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Abstract

A hazardous and not fully understood aeroelastic phenomenon is the transonic dip,
the decrease in flutter dynamic pressure that occurs for most aircraft configurations
in transonic flows. The difficulty of predicting this phenomenon forces aircraft man-
ufacturers to run long and costly flight test campaigns to demonstrate flutter-free be-
haviour of their aircraft at transonic Mach numbers.

In this project, subsonic and transonic flutter calculations for the KTH-NASA generic
fighter research model have been performed and compared to existing experimental
flutter data from wind tunnel tests performed at NASA Langley in 2016. For the flutter
calculations, industry-standard linear panel methods have been used together with a
finite element model from NASTRAN.

Further, an alternative approach for more accurate transonic flutter predictions us-
ing the full-potential solver Phi has been investigated. To predict flutter using this new
methodology a simplified structural model has been used together with aerodynamic
meshes of the main wing. The purpose of the approach was to see if it was possible
to find a method that was more accurate than panel methods in the transonic regime
whilst still being suitable for use during iterative design processes.

The results of this project demonstrated that industry-standard linear panel meth-
ods significantly over-predict the flutter boundary in the transonic regime. It was also
seen that the flutter predictions using Phi showed potential, being close to the linear
results for the same configuration as tested in Phi. For improved transonic accuracy in
Phi, an improved transonic flow finite element formulation could possibly help .

Another challenge with Phi is the requirement of an explicit wake from all lifting
surfaces in the aerodynamic mesh. Therefore, a method for meshing external stores
with blunt trailing edges needs to be developed. One concept suggested in this project
is to model external stores in "2.5D", representing external stores using airfoils with
sharp trailing edges.

Keywords: Flutter, Aeroelasticity, Transonic, Unsteady Aerodynamics, Doublet-Lattice
Method, Full-Potential Equation, PK-Method.
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Sammanfattning

Ett farligt och inte helt utrett aeroelastiskt fenomen är den transoniska dippen, minsk-
ningen i dynamiska trycket vid fladder som inträffar för de flesta flygplan i transonis-
ka flöden. Svårigheten i att prediktera detta fenomen tvingar flygplanstillverkare att
bedriva tidskrävande och kostsam flygprovsverksamhet för att demonstrera att deras
flygplan ej uppvisar fladderbeteende i transonik inom det tilltänkta användningsom-
rådet.

I detta projekt har fladderberäkningar genomförts i både underljud och transonik
för en generisk stridsflygplansmodell i skala 1:4 ämnad för forskning, byggd som ett
samarbete mellan KTH och NASA. Beräkningarna har också jämförts med fladderre-
sultat från vindtunnelprov genomförda vid NASA Langley under sommaren 2016. För
fladderberäkningarna har industri-standarden linjära panelmetoder används tillsam-
mans med en befintlig finit element modell för användning i NASTRAN.

Vidare har ett alternativt tillvägagångssätt för att förbättra precisionen i transonis-
ka fladderresultat genom att använda potentiallösaren Phi undersökts. En förenklad
strukturmodell har använts tillsammans med aerodynamiska nät av huvudvingen för
att prediktera fladder. Syftet med denna metodik var att undersöka om det var möjligt
att hitta en metod som i transoniska flöden var mer exakt än panelmetoder men som
fortfarande kunde användas i iterativa design processer.

Resultaten från detta projekt visade att linjära panelmetoder, som de som används i
industrin, är signifikant icke-konservativa gällande fladdergränsen i transonik. Resul-
taten från Phi visade potential genom att vara nära de linjära resultaten som räknades
fram med hjälp av panelmetoder för samma konfiguration som i Phi. För ökad tran-
sonisk noggrannhet i Phi kan möjligen en förbättrad transonisk element-formulering
hjälpa.

En annan utmaning med Phi är kravet på en explicit vak från alla bärande ytor i
det aerodynamiska nätet. Därför behöver det utvecklas en metodik för nätgenerering
av yttre laster med trubbiga bakkanter. Ett koncept som föreslås i denna rapport är att
modellera yttre laster i "2.5D", där alla yttre laster beskrivs genom att använda ving-
profiler med skarpa bakkanter.
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Chapter 1

Introduction

1.1 Background

One of the most significant and not fully understood aeroelastic phenomenon is the
sharp decrease in flutter dynamic pressure that occurs in the transonic region for many
airplane configurations, also known as the transonic dip [1].

This effect, caused by the combination of both unsteady and non-isentropic flow is
highly undesirable, since a lot of flying today is performed at transonic airspeeds, both
by civil and military aircraft. Further, the difficulties in computing flutter behaviour
in the transonic regime causes the aircraft industry to run lengthy and tedious flight
testing campaigns for acquiring flutter clearance in the transonic part of an aircraft’s
envelope [2].

While flight testing is effective and common for demonstrating that flutter does not
occur, there is a lack of reliable experimental wind tunnel studies performing tests
where flutter in the transonic regime does occur. This is mainly due to the fact that
advanced transonic wind tunnels and airplane models that can and should become
structurally unstable is not a desirable combination.

Fortunately, in the summer of 2016 a research collaboration between NASA and
KTH Royal Institute of Technology [3] performed transonic wind tunnel tests for a
generic fighter. During that summer, the project parties tested a 1:4 scale model of a
generic fighter, shown in Figure 1.1 in the Transonic Dynamics Wind tunnel (TDT) at
NASA Langley to acquire a database of transonic steady and unsteady aerodynamic
data for the model. The team also encountered two flutter events at Mach 0.9 and at
Mach 0.965 [4].

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: The generic fighter model mounted in the TDT windtunnel at NASA Lan-
gley during the summer of 2016. [5]

With the foundation in the experimental results from this test campaign, this re-
port will investigate various modelling techniques for transonic flutter of the generic
fighter configuration. The first main focus of the report will be to investigate how valid
flutter predictions from subsonic panel methods based on the Doublet Lattice Method
(DLM) are in the transonic regime. This is investigated since many aircraft companies
commonly use commercial tools based on DLM aerodynamics for flutter predictions
in the transonic speed range [6].

If more exact stability results are desired, the aeroelastician often has to resort to so-
phisticated time-domain Navier-Stokes solutions where meshing and time-synchronization
between structural and aerodynamic models pose huge requirements on both the ro-
bustness of the computer program used and the speed of the computer used. This
makes such modelling very sensitive to, for instance, changes in turbulence modelling
and is not a type of modelling suited for rapid iterative design of flutter-free structures
in the transonic regime [7].

Therefore, the second main focus of this report is to investigate a modelling pro-
cedure that lays in between the over-simplifications of DLM modelling and the over-
complications of general time-domain Navier-Stokes solutions. More specifically, a
modelling process using the full potential equation on a simplified, DLM-like geom-
etry will be evaluated. Hopefully, this methodology can in the future be suitable for
rapid iterative development while still having closer accuracy to the real-life flow sce-
nario than fully linear DLM-models.
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1.2 Objectives

The overall goal of this project is to evaluate transonic flutter for a generic fighter con-
figuration by comparing experimental flutter results from the testing at NASA to cal-
culated flutter results from various tools.

The software that will be used are NASTRAN1, AEREL2 and Phi3. Beyond just
comparing flutter results from the different software, three objectives exist for gaining
an extended knowledge about the inner functions of the software.

The first objective is all about gaining a better knowledge about aerodynamic mod-
elling of fighters in programs utilizing DLM-methods, such as NASTRAN and AEREL.
In NASTRAN, various aerodynamic models with different plan-forms will be tested
for flutter together with different spline sets for resembling structural deformations on
the aerodynamic models.

The aerodynamic models will then be refined into a more detailed aerodynamic
model that will be used in NASTRAN and AEREL to fulfill the second objective, to
compare how these linear models function and behave for transonic flows. It is well-
known that linear aerodynamics is not applicable for transonic flow problems which
are inherently nonlinear, but how bad are transonic flutter predictions using linear
methods? To answer this question, transonic flutter results will be compared to the
experimental results.

Finally, the third and final objective is to investigate if there exists a possibility to
keep the straight-forward and simplified modelling of linear panel methods for aero-
dynamics whilst using more sophisticated governing equations for the aerodynamics,
such as the full-potential equation. The purpose of this process is to determine if it is
possible to construct a simple but still robust method for transonic flutter analysis, that
is suitable for iterative aeroelastic design-processes.

Therefore a simplified structural model of the generic fighter will be constructed,
which will have dynamic structural properties as close to the full-scale fighter as pos-
sible, but with an outer surface that is drastically more simple to mesh around for
applying FE aerodynamic solvers. The flutter results from such a model analyzed in
Phi will then finally be compared to results from linear methods.

1.2.1 Limitations

As with most projects, this project also has a number of limitations. The first limitation
is that the focus in the analyses will be put on the aerodynamic modelling. The FE-
model of the fighter model, constructed before the tests at NASA Langley will be used
without any significant changes. The only real changes in the structural modelling
will be for the simplified structural model connect to the simulations in Phi. But for
this model, care is taken to match the structural properties of the existing structural
model as close as possible.

1Commercial Software, Structural FE-modelling and linear unsteady aerodynamics.
2SAAB AB in-house software, linear unsteady aerodynamics
3Full Potential Aerodynamics solver developed by David Eller, KTH
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Since the flutter points that were encountered in the wind tunnel occurred at M =

0.9 and M = 0.965, the emphasis of this project will be on analyzing transonic flows
with subsonic freestream velocities. Consequently, when referring to linear flow mod-
els, subsonic linearizations are referred to, not supersonic linearizations, if nothing else
is stated.

Another limitation is that all flutter calculations will be performed without modal
damping. As with all real-life structures the wind tunnel model has imperfections,
causing internal structural damping. This is not accounted for in this project. Fortu-
nately, without modal damping, the flutter points acquired will be worst-case scenarios
for respective model, due to structural damping increasing flutter dynamic pressure.

Further, the simplified model used in Phi will have an outer geometry limited to
the main wings plan-form. This is in part a limitation but also an active choice for the
model since aerodynamic meshing around, for instance, complex outer stores is not
trivial, especially not when using a solver like Phi that requires an explicit wake from
all lifting surfaces trailing edges, as will be discussed at length in this report. Therefore
it is of interest to see if the structural modelling of external stores and other complex
structures is enough to predict most of their effect on flutter speed, or if they need to
be meshed carefully aerodynamically. This will then have to be the topic of another
paper, how such modelling can be done as a quick iterative process, but suggestions
are made in this report.

1.3 Thesis Layout

The layout of this thesis will be described in this section. In Chapter 2 the general
equations of motion for a fluid will be considered together with how these equations
can be simplified for flows at unsteady transonic Mach numbers. A lot of the flow
methods described will be based on subsonic flows and their validity is questionable in
the transonic region. These methods are considered since many commercial unsteady
flow solvers still use subsonic linearizations of the flow equations. An example of such
a software is NASTRAN, which will both be used for simulations in this report. For
the entirety of Chapter 2, only fluid mechanics will be considered, and not any fluid-
structure interaction.

In Chapter 3 on the other hand, the connections between fluid theory and structure
will be explored. The concept of aeroelasticity will be introduced together with a short
description of what (often catastrophic) effects aeroelasticity can have on the flight of
a fighter. The concept of flutter will be introduced, which is a dynamic aeroelastic
process and the key aeroelastic effect for this report. Finally, Chapter 3 will conclude
with a short analysis of how aeroelastic analyses can be performed with software such
as NASTRAN, AEREL and Phi and also mathematically how these software deal with
fluid-structure interaction, which is a surprisingly intricate subject.

With the theoretical prerequisites acquired through Chapters 2 and 3, Chapter 4
will treat the modelling (both structurally and aerodynamically) of the generic fighter
model in NASTRAN, AEREL and Phi and also describe the simulation procedures
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used in these programs. Chapter 4 will also shortly give some more background re-
garding the construction and testing of the fighter model that was tested at NASA
Langley.

The next chapter, Chapter 5, will be the heart of the thesis. In this chapter the
results of the analyses performed in NASTRAN, AEREL and Phi will be considered
and compared to some results from the tests at NASA Langley.

Finally, Chapter 6 will discuss and analyze the results from Chapter 5 in detail, as
well as present an outlook treating potential improvements to the theoretical founda-
tions used in the analysis tools to further improve transonic flutter prediction accuracy.
Chapter 7 then concludes the thesis.



Chapter 2

Unsteady Transonic Flows

The transonic flow regime, where a flow locally is both subsonic and supersonic is
considered to be the most difficult flow regime to model. Not only is the flow funda-
mentally nonlinear [7], but the transitions between subsonic flow governed by elliptic
differential equations and supersonic flow governed by hyperbolic equations makes
it challenging to define a robust and stable discretization scheme, valid in the entire
flow regime [8]. This makes it particularly challenging to develop accurate numerical
methods for transonic flows .

A further complication is introduced when one wants to consider unsteady tran-
sonic flows as is required when studying, for instance, transonic flutter. Then, if no
simplifications are made, one often needs to also solve for shockwave motion which is
especially challenging because of complex movement of the local subsonic and super-
sonic regions in unsteady transonic flows.

In this chapter, the general equations for unsteady transonic flows will be consid-
ered. Further, a comprehensive discussion about the possibility of using a velocity
potential for transonic flows will be considered. The chapter will conclude with a dis-
cussion about numerical methods used to predict unsteady air forces on objects, and
specifically lifting surfaces, in unsteady transonic flows.

6
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2.1 General Flow Equations

In their most general form, the Navier-Stokes equations without heat conduction nor
any external force field together with the ideal gas law and the assumption of a perfect
gas describe any low-temperature flow

∂ρ

∂t
+
∂(ρui)

∂xi
= 0 (2.1)

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
= − ∂p

∂xi
+
∂τij
∂xj

(2.2)

∂(ρh)

∂t
+
∂ρhui
∂xi

=
∂p

∂t
+ ui

∂p

∂xj
+ τij

∂ui
∂xj

(2.3)

ρRT = p (2.4)
h = cpT, (2.5)

where the Navier-Stokes equations are written using Einsteins index notation [9].
In the system of partial differential equations, (2.1) describes mass conservation, (2.2)
describes conservation of momentum and (2.3) describes conservation of energy. In
(2.2) and (2.3), τij denotes the general stress tensor, as described in, for instance [10]
and h is the specific enthalpy (h = e+ p/ρ).

If a flow around a body is free from separation or if looking at farfield flow (flow far
from an object, where far is determined based on the local boundary layer thickness,
which is normally just a couple of millimeters) the viscous stress tensor terms in (2.1) -
(2.3) can be eliminated, reducing (2.1) - (2.3) to the Euler equations [11]

∂ρ

∂t
+
∂(ρui)

∂xi
= 0 (2.6)

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
= − ∂p

∂xi
(2.7)

∂(ρh)

∂t
+
∂ρhui
∂xi

=
∂p

∂t
+ ui

∂p

∂xj
. (2.8)

When using the Euler equations for approximating real-world flows there are two
important conditions to keep in mind. The first condition is to ensure that the second
law of thermodynamics is fulfilled (so that, for example, expansion shockwaves do not
occur in the flow). The second condition, if analyzing flows around lifting surfaces,
is to impose a zero pressure jump condition at trailing edges, the Kutta-Joukowski
condition [12]. This condition is needed to assure a correct circulation around lifting
surfaces for guaranteeing correct lift forces.

The Kutta-Joukowski condition can be imposed in many different ways numeri-
cally. The two most popular solutions are to either assume some sort of dissipative
artificial viscosity near trailing edges to assure real-life separation [13] or to explicitly
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model a wake behind bodies and impose a no pressure jump boundary condition on
the wake, as is done in the solver Phi that will be used for analysis in this project [8].

For unsteady flow solutions with large oscillations another problem can arise with
the validity of the Kutta-Joukowski condition. While a lifting surface oscillates in pitch
or heave, it is not certain that the wake will be exactly at the trailing edge anymore [14].
The position of the wake can also depend on where in the oscillation cycle the lifting
surface is at a specific moment. Nonetheless, it has been shown that for small ampli-
tude oscillations, the Kutta condition can be considered valid for practical purposes
[14].

2.1.1 Transonic Effects and Complications

A flow around a body is considered transonic if there are regions of both subsonic and
supersonic flow around the body. This is depicted in Figure 2.1, where a flow around
an airfoil with a low transonic freestream velocity is shown. The camber of the air-
foil causes the flow to accelerate over the suction side of the airfoil causing the flow
to go supersonic as shown. When the flow nears the trailing edge of the airfoil, the
flow encounters an adverse pressure gradient and the flow is slowed to subsonic ve-
locities through a shockwave. A shockwave is a discontinuous jump from supersonic
to subsonic flow conditions [15].

Figure 2.1: A schematic figure of a cambered airfoil at zero angle of attack. The
freestream has a low transonic Mach number.

For modelling of unsteady transonic flows, one of the main difficulties is shock-
wave motion. Depending on the circumstances such movement can be small or large,
where the shock in some cases stays practically stationary, while it in some cases can
move along the entire chord of a lifting surface. Even slight movement can dramati-
cally reduce the accuracy of many numerical methods [1], which is illustrated in Figure
2.2. This figure displays the flow speed along a streamline close to an airfoil in a tran-
sonic freestream. The airfoil is assumed to be at rest at t = 0 but then starts heaving.
A short time later at t = t1 the shockwave and velocity distribution along the chord of
the airfoil has moved quite dramatically, the true speed distribution is U . One can try
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to model this movement by some advanced steady-state solver at time t = 0, giving
Ū and then some fancy linearization for the unsteady flow movement. However, due
to the shock motion, a small-perturbation linearization cannot accurately describe the
shock location and speed distribution at t = t1, with the modelled velocity Ū + ∆U(t1),
where ∆U(t1) is the unsteady velocity from the linearization. It is clear that even if
nonlinear methods are used for transonic steady flow predictions, linearization of un-
steady behaviour around such a steady solution requires small shockwave motion for
accuracy.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x/c

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

M

Figure 2.2: A schematic figure depicting the flow speed along a streamline close to an
airfoil in a transonic freestream. The figure illustrates the difficulty with time-domain
linearizations of flows with shockwave motion.

To make matters even worse, the details of shockwave motion and its effect on the
flow field can also heavily be dependent on interactions between viscous boundary
layer effects and the flow field itself, leading to exact shockwave positions for com-
plex geometries being virtually impossible to predict if not solving the general Navier-
Stokes equations [16]. Fortunately, as will now be seen, common subsonic modelling
methods can in some cases still be used for transonic flows.

2.2 Full Potential Equation

Consider a velocity vector field u(t, r) which is now assumed to be inviscid. It is a well
known fact [17] that if the vector field is irrotational, Ω = ∇×u = 0, where the vorticity
Ω has been introduced, there exist a potential such that

∇Φ = u. (2.9)

If such a potential can be exploited to solve for the potential instead of the indi-
vidual velocity components in the Euler equations, one can simplify the solution of
unsteady flows substantially, decreasing the amount of unknowns in the equations.
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To determine when a velocity potential exist for an unsteady flow, one can look at
Crocco’s theorem [18] for a general flow

T∇S + u × Ω = ∇h0 +
∂u

∂t
, (2.10)

which is derived by utilizing the first law of thermodynamics [19] together with
(2.7) and (2.8). In (2.10), S is the entropy of the flow and h0 is the stagnation enthalpy.
The stagnation enthalpy of a certain flow element is defined as the resulting enthalpy
of that flow element if brought to rest isentropically.

From (2.10), it is clear that if the flow is isentropic, ∇S = 0, one can find a velocity
potential which gives that (2.10) can be rewritten as

∂Φ

∂t
+ h0 =

∂Φ

∂t
+ h+

u2

2
= const., (2.11)

since Ω = 0 if the velocity potential exist [9]. Thus, note that if a flow is isentropic a
velocity potential exist.

For a subsonic inviscid flow, it is straightforward to apply the velocity potential
since such a flow is naturally isentropic. But in a transonic flow with shockwaves
entropy is not a preserved quantity [15]. Fortunately this is in some cases not as big of
an issue as it seems at first sight.

For Mach numbers ahead of a shockwave close to unity it can be shown that the
entropy increase over the shockwave is proportional to (M2

1 − 1)3, where M1 is the
Mach number ahead of the shock. So for most transonic flows, especially around slender
structures such as airplane wings at angles of attack close to zero, where the maximum
local Mach numbers are just slightly above unity one can consider the entropy loses
small and potential theories can still exhibit satisfactory results [9].

Now that it has been established that potential theory can be used to determine
transonic flow solutions, a PDE can be derived for the velocity potential. In (2.6) the
velocity divergence can be rewritten as the laplacian of the potential, but the density
term in (2.6) still has to be related to the potential.

The assumption of an isentropic flow enables the use of isentropic gas relations,
derived from the first law of thermodynamics and the ideal gas law, (2.4). Using such
relations one can relate the local density to farfield quantities which are assumed to be
constant and set as boundary conditions for specific problems. So, from well-known
gas relations an equation for the local density can be found,

ρ

ρ∞
=

(
T

T∞

) 1
γ−1

, (2.12)

where γ is the ratio of specific heats, equal to 1.4 for air. If the perfect gas assump-
tion is now utilized together with the invariant defined in (2.11), while assuming that
the farfield flow is steady, thereby assuming that ∂Φ∞

∂t
= 0, it is found that

T

T∞
= 1 +

u2
∞

2cpT∞
− 1

cpT∞

∂Φ

∂t
− u2

2cpT∞
. (2.13)
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Finally, if the fact that cp =
γR

γ − 1
is now used, where R is the specific gas constant

and the speed of sound is found as a2
∞ = γRT it is found that

ρ

ρ∞
=

[
1 +

γ − 1

2
M2
∞

(
1− 2Φ̇ + u2

U2
∞

)] 1
γ−1

, (2.14)

where u of course can be found as the norm of the gradient of the velocity potential.
(2.14) put into the continuity equation (2.6) is known as the full potential equation.
This is a non-linear function that describes the exact flow solution for an inviscid and
irrotational/isentropic flow, but as previously stated can also be applied, with some
success, to unsteady transonic flows. The pressure distribution in a flow solution can
be found easily by using the isentropic relation

p

p∞
=

(
ρ

ρ∞

)γ
. (2.15)

With the help of the velocity potential, it is possible to reduce the Euler equations
down to one PDE instead of a system of three for invisvid unsteady transonic flows
(but remember that the Kutta-Joukowski and entropy conditions still have to be ful-
filled!). However, the process of solving the full potential equation for unsteady flow
around an arbitrary object can still be relatively cumbersome, especially when one has
to deal with time-domain simulations. Luckily, further simplifications to (2.14) can be
made under certain conditions. Two such simplifications will be explored next.

2.2.1 Transonic Small Disturbance Equation

Historically, the most popular linearization of the full potential equation for transonic
flow applications has been the Transonic Small Disturbance Equation. Here, the flow
is linearized around a uniform freestream flow flowing in the positive x-direction. It is
then assumed that the velocity potential can be written as

Φ = U∞x+ φ(x, y, z), (2.16)

where the magnitude of the gradient of the perturbed potential φ (the perturbation
flow velocity) is assumed to be small compared to the freestream velocity, U∞. This
means that all equations derived from the assumption (2.16) are only valid around
slender bodies, such as wings with small thickness ratios. If lifting forces around,
for instance, blunt fuselages are to be modelled using (2.16), these objects need to be
modelled as thin plates representing the more blunt bodies, as is commonly done in,
for example, the doublet lattice method, see Section 2.3.1.

If (2.16) is inputted into (2.14), neglecting second order (and higher) terms in y-
and z-derivatives of the perturbed potential, while neglecting third order terms in the
x-direction, the following relation is found (second-order terms in the x-direction are
retained since these are required to represent shockwaves) [9],
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ρ

ρ∞
= 1− M2

∞
U2
∞
φt −

M2
∞

U∞
φx −

φ2
x

2

M2
∞

U∞
[1− (2− γ)M2

∞] = 0. (2.17)

If (2.17) is now inputted into the continuity equation (2.6) and it is assumed that
M∞ ≈ 1 for transonic flow, the unsteady transonic small-disturbance equation is found,
[20]

[
1−M2

∞ − (γ + 1)
M2
∞

U∞
φx

]
φxx + φyy + φzz −

2M2
∞

U∞
φxt −

M2
∞

U2
∞
φtt = 0. (2.18)

Unfortunately, (2.18) is still nonlinear which makes it cumbersome for numerical
analysis, particularly because of the principle of superposition not being valid. For
subsonic flows, the nonlinear term in (2.18), which is proportional to φxφxx can be
neglected directly [15]. For transonic flows, Landahl shows in [20] that the nonlinear
term can be neglected if

|1−ML| � k (2.19)

is satisfied everywhere in the flow, where ML is the local Mach number and k is the
reduced frequency,

k =
bω

U∞
, (2.20)

a key parameter in determining the unsteadiness of a flow around a body. b is
a characteristic length of the body, for a wing equal to the semi-chord [21] and ω is
an oscillation frequency for the body. The reduced frequency is proportional to the
quotient of the time it takes a flow to pass over a body and the time it takes the body
to complete one structural oscillation.

Consequentially, if (2.19) is satisfied for a transonic flow or if a flow is subsonic,
the nonlinear term in (2.18) can be neglected, which gives the linear subsonic small-
disturbance equation,

(
1−M2

∞
)
φxx + φyy + φzz −

2M2
∞

U∞
φxt −

M2
∞

U2
∞
φtt = 0. (2.21)

which is the governing equation for the numerical method DLM, used for the aero-
dynamics in NASTRAN and AEREL, the two boundary element method (see Section
2.3.1) solvers used in this project [22]. For most transonic flows, neglecting the non-
linear term greatly reduces the accuracy when solving for transonic unsteady flows,
due to transonic flows inherent non-linearity. Still, it is interesting to determine how
far off these linear methods are to the real world, and if (2.19) is satisfied for the most
important oscillations for the fighter configuration considered in this project.
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2.2.2 Linearization Around a Steady Full Potential Solution

Another strategy for simplifying the full potential equation for easier numerical solv-
ing is employed by Eller and described in detail in [8]. This is also the method used in
the solver Phi.

The main idea is to solve the steady full potential equation and then assume a small
unsteady perturbation around the steady solution for numerical efficiency. So in-
stead of linearizing around a steady freestream, the linearzation is performed around
a steady full potential solution to the posed full potential problem. Thus, one can start
by assuming that

ρ(t) = ρ̄+ ρ̂(t) ρ̂(t)� ρ̄ ∀t and (2.22)
Φ(t) = Φ̄ + φ(t) φ(t)� Φ̄ ∀t. (2.23)

(2.24)

These expressions can then be introduced into (2.6) and (2.14), remembering the
definition of the velocity potential. Neglecting second-order terms, the small-disturbance
equations around the steady full potential solution is found,

1

a2
∞

(
φ̈+∇Φ̄ · ∇φ̇

)
+∇ ·

[
∇Φ̄

a2
∞

(
∇Φ̄ · ∇φ+ φ̇

)
−
(
ρ̄

ρ∞

)γ−1

∇φ

]
= 0 (2.25)

which is a solvable linear second-order PDE for φ if also boundary values are intro-
duced [8]. For the boundary values used in Phi, see Section 2.3.2

The main advantage that (2.25) has over (2.18) is that the linearization is performed
around an arbitrary steady-state solution to the full potential equation, which should
give quite accurate results for moderate transonic flows, where the shockwaves are
weak and isentropic flow is a good assumption. The main weakness of this method is
that only linear terms are retained in the perturbation equation instead of also second
order terms for the x-velocity as is done in the Transonic Small-Disturbance Equation.

Another issue with this type of linearization, as with the Transonic Small-Disturbance
equation, is that it can not predict shock motion, and if such movement is large, huge
discrepancies between analysis and experiments will be seen. These linearization mod-
els cannot predict shock motion since a linearization of a discontinous function re-
quires the discontinuity to remain in the same position, as illustrated in Figure 2.2.
Some more comments regarding shock motion is found in Section 2.3.3.

In this section, the linearized full-potential equation has been considered, which is
suited to be solved using a finite element (FE) solver, for periodic motion a FE-solver
in the Laplace-domain is particularly efficient. In Phi (see Section 3.2.3), such a solver
is coupled with a structural model for aeroelastic analysis. It will shortly be seen how
(2.25) can be discretized in Phi, but first some alternative numerical methods for ap-
proximating unsteady transonic flows will be considered.
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2.3 Numerical Methods for Unsteady Transonic Flows

Historically, boundary element methods have been the most common type of numer-
ical method for unsteady flows. However, during recent years with the development
of fast computers, FE methods have become increasingly popular and are slowly tak-
ing over. Still, popular commercial aeroelasticity software such as NASTRAN em-
ploy boundary element methods for the aerodynamics, so it can be worthwhile to go
through the theory behind boundary element methods. Especially since boundary el-
ement methods in NASTRAN and AEREL are used in this project.

Boundary element methods for subsonic flows will be considered first. This is be-
cause, as already mentioned, several heavy-used commercial applications utilize linear
subsonic boundary element methods for their aerodynamic analyses. Typically, aero-
dynamic modelling techniques such as the doublet lattice method (DLM) [23] are used.
Because of the accessibility of software based on DLM, it is useful to know the possi-
bilities and limitations of linear boundary element methods, especially when working
with models at transonic Mach numbers.

2.3.1 Boundary Element Methods

The principle of all boundary element methods, also called lifting surface methods, is
that the flow-field around a body should be entirely described by sources/vortices/doublets
(all types of local flow elements denoted as sources from now on). These sources are
then placed on a set of lifting surfaces that (sometimes roughly) describe the body
[24]. Mathematically, the flow field generated by one source can be derived as a source
strength multiplied by a kernel function, which can be found by the properties of the
source-type used. Assuming a superposition of infinitesimal-strength sources continu-
ously distributed over a surface, the general flow-field around a body can be described
as an integral of a source strength function times the source-types kernel function over
the bodies surface. For the superposition principle to work, the governing PDE de-
scribing the flow must be linear which is why lifting surface methods break down for
transonic flows [9]. But even so, some efforts have been made to still use boundary
element methods for transonic flows [25], as will soon be seen.

One way to acquire some intuition about boundary element methods is to look at an
analogue with electromagnetic theory. The sources distributed over the lifting surface
can be seen as charges/dipoles or other electrical sources. The potential from these
charges can be described as a strength (electric charge) times a geometric function,
which is represented in the same way as aerodynamic kernel functions and determined
from the fact that the Laplace equation should be satisfied around the charge [26]. Then
the electric field, which is the gradient of the electric potential, is analogous to the flow
field velocity.

boundary element methods, as opposed to field methods (such as FE-methods)
only require a discretization of the body surface and not the entire fluid domain. This
dramatically reduces the number of unknowns to solve for, making boundary element
method implementations less resource intensive [12].



CHAPTER 2. UNSTEADY TRANSONIC FLOWS 15

Subsonic Kernel Functions, Doublet-Lattice Method

The most popular subsonic boundary element method is the Doublet Lattice Method
[23] which is also the method used to generate unsteady air forces in NASTRAN [27],
and with slight modifications, in AEREL (where an advanced potential is used [28],
which detailes won’t be covered here). In DLM, all lifting surfaces are assumed to be
infinitely-thin panels and the kernel-integral relates the normalized oscillatory down-
wash strength at a certain point with the normalized oscillatory pressure difference
strength over all panels in the model.

w̄(x, s) =
1

8π

 
∆p̄(x′, s′)K(x, s, x′, s′, ω,M∞)dx′ds′, (2.26)

w(x, s, t)

U∞
= w̄(x, s)eiωt, (2.27)

∆p(x, s, t)
1
2
ρU2
∞

= ∆p̄(x, s)eiωt, (2.28)

where (x, s) are orthogonal coordinates on the surface of the panels and the undis-
turbed farfield is assumed to flow in the x-direction. For the theory to hold, it is also
required that all panels are parallel to the freestream at all points, as demonstrated in
Figure 2.3, where the red arrows resemble the freestream direction [23]. ω is the oscilla-
tion frequency of the lifting surfaces and the dash over the integral-sign demonstrates
that the singular integral should be evaluated in the finite-part sense [29].

(a) A valid panel geometry parallel to the
freestream.

(b) NOT a valid panel geometry.

Figure 2.3: A figure displaying two different aerodynamic panel configurations, one
which is allowed in DLM and one that is not.

The kernel function K in (2.26) is derived from acceleration potential doublets,
where a doublet is the flow analogue of an ideal electric dipole, a source and a sink
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infinitely close together [26], with a generated flow field satisfying the linearized small-
disturbance equation (2.21). The acceleration potential is found as the material deriva-
tive of the small-disturbance velocity potential, defined in (2.16). With these assump-
tions the kernel function, derived in [30] and simplified by Landahl in [31] can be
written as

K =
K1T1 +K2T2√

y2
0 + z2

0

e−(iωx0/U∞) (2.29)

where the values of K1, T1, K2 and T2 are very long expressions that can be found
in appendix A.

Panel Discretization

Doublet Source Lines

Collocation Points

Figure 2.4: An example of a DLM disretization of a swept planar right wing.

To turn (2.26) and (2.29) into a form which is suitable for numerical solving of the
flow equations, it is assumed that all aerodynamic panels can be divided into columns
of trapezoidal boxes with two sides parallel to the freestream as shown in Figure 2.4
which illustrates a typical DLM discretization. Then, it is assumed that the normalized
pressure difference is constant over each box and generated from doublet lines along
the quarter-chord in all boxes, with constanst strength in every box. Now, the down-
wash for box i is the superposition of the downwashes due to all doublet lines where
the downwash is evaluated in the (spanwise) middle of the box at the 3/4-chord, which
has been shown empirically as a suitable collocation point for the Kutta condition to be
satisfied for all aerodynamic panels [23]. This gives a relation between the downwash
in every panel and the pressure difference over all panels

w̄i =
∑
j

Dij∆p̄j (2.30)

where every Dij is found from rewriting (2.26) over each doublet line [23],

Dij =
1

8π
∆xjcos(λj)

 
lj

K(xi, si, x
′(µ), s′(µ), ω,M∞)dµ (2.31)
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where ∆xj is the mean box chord length and λj is the slope of the quarter-chord line.
It is then obvious that the kernel function is set to be constant in the chord direction of
each box (If the kernel function would be equal to 1, the integral would yield the box
area). When the integral of the kernel function is evaluated numerically, which can be
done using various techniques as described in [24], the DLM method is summarized
into a linear equation relating the downwash at all collocation points to the pressure
differences from all boxes,

w̄ = Dp̄. (2.32)

From (2.32) unsteady aerodynamic forces can easily be found by integrating the
pressure difference given known downwashes. Luckily, using the no-transpiration
boundary condition for inviscid flow, the downwash in every box can be found as
follows:

One starts by assuming that the set of lifting surfaces exhibit harmonic oscillation,
described by

z = eiωth(x, s) (2.33)

where h(x, s) is the out-of-plane deflection for a certain motion. h(x, s) can for a
"real" structure be interpolated from the modal eigenvectors of the structure that the
lifting surfaces depicts, this process can be performed in many different ways. For the
processes utilized in the software used in this project, see Section 3.2. The downwash
in a given point is then given by [28]

w(x, s) = U∞
∂h

∂x
+ iωh(x, s), (2.34)

which is an equation with only parameters that are given! Thus (2.34) can easily
be normalized and inserted into (2.32), enabling (2.32) to be solved for the pressure
differences, which concludes the process of generating unsteady aerodynamic forces
using the Doublet Lattice Method.

DLM is with its linearity and ease-of-use a good flow model for subsonic flows, but
does typically not give satisfactory results for transonic flows as will be more carefully
motivated in Section 2.3.3.

2.3.2 Finite Element Methods

With the introduction of more powerful computers, Finite Element (FE) methods for
fluid calculations have increased in popularity, much thanks to the possibility to solve
PDEs and systems of PDEs such as the Navier-Stokes Equations, the Euler Equations
or the Full Potential Equation directly.

The basis of all FE-methods is to discretize the domain for which a certain system
of partial differential equations are to be solved in. For three-dimensional fluid do-
mains the domain can be discretized into an unstructured mesh built up of tetrahedal
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elements [32]. In every element, the solution to the PDE can be found as a linear com-
bination of of certain basis functions, determined by the PDE and the element layout
if using standard Galerkin formulation [8]. Thus, in every element the PDE is satis-
fied in the weak sense and the weights to the basis functions can be found through
minimizing a residual from variational calculus.

For flow problems, especially in the transonic domain, one can run into problems
when using the Galerkin formulation, since this formulation assumes elliptic govern-
ing equations, thus requiring subsonic local flow everywhere. If this is not ensured,
the FE-formulation is not stable. Luckily for transonic flows there are stablization tech-
niques, as those described in [33] and [34].

When a suitable discretization scheme has been chosen for the analysis to be per-
formed, the choice of flow model needs to be made. Ideally, one would always like to
use the Navier-Stokes equations, (2.1) - (2.3), to model the flow as accurately as pos-
sible. Unfortunately, this is not computationally possible for airplane-speed Reynolds
numbers, due to the very fine mesh required to resolve all viscous effects caused by
flow separation and turbulence in such high Reynolds number flows [9].

Generally, for aeroelastic analyses, viscous forces are of less importance1. So com-
monly, to avoid explicit turbulence modelling, inviscid flow models such as the Euler
equations, (2.6) - (2.8) or the full potential equation (2.14) are instead used.

For solving a flow FE-problem, boundary conditions are of course also needed. For
inviscid flow models, the boundary condition on any solid boundary in the fluid do-
main is typically that the normal velocity at the boundary should be zero, or that, for
unsteady flow modelling, the normal velocity is given through a transpiration term.
Further, as previously mentioned, it is vital to ensure that the Kutta condition is ful-
filled for flows around lifting surfaces in invsicid flows. As already mentioned, one
easy way to assure the Kutta condition is valid is to model an explicit wake extended
from the trailing edge of the lifting surface, where the wake has the boundary condi-
tion that there should be no pressure jump over it. Finally, the outer boundaries of the
entire fluid domain also needs boundary conditions. Typically the entire fluid domain
is modelled as a cuboid or sphere enclosing the aircraft modelled. Then, the boundary
condition on the outer boundary of the fluid domain is that the flow characteristics
on the boundary should resemble the uniform freestream. An example of a fighter
enclosed in a discretized fluid domain is shown in Figure 2.5.

1An important comment to make here is that viscous effects can have a big indirect impact for tran-
sonic flows since shock-boundary layer coupling affects separation and shock placement and move-
ment, which severely changes the the aeroelastic behaviour of an object.
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Figure 2.5: An example of CFD meshing of a complete fighter configuration. This
figure displays meshing of the JAS 39 Gripen aircraft 2.

For aeroelastic analyses, when unsteady aerodynamic forces are to be found around
aircraft oscillating with some resonance frequency, it is often suitable to perform FE
calculations in the frequency-domain. The procedures behind such calculations will be
considered next.

Frequency-Domain solutions

If using FE-methods for unsteady flows, it is practical to solve the governing equations
in the Laplace-domain to convert time-derivatives in equations to algebraic products.
For example, the time derivative of the small-disturbance potential, defined in (2.23),
can be written as

L(φ̇(t)) = sφ̃(s) (2.35)

where s = σ + iω is the Laplace-variable. This approach is particularly effective
for stability problems, such as flutter since motion development towards infinity is the
important metric, not the exact time-history of motion [35].

This is a technique that is used in the full potential solver Phi which is used in this
project. In Phi it is assumed that the aerodynamics only depend on the imaginary part
of the Laplace variable, which is a common assumption when calculating unsteady
aerodynamics [8]. In practice, this means that the unsteady aerodynamics is assumed
to be generated from a surface that has been oscillating for infinite time with constant
magnitude.

Whilst this assumption might cause substantial deviations from real world aerody-
namics in some cases [36], it is of less concern when treating the flutter problem (see
Chapter 3), where the general stability is the concern. This is due to that the critical
point for when flutter occurs, occurs when the aerodynamic damping is identical to
zero and thus for the critical point, the aerodynamics will be correctly modelled [21].

2Courtesy of SAAB AB
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As discussed in the previous section, boundary conditions are needed to solve the
governing equations using a FE-method. For a typical inviscid potential flow around
a body in the Laplace-domain, a mass flow condition at the surface of the body can be
written as

n · (ρ∇Φ) = g̃. (2.36)

In (2.36) the transpiration term g̃ can be utilized for simulating a moving structure
with a fixed fluid mesh. This is a technique used in Phi for generating unsteady air
forces. For the exact process used in Phi, see Section 3.2.3.

For the outer boundaries of the farfield, the boundary condition is simply that the
potential should be constant and corresponding to a uniform freestream

Φ = Φ∞. (2.37)

Finally, for the explicit wake (if such a wake is modelled) both a no mass flow
condition and a no pressure jump condition is needed

n · (ρ1∇Φ1 − ρ2∇Φ2) = 0 (2.38)(
2sΦ1 + |∇Φ1|2

)
−
(
2sΦ2 + |∇Φ2|2

)
= 0, (2.39)

where the subscripts 1 and 2 refer to corresponding quantities on the upper and
lower side of the wake [8]. Finally, the boundary conditions here can be adapted in
the same manner as the full potential equation to generate suitable small-disturbance
boundary conditions to the small-disturbance version of the full potential equation
(2.25), which is done in [8].

2.3.3 Numerical Methods for Transonic Flow

This section, which concludes this chapter, will summarize the use of boundary ele-
ment methods and FE methods together with looking at the methods advantages and
disadvantages, from a transonic point of view.

The main issue with using boundary element methods in transonic flows, is as has
been emphasized many times now, the inherent linearity and isentropic assumptions
used for boundary element methods. But still, the ease of modelling and the low com-
putational cost required for boundary element methods makes it a great interest to de-
velop boundary element method that are also valid/more accurate in transonic flows.

One technique for improving the validity of boundary element methods in tran-
sonic flows is described in [25], where Liu and Pi suggest that three alternative kernel
functions for subsonic, supersonic and sonic flows should be used in different panel
boxes, depending on the local steady-state flow speed over the boxes. In [25] this
method is demonstrated for 2D-flows but has not been demonstrated for general full-
aircraft configurations. One potential issue with such a method is that as long as panels
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are modelled as 2D-plates, second-order effects that play a more important role in tran-
sonic flows because of the nonlinearities cannot be correctly taken into account. Fur-
ther, this method cannot presently deal with shockwave motion [9], which is a major
effect for many unsteady transonic flows.

Modelling of shockwaves and shockwave motion is also an issue if using FE-methods.
Firstly, to fundamentally be able to model shocks properly the discretization scheme
used in a FE-method needs to be able to deal with both subsonic and supersonic el-
ements without becoming unstable. Secondly, even if a steady-state flow solution
is found with correct flow modelling, a linear small-perturbation model around this
steady solution might still not be valid, because of nonlinear unsteady aerodynamics
and large shockwave motion, as problemized in Section 2.1.1.

If large shockwave motion is present for a given unsteady transonic flow problem
this will pose problems for both FE-methods and boundary element methods. Espe-
cially since such movement eliminates the possibility of using small-disturbance linear
theories, seemingly making computationally-intensive time-domain simulations the
only option for predicting flow behaviour. One interesting approach to dealing with
shockwave motion is introduced by Nixon in [37], where the position of the shockwave
is assumed to be an invariant, and the coordinate system is therefore adjusted around
this invariant. With this method, Nixon explains that it might be possible to solve flow
problems with moving shockwaves linearly.

When considering inviscid FE-models with explicit wake modelling, the wake mod-
elling of lifting surfaces with sharp trailing edges is quite straight-forward. However,
if modelling a more complex geometry with, for instance, a fuselage, tip pylons or
under-wing fuel tanks it is not given how the wake should be defined. The wake be-
hind a blunt trailing-edge will depend on the flow separation around such a trailing
edge which is not known a priori. Therefore explicit wake modelling of blunt bodies
might need to be based on either viscous CFD-simulations of the specific body or wind
tunnel tests of the specific body. Alternatively the invsicid FE-model can instead uti-
lize some type of artificial damping to trigger separation, with the negative aspect of
introducing unnecessary complexity into the flow problem.

In summary, boundary element methods are the go-to simulation tool for subsonic
unsteady aerodynamic calculations, mostly due to their computational cheapness and
their accuracy for slender lifting surfaces. In the transonic regime, such methods might
be useful, especially for transonic flows with subsonic freestream velocity, where shock
motion is small and entropy loses over shockwaves are also small. However for gen-
eral transonic flows around aircraft, FE-methods might be the better choice. For quite
general aircraft geometries, with smart wake geometry and small shock motion (or
utilizing a strained coordinate system), unsteady inviscid aerodynamics solved in the
Laplace-domain is potentially a relatively cheap way of determining relatively accurate
unsteady air forces on lifting surfaces, to be used for transonic aeroelastic calculations.
The connection between structure and flow theory, aeroelastics, is what will be studied
in the next chapter.



Chapter 3

Aeroelasticity

The science of aeroelasticity is the study of the interaction between aerodynamical,
inertial and structural elastic forces [35]. Thus, aeroelastic phenomena occur when an
elastic object is placed in a fluid flow.

Aeroelastic phenomena can be both static and dynamic. On an aircraft, static aeroe-
lastic phenomena occur because of the force equilibrium between elastic forces and
aerodynamic forces on an aircraft structure. When this equilibrium cannot be main-
tained, catastrophic structural failure occurs, which is called divergence. Even before
reaching divergence, other static aeroelastic effects can have non-desirable effects on
the performance and handling of an aircraft. For instance, wing twist deformation
due to control surface deflections at high speeds can lead to control reversal, which is
highly undesirable for pilots [21].

For fighter aircraft, built stiff and strong enough to sustain high g-loads and fly at
supersonic speeds, static aeroelasticity is rarely an issue except when performing ex-
treme maneuvering [38]. However, if flying a mission with a lot of weight in stores,
especially on the outer pylons, dynamic aeroelastic effects can instead come into play.
Such effects are characterized by an interaction between eigenmodes of the flying struc-
ture and unsteady aerodynamics around the structure. Further, as will be seen shortly,
the effect of such interaction is often more severe in the transonic region, especially for
swept-back wings (such as most fighter aircraft have) [39, 40, 41].

3.1 Flutter

The most well-known and common dynamic aeroelastic effect is flutter. Flutter occurs
when the amplitude of structural oscillations of an airplane increase or stay constant
with time due to the unsteady aerodynamics around the aircraft. If the amplitude
increases with time the structure will eventually disintegrate. If, on the other hand
the amplitude of the oscillations stay constant with time, the oscillations are known
as LCO (Limit Cycle Oscillations). This type of flutter is due to nonlinear effects and
while maybe not initially critical, this type of oscillation is also highly undesirable due
to accelerated fatigue wear on critical structural components [42].

22
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The governing flow parameter for flutter is the dynamic pressure, q. Thus, flut-
ter can be triggered either by flying faster or by flying in denser air. Nominally, the
dynamic pressure leading to flutter has been shown to be relatively constant with
increased Mach number, but in the transonic region, especially for wings with large
sweep-back, the dynamic pressure that is required for flutter is dramatically decreased,
see Figure 3.1. The source of this phenomenon is not very well understood but it is hy-
pothesized that the dip is due to an increase in time lag between structural oscillations
and oscillations in pressure distributions over the wings caused by the nonlinear aero-
dynamics of transonic flows [43].

Figure 3.1: A figure illustrating the transonic dip, the surprising decrease in dynamic
pressure for flutter at transonic Mach numbers 1.

Mathematically, flutter can be modelled as a dynamic connection between inertial,
aerodynamic and elastic forces. The modelling approach given below for aeroelastic
analysis is based on the modelling performed in [35].

Most commonly the structure of an airplane is modelled through a linear FE-model
so that the forces on the structure can be described as linear equations, giving the gen-
eral aeroelastic equation of motion (EoM) as

Mv̈ + Kv = fa(t) (3.1)

where M is the FE mass matrix, K is the FE stiffness matrix, fa is a vector describing
the unsteady aerodynamic forces and v is the nodal elastic displacement vector. It
is assumed that (3.1) is the projected equation into the null space of some suitable
equality constraint governing the boundary conditions on the aircraft structure, which
is necessary to avoid a singular K (In this project, this boundary condition is simply
that the model is fixed in the wind tunnel).

1Courtesy of SAAB AB
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Since flutter practically is a stability issue, it is more convenient to transform (3.1)
into the frequency-domain,

p2Mv̂ + Kv̂ = f̂a(p). (3.2)

where p is the Laplace-variable and v̂ is the frequency-domain displacement. In
chapter 2 it was seen that, discretized, the aerodynamic forces are also proportional to
v̂ through the downwash condition (see (2.32) and (2.34)) and the dynamic pressure,
q. Commonly, the structural nodes where the deformations are defined are not aligned
with the collocation points on the aerodynamic boxes. Thus, some sort of interpolation
is needed in-between the structural and the aerodynamic models for the downwash
condition to be applicable. The method used varies between different software. As-
suming proportional aerodynamic forces, (3.2) can be written as[

Mp2 + K− qQ(p)
]
v̂ = 0. (3.3)

But, it is known that the normalized aerodynamic matrix Q can be assumed to only
depend on the reduced frequency k, introduced in (2.20). Given this, note that the
Laplace-variable p has an imaginary part that is equal to the angular frequency ω, so if
p̂ =

u

b
p, p̂ will have k as its imaginary part. One can thus write (3.3) as the nonlinear

generalized eigenvalue problem[(u
b

)2

Mp̂2 + K− qQ(k,M)

]
v̂ = 0. (3.4)

Remember that (3.4) is nonlinear since the aerodynamic matrix depends on the
imaginary part of the eigenvalue p̂ itself. Now, it can be noted directly that if a so-
lution to (3.4) gives a p̂ with a positive real part flutter occurs (a pole with a positive
real part).

Often, the size of the matrices in (3.4) become very large for models with desired
accuracy. This makes the solution algorithm to the generalized eigenvalue problem,
which will be described in Section 3.1.2, very costly. Thus a way of simplifying (3.4) is
needed. Commonly modal projection is then used.

3.1.1 Modal Projection

As explained previously, flutter oscillations are caused by the connection between un-
steady aerodynamics and natural eigenmodes of structures. Thus, it is common prac-
tice to assume that a flutter modeshape can be described as a linear combination of
structural modeshapes

v̂ = η1z1 + η2z2 + · · ·+ ηnzn = Zη (3.5)

where the matrix Z includes the modeshapes and the vector η defines the modal
coordinates/weights. If this ansatz is used, (3.4) can be projected into the modal sub-
space, reducing to
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[(u
b

)2

M̂p̂2 + K̂− qQ̂(k,M)

]
η = 0. (3.6)

where the matrices M̂ = ZTMZ and K̂ = ZTKZ are diagonal matrices depicting the
generalized mass and stiffness of the system. Typically the eigenvectors in the matrix
Z are normalized so that M̂ = I and K̂ = diag(ω2

j ), where ωj is the j:th structural
eigenfrequency [21].

The numerical advantage of using modal projection is tremendous, especially if
(3.6) is to be evaluated for many values of q, as is required for determining the critical
dynamic pressure for flutter. From (3.4) to (3.6), the system of equations has reduced
from being of the order N × N , where N is the amount of DOFs in the system, which
can be > 104, to being of the order n× n where n is the amount of modeforms used in
(3.5). Usually, n = 100 is more than enough for accurate flutter calculations since the
flutter modes encountered are of relatively low frequency for most aircraft structures
[21]. The only calculation that takes time is to determine the modal aerodynamic force
matrix Q̂.

Another advantage of using modal projection is that Q̂ is more readily available for
a given reduced frequency than the general aerodynamic matrix Q. This is because the
downwash condition (2.34) can be given explicitly for each eigenmode.

The eigenmodes used as a base in (3.5) are most easily found by solving the zero-
velocity flutter equation, i.e., solving (3.4) with q set to 0. In structural modelling it is
usual to validate an FE-model through comparing these modes to experimental modes
and frequencies, acquired through ground vibration testing.

Finally, the modal projection formulation possesses one more advantage. This is
the ability to track the frequency and damping given by the eigenvalues of (3.6) as a
function of the dynamic frequency. Such graphs, called VG-graphs, gives a direct un-
derstanding of which structural modes interplay with each other for creating flutter. It
could also be interesting to see if the flutter found for a structure is gradual or dramatic
which such a graph also displays.

3.1.2 The PK-method

With knowledge acquired about the processes and mathematics that govern flutter and
also how flutter results can be interpreted and understood, left to discuss is how flutter
results are found, i.e., how a generalized nonlinear eigenvalue problem such as (3.6) is
solved, repeated here for readability,[(u

b

)2

M̂p̂2 + K̂− qQ̂(k,M)

]
η = 0. (3.6)

For a given airspeed, air density and Mach number, (3.6) can be solved using the
PK-method, described in [44].
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The foundation of the PK-method is the fact that it is known that for a "true" solu-
tion to (3.6)

Im(p̂) = k. (3.7)

Now, for a given flight condition, let k be a variable. For a certain value of k, (3.6)
can be solved as a regular eigenvalue problem, giving eigenvalues p̂2

i . If for any eigen-
value, (3.7) is fulfilled, one solution to (3.6) has been found. This process can be visu-
alized graphically if all Im(p̂i) are plotted as functions of k together with the condition
(3.7), as shown in Figure 3.2.
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Figure 3.2: A figure displaying how eigenvalues to the nonlinear eigenvalue problem
(3.6) can be found graphically if k is treated as a variable. Then, the solutions to (3.6)
which also satisfy (3.7) are found as the intercepts in this figure.

Mathematically, all match-points, circled in the figure and fulfilling both (3.6) and
(3.7) for a given flight condition can be found by first finding bounds of k for every
match-point and then using a bisection or secant method to find exact values [21].

Now when the aeroelastic eigenvalues can be calculated for every flight condition
it is straight-forward to increase the dynamic pressure to find the minimum dynamic
pressure that gives a solution p̂i with a positive real part. This can be done robustly
with a bisection solver, for example.

Depending on the circumstances, the increase in dynamic pressure can be done in
many ways. For low subsonic flutter calculations, the effect of the Mach number can be
neglected and the speed in (3.6) can be treated as the critical variable, with the density
assumed to be constant.

For atmospheric flight flutter calculations at a given altitude, the Mach number and
airspeed are not independent quantities and care has to be taken to increase them in
such a manner that they are always matched.
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Finally, for wind tunnel tests it is common to increase the total pressure or increase
the density at a certain fixed airspeed and Mach number to determine the critical dy-
namic pressure for flutter.

3.2 Aeroelastics Software

It is quite obvious that nowadays, general structural and aerodynamic modelling is
performed using computer tools. As is well-known by this point, three different soft-
ware were used for aereolastic analysis in this project; NASTRAN, AEREL and Phi.
While NASTRAN supports both structural and aerodynamic modelling, AEREL and
Phi require a structural FE-model, preferably from NASTRAN, and then produces
aerodynamic data for a set of reduced frequencies. This data interpolated (to deal with
arbitrary k) together with modal data from the structural model is all that is needed to
solve the flutter problem.

3.2.1 NASTRAN

NASTRAN started out as a structural analysis software, developed by NASA in the
sixties [45]. It has during the last decades become a standard in industry for aeroelastic
analysis, mostly because of its built in support for both structural and aerodynamic
modelling.

The structural engine in NASTRAN utilizes standard FE-formulation, whilst the
aerodynamics in NASTRAN is based on DLM (see Section 2.3.1) . This makes NAS-
TRAN primarily a software for subsonic aeroelastics but there is no hard limitation
on Mach number in the software and there are also supersonic panel methods imple-
mented. Finally, NASTRAN has a built in PK-solver, which makes flutter calculation
particularly straight-forward in NASTRAN.

The interconnection between the structural model and the aerodynamic model in
NASTRAN is made through structural splining, either over a surface or a beam. The
deformation of the aerodynamic panels are thus calculated as the deflections in the
panels from fictional point loads placed in the structural nodes that the spline should
be based on. These loads are then adjusted so that all deformations in the structural
grid points are satisfied giving deformation in between the structural grid points also.
For mathematical details of this approach, see [27].

3.2.2 AEREL

AEREL is an in-house program developed at SAAB AB for both subsonic and super-
sonic unsteady aerodynamics. The subsonic part of AEREL, which is used in this
project, was developed primarily by Valter Stark during the seventies. AEREL is a
robust program for generating unsteady aerodynamic forces from the modeshapes of
a given structural model. AEREL shares many similarities with NASTRAN in that
it also utilizes a boundary element method for generation of the aerodynamic forces,
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but with a slightly different potential formulation compared to DLM, which was de-
veloped by Stark. Subsequent aeroelastic analyses; flutter, aeroservo-elasticity (ASE)
and gust analysis are made with in-house Fortran software. For the aero-structural
coupling, another type of interconnection procedure is also used, as opposed to NAS-
TRAN [28].

AEREL utilizes polynomial approximations of analytic functions from elastic plate
theory to determine the structural deflections in the aerodynamic control points given
structural deflections in structural grid points. For every lifting surface, a bilinear
transform is performed so that the lifting surface can be described in a coordinate sys-
tem (ζ, η) as a rectangle. Then a sum of up to six polynomials in (ξ, η) approximated
from plate theory are fitted to the known structural data to determine a polynomial
representation of the deflection over the lifting surface which gives downwash con-
ditions for each modeshape. So, as opposed to NASTRAN, each aerodynamic panel
needs to be represented by a 2D lattice of deflection nodes in AEREL, with the trade-off
of a quite more straight-forward implementation. Finally, this 2D lattice of deflection
nodes does not need to be a set of points from a given FE-model as in NASTRAN,
instead these points can in AEREL be defined from, for example, ground vibration
measurements, making AEREL a very versatile tool [28].

3.2.3 Phi

The solver Phi, developed by David Eller at KTH, is as AEREL a program used for
generating steady and unsteady projected aerodynamic Q-matrices that together with
generalized mass and stiffness information can be used to analyze the flutter prob-
lem externally. But, as opposed to AEREL and NASTRAN, Phi is not based on DLM
theory, but rather solves the nonlinear full potential equation with the help of New-
ton’s method and then solves for linearized unsteady movements around the nonlin-
ear steady-state in the Laplace-domain [8]. For acquiring aerodynamic results, Phi
therefore utilizes a FE-formulation of the flow around an object, and, because of the as-
sumption of inviscous flow, an explicit wake is also needed for ensuring that the Kutta
condition is fulfilled for every lifting surface on the object [46]. For a more detailed
explanation of the flow theory and flow discretization utilized in Phi, and how Phis
methodology is potential advantageous over DLM aerodynamics in transonic flow,
see Sections 2.2.2, 2.3.2 and 2.3.3.

Commonly, to represent unsteady aerodynamics in a FE-program one needs to ac-
count for volume mesh deformation due to structural deformations. In Phi, the mesh
is assumed static and the unsteady aerodynamics of different modeshapes are instead
represented by transpiration boundary conditions on the aerodynamic surface mesh
resembling the object to be analyzed. The transpiration boundary conditions are de-
termined by making sure that the flow at the surface of the object is kinematically
compatible with the prescribed unsteady surface deformation. In the Laplace-domain
and in local coordinates over the surface mesh, the transpiration term that then goes
into (2.36) can be described as a generalized downwash condition [8]
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g̃ =
ρ̄

ρ∞

(
sδ̃ · n− u ·

(
∂x

∂η
× ∂δ̃

∂ξ
+
∂δ̃

∂η
× ∂x

∂ξ

))
. (3.8)

In (3.8), (η, ξ) are surface coordinates, δ̃ is the Laplace-domain deflection, s is the
Laplace-variable and u is the flow velocity.

For Phi to be able to define the transpiration g̃ in aerodynamic grid points, Phi needs
to be able to trace the deformation of the aerodynamic surface mesh from structural
deformations. Phi has two ways of doing this, either through projection or through
radial basis interpolation. Radial basis interpolation is most efficiently used when the
aerodynamic and structural meshes are topologically very different, for example if the
structural mesh is a beam model while the aerodynamical mesh resembles the outer
geometry of a complete aircraft. Since in this project, the aerodynamical and structural
meshes used will be quite similar, the projection method was chosen and this method
will be the only method outlined here. For more information about the radial basis
interpolation, see [8].

The projection approach used in Phi for this project is relatively straight-forward.
First, all structural finite elements are decomposed into plane 3-node triangles. Then,
every aerodynamic node is projected down into the plane of the nearest triangle. The
linearly interpolated deformation in this projected point, defined from the structural
deformation of the nodes defining the triangle, is taken as the deformation of the aero-
dynamic point [8]. For a graphical explanation, see Figure 3.3, where the process is
illustrated for a 8-node quadrilateral shell element.

Figure 3.3: A figure from [8] illustrating the projection process for Phi. The green aero-
dynamic node is projected down into a 8-node quadrilateral shell element which has
been decomposed into triangles. The movement of the triangle that the aerodynamic
node is projected into is superimposed on the aerodynamic nodes projection into the
triangle plane, defined by the coordinates (u, v).
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One final comment about Phi is connected to standard Galerkin finite-element dis-
cretization. As stated in Section 2.3.2 this type of element formulation is only stable
when the governing equations are predominantly elliptical, which is not the case in
transonic flows with large regions of supersonic flow. As also described in Section
2.3.2 there are stabilization structures for dealing with transonic flows, but such struc-
tures have not been implemented in Phi. Phi instead enforces the local Mach number to
be no larger than 0.94. For transonic flows with small pockets of weak supersonic flow,
this simplification has a small effect on simulation results, but for transonic flow with
stronger shocks, this simplification has a large effect on the outcome of simulations [8].



Chapter 4

The Generic Fighter Model

All aerodynamic and structural models created for this project were based on a model
of a generic fighter roughly in scale 1:4 [3]. This model was built at KTH Royal Institute
of Technology, and loosely based on an early design of the SAAB JAS 39 Gripen, but
without air intakes and a main wing with a different leading-edge sweep and aspect
ratio [3].

The model was custom-made for aeroelastic testing, with scaled elastic character-
istics so that flutter could be encountered inside the envelope of the TDT wind tunnel
at NASA Langley. The model also included several external stores, four under-wing
stores and two tip-missiles, with shifting masses in them to change the inertial proper-
ties of the model and thus modulate the flutter behaviour.

A structural finite element model of the aircraft was also created in NASTRAN and
validated through static load tests [5] to ensure static structural integrity during the
testing at NASA Langley.

Figure 4.1: The Transonic Dynamics Tunnel at NASA Langley 1, from [5] .

31
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4.1 Testing at NASA Langley

The testing of the fighter model was performed in the Transonic Dynamics Tunnel
(TDT) windtunnel at NASA Langley, depicted in Figure 4.1. With a 16 by 16-foot square
testing section with chopped corners, the capability of running tests at stagnation pres-
sures from almost vacuum to atmospheric pressure and with the possibility to generate
airspeeds up to Mach 1.2 with air or the heavy gas R134a as the test medium, the TDT
windtunnel is one of the most well suited facilities in the world for flutter testing of
large, full-span airplane models [4].

The TDT is a close-circuit, continuous-flow tunnel. For full-scale models such as
the one that was used for the KTH-NASA tests the model was mounted on a sting, as
depicted in Figure 1.1. This type of mounting also gives the test engineers an excellent
view of the model from the control room and with fast shut-off capabilities built into
the control system of the wind tunnel, the risk of catastrophic failure during flutter
testing is minimized.

4.1.1 Model Composition

To achieve the desired properties for encountering flutter in the TDT while avoiding
static strength issues due to large air forces the fighter model had to be built with
extreme care. The model without external stores is shown in Figure 4.2. The model
had a canard configuration with the canards mounted in a plane slightly above the
main wings, as is typical for fighter aircraft. The model had a span of approximately 2

m and a mean aerodynamic chord equal to approximately 0.7 meter.

Figure 4.2: The generic fighter model tested at NASA Langley. [5]

1Courtesy of NASA
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The model was built around a central load-carrying metal structure that was also
used to mount the model to a sting in the TDT. Both the wings, canard and the fuselage
shell were connected to the central structure. The canards and the fuselage shell of the
model were built out of carbon fibre while the main wings and the fin were built out of
mainly fibreglass. The outer surface of the model was generally smooth, but the main
wings had trip strips installed on them.

The main wings of the model were built around a central fibreglass-enforced epoxy
structure, the main bulk of the wing volume was constructed out of foam and then
covered with another layer of fibreglass epoxy, to generate a strong sandwich-layer
composition. Both the canards and the main wings utilized the NACA65A005 airfoil
along their entire span. But due to construction difficulties, the trailing edges were not
perfectly sharp, instead a trailing edge thickness of 1 mm was used.

No internal balance was installed into the model or the sting carrying the model,
instead to validate computations, the model also had two stations of pressure taps
on each main wing. For every pressure measurement station, 47 pressure taps were
installed on both the suction and pressure side of the main wing. For more details
regarding the pressure tap installation and the manufacturing of the model, see [3].

Additionally, optical instrumentation was used together with active markers on the
fighter to determine deflections in real-time during the wind tunnel tests.

4.1.2 Experimental Results

An extensive test campaign was performed in the TDT, running tests through most
of the TDT envelope, with Mach numbers reaching 1.2. Static pressure data and de-
formation data was acquired at several angle-of-attacks through the entire transonic
regime.

Two transonic flutter points were found with all external stores mounted and the
masses in the tip-missiles at the aft of the missiles and the masses in the outer under-
wing external stores in their front-most positions. At both these flutter conditions,
a symmetric coupling between the main wing’s primary bending and torsion modes
occurred, with the flutter results shown in Table 4.1.

Flutter Point Mach Number Dynamic Pressure Flutter Frequency
1 0.9 6.6 kPa 9.5 Hz
2 0.965 6.7 kPa 9.5 Hz

Table 4.1: The two experimental flutter points found during the testing in the TDT.
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4.2 NASTRAN and AEREL modelling

To perform flutter predictions for the wind tunnel model in NASTRAN and AEREL
a structural FE-model together with an aerodynamic panel model were made. The
FE-model used for the calculations in NASTRAN and AEREL in this project was cre-
ated in parallel with the actual construction of the hardware fighter model whilst new
aerodynamic models were developed for the purposes of this project.

4.2.1 Structural Modelling

The general NASTRAN model contained both beam, surface and volume elements
with adapted material properties to match the real-life model dynamically as close as
possible. The FE-model was fine tuned to a GVT-test performed on the model mounted
in the TDT. The structural model is shown in Figure 4.3 and with the fuselage removed
in Figure 4.4 so that the inner composition of the FE-model can be seen. To match
with the aerodynamic coordinate system used, the x-axis of the model was defined
backwards from a reference point slightly ahead of the tip of the aircraft and with a
z-axis upwards.

Figure 4.3: The structural model of the generic fighter.

Starting with the inner parts of the FEM, the central spar and the sting were mod-
elled as beam elements in NASTRAN. Beam elements were also used for the attach-
ments between the central spar and the wings, the canards, the fin and the fuselage
shell respectively.
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Figure 4.4: The structural model of the generic fighter with the fuselage shell removed.
The inner composition of the model can then be seen.

For the wings and fin, the inner central laminate was modelled using both surface
and beam elements to simulate the composite structure of this mid-layer. The outer
shell of these components were modelled using shell elements. Conclusively, the foam
inside the main volume of the wings and the fin was modelled using isoparametric
solid elements.

Moving further outwards in the span-direction, the pylons on the main wings were
constructed from surface elements with a surface cross-structure in their inside. In
addition, the external stores and their connection to the fighter’s wings were modelled
as beam elements. To simulate the extra masses installed into the tip-missiles and the
outer under-wing stores, point masses were added on the beams to match the mass
balance described in Section 4.1.2.

To summarize this section, the 30 lowest frequency structural eigenmodes are de-
scribed in Appendix B. These 30 eigenmodes also compose the modal basis for which
the flutter calculations were performed in. Also, Figures 4.5 and 4.6 show the first an-
tisymmetric bending and torsion modes of the main wing, the two modes that, as will
shortly be seen, together with their symmetric counterparts, compose flutter modes
encountered experimentally and in calculations.
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Figure 4.5: A snapshot of the antisymmetric 1st wing bending mode, mode 3, with
eigenfrequency 8.54 Hz

Figure 4.6: A snapshot of the antisymmetric 1st wing torsion mode, mode 5, with
eigenfrequency 12.16 Hz

4.2.2 Aerodynamic Modelling

In NASTRAN and AEREL, where the underlying aerodynamics is governed by DLM-
theory (see Section 2.3.1) aerodynamic models are built up of panels which are parallel
to the freestream. With this simplified way of defining the lifting forces on an airframe
it is not trivial to define the lifting surfaces in such a way that the lifting forces on the
airplane resemble real-life forces. This is especially true for this project where no static
wind tunnel results were utilized. This is something that is normally standard in the
industry. Therefore, seven different lifting surface models, named V1-V7, were con-
sidered in NASTRAN, where the most detailed model (V7) was also used in AEREL.
Models V1-V6 were not modelled in AEREL since their function was primarily to incre-
mentally get a better understanding of how the aerodynamic modelling of the fuselage
and the aeroelastic (see Section 4.2.3) modelling of the main wings and canard affected
the flutter solution, which was something that could be analyzed in NASTRAN. V7 on
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the other hand was then created as a more sophisticated model for the more accurate
study of the flutter behaviour.

Models V1 through V6 only took the general geometry of the aircraft into account,
while in model V7 the wingtip-pylons and tip-missiles were also modelled. The choice
was made to not model the stores positioned under the wings, since it was assumed
that the flutter mechanism was totally dominated by the lifting forces generated by the
motion of the main wing. No vertical lifting surfaces were modelled in models V1-V6
since only longitudinal stability was considered for these initial models. This decision
was also supported by the fact that the flutter mode encountered in the NASA TDT
was, as previously described, a symmetric longitudinal mode, a coupling between the
first bending/torsion mode [5].

The lifting surfaces for the main wing and the canards were defined by their projec-
tion in the xy-plane as defined by the structural model and placed at the z-coordinate of
the middle of the main wing and canard respectively. For models V1-V6 the main wing
was extended so that the wingtips were placed in the middle of the wingtip-pylons.

The main difference between models V1 through V6 was how the fuselage was
modelled. In V1 the lifting surfaces of the main wings and the canards were simply
connected through the fuselage. In V2 the same approach was taken, but here the
lifting surfaces for the canard were removed to investigate the actual effect of these
surfaces. For V3-V6 the fuselage was modelled as a rectangular panel, which spanned
from the tip of the internal beam in the FE-model to the back of the fuselage. The
canards and the main wings were then connected to this central rectangular plate with
additional lifting surfaces. Since the central panel was placed at the z-coordinate of
the middle of the main wing the plates connecting the canards to the central plate
were tilted, since the canards were located above the main wing. Finally, the difference
between V3-V6 was that these models used different widths of the central panel.

Models V1-V6 are summarized in Table 4.2 and shown graphically in Figure 4.7.

Model Canards Modelled Midplane
V1 Yes In between canards and in-between main wings
V2 No Only in between main wings
V3 Yes Along entire fuselage at level of main wing, width 0.35 m
V4 Yes Along entire fuselage at level of main wing, width 0.30 m
V5 Yes Along entire fuselage at level of main wing, width 0.25 m
V6 Yes Along entire fuselage at level of main wing, width 0.20 m

Table 4.2: The different lifting surface configurations analyzed in NASTRAN.
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Figure 4.7: The 6 different lifting surface models used for the initial flutter analysis in
NASTRAN.
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V7

Model V7 was the final and most detailed aerodynamic model created. V7 was based
on model V5, but compared to V5, model V7 also included a vertical panel for the
fuselage. This vertical panel was identical in size to the horizontal panel so that the
fuselage was modelled as a plus.
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Figure 4.8: The lifting surface model known as V7.

Further, V7 also included lifting surfaces for the tip-pylons and the tip-missiles. The
wingtip-pylons were modelled as horizontal plates with the same width as the pylons
them self. For the tip-missiles, the body of the missile was modelled as a horizontal
plate with a width of 75% of the diameter of the missile. The 75% width was chosen as
a typical industry choice for slender missiles. The fins on the missiles were modelled
as their correct size. Finally, the entire missile panel configuration was moved in so
that the missiles body panel was adjacent to the pylons lifting surface.

Figure 4.8 shows an overview of model V7 and Figure 4.9 shows a more detailed
view of the pylon-missile configuration used in the model.

0

0.1

0.2

0.3

0.4

0.5

0.6

−1.3
−1.2

−1.1
−1

−0.9
−0.8

−0.3

−0.2

−0.1

0

0.1

0.2

Figure 4.9: A detailed view of the panels representing the left pylon and left tip missile
for V7.
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4.2.3 Aeroelastic Modelling

As described in Section 3.2, a suitable number of structural points need to be selected
for mapping of structural deformations onto the aerodynamic panels in NASTRAN
and AEREL for generating unsteady air forces.

In NASTRAN, surface splines were used to map the structural deformations on
the main wing and on the canards to the aerodynamic surfaces. For all midplanes
and external stores modelled, beam splines were instead used to map the surfaces to
the deformation of the corresponding beam elements in the structural model. For this
task, all available structural nodes in the beams were used. For the mapping in AEREL,
a pre-processor was used to interpolate structural points onto all lifting surfaces in a
lattice pattern, thereby eliminating the need to used beam splines in the AEREL model.

To evaluate the efficiency of the mapping between the structural and aerodynamic
meshes, three different sets of interpolation points were tested on the main wings and
the canards in NASTRAN. This was done to assess the effect of the spline resolution
on the flutter solution. The three sets were generated by a MATLAB program that
enabled the author to interactively select suitable points for the three sets of increasing
resolution. The points were selected to be as evenly spaced out on the surfaces as
possible. Table 4.3 lists the amount of spline points for every set tested and Figure
4.10 shows the sets of grid points tested. Only points in the horizontal cross-section
of the wings were used (the same plane as the aerodynamic panels were placed). Set
1 contains all available grid points in the z-middle of the wing. The grid points are
further divided into three subsets in Table 4.3. Subset A contains grid points on the
canards, subset B contains all grid points on the inner sections of the wings, defined
as the parts of the main wings that are inside the kink on the trailing edge of the main
wings. Finally, subset C contains all points on the outer sections of the main wings.

Set # Grid Points (ntot) nA nB nC
Set 1 (Blue) 1608 308 416 884

Set 2 (Red) 198 40 64 94

Set 3 (Green) 72 16 24 32

Table 4.3: The amount of grid points used in the three sets of interpolation points for
NASTRAN.
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Figure 4.10: The three different sets used for defining interpolation points for the
splines connecting the structural deformations with the wings aerodynamic surfaces
in NASTRAN. Black nodes are nodes not included in the interpolation sets. Conse-
quentially, Set 1 uses all available grid points in the z-middle of the wing.

Additionally, Figure 4.11 shows the placed interpolation points in AEREL that the
plate theory polynomials were defined from.
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Figure 4.11: A figure illustrating the placed interpolation points where the structural
deformations were given for the analysis in AEREL.
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4.3 Phi Modelling

For calculating unsteady air forces in Phi [8], simplified structural and aerodynamic
models were used. The primary reason for the simplification was to see if one could
aerodynamically find a middle-ground between very simplistic DLM panel models
and sophisticated CFD meshes for the entire aircraft with every detail modelled. Thus,
the aerodynamic geometry used was similar to DLM model V2, Figure 4.7b, where the
canard was neglected aerodynamically and the span was extended to the middle of the
pylons. No meshing of the tip-pylons or the tip-missiles was attempted due to the dif-
ficulty of defining a wake of such blunt bodies, as previously mentioned. Therefore the
aerodynamic model used was simply the main wing with the root airfoil dimensions
interpolated in between the left and right wing to create a smooth continuation of the
wings upper and lower surfaces. The fuselage, the canards, the fin, the pylons nor any
external stores were modelled aerodynamically but of course considered structurally.
Figure 4.12 shows a figure of the aerodynamic body considered.

Figure 4.12: The simplified aerodynamical model used for analysis in Phi.

The model in Figure 4.12 might seem overly-simplistic, but CFD analysis of com-
plex geometries such as the entire fuselage with multiple stores can be very cumber-
some and time-consuming, not to mention the wake modelling of such geometries.
The general meshing around such structures is also not trivial and the entire process
from meshing to finished flutter solution from a CFD-code is not suited for an iterative
design process.

4.3.1 Simplified Structural Model

For the Phi model, an updated structural model was also needed to roughly match the
aerodynamic model so that the projection method for mapping the structural model
to the aerodynamic model described in Section 3.2.3 could function as intended. The
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model was created with the purpose to have the same structural behaviour as the full-
detail model but where the fuselage and fin were modelled as point masses (with pre-
served inertia) and extra dummy structure with no weight and infinite stiffness was
added in between the main wings to enable deformation mapping to the mid-section
of the aerodynamic model. This dummy structure was connected to the main wings,
and it was thus assumed that the wings were basically stiffly attached to the center
spar.

All external stores and the pylons shown in Figure 4.3 were of course also modelled
structurally and the stiffness of the central spar was increased by slightly more than a
factor 2 to model the stiffness of the fuselage. This increase was found by trial-and-
error to match the structural eigenfrequencies of the complete model to the eigenfre-
quencies of the simplified model. The structure of the canards was left untouched but
not mapped aerodynamically. Figure 4.13 displays the simplified structural model.

Figure 4.13: The simplified structural model used with aerodynamic data from Phi.
The point mass resembeling the fin is at the top of the rigid bar behind the main wing,
and the point mass representing the fuselage is located inside the dummy structure in
between the main wings.

To determine the similarity of the entire structural model to the simplified struc-
tural model, Table 4.4 compares the first 20 eigenfrequencies of the two models and
a short description of their behaviour. The two sets of eigenfequencies generally cor-
respond closely, with the first 12 modes practically identical. Increasing the frequency
further, the modes of the two models differ slightly, mostly due to the fin not modelled
structurally in the simplified model and the stiffness added in the central spar being
unformly distributed, which the stiffness of the fuselage is not. Still, the modes of in-
terest for flutter of the model are within the first 12 modes, so these higher frequency
discrepancies were deemed not critical.
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Full Model Simplified Model
Frequency [Hz] Description Frequency [Hz] Description

3.81 Sting SS1 3.81 Sting SS1
6.71 Sting UD1 6.71 Sting UD1
8.54 Main wing BA1 8.54 Main wing BA1
8.93 Main wing BS1 8.93 Main wing BS1

12.16 Main wing TA1 12.16 Main wing TA1
12.38 Main wing TS1 12.38 Main wing TS1
14.87 Sting SS2 14.76 Sting SS2
19.65 Canard BS1 19.38 Canard BS1
19.89 Canard BA1 19.57 Canard BA1
21.63 Canard BS1 + Sting UD1 21.02 Canard BS1 + Sting UD1
24.08 Main Wing TA2 24.05 Main Wing TA2
25.11 Main Wing TS2 25.07 Main Wing TS2

25.32 Sting SS2 + Main Wing TA2
29.01 Sting SS1 + Fin B1
30.07 Fin B1
31.74 Sting UD2 30.13 Sting UD2
33.54 Main Wing BA2 33.54 Main Wing BA2

Table 4.4: Comparison of eigenfrequencies between the complete model and the sim-
plified model. BA1 refers to the first asymmetric bending mode and TS1 refers to the
first symmetric torsion mode. SS refers to side-to-side movement and UD refers to
Up-and-Down movement.

4.3.2 Meshing in ICEM

The meshing of the simplified aerodynamic model was performed in ICEM with an
explicit wake surface modelled, as is required by Phi. The farfield cuboidal fluid do-
main was roughly 20 mean chord lengths long, three spans wide and two spans high,
with the model placed roughly in the middle of the farfield. Further, care was taken to
introduce all Laplace-domain boundary conditions required by Phi, described in sec-
tions 2.3.2 and 3.2.3. To cleanly connect the surface meshes on the suction and pressure
side of the wing to the wake a thin cut was specified at the trailing edge in ICEM. Two
meshes with different fineness were constructed, which sizes are described in Table
4.5. Primarily, mesh 2 has more detail close the the leading and trailing edges of the
aerodynamic model.

Mesh # Nodes # Elements
Mesh 1 107134 625678
Mesh 2 142641 831733

Table 4.5: A description of the fineness of the meshes used in Phi.
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The mapping of the aerodynamic mesh to the structural model, generated in NAS-
TRAN, was performed in the program Scope2 using the projection method described
in Section 3.2.3. Using this mapping, aerodynamic matrices could be extracted from
Phi. In conclusion, Figures 4.14 and 4.15 show the aerodynamic geometry meshed in
the two meshes used.

Figure 4.14: The simplified aerodynamic model meshed in Mesh 1.

Figure 4.15: The simplified aerodynamic model meshed in Mesh 2.

2https://www.larosterna.com/products/open-source
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4.4 Analysis in NASTRAN, AEREL and Phi

The flutter analyses performed during this project could be divided into three phases.
During the first phase, focus was put on understanding the different aspects of DLM
aerodynamic modelling. The second phase put emphasis on detailed DLM modelling
in both AEREL and NASTRAN, and how results from those software compared to
experimental results. Finally, in phase 3, the simplified structural and aerodynamic
model evaluated in Phi was compared to the analysis of the corresponding model in
NASTRAN and it was evaluated if such a simplified model could be compared to the
experimental results, i.e., is modelling of the external stores necessary for predicting
flutter behaviour?

For all phases and simulation software, the unsteady aerodynamics were generated
for reduced frequencies in the range 0− 1.5.

4.4.1 Phase 1

The purpose of the first phase was to gain a better understanding of how aerodynamic
modelling of different parts of the fighter affected the dynamic pressure for flutter,
qf using DLM aerodynamics. This phase also evaluated the effect different sets of
interconnection points between the structural and aerodynamic models had on qf .

Therefore, aerodynamic models V1-V6, seen in Figure 4.7 were tested with the three
different sets of interpolation points, outlined in Table 4.3, in NASTRAN for the Mach
numbers 0, 0.5, 0.6, 0.7, 0.8 and 0.9.

In this phase, for every configuration and Mach number the density was held fixed
at ρ = 1.225 kg/m3 and the speed was steadily increased until positive damping was
found from NASTRANs built-in PK-solver.

4.4.2 Phase 2

With the knowledge from Phase 1, Phase 2 main purpose was to compare NASTRAN
and AEREL results with the experimental results from the tests at NASA Langley. In
NASTRAN and AEREL the more detailed aerodynamic model, V7 was used (see Fig-
ure 4.8) together with the interpolation set 3 in Table 4.3 with the smallest amount of
points, since it was found from Phase 1 that this set had enough points to correctly
resemble the critical structural modes for flutter (see Section 5.1).

For this phase, an effort was made to match, as closely as possible, the thermody-
namic properties of the TDT wind tunnel to get correct reduced frequencies for the
flutter points encountered. Therefore, for given Mach numbers, the corresponding ve-
locities were calculated, assuming the static wind tunnel temperature being 303.15 K
(close to the conditions in the wind tunnel), giving the speed of sound in the wind
tunnel as aTDT = 349.02 m/s. In NASTRAN the Mach numbers 0.5-0.9 and 0.99 were
tested and in AEREL the Mach numbers 0.5-1.2 were considered to cover the entire
Mach envelope of the TDT tunnel. For the supersonic Mach numbers, a linearized su-
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personic panel method is used in AEREL, not covered in this report, but following the
principles from [47].

For the flutter simulations in NASTRAN, for every Mach number the match-point
velocity was also fixed and the density was iterated over until the critical dynamic
pressure was found.

In AEREL, a slightly different approach was used, since AEREL does not support
direct iteration in density. Instead, for comparison to wind tunnel tests, AEREL can
iterate over stagnation pressure at constant Mach number. This type of iteration is
equivalent with density sweeps if the total temperature in the wind tunnel’s freestream
is constant, implying an adiabatic wind tunnel system, which is a good approximation
for the TDT [4]. This solver-type in AEREL requires the freestream total temperature.
To match the static temperatures from the the NASTRAN tests in the freestream, the
total temperature for every Mach number was found from adiabatic relations

T0 =

(
1 +

γ − 1

2
M∞

)
T. (4.1)

In the same manner the static pressure for a given flutter point could be found from
the critical stagnation pressure as

pf =

(
1 +

γ − 1

2
M∞

) γ
1−γ

p0f . (4.2)

Now, assuming the ideal gas law to hold, the density for a given stagnation pressure
was uniquely defined from the fixed temperature T = 303.15 K and (4.2). Using the
ideal gas law and the definition of the speed of sound the critical dynamic pressure for
a certain simulation could be found from the relation

qf =
1

2
γpfM

2
∞. (4.3)

The total temperatures used for the tests at the different Mach numbers as calcu-
lated from (4.1) are shown in Table 4.6.

Mach Number Free-stream velociy [m/s] Stagnation Temperature [K]
0.5 174.5 318.3
0.6 209.4 325.0
0.7 244.3 332.9
0.8 279.2 342.0
0.9 314.1 352.3

0.99 345.5 362.6
1.01 352.5 365.0
1.10 383.9 376.5
1.20 418.8 390.5

Table 4.6: The free-stream stagnation temperatures simulated at in AEREL to match
the static temperature of 303.15 K at every Mach number in AEREL.
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4.4.3 Phase 3

Finally, Phase 3 dealt with analysis in Phi, validation of the Phi model in NASTRAN
and some comparison with the experimental results. For the flutter calculations, un-
steady aerodynamic matrices were generated in Phi for the simplified aerodynamical
model at M = 0.5, 0.6, 0.7, 0.8 and 0.9, assuming the static temperature in the simula-
tions to be 303.15 K. These matrices were then used together with modal stiffness and
inertial data to solve the flutter equation in MATLAB using the PK-method. For the
PK-method, the velocity was kept constant but the density was increased as for NAS-
TRAN in Phase 2. For some structural modes, such as modes 1, 7, 8 and 9 in Table 4.4,
very small aerodynamic effects were found, due to their movement not generating any
significant forces on the simplified aerodynamic model, mainly due to its slenderness.
To avoid false flutter solutions of these modes with low aerodynamic damping, they
were not considered in the modal PK-solver.

For the validation in NASTRAN both the full structural model and the simplified
structural model were combined with the aerodynamic model V2, seen in Figure 4.7b,
which most closely resembles the geometry of the aerodynamic model used in Phi.

A summary of the phases of testing can be seen in Figure 4.16

Figure 4.16: A diagram summarizing the testing performed during the three different
phases of the project.
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Results

5.1 Phase 1

For the robustness of the DLM-solver in NASTRAN, the flutter speeds and flutter fre-
quencies are shown in Tables 5.1 and 5.2 for the different configurations analyzed in
Phase 1. It can be seen in these tables that the differences between the different config-
urations are small.

Set 1 Set 2 Set 3
M 0 0.5 0.6 0.7 0.8 0.9 0 0.5 0.6 0.7 0.8 0.9 0 0.5 0.6 0.7 0.8 0.9
V1 101.99 110.65 114.78 120.01 126.72 135.94 101.93 110.60 114.73 119.96 126.69 135.95 100.90 109.64 113.81 119.09 125.87 135.22
V2 102.10 110.72 114.83 120.04 126.73 135.93 102.04 110.67 114.78 120.00 126.70 135.94 101.00 109.71 113.86 119.12 125.88 135.21
V3 101.96 110.63 114.76 119.99 126.71 135.93 101.90 110.58 114.71 119.95 126.68 135.94 100.87 109.62 113.79 119.07 125.87 135.22
V4 101.97 110.64 114.77 120.00 126.72 135.94 101.92 110.59 114.72 119.96 126.69 135.95 100.88 109.63 113.80 119.08 125.88 135.23
V5 101.97 110.65 114.78 120.01 126.73 135.95 101.92 110.59 114.73 119.97 126.70 135.96 100.89 109.64 113.81 119.09 125.88 135.24
V6 101.98 110.65 114.78 120.01 126.73 135.95 101.92 110.60 114.74 119.97 126.70 135.96 100.89 109.64 113.81 119.09 125.89 135.24

Table 5.1: Flutter speeds (m/s) for the configurations analyzed in NASTRAN. The
lifting surfaces corresponding to the models V1 to V6 are shown in Figure 4.7 and
described in Table 4.2. Further, the spline sets used here are shown in Figure 4.10.

Set 1 Set 2 Set 3
M 0 0.5 0.6 0.7 0.8 0.9 0 0.5 0.6 0.7 0.8 0.9 0 0.5 0.6 0.7 0.8 0.9
V1 11.96 11.91 11.87 11.83 11.75 11.60 11.96 11.91 11.87 11.82 11.75 11.60 11.96 11.90 11.87 11.82 11.75 11.60
V2 11.96 11.91 11.87 11.83 11.75 11.60 11.96 11.91 11.87 11.82 11.75 11.60 11.96 11.90 11.87 11.82 11.75 11.60
V3 11.96 11.91 11.87 11.83 11.75 11.60 11.96 11.91 11.87 11.82 11.75 11.60 11.97 11.90 11.87 11.82 11.74 11.60
V4 11.96 11.91 11.87 11.82 11.75 11.60 11.96 11.91 11.87 11.82 11.75 11.60 11.97 11.90 11.87 11.82 11.74 11.60
V5 11.96 11.91 11.87 11.82 11.75 11.60 11.96 11.91 11.87 11.82 11.75 11.60 11.96 11.90 11.87 11.82 11.74 11.60
V6 11.96 11.91 11.87 11.82 11.74 11.60 11.96 11.91 11.87 11.82 11.75 11.60 11.96 11.90 11.87 11.82 11.74 11.60

Table 5.2: Flutter frequencies (Hz) for the configurations analyzed in NASTRAN. The
lifting surfaces corresponding to the models V1 to V6 are shown in Figure 4.7 and
described in Table 4.2. Further, the spline sets used here are shown in Figure 4.10.

49



50 CHAPTER 5. RESULTS

5.2 Phase 2

Before one compares critical flutter pressures for different Mach numbers for this Phase,
it is interesting to first look at the flutter mechanisms for the Mach numbers 0.5 and 0.9.
This will be done by looking at VG-graphs for the different cases. Table 5.3 shows the
different structural modes colors in the VG-graphs.

Line Color Line Type Structural Mode
Blue Solid 1, Sting side-to-side
Blue Dashed 2, Sting up-and-down

Green Solid 3, Antisymmetric 1st Wing Bending
Green Dashed 4, Symmetric 1st Wing Bending
Red Solid 5, Antisymmetric 1st Wing Torsion
Red Solid 6, Symmetric 1st Wing Torsion

Magenta Solid 15, Sting Up-and-Down + Canard 1st Bending
Cyan Solid 22, Main Wing Buckling + Swaying under-wing stores

Table 5.3: A table showing the color convention for the VG-graphs in this chapter. The
number on the structural modes are their order of occurrence in the table in Appendix
B.

Now, Figure 5.1 shows the development of the interesting flutter modes forM = 0.5

in NASTRAN. As is expected, a coupling between the primary bending and torsion
modes of the main wing is observed. Curiously two, typically non-physical, higher
frequency modes becoming unstable before the low-frequency flutter are observed.
This is something that does not occur in AEREL, where only the VG-graph of the lower
frequency modes are shown in Figure 5.2. To compare the low-frequency results from
NASTRAN and AEREL, a zoomed in version of the NASTRAN VG-graph is shown in
Figure 5.3, where it is seen that the low-frequency characteristics of the solutions in the
two programs are similar. Note that the damping from NASTRAN and AEREL do not
share the exact same normalization factor, so exact values on the damping should not
be compared.
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Figure 5.1: VG-graph of the flutter predictions in NASTRAN for Phase 2, at M = 0.5.
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Figure 5.2: VG-graph of the flutter predictions in AEREL for Phase 2, at M = 0.5.
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Figure 5.3: VG-graph of the flutter predictions in NASTRAN for Phase 2, at M = 0.5

and with non-physical high-frequency modes neglected.

In Figures 5.4, 5.5 and 5.6 the same graphs as shown for M = 0.5 are now displayed
for M = 0.9. WIt is seen that the general characteristics of the different structural
modes are similar to the behaviour at M = 0.5, but the low-frequency coupling is
stronger and the highest-frequency mode (cyan) in Figure 5.4 is unstable at a very low
dynamic pressure, 3.26 kPa!. It can also be noted that the flutter process is also more
dramatic than for M = 0.5. This trend is confirmed by the VG-graph from AEREL at
M = 1.2, shown in Figure 5.7, where the transition from steady to unsteady is even
more sudden.

Figure 5.4: VG-graph of the flutter predictions in NASTRAN for Phase 2, at M = 0.9.



CHAPTER 5. RESULTS 53

Figure 5.5: VG-graph of the flutter predictions in NASTRAN for Phase 2, at M = 0.9

and with non-physical high-frequency modes neglected.
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Figure 5.6: VG-graph of the flutter predictions in AEREL for Phase 2, at M = 0.9.
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Figure 5.7: VG-graph of the flutter predictions in AEREL for Phase 2, at M = 1.2.

In conclusion, for Phase 2, Figure 5.8 shows the overall flutter-envelope calculated
in NASTRAN and AEREL for the low-frequency predicted flutter case. This figure
also includes the two flutter points encountered during the TDT experiments. In the
envelope the critical dynamic pressure is plotted as a function of Mach number.
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Figure 5.8: A summary of the flutter envelopes found in NASTRAN and AEREL dur-
ing Phase 2, compared to the two experimental flutter points from the testing at TDT.
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5.3 Phase 3

To compare the flutter characteristics of the simplified model between NASTRAN and
Phi, VG-graphs for the simplified model in NASTRAN and Phi are shown in Figures
5.9 - 5.12 for M = 0.5 and M = 0.9. The same color convention as in the previous
section holds. Note that the lowest frequency mode, the sting movement side-to-side
is not shown in the Phi results. This is because this mode, as already mentioned, was
removed before performing the flutter calculations, because of the mode generating
very low aerodynamic forces but has a high generalized mass.

Further, for this simplified configuration, no strange high-frequency flutter was ob-
served from NASTRAN. It is seen that the VG-characteristics is similar in NASTRAN
and Phi, but that the flutter boundary is consequentially slightly lower in NASTRAN.
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Figure 5.9: VG-graph of the flutter predictions in Phi for Phase 3, at M = 0.5.



56 CHAPTER 5. RESULTS

Figure 5.10: VG-graph of the flutter predictions in NASTRAN for Phase 3, at M = 0.5.

Figure 5.11: VG-graph of the flutter predictions in Phi for Phase 3, at M = 0.9.
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Figure 5.12: VG-graph of the flutter predictions in NASTRAN for Phase 3, at M = 0.9.

To conclude this chapter, Figure 5.13 shows a summary of the flutter envelopes for
Phase 3. Here it can clearly be seen that aerodynamic modelling of the tip-pylons and
tip-missiles have a huge effect on the trends in the flutter-envelope, since for Phase
3, the critical flutter pressure increases with Mach number instead of decreases, as in
Figure 5.8. It can also be seen that the results from Phi nor NASTRAN illustrate a
transonic dip. Why this is and many other observations are to be discussed in the next
chapter.

0.4 0.5 0.6 0.7 0.8 0.9 1

Mach Number [-]

0

5

10

15

F
lu

tt
e

r 
D

y
n

a
m

ic
 P

re
s
s
u

re
 [

k
P

a
]

NASTRAN Phi Model

NASTRAN Full Model With Phi Lifting Surface

Phi Mesh 1

Phi Mesh 2

Figure 5.13: A summary of the flutter envelopes found in NASTRAN and Phi during
Phase 3.
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Discussion

Initially, there are a number of interesting observations that can be made from Phase 1.
Firstly it can be seen in Tables 5.1 and 5.2 that the different aerodynamic models give
very small differences in the flutter points found.

Note especially the small difference between model V2 (where the canards are ne-
glected aerodynamically) and the rest of the models, showing that the canards barely
affect the flutter speed and the approximation of neglecting the canards for the sim-
plified model was probably valid. This behaviour is perhaps not that surprising, since
the canards have a limited effect on the aerodynamics of the main wing for small α.
Also, the canards with their smaller area, being more stiff than the main wing, are ex-
pected to have a much higher critical flutter speed than the main wing, if looking at
independent flutter of the canards.

Another aspect of the results from the different aerodynamic models is the seem-
ingly small effect of the fuselage modelling on the flutter predictions. It is clear that it
is the aerodynamics over the main wing that leads to flutter.

If the flutter speed from the different sets of interpolation are now examined, it
is seen that the reduced amount of interpolation points in set 2 and set 3 generally
have a small effect on the flutter points predicted, motivating the choice of a reduced
interpolation set for Phase 2 and Phase 3.

Conclusively, it is interesting to point out that the flutter speed increases with Mach
Number instead of decreasing in a transonic dip as one would expect.

Interestingly, when the aerodynamic modelling of the tip-pylons and tip-missiles
were introduced in Phase 2, the expected decrease in critical dynamic pressure is ob-
served, as seen in Figure 5.8. This shows that the aerodynamic effect of the tip-pylons
and the tip-missiles is definitely not negligible, with their relatively large surface area
far out from the wing root, thereby capable of generating large aerodynamic moments
on the main wings themselves.

Still, even with the tip-missiles and wingtip-pylons modelled, quite a large differ-
ence between the experimental results and the predicted flutter dynamic pressures is
observed, showing the limitations of the linear aerodynamic methods used in NAS-
TRAN and AEREL. For more trustworthy transonic flutter predictions, that can substi-
tute expensive flight testing campaigns, more sophisticated methods are needed.

58
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It may seem as if AEREL predicts a transonic dip, but this transonic "v" in Figure 5.8
is caused by the different linearization principles used for the subsonic and supersonic
analyses which both tend to give a dynamic pressure minimum at M = 1. Note also
that these two linearization schemes give different results close toM = 1, as one would
expect. So, it is clear that the linear methods fail to predict the transonic dip, which
should come as no surprise, since such methods are incapable of predicting shock-
waves and shockwave motion as has been discussed at length earlier in this report.
What is worrying though, is that the linear analysis over-predicts the critical dynamic
pressure, thereby giving non-conservative results, which is potentially hazardous if
linear methods are to be used as prediction tools before transonic flying flutter testing.
The large discrepancy between the linear methods and the experimental results are
also confirmed by Landahl’s rule of thumb for linearization of transonic flows, (2.19)
in the following way:

The critical reduced frequency from the experimental flutter point at M = 0.965

was roughly 0.062 (based on the flutter frequency 9.5 Hz, see Section 4.1.2. This means
that for (2.19) to be satisfied, the quantity |1−ML|would have to be smaller than 0.062

by at least a magnitude, which is clearly not satisfied, even in the freestream, where
|1−M∞| = 0.035, which is smaller than 0.062 but not by a significant amount.

Significant difference can also be seen if comparing the critical flutter frequencies
in Figures 5.5 and 5.6 to the experimental flutter frequencies in Section 4.1.2. In both
NASTRAN and AEREL the flutter frequency at M = 0.9 is 11.1 Hz, whilst the experi-
mental flutter frequency is 9.5 Hz at M = 0.9. Thus, the experimental flutter frequency
is closer to the structural eigenfrequency of the main wing’s bending modes, while
the calculated flutter frequency is closer to the torsional eigenfrequency. This may in-
dicate that the bending mode has a larger effect on the flutter mode in real-life than
what is calculated, but this is hard to justify without having modeshape data from the
experiment.

Going back to just comparing the results from NASTRAN and AEREL, one can
start by looking at the characteristics of the VG-graphs for the lower-frequency modes
at M = 0.5 and M = 0.9, Figures 5.2, 5.3, 5.5 and 5.6. It is seen that the develop-
ment of the flutter eigenvalues with dynamic pressure is very similar when comparing
the two programs, which is of no surprise since they share the same underlying aero-
dynamic theory. Something interesting about the flutter phenomenon for this certain
model is the very similar characteristics of the symmetric and antisymmetric mode,
which usually is not the case. This phenomenon probably occurs because of the sting
and fuselage being relatively stiff, limiting the movement of the antisymmetric and
symmetric wing bending modes to just the wings, and thus resulting in a main wing
that almost behave as two wings separately mounted to walls. This is something that
is typically not observed when performing flutter analyses for real aircraft, since then
these modes include much more movement of the fuselage, which has a different mass
moment of inertia if it is moving up and down (symmetric wing bending) or side to
side (antisymmetric wing bending).

Another interesting topic for discussion is the two flutter modes at higher frequen-
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cies in figures 5.1 and 5.4 that become unstable before the physical lower-frequency
flutter modes. The cyan mode, with a flutter frequency of 47 Hz is seen to have a very
low damping for all dynamic pressures, with a quite non-dramatic transition from sta-
ble to unstable. This indicates that this mode may be dominated by structural modes
with a lot of mass movement in places where there is little aerodynamic modelling,
thereby generating such non-physical instability at very low dynamic pressures. This
hypothesis is confirmed when looking at the modal eigenvector for this flutter mode,
which is totally dominated by structural mode 22 in Table B.1 and plotted in Figure
6.1. This mode is primarily dependent on large movements of the under-wing stores,
which are not modelled aerodynamically, since they are assumed to have a small effect
on the physical low-frequency flutter mechanism because of their small movement in
comparison to the tip-missiles and tip-pylons for the first bending and torsion modes.

Figure 6.1: Structural mode 22.

The other high-frequency mode, which is plotted in magenta, is perhaps more inter-
esting. For this mode, a more dramatic development of the damping with the increase
in dynamic pressure can be observed. Also, if looking at the eigenvector for this mode,
it primarily contains mode 15, shown in Figure 6.2, which has some sting movement,
quite a lot of higher-order wing bending, quite a lot of canard movement and some
fuselage compression. The magenta flutter mechanism is also substantially coupled
with modes 8 and 10, which are pure symmetric canard modes. If these modes had
been dominating, one may expect this to be simple the canard flutter mode, but since
the flutter mode is primarily dominated by the more complex mode 15, this flutter
mode is most definitely non-physical, especially because of the fuselage compression
observed. The cause of this erroneous mode is maybe because of the aerodynamic
panels representing the fuselage only connected to the center spar, giving the fuse-
lage shell the possibility to compress without generating any aerodynamic damping.
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Otherwise, the instability can also potentially be caused by some sort of interpolation
artifact, because of the small amount of interpolation points used for this phase.

Figure 6.2: Structural mode 15.

In conclusion the two high-frequency modes in NASTRAN appearto be non-physical,
caused by artifacts in the modelling. Most importantly, these high-frequency modes
are in no way coupled with the low-frequency flutter modes, and thus, the physical
flutter can be treated separately from the non-physical flutter, preserving the credibil-
ity of the NASTRAN modelling.

Another topic of interest is the credibility of the results from Phi and the analysis
in NASTRAN of the Phi-similiar model. First of all, the results from Phase 3 cannot
be compared to the results from the experiments at NASA because of two reasons.
It has been seen from Phase 1 and Phase 2 that the tip-pylons and tip-missiles affect
the flutter results dramatically, and since the model tested at NASA includes these
extensions on the wings, the results from Phase 3 are not applicable for comparison
with the experimental results. Rather the discussion will be focused on the differences
between Phi and NASTRAN and also on the potential that Phi has for more accurate
modelling in the future.

From the VG-graphs for Phase 3, shown in Figures 5.9 - 5.12, the general flutter
mechanics seems to be similar in NASTRAN and Phi. A coupling between the an-
tisymmetric first torsion and bending modes (which is also confirmed by the flutter
eigenvector) is observed and a instability that occurs slightly earlier in NASTRAN
than in Phi. It is very interesting to note that compared to the more detailed linear
modelling in Phase 2, the antisymmetric and symmetric flutter modes are now much
further apart!

If the focus is now turned towards the flutter envelope for this Phase, shown in
5.13, it is seen that the two meshes in Phi have almost identical results (which indi-
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cate a mesh with high-enough resolution, another mesh was also briefly tested, with
more than double the amount of elements compared to the most detailed mesh tested
in this report, and the results from this mesh also corresponded closely with the results
presented here), which are slightly above the results from NASTRAN, but they follow
the same trend. It is also confirmed that the simplified structural model resembles the
full-detail structural model closely, since the two series of NASTRAN data in 5.13 are
similar (where the aerodynamic model V2 has been used with both structural models
in NASTRAN). The difference between the reslts from NASTRAN and Phi could possi-
bly also be explained by the farfield being to close to the wing in Phi, this is something
that has not been investigated.

From the results from Phase 2 and Phase 3 it is clear that the flutter process in
Phi has some short-comings that needs to be resolved before it can be used with sat-
isfactory accuracy for this type of model. The author believes that there are two big
improvements that could be made to the Phi modelling compared to the calculations
performed in this report. The first improvement is to make Phi’s FE-formulation sta-
ble for transonic flows and the second improvement is to include the tip-pylons and
tip-missiles in the aerodynamic meshes used in Phi.

Regarding the first improvement, as mentioned in Section 3.2.3, Phi currently uti-
lizes a standard Galerkin FE-formulation, which is only stable in subsonic flows. There-
fore, Phi adjusts down supersonic Mach numbers to subsonic Mach numbers in super-
sonic elements, which makes, currently, accurate transonic modelling in Phi impossi-
ble. But luckily, there is plenty of theory covering transonic FE-formulations, which
also have been proven [33, 34]. Thus, there is some work to be done to adjust Phi to
these formulations, but it is definitely possible.

Regarding modelling of tip-pylons, tip-missiles and other external stores the pri-
mary challenge is to model the wake for Phi correctly for these objects. This is some-
thing that is straight-forward for objects with sharp trailing edges, but for objects with
blunt trailing edges this is trickier!

One potential solution to this issue could be to model external stores in "2.5D",
i.e., adjust all external stores to airfoil-like objects with sharp trailing edges. In DLM
modelling, all surfaces that are assumed to contribute to the aerodynamic forces are
modelled as 2D plates, so why can’t it be possible to model objects more accurately as
modified airfoils? The shapes of such airfoils can then be adjusted to have identical lift
and pressure characteristics as the real-life external stores they resemble.

With this approach and with a transonic element formulation, Phi could be used
as intended; to be a middle-ground between over-simplistic (for transonic flutter pre-
dictions) DLM-modelling and general time-domain Navier-Stokes or Euler analyses
. Such simulations are preferably avoided since they pose extreme demands on mesh
resolution, computing power and an infinite amount of small adjustments that can
be made to turbulence models and mesh structures which all can affect the results of
simulations dramatically. This makes such tools easy to postdict with (when there is
experimental results accessible), but extremely hard (as of now) to predict with.

Now that the results from the three phases have been considered a little closer, it is
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time to briefly discuss some other sources of error that could have affected the results.
The first improvement that could have been made to the modelling, especially dur-

ing Phase 2, would have been to also model the under-wing stores aerodynamically.
This could maybe have reduced the critical flutter boundary slightly closer to the ex-
perimental results in Figure 5.8.

Another interesting physical phenomenon that has not been taken into account
when comparing the analyses with the experimental results is the static deflection that
occurs on the model in the wind tunnel. If running the wind tunnel at high transonic
Mach numbers, the dynamic pressure of the air around the model will most definitely
deform the model. In linear theory, such deformation is a second-order effect and is not
suitable to model. On the other hand, in Phi, where the nonlinear steady flow is solved
for, it would maybe have been interesting to mesh around a deformed aerodynamic
mesh in accordance with the static deflections measured in the TDT.

Since it is not clear that the geometry of the aerodynamic body meshed for the
calculations in Phi matches the actual deformed body in the wind tunnel for a given
Mach number, pressure distributions will not be considered nor compared in this re-
port. This is, of course, since it is known that only slight changes in angle of attack,
because of static deflections, can make large impacts on the characteristics of pressure
distributions.

6.1 Transonic Flutter Predictions and Future Work

Up until this point in this thesis, focus has been put on predicting transonic flutter for
a generic fighter configuration, and even though the modelling in this report has been
thorough, it has become clear that with the methods used in this project; panel mod-
elling using DLM in NASTRAN and AEREL, full-potential modelling of a simple wing
geometry in Phi, transonic flutter is not predicted accurately for this type of model. So
what future work can be done to potentially change this disappointing result?

As described in the previous section, Phi has potential with a more robust FE-
formulation to be used as a quick iterative tool for transonic flutter predictions, but
a methodology for modelling external stores in the Phi framework needs to be devel-
oped and worked on. As already described, one possibility for such modelling could
be to model external stores and fuselages in "2.5D" as airfoils. Another possibility
would be to investigate other types of wakes from external stores with blunt trailing
edges to simulate the flow separation from such geometries. An advantage with this
type of modelling would be the preservation of the true geometry of external stores,
pylons and fuselages, while an advantage for the "2.5D" approach would be that it
would be more easily adapted to standard modular procedures, with given geome-
tries and wakes that are not unique for different models.

Unfortunately, independently of the hows and ifs of external store modelling for
Phi, some of the fundamental issues of transonic flow modelling, described in Sections
2.1.1 and 2.3.3 are hard to avoid. More specifically, for configuration with large pres-
sure gradients generating strong shockwaves, the isentropic assumptions of Phi will
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fail. Also, if large shockwave motion is present for a configuration, Phi is not suit-
able because of the linearized unsteady solver. One interesting approach to resolve the
shockwave motion conundrum is to utilize strained coordinate systems as describe in
Section 2.3.3. Then, the shockwave position is an invariant which would eliminate the
issues of shockwave motion, but a lot of work remains to integrate this theory into a
useful 3D solver.

Finally, what is important to remember is that the industry usually does not require
exact transonic flutter predictions. Instead, if they could trust on conservative prediction
in the right ballpark the playing field would dramatically change and the amount of
costly flight tests for flutter could be decreased. However, for the development of
such prediction tools, there is no hiding from the fact that more experimental wind
tunnel tests are of absolute necessity. Sub-critical flutter flight testing gives no real
measure of where the limits are! Data from experimental wind tunnel tests where
the whole transonic dip is mapped out for various different fighter configurations,
both with and without external stores, is required for future successful transonic flutter
prediction programs.



Chapter 7

Conclusion

In this report, transonic flutter predictions have been considered using both panel
methods and FE-methods for aerodynamic modelling of a generic fighter configura-
tion. From this reports results, two main conclusions can be made.

The first conclusion is that for the generic fighter configuration built at KTH and
tested at NASA Langley, linear panel methods consequentially give non-conservative
flutter predictions in the transonic regime, and no transonic dip can be observed with
such linear aerodynamics. This is nothing new, but cannot be emphasized enough.
Further research is necessary since non-conservative predictions are potentially haz-
ardous if trusted on in the industry.

The second conclusion is that the full-potential solver Phi definitely has potential as
an aerodynamic solver that could be used as a middle-ground between over-simplistic
panel methods and overly-complicated time-domain CFD methods for models in the
low transonic regime, with weak shockwaves. Phi could then be used almost as effi-
ciently as panel methods, with flutter solution times measured in minutes rather than
weeks, as for complex time-domain CFD simulations.

If this vision of Phi is to become a reality, a transonic element formulation needs
to be introduced into Phi together with a methodology for modelling and meshing
blunt trailing edge objects with wakes. This methodology could potentially be based
on flattening the trailing edges of such objects, essentially creating airfoils and limiting
the modelling to "2.5D".
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Appendix A

Kernel function coefficients for DLM

As stated in (2.29), the kernel function for the doublet-lattice method is, as derived in
[30] and simplified in [31].

K(x, s, x′, s′, ω,M∞) =
K1T1 +K2T2√

y2
0 + z2

0

e−(iωx0/U∞) (A.1)

where x is in the far-field flow direction and s is a curvilinear coordinate along a
lifting surface, perpendicular to x. These same quantities denoted with primes are
integration variables, ω is the oscialltion frequency of the lifting surface and M∞ is the
farfield Mach-number. The coefficients in A.1 are

T1 = cos (γ(s)− γ(s′)), (A.2)

and

T2 =

[
z0√
y20+z20

cos (γ(s))− y0√
y20+z20

sin (γ(s))

] [
z0√
y20+z20

cos (γ(s′))− y0√
y20+z20

sin (γ(s′))

]
(A.3)

with x0 = x − x′, y0 = y − y′ and z0 = z − z′. γ here is equal to the local dihedral
angle (the local angle from the xy-plane in the yz-plane), not to be confused with the ratio
of specific heats! Further,

K1 =

ˆ ∞
u1

e−ik1u
′

(1 + u′2)
3/2
du′ +

M∞r1

R

e−ik1u1√
1 + u2

1

(A.4)

and

K2 = −3
´∞
u1

e−ik1u
′

(1+u′2)
5/2du

′ − ik1M2
∞r

2
1

R2
e−ik1u1√

1+u21
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R

[
(1 + u2
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3/2 (A.5)

where

r1 =
√
y2

0 + z2
0 , u1 =

MR− x0

β2r1

, k1 =
ωr1

U

β =
√

1−M2 and R =
√
x2

0 + β2r2
1.
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Appendix B

30 Structural modes

Mode number Frequency [Hz] Description
1 3.81 Sting SS1
2 6.71 Sting UD1
3 8.54 Main wing BA1
4 8.93 Main wing BS1
5 12.16 Main wing TA1
6 12.38 Main wing TS1
7 14.87 Sting SS2
8 19.65 Canard BS1
9 19.89 Canard BA1

10 21.63 Canard BS1 + Sting UD1
11 24.08 Main Wing TA2
12 25.11 Main Wing TS2
13 29.01 Sting SS1 + Fin B1
14 30.07 Fin B1
15 31.74 Sting UD2 + Canard BS1 + Higher-order Wing Bending
16 33.54 Main Wing BA2
17 34.95 Main Wing BS2
18 38.19 Main Wing Higher-order Bending Antisymmetric
19 38.40 Main Wing Higher-order Bending Symmetric
20 41.60 Main Wing Higher-order Bending Antisymmetric
21 41.70 Main Wing Higher-order Bending Symmetric
22 47.21 Main Wing Higher-order Bending + Swaying Under-Wing Stores
23 50.76 Main Wing SS + Pylons SS + Higher-order Fuselage Bending
24 52.71 Pylons Antisymmetric SS
25 53.63 Pylons Symmetric SS
26 54.74 Main Wing Higher-order Bending
27 67.68 Higher-order Fuselage Bending
28 68.74 Higher-order Fuselage Bendingg
29 73.34 Higher-order Fuselage Bending
30 73.53 Main Wing SS + Higher-order Fuselage Bending

Table B.1: The first 30 eigenmodes for the full-scale structural model which compose
the modal basis for flutter analysis of the wind tunnel model. A short-code system
is used to describe the different structural modes. BA1 refers to the first Asymmetric
Bending mode and TS1 refers to the first Symmetric Torsion mode. SS refers to side-to-
side movement and UD refers to Up-and-Down movement.
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