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Abstract

This thesis consists of three papers in mathematical general rela-
tivity. The first paper concerns inverse problems and reconstruction
of spacetimes from boundary data. We consider boundary data in the
form of broken geodesics with different causal types, which have the
physical interpretation of “relativistic fireworks”. Using this data, we
show that it is possible to completely reconstruct the topology, smooth
structure, and metric of the spacetime.

The second paper is about the topology of black holes. When black
holes are shown in illustrations, they are typically shown as spherical,
and a natural question is whether this spherical topology is necessary.
Would it not be possible for black holes to have other topologies? It is
previously known that an apparent horizon of a black hole must admit
a metric of positive scalar curvature, and this imposes restrictions on
the possible topologies. However, there is a large class of topologies
which cannot be excluded by this result, but where there are no ex-
amples or constructions showing that they are actually possible. This
means that it is possible that there are further restrictions which have
not yet been found. In the second paper of the thesis, we describe
a construction which gives rise to a large class of new examples of
topologies for apparent horizons. This decreases the gap between the
topologies which are known to be possible and those which are known
to be impossible.

The third paper in the thesis also concerns apparent horizons of
black holes, and the main result is more technical in character than
those of the other papers. It is a special case of a generalization of a
regularity theorem for apparent horizons, which is previously known
in low dimensions. It is not immediately obvious from the definition of
an apparent horizon that it should have any particularly good proper-
ties, but it is previously known that it is a smooth hypersurface if the
dimension is sufficiently small. We show in the third paper for time-
symmetric initial data in any dimension that an outermost apparent
horizon is a smooth hypersurface, apart from a singular set of large
codimension.
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Sammanfattning

Denna avhandling består av tre artiklar inom matematisk allmän
relativitetsteori. Den första artikeln handlar om inversa problem och
rekonstruktion av rumtider från randdata. Vi betraktar randdata i
form av brutna geodeter med olika kausala typer, som fysikaliskt mot-
svarar ett slags “relativistiska fyrverkerier”. Utifrån sådana data visar
vi att det är möjligt att fullständigt rekonstruera rumtiden, såväl dess
topologi och släta struktur som dess metrik.

Den andra artikeln handlar om topologi hos svarta hål. När svarta
hål illustreras framställs de typiskt som sfäriska, och man kan fråga sig
huruvida denna sfäriska topologi är nödvändig. Skulle man inte kunna
ha svarta hål med andra topologier? Det är känt sedan tidigare att ett
svart håls skenbara horisont måste kunna ges en metrik med positiv
skalärkrökning, och detta medför begränsningar av vilka topologier
som kan förekomma. Emellertid finns det en stor klass topologier som
inte kan uteslutas av detta resultat, men där det inte heller finns några
exempel eller konstruktioner som visar att de faktiskt kan förekomma.
Detta innebär att det är möjligt att det finns ytterligare begränsningar,
som vi ännu inte hittat. I avhandlingens andra artikel beskriver vi
en konstruktion som ger upphov till en stor klass av nya exempel på
topologier för skenbara horisonter. Detta innebär att vi kan minska
luckan mellan de topologier som är bevisbart möjliga och dem som är
bevisbart omöjliga.

Avhandlingens tredje artikel handlar också om svarta håls skenbara
horisonter. Den är av mer teknisk natur, och innehåller ett specialfall av
en generalisering av ett tidigare känt regularitetsresultat för skenbara
horisonter i låga dimensioner. Från definitionen av en skenbar horisont
är det inte omedelbart uppenbart att den skall ha några bra egenskaper
överhuvudtaget. Sedan tidigare är det känt att den är en slät hyperyta
i låga dimensioner. I den tredje artikeln visar vi för tidssymmetriska
initialdata i alla dimensioner att den är en slät hyperyta bortsett från
en mängd av stor kodimension.



Contents

Contents v

Acknowledgements vii

Part I: Introduction and summary

1 Introduction 1

2 Background 7
2.1 Lens rigidity and scattering rigidity . . . . . . . . . . . . . . . 7
2.2 Geometric measure theory and minimal hypersurfaces . . . . 8
2.3 The trapped region . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Summary of results 13
3.1 Summary of Paper A . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Summary of Paper B . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Summary of Paper C . . . . . . . . . . . . . . . . . . . . . . . 17

References 19

v



vi CONTENTS

Part II: Scientific Papers

Paper A
Broken causal lens rigidity and sky shadow rigidity of Lorentzian

manifolds
Preprint: arXiv:1512.05200 [math.DG]

Paper B
Outermost apparent horizons diffeomorphic to unit normal bundles
(joint with Mattias Dahl)
Preprint: arXiv:1606.08418 [math.DG]

Paper C
Regularity of the boundary of the trapped region in asymptotically

Euclidean Riemannian manifolds of arbitrarily large dimen-
sions

Preprint: arXiv:1805.09596 [math.DG]



Acknowledgements

I would like to begin by thanking my advisor Mattias Dahl for his guidance
during the years leading up to this thesis, and Hans Ringström for interesting
discussions and insightful comments.

I am very grateful to Simon Larson and Aron Wennman for many dis-
cussions about the work in this thesis, about mathematics in general, and
about everything else. In the same spirit I would also like to thank my other
colleagues at the mathematics department, who have made my time there
much more enjoyable. In particular, and in no particular order, Tomas
Berggren, Gustav Zickert, Sara Pålsson, Fredrik Fryklund, Nima Amini,
Gerard Farré, Samuel Fromm, Julian Mauersberger, Lukas Schoug, Nas-
rin Altafi, Axel Ringh, Emil Ringh, Michelle Böck, Federico Izzo, Johan
Westerborn, Alexander Aurell, Steve McCormick, Katharina Radermacher,
Gustav Sædén Ståhl, Gohar Aleksanyan, Gaultier Lambert, Mariusz Hynek,
Andreas Minne, Sebastian Öberg, and Anders Lundman.

Finally, I would like to thank Rebecca, Gustav, and my parents for
encouragement and support.

vii





1 Introduction

The purpose of this chapter is to give a non-technical introduction to the
topics and results of this thesis.

Spacetime reconstructions

Gravity as geometry

The central idea of general relativity is that gravity is geometric. There is a
thought experiment which illustrates this from the ideas of special relativity
and the idea that gravity and acceleration are related, which we will now de-
scribe, following [Ein79, pp. 59-60]. Length contraction is the phenomenon
in special relativity where an observer who is moving relative to an object
measures the length of the object in the direction along the motion as shorter
than if it were stationary, while lengths in different directions are unaffected
by the motion. With this phenomenon in mind, consider a stationary room
containing a rapidly rotating object in the shape of a disc. Note that since
the disc rotates, every point except its center experiences an acceleration
which makes it stay on a circular path. To measure its geometry in a very
concrete way, suppose that we place a number of identical measuring rods
of some fixed length along its diameter and along its circumference. If the
disc were not rotating, elementary Euclidean geometry (which is from expe-
rience at least approximately valid when nothing is moving) tells us that the
quotient between the circumference and the diameter of the disc is π, which
means that the number of measuring rods which fit along the circumference
of the disc is approximately π times the number of measuring rods which
fit along its diameter. However, the disc we are imagining is rotating very
rapidly, at a significant fraction of the speed of light. (At this point it is
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2 CHAPTER 1. INTRODUCTION

worth noting that actually performing this experiment at the speeds we are
imagining would lead to effects which are both interesting and cataclysmic.
The discussion of such effects in [XKCD] is highly recommended.) From
the perspective of the stationary room, the length of a rod placed along the
diameter of the disc is perpendicular to the direction of motion, so it is not
affected by length contraction. The length of a rod placed along the circum-
ference, on the other hand, is parallel to the direction of motion, and hence
experiences the full effect of length contraction as seen from the stationary
room. Since these rods are shorter, a larger number of them fit along the
circumference. This means that on a very rapidly rotating disc, the quotient
between the number of measuring rods that fit along the circumference and
the number of measuring rods that fit along the diameter is significantly
greater than π. From the point of view of elementary geometry, which pre-
dicts that the quotient between the circumference and the diameter of the
disc is π, this seems very strange. It hints at something important: Accel-
eration, and hence also gravity, affects geometry in some way. The theory
of general relativity forms the connection between gravity and geometry, by
viewing gravity as a result of the geometry of an object called a spacetime.

Reconstructing a spacetime from measurements

Every physical object follows some curve in spacetime, called its world line.
More technically, the curves in spacetime which could be world lines of
physical objects are known as timelike curves. One way of motivating this
terminology is that physical objects move more in time than they do in
space. Among the many curves in a spacetime, there is one class which
is very special: The ones which “do not turn”. These curves are called
geodesics, and describe the paths taken by particles in free-fall, in other
words particles which are only affected by gravitational forces.

The geodesics depend on the geometry of the spacetime. In physical
terms, the motion of an object in free-fall depends on the gravitational field.
This means that it could in principle be possible to discern information about
the gravitational field and spacetime geometry in some region by sending in
test particles and observe what happens to them.

Suppose that we are interested in some region of spacetime, where we
are allowed to send in particles and observe what comes out. We could
for instance imagine using fireworks without propulsion: They would fall
freely for a predetermined time and then explode, sending out light, which
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also follows geodesics, in all directions. We can then observe this light at
the boundary of the region. These observations clearly carry some kind of
information about the gravitational field. The result of Paper A shows that
if we make all such measurements, sending in fireworks from all points, in
all directions, with all possible settings for the explosion timer, then we have
sufficient information to completely reconstruct the spacetime geometry in
the region.

This result can be viewed as a variation on a previous problem, which
has applications in geometric optics rather than general relativity. Lenses
diffract light. The path light takes through a lens depends on how the index
of refraction varies throughout the lens. We could imagine sending light into
the lens from every possible point and angle and measure how it is refracted
and how long it takes for it to pass through the lens. A natural question
is whether these measurements are enough to determine what the index of
refraction is at each point in the lens. Another way of asking the same
question is whether there are two different lenses which refract light in the
same way. These lenses would then look identical to one another from the
outside. Depending on which extra conditions you put on the lenses and
precisely which measurements you work with, the answer to this question
can be affirmative, negative, or unknown. An overview of known results can
be found in [CW15, Section 1.2].

Nonspherical black holes

Initial data sets

One of the features of special relativity and general relativity, as opposed to
mechanics as it was understood before Einstein, is that there is no canonical
or intrinsic notion of simultaneity. Of course, if event A and event B happen
in such a way that a physical observer, one which can never exceed the speed
of light, can pass through them and experience first A and then B, then we
can reasonably say that A happens before B. This allows us to define what
it means that an event happens before another event, and we may similarly
define what it means that an event happens after another event. However,
there is no similar way of defining what it would mean that two events
happen simultaneously.

The issue with simultaneity, however, is not that it is impossible to
define it in some way. The problem is that it is impossible to define it
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unambiguously; if you are an observer at a point in spacetime, there are
generally infinitely many equally respectable ways of choosing which events
should be considered to happen “now”. The technical term for one possible
way of formalizing such a choice of “now” is a spacelike hypersurface.

One of the strengths of physics is predictions: Given information about
the state of a system now, we may predict what happens in the future.
In general relativity, what is needed to make such a prediction is a model
for the behavior of matter, and an initial data set consisting of a spacelike
hypersurface with some additional information.

Black holes

There are different ways of defining black holes in different contexts. A
concise characterization, following [Mül15], is that black holes are black and
dangerous. They are black in the sense that no light emitted from a point
inside the black hole can be observed from outside the black hole. They
are dangerous in the sense that every particle inside the black hole has a
finite existence time; there is no way for anything inside the black hole to
continue to exist for infinite time. In particular, a black hole is a region of
spacetime, and as such, it has a boundary. This boundary is called the event
horizon of the black hole. However, determining where the event horizon in
a given spacetime is actually located is a problem which is global in time;
we need to know about the whole future of the spacetime to be able to
determine whether a particle will be able to escape a certain region, and
whether it can continue to exist for an infinite time. In light of the initial
data perspective described in the previous section, it is interesting to have a
characterization of black holes which depends only on initial data, in other
words a characterization which can be studied “at a single moment in time”.
Such a characterization is given by the notion of the trapped region.

While it is impossible to determine exactly where the event horizon is by
only using information from an initial data slice, it is at least possible to find
some surfaces which are guaranteed to be inside of the event horizon. These
are called outer trapped surfaces. The trapped region [HE73, pp. 319-320] in
an initial data set is the region consisting of points which are located inside
some outer trapped surface, and the boundary of the trapped region is called
an apparent horizon [HE73, p. 320]. In this way, the trapped region is an
initial data version of the region inside the event horizon. If the spacetime
satisfies some very restrictive conditions, the boundary of the trapped region
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actually agrees with the event horizon on the initial data set. This motivates
the study of trapped regions and apparent horizons from the perspective of
black holes.

In general, outer trapped surfaces do not have an immediately intuitive
geometric interpretation. However, if the initial data slice satisfies a specific
condition called time-symmetry then the study of outer trapped surfaces
and trapped regions reduces to the study of minimal hypersurfaces, which
do have an intuitive geometric interpretation.

Minimal hypersurfaces

A minimal hypersurface is a hypersurface such that if we deform it slightly
then its area does not change by very much, in the sense that the first
derivative of the area under such modifications is zero. A typical source of
minimal hypersurfaces is area minimization problems. For instance, after
fixing a curve in three-dimensional space we might try to find the surface
of least area among those which have the given curve as boundary. The
solution to such a problem is a minimal hypersurface. The standard example
of a physical interpretation of this problem is soap bubbles: A soap film
spanning a wire loop will tend to minimize its area. In a space of dimension
at most 7, area minimizing hypersurfaces are smooth, without any edges
or corners. However, in a space of dimension larger than 7, they are not
necessarily smooth. Instead, they can have singular sets where they are not
smooth, and instead look somewhat like a higher-dimensional version of two
cones with their tips glued together. This lack of smoothness introduces
technical complications when working with minimal hypersurfaces in high-
dimensional spaces. When one encounters a result which holds only in spaces
of dimension at most seven or eight, a reasonable guess is that minimal
hypersurfaces are involved in some way, and that the reason that the result
only holds in low dimensions is precisely this lack of smoothness.

Regularity of trapped regions

Given the fact that the boundary of a trapped region behaves similarly
to area minimizing hypersurfaces, and the fact that area minimizing hy-
persurfaces in low dimensions are smooth, it is reasonable to believe that
boundaries of trapped regions are also smooth in low dimensions. That this
is the case was proved by Andersson, Eichmair, and Metzger [AM09] [Eic10]
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[AEM11]. These results concern trapped regions in initial data sets of dimen-
sion at most 7. In higher dimensions, one would expect that the boundary
of the trapped region is smooth apart from singularities of the same kind as
those in area minimizing hypersurfaces. While this is unknown in general,
Paper C proves it in the case of time-symmetric initial data sets.

Nonspherical black holes

The most commonly studied black holes are spherical. A natural question is
whether the shape of a black hole could be something other than a sphere.
Could it for instance look like a torus? On the level of initial data sets,
there are some restrictions. It was shown by Cai, Galloway, and Schoen
[CG01], [GS06], [Gal08] that the boundary of the trapped region must have
the property that it “admits a metric of positive scalar curvature”. For
the purposes of this section, let us call such objects PSC manifolds. The
requirement that a black hole boundary is a PSC manifold means that there
are restrictions on the possible shapes of the black hole. On the other hand,
there are still quite many PSC manifolds. Only a few of these have previously
been shown to actually occur as black hole boundaries. This raises a natural
question: Can all PSC manifolds occur as black hole boundaries, or are
there additional restrictions which we have just not found yet? Paper B
gives a partial answer to this question. The main result of the paper is
the construction of initial data sets which have black hole boundaries with
previously unknown shapes. Unfortunately, these do not include all PSC
manifolds, meaning that there are still PSC manifolds for which we do not
know whether they can occur as black hole boundaries or not. In this sense,
the general question is not completely answered.



2 Background

2.1 Lens rigidity and scattering rigidity

Consider an object whose index of refraction is described by a smooth func-
tion. We will call such objects lenses. When light hits a lens, it will be
refracted and leave the lens in a potentially different direction. In the ge-
ometric optics approximation, the paths of light rays can be modelled by
geodesics in a conformally Euclidean Riemannian manifold, where the con-
formal factor is related to the index of refraction. The index of refraction
uniquely determines how light rays change direction when passing through
the lens. A natural question is the converse: Does the effect it has on light
rays uniquely determine the index of refraction, or could there be lenses
which look identical while they are in fact different?

This problem is known as scattering rigidity. For every geodesic in the
manifold we get information about where and in which direction it enters
the manifold, and where and in which direction it exits the manifold, and we
are asked to reconstruct the manifold and its metric from this information.
This problem can be studied in greater generality by dropping the condition
that the manifold is conformally Euclidean. We can also generalize further
by removing the restriction of studying Riemannian manifolds, and instead
consider semi-Riemannian manifolds. The scattering rigidity problem is very
difficult in the sense that the known results are fairly restrictive. One of the
few results known is [Cro14, Theorem 1.1], stating that the only manifold
which has the same scattering data as Dn × S1 with its standard metric,
where n ≥ 2, is Dn × S1 itself. This result can be slightly generalized
[Cro14, Theorem 3.3] to allow Dn to have the metric given by letting it be
a ball in a complete simply connected manifold with nonpositive curvature.

7
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In [Wen15], another class of manifolds are shown to be scattering rigid: If
a compact manifold M with boundary is two-dimensional and simple, then
no other Riemannian manifold has the same scattering data as M . That
a manifold is simple means that every pair of points on the boundary are
connected by a unique length-minimizing geodesic, that the boundary of
the manifold is strictly convex, and that the manifold does not have any
conjugate points. In particular, this shows that two-dimensional Euclidean
disks are scattering rigid.

To get stronger results, we can strengthen the hypotheses. For instance,
instead of just knowing the initial and final velocities of geodesics through
the manifold, we might also know their lengths. With this additional data,
the problem is known as lens rigidity. In this case, there are much stronger
results. For instance, every compact subdomain of Rn with a metric which
is sufficiently close to the Euclidean metric is lens rigid [Gro83] [BI10], and
so are compact subdomains of open hemispheres [Mic82]. There are also
lens rigidity results for Lorentzian manifolds [ADH96] which are spacelike
slabs in the sense that they are time-oriented, their boundaries consist of
a spacelike “future” boundary and a spacelike “past” boundary, and every
inextendible causal curve meets both the past and the future boundary.

A version of the lens rigidity problem is the broken lens rigidity problem.
Instead of just having lens data from geodesics, suppose that we have the
analogous data for all curves which are piecewise geodesics with at most one
break point. It was shown in [KLU10] that such data uniquely determines
up to isometry any connected compact Riemannian manifold of dimension
at least three with nonempty boundary. This conclusion is much stronger
than those of the known results for scattering data and lens data, in the
sense that very few conditions are imposed on the manifold. Paper A in this
thesis concerns broken lens rigidity problems in Lorentzian manifolds.

2.2 Geometric measure theory and minimal
hypersurfaces

Stationarity and stability

A standard reference for geometric measure theory is “Lectures on geometric
measure theory” by Leon Simon [Sim83]. The text has later been revised
and updated [Sim16].
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A variation in a smooth manifoldM is a C1 family of C1-diffeomorphisms
ϕt where ϕ0 is the identity. If A ⊂ M is sufficiently nice set, we can ask
how the area of A is affected by variations. If the area is unchanged to first
order,

d

dt
ϕt(Area(A))

∣∣∣∣
t=0

= 0,

under any compactly supported variation, then A is said to be stationary
[Sim16, Definition 5.8]. In the special case when A is a closed hypersurface,
stationarity is equivalent to the condition that the mean curvature of A is
zero, in which case A is called a minimal hypersurface. Similarly, we can
consider the second derivative of area under a variation. If A is a stationary
smooth hypersurface except for a sufficiently small singular set, and the
second derivative of area is nonnegative for every variation supported outside
of the singular set, then A is stable [SS81, Definition p. 745].

Convergence and regularity

There is a powerful result due to Richard Schoen and Leon Simon [SS81]
about convergence and regularity of stable stationary hypersurfaces. The
approach they have chosen for working with stationary hypersurfaces with
singular sets is to consider stationary hypersurfaces which are actual smooth
(or C2) hypersurfaces, but which might not be closed. The singular set of
a hypersurface Σ is the set of points in the closure Σ where Σ fails to be a
smooth hypersurface. By combining the various results of [SS81], it can be
shown that every sequence of stable stationary hypersurfaces with singular
sets of zero (n−3)-dimensional Hausdorff measure and a uniform area bound
in a Riemannian manifold of dimension n has a subsequence which, outside of
a closed set of Hausdorff dimension at most n−8, locally converges smoothly
to a stable stationary hypersurface. In particular, this result can be applied
to a constant sequence, proving that if a stable stationary hypersurface in
an n-dimensional Riemannian manifold has a singular set with zero (n− 3)-
dimensional Hausdorff measure, then the α-dimensional Hausdorff measure
of the singular set is also zero for every α > n− 8.

2.3 The trapped region
An initial data set for Einstein’s equation consists of a Riemannian manifold
(M, g) together with a symmetric (0, 2)-tensor k. The interpretation of k is
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as the second fundamental form ofM×{0} in a local solution L ∼= M×(−ε, ε)
of Einstein’s equation with initial data (M, g, k). An initial data set is
asymptotically Euclidean if, outside of some compact set, M looks like Rn
and g and k decay sufficiently fast at infinity to the Euclidean metric and
the zero tensor, respectively. The part of M outside of the compact set is
called an asymptotically Euclidean end. Note that once an asymptotically
Euclidean end is fixed, we can define a normal vector field on a compact
hypersurface which separates the manifold to be outward-directed if it is
directed towards the chosen end. If (M, g, k) has suitable asymptotics, for
instance if it is asymptotically Euclidean, it is possible to define the trapped
region of (M, g, k), which is an analogue of the region inside the event horizon
of a black hole, defined using only the initial data without reference to its
future evolution. The definition is in terms of outer expansion and outer
trapped hypersurfaces. Given a hypersurface Σ ⊂M and a choice of outward-
directed unit normal vector field, the outer expansion of Σ at a particular
point is H + trΣ k where H is the mean curvature of Σ in (M, g), and
trΣ k is the trace of k along Σ. A set with smooth boundary is called
trapped [AEM11, Section 4.3] if its outer expansion is nonpositive, and the
trapped region is the union of all trapped sets. In the special case of initial
data (M, g, k) where k = 0, called time-symmetric initial data, the outer
expansion is equal to the mean curvature. It was shown by Andersson,
Eichmair, and Metzger [AM09] [Eic10] [AEM11] that if the dimension of
the initial data set is at most 7, then the boundary of the trapped region is
a smooth hypersurface with outer expansion identically equal to zero, and
which is stable. In the time-symmetric case, this says that the boundary of
the trapped region is a stable smooth minimal hypersurface. We shall now
restrict the discussion to the time-symmetric case.

In higher dimensions, where stable minimal hypersurfaces can have sin-
gular sets, it is less clear what the definition of the trapped region should
be. It is reasonable to still define it as the union of trapped sets, but the
regularity requirement for the boundaries of trapped sets should probably
be relaxed somewhat. The approach taken in Paper C is based on the fol-
lowing reasoning: Given a trapped set in low dimensions, we can solve the
area minimization problem in the class of hypersurfaces which enclose it to
obtain a smooth minimal hypersurface. This means that the region inside
the minimal hypersurface, which is also a trapped set, contains the trapped
set we started with. Hence we get the same trapped region even if we restrict
the union to include only trapped sets where the boundary is minimal. This
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means that one possible way of defining the trapped region in higher dimen-
sions is as the union of sets which are bounded by hypersurfaces, possibly
singular, in the class of hypersurfaces which arise as solutions to such area
minimization problems.





3 Summary of results

3.1 Summary of Paper A
The main idea in Paper A is that a spacetime can be reconstructed from mea-
surements if it can be identified with a certain quotient space of the space of
measurements. In the specific case of the fireworks described previously we
can find a characterization, in terms of the data we have measured, of when
two fireworks explode at the same spacetime point. The relation “explodes
at the same point” then gives an equivalence relation on the space of mea-
surements, and the quotient space can be identified with the spacetime itself.
It turns out that the topology and geometry of the spacetime is uniquely
determined by the measurement space and its quotient, which proves that
the measurements are sufficient to uniquely determine the spacetime.

The uniqueness comes from the following commutative diagram for an
equivalence relation ∼ and smooth manifolds M , M ′, and Ω:

Ω

M Ω
/
∼ M ′.

Θ′

Θ̃′

Θ

Θ̃

It is a straightforward observation that there is a unique topology and
smooth structure on Ω

/
∼ such that the quotient map p : Ω → Ω

/
∼ is a

surjective submersion. If Θ̃ : Ω
/
∼→M is a bijection such that the composi-

tion Θ = Θ̃ ◦ p is a surjective submersion, then M is diffeomorphic to Ω
/
∼.

Similarly, a bijection Θ̃′ : Ω
/
∼→ M ′ such that the composition Θ′ = Θ̃′ ◦ p

is a surjective submersion shows that M ′ is diffeomorphic to Ω
/
∼. Hence

13
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M and M ′ will be diffeomorphic to each other. If M , M ′, and Ω are semi-
Riemannian manifolds, then a similar argument can be used to uniquely
determine additional structure, such as the metric, or its conformal type.

To use the above observation to reconstruct a spacetime from data, one
can proceed as follows: Construct, from the data, a smooth manifold Ω
and an equivalence relation ∼. Of course, this construction has to be done
using the data alone, without reference to the original spacetime. Then,
given a spacetime M which realizes the data, construct a smooth surjective
submersion Θ: Ω→ M which descends to a bijection Θ̃ : Ω

/
∼→ M . If this

can be done, the above observation proves that M is diffeomorphic to Ω
/
∼

with its unique smooth structure.
What we have described now is a general framework, which can be ap-

plied in different contexts. The paper primarily discusses two such contexts:
Fireworks data and sky shadow data. A physical interpretation of fireworks
data is through free-falling fireworks. We take a piece of fireworks, set a
timer on in, and let it fall freely into the spacetime region we want to re-
construct. When it explodes, it transmits light in all directions, which we
observe at the boundary of the spacetime region. One such triple of an ini-
tial tangent vector, a time, and a final tangent vector forms a data point. To
answer the question of whether such data determines the spacetime region
uniquely, we can let Ω be the set of data points with the smooth structure
induced from the manifold of all tangent vectors and times, and define Θ
using the exponential map starting at the given initial vector and flowing
for the given time. The tricky part is defining ∼ in terms of the data itself,
without reference to the spacetime region we want to reconstruct, and to
prove that all required properties actually hold. These arguments are given
in Section 2 of the paper, proving that the fireworks data is indeed sufficient
to reconstruct the spacetime.

Sky shadow data is essentially what remains of the fireworks data when
we are not allowed to use the initial vector and the time: Instead, we have
fireworks exploding at and transmitting light from each point in the region
of interest, which we observe at the boundary, but we do not know where
the fireworks entered the region, nor how long they were set to wait before
exploding. In this case, there is no hope of determining the full metric of
the spacetime, since the data is invariant under conformal changes to the
metric. However, we can determine the topology, the smooth structure,
and the conformal class of the metric. The maps Θ, which in the fireworks
data case are just exponential maps, are more interesting in the sky shadow
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case. They are defined, given a vector at the boundary, by solving a certain
ordinary differential equation along the geodesic given by the vector. The
solution does not exist globally, but rather has the property that the solution
exists only until the point where the light originated. The point where the
solution no longer can be extended is then defined to be the image of the
vector under the map Θ. The arguments for proving that this construction
is meaningful and that it fits the reconstruction framework are given in
Section 4 of the paper. This allows us to show that the sky shadow data is
sufficient to reconstruct the spacetime, up to an unknown conformal factor.

3.2 Summary of Paper B

The goal of Paper B is to construct examples of new topologies for bound-
aries of trapped regions in initial data which satisfy the dominant energy
condition. The easiest kind of initial data to work with is time-symmetric
initial data, since this corresponds to Riemannian manifolds, and the outer
expansion in this setting is mean curvature. Currently, there is no par-
ticular reason to think that there are topologies which can be realized in
non-time-symmetric initial data but not in time-symmetric initial data. For
this reason, we choose to look for examples only in the time-symmetric case.

The simplest source of Riemannian manifolds are the Euclidean spaces
modified by conformal factors. The dominant energy condition in the time-
symmetric case reduces to the condition that the manifold has nonnegative
scalar curvature. For simplicity, we look for examples where the scalar cur-
vature is identically equal to zero. This means that we are restricted to
using conformal factors which are harmonic functions. In analogy with the
Schwarzschild metric, it seems reasonable to believe that certain kinds of
singularities of the conformal factor will cause outer trapped surfaces and
influence the topology of the trapped region. We are not interested in the
spherical horizon in the Schwarzschild metric, so instead we integrate the
conformal factor corresponding to a Schwarzschild metric along a compact
submanifold S, in the hope of making the trapped region a tubular neigh-
borhood of S. We introduce a “mass parameter” ε in the conformal factor.
The reasoning behind this is the following: If the mass is large, then the
trapped region will be large. From very far away, S can be approximated
with a point, and we expect a spherical horizon as in the Schwarzschild met-
ric. However, if the mass is very small, the horizon should be located very
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close to S, and hence necessarily have a more interesting topology.
It follows from Paper C that the boundary of the trapped region is a

priori known to be the outermost minimal hypersurface (allowing for singular
sets of codimension at least 8), but these results were not known when
Paper B was written. For this reason, Paper B determines the topology
of all outer area minimizing stationary hypersurfaces which enclose S, and
then uses this result to prove a posteriori that the boundary of the trapped
region actually belongs to this class, allowing us to determine its topology
as well.

There are not many ways of controlling the topology of a minimal hy-
persurface. One of them is to use a result due to Richard Schoen and Leon
Simon [SS81, Theorem 1] which implies that if a stable minimal hypersurface
is sufficiently close to a smooth hypersurface, then it is actually diffeomor-
phic to the smooth hypersurface. The most applicable version of this result
is in the form of a convergence result: Consider two sequences of hypersur-
faces (Σinner,k)k∈N and (Σouter,k)k∈N which converge to a common smooth
hypersurface Σ. If (Σk)k∈N is a sequence of minimal hypersurfaces with uni-
formly bounded area, where each Σk lies in the region between Σinner,k and
Σouter,k, then it holds for all sufficiently large k that Σk is diffeomorphic to
Σ.

Armed with such a result for determining the diffeomorphism class of a
minimal hypersurface, one needs to construct suitable inner and outer sur-
faces. The natural choice for such surfaces are the tubular hypersurfaces
around S. A computation proves that there is a critical radius â and a
positive function ã with limε→0 ã(ε) = 0 such that tubular hypersurfaces of
radius aε with a < â− ã(ε) have negative mean curvature and that tubular
hypersurfaces of radius aε with a > â+ ã(ε) have positive mean curvature.
One can then use a maximum principle to prove that outer area minimiz-
ing stationary hypersurfaces must lie between the tubular hypersurface of
radius ε(â− ã(ε)) and the tubular hypersurface of radius ε(â+ ã(ε)). Since
ε → 0, these hypersurfaces collapse without converging to any smooth hy-
persurface. However, after rescaling everything by a factor of ε, both tubular
hypersurfaces converge to a cylinder of radius â. This allows us to conclude
that the outer area minimizing stationary hypersurface is, after rescaling,
diffeomorphic to a cylinder around S. By patching this together, either
using quantitative bounds or using an argument by contradiction, we can
conclude that any outer area minimizing stationary hypersurface is indeed
diffeomorphic to a tubular hypersurface around S.
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3.3 Summary of Paper C

It is not at all clear from the definition of the trapped region described in
Section 2.3 that its boundary has any particular regularity. There are reg-
ularity results [AM09] [Eic10] [AEM11] in the case of initial data sets of
dimension at most 7, where issues of singularities in stable marginally outer
trapped surfaces do not occur. To extend these results to higher dimensions,
as is the goal of Paper C, requires considerations of such singularities. Pa-
per C only discusses the case of time-symmetric initial data. In this case,
the hypersurfaces of interest are minimizers of an elliptic functional, specifi-
cally the area functional, which means that more tools are available than in
the general case. The regularity problem for the boundary of the trapped
region in high-dimensional non-time-symmetric initial data sets is currently
open.

The idea of the paper is to prove that there is, in a suitable sense, a
unique outermost stable stationary hypersurface. If this is the case then the
trapped region, suitably defined, will automatically have this unique outer-
most stable stationary hypersurface as boundary. However, because stable
stationary hypersurfaces in high dimensions may have singular sets, some
care is needed. To address this, we define what we call prehorizon domains.
A prehorizon domain is essentially a domain which contains all ends except
a chosen asymptotically Euclidean end, and the boundary of which is a sta-
tionary hypersurface with a small singular set and outer area minimizing
in the sense that it is not enclosed by any hypersurface of the same type
with strictly smaller area. The definition of a prehorizon domain is care-
fully chosen to match the properties of the solution to the area minimization
problem outside of a suitable obstacle, for instance a smooth hypersurface
with negative mean curvature.

The trapped region contains all points which are enclosed by some sta-
tionary hypersurface. By taking a sequence of stationary hypersurfaces, each
enclosing the previous one, it should be possible to obtain the boundary of
the trapped region as their limit, and use the convergence theory for stable
stationary hypersurfaces to prove that it is a stationary hypersurface of the
expected regularity. However, this idea fails if it is not possible to choose an
increasing sequence of stationary hypersurfaces; it could conceivably be the
case that there are multiple stationary hypersurfaces which are outermost in
the sense that they are not enclosed by any other stationary hypersurfaces.
The majority of Paper C concerns proving that this problem cannot arise.
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In particular, we show that the union of any two prehorizon domains is itself
contained in a prehorizon domain. This allows us to show that the trapped
region is the union of an increasing sequence of prehorizon domains and use
the convergence theory for stable stationary hypersurfaces to prove that its
boundary has the expected properties.
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