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Abstract

his work is concentrated on efforts to efficiently compute properties of systems,
modelled by differential equations, involving multiple scales. Goal oriented
adaptivity is the common approach to all the treated problems. Here the goal of
a numerical computation is to approximate a functional of the solution to the
differential equation and the numerical method is adapted to this task.

The thesis consists of four papers. The first three papers concern the
convergence of adaptive algorithms for numerical solution of differential
equations; based on a posteriori expansions of global errors in the sought
functional, the discretisations used in a numerical solution of the differential
equiation are adaptively refined. The fourth paper uses expansion of the
adaptive modelling error to compute a stochastic differential equation for a
phase-field by coarse-graining molecular dynamics.

An adaptive algorithm aims to minimise the number of degrees of freedom
to make the error in the functional less than a given tolerance. The number of
degrees of freedom provides the convergence rate of the adaptive algorithm
as the tolerance tends to zero. Provided that the computational work is
proportional to the degrees of freedom this gives an estimate of the efficiency of
the algorithm.

The first paper treats approximation of functionals of solutions to second
order elliptic partial differential equations in bounded domains of #d, using
isoparametric $d$-linear quadrilateral finite elements. For an adaptive
algorithm, an error expansion with computable leading order term is derived
%. and used in a computable error density, which is proved to converge
uniformly as the mesh size tends to zero. For each element an error indicator
is defined by the computed error density multiplying the local mesh size to the
power of 2+d. The adaptive algorithm is based on successive subdivisions of
elements, where it uses the error indicators. It is proved, using the uniform
convergence of the error density, that the algorithm either reduces the maximal
error indicator with a factor or stops; if it stops, then the error is asymptotically
bounded by the tolerance using the optimal number of elements for an adaptive
isotropic mesh, up to a problem independent factor. Here the optimal number
of elements is proportional to the d/2 power of the Ldd+2

quasi-norm of the error density, whereas a uniform mesh requires a number
of elements proportional to the d/2 power of the larger L1 norm of the same
error density to obtain the same accuracy. For problems with multiple scales,
in particular, these convergence rates may differ much, even though the
convergence order may be the same.

The second paper presents an adaptive algorithm for Monte Carlo Euler
approximation of the expected value E[g(X(τ),\τ)] of a given function g
depending on the solution X of an \Ito\ stochastic differential equation and on
the first exit time τ from a given domain. An error expansion with computable
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leading order term for the approximation of E[g(X(T))] with a fixed final
time T>0 was given in~[Szepessy, Tempone, and Zouraris, Comm. Pure and
Appl. Math., 54, 1169-1214, 2001]. This error expansion is now extended to
the case with stopped diffusion. In the extension conditional probabilities
are used to estimate the first exit time error, and difference quotients are
used to approximate the initial data of the dual solutions. For the stopped
diffusion problem the time discretisation error is of order N-1/2 for a method
with N uniform time steps. Numerical results show that the adaptive algorithm
improves the time discretisation error to the order N-1, with N adaptive time
steps.

The third paper gives an overview of the application of the adaptive
algorithm in the first two papers to ordinary, stochastic, and partial differential
equation. The fourth paper investigates the possibility of computing
some of the model functions in an Allen--Cahn type phase-field equation
from a microscale model, where the material is described by stochastic,
Smoluchowski, molecular dynamics. A local average of contributions to the
potential energy in the micro model is used to determine the local phase, and
a stochastic phase-field model is computed by coarse-graining the molecular
dynamics. Molecular dynamics simulations on a two phase system at the
melting point are used to compute a double-well reaction term in the Allen--
Cahn equation and a diffusion matrix describing the noise in the coarse-
grained phase-field.
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