1 +⋯ + lml
q−ml ,

F (q, θ) = 1+f1q−1 +⋯ + fmf
q−mf ,

C(q, α) =1+c1q−1 +⋯ + cmcq−mc ,

D(q, α) =1+d1q−1 +⋯ + dmd
q−md .

(8.2)

Here, we assume that the noise-model orders mc and md are unknown, and we are
only interested in estimating the parameter vector

θ = �f1 ⋯ fmf
l1 ⋯ lml

�⊺ ∈ Rmf+ml , (8.3)

related to the plant model. The coefficients parameterizing the noise model are
contained in the vector α, which we are not interested in estimating. Moreover, we
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assume that data are generated according to (8.1) for some θ = θo and α = αo, and
as usual define Fo(q) ∶= F (q, θo) and analogously for the remaining polynomials.
The input is obtained by ut = −Ko(q)yt + rt, where Ko(q) is a linear controller and{rt} an external signal (in open loop, Ko(q) = 0).

The problem we address is how to estimate θ without having to estimate α with
a multi-step least squares algorithm such that the estimate of θ is: (1) consistent
in open and closed loop; (2) asymptotically efficient in open loop; and (3) optimal
in closed loop for an infinite-order noise model. Although this can be done with
MORSM, here we want to have a unique algorithm applicable in open and closed
loop, using only {ut} and {yt}.
8.2 Semi-Parametric Weighted Null-Space Fitting

Algorithm

To address this problem, we propose the semi-parametric WNSF algorithm, consist-
ing of the following three steps.

Step 1: Non-parametric ARX model

Step 1 of semi-parametric WNSF is analogous to the same step in the fully parametric
case. In particular, we estimate a non-parametric ARX model, providing an estimate
η̂n

N , defined in (5.52) For more details, we refer to Section 5.3.2.

Step 2: Reduction to parametric plant model

As in Section 5.3.2, the reduction from the non-parametric estimate to the parametric
model of interesting, has as starting point (5.55), which defines how the coefficients
of each model structure are related. Because in terms of the parametric model the
first equation in (5.55) only relates to the noise model and the second equation
only relates to the plant model, if we are not interested in the noise model we may
discard the first equation, having simply

(1+fo
1 q−1+⋯+fo

mf
q−mf ) ∞�

k=1
bo

kq−k −(lo
1q−1+⋯+ lo

ml
q−ml)�1 + ∞�

k=1
ao

kq−k� = 0. (8.4)

Analogously to (5.56), we can write the relations between the coefficients of q−1

to q−n of these polynomials as

z(ηn
o , θo) = bn

o −Qn(ηn
o )θo = 0, (8.5)

where ηn
o is given by (5.57), bn

o consists of

bn = �b1 . . . bn�⊺ ∈ Rn (8.6)
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evaluated at the true coefficients, and

Qn(ηn) = �−Qf
n(ηn) Ql

n(ηn)� , (8.7)

Ql
n(ηn) = Tn,ml

[A(q, ηn)], Qf
n(ηn) = Tn,mf

[B(q, ηn)]. (8.8)

Motivated by (8.5), we replace ηn
o by its estimate η̂n

N (and the same for bn
o , which

is a part of ηn
o ) and obtain an estimate of θ with least squares:

θ̂
(0)
N = �Q⊺n(η̂n

N)Qn(η̂n
N)�−1

Q⊺n(η̂n
N)b̂n

N . (8.9)

Step 3: Re-estimation of the parametric plant model

As in Chapter 5, the purpose of Step 3 is to re-estimate the parametric model in a
statistically sound way. To do this, we solve a weighted least-squares problem, with
the optimal weighting given by the inverse of the covariance of the residuals

z(η̂n
N , θo) = Tn(θo)(η̂n

N − ηn
o ), (8.10)

as in (5.61). However, instead of being given by (5.62), the matrix Tn(θ) is here
given by

Tn(θ) = �−T l
n(θ) T f

n (θ)� , (8.11)

where
T l

n(θ) = Tn,n[L(q, θ)], T f
n (θ) = Tn,n[F (q, θ)]. (8.12)

This corresponds to the last n rows of Tn(θ) in (5.62), as we have eliminated the
first n equations corresponding to the noise model.

The refined estimate of θ is then given by

θ̂
(1)
N = �Q⊺n(η̂n

N)Wn(θ̂(0)N )Qn(η̂n
N)�−1

Wn(θ̂(0)N )Q⊺n(η̂n
N)η̂n

N . (8.13)

Here, the definitions being used are (8.8) for Qn(η̂n
N), (8.9) for θ̂

(0)
N ,

Wn(θ̂(0)N ) = [Tn(θ̂(0)N )(Rn
N)−1T ⊺n(θ̂(0)N )]−1, (8.14)

with Rn
N defined by (3.18) and (3.19), and Tn(θ̂(0)N ) according to the definition

in (8.11).
The identification scheme is thus analogous to the fully-parametric WNSF in

Chapter 5, although with different definitions of Qn(η̂n
N) and Tn(θ̂(0)N ). However, the

difference in the definition of Tn(θ) has a computational consequence: because Tn(θ)
now has dimensions n×2n (i.e., it is not square as it was in the fully-parametric case),
Wn(θ̂(0)N ) cannot be computed by using Rn

N and the inverse of Tn(θ̂(0)N ). This adds a
computational difficulty for the semi-parametric WNSF, as it requires the inverse of
Rn

N and of Tn(θ̂(0)N )(Rn
N)−1T ⊺n(θ̂(0)N ), whereas the fully-parametric case only requires
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the inverse of Tn(θ), which is easy to compute because it is a lower-triangular
Toeplitz matrix.

Nevertheless, the computation of the weighted least-squares problem is still
feasible for reasonable values of n. The main impact of Tn(θ) not being square is for
the theoretical analysis of the asymptotic properties of the method. In Chapter 5,
we frequently expanded the weighting according to (5.43), and do the analysis using
T −1

n (θ) and Rn
N : for example, (5.162) and the equations that follow. In the following

section, where we derive the asymptotic properties of semi-parametric WNSF, we
emphasize how we deal with this issue and motivate the additional results required.

8.3 Theoretical Analysis

In this section, we perform a theoretical analysis of the semi-parametric WNSF
method. In particular, we show that estimate (8.13) obtained in Step 3 provides a
consistent estimate, and derive its covariance matrix. As discussed in Chapter 4,
not estimating a parametric noise model does not deem it impossible to attain
the Cramér-Rao bound in open loop: we recall that the asymptotic covariance
of PEM is given by the inverse of (4.16), as long as the noise model is flexible
enough to model the noise spectrum consistently. In closed loop, PEM is consistent
with a flexible enough noise model, and its covariance matrix is lower-bounded
by the inverse of (4.38), to which it tends when the noise-model order tends to
infinity. This expression corresponds also to the Cramér-Rao bound with open-
loop data: in this case, Φr

u = Φu, and (4.16) and (4.38) are identical. Hence, we
will show that the asymptotic covariance of semi-parametric WNSF is the inverse
of (4.38)—[M∞

CL]−1—which covers both the open- and closed-loop cases.

8.3.1 Results from Chapter 5
To show the aforementioned results, we will need that the estimate (8.9) obtained
in Step 2 is consistent. For that, we have the following result.

Theorem 8.1. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold, and θ̂
(0)
N be given

by (8.9). Then,
θ̂
(0)
N → θo, as N →∞ w.p.1. (8.15)

Proof. For the fully-parametric case, where θ additionally contains the noise model
parameters, the analogous result is presented in Theorem 5.1 and proved in Ap-
pendix 5.B.1. In that case, the proof can be separated between the part of the
expression in (5.37) that provides the noise-model estimates and the plant-model
estimates, as the two problems are separable when no weighting is used (see, e.g.,
the proof of Lemma 5.1). The part corresponding to the plant model, which in turn
corresponds to Q(ηn) given by (8.8), is identical for both fully- and semi-parametric
cases. Hence, the result follows from the proof of Theorem 5.1.
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Although consistency of Step 2 with semi-parametric WNSF is a specific case of
the results for the fully-parametric method, consistency and asymptotic distribution
and covariance of Step 3 are technically more challenging to derive. In the following
subsection, we provide further insight into why, and derive a result that will be
instrumental for the remainder of our analysis.

8.3.2 Result for Variance Analysis Using a Geometric Approach

We begin by writing, for the estimate from Step 3 in (8.13),

θ̂
(1)
N − θo =M−1(η̂N , θ̂

(0)
N )Q⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)(η̂N − ηn(N)

o ), (8.16)

where we define M(ηn, θ) ∶= Q⊺n(ηn)Wn(θ)Qn(ηn) and η̂N ∶= η̂
n(N)
N , recalling that

n is a function of N according to Assumption 3.4 (for notational simplicity, we
use only n in matrix subscripts even when it is a function of N). To analyze the
asymptotic properties of semi-parametric WNSF, the limit value of (8.16) and the
asymptotic distribution of

√
N(θ̂(1)N − θo) will be considered.

Having (8.16) as starting point for the analysis, we recall that the technical
challenge of the semi-parametric case compared to Chapter 5 comes from the matrix
Wn(θ̂(0)N ), and consequently also the matrix M(η̂N , θ̂

(0)
N ), which contains Wn(θ̂(0)N ).

Considering (8.11), we observe that the outer inverse in (8.14) cannot be computed
by taking the individual inverses contained in Wn(θ̂(0)N ), as consequence of Tn(θ)
not being square. On the other hand, in the fully-parametric case, the matrix
Tn(θ) defined in (5.62) is square and converges to an invertible matrix. Hence, we
may write Wn(θ̂(0)N ) = T −⊺n (θ̂(0)N )Rn

N T −1
n (θ̂(0)N ) for the fully-parametric case, which is

used throughout the analysis in Chapter 4, but not for the semi-parametric case
considered in this chapter.

To deal with this issue, we use the approach by Hjalmarsson and Mårtensson
(2011), writing the aforementioned matrices as projections of the rows of some matrix
onto the subspace spanned by the rows of another matrix. This will be applied to
the limit value of the matrix M(η̂N , θ̂

(0)
N ), defined by

M̄(ηo, θo) ∶= lim
n→∞Q⊺n(ηn

o )[Tn(θo)R̄nT ⊺n(θo)]−1Qn(ηn
o ). (8.17)

To accomplish this, we start by re-writing Qn(ηn
o ) and Tn(θo)—defined in (8.8)

and (8.11), respectively—in the frequency domain as

Q⊺n(ηn
o ) = 1

2π
� π

−π

⎡⎢⎢⎢⎣
Γm 0
0 Γm

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
−Bo

Ao

⎤⎥⎥⎥⎦Γ∗ndω,

Tn(θo) = 1
2π

� π

−π
�Γn Γn� ⎡⎢⎢⎢⎣

−L∗o 0
0 F ∗o

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
Γ∗n 0
0 Γ∗n

⎤⎥⎥⎥⎦dω,

(8.18)
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where arguments of transfer functions are omitted for notational simplicity, but
within integrals that depend on ω, we evaluate q = eiω. In addition, using that

ut = So(q)rt − So(q)Ko(q)Ho(q)et,

yt = So(q)Go(q)rt + So(q)Ho(q)et,
(8.19)

with So(q) = [1+Ko(q)Go(q)]−1 being the sensitivity function, R̄n—defined by (3.18)
and (3.19)—can also be written in the frequency domain as

R̄n = 1
2π

� π

−π

⎡⎢⎢⎢⎣
Γn 0
0 Γn

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
−GoSoFr −HoSoσo

SoFr −KoHoSoσo

⎤⎥⎥⎥⎦
⋅ ⎡⎢⎢⎢⎣
−GoSoFr −HoSoσo

SoFr −KoHoSoσo

⎤⎥⎥⎥⎦
∗ ⎡⎢⎢⎢⎣

Γ∗n 0
0 Γ∗n

⎤⎥⎥⎥⎦dω,

(8.20)
where Fr(ω) is a spectral factor of the spectrum Φr(ω) of {rt}. Finally, these can
be used to express M̄(ηo, θo) as

M̄(ηo, θo) = lim
n→∞⟨γ, Ψn⟩[⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩]−1⟨Ψn, γ⟩, (8.21)

where

Ωn = ⎡⎢⎢⎢⎣
−Go(q)So(q)Fr(q)Γn(q) −σoHo(q)So(q)Γn(q)

So(q)Fr(q)Γn(q) −σoKo(q)Ho(q)So(q)Γn(q)
⎤⎥⎥⎥⎦ ,

Ψn = F ∗o (q)
S∗o (q)F ∗r (q) �Γn(q) 0� ,

γ = So(q)Fr(q)
Fo(q)

⎡⎢⎢⎢⎣
−Bo(q)Γmf

(q) 0
Ao(q)Γml

(q) 0

⎤⎥⎥⎥⎦ ,

(8.22)

and ⟨X(q), Y (q)⟩ is defined by

⟨X(q), Y (q)⟩ ∶= 1
2π

� π

−π
X(eiω)Y ∗(eiω)dω. (8.23)

Following the approach by Hjalmarsson and Mårtensson (2011), we recognize that
the term ⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩
in (8.21) can be written as

⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩ = ⟨ProjSΩn
Ψn, ProjSΩn

Ψn⟩, (8.24)

where ProjSΩn
Ψn denotes the projection of the rows of Ψn onto the subspace spanned

by the rows of Ωn. As n →∞, the dimensions of the matrix Ωn increase, and the
subspace spanned by its rows approaches H2. Then, the limit value of the projection
will be the causal part of the projected matrix.
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For a simplified case, suppose that Ψn were causal and that its dimension did
not depend on n (i.e., Ψn = Ψ). In this case, we would have

lim
n→∞⟨ProjSΩn

Ψ, ProjSΩn
Ψ⟩ = ⟨Ψ, Ψ⟩. (8.25)

In turn, we would then have that

M̄(ηo, θo) = ⟨γ, Ψ⟩⟨Ψ, Ψ⟩⟨Ψ, γ⟩ = ⟨ProjSΨγ, ProjSΨγ⟩. (8.26)

If we now reintroduce that the dimension of Ψ depends on n (Ψ = Ψn), and we
assume that the rows of Ψn span H2 as n →∞, we have that

M̄(ηo, θo) = lim
n→∞⟨ProjSΨn

γ, ProjSΨn
γ⟩ = ⟨γ, γ⟩. (8.27)

These arguments follow from results by Hjalmarsson and Mårtensson (2011). How-
ever, handling the dimensional increase of Ψn with n requires additional technical
developments. One of the key results for the asymptotic analysis in this chapter is
that the aforementioned result (i.e., that M̄(ηo, θo) = ⟨γ, γ⟩) still holds when the
dimensions of Ψn increase with n. This is considered in the following theorem.

Theorem 8.2. Let

Ωn = ⎡⎢⎢⎢⎣
F1(q)Γn(q) F2(q)Γn(q)
F3(q)Γn(q) F2(q)F4(q)Γn(q)

⎤⎥⎥⎥⎦ , (8.28)

Ψn = �F ∗5 (q)Γn(q) 0� , γ = ⎡⎢⎢⎢⎣
F6(q)Γmf

(q) 0
F7(q)Γml

(q) 0

⎤⎥⎥⎥⎦ , (8.29)

where Fj(q) = ∑∞k=0 f
(j)
k q−k (j = {1, ..., 6}) are exponentially stable (i.e., ∣f (j)k ∣ <

Cλk ∀j, λ < 1), f
(4)
0 ≠ 0, and [F3(q) − F1(q)F4(q)]−1 and F −1

5 (q) are exponentially
stable. Then, if there is n̄ such that 0 < C1 < σmin(⟨Ωn, Ωn⟩) < C2 (σmin denotes the
smallest singular value) for all n > n̄,

lim
n→∞⟨γ, Ψn⟩[⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩]−1⟨Ψn, γ⟩ = ⟨γ, γ⟩. (8.30)

Proof. See Appendix 8.B.

8.3.3 Consistency and Asymptotic Distribution and Covariance
Using the results derived above, we can show the asymptotic properties of semi-
parametric WNSF. Regarding consistency of (8.13) in Step 3, we have the following
result.

Theorem 8.3. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold, and θ̂
(1)
N be defined by

(8.13). Then,
θ̂
(1)
N → θo, as N →∞ w.p.1. (8.31)
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Proof. See Appendix 8.C.

Theorem 8.3 implies that the estimate provided by semi-parametric WNSF is
consistent.

Regarding the asymptotic distribution and covariance of (8.13) in Step 3, we
have the following result.

Theorem 8.4. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold, and θ̂
(1)
N be defined by

(8.13). Then, √
N(θ̂(1)N − θo) ∼ AsN(0, σ2

o[M∞
CL]−1), (8.32)

where M∞
CL is given by (4.38).

Proof. See Appendix 8.D.

As consequence of Theorem 8.4, the semi-parametric WNSF method has the same
asymptotic distribution and covariance as PEM with an infinite-order noise model
(Forssell and Ljung, 1999; Ljung, 1999). In open loop and for Gaussian noise, this
corresponds to an asymptotically efficient estimate.

8.4 Simulation Examples

In this section, we perform two simulation examples. In the first, we illustrate the
asymptotic properties of the method. In the second, we illustrate how estimating
a non-parametric noise model with WNSF may be useful in scenarios where a
low-order parametrization for the noise model does not capture the noise spectrum
accurately enough.

8.4.1 Illustration of Asymptotic Properties
As consequence of the results in Section 8.3, semi-parametric WNSF is asymptotically
efficient in open loop for Gaussian noise, with the asymptotic covariance of the plant-
model estimates given by σ2

o[M∞
CL]−1. In closed loop, the asymptotic covariance is

still given by σ2
o[M∞

CL]−1, but in this case it does not correspond to the CR bound,
but to the optimal asymptotic covariance when the noise-model order tends to
infinity.

To illustrate this, we perform open- and closed-loop simulations such that the
closed-loop data are generated by (8.19), and the open-loop data by

ut = So(q)rt,

yt = Go(q)ut +Ho(q)et,
(8.33)

where {rt} and {et} are independent Gaussian white sequences with unit variance,
Ko(q) = 1, and

Go(q) = q−1 + 0.1q−2

1 − 0.5q−1 + 0.75q−2 , Ho(q) = 1 + 0.7q−1

1 − 0.9q−1 . (8.34)
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Figure 8.1: Illustration of asymptotic properties: theoretical asymptotic MSE (dotted)
and average MSE for the parameter estimates as function of sample size obtained with
semi-parametric WNSF in closed loop (solid) and open loop (dashed).

We perform 1000 Monte Carlo runs, with sample sizes

N ∈ {300, 600, 1000, 3000, 6000, 10000}. (8.35)

We apply WNSF with an ARX model of order 50 to both the open- and closed-
loop data. Performance is evaluated by the mean-squared error of the estimated
parameter vector of the plant model,

MSE = ∣∣θ̂(1)N − θo∣∣2, (8.36)

As this simulation has the purpose of illustrating asymptotic properties, initial
conditions are assumed known—that is, the sums in (3.18) start at t = 1 instead of
t = n + 1.

The results are presented in Fig. 8.1, with the average MSE plotted as function
of the sample size (closed loop in solid line, open loop in dashed line). We plot
also σ2

oTr{[M∞
CL]−1}/N (dotted line), which the average MSE attains both in open

and closed loop: because the data were generated such that Φr
u, the spectrum of

ur
t = So(q)rt, is the same for both data sets, both scenarios have the same asymptotic

covariance, in accordance to our theoretical results.

8.4.2 Random Noise Model
It is not uncommon (e.g., in process industry) that disturbances exhibit complex
behaviors, requiring high-order noise models. With PEM, computing a simultaneous
estimate of the plant and a high-order noise model may not be numerically robust
because of the non-convexity of the cost function. Semi-parametric WNSF is appro-
priate to deal with this scenario, because the noise spectrum is captured beforehand
with a non-parametric ARX model.
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Modeling the correct noise spectrum is particularly important in closed loop,
where the estimates of the plant are inconsistent if the noise model is not flexible
enough to capture the noise spectrum. For this reason, we consider a closed-loop
setting, where data are again generated by (8.19), with the signals {rt} and {et}
being zero-mean Gaussian white-noise sequences with variances 1 and 4, respectively.
The system is given by

Go(q) = 1.0q−1 − 0.80q−2

1 − 0.95q−1 + 0.90q−2 , (8.37)

the controller by Ko(q) = 0.2, and the true noise model by

Ho(q) = 1 + N−1�
k=1

λkq−k (8.38)

with λk = wke−0.2k, where wk is drawn from a Gaussian distribution with zero mean
and unit variance. Here, differently than Assumption 3.1, stability of Ho(q) is not
ensured. However, this is not an issue if the noise is Gaussian, as there always exists
an inversely stable Ho(q) for which the noise sequence has the same spectrum.

To model the noise, one possibility is to try to find an appropriate low-order
parametrization in the form

H(q, ζ) = c1q−1 +⋯ + cmh
q−mh

d1q−1 +⋯ + dmh
q−mh

, (8.39)

where ζ = [c1 . . . cmh
d1 . . . dmh

]⊺. In this case, a Box-Jenkins model is estimated.
The most appropriate noise model order may be chosen by using some information
criterion, such as the Akaike Information Criterion (AIC) or the Bayesian Information
Criterion (BIC) (Ljung, 1999).

The alternative is to use a high-order model for the noise model. For example,

H(q, ζn) = 1 + n�
k=1

ζkq−k, (8.40)

or
H(q, ζn) = 1

1 +∑n
k=1 ζkq−k

, (8.41)

where ζn = [ζ1 . . . ζn]⊺. In particular, the choice (8.41) has the same structure as
the noise model estimated by semi-parametric WNSF.

Motivated by these alternatives, we compare the following methods:

• semi-parametric WNSF, with non-parametric model order n = 200;

• PEM, with default MATLAB initialization, and noise model (8.39) with
mh ∈ {1, 2, ...30}, where the order mh is chosen using the AIC or BIC criterion
(denoted PEMaic and PEMbic, respectively);
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• PEM, with default MATLAB initialization, and noise model (8.41) with
n = 200 (denoted PEMnp, where ‘np’ stands for non-parametric).

PEM uses the implementation in MATLAB2016b System Identification Toolbox.
All the methods use a maximum of 100 iterations, but stop early upon convergence
(default settings for PEM, 10−4 as tolerance for the normalized relative change in
the parameter estimates for WNSF). The search algorithm used by PEM is chosen
automatically. The noise model (8.40) was not used with PEM for computational
reasons: the optimization becomes extremely slow as stability of the inverse of the
noise model when computing the prediction errors is difficult to fulfill with so many
parameters, whereas the inverse of any estimate of (8.41) is always stable.

We use sample sizes N ∈ {1000, 5000, 10000} and perform 100 Monte Carlo runs.
Performance is evaluated by the FIT of the impulse response of the plant model,
given by

FIT = 100�1 − ∥go − ĝ∥∥go −mean[go]∥� , (8.42)

in percent, where go is a vector with the impulse response parameters of Go(q),
and similarly for ĝ but for the estimated model. In (8.42), sufficiently long impulse
responses are taken to make sure that the truncation of their tails does not affect
the FIT.

The FITs for the different sample sizes are shown in Fig. 8.2. For N = 1000,
WNSF has the most robust performance, with smaller whiskers than the remaining
algorithms and no low-performance occurrences, which occur when PEM is used with
AIC/BIC or with a non-parametric noise model. Among the PEM alternatives, an
AIC/BIC criterion with a Box-Jenkins model with orders up to 30 performed better
than using a non-parametric noise model. For N = 5000, WNSF and PEM with
non-parametric noise model have similar median performance, but the algorithm
for PEM failed more often. Here, PEM with AIC/BIC had no low-performance
outliers, but the median performance was poorer than for WNSF and PEMnp.
Similar conclusions can be drawn for N = 10000, where PEM does not necessarily
provide better results with more data samples, potentially because of numerical
problems.

Overall, WNSF showed more robust performance among the sample sizes used.
However, an even more evident advantage is the computational time. Table 8.1 shows
the average times, in seconds, required for the identification using WNSF, PEM
with all the orders computed for AIC and BIC, and PEMnp, for the different sample
sizes (all the computations were performed in the same computer). Here, we observe
how WNSF requires much lower computational time than the alternatives. This is
a consequence of PEM estimating the noise model in the non-linear optimization
procedure, whereas WNSF estimates the high-order model in a previous least-
squares step, which is a numerically robust procedure. Moreover, the time required
for WNSF and PEM with AIC/BIC does not change significantly with N , unlike
with PEMnp. In this case, the time does not necessarily decrease for smaller N . The
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Figure 8.2: FITs for given methods and sample sizes with 100 Monte Carlo runs.

Table 8.1: Average computational times in seconds for WNSF, the search among all
orders required for PEMaic and PEMbic, and PEMnp.

N 1000 5000 10000

WNSF 1.03 0.907 1.29
PEMaic,bic 30.3 26.8 38.1

PEMnp 641 133 236

problem arising when using smaller N is that the cost function more likely becomes
ill-conditioned at some parameter values during the optimization.

8.5 Conclusion

Many standard system identification methods provide inconsistent estimates with
closed-loop data. In the particular case of PEM, this issue is avoided by choosing a
noise-model order that is high enough to capture the noise spectrum. An appropriate
order is often difficult to choose, and making it arbitrarily large increases the
numerical problems of PEM. The semi-parametric approach of MORSM in Chapter 4
is appropriate to estimate a parametric plant model while the noise model is non-
parametric, using a numerically reliable procedure. However, it requires the reference
signal in closed loop, which implies that different algorithms are needed in open and
closed loop.

In this chapter, we proposed instead a variation of WNSF from Chapter 5 that is
used without a parametric noise-model estimate, which we named semi-parametric
WNSF, and does not suffer from the limitation of closed-loop MORSM. Despite
the algorithm being a straightforward variation of the fully-parametric WNSF, the
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theoretical analysis is not. To this end, we extend the geometric approach by Hjal-
marsson and Mårtensson (2011), deriving a more general result with two projections,
where the matrix dimensions in the inner projection tend to infinity. We show that
semi-parametric WNSF provides consistent estimates of the plant model with closed-
loop data. With open-loop data, the estimates are also asymptotically efficient; with
closed-loop data, the asymptotic covariance of the estimates corresponds to the best
possible covariance with a non-parametric noise model. This gives WNSF attractive
features in terms of flexibility of noise-model structure and asymptotic properties:
if a correct parametric noise model is estimated, the plant-model estimates are
asymptotically efficient; if not, they are consistent and optimal for a non-parametric
noise model.

We used a simulation study to illustrate the importance of separating the plant-
and noise-model identification when a high-order noise model is required, both
in terms of performance and computational time. With WNSF, this separation
always occurs, as the method first estimates a non-parametric ARX model. Then, a
parametric noise model does not need to be obtained, as the noise spectrum has
been captured in the first step. We showed that semi-parametric WNSF can be
an appropriate method for scenarios where the noise model cannot be accurately
modeled with a low-order parametrization.

8.A Auxiliary Results

The following results will be used to prove theorems in the paper.

Cauchy-Schwarz inequality for transfer-matrix inner products

Let X(q) and Y (q) be transfer matrices and x and y be vectors of appropriate
dimensions. Then, we have

∣∣⟨X, Y ⟩∣∣2 = sup∣∣x∣∣=1,∣∣y∣∣=1
� 1
2π

� π

−π
x⊺X(eiω)Y ∗(eiω)ydω�

≤ sup∣∣x∣∣=1,∣∣y∣∣=1

�
x⊺⟨X, X⟩x y⊺⟨Y, Y ⟩y

= ∣∣⟨X, X⟩∣∣ ∣∣⟨Y, Y ⟩∣∣.
(8.43)

Bound for spectral norm of transfer-matrix inner products

Let X(q) be a transfer matrix. Then, we have (argument q omitted for simplicity)

∣∣⟨X, X⟩∣∣ ≤ ∣∣⟨X, X⟩∣∣F =�Tr[⟨X, X⟩2)] ≤ Tr[⟨X, X⟩] = ∣∣X ∣∣22, (8.44)

where the second inequality follows from Tr[A2] ≤ (Tr[A])2 for a positive semi-
definite matrix A.
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Bound for Toeplitz operators of stable filters

Let X(q) ∶= ∑∞k=−∞ xkq−k, with ∣∣X(q)∣∣∞ < C. From Theorem 3.1 by Partington
(1989), it follows that

�� 1
2π

� π

−π
ΓnΓ∗nX(eiω)�� ≤ ∣∣X(q)∣∣∞ ∀n ∈ N. (8.45)

Bound for ∣∣Tn(θ̂(0)N )∣∣
Let Tn(θ̂(0)N ) be given by (8.11) evaluated at θ̂

(0)
N given by (8.9). We apply the

triangular inequality to write

∣∣Tn(θ̂(0)N )∣∣ ≤ ∣∣Tn(θ̂(0)N ) − Tn(θo)∣∣ + ∣∣Tn(θo)∣∣. (8.46)

Then, using (5.109) and (5.129), we have that there exists N̄ such that

∣∣Tn(θ̂(0)N )∣∣ < C, ∀N > N̄ . (8.47)

8.B Proof of Theorem 8.2

In this appendix, we prove Theorem 8.2.

Inner projection: ⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩
Let

Ψn = Ψc
n +Ψa

n, (8.48)

where

Ψc
n ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f
(5)
0 e−iω 0

f
(5)
0 e−2iω + f

(5)
1 e−iω 0⋮ ⋮

f
(5)
0 e−niω +∑n−1

k=1 f
(5)
n−ke−kiω 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Ψa

n ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑∞k=0 f
(5)
k+1eiωk 0

∑∞k=0 f
(5)
k+2eiωk 0⋮ ⋮

∑∞k=0 f
(5)
k+neiωk 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (8.49)

Alternatively, Ψc
n can be written as Ψc

n = �PnΓn 0�, where Pn = Tn×n[F5(q)].
Using (8.48), we can write

⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩ = ⟨Ψc
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψc

n⟩+ ⟨Ψa
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψc

n⟩+ ⟨Ψc
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψa

n⟩+ ⟨Ψa
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψa

n⟩= ⟨Ψc
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψc

n⟩
(8.50)
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because ⟨Ψa
n, Ωn⟩ = 0 = ⟨Ωn, Ψa

n⟩ ∀n, as Ωn is causal and Ψa
n is anti-causal.

Now, we will construct an approximation of Ψc
n whose rows can be written using

a linear combination of the rows of Ωn. To facilitate this, we define (arguments are
omitted for notational simplicity)

Ω̃n ∶= ⎡⎢⎢⎢⎣
ΓnF1F4 ΓnF3F4

Γn(F3 − F1F4) 0n

⎤⎥⎥⎥⎦ , (8.51)

which has been obtained by multiplying the first n rows of Ωn by F4, and subtracting
the newly obtained first n rows from the last n rows. Then, if it is possible to find a
linear combination of the rows of Ω̃n to write Ψc

n, the same is possible for Ωn.
Let F̄3 ∶= F3 − F1F4, whose inverse is exponentially stable by assumption. In

addition, let row i of F̄ −1
3 Ψc

n be given by

F̄ −1
3 Ψc

n(i) =∶ �∑∞k=1 β
(i)
k q−k 0� , (8.52)

where ∣β(i)k ∣ ≤ Cλk with λ < 1, and

Ψ̂c
n(i) ∶= �∑n

k=1 β
(i)
k F̄3q−k 0� (8.53)

be the row i of a matrix Ψ̂c
n. We re-write the right side of (8.50) as

⟨Ψc
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψc

n⟩ = Λn +Δ(1)n , (8.54)

where

Λn = ⟨Ψ̂c
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψ̂c

n⟩
Δ(1)n = ⟨Ψc

n − Ψ̂c
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψc

n⟩ + ⟨Ψc
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψc

n − Ψ̂c
n⟩+ ⟨Ψc

n − Ψ̂c
n, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψc

n − Ψ̂c
n⟩

(8.55)
By construction, Ψ̂c

n(i) is a linear combination of the rows of Ω̃n (and hence, of Ωn);
therefore, Ψ̂c

n ∈ SΩn and
Λn = ⟨Ψ̂c

n, Ψ̂c
n⟩. (8.56)

Using (8.50), (8.54), and (8.56), we write

⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩ = ⟨Ψ̂c
n, Ψ̂c

n⟩ +Δ(1)n . (8.57)

Moreover, we can re-write (8.57) as

⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩ = ⟨Ψc
n, Ψc

n⟩ +Δn, (8.58)

where Δn =Δ(1)n +Δ(2)n and

Δ(2)n = ⟨Ψc
n − Ψ̂c

n, Ψc
n⟩ + ⟨Ψc

n, Ψc
n − Ψ̂c

n⟩ + ⟨Ψc
n − Ψ̂c

n, Ψc
n − Ψ̂c

n⟩. (8.59)
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Replacing (8.58) in (8.30), we obtain

lim
n→∞⟨γ, Ψn⟩[⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩]−1⟨Ψn, γ⟩

= lim
n→∞⟨γ, Ψn⟩[⟨Ψc

n, Ψc
n⟩ +Δn]−1⟨Ψn, γ⟩, (8.60)

and using the Sherman-Morrison-Woodbury formula, we re-write (8.60) as

lim
n→∞⟨γ, Ψn⟩[⟨Ψc

n, Ψc
n⟩ +Δn]−1⟨Ψn, γ⟩ = lim

n→∞⟨γ, Ψn⟩⟨Ψc
n, Ψc

n⟩−1⟨Ψn, γ⟩
+ lim

n→∞⟨γ, Ψn⟩⟨Ψc
n, Ψc

n⟩−1Δn[I + ⟨Ψc
n, Ψc

n⟩−1Δn]−1⟨Ψc
n, Ψc

n⟩−1⟨Ψn, γ⟩. (8.61)

We want to show that the second term on the right-hand side of (8.61), for
which we can write

∣∣⟨γ, Ψn⟩⟨Ψc
n, Ψc

n⟩−1Δn[I + ⟨Ψc
n, Ψc

n⟩Δn]−1⟨Ψc
n, Ψc

n⟩−1⟨Ψn, γ⟩∣∣≤ ∣∣⟨γ, Ψn⟩∣∣2 ∣∣⟨Ψc
n, Ψc

n⟩−1∣∣2 ∣∣[I + ⟨Ψc
n, Ψc

n⟩−1Δn]−1∣∣ ∣∣Δn∣∣, (8.62)

tends to zero as n tends to infinity. We start by considering the term Δn, for which
we will need that

⟨Ψc
n, Ψc

n⟩ = 1
2π

� π

−π
PnΓnΓ∗nP ⊺n dω = PnP ⊺n . (8.63)

Using also (8.43) and (8.44), we can write

∣∣Δn∣∣ ≤ 2∣∣⟨Ωn, Ωn⟩∣∣ ∣∣⟨Ωn, Ωn⟩−1∣∣ ∣∣Pn∣∣ ∣∣Ψc
n − Ψ̂c

n∣∣2+ ∣∣⟨Ωn, Ωn⟩∣∣ ∣∣⟨Ωn, Ωn⟩−1∣∣ ∣∣Ψc
n − Ψ̂c

n∣∣22+ 2∣∣Pn∣∣ ∣∣Ψc
n − Ψ̂c

n∣∣2 + ∣∣Ψc
n − Ψ̂c

n∣∣22. (8.64)

For row i of Ψc
n − Ψ̂c

n, we have that

∣∣Ψc
n(i) − Ψ̂c

n(i)∣∣2 = ∣∣F̄3 ∑∞k=1 β
(i)
k q−k −∑n

k=1 β
(i)
k F̄3q−k ∣∣2

≤ ∣∣F̄3∣∣2 ∣∣∑∞k=n+1 β
(i)
k q−k ∣∣2 ≤ Cλn

(8.65)

Then, ∣∣Ψc
n − Ψ̂c

n∣∣2 ≤ C
√

nλn → 0 as n →∞. (8.66)
Moreover, using (8.43), we have

∣∣Pn∣∣ = �� 1
2π

� π

−π
ΓnΓ∗nF ∗5 dω�� ≤ ∣∣F ∗5 ∣∣∞ ≤ C, (8.67)

and, using (8.45) and

⟨Ωn, Ωn⟩ = 1
2π

� π

−π

⎡⎢⎢⎢⎣
ΓnΓ∗n(∣F1∣2 + ∣F2∣2) ΓnΓ∗n(F1F ∗3 + ∣F2∣2F ∗4 )

ΓnΓ∗n(F3F ∗1 + ∣F2∣2F4) ΓnΓ∗n(∣F3∣2 + ∣F2F4∣2)
⎤⎥⎥⎥⎦dω, (8.68)
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we have

∣∣⟨Ωn, Ωn⟩∣∣ ≤ ∣∣ ∣F1∣2 + ∣F2∣2∣∣∞ +2∣∣F1F ∗3 + ∣F2∣2F ∗4 ∣∣∞ + ∣∣ ∣F3∣2 + ∣F2F4∣2∣∣∞ ≤ C. (8.69)

By assumption, it follows from C1 < σmin(⟨Ωn, Ωn⟩) < C2 that ∣∣⟨Ωn, Ωn⟩−1∣∣ < C2
(for sufficiently large n). Together with (8.64), (8.66), and (8.69), we have

∣∣Δn∣∣ → 0 as n →∞. (8.70)

Then, if the remaining matrix norms on the right-hand side of (8.62) are bounded,
this term will tend to zero as n →∞. For ⟨γ, Ψn⟩, we have

∣∣⟨γ, Ψn⟩∣∣ = �����������
�����������

1
2π

� π

−π

⎡⎢⎢⎢⎣
ΓnΓ∗nF5F6

ΓnΓ∗nF5F7

⎤⎥⎥⎥⎦dω
�����������
����������� ≤ ∣∣F5F6∣∣∞ + ∣∣F5F7∣∣∞ ≤ C. (8.71)

Also, we have that

∣∣⟨Ψc
n, Ψc

n⟩−1∣∣ = ∣∣P−⊺n P −1
n ∣∣ = � 1

2π
� π

−π
ΓnΓ∗nF −1

5 dω
1

2π
� π

−π
ΓnΓ∗nF −∗5 dω�

≤ ∣∣F5∣∣2∞ ≤ C.

(8.72)

Together with (8.61), (8.62), (8.70), and (8.71), we have

lim
n→∞⟨γ, Ψn⟩[⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩]−1⟨Ψn, γ⟩

= lim
n→∞⟨γ, Ψn⟩⟨Ψc

n, Ψc
n⟩−1⟨Ψn, γ⟩. (8.73)

Outer projection: ⟨γ, Ψn⟩⟨Ψc
n, Ψc

n⟩−1⟨Ψn, γ⟩
Recalling that Ψn can be written as (8.48), we use that γ is causal and Ψa

n anti-causal
to conclude that, analogously to (8.50),

lim
n→∞⟨γ, Ψn⟩⟨Ψc

n, Ψc
n⟩−1⟨Ψn, γ⟩ = lim

n→∞⟨γ, Ψc
n⟩⟨Ψc

n, Ψc
n⟩−1⟨Ψc

n, γ⟩. (8.74)

Now, row i of γ can be written as

γ(i) =∶ �∑∞k=1 s
(i)
k q−k 0� , (8.75)

where ∣s(i)k ∣ ≤ Cλk, λ < 1 (because of exponential stability). Let also

γn(i) ∶= �∑n
k=1 s

(i)
k q−k 0� (8.76)

be row i of a matrix γn. We re-write the right side of (8.74) as

lim
n→∞⟨γ, Ψc

n⟩⟨Ψc
n, Ψc

n⟩−1⟨Ψc
n, γ⟩ = lim

n→∞⟨γn, Ψc
n⟩⟨Ψc

n, Ψc
n⟩−1⟨Ψc

n, γn⟩ + lim
n→∞Δ(3)n ,

(8.77)
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where

Δ(3)n = ⟨γ − γn, Ψc
n⟩⟨Ψc

n, Ψc
n⟩−1⟨Ψc

n, γ⟩ + ⟨γ, Ψc
n⟩⟨Ψc

n, Ψc
n⟩−1⟨Ψc

n, γ − γn⟩
+ ⟨γ − γn, Ψc

n⟩⟨Ψc
n, Ψc

n⟩−1⟨Ψc
n, γ − γn⟩. (8.78)

Using a similar approach for Δ(3)n as we did for Δn, it can be shown that

∣∣Δ(3)n ∣∣ ≤ C(∣∣γ − γn∣∣2 + ∣∣γ − γn∣∣22)→ 0 as n →∞. (8.79)

Thus, (8.77) reduces to

lim
n→∞⟨γ, Ψc

n⟩⟨Ψc
n, Ψc

n⟩−1⟨Ψc
n, γ⟩ = lim

n→∞⟨γn, Ψc
n⟩⟨Ψc

n, Ψc
n⟩−1⟨Ψc

n, γn⟩. (8.80)

Finally, we have that

⟨γn, Ψc
n⟩⟨Ψc

n, Ψc
n⟩−1⟨Ψc

n, γn⟩ = ⟨ProjSΨc
n

γn, ProjSΨc
n

γn⟩ = ⟨γn, γn⟩, (8.81)

where the last equality follows from γn ∈ SΨc
n
, as consequence of Pn being invertible.

Thus, replacing (8.81) in (8.80), we have

lim
n→∞⟨γ, Ψc

n⟩⟨Ψc
n, Ψc

n⟩−1⟨Ψc
n, γ⟩ = lim

n→∞⟨γn, γn⟩ = ⟨γ, γ⟩, (8.82)

which, together with (8.73), (8.74), (8.77), and (8.79) implies (8.30), as we wanted
to show.

8.C Proof of Theorem 5.2

We will show that ∣∣θ̂(1)N − θo∣∣ → 0, as N →∞ w.p.1. (8.83)
To do this, we use (8.16) to write

�θ̂(1)N − θo� ≤ �M−1(η̂N , θ̂
(0)
N )� ∥Qn(η̂N)∥ �Wn(θ̂(0)N )� ∥Tn(θo)∥ �η̂N − ηn(N)

o � .

(8.84)
Because (5.103), (5.109), and (5.108) apply also in the semi-parametric case, to
show (8.83) we have left to show that Wn(θ̂(0)N ) is bounded and M(η̂N , θ̂

(0)
N ) is

invertible for sufficiently large N .
We begin by considering the inverse of Wn(θ̂(0)N ), for which we have

∣∣Tn(θ̂(0)N )[Rn
N ]−1T ⊺n(θ̂(0)N )∣∣ ≤ ∣∣Tn(θo)[R̄n]−1T ⊺n(θo)∣∣

+ ∣∣Tn(θ̂(0)N )[Rn
N ]−1T ⊺n(θ̂(0)N ) − Tn(θo)[R̄n]−1T ⊺n(θo)∣∣. (8.85)

In turn, it can be shown that

Tn(θo)[R̄n]−1T ⊺n(θo) = ⟨Ψn, Ωn⟩⟨Ωn, Ωn⟩−1⟨Ωn, Ψn⟩, (8.86)
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where Ψn and Ωn are given by (8.22), which satisfy the conditions of Theorem 8.2
with

F1(q) = −Go(q)So(q)Fr(q), F2(q) = −Ho(q)So(q)σo,

F3(q) = So(q)Fr(q), F4(q) =Ko(q). (8.87)

and
F5(q) = Fo(q)

So(q)Fr(q) (8.88)

In particular, ⟨Ωn, Ωn⟩ = R̄n satisfies 0 < C1 < σmin(R̄n
N) < C2 (Ljung and Wahlberg,

1992), and F3(q)−F1(q)F4(q) = Fr(q) can be chosen to have a stable inverse under
the constraint Φr(ω) = ∣Fr(ω)∣2. From (8.58), (8.63), (8.67), and (8.70), we have
that there is n̄ such that

∣∣Tn(θo)[R̄n]−1T ⊺n(θo)∣∣ = ∣∣⟨Ψc
n, Ψc

n⟩ +Δn∣∣ ≤ C, ∀n > n̄. (8.89)

Then, and using also (8.72), we have

∣∣W̄ (θo)∣∣ ∶= ∣∣[Tn(θo)[R̄n]−1T ⊺n(θo)]−1∣∣ = ∣∣(⟨Ψc
n, Ψc

n⟩ +Δn)−1∣∣ ≤ C, ∀n > n̄. (8.90)

Concerning the second term on the right-hand side of (8.85), we can write

∣∣Tn(θ̂(0)N )[Rn
N ]−1T ⊺n(θ̂(0)N ) − Tn(θo)[R̄n]−1T ⊺n(θo)∣∣

≤ ∣∣Tn(θ̂(0)N ) − Tn(θo)∣∣ ∣∣[Rn
N ]−1∣∣ ∣∣Tn(θ̂(0)N )∣∣+ ∣∣Tn(θ̂(0)N ) − Tn(θo)∣∣ ∣∣[Rn

N ]−1∣∣ ∣∣Tn(θo)∣∣ + ∣∣Tn(θo)∣∣2 ∣∣[Rn
N ]−1 − [R̄n]−1∣∣.

(8.91)
Lemma 3.1, Lemma 3.3, (8.47), and (5.129) can be used to conclude that there is
N̄ such that

∣∣Tn(θ̂(0)N )[Rn
N ]−1T ⊺n(θ̂(0)N ) − Tn(θo)[R̄n]−1T ⊺n(θo)∣∣ → 0 as N →∞ w.p.1. (8.92)

Using (8.92), (8.89), and (8.85), there is N̄ such that

∣∣Tn(θ̂(0)N )[Rn
N ]−1T ⊺n(θ̂(0)N )∣∣ ≤ C ∀N > N̄ w.p.1. (8.93)

Because of (8.92) and invertibility of Tn(θo)[R̄n]−1T ⊺n(θo), by continuity of eigen-
values there is N̄ such that W (θ̂(0)N ) = [Tn(θ̂(0)N )[Rn

N ]−1T ⊺n(θ̂(0)N )]−1 exists for all
N > N̄ , and ∣∣W (θ̂(0)N ) − W̄ (θo)∣∣ → 0, as N →∞ w.p.1. (8.94)
Moreover, (8.94) and (8.90) imply that, w.p.1,

∣∣W (θ̂(0)N )∣∣ ≤ C ∀N > N̄ . (8.95)

Having shown (8.95), we have left to show that M(η̂N , θ̂
(0)
N ) is invertible for

sufficiently large N , in order to show (8.83). Recall the definition (8.17), which can
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alternatively be written as (8.21), where γ is given by (8.22). Then, from Theorem 8.2
with

F6(q) = −Bo(q)So(q)Fr(q)
Fo(q) , F7(q) = Ao(q)So(q)Fr(q)

Fo(q) , (8.96)

we have that
M̄(ηo, θo) =M∞

CL. (8.97)

where M∞
CL is given by (4.38). Because the inverse of M corresponds to the CR

bound for an open-loop problem with input ut = So(q)rt, and the CR bound exists
for an informative experiment (Ljung, 1999), we conclude that M̄(ηo, θo) is invertible.
Then, we analyze the difference

∣∣M(η̂N , θ̂
(0)
N ) −Q⊺n(ηn

o )W̄n(θo)Qn(ηn
o )∣∣

≤ ∣∣Qn(η̂N) −Qn(ηn
N)∣∣ ∣∣W (θ̂(0)N )∣∣ ∣∣Qn(η̂N)∣∣

+ ∣∣Qn(η̂N) −Qn(ηn
N)∣∣ ∣∣W (θ̂(0)N )∣∣ ∣∣Qn(ηn

o )∣∣
+ ∣∣Qn(η̂n

N)∣∣2 ∣∣W (θ̂(0)N ) − W̄ (θo)∣∣
(8.98)

Using (5.105), (5.106), (5.108), and (8.94), we conclude that

∣∣M(η̂N , θ̂
(0)
N ) −Q⊺n(ηn

o )W̄n(θo)Qn(ηn
o )∣∣ → 0, as N →∞ w.p.1. (8.99)

Using (8.99), invertibility of M̄(ηo, θo), and continuity of eigenvalues, we have that
there is N̄ such that M(η̂N , θ̂

(0)
N ) is invertible for all N > N̄ , and

∣∣M−1(η̂N , θ̂
(0)
N )∣∣ ≤ C ∀N > N̄ , (8.100)

Using also (8.97) and (8.17),

M−1(η̂N , θ̂
(0)
N )→ [M∞

CL]−1 as N →∞ w.p.1. (8.101)

Finally, using (8.100), (8.95), (5.108), (5.109), (5.103) , and (8.84), we conclude
that (8.83) is satisfied, as we wanted to show.

8.D Proof of Theorem 8.4

In this appendix, we prove Theorem 8.4. We begin by reformulating (8.16) as√
N(θ̂(1)N − θo) =M−1(η̂N , θ̂

(0)
N )x(θo; η̂N , θ̂

(0)
N ), (8.102)

where

M(η̂N , θ̂
(0)
N ) = Q⊺n(η̂N)Wn(θ̂(0)N )Qn(η̂N),

x(θo; η̂N , θ̂
(0)
N ) =√NQ⊺n(η̂N)Wn(θ̂(0)N )Tn(θo)(η̂N − ηn(N)

o ). (8.103)
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If we assume that
x(θo; η̂N , θ̂

(0)
N ) ∼ AsN(0, X), (8.104)

we have that, using (8.101) and Lemma B.4 by Söderström and Stoica (1989),
√

N(θ̂(1)N − θo) ∼ AsN �0, [M∞
CL]−1X[M∞

CL]−1� . (8.105)

We will show that (8.104) is verified with

X = σ2
o lim

n→∞Q⊺n(ηn
o )W̄n(θo)Qn(ηn

o ) = σ2
oM∞

CL, (8.106)

where the second equality follows directly from (8.17) and (8.97). We now proceed
to show the first equality.

The idea is, as in the proof of Theorem 5.3, to use Theorem 3.2. With this
purpose, we first show that x(θo; η̂N , θ̂

(0)
N ) has the same asymptotic distribution

and covariance as
√

NΥn(η̂N − η̄n(N)), where Υn is a deterministic matrix. From
the proof of Theorem 5.3, it follows that x(θo; η̂N , θ̂

(0)
N ) has the same asymptotic

covariance and distribution as√
NQ⊺n(ηn(N)

o )Wn(θ̂(0)N )Tn(θo)(η̂N − η̄n(N)). (8.107)

The next step is to show that Wn(θ̂(0)N ) can be replaced by W̄n(θo) in (8.107)
without affecting the asymptotic distribution and covariance. However, this step
does not follow directly from the proof of Theorem 5.3, as inverses of the matrices
that compose Wn cannot be taken individually here, because Tn is not square. In
the following, we do this for a non-square Tn matrix.

First, re-write (8.107) as

√
NQ⊺n(ηn(N)

o )W̄n(θo)Tn(θo)(η̂N − η̄n(N))
+√NQ⊺n(ηn(N)

o )[Wn(θ̂(0)N ) − W̄n(θo)]Tn(θo)(η̂N − η̄n(N)). (8.108)

Then, it follows from Proposition 5.2 that (8.107) and the first term in (8.108) have
the same asymptotic distribution and covariance if the second term in (8.108) tends
to 0 as N →∞ w.p.1. We proceed to show this. Consider

∣∣√NQ⊺n(ηn(N)
o )[Wn(θ̂(0)N ) − W̄n(θo)]Tn(θo)(η̂N − η̄n(N))∣∣

≤ √N ∣∣Q⊺n(ηn(N)
o )∣∣ ∣∣Wn(θ̂(0)N ) − W̄n(θo)∣∣ ∣∣Tn(θo)∣∣ ∣∣η̂N − η̄n(N)∣∣

≤ C
√

N ∣∣Wn(θ̂(0)N ) − W̄n(θo)∣∣ ∣∣η̂N − η̄n(N)∣∣,
(8.109)

where the last inequality follows from (5.109) and (5.106). Writing

Wn(θ̂(0)N ) − W̄n(θo) = W̄n(θo)[W̄ −1
n (θo) −W −1

n (θ̂(0)N )]Wn(θ̂(0)N ), (8.110)



8.D. Proof of Theorem 8.4 195

and because (8.95) and (8.90) guarantee that W̄n(θo) and Wn(θ̂(0)N ) are bounded
(in the latter, for sufficiently large N), it follows from (8.109) that

∣∣√NQ⊺n(ηn(N)
o )[Wn(θ̂(0)N )−W̄n(θo)]Tn(θo)(η̂N − η̄n(N))∣∣

≤ C
√

N ∣∣W−1
n (θ̂(0)N ) − W̄ −1

n (θo)∣∣ ∣∣η̂N − η̄n(N)∣∣. (8.111)

Now, the term ∣∣W−1
n (θ̂(0)N ) − W̄ −1

n (θo)∣∣ corresponds to (8.91); so, using (5.127),
(5.109), (8.47), and Lemma 3.3, the first two terms on the right-hand side of (8.91)
decay with (5.127). For the third term, we first write

∣∣[Rn
N ]−1 − [R̄n]−1∣∣ ≤ ∣∣R̄n

N ∣∣ ∣∣R̄n −Rn
N ∣∣ ∣∣[Rn

N ]−1∣∣. (8.112)

Then, using Lemma 3.1, (8.112), and (5.109), we have that the third term on the
right-hand side of (8.91) decays according to (3.23). Thus, we have that

∣∣Wn(θ̂(0)N ) − W̄n(θo)∣∣ = O⎛⎝2
�

n2(N) log N

N

⎞⎠ , (8.113)

considering only the slowest-decaying term. Then, from (8.109), (8.113), Theorem 3.1,
and Assumption 3.4, it follows that

C
√

N ∣∣Wn(θ̂(0)N ) − W̄n(θo)∣∣ ∣∣η̂N − η̄n(N)∣∣ → 0 as N →∞ w.p.1. (8.114)

Finally, using (8.109) and (8.108), it follows from Proposition 5.2 that√
NQ⊺n(ηn(N)

o )W̄n(θo)Tn(θo)(η̂N − η̄n(N)) (8.115)

and (8.107)—and, in turn, x(θo; η̂N , θ̂
(0)
N )—have the same asymptotic distribution

and covariance. Thus, we will analyze (8.115) instead of x(θo; η̂N , θ̂
(0)
N ).

Applying Theorem 3.2 to (8.115) with Υn = Q⊺n(ηn(N)
o )W̄n(θo)Tn(θo)—and re-

calling that it has the same asymptotic distribution and covariance as x(θo; η̂N , θ̂
(0)
N )—

we have that x(θo; η̂N , θ̂
(0)
N ) is distributed according to (8.104) with

X = lim
n→∞Q⊺n(ηn(N)

o )W̄n(θo)Tn(θo)σ2
oR̄n

N T ⊺n(θo)W̄n(θo)Qn(ηn(N)
o )

= σ2
o lim

n→∞Q⊺n(ηn(N)
o )W̄n(θo)Qn(ηn(N)

o ) = σ2
oM∞

CL.
(8.116)

Then, replacing (8.116) in (8.105), we obtain√
N(θ̂(1)N − θo) ∼ AsN �0, σ2

o[M∞
CL]−1� . (8.117)
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Chapter 9

Transient Estimation

Dealing with unknown initial conditions is an important problem in system identifi-
cation. In an experiment, a batch of input-output data {ut, yt} is typically collected
for t = 1, 2, . . . , N . If the system was started from rest at t = 1, the user usually
knows the initial conditions. Otherwise, {ut, yt} are unknown for past values of t.

When using the prediction error method (PEM), there are typically three ways
to deal with unknown initial conditions. One is to disregard the transient part of
the data for the estimation. Another is to treat the initial conditions as parameters
to be estimated. A third is to use the principle of backforecasting (see, e.g., Box
and Jenkins, 1970; Knudsen, 1994).

In this chapter, we propose a technique to deal with unknown initial conditions
in methods that use a non-parametric model. In particular, when the non-parametric
model is estimated, we also estimate some transient-related parameters simultane-
ously. Then, we show how to incorporate this procedure in the weighted null-space
fitting (WNSF) method. We observe that it can be applied to output-error (OE)
models and model structures where the plant and noise model share the same poles
(e.g., ARMAX), but limitations exist for application to BJ models.

The chapter is structured as follows. In Section 9.1, we state the problem. In
Section 9.2, we propose a procedure to estimate the transient when the noise is
white. In Section 9.3, we show how to incorporate this procedure into WNSF when
the model of interest is OE. In Section 9.4, we show how to extend the transient
estimate when the noise is not white, and discuss the consequences of incorporating
the procedure into the WNSF method. In Section 9.5, we perform a simulation
example to illustrate the potential benefits for small sample sizes. Finally, conclusions
are drawn in Section 9.6.

9.1 Problem Statement

We consider an OE model

yt = L(q, θ)
F (q, θ)ut + et, (9.1)
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with
L(q, θ) = l1 q−1+⋯+lml

q−ml ,

F (q, θ) = 1+f1q−1+⋯+fmf
q−mf ,

(9.2)

and where the sequence {et} is white noise with variance σ2
o . The parameter vector

to be estimated is

θ = �f1 ⋯ fmf
l1 ⋯ lml

�⊺ ∈ Rmf+ml , (9.3)

and we assume that the output sequence was generated by (9.1) at some θ = θo, and
that we have collected data {ut, yt} for t = 1, . . . , N .

According to the WNSF approach, we approximate this OE model by a non-
parametric FIR model (5.28),

yt = n�
k=1

gkq−kut + et, (9.4)

written in regressor form (5.30) as

yt = (ϕn
t )⊺gn + et, (9.5)

where
ϕn

t = �ut−1 ⋯ ut−n�⊺ , gn ∶= �g1 ⋯ gn�⊺ ∈ Rn. (9.6)

Defining
y ∶= �y1 ⋯ yN�⊺ , e ∶= �e1 ⋯ eN�⊺ , (9.7)

and

Φn
u ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u0 u−1 ⋯ u−n+1

u1 u0 ⋯ u−n+2⋮ ⋮ ⋮
uN−1 uN−2 ⋯ uN−n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (9.8)

we can re-write (9.5) in vector form as

y = Φn
ugn + e. (9.9)

Equivalently to (5.32), but using the notation in (9.9), an estimate ĝn
N of gn can

then be obtained with least squares, according to

ĝn
N = �(Φn

u)⊺Φn
u�−1 (Φn

u)⊺y. (9.10)

A limitation of this approach is that the first n rows in (9.8) may have to be
truncated. The reason is that a batch of data {ut, yt} is sometimes obtained from an
experiment for certain time instants t = 1, 2, . . . , N . Therefore, {ut} may not available
for t ≤ 0, which makes the first n rows of Φn

u unknown, requiring these equations
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to be removed. This also implies that the first n rows of y are truncated when
estimating ĝn

N in (9.10), and not all the available data are used in the estimation.
This situation is particularly limiting for poorly damped systems, when the order n
has to be chosen large. The problem we consider in this chapter is how the data{y1, . . . , yn} can be incorporated in the estimation, and how the proposed approach
can be incorporated in the WNSF method, with performance benefits for small
sample sizes.

9.2 Estimating the Transient

A straightforward approach to estimate the missing data is as follows. Let

τn ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u0 u−1 ⋯ u−n+1

0 u0 ⋯ u−n+2⋮ ⋮ ⋱ ⋮
0 0 ⋯ u0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
gn. (9.11)

Then, if τn is treated as a standalone parameter vector, it can be estimated simul-
taneously with gn from

y = Φn
ūgn + ⎡⎢⎢⎢⎣

In

0N−n×n

⎤⎥⎥⎥⎦ τn + e

= Φn
ūgn +Φn

δ τn + e

= Φ̄nη̄n + e,

(9.12)

where Φn
ū is constructed as Φn

u in (9.8), but using

ūt ∶= ⎧⎪⎪⎨⎪⎪⎩
0 , t ≤ 0
ut , t > 0

, (9.13)

and with

η̄n = ⎡⎢⎢⎢⎣
gn

τn

⎤⎥⎥⎥⎦ , Φn
δ = ⎡⎢⎢⎢⎣

In

0N−n×n

⎤⎥⎥⎥⎦ , Φ̄n = �Φn
ū Φn

δ � . (9.14)

If written in a similar form to (9.4), (9.12) corresponds to the multiple-input single-
output (MISO) FIR model

yt = n�
k=1

gkq−kūt + n�
k=1

τkq−kδt + et. (9.15)

Then, least squares can be applied to (9.12) as before, now using all N measurements,
according to

ˆ̄ηn
N = �(Φ̄n)⊺Φ̄n�−1 (Φ̄n)⊺y. (9.16)
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Despite including n extra equations, (9.12) also includes n extra unknowns. This
makes the transient parameters unidentifiable in general, and the accuracy of the
estimate ĝn

N does not increase. Nevertheless, trying to estimate these transient
parameters can still help in estimating other identifiable parameters—in particular,
the complete estimate ˆ̄ηn

N can be useful in a later step for methods that use a
high-order estimate to obtain an estimate of a parametric model. In the next section,
we observe how using the complete estimate ˆ̄ηn

N can be beneficial for WNSF.

9.3 WNSF with Transient Estimation

Consider that the OE model in (9.1), at θ = θo, has a state-space realization

xt+1 = Axt +But

yt = Cxt + et,
(9.17)

initialized with x0 = xo and u0 = uo. This system is equivalent to (Kailath, 1980)

x̄t+1 = Ax̄t + �B B̄� ⎡⎢⎢⎢⎣
ūt

δt

⎤⎥⎥⎥⎦
yt = Cx̄t + et,

(9.18)

initialized with x̄0 = 0 and ū0 = 0, where δt is the Dirac delta, and

B̄ = Axo +Buo. (9.19)

The state-space realization (9.18) can be seen as a MISO system, where one of the
inputs is δt.

In the same way that the OE model (9.1) has a state-space realization (9.17),
the MISO state-space realization (9.18) has a MISO OE equivalent. Using (2.29),
we have that the input ūt is related to the output yt by the transfer function

C(qI −A)−1B = L(q, θ̄o)
F (q, θ̄o) , (9.20)

and the contribution from δt is filtered by the transfer function

C(qI −A)−1B̄ =∶ L̄(q, θ̄o)
F (q, θ̄o) , (9.21)

where θ̄ is an extension of θ to include the parameters of the numerator

L̄(q, θ̄) = l̄1q−1 +⋯ + l̄ml
q−ml , (9.22)

according to
θ̄ = �θ⊺ l̄1 ⋯ l̄ml

�⊺ ∈ Rmf+2ml . (9.23)
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As usual, subscript (⋅)o denotes evaluation at the true parameters. Note that L̄(q, θ̄o)
depends on B̄, which, in turn, depends on the input realization (because of initial
conditions), according to (9.19). Therefore, in general, there will be no pole-zero
cancellations with F (q, θ̄o).

Then, we can write that the data are generated by

yt = L(q, θ̄)
F (q, θ̄) ūt + L̄(q, θ̄)

F (q, θ̄)δt + et (9.24)

at θ̄ = θ̄o, and we would like to estimate the model (9.24). This is a two-input single-
output OE model with shared poles, and can be estimated using the multivariate
WNSF approach from Chapter 7. Moreover, comparing (9.24) and (9.15), we observe
that the coefficients {τk} estimated with the proposed approach are the impulse
response coefficients of the transfer function L̄(q, θ̄)/F (q, θ̄), whereas, as usual, {gk}
are the impulse response coefficients of L(q, θ̄)/F (q, θ̄). The key observation here is
that these two transfer functions share the same denominator F (q, θ̄), determined
by (qI − A)−1 both in (9.20) and (9.21). Therefore, an estimate of {τk} contains
information about the poles of the system, and contributes to the estimation of the
original parameter vector θ.

To see how this information can be incorporated in the WNSF method, let
∞�

k=1
go

kq−k ∶= L(q, θ̄o)
F (q, θ̄o) , (9.25)

∞�
k=1

τo
k q−k ∶= L̄(q, θ̄o)

F (q, θ̄o) . (9.26)

Whereas Steps 2 and 3 of the standard WNSF algorithm are based on the relation
between {go

k} and the coefficients of L(q, θ̄o) and F (q, θ̄o), established by (9.25), we
can now also make use of the relation between {τo

k} and the coefficients of L̄(q, θ̄o)
and F (q, θ̄o), established by (9.26). Then, re-writing (9.25) and (9.26) as

F (q, θ̄o) ∞�
k=1

go
kq−k −L(q, θ̄o) = 0,

F (q, θ̄o) ∞�
k=1

τo
k q−k − L̄(q, θ̄o) = 0,

(9.27)

we can relate the first n coefficients of the polynomials in (9.27) by

η̄n
o − Q̄n(η̄n

o )θo = 0, (9.28)

where
η̄n

o ∶= �go
1 ⋯ go

n τo
1 ⋯ τo

n�⊺ ∈ R2n (9.29)

and

Q̄n(η̄n) = ⎡⎢⎢⎢⎣
Qf

n(gn) −Ql
n 0

Qf
n(τn) 0 −Ql̄

n

⎤⎥⎥⎥⎦ , (9.30)
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with

Qf
n(gn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
g1 0 0 0
g2 g1 0 0⋮ ⋮ ⋱ 0

gmf
gmf−1 g1⋮ ⋮ ⋮

gn−1 gn−2 ⋯ gn−mf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Ql
n = ⎡⎢⎢⎢⎣

Iml×ml

0n−ml×ml

⎤⎥⎥⎥⎦ = Ql̄
n,

Qf
n(τn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
τ1 0 0 0
τ2 τ1 0 0⋮ ⋮ ⋱ 0

τmf
τmf−1 τ1⋮ ⋮ ⋮

τn−1 τn−2 ⋯ τn−mf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(9.31)

From (9.28), which is in the same form as (5.18) for the standard WNSF, the
remaining steps of the method may be applied.

With inclusion of transient estimation, the WNSF method becomes as follows.
In the first step, compute an estimate ˆ̄ηn

N of η̄n from (9.16). In the second step, we
replace η̄n

o by ˆ̄ηn
N in (9.28) and, similarly to (5.37), use a least squares approach,

computing
ˆ̄θ(0)N = �Q̄⊺n(ˆ̄ηn

N)Q̄n(ˆ̄ηn
N)�−1

Q̄⊺n(ˆ̄ηn
N)ˆ̄ηn

N . (9.32)
Finally, in the third step, similarly to (5.42), we use

ˆ̄θ(1)N = �Q̄⊺n(ˆ̄ηn
N)Wn( ˆ̄θ(0)N )Q̄n(ˆ̄ηn

N)�−1
Q̄⊺n(ˆ̄ηn

N)Wn( ˆ̄θ(0)N )ˆ̄ηn
N , (9.33)

where
Wn( ˆ̄θ(0)N ) = T̄ −⊺n ( ˆ̄θ(0)N )(Φ̄n)⊺Φ̄nT̄ −1

n ( ˆ̄θ(0)N ). (9.34)

The matrix T̄n(θ̄) is, as in (5.21), determined by writing the residuals of (9.28)
when η̄n

o is replaced by ˆ̄ηn
N in the form

ˆ̄ηn
N − Q̄n(ˆ̄ηn

N)θo = T̄n(θ̄o)(ˆ̄ηn
N − η̄n

o ). (9.35)

Performing the required computations, we obtain that

T̄n(θ̄) = ⎡⎢⎢⎢⎣
T f

n (θ̄) 0
0 T f

n (θ̄)
⎤⎥⎥⎥⎦ , (9.36)

with T f
n given, as in the standard WNSF case, by (5.63).
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9.4 Generalizations

The idea presented in this chapter for estimation of the transient in non-parametric
models can be straightforwardly extended for the case that the noise contribution is
not white. In this case, instead of an FIR model, an ARX model is estimated, and we
consider the transient contribution in a similar way. Consider an ARX model (2.15)

�1 + n�
k=1

akq−k�yt = n�
k=1

bkq−kut + et, (9.37)

which we can write, analogously to (9.9), as

y = Φnηn + e, (9.38)

where

Φn = �−Φn
y Φn

u� , Φn
y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0 y−1 ⋯ y−n+1

y1 y0 ⋯ y−n+2⋮ ⋮ ⋮
yN−1 yN−2 ⋯ yN−n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ηn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1⋮
an

b1⋮
bn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ R2n.

(9.39)
If {ut, yt} are unknown for t ≤ 0, we can proceed analogously to the FIR case,

defining

τn ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u0 u−1 ⋯ u−n+1

0 u0 ⋯ u−n+2⋮ ⋮ ⋱ ⋮
0 0 ⋯ u0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
bn −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0 y−1 ⋯ y−n+1

0 y0 ⋯ y−n+2⋮ ⋮ ⋱ ⋮
0 0 ⋯ y0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
an, (9.40)

where
an ∶= �a1 ⋯ an�⊺ ∈ Rn, bn ∶= �b1 ⋯ bn�⊺ ∈ Rn. (9.41)

Then, we re-write (9.38) as
y = Φ̄nη̄n + e, (9.42)

where we now have

Φ̄n = �Φn
ū −Φn

ȳ Φn
δ � , η̄n = �(ηn)⊺ (τn)⊺� ∈ R3n, (9.43)

and Φn
ū and Φn

ȳ are similar to Φn
u and Φn

y , but constructed with

ūt ∶= ⎧⎪⎪⎨⎪⎪⎩
0 , t ≤ 0
ut , t > 0

, ȳt ∶= ⎧⎪⎪⎨⎪⎪⎩
0 , t ≤ 0
yt , t > 0

. (9.44)
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Notice that (9.42) corresponds to the MISO ARX model

�1 + n�
k=1

akq−k� ȳt = n�
k=1

bkq−kūt + n�
k=1

τkq−kδt + et. (9.45)

Then, as before, we can obtain an estimate ˆ̄ηn
N of η̄n according to (9.16).

However, there is a significant difference compared with the FIR case. With
τn defined by (9.40) instead of (9.11), τn now contains contributions from initial
conditions both in {ut} and {yt} (or, alternatively, in {et}). Moreover, these separate
contributions are not identifiable, which will have consequences for application of
the procedure with the WNSF method, depending on the model of interest.

Consider that the data were generated by the ARMAX model

F (q, θ)yt = L(q, θ)ut +C(q, θ)et, (9.46)

at some θ = θo, with F (q, θ) and L(q, θ) given by (9.2), and

C(q, θ) = 1 + c1q−1 +⋯ + cmcq−mc . (9.47)

We now have

θ = �f1 ⋯ fmf
l1 ⋯ lml

c1 ⋯ cmc
�⊺ ∈ Rmf+ml+mc . (9.48)

Alternatively to (9.46), we may say that the data are generated by a state-space
realization

xt+1 = Axt +But +Ket

yt = Cxt + et.
(9.49)

Then, from the state-space matrices in (9.49), F (q, θo), L(q, θo), and C(q, θo) are
obtained by

C(qI −A)−1B = L(q, θo)
F (q, θo) , C(qI −A)−1K = C(q, θo)

F (q, θo) . (9.50)

Assuming (9.49) was initialized with x0 = xo, u0 = uo, and e0 = eo, it can
alternatively be written as

x̄t+1 = Ax̄t + �B B̄� ⎡⎢⎢⎢⎣
ūt

δt

⎤⎥⎥⎥⎦ +Kēt

ȳt = Cūt + ēt,

(9.51)

similarly to (9.18), initialized with x̄0 = ū0 = ē0 = 0, where δt is the Dirac delta, and

B̄ = Axo +Buo +Keo. (9.52)

A MISO ARMAX model equivalent to (9.51) is then given by

F (q, θ̄)ȳt = L(q, θ̄)ūt + L̄(q, θ̄)δt +C(q, θ̄)ēt, (9.53)
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where

ēt ∶= ⎧⎪⎪⎨⎪⎪⎩
0 , t ≤ 0
et , t > 0

(9.54)

and
θ̄ = �θ⊺ l̄1 ⋯ l̄ml

�⊺ ∈ Rmf+2ml+mc . (9.55)

Here, {l̄1, . . . , l̄ml
} are given analogously to (9.22), and

C(qI −A)−1B̄ = L̄(q, θ̄o)
F (q, θ̄o) . (9.56)

To observe how the proposed approach can be incorporated into WNSF, we start
by defining

1 + ∞�
k=1

ao
kq−k ∶= F (q, θ̄o)

C(q, θ̄o) ,
∞�

k=1
bo

kq−k ∶= L(q, θ̄o)
C(q, θ̄o) ,

∞�
k=1

τo
k q−k ∶= L̄(q, θ̄o)

C(q, θ̄o) ,
(9.57)

and re-writing (9.53) at the true parameter values as

F (q, θ̄o)
C(q, θ̄o) ȳt = L(q, θ̄)

C(q, θ̄o) ūt + L̄(q, θ̄)
C(q, θ̄o)δt + ēt. (9.58)

Replacing (9.57) in (9.58), we obtain

�1 + ∞�
k=1

ao
l q−k� ȳt = ∞�

k=1
bo

kq−kūt + ∞�
k=1

τo
k q−kδt + ēt. (9.59)

Comparing (9.45) and (9.59), we observe that truncated versions of {ao
k, bo

k, τo
k} can

be estimated with the ARX model (9.45). Then, if we re-write (9.57) as

C(q, θ̄o)�1 + ∞�
k=1

ao
kq−k� − F (q, θ̄o) = 0,

F (q, θ̄o) ∞�
k=1

bo
l q−k −L(q, θ̄o)�1 + ∞�

k=1
ao

l q−k� = 0,

F (q, θ̄o) ∞�
k=1

τo
k q−k − L̄(q, θ̄o)�1 + ∞�

k=1
ao

kq−k� = 0,

(9.60)

we can relate {ao
k, bo

k, τo
k} to the coefficients of F (q, θ̄o), L(q, θ̄o), C(q, θ̄o), and

L̄(q, θ̄o), in a form similar to (9.28)—that is, linear in θ̄o. Thus, we can make use of
the estimate ˆ̄ηn

N to estimate θ̄o with least squares, and then weighted least squares,
according to the WNSF algorithm. So, if the model of interest is ARMAX, the
transient-estimate approach presented in this chapter can be applied to WNSF.
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However, if we consider a BJ model

yt = L(q, θ)
F (q, θ)ut + C(q, θ)

D(q, θ)et, (9.61)

with
D(q, θ) = 1 + d1q−1 +⋯dmd

q−md (9.62)

and

θ = �f1 ⋯ fmf
l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd
�⊺ ∈ Rmf+ml+mc+md ,

(9.63)

the same procedure is not applicable. To observe why, we first re-write (9.61) in an
ARMAX-like form, as

F (q, θ)D(q, θ)yt =D(q, θ)L(q, θ)ut + F (q, θ)C(q, θ)et, (9.64)

and, analogously to (9.53), we re-write (9.64) as

F (q, θ̄)D(q, θ̄)ȳt =D(q, θ̄)L(q, θ̄)ūt + L̄(q, θ̄)δt + F (q, θ̄)C(q, θ̄)ēt. (9.65)

Alternatively (and at the true parameters), we can also write

D(q, θ̄o)
C(q, θ̄o) ȳt = D(q, θ̄o)

C(q, θ̄o)
L(q, θ̄o)
F (q, θ̄o) ūt + L̄(q, θ̄o)

F (q, θ̄o)C(q, θ̄o)δt + ēt, (9.66)

where, as before, θ̄ is obtained by extending θ with the parameters of L̄(q, θ̄).
Also as before, this polynomial depends on the input and noise initial conditions,
through (9.52). Therefore, in general, there will be no pole-zero cancellations with
the denominator F (q, θ̄)C(q, θ̄). Then, comparing (9.66) and (9.59), we can write
the relations

C(q, θ̄o)�1 + ∞�
k=1

ao
kq−k� −D(q, θ̄o) = 0,

F (q, θ̄o) ∞�
k=1

bo
l q−k −L(q, θ̄o)�1 + ∞�

k=1
ao

l q−k� = 0,

F (q, θ̄o)D(q, θ̄o) ∞�
k=1

τo
k q−k − L̄(q, θ̄o)�1 + ∞�

k=1
ao

l q−k� = 0.

(9.67)

The last equation in (9.67), which appears because we estimate the transient, is
non-linear in θo. Therefore, WNSF cannot be applied with transient estimation for
BJ models if the initial conditions are unknown both in the input and in the noise.
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Figure 9.1: Impulse response of Go(q).
9.5 Simulation Example

In this section, we perform a simulation example to illustrate how WNSF benefits
from the transient estimates.

The data are generated by

yt = Go(q)ut + et, (9.68)

where
Go(q) = q−1 − 2q−2

1 − 1.7q−1 + 0.9q−2 , (9.69)

and {ut} and {et} are uncorrelated Gaussian white-noise sequences with variances 1
and 3.5, respectively. The transfer function in (9.69) has an impulse response that is
well approximated by 100 coefficients, as shown in Fig. 9.1. Performance is evaluated
by computing the FIT, in percent, given by

FIT = 100�1 − ∥go − ĝ∥∥go −mean[go]∥� , (9.70)

where, in this case, go is a vector with the true impulse response coefficients, and ĝ
with the impulse response coefficients from the estimated model. Sufficiently long
impulse responses are taken to make sure that the respective tails (for the true and
the estimated system) are sufficiently close to zero to not affect the mean squared
error.

The simulation consists of 200 Monte Carlo runs and seven different sample sizes
between N = 102 and N = 104, as indicated in Fig. 9.2. The following methods are
compared:

• the prediction error method, starting at the true parameters, until convergence
(PEM-true);
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• the weighted null-space fitting method with truncated transient, with a maxi-
mum of 10 iterations (WNSF-trunc);

• the weighted null-space fitting method with transient estimated, with a maxi-
mum of 10 iterations (WNSF-trans).

For all the methods, a function tolerance of 10−4 is used as stopping criterion. For
WNSF, the non-parametric model order n is chosen from a grid of ten linearly-
spaced values between 20 and N/2, according to which minimizes a quadratic
cost function of the prediction errors for the parametric model (see Chapter 5 for
additional details). To do this, we distinguish two situations. When the transient is
not computed, we consider the cost function value, for some estimate θ̂N , as

VN(θ̂N) = 1
N − n

N�
t=n+1

�yt − L(q, θ̂N)
F (q, θ̂N)ut�2

. (9.71)

This means that we neglect the first n values of yt and their predictions, because we
do not have knowledge of ut for t ≤ 0. When the transient is computed, we consider
the cost function value to be

VN( ˆ̄θN) = 1
N

N�
t=1

⎛⎝yt − L(q, ˆ̄θN)
F (q, ˆ̄θN) ūt − L̄(q, ˆ̄θN)

F (q, ˆ̄θN)δt

⎞⎠
2

, (9.72)

with ūt defined by (9.13). Thus, estimating the transient also allows us to have a
longer prediction error sequence to compute the cost function value.

Fig. 9.2 shows the average FIT as function of the sample size, where it can be
observed that WNSF with transient estimation has approximately the same average
performance as PEM for sample sizes N ≥ 200. If WNSF is applied without transient
estimation, a comparable performance is only attained for much larger values of N .
Regarding the case N = 100, PEM performs better than WNSF even with estimated
transient. This can be explained by the fact that the maximum order n = N/2 is
not large enough to fully capture the dynamics of the system. Nevertheless, we still
observe a great improvement with respect to the case that the transient parameters
are not estimated.

9.6 Conclusion

In this chapter, we proposed an approach for transient estimation with non-
parametric models. Although the estimates of the non-parametric model coefficients
are not improved in this step, some methods can benefit from the extra estimated
variables in subsequent steps to obtain a parametric model.

The WNSF method is an example of such a method, as it first estimates a
non-parametric model and then reduces this estimate to a parametric one. In the
model-reduction step, the method uses the relation between the non-parametric
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Figure 9.2: Average FIT obtained for each sample size, with 200 Monte Carlo runs,
comparing PEM initialized at the true parameters (PEM-true), WNSF with transient
truncated (WNSF-trunc), and WNSF with transient estimated (WNSF-trans).

and parametric model coefficients. Because the transient variables estimated in the
non-parametric model step also have a relation to the parametric model polynomials,
they can be used to improve the estimate of the model of interest.

A simulation showed that this procedure improves the estimation accuracy
of the parametric model. Although the asymptotic properties remain unchanged,
improvements are observed for finite sample sizes. In particular, with transient
estimation, WNSF performs similarly to PEM started at the true parameters for
much smaller sample sizes.

Although WNSF was chosen to illustrate how the proposed procedure to estimate
the transient parameters can be used, the same idea is in principle applicable to
other methods that use a non-parametric model as an intermediate step to obtain a
parametric model.





Chapter 10

Unstable Systems

The methods proposed in this thesis use non-parametric ARX models to approximate
systems described by parametric model structures, such as ARMAX or Box-Jenkins
(BJ). As a particular case, non-parametric FIR models can be used to approximate
output-error (OE) models. Because non-parametric models have the inherent limita-
tion that their estimates have high variance in comparison to more parsimonious
model descriptions, we then use the estimated non-parametric model to obtain a
parametric model estimate with lower variance. This is the essential idea of the
methods proposed in this thesis.

For many linear system structures, the asymptotic (in both model order and
sample size) values of the estimated ARX-model polynomials can be related to
the polynomials of the true system. This standard result has been discussed in
Chapters 2 and 3, and is the basis of methods like weighted null-space fitting
(WNSF). One limitation of this result is that it uses the assumption that the plant
is stable, or that the unstable poles are shared with the true noise model. Although
this is always the case for systems with structures where the plant and noise model
share the same poles (e.g., ARMAX), it is not generally true for OE or BJ models.
In the latter cases, the noise model is either fixed to identity or independent of the
plant, respectively. The consequence is that, if the plant dynamics are unstable,
these models have unstable predictors. Then, the result that has been used as basis
for the WNSF method, relating the non-parametric FIR or ARX model coefficients
to the coefficients of the parametric model, is not valid.

In this chapter, we study the following question: if the plant is unstable and the
true noise model does not share the unstable poles, what are the limit values of an
infinite-order ARX model? We derive this result and show how the plant, noise model
and noise variance can still be recovered from the ARX model, using appropriate
corrections for the noise model and the noise variance. Also, we demonstrate that,
in the unstable case, an FIR model is no longer sufficient to model an OE structure;
instead, an ARX is required. Then, we observe that the increasing variance associated
with an increasing number of parameters in the ARX model does not affect the
estimation of the unstable poles. Although a formal proof is left for future work,

213
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we provide the theoretical background for this observation. Finally, we discuss
how this procedure can be incorporated in the WNSF method for estimation
of unstable systems. We observe that straightforward application of the method
is not possible, and suggest a procedure for extending WNSF to this case. The
proposed procedure is not asymptotically efficient, but a simulation example indicates
promising results. Then, we discuss a procedure that could potentially be used to
compute an asymptotically efficient estimate.

The chapter is structured as follows. In Section 10.1, we state the problem to
be analyzed. In Section 10.2, we recall how the analogous result for the stable case
can be derived; in Section 10.3, we extend the result for the unstable case and show
how to asymptotically recover the plant, noise model, and noise variance from the
high-order ARX model. In Section 10.4, we discuss practical aspects, followed by
numerical examples in Section 10.5. In Section 10.6, we discuss how PEM can be
applied with unstable predictors, making a parallel with our result. In Section 10.7,
we use the result obtained to suggest a procedure to apply WNSF to unstable
systems, although it is not asymptotically efficient. In Section 10.8, we conclude
with a discussion, where we also address how asymptotic efficiency could potentially
be attained.

10.1 Problem Statement

Consider that data are generated by

yt = Go(q)ut +Ho(q)et, (10.1)

where {ut} is the plant input, {et} is white noise with variance σ2
o , {yt} is the

output, and Go(q) and Ho(q) are the true plant and noise models, respectively,
which are rational transfer functions in the delay operator q−1, given by

Go(q) ∶=Lo(q)
Fo(q) ∶= lo

1q−1 + ⋅ ⋅ ⋅ + lo
ml

q−ml

1 + fo
1 q−1 + ⋅ ⋅ ⋅ + fo

mf
q−mf

,

Ho(q) ∶=Co(q)
Do(q) ∶=

1 + co
1q−1 + ⋅ ⋅ ⋅ + co

mc
q−mc

1 + do
1q−1 + ⋅ ⋅ ⋅ + do

md
q−md

,

(10.2)

where ml, mf , mc, and md are finite positive integers.
We impose that Co(q) and Do(q) are stable polynomials (i.e., all the roots lie

strictly inside the unit circle), while Fo(q) does not have roots on the unit circle.
Because Fo(q) is not required to be stable, we consider that the data are obtained
with stabilizing feedback,

yt = Go(q)So(q)rt +Ho(q)So(q)et,

ut = So(q)rt −Ko(q)Ho(q)So(q)et,
(10.3)



10.2. The ARX Minimizer of a Stable BJ Model 215

where {rt} is a known external reference uncorrelated with {et}, and So(q) is the
sensitivity function,

So(q) = 1
1 +Ko(q)Go(q) , (10.4)

with Ko(q) a stabilizing regulator.
Consider also the ARX model

A(q, η)yt = B(q, η)ut + et, (10.5)

with infinite-order polynomials

A(q, η) = 1 + ∞�
k=1

akq−k, B(q, η) = ∞�
k=1

bkq−k, (10.6)

where
η = �a1 a2 ⋯ b1 b2 ⋯�⊺ . (10.7)

Using a quadratic cost, the PEM estimate of the ARX model asymptotically mini-
mizes the cost function

J(η) ∶= Ē [A(q, η)yt −B(q, η)ut]2 , (10.8)

as the number of samples tend to infinity. Because the data are generated by (10.3),
the limit cost function can be expressed as

J = Ē [(AGo −B)Sort + (A +KoB)HoSoet]2 . (10.9)

Here, and in similar expressions that follow, the polynomial arguments are dropped
for notational simplicity, and we recall that we want to minimize J with respect
to the polynomials A and B, given by (10.6) and parametrized by (10.7). By
minimizing (10.9), the global minimizers of (10.9)—Ao(q) and Bo(q)—can be
related to Go(q) and Ho(q).
10.2 The ARX Minimizer of a Stable BJ Model

To find the global minimizers of (10.9), we first introduce the following result.

Proposition 10.1. Let Zo(q) and its inverse be power series in q−1 that are analytic
outside and on the unit circle, and such that Zo(∞) = 1. Let X(q)—also a power
series in q−1 satisfying X(∞) = 1—be the argument of the cost function

J = 1
2π

� π

−π
�X(eiω)�2 �Zo(eiω)�2 dω. (10.10)

Then, (10.10) has the unique minimizer Xo(q) = Z−1
o (q) and minimum Jo = 1.
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Proof. This is a standard result (e.g., Problem 3G.3 by Ljung, 1999), but a proof is
included for completeness. The product X(q)Zo(q) can be expanded as a polynomial,

X(q)Zo(q) = ∞�
k=0

gkq−k, (10.11)

where g0 = 1, as X(∞) = Zo(∞) = 1. Using (10.11), (10.10) can be written as

J = 1 + ∞�
k=1

∣gk ∣2 ≥ 1. (10.12)

The minimum Jo = 1 is obtained for Xo(q) = Z−1
o (q), with Zo(q) inversely stable.

Because the inverse is unique, the minimum will not be attained for any other X(q),
because then at least one gk ≠ 0, k > 0.

In the following theorem, we derive the global minimizers of (10.9) when Go(q)
is stable, and Ho(q) is stable and inversely stable. Although this is a standard result,
we include it for completeness.

Proposition 10.2. Let Go(q) be stable and Ho(q) be stable and inversely stable.
The asymptotic minimizers of (10.9) are given by

Ao(q) = 1
Ho(q) , Bo(q) = Go(q)

Ho(q) , (10.13)

and the attained global minimum is

Jo = σ2
o . (10.14)

Proof. Because {rt} and {et} are uncorrelated, (10.9) can be written as

J = Jr + Je, (10.15)

where, in the frequency domain, we have

Jr = 1
2π

� π

−π
∣AGo −B∣2 ∣So∣2 Φr dω, (10.16)

Je = 1
2π

� π

−π
∣A +KoB∣2 ∣HoSo∣2 σ2

o dω, (10.17)

with Φr the spectrum of {rt}. Therefore, because A(q) + Ko(q)B(q) is monic,
and Ho(q)So(q) is monic, stable, and inversely stable, they can be expanded as
power series in q−1 satisfying the conditions of X(q) and Zo(q), respectively, in
Proposition 10.1. Then, we can use this result to conclude that Je is minimized by

A(q) +Ko(q)B(q) = 1
Ho(q)So(q) . (10.18)

If (10.16) can be made zero while satisfying (10.18), a global minimizer for J has
been found. This is done by setting Ao(q) and Bo(q) according to (10.13), which
yields the minimum (10.14).
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A consequence of Proposition 10.2 is that an infinite-order ARX model can be
used to asymptotically recover a BJ model, as well as the noise variance σ2

o .
In fact, (10.13) and (10.14) also hold for unstable Go(q), as long as Ho(q) shares

the same unstable poles. We can see this by noticing that, in this case, Ho(q)So(q) is
still inversely stable. However, that is lost when Go(q) is unstable, and its unstable
poles do not cancel with those of Ho(q). This is the reason why Proposition 10.2
does not apply to unstable systems of BJ structure. In the next section, we seek the
minimizers Ao(q) and Bo(q) of (10.9) when Go(q) is unstable and Ho(q) does not
share unstable poles.

10.3 The ARX Minimizer of an Unstable BJ Model

Before stating the main result of this chapter, we introduce the following definitions.
Consider the factorization

F (q) = F s(q)F a(q), (10.19)

where F s(q) and F a(q) contain the stable (magnitude less than one) and anti-stable
(magnitude larger than one) roots of F (q), respectively. Also, we define F a⋆(q) as
the polynomial with the roots of F a(q) mirrored inside the unit circle—that is, if

F a(q) = ma�
k=1
(1 − pkq−k), (10.20)

where {p1, . . . , pma} are the unstable roots of F (q), then

F a⋆(q) = ma�
k=1
(1 − p−1

k q−k). (10.21)

If evaluation at the true values is considered, we denote the unstable roots of Fo(q)
by {po

1, . . . , po
ma
}.

We now extend Proposition 10.2 to the case that Go(q) is allowed to be unstable.

Theorem 10.1. Let Ho(q) be stable and inversely stable, and factorize Fo(q)
according to (10.19). The asymptotic minimizers of (10.9) are given by

Ao(q) = 1
Ho(q) F a

o (q)
F a⋆

o (q) , Bo(q) = 1
Ho(q) Lo(q)

F s
o (q)F a⋆

o (q) , (10.22)

and the attained global minimum is

Jo = � F a
o (eiω)

F a⋆
o (eiω) �

2

σ2
o = � ∏ma

k=1[1 − po
k]∏ma

k=1[1 − 1/po
k] �

2

σ2
o . (10.23)

Proof. As in the proof of Proposition 10.2, (10.9) can be written as (10.15), with (10.16)
and (10.17). Unlike in Proposition 10.2, we cannot directly use Proposition 10.1
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to minimize Je because the inverse of Ho(q)So(q) is not analytic outside the unit
circle. To still apply Proposition 10.1, let

S̃o(q) ∶= So(q)
F a

o (q) =
F s

o (q)
Fo(q) +Ko(q)Lo(q) , (10.24)

and re-write (10.17) as

Je = � F a
o (eiω)

F a⋆
o (eiω) �

2 1
2π

� π

−π
∣A +KoB∣2 �HoS̃oF a⋆

o �2 σ2
o dω, (10.25)

where �F a
o (eiω)/F a⋆

o (eiω)� is moved outside the integral because it is an all-pass
filter, and can be written as

� F a
o (eiω)

F a⋆
o (eiω) � = � F a

o (1)
F a⋆

o (1) � = �
∏ma

k=1[1 − po
k]∏ma

k=1[1 − 1/po
k] � . (10.26)

Therefore, because A(q) +Ko(q)B(q) is monic, and Ho(q)S̃o(q)F a⋆
o (q) is monic,

stable, and inversely stable, we are in the situation of Proposition 10.1, and Je is
minimized by

A(q) +Ko(q)B(q) = 1
Ho(q)S̃o(q)F a⋆

o (q) . (10.27)

If (10.16) can be made zero while satisfying (10.27), a global minimizer for J has
been found. This is done by setting Ao(q) and Bo(q) according to (10.22), which
yields the minimum (10.23).

Notice that if the plant is stable, F a
o (q) = 1 = F a⋆

o (q) and F s
o (q) = Fo(q), and

(10.22) reduces to (10.13). Moreover, using a similar approach to Theorem 10.1,
it is straightforward to extend this result to the case with a non-minimum phase
noise model Ho(q). In this case, the noise model Ho(q) in (10.22) will be replaced
by its minimum-phase equivalent. This corresponds to the well-known result that
PEM identifies an equivalent minimum-phase noise model if the true noise model is
non-minimum phase (Hjalmarsson and Forssell, 1999).

Recovering Go(q) from the asymptotic minimizers of the ARX model is straight-
forward, as

Go(q) = Bo(q)
Ao(q) . (10.28)

The following corollary describes how the noise model and the variance σ2
o can be

retrieved.

Corollary 10.1. Let Jo be the asymptotic minimum of (10.9), and Ao(q) the
corresponding minimizer. Then, the noise model Ho(q) and the noise variance σ2

o
can be retrieved by

Ho(q) = 1
Ao(q) Aa

o(q)
Aa⋆

o (q) (10.29)
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and

σ2
o = Jo �Aa⋆

o (eiω)
Aa

o(eiω) �
2 = Jo � ∏ma

k=1[1 − po
k]∏ma

k=1[1 − 1/po
k] �

2

, (10.30)

respectively.

Proof. The asymptotic minimizer Ao(q) can be factorized by one polynomial Aa
o(q)

with anti-stable roots and one polynomial with only stable roots corresponding to
1/Ho(q)F a⋆

o (q). Thus, F a
o (q) can be retrieved as the anti-stable roots of Ao(q)—that

is,
F a

o (q) = Aa
o(q). (10.31)

Then, (10.29) follows directly from (10.22) and (10.31), whereas (10.30) follows
from (10.23) and (10.31).

Comparing (10.29) with (10.13), we observe that, if the standard result (10.13) is
used, the magnitude of the noise model Ho(q) will be underestimated by a constant
bias, as Aa

o(q)/Aa⋆
o (q) is an amplifying all-pass filter. Moreover, comparing (10.30)

and (10.14), we observe that the variance σ2
o will be overestimated if the appropriate

corrections because of the unstable plant are not made.
However, notice that if we are only interested in recovering the noise spectrum

Φv(ω) ∶= �Ho(eiω)�2 σ2
o (10.32)

based on the non-parametric ARX model, we do not need to perform any correction
because of the unstable plant. To see this, assume that we have obtained the
asymptotic minimizer Ao(q) of (10.9), as well as the minimum Jo. Then, using
Corollary 10.1, we can write (10.32) as

Φv(ω) = � 1
Ao(eiω) Aa

o(eiω)
Aa⋆

o (eiω) �
2

Jo �Aa⋆
o (eiω)

Aa
o(eiω) �

2 = Jo � 1
Ao(eiω) �

2

. (10.33)

On the other hand, if we do not assume that Go(q) is unstable, and use (10.13)
and (10.14) instead, we still directly obtain

Φv(ω) = Jo � 1
Ao(eiω) �

2

(10.34)

by replacing (10.13) and (10.14) in (10.32). Nevertheless, if we want to use the
non-parametric ARX model estimate to obtain a parametric noise model—as we
will later do with WNSF—Corollary 10.1 should be used.

10.4 Practical Aspects

So far, we have only discussed consistency of the ARX model. For the consistency
results to be valid, the ARX model has to be of infinite order. Otherwise, the
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system (10.1) is not in the model set defined by (10.5), and a bias is induced by
the truncation. However, both for practical estimation aspects and for a statistical
analysis of the asymptotic properties, considering an infinite order model is not
adequate.

Instead, consider the ARX model (10.5), but with polynomials given by

A(q, ηn) = 1 + n�
k=1

akq−k, B(q, ηn) = n�
k=1

bkq−k, (10.35)

with parameter vector

ηn = �a1 ⋯ an b1 ⋯ bn�⊺ ∈ R2n. (10.36)

For future reference, let ηn
o be defined analogously, but for the first n coefficients in

Ao(q) and Bo(q). For a particular estimation problem, the order n is chosen large
enough such that these polynomials capture the dynamics of the true system to a
desired accuracy. In this case, the bias error due to the truncation is assumed to be
small. For a statistical analysis of the asymptotic properties of the ARX estimate,
consistency is guaranteed by letting the order n tend to infinity as function of the
sample size N at an appropriate rate, according to Ljung and Wahlberg (1992) and
Chapter 5 of this thesis.

The inherent limitation of estimating a non-parametric model is that the es-
timated model will have high variance. However, as we will illustrate in the next
section, this does not apply to the unstable poles of the ARX model. In particular,
the estimate of F a

o (q) obtained from (10.31) will have high accuracy in comparison
to the complete non-parametric ARX model estimate. In turn, this means that the
noise variance can be estimated according to (10.30) with high accuracy.

There is theoretical support for the observation that the estimate of the unstable
roots of Ao(q) has low variance. For a very general class of models, encompassing
both ARX models and Box-Jenkins models, it has been shown that the variance of
any unstable root will converge to a finite limit (see Theorem 5.1 by Mårtensson
and Hjalmarsson, 2009) as the number of estimated parameters increases. However,
this result is not directly applicable to our setting, because such variance analysis
requires that the model order tend to infinity as function of the sample size N .
There is no conceptual reason limiting the extension of this theorem to our setting.
However, because of the technical effort required, it is considered for future work.

Theorem 10.1 has also implications for modeling OE structures with non-
parametric models. In this case, a high-order finite impulse response model is
typically estimated instead of an ARX, because Ho(q) = 1 = Ao(q). However, this
is only the case if Go(q) is stable. If Go(q) is unstable, a finite-order polynomial
B(q, ηn) is not sufficient to approximate Go(q) arbitrarily well. In order to be able
to model unstable systems with FIR models, Aljanaideh et al. (2013) have suggested
the use of non-causal FIR models. Alternatively, and according to our result, an
ARX model can be used to asymptotically capture an unstable OE system, as (10.28)
remains valid.
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10.5 Simulation Examples

Consider the plant and noise models

Go(q) = q−1 − 1.7q−2

1 − 2q−1 + 2q−2 , Ho(q) = 1 + 0.2q−1

1 − 0.9q−1 , (10.37)

which are used to generate data according to (10.3) with controller Ko(q) = 1, where{rt} and {et} are uncorrelated zero-mean Gaussian white-noise sequences with unit
variance. Notice that the plant Go(q) has a pair of unstable complex poles at 1 ± i.

We use this system for two examples. First, we illustrate the limit properties of
the ARX model that were shown in Section 10.3; then, we use different orders of
the ARX model to illustrate the observation in Section 10.4 regarding the variance
of the estimated unstable poles.

10.5.1 Limit Properties of the ARX model
The objective of this example is to illustrate the result obtained in Theorem 10.1,
and how Corollary 10.1 can be used to obtain estimates of Go(q) and Ho(q) when
the plant is unstable. Because these results concern limit values (in both model order
and sample size) of the estimates of A(q, ηn) and B(q, ηn), they can be more clearly
illustrated if the estimation error is kept small. Then, to minimize the bias error due
to the ARX-model truncation, we choose Go(q) and Ho(q) such that the coefficients
of Ao(q) and Bo(q) decay quickly, which allows us to use a relatively low order
(n = 15). The low model order together with a large sample size (N = 100000) ensure
that also the variance error is small. Finally, we are also interested in estimating
the noise variance, σ2

o .
The procedure is as follows. First, the ARX polynomials A(q, ηn) and B(q, ηn)

are estimated by minimizing the cost function

J(ηn) = 1
N

N�
t=1
[A(q, ηn)yt −B(q, ηn)ut]2 , (10.38)

which is a consistent estimate of (10.8) for finite sample size. This is a least-squares
problem, solved, similarly to (5.52), by

η̂n
N = [Rn

N ]−1rn
N , (10.39)

where
Rn

N = 1
N

N�
t=1

ϕn
t (ϕn

t )⊺, rn
N = 1

N

N�
t=1

ϕn
t yt. (10.40)

and
ϕn

t = �−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n�⊺ . (10.41)

With (10.39), we obtain estimates of Ao(q) and Bo(q)—A(q, η̂n
N) and B(q, η̂n

N)—at
which the minimum J(η̂n

N) is obtained.
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Figure 10.1: Bode plot of G(q) (dashed) and its estimate Ĝ(q) (solid).

Then, we estimate the plant and noise model from the estimated ARX polyno-
mials. Motivated by (10.28) and (10.29), we compute

Ĝ(q) ∶= B(q, η̂n
N)

A(q, η̂n
N) , Ĥ(q) ∶= 1

A(q, η̂n
N)

Aa(q, η̂n
N)

Aa⋆(q, η̂n
N) . (10.42)

In Fig. 10.1 and Fig. 10.2, the Bode plots of Go(q) and Ho(q) are shown
respectively together with their corresponding estimates, and, in the case of the
noise model, also the estimate without the correction for the unstable plant is
shown. Here, it is observed that the ARX model correctly captures the true system,
according to (10.22). In particular, this illustrates the main result of this chapter,
that when the plant Go(q) has unstable poles and is parametrized independently
of the noise model Ho(q), a non-parametric ARX model is still appropriate to
consistently model this system. However, whereas the standard result (10.13) still
applies to consistently retrieve the plant, a consistent estimate of the noise model is
obtained by using a correction factor according to (10.29).

Finally, we are interested in estimating the noise variance, σ2
o . With this purpose,

motivated by (10.30), we calculate

σ̂2 ∶= J(η̂n
N) �Aa⋆(eiω, η̂n

N)
Aa(eiω, η̂n

N) �
2

. (10.43)
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Figure 10.2: Bode plot of H(q) (dashed), its estimate Ĥ(q) (solid), and its uncorrected
estimate Â−1(q) (dash-dotted).

The results obtained for this example were

J(η̂n
N) = 3.9816, σ̂2

o = 0.9988. (10.44)

Recalling that σ2
o = 1, this example supports our theoretical result that the non-

parametric ARX model can be used to obtain a consistent estimate of the noise
variance, even in our generalized setting for unstable plants, as long as the appropriate
correction (10.43) is made. Otherwise, taking (10.14) as estimate for the noise
variance would overestimate the noise variance by a factor of four, in this case.

10.5.2 Variance of the Estimated Unstable Poles
As ARX models typically need to be of high order to capture the dynamics of systems
with BJ structure, the variance of the estimated model will be large. Although this
intrinsic limitation was not evident in the previous example, because the dynamics
of the considered system can be captured with relatively low orders of A(q) and
B(q) and a large sample size was used, it can be made clear by letting the order of
the ARX polynomials increase.

As the variance of the estimated A(q, η̂n
N) and B(q, η̂n

N) will be large if more
parameters are estimated, also the variance of the estimated poles of Go(q) should
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Figure 10.3: Roots of Â(q) obtained from 50 Monte Carlo runs, for n = 15.

be large. However, following the discussion in Section 10.4, we observe that this
does not apply to the variance of the unstable poles.

To illustrate this, we perform a Monte Carlo simulation with 50 runs, where two
ARX models with different orders are computed. The roots of A(q, η̂n

N) are plotted
in Fig. 10.3 and Fig. 10.4 for n = 15 and n = 100, respectively. From these results, it
is clear that the variance of the unstable poles is small relative to the stable ones,
and also that there is no apparent variance increase for the unstable poles when the
number of estimated parameters increases.

10.6 PEM with Unstable Predictors

In this section, we relate our result to PEM when used to directly estimate a correctly
parametrized model with an unstable predictor around the true parameter values.
The prediction error method requires a stable predictor to be applied. However, as
we have discussed in this chapter, BJ models have unstable predictors if the plant
is unstable, and thus a standard prediction error approach cannot be applied in
this case. Techniques to deal with unstable predictors have been proposed in the
literature (e.g., Hjalmarsson and Forssell, 1999; Forssell and Ljung, 2000b). In this
section, we review the approach by Forssell and Ljung (2000b). The purpose is to
observe a connection with our result in Theorem 10.1, and it will also be relevant
for our extension of WNSF to unstable BJ systems.

Let the data be generated by (10.1), according to (10.2). We are interested in
estimating a model with the same structure,

yt = G(q, θ)ut +H(q, θ)et, (10.45)
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Figure 10.4: Roots of Â(q) obtained from 50 Monte Carlo runs, for n = 100.

with
G(q, θ) ∶=L(q, θ)

F (q, θ) ∶= l1q−1 + ⋅ ⋅ ⋅ + lml
q−ml

1 + f1q−1 + ⋅ ⋅ ⋅ + fmf
q−mf

,

H(q, θ) ∶=C(q, θ)
D(q, θ) ∶= 1 + c1q−1 + ⋅ ⋅ ⋅ + cmcq−mc

1 + d1q−1 + ⋅ ⋅ ⋅ + dmd
q−md

,

(10.46)

parametrized with the vector

θ = �f1 ⋯ fmf
l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd
�⊺ ∈ Rmf+ml+mc+md .

(10.47)

This is exactly the BJ model estimation described in Section 5.3.2, except that
Go(q) is now not required to be stable.

We recall that, as discussed in Section 2.3.1, the main idea of PEM is to minimize
a cost function of the prediction errors. For the model (10.47), the one step-ahead
prediction errors are given by

εt(θ) =H−1(q, θ) [yt −G(q, θ)ut] . (10.48)

The PEM estimate of θ, if a quadratic cost is used, is then given by the minimizer
of the cost function

VN(θ) = 1
N

N�
t=1

ε2
t (θ), (10.49)

as in (2.39), where N is the sample size.
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If Go(q) is unstable, it is not feasible to minimize the cost function (10.49). The
reason is that G(q, θ)ut explodes when θ corresponds to an unstable model, and
so does the prediction error sequence (10.48). There are several ways to deal with
estimating an unstable system with PEM. A simple approach is to parametrize the
noise model H(q, θ) so that the predictor becomes stable. Consider, for example, an
ARMAX model (2.20), for which

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = C(q, θ)

F (q, θ) . (10.50)

Then, (10.48) becomes

εt(θ) = F (q, θ)
C(q, θ)yt − L(q, θ)

C(q, θ)ut, (10.51)

which is stable under the assumption that the noise model does not have zeros on
the unit circle. Thus, the ARMAX model guarantees stability of the predictor by
forcing G(q, θ) and H(q, θ) to share the same poles.

Parametrizing the noise model to have the same poles of the plant is not always
realistic. For example, if the noise model is used to model a sensor, restricting this
model to contain possible unstable plant dynamics is unreasonable from a physical
perspective. The BJ model structure has the flexibility of allowing the plant and
noise model to be parametrized independently. Thus, if G(q, θ) is unstable, PEM
has an unstable predictor.

The approach proposed by Forssell and Ljung (2000b) is a way to deal with
unstable predictors. For BJ models, the idea is to, instead of (10.46), estimate the
model

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = C(q, θ)

D(q, θ) F a⋆(q, θ)
F a(q, θ) . (10.52)

When this model is used, the prediction errors are

εt(θ) = D(q, θ)
C(q, θ) � F a(q, θ)

F a⋆(q, θ)yt − L(q, θ)
F s(q, θ)F a⋆(q, θ)ut� , (10.53)

which is a stable sequence if the noise model is inversely stable.
Although it parametrizes the noise model so that the unstable poles of G(q, θ)

are canceled out in the predictor, this technique does so without affecting the
spectrum of the additive noise. The reason is that the factor F a⋆(q, θ)/F a(q, θ) is
an all-pass filter, and its effect can be compensated with the variance of {et}. In fact,
it has been shown by Forssell and Ljung (2000b) that the model structures (10.46)
and (10.52) are asymptotically equivalent. The difference is that it is numerically
possible to minimize (10.49) with the model structure (10.52), because the prediction
errors (10.53) will be stable, even if F (q, θ) is not.

The result in Theorem 10.1 has an interesting correspondence with the ap-
proach by Forssell and Ljung (2000b) described above. In particular, the factor
F a⋆

o (q)/F a
o (q) appearing in the noise model in (10.52) corresponds to the same

quantity appearing in the minimizer 1/Ao(q) in (10.22).
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10.7 WNSF with Unstable Predictors

The WNSF method has been described and analyzed in Chapter 5. Consider that
the model of interest is of BJ structure. Then, the method uses the relation between
the non-parametric ARX model parameters and the parameters of the BJ model
polynomials. Because of the results presented in this chapter, it is expected that the
relation between these parameters changes if the system is unstable.

In this section, we consider again the WNSF method. For convenience, we start
by presenting the method from the first step, to observe where application in its
standard form fails when the model of interest has an unstable predictor. Then, we
observe that WNSF cannot be straightforwardly extended to the unstable case, as
the relation between the coefficients of the non-parametric ARX model and of the
BJ model polynomials is no longer linear. Finally, we propose a solution to maintain
WNSF as a three-step weighted least-squares method. Although this is done at the
cost of asymptotic efficiency, a simulation study still shows good performance.

10.7.1 Algorithm
Following the standard WNSF steps, the first step is to estimate a non-parametric
ARX model (10.5), according to (10.35) and (10.36).

The second step consists of writing a relation between the non-parametric ARX
model coefficients and the BJ model parameters. This was, in the stable case,
based on (10.13). However, we must now consider (10.22) instead. This provides the
relations

C(q, θ̃o)F a⋆(q, θ̃o)Ao(q) − Fa(q, θ̃o)D(q, θ̃o) = 0,

F s(q, θ̃o)F a(q, θ̃o)Bo(q) −L(q, θ̃o)Ao(q) = 0,
(10.54)

where we have changed the parameter vector of interest because of the factorization
of F (q) into a stable and an anti-stable part. Accordingly, in (10.54) we consider

θ̃ = �fs
1 ⋯ fs

ms
fa

1 ⋯ fa
ma

l1 ⋯ lml

fs
1 ⋯ fs

ms
c1 ⋯ cmc d1 ⋯ dmd

�⊺ ∈ Rmf+ml+mc+md ,
(10.55)

where
F s(q, θ̃) = 1 + fs

1 q−1 +⋯ + fs
ms

q−ms ,

F a(q, θ̃) = 1 + fa
1 q−1 +⋯ + fa

ma
q−ma ,

(10.56)

with ms and ma the number of stable and anti-stable roots of Fo(q), respectively,
and θ̃o denoting, as usual, evaluation at the true parameters.

We observe from (10.54) that a similar approach to the stable case cannot be
taken here. Because of the products between entries of θ̃o, (10.54) cannot be written
linearly in θ̃o. Thus, θ̃ cannot be estimated with (weighted) least squares.

One possibility is to attempt to minimize a maximum-likelihood cost function
explicitly. When, motivated by (10.54), Ao(q) and Bo(q) are replaced by A(q, η̂n

N)
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and B(q, η̂n
N), respectively, we can write

C(q, θ̃o)F a⋆(q, θ̃o)A(q, η̂n
N) − F a(q, θ̃o)D(q, θ̃o)= C(q, θ̃o)F a⋆(q, θ̃o)[A(q, η̂n

N) −A(q, ηn
o )],

F s(q, θ̃o)F a(q, θ̃o)B(q, η̂n
N) −L(q, θ̃o)A(q, η̂n

N)= F s(q, θ̃o)F a(q, θ̃o)[B(q, η̂n
N) −B(q, ηn

o )] −L(q, θ̃o)[A(q, η̂n
N) −A(q, ηn

o )].
(10.57)

Because it is possible to approximate the statistical properties of A(q, η̂n
N)−A(q, ηn

o )
and B(q, η̂n

N) −B(q, ηn
o ) from the least-squares estimator, according to (5.54), the

left side of (10.57) could be minimized using a maximum-likelihood approach. A
non-linear optimization procedure could be used to obtain an estimate of the
parameter vector θ̃. Then, because F (q, θ) = F s(q, θ̃)F a(q, θ̃), the parameter vector
θ, as defined in (10.47), can be estimated.

In order to keep the weighted least-squares procedure of WNSF, we propose the
following alternative. Define Aa(q) and Aa⋆(q) from A(q) in the same way that
F a(q) and F a⋆(q) are defined from F (q) in (10.20) and (10.21), respectively. Using
the observation that the unstable roots of Fo(q) are estimated with relative high
accuracy from the estimate A(q, η̂n

N), we use Aa(q, η̂n
N) as an estimate of F a

o (q),
and assume that this estimate is accurate enough to not require re-estimation. With
these considerations, we re-write (10.54) as

C(q, θ̄o)Aa⋆
o (q)Ao(q) −Aa

o(q)D(q, θ̄o) = 0,

F s(q, θ̄o)Aa
o(q)Bo(q) −L(q, θ̄o)Ao(q) = 0,

(10.58)

which is linear in θ̄o, where

θ̄ = �fs
1 ⋯ fs

ms
l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd
�⊺ ∈ Rms+ml+mc+md .

(10.59)

This allows us to re-write (10.58) as

ηn
o − Q̄n(ηn

o )θ̄o = 0, (10.60)

where

Q̄n(ηn) = ⎡⎢⎢⎢⎣
0 0 −Qc

n(ηn) Qd
n−Qfs

n (ηn) Ql
n(ηn) 0 0

⎤⎥⎥⎥⎦ , (10.61)

with
Qfs

n (ηn) = Tn×ms[Aa(q, η̂n
N)B(q, η̂n

N)], Ql
n(ηn) = Tn×ml

[A(q, η̂n
N)],

Qc
n(ηn) = Tn×mc[Aa⋆(q, η̂n

N)A(q, η̂n
N)], Qd

n(ηn) = Tn×md
[Aa(q, η̂n

N)]. (10.62)

Then, the second step of WNSF is, motivated by (10.60) and using an approach
analogous to the stable case in Chapter 5,

ˆ̄θ(0)
N = �Q̄⊺n(η̂n

N)Q̄n(η̂n
N)�−1

Q̄⊺n(η̂n
N)η̂n

N . (10.63)
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For the third step, again analogously to Chapter 5, we would like to apply
weighted least squares, where the weighting is the inverse of the covariance of the
residuals corresponding to (10.58) when the ARX-related polynomials are replaced
by the respective estimates. To apply WNSF, these residuals should be linear in
the estimation error η̂n

N − ηn
o (see, e.g., Chapter 5). This will not be possible here

because of the products between ARX-related polynomials in (10.58). In order to
maintain linearity in the estimation error η̂n

N − ηn
o , we use again that Aa(q, η̂n

N) is
obtained with high accuracy, and approximate the residual covariance using only
A(q, η̂n

N) and B(q, η̂n
N). With this motivation, using (10.58), we consider

C(q, θ̄o)Aa⋆
o (q)A(q, η̂n

N) −Aa
o(q)D(q, θ̄o) = C(q, θ̄o)Aa⋆

o (q)[A(q, η̂n
N) −A(q, ηn

N)],
F s(q, θ̄o)Aa

o(q)B(q, η̂n
N) −L(q, θ̄o)A(q, η̂n

N)= F s(q, θ̄o)Aa
o(q)[B(q, η̂n

N) −B(q, ηn
o )] −L(q, θ̄o)[A(q, η̂n

N) −A(q, ηn
o )]

(10.64)
to compute the residuals covariance. In vector form, this can be expressed as

η̂n
N − Q̄(ηn

N)θ̄o = T̄n(θ̄o, ηn
o )(η̂n

N − ηn
o ), (10.65)

where

T̄n(θ̄, ηn) = ⎡⎢⎢⎢⎣
T c

n(θ̄, ηn) 0−Tl(θ̄) T f
n (θ̄, ηn)

⎤⎥⎥⎥⎦ , (10.66)

with

T c
n(θ̄, ηn) = Tn×n[C(q, θ̄)Aa⋆(q, ηn)], T l

n(θ̄, ηn) = Tn×n[L(q, θ̄)],
T f

n (θ̄, ηn) = Tn×n[F s(q, θ̄)Aa(q, ηn)]. (10.67)

Compared to the stable case, T̄n(θ̄, ηn) is now also a function of ηn, because the
unstable poles are computed from the non-parametric ARX model. Motivated
by (10.65), we use as weighting

Wn(θ̂(0)
N , η̂n

N) = �T̄n(θ̂(0)
N , η̂n

N)[Rn
N ]−1T̄ ⊺n(θ̂(0)

N , η̂n
N)�−1

(10.68)

with Rn
N given, as usual, according to (2.54). Finally, we compute the weighted

least-squares estimate

ˆ̄θ(1)N = �Q̄⊺n(η̂n
N)Wn( ˆ̄θ(0)

N , η̂n
N)Q̄n(η̂n

N)�−1
Q̄⊺n(η̂n

N)Wn( ˆ̄θ(0)
N , η̂n

N)η̂n
N . (10.69)

We recall that, despite the high variance of η̂n
N , Aa(q, η̂n

N) provides an estimate
of the unstable poles of Fo(q) with relative high accuracy. This motivates its use in
the weighting matrix. Moreover, because θ̄ does not include the anti-stable part of
F (q, θ), we can also use Aa(q, η̂n

N) to estimate Fo(q), according to

F (q, ˆ̄θ(1)N , η̂n
N) ∶= F s(q, ˆ̄θ(1)N )Aa(q, η̂n

N). (10.70)



230 Unstable Systems

Although the WNSF method is asymptotically efficient in the stable case, some
accuracy is expected to be lost with this approach. This is because an estimate
of F a

o (q) is not obtained simultaneously with the remaining polynomials, which
implies that some correlations are neglected. Nevertheless, because the variance
of Aa(q, η̂n

N) is not significantly affected by the high order of the ARX model, the
method may still have good performance.

10.7.2 Simulation Example
To study the performance of the method, we perform a simulation with 500 Monte
Carlo runs and ten sample sizes logarithmically spaced between N = 200 and
N = 200000 (rounded to the nearest integer). The data are collected in closed loop
with unit feedback, as

yt = G(q, θo)
1 +G(q, θo)rt + H(q, θo)

1 +G(q, θo)et

ut = 1
1 +G(q, θo)rt − H(q, θo)

1 +G(q, θo)et,

(10.71)

where {rt} and {et} are zero-mean Gaussian white-noise sequences with variances
0.25 and 1, respectively, and

G(q, θo) = q−1 − 0.5q−2

1 − 1.9q−1 + 0.78q−2 , H(q, θo) = 1 + 0.7q−1

1 − 0.8q−1 . (10.72)

The plant G(q, θo) is thus a second order system with a stable pole at z = 0.6 and
an unstable pole at z = 1.3, and we estimate a model with the correct orders.

For the identification, WNSF is used with a maximum of 20 iterations. Moreover,
θ is estimated for a grid of ARX model orders n ∈ {10, 20, . . . , 90, 100}. Then, based
on (10.52), we choose the parametric model that minimizes the cost function

VN( ˆ̄θN , η̂n
N) = 1

N

N�
t=1

⎡⎢⎢⎢⎢⎣H−1(q, ˆ̄θN)⎛⎝Aa(q, η̂n
N)

A⋆a(q, η̂n
N)yt − L(q, ˆ̄θN)

Fs(q, ˆ̄θN)A⋆a(q, η̂n
N)ut

⎞⎠
⎤⎥⎥⎥⎥⎦

2

.

(10.73)
This approach is compared with PEM, initialized at the true parameters, using the
same cost function. Performance is evaluated by the normalized mean-square error
on simulated data—that is,

NMSE = ∑N
t=1(xt − x̂t)2

∑N
t=1 �xt −∑N

t=1 xt/N�2 , (10.74)

where
xt = G(q, θo)

1 +G(q, θo)rt, (10.75)
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Figure 10.5: Average normalized MSE as function of sample size, obtained from 500
Monte Carlo runs, comparing the proposed WNSF extension (solid with star markers)
and PEM initialized at true parameters (dashed with circle markers).

and {x̂t} is obtained similarly, but by replacing G(q, θo) with a particular model
estimate.

The results are presented in Fig. 10.5, with the average normalized MSE as
function of the sample size. As expected because of the separate estimation of
F a

o (q), the accuracy of PEM is not attained asymptotically, with WNSF having an
approximately constant small gap in NMSE for the whole range of sample sizes.

Two practical implementation issues are of importance. First, it is known that,
because of the large variance of the non-parametric ARX-model estimate, some
roots of A(q, η̂n

N) that converge to stable roots can become unstable for finite N
(Söderström and Stoica, 1981). Because we want to use Aa(q, η̂n

N) as an estimate of
F a

o (q), it is imperative to be able to detect “fake” unstable roots. To do so, we may
again use that the unstable roots of Fo(q) are estimated with relative high accuracy
from A(q, η̂n

N), compared to the remaining roots. Therefore, by estimating different
ARX model orders or using different data sets, the location of the “fake” unstable
roots will change considerably, whereas those corresponding to F a

o (q) will remain
within a small region of the complex plane.

Another issue is related to the invertibility of the weighted least-squares problem.
Note that the inverse of (10.66) can be written as

T̄ −1
n (θ̄, ηn) = ⎡⎢⎢⎢⎣

T c
n(θ̄, ηn)−1 0

T c
n(θ̄, ηn)−1T l

n(θ̄)T f
n (θ̄, ηn)−1 T f

n (θ̄, ηn)−1

⎤⎥⎥⎥⎦ , (10.76)

which is used in the weighting matrix (10.68). Although (10.68) can be written as

W (θ̂(0)N , η̂n
N) = T̄ −1

n (θ̂(0)N , η̂n
N)Rn

N T̄ −⊺n (θ̂(0)N , η̂n
N), (10.77)
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which makes it only necessary to compute the inverse of Tn(θ̄, ηn), this is not
numerically well behaved. The reason is that the matrix T f

n (θ̄, ηn) is a Toeplitz matrix
containing the impulse response coefficients of the plant denominator. Consequently,
its inverse is a Toeplitz matrix containing the impulse response coefficients of the
inverse of the plant denominator. Because this denominator has unstable roots,
the corresponding impulse coefficients explode, and so do the entries of the matrix
T f

n (θ̄, ηn)−1, when n is allowed to increase. Nevertheless, it is still possible to solve
the weighted least-squares problem in a numerically stable way. When computing the
inverse of (10.68) using a QR decomposition, no numerical problems were observed
in simulation. A further investigation of these numerical behaviors will not be
considered in this thesis, but it can be a potential topic for future work.

10.8 Discussion

In this chapter, we first derived the limit values of ARX models when modeling
a BJ structure with an unstable plant. Non-parametric ARX models can still be
used to model the underlying system in this situation. In this case, although the
estimated B(q)/A(q) still captures the plant, 1/A(q) no longer corresponds to the
noise model H(q), but will also depend on the unstable part of the plant G(q). We
showed how the plant, noise model, and noise variance of a system of BJ structure
can be obtained from an estimated ARX model in this case. Moreover, we observed
that the variance of the estimated unstable poles seems to tend to a finite limit
when the number of ARX-model parameters increases.

These results have implications for methods that use non-parametric ARX
models to estimate parametric models, in case they are applied to estimate unstable
systems. In particular, we use these results to analyze the applicability of WNSF to
unstable BJ systems. We observe that WNSF is not straightforwardly extendable to
this case, because there is no longer a linear relation between the non-parametric
model coefficients and those of the parametric model of interest. To deal with
this problem, we use Aa(q, η̂n

N) as an estimate of the anti-stable part of Fo(q),
arguing that the unstable poles of the system are estimated with high accuracy from
the non-parametric ARX-model estimate. Then, the remaining parametric model
coefficients are estimated using the standard WNSF approach.

In Chapter 5, it is shown that WNSF is asymptotically efficient for stable systems.
However, this is not the case for the extension proposed in this chapter for unstable
systems. This is due to the non-simultaneous estimation of F a

o (q) and the remaining
model polynomials, which ignores correlations between the complete set of model
parameters. Deriving the limit variance of Aa(q, η̂n

N) is of importance to quantify
how much is lost in terms of asymptotic covariance compared to the Cramér-Rao
bound.

Alternatively, if the relations between the parametric and non-parametric models
are not required to be linear in the non-parametric polynomial coefficients, a linear
approximation could be used to potentially achieve an asymptotically efficient
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estimate with a WNSF-like approach. To see this, divide (10.58) by Aa
o(q) and

include the relation between the parametric anti-stable poles and those obtained
from the high-order ARX model, yielding

C(q, θ̃o)Aa⋆
o (q)As

o(q) −D(q, θ̃o) = 0,

F s(q, θ̃o)Bo(q) −L(q, θ̃o)As
o(q) = 0,

Aa⋆
o (q) − F a⋆(q, θ̃o) = 0.

(10.78)

Here, θ̃ is used with some abuse of notation, because its definition in (10.55) contains
the coefficients of F a(q, θ̃), whereas the description (10.78) uses the coefficients
corresponding to the mirrored roots of this polynomial. Having an estimate of the
ARX-related polynomials, (10.78) can be used to obtain a simultaneous estimate of
the complete parameter vector θ̃ with (weighted) least squares. However, we have
left to derive the optimal weighting to apply, which requires two approximations.
First, in terms of the ARX-related polynomials, (10.78) is function of As

o(q), Aa⋆
o (q),

and Bo(q). Therefore, to derive the optimal weighting, we require the covariance
matrix of the coefficients in the estimated As(q, η̂n

N), Aa⋆(q, η̂n
N), and B(q, η̂n

N). This
covariance is not available, but it can be obtained from the covariance of η̂n

N using
Gauss approximation formula with a numerical approximation of the sensitivities.
Second, the first equation in (10.78) is not linear in the ARX-related polynomials
because of the product Aa⋆

o (q)As
o(q). Therefore, when As

o(q), Aa⋆
o (q), and Bo(q) are

replaced by the corresponding estimates in (10.78), we require another approximation
to write the residuals linearly in the estimation error of the ARX-related coefficients
(this idea will be applied in another context in Chapter 13). Despite the possibility
to obtain an asymptotically efficient estimate with the aforementioned procedure,
the several numerical approximations required may yield worse perform than the
procedure proposed in Section 10.7 for finite sample size. This is a matter that we
leave for further investigation in future work.

Finally, although WNSF has been given as an application of the result on the
limit values of non-parametric ARX models for unstable systems, the result can
be useful for other methods that estimate a non-parametric ARX model as an
intermediate step to obtain a parametric model of interest.





Chapter 11

Recursive Identification

Recursive estimation is important in applications that require online decisions. In
such applications, the user cannot afford to separate the estimation procedure
into a data-collection phase and an estimation phase. Rather, as data containing
information about the signal or system are being collected over time, the estimate
should be updated as new data samples are measured, constantly providing the
user with an estimate based on the currently available information. In order to
compute the estimate update before new data samples are collected, online estimation
algorithms must comply with certain constraints on computational speed and
memory allocation. Such algorithms are called recursive.

The topic of recursive estimation has been extensively studied in signal pro-
cessing and system identification (e.g., Ljung and Söderström, 1983; Young, 1984;
Widrow and Stearns, 1985; Kaloupsides and Theodoridis, 1993; Solo and Kong,
1995; Haykin, 1996). In this chapter, we consider the problem of recursive system
identification of parametric models. Although the prediction error method (PEM)
can be extended to be applied recursively, the recursive formulation requires ap-
proximations because the predictor and its gradient cannot be computed at the
current parameter estimate with finite-size memory. To circumvent this, recursive
PEM relies on approximations (Ljung, 1981).

Although it can be shown that PEM and recursive PEM have similar convergence
properties—that is, the estimate will either converge to a global minimizer of the
cost function or to the boundary of the set where the parameter vector should lie—a
projection mechanism to keep the estimate within this set is fundamental in the
recursive version, as the estimate may easily diverge from the set when the sample
size is small (Ljung, 1981). However, the effects of such projection mechanisms are
difficult to analyze (Gerencsér, 1992).

Standard instrumental variable (IV) methods have an exact recursive formulation,
but do not have optimal statistical properties. The refined instrumental variable
(RIV) method, which yields asymptotically efficient estimates in open loop, can be
implemented recursively, but the recursive algorithm is less robust and less accurate
than the off-line version for finite data (Young and Jakeman, 1979). When applied
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to Box-Jenkins models, Ljung (1981) states that recursive PEM corresponds to
the-fully recursive version of Young and Jakeman (1979).

The basis for our development of a recursive identification algorithm is the
weighted null-space fitting (WNSF) method of Chapter 5. The non-parametric ARX
model estimated in the first step makes WNSF appropriate for recursive identification,
because least squares has an exact recursive formulation. This guarantees that the
ARX-model estimate converges as data are collected over time. In turn, because
convergence of the model-reduction step depends only on convergence of the ARX
model, for fixed non-parametric model order the parametric estimates obtained
recursively and off-line tend to the same value as more data are available.

The chapter is organized as follows. In Section 11.1, we define the problem
we will study. In Section 11.2, we provide an overview of the recursive prediction
error method and its particular case of recursive least squares. In Section 11.3, we
propose a recursive algorithm based on WNSF and discuss issues related with its
practical implementation. In Section 11.4, we perform a simulation study, showing
that recursive WNSF and its off-line version have similar performance, whereas
recursive PEM often fails to converge to the global optimum. In Section 11.5, we
propose a preliminary algorithm to adapt the non-parametric model order as more
data are collected. This leads to an algorithm that does not use fixed memory as
classical recursive algorithms, but where the memory increases considerably slower
than the sample size. Finally, in Section 11.6, we conclude with a discussion.

11.1 Problem Statement

Consider that data are generated by

yk = Go(q)uk +Ho(q)ek, (11.1)

where {uk} is a known input sequence (possibly obtained in closed-loop), {ek} is
zero-mean white noise with variance σ2

o , and Go(q) and Ho(q) are rational stable
transfer functions (in addition, H−1

o (q) is also stable). For the model, we consider
the parametrization

G(q, θ) = l1q−1 +⋯ + lmq−m

1 + f1q−1 +⋯ + fmq−m
=∶ L(q, θ)

F (q, θ) ,
H(q, θ) = 1 + c1q−1 +⋯ + cmq−m

1 + d1q−1 +⋯ + dmq−m
=∶ C(q, θ)

D(q, θ)
(11.2)

(for notational simplicity, we consider all the polynomials to be of order m), where

θ = �f1 ⋯ fm l1 ⋯ lm c1 ⋯ cm d1 ⋯ dm �⊺ ∈ R4m. (11.3)

We assume that there exists a unique θ = θo such that G(q, θo) = Go(q) and
H(q, θo) =Ho(q).
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The problem we consider is how to estimate the parameter-vector θ recursively.
In recursive identification, we assume that, at time t − 1, we have data {uk, yk}t−1

k=1
and a parameter estimate θ̂t−1. Then, as a new data sample {ut, yt} becomes
available, we want to update the estimate. The new estimate θ̂t must be computed
in a computationally efficient way, before new data samples {ut+1, yt+1} become
available. For this reason, it is not realistic to estimate θ̂t using the complete data
set {uk, yk}t

k=1. With a recursive method, the estimate update is based on the
information contained in the previous estimate and the new data samples, resulting
in an algorithm with fix computational complexity for each data sample and fix
memory allocation.

11.2 Prediction Error Method

A standard method for recursive identification of parametric models is the prediction
error method. In this section, we review a recursive application of PEM and consider
its limitations. Then, we consider the particular case of recursive least squares,
which will be instrumental to the proposed method.

11.2.1 Recursive PEM
Having t data samples, the prediction error method consists of estimating the
parameters of interest by minimizing the cost function

Vt(θ) = 1
t

t�
k=1

ε2
k(θ), (11.4)

where εk(θ) = yk − ŷk(θ), with

ŷk(θ) = [1 −H−1(q, θ)]yk +H−1(q, θ)G(q, θ)uk. (11.5)

In general, minimizing (11.4) requires a search algorithm. For example, with Gauss-
Newton the minimum is sought using the iterative scheme (at iteration i)

θ̂
(i)
t = θ̂

(i−1)
t −Λ−1

t V ′t (θ̂(i−1)
t ), (11.6)

where V ′t (θ) is the gradient of Vt(θ), given by

V ′t (θ) = − t�
k=1

ψk(θ)εk(θ) (11.7)

with ψk(θ) = dŷk(θ)/dθ, and Λt is typically taken as an approximation of the Hessian
of Vt(θ) (Ljung, 1999).

If, for each iteration i, we also collect one more data point, we have

θ̂
(t)
t = θ̂

(t−1)
t−1 −Λ−1

t V ′t (θ̂(t−1)
t−1 ). (11.8)
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Writing (11.7) recursively, we have

V ′t (θ) = t − 1
t

V ′t−1(θ) − 1
t
ψt(θ)εt(θ). (11.9)

Then, assuming that θ̂
(t−1)
t−1 minimized Vt−1(θ), we have, replacing (11.9) in (11.8),

θ̂
(t)
t = θ̂

(t−1)
t−1 + 1

t
Λ−1

t ψt(θ̂(t−1)
t−1 )εt(θ̂(t−1)

t−1 ). (11.10)

The problem is that, because ψt(θ) and εt(θ) are derived from ŷt(θ), which is
obtained as the output of a linear filter whose coefficients depend on θ, these variables
cannot be computed with fixed-size memory. This is solved by approximating the
required filters with time-varying filters where measurement updates are based
on the latest available parameter estimate. These approximations often lead to
convergence problems, as we will illustrate in Section 11.4.

11.2.2 Recursive Least Squares
For model structures that are linear in the parameters, there is no need for the
aforementioned approximations. Consider an ARX model,

A(q, ηn)yk = B(q, ηn)uk + ek, (11.11)

where
A(q, ηn) = 1 + n�

k=1
akq−k, B(q, ηn) = n�

k=1
bkq−k, (11.12)

ηn = �a1 ⋯ an b1 ⋯ bn�⊺ ∈ R2n. (11.13)

Because the ARX-model predictor is linear in the model parameters, the PEM
estimate is obtained with least squares. This is done by computing

η̂n
t = R−1

t rt, (11.14)

where

Rt = 1
t

t�
k=1

ϕkϕ⊺k, rt = 1
t

t�
k=1

ϕkyk, (11.15)

ϕk = �−yk−1 ⋯ −yk−n uk−1 ⋯ uk−n�⊺ . (11.16)

The covariance of the estimate η̂n
t can be estimated with σ2

oR−1
t /t.

Because we have that
Rt = t − 1

t
Rt−1 + ϕtϕ

⊺
t

t
, (11.17)
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the ARX-model estimate can be updated recursively with (Ljung, 1981)

η̂n
t = η̂n

t−1 + Pt−1ϕt

1 +ϕ⊺t Pt−1ϕt
(yt −ϕ⊺t η̂n

t−1),
Pt = Pt−1 − Pt−1ϕtϕ

⊺
t Pt−1

1 +ϕ⊺t Pt−1ϕt
,

(11.18)

where Pt ∶= R−1
t /t.

If Pt−1 and η̂n
t−1 are exact, the recursive formulation (11.18) also is. If they are

not exact, the error only causes transient effects, as Pt and η̂n
t have guaranteed

convergence (Ljung, 1981). This beneficial property of recursive least squares will
be fundamental for the proposed method.

11.3 Recursive Weighted Null-Space Fitting

In Chapter 5, it is shown that the estimate obtained in the third step of WNSF is
asymptotically efficient. However, it is also pointed out that, for finite data, it may
be beneficial to continue to iterate. In this case, the parametric model is re-estimated
iteratively, with the weighting matrix constructed using the estimate obtained in
the previous iteration. Then, we can write, at iteration i,

θ̂
(i)
t = �Q⊺(η̂n

t )W (θ̂(i−1)
t )Q(η̂n

t )�−1
Q⊺(η̂n

t )W (θ̂(i−1)
t )η̂n

t , (11.19)

with
W (θ̂(i−1)

t ) = T −⊺(θ̂(i−1)
t )RtT

−1(θ̂(i−1)
t−1 ), (11.20)

where the matrices Q(ηn) and T (θ) are defined as in Chapter 5, by (5.58) and (5.62),
respectively. From (11.19) and (11.20), we see that updating a WNSF estimate
requires a previous parametric estimate, a non-parametric ARX-model estimate and
a scaled inverse of the covariance (in this case, we use Rt). This makes WNSF appro-
priate for recursive estimation: the previous parametric estimate is available from
the previous sample time; the non-parametric ARX-model estimate and covariance
inverse can be updated recursively. In the following, we formalize this procedure.

11.3.1 Algorithm
Because, in the recursive formulation, iteration i corresponds to the sample size t,
we may simply write

θ̂t = �Q⊺(η̂n
t )W (θ̂t−1)Q(η̂n

t )�−1
Q⊺(η̂n

t )W (θ̂t−1)η̂n
t . (11.21)

where
W (θ̂t−1) = T −⊺(θ̂t−1)RtT

−1(θ̂t−1). (11.22)

The algorithm can be described as follows.
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Algorithm 11.1 (Recursive Weighted Null-Space Fitting). Assume that we have
an estimate θ̂t−1 based on the data set {yk, uk}t−1

k=1, a non-parametric ARX-model
estimate η̂n

t−1, and the matrices Rt−1 and Pt−1 (these can be related by Pt = R−1
t /t).

Then, as data samples {yt, ut} become available, recursive WNSF consists of two
steps:

1. compute η̂n
t and Pt with (11.18) and Rt with (11.17);

2. compute θ̂t with (11.21).

Compared to off-line WNSF, the second step of that algorithm is not required
in the recursive version, as a parametric estimate to construct the weighting is in
principle already available from the previous time step.

11.3.2 Practical Aspects
In the following, we discuss some practical aspects related to application of the
algorithm.

Initialization

The parameters η̂n
0 , R0, and θ̂0 are in principle required for initialization. If an initial

model is unavailable, η̂n
0 can be initialized with zeros and R0 as a small positive-

definite matrix (because the estimate η̂n
0 will be poor, this ensures a large initial

covariance matrix). Accurate values are not necessary, as recursive least squares
will converge irrespective of initialization. Concerning θ̂0, there is no difference
with respect to the off-line case: if an estimate of θ is not available, a least-squares
step (5.60) can be taken instead.

ARX-model order

With off-line WNSF, the order of the ARX model can be optimized by applying
WNSF to a grid of ARX-model orders, and picking the parametric model estimate
that minimizes the prediction error cost function. With recursive WNSF, this
approach may be too computationally heavy for some applications. Here, we assume
that we have an idea of the class of systems under study (i.e., if they are fast or
slow), and choose the ARX-model order sufficiently high to capture the dynamics of
such class of systems. In Section 11.4, we observe that the order is not so critical as
long as it is large enough to accurately capture the system dynamics. In Section 11.5,
we briefly discuss an algorithm that adapts the non-parametric model order.

High-dimension matrix inversion

From (11.22), we observe that the recursive WNSF algorithm requires that we invert
the 2n × 2n-dimensional matrix T (θ), which could be computationally expensive
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if the order n of the non-parametric model is large. However, the inverse of this
matrix,

T −1(θ) = ⎡⎢⎢⎢⎣
T −1

C (θ) 0
T −1

F (θ)TL(θ)T−1
C (θ) T −1

F (θ)
⎤⎥⎥⎥⎦ , (11.23)

can be computed efficiently: because TF (θ) and TC(θ) are lower-triangular Toeplitz
matrices whose first column contains the coefficients of F (q, θ) and C(q, θ), respec-
tively, the inverses are given by T −1

F (θ) = Tn×n[1/F (q, θ)] and T −1
C (θ) = Tn×n[1/C(q, θ)].

Therefore, to invert T (θ), we need only to compute the matrix products in (11.23)
and the filter inverses 1/F (q, θ) and 1/C(q, θ).
Instability

If the current estimate of θ leaves the stability region, the weighting matrix W (θ)
is not numerically well behaved. Therefore, if such a case happens (which is likely
while the available sample size is small) the current estimate of θ should not be
used, and a least-squares step can be taken instead. Weighted least squares may be
used again when the estimate of θ is inside the stability region. Such a “reset” of θ
does not have the same consequences as resetting in recursive PEM. In the latter,
information is lost because of the unavailability of past data. In recursive WNSF,
the information is condensed in the non-parametric ARX model, and this estimate
is never discarded.

11.4 Simulation Examples

In this section, we perform two simulation examples: with a fixed system and with
a certain class of randomly generated systems. In the first example, we consider two
scenarios: with and without initial model available.

Four methods are compared:

1. off-line prediction error method (PEM);

2. recursive prediction error method (rPEM);

3. off-line weighted null-space fitting, with a maximum of 20 iterations according
to (11.19) (WNSF);

4. recursive weighted null-space fitting (rWNSF).

The simulations were performed in Matlab R2015b, with the default implementation
and settings of PEM. For the recursive version, we use the “ForgettingFactor” option
(with forgetting factor set to 1, as we do not consider time-varying systems), which
is computationally heavier than other available options, but has better convergence
properties. All methods estimate a model with correct structure.
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11.4.1 Fixed System
In this simulation, we generate data using (11.1), where

Go(q) = q−1 + 0.5q−2 − 2q−3 + q−4

1 − 1.5q−1 + 0.7q−2 + 0.3q−3 − 0.2q−4 , Ho(q) = 1 + 0.5q−1

1 − 0.6q−1 , (11.24)

the input is a general binary noise (GBN) signal with average switching time equal to
10, and the noise variance relative to the variance of the noise-free output being 30%.
For WNSF and rWNSF, the order of the non-parametric ARX model is n = 80. Two
hundred Monte-Carlo simulations are performed with independent noise realizations.
The data length is 3000.

In the first scenario of this simulation, we consider that we have an initial
estimate available. To obtain the initial model, we use the first 300 data samples.
To initialize recursive WNSF, we estimate a non-parametric ARX model and its
covariance matrix (as discussed in Section 11.3, an estimate of θ is not required for
initialization). To initialize recursive PEM, we estimate a parametric model with
the correct orders using off-line PEM (we denote this initial estimate by PEM-int).
When initializing recursive PEM, an initial parameter covariance matrix should also
be assigned. One possibility is to use the default version of the algorithm, which
initializes the parameter covariance to an identity matrix scaled by 10000 (we denote
the estimate obtained recursively with this initialization rPEM-def). However, a
more sensible initialization is to estimate the covariance based on the the asymptotic
covariance obtained from (2.41), and evaluate it at the available parameter estimates
(we denote the estimate obtained recursively with this initialization rPEM-cov).
This is not an issue with recursive WNSF, as the initial parameter covariance for
the non-parametric ARX-model is readily available from the least-squares estimator.

Performance is evaluated by computing the FIT of simulated data on noise-free
data, given by, in percent,

FIT = 100�1 − ∣∣yo − ŷ∣∣∣∣yo −mean[yo]∣∣� , (11.25)

where yo and ŷ are vectors containing, respectively, the noise-free output and the
simulated output.

The results for this scenario (with an initial model available) are presented
in Fig. 11.1. The left plot concerns the FITs for the initial estimate for recursive
PEM, obtained with PEM off-line and 300 samples. The right plot concerns the
FITs obtained recursively after 3000 samples. Here, we observe how recursive PEM
is sensitive to the initial parameter covariance initialization: the default version
often diverges (the default initial covariance is too large), but the same does not
happen when initialized with the asymptotic covariance evaluated at the initial
model parameters. However, recursive WNSF, whose initialization only required
solving a least-squares problem, performs better than both versions of recursive
PEM.
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Figure 11.1: Left plot: FITs of initialization model obtained with PEM (PEM-init).
Right plot: FITs for recursive PEM with default covariance initialization (rPEM-def),
recursive PEM with covariance initialization using asymptotic covariance evaluated at
PEM-init (rPEM-cov), and recursive WNSF (rWNSF). This simulation uses a fixed
system.
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Figure 11.2: FITs obtained with, from left to right, off-line PEM, recursive PEM,
off-line WNSF, and recursive WNSF, using a fixed system and no initial model estimate.

In the second scenario, we do not use any model for initialization. In this case,
we apply recursive PEM with the parameters initialized to zero and the default
initialization for the covariance (identity matrix scaled by 10000). For recursive
WNSF, we initialize the non-parametric ARX-model estimate η̂n

0 with zeros and R0
with an identity matrix scaled by 0.0001 (i.e., the parameter covariance is initialized
as identity scaled by 10000, analogously to the default version of recursive PEM).
Here, we also compare with the respective off-line versions using the complete data
set.

The results for this scenario are presented in Fig. 11.2. Here, the off-line versions
of PEM and WNSF perform similarly. Moreover, the performance of recursive WNSF
is similar to its performance in Fig. 11.1, where an initial model was available.

With these simulations, we have illustrated that recursive WNSF has the same
properties of its off-line version (for fixed high-order n), and is robust against poor
initial conditions. These properties are a consequence of WNSF condensing the data
information in a non-parametric ARX model, which has guaranteed convergence.
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Figure 11.3: FITs of estimates obtained with, from left to right, off-line PEM,
recursive PEM, off-line WNSF, and recursive WNSF, using random systems and no
initial model estimate.

11.4.2 Random Systems

To better study the robustness of the method, we perform a simulation study using
random systems. We generate 200 4th order discrete-time random systems using the
MATLAB command drss, with the following two constraints: 1) each system must
not have real-valued negative poles (such systems are not physical, as they cannot
be obtained by discretizing continuous-time systems); 2) the impulse response is
well approximated with a range of 10 to 50 coefficients. The reason for using a
limited class of systems has to do with the choice of the non-parametric ARX-model
order. In practice, this is not a very limiting assumption, as the user usually has
an approximate idea of the speed of the system to identify. Moreover, the exact
order is not very critical: in this simulation, we use n = 50, even if some systems
decay much faster. If slower systems were used, the order of the ARX model would
have to be chosen larger. In Section 11.6, we discuss how future developments of
recursive WNSF will automatically and adaptively choose this order.

In this simulation, the input is a GBN signal with average switching time equal
to 5. Independent noise realizations are used for each of the random systems, with
the noise variance relative to the variance of the noise-free output being 30%. As in
the previous simulation, the data length is 3000.

In Fig. 11.3, we compare WNSF and PEM, both in off-line and recursive versions.
Here, off-line WNSF and PEM perform similarly except for two outliers of PEM.
This is not surprising: as we saw in simulation results in Chapter 5, WNSF can
converge faster than PEM and be more robust against being trapped in non-global
minima. However, the main observation is that, also with random systems, recursive
WNSF performs similarly to its off-line version, whereas recursive PEM has worse
performance because of convergence problems.

To better illustrate how the recursive WNSF and PEM estimates may evolve
with time, we select two realizations from the Monte Carlo runs in Fig. 11.3: one
where recursive PEM converges to what should be the global minimum and one
where it does not. In both cases, we plot the normalized root mean-squared error of
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Figure 11.4: Normalized root mean-squared error of the parameter estimates as
function of time for recursive PEM and recursive WNSF for an example realization
where recursive PEM converges to the optimal value.

the parameters,

NRMSE = ∣∣θ̂t − θo∣∣∣∣θo −mean(θo)∣∣ , (11.26)

as function of time (for each time step, there is a new data sample available, and
hence a new estimate).

In Fig. 11.4, recursive PEM and recursive WNSF provide similar results as t
increases. In this case, recursive PEM has better performance than recursive WNSF
for low t. This is probably because WNSF requires the estimation of a high-order
ARX model, which for low sample sizes still does not provide an accurate enough
estimate. This illustrates the importance of having an algorithm that adapts this
order, which we discuss in the next section.

In Fig. 11.5, recursive PEM and recursive WNSF do not provide estimates with
similar root mean-squared errors. Although the normalized root mean-squared error
of the estimates obtained with recursive PEM tends to decrease with time, this
value is almost from the beginning approximately one order of magnitude larger
than that of the estimates provided by recursive WNSF. The plot seems to suggest
that PEM will not be able to attain the performance of WNSF, even if the number
of data samples would increase further.

11.5 Order Adaptation of the Non-parametric Model

The WNSF-based method for recursive identification proposed in Section 11.3
considers the order n of the non-parametric model constant. The theoretical analysis
of WNSF in Chapter 5 suggests that the order of the non-parametric model should
increase as function of the sample size. However, the theoretical rate for how this
order should increase is of little value in practice: first, it is only valid asymptotically;
second, it does not give an indication of an appropriate value of n for a given N ,
but only on how fast it can increase. For this reason, the proposed scheme to choose
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Figure 11.5: Normalized root mean-squared error of the parameter estimates as
function of time for recursive PEM and recursive WNSF for an example realization
where recursive PEM does not converge to the optimal value.

the non-parametric model order in Chapter 5 consists of applying WNSF for a grid
of values for this order, and choose the parametric estimate that minimizes the
prediction error cost function. For recursive identification, applying WNSF in parallel
for a grid of non-parametric model orders may require more computational power
than available. Hence, an algorithm that adapts the non-parametric order online
as more samples become available is desirable. Here, we provide some preliminary
ideas on how the non-parametric order could be adapted online.

To simplify the presentation, we consider that the true output is affected by
white noise—Ho(q) = 1 in (11.1)—and we are interested in estimating an OE
model—H(q, θ) = 1 in (11.2). Then, it is sufficient that the non-parametric model
is of FIR structure—A(q, ηn) = 1 in (11.11). This assumption is done only for
notational convenience, as the ideas to be discussed are directly extendable when
the non-parametric model is ARX.

Under these assumptions, the objective of an adaptive scheme for the non-
parametric model order is to determine an appropriate order for estimating the
impulse response. An estimate of the impulse response coefficients corresponding to
the parametric estimate θ̂t are given by

gk
t (θ̂t) ∶= 1

2π
� π

−π
G(q, θ̂t)eikωdω, (11.27)

which can be used to acquire an idea of how many impulse response coefficients are
necessary to capture the system dynamics accurately. However, the reliability of the
estimates gk

t (θ̂t) depends on the accuracy of θ̂t. In this sense, even if, for example,
the coefficients gk

t (θ̂t) suggest that a long impulse response should be estimated, it
should also be evaluated how confident we are in these coefficients.

With these motivations in mind, we propose the following algorithm. First, we
use a first-order Taylor expansion to write

gk
t (θ̂t) − gk

o ≈ d

dθ
� 1

2π
� π

−π
G(q, θ̂t)eikωdω� (θ̂t − θo). (11.28)
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Then, the variance of the coefficient gk
t (θ̂t) − gk

o can be approximated by

σ2
gk

t
≈ d

dθ
� 1

2π
� π

−π
G(q, θ̂t)eikωdω�

θ=θ̂t

cov(θ̂t − θo) d

dθ
� 1

2π
� π

−π
G(q, θ̂t)eikωdω�⊺

θ=θ̂t

.

(11.29)
From (5.142) and Theorem 5.3, we have that the matrix

σ2
o �Q⊺(η̂n

t )W (θ̂t)Q(η̂n
t )�−1

, (11.30)

converges to the asymptotic covariance of θ̂t. Hence, we will use it to construct an
estimate of this covariance matrix. However, instead of using Q(η̂n

t ), we will use
Q(ĝt) with

ĝt(θ̂t) = �ĝ1
t (θ̂t) ⋯ ĝn

t (θ̂t)�⊺ ; (11.31)

because this estimate is computed from the parametric estimate θ̂t, it is more
accurate than the non-parametric estimate η̂n

t . This gives the covariance estimate

cov(θ̂t − θo) ≈ σ̂2
t

t
�Q⊺(ĝt)W (θ̂t)Q(ĝt)�−1

, (11.32)

where σ̂2
t is an estimate of the noise variance based on data up to time t.

Using (11.29) and (11.32), we can then determine the standard deviation of
the coefficients gk

t (θ̂t). The only thing left is to determine the noise variance σ̂2
t .

Off-line, this can be done with the sample prediction error variance for a given
model estimate; here, it should be done recursively. Moreover, the parametric model
estimate should be used for this purpose: as σ̂2

t will ultimately be used to decide the
non-parametric model order, it should be independent of the non-parametric model
estimate. With this motivation, we estimate the prediction errors recursively by

ε̂t = F (q, θ̂t)yt −L(q, θ̂t)ut + [1 − F (q, θ̂t)]ε̂t, (11.33)

where we note that 1 −F (q, θ̂t) contains at least one delay. Then, the noise variance
can be estimated recursively using

σ̂2
t = t − 1

t
σ̂2

t−1 + 1
t
ε̂2

t . (11.34)

Although the accuracy of this recursive estimate may be affected by bad transient
estimates, it will not have the same implications here as for recursive PEM, as we
will only use it to determine the non-parametric order. At most, a bad estimate
of σ̂2

t will only delay when the order increases, and will not affect the long-term
properties of θ̂t.

Having the variances of gk
t (θ̂t) from (11.29), (11.32), (11.33), and (11.34), we

propose the following procedure to decide the non-parametric model order. We
assume that the recursive estimation starts with a non-parametric order n0. Because
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in principle the non-parametric order should increase with sample size, at some
time t it will be appropriate to increase this order. To avoid the order increasing
too often, which may cause some transient behavior, we may set a value Δn such
that the next candidate order is n1 = n0 +Δn. Our criterion to decide if the order
should be increased from n0 to n1 is based on our confidence that the coefficients
gk

t (θ̂t) for k ∈ [n0 + 1, n1] are not sufficiently close to zero. With this purpose, we
can construct a confidence region around each estimated coefficient gk

t (θ̂t), which,
for normally distributed gk

t (θ̂t) (this is the case for sufficiently large t), is given by

R(gk
t (θ̂t), r) = [gk

t (θ̂t) − rσgk
t
, gk

t (θ̂t) + rσgk
t
], (11.35)

where r is a parameter related to the probability that gk
t (θ̂t) lies within the given

region. Then, we decide to increase the order from n0 to n1 if 0 ∈ R(gk
t (θ̂t), r) for

all k > n1 but 0 ∉ R(gk
t (θ̂t), r) for k = n1. This condition ensures that we have a

sufficiently accurate estimate θ̂t such that gk
t (θ̂t) are not zero for practical estimation

purposes in the interval [n0, n1].
More precisely, the criterion is as follows. Let the current order be nl and

n̂(t) ∶=minimum n s.t. 0 ∈ R(gk
t (θ̂t), r) ∀k > n. (11.36)

Then, if n̂(t) ≥ nl +Δn, the order at time t + 1 is increased from nl to nl +Δn. The
parameter r can be used to tune how fast we want the order to increase: a larger
r requires more confidence that the parameters are non-zero, making the order
increase slower.

To increase the order recursively, we need to initialize the non-parametric model
and its covariance accordingly. We initialize the new parameters in η̂n

t+1 as zeros,
and their respective variances in Pt+1 with a value inversely proportional to t (e.g.,
δ/t for some δ > 0) to take into account that Pt is inversely proportional to t. The
cross-covariance values are for simplicity initialized to zero.

To illustrate the potential of the proposed algorithm for adaptation of the
non-parametric model order, we perform the following simulation. Consider the
system (11.1) with

Go(q) = q−1 + 0.5q−2 − 2q−3 + q−4

1 − 1.5q−1 + 0.7q−2 + 0.3q−3 − 0.2q−4 , Ho(q) = 1, (11.37)

σ2
o = 4.6 and ut = 1/[1 − 0.85q−1]uw

t , where {uw
t } is zero-mean Gaussian white noise

with unit variance. We recursively estimate a model with correct structure starting
with no initial model, using the following algorithms:

• recursive WNSF with fixed non-parametric model order n = 20 (rWNSF-20);

• recursive WNSF with fixed non-parametric model order n = 100 (rWNSF-100);

• recursive WNSF with adaptive non-parametric model order, starting with
n = 20, and with parameters r = 5, Δn = 10, and δ = 10000 (rWNSF-adapt).
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Figure 11.6: Impulse response of Go(q) in (11.37).

The initial non-parametric model coefficients η̂n
0 are zero and the initial covariance

is P0 = 10000I20.
The impulse response of Go(q) is shown in Fig. 11.6. Intuitively, it makes sense

that, as t increases, an estimated impulse response of order n around 60–80 should
be sufficient for our purposes, but a lower n may introduce too large bias. However,
it may be so that, for smaller values of t, estimating a non-parametric model with
too long impulse response can introduce unnecessary noise, which can worsen the
estimate of θ̂t obtained from the very noisy η̂n

t . This is confirmed with the following
simulation, which illustrates the advantage of the adaptive order algorithm.

In Fig. 11.7, we present the sampled MSE of θ̂t from 40 Monte Carlo runs (with
different noise realizations) as function of t. As expected, rWNSF-20 performs better
for lower values of t (marker ‘+’) and rWNSF-100 performs better for larger values
of t (marker ‘×’). Our adaptive algorithm rWNSF-adapt (marker ‘○’) tends to follow
rWNSF-20 closer for lower t (the markers ‘○’ and ‘+’ overlap), and gradually shifts
to the performance of WNSF-100 for larger t (the markers ‘○’ and ‘×’ overlap), as it
increases the non-parametric model order. In Fig. 11.8, we present the average order
(from the 40 Monte Carlo runs) as function of t, where we see how the adaptive
algorithm changed the order according to the sample size.

A limitation of the algorithm can be the transient behavior when the order
starts to increase. This can be seen in the region t ∈ [600, 1600], with rWNSF-adapt
(marker ‘○’) slightly deviating from rWNSF-20 (marker ‘+’). Recall that, when the
order increases, the additional impulse response coefficients are initialized to zero.
However, at this stage, the true coefficients are still far from zero, and convergence
may take some time. This could be improved with more appropriate initializations
of the impulse response coefficients and of the part of the covariance P concerning
the added coefficients. However, this is outside the scope of this thesis.

11.6 Discussion

In this chapter, we proposed a recursive identification algorithm based on the
WNSF method. With WNSF, the information contained in the data is condensed
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Figure 11.7: Sampled mean squared error from 40 Monte Carlo runs of the parameter
estimates as function of time for recursive WNSF with two fixed non-parametric orders
and non-parametric order adaptation.
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Figure 11.8: Average non-parametric order from 40 Monte Carlo runs as function of
time for the order-adaptive algorithm.
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in a non-parametric ARX-model estimate and its covariance matrix. Then, the
parametric estimate of interest is obtained from the non-parametric estimate with
weighted least squares. In order to guarantee an asymptotically efficient estimate,
the weighting requires a consistent estimate of the parametric model, which can be
obtained with an additional weighted least-squares step. This theoretical analysis
has been conducted in Chapter 5 for off-line WNSF.

For recursive WNSF, the ARX-model related quantities are obtained recursively
with recursive least squares; thus, they will converge to the same values as if
obtained off-line. Because convergence of the parametric estimate depends only on
the convergence of the high-order quantities, for fixed n the estimate of interest will
converge to the same estimate as the one obtained off-line.

With simulation studies, we illustrated the performance of the method. Recur-
sive WNSF always performed similarly to its off-line version and to off-line PEM.
Moreover, it is robust to initialization of the non-parametric model estimate and
covariance, as recursive least squares has guaranteed convergence. On the other
hand, recursive PEM often failed to converge, unless initialized with an acceptable
model estimate and a decent estimate of its covariance. However, even in this case,
it did not attain the performance of recursive WNSF.

The price to pay for the improved convergence properties of recursive WNSF is
a larger computational time. For example, in the simulation of Fig. 11.2, the average
computational time per iteration was 2.4ms for recursive WNSF and 0.7ms for
recursive PEM. This is a consequence of recursive WNSF requiring one additional
step compared to recursive PEM: the non-parametric ARX-model estimate.

Despite the good performance observed in Section 11.5, some improvements and
extensions are of importance. A simple extension is the adaptation to time-varying
properties, as online identification is often useful with systems that change over time.
In this case, it is important that the recursive algorithm can capture the changing
properties of the system. This can be done by including a forgetting factor in the
non-parametric ARX-model estimate.

Another extension is to have an algorithm that is able to increase the ARX-model
order appropriately as more data samples become available. From the theory in
Chapter 5, it is known that consistency and asymptotic efficiency are achieved only
if the order of the ARX model tends to infinity as function of the sample size at a
particular rate. In practice, as seen in Section 11.5, the order of the ARX model is
in the long term not so critical, as long as it can reasonably capture the dynamics
of the true system. However, performance can become more robust already from
low sample sizes if the order can increase adaptively.

With this purpose, we proposed in Section 11.5 an algorithm that adapts the
non-parametric model order based on the confidence intervals of the impulse response
obtained from the parametric model. In particular, the order is chosen only up
to the point that the impulse response coefficients are distinguishable from zero
with a certain confidence. We illustrated the potential of the method with a simple
example, but more thorough simulation studies are required to test the robustness.

With such an order-adaptation algorithm, the order of the non-parametric model
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will tend to infinity, violating the classical requirement of fix memory size for a
recursive algorithm. One way to solve this is to set an upper limit to this order.
Nevertheless, it is worth noting that the required memory increases much slower
than the sample size, and tends to decrease slower as the sample size grows larger
(cf. the example in Fig 11.8, where the non-parametric model order increases from
approximately 50 to 90 between 103 and 104 samples, and from approximately 90
to 110 between 104 and 105 samples). Thus, there could be many applications for
which this type of algorithm is useful. Moreover, after an estimate with sufficient
accuracy is obtained, it is possible to switch to classic recursive algorithms such as
recursive PEM.

If a limit is set to how fast the non-parametric order can increase, the theoretical
analysis in Chapter 5 could be extended to the recursive case to show consistency
and asymptotic efficiency. However, because there are unknown values in the covari-
ance each time the order increases, there will be additional errors to account for
compared to the off-line case. A contribution that takes this into account is already
in preparation.

In conclusion, recursive WNSF is a promising algorithm for online identification of
parametric models, having the same convergence properties as its off-line counterpart.
This is a great improvement with respect to recursive PEM, despite the disadvantage
of requiring additional time to compute the non-parametric model. To make sure
the algorithm is competitive with state-of-the-art approaches, a more in-depth
theoretical and experimental study is in preparation.



Chapter 12

Dynamic Networks

This chapter addresses identification in the context of dynamic networks (Van den
Hof et al., 2013; Dankers, 2014). Dynamic networks consist of a collection of internal
variables that are dynamically correlated to each other. This correlation is due to
the interconnection of dynamical systems, of which the internal variables serve as
inputs and outputs. There are also external variables in the network, which may be
known or unknown. The first type can be excitation signals that are fed into the
network, potentially designed by a user. The second type can be noise processes
of some kind: for example, process noise that enters the network and affects its
dynamics, or sensor noise when measuring the internal variables.

Identification of systems in dynamic networks gives rise to different challenges.
One of the challenges is the detection of network topology (e.g., Gonçalves and
Warnick, 2008; Materassi and Innocenti, 2010; Sanandaji et al., 2011; Chiuso and
Pillonetto, 2012; Materassi and Salapaka, 2012). Another interesting area consists
of determining conditions for network identifiability, studied by Weerts et al. (2015,
2016) and Gevers et al. (2017). Moreover, there is the problem of developing
appropriate methods for identification of the systems in the network, which is the
problem considered in this chapter.

When subject to both process and sensor noise, estimating all the system
modules in an entire dynamic network simultaneously with the prediction error
method (PEM) can be too complex. There are mainly two reasons for this. First, it
requires modeling the network from its known external variables to its measured
internal variables. Because of the potential complexity of the network topology,
achieving an adequate parameterization for the dynamic system modules and noise
models can become a difficult task, for which there are not dedicated algorithms
(i.e., each particular dynamic network requires a particular implementation of PEM).
Second, the optimization problem PEM is required to solve grows in computational
effort with the complexity of the network.

For these reasons, the focus is typically on identifying a particular part of interest
in the network. If the internal variables are assumed to be known exactly (i.e., there
is no sensor noise), the inputs to each system module are also known exactly. Then, a

253



254 Dynamic Networks

direct prediction error method can be used to obtain consistent estimates of certain
system modules of interest using internal variables, with the adequate variables
chosen as predictor inputs (Dankers et al., 2016). However, because of the presence
of feedback loops, a noise model that is flexible enough needs to be estimated. To
avoid the estimation of a noise model, two-stage methods can be used (Van den
Hof et al., 2013). With these methods, originally proposed for classical closed-loop
identification (Van den Hof and Schrama, 1993), a more flexible intermediate model
is estimated in a first stage using the known excitation signals. In the second stage,
the modules of interest are estimated based on inputs that are simulated using the
intermediate model estimate. Because the simulated inputs are now “noise-free,”
they can be used to provide consistent estimates without a noise model.

When sensor noise is also present, a direct prediction error method cannot be used:
with the internal variables being noisy, this method will provide inconsistent estimates
of the system modules. However, two-stage methods are still applicable. Moreover,
because the noisy internal variables give rise to an errors-in-variables problem,
instrumental variable (IV) methods are an alternative for obtaining consistent
estimates of individual system modules (Dankers et al., 2015) In this case, the key
issue is which excitation signals and internal variables should be used as instruments.

Despite providing consistent estimates without requiring a noise model estimate,
disregarding noise modeling with two-stage and IV approaches may come at a cost in
terms of estimation accuracy. Whereas efficiency is unachievable because of splitting
the network in separate parts and not estimating a parametric noise model (certain
correlations are not taken into account), the question is how we can obtain estimates
that are in some sense optimal given these modeling choices.

In the frequency domain, the methods by Pintelon et al. (2010a,b) can be used
to estimate a module in a dynamic network with an approach that, despite not
estimating a noise model, treats the noise modeling in a statistically sound way.
This method consists also of two stages. First, the parts of the noisy input and
output signals to the modules of interest that are correlated with the excitation
signals are estimated with the noise covariance, using the local polynomial method.
This provides non-parametric estimates of the “noise-free part” of these signals and
of the noise covariance. Second, both these estimates are used to obtain a desired
parametric system module using the maximum-likelihood estimator. Everitt et al.
(2018a) also use a semi-parametric approach, where the system module of interest is
estimated parametrically, and the remaining part of the network non-parametrically
with an empirical Bayes approach. Linder and Enqvist (2017) deal with the problem
of unknown inputs by replacing them with additional measurements that contain
information about the unknown inputs.

In this chapter, we propose a time-domain method to deal with the noise
contribution also using a semi-parametric approach, based on the model order
reduction Steiglitz-McBride (MORSM) method of Chapter 4. First, we estimate
a non-parametric ARX model of an appropriate part of the network. Second, we
estimate the module of interest using signals simulated from the ARX model and
the Steiglitz-McBride method. Despite the resemblance with two-stage methods, the
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main difference is that, as with MORSM for SISO systems, we use an asymptotic
maximum-likelihood criterion to motivate the filters that simulate the signals.
Compared to the SISO case, the network context requires an additional step.

This chapter is organized as follows. In Section 12.1, we define the problem
statement using an example of a dynamic network. In Section 12.2, because of the
similarities with MORSM, we overview the two-stage method for identification of
modules in dynamic networks. In Section 12.3, we motivate and derive an extension
of MORSM for identification of modules in dynamic networks. In Section 12.4,
we perform a simulation study to validate the potential of the proposed method,
comparing with state-of-the-art methods. In Section 12.5, we point out how the
proposed method can be generalized to more complex networks than the one used as
example. Finally, in Section 12.6, we draw the main conclusions from this chapter.

12.1 Problem Statement

Let a dynamic network with L internal signals wk
t be defined by

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1
t

w2
t⋮

wL
t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 G12(q) ⋯ G1L(q)
G21(q) 0 ⋱ G2L(q)⋮ ⋱ ⋱ ⋮
GL1(q) GL2(q) ⋯ 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1
t

w2
t⋮

wL
t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r1
t

r2
t⋮

rL
t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v1
t

v2
t⋮

vL
t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (12.1)

for which we have the following assumptions:

• Gij(q) are rational transfer functions in the delay operator q−1 with at least
one delay;

• {vk
t } are unknown process noise sequences given as the output of unknown

linear stable filters driven by white noise;

• {wk
t } are internal variables, which can be measured as

w̃k
t = wk

t + sk
t , (12.2)

where {sk
t } are measurement noise sequences given as the output of unknown

linear stable filters driven by white noise;

• {rk
t } are known bounded reference signal, uncorrelated with the noise signals.

To present the main ideas of this chapter, we use a particular case of a dynamic
network, shown in Fig. 12.1. This example network can be described by

⎡⎢⎢⎢⎢⎢⎢⎣
w1

t

w2
t

w3
t

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

0 G12(q) 0
0 0 G23(q)

G31(q) 0 0

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣
w1

t

w2
t

w3
t

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣
v1

t

v2
t

v3
t

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

0
0
rt

⎤⎥⎥⎥⎥⎥⎥⎦
. (12.3)
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Figure 12.1: Example of a dynamic network.

The reason for using a particular example is partly for simplicity of notation and
because more complex networks may require extensions of the basic method we
present, which will be considered in Section 12.5.

We assume that the system module of interest is G12(q), parametrized as

G12(q, θ) = L12(q, θ)
F12(q, θ) = l1q−1 +⋯ + lmq−m

1 + f1q−1 +⋯ + fmq−m
, (12.4)

where θ = �f1 ⋯ fm l1 ⋯ lm�⊺ are the parameters to estimate, and we assume
that there is a unique θ = θo such that G12(q) = G12(q, θo). The objective is to
estimate θ based on an asymptotic maximum-likelihood approach, modeling the
remaining part of the network and the noise non-parametrically, and avoiding
non-convex optimization procedures.

12.2 Two-Stage Methods

In alternative to the recursive description in (12.3), the network can also be described
by the relation from its external input signals to the measured output signals (12.2):

⎡⎢⎢⎢⎢⎢⎢⎣
w̃1

t

w̃2
t

w̃3
t

⎤⎥⎥⎥⎥⎥⎥⎦
= S(q)

⎡⎢⎢⎢⎢⎢⎢⎣
G12(q)G23(q)

G23(q)
1

⎤⎥⎥⎥⎥⎥⎥⎦
rt +Hv(q)

⎡⎢⎢⎢⎢⎢⎢⎣
v1

t

v2
t

v3
t

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣
s1

t

s2
t

s3
t

⎤⎥⎥⎥⎥⎥⎥⎦
, (12.5)

with S(q) = [1 −G12(q)G23(q)G31(q)]−1 and

Hv(q) = S(q)
⎡⎢⎢⎢⎢⎢⎢⎣

1 G12(q) G12(q)G23(q)
G23(q)G31(q) 1 G23(q)

G31(q) G12(q)G31(q) 1

⎤⎥⎥⎥⎥⎥⎥⎦
. (12.6)

Estimating the individual network modules with PEM using the complete network
description can be problematic in several aspects. First, it requires an implementation
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of PEM tailored to this specific parameterization, where not only the transfer
function between the reference and measured signals has a specific structure, but
the noise model, which is also influenced by the system modules and two separate
noise sources, is not easily tractable. Second, the optimization problem can become
computationally heavier as the network size increases.

For this reason, identification in dynamic networks typically considers particular
modules of interest. In our example, we are interested in G12(q). If the signals{w1

t , w2
t } were known, the perhaps most natural approach to estimate G12(q) would

be to use these signals as output and input to PEM. This is known as the direct
approach. Because there is feedback in the network, this approach has a disadvantage
that the noise contribution {v1

t } must be correctly modeled to achieve a consistent
estimate of G12(q). Nevertheless, the direct approach is not applicable in our setting:
because {w1

t , w2
t } are not known, but measured with noise according to (12.2), we

need to use {w̃1
t , w̃2

t } as output and input to the identification problem. This creates
an errors-in-variables problem, for which PEM provides biased estimates.

Instrumental variable and two-stage methods have been applied to this problem.
Because of the similarities with the method we will propose, we overview the two-
stage method in the remaining of this section, and refer to Dankers et al. (2015) on
the application of IV methods for identification in dynamic networks.

The two-stage method was proposed by Van den Hof and Schrama (1993) to
obtain consistent estimates of a plant from closed-loop data without having to
estimate a noise model. However, it can also be applied in the network case to
simulate the desired input signal as follows (Van den Hof et al., 2013).

For the first stage, the measured input of G12(q) is, from (12.5),

w̃2
t = S(q)G23(q)rt + S(q)[G23(q)G31(q)v1

t + v2
t +G23(q)v3

t ] + s2
t . (12.7)

Because {rt} is uncorrelated with the noise signals, the idea is to estimate a model of
S(q)G23(q) irrespective of the noise model. Moreover, (12.7) cannot be used alone
to estimate the specific structure imposed by S(q)G23(q), but at this stage a more
flexible model is sufficient for our purpose. Then, we can estimate a non-parametric
FIR model (without loss of generality, one delay is assumed in G23)

w̃2
t = n�

k=1
ηkq−krt + et, (12.8)

where n is the model order and {ηk}n
k=1 are the parameters to estimate. This provides

a non-parametric estimate of S(q)G23(q) that is arbitrarily close to a consistent
estimate, if n is chosen arbitrarily large. This stage provides estimates {η̂k}n

k=1 of{ηk}n
k=1, by solving the least-squares problem

η̂n
N = � 1

N

N�
t=1

ϕ⊺t ϕt�−1 � 1
N

N�
t=1

ϕtw̃
2
t � , (12.9)

where N is the sample size, ηn = �η1 ⋯ ηn�⊺, and ϕt = �rt−1 ⋯ rt−n�⊺.
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For the second stage, we simulate a noiseless input to G12(q) by

ŵ2
t ∶= n�

t=1
η̂kq−krt. (12.10)

Now, ŵ2
t is an estimate of the input to G12(q) uncorrelated with the noise affecting

its output w̃1
t . Then, with any noise model parameterized independently of G12(q),

we can obtain a consistent estimate of G12(q, θ): for example, using PEM with the
output-error (OE) model

w̃1
t = G12(q, θ)ŵ2

t + et. (12.11)

Naturally, the noise could be modeled differently in (12.8) and/or (12.11) to
potentially increase the estimation accuracy. However, which noise models to use
in order to keep the simplicity of estimation but guarantee a certain accuracy is
unclear, as well as how a potential noise model in (12.8) would be used to construct
the simulated signals. The method proposed in the following section provides an
answer to these questions motivated by an asymptotic maximum-likelihood (ML)
cost function, with the additional advantage that it does not require non-convex
optimization procedures.

12.3 MORSM-Based Method for Dynamic Networks

To generalize MORSM to identify modules in dynamic networks, we begin by
modeling the input and output to the system module of interest using a non-
parametric single-input multi-output (SIMO) ARX model. In particular, the model
we estimate has the external excitation rt as input, and w2

t and w1
t as outputs:

A(q, ηn)⎡⎢⎢⎢⎣
w2

t

w1
t

⎤⎥⎥⎥⎦ = B(q, ηn)rt + ⎡⎢⎢⎢⎣
e1

t

e2
t

⎤⎥⎥⎥⎦ , (12.12)

where A(q, ηn) and B(q, ηn) are polynomial matrices as in (7.8) (here, the dimensions
are 2 × 2 and 2 × 1, respectively), and the parameter vector ηn contains all the
coefficients in these polynomial matrices. An estimate η̂n

N can then be obtained with
least squares, as we have done in previous chapters, for example (2.53). From the
least-squares estimate of the ARX model, we can obtain non-parametric estimates of
the transfer functions between the reference signal and internal variables of interest:

⎡⎢⎢⎢⎣
T̂23(q)
T̂13(q)

⎤⎥⎥⎥⎦ = A−1(q, η̂n
N)B(q, η̂n

N), (12.13)

where ⎡⎢⎢⎢⎣
T23(q)
T13(q)

⎤⎥⎥⎥⎦ ∶= S(q)⎡⎢⎢⎢⎣
G23(q)

G12(q)G23(q)
⎤⎥⎥⎥⎦ . (12.14)
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Having estimates of T13(q) and T23(q), the asymptotic ML estimate of G12(q)
can be derived from these estimates, using that they are related by

T13(q) −G12(q)T23(q) = 0. (12.15)

To do this, we adapt (2.93) for the considered problem, writing the asymptotic
distribution√

N[T̂13(eiω) −G12(eiω)T̂23(eiω)] ∼ AsN �0, n
P (ω, θo)
Φr(ω) � , (12.16)

where Φr(ω) is the spectrum of the reference signal {rt} and

P (ω, θ) = �−G12(eiω, θ) 1�Φv̄(ω)⎡⎢⎢⎢⎣
−G12(e−iω, θ)

1

⎤⎥⎥⎥⎦ , (12.17)

with Φv̄(ω) being the spectrum of the noise signal

v̄t ∶= ⎡⎢⎢⎢⎣
w̃2

t

w̃1
t

⎤⎥⎥⎥⎦ −
⎡⎢⎢⎢⎣
T23(q)
T13(q)

⎤⎥⎥⎥⎦ rt. (12.18)

This suggests that the model reduction step should be according to the asymptotic
cost function

V̄ (θ; η̂n
N) = � 2π

0
∣T̂13(eiω) −G12(eiω, θ)T̂23(eiω)∣2 Φr(ω)

P (ω, θo)dω. (12.19)

As with MORSM, we replace Φv̄(ω) in (12.17) by a non-parametric estimate:
the spectrum of the signal

ˆ̄vt = ⎡⎢⎢⎢⎣
w̃2

t

w̃1
t

⎤⎥⎥⎥⎦ −
⎡⎢⎢⎢⎣
T̂23(q)
T̂13(q)

⎤⎥⎥⎥⎦ rt. (12.20)

Then, we apply Steiglitz-McBride to perform the model reduction. However, we have
two problems to address. First, the term P (ω, θo) depends on the true parameters
θo. Second, a spectral factor of this term is not available in closed form to simulate
the signals.

Concerning the first problem, we replace θo by a consistent estimate. Because it
is an ML criterion, this can be done without affecting the asymptotic properties
of the ML estimate (Wahlberg, 1989). To obtain a consistent estimate, we may set
P (ω, θo) = 1 in (12.19) and minimize

VN(θ; η̂n
N) = 1

N

N�
t=1

��T̂13(q) −G12(q, θ)T̂23(q)� rt�2
. (12.21)

To do this, we apply Steiglitz-McBride with the data set

ŷ0
t = T̂13(q)rt, û0

t = T̂23(q)rt, (12.22)
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which provides a consistent estimate θ̂
(0)
N that we use to replace θo in (12.19).

Concerning the second problem, a standard approach to obtain a spectral factor-
ization of P (ω, θ̂

(0)
N ) is to write the state-space form of the signal �−G12(q, θ̂

(0)
N ) 1�ˆ̄vt

and compute the Kalman filter. However, numerical problems might occur when
solving the Riccati equation because of the potential high order of the model. Be-
cause we only need a non-parametric estimate of the spectral factor, we instead fit
an AR model D(q)x̂t = et using least squares, where

D(q) = 1 +∑n
k=1dkq−k, x̂t ∶= �−G12(q, θ̂

(0)
N ) 1� ˆ̄vt. (12.23)

Then, if D̂(q) is the AR-model estimate, we have that ∣D̂(q)∣2 ≈ P −1(ω, θ̂
(0)
N ). Finally,

minimizing (12.19) with this estimate of P −1(ω, θ̂
(0)
N ) corresponds to minimizing

VN(θ; η̂n
N , θ̂

(0)
N ) = 1

N

N�
t=1

��T̂13(q) −G12(q, θ)T̂23(q)� D̂(q)rt�2
, (12.24)

where the dependency on θ̂
(0)
N comes from D̂(q). This provides the final data set for

the Steiglitz-McBride:

ŷt ∶= T̂13(q)D̂(q)rt, ût ∶= T̂23(q)D̂(q)rt. (12.25)

The above leads to the following algorithm.

Algorithm 12.1 (MORSM for Modules in Dynamic Networks). The MORSM
algorithm applied to modules in dynamic networks consists of the following steps:

1. estimate a non-parametric ARX model and construct estimates T̂13(q) and
T̂23(q), according to (12.13);

2. apply the Steglitz McBride method to the simulated data set (12.22), providing
a consistent estimate θ̂

(0)
N ;

3. estimate an AR model from the signal x̂t, defined by (12.23) and (12.20);

4. apply the Steglitz-McBride method to the simulated data set (12.25), with
D̂(q) obtained in Step 3.

12.4 Simulation Examples

In this section, we perform simulation examples covering three cases with different
noise signal spectra. For all cases, the transfer function we are interested in estimating
is

G12(q) = q−1

1 − 0.8q−1 , (12.26)
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whereas the remaining modules in the network are

G23(q) = 0.2q−1

1 − 0.5q−1 , G31(q) = −0.1q−1

1 − 0.4q−1 . (12.27)

We generate the reference signal by rt = [1 − 0.7q−1]−1rw
t , where {rw

t } is Gaussian
white noise with zero mean and unit variance. The sample size is N = 5000.

We compare the following methods:

• two-stage method (2-Stage), estimating an FIR model of order n = 30 (first
stage) according to (12.8) and (12.9), and estimating an OE model using PEM
(second stage) with (12.11) and simulated input (12.10);

• instrumental variable method (IV), with zt = �rt−3 rt−4 rt−5�⊺ as instrument
vector;

• the sample maximum likelihood method (SML), with 50 degrees of freedom for
the covariance estimate and order 1 for the local polynomial approximation;

• the proposed method (MORSM), estimating an ARX model of order n = 15
(first step), an AR model of order n = 30 (third step), and using 5 Steiglitz-
McBride iterations (second and fourth steps).

The settings for all the methods were chosen based on a few empirical observations
regarding performance (in a more extensive simulation study, a data-based selection
of these settings should be used instead). For SML, the MIMO local polynomial
method is first used with {rt} as input and {w̃1

t , w̃2
t } as outputs; then, the obtained

non-parametric frequency-domain estimates of the latter signals and of the noise
covariance are used with the sample maximum likelihood method, with the October
2011 implementation of the MATLAB toolbox complementing the book by Pintelon
and Schoukens (2012). A maximum number of 100 iterations (default) is used.

For illustrative purposes, it is interesting to observe how much is gained from
Step 2 to Step 4 of the proposed method, as well as how much is lost by not using
θo when obtaining the spectral factor. With this purpose, the following estimates
are also included for comparison:

• Step 2 of the proposed method (naive MORSM);

• the proposed method with G12(q, θo) used in Step 3 when constructing (12.23)
(oracle MORSM).

We evaluate the performance using the FIT of the estimated impulse response
of G12(q), given in percent by

FIT = 100�1 − ∣∣g12 − ĝ12∣∣∣∣g12 −mean[g12]∣∣� , (12.28)
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Figure 12.2: Simulation examples with three cases: Case I) white process and sensor
noise signals (left); Case II) low-pass process noise signals and white sensor noise
signals (middle); Case III) low-pass process and sensor noise signals.

where g12 and ĝ12 are vectors with the impulse coefficients of G12(q) and G12(q, θ̂)
(for a particular method), respectively. These impulse responses are truncated to
high enough order, such as to not affect the FIT. We perform 100 Monte Carlo runs.

The three cases we study are:

I) the process and sensor noises are uncorrelated Gaussian white-noise sequences
with unit variance;

II) the process noise sequences are low-pass signals generated by vk
t =H(q)evk

t ,
k = {1, 2, 3}, where H(q) = [1 − 0.95q−1]−1, and {evk

t } are mutually uncorre-
lated Gaussian white-noise sequences with unit variance, and the sensor noise
sequences are as in Case I).

III) the process noise sequences are as in Case II), and the sensor noise sequences
are generated to have the same spectra, by sk

t =H(q)esk
t , k = {1, 2, 3}, where{esk

t } are mutually uncorrelated Gaussian white-noise sequences with unit
variance.

Although correlation between signals should not affect the methods, we consider
the uncorrelated case for simplicity.

Case I)

The results for the case where all noise contributions are white are presented in the
left plot of Fig. 12.2. In this case, there is hardly any improvement from Step 2 of the
proposed method (naive MORSM) to the complete method (MORSM), which also
has little advantage over the two-stage method (2-Stage). The reason is that the total
noise contribution when driven by white-noise signals does not have a considerable
influence, and may be disregarded at almost no cost in performance. Moreover,
there is no observable difference between the proposed method and using knowledge
of the true system to filter the signals in Step 3 (oracle MORSM), meaning that
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our proposal of replacing the true system in Step 3 by the estimate obtained in
Step 2 is acceptable in this case. The IV method we use is not competitive with the
remaining methods here. Finally, SML and MORSM have similar performance.

Case II)

The results for the case that the process noise signals are low pass are presented in
the middle plot of Fig. 12.2. In this case, there is a clear improvement from naive
MORSM to MORSM, whereas 2-Stage is not competitive. Thus, when the noise
contributions are sufficiently correlated in time, performing the filtering derived
from the asymptotic ML approach is beneficial. Moreover, replacing the true system
with a consistent estimate in the ML weighting does not deteriorate our approach
here either, as MORSM and the oracle version have similar performance. The IV
method we use has better performance than in the previous case, because it benefits
from additional correlations in the internal network signals. Like MORSM, the SML
method is also capable of handling the colored noise signals used.

Case III)

The results for the case where both the process and sensor noise signals are low-pass
signals are presented in the right plot of Fig. 12.2. In this case, the estimate of naive
MORSM is very poor, but the improvement to the complete method is considerable.
Also here, MORSM performs similarly to the case that the true system is used in
Step 3 (oracle MORSM), even if the true system is replaced by a poor estimate
(the one obtained by naive MORSM). SML and MORSM are competitive in this
simulation, but 2-Stage and IV are not.

In summary, our simulations suggest that the proposed method can provide
a smaller estimation error than standard two-stage and IV methods. If the noise
contributions are not sufficiently colored, the two-stage method performs very similar
to the proposed method. With increasingly colored process noise, IV methods may
benefit from additional correlations in the internal network signals, but performance
of the two-stage method deteriorates. If also the sensor noise is highly colored,
performance of both IV and two-stage are affected. Meanwhile, the proposed method
showed good performance in all the cases studied, and is competitive with the SML
method. More extensive simulation studies are required to test the robustness and
limitations of the method.

12.5 Generalization

The method presented in Section 12.3 can be applied to all dynamic networks that
satisfy both the following conditions:

1. the module of interest is the only non-zero element in the row where it appears
in the transfer matrix;
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Figure 12.3: Example of a dynamic network with a MISO problem.

2. there is only one external reference signal.

In this section, we illustrate how the method can be generalized when the first
condition is not satisfied, by considering the identification of G12(q) in the network
in Fig. 12.3. The case when the second condition is not satisfied is left for future
work.

The network in Fig. 12.3 can be written as

⎡⎢⎢⎢⎢⎢⎢⎣
w1

t

w2
t

w3
t

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

0 G12(q) G13(q)
0 0 G23(q)

G31(q) 0 0

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣
w1

t

w2
t

w3
t

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣
v1

t

v2
t

v3
t

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

0
0
rt

⎤⎥⎥⎥⎥⎥⎥⎦
, (12.29)

where w1
t , w2

t , w3
t are measurable as in (12.2). Alternatively, the network can be

described from the external references to the measured signals as

⎡⎢⎢⎢⎢⎢⎢⎣
w̃1

t

w̃2
t

w̃3
t

⎤⎥⎥⎥⎥⎥⎥⎦
= S(q)

⎡⎢⎢⎢⎢⎢⎢⎣
G12(q)G23(q) +G13(q)

G23(q)
1

⎤⎥⎥⎥⎥⎥⎥⎦
rt +Hv(q)

⎡⎢⎢⎢⎢⎢⎢⎣
v1

t

v2
t

v3
t

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣
s1

t

s2
t

s3
t

⎤⎥⎥⎥⎥⎥⎥⎦
, (12.30)

with S(q) = [1 −G12(q)G23(q)G31(q) −G13(q)G31(q)]−1 and

Hv(q) = S(q)
⎡⎢⎢⎢⎢⎢⎢⎣

1 G12(q) G12(q)G23(q) +G13(q)
G23(q)G31(q) 1 −G13(q)G31(q) G23(q)

G31(q) G12(q)G31(q) 1

⎤⎥⎥⎥⎥⎥⎥⎦
.

(12.31)
Following what was done in Section 12.3, the first step consists of modeling

the input and output of G12(q) in (12.30) using a non-parametric ARX model.
However, now the output of G12(q) is not measured directly, as w1

t consists of the
output of G12(q) summed with the output of G13(q). Hence, we must identify the
corresponding MISO problem, and the non-parametric ARX model should consider
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also the input to G13(q), according to

A(q, ηn)
⎡⎢⎢⎢⎢⎢⎢⎣
w1

t

w2
t

w3
t

⎤⎥⎥⎥⎥⎥⎥⎦
= B(q, ηn)rt +

⎡⎢⎢⎢⎢⎢⎢⎣
e1

t

e2
t

e3
t

⎤⎥⎥⎥⎥⎥⎥⎦
, (12.32)

where A(q, ηn) is 3 × 3 and B(q, ηn) is 3 × 1. An estimate η̂n
N can then be obtained

with least squares, which allows us to obtain non-parametric estimates
⎡⎢⎢⎢⎢⎢⎢⎣
T̂13(q)
T̂23(q)
T̂33(q)

⎤⎥⎥⎥⎥⎥⎥⎦
= A−1(q, η̂n

N)B(q, η̂n
N), (12.33)

where ⎡⎢⎢⎢⎢⎢⎢⎣
T13(q)
T23(q)
T33(q)

⎤⎥⎥⎥⎥⎥⎥⎦
∶= S(q)

⎡⎢⎢⎢⎢⎢⎢⎣
G12(q)G23(q) +G13(q)

G23(q)
1

⎤⎥⎥⎥⎥⎥⎥⎦
. (12.34)

Equivalently to (12.16), we have now that

√
N[T̂13(eiω) −G12(eiω)T̂23(eiω) −G13(eiω)T̂33(eiω)] ∼N �0, n

P (ω)
Φr(ω)� , (12.35)

where Φr(ω) is the spectrum of the reference signal {rt} and

P (ω) = �1 −G12(eiω) −G13(eiω)�Φv̄(ω)
⎡⎢⎢⎢⎢⎢⎢⎣

1−G12(e−iω)−G13(e−iω)
⎤⎥⎥⎥⎥⎥⎥⎦

, (12.36)

with Φv̄(ω) the spectrum of the noise signal

v̄t ∶=
⎡⎢⎢⎢⎢⎢⎢⎣
w̃1

t

w̃2
t

w̃3
t

⎤⎥⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎢⎣
T13(q)
T23(q)
T33(q)

⎤⎥⎥⎥⎥⎥⎥⎦
rt. (12.37)

This suggests that the model-reduction step should be according to the asymptotic
cost function

V̄ (θ; η̂n
N) = � 2π

0
∣T̂13(eiω) −G12(eiω, θ)T̂23(eiω) −G13(eiω)T̂33(eiω)∣2 Φr(ω)

P (ω) dω.

(12.38)
The next step should be to set P (ω) = 1 and apply the Steiglitz-McBride to the

cost function

VN(θ; η̂n
N) = 1

N

N�
t=1

��T̂13(q) −G12(q, θ)T̂23(q) −G13(q)T̂33(q)� rt�2
, (12.39)
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in order to obtain a consistent estimate of θ that can be used to construct an
estimate of P (ω, θ). However, because G12(q) is now part of a MISO problem, we
require also an estimate G13(q). The Steiglitz-McBride method can be applied
to MISO models, but only when the transfer functions share the same poles, as
the output and all the inputs will be filtered by the same estimated poles at each
Steiglitz-McBride iteration. Although G12(q) and G13(q) do not necessarily share
the same poles, at this stage we require only consistent estimates of these transfer
functions. Hence, by considering parameterizations

G12(q, α) = L12(q, α)
F (q, α) , G13(q, α) = L13(q, α)

F (q, α) , (12.40)

where L12(q, α), L13(q, α), and F (q, α) are polynomials or high enough but finite
order, we can obtain consistent estimates of G12(q) and G13(q) by applying the
Steiglitz-McBride method with output and inputs

ŷ0
t = T̂13(q)rt, û01

t = T̂23(q)rt, û02
t = T̂33(q)rt, (12.41)

providing an estimate α̂N .
Now, by parameterizing P (ω) as

P (ω, α) = �1 −G12(eiω, α) −G13(eiω, α)�Φv̄(ω)
⎡⎢⎢⎢⎢⎢⎢⎣

1−G12(e−iω, α)−G13(e−iω, α)
⎤⎥⎥⎥⎥⎥⎥⎦

, (12.42)

an estimate of a spectral factor of P (ω, α) can be obtained by fitting an AR model
D(q)x̂t = et using least squares, where

D(q) = 1 +∑n
k=1dkq−k, x̂t ∶= �1 −G12(q, α̂N) −G13(q, α̂N)� ˆ̄vt. (12.43)

Then, if D̂(q) is the AR-model estimate, we have that ∣D̂(q)∣2 ≈ P −1(ω, α̂N). Finally,
motivated by (12.38), we can minimize

VN(θ; η̂n
N , α̂N) = 1

N

N�
t=1

��T̂13(q) −G13(q, α̂N)T̂33(q)
−G12(q, θ)T̂23(q)�D̂(q)rt�2

.

(12.44)

This provides the final data set for the Steiglitz-McBride:

ŷt ∶= [T̂13(q) −G13(q, α̂N)T̂33(q)]D̂(q)rt, ût ∶= T̂23(q)D̂(q)rt. (12.45)

In this case, we plugged in the estimate α̂N in G13(q, α̂N) and considered
its contribution as part of the output for the Steiglitz-McBride because we are
only interested in G12(q). If we are also interested in G13(q), we apply also the
Steiglitz-McBride to

ŷt ∶= [T̂13(q) −G12(q, α̂N)T̂23(q)]D̂(q)rt, ût ∶= T̂33(q)D̂(q)rt, (12.46)



12.6. Discussion 267

which makes now G13(q, θ) the transfer function to be estimated.
In summary, MORSM can be applied to estimate modules in dynamic networks

also when the model of interest is part of a MISO system. The main difference is
that, when Steiglitz-McBride is applied for the first time, it is applied to a MISO
model with over-parametrized transfer functions that share the same poles. This
estimate can then be used to estimate a spectral factor of P (ω) and to isolate the
module of interest in the final Steiglitz-McBride step.

12.6 Discussion

In this chapter, we proposed a method for identification of system modules in
dynamic networks. The method resembles standard two-stage methods, but we
motivate the simulated signals using asymptotic ML. We argue that this should
decrease the estimation error compared with two-stage and IV methods, and support
this claim with simulations.

The proposed method showed also competitive performance with the frequency-
domain sample maximum likelihood method. These methods are conceptually
similar, although using different approaches. Besides the time- and frequency-
domain difference, MORSM uses a non-parametric ARX model to capture the
dynamics of the system, whereas SML uses the local polynomial method to obtain
a non-parametric estimate of the noise and the frequency response function. In
both cases, the parametric estimate is motivated by an ML criterion. Further
conclusions regarding comparison between these methods—both theoretical and
experimental—cannot be drawn without further research.

We used a specific network to derive the method. This network has only one
external reference, and the output signal we are interested in is generated only by
the module of interest (i.e., the row of the transfer matrix in (12.3) containing the
module of interest has no other non-zero entries). If this is not the case, (12.16) will
be multivariate, and application of the proposed method requires an additional step,
as addressed in Section 12.5.

The complexity of the proposed method does not necessarily grow with the
network size, but the ARX model estimated in the first step grows with additional
references correlated to the signals of interest and with the presence of additional
system modules contributing to the same output as the module of interest. Such
a growth may require also a sample size increase to obtain sufficiently accurate
estimates. Simulation studies to find the limitations of the method in this sense
have not yet been performed.

A theoretical analysis of the asymptotic statistical properties of the method
is lacking. However, there is apparently no conceptual limitation in applying the
theoretical foundations of the analysis by Everitt et al. (2018b) to the network case,
but only technical. If the theoretical results can be extended to the dynamic network
scenario, the proposed method would have the same asymptotic statistical properties
as a direct optimization of the asymptotic ML-based cost function (12.19). Because
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a module of interested has been isolated and the remaining part of the network has
been estimated non-parametrically, this cannot correspond to an asymptotically
efficient estimate. Similarly to closed-loop identification when the noise model is
treated non-parametrically, we will have that only the reference signals contribute
to the covariance, without the additional benefit of when the correlations between
input and noise signals are modeled with an exact parametrization.



Chapter 13

Cascaded Systems

In the previous chapter, we presented a method based on model order reduction
Steiglitz-McBride (MORSM) for identification of modules in dynamic networks that
are subject to process and sensor noise. The presence of both noise types makes
it extremely complex to use the prediction error method (PEM) with a correct
parametrization of the entire network to obtain asymptotically efficient estimates.
For this reason, the focus of the method proposed in Chapter 12 is on identification
of individual blocks. However, for some types of networks, it may be possible to
simultaneously estimate all the modules with a correct parametrization, which can
potentially yield an asymptotically efficient estimate.

Consider the network in Fig. 13.1, which does not follow the dynamic network
formulation of the previous chapter. In this network, the modules are connected
in a cascaded manner without process noise, and the output of each module is
either measured or there is an excitation signal added to it. In this case, it is
not practical to use specific input-output signals to estimate particular modules,
because these will lead to non-standard model structures. For example, even if we
separate the identification problem in two multi-input single-output (MISO) model
structures, we cannot directly obtain estimates of G1(q) or G3(q) (e.g., the transfer
function between u1 and y1 consists of the product G1G3). In addition, splitting
the problem in several MISO problems decreases the achievable accuracy of the
estimates. Because both y1 and y2 contain information about both G1 and G2, using
for example only y1 to determine these transfer functions would make it impossible
to attain asymptotic efficiency. Wahlberg et al. (2009) and Everitt et al. (2013, 2014)
have studies this type of problem in cascaded systems.

Although PEM can be applied to a tailor-made parametrization of this type
of network, the non-convexity of the cost function is a concern. Wahlberg et al.
(2009) observed that indirect PEM can be useful to provide asymptotically efficient
estimates, but only with models for which the predictor is linear in the parameters.
Sometimes, it is possible to encode the cascade structure in subspace methods
(Wahlberg and Sandberg, 2008; Hägg et al., 2010), but these are very restrictive
cases and asymptotic efficiency is not attained.

269
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u2(t)
u1(t) G1(q) G2(q) G3(q)

e1(t) e2(t)
y1(t) y2(t)

Figure 13.1: Serial cascade network example.

The main purpose of this chapter is to propose a method that provides asymp-
totically efficient estimates of network systems such as Fig. 13.1 without solving
a non-convex optimization problem. To accomplish this, we will use ideas from
weighted null-space fitting (WNSF). The challenge is that WNSF must incorporate
the network structure, as standard MIMO models in general do not. To keep notation
simple, we develop the method for the network in Fig. 13.1, and later elaborate on
the extension to other networks. In a simulation study, we illustrate the robustness
of the method compared to PEM, which is prone to converge to non-global minima.
Supported by the simulation study in this chapter and the theoretical analysis
in Chapter 5, there are strong reasons to believe that this WNSF extension is
asymptotically efficient for Gaussian noise.

The chapter is organized in the following manner. In Section 13.1, we formalize
the problem. In Section 13.2, we consider the prediction error method applied to
our problem. In Section 13.3, we propose a WNSF-based method that is applicable
to a certain class of cascaded systems, which has some limitations in the location of
sensors and excitation signals. In Section 13.4, we propose an approximation that we
argue does not affect the asymptotic statistical properties, and can be applied to all
cascaded systems whose systems are connected in series. In Section 13.5, we provide
simulation examples. In Section 13.6, we consider potential generalizations to other
model structures (including parallel or feedback connections), and we conclude in
Section 13.7.

13.1 Problem Statement

Consider the cascade network in Fig. 13.1, where {Gj(q)}3
j=1 are stable transfer

functions, {u1(t), u2(t)} are known inputs, and {y1(t), y2(t)} are measured outputs
subject to mutually-uncorrelated white-noise sequences {e1(t), e2(t)} with zero
mean and variances σ2

1 and σ2
2 (for discussions regarding asymptotic efficiency, the

noise signals are also assumed Gaussian). The relation between these signals can be
written as y(t) = G(q)u(t) + e(t), where

u(t) = ⎡⎢⎢⎢⎣
u1(t)
u2(t)

⎤⎥⎥⎥⎦ , y(t) = ⎡⎢⎢⎢⎣
y1(t)
y2(t)

⎤⎥⎥⎥⎦ , e(t) = ⎡⎢⎢⎢⎣
e1(t)
e2(t)

⎤⎥⎥⎥⎦ , (13.1)
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and (argument q omitted for notational simplicity)

G(q) = ⎡⎢⎢⎢⎣
G2G1 G2

G3G2G1 G3G2

⎤⎥⎥⎥⎦ . (13.2)

For the model, we consider that each Gj(q) is parametrized by a rational transfer
function in the parameter vector θj :

Gj(q, θj) = Lj(q, θj)
Fj(q, θj) , (13.3)

where Lj(q, θj) and Fj(q, θj) are polynomials

Fj(q, θj) = 1 + f
(j)
1 q−1 +⋯ + f (j)m q−m,

Lj(q, θj) = l
(j)
0 + l

(j)
1 q−1 +⋯ + l

(j)
m−1q−(m−1), (13.4)

and
θj = �f (j)1 ⋯ f

(j)
m l

(j)
0 ⋯ l

(j)
m−1�⊺ ∈ R2m. (13.5)

Although each polynomial in every transfer function may have a different number of
parameters, as well as number of delays in the numerator, we assume the structure
in (13.4) for simplicity of notation. This gives the cascade model

y(t) = G(q, θ)ut + et, (13.6)

where θ = �θ⊺1 θ⊺2 θ⊺3�⊺ . We assume also that there is θo
j such that Gj(q) =

Gj(q, θo
j ) and that the network is identifiable.

The problem considered in this chapter is how to obtain consistent and asymp-
totically efficient estimates of θ without the need of minimizing a non-convex cost
function. Although we start with the network in Fig. 13.1 as an example, the
objective is to have a method that is applicable to all cascaded systems having only
serial connections and that are identifiable. A necessary condition for the latter is
that there is one excitation signal before the first system, one measured output after
the last system, and at least one excitation signal or measured output in between
each pair of consecutive systems.

13.2 Prediction Error Method

For the cascade network in Fig. 13.1, the prediction errors are given by

ε(t, θ) = y(t) −G(q, θ)u(t), (13.7)

as the assumed sensor noise is white, and hence the noise model equals the identity
matrix. Although this resembles a MIMO OE model, here each element of the
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transfer matrix G(q) is parameterized individually, but not independently of each
other, as (13.2) shows. In particular, because G1(q) and G2(q) influence both the
first and second outputs, the problem cannot be split into separate MISO problems.
Then, the full multivariate model should be considered simultaneously, and PEM
with a quadratic cost consists of minimizing, similarly to (2.38),

VN(θ) = det � 1
N

N�
t=1

ε(t, θ)ε⊺(t, θ)� , (13.8)

where N is the sample size.
The global minimizer θ̂ of this cost function is an asymptotically efficient estimate

of θ. The problem is that this is, in general, a non-convex cost function, for which
optimization algorithms can converge to a non-global minimum. Although this is
the case also for SISO systems, the cascade case is of more concern. First, the size of
the problem increases with the number of systems in the network; second, methods
to provide initialization points for PEM may not be directly applicable to cascaded
systems.

Nevertheless, the following procedure could be applied to provide initial estimates
for the cost function (13.8). First, estimate an over-parametrized MIMO OE model
with

G(q, α) = ⎡⎢⎢⎢⎣
G11(q, α11) G12(q, α12)
G21(q, α21) G22(q, α22)

⎤⎥⎥⎥⎦ , (13.9)

where each transfer function parametrization Gij(q, αij) is defined similarly to (13.3),
(13.4), and (13.5). Here, the order of each parameter vector αij should be chosen
such that (13.9) models (13.2). The difference is that the structure (13.2) of the
cascade is not captured by this parametrization, with each element in (13.2) being
over-parametrized by (13.9): for example, G11(q, α11) is an over-parametrization
of G2(q, θ)G1(q, θ). The advantage of the formulation (13.9) is that and we now
have a standard MIMO OE problem to solve. Although this problem still requires
minimizing a non-convex cost function, standard methods are available to initialize
it, such as instrumental variable or subspace methods. Second, comparing (13.9)
and (13.2), an estimate of G2(q) can follow directly from G12(q, α̂12). Moreover, we
can obtain estimates

Ĝ1(q) = G11(q, α̂11)
G12(q, α̂12) , Ĝ3(q) = G12(q, α̂12)

G22(q, α̂22) (13.10)

of G1(q) and G3(q). Except for G2(q), these estimates do not have the desired
structure: because of the noise in the estimates α̂12 and α̂22, there will not be any
pole-zero cancellation, and Ĝ3(q) will be over-parametrized. Third, we can then
apply a model order reduction technique to Ĝ1(q) and Ĝ3(q) in order to obtain
estimates with the desired structures G1(q, θ̂1) and G3(q, θ̂3).

Although this procedure provides initial estimates for (13.8) by solving standard
PEM problems, guarantees on their accuracy are difficult to establish, involving
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different model-reduction steps. If the estimates obtained in this way are not
sufficiently accurate, it can be difficult to find the global minimum of (13.8). To
address this limitation, we propose a method based on WNSF.

13.3 WNSF-Based Method for Cascaded Systems

To apply WNSF to cascaded systems, we recall the conditions to apply the method,
which were discussed in Chapter 7.

Remark 13.1 To apply WNSF, we require the following to be verified:

1. the parametric model of interest can be approximated by a non-parametric
model estimated by least squares;

2. the non-parametric and parametric models can be related using the form (5.18)
(i.e., linear in the parametric model parameters);

3. the residuals (5.21) are linear in the error of the non-parametric estimate, so
that a closed-form expression for the covariance can be obtained.

The problem for a cascade network such as in Fig. 13.1 comes from the transfer
function products required for the parametric model description, evident from (13.2).
To propose a solution, we follow the WNSF steps from Chapter 5.

Step 1: Non-parametric model

The purpose of Step 1 is to estimate with least squares a non-parametric model
that can approximate the parametric model of interest. For the cascade network in
Fig. 13.1, we use the non-parametric MIMO FIR model

⎡⎢⎢⎢⎣
y1(t)
y2(t)

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
G̃11(q, gn

11) G̃12(q, gn
12)

G̃21(q, gn
21) G̃22(q, gn

22)
⎤⎥⎥⎥⎦u(t) + ⎡⎢⎢⎢⎣

e1(t)
e2(t)

⎤⎥⎥⎥⎦ , (13.11)

where

G̃ij(q, gn
ij) = n−1�

k=0
g
(ij)
k q−k, i, j = {1, 2} (13.12)

and
gn

ij = �g(ij)0 g
(ij)
1 ⋯ g

(ij)
n−1�⊺ ∈ Rn. (13.13)

In this chapter, for additional clarity, non-parametric polynomials (i.e., with an
arbitrary large number of coefficients n) are emphasized with a tilde above. The
PEM estimate of the parameter vector

gn = �(gn
11)⊺ (gn

12)⊺ (gn
21)⊺ (gn

22)⊺�⊺ ∈ R4n (13.14)
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is obtained with least squares according to (5.32), but with y(t) = �y1(t) y2(t)�⊺
and

ϕ(t) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ11(t) 0
ϕ12(t) 0

0 ϕ21(t)
0 ϕ22(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (13.15)

where in this case, because all modules have no delay,

ϕ11(t) = �u1(t) u1(t − 1) ⋯ u1(t − n − 1)�⊺ = ϕ21(t),
ϕ12(t) = �u2(t) u2(t − 1) ⋯ u2(t − n − 1)�⊺ = ϕ22(t). (13.16)

This is analogous to what was done in the first step of multivariate WNSF for OE
models in Chapter 7, with the asymptotic covariance of ĝn now given by, analogously
to (7.15),

P = � 1
N

N�
t=1

ϕ(t)Λ−1ϕ⊺(t)�−1

, (13.17)

where Λ is a diagonal matrix with diagonal [σ2
1 σ2

2].
Step 2: Estimation of parametric model

The second step consists of estimating θ from the non-parametric estimate. The key
aspect, as mentioned in Remark 13.1, is that the relation between the non-parametric
and the parametric model can be written linearly in the parameters θ, as in (5.18).
In this case, we have

⎡⎢⎢⎢⎣
Gθ

2Gθ
1 Gθ

2
Gθ

3Gθ
2Gθ

1 Gθ
3Gθ

2

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
G̃g

11 G̃g
12

G̃g
21 G̃g

22

⎤⎥⎥⎥⎦ , (13.18)

where we used the simplified notation Gθ
j = Gj(q, θj) and G̃g

ij = G̃(q, gn
ij). Because of

the products between transfer functions parametrized by θ, this cannot be written
linearly in θ as in (5.18). Thus, WNSF cannot be applied directly.

To solve this problem, we re-write (13.18) as

⎡⎢⎢⎢⎣
Gθ

1G̃g
12 Gθ

2
Gθ

1G̃g
22 Gθ

3G̃g
12

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
G̃g

11 G̃g
12

G̃g
21 G̃g

22

⎤⎥⎥⎥⎦ , (13.19)

where we replaced some of the products of θ by non-parametric models. Replacing
Gθ

j with the respective numerator and denominator, we can re-write (13.19) as

⎡⎢⎢⎢⎣
F θ

1 G̃g
11 −Lθ

1G̃g
12 F θ

2 G̃g
12 −Lθ

2
F θ

1 G̃g
21 −Lθ

1G̃g
22 F θ

3 G̃g
22 −Lθ

3G̃g
12

⎤⎥⎥⎥⎦ = 0, (13.20)
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which is linear in θ, and can be written as (5.18) with

Q(gn) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q1(gn) 0 0
0 Q2(gn) 0

Q3(gn) 0 0
0 0 Q4(gn)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (13.21)

where
Q1(gn) = �−Tn×m[Ǐngn

11] Tn×m[gn
12]� ,

Q2(gn) = ⎡⎢⎢⎢⎣−Tn×m[Ǐngn
12] Im×m

0n−m×m

⎤⎥⎥⎥⎦ ,

Q3(gn) = �−Tn×m[Ǐngn
21] Tn×m[gn

22]� ,

Q4(gn) = �−Tn×m[Ǐngn
22] Tn×m[gn

12]� .

(13.22)

Here, Ǐn is defined as a square matrix of size n with ones in the diagonal below the
main diagonal and zeros elsewhere. Then, the estimate ĝn from Step 1 can be used
to obtain an estimate θ̂

(0)
N with least squares, using (5.37).

Remark 13.2 The replacement from (13.18) to (13.19) to achieve linearity in θ
is not unique. For example,

⎡⎢⎢⎢⎣
Gθ

1G̃g
12 Gθ

2
Gθ

3G̃g
11 Gθ

3G̃g
12

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
G̃g

11 G̃g
12

G̃g
21 G̃g

22

⎤⎥⎥⎥⎦ (13.23)

is also possible. As we will see in Section 13.5, simulations support that the replace-
ment chosen does not change the asymptotic properties of the estimate.

Remark 13.3 Although not all equations defined in (13.20) need to be used
to obtain consistent estimates of all transfer functions (in this case, there are two
equations that determine Gθ

1), discarding “redundant” equations has a cost in terms
of efficiency.

Step 3: Re-estimation of parametric model

In the third step, we re-estimate θ with weighted least squares. The key aspect to
derive the weighting matrix, as mentioned in Remark 13.1, is that the residuals
of (13.20) when G̃g

ij are replaced by estimates can be written linearly in the non-
parametric estimate noise, as in (5.21). This will be possible because (13.20) can be
written linearly in gn. In this case, T (θ) is given by

T (θ) = ⎡⎢⎢⎢⎣
T11(θ) 02n×2n

T21(θ) T22(θ)
⎤⎥⎥⎥⎦ , (13.24)
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where

T11(θ) = ⎡⎢⎢⎢⎣
Tn×n[f (1)] −Tn×n[l(1)]

0n×n Tn×n[f (2)]
⎤⎥⎥⎥⎦ ,

T21(θ) = ⎡⎢⎢⎢⎣
0n×n 0n×n

0n×n −Tn×n[l(3)]
⎤⎥⎥⎥⎦ ,

T22(θ) = ⎡⎢⎢⎢⎣
Tn×n[f (1)] −Tn×n[l(1)]

0n×n Tn×n[f (3)]
⎤⎥⎥⎥⎦ ,

(13.25)

with

f (j) = �1 f
(j)
1 . . . f

(j)
m �⊺ ∈ Rm, l(j) = �l(j)0 . . . l

(j)
m−1�⊺ ∈ Rm, (13.26)

whereas the covariance of ĝn − gn
o is given by (13.17). In the SISO case addressed in

Chapter 5, the noise variance was a scalar and could be neglected in the weighting.
Here, as in Chapter 7, the diagonal matrix Λ containing the noise variances cannot
be ignored in the weighting and must be estimated from data. This can be done
using

Λ̂ = 1
N

N�
t=1

ε(t, θ̂
(0)
N )ε⊺(t, θ̂

(0)
N ), (13.27)

where the off-diagonal elements can then be replaced with zeros under the assumption
that the noise sources are mutually uncorrelated. Then, if we denote by P̂ the
matrix (13.17) with Λ replaced by Λ̂, we can re-estimate θ with weighted least
squares using (5.42), where

W −1(θ) = T (θ)P̂ T ⊺(θ). (13.28)

Because of the similarities with the SISO case and the theoretical analysis
in Chapter 5, there are reasons to believe that θ̂

(1)
N is an asymptotically efficient

estimate of θ. Also as in other WNSF applications, for finite sample size it may be
possible to improve the accuracy by iterating, where the weighting at some iteration
is constructed using the estimate from the previous iteration.

This gives the following WNSF algorithm, which can be applied to identify the
cascade network in Fig. 13.1:

1. estimate the non-parametric FIR model (13.11) with least squares (5.32);

2. estimate the parametric model with least squares (5.37), using (13.20) or (13.23)
with the non-parametric estimate;

3. re-estimate the parametric model with weighted least squares (5.42), with (13.28)
the weighting inverse.

This algorithm can be easily generalized for cascade networks where all excitation
signals appear before all measured outputs. A general cascaded network satisfying
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u2 unu

u1 G1 G2 ⋯ Gnu Gnu+1 ⋯ Gnu+ny−1

e1 e2 eny

y1 y2 yny

Figure 13.2: General serial cascade network with all external excitation signals
appearing before all measured outputs.

this, with nu inputs and ny outputs, is illustrated in Fig. 13.2, and the transfer
matrix can be described as

G(q) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∏nu

j=1 Gj ∏nu

j=2 Gj ⋯ Gnu−1Gnu Gnu∏nu+1
j=1 Gj ∏nu+1

j=2 Gj ⋯ Gnu−1GnuGnu+1 GnuGnu+1⋮ ⋮ ⋮ ⋮∏nu+ny−1
j=1 Gj ∏nu+ny−1

j=2 Gj ⋯ ∏nu+ny−1
j=nu−1 Gj ∏nu+ny−1

j=nu
Gj

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(13.29)
To apply the proposed WNSF-based algorithm, the first step is to identify the

MIMO FIR model
y(t) = G̃(q, gn)u(t) + e(t), (13.30)

where

G̃(q, gn) =
⎡⎢⎢⎢⎢⎢⎢⎣

G̃11(q, gn
11) ⋯ G̃1nu(q, gn

1nu
)⋮ ⋮

G̃ny1(q, gn
ny1) ⋯ G̃nynu(q, gn

nynu
)
⎤⎥⎥⎥⎥⎥⎥⎦

, (13.31)

with least squares. Then, we use the equivalence between (13.31) and a parametric
description based on (13.29),⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∏nu

j=1 Gθ
j ∏nu

j=2 Gθ
j ⋯ Gθ

nu−1Gθ
nu

Gθ
nu∏nu+1

j=1 Gθ
j ∏nu+1

j=2 Gθ
j ⋯ Gθ

nu−1Gθ
nu

Gθ
nu+1 Gθ

nu
Gθ

nu+1⋮ ⋮ ⋮ ⋮∏nu+ny−1
j=1 Gθ

j ∏nu+ny−1
j=2 Gθ

j ⋯ ∏nu+ny−1
j=nu−1 Gθ

j ∏nu+ny−1
j=nu

Gθ
j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G̃g
11 G̃g

12 ⋯ G̃g
1(nu−1) G̃g

1nu

G̃g
21 G̃g

22 ⋯ G̃g
2(nu−1) G̃g

2nu⋮ ⋮ ⋮ ⋮
G̃g

ny1 G̃g
ny2 ⋯ G̃g

ny(nu−1) G̃g
nynu

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(13.32)

where the arguments have been removed for notational simplicity, with Gθ
j corre-

sponding to a low-order parametrization and G̃g
j to a high-order parametrization.
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To apply Step 2 of WNSF, after we have replaced G̃(q, gn) by its estimate
in (13.32), this relation must be linear in θ. One way to achieve this (not unique) is
according to

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Gθ
1G̃g

12 Gθ
2G̃g

13 ⋯ Gθ
nu−1G̃g

1nu
Gθ

nu

Gθ
1G̃g

22 Gθ
2G̃g

23 ⋯ Gθ
nu−1G̃g

2nu
Gθ

nu+1G̃g
1nu⋮ ⋮ ⋮ ⋮

Gθ
1G̃g

ny2 Gθ
2G̃g

ny3 ⋯ Gθ
nu−1G̃g

nynu
Gθ

nu+ny−1G̃g(ny−1)nu

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G̃g
11 G̃g

12 ⋯ G̃g
1(nu−1) G̃g

1nu

G̃g
21 G̃g

22 ⋯ G̃g
2(nu−1) G̃g

2nu⋮ ⋮ ⋮ ⋮
G̃g

ny1 G̃g
ny2 ⋯ G̃g

ny(nu−1) G̃g
nynu

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(13.33)

Replacing the low-order parametrizations by their polynomial forms, we may write

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Lθ
1G̃g

12 Lθ
2G̃g

13 ⋯ Lθ
nu−1G̃g

1nu
Lθ

nu

Lθ
1G̃g

22 Lθ
2G̃g

23 ⋯ Lθ
nu−1G̃g

2nu
Lθ

nu+1G̃g
1nu⋮ ⋮ ⋮ ⋮

Lθ
1G̃g

ny2 Lθ
2G̃g

ny3 ⋯ Lθ
nu−1G̃g

nynu
Lθ

nu+ny−1G̃g(ny−1)nu

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F θ
1 G̃g

11 F θ
2 G̃g

12 ⋯ F θ
nu−1G̃g

1(nu−1) F θ
nu

G̃g
1nu

F θ
1 G̃g

21 F θ
2 G̃g

22 ⋯ F θ
nu−1G̃g

2(nu−1) F θ
nu+1G̃g

2nu⋮ ⋮ ⋮ ⋮
F θ

1 G̃g
ny1 F θ

2 G̃g
ny2 ⋯ F θ

nu−1G̃g
ny(nu−1) F θ

nu+ny−1G̃g
nynu

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0.

(13.34)

The entries of (13.34) define linear equations in the parameters θ. This means that it
can be written in the form (5.18) and a non-parametric estimate ĝn can be plugged
in, to then obtain estimates of θ with least squares.

For Step 3 to be applied, as mentioned in Remark 13.1, it must be possible to
write the residuals of (13.34) when gn is replaced by ĝn linearly in the non-parametric
estimate noise ĝn − gn

o . This will be satisfied because there are no products of non-
parametric terms in (13.34). An appropriate weighting can then be derived for this
problem, and Step 3 of WNSF applied.

13.4 Generalization with Arbitrary Location of Sensors and
Actuators

The algorithm proposed in the previous section covers only cascade networks where
all excitation signals appear prior to all measurements. Consider the cascade network
in Fig. 13.3. In this case, the relation between the parametric and non-parametric
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u2(t)
u1(t) G1(q) G2(q) G3(q)

e1(t) e2(t)
y1(t) y2(t)

Figure 13.3: Another serial cascade network example.

models is given by ⎡⎢⎢⎢⎣
Gθ

1 0
Gθ

1Gθ
2Gθ

3 Gθ
3

⎤⎥⎥⎥⎦ −
⎡⎢⎢⎢⎣
G̃g

11 0
G̃g

21 G̃g
22

⎤⎥⎥⎥⎦ = 0. (13.35)

Although (13.35) can be made linear in θ by replacing Gθ
1Gθ

2Gθ
3 = G̃g

22Gθ
2G̃g

11, a
closed-form expression for the weighting is not available, because it will not be
possible to write the residuals of (13.35) linearly in the non-parametric estimate
noise (the third point in Remark 13.1 is not satisfied). This is a consequence of the
product G̃g

11G̃g
22.

In this section, we propose a method that approximates these residuals. Despite
the approximation, simulation results in the next section support that the method
may provide asymptotically efficient estimates. Using the example in Fig. 13.3, we
go through the WNSF steps to propose the algorithm.

Step 1: Non-parametric model

In the first step, we obtain a non-parametric model estimate, identically to Step 1
in Section 13.3.

Step 2: Estimation of parametric model

In this step, we estimate the parametric model from the non-parametric estimate in
Step 1. In order to make (13.35) linear in θ, we can re-write it as

⎡⎢⎢⎢⎣
G̃g

11F θ
1 −Lθ

1 0
G̃g

21F θ
2 − G̃g

22G̃g
11Lθ

2 G̃g
22F θ

3 −Lθ
3

⎤⎥⎥⎥⎦ = 0. (13.36)

We denote G̃g
22G̃g

11 = ∑∞k=1 g
(k)
13 q−k, and we let g13 = [g(1)13 . . . g

(n)
13 ]⊺. Then, we can

write (13.36) as (5.18) with

Q(gn) =
⎡⎢⎢⎢⎢⎢⎢⎣
Q1(gn) 0 0

0 Q2(gn) 0
0 0 Q3(gn)

⎤⎥⎥⎥⎥⎥⎥⎦
, (13.37)
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where

Q1(gn) = ⎡⎢⎢⎢⎣−Tn×m[Ǐngn
11] Im×m

0n−m×m

⎤⎥⎥⎥⎦ ,

Q2(gn) = �−Tn×m[Ǐngn
21] Tn×m[Ǐngn

13]� ,

Q3(gn) = ⎡⎢⎢⎢⎣−Tn×m[Ǐngn
22] Im×m

0n−m×m

⎤⎥⎥⎥⎦ .

(13.38)

The estimate ĝn from Step 1 can now be used to obtain an estimate θ̂
(0)
N with least

squares, using (5.37).

Step 3: Re-estimation of parametric model

Although (13.36) is linear in θ, it is not linear in gn, which makes it impossible to
write the residuals linearly in the non-parametric estimation noise. So, we neglect
the non-linear terms in the residuals: when estimates ˆ̃Gg

ij are plugged in (13.36), we
approximate the corresponding residuals for element 2, 1 as

F θ
2

ˆ̃Gg
21 −Lθ

2
ˆ̃Gg

11
ˆ̃Gg

22 =F θ
2 (G̃g

21 +Δg
21) −Lθ

2(G̃g
22 +Δg

22)(G̃g
11 +Δg

11)=F θ
2 Δg

21 −Lθ
2G̃g

22Δg
11 −Lθ

2G̃g
11Δg

22 −Lθ
2Δg

11Δg
22≈F θ

2 Δg
21 −Lθ

2G̃g
22Δg

11 −Lθ
2G̃g

11Δg
22,

(13.39)

where Δg
ij are polynomials in q−1 whose coefficients contain the estimation error in

ˆ̃Gg
ij , and whose covariance follows from the least-squares estimate. As with SISO

WNSF, the last line in (13.39) can be written in vector form linearly in the estimation
error of the non-parametric model coefficients. Moreover, the true parameters can be
replaced with an estimate obtained in a previous iteration. The difference here is that
not only the parametric coefficients θ appear, but also the non-parametric coefficients
gn. Although they could be replaced with the estimated ĝn coefficients, these have
high variance. In order to obtain a more accurate estimate of the residual covariance,
we may replace G̃g

11 and G̃g
22 by the corresponding parametric descriptions: the

impulse response coefficients of Gθ
1 and Gθ

3, respectively. We denote the vectors
containing the first n impulse response coefficients of Lθ

2Gθ
1 and Lθ

2Gθ
3 by ηn

1 and
ηn

3 , respectively. Now, we can express T (θ) as

T (θ) =
⎡⎢⎢⎢⎢⎢⎢⎣
Tn×n[f (1)] 0n×n 0n×nTn×n[ηn

3 ] Tn×n[f (2)] Tn×n[ηn
1 ]

0n×n 0n×n Tn×n[f (3)]
⎤⎥⎥⎥⎥⎥⎥⎦

. (13.40)

Then, we re-estimate θ with weighted least squares using (5.42), where W is according
to (13.28).

As we will see in the next section, a simulation study suggests that, despite
the approximation of the residuals statistics, the estimate θ̂

(1)
N is an asymptotically
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efficient estimate of θ for the considered problem. Moreover, it is possible to prove
that this procedure can be applied to any cascade networks that has either a
measured output or an excitation signal between each system module. This is done
by Ferizbegovic et al. (2018a), where an algorithm is provided to construct the
WNSF equations given the cascade network topology.

13.5 Simulation Examples

In this section, we perform two simulation studies. The first uses the cascade network
in Fig. 13.1 and has the purpose of showing the robustness and computational advan-
tages of the algorithm in Section 13.3, as well as illustrating that it is asymptotically
efficient irrespective of the replacement used (see Remark 13.2). The second uses
the cascade network in Fig. 13.5 to illustrate that the algorithm in Section 13.4 may
also be asymptotically efficient.

13.5.1 Cascade Network in Fig. 13.1
Consider the network in Fig. 13.1 with

G1(q) = 0.7q−1 + 0.5q−2

1−1.2q−1+0.5q−2 , G2(q) = 0.6 − 0.2q−1

1−1.3q−1+0.6q−2 ,

G3(q) = 0.6 + 0.8q−1 − 1.2q−2

1 − 0.75q−1 + 0.56q−2 .

(13.41)

The noises {e1(t), e2(t)} have variances 2 and 3, respectively, and the inputs{u1(t), u2(t)} are given by uj(t) = (1 − 0.9q−1)−1uw
j (t), where {uw

1 (t), uw
2 (t)} are

unit-variance mutually-uncorrelated Gaussian white-noise sequences.
We compare the following methods:

• minimization of the cost function (13.8) initialized at the true parameter
values (PEM-true);

• minimization of the cost function (13.8) initialized according to the procedure
described in Section 13.2 (PEM-oe);

• weighted null-space fitting according to the relations (13.20) (WNSF-1);

• weighted null-space fitting according to the relations (13.23) (WNSF-3).

For the PEM methods, the network structure is implemented with the MATLAB
function greyest, and then minimized using the pem function, with a maximum
of 1000 iterations. For the initialization of PEM-oe, we first estimate the over-
parametrized MIMO OE model (13.9) using the MATLAB function oe with default
initialization. Then, an estimate of G2(q, θ) is readily available through G12(q, α̂12).
Estimates of G1(q, θ) and G3(q, θ) are obtained by performing model order reduction
on the over-parametrized estimates (13.10), for which we use the MATLAB function
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Figure 13.4: Average MSE of the estimated parameters θ̂ as function of the sample
size, for different methods, using the cascade network of Fig 13.1.

reduce. For WNSF, we apply the algorithm for a grid of non-parametric model
orders n = {20, 30, 40} (all the polynomials in the MIMO FIR were chosen to have
the same order) and a maximum of 1000 iterations, and the parametric estimate that
minimizes the PEM criterion (13.8) is chosen. This is the same approach that has
been detailed for the SISO case in Chapter 5. All methods stop upon convergence.

We perform 1000 Monte Carlo runs for seven sample sizes N logarithmically
spaced between 300 and 60000 (rounded to the nearest integer). The results are
presented in Fig. 13.4, where we plot the average mean-square error (MSE = ∣∣θ̂−θo∣∣2)
as function of the sample size N , where θ̂ is the estimate obtained for a particular
method and sample size. In Table 1, we present the average computational times for
each method and sample size N (although most methods show longer computational
time for low N , this is probably unrelated to the network setting, but to the need
for more iterations to converge when the data are less informative).

We draw the following conclusions from these results. First, the two alternative
procedures (13.19) and (13.23) to make the equations for WNSF linear perform
similarly. Second, initializing PEM by estimating an over-parametrized MIMO OE
model followed by model reduction often did not provide accurate enough estimates
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Table 13.1: Average computational times (in seconds) for several sample sizes.

N 300 725 1754 4243 10260 24811 60000
PEM-oe 40 24 19 18 18 26 41
PEM-true 11 10 9.1 10 12 18 31
WNSF-1 5.0 2.4 1.7 1.6 1.8 3.0 6.1
WNSF-3 4.7 2.2 1.6 1.5 1.8 2.9 6.1

to attain the global minimum of the cost function, as the MSE is considerably
different than when PEM is initialized at the true parameters. Third, WNSF is an
appropriate method to avoid the non-convexity of PEM. Fourth, the computational
time was considerably lower for WNSF than for PEM, even when initialized at
the true parameters (in addition, for PEM-oe the times in Table 13.1 do not take
into account the MIMO OE estimate for initialization). Fifth, as supported by the
SISO analysis in Chapter 5, the delineated network WNSF procedure seems to be
asymptotically efficient.

13.5.2 Cascade Network in Fig. 13.5
For the second simulation, we use the cascade network in Fig. 13.5 with

G1(q) = 0.7q−1 + 0.5q−2

1 − 1.2q−1 + 0.5q−2 , G2(q) = 0.6 − 0.2q−1

1 − 1.3q−1 + 0.6q−2 ,

G3(q) = 0.6 + 0.8q−1 − 1.2q−2

1 − 0.75q−1 + 0.56q−2 , G4(q) = 0.6 + 0.8q−1

1 − 1.1q−1 + 0.7q−2 ,

G5(q) = 0.6 + 0.7q−1

1 − 1.2q−1 + 0.5q−2 .

(13.42)

We use colored input given by ui(t) = (1−0.8q−1)−1uw
i (t), where {uw

1 (t), uw
2 (t), uw

3 (t)}
are zero-mean unit-variance mutually-uncorrelated Gaussian white-noise sequences.
Also the noises {e1(t), e2(t), e3(t)} have unit variance.

We perform 100 Monte Carlo runs for ten different sample sizes N logarithmically
spaced between 500 and 50000. We compare the following methods:

• PEM initialized at the true model parameters (PEM-true);

• weighted null-space fitting using the extension in Section 13.4 (WNSF-ext).

For PEM, the network structure is implemented with the MATLAB function
greyest, and then minimized using the pem function, with a maximum of 1000
iterations. For WNSF, we apply the algorithm for a grid of non-parametric orders
n = {20, 30, 40} and a maximum of 1000 iterations. Both methods stop upon
convergence.
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u2(t) u3(t)
u1(t) G1(q) G2(q) G3(q) G4(q) G5(q)

e1(t) e2(t) e3(t)
y1(t) y2(t) y3(t)

Figure 13.5: Cascade network used for simulation to illustrate the extended WNSF-
based algorithm in Section 13.4.
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Figure 13.6: Average MSE of the estimated parameters θ̂ as function of the sample
size, for PEM (initialized with true parameters) and the WNSF extension (from
Section 13.4), using the cascade network of Fig 13.5.

The average MSE for each sample size and method is presented in Fig. 13.6, from
where we can draw the following conclusions. First, there is experimental support
for the asymptotic efficiency of the method, despite the approximation required.
Second, the algorithm is robust, having no low-performance failures despite the
estimation of five systems simultaneously.

13.6 Other Potential Generalizations

Sections 13.3 and 13.4, together with the algorithm by Ferizbegovic et al. (2018a)
on how to construct the WNSF equations, can be applied to an identifiable generic
cascade system where all the modules are connected in series. The choice of allowing
only serial connections does not mean that WNSF-based extensions cannot be
applied to other structures. Rather, it can be seen as a starting point for a more
general method, which can include structures containing also parallel and feedback
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u1(t) G1(q) e2(t)
G3(q) y2(t)

u2(t) G2(q) e1(t)
y1(t)

Figure 13.7: Cascade network including parallel connections.

connections.
The derivation of general conditions on the network structure (besides serial

cascade connections) for WNSF-based methods to be applicable is the topic for
future contributions. In this section, we illustrate with simple examples that there is
a potential to extend the algorithms in this chapter to other network structures. We
consider a cascade system with blocks connected in parallel, with blocks connected
in feedback, and finally we address how colored noise could be addressed.

13.6.1 Cascade with Parallel Connections
Consider the cascade system in Fig. 13.7, with the blocks G1(q) and G2(q) connected
in parallel. Let each module be parametrized by (13.3) and (13.4). Then, the network
model to estimate is given by⎡⎢⎢⎢⎣

y1(t)
y2(t)

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣

G1(q, θ) G2(q, θ)
G3(q, θ)G1(q, θ) G3(q, θ)G2(q, θ)

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
u1(t)
u2(t)

⎤⎥⎥⎥⎦ +
⎡⎢⎢⎢⎣
e1(t)
e2(t)

⎤⎥⎥⎥⎦ . (13.43)

We proceed to illustrate how the method in Section 13.3 can be applied to
identify this network. The first step is to estimate a non-parametric model identical
to (13.11). Using the notation of (13.18), the relation between parametric and
non-parametric models are in this case given by⎡⎢⎢⎢⎣

Gθ
1 Gθ

2
Gθ

3Gθ
1 Gθ

3Gθ
2

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
G̃g

11 G̃g
12

G̃g
21 G̃g

22

⎤⎥⎥⎥⎦ . (13.44)

Re-writing (13.44) as
⎡⎢⎢⎢⎣

Gθ
1 Gθ

2
Gθ

3G̃g
11 Gθ

3G̃g
12

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
G̃g

11 G̃g
12

G̃g
21 G̃g

22

⎤⎥⎥⎥⎦ (13.45)

and writing the parametric models in terms of the numerator and denominator
polynomials, we obtain⎡⎢⎢⎢⎣

G̃g
11F θ

1 −Lθ
1 G̃g

12F θ
2 −Lθ

2
G̃g

21F θ
3 − G̃g

11Lθ
3 G̃g

22F θ
3 − G̃g

12Lθ
3

⎤⎥⎥⎥⎦ = 0. (13.46)
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e1(t)
u1(t) G1(q) y1(t)

y2(t) G2(q) u2(t)
e2(t)

Figure 13.8: Two systems connected in a feedback loop.

Because (13.46) is linear in both θ and gn, a procedure analogous to Steps 2 and
3 in Section 13.3 can be applied to identify the cascade structure 13.7. Hence,
the procedure in Section 13.3 is not limited to cascade systems with only serial
connections.

13.6.2 Cascade with Feedback
We now use the network in Fig. 13.8 to illustrate that there is the potential of
applying WNSF when there are feedback links. The output equations for this network
are given by

⎡⎢⎢⎢⎣
y1(t)
y2(t)

⎤⎥⎥⎥⎦ =
1

1 −G1(q)G2(q)
⎡⎢⎢⎢⎣

G1(q) −G1(q)G2(q)−G1(q)G2(q) G2(q)
⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
u1(t)
u2(t)

⎤⎥⎥⎥⎦ +
⎡⎢⎢⎢⎣
e1(t)
e2(t)

⎤⎥⎥⎥⎦ ,

(13.47)
and we parametrize G1(q) and G2(q) according to (13.3) and (13.4).

As with the previous example, the first step is to estimate a non-parametric
model identical to (13.11). Using the notation of (13.18), the relation between
parametric and non-parametric models are given by

1
1 −Gθ

1Gθ
2

⎡⎢⎢⎢⎣
Gθ

1 −Gθ
1Gθ

2−Gθ
1Gθ

2 Gθ
2

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
G̃g

11 G̃g
12

G̃g
21 G̃g

22

⎤⎥⎥⎥⎦ . (13.48)

In this case, there can exist several procedures to make (13.48) linear in θ. One
equation can be derived as

⎧⎪⎪⎪⎨⎪⎪⎪⎩
G̃g

11 = Gθ
1

1−Gθ
1Gθ

2

G̃g
12 = −Gθ

1Gθ
2

1−Gθ
1Gθ

2

⇒ G̃g
12 = −Gθ

2G̃g
11 ⇒ F θ

2 G̃g
12 +Lθ

2G̃g
11 = 0. (13.49)

Analogously, we can write
⎧⎪⎪⎪⎨⎪⎪⎪⎩

G̃g
21 = −Gθ

1Gθ
2

1−Gθ
1Gθ

2

G̃g
22 = Gθ

2
1−Gθ

1Gθ
2

⇒ G̃g
21 = −Gθ

1G̃g
22 ⇒ F θ

1 G̃g
21 +Lθ

1G̃g
22 = 0. (13.50)



13.6. Other Potential Generalizations 287

u(t) G1(q) G2(q)
e1(t) H1(q) e2(t) H2(t)

y1(t) y2(t)
Figure 13.9: Cascade network with two systems connected in series and colored noise.

The two remaining equations can then be derived by replacing 1/(1−Gθ
1Gθ

2) in (13.48)
with one of the following options:

1 − G̃g
12 = 1

1 −Gθ
1Gθ

2
= 1 − G̃g

21. (13.51)

Then, the diagonal elements in (13.48) can be re-written as, for example,

⎧⎪⎪⎨⎪⎪⎩
F θ

1 G̃11 −Lθ
1(1 − G̃g

12) = 0
F θ

2 G̃22 −Lθ
2(1 − G̃g

21) = 0
(13.52)

Because (13.49), (13.50) and (13.52) are bilinear in θ and gn, a procedure analogous
to Steps 2 and 3 in Section 13.3 can be applied.

13.6.3 Colored Noise
Throughout this chapter, it has been assumed that the outputs are measured with
white noise. In the following, we consider how the identification procedure changes
when the outputs are measured with colored noise. Consider the cascade system in
Fig. 13.9, which can be written as

⎡⎢⎢⎢⎣
y1(t)
y2(t)

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣

G1(q)
G2(q)G1(q)

⎤⎥⎥⎥⎦u(t) + ⎡⎢⎢⎢⎣
H1(q) 0

0 H2(q)
⎤⎥⎥⎥⎦ e(t). (13.53)

Similarly to the parametrization (13.3) and (13.4) for each Gj(q), we also assume a
parametrization

Hj(q, γ) = Cj(q, γi)
Dj(q, γi) , (13.54)

where Cj(q, γj) and Dj(q, γj) are polynomials

Cj(q, γj) = 1 + c
(j)
1 q−1 +⋯ + c(j)m q−m,

Dj(q, γj) = 1 + d
(j)
1 q−1 +⋯ + d(j)m q−m,

(13.55)
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and
γj = �c(j)1 ⋯ c

(j)
m d

(j)
0 ⋯ d

(j)
m−1�⊺ . (13.56)

The parameter vector related to the noise model in this example consists then of
γ = [γ⊺1 γ⊺2 ]⊺.

As in Chapter 5, a non-parametric FIR model is sufficient for the first step when
the noise is white, but to consistently model the complete system dynamics when
the noise is colored requires a non-parametric ARX model. Then, the first step in
this case consists of estimating⎡⎢⎢⎢⎣

Ã11(q, ηn) 0
0 Ã22(q, ηn)

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
y1(t)
y2(t)

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
B̃11(q, ηn)
B̃21(q, ηn)

⎤⎥⎥⎥⎦u(t) + ⎡⎢⎢⎢⎣
e1(t)
e2(t)

⎤⎥⎥⎥⎦ , (13.57)

where ηn is the high-order parameter vector, similarly to the notation in Chapter 5.
The next step is to relate the non-parametric and the parametric models. Using

the usual shortened notation, we have
⎡⎢⎢⎢⎣

Gθ
1

Gθ
2Gθ

1

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
Ãη

11 0
0 Ãη

22

⎤⎥⎥⎥⎦
−1 ⎡⎢⎢⎢⎣

B̃η
11

B̃η
21

⎤⎥⎥⎥⎦ (13.58)

for the plant, and ⎡⎢⎢⎢⎣
Hγ

1 0
0 Hγ

2

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
Ãη

11 0
0 Ãη

22

⎤⎥⎥⎥⎦
−1

(13.59)

for the noise model. Re-writing (13.59) as
⎡⎢⎢⎢⎣
Ãη

11Cγ
1 −Dγ

1 0
0 Ãη

22Cγ
2 −Dγ

2

⎤⎥⎥⎥⎦ = 0, (13.60)

where we replaced Hγ
1 and Hγ

2 by their corresponding numerator and denominator
polynomials, we have that (13.60) is linear in both γ and ηn. Therefore, for the
noise-model part, a procedure analogous to Steps 2 and 3 in Section 13.3 can be
applied.

For the plant, we may re-write (13.58) as

Gθ
1 = B̃η

11
Ãη

11
, Gθ

2Gθ
1 = B̃η

21
Ãη

22
. (13.61)

Replacing Gθ
1 in the second equation by the first yields

Gθ
1 = B̃η

11
Ãη

11
, Gθ

2
B̃η

11
Ãη

11
= B̃η

21
Ãη

22
(13.62)

Finally, with some algebraic manipulations, we can re-write the parametric models
in terms of the respective polynomials according to⎧⎪⎪⎨⎪⎪⎩

Bη
11F θ

1 −Aη
11Lθ

1 = 0
Bη

21Aη
11F θ

2 −Bη
11Aη

22Lθ
2 = 0

. (13.63)
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This is linear in θ, and therefore the non-parametric estimate obtained in the first
step can be used to estimate θ with least squares. However, it is not linear in ηn,
and therefore it will not be possible to write the residuals linearly in the noise of
the non-parametric estimate, as in Section 13.3. Then, the procedure proposed in
Section 13.4 can be applied here, approximating the corresponding residuals by their
linear term.

With the system description (13.53), corresponding to Fig. 13.9, we considered
only the scenario where the noise is colored but uncorrelated between noise sources.
If the noise sources are correlated, the noise model in (13.53) will be full, as well
as the Ã(q, ηn) matrix in the non-parametric ARX model (13.57). In this case, it
will not be possible to write the relation between parametric and non-parametric
problem linearly in θ. This is not a limitation imposed specifically by the cascade
structure, but by an element-wise parametrization of a Box-Jenkins structure in
general, as we observed in Chapter 7. Hence, a solution to deal with this case could
potentially be similar to that adopted in Chapter 7: an additional step where the
non-parametric ARX model is converted into a non-parametric MAX model.

13.7 Conclusions

In this chapter, we addressed the problem of obtaining asymptotically efficient
estimates in cascade networks where the system modules are connected without
process noise, but the outputs are subject to sensor noise. We used the WNSF
method as basis to achieve this goal. The main challenge was to let WNSF reflect the
network topology while maintaining the weighted least-squares procedure. For some
positions of sensors and actuators in the network, this required an approximation,
which simulations support does not change the optimal asymptotic properties of the
method. Complemented with the work by Ferizbegovic et al. (2018a), a WNSF-based
algorithm is now well-established for identification of cascade systems with only
serial connections and affected by white noise.

However, this work has potential for extensions and generalizations. First, in
terms of more in-depth simulation studies to understand performance for finite
sample size: the proposed algorithm admits different formulations that are asymp-
totically equivalent, but the question remains if there are preferable formulations
for finite sample size. Second, in terms of theoretical analysis, extending the proofs
in Chapter 5 to the cascade scenario. Third, in terms of covering cascade systems
that admit also parallel and feedback links, as well as colored noise: the examples
in Section 13.6 point out to the possibility of using WNSF-based approaches for
such structures and noise properties, but a general framework has not yet been
developed.





Chapter 14

Conclusions and Future Research Directions

In this thesis, we considered multi-step least-squares methods for parametric system
identification. The first part addressed the fundamental algorithms: model order
reduction Steiglitz-McBride (MORSM) and weighted null-space fitting (WNSF).
Both these methods consist in estimating a non-parametric model with least squares,
which is then used to obtain a parametric model using weighted least squares (WNSF)
or least squares preceded by filtering (MORSM). Simulation examples performed
in Chapters 4 and 5 illustrated the potential of these methods for identification
of single-input single-output systems compared with state-of-the-art methods. In
particular, they may be specially relevant in settings where the PEM cost function
is highly non-convex.

For WNSF, a fundamental contribution of this thesis was to conduct a rigorous
statistical analysis of its asymptotic statistical properties. The main technical
challenge is to keep track of the errors introduced by truncation of the non-parametric
model, whose order should tend to infinity as function of the sample size. This was
done in Chapter 5, where consistency and asymptotic distribution and covariance
are derived for the case when both the plant and noise models have a correct
parametrization. From this analysis, we concluded that the method is asymptotically
efficient for Gaussian noise, and provides the same asymptotic accuracy as PEM
with a quadratic cost function under other noise distributions.

Another contribution of this thesis was to establish the connection between
different multi-step least-squares methods. In Chapter 6, we showed that the multi-
step least-squares methods reviewed in Section 2.3.4 (based on estimated innovations
as the residuals of the non-parametric model), MORSM (based on a simulated data
set using the non-parametric model), and WNSF (based on the relations between
the non-parametric and parametric model polynomials) are essentially equivalent
for model structures where they are applicable. However, their range of applicability
differs, with WNSF having additional flexibility in parametrization. This property
was essential for the development of a more general framework for WNSF in the
following chapters.

In Chapter 7, we considered identification of multivariate model structures.

291
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WNSF allows us to develop a multi-step least-squares framework that can cover
a large variety of model structures, using both matrix-fraction and element-wise
descriptions of the transfer matrices. In cases where this application is not direct, we
proposed an additional weighted least-squares step, where the non-parametric ARX
model is first converted to a non-parametric MAX model. The simulation examples
performed suggest that multivariate WNSF can be particularly advantageous when
specific parametrizations of the transfer matrices are desired.

In Chapter 8, we analyzed the semi-parametric version of WNSF, where the noise
model is non-parametric. In this case, there are additional technical challenges in the
analysis due to the non-invertibility of some matrices. These technical challenges are
dealt with by deriving a new result for variance analysis using a geometric approach.
The conclusions are that semi-parametric WNSF is consistent, asymptotically
efficient in open loop, and has the same asymptotic covariance as PEM for an
infinite-order noise model in closed loop.

The second part of this thesis mostly addresses possible extensions for this type
of methods. In Chapter 9, we proposed an approach for how transient estimation can
be incorporated for the non-parametric model. This does not improve the estimation
accuracy of the non-parametric model parameters, but the estimates of the transient
parameters contain information about the parametric model of interest, which may
improve the estimation accuracy of the parametric model for finite sample size.

In Chapter 10, we considered unstable systems such that the unstable poles
of the plant are not shared with the noise model. This is the case of output-error
and Box-Jenkins models. Then, we derived the limit values of non-parametric ARX
models when used to model such unstable systems. We observed that the ARX-model
estimate still converges to well-defined polynomials, but more general expressions are
required compared to the standard result. As the WNSF uses the relation between
the coefficients of the non-parametric ARX model and of the parametric model
of interest, this is an important result if the WNSF is to be applied to estimate
unstable systems. We proposed a procedure to generalize WNSF to this case.

In Chapter 11, we considered a WNSF-based method for recursive identification.
With WNSF, the non-parametric ARX model estimate and its covariance replace
the data to obtain the parametric model. Because the non-parametric ARX model
is estimated with least squares, which has a recursive formulation with guaranteed
convergence, it can be updated recursively without the danger of diverging from the
global optimum. Then, the projection to a parametric estimate can be done as with
WNSF, but where the weighting is constructed using the parametric estimate from
the previous time step. Simulation examples show that, with a sufficiently large
amount of data, recursive WNSF performs similarly to off-line WNSF irrespective
of initial conditions on the model estimate, whereas recursive PEM may diverge.
The price to pay is a higher computational time, as two models are estimated at
each time step. An important issue is also how the non-parametric model order can
be chosen, and initial ideas for the development of an algorithm that adapts this
order online are discussed. Strictly speaking, adapting this order makes the method
not a recursive method in the classical sense, as the memory requirement over time
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will increase (unless an upper limit is set). However, this is at a much slower rate
than the sample size. It is also possible to switch to other recursive estimators, such
as recursive PEM, after sufficiently accurate estimates have been obtained.

In Chapter 12, we considered a MORSM-based method for identification of
system modules embedded in dynamic networks subject to sensor and process
noise. For such networks, applying PEM to a correctly parametrized model is often
too complex, and most methods are developed to consistently estimate individual
modules of the network separately. However, these methods usually neglect the issue
of the estimation accuracy. In order to consider this but still keep the simplicity of
estimating each system module separately, we started from the asymptotic maximum
likelihood cost function that provides a parametric estimate of the module of interest
while modeling the remaining part of the network non-parametrically. Then, as with
MORSM, we converted the asymptotic maximum likelihood cost function into a
multi-step least-squares algorithm.

In Chapter 13, we considered a WNSF-based method for identification of a specific
type of dynamic network: systems connected in cascade subject only to sensor noise.
In this case, it is feasible to estimate the complete network simultaneously to obtain
asymptotically efficient estimates. However, doing so with PEM has the difficulty of
finding dedicated initialization methods for the specific parametrization required to
capture the network topology, besides the usual problem of non-convexity. For some
locations of excitation and measurement signals in the network, it is possible to find
parametrizations allowing for the WNSF ideas to be applied directly; for arbitrary
locations of such signals, some approximation is required. In both cases, simulations
support that the method is asymptotically efficient.

We now proceed to discuss possibilities for future research directions.

Additional model estimation steps

In Chapter 7, in a setting where direct application of WNSF is not possible, we
proposed the use of an additional non-parametric model step. In this particular case,
the non-parametric ARX model is first transformed into a non-parametric MAX
model, and then the parametric BJ model of interest is estimated from the MAX
model, with both steps using WNSF. The reason for this is that the non-parametric
ARX model and the parametric BJ model cannot be related using bilinear equations
in both model coefficients. However, this is possible between ARX and MAX, and
between MAX and BJ, which leads to the proposed WNSF approach with an
additional MAX model estimation step. This type of approach could be worth
exploring for other settings where WNSF cannot be applied directly, potentially
with a sequence of intermediate model steps until the final model is estimated.

Asymptotic accuracy results for unstable systems

High-order models have the inherent limitation that their estimate has high variance.
However, we observed in Chapter 10 that this does not apply to the estimated
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unstable poles of the ARX model. Theorem 5.1 by Mårtensson and Hjalmarsson
(2009) provides theoretical support for this observation. Therein, it is shown for a
very general class of systems that the variance of any unstable root will converge to
a finite limit when the model order increases to infinity. However, this theorem is not
directly applicable to our setting, because it requires the system to be in the model
set. In our setting, the system is only in the model set when the order of the ARX
model tends to infinity. Therefore, a variance analysis similar to Theorem 5.1 by
Mårtensson and Hjalmarsson (2009) requires that the model order tend to infinity
as function of the sample size N , similarly to the approach by Ljung and Wahlberg
(1992), and which is also used in this thesis. An extension of this theorem to such
a setting would allow us to compare the accuracy of the unstable poles estimate
obtained via the high-order model and the corresponding estimate for PEM with a
model of correct order.

In the proposed WNSF approach for unstable systems, the unstable poles are only
estimated from the non-parametric model, which makes the method not asymptotic
efficiency. It was also discussed, although not implemented or analyzed, the possibility
of a WNSF-based approach that could be asymptotically efficient. However, this
approach may be numerically less well behaved. Thus, there is potential for further
development of this approach and compare with the one developed in Chapter 10,
both asymptotically and for finite sample sizes.

High-order adaptation and theoretical analysis of recursive WNSF

In Chapter 11, we proposed a WNSF-based method for recursive identification. The
method does not suffer from the common transient problems of recursive PEM,
which can drive the estimate far from the global optimum. On the other hand, the
proposed method requires more computational power than recursive PEM, as it
needs to estimate also a non-parametric model. An important challenge with the
proposed method is to choose the order for the non-parametric model. Although
we presented in Chapter 11 the main ideas on how this order could be adapted
online, and illustrated it with a simulation example, a more thorough simulation
study is required to test its robustness. Moreover, an important question is how the
asymptotic statistical properties of recursive WNSF could be analyzed. In this case,
the new parameter values and the respective covariances are not known every time
the order is increased, which introduces additional errors compared to the off-line
case. A theoretical analysis including how the order increase should be bounded
such that these errors do not affect the optimal asymptotic properties of WNSF will
be included in a future contribution, already under preparation.

General framework for MORSM in dynamic networks

In Chapter 12, we proposed a MORSM-based method for identification of modules
in dynamic networks. Although simulation studies were performed for when the
network has only one external excitation signal and the module of interest is of SISO
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type, we presented in detail how the method can be extended to MISO modules.
However, the presence of more external excitation signals has not been considered
yet, and a general framework for how to do it optimally still needs to be developed,
which could be particularly challenging when the external excitation signals are
mutually correlated. Moreover, because of the potentially large number of parameters
in the high-order ARX model for MISO problems with increasing number of inputs,
more thorough simulation studies are required to test the numerical robustness of
the method. Finally, a theoretical analysis to derive the asymptotic covariance is in
preparation.

General framework for WNSF in cascade networks

In Chapter 13, we proposed a WNSF-based method for simultaneous identification
of entire cascade networks, with white sensor noise and serial connections. Although
simulation studies support that the method is asymptotically efficient, a theoretical
analysis of the asymptotic statistical properties has still not been conducted. Finally,
we illustrated that parallel or feedback connections, as well as colored noise, do not
necessarily hinder application of the method. Then, the next step is to extend the
current framework to include also these possibilities.

Identification of under-parametrized models

When the prediction error method is applied to a model class that does not include
the true system, the estimate converges to the best model estimate in the model class
(Ljung, 1999). However, the variance can sometimes be reduced by first applying
PEM to a more flexible model and then performing model reduction (Tjärnström,
2002). A potential WNSF-based method for identification of under-parametrized
models would not be limited to using the under-parametrized estimate in the
weighting. In fact, using the ideas of Tjärnström (2002), a more flexible intermediate
model estimate could first be used to construct the weighting. The bias and variance
properties of WNSF for under-parametrized models is a potential topic for future
study.

Simultaneous estimation of multiple model orders

In this thesis, the parametric model order has been assumed known. If this is not
the case, the proposed methods can be combined with an order-selection criterion
such as AIC or BIC. Then, WNSF has the potential of estimating models of several
orders at decreased computational time compared to estimating each model order
separately. The idea is based on the observation that the weighting in WNSF only
requires a consistent estimate to achieve its optimal asymptotic properties. Then,
after the highest desirable parametric estimate is computed, this estimate can be
used on the weighting for all the remaining orders. With the same weighting matrix,
the structure of Q⊺WQ can then be exploited so its inverse does not need to be
recomputed for each of the lower parametric orders.
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Non-linear models

Non-linear system identification is a vast field, where different categories of non-
linear model structures can be considered. One category consists of non-linear
generalizations of standard parametric linear models (e.g., Leontaritis and Billings,
1985; Chen and Billings, 1989; Billings, 2013). Although not included in this thesis,
a MORSM-based method has been applied to non-linear rational FIR models by
Ferizbegovic et al. (2018b). For this application, asymptotically efficiency is claimed
from simulations, but no theoretical analysis has been provided, and the range of
applicability of the method is limited. In this sense, conducting a theoretical analysis
and extending the range of applicability of MORSM for other polynomial-based
non-linear model structures is of interest for future studies.

Another category of non-linear model structures consists of block-structured
models, where blocks with linear dynamic transfer functions and blocks with static
non-linearities are connected in a network structure. The papers by Billings (1980),
Giri and Bai (2010), Schoukens and Tiels (2016) reflect the evolution of structures
and methods that have been used. Hammerstein models belong to this category,
consisting of a linear dynamic block preceded by a static non-linear block. A WNSF-
based method for identification of Hammerstein models is in preparation.
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