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Abstract

The presence of wave motion is the defining feature in many fields of application,
such as electro-magnetics, seismics, acoustics, aerodynamics, oceanography and optics.
In these fields, accurate numerical simulation of wave phenomena is important for the
enhanced understanding of basic phenomenon, but also in design and development of
various engineering applications.

In general, numerical simulations must be confined to truncated domains, much smal-
ler than the physical space were the wave phenomena takes place. To truncate the phys-
ical space, artificial boundaries, and corresponding boundary conditions, are introduced.
There are four main classes of methods that can be used to truncate problems on unboun-
ded or large domains: boundary integral methods, infinite element methods, non-reflecting
boundary condition methods and absorbing layer methods.

In this thesis, we consider different aspects of non-reflecting boundary conditions and
absorbing layers. In paper I, we construct discretely non-reflecting boundary conditions
for a high order centered finite difference scheme. This is done by separating the numerical
solution into spurious and physical waves, using the discrete dispersion relation.

In paper II-IV, we focus on the perfectly matched layer method, which is a particular
absorbing layer method. An open issue is whether stable perfectly matched layers can be
constructed for a general hyperbolic system. In paper II, we present a stable perfectly
matched layer formulation for 2 × 2 symmetric hyperbolic systems in (2 + 1) dimensions.
We also show how to choose the layer parameters as functions of the coefficient matrices
to guarantee stability.

In paper III, we construct a new perfectly matched layer for the simulation of elastic
waves in an anisotropic media. We present theoretical and numerical results, showing that
the stability properties of the present layer are better than previously suggested layers.

In paper IV, we develop general tools for constructing PMLs for first order hyperbolic
systems. We present a model with many parameters which is applicable to all hyperbolic
systems, and which we prove is well-posed and perfectly matched. We also use an auto-
matic method, derived in paper V, for analyzing the stability of the model and establishing
energy inequalities. We illustrate our techniques with applications to Maxwell s equations,
the linearized Euler equations, as well as arbitrary 2 × 2 systems in (2 + 1) dimensions.

In paper V, we use the method of Sturm sequences for bounding the real parts of roots
of polynomials, to construct an automatic method for checking Petrowsky well-posedness
of a general Cauchy problem. We prove that this method can be adapted to automatically
symmetrize any well-posed problem, producing an energy estimate involving only local
quantities.

Keywords: Perfectly matched layers, non-reflecting boundary conditions,
stability, well-posed, PML, ABC.
AMS: 35L45, 35B35, 35L05, 65M06, 65M12, 74J05, 74S30.
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Preface
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manuscript. The paper was presented by the first author at the WAVES2005
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Paper IV D. Appelö, T. Hagstrom and G. Kreiss, Perfectly matched layers for hyperbolic
systems: General formulation, well-posedness and stability. Submitted to
SIAM Journal of Applied Mathematics (2005)

The author of this thesis contributed to ideas presented, analyzed the ex-
amples, and wrote most of the manuscript. The author presented parts of the
paper at the Hyp2004 conference, September 13-17 2004, Osaka, Japan.

Paper V T. Hagstrom and D. Appelö, On symmetrization and energy estimates using
local operators for partial differential equations

The author of this thesis contributed to the presented ideas, excluding chapter
6.1 and, to a lesser extent, contributed to the writing of the manuscript.
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Chapter 1

Introduction

Σ Σ

Γ
Ω

Γ
Ω

Figure 1.1: Two possible truncations Ω of an unbounded domain at an artificial
boundary Γ. Here Σ is the tail or residual, i.e the union of Σ and Ω is the original
unbounded domain.

Many interesting problems appearing in physics, biology and other natural sci-
ences are described by equations whose solutions are composed of waves. An im-
portant part of these problems are posed on unbounded domains. To compute a
numerical solution to such problems, it is necessary, due to finite computational
resources, to truncate the unbounded domain. This is done by introducing an arti-
ficial boundary Γ, see Figure 1.1, defining a new domain Ω, which we will refer to
as the computational domain. For the problem to be well-posed, it must be closed
with a suitable boundary condition on Γ. Also, special care have to be taken when
choosing the boundary condition, so that the solution on Ω will be close to the
solution on the unbounded domain.

Often the artificial boundary Γ is placed in the far field where the solution
is composed of linear waves traveling out of Ω. The fundamental observation is
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6 CHAPTER 1. INTRODUCTION

therefore that all reflections caused by the boundary condition on Γ will contaminate
the solution in the interior. Hence, for linear waves, the boundary condition should
prevent all reflections at the boundary as indicated by the name non-reflecting
boundary condition.

The development of better boundary conditions is important, since it will allow
for more accurate simulation of wave phenomena in many areas. One such area is
aero-acoustics, which is the enabling science for control of acoustics in early design
stages of aircraft, cars, and trains. Design for noise reduction in an aircraft is
a typical example of a problem posed on an unbounded domain. Simulation of
elastic waves, to predict strong ground motions, earthquakes and other geological
phenomena, is another example.

The level of difficulty of constructing a particular boundary condition is determ-
ined by the underlying problem. It is possible to divide the boundary conditions
into four different categories based on the underlying problem. In increasing order
of difficulty they are

• Linear time-harmonic wave propagation problems,

• Linear constant coefficient time-dependent wave propagation problems,

• Linear variable coefficient time-dependent wave propagation problems,

• Nonlinear time-dependent wave propagation problems.

To date, there are accurate and efficient boundary conditions available for linear
time-harmonic problems (see the review articles [27, 29, 83]) and we do not consider
such problems here.

For linear, constant coefficient, time-dependent, wave propagation problems,
there are non-reflecting boundary conditions available, which work well for some
specific problems. Examples of such problems are e.g. Maxwell’s equations and
the wave equation, for which the perfectly matched layer method (discussed below)
is used today, with satisfactory results. For other problems in this category, e.g.
anisotropic elasticity, the available methods have not not yet reached a fully mature
state.

For linear, variable coefficient, time-dependent, wave propagation problems and
for nonlinear, time-dependent, wave propagation problems only primitive methods
are available. In order to develop methods for these classes of problems, it is im-
portant to first have a good understanding of the properties (such as well-posedness
and stability), of the corresponding linear problems.

In this introduction (and in the papers of this thesis) we mainly consider bound-
ary conditions for linear, constant coefficient, time-dependent, wave propagation
problems. Our presentation focus on the wave equation, Maxwell equations, the
linearized Euler equations and the elastic wave equation. Often, by limited modi-
fications, many of the methods discussed below can be applied to other equations
as well.
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Here, we are concerned with boundary conditions which are easy to implement
and efficient, with respect to both memory and computational time. Also, thinking
of the extension to non-linear problems, we are interested in boundary conditions
with good mathematical properties.

We will divide non-reflecting boundary conditions into the following categories:
exact non-reflecting boundary conditions, local non-reflecting boundary
conditions and absorbing layers. In Chapters 2-4 we give a brief review of these.
In Chapter 5 we give a summary of the presented papers.

For further studies of wave propagation problems on unbounded domains, we
highly recommend the review articles [19, 29, 30, 45, 46, 83, 84].





Chapter 2

Exact Boundary Conditions

A boundary condition can be defined as a procedure

BEu = 0, on Γ.

The boundary condition is said to be exact, if the restriction to Ω, of the solu-
tion u, is identical to the solution on an unbounded domain closed with boundary
conditions at infinity.

Exact boundary conditions, as will be seen below, will in general be non-local
both in space and time. The non-locality in time often imply storage of the com-
plete temporal history of the solution on the boundary. Storage requirements has
been, and still is, the major drawback of exact non-reflecting boundary conditions.
However, there exist novel methods which reduce storage requirements. In addition,
these methods can be used together with fast algorithms, reducing the amount of
computations per timestep needed to update the boundary condition.

An exact boundary condition BE will depend on the shape of Γ and it may be
difficult to find an explicit representation of BE if the shape of Γ is too complic-
ated. In the following sections we will present exact boundary conditions for some
common shapes of the boundary Γ.

2.1 Planar Boundaries

We start by considering the construction of exact non-reflecting boundary condi-
tions for the two dimensional wave equation in Cartesian coordinates. For example
assume that

∂2u

∂t2
=

∂2u

∂x2
+

∂2u

∂y2
, (2.1)

is to be solved on the half plane x ≥ 0.
Exact boundary conditions for the wave equation was considered in the classic

paper by Engquist and Majda [25]. The construction of BE in [25] uses the fact

9



10 CHAPTER 2. EXACT BOUNDARY CONDITIONS

that any leftgoing solution u(x, y, t) to (2.1) can be represented by a superposition
of plane waves traveling to the left. Such plane waves are described by

u = aei(
√

ξ2−ω2x+ξt+ωy). (2.2)

Here a is the amplitude and (ξ, ω) are the duals of (t, y), satisfying ξ2−ω2 > 0 and
ξ > 0.

Engquist and Majda conclude that, for fixed (ξ, ω), the condition(
d

dx
− i
√

ξ2 − ω2

)
u|x=0 = 0,

annihilates plane waves described by (2.2). For such plane waves this will be an
exact non-reflecting boundary condition. For a more general wave packet, the
exact non-reflecting boundary condition is obtained by superposition. For the wave
equation, (2.1), the exact non-reflecting boundary condition becomes

F
(
∂u

∂x

)
− i
√
ξ2 − ω2Fu = 0, on x = 0,

where Fv(x, ω, ξ) =

∞∫
−∞

∞∫
−∞

e−i(ξt+ωy)v(x, y, t) dy dt.
(2.3)

The non-locality of the above boundary condition is clearly manifested through
the integral transforms. Inverting the transforms directly is not possible, since the
function

√
ξ2 − ω2 does not have an explicit inverse transform.

Another useful tool, which has been used to derive exact boundary conditions,
is the Dirichlet to Neumann (DtN) map. The DtN map is an operator relating
the Dirichlet datum to the Neumann datum on the boundary Γ, enforcing desired
asymptotic behavior of the solution at infinity.

For example, consider solutions to the Helmholtz equation posed on the residual
domain Σ

s2û = ∇2û, x ∈ Σ, (2.4)

with boundary conditions at infinity identical to those used for Ξ ≡ Σ
⋃

Ω. Since
no boundary condition has been imposed on Γ, there are infinitely many solutions
satisfying the above equation. However, the solution on Ξ must be one of these.
The desired solution û, coinciding with the solution on Ξ, can be singled out by a
specific choice of the operator D

∂û

∂n
= −D̂û, x ∈ Γ.

Here the normal is taken outward from Ω. The DtN map, D, can be used to define
the exact boundary condition BE

BEu ≡ ∂u

∂n
+ L−1

(
D̂Lu

)
, (2.5)



2.1. PLANAR BOUNDARIES 11

where L denotes the Laplace transform.
Now, (2.5) can be used to derive the exact boundary condition for (2.1) at a

planar boundary. As before we assume that (2.1) is solved for Ω being the half plane
x > 0. Hence to derive the DtN map we consider solutions which are bounded on
Σ. By taking the Fourier and Laplace transform (with the duals (k, s)) of (2.1) we
obtain the ordinary differential equation

∂2 ˜̂u
∂x2

= (s2 + |k|2)˜̂u, x ∈ Σ.

For �s > 0, solutions that are bounded on Σ can be written as

ae
√

s2+|k|2x,

and the DtN map is therefore defined by

˜̂D =
√

s2 + |k|2.

Here the the branch of the square root is chosen so that ˜̂D is analytical and positive
for �s > 0. By inserting ˜̂D into (2.5) we see that the exact boundary condition is
identical to the boundary condition (2.3) for t > 0.

In [43], Hagstrom derives a formulation of (2.3), which only involves the inverse
Fourier transform in the y direction and a convolution in time. By rewriting ˜̂D as

˜̂D = s + (
√

s2 + |k|2 − s),

the inverse Laplace transform of the function K̂(s) =
√

s2 + |k|2 − s

K(t) ≡ J1(t)
t

=
1
π

1∫
−1

√
1 − ρ2 cos ρt dρ,

can be used to derive

∂u

∂n
+

∂u

∂t
+ F−1

(|k|2K(|k|t) ∗ Fu
)

= 0. (2.6)

By the use of fast algorithms for the computation of convolutions, see [55],
together with the fast Fourier transform, (2.6) may be directly imposed. The use
of fast methods will yield an acceptable number of operations required to update
the boundary condition. However, the fact that the solution on the boundary has
to be stored at all time levels makes the storage requirements unacceptable for late
times. Fortunately, as we will see later, there is a cure to this.

Note that there is no explicit need for a two dimensional setting in the above
examples. The analysis is identical if Γ is chosen as the hyper plane x = 0. The
Fourier transform is then to be interpreted as the multidimensional Fourier trans-
form.
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2.2 Spherical Boundary

Consider the homogeneous wave equation posed on the tail Σ in three dimensions.
If the boundary Γ has the shape of a sphere of radius R, we can express the solutions
to Helmholtz equation

ŝ2û = ∇2û, x ∈ Σ,

in spherical harmonics

û =
∞∑

l=0

l∑
m=−l

ūlm(r)Y m
l (θ, φ).

The functions ūlm satisfy the equation

∂2ūlm

∂r2
+

2
r

∂ūlm

∂r
−
(
s2 +

l(l + 1)
r2

)
ūlm = 0. (2.7)

As before, we require the solution to be bounded at infinity, which leads to the
solution of (2.7)

ūlm(r, s) =
kl(rs)
kl(Rs)

ūlm(R, s),

kl(z) =
π

2z
e−z

l∑
k=0

(l + k)!
k!(l − k)!

(2z)−k.

The DtN map is obtained by taking the logarithmic derivative of kl

sk
′
l(Rs)

kl(Rs)
= −s− 1

R
− 1

R
Ŝl, Ŝl =

∑l−1
k=0

(2l−k)!
k!(l−k−1)! (2Rs)k∑l

k=0
(2l−k)!
k!(l−k)! (2Rs)k

. (2.8)

Summing over all harmonics and taking the inverse Laplace transform we obtain
the exact non-reflecting boundary condition

∂u

∂r
+

∂u

∂t

1
R
u +

1
R2

H−1 (Sl ∗ (Hu)l) = 0, r = R, (2.9)

where H denote the spherical harmonic transform. The function Sl is defined
through its Laplace transform Ŝl, found in (2.8).

A fundamental property of the function Sl, is that its Laplace transform Ŝl, is
a rational function of degree (l − 1, l). Thus it can be represented as a sum of l
exponential functions in the temporal domain. Using the fact that a convolution
between an exponential function and a function v(t)

η(t) =
∫ t

0

αe−β(t−τ)v(τ) dτ,
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can be rewritten as

dη

dt
+ βη = αv, v(0) = 0,

it is possible to localize the exact boundary condition (2.9). This was independently
discovered by Sofronov [77, 78] and Grote and Keller [38, 39]. In [39] the boundary
condition (2.9) is used for finite difference and finite element approximations of
the three dimensional wave equation. Numerical simulations are presented and
uniqueness and stability are discussed. Grote and Keller have also successfully
adopted the methods used in [38, 39] to other scattering problems [36, 37, 40, 41].

Since the spherical harmonics decomposition is formulated as an infinite series
it is necessary to truncate the series at some l ≤ L0. The obvious way to truncate
the series, retaining only the first L0 harmonics, will lead to extensive memory
requirements if L0 is large (the number of auxiliary variables is proportional to
L0). Thus, for solutions with a high harmonic content (L0 has to be chosen large)
the method will be expensive.

Norm minimizing rational approximants for convolution kernels are introduced
by Alpert et al. in [5, 6]. The use of such kernels makes it possible to distribute
the error more equally over all harmonics. Alpert et al. study the problem of
approximating a convolution kernel κ(t) (think of Sl or K), by approximating its
Laplace transform κ̂(s), by a function K̂(s), represented as a sum of poles

K̂(s) =
L∑

l=1

pl

s + sl
.

Requiring �sl > 0, the inverse Laplace transform of K̂(s) is

K(t) =
L∑

l=1

ple
−slt.

As has been noted above, convolution with the kernel K(t) is equivalent to
advancing L ordinary differential equations with homogeneous initial data.

The accuracy of the approximations can be studied by applying Parseval’s re-
lation to the two convolutions f = K ∗ g and ψ = κ ∗ g

‖f − ψ‖2 = ‖K̂ĝ − κ̂ĝ‖2 ≤ ‖K̂ − κ̂

K̂ ‖∞‖K ∗ g‖2.

If the original kernel κ is approximated with an error ε, using m harmonics, Alpert
et al. show that, by using their kernel K, the same error can be obtained with a
few poles, i.e. L << m. Moreover, for the kernels appearing for a spherical and
cylindrical boundary, the error bound holds for all times. For example, in [5] it
is shown that for 1024 harmonics it is sufficient to use 21 poles for approximating
Sl with an error ε ≤ 10−8. This can be compared to the direct truncation which
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would require all 1024 harmonics if the solution have high harmonic content close
to the boundary.

For the approximation of the kernel used at a planar boundary, the error bound
has a weak dependence on time. But for the 1024 harmonics example discussed
above, ε ≤ 10−8 holds for times t < 10000.

Although (2.9) can be localized in time, it is still nonlocal in space. Therefore,
to reduce the operation count it is important to use some fast procedure for the
direct and inverse harmonic transforms. Such transforms can be found in e.g.
Mohlenkamp [69], Suda and Takami [79] and Healy et al. [57].

The results of Alpert et al. are very impressive, but is is not obvious how their
methods can be generalized to problems including anisotropy e.g linearized Euler
equations. An interesting example of a generalization of the ideas in [5] to time-
domain wave propagation on blackholes can be found in recent paper by Lau, [67].
Before considering the construction of exact non-reflecting boundary conditions for

Ω

ΓΓ1 0

Figure 2.1: The non-reflecting boundary conditions based on retarded potentials
suggested by Ting and Miksis requires two artificial boundaries.

first order hyperbolic systems, we briefly discuss two additional exact boundary
conditions for the wave equation in three dimensions. The first boundary condition
is based on the exact representation of of the solution by retarded potentials. It
was originally devised by Ting and Miksis [81] and later implemented by Givoli and
Cohen [31].

The boundary condition requires two artificial boundaries Γ0 and Γ1 as in Figure
2.1. The solution on Γ0 can be represented by the retarded potential formula

u(x, y) = − 1
4π

∫
Γ1

(
u(y, t− r)

∂

∂n

1
r
− 1

r

∂u(y, t− r)
∂n

− 1
r

∂r

∂n

∂u(y, t− r)
∂t

)
dy,

(2.10)

r = |x− y|, x ∈ Γ0.
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The above formula is nonlocal in time but the temporal history of the solution
needed to be stored is bounded by the maximum travel time between points on
the boundary. The cost of a direct evaluation of the integral is proportional to the
square of the points used to discretize the boundary. Again this can be sped-up by
fast methods, see [26].

lacuna

a a c bcb1 1 1 2 22

0

1

2t

t

t

t

x

front

0

front

reflected

traling

Figure 2.2: Sketch of waves generated by a source with finite support illustrating
the existence of lacuna.

A direct consequence of the formula (2.10) is the strong Huygens’ principle or
the existence of lacunae. The phenomena lacunae can be illustrated by considering
the wave equation in one dimension with a forcing compactly supported in space
and time, and homogeneous initial data, i.e.

∂2u

∂t2
− c2

∂2u

∂x2
= f, (2.11)

∂u(x, 0)
∂t

= 0, u(x, 0) = 0, (2.12)

suppf = {(x, t) |x ∈ [a1, a2], t0 < t < t1}. (2.13)

At time t = t0 waves will start to be generated on the domain [a1, a2], as shown
in Figure 2.2. At a later time t2, they can at most have traveled to the points b1 and
b2, determined by the wave speed c. Now since waves are only generated between
times t0 < t < t1, there will be no waves inside the domain [a1, a2] at times t > t2.
The domain [a1, a2] is now inside the lacuna. If we are to construct non-reflecting
boundary conditions at a1 and a2 we know that at times t > t2 and t < t0 the exact
boundary condition is a homogeneous Dirichlet condition (the existence of lacuna).
At the times in between we may compute the solution on a slightly larger domain
[c1, c2] with e.g. periodic boundary conditions. The domain [c1, c2] is chosen so
that waves reflected at the boundary does not influence the solution in [a1, a2] for
times t0 < t < t2.
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The existence of lacunae have been used by Ryabenkii, Tsynkov and Turch-
aninov [76] to construct exact non-reflecting boundary conditions for the wave
equation in odd dimensions by partitioning the source term in time.

2.3 First Order Hyperbolic Systems

Here we consider the construction of exact non-reflecting boundary conditions for
a first order, constant coefficient, strongly hyperbolic system. The boundary con-
ditions are imposed at a planar boundary, x = 0. In the domain Ω, (x > 0) the
system can be written as

∂u

∂t
+ A

∂u

∂x
+
∑

j

Bj
∂u

∂yj
= 0, (2.14)

where u ∈ R
n, A,Bj ∈ R

n×n. If we further assume that A is invertible (no char-
acteristic boundary) we can employ the usual Fourier and Laplace transform to
obtain

∂ ˜̂u
∂x

= M ˜̂u, M = −A−1


sI +

∑
j

ikjBj


 . (2.15)

Since we consider a strongly hyperbolic problem, we can decompose the solution
into left and right-going modes or waves. The right-going waves corresponding to
positive eigenvalues of M and the left-going to negative eigenvalues.

To decouple the system into two sets of scalar equations we use the diagonaliz-
ation

QMQ−1 =
[

λR 0
0 λL

]
≡ Λ.

Here Q is composed of the the eigenvectors of M arranged in two matrices QR, QL

such that

Q =
[

QR

QL

]
.

The resulting scalar problems are

∂ ˜̂vL

∂x
= λL

˜̂vL,
∂ ˜̂vR

∂x
= λR

˜̂vR, (2.16)

where ˜̂v ≡ Q˜̂u. An exact non-reflecting boundary condition, which make sure that
no waves enter Ω at x = 0 is

˜̂vR ≡ BR
˜̂u = 0. (2.17)
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It is important to realize that BR can be chosen in many ways. In principle,
the only restriction on BR is that it should be orthogonal to the matrix QL. A
natural choice is therefore BR ≡ QR. However, there are cases when this choice is
not suitable. One such case is the linearized Euler equations, for which Giles, [28],
discovered that BR ≡ QR leads to an ill-posed problem. In [28], Giles also suggested
an alternative choice of BR, that leads to a well-posed problem. Other choices,
leading to a well-posed problem has been suggested by Hagstrom and Goodrich
[34, 35] and Colonius and Rowley [75].





Chapter 3

Local Non-reflecting Boundary
Conditions

In this chapter we begin by presenting some classic local non-reflecting boundary
conditions suggested in the literature. Many of these are formulated as hierarchies
of conditions of increasing order of approximation. Increasing order of approx-
imation is synonymous to introduction of high-order (mixed) derivatives in the
boundary condition. Stable discretization of such boundary conditions has proven
to be difficult. However, boundary conditions containing high-order derivatives can
be converted into sequences of conditions containing only low order derivatives.
Such boundary conditions are based on the introduction of auxiliary variables and
are often referred to as high-order non-reflecting boundary conditions. Boundary
conditions of this type will be discussed in the later half of the present chapter.

In the previous chapter we discussed the exact boundary condition for the two
dimensional wave equation at a planar boundary derived by Engquist and Majda.
In [25], Engquist and Majda also present a method to localize the exact boundary
condition. They conclude that if the function

√
1 − ω2

ξ2

is approximated by some rational function, it is possible to localize the approxim-
ation by explicitly inverting the Fourier transforms.

The most natural approximation is perhaps to use a Taylor series expansion,
however, the resulting local boundary condition leads to an ill-posed problem and
can therefore not be used. Engquist and Majda investigate the boundary condi-
tions obtained if a Padé expansion is used, and show that the resulting boundary
conditions are well-posed. The boundary conditions obtained from the two first

19



20 CHAPTER 3. LOCAL NON-REFLECTING BOUNDARY CONDITIONS

Padé expansions are

B1u ≡
(

∂

∂x
− 1

c

∂

∂t

)
u = 0,

B2u ≡
(

1
c

∂2

∂t∂x
− 1

c2
∂2

∂t2
+

1
2

∂2

∂y2

)
u = 0.

Note that in the boundary conditions above, mixed derivatives in time and space
appear already in the second order approximation, preluding difficulties of discret-
ization of high-order approximations.

The Padé expansion is not the only possible approximation. Other possible
expansions (Chebyshev, least-squares, etc) have been studied by Trefethen and
Halpern in [54, 82], where theorems determining the well-posedness for these types
of expansions are also presented.

Although [25] is the most well known paper that use one-way equations as non-
reflecting boundary condition, it should be noted that it was also considered in a
more practical setting in an earlier work by Lindeman [68].

The use of one-way equations as boundary condition was also studied by Higdon,
[59]. He constructed an asymptotically (m → ∞) exact non-reflecting boundary
condition by factorization of one-way equations. The non-reflecting boundary con-
dition he proposes is given by

Bmu =


 m∏

j=1

(
(cosαj)

∂

∂x
− c

∂

∂t

)u = 0. (3.1)

The boundary condition suggested by Higdon is exact for plane waves hitting the
boundary at angles ±αj . For large m, direct application of (3.1) requires discret-
ization of high order derivatives of u. As a result only boundary conditions with
small m where used in [59].

Bayliss and Turkel, [11], work with sequences of local non-reflecting boundary
conditions for the wave equation in spherical and cylindrical coordinates. Their
boundary condition is similar in structure to (3.1) and is given by

Bmu =


 m∏

j=1

(
∂

∂t
+

∂

∂r
+

2l− 1
R

) u = 0. (3.2)

The suggested boundary condition is extendible to high-order, but only the second
order formulation is implemented in [11].

Adoption of the above described classic boundary conditions can be found in
many areas of science where wave propagation is present (see the review articles
[29, 83]). However, for these boundary conditions, the hierarchical structure is
rarely exploited. Typically only the lowest order terms in the expansions are used
in the construction, often resulting in a O(1) error after moderate times.
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3.1 High-Order Local Non-reflecting Boundary Conditions

Modern high-order local non-reflecting boundary conditions are based on the intro-
duction of auxiliary variables. This technique was first used by Collino [17], where
he considers the approximation

F
(
∂u

∂x

)
+ iξ

(
1 −

L∑
m=1

βm
ω2

ξ2 − αmω2

)
Fu = 0, x = 0, (3.3)

of the exact boundary condition (2.3). Here the coefficients αm, βm are

αm = cos2
(

mπ

2L + 1

)
, βm =

2
2L + 1

sin2

(
mπ

2L + 1

)
.

Collino shows that the boundary condition (3.3) can be reformulated as a se-
quence of auxiliary problems containing only low order derivatives

∂u

∂x
+

∂u

∂t
−

L∑
m=1

βm
∂ψm

∂t
= 0,

∂2u

∂t2
− ∂

∂y2
(αmψm + u) = 0, m = 1, . . . , L.

Here ψm are the auxiliary variables introduced on the boundary. In [17] Collino
presents numerical experiments using boundary conditions of different order (L ≤
10). The results show that the accuracy of the boundary condition increase mono-
tonically.

The wave equation posed in a semi infinite wave-guide with a planar boundary
at x = 0 have been considered by Givoli and Neta in [33]. Inspired by the work of
Hagstrom and Harihan (discussed below) they use the Higdon boundary condition
(3.1) to formulate a sequence of auxiliary problems(

∂

∂x
+

1
Cm

∂

∂t

)
ψm−1 = ψm, m = 1, . . . , L

ψ0 ≡ u, ψL ≡ 0,
(3.4)

which converges to the exact boundary condition (2.3), when L → ∞. Since (3.4)
contains normal derivatives of ψm, when discretized, they would need to be stored
not only on the boundary but also in the interior. This would be unnecessary
memory consuming and probably hard to discretize in a stable fashion. Therefore
(3.4) is reformulated to contain only tangential derivatives of second order instead
of normal derivatives. In [33], the modified boundary conditions are integrated into
an explicit finite difference method which is shown by numerical examples to be
stable. Givoli and Neta also give a detailed description of how the coefficients Cm

can be chosen automatically. It is shown by numerical experiments that accur-
acy of the method is increasing with L. Also, Guddati and Tassoulas [42], have
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constructed high-order non-reflecting boundary conditions for the two dimensional
wave-equation in a waveguide using auxiliary variables. Their boundary condition
is based on a continued fraction approximation of

√
1 − ω2/ξ2.

A drawback of [42, 33] is that the boundary conditions are only derived for
problems that are unbounded in one direction. When high order non-reflecting
boundary conditions are to be used for problems that are unbounded in two or
more directions, it is necessary to devise corner compatibility conditions for the
auxiliary variables. Collino did derive such conditions, but only for a few orders
in the approximation. Also, Vacus has constructed corner compatibility conditions
for the wave equation, [85].

In [53], Hagstrom and Warburton present a high order non-reflecting boundary
condition based on the Higdon condition, similar to that of Givoli and Neta (the
exact relation of the two approaches is described in [32]). They also present a
relatively straightforward and automatic construction to derive corner compatibility
conditions. The corner compatibility conditions of Hagstrom and Warburton have
been generalized to polygonal domains in [50].

Hagstrom and Harihan constructed the first reformulation of (3.2) using auxil-
iary variables. It was presented in [44, 49] where they consider the wave equation
in both spherical and cylindrical coordinates. They also extend the boundary con-
dition to the two dimensional Maxwell equations in cylindrical coordinates.

The recursion formula proposed in [49] requires the introduction of L auxiliary
variables and is given by(

∂

∂t
+

m

R

)
ψm−1 =

1
2R2

(∇2
R + m(m− 2)

)
ψm +

1
2
ψm, m = 1, . . . , L,

ψ0 = u, ψL = 0,

where ∇2
R is the Laplace operator on a sphere with radius R. The boundary

conditions are implemented using finite differences, and results, showing a rapid
decay of the error as L increase, are presented.



Chapter 4

Absorbing Layers

The perhaps most straightforward method to truncate an unbounded domain is to
surround the computational domain with a finite width, absorbing layer (typical
setups are pictured in Figure 4.1). In any absorbing layer, the governing equations
are modified so that the solutions in the layer decay. For such an approach to
be effective, all waves traveling into the layer, independent of frequency or angle
of incidence, should be absorbed without reflections. Absorbing layers with these
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Figure 4.1: The computational domain is surrounded by an absorbing layer (PML).
Different geometries are possible.

ideal properties are referred to as Perfectly Matched Layers (PMLs). PMLs were
first introduced in the context of computational electro magnetics by Berenger, [15],
and is today used widely by engineers in that area.

The emphasis of this chapter will be perfectly matched layers, but before we
focus on those, we note that absorbing layers without the perfect matching property
have also been considered. Before the invention of PML, Israeli and Orzag [62],
Kosloff and Kosloff [65] and Karni [63] studied absorbing layers without the perfect
matching property, effective only for waves propagating in certain directions. More
recently, Colonius and Ran, [20], suggested an absorbing layer for compressible
flow, based on filtering and grid stretching. Based on the results obtained for some

23
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benchmark problems in acoustics, (see[48]) it is fair to say that their “super-grid”
layer appears to be a promising method for non-linear problems.

One advantage of absorbing layers is that, unlike PML, they do not require
any auxiliary variables. For linear problems it is questionable weather such layers
can be competitive relative PML, but for nonlinear problems, where the perfect
matching property of a PML is lost, simpler layers may prove to be a reasonable
choice. It may also be easier to analyze layers with fewer variables.

A substantial amount of the literature on PMLs discuss the properties of well-
posedness and stability of PMLs. It is therefore convenient to introduce some
definitions. For the Cauchy problem

∂u

∂t
= P (

∂

∂x
)u, x ∈ R

n, t ≥ 0,

u(x, 0) = u0(x), x ∈ R
n,

(4.1)

with initial data in L2, we define, [66]:

Definition 1 (Well-posedness). The Cauchy problem (4.1) is

(i) well-posed: if the solutions satisfy ‖u(·, t)‖L2 ≤ Keκt‖u(·, 0)‖L2;

(ii) weakly well-posed: if the solutions satisfy ‖u(·, t)‖L2 ≤ Keκt‖u(·, 0)‖Hs for
some positive integer s but not for s = 0.

A necessary and sufficient condition for weak well-posedness is that all eigen-
values λj of the symbol P (ik) satisfy

�{λj(P (ik))} ≤ κ, (4.2)

κ independent of k. If, in addition to (4.2), P (ik) can be diagonalized by S(ik) with
|S(ik)| and |S−1(ik)| uniformly bounded, then we say that the Cauchy problem is
well-posed.

Definition 2 (Stability). We say that the Cauchy problem (4.1) is

(i) strongly stable: if the solutions satisfy an estimate

‖u(·, t)‖L2 ≤ K‖u0(·)‖L2 ;

(ii) weakly stable: if the solutions satisfy an estimate

‖u(·, t)‖L2 ≤ K(1 + t)s‖u0(·)‖Hs , where s > 0.

A sufficient condition for weak stability is

�{λ(P (ik))} ≤ 0. (4.3)

Examples and computations in the literature indicate that, for linear, constant
coefficient, problems, loss of strong well-posedness may not be fatal (in the sense
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that such models cannot be used for computations). However, if PMLs derived
for linear problems are to be used for non-linear or variable coefficient problems,
we expect well-posedness to be important. For transient processes, taking place in
during a short period of time, weak stability may be sufficient. But for long time
simulations it is essential to have PML models that are strongly stable.

4.1 Perfectly Matched Layers for Maxwell’s Equations

The major breakthrough, that made absorbing layers competitive, compared to
global and local non-reflecting boundary conditions, was the introduction of the
Perfectly Matched Layer by Berenger [15]. Berenger consideredMaxwell’s equations
in two space dimensions

ε0
∂Ex

∂t
+ σEx =

∂Hz

∂y
,

ε0
∂Ey

∂t
+ σEy = −∂Hz

∂x
,

µ0
∂Hz

∂t
+ σ∗Hz =

∂Ex

∂y
− ∂Ey

∂x
.

(4.4)

Here Ex and Ey are the electric fields, Hz the magnetic field, ε0 and µ0 are the free
space permittivity and permeability and σ and σ∗ the electric and magnetic con-
ductivity. Berenger realized that by the simple splitting Hz = Hzx+Hzy additional
degrees of freedom, that in turn could be used to guarantee the perfect matching,
could be introduced. With this splitting Berenger introduced the Perfectly Matched
Layer as a medium governed by the equations

ε0
∂Ex

∂t
+ σxEx =

∂(Hzx + Hzy)
∂y

,

ε0
∂Ey

∂t
+ σyEy = −∂(Hzx + Hzy)

∂x
,

µ0
∂Hzx

∂t
+ σ∗

xHzx = −∂Ey

∂x
,

µ0
∂Hzy

∂t
+ σ∗

yHzy =
∂Ex

∂y
.

(4.5)

For these equations, Berenger showed that if σi and σ∗
i satisfy σ∗

i ε0 = σiµ0, then
there will be no reflections at the medium-PML interface. Also, waves traveling
across the interface into the PML should decay exponentially inside the PML at a
rate depending on the magnitude of the conductivity parameters σi and σ∗

i .

Well-posed Perfectly Matched Layers for Maxwell’s Equations

Soon after the introduction of Berengers PML, Abarbanel and Gottlieb, [1], showed
that the equations (4.5) were only weakly well-posed. There were concerns that
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Berengers weakly well-posed PML could become ill-posed, and that its numerical
solution would grow at an arbitrary rate. However, there were no reports of such
growth in computations.

Later, Bécache and Joly, in [13], analyzed Berengers PML with Fourier and
energy techniques. They found that that for the particular lower order perturbation
present in equations (4.5), the problem would never become ill-posed. They also
showed that the growth-rate of the solutions in the PML could at most be linear,
i.e. Berengers PML was weakly stable.

The results from [1] lead to the development of several strongly hyperbolic
(hence, well-posed) PMLs. One of these is the PML by Abarbanel and Gottlieb
suggested in [2]. They assumed that the behavior of the absorbing layer could be
described by lossy Maxwell’s equations

∂Ex

∂t
=

∂Hz

∂y
+ R1,

∂Ey

∂t
= −∂Hz

∂x
+ R2,

∂Hz

∂t
=

∂Ex

∂y
− ∂Ey

∂x
+ R3.

(4.6)

Solutions of (4.6) can be written


 Hz

Ex

Ey


 =


 1

Ω1(x;α, β, ω)
Ω2(x;α, β, ω)


 eiω(t−αx−βy)e−α

R x
0 σ(η)dη.

For such solutions to be perfectly matched and decaying, it is required that the
unknown functions R1, R2, R3,Ω1,Ω2 satisfy the constraints:

• Ri, (i = 1, 2, 3) should be independent of the parameters α, β, ω,

• the solution should be continuous across the interface,

• the amplitude of the solution vector in the layer should be monotonically
decreasing.

Taking these constraints into account and using the dispersion relation

α2 + β2 = 1, (4.7)
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Abarbanel and Gottlieb derive the following PML

∂Ex

∂t
=

∂Hz

∂y
,

∂Ey

∂t
= −∂Hz

∂x
− 2σEy − σP,

∂Hz

∂t
=

∂Ex

∂y
− ∂Ey

∂x
+ σ′Q,

∂P

∂t
= σEy ,

∂Q

∂t
= −σQ− Ey.

(4.8)

For these equations the question of well-posedness is trivial since the equation (4.8)
is only a zero order perturbation of (4.4) which is well posed. Also, the auxiliary
variables P and Q only appear as ordinary differential equations and will not alter
the well-posedness. Another well-posed PML for Maxwell’s equations are the PML
by Ziolkowski [89], who use a Lorenz material model to derive an un-split PML
from physical considerations. Zhao and Cangelaris used similar ideas in [87] and
their PML is usually quoted as the standard un-split PML. In [73], Petropopoulos
derived well-posed PML formulations, based on the standard un-split PML, for
rectangular, cylindrical and spherical coordinates.

As mentioned earlier, Berenger’s PML supports solutions that grow linearly in
time. In [4] Abarbanel, Gottlieb and Hesthaven studied the long time behavior of
the well-posed PMLs from [2, 89, 87]. They show, by computational and analytical
means, that these well-posed PML methods are also susceptible to algebraic growth.
As in [13] it is found that the source of instability is the rank deficiency of the
undifferentiated terms in the PML systems. Further, it is found that the by adding
a undifferentiated term, the PMLs can be stabilized. Unfortunately this is at the
cost of loss of perfect matching.

A better remedy to the problem of late time instabilities, in the un-split PML for
Maxwell’s equations, have been suggested by Bécache, Petropoulos and Gedney [14].
Similar to Abarbanel et al., they add a lower order term to remove the degeneracy.
However, in their model the term does not destroy the perfect matching. Bécache,
et al. also construct sharp energy estimates guaranteeing the boundedness of the
solution in the PML in terms of data. In [8], we suggested another well-posed and
stable PML for Maxwell’s equations. Compared to the PML suggested by Bécache
et al. our PML is formulated with one less auxiliary variable (in three dimensions
two fewer).

An interesting analytic study of the performance of time domain PMLs (and
non-reflecting boundary conditions) for Maxwell’s equations can be found in the
paper by de Hoop et al., [21]. By using the Cagniard - de Hoop method, the
authors derive analytic expressions for the reflection for a PML with a prescribed
damping profile. The results of de Hoop et al. are important since they can be used
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to establish uniform error estimates, both for PML, as in [24], and for non-reflecting
boundary conditions, [22]. So far, the derivations of analytic solutions, involving
the Cagniard - de Hoop technique, have been limited to PML formulations without
the complex frequency shift. Our experience is that the complex frequency shift can
improve the stability and efficiency of many PMLs, thus, it would be interesting to
generalize the available results to this case.

4.2 Perfectly Matched Layers for Acoustics

Acoustic phenomena are governed by the linearized Euler equations. For a problem
with oblique flow in two dimensions these take the form

∂q

∂t
+ A

∂q

∂x
+ B

∂q

∂y
= 0, (4.9)

where

q =




ρ
u
v
p


 , A =




Mx 1 0 0
0 Mx 0 1
0 0 Mx 0
0 1 0 Mx


 , B =




My 0 1 0
0 My 0 0
0 0 My 1
0 0 1 My


 .

Here (ρ, u, v, p) are, non-dimensionalized perturbations of the density, the velocity
in x and y direction and the pressure respectively. Mx and My are the Mach
number in the x and y directions. The equations (4.9) support three types of waves,
sound, entropy, and vorticity waves. Entropy and vorticity waves are convected
downstream with the mean flow while the two soundwaves travel up or downstream.

The perfectly matched layer method has also been applied to the linearized
Euler equations. The first split-field PML for the linearized Euler equations was
suggested by Hu, [60]. Hu reported that a low pass filter had to be used inside the
absorbing layer to suppress exponential instabilities, also, Hagstrom and Goodrich
reported similar observations in [34] using Hu’s PML. Tam, Auriault and Cambulli
[80] concluded, from a perturbation analysis of the dispersion relation of Hu’s PML,
that it supported unstable acoustic modes at certain wave numbers, Hesthaven, [58],
also analyzed Hu’s PML and found that it was only weakly well-posed.

Well-Posed and Stable Perfectly Matched Layers for Acoustics

The first well-posed PML for the linearized Euler equations was introduced by
Abarbanel, Gottlieb and Hesthaven, [3], for a uniform flow (Mx = M,My = 0). To
be able to apply the construction used for Maxwell’s equation (see eq. (4.8)) they
used the variable transformation

ξ = x, η =
√

1 −M2y = γy, τ = Mx + γ2t. (4.10)
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In these new variables the dispersion relation, of the transformed equations, is very
similar to that of the Maxwell’s equations and the techniques used in [2] can be
applied directly.

Although the PML in [3] was well-posed, it still supported exponentially growing
modes. To stabilize these modes Abarbanel et al. add lower order terms. In [70],
Motamed presented numerical experiments showing that the perfect matching is
lost when these stabilizing parameters are used.

By using the variable transform (4.10) Hu, [61], constructed an un-split and
stable PML for uniform flow. Hu’s PML is well-posed for layers parallel to the
flow but only weakly well-posed in corners and in layers perpendicular to the flow.
Independently Diaz and Joly, [23], used the same transformation to construct a
similar PML for the linearized Euler equations.

A well-posed and stable PML for the linearized Euler equations for a oblique
flow has been suggested by Hagstrom in [47]. The PML is derived as an example
on an application of Hagstroms general method for the construction of perfectly
matched layers for hyperbolic systems.

In his method, Hagstrom considers an absorbing layer of width L at the plane
x = 0 with the governing equations (for x < 0)

∂u

∂t
+ A(y)

∂u

∂x
+
∑

j

Bj(y)
∂u

∂yj
+ C(y)u = 0, −L < x < 0. (4.11)

By Laplace transform in time

û = eλxφ,


sI + λA +

∑
j

Bj(y)
∂

∂yj
+ C(y)


φ = 0, (4.12)

it is possible to find the modal solutions to (4.11).
Hagstrom concludes that the solution inside the PML should be modified so

that �λ is bounded away from zero for �s ≥ 0. This condition is equivalent to the
variable transform (4.10). By construction the eigenfunctions φ are the same at the
interface x = 0, hence the absorbing layer will be perfectly matched.

Postulating a modal solution inside the PML

û = eλx+(λR̂−1−M̂−1N̂)
R

x
0 σ(z)dzφ, (4.13)

and substituting (4.13) into (4.12) gives the resulting PML equations as
sI + λA(I − σ(R̂ + σ)−1)

(
∂

∂x
+ σM̂−1N̂

)
+
∑

j

Bj(y)
∂

∂yj
+ C(y)


 û = 0.

In principle, the operators M,N and R can be very complicated but for most
practical applications M and n can be chosen as real scalars and R to be a first
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order, scalar differential operator in time and in the transverse variables

R =
∂

∂t
+
∑

j

βj(y)
∂

∂yj
+ α.

In [8] we present an extension of the PML model from [47]. The new model,
which is proved to be is well-posed and perfectly matched, contains many paramet-
ers and is applicable to all hyperbolic systems. We also prove strong stability of
the PML for the linearized Euler equations.

In [74], Rahmouni presents an algebraic method that can be used to develop
well-posed PML models. The method is applied to the linearized Euler equations.
Most of the analysis in [74] concerns the case of a quiescent flow and it is not clear
weather his PML also work for the convective case.

Recently, a new construction of a PML for the linearized Euler equations, with
oblique flow, was suggested by Nataf [71]. Using Smith factorization (see [86]) Nataf
separates the advection and vorticity operators. Nataf applies an upwinding scheme
for the vorticity operator and a PML only to the advective operator. The drawback
of this approach is that (to the best of the authors knowledge) the approach may be
difficult to generalize to other numerical schemes. It should be noted that the idea
of treating different operators (factors in the characteristic polynomial) separately,
requires that a stable PML can be constructed for each operator (with the exception
of advective operators which can be handled by uppwinding). For many problems
this is still an open question.

4.3 Perfectly Matched Layers for Elastic Waves

The first order system governing the propagation of elastic waves in an orthotropic
media with principal axis coinciding with the x1 and x2 axis is

∂v

∂t
−A1

∂v

∂x1
−A2

∂v

∂x2
= 0, (4.14)

A1 =




0 0 ρ−1 0 0
0 0 0 0 ρ−1

c11 0 0 0 0
c12 0 0 0 0
0 c33 0 0 0


 , A2 =




0 0 0 0 ρ−1

0 0 0 ρ−1 0
0 c12 0 0 0
0 c22 0 0 0
c33 0 0 0 0


 ,

where cij are the coefficients of elasticity and ρ the density. With u1 and u2 being
the displacements in the 1 and 2 direction and σ1, σ2, σ3 being elements of the stress
tensor, the fields v are v1 = ∂tu1, v2 = ∂tu2, v3 = σ1, v4 = σ2, v5 = σ3. The first
order formulation (4.14) is called the velocity-stress formulation. For the particular
choice c11 = c22 = λ + 2µ, c12 = λ and c33 = µ the system (4.14) describes wave
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propagation in an isentropic media characterized by the Lamé coefficients λ > 0
and µ ≥ 0.

Also for the simulations of elastic waves, direct applications of Berenger’s split
field PML have been suggested, [18, 56, 16, 64]. All of these share the property
of being weakly well-posed with their ancestor. Un-split PMLs have also been
suggested [10, 88]. In [9], we suggested a new PML for elastic waves derived using
Hagstroms formulation.

Although the above PMLs are designed for, or can be can be adopted to, simu-
lations of elastic waves in anisotropic materials, all of them suffer from an intrinsic
exponential instability for certain anisotropic materials. This instability (like the
instability for PMLs in acoustics) is related to the properties of the dispersion re-
lation of the underlying hyperbolic system. These instabilities origin from modes
with phase velocities and group velocities with have opposite directions and have
been analyzed and explained by Bécache, Fauqueux and Joly in [12].

In their pioneering paper on stability of PMLs, Bécache and co-authors establish
a simple geometrical condition that can be used to explain the instabilities observed
in acoustics, anisotropic elasticity and other problems with anisotropy. The condi-
tion is a necessary condition and since it is based on the dispersion relation it can
be applied to many other PML models for hyperbolic problems, although only the
split-field PML is considered in [12]. Since the condition in [12] is only necessary,
the basic question whether or not stable PMLs exists for arbitrary wave propaga-
tion problems remains unanswered. A small step towards answering this question
is presented in [7]. There we show (the actual proof can be found in [8]) that it is
always possible to construct a stable PML for an arbitrary hyperbolic 2×2 systems
in (2 + 1) dimensions.

Returning to the particular case of elastic waves in an orthotropic media. In
[12] Bécache et al. also establish a second set of conditions, on the coefficients of
elasticity, which are both necessary and sufficient for weak stability. The results
of Bécache et al. explain the observed exponential growth in media satisfying only
the first necessary condition. This second set of conditions are more restrictive
than the first necessary geometrical condition. In [9] we show that by including a
complex frequency shift it is possible to stabilize some of the materials, excluded
by the second set of conditions in [12].





Chapter 5

Summary of Included Papers

Paper I: Discretely Nonreflecting Boundary Conditions for
Higher Order Centered Schemes for Wave Equations

Discreization of wave propagation problem, in general, introduce spurious numer-
ical solutions. The properties of the spurious solutions depend on the discretization
method, but for all centered finite difference schemes there will be at least one fam-
ily of spurious waves propagating in the direction opposite that of the physical
waves of the continuous problem. The idea in paper I is that, since, spurious waves
are not absorbed by “continuous” non-reflecting boundary conditions, it is better
to construct discretely non-reflecting boundary conditions, based on the discretiz-
ation method used. Using the framework developed by Rowley and Colonius [75]
we construct a discrete non-reflecting boundary condition for the standard fourth
order centered difference stencil. The boundary condition, which can be exten-
ded to arbitrary order accuracy, is shown to be stable. Numerical simulations are
presented.

Paper II: Construction of stable PMLs for general 2 × 2
symmetric hyperbolic systems

The perfectly matched layer has emerged as an important tool for accurately solving
certain hyperbolic systems on unbounded domains. An open issue is whether stable
PMLs can be constructed in general. In paper II we present a PML formulation for
2× 2 symmetric hyperbolic systems in (2 + 1) dimensions. We show how to choose
the layer parameters as functions of the coefficient matrices to guarantee stability.

Paper III: A New Absorbing Layer for Elastic Waves

In paper III we construct a new perfectly matched layer for the simulation of elastic
waves in an anisotropic media on an unbounded domain. We present theoretical
and numerical results, showing that the stability properties of the present layer are
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better than previously suggested layers. The theoretical results are obtained by
considering the dispersion relation of the PML.

Paper IV: Perfectly Matched Layers for Hyperbolic Systems:
General Formulation, Well-posedness and Stability

Since its introduction the Perfectly Matched Layer has proven to be an accur-
ate and robust method for domain truncation in computational electromagnetics.
However, the mathematical analysis of PMLs has been limited to special cases. In
particular, the basic question of whether or not a stable PML exists for arbitrary
wave propagation problems remains unanswered. In paper IV we develop general
tools for constructing PMLs for first order hyperbolic systems. We present a model
with many parameters which is applicable to all hyperbolic systems, and which we
prove is well-posed and perfectly matched. We also introduce an automatic method
for analyzing the stability of the model and establishing energy inequalities. We
illustrate our techniques with applications to Maxwell s equations, the linearized
Euler equations, as well as arbitrary 2 × 2 systems in (2 + 1) dimensions.

Paper V: On Symmetrization and Energy Estimates Using Local
Operators for Partial Differential Equations

The basic issue in the analysis of the Cauchy problem for partial differential equa-
tions is the determination of well-posedness, weak or strong. For strong well-
posedness we require estimates of Sobolev norms of the solution in terms of the
same Sobolev norms of the Cauchy data. Weak well-posedness, or well-posedness
in the sense of Petrowsky, requires the weaker condition that the norms of the solu-
tion can be estimated in some, possibly stronger, Sobolev norm. For a constant
coefficient problem, weak well-posedness follows, if uniform bounds on the real parts
of the roots of a the characteristic polynomial can be established.

In paper V we use the well-known method of Sturm sequences for bounding the
real parts of roots of polynomials, to construct an automatic method for check-
ing Petrowsky well-posedness of a general Cauchy problem. We prove that this
well-known method can be adapted to automatically symmetrize any well-posed
problem, producing an energy estimate involving only local quantities; that is, an
energy expressed in terms of integrals of squares of differential operators applied to
the solution components.
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Discretely Nonreflecting Boundary Conditions

for Higher Order Centered Schemes for Wave
Equations

Daniel Appelö1 and Gunilla Kreiss1

Numerical Analysis and Computer Science,
Royal Institute of Technology, S-100 44 Stockholm, Sweden

Abstract. Using the framework introduced by Rawley and Colonius [2] we construct
a nonreflecting boundary condition for the one-way wave equation spatially discretized
with a fourth order centered difference scheme. The boundary condition, which can be
extended to arbitrary order accuracy, is shown to be well posed. Numerical simulations
have been performed showing promising results.

1 Introduction

The goal of this paper is to present the construction of a discretely nonreflecting
boundary condition for the one-way wave equation for the standard five-point
central difference approximation of du

dx . In a recent paper [2] Rawley and Colo-
nius have provided an excellent framework for such construction. They use a
technique where they decompose the solution into physical and spurious waves.
The spurious waves have in general not been taken into account in continuous
analysis of nonreflecting boundary conditions (e.g.[4]), which is essential for a
boundary condition to be discretely nonreflecting.

In [2] Rawley and Colonius construct boundary conditions for the Padé three-
point central difference scheme to illustrate their analysis.

Widening the scheme from three to five points allows for an explicit fourth
order scheme. The Padé scheme, used in [2], is a fourth order implicit scheme.
However when using a five-point scheme the wellposedness of the boundary con-
dition is no longer trivial and needs to be treated carefully.

2 The one way Wave Equation ut + ux = 0

Consider the scalar one way wave equation

ut + ux = 0, (1)

which admits solutions of the form

u(x, t) = ei(kx−ωt). (2)

It is well known that the discrete dispersion relation one obtains when a
PDE is approximated by a difference scheme is different from the continuous
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dispersion relation. For example when (1) is spatially discretized with the second
order centered difference scheme ((ux)j ≈ (uj+1 − uj−1)/(2h)) on a regular grid
with spacing h the discrete dispersion relation becomes ω = 2/h sinkh, which
can be compared to the continuous dispersion relation ω = k.

For each frequency ω there are two complex values of k that satisfy the
discrete dispersion relation. The smaller one corresponds to a physical solution
and the larger one corresponds to a spurious solution. The spurious solutions for
this particular scheme are poorly resolved waves with a negative group velocity,
i.e. they travel the wrong direction.

For the fourth order scheme (3) there exist four values of k that satisfies it’s
dispersion relation. Of these four, two correspond to wave solutions and two to
damped wave solutions. The two damped solutions will not be important for the
nonreflectivity of the boundary condition. However, they need to be taken into
account when considering the wellposedness of the boundary condition.

3 Separation of Spurious and Physical Modes

Introducing a regular grid in x, with mesh spacing h, and letting uk denote the
approximation of u(x = kh). We are interested of the dispersion relation of the
fourth order centered difference stencil

(ux)k ≈ 1
12h

(−uk+2 + 8uk+1 − 8uk−1 + uk−2), (3)

which applied to (1) yields

(ut)k =
1

12h
(uk+2 − 8uk+1 + 8uk−1 − uk−2). (4)

By introducing a normal mode solution

uk(t) = ûeiωtκk,

with the property

uk+1 = κuk.

We obtain the characteristic equation

N(iω, κ) ≡ [κ4 − 8κ3 − i12ωhκ2 + 8κ− 1
]

= 0,

which has four nontrivial solutions

κ+ = 2 +
1
2
ξ − 1

2

√
γ + θ, κ− = 2 − 1

2ξ − 1
2

√
γ − θ,

κ∗ = 2 +
1
2
ξ +

1
2

√
γ + θ, κ÷ = 2 − 1

2ξ + 1
2

√
γ − θ,
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where

η = (−18Iφ+ 8Iφ3 +
√
−125− 24φ2 + 48φ4)1/3,

ξ =
√

16 + 8Iφ+ (180 − 144φ2)/(18η) + 2η,

γ = 32 + 16Iφ− (180 − 144φ2)/(18η) − 2η,

θ = (448 + 384Iφ)/(4ξ), φ = ωh, I =
√−1.

In order to distinguish the physical part of the solution from the spurious we
write the solution uk at a grid-point k as

uk = u+
k + u−k + u∗k + u÷k ,

where u@
k are normal modes that satisfy

N(iω, κ@)u@ = 0, @ = +,−, ∗,÷.
The solutions u+ and u− denote the physical and the spurious wave while u∗ and
u÷ are damped waves that decay from the right and left boundary respectively.

4 Approximate Nonreflecting Boundary Conditions

We now seek approximate nonreflecting boundary conditions at the left (k = 0)
and right (k = N) boundary. Following the ideas of Colonius [1] and Colonius
and Rowley [2] we seek approximate boundary conditions of the form

du0

dt
=

1
c1h

Nd∑
k=0

dkuk,
duN

dt
=

1
a1h

Nd∑
k=0

bkuN−k, (5)

where a1, b1, c1, dk, (k = 0, . . . , Nd) are coefficients to be determined. Consider
first the left boundary.

Taking the Fourier transform in time and splitting u into its modes (5) be-
comes

ic1ωh(u+
0 + u−0 + u∗0 + u÷0 ) =

Nd∑
k=0

dk(u+
k + u−k + u∗k + u÷k )

⇐⇒ ic1ωhu
+
0 −

Nd∑
k=0

dk(κ+)ku+
0 =

−ic1ωh(u−0 + u∗0 + u÷0 ) +
Nd∑
k=0

dk

[
(κ−)ku−0 + (κ∗)ku∗0 + (κ÷)ku÷0

]
. (6)

With φ = ωh (6) becomes

d+(φ)u+
0 = d−(φ)u−0 + d∗(φ)u∗0 + d÷(φ)u÷0 ,



4 Daniel Appelö and Gunilla Kreiss

where

d+(φ) = c1iφ−
Nd∑
k=0

dk(κ+)k,

d@(φ) = −c1iφ+
Nd∑
k=0

dk(κ@)k, @ = {−, ∗,÷}.

The exact nonreflecting boundary condition is u+
0 = 0 would be satisfied if

d@(φ) = 0, @ = {−, ∗,÷}.

It is not possible to fulfill d@(φ) = 0 for all @ = {−, ∗,÷}. However this is not
necessary since u÷ will be eliminated later and u∗ must be specified at the right
boundary. Thus only d−(φ) = 0 remains which is equivalent with the condition
obtained in [2].

Since d−(φ) contains powers of κ− up to order Nd it is natural to expand
κ−(φ) as a power series expansion around φ = 0. The coefficients c1, d0, . . . are
choose to minimize d−(φ).

At the right boundary we use the same technique to find the boundary condi-
tion for uN . Separating the spurious and physical modes of the ansatz (5) leads
to the following expression

b+(φ)u+
N = b−(φ)u−N + b∗(φ)u∗N + b÷(φ)u÷N ,

where

b+(φ) = ac1iφ−
Nd∑
k=0

bk
(κ+)k

,

b@(φ) = −a1iφ+
Nd∑
k=0

bk
(κ@)k

, @ = {−, ∗,÷}.

The nonreflecting boundary condition for uN is b+(φ) = 0.

5 Wellposedness

When applying the scheme (3) to the gridpoint k = 1 we need information of both
u0 and u−1. Above u0 has been determined to minimize the reflection at k = 0.
The relation determining u−1 must be chosen such that the boundary condition
is well posed. The mathematicly correct boundary condition is u(t, 0) = 0 which
together with (1) gives the relation u(t, 0)xx = 0. Using a three point wide skew
stencil for approximation of (uxx)k=0 one obtains the relation

u−1 = 2u0 − u1. (7)
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We have found that (7) yields a well posed boundary condition for choices of Nd

at least up to Nd = 8. For example consider Nd = 1 which gives the following
relation for u0

du0

dt
= − 5

3h
(u0 + u1). (8)

To investigate the wellposedness of the above boundary conditions for (4) we
treat each boundary separately using Laplace transform technique (see e.g. [3]).
We obtain the following eigenvalue problem

s̃ψj =
1

12h
(ψj+2 − 8ψj+1 + 8ψj−1 − ψj−2), s̃ = sh (9)

There are two roots to the characteristic equation associated with (9), κν , ν =
1, 2, with |κν | ≤ 1 for Re s̃ > 0. The general solution of (9) with ‖ψ‖h <∞ has
the form

φj = σ1κ
j
1 + σ2κ

j
2.

Using the boundary conditions (7) and (8) we obtain the following equations for
determination of σ1 and σ2

σ1

κ1
+
σ2

κ2
= 2σ1 + 2σ2 − κ1σ1 − κ2σ2,

s̃(σ1 + σ2) =
5
3

(−σ1 − σ2 − κ1σ1 − κ2σ2)

which only admit the trivial solution σ1 = σ2 = 0, hence the boundary conditions
are well posed.

For the right boundaryD−uN−1 can be shown to yield a well posed boundary
condition.

6 Numerical Experiments

We have made numerical simulations that show that our boundary condition
is performing significantly better than characteristic bounary conditions. We
especially see an improvement of the absorption of spurious waves.
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Construction of stable PMLs for general
2 × 2 symmetric hyperbolic systems

Daniel Appelö and Thomas Hagstrom

Abstract. The perfectly matched layer (PML) has emerged as an
important tool for accurately solving certain hyperbolic systems on
unbounded domains. An open issue is whether stable PMLs can be
constructed in general. In this work we consider the specialization
of our general PML formulation to 2 × 2 symmetric hyperbolic
systems in 2 + 1 dimensions. We show how to choose the layer
parameters as functions of the coefficient matrices to guarantee
stability.

1. Introduction

The perfectly matched layer (PML) model was introduced by Berenger [5] in the
context of computational electromagnetics. In the Berenger approach the additional
degrees of freedom needed for the perfect matching are obtained by splitting one
of the physical fields, and his PML is therefore often referred to as the split-field
model.

In [6] Collino and Tsogka showed how to use the split-field approach for the
construction of a PML for a general hyperbolic system. The perfect matching
property follows directly from the construction in [6], however there is no guarantee
that the solution is damped inside the layer. Indeed this has been manifested by
the presence of exponentially growing solutions in numerical simulations where the
split-field PML has been used, see e.g [11], [2]. Even the original PML for Maxwell’s
equations supports linearly growing modes [3].

Different methods have been devised to remove growing modes, e.g. filtering,
introduction of a complex frequency shift, and the addition of stabilizing parameters
destroying the perfect matching. However, to our knowledge there exists no method
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to remove growing modes which is always applicable. Thus the theoretical question
of the existence of a stable PML for general hyperbolic systems remains open.

The existence of growing solutions in split-field PML models has been studied
in detail by Bécache, Fauqueux and Joly in [2]. They derive a necessary condition
for the stability of such models for strongly hyperbolic systems which is interpreted
in terms of the dispersion relation and the group velocity of the system. The
fact that the group velocity condition is not sufficient is illustrated by numerical
simulations of a split-field model for orthotropic elastic waves. It is somewhat
surprising that the group velocity condition is only necessary and it may indicate
that a simple necessary and sufficient condition will be difficult to obtain using
the standard mathematical tools (Fourier and Laplace transforms). In this paper
we focus on understanding the properties of another PML model for hyperbolic
systems suggested in [9]. It is based on modification of the modal solutions of the
original system such that solutions inside the layer are damped exponentially as they
propagate. The analysis of modal solutions is important in the development and
study of well-posedness of initial-boundary value problems for hyperbolic systems;
see. e.g [13], [10]. Therefore we expect the analysis of PMLs constructed using the
modal solution approach to be easier than for those constructed with the split-field
approach. Another advantage, which allows the construction of a stable layer in
more complex situations, is that the new model contains more free parameters.

In this paper we will analyze the PML from [9] for a general 2 × 2 symmet-
ric hyperbolic system in 2 + 1 dimensions. We note that many larger hyperbolic
systems, such as the isotropic and anisotropic Maxwell equations, Euler’s equation
linearized around a uniform flow, the linearized shallow water equation, and the
wave equation, can be characterized as a combination of the waves present in the
model problem. The theory developed here can thus be applied to these equations
to design stable PMLs.

As the proposed PML is matched by construction (see [8]), the main issue is
how to choose parameters so that the solution is damped in the layer. Here we
will show how the eigenvalues, obtained from the modal solution, can be used to
determine the parameters. In the spirit of [2], we will relate the parameter choices
to geometric conditions on the the slowness curve. The proofs of the exponential
decay of the solution are somewhat lengthy and will be presented elsewhere.

2. The Model Problem and the PML

We consider the construction of a PML for the symmetric hyperbolic system

ut =
(
a11 a12

a12 a22

)
︸ ︷︷ ︸

A

ux +
(
b11 b12
b12 b22

)
︸ ︷︷ ︸

B

uy.(1)

Here A and B are real matrices and we can choose a12 = 0 without loss of generality.
Performing a Laplace transform in time and a Fourier transform in y we obtain the
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modal solutions of (1)

û = eλxφ̂, (−sI + λA+ ikyB) φ̂ = 0.

The PML is constructed by modifying the solutions in the layer so that �λ �= 0 for
all but finitely many �s ≥ 0. If the eigenfunctions, φ̂, remain unchanged the layer
will be perfectly matched.

Directly, the layer in the strip (x, y) ∈ (0, L) × (y0, y1), is constructed from the
formal modal solution

û = e
λx+

“
(λ−γ1+γ0α0)

s+α1+α0
−γ0

” R
x
0 σ(z)dz

φ̂(s, iky),

where λ and φ̂ are the eigensolutions in the physical domain. It is straightforward
to show that the modal solution corresponds to the system

ut = A(ux + σ(γ̄0u+ w)) +Buy,

wt + (σ + ᾱ1 + ᾱ0)w + ux + γ̄0(σ + ᾱ0)u− γ̄1u = 0,
(2)

where we have introduced the auxiliary variable w. In this paper γ̄1 will be a
differential operator of the form gy∂y, where gy is a real scalar parameter. Similarly
ᾱ1 will be of the form ay∂y. Here γ̄0 and ᾱ0 will be taken as a real scalars. Note
that the layer will be perfectly matched for all (γ̄1, γ̄0, ᾱ1, ᾱ0) so the main issue is
to choose them so that the layer is damping.
Remark 1. The parameter ᾱ0 is sometimes referred to as the complex frequency
shift. It was introduced in the context of split-field PMLs for Maxwell’s equations
in order to prevent linear growth. Within the model (2) we will show that it can
also be used to remove exponential growth in corners.
Remark 2. The model (2) can be formulated with even more parameters but here
we omit them for the sake of clarity. For the most general formulation we refer to
[8] where a proof of the matching property can also be found.

3. A Stable PML for the 2D Transport Equation

We first consider the case when a12 = b12 = 0, a11 �= 0, a22 �= 0, i.e. we have two
decoupled transport equations. Starting with the construction of a PML for the
first component of u = (u1, u2)

u1
t = a11u

1
x + b11u

1
y,(3)

we note that

λ =
s− ib11ky

a11
.

To ensure damping in the propagation direction, the real part of the additional
exponent in the layer should have the same sign as a11. This can be accomplished
by choosing α1 = α0 = 0, γ1 = −i kyb11/a11. Thus the modal solution in the layer
becomes

û1 = φ̂1(s, iky)eλx+( 1
a11

−γ0)
R x
0 σ(z)dz .(4)
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Inverting the transforms we obtain the solution in the layer

u(x, y, t) = φ1(t+ x/a11, y − x b11/a11) e
( 1

a11
−γ0)

R
x
0 σ(z)dz ,

which is clearly perfectly matched and exponentially decaying, both for left and
rightgoing modes, so long as:

1 − a11γ0 > 0.(5)

This is easily ensured, and we can obviously take γ0 = 0. Note that one could also
achieve damping in this case by only adding a γ0 term of the appropriate sign.

For the second equation the analysis is the same but we choose γ1 = −i kyb22/a22.
Written out and assuming γ0 = 0 the system in the layer becomes

ut = A(ux + σw) + Buy,

wt + σw + ux − Γ̄1u = 0,

Γ̄1 = diag([−b11/a11∂y,−b22/a22∂y]).

We note that a direct stability analysis in the time domain involves the compu-
tation of s from λ = ikx and iky. This leads to the quadratic equation:

s(s+ σ(1 − a11γ0) − ia11kx − ib11ky) = 0

whose roots have nonnegative real part if (5) is satisfied.

3.1. PML for the 2D Transport Equation in a Corner

Following the analysis above we get (for the first component) the following layer in
a corner,

u1
t = a11(u1

x + σxwx) + b11(u1
y + σywy),

wx
t + (ᾱx

0 + σx)wx + u1
x +

b11
a11

u1
y = 0,

wy
t + (ᾱy

0 + σy)wy +
a11

b11
u1

x + u1
y = 0.

Here we have added the parameter ᾱ0 in order to stabilize the corner layer. By the
techniques described in [8] it can be shown that the corner layer will be stable if
we choose ᾱx

0 = νxσx and ᾱy
0 = νyσy and require that νxνy ≥ 1.

4. The General Case

Now we consider the case when a12 = 0, b12 �= 0, a11 �= 0, a22 �= 0. Solving the
equation det(−sI + λA+ ikyB) = 0 for λ we obtain

λ =
s(a11 + a22) − iky(a11b22 + b11a22)

2a11a22
(6)

±
√((

(a11 − a22)
2a11a22

)
s−

(
a11b22 − b11a22

2a11a22

)
iky

)2

− b212
a11a22

k2
y.



STABLE PML FOR A GENERAL HYPERBOLIC SYSTEM 5

We consider two distinct cases: waves moving in each direction and waves all
moving in the same direction. We note that the goal in each instance is to ensure
that waves are damped in the direction of propagation as determined by the group
velocity. By considering �s > 0, s sufficiently large, we note that the number of
waves propagating in each direction is determined by the signs of the numbers a11

and a22.

4.1. Waves Moving Both Ways

Without loss of generality we assume a11 > 0 and a22 < 0. Since we know that for
�s > 0 there is one eigenvalue with positive real part and one with negative real
part these must correspond to the signs of the real parts of the terms including the
radicals in (6). Noting that a11a22 < 0 we can define s̃, �s̃ > 0 such that:

λ = −µs̃− νiky ±
√
s̃2 +

b212
|a11a22|k

2
y.(7)

Precisely:

s̃ =
(a22 − a11)

2a11a22
s+

(a11b22 − b11a22)
2a11a22

iky,

µ =
a11 + a22

a11 − a22
, ν =

b11 − b22
a11 − a22

.

We now recall the basic fact used in the construction of stable PMLs for Maxwell’s
equations:

�
⎛
⎝
√
s̃2 + b212

|a11a22|k
2
y

s̃+ α̃0

⎞
⎠ > 0,

when �s̃ ≥ 0, s̃ �= ±i |b12|√
|a11a22|

ky. Thus a term of the form:

exp
(
λ+ µs̃+ νiky

s̃+ α̃0

∫ x

0

σ(z)dz
)
,

will damp waves in the direction of propagation.
In terms of the layer parameters, after scaling the denominator so that it has

the form s+ α0 (note that the scaling can be absorbed into σ) we have:

γ1 =
b22 − b11
a11 − a22

iky, γ0 = −a11 + a22

2|a11a22| ,(8)

α1 =
b11a22 − b22a11

a11 − a22
iky, α0 ≥ 0.(9)

Using the energy techniques in [8] we can prove the following lemma.
Lemma 4.1. If a11 > 0 and a22 < 0 then the PML (2) is stable with the choices
of parameters (8)-(9).
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4.2. Waves Moving One Way

Now the parameters a11 and a22 have the same sign, which corresponds to a single
direction of propagation. Then the sign of the damping term is the same for each
mode and it is sufficient to have γ0 nonzero with the opposite sign as the ajj . If
instead we try to directly mimic the construction from the previous case we run
into difficulties. For simplicity consider the case of a11 > a22 > 0, b11 = b22, so that
ν = 0, and redefine s̃ by −s̃ so that we are still considering �s̃ > 0. Then instead
of (7) we have:

λ = µs̃±
√
s̃2 − b212

|a11a22|k
2
y.(10)

Now if we consider a term of the usual form (in s̃), suppose both s̃ and ky are large
with s̃ imaginary, and set:

s̃ = ikyτ,

the damping exponent approximately becomes:

µτ ±√
τ2 + 1 − γ1

τ + α1
− γ0.(11)

There is, in fact, no way to choose γ1 and α1 so that this is positive; near τ = −α1

the denominator changes sign while the numerator cannot change sign for both
signs of the radical term.

Thus we conclude that in the second case we can achieve damping only by adding
on a lower order term, γ0, of the appropriate sign, except in the case b12 = 0
considered earlier.

5. Geometric Interpretation of the Layer Parameters

Inspired by the analysis in [2] we now give a geometric interpretation of the layer
parameters in terms of the slowness curve. The slowness curve is obtained by
considering wave like solutions

u = ei(kxx+kyy−ωt),

to the system (1). The dispersion relation is then given by F (ω, k) ≡ det(iωI +
ikxA+ ikyB) = 0. Since F (ω, k) is homogeneous of degree one we have that

F (1,
k

ω
) ≡ 1 + (a11b22 + b11a22)(

ky

ω
)(
kx

ω
) + a11a22(

kx

ω
)2(12)

+(b11b22 − b212)(
ky

ω
)2 + (a22 + a11)(

kx

ω
) + (b22 + b11)(

ky

ω
) = 0.

The slowness curve is defined as the set of points in the plane of slowness vectors
S ≡ (Sx, Sy) = (kx/ω, ky/ω) satisfying (12). In Figure 1 some typical configurations
of the slowness curve are plotted. It can be shown (see e.g. [2]) that the group
velocity Vg = (∂kxω, ∂kyω) is orthogonal to the slowness curve. The necessary
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SxSx SxSx

SySy SySy Vg

Vg

S
S

a11 < 0 a11a22 < 0
b212 > b11b22

a11a22 < 0
b212 < b11b22

a11 > 0
a22 > 0

Figure 1. Examples of slowness curves for the system (1).

condition for stability for a split-field PML model is that Sx and ∂kxω have the
same sign for all Sx on the slowness curve. None of the the slowness curves in
Figure 1 satisfy the condition.

The standard construction of split-field PMLs omits the parameters γ1, γ0 and
α1. In this section we will take the point of view that their presence is equivalent
to a coordinate transformation in the layer which symmetrizes the slowness curve
with respect to the coordinate axes. Precisely, the transformed dual variables are
given by inverting:

ω = ω′ + ayk′y,

kx = k′x + gyk′y − γ̄0ω
′

ky = k′y,

which is easily seen to follow from a linear (x, t)-dependent coordinate transforma-
tion. (Similar transformations have been used in the context of PMLs previously.
For example see [1], [12], and [7].)

5.1. The Transport Equation

The slowness curve for the two dimensional transport equation (3) is the straight
line described by 1 + a11Sx + b11Sy = 0. To satisfy the group velocity criterion we
need to make the line parallel to the S

′
y-axis. With the parameters chosen in Section

3, the slowness curve in the transformed system is given by 1 − a11γ̄0 + a11S
′
x = 0

which is as required. Moreover, by (5) the line lies on the correct side of the S′
y-axis.

5.2. The General Case b12 �= 0

Now the slowness curve in the transformed variables satisfies the equation:(
1 − (a11 + a22)2

4a11a22

)
+ a11a22S

′2
x − b212S

′2
y = 0.(13)

In the case of waves moving both ways, that is when a11a22 < 0, the slowness curve
is an ellipse whose major and minor axes are aligned with the S′

x- and S′
y-axes, and

the group velocity criterion is satisfied. Note that this is true for both the second
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and third examples in Figure 1; in the third case the hyperbola is transformed into
an ellipse. On the other hand, for waves moving one way, which corresponds to the
fourth example in Figure 1, the transformed slowness curve is also a hyperbola. Here
it is not the group velocity criterion that fails but the fact that the transformation
destroys the hyperbolicity of the system with respect to the new time variable.
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[8] T. Hagstrom, D. Appelö and G. Kreiss, Perfectly matched layers for hyperbolic systems:

general formulation and energy estimates, in preparation.
[9] T. Hagstrom, Perfectly matched layers for hyperbolic systems with applications to the lin-

earized Euler equations, in Mathematical and Numerical Aspects of Wave Propagation, In
E. Heikkola, P. Neittaanmki, G.C. Cohen, P. Joly, eds., Mathematical and Numerical Aspects
of Wave Propagation, pp. 125-129. Springer Verlag, 2003.

[10] R. L. Higdon, Initial-boundary value problems for linear hyperbolic systems, SIAM Review
28 No. 2 (1986), pp. 177-217.

[11] F. Q. Hu, On absorbing boundary conditions for linearized Euler equations by a perfectly
matched layer, J. Comput. Phys., 129 (1996) pp. 201-209.

[12] F. Q. Hu, A stable, perfectly matched layer for linearized Euler equations in unsplit physical
variables, J. Comput. Phys., 173 (2001) pp. 455-480.

[13] H.-O. Kreiss, Initial-boundary value problems for hyperbolic systems, Comm. Pure Appl.
Math, 23 (1970), pp. 277-298

Department of Numerical Analysis and Computer Science

Royal Institute of Technology, Stockholm, S-100 44, Sweden.

E-mail address: appelo@nada.kth.se

Department of Mathematics and Statistics

The University of New Mexico, Albuquerque, NM 87131, USA.

E-mail address: hagstrom@math.unm.edu
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A New Absorbing Layer for Elastic Waves

Abstract

A new perfectly matched layer (PML) for the simulation of elastic waves in an
anisotropic media on an unbounded domain is constructed. Theoretical and numer-
ical results, showing that the stability properties of the present layer are better than
previously suggested layers, are presented. In addition, the layer can be formulated
with fewer auxiliary variables than the split-field PML.
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1 Introduction

The perfectly matched layer (PML) model was introduced by Berenger [1]
in the context of computational electro-magnetics. Berenger introduced the
additional degrees of freedom needed for the perfect matching by splitting
one of the physical fields, and his model is therefore often referred to as the
split-field model.

In [2] Collino and Tsogka showed how to construct a PML model by the
split-field approach for a general hyperbolic system. They applied their the-
ory to the equations of linear elasticity in an anisotropic media. The perfect
matching property follows directly from the construction. However, there is
no guarantee that the solution in the layer is damped with time. In fact, there
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gunillak@nada.kth.se (Gunilla Kreiss).
URLs: www.nada.kth.se/~appelo (Daniel Appelö),
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are many examples of split-field PML models supporting growing solutions,
see e.g [3–5]. The original PML model for Maxwell’s equations, suggested by
Berenger, supports linearly growing modes [6]. Several methods have been de-
vised to remove growing modes e.g. filtering, [4,5], introduction of a complex
frequency shift, [7], and addition of stabilizing parameters (with loss of the
perfect matching), [8,9].

Stability of the split-field PML model has been studied in numerous works, see
e.g. [10–12,3,6,7]. One particularly interesting approach is that of Bécache et
al. [3], who use plane wave analysis to establish necessary conditions for weak
stability of the general split-field model. This condition is violated in the cases
where exponential growth is observed, [3–5]. The fact that the condition is only
necessary is illustrated by numerical experiments where exponentially growing
solutions are observed. By a detailed study of the dispersion relation, Bécache
et al. establish a set of conditions, on the coefficients of elasticity, which are
necessary and sufficient for weak stability. The results of Bécache et al. explain
the observed exponential growth when the split-field PML is used for some
orthotropic media, but they do not give suggestions on how it can be removed.

In this paper we consider PML models for the equations of linear elasticity in
an anisotropic media. There exist many PML models for the simulations of
elastic waves in both isotropic and anisotropic material, e.g. [2,13–15], which
are of the split-field type. In many layers growing modes are observed. We
derive a new PML model using a method suggested by Hagstrom [16]. The
method is based on modification of the modal solutions of a symmetric or
strongly hyperbolic system, such that the solution inside the layer is damped
exponentially in space. We will call it the modal PML.

The rest of this paper is organized as follows. In Section 2 definitions for
well-posedness and stability are stated.

In Section 3 we introduce the equations of linear elastodynamics in anisotropic
heterogeneous media. We introduce the dispersion relation and describe how
plane waves and slowness curves can be used to describe wave propagation
in different media. Here we also present the materials that will be considered
throughout the paper. These materials are the same as in [3].

In Section 4 we introduce the split-field PML model suggested by Collino
and Tsogka [2]. We also review some of the stability results from [3] for the
split-field PML and discuss their choice of materials.

In Section 5 we introduce a general formulation of the modal PML including
several free parameters. We briefly describe the geometrical interpretation of
the parameters in the model. We conclude that only one additional parame-
ter can be used for the equations of linear elasticity. The resulting model is
analyzed by the perturbation techniques introduced in [3]. We present new

2



theoretical results showing that our PML model has better stability proper-
ties than previous split-field models. Also, the model is formulated with fewer
variables than previous models. We conclude Section 5 with a discussion of
the well-posedness of the new layer model. We show that the model is weakly
well-posed.

In Section 6 we present numerical experiments, showing the efficiency of the
modal PML for the simulation of elastic waves on unbounded domains. We
also present simulations illustrating the improved stability properties.

In Section 7 we summarize and conclude.

2 Preliminaries

In this paper stability and well-posedness of perfectly matched layers used
for simulation of elastic waves on unbounded domains will be discussed. We
start by defining what we mean by stability and well-posedness (see [17] for a
complete discussion on well-posedness).

Consider the Cauchy problem for systems

∂u

∂t
= P (

∂

∂x
)u, x ∈ R

n, t ≥ 0,

u(x, 0) = u0(x), x ∈ R
n,

(1)

with initial data in L2.

Definition 1 (Well-posedness). The Cauchy problem (1) is

(i) well-posed: if the solutions satisfy ‖u(·, t)‖L2 ≤ Keκt‖u(·, 0)‖L2;
(ii) weakly well-posed: if the solutions satisfy ‖u(·, t)‖L2 ≤ Keκt‖u(·, 0)‖Hs

for some positive integer s but not for s = 0.

A necessary and sufficient condition for weak well-posedness is that all eigen-
values λj of the symbol P (ik) satisfy

�{λj(P (ik))} ≤ κ, (2)

κ independent of k.

Definition 2 (Stability). We say that the Cauchy problem (1) is

(i) strongly stable: if the solutions satisfy an estimate
‖v(·, t)‖L2 ≤ K‖v0(·)‖L2;
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(ii) weakly stable: if the solutions satisfy an estimate
‖v(·, t)‖L2 ≤ K(1 + t)s‖v0(·)‖Hs, where s > 0.

A sufficient condition for weak stability is

�{λ(P (ik))} ≤ 0. (3)

If, in addition to (2), P (ik) can be diagonalized by S(ik) with |S(ik)| and
|S−1(ik)| uniformly bounded, then the problem is well-posed.

3 Elastic Waves

The equations of motion in a continuum can be written, with Einstein’s con-
vention of summation,

ρ
∂2ui

∂t2
=
∂σij

∂xj
, (4)

if body forces are neglected. We work in two dimensions and therefore the
indices i, j assume the values {1, 2}. Here ρ is the density, u1 and u2 are the
displacements and σij is the stress tensor, which is related to the tensor of
deformation

εij =
1

2

(
∂ui

∂xj
+
∂uj

∂xi

)
,

by Hooke’s law

σij = cijklεkl, (5)

where cijkl is the tensor of elastic constants. Using the symmetry of the tensors
σij , εkl and cijkl and the scheme

(11) ↔ (1), (22) ↔ (2), (12) ↔ (21) ↔ (3),

which replaces two indices by one and four indices by two, we can write (5)

σn = cnmεm, n,m = 1, 2, 3,

where cmn = cnm.

For the construction of a PML it is convenient to reformulate the second order
formulation (4) as a first order system

∂v

∂t
− A1

∂v

∂x1
− A2

∂v

∂x2
= 0. (6)
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Mat. c11 c22 c33 c12

I 4 20 2 3.8

II 20 20 2 3.8

III 4 20 2 7.5

VI 10 20 6 2.5

V 30 6 1.5 9.9
Table 1
Elasticity coefficients of the orthotropic materials.

By introducing the velocity fields v1 = ∂tu1, v2 = ∂tu2 and denoting v3 =
σ1, v4 = σ2, v5 = σ3, (4) can be reformulated as a first order system (the
velocity-stress formulation) with

A1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 ρ−1 0 0

0 0 0 0 ρ−1

c11 c13 0 0 0

c12 c23 0 0 0

c13 c33 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, A2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 ρ−1

0 0 0 ρ−1 0

c13 c12 0 0 0

c23 c22 0 0 0

c33 c23 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (7)

For the reminder of this paper we will consider an orthotropic media with
principal axis coinciding with the x1 and x2 axis. For such a media we have
that c13 = c23 = 0. For simplicity we will also take ρ to be 1.

In this paper we consider the same orthotropic materials as in [3]. These ma-
terials where chosen to illustrate three different types of instabilities occurring
when the split field PML for anisotropic elasticity is used. The materials are
defined by the values of the coefficients of elasticity, see Table 1.

3.1 Plane Waves and Slowness Curves

To analyze the wave propagation properties of (6) it is useful to consider the
particular solution

v(x, t) = V e i(ωt−k·x), (8)

where k ∈ R
2 is the wave vector, ω ∈ R is the (circular) frequency and V

is the amplitude. By inserting the solution (8) into (6) we get a solvability

5



condition, usually referred to as the dispersion relation

F (ω, k) ≡ det(ωI + k1A1 + k2A2) = 0. (9)

The solutions ω(k) are the eigenvalues of the matrix −(k1A1 + k2A2), i.e.
iωj = λj(P (ik)).

For waves in an orthotropic media (with ρ = 1), (9) is

F̃o(ω, k) ≡ ω
[
ω4 − ((c33 + c11)k

2
1 + (c33 + c22)k

2
2)ω

2

+(c11c22 − c212 − 2c12c33)k
2
1k

2
2 + c11c33k

4
1 + c22c33k

4
2

]
= 0.

(10)

It should be noted that the eigenvalue w(k) = 0 is introduced when (4) is
rewritten as a first order system (6). This eigenvalue corresponds to a non-
propagating mode. We also define

Fo(ω, k) ≡ F̃o(ω, k)/ω = 0, (11)

which is the dispersion relation of the second order formulation (4). As in
[3], we will refer to the solutions of (11) as physical modes and to the zero
eigenvalue as a non-physical mode. Other useful quantities are the unit wave
vector, K, the phase velocity, Vp and the slowness vector S = (S1, S2), defined
by

K =
k

|k| , Vp =
ω

|k| , S =
k

ω
. (12)

Being homogeneous in ω and k, (11) can be rewritten as

Fo(1, S) = 0. (13)

The wave propagation properties of a certain media can be understood by
drawing the slowness curve, defined by the points in the S plane satisfying
(13). The slowness curve for the orthotropic media considered here (see Figure
1) will consist of two branches corresponding to the quasi-longitudinal and
quasi-shear waves, see [18]. Each branch is related to two roots ±ω(k) of (11).

For each of these branches, the group velocity, Vg, is defined by

Vg(k) = ∇kω(k). (14)

If we also assume that c33 
= c11 and c33 
= c22, the two branches will not
intersect and then the group velocity can be be expressed as

Vg(k) = ∇kω(k) = −
(
∂Fo(ω(k), k)

∂ω

)−1

∇kFo(ω(k), k), (15)
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Fig. 1. Slowness curves for different materials.

i.e. the group velocity is normal to the slowness curve. For a detailed discussion
of the physical interpretation of slowness curves, group velocity and energy
transport in solids see [18].

4 The Split-Field PML Model

The split-field PML model was formulated by Berenger, [1], for Maxwell’s
equations. In this section we will describe the construction, introduced in [2],
of a split field PML model for a general hyperbolic system.

Assume that we want to construct a PML model in a layer parallel to the
x2-axis, in order to truncate a domain where we solve the system (6). The
construction starts from the frequency domain formulation of (6) where the
field v has been split into v = v1 + v2

iωv1 −A1
∂(v1 + v2)

∂x1
= 0,

iωv2 −A2
∂(v1 + v2)

∂x2

= 0.

To damp the field v without causing reflections, an anisotropic damping, af-
fecting only the v1 component, is introduced

iωv1 + d(x1)v
1 − A1

∂(v1 + v2)

∂x1
= 0,

iωv2 −A2
∂(v1 + v2)

∂x2
= 0.
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Finally the model is transformed back to the time domain

∂v1

∂t
+ d(x1)v

1 − A1
∂(v1 + v2)

∂x1
= 0,

∂v2

∂t
− A2

∂(v1 + v2)

∂x2

= 0.

(16)

4.1 Stability of the Split-Field PML for Orthotropic Waves

In [3] the stability of the split field PML was studied in detail. Here we list
some of the results from [3], which are relevant to the discussion of our PML
in the next section.

In the reminder of this section we will consider a split-field PML parallel to
the x2 axis (see equation (16)) for the simulation of orthotropic waves. We
will also assume d to be constant and positive.

Theorem 3 (Bécache et al. [3], Theorem 2). Assume that the m×m system,

ut = A1ux1 + A2ux2, (17)

is strongly hyperbolic, and that the corresponding symbol has Ne non-zero and
simple eigenvalues, and one zero eigenvalue of order l0 = m−Ne. A necessary
condition for weak stability of the split-field PML model (16) is that, for all
physical modes of (17)

∀K = (K1, K2) such that |K| = 1, S1(K)Vg1(K) ≥ 0. (18)

One can show that the condition (18) is also sufficient for stability, of the
physical modes, at all sufficiently large frequencies, i.e. when ε = d/|k| is
small enough.

The geometric interpretation of Theorem 3 is that the first component of the
slowness vector and the first component of the group velocity should point
in the same direction, see Figure 2. From the shape of the slowness curves in
Figure 1, it is easy to see that all materials except material III satisfy this
high frequency stability criterion.

The fact that the condition (18) is not sufficient for stability of the split-field
PML for certain materials has been illustrated by numerical experiments in
[3]. In particular, when using the split-field PML for simulations in materials
IV and V exponential growth in time was observed. The growth in time is
slow compared to the instabilities observed when the high frequency stability

8
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Fig. 2. Stable and unstable portions of the slowness curve.

condition is violated. Since they appear only after long time, they where not
observed in [2].

By a detailed analysis of the dispersion relation for an orthotropic media,
Bécache et al. obtained necessary and sufficient conditions on the coefficients
of elasticity. These conditions guarantee the stability of the split-field PML
model. They are (Lemma 4, Lemma 5 and Theorem 5 in [3])

(c12 + 2c33)
2 ≤ c11c22,

(c12 + c33) ≤ c11c22 + c233,
(19)

and either of the conditions

(c12 + c33)
2 ≤ (c11 − c33)(c22 − c33), (20)

(c11 + c33)(c12 + c33)
2 ≥ (c11 − c22)(c11c22 − c233). (21)

These conditions explain the observed instabilities for material IV and V. Ma-
terial IV violates condition (19) and supports growing non-physical modes for
high frequencies. Material V violates conditions (20-21) and supports growing
physical modes at intermediate frequencies.

5 The Modal PML

We now consider the PML model for hyperbolic systems suggested by Hagstrom
[16]. The model is obtained by modifying the modal solutions of the original
system, so that the solution inside the layer is damped exponentially in space.

Again, consider the construction of a damping layer parallel with the x2 axis
starting at x1 = 0. For the construction of the modal PML, the first step is to
state the modal solutions of (6) by performing Laplace transform in time and
Fourier transform in the x2 direction. The modal solution is

v̂ = eλx1ψ̂(s, ik2), (−sI + λA1 + ik2A2) ψ̂(s, ik2) = 0. (22)
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Inside the layer, the governing equations are constructed by the following
ansatz for the modal solution

v̂L = e
λx1+

(
(λ−γ1)

s+α1+α0
−γ0

)∫ x1
0

d(z)dz
ψ̂(s, ik2). (23)

The anzats can, in principle, be formulated with arbitrary many parameters
but for most hyperbolic systems the parameters α0, α1, γ0, γ1 will be sufficient.
The damping function d is positive and smooth, taking the value zero at the
interface x1 = 0.

The governing equations inside the layer can be derived by taking the deriva-
tive with respect to x1 of (23)

∂

∂x1

v̂L =

(
λ+

(
(λ− γ1)

s+ α1 + α0

− γ0

)
d

)
v̂L.

This equality can be reformulated as

λv̂L =

⎛
⎝ ∂

∂x1
+ dγ0 −

d( ∂
∂x1

+ dγ0 − γ1)

s+ α1 + α0 + d

⎞
⎠ v̂L.

Now introduce the auxiliary variable ŵ defined by

−( ∂
∂x1

+ dγ0 − γ1)

s+ α1 + α0 + d
v̂L = ŵ.

Insert λ in (22) and drop the subscript L

sv̂ = A1(
∂v̂

∂x1
+ d(γ0v̂ + ŵ)) + ik2A2v̂,

(s+ d+ α1 + α0)ŵ +
∂v̂

∂x1
+ (dγ0 − γ1)v̂ = 0,

inverting the transforms, the equations in the layer are finally obtained

∂v

∂t
= A1(

∂v

∂x1
+ d(γ0v + w)) + A2

∂v

∂x2
,

∂w

∂t
+ (d+ ᾱ1 + α0)w +

∂v

∂x1

+ dγ0v − γ̄1v = 0.
(24)

Here γ̄1 can be taken to be a differential operator on the form g∂x2, where g is
a real scalar, ᾱ1 will also be on the form a∂x2 and γ0 and α0 are real scalars.
Note that the layer will be perfectly matched for all (γ̄1, γ0, ᾱ1, α0) so the main
issue is to choose them so that the layer is damping.
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5.1 Application of the Modal PML to Orthotropic Waves

In [19] an analysis of the model (24) applied to the system defined by

A1 =

⎡
⎢⎣ a11 a12

a12 a22

⎤
⎥⎦ , A2 =

⎡
⎢⎣ b11 b12
b12 b22

⎤
⎥⎦ , (25)

was presented. For this particular system, a necessary and sufficient condition
for stability of the modal PML is that the slowness curves of the system (6)
+ (25) satisfies the condition (18) in the transformed coordinate system

S
′
1 =

k1

ω + α0 + ak2

− g
k2

ω + α0 + ak2

− γ0, S
′
2 =

k2

ω + α0 + ak2

. (26)

For a general system (6) this condition is only necessary.

The geometrical interpretation of the different parameters is that if g is non-
zero, the slowness curve will be rotated around origin in the transformed
system. The parameter γ0 corresponds to displacement of the slowness curve
in the S

′
1 direction. The parameter α0 does not have an immediate geometrical

interpretation but as we soon will see it can add extra stability to the PML.

Similar coordinate transforms have been used to construct stable PML models
for the linearized Euler equations [9,20,21] and the shallow water equations
[8]. However, in those works the authors explicitly perform a coordinate trans-
formation of the system at hand, then derive the PML equations, and finally
transform them back to the original coordinate system. With the modal PML
we always work with the original variables and the transformed coordinate
system is just a tool for determining the parameters in the model.

For material III there is no choice of parameter values for which the slowness
curve in the transformed system (26) satisfies the condition (18). For materials
I, II, IV and V the condition (18) is satisfied if and only if γ0 = g = a = 0.

If we make that choice and apply the modal PML to the equations involving x1

derivatives (propagating modes) the resulting equations of the PML become

∂v

∂t
= A1

(
∂v

∂x1
+ d(x1)E1w1

)
+ A2

∂v

∂x2
,

∂w1

∂t
+ ET

1

∂v

∂x1
+ d(x1)w1 + α0w1 = 0.

(27)

Here E1w1 = [w1,1, w1,2, w1,3, 0, w1,4]
T (w1,i is the i th component of the vector

w1), E
T
1 vx1 = [v1, v2, v3, v5]

T
x1

and α0 is a small positive number. With this
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formulation we only have 4 auxiliary variables. Hence the system (27) contains
only 9 equations.

We note that the above choices of γ0, g and a are necessary whenever the slow-
ness curve(s) are centered around the origin. Examples of equations with this
property are Euler’s equations linearized at a quiescent state and Maxwell’s
equations, see [22]. Also the first order formulation of the (dispersive) wave
equation in 2 or 3 dimensions and the shallow water equations linearized at a
quiescent state with or without Coriolis forces have this property.

Including also the PML parallel to the x1 axis, we get the full formulation

∂v

∂t
= A1

(
∂v

∂x1
+ d1(x1)E1w1

)
+ A2

(
∂v

∂x2
+ d2(x2)E2w2

)
,

∂w1

∂t
+ ET

1

∂v

∂x1

+ d1(x1)w1 + α01w1 = 0,

∂w2

∂t
+ ET

2

∂v

∂x2

+ d2(x2)w2 + α02w2 = 0.

(28)

Here the matrix E1 is defined as above, E2w2 = [w2,1, w2,2, 0, w2,3, w2,4]
T and

ET
1 vx2 = [v1, v2, v4, v5]

T
x2

.

5.2 Stability of the Modal PML for Orthotropic Waves

In this section we will see that the stability properties of the model (27) can
always be made as good as for the split-field PML. For non-physical modes the
stability at high frequencies will be better. The improved stability is due to the
parameter α0 which, in the context of computational electro magnetics, often is
referred to as the complex frequency shift. It was first considered in [23] where
it was introduced to make the PML model satisfy causality conditions imposed
by the Kramers-Kronig relations. It has also been shown that it removes the
late time growth in PML formulations for Maxwell’s equations [7].

In the reminder of this section we will assume that the physical eigenvalues of
the second order formulation are simple and non-zero. As in [3] we consider d
constant, and use the plane wave ansatz to obtain the dispersion relation of
(27),

F̃m(ω, k1, k2, d, α0) ≡ (29)

ωFo(ω(ω − id− iα0), k1(ω − iα0), k2(ω − id− iα0)) = 0.

Here, Fo is defined by (11). Comparing (29) with the dispersion relation of
the split-field PML model (see, [3]) we see that the dispersion relations are

12



identical when α0 = 0. We thus have

Corollary 4. Under the assumptions of Theorem 3, a necessary condition for
stability of the PML model (27), with α0 = 0, is that all physical modes of
(11) satisfy the condition on the orientation of the slowness curve (18).

Having established a formal equivalence of the two PML models when α0 = 0,
we turn to the case α0 > 0. The mode ω = 0 will not cause instability and it
is sufficient to consider

Fm(ω, k1, k2, d, α0) ≡
Fo(ω(ω − id− iα0), k1(ω − iα0), k2(ω − id − iα0)) = 0. (30)

Introducing

ε =
d

|k| , δ =
α0

|k| , Vp =
ω

|k| , (31)

we can rewrite (30) as

Fo(Vp(Vp − iε− iδ), K1(Vp − iδ), K2(Vp − iε− iδ)) = 0, (32)

When ε = δ = 0, by homogeneity, (32) reduces to

V4
pFo(Vp, K1, K2) = 0.

The 4 zero modes will be referred to as non-physical modes and the other will
be referred to as physical modes. The stability of the physical modes can be
analyzed by a perturbation analysis for small ε. By assumption, the physical
modes are simple and will therefore have a well defined phase velocity which
can be expanded as

Vδ
p(K, ε) =

ωo(K)

|k| + ξδ(K)ε+ O(ε2).

Here Vδ
p(K, ε) is a root of (32) and ωo(K) is a root of (11). Correspondingly

ωδ(k, d) = |k| Vp(
k

|k| ,
d

|k|),

is a root of (30).

Let ωI = �ωδ(k, d). A necessary condition for weakly stability is ωI ≥ 0. Since
(6) is a hyperbolic system �ωo(K) = 0. Thus, at high frequencies, the sign of
ωI will be determined by the sign of � ξ(K).
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Now we expand (32) around ε = 0 and arrive at

0 = Fo(ωo(K), K1, K2) + ε ξδ(K)
∂Fo(ωo(K), K1, K2)

∂ω
+

i ε
K1

ωo(K) − iδ

∂Fo(ωo(K), K1, K2)

∂k1
+ O(ε2).

Neglecting the higher order terms we have

�
{
ξδ(K)

}
=

�
⎧⎨
⎩−i

(
∂Fo(ωo(K), K1, K2)

∂ω

)−1 (
K1

ωo(K) − iδ

∂Fo(ωo(K), K1, K2)

∂k1

)⎫⎬
⎭ .

We can identify the group velocity

Vg(K) = −
(
∂Fo(ωo(K), K1, K2)

∂ω

)−1

∇kFo(ωo(K), K1, K2),

and express ξ(K) in terms of the first component of the slowness vector

S(K) =
K

ωo(K)
,

and the first component of the group velocity Vg1(K),

ξ(K) = iS1(K)Vg1(K).

We have

�
{
ξδ(K)

}
=

ωo(K)2

ωo(K)2 + δ2
S1(K)Vg1(K). (33)

Thus the sign of �{ξδ(K)} will not change when α0 > 0. This proves the
following lemma.

Lemma 5. Under the assumptions of theorem 3, a necessary condition for
stability of the PML model (27), with α0 > 0, is that all physical modes of
(11) satisfy the condition on the orientation of the slowness curve (18). The
condition is sufficient for stability of all physical modes with sufficiently high
frequencies.

The fact that the high frequency stability is not changed by α0 implies that if
we are able to choose α0 so that the weak instabilities associated with material
IV and V are removed, the model will be stable. Also, it again shows that the
complex frequency shift cannot be used to remove the strong instabilities when
materials of type III are considered.
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Remark 6. The sign of �{ξδ(K)} could potentially be changed by adding
a free parameter iα3k1 in the modal solution (23). Such a parameter would
enter into the layer equation as a derivative in the normal direction of the
auxiliary variable. The matching properties and stability of such a model are
under investigation.

If condition (19) is violated there will be high frequent non-physical modes
that are unstable. For such cases α0 will provide additional stability.

Lemma 7. For sufficiently small damping d the parameter α0 will stabilize
the non-physical modes at high frequencies.

Proof. For a fixed α0 and d = 0 the dispersion relation (30), by homogeneity,
can be written

(Vp − iδ)4Fo(Vp, K1, K2) = 0. (34)

We know that the non-physical modes are continuous functions of ε and there-
fore can be expanded by a Puiseux series (see [24])

Vδ
p(K, ε) = iδ + ξδ(K)εr + o(εr), r ∈ Q

+.

If r ≥ 1 then we know that the perturbed root Vδ
p(K, ε) will have a positive

imaginary part for sufficiently small ε i.e. it will be stable. Now assume that
r < 1. By inserting the expansion into (32) we get

Fo(ξ
δ(K)2ε2r + o(ε2r), K1ξ

δ(K)εr + o(εr), K2ξ
δ(K)εr + o(εr)) = 0.

For non-physical modes Fo(iδ, k1, k2) 
≡ 0 since the physical modes are of order
one. Therefore we can write

(ξδ(K)εr)4Fo(iδ + ξδ(K)o(εr), K1 + o(1), K2 + o(1)) = 0,

⇒ (ξδ(K)εr)4Fo(iδ,K1, K2) + o(1),

⇒ (ξδ(K))4Fo(iδ,K1, K2) = 0.

Thus we must have that ξδ(K) = 0 which is a contradiction. Hence r ≥ 1 and
the lemma is proved.

We note that the proof of lemma 7 is analogous to the proof of Theorem 1 in
[3], which considers the well-posedness of the general split-field model.

Remark 8. From lemma 7 we see that we need ε << δ if |ξδ(K)| >> 1.
In Section 6 we will present some numerical examples, which indicate that
d|ξδ(K)| is small, and therefore α0 can also be chosen small. Our experience
is that for most cases where (19) is violated this holds.
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To fully understand the effect of α0, it is necessary to analyze its influence
on physical modes at intermediate frequencies. This we have not been able
to do by analytical means. However, in Section 6 we will present a numerical
analysis of the spectra of material V which indicates that α0 can also be used
to remove instabilities appearing when (20) or (21) are violated.

5.3 Well-posedness and Hyperbolicity of the PML for Orthotropic Waves

In this section we will discuss the well-posedness and hyperbolicity of the
modal PML for orthotropic waves. Freezing the coefficients and computing
the principal part of the symbol for the modal PML (27) we get

Pm =

⎛
⎜⎝ ik1A1 + ik2A2 0

−ik1I 0

⎞
⎟⎠ .

For the system (6-7) one of the eigenvalues of ik1A1 + ik2A2 is identically
zero and therefore Pm cannot be diagonalized. The problem is only weakly
hyperbolic. From the proof of lemma 5 and lemma 7 we know that the imag-
inary parts of the physical and non-physical modes are bounded. With ωI =
�{λ(P (ik))} we know from (2) that the constant coefficient problem is weakly
well-posed.

For a Cauchy problem with variable coefficients strong hyperbolicity implies
well-posedness (the question of well-posedness can be determined by consider-
ing all ”frozen coefficient” problems). However, if a constant-coefficient Cauchy
problem is only weakly hyperbolic (and therefore only weakly well-posed), it
is not sufficient to consider all its ”frozen coefficient” problems to guarantee
the well-posedness of the corresponding variable-coefficient problem.

In the context of PML it is clear that coefficients have spatial variation so
from a mathematical point of view it is desirable that PML models should be
strongly hyperbolic. This is not the case for the modal PML or for the split-
field PML for orthotropic waves. However, we know of no numerical computa-
tions where there has been indications that a weakly well-posed PML model
has become ill-posed when used with variable coefficients.

6 Numerical Experiments

In this section we want to numerically investigate the stability and effective-
ness of our new model. In the literature there exist few theoretical results
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on how the PML damping parameter d should be chosen for optimal per-
formance. In general the error in a computation can be split into one part
associated with the finite width of the layer, and one part associated with the
numerical reflections due to the variability of d. The second part depends on
the discretization.

In a first set of experiments (without the stabilizing parameter) we empirically
determined a suitable strength and shape of the damping function d. These
computations where done for all materials except III. The final time in these
experiments was short relative to the growth rate of the unstable modes in
materials IV and V.

Next we investigated to what extent α0 > 0 can be used to stabilize the model
when used for materials IV and V. To do this we computed the eigenvalues
of the symbol for the constant coefficient problem (27). From the theoretical
investigations in Section 5.2 (for α0 = 0) we expected the physical modes at
intermediate frequencies to be unstable for material V. For material IV we ex-
pected instabilities for non physical modes at high frequencies. The theoretical
results where confirmed by the experiments.

Further, we performed simulations of the PML equations with constant d. In
these simulations growth rates agreeing with the computed eigenvalues were
observed. In another set of experiments we allowed d to vary spatially. Then,
the observed growth rates were smaller, corresponding to smaller effective
damping.

By further investigations of the eigenvalues of the symbol we found, as ex-
pected, that the high frequency instabilities in the non-physical modes (ma-
terial IV) could be removed by a suitably chosen α0. Moreover, we found that
the instabilities at intermediate frequencies for physical modes could also be
stabilized. In both cases we determined suitable numerical values for α0 with
a typical value of d from the first set of experiments. With our stabilized PML
we revisited the first experiment and found that the change in performance
was negligible.

Finally we compared the performance of the PML with characteristic variables.

6.1 Damping Parameter

In our first test problem we solve the equations (6-7) on the computational
domain consisting of the square (x1, x2) ∈ [−10, 10] × [−10, 10]. As a non-
reflecting boundary condition we add the layer (x1, x2) ∈ [10, 12.9]× [−10, 10],
where we solve the PML equations (27) without the stabilizing parameter.
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The damping is chosen as the function

d(x1) =

⎧⎪⎨
⎪⎩
dmax(1 − (x−11.45)2

1.45
)p 10 < x < 12.9, p = 4,

0 x ≤ 10.
(35)

See Figure 3 for a graphical description of the problem setup and the shape
of the damping function.
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Fig. 3. Computational domain and shape of damping parameter

To generate a wave we force the first component of the right hand side of (6-7)
by the pulse

f = (2π2(0.9t− 1)2 − 1)e−π2(0.9t−1)2g(x1, x2),

g(x1, x2) =
1

0.52
e−7

(x1)2+(x2)2

0.52 .

We use periodic boundary conditions in both directions.

To solve the problem numerically we introduce the grid x1,i = ih1, i =
−N1/2, . . . , 0, . . . N1/2+Nl, x2,j = jh2, j = 0,±1, . . .±N2/2. Here h1 = 20/N1

and h2 = 20/N2 is the grid spacing in each direction. The integers N1, N2 and
Nl controls the number of grid points in each direction and in the layer.

We approximate the spatial derivatives with the standard 8th order centered
difference stencil. For the integration in time we use the standard fourth order
Runge-Kutta method.

To meassure the error we compute a reference solution. This is done by solving
the equations (6-7) on a larger domain, consisting of the rectangle (x1, x2) ∈
[−70, 70] × [−10, 10]. In all experiments we measure the relative error

‖
√
v2

1,pml + v2
2,pml −

√
v2

1,ref + v2
2,ref‖2

‖
√
v2

1,ref + v2
2,ref‖2

. (36)
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To determine a suitable strength for the damping of the PML we compute
solutions (and errors) for several different values of dmax and the parameter,
p in (35). In our computations we use N1 = N2 = 200 and Nl = 29. We find
that a suitable choice of p is 8 for all materials. For all tested materials, except
material I, the optimal value of dmax is in the interval 80 - 180. For material I
it is smaller, 20 - 40. In material I the quasi - transverse wave is much slower
than in the other materials and we believe this is the reason for the smaller
value of dmax. In Figure 4 - 5 the relative error for different values of dmax,
(with p = 8) is plotted for different materials.

6.2 Stabilizing the PML

In this section we only consider the layer (x1, x2) ∈ [10, 12.9]×[−10, 10], where
we solve the PML equations (27) for either material IV or V.
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6.2.1 The Discrete Spectrum

Material IV

Based on the experiments in the previous section, a typical value of dmax is
80. When d is constant we can compute the eigenvalues λ of the symbol

P (k1, k2) =

⎡
⎢⎣ ik1A1 + ik2A2 dA1

−ik1I −(d+ α0)I

⎤
⎥⎦ , (37)

numerically, for discrete frequencies. In the layer (x1, x2) ∈ [10, 12.9]×[−10, 10]
(on the grid described in the previous section), we can represent the discrete
frequencies k1 = ±sπ/2.9, s = 0, 1, . . . , Nl, k2 = ±sπ/20, s = 0, 1, . . . , N2.

We expect the unstable modes for material IV to appear at high frequencies
relative to the size of the damping, i.e. for d < |k|. For example when we
compute the discrete spectrum with d = 80, Nl = 29 and N2 = 200 there are
no unstable modes. However, when we increase the number of grid points to
Nl = 290 and N2 = 500 we observe the growing modes displayed in Figure 6.
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Fig. 6. maxj �λj for material IV. To the left d = 80 constant and α = 0. To the
right d = 5 constant and α = 0. Note the orientation of the axis. The unstable
modes start at k1 ≈ d.

In Figure 6 the largest real part of the eigenvalues of (37) is plotted for two
values of d. To the left d = 80 and to the right d = 5. Computing the same
quantity for several other values of d, we typically find that the unstable modes
appear when k1 ≈ d. This is also the case for the examples in Figure 6. In
the Figure we see that the unstable eigenvalues approach a maximum value
as k1 and k2 increase. This is expected since we know from Section 5.3 that
the problem is weakly well-posed, i.e. maxj �λj < κ.

We know from equation (34) that non-physical modes are shifted with α0 into
the stable half plane when d = 0. Making experiments where we gradually
increase α0 > 0 we find that, with large d, we can still stabilize the unstable
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eigenvalues. For material IV we conclude that the needed size of α0 is about
equal to the maximum growth rate. In the examples with d = 80 and d = 5,
α0 = 0.4 and α0 = 0.1 respectively, suffices.

It should be noted that when d increases, so does the growth rate and along
with it the size of α0. However, in a real computation there is an upper bound
on dmax (due to numerical reflections), and thus an upper bound on α0.

Material V

For material V we expect the unstable modes to be be physical modes at
intermediate frequencies. High frequencies of these modes should be stable
since the geometrical condition (18) is fulfilled.
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Fig. 7. maxj �λj for material V. The pictures display the contours when
d = 20, 40, 80 and α0 = 0 (left) or α0 = 0.5 (right).

In the left subfigure in Figure 7 we plot the level contours of the largest real
part of the eigenvalues of (37) as a function of k1 and k2. This is done for three
values of d, 20, 40 and 80 and α0 = 0. As expected there are unstable modes
at intermediate frequencies, |k| < d.

In Section 5.2 we used perturbation techniques that require |k| >> d, and
could anticipate a linear shift of the unstable modes for material IV. For
material V we have instabilities at intermediate frequencies and cannot use
these techniques. However, when we gradually increase α0, we find that the
unstable modes are stabilized. For material V the α0 needed for stability is
about four times the growth rate. In the right subfigure in Figure 7 we have
plotted contours of the largest real part of the eigenvalues of (37) for d, 20,
40 and 80, but now with α0 = 0.5. Already, the smallest ”bump” has been
removed, but we need α0 = 1.5 to remove all of them.
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6.2.2 Time Dependent Simulations

Using the same numerical scheme as in Section 6.1, we solve the PML equa-
tions (27) in the layer (x1, x2) ∈ [10, 12.9] × [−10, 10].

First we solve for material IV. In all simulations we excluded the forcing and
start the simulations with the initial data

v1(x1, x2, 0) = v2(x1, x2, 0) = sin(
η1πx1

2.9
+
η2πx2

20
). (38)

We take η1 = 16 and η2 = 6, corresponding to an eigenvalue with real part
0.022 when d = 5 and real part 0 when d = 80. We take N2 = 200 and Nl = 29.

For all test cases we measure the L2 norm of
√
v2

1 + v2
2 .

The results are displayed in the left subfigure of Figure 8. The solid line is
a computation with constant d = 5. The solution grows fast, and by a least
square fitting we find the growth rate to be 0.0213. As a reference we plot the
function e0.0213t (the dotted line). The solid line with circles is a computation
with constant d = 5 and α0 = 0.1. As expected the mode is stabilized. In
this case the solutions decreases fast until it saturates at 10−12. The dashed-
dotted line is a computation where d = d(x1) and α1 = 0. The damping
d is the function (35) with dmax = 80 and p = 4. This solution grows but
with a slower rate, 0.00372. Finally, the dashed line is is a computation with
dmax = 80 and p = 4 and α0 = 0.1. This solution is stable.

Next we solve for material V. We use the initial data (38) but now with
η1 = 25 and η2 = 59. This corresponds to an eigenvalue with real part 0.362
with constant d = 80. In this experiment we use two resolutions, one coarser
with N2 = 200 and Nl = 29, and one finer with N2 = 400 and Nl = 58.

The results are displayed in the right subfigure of Figure 8. The dash-dotted
line is a computation with the coarser grid and constant d = 80. This solution
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grows, but with a slower rate, 0.0057, than expected. On the coarser grid the
initial data is not well resolved and we argue that slower growth rate is due to
discrete numerical effects. Supporting this argument is the solid line obtained
from a computation with the finer grid with constant d = 80. This solution
grows with the rate, 0.3607, which is very close to the expected rate, 0.362.
The dotted line is the function e0.3607t, added for reference.

The dashed line is a computation on the finer grid with dmax = 80 and p = 4. It
does grow, although rather slowly, 0.0045. In general, when d varies spatially,
the growth rate decreases. Finally, the lower dotted line is a computation with
dmax = 80 and p = 4, together with α0 = 1.5. The solution is stable and
decays slowly -0.001.

Here we have only presented the results for a specific initial data. We have
also performed experiments with several other sets of initial data and with
different forcing both for the constant coefficient problem and for the variable
coefficient problems. They all behave similarly.

As a final test we take α0 = 0.1 for material IV and α0 = 1.5 for material V
in the test problem from Section 6.1. In Figure 5 the results are shown as the
dotted lines. As can be seen there is little effect on the efficiency when α0 > 0.

6.3 Comparison with Characteristic Boundary Conditions

Finally we present some experiments displaying the efficiency of the modal
PML compared to the simplest boundary procedure. To do this we compute
solutions for a problem on the computational domain defined as the square
(x1, x2) ∈ [−10, 10] × [−10, 10]. On the computational domain we solve (6-7).
We force the v1 component in the solution by the pulse

f = (2π2(t− 1)2 − 1)e−π2(t−1)2g(x1, x2),

g(x1, x2) =
1

0.52
e−7

(x1+8)2+(x2−8)2

0.52 .

We surround the computational domain by a layer of width 2. The damp-
ing function, d, is chosen as a monotone fourth order polynomial taking the
maximal value 50 at the outermost boundary.

As comparison we compute the solution to the same problem but the compu-
tational domain is now terminated with characteristic boundary conditions.
That is, we extrapolate outgoing characteristic variables and put incoming
characteristic variables to zero (see e.g. [25]). The errors are obtained by com-
puting a reference solution on a larger computational domain. This is done for
materials I, II, IV and V and the results can be found in Figure 9. In Figure
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10
√
v2

1 + v2
2 is plotted at t = 5, 10, 15, 20 for material I. The computational

domain is closed either with the modal PML or with characteristic boundary
conditions. When the modal PML is used, no reflections are seen but with
characteristic boundary conditions reflections, polluting the solution, can be
seen. Similar results where obtained for materials II, IV and V.

7 Summary

In this paper we considered the equations of elasticity in an anisotropic mate-
rial. We have studied the same five materials as in [3]. These materials where
chosen to illustrate different types of behavior for the split-field PML. Using
the split-field PML together with three of these materials (III,IV,V), results in
a model that supports exponentially growing solutions. With our new model,
which includes an additional parameter, two of these three (material IV and
V) could be stabilized.

We have presented new theoretical results. First we established a formal equiv-
alence between the split-field PML and the modal PML without the stabilizing
parameter. We then showed that the stability was improved by the new pa-
rameter. In particular we showed that the instability for material IV can be
removed. Our analysis also showed that one of the instabilities (III) cannot be
stabilized by the current model.

We also presented numerical experiments that illustrate the theoretical results.
Further, the experiments showed that material V also also be stabilized by the
new parameter. Empirically we determined suitable numerical values for the
damping parameter. For these values we established the size of the stabilizing
parameter.
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(a) Material I with PML

(b) Material I with ch. b.c.

Fig. 10.
√
v2
1 + v2

2 at time t = 5, 10, 15, 20 is plotted with modal PML and charac-
teristic boundary conditions.
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[1] J. Bérenger, A perfectly matched layer for the absorption of electromagnetic
waves, J. Comput. Phys. 114 (1994) 185.

[2] F. Collino, C. Tsogka, Application of the pml absorbing layer model to the

25



linear elastodynamic problem in anisotropic heterogeneous media, Geophysics
66 (1) (2001) 294–307.
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PERFECTLY MATCHED LAYERS FOR HYPERBOLIC SYSTEMS:
GENERAL FORMULATION, WELL-POSEDNESS AND STABILITY

DANIEL APPELÖ†§ , THOMAS HAGSTROM‡¶, AND GUNILLA KREISS†‖

Abstract. Since its introduction the Perfectly Matched Layer (PML) has proven to be an
accurate and robust method for domain truncation in computational electromagnetics. However, the
mathematical analysis of PMLs has been limted to special cases. In particular, the basic question of
whether or not a stable PML exists for arbitrary wave propagation problems remains unanswered.
In this work we develop general tools for constructing PMLs for first order hyperbolic systems. We
present a model with many parameters which is applicable to all hyperbolic systems, and which we
prove is well-posed and perfectly matched. We also introduce an automatic method for analyzing
the stability of the model and establishing energy inequalities. We illustrate our techniques with
applications to Maxwell’s equations, the linearized Euler equations, as well as arbitrary 2×2 systems
in (2 + 1) dimensions.

Key words. Perfectly matched layers, stability.

AMS subject classifications. 35L45, 35B35

1. Introduction. Many important wave propagation problems are posed on
unbounded or large domains. Such problems must be solved on a truncated domain
if numerical methods are to be used. There exist many techniques for truncating the
original domain (see the review papers [14, 15, 23]), but one that has proved both
efficient and accurate is the perfectly matched layer (PML) technique. The PML
technique surrounds the domain where the solution is desired (the computational
domain) by an artificial layer. The layer is constructed so that waves traveling across
the interface between the layer and the computational domain are not reflected; that
is, the layer is perfectly matched. Moreover, the layer is constructed so that, inside
the layer, the solution decays exponentially in the direction normal to the interface.
Hence, if the layer is sufficiently wide the solution will be close to zero at the outer
boundary and therefore any stable boundary condition can be used there.

Besides the perfect matching and damping properties of the layer it is also desir-
able that the equations governing the PML be well-posed. This is especially important
if a PML derived for a linear problem is to be applied to a non-linear problem or a
problem with variable coefficients. If the linearized problem is only weakly well-posed
the corresponding non-linear or variable coefficient problem can be ill-posed, see [20].
Well-posedness, by definition, allows the solution to grow exponentially in time and
therefore, for a PML to be practically useful, it must also be stable (in time). To
summarize, the key properties of a PML are: perfect matching, well-posedness and

†Department of Numerical Analysis and Computer Science, Royal Institute of Technology, Stock-
holm, S-100 44, Sweden.

‡Department of Mathematics and Statistics, The University of New Mexico, Albuquerque, NM
87131, USA.

§Supported in part by the Swedish research council grant no. VR2004-2371, NASA Contract
NAG3-2692 and Lawrence Livermore National Laboratory. Any conclusions or recommendations
expressed in this paper are those of the author and do not necessarily reflect the views of NASA or
LLNL.

¶Supported in part by NSF Grant DMS-0306285, ARO Grant DAAD19-0301-0146, NASA Con-
tract NAG3-2692 and Lawrence Livermore National Laboratory Subcontract B547968. Any conclu-
sions or recommendations expressed in this paper are those of the author and do not necessarily
reflect the views of NSF, ARO, NASA, or LLNL.

‖Supported in part by the Swedish research council grant no. VR2004-2371

1



2 D. APPELÖ AND T. HAGSTROM AND G. KREISS

stability.
PMLs were originally introduced for Maxwell’s equations by Bérenger [8]. Well-

posedness and stability of the Bérenger PML has been the topic of numerous works.
For example Abarbanel and Gottlieb [1] showed that Bérenger’s “split-field” PML was
only weakly well-posed and that it supported linearly growing modes. Similar results
were also obtained via Fourier and energy techniques by Bécache and Joly in [6]. The
issue of weak well-posedness led to the development of various well-posed ”physical”
or ”un-split” PMLs for Maxwell’s equations; see [2, 13, 24]. These “un-split” PMLs
were further improved by the inclusion of the so called complex frequency shift (CFS)
which has been used by Bécache et al. [7] to remove late-time linear growth.

For other applications such as the linearized Euler equations [18], the linearized
shallow water equations [22], and anisotropic elasticity, [10], there have been reports
of exponentially growing solutions. In [3] Abarbanel et al. found that a stable PML
could be derived for the linearized Euler equations by transforming the equations into
a system whose dispersion relation resembled the dispersion relation of Maxwell’s
equations. The same transform was later used again to develop a stable PML for the
linearized Euler equations [19, 11] and for the linearized shallow water equations [22].

Today there exist stable PML models for many important problems but there
are also problems, e.g anisotropic elasticity and linearized MHD, for which stable
PMLs have not yet been found. An open issue, then, is whether stable PMLs can
be constructed in general. Also, stability and well-posedness for general hyperbolic
systems has received less attention than particular cases. One exception is the paper
[5] where Bécache et al. give necessary conditions for stability of the split-field PML in
terms of the geometrical properties of the dispersion relation. Also, in [4] we construct
stable PMLs for arbitrary 2 × 2 symmetric hyperbolic systems in 2 + 1 dimensions.

In this work we generalize the formulation of PML models for hyperbolic systems
introduced in [16]. To make the model suitable for future applications, we introduce
a very general formulation including many free parameters. One of these parameters
adds a parabolic term in the tangential directions. By including this parameter we can
show that the equations of the PML are well-posed as long as the original hyperbolic
system is well posed. In addition we give a proof that the layer is perfectly matched.

We also study the stability of our PML model. The question of stability is not
trivial and in general it has to be investigated separately for each new application.
To simplify these investigations we introduce a technique, based on criteria for the
number of zeros of a polynomial in a half-plane, that can be used to derive necessary
and sufficient conditions for stability of any first order constant coefficient Cauchy
problem. Moreover, if these conditions are fulfilled there is also a local energy density
that decays with time (see [17]). This energy density is automatically generated from
the necessary and sufficient conditions. We use the technique to derive stability results
for three interesting applications of our general model.

The rest of this paper will be organized as follows. In §2 we present the general
PML model for symmetric hyperbolic systems and show that it is perfectly matched
and well-posed. In §3 we introduce techniques from [17] used to determine the stability
of a first order system with constant coefficients. If the system is stable the technique
will yield an energy with a local density that decays with time. In §4 we analyze
the stability of a PML model for Maxwell’s equation in 2D. The PML is constructed
by using the general PML model described in §2. We use the techniques from §3 to
establish the stability of the PML and list two associated energies. In §5 we analyze
a PML model for the linearized Euler equations and show that it is stable. In §6
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we consider the specialization of our general PML formulation to 2 × 2 symmetric
hyperbolic systems in 2 + 1 dimensions. In [4] we argued how to choose the layer
parameters as functions of the coefficient matrices. Here we prove that these choices
will lead to a stable PML. In §7 we conclude and discuss some possible extensions of
the presented work.

2. A General Perfectly Matched Layer. We consider the symmetric hyper-
bolic system in d dimensions:

∂u

∂t
+Ax

∂u

∂x
+

d−1∑
l=1

Ayl

∂u

∂yl
+ Cu = 0, (1)

with initial data, u0, supported in −H < x < −h, h > 0. Here Ax = AT
x and

Ayl
= AT

yl
. For simplicity we assume Ax is invertible; if Ax is singular we only apply

the PML to the equations involving x derivatives. We also consider the general PML
model:

∂u

∂t
+Ax

⎛
⎝(1 + ση)

∂u

∂x
+ σ(

d−1∑
l=1

ξl
∂u

∂yl
+ µu) +

∑
j

φj

⎞
⎠ +

d−1∑
l=1

Ayl

∂u

∂yl
+ Cu = 0, (2)

∂φj

∂t
+ σφj + αjφj +

d−1∑
l=1

βjl
∂φj

∂yl
−

d−1∑
l=1

εjl
∂2φj

∂y2
l

= σ

(
γj
∂u

∂x
+

d−1∑
l=1

δjl
∂u

∂yl
+ νju

)
. (3)

Here all the additional parameters are real and we also assume:

1 + ση > 0, εjl ≥ 0. (4)

2.1. Perfect Matching. To investigate the perfect matching of the layer we
consider two problems. In the first, whose solution we denote u1, (1) holds in Rd ×R
and in the second, whose solution is denoted u2, we suppose that (1) holds in x < 0
and that (2) and (3) hold in x > 0. We also insist that u2 be continuous. Our goal is
to show that the restrictions of each solution to x < 0 are identical; that is the layer
is perfectly matched.

We begin by performing a Fourier-Laplace transformation in the tangential direc-
tions and in time. The duals of y = [y1, . . . , yd−1] are denoted by k = [k1, . . . , kd−1]
and the dual of t by s. This leads to the problems:

Ax
∂û1

∂x
+

(
sI +

∑
l

iklAyl
+ C

)
û1 = û0, x ∈ R, (5)

and in the second case, for x < 0:

Ax
∂ûL

2

∂x
+

(
sI +

∑
l

iklAyl
+ C

)
ûL

2 = û0, (6)

and for x > 0:

Ax

⎛
⎝(1 + ση)

∂ûR
2

∂x
+ σ(

∑
l

iklξl + µ)ûR
2 +

∑
j

φ̂j

⎞
⎠

+

(
sI +

∑
l

iklAyl
+ C

)
ûR

2 = 0,

(7)
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s+ σ + αj +

∑
l

iklβjl +
∑

l

εjlk
2
l

)
φ̂j = σ

(
γj
∂ûR

2

∂x
+ (

∑
l

iklδjl + νj)ûR
2

)
. (8)

The solution of (5) follows from the solution of the eigenvalue problem:

λAxw +

(
sI +

∑
l

iklAyl
+ C

)
w = 0. (9)

We note that for �s > |C|2 the eigenvalues, λ, cannot be purely imaginary. In
particular if we normalize w to have length one a straightforward computation yields:

�λ = −�s+ �w∗Cw
w∗Axw

, (10)

which implies:

|�λ| > (ρ(Ax))−1(�s− |C|2). (11)

Thus taking �s sufficiently large we may assume that solutions of (9) fall into two
sets labeled by the sign of the real parts of the eigenvalues:

�λ1, . . . ,�λr < 0, (12)

�λr+1, . . . ,�λn > 0. (13)

Moreover, the matrix:

M(s, k) = −A−1
x

(
sI +

∑
l

iklAyl
+ C

)
, (14)

can be block diagonalized:

QMQ−1 =
(
S− 0
0 S+

)
, (15)

where the eigenvalues (12) are the eigenvalues of S− and the eigenvalues (13) are the
eigenvalues of S+. Now the bounded solution of (5) is easy to write down:

û1 = Q−1

( ∫ x

−∞ eS−(x−y)f−(y)dy
− ∫∞

x eS+(x−y)f+(y)dy

)
, (16)

where:

QA−1
x û0 =

(
f−

f+

)
. (17)

In particular the support properties of û0 and thus f± guarantee the existence of the
integrals in (16). We note that at x = 0:

û1 = Q−1

( ∫ −h

−H
e−S−yf−(y)dy

0

)
. (18)
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We now compute û2 in each region. We first note that equation (8) can be solved
directly:

φ̂j =
σ
(
γj

∂ûR
2

∂x + (
∑

liklδjl + νj)ûR
2

)
s+ σ + αj +

∑
liklβjl +

∑
lεjlk2

l

. (19)

Now for x > 0 we transform the solution using the same transformation Q which
block diagonalizes the problem for x < 0. Setting v = QûR

2 we find:

vx =
1

r(s, k) + σp(s, k)

(
r(s, k)S− − σq(s, k)I 0

0 r(s, k)S+ − σq(s, k)I

)
v, (20)

where the polynomials r, p and q are defined up to a constant multiple by:

η +
∑

j

γj

s+ σ + αj +
∑

liklβjl +
∑

lεjlk2
l

=
p(s, k)
r(s, k)

, (21)

∑
l

iklξl + µ+
∑

j

∑
liklδjl + νj

s+ σ + αj +
∑

liklβjl +
∑

lk
2
l εjl

=
q(s, k)
r(s, k)

. (22)

We will argue that for �s sufficiently large these blocks have eigenvalues with negative
and positive real parts respectively. In particular we note that:

lim
|s|→∞

p

r
= η, lim

|s|→∞
q

r
=

∑
l

iklξl + µ. (23)

Thus for large s the eigenvalues are approximately:

λj − σ(
∑

liklξl + µ)
1 + ση

. (24)

Now by (11) and (4) we conclude that the signs of their real parts are the same as the
signs of �λj if we choose �s sufficiently large, which was what we wished to prove.

From this argument we conclude that the transform of the causal solution in x > 0
takes the form:

ûR
2 = Q−1

(
e(r+σp)−1(rS−−σqI)xv−

0

)
. (25)

We see that this can be “perfectly matched” to the restriction of û1 to x < 0 by
setting:

v− =
∫ −h

−H

e−S−yf−(y)dy. (26)

Thus we have proven that u1 and u2 restricted to x < 0 are identical.
We note that we can interpret the layer as an (s, k)-dependent change of variables:

û(x) → e−ax̃û(x̃), (27)

where

x̃ =
r

r + σp
x, a = σ

q

r
. (28)

With this interpretation the new layer can be viewed as a generalization of the
Bérenger layer from the viewpoint of complex coordinate stretching as introduced
by Chew and Weedon [9].
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2.2. Well-posedness of the Layer Equations. For the applications consid-
ered in this paper it will be sufficient to include only one set of auxiliary variables,
leading to the PML model

∂u

∂t
+Ax

(
(1 + ση)

∂u

∂x
+ σ(

∑
ξl
∂u

∂yl
+ µu) + φ

)
+

∑
Ayl

∂u

∂yl
+ Cu = 0,

∂φ

∂t
+ σφ+ αφ +

∑
βl
∂φ

∂yl
−

∑
εl
∂2φ

∂y2
l

= σ

(
γ
∂u

∂x
+

∑
δl
∂u

∂yl
+ νu

)
.

(29)

Even with just one set of auxiliary variables, there are many free parameters that
must be chosen. Our experience is that the parameters µ, ξ, βl, δl, γ can be determined
from the coefficients of the matrices Ax and Ay. The parameter η is introduced in
the model to increase the damping of evanescent modes. The parameter α, which is
usually referred to as the complex frequency shift (CFS), typically enhances stability
properties at late time.

To our knowledge the parabolic terms εlφylyl
(hereafter called parabolic CFS)

have not been included in PML models before. We have choosen to include them to
guarantee the well-posedness of the model (29). To see this we freeze the coefficients
and perform a Fourier transform in space (kx is the dual of x). Excluding the zero
order terms in the symbol of the equations (29) we obtain

P1(ik) = −
[

(ikx(1 + ση) +
∑
iklξlσ)Ax +

∑
iklAyl

0
−(ikxσγ +

∑
iklδlσ)I

∑
εlk

2
l I +

∑
iklβlI

]
. (30)

Denote the upper diagonal block in P1, (30), by P11. By the hyperbolicity of the
original problem P11 is diagonalizable with imaginary eigenvalues.

Without the parabolic complex frequency shift the lower diagonal block also has
purely imaginary eigenvalues, but the system may be only weakly hyperbolic. This is
the case if, for some set of k1, . . . , kd−1,∑

l

iklβl, (31)

coincides with one of P1’s eigenvalues while

kxσγ +
∑

klδlσ �= 0. (32)

Then it is not possible to diagonalize P1, and the problem is not well-posed. Otherwise
the system is strongly hyperbolic and thus well-posed.

If all εl �= 0 the lower diagonal block always has eigenvalues that are distinct
from the eigenvalues of P11, as shown by the following argument. When at least
one kl is non-zero, the eigenvalue of the lower block has negative real part. For
k1 = . . . = kd−1 = 0, P11 is nonsingular since Ax is nonsingular, while the lower
diagonal block is zero. It follows that P1 is always diagonalizable and the system is
well-posed. This proves

Lemma 1. If εl > 0, l = 1, . . . , d − 1, and the original system (1) is well-posed,
then the PML (29) is also well-posed.

We conclude this section by noting that the PML for many problems is well-posed
without the parabolic CFS. Additionally, if the parabolic CFS is used, εl should be
chosen relative to the grid size such that it does not impose restrictions on the time-
stepping.
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3. Construction of Energy Estimates for Constant Coefficient Cauchy
Problems via Annihilating Polynomials. As we have seen in the previous sec-
tion, the construction of a layer which is well-posed and perfectly matched is rather
straightforward. However, it is not so straightforward to choose the free parameters
η, ξ, µ, αj , βjl, δjl, εjl and νj , for a given hyperbolic system, such that the solution
does not grow with time. Related to this question is the stability of the constant
coefficient Cauchy problem

∂u(x, t)
∂t

= P (∂/∂x)u(x, t), u(x, 0) = u0(x), x ∈ Rd, 0 ≥ t ≥ T. (33)

If we perform a Fourier transform in space (33) reduces to a system of ordinary
differential equations

∂û(k, t)
∂t

= P (ik)û(k, t), k ∈ Rs, 0 ≥ t ≥ T, (34)

û(k, 0) = û0(k). (35)

We will distinguish between the following two types of stability.
Definition 2 (Stability). We say that the Cauchy problem (33) is
(i) strongly stable: if all solutions satisfy an estimate

‖u(·, t)‖L2 ≤ K‖u0(·)‖L2 ;
(ii) weakly stable: if the solutions satisfy an estimate

‖u(·, t)‖L2 ≤ K(1 + t)p‖u0(·)‖Hs , where s > 0.
Note that if (33) is well-posed we can replace Hs by L2 in (ii). In the remainder

of this paper we will drop the subscript of the L2-norm, i.e. ‖ · ‖ ≡ ‖ · ‖L2 .
A necessary and sufficient condition for weak stability is that all eigenvalues λj

of the symbol P (ik) satisfy

�{λj(P (ik))} ≤ 0. (36)

Condition (36) can be checked by various methods that determine the number
of zeros of polynomials in a half-plane. Below, we will first present a method that
automatically generates a finite number of algebraic inequalities that can be used to
check (36). Then we will show that if (36) holds, the method can also be used to
construct a local energy density that decays with time.

We begin by recalling some definitions from matrix theory (see e.g. [12]).
Definition 3 (Annihilating Polynomial). We say that a scalar polynomial f(λ)

is an annihilating polynomial of the square matrix A if

f(A) = 0.

Two important annihilating polynomials are the characteristic polynomial and the
minimal polynomial.

Definition 4 (Characteristic Polynomial). The scalar polynomial f(λ) defined
as

f(λ) ≡ det((λI −A),

is called the characteristic polynomial of the matrix A.
Definition 5 (Minimal Polynomial). By mA(λ) we will denote the uniquely

defined annihilating polynomial of lowest degree and with lead coefficient 1. The poly-
nomial mA(λ) is called the minimal polynomial of A.
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Now, let mP (λ) be the minimal polynomial of the symbol P (ik). Suppose its
degree is n. To determine the number of roots with positive and negative real part
of mP (λ) = 0 for fixed k we can use the following lemma, which is a special case of
Corollary (38,1b) in [21].

Lemma 6. Consider any polynomial q(λ) of degree n. Let D be a real number
and define the polynomials Q0 and Q1 with real coefficients by

q(iD) ≡ in [Q0(D) + iQ1(D)] . (37)

Then there is a continued fraction

Q1(D)
Q0(D)

=
1

c1D + d1 −
1

c2D + d2 −
1

c3D + d3 − · · · − 1
cnrD + dnr ,

(38)

with cj �= 0 and nr ≤ n. The number of roots with positive (negative) real part equals
the number of positive (negative) cj. There are n− nr roots on the imaginary axis.

When we apply Lemma 6 to mp(λ), the number of nonzero coefficients cj may
depend on k. A change in sign corresponds to a root crossing the imaginary axis. We
have

Corollary 7. A necessary and sufficient condition for weak stability is that all
cj defined in (38) are negative, i.e.

cj(k) < 0, j = 1, 2, . . . , nr(k). (39)

Remark. Strong stability follows if all eigenvalues (i.e. the roots of mP (λ) = 0)
have strictly negative real part for all k. However, in many cases there are certain k
for which some roots have zero real part. If the corresponding eigenvectors span their
respective invariant subspace then the problem is still strongly stable. This condition
must be checked in each case. We note that if (33) is well-posed then, for sufficiently
large |k| ≥ K, P (ik) can always be diagonalized. Thus, we only need to check the
eigenvectors for roots that have zero real part at bounded |k|.

Proposition 8. Let û be the solution of the Fourier transformed system (34).
Then any component ûi satisfies the equation

g(
∂

∂t
)ûi = 0,

where g(λ) is any annihilating polynomial of the symbol, P (ik). In particular we have
for the minimal polynomial of P (ik)

mP (
∂

∂t
)ûi(k, t) = 0. (40)

Proof. By definition we have g(P (ik)) = 0. Multiplying by the solution vector
from the right yields g(P (ik))û = 0. By an easy induction argument we have for any
integer q, (P (ik))q û = ∂qû

∂tq . The proposition follows.
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By the following theorem we can construct decaying energies for the problem (33).
Theorem 9. Let ûi satisfy

q(
∂

∂t
)ûi = 0. (41)

If (39) holds for Q0 and Q1 defined as in lemma 6, there exists an energy

E(t; k) ≡ 1
2

nr∑
j=1

|cj ||ẑ(j)(k, t)|2, (42)

satisfying

∂

∂t
E(t; k) = −|ẑ(1)(k, t)|2. (43)

The functions ẑ(j), j = 1, . . . , n, are related to ûi(k, t) via the equations

n−nr∏
j=1

(
∂

∂t
+ ibj(k))ûi(k, t) = −iẑ(1)(k, t), 	bj(k) = 0,

∂

∂t

⎡
⎢⎢⎢⎢⎣

| c1|ẑ(1)

...

...
| cnr |ẑ(nr)

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
id1 − 1 −i · · · 0
−i id2 · · · 0

0
...

. . . −i
0

... −i idnr

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

ẑ(1)

...

...
ẑ(nr)

⎤
⎥⎥⎥⎥⎦ .

(44)

For the proof of Theorem 9 we refer to [17]. Note that system (44) can be used to
eliminate all ẑ(j) so that the energy (42) is expressed in ûi alone.

3.1. Localization of E(t; k). Since the coefficients cj are rational functions in
k localization can by accomplished by multiplication with a suitable polynomial in
k. In particular let γ(k) be a polynomial such that c̃j(k) = −γ(k)2cj(k) is also a
polynomial in k. Then, since by assumption c̃j(k) > 0 for all k, it can be decomposed
as

c̃j(k) =
∑

l

q2l (k), (45)

where ql(k) are real polynomials in k. By multiplying (43) with γ(k)2 we get

d

dt

1
2

nr∑
j=1

|γ(k)2cj(k)| |ẑ(j)(t, k)|2 =
d

dt

1
2

nr∑
j=1

∑
l

∣∣∣ql(k) ẑ(j)(t, k)
∣∣∣2

= −
∣∣∣γ(k) ẑ(1)(t, k)

∣∣∣2 .
(46)

Integrating over k yields

d

dt

1
2

nr∑
j=1

∑
l

∫
Rs

∣∣∣ql(k) γ(k) ẑ(j)(t, k)
∣∣∣2 dk

= −
∫

Rs

∣∣∣γ(k) ẑ(1)(t, k)
∣∣∣2 dk,
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and by applying Parseval’s formula
∫ |f̂(k)|2dk = ‖f(x)‖2 we have the following:

Corollary 10. There exists a polynomial γ(k) such that the inverse transform
of (46) is

d

dt
E(t) = −

∥∥∥F−1
{
γ(k) ẑ(1)(t, k)

}∥∥∥2

. (47)

Here

E(t) =
1
2

n∑
j=1

∑
l

∥∥∥F−1
{
ql(k) ẑ(j)(t, k)

}∥∥∥2

, (48)

contains only local quantities.
Note that Theorem 9 can be used with any annihilating polynomial of P (ik). If

the minimal polynomial is available it is advantageous to use it since it has lower
degree and thus will produce an energy with lower order derivatives. Its lower degree
also simplifies the computation of the continued fraction.

4. PML for Maxwell’s Equations. The first problem we consider is the scaled
TMz problem in a lossless medium. Then Maxwell’s equations can be written

∂u

∂t
+Ax

∂u

∂x
+Ay

∂u

∂y
= 0,

Ax =

⎡
⎣ 0 0 0

0 0 −1
0 −1 0

⎤
⎦ , Ay =

⎡
⎣ 0 0 1

0 0 0
1 0 0

⎤
⎦ ,

where u = [Hx, Hy, Ez]T . We consider a layer in the x direction. Here Ax is singular
and there are only two modes that propagate in the x direction. Hence, we only add
auxiliary variables to the x-propagating Hy and Ez fields. The layer we will consider
is defined by the equations

∂Hx

∂t
+
∂Ez

∂y
= 0,

∂Hy

∂t
− (1 + ησ)

∂Ez

∂x
= σφ2,

∂Ez

∂t
− (1 + ησ)

∂Hy

∂x
+
∂Hx

∂y
= σφ1,

∂φ1

∂t
+
∂Ez

∂x
= −(σ + α)φ1 + ε

∂2φ1

∂y2
,

∂φ2

∂t
+
∂Hy

∂x
= −(σ + α)φ2 + ε

∂2φ2

∂y2
.

(49)

Here we have included the parameter η which will improve the damping of evanescent
modes. Note that if ε = 0 the above equations are only weakly hyperbolic and thus
only weakly well-posed. To ensure strong well-posedness we take ε > 0.

4.1. Stability for Constant σ. When σ is constant we can take the Fourier
transform in x and y. For simplicity let η = 0. The symbol of (49) then becomes

P (ik) = −
[
ikxAx + ikyAy σD

ikxE (α + σ + εk2
y)I

]
, (50)
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where

D =
[

0 0 1
0 1 0

]T

, E = −
[

0 1 0
0 0 1

]
.

The minimal polynomial of (50) coincides with the characteristic polynomial and can
be written as a product of the two polynomials mP (λ) = m1(λ)m4(λ)

m1(λ) = λ,

m4(λ) =
(
λ4 + 2(τ + σ)λ3 + (k2

x + k2
y + (τ + σ)2)λ2

+2(τk2
x + (τ + σ)k2

y)λ+ k2
xτ

2 + (τ + σ)2k2
y

)
,

where we have introduced τ = α+ εk2
y.

To determine the sign of the eigenvalues we apply Lemma 6 to m4(λ). The
coefficients in the continued fraction (38) are

c1 = − 1
2(τ + σ)

, (51)

c2 = − 2 (τ + σ)2

(τ + σ)3 + σk2
x

, (52)

c3 = −
(
(τ + σ)3 + σk2

x

)2

2σk2
x

(
(τ + σ)(τ2 + στ + k2

y) + τk2
x

)
(τ + σ)

, (53)

c4 = − 2σk2
x

(
(τ + σ)(τ2 + τσ + k2

y) + τk2
x

)
(
(τ + σ)2k2

y + k2
xτ

2
)
((τ + σ)3 + σk2

x)
, (54)

d1 = d2 = d3 = d4 = 0. (55)

Clearly all cj are negative and defined except for the cases kx = ky = 0 and kx =
0, ky �= 0. When kx = 0 the minimal equation reduces to λ(λ2 + k2

y)(λ + σ + τ)2 = 0
with solutions λ = 0,±iky,−(σ + τ),−(σ + τ). The eigenvalues with zero real part
are distinct as long as ky �= 0. For the case ky = 0 there could potentially be algebraic
growth. However, it is easily checked that there are three independent eigenvectors
when kx = ky = 0. Thus (49) is strongly stable when η = 0. When η �= 0 the
coefficients are somewhat more complicated, but strong stability follows similarly.
This concludes the proof of the following lemma.

Lemma 11. For constant σ > 0, α > 0, ε > 0, ησ + 1 > 0, the system (49) is
strongly stable.

4.2. Energy Estimates. We now consider decaying energies of the system (49).
We start by noticing thatm4(P (ik)) annihilates Êz and φ̂2 whilemP (∂/∂t) annihilates
Ĥx, Ĥy and φ̂1. Thus we have that

m4(∂/∂t)v̂ = 0, for v̂ = Êz, φ̂2,
∂Ĥx

∂t
,
∂Ĥy

∂t
,
∂φ̂1

∂t
.

It follows from Theorem 9 and (51)-(55) that the energy

E(t; k) ≡ 1
2

4∑
j=1

|cj ||ẑ(j)(k, t)|2, (56)
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decays with time. To express (56) in v̂ we use (44). This yields

|z(1)| = |v̂|, |z(2)| =
∣∣∣∣
(
|c1| ∂

∂t
+ 1

)
v̂

∣∣∣∣ ,
|z(3)| =

∣∣∣∣
(
|c2| ∂

∂t

(
|c1| ∂

∂t
+ 1

)
+ 1

)
v̂

∣∣∣∣ ,
|z(4)| =

∣∣∣∣∣
(
|c3| ∂

∂t

(
|c2| ∂

∂t

(
|c1| ∂

∂t
+ 1

)
+ 1

)
+

(
|c1| ∂

∂t
+ 1

))
v̂

∣∣∣∣∣ .
(57)

Since E is a function of c3 and c4, whose denominators vanish for certain kx and
ky, it is not bounded. To formulate energies in physical space, we first remove the
singularities of E by multiplying (56) by a suitable polynomial in kx and ky. Here we
will consider two different polynomials, the first producing a semi-local energy and
the second a fully local energy.

4.2.1. A Semi-Local Energy. We would like the order of the spatial derivatives
of v appearing in the energy in physical space to be as low as possible. At the same
time, the energy must be bounded for all kx and ky so that we can use Parseval. The
energy

ESL(t; k) = 2(τ + σ)k2
x

(
(τ + σ)2k2

y + k2
xτ

2
) E(t; k), (58)

satisfies these requirements. We can split ESL into a local and a non-local part

ESL(t; k) = EL + ENL. (59)

The local and non-local energies are

EL = k2
x

(
(τ + σ)2k2

y + k2
xτ

2
) |v̂|2, (60)

ENL = 2(τ + σ)k2
x

(
(τ + σ)2k2

y + k2
xτ

2
) 4∑

j=2

|cj ||ẑ(j)(k, t)|2. (61)

Now by using Parseval we get

d

dt
(EL(t; v) + ENL(t)) = −2(σ + α)EL(t; v) − 2εEL(t; ∂yv), (62)

where

EL(t; v) = (α + σ)2‖∂x∂yv(·, t)‖2 + α2‖∂2
xv(·, t)‖2 + 2ε(α+ σ)‖∂x∂

2
yv(·, t)‖2

+ε2‖∂x∂
3
yv(·, t)‖2 + 2εα‖∂2

x∂yv(·, t)‖2 + ε2‖∂3
x∂yv(·, t)‖2.

(63)

We do not state ENL(t) explicitly, since for our purpose it is sufficient to know that
it is bounded and non-negative. However, we note that ENL(t) is non-local in space.

By rewriting (62)

d

dt

(
e2(σ+α)tEL(t; v) + ENL(t)

)
= −2εEL(t; ∂yv), (64)

we see that

EL(t; v) ≤ Ce−2(σ+α)t, C = EL(0 ; v), (65)
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which proves the following
Lemma 12. Let v be any of the fields

Ez, φ2,
∂Hx

∂t
,
∂Hy

∂t
,
∂φ1

∂t
.

If σ > 0, α > 0, ε > 0 and constant then v satisfies the estimate

(α+ σ)2‖∂x∂yv(·, t)‖2 + α2‖∂2
xv(·, t)‖2 ≤ e−2(σ+α)tC. (66)

4.2.2. A Local Energy. To obtain a fully local energy we need to clear the
denominators of (56) and (57). Again, this is done by multiplying E by a suitable
factor. For this case we define the fully local energy by

EFL ≡ (τ + σ)2((τ + σ)3 + σk2
x)

× (
(τ + σ)2k2

y + k2
xτ

2
)
k2

x

(
(τ + σ)(τ2 + στ + k2

y) + τk2
x

) E .
EFL(t; k) can be split into

EFL(t; k) = EI + EII + EIII + EIV ,

where

EI =
1
2
(τ + σ)((τ + σ)3 + σk2

x)
(
(τ + σ)2k2

y + k2
xτ

2
)

×k2
x

(
(τ + σ)(τ2 + στ + k2

y) + τk2
x

) |v̂|2 ,
EII =2(τ + σ)2k2

x

(
(τ + σ)2k2

y + k2
xτ

2
)

× (
(τ + σ)(τ2 + στ + k2

y) + τk2
x

) ∣∣ (1
2
∂t + τ + σ)v̂︸ ︷︷ ︸

χ̂1

∣∣2,

EIII =
1
2σ

(τ + σ)((τ + σ)3 + σk2
x)

(
(τ + σ)2k2

y + k2
xτ

2
)

× ∣∣ ((σ + τ)∂2
t + 2(σ + τ)2∂t + (τ + σ)3 + σk2

x

)
v̂︸ ︷︷ ︸

χ̂2

∣∣2,

EIV =
∣∣∣(((τ + σ)3 + σk2

x)∂t(
(τ + σ)

2σ
∂2

t +
(τ + σ)2

σ
∂t +

1
2σ

)

+ k2
x

(
(τ + σ)(τ2 + στ + k2

y) + τk2
x

)
(
1
2
∂t + σ + τ)

)
v̂
∣∣∣2.

To localize the energies we need to write them in the form (45). This is a straight-
forward operation, but the resulting expressions become lengthy (they contain many
combinations of higher derivatives) and are therefore presented in appendix A.

Let En be the physical space version of the energy En. Then we have that

d

dt

(
EI(t) + EII(t) + EIII(t) + EIV (t)

)
= −EI(t), (67)
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which means that(
etEI(t) + EII(t) + EIII(t) + EIV (t)

) ≤ (
EI(0) + EII(0) + EIII(0) +EIV (0)

)
.

Thus EI decays exponentially while EII , EIII and EIV at least remain bounded.
It may be possible to derive sharper results from this fully local energy by using

the system (49). We note that the energy estimates obtained by Bécache et al in [7]
are stated in terms of the fields rather than the derivatives of the fields so that strong
stability is a straightforward consequence of the energy inequality. We emphasize that
our results also imply strong stability even though the energy is stated in terms of
derivatives of the fields.

5. The Linearized Euler Equations. The next problem we consider are the
Euler equations in two dimensions linearized around a subsonic skew flow

∂u

∂t
+Ax

∂u

∂x
+Ay

∂u

∂y
= 0,

where

u =

⎡
⎢⎢⎣

ρ
vx

vy

p

⎤
⎥⎥⎦ , Ax =

⎡
⎢⎢⎣
Mx 1 0 0
0 Mx 0 1
0 0 Mx 0
0 1 0 Mx

⎤
⎥⎥⎦ , Ay =

⎡
⎢⎢⎣
My 0 1 0
0 My 0 0
0 0 My 1
0 0 1 My

⎤
⎥⎥⎦ .

Here, ρ is the density, vx and vy are the velocities in the x and y direction respectively,
p is the pressure and Mx and My are the Mach numbers in the x and y direction. We
have that 0 < Mx < 1, 0 < My < 1 since the flow is assumed to be subsonic.

From [16] we conclude that a suitable layer in the x-direction should be of the
form

∂u

∂t
+Ax

(
∂u

∂x
+ µσu+ σφ

)
+Ay

∂u

∂y
= 0,

∂φ

∂t
+
∂u

∂x
+My

∂φ

∂y
+ (σ + α)(µu + φ) = 0.

(68)

The symbol P (ik) of (68) is

P (ik) = −
[

(ikx + µσ)Ax + ikyAy σAx

ikxI + (σ + α)µI (ikyMy + σ + α)I

]
. (69)

Note that here we do not need to include the parabolic CFS. To establish well-
posedness, we simply freeze the coefficients and consider the principal part of P (ik)

P1(ik) = −
[
ikxAx + ikyAy 0

ikxI ikyMy

]
. (70)

The eigenvalues of the upper diagonal block are easy to compute. They coincide with
ikyMy only when kx = 0. Thus P1 is diagonalizable and well-posedness follows.

5.1. Stability for Constant σ. In [16] it was shown that the choice

µ =
Mx

1 −M2
x

, (71)
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is necessary for the solution in a layer closely related to (68) to decay in space. Similar
conclusions, from another point of view, were reached by Hu in [19]. The results for
decay in space from [16] apply directly to (68). Here we will show that (71) is also
necessary and sufficient for stability (in time) for (68).

First we show that (71) is sufficient. We note that the real part of the eigenvalues
of P (ik) (with µ given by (71)) coincide with the real part of the eigenvalues of the
matrix P̃ (ik) ≡ P (ik) − ikyMyI. Since P̃ (ik) has a sparser structure, it is easier to
check that its eigenvalues have non-positive real part.

The minimal polynomial of P̃ (ik) can be factored mP̃ (λ) = m1(λ)m2(λ), where

m1(λ) = λ2 +
(
ikxMx +

σ

ζ
+ α

)
λ+ ikxαMx, (72)

and

m2(λ) =λ4 + 2
(
ikxMx +

σ

ζ
+ α

)
λ3

+
(

4αikxMx + ζk2
x + k2

y +
(σ + α)2 −M2

xα
2

ζ

)
λ2

+2
(
ikxαMx + ζαk2

x + (α+ σ)k2
y

)
λ+ ζα2k2

x + (α+ σ)2k2
y.

(73)

Here we have introduced ζ = 1−M2
x . The continued fraction coefficients for (72) are

c1 = − ζ

2(σ + αζ)
, (74)

c2 = −2(σ + αζ)3

ασM2
xζ

2k2
x

. (75)

For (73) the coefficients are

c1 = − ζ

2(σ + αζ)
, (76)

c2 = −2(σ + αζ)3

c2a
, (77)

c3 = − c32a

2σζ(σ + αζ)4c3a
, (78)

c4 = − 2(αζ + σ)4c33aσ

c42a(k2
yM

2
x − ζk2

x)2(α2ζk2
x + (α+ σ)2k2

y)c4a
, (79)

where c2a, c3a, c4a are positive for all kx and ky and can be found in Appendix B. We
see that all the coefficients are negative and defined for all kx and ky except the cases
(a) kx = ky = 0, (b) kx = 0, ky �= 0 and (c) (1 −M2

x)k2
x = M2

xk
2
y. We will consider

these cases separately.
First we consider the case (a) for which we easily can compute the eigenvalues of

P̃ (kx = 0, ky = 0) = P (kx = 0, ky = 0). They are

0, − σ

1 −Mx
− α, − σ

1 +Mx
− α, − σ

1 −M2
x

− α.

The zero eigenvalue has multiplicity four and there could potentially be algebraic
growth. However, straightforward calculations show that there are also four indepen-
dent eigenvectors and this mode will be strongly stable.
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For the case (b), the minimal polynomial of P̃ (ik) can be factored into

mP̃ (λ) = n1(λ)n2(λ)n3(λ),

n1(λ) = λ, n2(λ) = λ+
σ + αζ

ζ
, n3(λ) = m2(λ; kx = 0).

Directly, we see that the eigenvalues λ = 0 and λ = −(σ/ζ + α), being solutions to
n1(λ) = 0 and n2(λ) = 0, have non-positive real parts. The double zero eigenvalue
of P̃ (ik) coresponds to the double eigenvalue λ = −ikyMy of P (ik). Associated with
λ = −ikyMy, there are two linearly independent eigenvectors and thus stability will
not be lost.

For n3(λ), we compute the coefficients in the continued fraction. They are

c1 = − ζ

2(σ + αζ)
,

c2 = − 2(σ + ζα)2

σM2
xk

2
yζ + (σ + α(1 +Mx))(σ + α(1 −Mx))(σ + ζα)

,

c3 = − (σM2
xk

2
yζ + (σ + α(1 +Mx))(σ + α(1 −Mx))(σ + ζα))2

2k2
yζσM

2
x(σ + α)(σα + ζ(α2 + k2

y))
,

c4 = − 2σM2
x(σα + ζ(α2 + k2

y))
(σ + α)(σM2

xk
2
yζ + (σ + α(1 +Mx))(σ + α(1 −Mx))(σ + ζα))

.

Due to the assumptions 0 < Mx < 1, ζ > 0, σ > 0 and α > 0 they are all negative.
Finally we consider case (c). For this case mP̃ (λ) again factors into three poly-

nomials

mP̃ (λ) = o1(λ)o2(λ)o3(λ),

o1(λ) = λ− ikx
ζ

Mx
, o2(λ) = m1(λ),

o3(λ) = λ3 +
(

2
σ + ζα

1 −M2
x

+ ikx
1 +M2

x

Mx

)
λ2

+
(

(σ + α)2 − α2M2
x

ζ
+ ikx

2(σ + α(1 +M2
x))

Mx

)
α+ ikx

(σ + α)2 + α2M2
x

Mx
.

The eigenvalue belonging to o1(λ) is distinct and does not affect strong stability
and the polynomial o2(λ) = m1(λ) has already been checked. It only remains to check
the coefficients of the continued fraction arising from o3(λ). They are

c1 = − ζ

2(σ + αζ)
, (80)

c2 = −2(σ + αζ)3

c2a
, (81)

c3 = − c32aM
2
x

4(σ + αζ)4k2
xσζ

2(α2M2
x + (σ + α)2)

× 1
αM2

x(α+ σ)(σ + αζ)2 + ζ2k2
x(σ + α(1 +M2

x))2
, (82)
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where

c2a = (σ + αζ)2((σ + α)2 − α2M2
x) + 2σk2

xζ
2(σ + α(1 +M2

x)). (83)

Clearly, (80)-(82) are negative and defined unless kx = ky = 0. However, that partic-
ular case has already been checked.

To see that (71) is a neccessary condition we use the parameterization ky =
κ, kx = γκ and compute the minimal polynomial of P̃ (κ, γ) with µ as a free parameter.
Again the minimal polynomial can be factored into a quadratic and a quartic. If we
compute the coefficients in the continued fraction for the quartic, we see that for
κ large the sign of the coefficients c3 and c4 will be determined by the sign of the
expression

κ4(M2
x − γ2 + γ2M2

x)(M2
xµ

2γ2 + 2γ2µMx + γ2 − µ2γ2 − µ2). (84)

Since the expression (M2
x − γ2 + γ2M2

x) will change sign when γ2 = M2
x/(1−M2

x) we
must choose µ such that the sign of the last expression in (84) changes simultaneously.
Hence µ must satisfy

(M4
x − 1)µ2 + 2M3

xµ+M2
x = 0,

i.e. we must choose

µ = − Mx

1 +M2
x

or µ =
Mx

1 −M2
x

.

The first choice will violate the conditions for c2 when kx is large and cannot be used,
while the second choice, as we have seen above, yields a strongly stable PML.

We summarize the results in the following
Lemma 13. For constant σ > 0, α > 0 and 0 < Mx < 1, a necessary and

sufficient condition for strong stability of the system (68) is that

µ =
Mx

1 −M2
x

. (85)

6. A Stable PML for General 2 × 2 Symmetric Hyperbolic Systems.
Our final example is the symmetric hyperbolic system

∂u

∂t
+

[
a11 a12

a12 a22

]
︸ ︷︷ ︸

A

∂u

∂x
+

[
b11 b12
b12 b22

]
︸ ︷︷ ︸

B

∂u

∂y
= 0. (86)

Here A and B are real matrices, and we can choose a12 = 0 without loss of generality.
Note that the convective wave equation

(
∂

∂t
+M

∂

∂x

)2

u = C2∇2u,

is a special case of (86), if we choose

a11 = M + C, a22 = M − C, b12 = C, a12 = b11 = b22 = 0.
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Equation (86) also contains the anisotropic wave equation as a special case:

∂2u

∂t2
= ∇ · (T ∇u),

T =
[
a b
b c

]
, a > 0, c > 0, ac− b2 > 0,

describing electromagnetic waves propagating in an anisotropic dielectric media. Here

a11 = −a22, a12 = 0, b11 = −b22,

a11 =
√
a, b11 =

b√
a
, b12 =

√
c− b2

a
.

The direction in which the waves supported by the system (86) propagate depends
on the coefficients of A and B. If A is nonsingular there are three distinct cases

(i) a11a22 < 0, b12 �= 0 : Coupled waves moving in opposite x- directions.
(ii) a11a22 > 0, b12 �= 0 : Coupled waves moving in the same x- direction.
(iii) b12 = 0, a11a22 �= 0 : Decoupled waves.
For the cases (ii) and (iii), there is no need to use a PML since waves can be

damped without reflection by simply adding a damping term[
σ1(x) 0

0 σ2(x)

]
u,

to (86). The appropriate signs of σ1 and σ2 can be determined by the sign of ajj ; see
also [4]. The case (i) is more interesting. In [4], the following PML model is suggested

∂u

∂t
+A(

∂u

∂x
+ σνu + φ) +B

∂u

∂y
= 0,

∂φ

∂t
+ (σ + α)φ+ β

∂φ

∂y
= σ(γ

∂u

∂x
+ ν(σ + α)u+ δ

∂u

∂y
),

(87)

where

δ =
b22 − b11
a11 − a22

, ν = −a11 + a22

2|a11a22| , (88)

β = −b11a22 − b22a11

a11 − a22
, γ = −1, α ≥ 0. (89)

Lemma 14. For σ > 0 and constant, a11a22 < 0, and α ≥ 0 the system (87) is
at least weakly stable.

Proof. For simplicity we give the proof only for the case α = 0. For the general
choice of α �= 0 the coefficients are more complicated, but stability follows similarly.
We consider three different cases (a) kx �= 0, ky �= 0, (b) kx �= 0, ky = 0 and (c) kx =
ky = 0. First we consider the case (a) and compute the coefficients in the continued
fraction, (38) in Lemma 6. They are

c1 =
2a22a11

σ (a11 − a22)
2 ,
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c2 = −2σ (a11 − a22)
4

c2a
,

c2a = σ2(a11 − a22)4 + 4a2
11a

2
22

(
kx(a11 − a22) + ky(b11 − b22))2

−4a11a22b
2
12k

2
y(a11 + a22)2

)
,

c3 =
1
32

c32a

(a11 − a22)
2
c3aa2

22a
2
11b

2
12k

2
yσ
,

c3a = σ2(a11 − a22)4c3b + 4a22a11c
2
3b,

c3b = −k2
yb

2
12(a11 + a22)2 + a22a11(ky(b11 − b22) + kx(a11 − a22))2,

c4 = −8
c33aa22a11

c44aσc
2
4b

,

where c4a and c4b can be found in appendix C. The coefficients are negative except
for the cases (b) and (c), but then the eigenvalues can be computed directly. For case
(b) they are

0, ika11a22 − σ

2

(
1 − a11

a22

)
, ika11a22 − σ

2

(
1 − a22

a11

)
,

and for the case (c) they are

0, −σ
2

(
1 − a11

a22

)
, −σ

2

(
1 − a22

a11

)
.

Since a11a22 < 0 they all have non negative real part, and the lemma is proved.
As a final remark, in many cases the words ”at least weakly”, in Lemma 14, can

be replaced by ”strongly”. However, to prove this we need to consider all cases when
c4a or c4b vanish. Considering the complexity of the expressions c4a and c4b we expect
the necessary calculations to be quite tedious.

7. Summary. We have presented a very general PML model for first order hy-
perbolic systems. We believe that the generality should make the model suitable
for many future applications. We have also proven that the equations in the layer
are perfectly matched to the equations in the computational domain. For the model
formulated with one set of auxiliary variables, we have also showed that the layer
equations always can be made strongly well-posed.

The critical step in the construction of a PML is to choose the free parameters
so that the solution in the layer is stable. To simplify the analysis of this step, we
have presented a method with which the stability of the layer can be determined by
checking a fixed number of algebraic inequalities, which in turn can be generated au-
tomatically. Additionally, if these inequalities hold, we showed that there is an energy
density in Fourier space that decays with time. By simple algebraic manipulations
and application of Parseval’s relation, this energy density can be converted to a de-
caying energy in physical space. The energy contains only the solution and its spatial
and temporal derivatives; i.e. the energy is local.

We have used the introduced tecniques to show strong stability for a PML for
Maxwell’s equations and a PML for the linearized Euler equations. We also showed
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weak stability for a PML for a general 2× 2 hyperbolic system in (2 + 1) dimensions.
For the PML for Maxwell’s equations, we also derived a semi-local and a local energy.
These energies guarantee the time-decay of higher order derivatives in space and time
of the solution.

Unlike techniques that only involve checking the roots of the characteristic poly-
nomial, our method is applicable to variable coefficient problems. This is important
since in “real life” the damping parameter σ is not constant. The stability of the
variable coefficient problem can be analyzed as a perturbation of the constant coef-
ficient problem. If the constant coefficient problem is stable our method generates
an energy. Since the energy decays for constant σ we expect it to decay at least for
slowly varying σ.

Appendix A. The space-time energy version of EIV is obtained by integration
over all wavenumbers and application of Parseval. It is

EIV =

∥∥∥∥∥
(
((α − ε∂2

y + σ)3 − σ∂2
x)∂t(

1
2σ

(α− ε∂2
y + σ)∂2

t +
1
σ

(α− ε∂2
y + σ)2∂t +

1
2σ

)

−∂2
x

(
(α− ε∂2

y + σ)((α − ε∂2
y)2 + σ(α− ε∂2

y) − ∂2
y) + α− ε∂2

yk
2
x

)
×(

1
2
∂t + σ + α− ε∂2

y)
)
v(·, t)

∥∥∥∥∥
2

.

For EIII we first rewrite

1
2σ

(τ + σ)((τ + σ)3 + σk2
x)

(
(τ + σ)2k2

y + k2
xτ

2
)

=

+
1
2σ

(τ + σ)6k2
y +

1
2σ

(τ + σ)4k2
xτ

2

+
α+ σ

2
(τ + σ)2k2

xk
2
y +

α+ σ

2
τ2k4

x +
ε

2
(τ + σ)2k2

xk
4
y +

ε

2
τ2k4

xk
2
y.

Integrating over k and applying Parseval to each term in EIII we get

EIII =
1
2σ

‖(α+ σ − ε∂2
y)3∂yF−1 {χ̂2} ‖2

+
1
2σ

‖(α+ σ − ε∂2
y)2(α− ε∂2

y)∂xF−1 {χ̂2} ‖2

+
σ + α

2
‖(α+ σ − ε∂2

y)∂x∂yF−1 {χ̂2} ‖2

+
σ + α

2
‖(α− ε∂2

y)∂2
xF−1 {χ̂2} ‖2

+
ε

2
‖(α+ σ − ε∂2

y)∂x∂
2
yF−1 {χ̂2} ‖2

+
ε

2
‖(α− ε∂2

y)∂2
x∂yF−1 {χ̂2} ‖2,

where

F−1 {χ̂2} =
(
(σ + α− ε∂2

y)∂2
t + 2(σ + α− ε∂2

y)2∂t + (σ + α− ε∂2
y)3 + σ∂2

x

)
v(x, t).
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In the same way we get for EII

EII =2α‖(α+ σ − ε∂2
y)3∂x∂yF−1 {χ̂1} ‖2

+2ε‖(α+ σ − ε∂2
y)3∂x∂

2
yF−1 {χ̂1} ‖2

+2(α+ σ)‖(α+ σ − ε∂2
y)2∂x∂

2
yF−1 {χ̂1} ‖2

+2ε‖(α+ σ − ε∂2
y)2∂x∂

3
yF−1 {χ̂1} ‖2

+2α‖(α+ σ − ε∂2
y)2∂2

x∂yF−1 {χ̂1} ‖2

+2ε‖(α+ σ − ε∂2
y)2∂2

x∂
2
yF−1 {χ̂1} ‖2

+2α‖(α+ σ − ε∂2
y)2(α− ε∂2

y)∂2
xF−1 {χ̂1} ‖2

+2ε‖(α+ σ − ε∂2
y)2(α− ε∂2

y)∂2
x∂yF−1 {χ̂1} ‖2

+2(α+ σ)‖(α+ σ − ε∂2
y)(α− ε∂2

y)∂x∂yF−1 {χ̂1} ‖2

+2ε‖(α+ σ − ε∂2
y)(α − ε∂2

y)∂2
x∂

2
yF−1 {χ̂1} ‖2

+2α‖(α+ σ − ε∂2
y)(α − ε∂2

y)∂3
xF−1 {χ̂1} ‖2

+2ε‖(α+ σ − ε∂2
y)(α − ε∂2

y)∂3
x∂yF−1 {χ̂1} ‖2,

where

F−1 {χ̂1} = (
1
2
∂t + σ + α− ε∂2

y)v (90)

By similar operations, we can obtain an expression for EI . However, since we have to
split the the factor in front of |v̂|2 in EI in many terms the expression for EI becomes
very lengthy and we have choosen not to include it here.

Appendix B.

c2a = σζ2(σ + 3M2
xα+ α)k2

x +M2
xσζ(σ + ζα)k2

y

+(σ + ζα)2(σ + α(1 +Mx))(σ + α(1 −Mx)),

c3a = (c3b + c3ck
4
x + c3dk

4
y + c3ek

2
xk

2
y + c3fk

2
x + c3gk

2
y),

c3b = (−ζk2
x +M2

xk
2
y)2(σαζ3k2

x + σ(σ + α)ζ2k2
y),

c3c = αζ3(5Mx
4α3 + 12σMx

2α2 + 10Mx
2α3 + 2ασ2Mx

2 + 5ασ2+

2σ3 + 4σα2 + α3),

c3d = M2
x(σ + α)ζ(αζ + σ)(ζα2 + 2σα+ σ2 + σM2

xα),

c3e = −ζ2(σ4 + 2σ3α(2 +M2
x) + σ2α2(6 + 11M2

x +M4
x)

+4σα3(1 + 4M2
x −M6

x) + αη(1 + 8M2
x + 3M4

x)),

c3f = αζ(σ + α)(3α2M2
x + (α+ σ)2)(αζ + σ)2,

c3g = αM2
x(σ + α)(σ + α(1 +Mx))(σ + α(1 −Mx))(αζ + σ)2,

c4a = α2 (σ + α)2 (ζα + σ)2 + c4bk
4
x + c4ck

4
y + c4dk

2
xk

2
y + c4ek

2
x + c4fk

2
y,

c4b = ζ4α2, c4c = ζ2 (σ + α)2 , c4d = 2ζ3α (σ + α) ,

c4e = 2α2 (σ + α) ζ2
(
α(1 +Mx

2) + σ
)
,

c4f = 2αζ (σ + α)2 (αζ + σ) .
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Appendix C.

c4a = (4kx
2a11

4a22
2 + σ2a11

4 − 4ky
2b12

2a11
3a22 − 8kyb22a11

3kxa22
2

+8kxa11
3a22

2kyb11 − 4σ2a11
3a22 − 8kx

2a11
3a22

3 + 6σ2a22
2a11

2

+4kx
2a11

2a22
4 − 8ky

2b22a11
2b11a22

2 − 8ky
2b12

2a11
2a22

2 + 8kxa11
2a22

3kyb22

+4ky
2b11

2a22
2a11

2 + 4ky
2b22

2a11
2a22

2 − 8kxa11
2a22

3kyb11 − 4ky
2b12

2a11a22
3

−4σ2a22
3a11 + σ2a22

4),

c4b = (a22
2b12

2ky
2 + b11

2a22a11ky
2 + 2a22a11ky

2b12
2 − 2b11a22a11ky

2b22

+a22a11ky
2b22

2 + b12
2ky

2a11
2 − 2b11kya11a22

2kx + 2kya11a22
2kxb22

+2b11kya11
2a22kx − 2kya11

2a22kxb22 + a22
3a11kx

2 − 2a11
2a22

2kx
2 + a22a11

3kx
2).
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1 Introduction

The basic issue in the analysis of the Cauchy problem for partial differen-
tial equations is the determination of well-posedness, weak or strong. In
the constant coefficient case this question can be shown to be equivalent to
certain algebraic conditions on the ordinary differential operators in time
obtained by Fourier transformation in space. For strong well-posedness we
require estimates of Sobolev norms of the solution in terms of the same
Sobolev norms of the Cauchy data. The algebraic theory is summarized in
the Kreiss Matrix Theorem which establishes necessary and sufficient con-
ditions for the uniform boundedness of exponentials of families of matrices.
These conditions involve stronger requirements than simple upper bounds
on the real parts of the exponents appearing in exponential solutions of the
transformed problem; see [7, Ch. 2]. Weak well-posedness or well-posedness
in the sense of Petrowsky, requires the weaker condition that the norms of
the solution can be estimated by some possibly stronger Sobolev norm of
the data. As shown, e.g., in [3], a consequence of the Seidenberg-Tarski
Theorem is that Petrowsky well-posedness can be established simply by de-
riving a bound on the real parts of the exponents, which in turn follows
from establishing uniform bounds on the real parts of the roots of a family
of polynomials.

Extensions of the theory to variable coefficient and nonlinear problems
often rely on the construction of symmetrizers and energy estimates for
related constant coefficient systems. The Kreiss Matrix Theorem estab-
lishes the existence of such a symmetrizer in the case of strongly well-posed
problems. However, the construction is not direct in that the symmetrizer
depends on the eigenvalues of the symbol, which can not be computed in
general. Moreover, the resulting energies involve nonlocal operators. In
this work we use the well-known method of Sturm sequences for bounding
the real parts of roots of polynomials, which by the remarks above provide
an automatic method for checking Petrowsky well-posedness of a general
Cauchy problem. We prove that this well-known method can be adapted
to automatically symmetrize any well-posed problem, producing an energy
estimate involving only local quantities; that is an energy expressed in terms
of integrals of squares of differential operators applied to the solution com-
ponents. The density itself can be directly computed by symbolic means.

The remainder of the paper is organized as follows. In Section 2 we
recall the Sturm sequence construction as based on the Euclidean division
algorithm. In Section 3 we carry out the basic symmetrizer construction
for scalar ordinary differential equations, commenting on the extension to
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systems in Section 4. In Section 5 we apply the symmetrization to partial
differential equations and show how to localize the resulting energy density.
Section 6 contains a number of examples including problems of hyperbolic
and hyperbolic-parabolic type as well as a Boussinesq system with high-order
spatial derivatives. Finally, we conclude in Section 7, mentioning some open
questions associated with this technique.

2 Mathematical Preliminaries

Determinant criteria for computing the number of zeros of a polynomial lying
in a half-plane are well-known and extensively reviewed in [8]. Perhaps less
well-known is the following simple algorithm, producing the so-called Sturm
sequence, which is equivalent to the determinant conditions and which will
serve as the basic ingredient in the construction of a symmetrizer.

Let:
P (x) = P0(z) + iP1(z), z = −ix, (1)

where P0 is a real monic1 polynomial of degree n and P1 a real polynomial
of degree m < n. Suppose further that P1 is not identically zero. Using the
standard division algorithm, form the sequence of real polynomials:

Pk−1(z) = Qk(z)Pk(z)− Pk+1(z), k = 1, . . . , µ− 1, (2)

degQk = degPk−1 − degPk > 0, (3)

terminated when Pµ+1(z) ≡ 0. We note that µ ≤ n. We then have the
following Theorem, which is a special case of [8, Thm. 38,1]. (See also [11,
Thm. 47.1].)

Theorem 1 All zeros of P (x) satisfy �x < 0 if and only if µ = n and the
lead coefficients, −λ2

k, of the linear polynomials Qk, are negative.

3 Symmetrization

We now use Theorem 1 to prove our main theorem. Consider the scalar
ordinary differential equation:

R

(
d

dt

)
y = 0, (4)

1A polynomial is called monic if its lead coefficient is one.
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where R is a degree n polynomial. Noting that for some α > 0, e−αty decays
as t → ∞, we define P by:

P = α0R

(
d

dt
+ α

)
, (5)

where the complex number α0 is chosen so that P0 is monic. Forming the
Sturm sequence, we have that:

Qk(z) = −λ2
kz + ηk. (6)

Also, we note that if the polynomials P and P0 had common roots then P0

and P1 would also share those common roots. In this case the degree of P2

would be less than n− 2, contradicting Theorem 1. Thus

v = e−αty, (7)

can be written as:
v = P0(−i d

dt
)w, (8)

where
P (−i d

dt
)w = 0. (9)

Set:
v(k) = Pk(−i d

dt
)w. (10)

Then by (2) the functions v(k) satisfy:

λ2
k

dv(k)

dt
= i
(
ηkv

(k) − v(k−1) − v(k+1)
)
, k = 1, . . . , n, (11)

where v(n+1) = 0, and by (8), (9) and (10) with k = 1:

v ≡ v(0) = −iv(1). (12)

In matrix form (11) becomes:

Λ2 dV

dt
= HV, (13)

where
H +H∗ = −2e1e

T
1 , V = (v(1), . . . , v(n))T , (14)

(Here e1 is the standard unit n-vector). Using (13) and (12) standard com-
putations yield:
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Theorem 2 The functions v(k) satisfy the energy equality:

dE

dt
= −2|v|2, (15)

where

E =
n∑

k=1

λ2
k|v(k)|2.

Remark: We note that the construction of the symmetrized system (13)
and associated energy via (2) is direct and that the coefficients are ratio-
nally dependent on the coefficients of the original equation, R. No roots of
polynomials are required. Thus it is straightforward to carry out the pro-
cess explicitly by symbolic computations, even for problems depending on
parameters such as those arising from the Fourier transformation in space
of constant coefficient partial differential equations. We have used symbolic
computations to derive the energies in some of the examples below as well
as the energies for the Perfectly Matched Layer (PML) models studied in
[1].

The energy can be directly expressed in terms of the function, v, by
solving recursively (12) and (11):

v(1) = iv, v(k+1) = iλ2
k

dv(k)

dt
+ ηkv

(k) − v(k−1) ≡ Lk+1(−i d
dt
)v. (16)

Clearly the polynomials Lk satisfy the recursion:

Lk+1(z) = −(λ2
kz − ηk)Lk(z)− Lk−1(z), (17)

where L0 = 1, L1 = i. Note that integration of the energy equality (15)
yields:

λ2
1e

2

λ2
1

t|v(1)(t)|2 +
n∑

k=2

λ2
k|v(k)(t)|2 =

n∑
k=1

λ2
k|v(k)(0)|2. (18)

4 Application to Systems

For systems of equations, the most straightforward approach is to derive
scalar equations for each component, and then dervie the energy equality
above for each scalar equation. For example, for the first order system:

du

dt
= Au, u ∈ R

d, A ∈ R
d×d, (19)
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we define the minimal polynomial of A to be the monic polynomial, P , of
least degree such that:

P (A) = 0. (20)

(Since the Cayley-Hamilton Theorem implies that A satisfies the character-
istic equation, the degree of P is at most d.)

A simple induction argument then shows that each component, ui, sat-
isfies:

P

(
d

dt

)
ui = 0. (21)

Thus each component satisfies the energy equality constructed from P . We
note that the use of the minimal polynomial rather than the characteristic
polynomial is crucial to the construction of optimal estimates for hyperbolic
problems as it allows us to distinguish between diagonalizable and nondiag-
onalizable systems with multiple characteristics. See the examples below.

A disadvantage of the construction based on the minimal polynomial
is that we derive the same equation for each component. A more general
technique, which can be applied to the lth-order system:

l∑
j=0

Rj
dju

dtj
= 0, u ∈ R

d, Rj ∈ R
d×d, (22)

is the Smith factorization [12, Ch. 1]. The Smith factorization leads to new
variables, ũi, which satisfy scalar equations of increasing order:

Di

(
d

dt

)
ũi = 0. (23)

Here Di is a monic polynomial which divides Di+1. Again, the energy con-
struction can be applied to each of the equations (23). As the differential
operators Di appearing in the Smith factorization are of minimal order for
the underlying system we suspect that their use will lead to optimal esti-
mates. However, in our examples we have not yet implemented an auto-
matic Smith factorization algorithm and so our energies for systems were
constructed via the minimal polynomial. Then we have used the equations
to refine the results.

5 Application to PDEs

Consider the scalar, constant coefficient partial differential equation:

R(
∂

∂t
,
∂

∂x1
, . . . ,

∂

∂xm
)u = 0, (t, x) ⊂ R × R

m, (24)
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where R is now a polynomial inm+1 variables. (Note that by the discussion
above the construction can also be applied to systems.) Performing a Fourier
transformation in the space variables we obtain:

R̂(
∂

∂t
, iζ1, . . . , iζm)û = 0. (25)

We now suppose that the Cauchy problem in t defined by (24) is well-
posed in the sense of Petrowsky. Then (see [3, Ch. 1]) there exists M0

independent of ζ ∈ R
m such that v̂ = e−αtû is exponentially decaying for all

α with �α > M0. Choosing such an α and defining P̂ by:

P̂ = α̂0R̂

(
d

dt
+ α, iζ1, . . . , iζm

)
, (26)

we construct the symmetrized system:

Λ̂2dV̂

dt
= ĤV̂ , (27)

and energy functional Ê as above. We note that all coefficients in the defi-
nitions of the functions v̂(k) as well as the parameters λ̂2

k in the definition of
Ê are rational functions of ζ. Thus by multiplying the energy equality by a
polynomial in ζ, integrating over ζ, and invoking Parseval’s equality for the
L2 norm, ‖ · ‖, we prove:
Theorem 3 Suppose (24) is well-posed in the sense of Petrowsky and let �α
be sufficiently large. Then there exist differential operators Φk

(
∂
∂t ,

∂
∂x1

, . . . , ∂
∂xm

, α
)
,

k = 1, . . . , S and Ψ
(

∂
∂t ,

∂
∂x1

, . . . , ∂
∂xm

, α
)
such that:

dE

dt
= −2‖Ψv‖2,

where

E =
S∑

k=1

‖Φkv‖2,

and v = e−αtu. The coefficients of the differental operators, Φk and Ψ, can
be directly computed from the polynomials in the Sturm sequence.

Proof: Explicitly eliminating the v̂(k), the energy equality guaranteed by
Theorem 2 takes the form:

d

dt

(
n∑

k=1

λ2
k|Lk

(
d

dt
, ζ

)
v̂|2
)
= −2|v̂|2, (28)
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where L1 = 1. Since by construction λ2
k and the coefficients of the operators

Lk are rational functions of ζ, there exists a real polynomial, ψ(ζ), such
that:

ψ2λ2
k = µ2

k, ψLk = Mk, (29)

where µ2
k and the coefficients of Mk are real polynomials in ζ. (All functions

here also depend on α.) Multiplying (28) by ψ4

d

dt

(
n∑

k=1

µ2
k|Mk

(
d

dt
, ζ

)
v̂|2
)
= −2|ψ2v̂|2. (30)

Since µ2
k > 0, by Hilbert’s Seventeenth Problem ψ can be chosen so that

[10]:

µ2
k =

dk∑
l=1

φ2
lk, (31)

where φlk is a polynomial in ζ. We now may define the differential operators
appearing in the statement of the theorem via their symbols:

n∑
k=1

dk∑
l=1

|φlkMkv̂|2 =
S∑

k=1

|Φ̂kv̂|2, (32)

|ψ2v̂|2 = |Ψ̂v̂|2. (33)

The theorem now follows from Parseval’s equality.�

6 Examples

6.1 Hyperbolic Equations

We first consider scalar hyperbolic equations. For problems which are strictly
hyperbolic, that is which have no multiple characteristics, general energy es-
timates were developed by Leray and used to prove the strong well-posedness
of variable coefficient systems. See, for example, G̊arding [2]. We also note
that the Leray construction can be generalized to other Petrowsky well-
posed systems as shown in [3, Ch. 3]. Here we will show that in the strictly
hyperbolic case our construction also produces an energy for which strong
well-posedness is evident; that is we produce an energy which controls all
derivatives of principal order. In addition, we consider examples due to
Peyser [9] whose principal parts are not strictly hyperbolic.
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6.1.1 The Convective Wave Equation

We begin with a simple example which can easily be carried out by hand.
Consider the convective wave equation:(

∂

∂t
+M

∂

∂x

)2

u = c2∇2u. (34)

Note that we recover the classical wave equation by setting M = 0. Choose
α > 0, real. We then have:

P̂ (−i ∂
∂t
) =

(
−i ∂

∂t
− iα+ ζ1M

)2

− c2|ζ|2. (35)

Thus:
P̂0(z) = z2 + 2ζ1Mz − c2|ζ|2 +M2ζ2

1 − α2, (36)

P̂1(z) = −2αz − 2αMζ1. (37)

We now compute the Sturm sequence:

Q̂1(z) = − z

2α
− Mζ1

2α
, P̂2(z) = c2|ζ|2 + α2, (38)

Q̂2(z) = − 2αz
c2|ζ|2 + α2

− 2αMζ1
c2|ζ|2 + α2

. (39)

We see that any α > 0 suffices. We have:

λ̂2
1 =

1
2α

, λ̂2
2 =

2α
c2|ζ|2 + α2

, (40)

v̂(1) = iv̂, v̂(2) = − 1
2α

(
dv̂

dt
+ iMζ1v̂ + 2αv̂

)
. (41)

Thus the energy equality of Theorem 2 is:

1
2α

d

dt

(
|v̂|2 + 1

c2|ζ|2 + α2

∣∣∣∣dv̂dt + iMζ1v̂ + 2αv̂
∣∣∣∣
2
)
= −2|v̂|2. (42)

Clearing denominators and applying Parseval’s relation we find for any α >
0:

d

dt

∫
Rm

(
c2|∇v|2 + α2|v|2 +

∣∣∣∣∂v∂t +M
∂v

∂x
+ 2αv

∣∣∣∣
2
)
dx =

−4α
∫

Rm

(
c2|∇v|2 + α2|v|2) , (43)
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or letting α → 0:

d

dt

∫
Rm

(
c2|∇u|2 +

∣∣∣∣∂u∂t +M
∂u

∂x

∣∣∣∣
2
)
dx = 0. (44)

This is the standard energy for the convective wave equation, or for the
wave equation if M = 0. We note that using (43) we may conclude that the
Cauchy problem for (34) is strongly well-posed.

6.1.2 A Second Order Problem with Multiple Characteristics

Now consider the problem:
(
∂

∂t
+M

∂

∂x

)2

u = 0. (45)

The calculations are identical to those presented above; one simply sets c = 0
in the formulas. However, it is clear that the resulting energy inequality can
not be used to control all first derivatives:

d

dt

∫
Rm

(
α2|v|2 +

∣∣∣∣∂v∂t +M
∂v

∂x
+ 2αv

∣∣∣∣
2
)
dx = −4α3

∫
Rm

|v|2. (46)

This phenomenon occurs whenever we have multiple characteristics.
We note that for diagonalizable systems with multiple characteristics use

of the minimal polynomial or Smith factorization will lead to scalar systems
which are strictly hyperbolic. Thus, as we will see below, our energy will
then produce estimates which establish strong well-posedness.

6.1.3 Strictly Hyperbolic Systems of Higher Order

Suppose now that the polynomial R̂ is homogeneous in d/dt and ζ and of
degree n. Further suppose it is strictly hyperbolic; that is for all ζ we may
factor P̂ :

P̂ =
n∏

j=1

(z − cj(ζ)− iα), (47)

where the wave speeds cj are real and distinct. Take α � 1 and write:

P̂ = P̃0 − iαP̃ ′
0 +O(α2), (48)
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where prime denotes differentiation with respect to z and

P̃0 =
n∏

j=1

(z − cj(ζ)). (49)

We apply the algorithm (2) to the pair P̃0, P̃1 = −P̃ ′
0, denoting by tilde the

ploynomials thus produced. We then have:

Lemma 1 All roots of P̃0 are real and distinct if and only if µ = n and the
lead coefficients, −λ̃2

k, of the linear polynomials Q̃k, are negative.

Proof: Noting that:
P̃ ′

0

P̃0

=
n∑

j=1

1
z − cj(ζ)

, (50)

the lemma is a direct consequence of [11, Thm. 43.1].�
Fix |ζ| = 1. Noting that:

P̂0 = P̃0 +O(α2), P̂1 = −αP̃ ′
0 +O(α3) (51)

we rescale (2) by replacing P̂1 by P̄1 = α−1P̂1 and similarly compute the
rescaled auxiliary variables v̄(k). That is, we define v̄(k) = α−1v̂(k). Then
the barred variables are defined through polynomials L̄k satisfying:

L̄k+1(z) = −(λ̄2
kz − η̄k)L̄k(z)− L̄k−1(z), (52)

where L̄0 = α, L̄1 = i. This leads to a rescaled energy equality involving
the barred variables:

dĒ

dt
= −2α2|v̄|2. (53)

By Lemma 1 and the homogeneity of R we conclude that:

λ̄2
k = λ̃2

k +O(α2), η̄k = η̃k +O(α2), (54)

uniformly. Taking the limit α → 0 we obtain:

dĒ0

dt
= 0, (55)

where Ē0 is determined by the Sturm sequence defined by P̃0 and P̃ ′
0. Since

P̃0 is homogeneous of degree n and P̃ ′
0 is homogeneous of degree n − 1 we

can track the homogeneity properties of all terms in the sequence via (2).

11



In particular we find that the homogeneity of the P̃k alternates between n
and n − 1 and thus the homogeneity of λ̃2

k alternates between 0 and −2.
Moreover, we have that L̄k = L̃k +O(α) where:

L̃k+1(z) = −(λ̃2
kz − η̃k)L̃k(z)− L̃k−1(z), (56)

with L̃0 = 0, L̃1 = i. From these realtions we conclude that λ̃2
k|L̃k|2, is

homogeneous of degree 0. Moreover, since the polynomial L̃k is of exact
degree k−1 in z the collection forms a basis for the degree n−1 polynomials
in z for each ζ. Thus

Ē0 =
n∑

k=1

λ̃2
k|L̃k|2|v̂|2, (57)

and using the compactness of the unit sphere we conclude that for some
c > 0:

Ē0 ≥ c
n−1∑
j=0

|z|2j |v̂|2. (58)

Multiplying by |ζ|2n−2 and using homogeneity and Parseval’s relation we
finally conclude:

Theorem 4 Let E0 be the α → 0 limit of the energy determined by the
Sturm sequence for a homogeneous nth-order strictly hyperbolic equation
scaled so that its symbol is homogeneous of degree 2n− 2. Then there exists
a constant c such that:

E0 ≥ c

n−1∑
j=0

∑
|ν|=n−1−j

‖Dν ∂
ju

∂tj
‖2.

We note, as in [2], that this estimate directly implies the well-posedness
of the system resulting from lower order perturbations and establishes the
strong well-posedness of the Cauchy problem.

6.1.4 Peyser’s Examples

Applying the previous construction to homogeneous hyperbolic problems
with multiple characteristics leads to energies, E0, which do not control all
n−1st order derivatives. As a result, the Cauchy problem becomes ill-posed
with certain lower order perturbations. Peyser [9] has identified classes of
lower order perturbations of equations whose principal parts have multiple

12



characteristics that still produce a well-posed problem. Obviously our con-
struction also discriminates between lower-order terms which destabilize the
Cauchy problem and those which do not. Here we consider the examples
from [9] to illustrate this point.

The principal part of Peyser’s examples in R
2 is:

PPey =
(
∂2

∂t2
−∇2

)(
∂2

∂t2
−∇2 − ∂2

∂x2
2

)
. (59)

We begin by constructing the Sturm sequence associated with the principal
part. The coefficients λ2

k are then given by:

λ2
1 =

1
4α

, λ2
2 =

8α
10α2 + 2ζ2

1 + 3ζ2
2

, (60)

λ2
3 =

(10α2 + 2ζ2
1 + 3ζ2

2 )
2

4α(ζ4
2 + 16α2ζ2

1 + 24α2ζ2
2 + 16α4)

, (61)

λ2
4 =

2α(ζ4
2 + 16α2ζ2

1 + 24α2ζ2
2 + 16α4)

(10α2 + 2ζ2
1 + 3ζ2

2 )(α2 + ζ2
1 + ζ2

2 )(α2 + ζ2
1 + 2ζ2

2 )
, (62)

and Petrowsky well-posedness is evident. However, so is the loss of homo-
geneity if ζ2 = 0; see λ2

3.
In the limit α → 0 we derive the following local conserved energy involv-

ing derivatives of fifth order:

Ē0 = 2‖∇∆
∂2v

∂x2
2

‖2 + 3‖∆∂3v

∂x3
2

‖2 + ‖∇∂4v

∂x2
2

‖2 + 2‖∆ ∂3v

∂x2
2∂t

‖2

+2‖∇ ∂4v

∂x3
2∂t

‖2 + 2‖∇∆
(
2
∂2v

∂t2
− 2∆v − 2

∂2v

∂x2
2

)
‖2 (63)

+2‖2∆∂3v

∂t3
+

∂5v

∂x2
2∂t

3
− 2∆2∂v

∂t
− 2∆

∂3v

∂x2
2∂t

− ∂5v

∂x4
2∂t

‖2.

Clearly this energy does not control all derivatives of fifth order.
Now we consider three perturbations to (59).

In the first case we add
(

∂
∂t − ∂

∂x1

)3
. The expressions for the λ2

k are now
rather lengthy, but one can see that they can not be made positive for any
choice of α. For example, in the special case ζ2 = 0:

λ2
3 =

(1 + 4α)5

8αλ6
2

1
q0 + 72α3ζ4

1 − 76α2ζ4
1 + 28αζ4

1 − 16ζ6
1

, (64)
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q0(α, ζ) = 160α8 + 360α7 + 324α6 + 146α5 + 33α4 + 3α3 (65)
+192α6ζ2

1 + 368α5ζ2
1 + 112α4ζ2

1 − 44α3ζ2
1 − 16α2ζ2

1 .

For ζ1 large λ2
3 is obviously not positive. Thus the Cauchy problem is ill-

posed.
In the second case we add ∂3

∂x2
1∂x2

. Then we find:

λ2
3 =

α(10α2 + 2ζ2
1 + 3ζ2

2 )
3

2(q1 + 64α4ζ4
1 + 164α4ζ4

2 + 4α2ζ2
1ζ

4
2 + 6α2ζ6

2 − ζ4
1ζ

2
2 )
. (66)

q1(α, ζ) = 320α8 + 384α6ζ2
1 + 576α6ζ2

2 + 192α4ζ2
1ζ

2
2 . (67)

Due to the sixth degree terms it is clear that for any fixed choice of α the
denominator changes sign. Thus the Cauchy problem is ill-posed.

Finally2, we add ∂
∂t . Taking α = 1, we find:

λ2
1 =

1
4
, λ2

2 =
16
τ1
, λ2

3 =
1
4
τ2
1

τ2
, λ2

4 =
τ2
τ1τ3

,

τ1 = 19 + 4ζ2
1 + 6ζ2

2 , τ2 = 63 + 64ζ12 + 96ζ22 + 4ζ24,

τ3 =
(
2 + (1 + ζ2

2 )(2ζ1
2 + 3ζ22) + ζ1

4
)
.

Well-posedness is evident. We also have that

d

dt

(
Ê1 + Ê2 + Ê3 + Ê4

)
= −2τ1τ2τ3v̂2, (68)

where

Ê1 =
1
4
τ1τ2τ3v̂

2, Ê2 = τ2τ3

(
d

dt
+ 4
)2

v̂2,

Ê3 =
1
4
τ1τ3

(
4
d

dt

2

+ 16
d

dt
+ τ1

)2

v̂2,

Ê4 =

(
d3

dt3
τ1 +

d

dt

(
106 + 54ζ2

1 + 81ζ2
2 + 4ζ4

1 + 12ζ2
1ζ

2
2 + 10ζ4

2

)
+ τ2

)2

v̂2.

Localization of (68) is straightforward but the resulting expressions are
lenghty. Here we simply note that, since τ1τ2τ3 has a ζ independent term
and u = etv, we get the estimate

‖u(t, ·)‖ ≤ Ce−3t, (69)

where C depends on the initial data and its derivatives.
2Peyser considers the perutbation ∂

∂x1
. We have also used our technique to prove

well-posedness in this case, but omit the lengthy algebraic expressions.

14



6.2 Equations of Mixed Type

We now consider two systems of mixed type including parabolic and higher
order dispersive terms. We note that symmetrizers for these and related
problems have been explicitly constructed in [4] and used to prove all-time
existence results for nonlinear problems with small data.

6.2.1 The Linearized Navier-Stokes Equations

Our first example is a hyperbolic-parabolic system, the compressible Navier-
Stokes equations linearized about a quiescent flow in two space dimensions.
We note that the results can be easily generalized to three dimensions and to
linearizations about a uniform flow via a Galilean transformation. See [5, 6]
for restricted large data all-time existence theorems using the symmetrizer
constructed in [4].

Consider the equations

∂ρ

∂t
+

∂u1

∂x
+

∂u2

∂y
= 0,

∂u1

∂t
+

c2

γ

(
∂ρ

∂x
+

∂T

∂x

)
= ν

(
4
3
∂2u1

∂x2
+
1
3
∂2u2

∂x∂y
+

∂2u1

∂y2

)
,

∂u2

∂t
+

c2

γ

(
∂ρ

∂y
+

∂T

∂y

)
= ν

(
4
3
∂2u2

∂y2
+
1
3
∂2u1

∂x∂y
+

∂2u2

∂x2

)
,

∂T

∂t
+ (γ − 1)

(
∂u1

∂x
+

∂u2

∂y

)
= κ

(
∂2T

∂x2
+

∂2T

∂y2

)
,

with ν > 0, κ > 0 and γ > 1. Introducing the 4-vector w = (ρ u1 u2 T )T

and performing a Fourier transformation in space we obtain the system:

dŵ

dt
= Aŵ, (70)

where

A(ζ) = −




0 iζ1 iζ2 0
iζ1

c2

γ ν
(

4
3ζ

2
1 + ζ2

2

)
ν
3ζ1ζ2 iζ1

c2

γ

iζ2
c2

γ
ν
3ζ1ζ2 ν

(
4
3ζ

2
2 + ζ2

1

)
iζ2

c2

γ

0 iζ1 (γ − 1) iζ2 (γ − 1) κ
(
ζ2
1 + ζ2

2

)


 .

The minimal polynomial is mA(λ) = m1(λ)m3(λ) where

m1(λ) = λ+ ν|ζ|2,
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and introducing η = 4ν + 3κ

m3(λ) = λ3 + η
|ζ|2
3

λ2 +
|ζ|2
3
(
4κν|ζ|2 + 3 c2

)
λ+

κ|ζ|4
γ

.

Moreover we can show that:

m3(∂t)v̂ = 0, (71)

for v̂ = ρ̂, T̂ ,m1(∂t)ûi. We will construct the energy based on the Sturm
sequence for m3. Further defining:

τ(ζ) = β + 4γκνη|ζ|2 =, β = 3c2 (γη − 3κ) , (72)

we find:

λ2
1 =

3
η|ζ|2 ,

λ2
2 =

γη2

τ
,

λ2
3 =

τ

3κc2η|ζ|2 .

Clearly, these coefficients have the correct sign under the assumptions made
on the parameters. Clearing denominators and applying Parseval’s equality
we obtain the local energy equality:

dE

dt
= −2β

(
‖∆ ∂v

∂x1
‖2 + ‖∆ ∂v

∂x2
‖2

)
− 8γκνη‖∆2v‖2, (73)

E =
3β
η
‖∆v‖2 + 12γκν

(
‖∆ ∂v

∂x1
‖2 + ‖∆ ∂v

∂x2
‖2

)

+γ
(
‖3 ∂2v

∂x1∂t
− η∆

∂v

∂x1
‖2 + ‖3 ∂2v

∂x2∂t
− η∆

∂v

∂x2
‖2

)
(74)

1
3c2ηκ

‖3γη∂
2v

∂t2
− γη2∆

∂v

∂t
− β∆v + 4γκνη∆2v‖2.

We can conclude from this equality the boundedness in time of all third
order space derivatives of v, recalling that v = ρ, T,

(
∂ui
∂t − ν∆ui

)
. It is

interesting to note that one obtains the same estimates for ρ and T despite
the fact that ρ is a hyperbolic variable while T is a parabolic variable in the
language of [4].
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6.2.2 A Boussinesq System

Our final example is a Boussinesq system in R
2. Consider the equations

∂v

∂t
+∇ (η + δ∆η) = ν∆v,

∂η

∂t
+∇ · (v + δ∆v) = 0,

with ν > 0 and δ > 0. Introducing w = (vT , η)T and performing a Fourier
transformation in space we obtain the system:

dŵ

dt
= Aŵ, (75)

where

A(ζ) =


 −ν|ζ|2 0 −iζ1

(
1− δ|ζ|2)

0 −ν|ζ|2 −iζ2
(
1− δ|ζ|2)

−iζ1
(
1− δ|ζ|2) −iζ2

(
1− δ|ζ|2) 0


 .

The minimal polynomial is mA(λ) = m1(λ)m2(λ) where

m1(λ) = λ+ ν|ζ|2,
and

m2(λ) = λ2 + ν|ζ|2λ+ |ζ|2(δ|ζ|2 − 1)2.

Here m2(∂t)η = 0 and mA(∂t)vi = 0, i = 1, 2. Forming the Sturm sequence
of m2 we obtain:

λ2
1 =

1
ν|ζ|2 , λ2

2 =
ν

(δ|ζ|2 − 1)2
.

Clearing the denominators by multiplying by |ζ|4(δ|ζ|2 − 1)2 we obtain the
following energy equality

d

dt

(
‖(1 + δ∆)2

∂η

∂x1
‖2 + ‖(1 + δ∆)2

∂η

∂x2
‖2 + ‖∂η

∂t
− ν∆η‖2

)
= (76)

−2ν‖(1 + δ∆)∆η‖2. (77)

Using the PDE to replace η with v1 and v2 in the two first terms we obtain

d

dt

(∥∥∥∥∂v1

∂t
− ν∆v1

∥∥∥∥
2

+
∥∥∥∥∂v2

∂t
− ν∆v2

∥∥∥∥
2

+
∥∥∥∥∂η∂t − ν∆η

∥∥∥∥
2
)
= (78)

−2ν ‖(1 + δ∆)∆η‖2 . (79)

Thus we have a bound on the heat operator applied to all variables.
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7 Conclusion

In conclusion, we have developed an automatic method for computing energy
equalitites for Cauchy problems which are at least weakly well-posed (or
well-posed in the sense of Petrowsky) and shown how to apply it to a range
of problems of physical interest. (See also [1].) This development leads to
a number of questions we have not, as yet, considered. Prominent among
these are:

i. Are the energies optimal in the sense that they yield the strongest possible
estimates? For strictly hyperbolic problems we have shown this to be
true, and it was also true in the other examples considered.

ii. Can the symmetrized system be used to analyze problems with variable
coefficients and nonlinearities?

It is also of interest to use the energy equalities to develop admissible bound-
ary conditions for mixed initial-boundary value problems.
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