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Abstract

The existence of flat or curved extra spatial dimensions provides new insights into
several of the problems which face the Standard Model of particle physics, including
the gauge hierarchy problem, the smallness of neutrino masses, and the dark matter
problem. However, higher-dimensional gauge theories are not renormalizable and
can only be considered as low-energy effective theories, with limited applicability.
Dimensional deconstruction provides a class of manifestly gauge invariant possi-
ble ultraviolet completions of higher-dimensional gauge theories, formulated within
conventional quantum field theory. In dimensional deconstruction, the fundamental
theory is a four-dimensional quantum field theory and extra spatial dimensions are
generated dynamically at low energies. In this thesis, we study different applica-
tions of dimensional deconstruction in the contexts of neutrino masses, mixing and
oscillations, Kaluza–Klein dark matter, and effective field theories for discretized
higher-dimensional gravity.

A different possibility to understand the smallness of neutrino masses is pro-
vided by the see-saw mechanism. This is a genuinely four-dimensional mechanism,
where the light neutrino masses are induced by the addition of heavy right-handed
Majorana neutrinos or by other heavy degrees of freedom, such as scalar SU(2)L
triplet fields. It has the attractive feature of simultaneously providing a mechanism
for generating the observed baryon asymmetry of the Universe. We study in this
context a specific left-right symmetric see-saw model.

Key Words: Dimensional deconstruction, higher-dimensional gauge theories, dis-
cretized gravity, neutrino mass, neutrino mixing, neutrino oscillations, universal
extra dimensions, Arkani-Hamed–Dvali–Dimopolous (ADD) models,
Randall–Sundrum (RS) models, Kaluza–Klein (KK) dark matter, left-right sym-
metric models, see-saw mechanism, leptogenesis.

iii



iv



Preface

This thesis is the result of my research at the Department of Physics and the De-
partment of Theoretical Physics from September 2003 to August 2007. The thesis
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the scientific papers. In this part, extra spatial dimensions, dimensional decon-
struction, discretized gravity, neutrino masses and mixing, the see-saw mechanism,
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Chapter 1

Introduction

These are exciting times for particle physicists. In less than a year from now, the
Large Hadron Collider (LHC) at CERN will become operative, looking deeper into
the structure of matter and probing shorter distances than ever before. At the
same time, cosmology is becoming a precision science, which allows us to formulate
precise answers to questions which concern the origin and fate of the Universe.

With several new experiments around the corner, physicists hope to answer some
of the questions which face the Standard Model (SM) of particle physics and the
Standard Model of cosmology. Although these models have been very successful
in accounting for a vast number of experimental results, they are known to be
insufficient in certain respects. In this thesis, we will focus on neutrino physics and
dark matter (DM), which provide clear indications that new physics beyond the SM
is needed. In 1998, the Super-Kamiokande experiment presented the first evidence
for neutrino oscillations [2], which was an indirect indication of non-zero neutrino
masses. Today, it is an established fact that neutrinos are massive, although very
light. The challenge in extensions of the SM is to provide a model or mechanism
which can account for the smallness of neutrino masses compared with the masses
of the charged leptons. Another problem with the SM is to account for the observed
matter and energy distribution of the Universe. According to the latest WMAP
results [3], the Universe consists of only 4 % ordinary matter, whereas an astounding
96 % consists of unknown matter and energy. The remaining 96 % of the “dark”
sector splits into 22 % DM and 74 % dark energy. In the SM, there is no particle
which can account for the DM, or for the dark energy. Hence, these observations
signal the need for new physics.

In recent years, there has been a renewed and intense interest in the possible
existence of extra spatial dimensions. It is known that string theory, which is one
of the few viable candidates for quantum gravity, requires extra dimensions to be
anomaly free. An interesting question is whether extra dimensions, “stringy” or not,
can solve some of the problems of the SM, mentioned above? It turns out that they
can. Models with extra dimensions provide novel solutions to the gauge hierarchy
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4 Chapter 1. Introduction

problem [4], the problem of neutrino masses [5,6], and the DM problem [7,8]. The
new degrees of freedom offered by the extra dimensions provide useful tools in
accounting for the experimental observations. Several of the problems of the SM
have solutions in models with extra dimensions which are of the form of “geometric”
solutions, such as the volume suppression mechanism in the solution of the gauge
hierarchy problem, as well as the neutrino mass problem. In addition, these models
provide experimental predictions which can well be tested in the next generation
of experiments, such as the LHC.

Although models with extra dimensions give new insight into some of the prob-
lems which face the SM, they only have limited applicability, since they are not
renormalizable quantum field theories. Therefore, at some energy scale, the pre-
dictions are no longer reliable. In the language of effective field theories (EFTs),
a non-renormalizable theory can be seen as a low-energy approximation of a more
fundamental theory, which is referred to as the UV-completion of the EFT. It is
important to find a UV-completion for extra dimensions, similar to e.g. the comple-
tion of the Fermi theory by the electroweak theory. It is perhaps possible to embed
the higher-dimensional EFT into a string theory model. However, the problems
with extra dimensions are not directly related to quantum gravity and in addition,
quantum gravity is poorly understood. Therefore, it is interesting to look for al-
ternative UV-completions of extra dimensions. In Refs. [9, 10], UV-completions of
higher-dimensional gauge theories were constructed, based on conventional quan-
tum field theory. This has the advantage of allowing for a simple and calculable
setting. In these models, an extra dimension is dynamically generated from a four-
dimensional renormalizable quantum field theory at a symmetry breaking scale set
by a Higgs potential. These models are collectively referred to as “dimensional
deconstruction”. The EFT below the symmetry breaking scale is a transverse lat-
tice gauge theory, i.e., the extra dimensions are latticized. Although this is a very
useful formalism for gauge theories, it is not straightforward to generalize this con-
struction to apply to higher-dimensional gravity. In the case of discretized gravity,
several peculiarities appear in the EFT, such as a UV/IR connection, which needs
to be understood.

In Paper 1, we consider a particular model for a deconstructed large extra di-
mension in the context of neutrino masses, mixing, and oscillations. We study the
possibility to probe a coarse-grained model far away from the continuum limit, as
well as twisted field configurations. In Paper 2, we investigate a deconstructed
universal extra dimension (UED), in the context of Kaluza–Klein dark matter
(KKDM). We consider also the prospects for experimental detection by observa-
tions of the positron flux from KKDM annihilations. In Paper 3, we consider a
model for discretized gravity in a six-dimensional warped background. We study
the strong coupling behavior, as well as collider implications and applications to
neutrino masses.

Although extra dimensions provide a possible mechanism for generating small
neutrino masses, the most often considered model or mechanism is the see-saw
mechanism [11–20]. In the see-saw mechanism, the light neutrino masses are gen-
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erated by the introduction of super-heavy right-handed Majorana neutrinos or by
other heavy degrees of freedom, such as scalar SU(2)L triplets. It has, in addition,
the attractive feature of a built-in mechanism for generating the observed baryon
asymmetry of the Universe, via leptogenesis [21]. It is known that in certain left-
right symmetric see-saw models there exists an eightfold degeneracy among the
heavy right-handed neutrino mass matrices [22], i.e., for each light neutrino mass
matrix corresponds eight heavy neutrino mass matrices. In Paper 4, we study the
left-right symmetric see-saw model, where we use fine-tuning and viability of lep-
togenesis as criteria in order to discriminate among the solutions. In Paper 5, we
apply this analysis to the case when leptogenesis is induced by the decay of a scalar
SU(2)L triplet.

The outline of the thesis is as follows. In Part I, we will present an introduction
as well as background material to the physics relevant to the scientific papers. In
addition, we will discuss the main results of the papers and elaborate on some
points. Part II contains the scientific papers.
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Chapter 2

Quantum field theory in
extra dimensions

What is an extra dimension? What is the use of it? How can it be tested? Such
questions naturally arise when one hears about extra dimensions. In this section,
we will try to answer them.

Physically, an extra dimension is a new direction in space, orthogonal to the
three known spatial directions, in which some or all known and unknown particles
may propagate. This idea was first introduced by Gunnar Nordström in 1914
(for a recent translation, see Ref. [23]) and by Theodor Kaluza and Oskar Klein
in the 1920s [24, 25]. In those days, one only knew about two forces in Nature,
gravitation and electromagnetism. The model was an attempt to unify these forces
and it was demonstrated that the photon, which is the carrier of the electromagnetic
interaction, could arise as part of a five-dimensional metric field. However, this work
did not receive too much attention and for a long time the idea of extra dimensions
fell into a slumber. Then, in the 1980s, new developments in string theory, a theory
which can potentially unify quantum mechanics and general relativity, showed that
extra dimensions were required in order for the theory to be consistent. In fact,
string theory requires the total number of dimensions to be ten1. This was a
remarkable result – no other theory had made such a prediction. For example,
general relativity can be consistently formulated in any number of dimensions.

Inspired by these new findings, theorists started to explore the notion of extra
dimensions even outside the realm of string theory. It is known that the Standard
Model2 (SM) of particle physics and the Standard Model of cosmology are in ex-
cellent agreement with a large body of experimental data. However, it is equally

1In M-theory [26], which is a unified framework for string theories, eleven dimensions are
required.

2Most of the time, we will in this thesis refer to the Standard Model as the Standard Model of
particle physics.

7



8 Chapter 2. Quantum field theory in extra dimensions

well known that these models cannot account for certain observations and that
they cannot be the complete descriptions of Nature. The problems with the SM
include the dark matter (DM) problem (see Sec. 4.1), the dark energy problem, the
smallness of neutrino masses (see Sec. 2.3), and the gauge hierarchy problem3. At
energies higher than what has yet been probed by our most sophisticated experi-
ments, new particles, new interactions, and new symmetries are expected. Could
this new physics involve extra spatial dimensions? Yes, it could. In fact, several
of the problems with the SM mentioned above, can have novel solutions in models
with extra dimensions. This includes a solution to the hierarchy problem [4, 27], a
geometric origin of the smallness of neutrino masses [5,6], and a DM candidate [7,8].

How come we have never seen the extra dimensions, assuming that they exist?
One possibility is that the extra dimensions are small and curled up. Another
possibility is that our observable Universe is a subspace embedded in a higher-
dimensional world, which interacts only weakly with the extra dimensions. The
latter type of models are referred to as brane models (see for example Ref. [28] for
a pedagogical review). The extra dimensions in brane models are typically curled
up as well, but can be even larger than extra dimensions in brane-less models.4 This
could be the reason why we have so far not seen any extra dimensions, either in
everyday life, or with the aid of our most precise experiments. This does not mean
that extra dimensions cannot be tested. If the extra dimensions are sufficiently
large, they could very well be seen in the next generation of experiments. In less
than a year from now, the Large Hadron Collider (LHC) at CERN, in Geneva,
Switzerland will become operative, reaching energies an order of magnitude higher
than what has been obtained so far. The extra dimensions, although too small to
be seen with the naked eye, could give a strong signal in the LHC. They could
also be probed in the proposed International Linear Collider (ILC) experiment,
a lepton collider, which would provide a cleaner signal than LHC (although with
smaller collision energies). Several other experiments are on the way, including
astrophysics experiments, well suited for probing the presence of extra dimensions.

Although we can mathematically formulate a theory with extra dimensions,
it is seemingly impossible to visualize more then three spatial dimensions. One
could speculate that this is a result of the extra dimensions not playing any role
in our ordinary life. If our brain never experiences more than three dimensions,
it will not obtain the proper training, and we will not be able to create the set
of internal mental images needed for us to develop intuition. However, it is not
even clear whether such considerations are relevant to theoretical model building.
Abstraction is a common theme in theoretical physics and one that has proved
extremely useful in improving our understanding of Nature.

3The problem of why gravity is so much weaker than the other interactions, see Sec. 2.2.
4In brane models, the extra dimensions can be as large as ∼ 0.001 mm without being in gross

conflict with experiments. With ordinary extra dimensions, the size of the extra dimensions have
to be typically 10−18m or smaller.



2.1. Kaluza–Klein theories 9

Figure 2.1. Three-dimensional representation of a Calabi–Yau manifold. Fig-
ure adopted from http://www.lactamme.polytechnique.fr/.
c© Jean-Francois Colonna 2002-2007

2.1 Kaluza–Klein theories

The idea of Kaluza and Klein was to introduce an extra spatial dimension, curled
up, or compactified, on a circle. This can be generalized to an arbitrary number
of extra dimensions and to different geometries. In superstring theory, complicated
compactifications, such as Calabi–Yau spaces (see Fig. 2.1), are often used, since
they preserve some of the original supersymmetry. In addition, string theories do
not allow for more than eleven dimensions.

In this section, we will consider very simple geometries, to high-light the es-
sential mechanisms and techniques which are used. In particular, we will most of
the time restrict the discussion to five-dimensional models. In the case of com-
pact extra dimensions, one can Fourier expand the higher-dimensional fields and
integrate out the dependence on the extra-dimensional coordinates. This results
in an equivalent four-dimensional theory with a tower of increasingly heavy fields.
These new fields carry the same quantum numbers as their SM counterparts, the
only difference is that they are heavier. Such fields are denoted Kaluza–Klein (KK)
modes and are generic predictions of models with extra dimensions. The pres-
ence of the KK modes is a reflection of the quantized higher-dimensional momenta
along the compact extra dimensions. The heavier modes correspond to larger quan-
tized higher-dimensional momenta. Although the higher-dimensional picture and
the four-dimensional picture with the KK modes are equivalent, usually the KK
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description is chosen, since the actual calculations are easier in this framework.
However, sometimes the higher-dimensional description can be physically more in-
tuitive and more enlightening. We will occasionally in this thesis switch between
these two equivalent descriptions.

2.1.1 Scalar field on the circle

Let us start by considering what is possibly the simplest example of KK theories
imaginable – a charged scalar field Φ(xµ, y) propagating in a single extra dimension
compactified on a circle. The action for this theory is

S =

∫

d4x

∫ 2πR

0

dy

(

1

2
∂µΦ∂µΦ∗ +

1

2
∂yΦ∂yΦ∗ +m2

0ΦΦ∗

)

. (2.1)

Because of the periodic boundary conditions, we have Φ(xµ, y + 2πR) = Φ(xµ, y),
and therefore, we can expand Φ in a Fourier series

Φ(xµ, y) =
1√
2πR

∞
∑

n=−∞

φn(xµ)einy/R. (2.2)

Inserting this Fourier expansion in Eq. (2.1) and integrating out the dependence on
the coordinate of the extra dimension y, we obtain

S =

∫

d4x

{

m2
0φ0φ

∗
0 +

1

2
∂µφ0∂

µφ∗0 +

∞
∑

n=1

[

(

m2
0 +

n2

R2

)

φnφ
∗
n

+
1

2
∂µφn∂

µφ∗n

]}

, (2.3)

where we have used that

∫ 2πR

0

dy ei(n−m)y/R = 2πR δnm. (2.4)

The action in Eq. (2.3) describes an infinite set of four-dimensional scalar fields
φn(xµ) with masses

m2
n = m2

0 +
n2

R2
, (2.5)

for n = 0, 1, 2, . . .. These four-dimensional fields are the KK modes that we have
mentioned earlier. The fact that the tower is infinite may appear strange. It is a
reflection of the non-renormalizability of quantum field theory in extra dimensions.
Typically, one therefore has to truncate the KK tower at some high mass scale and
assume that some more fundamental theory describes Nature above this energy
scale.
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2.1.2 Gauge fields and fermions

After this simple example, we will now extend the field-content to include also
gauge fields and fermions in higher dimensions. Consider first gauge fields. In four
spacetime dimensions, a gauge field carries a Lorentz index µ, where µ = 0, 1, 2, 3
runs over the 3 + 1 spacetime coordinates. If we instead consider a gauge field
in d spacetime dimensions, we denote it by AM , where M = 0, 1, 2, . . . , d, since
the gauge field can now have components in all d directions. Correspondingly, we
simply have to replace the field strength tensor by Fµν → FMN . From a four-
dimensional point of view, these additional degrees of freedom must be interpreted
somehow. In fact, the extra components of the gauge field will transform as massless
and massive Lorentz scalars in four dimensions. Since no such massless scalars
are observed, this could be a potential problem. However, as we will see later,
the higher-dimensional components of the gauge field can be “projected out” by
choosing appropriate boundary conditions. The gauge fields can, precisely as in
the case of scalars discussed in the previous section, be expanded in a KK series.
After integrating out the extra dimensions, this will give rise to a KK tower of
four-dimensional massive gauge bosons.

In the case of fermions, the situation becomes more complicated and one has
to take into account the proper representation of spinors and gamma matrices in
higher dimensions. The gamma matrices in d = 4 + δ spacetime dimensions will
be denoted by Γα, where δ denotes the number of extra spatial dimensions. They
satisfy the Clifford algebra

{Γα,Γβ} = 2gαβ1d, (2.6)

where (gαβ) = diag(+1,−1,−1, . . . ,−1) and 1d is the d × d identity matrix. The
representations of gamma matrices in an arbitrary number of dimensions have been
studied in detail in Ref. [29]. We will here only remark on some general properties.
Assume a d = 4 + δ-dimensional spacetime. Then, the gamma matrices Γα are
2k+2 × 2k+2 matrices, where k is given by k = 2δ for n even and k = 2δ + 1 for δ
odd. Fermions in an even number of spacetime dimensions can be represented by
2k+1 component spinors, and by chiral 2k+2 spinors in an odd number of spacetime
dimensions. We will consider five-dimensional models. In this case, we can choose
the gamma matrices Γα as

Γµ = γµ, Γ5 = iγ5, (2.7)

where γ5 = iγ0γ1γ2γ3.
In five dimensions, fermions are vectorlike, whereas in the SM, fermions are

chiral. Therefore, we must find some way to project out the zero modes with
the wrong chiralities. In addition, we noted above that the zero mode of the fifth
component of the higher-dimensional gauge field is an undesirable feature of models
with extra dimensions. We can solve both of these problems by considering what
is known as an orbifold compactification.

An orbifold is a quotient space Γ = M/G, where G is some discrete group,
which acts on some manifold M . For example, the simplest example would be
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an S1/Z2 orbifold. This topology is obtained from the circle, S1, by identifying
oppositely lying points, i.e., we identify y and −y. This means that the physics
should be the same if we let y → −y, i.e., the action should be invariant under this
transformation. The S1/Z2 orbifold can equivalently be viewed as a line segment
of size πR with free boundary conditions. Another example would be the T 2/Z2

orbifold, where T 2 denotes a two-dimensional torus. The fields of the model can
now either be chosen to satisfy Dirichlet or Neumann boundary conditions at the
end of the line segment. This corresponds to the fields being even or odd under
the Z2 symmetry. In the KK picture, this corresponds to different KK expansions.
The even fields are expanded in a cosine-series as

ΨE(xµ, y) =
1√

2πR
ψ0(xµ) +

1√
πR

∞
∑

n=1

cos
(ny

R

)

ψn(xµ) (2.8)

and the odd fields in a sine-series

ΦO(xµ, y) =
1√
πR

∞
∑

n=1

sin
(ny

R

)

φn(xµ). (2.9)

The crucial observation here is that only for even fields there is a zero mode in the
KK expansion. Thus, if we assign the left-handed and right-handed fermions to be
odd or even under the Z2 parity, we can easily obtain the chiral SM fermions as
the zero-modes of the higher-dimensional fermions.

Our discussion up to now is sufficient to describe the higher-dimensional general-
ization of all the SM fields. What is still missing is the corresponding discussion for
higher-dimensional gravity. The analog of the photon in the gravity case is the gravi-
ton, which is the carrier of the gravitational interaction. The higher-dimensional
graviton can be represented in d spacetime dimensions as a d × d matrix. From
a four-dimensional point of view, analogous to the situation for gauge fields, the
extra rows and columns will be interpreted as new scalars and vector fields. Each
of these fields will have an independent KK expansion. However, for practical pur-
poses, the most interesting part of the higher-dimensional metric is the one which
generates the KK tower of the spin-two fields hnµν . These are the KK gravitons.
The zero mode corresponds to the usual four-dimensional graviton, which couples
very weakly to SM matter. However, the large multiplicity of KK modes can boost
the gravitational interactions such that the effective interaction can nevertheless
be significant. We will discuss the role of KK gravitons in more detail on several
occasions in this thesis.

The KK gravitons and the scalar radion field are the only fields, resulting from
the higher-dimensional metric, which couple to SM matter. The radion couples
only to the trace of the SM energy-momentum tensor.
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2.2 Particular models

Inspired by string theory, theorists started thinking about extra dimensions in dif-
ferent applications, which were not “stringy” at all. The notion of D-branes spurred
the construction of the Arkani-Hamed–Dvali–Dimopoulus (ADD) [4] and Randall–
Sundrum (RS) [27] models, which provide solutions to the the gauge hierarchy
problem, i.e., the problem with the large disparity between the electroweak scale
and the Planck scale. In models with universal extra dimensions (UEDs) [30], a vi-
able DM candidate exists [7,8], which has good prospects for being experimentally
tested. Numerous other applications include a novel mechanism for obtaining light
neutrino masses [5, 6], a motivation for the number of generations of the SM from
anomaly cancellation [31], and Higgs-less electroweak symmetry breaking (see for
example Ref. [32]).

The type of extra-dimensional models which exist can roughly be characterized
as follows: One possibility is that they are brane models, in which SM fields are
trapped to a hypersurface embedded in a higher-dimensional bulk. This includes
flat extra dimensions, like the ADD model, and warped extra dimensions, like the
RS model. Alternatively, one can consider models where all fields move in the extra
dimensions, i.e., models with UEDs. In addition, there are several hybrid models,
which do not exactly fall into these two categories.

We will now go through the three most popular extra dimensional models in
recent years, the ADD model, the RS model, and UEDs.

2.2.1 The Standard Model on a brane

One could think that gravity is a very strong force. After all, it is responsible for
moving planets, stars, and galaxies. However, compared to the other interactions, it
is in fact extremely feeble. For example, the relative strength of gravity compared
to the weak interaction is only 10−25. At macroscopic distances, it will appear
as if gravity is stronger, because the other interactions, which carry charges of
different signs, are screened. However, barring such screening effects, gravity is by
far the weakest of the four known forces. One of the most challenging questions in
theoretical physics is to understand the origin of this hierarchy, which is known as
the gauge hierarchy.

In models with large extra dimensions, there is an interesting geometric descrip-
tion [4,27]. Assume that the SM particles: leptons, quarks, gauge fields, and Higgs
field, all live on a three-dimensional hypersurface embedded in a higher-dimensional
space. Gravitons, on the other hand, are allowed to move in all extra dimensions.
In this case, we observe a possible source for the different properties of gravitation.
Gravity spreads out in all dimensions, whereas the other interactions, which are
transmitted by photons, gluons, and weak gauge bosons, are confined.

What is the origin of this confinement? In practice, in phenomenological models
of large extra dimensions, where one rarely takes into account the UV-completing
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theory, the existence of these hypersurfaces is simply postulated and there is a
hidden assumption that they have some dynamical origin in the fundamental theory.

There is in fact strong motivation for these “sticky” hypersurfaces from string
theory, which predict the existence of precisely such objects. They are known as
D-branes (see Ref. [33] for a review), and it is a prediction of the theory that
gravitons, which are described by vibrations of closed strings, are allowed to move
in the space of the extra dimensions, called the bulk. The SM fields, on the other
hand, which are described by open strings, must have their endpoints confined to
a brane. Alternatively, such branes can be motivated from usual quantum field
theory as topological defects, such as domain walls [34–36].

What happens if gravity spreads out in extra dimensions? The idea is rather
intuitive. In three dimensions, the gravitational potential has the form V (r) ∼ 1/r.
In higher dimensions, the gravitational field lines spread out more, such that the
potential instead takes the form V (r) ∼ 1/rδ+1, for δ extra dimensions. Thus,
observers, which are confined to a subspace and unaware of the extra dimensions,
will incorrectly conclude that gravity is intrinsically weak, although in fact it is
as strong as the other forces. It is diluted, since it spreads out in a larger space.
More technically, this can be seen as a relation between the Planck scales in dif-
ferent number of dimensions. The Planck scale is the dimensionful scale in general
relativity. The inversion of this scale describes the intrinsic coupling strength of
gravitons with themselves and to matter, analogous to the role of the coupling
constant in for example QED. Since the Planck scale is such a large scale in 3 + 1
dimensions, gravity will couple very weakly. However, in more than four dimen-
sions, the Planck scale can be much smaller and this is the reason why gravity can
be intrinsically strong in this case. To prove this statement, we start by considering
the Einstein–Hilbert (EH) action [37] in 4 + δ dimensions

SEH = Mn
4+δ

∫

d4+δx
√

|g4+δ|(R4+δ − 2Λ4+δ). (2.10)

Here R4+δ is the Ricci scalar in 4 + δ dimensions, M4+δ is the fundamental higher-
dimensional Planck scale, and |g4+δ| denotes the determinant of the higher-dim-
ensional metric. For completeness, we have also added a cosmological constant
Λ4+δ, although it is not necessary for the argument to follow.

At low energies, we can assume the fluctuations in the extra dimensions to
be small and approximately take R4+δ to be independent of the coordinates of the
extra dimensions. We can then perform the integration over the higher-dimensional
space. By matching onto the four-dimensional effective EH action, we obtain the
following relation between the Planck scales in various number of dimensions [4]

M2
Pl = M2+δ

4+δ V, (2.11)

where V is the volume of the δ-dimensional bulk. Since this volume has negative
mass dimension −δ, we see that the above relation is dimensionally correct. If
we assume that V is of order M−δ

Pl , we find that the fundamental Planck scale
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M4+δ is intrinsically large and also of order MPl ∼ 1018 GeV. Thus, for a small
volume, the fundamental Planck scale is hardly modified and the hierarchy problem
remains. Quantum gravity becomes operative at center of momentum energies
of the order 1018 GeV. However, if the volume is large, the fundamental Planck
scale can acquire a significant suppression. For example, if we consider two extra
dimensions compactified on a two-dimensional torus with volume R2 ∼ 0.001 mm2,
we obtain the six dimensional Planck scale M6 ∼ 1 TeV∼ MEW . That is, the
fundamental Planck scale can be as small as the weak scale, or equivalently, gravity
can become as strong as the other interactions. Thus, this particular model helps
us to understand what could be a possible root for the gauge hierarchy problem.

But is it a solution? One can argue that it is only a reformulation of the hierarchy
problem into the problem of why the size of the extra dimensions is so large. Thus,
the question of why gravity is so weak compared to the other interactions is replaced
by the question of what dynamical mechanism is responsible for stabilizing the large
size of the extra dimensions. Several ideas have been proposed to solve this problem,
most notably the Goldberger–Wise mechanism [38]. However, in this thesis, we will
not investigate this interesting question further. Another possibility to understand
the hierarchy problem is given in the RS model, where the hierarchy is instead
generated by a warp factor (see Sec. 2.2.3).

One can find similar relations between other effective three-dimensional observ-
ables and their higher-dimensional counterparts. A very important example is the
higher-dimensional gauge coupling constants. Consider a gauge field which propa-
gates in δ extra dimensions. The action for a higher-dimensional non-Abelian gauge
field is given by

Sgauge = −1

4

∫

d4+δxFMNaF
MN
a , (2.12)

where FMNa = ∂MANa − ∂NAMa + g4+δfabcAMbANc is the field strength tensor,
fabc denote the structure constants, and g4+δ is the coupling constant. Integrating
over the extra dimensions, as for the gravitational action, we obtain

g4+δ = g4V. (2.13)

Thus, since the four-dimensional gauge coupling constants have mass dimensions
zero, we observe that the higher-dimensional gauge couplings have coupling con-
stants with negative mass dimension. This is a very important fact, since it tells us
that higher-dimensional gauge theories are not renormalizable. Therefore, they can
only be considered as effective field theories (EFTs), which are valid up to some
energy scale, known as the cutoff energy scale of the EFT. Above this energy, some
different theory must describe physics. This theory is known as the UV-completion
of the EFT. This will discussed more in Sec. 3.1.

The interesting observation we have made is that if extra dimensions are “large”,
then the Planck scale can be lowered significantly, which offers a solution to the
hierarchy problem. In addition, since the Planck scale can be lowered to the TeV
scale, the theory becomes highly predictable and we could observe the effect of the



16 Chapter 2. Quantum field theory in extra dimensions

extra dimensions or even quantum gravity in the next generation of experiments.
From a theoretical point of view, there are no strong principles which confine the
size of the extra dimensions. Therefore, the only question is how large the extra
dimensions can be without conflicting experiments to date. These bounds will be
discussed in the next section.

2.2.2 Experimental tests and constraints

In models with the SM on a brane, the experimental constraints are surprisingly
weak. The reason is that gravity is very difficult to test at small distances. The tests
for deviation from the Newtonian inverse-square law is performed with Cavendish
type experiments, which cannot probe extremely small distances. In fact, a couple
of years ago, gravity had not been probed below millimeter distances. Today,
higher precision has been reached and the strongest constraint so far has been
obtained in Ref. [39], where no deviations from Newton’s inverse-square law was
found down to distances of 55µm. This means that any extra dimension must
be smaller than this distance. However, the Cavendish experiments have only a
limited capability and more severe restrictions are obtained from astrophysics and
cosmology, see for example Ref. [40]. In the hottest regions of the Universe, such as
in the cores of stars and supernovae (SNe) or in the early Universe during Big Bang
nucleosynthesis (BBN) or reheating, the temperature can be sufficiently high to
produce copiously many KK graviton modes, which could potentially alter standard
cosmology or astrophysical processes in an unacceptable way. For example, in
the core collapse of type II SNe, KK modes of higher-dimensional gravitons and
neutrinos5 could in principle be produced in large numbers, carrying away energy
from the SN core. Since most of the energy is known to be transported away
by ordinary active neutrinos, as confirmed by observations of SN1987A by the
Kamiokande and IMB collaboration [41], this limits the possible influence of KK
modes. Also, the KK modes could in principle heat the neutron star remnant in an
unacceptable way [42]. Since a typical SN has a core energy of 30 MeV − 70 MeV,
this sets a bound on the mass of the lightest KK modes. For δ = 2, this leads to a
bound of M4+δ & 10 GeV − 100 GeV, for the fundamental Planck scale. For more
than two extra dimensions, there is no significant bound.

Graviton KK modes could also be produced in the early hot Universe and
subsequently decay into photons that would alter the diffuse gamma-ray back-
ground, which is constrained by observations of the COMPTEL and EGRET ex-
periments [43]. This gives for δ = 2 roughly a bound of the same order of magnitude
as the SN bound, whereas for δ > 2 the bounds are essentially removed [44]. In
addition, the presence of KK modes in the early Universe could increase the expan-
sion rate of the Universe, modifying the abundance of light elements as predicted
by BBN. Since, during BBN or reheating, temperatures are of the order of the MeV

5In addition to gravitons, it is possible for any SM singlet, such as sterile neutrinos to propagate
in the bulk.
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and GeV scales, respectively, one finds a fundamental scale of the order of 100 TeV
for δ = 2 and no significant bound for more than two extra dimensions [45]. The
case of one single large extra dimension is never considered, since it would lead to
modifications of Newton’s law of gravity on solar system scales.

Alternatively, one could observe the effects of the graviton KK modes in high-
energy collider experiments. The future LHC proton-proton collider at CERN,
as well as the proposed electron-positron linear collider (ILC), will reach center
of momentum (CoM) energies of 14 TeV and 1 TeV, respectively. Also, already
existing collider data from experiments such as the Tevatron and LEP put some
relatively mild bounds on the parameters of some higher-dimensional models (see for
example Ref. [46]). Models with large extra dimensions provide clear and distinct
signals to be tested in such experiments. More spectacular is the possibility that
LHC could probe quantum gravity. If the fundamental Planck scale, which sets
the scale for quantum gravitational effects, is lowered to the TeV scale, then LHC
could indeed test quantum gravity. String theory models, or any other quantum
gravity theories, are therefore, contrary to common belief, potentially testable,
provided that the extra dimensions are sufficiently large. Quantum gravity signals
are thoroughly treated in Ref. [47].

We will now instead discuss the characteristic KK graviton signals in models
with large extra dimensions. The coupling of gravity to SM matter is set at the
SM brane

Smatter =

∫

d4x
√

|g|LSM, (2.14)

where g = det(gµν). We consider small fluctuations about the flat background
metric such that we can write gµν = ηµν + hµν , where hµν is the canonically nor-
malized spin-2 gravitational field, the higher-dimensional graviton. To linear order,
the interaction between SM matter and the graviton is obtained from Eq. (2.14) to
be

Smatter →
∫

d4xT µν
hµν(xµ, y0)

M
δ/2+1
4+δ

, (2.15)

where y = y0 is the location of the brane. We observe that the higher-dimensional
graviton coupling to SM matter is suppressed by the fundamental Planck scale,
which could give only a TeV scale suppression and an observable signal. The
analysis is simplified if we work in the KK picture, see Sec. 2.1, although it is
instructive to understand the physics also from the higher-dimensional point of
view. We will therefore keep the discussion as general as possibly and try to discuss
the expected signals from these different viewpoints. In KK theory, we expand the
graviton in its KK modes as

hMN (xµ, y) =

∞
∑

n=−∞

hnMN (xµ)√
V

e
iny
R , (2.16)

where for simplicity we have considered a five-dimensional toroidal compactification
with volume V . A higher-dimensional metric, which can be represented by an
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M×M matrix, decomposes in the four-dimensional picture into a four-dimensional
graviton and additional vector fields and scalars. The vector fields do not couple
to the SM matter. Among the scalar fields, it is only the radion which couples to
SM matter. However, it only couples to the trace of the SM energy momentum
tensor. We will here only consider the coupling of the four-dimensional graviton
KK modes to SM matter. From the relation in Eq. (2.11), it follows that each
KK graviton mode has MPl suppressed couplings to SM matter. In particular, at
low energies only the zero mode is accessible, which explains the usual weakness
of gravity. However, at higher energies, all KK mode can contribute to a specific
process and because of the huge number of KK modes available at a given energy,
the resulting cross-section can nevertheless be large. The complete Feynman rules
for gravity-SM couplings have been derived in Ref. [47].

The two characteristic collider signatures in models with flat extra dimensions
are missing energy signals or modification of SM processes from the exchange of
virtual KK gravitons. In a hadron collider, protons collide and may annihilate into
a final jet and a KK graviton. Since an individual KK graviton has such weak
coupling to SM matter, it will escape detection in the detector. In addition, the
KK graviton is very long-lived and will not decay inside the detector. What will be
observed is therefore a jet with anomalous energy. The missing energy is carried
by the KK graviton, which is hidden from observation. Alternatively, in a lepton
collision experiment, such as the ILC, an electron and a positron can annihilate into
a photon with anomalous energy and an invisible KK graviton. The cross-section
for the production of a KK graviton in such a process is extremely small, of the
order of 10−30 pb, and an individual reaction would not be observable in a collider.
However, the whole KK tower contributes to the process and one has to sum,
at the cross-section level, over all KK modes which are kinematically accessible.
With 1030 KK modes, this gives a total cross-section of approximately 1 pb, which
would give a strong signal at a collider experiment. The missing energy signals in
hadron and lepton collider experiments have comparatively small SM backgrounds.
For example, in the case of the production of a KK graviton and a photon with
anomalous energy, the dominant SM background comes from the e++e− → γ+ν+ν̄
reaction. These signals are also quite different from the corresponding predictions
of supersymmetric models, which predict the production of two jets or two photons
with missing energy, in each collision.

In addition, as discussed above, there are contribution from virtual KK gravi-
tons. This will not be discussed here, but the interested reader can consult Ref. [47]
for a detailed study.

The specific signal to expect depends crucially on the particular KK spectrum
considered, and thus, on the particular geometry of the extra dimensions. For
example, in models with warped extra dimensions, the collider signals are qualita-
tively different [48]. Contrary to the case with flat extra dimensions, the KK modes
have in this case only TeV suppressed couplings to SM matter. This means that
one can actually produce individual KK modes and observe them in the detector as
a resonance. In Paper 3, we discussed the collider signatures from hyperbolic extra
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dimensions, which give a qualitatively different signal as compared to the warped
scenario or the usual ADD scenario. Alternatively, one can consider UEDs, where
all SM fields propagate in the extra dimensions. In this case, there is a very rich
phenomenology from the cascade decay of KK modes of all fields into the lightest
KK mode and the zero modes (see for example Refs. [49, 50]).

2.2.3 Warped extra dimensions

In the previous section, we have studied models in which the SM fields are confined
to a brane and where the extra dimensions are flat. In this section, we will consider
another possible geometry of the extra dimensions. We will study models with
warped extra dimensions, which are typically five-dimensional models, where the
usual 3 + 1 spacetime dimensions are entangled with the extra dimensions via a
warp factor. These models were first studied by Randall and Sundrum, and hence,
are referred to as Randall–Sundrum (RS) models [27]. The extra dimension is
assumed to be compactified on an S1/Z2 orbifold, i.e., on a line segment. At the
end points of the line segment are two 3-branes with positive and negative tensions,
respectively. This model, with two branes, is referred to as the RS1 model. If we let
the position of the other brane go to infinity, then we obtain an infinitely large extra
dimension. This model is known as the RS2 model. We will from now on focus on
the RS1 model. A related model was studied earlier by Horawa and Witten [51].
They considered a particular M-theory model, with one relatively “large” extra
dimension compactified on an S1/Z2 orbifold and six smaller extra dimensions.
The two-brane model of RS1 can in some sense be seen as an effective, low-energy,
five-dimensional description of the Horawa–Witten model (see for example Ref. [52]
for a related model).

The warped metric is a solution to the five-dimensional Einstein field equations
with a negative bulk cosmological constant. In order to solve for the boundary
conditions at the orbifold fixed points, it is necessary to introduce a positive and a
negative tension of the two branes. The five-dimensional EH action takes the form

S = M3
5

∫

d5x
√

|g|(R5 − 2Λ5). (2.17)

The solution to the Einstein field equations, which follow from a variation of this
action and the brane-localized actions, has been presented in detail in Ref. [27]. It
was found that the metric solution has the following form

ds2 = e−2w|y|ηµνdxµdxν − dy2. (2.18)

This is a slice of AdS5 space, the maximally symmetric space with negative cur-
vature in five dimensions, which is the spacetime analog of hyperbolic space. The
exponential factor e−wy is known as the warp factor and it entangles the usual
Minkowskian coordinates with the fifth dimension. By a change of coordinates,
this metric can be shown to be conformally flat, i.e., the metric is at every point



20 Chapter 2. Quantum field theory in extra dimensions

along the extra dimension proportional to the flat Minkowski spacetime metric.
What does this metric imply for the hierarchy problem that we discussed in the
previous section? Assume that the SM field content is confined to the negative
tension brane at y = L, whereas the positive tension brane is located at the other
end at y = 0. The gravitational action is of the form

S = M3
5

∫

d5x
√

|g|R5 ⊂M3
5

∫

d5x e−2w|y|
√

|g4|R4, (2.19)

where we have written out the subset, which contains the four-dimensional Ricci
scalar. After integrating out the extra dimension in Eq. (2.19), we obtain the
following relation between the effective and fundamental Planck scales [27]

M2
Pl =

M3
5

w

(

1 − e−2wL
)

. (2.20)

This is a completely different relation compared to the one found in the ADD
scenario Eq. (2.11). Typically, the fundamental Planck scale is of the same order
of magnitude as the four-dimensional Planck scale in the RS model. Let us now
consider the action for matter fields. For example, the induced action for the four-
dimensional Higgs field located at the negative tension brane at y = L is

SHiggs =

∫

d4x e−4wL
[

e2wLηµν∂
µH†∂νH − λ(H†H − v2)2

]

. (2.21)

In order to obtain a canonical kinetic term for the Higgs field, we make the following
rescaling H → e−wLH . Then, the action becomes

SHiggs =

∫

d4x
{

ηµν∂
µH†∂νH − λ

[

H†H − (e−wLv)2
]}

. (2.22)

This is the usual Higgs potential, but with the Higgs vacuum expectation value
(VEV) warped down to v → exp(−wL)v. Thus, we observe that with a warp factor
of order 10−15, this generates the SM Higgs VEV from the Planck-scale VEV on the
positive tension brane. On the other hand, the gravity scale is unchanged. Thus,
we have in this model a completely different solution to the hierarchy problem.
The large hierarchy between the electroweak scale and the Planck scale is induced
by the large curvature of the extra dimension, i.e., by the warp factor. The extra
dimension is not large, in the sense of the previous section. In fact, it is typically
only O(10) Planck units wide. Since the negative and positive tension brane has
fundamental scales in the infrared (IR) and ultraviolet (UV) respectively, they are
referred to as the IR and UV brane.

We can understand the solution of the hierarchy problem in the RS model from
a different point of view by considering the profiles of the KK modes, which are
the solutions of the linearized field equations. Here we will not go through this
solution in detail, which can be found in Ref. [27], but only state the main results.
What is found is that the zero mode KK graviton, which corresponds to the usual
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four-dimensional graviton, has a wave function which is localized on the UV brane
and only has a small tail at the IR brane. This accounts for the observation that
low-energy gravity appears so weak. On the other hand, the higher KK modes do
not have wave functions which are peaked at the IR brane. These modes interact
with SM matter with only TeV suppressed couplings. More explicitly, the coupling
to matter is of the form [48]

Sint =

∫

d4x

(

− 1

MPl
T µνh(0)

µν − 1

MPle−wL
T µν

∞
∑

n=1

h(n)
µν

)

. (2.23)

This is what was discussed also in the previous section, in the context of collider
implications. The action in Eq. (2.23) implies that, in a collider, individual KK
resonances can actually be produced. This is qualitatively different from the ADD
scenario which predicts missing energy signals. A second important result of the
RS scenario is that the KK spectrum starts at the TeV scale. This means that
all bounds from astrophysics and cosmology, which limit the ADD model, do not
apply to the model with a warped extra dimension.

2.2.4 Universal extra dimensions

Now, let us study a very different type of models, which are referred to as UED
models [30]. Different from the brane-world scenarios considered in the previous
sections, we assume here that all SM fields and the graviton propagate in the
extra dimensions, as is suggestive by the name for these models. This is closer
to the original idea of Kaluza and Klein. However, one should now recall the
discussion of the previous section. Was it not the fact that the SM fields did not
propagate in extra dimensions that saved the models with large extra dimensions
from the experimental bounds and which made them so predictive in the first place?
Would not UEDs be largely contradictory with experiments or even with everyday
experience? In fact, this is what one would naively expect. However, it was shown
in Ref. [30] that in models with extra dimensions, there are additional symmetries
which stem from higher-dimensional momentum conservation. These symmetries
effectively forbid certain reactions, which means that these extra dimensions can
be much larger than expected. They can definitely not be sub-millimeter size, like
in the ADD scenario. However, they can be of attometer size (10−18 m) without
conflicting collider data.

More precisely, the models which we will consider have one or more extra di-
mensions compactified on orbifolds. As was discussed in Sec. 2.1, an orbifold is
obtained from a given manifold by imposing a discrete symmetry which acts on the
fields of the model. For example, one can consider geometries such as M4 × S1/Z2

or M4 × (S1 × S1)/Z2. Higher-dimensional momentum conservation is broken by
the orbifold fixed points, since these violate translational invariance. However,
the subgroup corresponding to the parity flip y → −y (we will consider here a five-
dimensional example) remains as a symmetry of the model. In the four-dimensional
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picture, after integrating out the extra dimension, this symmetry will appear as a
discrete Z2 symmetry under which the KK modes are either odd or even. The con-
struction is similar to supersymmetric models with R-parity. In fact, this discrete
symmetry, known as KK parity, ensures the stability of the lightest KK particle
(LKP), making it a possible DM candidate [7,8]. UEDs provide the most promising
DM particle to arise in models with extra dimensions. One can assign different KK
parity quantum numbers to the different fields of the model. For example, since
the zero mode fields should correspond to the SM fields, it is important to ensure
that they have a definite chirality, since this is one of the key features of the SM.
Therefore, one can impose that the left-handed component of the five-dimensional
SU(2)L doublet ` is even under KK parity, whereas the right-handed component is
odd, in which case the Fourier expansion becomes

`(xµ, y) =
1√
2πR

`
(0)
L (xµ) +

1√
πR

N
∑

n=1

[

cos(nπy/R)`
(n)
L (xµ) + sin(nπy/R)`

(n)
R (xµ)

]

.

(2.24)
We observe from this equation that there is no zero mode for `R, which is precisely
what we want. Moreover, the zero mode of the fifth component of the higher-
dimensional gauge field can be projected out in a similar fashion by assigning that
it should be odd under KK parity. Such a KK mode would otherwise appear as a
massless scalar, for which there is no experimental evidence 6. Now, one can carry
out the full construction of the higher-dimensional SM by carefully keeping track
of how the Lagrangian generalizes in more than four dimensions. For example, the
fermion spinor representations and the gamma matrices generalize in a particular
way, as discussed in Sec. 2.1. The SM in UEDs was discussed in detail in Ref. [30].

One of the important features of this model, as discussed above, is the con-
servation of KK parity. This means that KK modes can only be pair-produced,
which significantly lowers the constraints, and hence, allows a larger dimension
than naively expected. Any model beyond the SM has to conform with the very
precise electroweak precision tests (EWPT) carried out at LEP and at the Teva-
tron. This includes for example the ρ parameter, which determines the ratio of
the relative strength of neutral to charged current interactions at low momenta.
In the SM, at tree-level, it is predicted to be ρ ≈ M 2

W /(c
2
WM

2
Z) = 1, where

cW = cos(θW ). Using the data from such EWPTs, an upper bound on the size
of UEDs can be derived Refs. [30, 55]. The most stringent bound that has been
found gives MKK & 700 (800) GeV, at the 99 % (95 %) C.L., assuming a light Higgs
particle mass. However, for a heavier Higgs particle with mass of the order of the
TeV scale, the bound reduces considerably and one finds in this case MKK & 300
GeV (99 % C.L.). This mass directly translates into the size of the extra dimension.

6This is not the whole story. In the case of the A
(0)
5 mode, it can in fact be desirable to keep

this field, since in some models it has been identified as the SM Higgs field [53,54].
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For a single extra dimension, we obtain

R ≈ 1

MKK
.

~c

300 GeV
≈ 10−18 m, (2.25)

where we have used that ~c ≈ 197 Mev fm. The collider signatures one would
expect are soft SM particles with anomalous energies, which are the result of the
cascade decay of the heavier KK modes into the LKP. The prediction depends
crucially on the form of the KK spectrum. Since extra-dimensional theories are
not renormalizable, one should in general expect that some results are incalculable.
Indeed, operators located at the orbifold fixed points induce unknown corrections,
which have to be determined by a specific UV-completion. This motivates the search
for signatures of UV-completions of extra dimensions in collider or astrophysical
(KKDM) experiments.

2.3 Neutrinos in the bulk

At first sight, it may appear that, in the ADD model, there is a potential problem
in the neutrino sector. Since the first observations of neutrino oscillations [2] it
has now become an established fact that neutrinos are massive, although very
light. In the SM, there are no explicit mass terms for neutrinos, and if they are
included, it becomes a challenge to understand why they are so much smaller than
the masses of the charged leptons and quarks. The most popular way of accounting
for the smallness of neutrino masses is the see-saw mechanism [11–20]. This will
be discussed in more detail in Sec. 4.3.3. The idea is basically to introduce a heavy
mass scale MR, which sets the mass scale of heavy SM singlet neutrinos. The
coupling of these neutrinos to the SM neutrinos will then induce a neutrino mass
suppressed by the large mass MR such that the observed light neutrino masses can
be obtained. The typical value is MR ∼ 1015 GeV. Clearly, in the ADD model
with quantum gravity at the TeV scale, there is no room for the superheavy mass
scale of the see-saw mechanism. Therefore, this looks like an argument against the
ADD model. However, it turns out that an analogous mechanism, which accounts
for the weakness of gravity in the ADD model, also accounts for the smallness of
neutrino masses [5, 6]. We add, as in the see-saw mechanism, a sterile neutrino to
the spectrum. Since this new neutrino carries no SM charges, there is no reason
why it should be confined to the SM brane, and it can freely move in the bulk. This
higher-dimensional neutrino can in fact be massless. It will couple to the active
neutrino on the brane, but only with a weak coupling, since its wave function
spreads out in the full bulk of the extra dimensions. It is the small overlap of the
sterile neutrino wave function with the active neutrino wave function that accounts
for the smallness of the neutrino mass. Equivalently, this can be seen explicitly as
a volume suppression, precisely as in the description of the weakness of gravity in
models with large extra dimensions.
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2.3.1 Small neutrino masses from large volume suppression

In this section, we will review the higher-dimensional mechanism for neutrino mass
generation [5, 6]. Our starting point will be a five-dimensional model compactified
on an S1/Z2 orbifold, with the SM fields confined to a brane at the orbifold fixed
point at y = 0, where y is the coordinate of the extra dimension. We add to the
model a five-dimensional sterile neutrino. Thus, the graviton and the sterile neu-
trino will move in the bulk. Two comments are in order at this point. First, a
model with a single large extra dimension with TeV scale quantum gravity is ruled
out from direct observations, since it would modify the Newtonian inverse-square
law on solar system scales. However, this conclusion is based on the assumption
that the extra dimensions are all of equal size. If we assume that there is one large
extra dimension and a number of small extra dimensions, then we can have TeV
scale quantum gravity, no conflicts with experiments, but for low-energy physics
effectively a five-dimensional theory. Such constructions appear in the literature.
For example, in M-theory, there is such a hierarchy between the size of the extra
dimensions, with one of the extra dimensions being much larger than the other.
The second comment is that this model, with a single five-dimensional sterile neu-
trino, is an oversimplification, and is in fact very difficult to reconcile with neutrino
oscillation data. However, the scenario with three sterile neutrinos and three ac-
tive neutrinos, which can account for neutrino oscillation data, is easily obtained
as a generalization of the single neutrino scenario we consider here. We can there-
fore restrict the discussion to the one neutrino case, which is simpler and more
illuminating. The action is

Sfree =

∫

d4x

∫

dy Ψ̄iΓM∂MΨ, (2.26)

where M = 0, 1, 2, 3, 5 and ΓM are the five-dimensional gamma matrices as given
in Sec. 2.1.2. We can write the gamma matrices in the Weyl basis as

Γµ =

(

0 σµ

σ̄µ 0

)

, Γ5 =

(

i 0
0 −i

)

, (2.27)

where σµ = (1, σ̄) and σ̄µ = (1,−σ̄). Here σ̄ = (σ1, σ2, σ3), where σi are the Pauli
matrices. Furthermore, we can decompose the Dirac field in left- and right-handed
components as

Ψ =

(

ΨR

ΨL

)

. (2.28)

We are interested in a situation where the bulk neutrino zero mode couples to the
left-handed active neutrino via a Dirac mass term. This means that we want a zero
mode for the right-handed fields, but no zero mode for the left-handed fields. To
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achieve this, we impose that ΨR is even under the orbifold Z2 action, whereas ΨL

is odd. Thus, we can expand ΨR and ΨL as

ΨR(xµ, y) =
1√
2πR

ν0R(xµ) +
1√
πR

∞
∑

n=1

νnR(xµ) cos
(ny

R

)

(2.29)

and

ΨL(xµ, y) =
1√
πR

∞
∑

n=1

νnL(xµ) sin
(ny

R

)

. (2.30)

We insert this KK expansion in the five-dimensional action in Eq. (2.26) and inte-
grate out the y-dependence. Thus, we obtain the following form for the fermionic
action for the KK modes

Sfree =

∫

d4x

[

ν̄0Riγµ∂µν0R +

∞
∑

n=1

(

ν̄nLiγµ∂µνnL + ν̄nRiγµ∂µνnR

+
n

R
ν̄nLνnR

)

+ h.c.

]

. (2.31)

This action describes a tower of KK neutrinos, which so far do not interact with
SM matter. Next, we want to include the Dirac mass term, which couples the bulk
neutrino via the SM Higgs doublet to the active neutrino on the brane. Its action
is given by

Sint =

∫

d4x
Y

√

M4+δ

`H ΨR(xµ, y = 0), (2.32)

where H is the SM Higgs field, ` is the usual leptonic SU(2) doublet, and Y is a
dimensionless O(1) Yukawa coupling constant. Similar to the procedure for KK
gravitons, we can now expand the bulk neutrino in KK modes, which gives the
couplings between individual KK modes and the active neutrino on the brane

Sint =

∫

d4x
Y

√

M4+δ

`H

[

1√
2πR

ν0R(xµ) +
1√
πR

∞
∑

n=1

νnR(xµ)

]

. (2.33)

At low energies, it is often sufficient to consider the coupling to the zero mode

Sint,0 =

∫

d4x
Y

√

2πRM4+δ

`H ν0R(xµ). (2.34)

When the Higgs field acquires a VEV 〈H〉 = 246 GeV and breaks the electroweak
symmetry, this coupling will give a Dirac mass term mν ν̄Lν0R, where

mν =
〈H〉Y

√

2πRM4+δ

(2.35)

and similar couplings to the higher KK modes. If mν � 1/R, the higher modes
will decouple. If mν ∼ 1/R, the phenomenology becomes more complicated.
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It is straightforward to generalize this construction to additional extra dimen-
sions. We will consider the case where the extra dimensions are all of equal size.
The KK modes will now be suppressed by the volume of the extra-dimensional
space, i.e., Vδ = (πR)δ and the Dirac mass is given by

mν =
〈H〉Y

√

2δVδM δ
4+δ

. (2.36)

By using the relation between the Planck scale in different number of dimensions,
Eq. (2.11), we can rewrite this expression as

mν =
〈H〉Y M4+δ

2δ/2MPl
∼ 10−4eV

Y M4+δ

1 TeV
. (2.37)

If we now choose a fundamental Planck scale of M4+δ ∼ (1 − 100) TeV and δ > 2,
we obtain neutrino masses of mν ∼ (10−4 − 10−1) eV, which are of the right order
of magnitude to account for the anomalies from atmospheric and solar neutrino
experiments. Thus, we observe that in the ADD scenario we can simultaneously
have a solution to the hierarchy problem and to the neutrino mass problem. Note
that we have restricted the discussion to the case when δ > 2. For δ = 1, i.e.,
the case of a single large extra dimension, Newtonian gravity would be modified on
solar system scales. Therefore, this case is ruled out. For δ = 2, the KK masses
will be of the same order as mν and the phenomenology will be rather complicated.
However, for δ > 2, the KK modes decouple and the neutrino mass will be given
by the coupling to the zero mode. As we have discussed before, it is possible to
have a hierarchy of radii for the extra dimensions, where for example there is one
comparatively large extra dimension and, in addition, a number of smaller extra
dimensions. This is the case we will consider in the next section.

2.3.2 Higher-dimensional neutrino oscillations

We will now study the mixing between the KK modes of the bulk neutrino and the
active neutrino in more detail. The large mixing among the active neutrinos and
the fact that they are massive induce the neutrino oscillation phenomenon, whereby
a neutrino with a certain flavor at the production point can oscillate into a neutrino
of a different flavor at the detection point. This is now the established solution to
the solar and atmospheric neutrino anomalies, i.e., the problem of why the flux
of neutrinos is smaller than what would be naively expected. It is known from
neutrino experiments that a sterile neutrino can only contribute sub-dominantly to
the neutrino oscillation pattern [56, 57]. This would in particular also apply to the
KK neutrino case. First, we will discuss the simplest example of a single active
neutrino and one bulk neutrino and see what the predictions will be and how well
they can accommodate experimental data. This will be an outline of the results
in Ref. [6, 58, 59]. Then, we will consider a more realistic scenario with three bulk
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neutrinos and three active neutrinos [60,61]. As mentioned in the previous section,
we will restrict to the case where there is a hierarchy among the radii of the extra
dimensions such that one radius is much larger than the other ones. In this case we
can to a good approximation treat the problem as effectively five-dimensional. In
addition, the total volume of the extra dimensions can still be sufficiently large in
order to suppress the fundamental Planck scale down to the TeV scale. The mass
and mixing terms become

Lmix = mν ν̄Lν0R +
√

2mν

∞
∑

n=1

ν̄LνnR +

∞
∑

n=1

mnν̄nLνnR. (2.38)

We note that if the radius R is sufficiently small, such that mν � 1/R, the massive
KK modes will decouple. To find the mass eigenvalues and the mixing angles for
this system, we need to diagonalize the corresponding mass matrix. In the basis
(νL, ν1L, ν2L, . . . , νkL) and (ν0R, ν1R, ν2R, . . . , νkR), the mass matrix is given by

M =















mν

√
2mν

√
2mν . . .

√
2mν

1
R

2
R

. . .
k
R















, (2.39)

where the blank entries indicate zeros. In this expression, we have truncated the
formally infinite KK tower to yield a finite matrix. However, one can show that
taking the limit k → ∞ does not change any results. This mass matrix, and
the diagonalization of it, was considered in Ref. [59]. A similar analysis was also
performed in Ref. [6]. The matrix in Eq. (2.39) can be diagonalized by a biunitary
transformation M → L†MR, where L and R are unitary matrices. Since we will
only be interested in the mixing of νL with the KK tower of right-handed states,
it is sufficient to consider only the matrix L. This matrix diagonalizes MM †. We
have that

MM † =
1

R2















(k + 1
2 )ε2 ε 2ε . . . kε
ε 1
2ε 4
...

. . .

kε k2















, (2.40)

where we have introduced the parameter ε =
√

2mνR. From the diagonalization
of this matrix, one can derive analytical expressions for the eigenvectors and the
eigenvalues. We will leave the explicit expressions for the more realistic three-flavor
case to be considered later. We will now instead assume, as was done in Ref. [59],
that ε � 1 and diagonalize the matrix using perturbation theory. In this way,



28 Chapter 2. Quantum field theory in extra dimensions

it is possible to express the gauge eigenfields as linear combinations of the mass
eigenfields

νL =
∞
∑

n=0

L0nν̃n, (2.41)

where L00 = 1 and L0n ≈ ε/n, with ε� 1. Thus, we obtain

νL ≈ 1

N

(

ν̃0 + ε

∞
∑

n=1

1

n
ν̃n

)

, (2.42)

where N = 1 + ε2π2/6 is a normalization factor. The time evolution of the mass
eigenfields gives

νL(t) ≈ 1

N

(

ν̃0 + ε

∞
∑

n=1

eiφn

n
ν̃n

)

, (2.43)

where

φn =

(

m2
n −m2

ν

)

t

2Eν
. (2.44)

Here Eν denotes the energy of the neutrinos. The active neutrino may now oscillate
into any of the sterile states and “disappear” or it may remain unchanged. The
latter case determines the survival probability, which is given by

PνL→νL
(t) = |〈νL(t)|νL(0)〉|2. (2.45)

The probability for oscillation into any of the KK modes is then simply given by
1 − PνL→νL

. Using the approximate expressions for the mixing parameters, we
obtain to leading order in ε the survival probability

PνL→νL
(t) ≈ 1

N4

∣

∣

∣

∣

∣

1 + ε2
∞
∑

n=1

eiφn

n2

∣

∣

∣

∣

∣

2

. (2.46)

This expression describes the interference of a typically very large number of in-
creasingly massive states. For practical purposes, it is sufficient to consider the
impact of only the lowest lying modes, since the contribution from the heavy KK
modes will be largely suppressed. The effect of these modes is essentially to give
the probability curve a more “jagged” shape (see Ref. [6]). In fact, this simple
model for higher-dimensional neutrino oscillations was initially thought to be able
to account for the solar neutrino anomaly, see Ref. [59], provided that one includes
matter resonance effects [62, 63] [the Mikheyev–Smirnov–Wolfenstein (MSW) ef-
fect]. However, this model is not sufficient for this purpose. The reason is that the
original solution was based on what is known as the small mixing angle solution to
the solar neutrino problem, which is now ruled out. In addition, this model cannot
account for the atmospheric neutrino anomaly. It is now known that the role of
higher-dimensional neutrino oscillations could only be a sub-dominant contribution
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on top of the active neutrino oscillation pattern. Let us therefore consider this more
realistic scenario with three bulk neutrinos and three active neutrinos [60]. We will
in the following discussion partly use the notations of Ref. [61]. The most general
action for this case is

S =

∫

d4x

∫

dy Ψ̄αiΓM∂MΨα +

∫

d4x
Yαβ√
M∗

ν̄αLHΨβ
R(xµ, y = 0) + h.c., (2.47)

where Yαβ is a 3 × 3 matrix containing the Yukawa couplings. In general, the
action should also contain the kinetic terms for brane neutrinos, which have here
been omitted for brevity. When the Higgs field acquires its VEV, we obtain from
this action the mass and mixing terms

S =

∫

d4x

[

mαβ

(

ν̄αLν
β
0R +

√
2

∞
∑

n=1

ν̄αLν
β
nR

)

+

∞
∑

n=1

n

R
ν̄αnLν

α
nR + h.c.

]

. (2.48)

The mass matrix, corresponding to this expression, can be diagonalized in several
steps. We start by diagonalizing the matrix mαβ . This matrix contains information
about the mixing among the generations. To do this, we perform a biunitary
transformation mD = V †

r mV`, where (m)αβ = mαβ . Here mD is a diagonal 3 × 3
matrix with diagonal entries mi. The matrices V` and Vr act on the fields as

ναL = V αj` ν̂jL , (2.49a)

ναnR = V αjr ν̂jnR , n = 0, 1, . . . ,∞ , (2.49b)

ναnL = V αjr ν̂jnL , n = 1, 2 . . . ,∞ . (2.49c)

After we have performed this transformation, we obtain, in the new basis,

S =

∫

d4x

3
∑

j=1

¯̂νjLMj ν̂
j
R + h.c., (2.50)

where ν̂jL = (ν̂jL, ν̂
j
1L, ν̂

j
2L, . . .)

T and ν̂jR = (ν̂j0R, ν̂
j
1R, ν̂

j
2R, . . .)

T . The mass matrix
Mj will be exactly of the form as Eq. (2.39), with mν → mj . It can be diagonalized

with a biunitary transformationMj → R†
jMjLj . As was pointed out in the previous

section, we need only consider Lj , which will give the expansion in mass eigenstates

ναL =

3
∑

j=1

V αj`

∞
∑

n=0

L0n
j ν̃

j
nL. (2.51)

Again, we can find Lj by considering the matrix MM †. The eigenvalues and
eigenvectors of this matrix have been derived in Refs. [5, 6, 59, 64]. We have that

(L0n
j )2 =

2

1 +
π2ε2

j

2 + 2
λ2

jn

ε2
j

, (2.52)
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where λj are the eigenvalues, which can be found by solving the transcendental
equation

λj −
π

2
ε2j cot (πλj) = 0. (2.53)

Note that if we consider a fixed j and set εj � 1, then we obtain the results of the
one-flavor case. The probability that an active neutrino of flavor α oscillates into
an active neutrino of a different flavor β in time t is given by

Pνα
L
→νβ

L

(t) =

∣

∣

∣

∣

∣

∣

3
∑

j=1

V αj` V βj∗`

∞
∑

n=0

(L0n
j )2 exp

(

iλ2
jnt

2EνR2

)

∣

∣

∣

∣

∣

∣

2

. (2.54)

The oscillation pattern will be determined by the three parameters εj . From a
phenomenological point of view, the mixing is that of a system of three active
neutrinos and a large number of sterile neutrinos. However, since the lowest lying
modes dominate, it will effectively appear as the mixing with just a few sterile
neutrinos. It has become clear, since the data from the SNO Collaboration [56] and
the Super-Kamiokande Collaboration [57], that the dominant effect in neutrino
oscillations is set by the active neutrinos and that sterile neutrinos can only play
a sub-dominant role. Applied to the higher-dimensional scenario, this means that
the KK neutrino mixing with active neutrinos should be small, and we therefore set
εj � 1. With this choice, the neutrino oscillation formula Eq. (2.54) divides into a
sum of the standard three-flavor formula, for an appropriate choice of the Yukawa
couplings, and a subleading correction from the mixing with the higher KK modes.
This model can then be shown to be in agreement with the solar and atmospheric
neutrino data. It cannot account for the LSND data [65], which predicts a non-
zero conversion of muon neutrinos from electron neutrinos. The predictions from
the three-flavor model with three bulk neutrinos are one order of magnitude too
low. The MiniBooNE experiment [66] was designed to test the LSND results, and
recently, the collaboration presented their first results. They did not confirm the
LSND results, i.e., they did not find any oscillation signal and they concluded that
the LSND results cannot be accounted for by oscillations into sterile neutrinos.
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Dimensional deconstruction

3.1 Effective field theories

It used to be thought that non-renormalizable theories were unpredictive and of
little use. With the introduction of the concept of effective field theories (EFTs), the
attitude changed (for a recent review, see for example Ref. [67]). The idea of EFTs
is to view a particular theory as a low-energy approximation of a more fundamental
theory and to focus on the degrees of freedom which are relevant at the energy scale
in consideration. The EFT is not a fundamental theory in the sense that it is valid
at arbitrarily high energies, but only a phenomenological language which sufficiently
well describes what experimentalists actually observe. For example, QED is in this
sense not a fundamental theory, since it is not asymptotically free. Hence, it has
only a limited range of validity and is expected to be smoothly exchanged for a
more fundamental GUT at some high-energy scale. The see-saw mechanism, a
mechanism which can account for the smallness of neutrino masses, is based on the
introduction of non-renormalizable dimension-five operators and needs to be UV
embedded in some unified model. General relativity is also just an EFT, since it
has a dimensionful coupling coupling constant 1/MPl. Clearly, general relativity
is still a very successful theory at low energies, where quantum gravity effects are
negligible. The fundamental theory in this case is a proper theory of quantum
gravity, it could perhaps turn out to be string theory. We have discussed in the
previous chapter quantum field theories in extra dimensions. Such theories are
not renormalizable, since they have coupling constants of negative mass dimension.
Nevertheless, as we have seen, one can make reliable predictions at energies below
the cutoff of the EFT.

The fact that different scales reveal different physics is a general idea which
is intuitively appealing. Consider for example the proton and the neutron. At
low energies, they look as if they were elementary point particles. However, closer
inspection would reveal that they consist of combinations of quarks and gluons.

31
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If you are studying low-energy physics, the quarks and the gluons are completely
irrelevant and you can use an effective theory, which describes only protons and
neutrons as the fundamental entities, forgetting about their inner structure. How-
ever, at sufficiently high energies, the quarks and the gluons will have an observable
effect. The geometry of extra dimensions can also become more complex at smaller
distances. For example, specific eleven-dimensional M-theory models such as the
Horawa–Witten model can at intermediate energy scales be treated as effectively
five dimensional, since the six additional dimensions are much smaller. In particle
physics, there is a systematic way of constructing EFTs. Consider a theory with
a single large mass scale M . Now, construct a Lagrangian which includes oper-
ators of arbitrary mass dimension, consistent with all imposed symmetries, such
as gauge invariance and spacetime symmetries. The mass dimension of the action
should be zero, which means that all the higher-dimension operators will have to
be suppressed by some energy scale, which is taken to be the largest mass scale M
available in the theory. Operators with dimension larger than four have “coupling
constants” of negative mass dimension. Such operators are not renormalizable, but
since the mass scale which suppresses these operators are very large, these non-
renormalizable interactions will not be relevant at low energies or momenta, i.e.,
for E �M . Schematically, the effective Lagrangian will have the form

Leff =
∑

k

M4−kOk(φ,Aµ,Ψ, . . .). (3.1)

Here Ok denotes any operator constructed of fermions, scalars, and gauge fields,
which has mass dimension k and is consistent with the postulated symmetries. It
is straightforward to determine the mass dimensions of the various components
of a general Lagrangian. Consider the following d-dimensional action involving
d-dimensional scalars, gauge fields, and fermions

S =

∫

ddx

(

Ψ̄ΓM∂MΨ + gdΨ̄ΓMAMΨ + ∂Mφ∂Mφ− 1

4
FMNF

MN + . . .

)

, (3.2)

where M,N = 1, 2, . . . , d. Since S is dimensionless, it follows that the Lagrangian
density should have dimension Md 1. We can then read off that the dimensions of
the various fields are

[Ψ] =
d− 1

2
, [φ] =

d− 2

2
, [AM ] =

d− 2

2
. (3.3)

In particular, the coupling constant gd has dimension [gd] = 2− d/2, and for d > 4
we have [gd] < 0. As long as E � M , one can make reliable predictions, but
when one approaches E ∼ M , the EFT becomes useless and must be replaced by
some more fundamental theory. This theory is referred to as the UV-completion
of the EFT. The cutoff of a non-renormalizable effective d-dimensional theory is

1We will for brevity mostly denote the mass dimension by [X] = d.
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estimated to be roughly E = Λ ∼ 1/g
1/(d/2−2)
d , since gd is the dimensionful scale,

which appears in higher-dimensional models. A more careful analysis shows that
the estimate of this cutoff is a little pessimistic, and in fact, that the real cutoff
should be roughly one order of magnitude larger. This is related to phase-space
factors from loop integrals and has been discussed in Refs. [68–70]. In Ref. [70], it
was found that the loop suppression factor `d = 2dπd/2Γ(d/2) will give a cutoff

Λ ∼ `
1/(d−2)
d M, (3.4)

where M is the dimensionful scale of a general non-renormalizable theory. Nu-
merically, one typically finds Λ ∼ 10M for 5 ≤ d ≤ 11. For example, for a non-
renormalizable EFT in d = 4, the above equation gives Λ ∼ 4πM .

3.2 Deconstructed extra dimensions

As we have seen, quantum field theories in more than four spacetime dimensions are
not renormalizable. The theories can still make sense as EFTs up to energies E of

the order of 1/g
1/(d/2−2)
d . Below this energy scale one can make reliable predictions.

However, a more complete description would require a UV-completion of the EFT.
Moreover, as we will see in Sec. 4.2, the UV-completion could have a significant
impact on the low-energy phenomenology of extra dimensions, where unknown
contributions from UV-physics could qualitatively change low-energy predictions.
One approach may be to identify the UV-theory with a theory for quantum gravity
and the cutoff energy scale with the Planck scale. However, the problems with
extra dimensions are not related to gravity. In addition, quantum gravity is not well
understood and it is difficult to make actual predictions from such an embedding.
Therefore, it is interesting to consider an alternative route, where gravity is four-
dimensional and the UV-completion is an ordinary quantum field theory which
admits a simple and calculable setting. The class of models which have this property
is referred to as dimensional deconstruction [9, 10]. This is formulated for higher-
dimensional gauge theories. Eventually, in Sec. 3.4, we will consider the analogous
treatment of higher-dimensional gravity. As we will see, this is far from trivial. In
fact, at present, no UV-completion for higher-dimensional gravity, analogous to the
deconstructed gauge theory case, exists. Also, even before such a completion could
be constructed, it is important to make sense of the EFT below the cutoff. This
will be discussed in Sec. 3.4.

In the next section, we will present an explicit example, which illuminates the
essentials of deconstruction. The idea behind deconstruction is to start with a four-
dimensional renormalizable quantum field theory at high energies. At low energies,
extra dimensions are dynamically generated from the spontaneous breakdown of the
gauge symmetry of the fundamental theory. The low-energy EFT is a transverse
lattice gauge theory, i.e., the extra dimensions are latticized.

As far as the effective low-energy theory is concerned, one can obtain the same
results as for the continuum EFT for extra dimensions, in the limit of small lattice



34 Chapter 3. Dimensional deconstruction

spacings. On top of that, one has a model with a sensible UV-behavior, where one
can actually tell what happens above the cutoff of extra-dimensional EFTs. The
way to discriminate between continuum EFTs and deconstruction is twofold. First,
one can use the UV-completion to calculate quantities which cannot be determined
in continuum EFTs. A good example is corrections to KK masses in UEDs. Sec-
ond, one can use the fact that, for a few-site model, the discrete nature of the
dimensions become apparent, and could show up in experiments. A good example
is the KK tower, which is non-linear for a few site model, whereas it is linear for a
continuum EFT. An alternative philosophy is to view deconstruction as a class of
four-dimensional models, which mimic higher-dimensional physics, but at the end
there is no higher-dimensional interpretation. This is particularly the case for a
few-site model. The important point is that, a priori, one needs not to be limited
by extra dimensional geometric constraints. This opens up possibilities of con-
structing four-dimensional models, which have the benefits of higher-dimensional
theories, but are less constrained.

3.2.1 Deconstructing gauge theories

Deconstruction represents a whole class of models with common characteristics.
In this section, we will focus our attention on a particular model within this class,
which is relatively simple, but where the essential properties of more general models
is still preserved. The models that we will consider have in the high-energy regime
a linear gauge group structure of the form

G = G1 ×G2 . . . GN−1 ×GN , (3.5)

where Gj = SU(m)j is a Yang–Mills symmetry group. This particular model was
first studied in Ref. [10]. As we will see, the topology of this gauge group structure
can be directly mapped onto the topology of an extra dimension on an interval.
This means that there is a dual model at low energies, where the linear gauge
group structure is transformed into a physical extra dimension on an interval. We
studied these types of geometries in Secs. 2.1.2 and 2.2.4 in the context of S1/Z2

orbifolds, and we saw that this geometry is for example interesting in models of
KKDM. However, at the moment, we will restrict the field content of our model to
the gauge fields corresponding to the Gj groups and to a set of Higgs fields, which
we will describe now.

Corresponding to each gauge group, there is a gauge field Aaµ,j , where a =

1, 2, . . . ,m2 − 1. In addition, we add a set of Higgs scalar fields Qj,j+1, which
transform in the bifundamental representation of adjacent gauge groups Gj×Gj+1.
The Higgs fields preserve the product gauge symmetry by linking the gauge groups
in an appropriate manner. Thus, we will refer to these fields as “link fields”. This
gauge theory can be represented graphically by circles and lines, where the circles
represent the gauge groups and the lines represent the link fields. This graphical
representation is sometimes referred to as a quiver diagram [71] or a moose diagram
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Q1,2 QN−1,N

G1 G2 GN−1 GN

Figure 3.1. Quiver diagram for the linear-chain model. Here, the circles
represent the gauge groups Gj , j = 1, 2, . . . , N and the arrows represent
the link fields Qj,j+1, which transform in the bifundamental representation
(m̄,m) of the adjacent gauge groups.

[72], and it is shown for the linear chain model in Fig. 3.1. A directed arrow means
that the corresponding field transforms in the fundamental representation of the
circle towards which the arrow is pointing and in the antifundamental representation
of the circle from which the arrow is pointing away from. At the fundamental level,
there is no interpretation of the quiver diagram as a physical geometric dimension.
It is simply a pictorial representation of a four-dimensional theory with a specific
gauge symmetry and a set of Higgs fields. The action for this model is given by

S =

∫

d4x







N
∑

j=1

[

tr
(

(DµQj,j+1)
†
DµQj,j+1

)

− 1

4
FjµνaF

jµνa

]

− V (Q)







, (3.6)

where a = 1, 2, . . . ,m2 − 1. We use the convention that when an index of a field
is out of bounds (e.g., QN,N+1), then it is implicit that the corresponding field is
zero. The covariant derivative is defined by

DµQj,j+1 =
(

∂µ + igjAjµaT
a
j − igj+1Aj+1,µaT

a
j+1

)

Qj,j+1, (3.7)

where T aj are the generators of SU(m)j . In general, the coupling constants could
be different for the different gauge groups, but we will for simplicity consider the
case when they are all equal, i.e., gj ≡ g. This is also required if the theory is to
be translationally invariant. The field strength tensor is

Fjµνa = ∂µAjνa − ∂νAjµa + gjf
bc
ja AjµbAjνc, (3.8)

where fabcj are the structure constants, given by [T aj , T
b
j ] = ifabcj T cj (no summation

over j). In Eq. (3.6), we have also included a renormalizable potential for the link
fields Qj,j+1 of the form

V (Q) =

N
∑

j=1

{

−M2 tr
(

Q†
j,j+1Qj,j+1

)

+ λ1tr
(

Q†
j,j+1Qj,j+1

)2

+ λ2

[

tr
(

Q†
j,j+1Qj,j+1

)]2

+M ′
[

eiθdet (Qj,j+1) + h.c.
]

}

. (3.9)
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Here λ1 and λ2 are dimensionless numbers. We recognize this model as a gauged
linear sigma model. Note that, in addition, to the gauge symmetry the the-
ory also possesses in the limit of zero gauge couplings a global “chiral” symme-
try SU(m)N−1 × SU(m)N−1, under which the link fields transform as Qj,j+1 →
LjQj,j+1R

†
j+1.

By choosing the parameters of the potential in an appropriate way we can obtain
spontaneous symmetry breaking (SSB) of the product gauge group. To achieve this,
we choose the parameters as follows: First, we let λ1, λ2,M

′ > 0 and M2 < 0. This
will generate a “Mexican hat” type of potential, and will induce non-zero VEVs for
the link fields and trigger SSB. In the process, the global chiral symmetry is broken
down to SU(m)N−1, which leaves N − 1 Nambu–Goldstone bosons (NGB). At
the same time, the gauge symmetry is also broken down to the diagonal subgroup
SU(m), eating all of the N − 1 NGBs, which become the longitudinal components
of the massive gauge bosons. We can at low energies write the link fields as

Qj,j+1 = (v + σj,j+1) exp
(

iGjaT
a
j /v

)

, (3.10)

where 〈Qj,j+1〉 = v1m, Gja are the NGBs, and T aj are the group generators. The
fields σj,j+1 denote the fluctuations in the “radial direction”. By imposing that the
fields σj,j+1 are heavy, the link fields become effectively confined to a hypersphere
of radius v. This can also be understood from the fact that the potential in this
case acquires a large curvature at its minimum. Thus, we obtain the constraint

Q†
j,j+1Qj,j+1 = v21m. (3.11)

This constraint implies a non-linear form for the link fields. Thus, we obtain from
Eq. (3.10)

Qj,j+1 = v exp
(

iGjaT
a
j /v

)

. (3.12)

Therefore, the theory below the scale of symmetry breaking can be described as a
gauged non-linear sigma model 2. The interesting fact is now that this theory can
equivalently be described as a five-dimensional model, with one extra dimension on
an interval, where the extra dimension has been put on a lattice. The non-linear
sigma model fields take the role of the link fields in lattice gauge theory. This
correspondence is established if we identify the NGBs with the fifth component of
the higher-dimensional gauge field

Gja
v

= −agAj5a, (3.13)

where a is the lattice spacing. In addition, we make the identification a = 1/gv and
a = πR/N . We can make the lattice structure arbitrarily smooth by increasing N ,
and the model will in this limit at low energies be indistinguishable from a model
with an extra dimension. This is the idea of deconstruction and it is very different

2Formally, the non-linear sigma model is obtained in the limit of infinitely heavy σj,j+1 fields.
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from the usual treatment of extra dimensions. The fundamental high-energy theory
is four-dimensional and the phase transition caused by the Higgs sector generates an
extra dimension dynamically at the symmetry breaking scale. The correspondence
can also be shown for the mass spectrum and the Feynman rules, which are identical
with the continuum model results in the limit N → ∞. Of course, for small N ,
there can be notable differences, and in particular, the spectrum will exhibit a non-
linear structure, i.e., the level spacing between KK levels will not be constant as it
is in the continuum theory. In addition, the Feynman rules may also be modified
for small N , leading to new interactions. To establish the connection with the
continuum theory more explicitly, we will now write down the mass spectrum in
the low-energy phase. When the Higgs fields acquire VEVs, the kinetic terms for
the link fields will generate mass terms for the gauge fields. This is the usual Higgs
mechanism, whereby massless gauge fields, which have two degrees of freedom, eat
NGBs to become massive spin one fields with three degrees of freedom. The NGBs
become the longitudinal components of the massive gauge field. The mass terms
will take the form

Lmass =
g2v2

2

N−1
∑

j=1

(Aj −Aj+1)
2
, (3.14)

where we have suppressed the gauge group indices of the gauge fields and we have
used the relation tr

(

T aT b
)

= δab/2 for the SU(m) generators. Explicitly, in the
basis (A1, A2, . . . , AN ), the N ×N gauge boson mass squared matrix reads

M2 =
g2v2

2















1 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 1















. (3.15)

This matrix can be diagonalized by a change of basis

Aj =

N−1
∑

n=0

ajnÃn, (3.16)

where

ajn =







√

2
N cos

(

2j+1
2 γn

)

, n 6= 0
√

1
N , n = 0

. (3.17)

Here γn = nπ/N . The eigenvalues, which are obtained, are [10]

m2
n = 4g2v2 sin2

( nπ

2N

)

. (3.18)

For n� N , we obtain the usual linear KK spectrum mn = n/R, provided that we
make the identification gv = N/(πR). Note that for small N the spectrum is not
linear.
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In summary, we have demonstrated that an extra dimension can be dynamically
generated from a renormalizable four-dimensional fundamental theory. Thus, this
is a specific UV-completion of extra-dimensional theories.

There are some common misconceptions about deconstruction which are worth
stressing at this point. 1) At first glance, one may think that deconstruction just
amounts to latticizing an extra dimension. 2) One may think that this is also just an
approximation and that eventually a continuum limit is taken. Both of these views
are incorrect. Deconstruction is a conceptually different idea. First of all, to answer
comment 1), if we put an extra dimension on a lattice, this becomes equivalent to a
non-linear sigma model in four dimensions. This model is not renormalizable and
requires a UV-completion at a cutoff energy3 Λ ∼ 4πv. The linear sigma model
that we started with is one possible completion of the non-linear sigma model.
However, it is not the only possibility. For example, in Ref. [9], the low-energy
effective theory is the same, but the fundamental theory is a model where the link
fields are replaced by fermions, whose condensates break the gauge symmetry. In
general, it would be an important and interesting project to try and disentangle
the different possible UV-completions that exist to models with extra dimensions.
The answer to comment 2) is that there is no continuum approximation involved
in deconstruction. Space is really discretized in these models. We start with an
arbitrary, but in general finite, number of gauge groups. Of course, as discussed
above, we can make the lattice arbitrarily smooth by making N sufficiently large
and we can formally take the limit N → ∞.

At the conceptual level, these constructions are interesting because they gener-
alize in some sense our usual concepts of geometric space. We have observed that
what at high energies is a space of gauge symmetries will at low energies trans-
form into a geometric space. We will often refer to the gauge symmetry space as
“theory space” [73, 74], which is the terminology used in the literature. Geometric
concepts such as locality could have a deeper origin in the gauge symmetry space,
where it becomes equivalent to the requirement of renormalizability of the funda-
mental theory. This can be seen as follows. Locality in geometric space means that
fields which carry similar labels (their coordinates) should interact more strongly
than fields which carry very different labels. In theory space, this is fulfilled auto-
matically, since fields at sites with very different labels need to be connected by a
long chain of link fields. In general, such non-local terms therefore correspond to
higher-dimensional non-renormalizable operators. However, the longer the chain,
the larger the dimension of the corresponding operator, and thus, the larger the
mass suppression. Therefore, non-locality in geometric space translates into re-
quirement of renormalizability in theory space.

Eventually, if we are interested in constructing real extra dimensions, we want
to let all kinds of fields propagate in the deconstructed extra dimensions. In the
next section, we will describe how to include fermions, and then, in Sec. 3.4, we

3This cutoff can be estimated by considering the scattering of the Goldstone bosons, see for ex-
ample Ref. [68] for a related discussion. This result can also be derived in unitary gauge formalism,
where the Goldstone bosons are removed from the spectrum, but it will be less transparent.
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will also discuss gravity. In particular, for gravity, we will see a radical departure
from the gauge theory case.

3.2.2 Inclusion of fermions

Let us now extend the construction in the previous section to include also fermions.
We assign to each site j in theory space a fermion Ψj , which transforms in the
fundamental representation m of Gj . However, if we want to correctly reproduce,
in the low-energy phase, the dynamics of a latticized higher-dimensional fermion,
we have first to take into account a lattice artifact known as the fermion doubling
problem. The difficulty is that a “naively” latticized fermionic action actually
describes two Dirac fermions instead of one. This is known as the fermion doubling
problem. In general, for d latticized dimensions, one would obtain 2d fermion
species. One possibility to solve this problem is to augment the action by what
is known as a Wilson term [75]. A Wilson term is a higher-dimensional operator
of the form aΨ̄jD

∗
5D5Ψj , which removes the unphysical additional fermions from

the spectrum. Here D∗
5 and D5 are the backward and forward difference operators,

respectively,

D5Ψj =
1

a

(

Q†
j,j+1

v
Ψj+1 − Ψj

)

, (3.19a)

D∗
5Ψj =

1

a

(

Ψj −
Qj−1,j

v
Ψj−1

)

. (3.19b)

The action for fermions, augmented by the Wilson terms, then takes the form [10]

S = Mf

∫

d4x
∑

j=0N−1

[

Ψ̄jL

(

Q†
j,j+1

v
Ψj+1,R − ΨjR

)

(3.20)

− Ψ̄jR

(

ΨjL − Qj−1,j

v
Ψj−1,L

)

]

, (3.21)

where Ψj,L/R are the left- and right-handed projections of Ψj . Here Mf is a mass
parameter, which will be used when matching onto the continuum model parame-
ters.

We discussed earlier the role of an orbifold in correctly reproducing the chi-
ral spectrum of the SM. We now apply the discrete analog of this construction to
our model, as in Ref. [10], and impose discretized Dirichlet and Neumann bound-
ary conditions. Thus, we choose for the right-handed fields discretized Dirichlet
boundary conditions

Ψ0R = ΨNR = 0, (3.22)

whereas for the left-handed fields, we choose discretized Neumann boundary con-
ditions

ΨNL − QN−1,N

v
ΨN−1,L = 0. (3.23)
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The action for the fermions will in the spontaneously broken phase generate mass
and mixing terms of the form

L = Mf



Ψ̄0LΨ1R +

N−1
∑

j=1

Ψ̄jL (Ψj+1,R − ΨjR) + h.c.



 . (3.24)

In the basis (Ψ0L,Ψ1L, . . . ,ΨN−1,L) and (Ψ1R,Ψ2R, . . . ,ΨN−1,R)T , the correspond-
ing N × (N − 1) mass matrix is given by

M = Mf











1
−1 1

. . .
. . .

−1 1











. (3.25)

This matrix is diagonalized by a biunitary transformation. Thus, in order to deter-
mine the eigenvectors and eigenvalues of the left- and right-handed fermions, we can
diagonalize the matrices MM † and M †M , respectively. For the left-handed fields,
we obtain the expansions ΨjL =

∑

n ajnΨ̃nL, where ajn are given in Eq. (3.17).
The eigenvalues are given by [10]

m2
n = 4M2

f sin2
( nπ

2N

)

(3.26)

for n = 0, 1, 2, . . . , N − 1. For the right-handed fields, we have the expansions
ΨjR =

∑

n bjnΨ̃nR, where

bjn =

√

2

N
sin (jγn) , (3.27)

where γn = nπ/N and the eigenvalues are as in Eq. (3.26), but now n = 1, 2, . . . , N−
1. Thus, we obtain a massless left-handed zero mode, but no right-handed zero
mode. This is in agreement with the results of the continuum S1/Z2 orbifold. If we
identify Mf = N/(πR), we obtain for n � N , the linear KK spectrum mn ' n/R
of the continuum model.

3.2.3 The deconstructed circle and little Higgs

So far, we have considered a linear chain model, which would correspond to an
S1/Z2 orbifold compactificaction. It is interesting to consider the case of periodic
compactifications. We expect here qualitatively different results. In particular, we
expect that there should exist a degree of freedom, which can be identified as the
zero mode of the fifth component of the higher-dimensional gauge field. We have
argued previously that the orbifold construction projects out this mode. However,
it can be also be interesting to keep this mode in the spectrum, since it is possible
that it could be identified as the Higgs boson of the SM, as discussed in the previous
chapter. The advantage of this construction is that the Higgs mass then becomes
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protected by symmetries. This is the basic idea behind “little Higgs” theories [74],
which were originally motivated from deconstruction.

The periodic model is obtained from the linear model by simply linking the first
and last site in the chain. We thus obtain periodic boundary conditions, such that
we identify site j with site j + N . At low energies, this theory space is mapped
onto an extra dimension compactified on a circle. The gauge boson mass matrix
for the periodic model will take the form

M2 = g2v2















2 −1 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 −1 2















(3.28)

and the eigenvalues are easily found to be [9]

m2
n = 4g2v2 sin2

(nπ

N

)

, (3.29)

where n = 0, 1, 2, . . . , N − 1. Here, as for the continuum S1 compactification, we
exhibit a characteristic doubling of modes corresponding to left- and right-going
modes, respectively, since we have that mn = mN−n. Note that this doubling is
physical and is present both for the lattice model and for the continuum model. In
contrast, the fermion flavor doubling discussed in the previous section is a lattice
artifact.

In the limit n � N , we obtain the usual linear KK spectrum of the contin-
uum model by making the identification R = N/(2gvπ). As discussed above, we
also expect that the spectrum should contain a field, or a combination of fields,
corresponding to the zero mode of the fifth component of the gauge field of the
continuum theory. In order to find this out, we need to consider the symmetry
breaking in more detail. Initially, the theory contains a global SU(m)N ×SU(m)N

symmetry, which is spontaneously broken down to SU(m)N , generating N NGBs.
At the same time, the gauge symmetry is spontaneously broken down to SU(m)diag,
eating N−1 of the NGBs. Thus, one massless NGB remains in the spectrum, which

corresponds to A
(0)
5

4. Since the global symmetry is also explicitly broken by the
gauge interactions, this NGB is actually a pseudo-NGB (PNGB) and can acquire
a mass at quantum level. This mass is protected against quadratic divergences by
the symmetries of the model, and the PNGB could be identified as the Higgs of
the SM. This is the basic idea of “little Higgs” models [74]. In such models, the
Higgs is identified with the PNGB that we have discussed. These models should
be contrasted with the SM, where the radiative corrections to the Higgs mass are
quadratically divergent.

4More precisely, it is the linear combination 1/
√
N(G1 + G2 + . . . + GN ) of NGBs which

corresponds to A
(0)
5 .
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The periodic model can easily be extended to include fermions and other desired
fields. One proceeds as for the linear chain model, choosing appropriate boundary
conditions. It is also possible to consider other topologies or to extend these con-
structions to include additional deconstructed dimensions. We will later consider
a discretized version of a hyperbolic geometry and of warped geometries. In the
warped case, it is possible to mimic the warping in the deconstructed gauge the-
ory case by having different VEVs of the link fields. This was the construction in
e.g. Ref. [76]. Note, however, that these models did not include gravity in the extra
dimensions. In Ref. [77], a discretized gravity model in a warped five-dimensional
background was considered. In Paper 3, we performed the same analysis, but for a
six-dimensional warped geometry.

3.3 Neutrino masses and mixing in
deconstruction

This section is a discussion of the main results of Paper 1, where a deconstructed
extra dimension is studied, with an application to neutrino masses and mixing,
i.e., it is related to the discussion in Sec. 2.3. In Paper 1, we present a model for
neutrino masses and mixing for a deconstructed U(1)B−L theory, where the extra
dimension is compactified on the boundary of a two-dimensional disk.

3.3.1 The disk theory space

The starting point of our discussion is the geometry shown in Fig. 3.2. This is
the quiver diagram representing a U(1)N+1 gauge theory, where as usual the sites
represent gauge groups and the arrows represent link fields. The original gauge
symmetry is broken by the VEVs of the link fields to the diagonal subgroupU(1)diag.
The SM fields are localized at the center site, by assigning them the U(1)0 charges

Q(`α) = 1, Q(ecα) = −1, Q(qα) = −1/3, Q(ucα) = Q(dcα) = 1/3, (3.30)

where `α and ecα denote the SM leptons and qcα, u
c
α, and dcα denote the SM quarks.

These charges are precisely the usual U(1)B−L charges, which means that the U(1)0

symmetry and also the remaining unbroken symmetry U(1)diag act on the SM fields
as aB−L symmetry. The gauge-gravitational and axial-vector anomalies, which are
induced by the charge assignments, are canceled as usual in B−L symmetry models,
i.e., by the addition of three right-handed SM singlet fermions with appropriate
B − L charge assignments. Specifically, we assign the following charges: Q(N1) =
Q(N2) = −4, and Q(N3) = 5. For example, for the cubic gauge anomaly, we find
explicitly

3

{

−2(−1)3 + (−1)3 + 3

[

−2

(

1

3

)3

+ 2

(

1

3

)3
]}

+ 2(−4)3 + 53 = 0. (3.31)
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Figure 3.2. Quiver diagram for the deconstructed U(1) gauge theory consid-
ered in the text. Each circle corresponds to one U(1)i ≡ Gi (i = 0, 1, 2, . . . , N)
gauge group. An arrow pointing towards (outwards) a circle denotes a field
with negative (positive) charge under this group. The link fields Qi,i+1 define
the boundary of the disk, while the radial links Q0,i connect the gauge group
in the center with the sites on the boundary. Figure adopted from Ref. [1].
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All other anomalies cancel in a similar way. The charge assignment of the SM
singlet fermions differ from the standard choice, which is Q(Nα) = −1 , where
α = 1, 2, 3. With our convention, the cancellation occurs when summing over
all generations, whereas with the usual assignment, it cancels for each generation
individually. The advantage of our charge assignment is that the Yukawa couplings
of the active neutrinos to Nα become suppressed by many powers of MPl and are
thus negligible.

The gauge sector follows exactly the discussion in Sec. 3.2.1. The covariant
derivatives for the link fields will after SSB generate mass terms for the gauge
bosons, which after diagonalization give rise to the mass spectrum

M2
0 = 0, M2

n = g2v2 + 4g2u2sin2πn

N
, M2

N = (N + 1)g2v2. (3.32)

Here u and v are the inverse angular and radial lattice spacings, respectively. For
large N , this is the usual linear KK spectrum shifted by a universal mass gv. The
zero mode corresponds to the unbroken gauge symmetry.

3.3.2 Dynamically generated lattice spacings

We do not know a priori the values of the VEVs of the radial and angular link
fields. The VEVs follow from the fundamental linear sigma model and the particular
form of the chosen Higgs potential. The minimization of this potential will give an
expression for the VEVs in terms of the parameters of the potential. We can choose
these parameters as we like, as long as they are in the range of a valid EFT, i.e.,
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between the TeV scale andMPl (recall that gravity is four-dimensional in our setup).
In this particular model, we are interested in coarse-grained descriptions, since our
goal in Paper 1 is in part to probe theory space constructions and distinguish them
from continuum formulations. In addition, a model with a fine-grained large extra
dimension would correspond to a huge number of gauge groups, which could be an
unattractive feature from a model building point of view. It is therefore interesting
to see if we can generate a coarse-grained large extra dimension from a fundamental
Higgs potential in the UV region. The minimization of the Higgs potential was first
considered in Ref. [78]. The potential is given by

V =

N
∑

i=1

[

m2|Q0,i|2 +M2|Qi,i+1|2 + µQ0,iQi,i+1Q
†
0,i+1 + µ∗Q0,i+1Q

†
i,i+1Q

†
0,i

+
1

2
λ1|Q0,i|4 +

1

2
λ2|Qi,i+1|4 + λij3 |Qi,i+1|2

N
∑

j=1

|Q0,j |2 + λij4 |Q0,i|2
∑

j 6=i

|Q0,j |2

+ λij5 |Qi,i+1|2
∑

j 6=i

|Qj,j+1|2 + (λ6Q0,iQi,i+1Qi+1,i+2Q
†
0,i+2 + h.c.)

]

. (3.33)

Here m,M, and µ have mass dimension +1, whereas λ1, λ2, λ
ij
3 , λ

ij
4 , and λij5 are

dimensionless O(1) real parameters. Furthermore, λ6 is a complex-valued O(1)
coefficient. The minimization of this potential gives the following solution for the
VEVs u = 〈Qi,i+1〉 and v = 〈Q0,i〉

u ' m2µ

2 [λ1 + (N − 1)λ4]M2 − µ2
, (3.34a)

v2 ' −m2

λ1 + (N − 1)λ4

(

1 +
uµ

m2

)

. (3.34b)

Let us now consider the case where the angular link fields are much heavier than the
radial links and of similar order as the trilinear coupling constants µ. Specifically,
we set m ' 1 TeV and µ ' M ' 1015 GeV. Then, we obtain for N ∼ 10 and
u ' 10−1 eV, while v ' 1 TeV. Thus, the model generates large lattice spacings
u ' (µm)−1 from energy scales in the UV desert of conventional four-dimensional
theories.

3.3.3 Bulk neutrino

Let us now include a SM singlet neutrino, which propagates on the boundary of the
two-dimensional latticized disk. This neutrino will couple to the active neutrinos
at the center site via a link field and will appear as a right-handed KK neutrino.
First, there are several things about this model that have to be addressed. The
quiver diagram in Fig. 3.2 represents a “non-local” theory space in the sense that
any two sites are connected by at most two link fields. This is a departure from the



3.3. Neutrino masses and mixing in deconstruction 45

discussion of Sec. 3.2.1, where we observed that increasingly non-local operators
correspond to higher-dimensional operators with large suppression. However, in
our model, any arbitrary two points on the boundary are always connected by
a dimension-five operator suppressed by the fundamental scale Mf , i.e., in this
model, there is no natural hierarchy of the non-local operators. Second, the bulk
neutrino can in this model have Planck scale mass terms of the form ∼MPlνRiν

c
Ri.

This is not a desirable property of our model, since we want the masses of the
KK neutrinos to be of eV-scale. We can solve both of the above problems by
introducing a discrete global symmetry Z6M , which acts appropriately on the fields
of the model. In particular, we impose the following field transformations under
the Z6M symmetry

Z6M :































νRn → ei2π(n+2)2/MνRn, νcRn → e−i2π(n+1)2/MνcRn,

χn → e−i2π(2n+3)/Mχn, φn → ei2π(2n+3)/(2M)φn,
Q0,n → ei16π/MQ0,n, `α → e−i2π/M `α,

ecα → ei2π/Mecα, qα → ei2π/(3M)qα,

ucα → e−i2π/(3M)ucα, dcα → e−i2π/(3M)dcα,
N1,2 → ei8π/MN1,2, N3 → e−i10π/MN3,

(3.35)

where n = 1, 2, . . . , N and α = 1, 2, 3 denotes the three generations. We have here
also introduced new fields φn and χn, the role of which will be discussed later. The
introduction of global symmetries is always viewed with some suspicion, since it
is expected that quantum gravity violates all non-gauge symmetries [79–81]. This
expectation is based on wormhole effects and black-hole evaporation. In particular,
quantum gravity could violate any discrete global symmetry. In order to avoid this
problem, one has to embed the discrete symmetry in a gauge symmetry, which is
spontaneously broken down to a discrete subgroup. If one can perform such an
embedding, it is said that the discrete symmetry is gaugeable. However, changing
a global symmetry to a gauge symmetry introduces potential gauge anomalies.
Therefore, more precisely, a gaugeable symmetry refers to a global symmetry, which
can be shown to originate from a gauge symmetry, where the corresponding gauge
symmetry is anomaly free. For example, R-parity in supersymmetric models is
a gaugeable global symmetry. The anomaly cancellation translates into a set of
discrete gauge anomaly cancellation conditions, which have to be fulfilled [80, 81].

The symmetry Z6M can in this way be promoted to a discrete gauge symmetry,
which would be protected from the cubic and gauge-gravitational anomalies. The
potential anomalous diagrams induced by the above charge assignments can be can-
celed by adding additional SM singlet fermions on the boundary. This is discussed
in detail in the appendix of Paper 1. The most general fermion mass terms, which
are consistent with the GSM × U(1)N+1 × Z6M symmetry up to mass dimension
five, then takes the form

Smass = Swilson + S4D
int + Sdim5, (3.36)
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where

Swilson =

∫

d4x

N
∑

n=1

uνRn

(Qn,n+1

u
νcR(n+1) −

χn
u
νcRn

)

+ h.c., (3.37a)

S4D
int =

∫

d4x
Yα
Mf

`αεHQ
∗
0,1νR1 + h.c., (3.37b)

Sdim5 =

∫

d4x

N
∑

n=1

Yn
Mf

Q∗
0,nQ0,n+1νRnν

c
R(n+1) + h.c. (3.37c)

Here ε = iσ2 contracts the SU(2) indices and Yα and Yn are dimensionless O(1)
Yukawa couplings.

The potential for the scalar fields φn and χn can now be chosen to be of the same
form as the potential for the link fields. Thus, by a replication of the mechanism,
which lead to Eq. (3.34), one can obtain a VEV of 〈χn〉 = u, where u = (µm)−1,
i.e., in the desired range for a coarse-grained large extra dimension.

We distinguish between twisted and untwisted fermions, which are determined
by the boundary conditions. That is, we have that Ψ(x, y+2πR) = TΨ(x, y), where
T = −1 corresponds to a twisted fermion. This is a Scherk–Schwartz compactifi-
cation [82] and is similar to the construction of orbifolds. The difference is that
orbifolds are singular manifolds, since they have fixed points. The mass spectrum
of the fermions becomes

m2
n = 4u2sin2

[

(n− 1/2)π

N

]

(twisted), m2
n = 4u2sin2

[

(n− 1)π

N

]

(untwisted).

(3.38)
Note the different forms for the twisted and untwisted neutrino. For large N , the
mass spectra become indistinguishable. However, independent of the value of N ,
an important difference remains – there is no zero mode for the twisted fermions.

The masses induced by the dimension-five operators in Eq. (3.37c) are sublead-
ing corrections to the Dirac masses in Eq. (3.37a), since the latter are of the order
10−1 eV, and the former only of the order 10−2 eV. Alternatively, we can suppress
these operators by extending the quiver diagram in Fig. 3.2 to what is known as a
“spiderweb” quiver diagram [73]. This is shown in Fig. 4 in Paper 1. The structure
of this quiver diagram is richer than the one considered earlier and consists now
of two concentric circles in the radial direction. Thus, we introduce new link fields
denoted Q

′

i,i+1 and Q
′

i,i. The link fields Q0,i are now replaced by the new radial

link fields Q
′

i,i. The essential change is that the triangular plaquette term, which
leads to the dimension-five term in Eq. (3.37c), is now replaced by a rectangu-
lar plaquette operator of the form νRnν

c
R(n+1)Q

′∗
n,nQn,n+1Q

′

n+1,n+1/M
2
f , which is

thus suppressed by an additional factor 1/Mf , and therefore, becomes completely
negligible.

So far, we have considered the construction of Dirac terms in our model. This
is the generic construction in neutrino mass model with extra dimensions. We
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include for completeness in our model in addition a Majorana mass term for the
active neutrinos, which may be generated by, for example, the Babu–Zee mechanism
[83,84] for radiatively generating Majorana neutrino masses.

3.3.4 Neutrino masses and oscillations

The neutrino mass and mixing terms, which are generated after SSB of the product
gauge group and the electroweak symmetry, are of the form

Lνm = mαβ
ν νανβ +

√
Nmαβ

D νανβR1 + uναRN (Tνα,cR1 − να,cRN )

+ u
N−1
∑

n=1

ναRn(να,cR(n+1) − να,cRn ) + h.c. (3.39)

Here c denotes charge conjugation. Different from Paper 1, we have here for com-
pleteness written down the general case with three active neutrinos on the brane and
three sterile bulk neutrinos. However, we will in what follows restrict the discussion
to the one-flavor case and we will correspondingly remove all the flavor indices. The
mass terms in Eq. (3.39), when restricted to the one-flavor case, correspond to a
(2N+1)× (2N+1) neutrino mass matrix. The diagonalization of this mass matrix
will give the neutrino mixing matrix, which will induce the neutrino oscillation pat-
terns. The diagonalization of the mass matrix can be performed in several steps.
First, to simplify the construction one can partially diagonalize the mass matrix by
performing a rotation in the submatrices corresponding to the usual KK neutrino
mass matrix. The final matrix would be very difficult to diagonalize analytically,
which means that it is useful to introduce the small parameter ε ≡

√
NmD/u� 1

and diagonalize it perturbatively. The final neutrino oscillation probabilities are de-
termined just like in Sec. 2.3. We have distinguished between the different cases N
odd or even and T = ±1, corresponding to a twisted/untwisted neutrino. Although
the active neutrino mixes with the full tower of sterile neutrinos, the dominant ef-
fect is determined by the few lowest lying modes. We find qualitatively different
behavior for the neutrino oscillation patterns for these different cases, at least in the
case of a small number of lattice sites. We have in Fig. 3.3 for reference presented
one of the figures from Paper 1. The neutrino oscillation pattern is given, as in the
continuum model, by a superposition of oscillations with different frequencies, cor-
responding to the contributions from the different KK modes. As we increase the
number of lattice sites N , the curve obtains a more jagged shape and converges to
the continuum result. For the case of a twisted neutrino, the frequency is mainly de-
termined by m1 ∝ sin [π/(2N)], whereas in the untwisted case, it is proportional to
sin (π/N). Since the masses appear quadratically in the expressions for the phases,
it means that the frequency of oscillation will be four times smaller for the twisted
case than for the untwisted case. Note that this is not a lattice effect, but it would
also remain in the continuum limit. For a coarse-grained model, there can also be a
difference between the odd and even cases. For example, in the case of N odd, the
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Figure 3.3. The neutrino transition survival probability Pff as a function of
L/E for different choices of N even or odd and T = ±1. Here we have chosen
the parameters R−1 = 0.1 eV, mD = 2.5 · 10−3 eV, and mν = 0. Upper left

panel: T = −1 and N odd for N = 5 (dashed curve) and N = 55 (dotted
curve). Upper right panel: T = −1 and N even for N = 4 (dashed curve) and
N = 44 (dotted curve). Lower left panel: T = 1 and N odd for N = 5 (dashed
curve), N = 55 (dotted curve), and the continuum model (solid curve). Lower

right panel: T = 1 and N even for N = 4 (dashed curve), N = 44 (dotted
curve), and the continuum model (solid curve). This figure is adopted from
Ref. [1]. c© SISSA/ISAS 2005

oscillations can exhibit a strongly aperiodic behavior, which is qualitatively differ-
ent from the continuum case. These odd-even differences become damped out as
the number of sites is increased. In principle, these effects could be probed in future
precision neutrino oscillation experiments, such as Borexino [85], or the proposed
Double-Chooz [86, 87] experiment. However, it would be important to generalize
the construction to the case with three active neutrinos as outlined in Eq. (3.39),
when discussing the quantitative predictions of the model. The prediction would
be a possibly aperiodic subleading distortion of the standard three-flavor results.

3.4 Discretized higher-dimensional gravity

So far, our discussion has been limited to deconstructed gauge theories, where
fermions, gauge bosons, and scalars propagate in the deconstructed extra dimen-
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sions. Gravity has been assumed throughout to be four-dimensional. In this section,
we will review some of the work concerning gravity in discrete spacetimes [77,88–90].
To keep the discussion as simple as possible, without loss of generality, we will con-
sider a single extra dimension compactified on an interval.

First, some words concerning the terminology. In the case of gauge theories, we
talked about “deconstructed” extra dimensions, whereas for gravity we instead use
the word “discretized”. This is the terminology which is used in the literature and
it is motivated. In the case of gauge theories, we say “deconstruction”, since we
refer to the process whereby an extra dimension is dynamically deconstructed and
replaced by a specific four-dimensional UV-theory5. Quite differently, in the case of
discretized gravity, no UV-completion exist in analogy with the gauge theory case.
This is still an unsolved problem. Therefore, it is proper for the gravity case to
use the word “discretized” instead of “deconstructed”. In order to construct a UV-
completion for the discretized gravity model, one has first to construct a sensible
EFT. As we will show, there are several difficulties and peculiarities in the gravity
case which have to be understood.

Let us now continue the discussion of discretizing a gravitational extra dimension
on an interval. We equip each lattice site with a metric gµνi for i = 1, 2, . . . , N and
a corresponding general coordinate invariance GCi. We also introduce a set of link
fields, which are analogues of the link fields in the gauge theory case and which
transform under adjacent general coordinate invariance symmetries. The role of
the link fields will be discussed in more detail later. The gravitational action for
the sites is given by the usual EH action summed over all sites, i.e.,

S = M2
4

N
∑

i=1

∫

d4xi
√

|gi|R4[gi], (3.40)

where we have not included any cosmological constant term in the action. Here
|gi| = det(gµν(xi)). This action is invariant under a large product group of general

coordinate invariances,
∏N
i=1GCi. General coordinate invariance can be seen as

the gauge symmetry of general relativity and we note that the discussion exactly
parallels the deconstructed gauge theory case. In order to have gravitons propa-
gating in the extra dimension, we need to include hopping terms, i.e., we need to
write down terms which connect metrics at different sites. This can be obtained by
a naive discretization of five-dimensional general relativity compactified on S1/Z2,

S5D = M3
5

∫

d4x

∫ R

0

dy
√

|G|
[

R4 +
1

4
∂ygµν(gµαgνβ − gµνgαβ)∂ygαβ

]

, (3.41)

where we have expanded the Riemann scalar in five dimensions in terms of the
derivatives of the metric and |G| denotes the determinant of the five-dimensional

5Paper 2 describes a deconstructed gauge theory, which we refer to as a “latticized” model.
This is also common terminology in the literature when discussing deconstructed gauge theories.
However, I have now developed the opinion that this could be somewhat a misnomer, since it
could give the wrong impression that what is done is only to put an extra dimension on a lattice.
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metric. For a flat extra dimension, we have |G| = |g4|. We will for brevity denote
g4 = g. We apply a standard discretization of this action by setting

∫

dy → a
∑

j

(3.42)

and

∂ygµν → 1

a

(

gjµν − gj+1
µν

)

, (3.43)

where a is the lattice spacing. Then, we obtain

S5D →M2
4

N
∑

j=1

∫

d4xj

√

|gj |
[

R4[gj ] +m2(gjµν − gj+1
µν )(gjαβ − gj+1

αβ )

× (gjµνgjαβ − gjµαgjνβ)
]

. (3.44)

The parameters can be directly identified from the continuum parameters as

a =
1

m
, M3

5 = M2
4m, (3.45)

where a factor 1/4 has implicitly been absorbed in the definition of m. The hopping

terms explicitly break the product group of general coordinate invariances
∏N
i=1 GCi

down to the diagonal subgroup. We have seen in the previous sections that in
the gauge theory case it is possible to restore a broken gauge symmetry by the
introduction of link fields which transformed as bifundamentals under adjacent
gauge groups. In addition, this formalism is very useful for two reasons. First, it
illuminates the strong coupling behavior, allowing us to determine the cutoff of the
EFT. Second, it points the way from the bottom up to an explicit UV-completion
above the cutoff, since it is clear that the effective non-linear sigma model can
be completed by for example a linear sigma model. Although the unitary gauge
formalism is physically identical to the Goldstone formalism, the latter is much
more powerful in illuminating the UV-behavior. Now, we want to make the same
trick for gravity. That is, we want to introduce Goldstone fields, or link fields, which
transform under different general coordinate invariance symmetries GCi and GCj
in such a way that the full Lagrangian, including the hopping terms, is invariant
under the product symmetry

∏N
i=1GCi. Then, we will use the explicit Goldstone

expansion of the link fields in order to determine the strong coupling behavior of
the effective theory. No one has yet constructed a UV-completion of the discretized
gravity model that we will describe in the next sections. Therefore, our discussion
will be limited to the EFT below the strong coupling scale. Before calculating the
strong coupling scale, we will interpret the action in Eq. (3.44). By expanding the
metric about flat Minkowksi spacetime as gjµν = ηµν + hjµν , we observe that the
action is of the Fierz–Pauli form for a massive spin-2 field in a flat background [91].
The explicit mass matrix and the diagonalization of it follow the discussion of the
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gauge theory case in the previous sections. The resulting spectrum is precisely the
phonon-type KK spectrum as in the gauge theory case. We will later discuss more
complicated geometries, in which case we will analyze the spectrum more explicitly.

3.4.1 Strong coupling behavior – The UV/IR connection

To restore the product GC symmetry, we introduce link fields Y µji , which transform

under GCi ×GCj as Yji → f−1
j ◦ Yji ◦ fi, where ◦ denote functional composition,

i.e., Yji ◦ fi(xi) = Yji(fi(xi)). Here f is any invertible smooth function. With the
aid of the link fields, we can introduce the field

Gjiµν =
∂Y αji
∂xµi

∂Y βji
∂xνi

gjαβ(Yji(xi)), (3.46)

which transforms as a metric tensor under GCi, but is invariant under GCj . We
now replace the hopping terms in Eq. (3.44) by

S = M2
4

∑

j

∫

d4xj

√

|gj |m2
(

gjµν −Gj+1,j
µν

)

(

gjαβ −Gj+1,j
αβ

)

×
(

gjµνgjαβ − gjµαgjνβ
)

. (3.47)

This action is invariant under the full general coordinate invariance product sym-
metry. Hence, by using the link fields, it is possible to construct objects, which
restore the general coordinate invariance symmetry. In order to examine the strong
coupling behavior, we introduce Goldstone fields by expanding the link fields about
the identity

Y µji = xµ + πµji, (3.48)

where πµij is the Goldstone boson. This is similar to how it works in the gauge
theory case, where we can expand the non-linear sigma model link fields as

Q ∼ eiπ = 1 + iπ + . . . , (3.49)

where the first term in the series corresponds to the identity transformation or
unitary gauge, in which the Goldstones are removed from the spectrum. We can
write the Goldstone fields in terms of their scalar and vector components as

πµji = ∂µφji +Aµji. (3.50)

By expanding the action in Eq. (3.47) in terms of the Goldstones, we find interac-
tions involving scalar and vector Goldstones. The interaction which grows fastest
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with energy is the tri-derivative coupling of the type (�φji)
3. Hence, this interac-

tion will tell us when our effective theory breaks down. From dimensional analysis,
we obtain that the amplitude for the Goldstone scattering, to leading order, is

M ∼ E10N5

m8M2
4

, (3.51)

where, to arrive at this expression, we have first redefined the scalar Goldstones such
that the kinetic terms have canonical forms. From this expression, we observe that
at high energies perturbative unitarity is violated, when the amplitude becomes of
order one. Thus, we obtain the following estimate for the cutoff of the effective
theory [89]

Λ =

(

M4m
4

N5/2

)1/5

=

(

NMPl

R4

)1/5

, (3.52)

where we have used that MPl =
√
NM4 and R = Na. Note that the strong coupling

scale Λ, which is a UV-parameter, depends on the size of the extra dimension R,
which for fixed m (or a) is proportional to N . In the ADD model, we of course have
a relation between the size of the dimensions and the Planck scale through the usual
volume suppression. However, in the expression above, even after this ADD-type
volume dependence has been absorbed, there still remains a volume dependence (N -
dependence), which has no correspondence in the continuum theory. This strange
relation has been dubbed a UV/IR connection [89]. This is a radically different
situation compared to the gauge theory case and puts some limitations on the EFT
we are considering. There are two important observations concerning this UV/IR
connection. First, it limits the size of the extra dimension. If we let R → ∞, the
UV-cutoff goes to zero and the model becomes meaningless. Second, it also limits
how fine-grained we can make our discrete space. The argument is as follows.
Consider the spectrum of masses in the EFT that we are studying. In a sensible
EFT for extra dimensions, all masses must be below the UV-cutoff. If we increase
the number of lattice sites, while keeping R fixed, the heaviest mass in the spectrum
grows as

m =
1

a
=
N

R
. (3.53)

At the same time, the UV-cutoff grows as

Λ =

(

MPl

R4

)1/5

N1/5. (3.54)

Thus, we note that the masses grow faster than the UV-cutoff. This means that
there exists an energy scale where the most massive states become shifted above
the UV-cutoff. At this point, at the non-linear level, we no longer have a sensible
EFT for an extra dimension. Thus, this constraints how fine-grained the lattice
can be made, which can be quantified by a maximum number of lattice sites Nmax.
Therefore, there is no continuum limit, in which the discrete model reproduces the
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higher-dimensional model. This is very different from the gauge theory case, where
the cutoff is always approximately 4π above the heaviest mass in the spectrum and
in which case the lattice model can be made identical to the higher-dimensional
model all the way to the higher-dimensional cutoff scale. However, one should
emphasize that there is in principle nothing wrong with taking the continuum limit
for the discretized gravity model [90]. Even when we increase N beyond Nmax and
let N become arbitrarily large, we still have a consistent EFT, although it cannot
be interpreted as a smooth extra dimension.

3.4.2 Local strong coupling scale in warped geometries

Consider now a departure from the simple five-dimensional ADD scenario. How is
the strong coupling behavior modified if we have more than five dimensions or if we
consider curved or warped geometries, such as the RS model discussed in Sec. 2.2.3.
The discretization of the RS model was considered in Ref. [77]. The procedure
is a straightforward generalization of the discussion in the previous section. We
consider in the RS model a discretization of the geodesic coordinate y. A different
discretization will give a different lattice theory, but in the continuum limit, the
result will be independent of the discretization. We choose the lattice spacing such
that the lattice sites are uniformly spread in the y-direction, i.e., we set yj = ja,
where j = 1, 2, . . . , N . The continuum action is of the form

S = M3
5

∫

d4x

∫ R

0

dy
√

|G| (R5 − 2Λ5) , (3.55)

where R5 is the five-dimensional Ricci scalar, Λ5 is the five-dimensional cosmolog-
ical constant, and |G| = e−4wy|g4|. Here e−wy is the warp factor and |g4| is the
determinant of the four-dimensional metric. By expanding the Ricci scalar in terms
of the metric, we obtain the following relevant terms

S ⊂M3
5

∫

d4x

∫ R

0

dy
√

|g4|
[

e−2wyR4 + ∂y(e−2wygµν)(gµρgνσ − gµνgρσ) (3.56)

× ∂y(e−2wygρσ)

]

. (3.57)

In order to discretize this action, we replace

e−4wy(∂ygµν)2 → e−4wja

a2
(gj+1
µν − gjµν)2, (3.58)

where j is the coordinate of the jth site. We can now proceed to expand around
Minkowski space, gµν = ηµν + hµν , and then to calculate the mass spectrum and
the wave function profiles. Next, to find the strong coupling scale, we have to ex-
pand the link fields in terms of the scalar Goldstone fields and read off from the
triderivative self-coupling of these fields the strong coupling scale. Therefore, this
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construction parallels exactly the construction for the flat case discussed in the pre-
vious section and is shown explicitly in Ref. [77]. It is also explicitly demonstrated
in a six-dimensional generalization of the RS model in Paper 3. However, although
this derivation is similar to the flat case, there is a crucial difference which it is
important to realize. In the warped case, the gravitons and the Goldstone fields
are not spread out over the full extra dimension. Instead, the wave functions are
confined to a small region. This is the localization mechanism of the RS scenario
discussed in Sec. 2.2, where it was used to solve the hierarchy problem. This means
that the Goldstone fields localized at different coordinates do not communicate
with each other, and hence, there is not a single strong coupling scale, but instead
a different local strong coupling scale for different modes along the extra dimen-
sion. What is essential for this mechanism is the warp factor, since it induces an
effective volume, which determines the local strong coupling scale. This scale is
independent of the size of the extra dimension. Thus, the RS scenario has, distinct
from the continuum theory, not the UV/IR connection problem. To calculate the
strong coupling scale, we use the fact that each of the Goldstones has a wavelength
which is approximately 1/w. On scales shorter than this, we can approximately
treat the space as locally flat and recycle the results found in the previous section,
by appropriately identifying the parameters of the model. Thus, we make the iden-
tifications: Nflat → 1/(wa), aflat → a exp(waj), and Mflat →Mj = M4 exp(−waj).
Inserting these identifications into the expression for the strong coupling scale for
the flat case, Eq. (3.52), and introducing for convenience ε = exp(−wa), we find

Λwarp =

√

w

M4

(

Mjm
4ε4j

)1/5
, (3.59)

where m = 1/a and Mj is the local Planck scale at site j. Here, typicallyM4 ∼MPl.
Thus, in conclusion, we have seen that for warped geometries the strong coupling

behavior from flat space is improved. However, note that the strong coupling scale
is always smaller than the local Planck scale. This can be understood by setting in
the above expression a = 1/M4 ∼ 1/MPl, which gives

Λwarp =

√

w

M4
Mj < Mj . (3.60)

Therefore, we still cannot make the theory look like the continuum theory all the
way up to the cutoff of the continuum theory. In the next section, we will outline
the main results of Paper 3, which concerns a six-dimensional generalization of the
RS model discussed in this section. As we will see, it is in this case possible to
improve on the strong coupling behavior as compared to certain five-dimensional
geometries.

3.4.3 Higher-dimensional generalizations

Let us now consider a higher-dimensional generalization of the model considered
in the previous section. In particular, we will consider two extra dimensions com-
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Figure 3.4. A 668 tessellation of the hyperbolic disk. Figure adopted from
Ref. [92]. c© Elsevier B.V. 2007

pactified on a hyperbolic disk. This discussion is an outline of the main results
of Paper 3. We will distinguish two cases. In the first case, we will consider a
model where the geometry is the product of Minkowski spacetime and the Poincaré
hyperbolic disk. We will make a coarse-grained discretization of this model with
only two sites in the radial direction, but with arbitrarily many sites in the angular
direction. It will be shown that the UV/IR connection is absent for this model.
However, this is a not a warped geometry. In the second case, we will introduce
a warping in the radial direction, where the metric will be a warped product of
Minkowski spacetime and the hyperbolic disk. In this case, we will consider a more
fine-grained discretization. The most general metric will have the form

ds2 = e2σ(r)gµν(x, r, ϕ)dxµdxν − dr2 − 1

v2
sinh2(v · r)dϕ2, (3.61)

where 1/v is the curvature radius of the disk, where v > 0, gµν(x, r, ϕ) is the
four-dimensional metric with x ≡ (xµ), and

σ(r) = −w · r. (3.62)

Here w is the warping scale. The case with zero warping is obtained by setting in
this metric w = 0. The boundary of the hyperbolic disk may be arbitrarily large.
In Figs. 3.4 and 3.5, we show pictures of a hyperbolic disk, represented by different
tessellations. These tessellations show projections of a real hyperbolic disk and it is
understood from the figures that the actual lattice spacings are in fact all of the same
size, although it appears as if they become smaller as one reaches the boundary.
Because of this property, it is clear from this figure that the circumference of the
disk grows as one approaches the boundary. Equivalently, the number of lattice sites
grows. This is a property which will turn out to be very useful when considering
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Figure 3.5. A 4446 tessellation of the hyperbolic disk [93].

the EFT for massive gravitons. The reason is that the wave function profiles of the
graviton modes will be smeared out at a given radius, which will have the effect of
making them more weakly coupled, and therefore, making the theory valid deeper
in the UV. This will be discussed in more detailed when we consider the fine-grained
scenario. The hyperbolic tessellations show a very beautiful possibility to discretize
the hyperbolic disk, but it is hard to analyze in practice. Thus, we will restrict,
in the fine-grained case, to a more simple type of fine-grained graphs, which still
have an exponential growth of sites. This discretization will be discussed later and
is shown in Fig. 3.8. It would be interesting, in an extension of this project, to
perform a numerical analysis of the hyperbolic tessellations.

3.4.4 The hyperbolic disk

Let us first set the warp factor to zero. We choose a coarse-grained discretization
as shown in Fig. 3.6. Note that this is a similar construction as in Sec. 3.3.1. The
difference is that here we allow gravitons to propagate in the extra dimensions.
Now, a straightforward discretization of the Fierz–Pauli action gives the graviton
mass terms. This is discussed in detail in Paper 3. One finds the following mass
spectrum

M2
0 = 0, M2

n = m2
∗ + 4m2sin2 πn

N
, M2

N = (N + 1)m2
∗, (3.63)

where n = 1, 2, . . . , N−1. Here the parameters m and m∗ are set by the parameters
of the hyperbolic geometry and are given by

m∗ =
1

L
, m =

Nv

2π sinh(vL)
, M2

4 =
M4

6A

N
, M2

Pl = M4
6A = M2

4N, (3.64)
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Figure 3.6. Coarse-grained discretization of the hyperbolic disk. The sites
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where MPl ' 1018 GeV is the usual four-dimensional Planck scale of the low-energy
theory. Note that this spectrum appears to be exactly of the same form as for
deconstructed U(1) gauge theory on a two-dimensional disk that we considered in
Sec. 3.3. However, the difference is that here the parameters are related to the
curved geometry, whereas in Sec. 3.3 they were generated from a four-dimensional
Higgs potential. We can tune the parameters m and m∗ as we like, by appropriately
adjusting the curvature parameter v. For example, for a flat disk, with a given
radius L = 1/m∗, the value of m is uniquely fixed by the geometry of the disk to be
m = Nm∗/(2π). For a fixed value of m∗ and many sites on the boundary, i.e., large
N , this gives a large value also for m. For the hyperbolic disk, on the other hand,
we can for fixed values of N and m∗ tune the value of m to become arbitrarily
small by increasing the curvature scale v. In particular, for large curvature, we
obtain m� m∗. The resulting spectrum contains one zero mode, with a flat wave
function profile, a large set of modes with almost degenerate masses m∗, localized
on the boundary of the disk, and a heavy mode of mass (N + 1)m∗, whose wave
function is peaked at the center site. Thus, the model approximately reduces to a
model where the effect of the angular links is removed and we obtain a geometry
of the type considered in Ref. [94]. However, the model in Ref. [94] was only
formulated for gauge theories and it was not connected with or derived from any
specific geometry. In Paper 3 we referred to this model as the star model. As was
shown in Ref. [94], it has the interesting property that it can effectively hide the
extra dimensions, by avoiding phenomenological constraints, while still preserving
important features such as a solution to the hierarchy problem. We also used this
geometry in Paper 3, to generate small neutrino masses by applying the volume
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suppression mechanism discussed in Sec. 2.3. The essential feature, which allows
to hide the extra dimensions, is that the KK spectrum is delayed to higher energies
by the introduction of a mass gap set by m∗. For example, if we choose the inverse
radial lattice spacing to be m∗ & 100 MeV, all bounds from cosmology, astrophysics,
and laboratory experiments, as discussed in Sec. 2.2, are avoided. Thus, by choosing
for example N = 1024 and m∗ = 100 GeV, we can lower the effective Planck scale to
the TeV scale, while at the same time avoiding the phenomenological constraints. It
is important to stress that the KK spectrum of the hyperbolic disk is qualitatively
different from an ADD model. In an ADD model, if the first KK mode has a mass of
TeV scale, then the second KK mode would have a mass twice of this. In our case,
on the other hand, we can have a large number of modes with masses of roughly
the same order of magnitude around the TeV scale, by choosing the curvature scale
appropriately.

There are, in addition, interesting collider signals predicted in this model from
the interactions of SM matter with KK gravitons. The signal is qualitatively differ-
ent from the signal expected in an ADD model or a RS model. Thus, this scenario
can be uniquely distinguished from those models. This difference is a result of the
particular spectrum of the hyperbolic disk model and of the form of the couplings of
individual KK modes. The coupling of the bulk graviton to SM matter is given by
rotating to the graviton mass eigenbasis and then canonically rescaling the graviton
modes. We find that

Sgrav,int ≈
1

MPl

∫

d4xT µν

(

Ĥ0
µν +

N−1
∑

n=1

e−i2πk·n/NĤn
µν +

1√
N
ĤN
µν

)

. (3.65)

Thus, SM matter couples to all KK modes, with 1/MPl suppressed couplings. In
the above equation, we have used the definition

√
NM4 = MPl to absorb a nor-

malization factor
√
N . Note that the heavy mode ĤN

µν has a coupling, which is

additionally suppressed by a factor 1/
√
N . Thus, we have, like in the ADD model,

MPl suppressed couplings of individual KK modes, whereas in the RS model, the
couplings are only TeV suppressed. This means that in contrast to the RS model,
where the prediction is the production of individual KK resonances, we will in this
model like in the ADD model not see individual KK modes. However, the collec-
tive effect of the huge number of available KK modes could nevertheless lead to a
strong signal such as missing energy signals in proton-proton collisions on electron-
positron collisions. Different from the ADD model, the KK spectrum starts at the
TeV scale, and is separated from the zero mode by a large mass gap. This will
produce a different signal compared to the ADD scenario. We consider in Paper
3 the missing energy signal from an e+ + e− → γ + Ĥn reaction. The result is
shown in Fig. 3.7. As mentioned before, we also consider in Paper 3 the gener-
ation of small neutrino masses. This can be achieved as for the model discussed
in Sec. 2.3, by placing the SM neutrinos on a brane on some of the sites of the
star model. The details are given in Paper 3. It is important to point out that
this could also have been formulated for continuum extra dimensions and it is not
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Figure 3.7. Cross-section σ(e+ + e−→ γ + /ET ) in units of pb versus ECoM in
GeV. Given in the figure is the cross section for the coarse-grained model with
m∗ = 1000 GeV (dash-dotted), m∗ = 1250 GeV (dotted), and m∗ = 1500
GeV (dashed). We have set m = 1 GeV and N = 1030 sites. We have also
presented the results for an ADD model, with two extra dimensions and a
fundamental scale Mf = 2.5 TeV (solid line). We have made a kinematic cut,
by taking Eγ & 10 GeV. The sharp peak close to ECoM ∼ m∗ is due to the
quasi-degenerate spectrum located around ECoM ∼ m∗. Below ECoM ∼ m∗,
the cross-section is zero, because of the mass-gap in the coarse-grained model.
Figure adopted from Ref. [92]. c© Elsevier B.V. 2007
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essential for this mechanism to use the coarse-grained gravity formalism. However,
the coarse-grained model allows for a simple and calculable setting.

Next, we should calculate the strong coupling scale. As we will see, the UV/IR
connection is not present for the coarse-grained hyperbolic disk model. To calculate
the strong coupling scale, we proceed exactly like for the flat case. We introduce
radial link fields, which connect the site in the center with the sites on the boundary
and angular link fields, which connect adjacent sites on the boundary. As before,
we expand the link fields in scalar Goldstone modes and consider the prefactor of
the cubic self-coupling of the Goldstone link fields. We can read off the strong
coupling scale from this expression and we find

Λ = (MPlm∗)1/5 . (3.66)

The interesting result is that the strong coupling scale is independent of the number
of sites on the boundary. Thus, the UV/IR connection is absent. The strong
coupling scale does not depend on the size of the extra dimension. However, this
analysis was only performed for a pure gravity model, i.e., we have not included
the coupling of a SM observer to gravity. To calculate the strong coupling scale
when the coupling to matter is included, we have to consider some SM processes.
Since there is a summation over all the internal Goldstone propagators, the strong
coupling scale will be lowered compared to the pure gravity case. In Fig. 6 of Paper
3, we show two relevant scattering diagrams, which we refer to as diagram (a) and
diagram (b). From dimensional analysis of these diagrams, one can evaluate the
strong coupling scales as seen by a SM observer to be

Diagram (a) : Λ = M4, Diagram (b) : Λ =
√

M4m∗. (3.67)

We observe that actual strong coupling scale is therefore lower than in the case of
pure Goldstone interactions. However, since the strong coupling scales in Eq. (3.67),
for a fixed value of the local Planck scale M4, are independent from the number
of sites N on the boundary, the UV/IR connection problem is still absent. If we
take the limit m∗ → M4, we observe that for diagram (b) in Eq. (3.67) the strong
coupling scale becomes Λ →M4. Thus, the strong coupling scale Λ, relevant to an
observer, can be as large as the local Planck scale M4 on the boundary sites.

3.4.5 Warped hyperbolic disk

Let us now include a nonzero warp factor in the radial direction in the metric of
Eq. (3.61). In addition, we consider a refined discretization as is shown in Fig. 3.8.
From each site two links are directed outwards in the radial direction. This means
that there is an exponential growth of sites as we move outwards on the disk. In
particular, at the kth radial circle, there are 2k sites. This construction can easily
be generalized to the case of ` links, emanating from each site in the outward
radial direction. However, for our purposes, it suffices to consider the case shown
in Fig. 3.8. The relevant properties of this model also hold for the more generalized
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Figure 3.8. Fine-grained discretization of the hyperbolic disk. The graph
shows the case ` = 2 and kmax = 4. Angular links are represented by dashed
curves and radial links by solid lines. Figure adopted from Ref. [92].
c© Elsevier B.V. 2007

case. The precise description of the discretization and the labeling prescription
of the sites and links can be found in Paper 3. The warp factor has, like in the
five-dimensional case, the effect of localizing graviton modes in the radial direction.
Thus, the graviton wave functions are peaked at different radial coordinates. On
the other hand, they will be smeared out in the angular direction. It is clear that
this must be the case, since the disk is symmetric in the angular coordinate. The
general feature of the wave function profiles can be seen by considering a truncated
graph with only two circles in the radial direction. The mass eigenstates contain a
flat zero mode

Ĥ0,1
µν =

1√
7

(1, 1, 1, 1, 1, 1, 1) : λ0,1 = 0 (3.68a)

and two heavy modes

Ĥ1,1
µν =

1√
2

(0,−1, 1, 0, 0, 0, 0) : λ1,1 = ε2, (3.68b)

Ĥ1,2
µν =

1√
6

(−2, 1, 1, 0, 0, 0, 0) : λ1,2 = 3ε2, (3.68c)

where we have listed in each line for each eigenstate also the corresponding eigen-
value. Note that it is implied that the mass eigenvalues are obtained from the above
expressions by multiplying by the appropriate dimensionful parameter m∗. Here
ε is a dimensionless number. The details can be found in Paper 3. Observe that
the wave function profile of the zero mode is exactly flat, whereas the two heavy
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modes are more localized towards the center of the disk. In addition, the spectrum
contains the following three degenerate states

Ĥ2,j
µν =

1

2
(0, 0, 0, 1, ei2πj/4, ei4πj/4, ei6πj/4) : λ2,j = ε4, (3.68d)

where j = 1, 2, 3, as well as the slightly heavier mode

Ĥ2,4
µν =

1√
84

(−4,−4,−4, 3, 3, 3, 3) : λ2,4 =
7

3
ε4. (3.68e)

It is important to note that the mode profile in Eq. (3.68e) and the flat profile of
the zero mode Ĥ0,1

µν in Eq. (3.68a) are only a result of adapting the “rough local
flat” approximation, as in Ref. [77], where the product war is moderately small
(here ar denotes the radial lattice spacing), i.e., war < 1. The flat zero mode is an
artifact of the approximation and we have shown in Paper 3 that by a numerical
diagonalization of the exact mass matrix, one finds that the zero mode is indeed
peaked at the UV-brane. This is precisely the result of the RS model, and it is
necessary in order for the zero mode to couple with MPl suppressed couplings to
matter on the SM brane. The strong coupling scale follows by introducing link
fields and expanding them in Goldstone modes. Since the Goldstone modes, like
the KK gravitons, are localized at given circles, as discussed earlier, they do not
communicate with each other, and there is a different local strong coupling scale
for observers at different radial positions of the disk. At the kth circle, we find,
after canonically rescaling the Goldstone modes, the local strong coupling scale

Λ6D
warp = (w/M4)1/2N

1/10
k Mk. (3.69)

The difference with the five-dimensional case is the factor Nk, which counts the
number of sites on a given circle. The five-dimensional case is reproduced by sending
Nk → 1. The Nk factor will raise the cutoff of the pure gravity interactions in the
EFT as compared to the five-dimensional case, i.e., the six-dimensional model is
valid at higher energies than the five-dimensional model. The factor Nk, which
raise the cutoff, is simply due to the normalization factor of the Goldstones, which
are smeared out at a given circle, and hence, will cause them to interact only
weakly. Note that in the five-dimensional case, the strong coupling scale is always
smaller than the local Planck scale, whereas in our case, the strong coupling scale
can be as large as the local Planck scale on the boundary of the hyperbolic disk.
However, when deriving this result, we did not take into account the interactions
with matter. When including interactions with matter, as discussed for the coarse-
grained model, the strong coupling scale will be lowered and will not be as large
as the local Planck scale. However, taking the coupling to matter into account,
we find that the local strong coupling scale seen by a brane-localized observer on
the boundary is as large as in a discretized five-dimensional warped model, which
has the background geometry of a line connecting the center with the boundary.
Moreover, it turns out that the observed strong coupling behavior of gravity in



3.4. Discretized higher-dimensional gravity 63

discretized five-dimensional warped space can be improved in six dimensions by
wrapping the graph of the fifth dimension as a boundary of the fine-grained model.
This holds for a five-dimensional warp scale that is roughly a factor 10−3 or smaller
compared to the fundamental scale.
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Chapter 4

Neutrinos and
deconstruction in cosmology

4.1 Dark matter

4.1.1 The dark matter problem

Historically, the observations of galaxy rotation curves were among the first indica-
tions of the presence of new forms of invisible matter [95]. According to the laws of
gravity, the speed of stars in galaxies should depend on the radial distance from the
center of the galaxy. On the contrary, it was found that the rotation speed for large
distances was roughly constant. This can also be seen for the motion of galaxies
in galaxy clusters. These observations have two logical implications. One possi-
bility is that the laws of gravity are different at large distances. Models based on
this hypothesis are usually collectively referred to as modified Newtonian dynamics
(MONDs) (see, e.g., Ref. [96]). The other possibility, which is by far the most pop-
ular one, is that there is more matter than what is observed with the telescopes.
This second option assumes that some of the matter is invisible, in the sense that
it does not interact electromagnetically, which means that we can only observe its
presence through its gravitational interactions, i.e., from its mass. Because of this,
this type of matter is referred to as dark matter (DM).

In August 2006, observations of the Bullet Cluster [97] provided some of the
strongest evidence so far for DM. These data seem to disfavor MOND theories (see
Fig. 4.1). We will in this thesis not further discuss the MOND possibility, but focus
our attention instead on DM.

In addition to the rotation curves discussed earlier, there are many more astro-
physical indications of DM. For example, one can use gravitational lensing, whereby
unseen matter distorts the image of the background galaxies, to infer the existence
of large regions of DM. In a recent survey [98], the first three-dimensional large scale
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Figure 4.1. Composite image of the bullet cluster, indicating the presence of
DM. Ordinary matter is in red and the total mass is in blue. Figure adopted
from http://www.nasa.gov.

map of DM distributions was obtained, based on such lensing techniques. Also, DM
has a measurable influence of the anisotropy of the CMB radiation, which has been
probed by the WMAP experiment [3, 99].

All these experiments give a more or less consistent picture. The latest WMAP
data indicate that the matter and energy of the Universe should be distributed
such that 4 % is ordinary baryonic matter, 22 % is DM and 74 % is dark energy.
The dark energy component is thought to be responsible for the expansion of the
Universe and it could be identified as the cosmological constant in the Einstein field
equations or as quintessence (a hypothetical dynamical scalar field).

The DM part is likely to have several contributions. Part of it can be mas-
sive compact halo objects (MACHOs) [100] such as black holes, brown dwarfs and
non-luminous gas, as well as ordinary neutrinos (which are very hard to detect).
However, this can only make up a small fraction of the total energy budget. Most
likely, the dominant part consists of new elementary particles which only interact
weakly with ordinary particles and radiation, and hence, are “dark”.

From structure formation it is in addition required that the DM is cold, i.e., non-
relativistic. The generic model for structure formation is that cold DM accumulates
as scaffolds onto which ordinary matter is then pulled by gravitation to form the
large scale structures that we observe today. On the other hand, if DM is warm (i.e.,
relativistic), it is hard to achieve such structures. Typically, this implies that the
DM particles should be heavy, which also explains why they have escaped detection
in our laboratories. These new elementary particles are usually collectively referred
to as weakly interacting massive particles (WIMPs) [101].

The DM problem is one of the strong indications that we need “new physics”
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beyond the SM, since none of the particles in the SM can make up more than
a fraction of the DM. In order for a new elementary particle to be a viable DM
candidate, it should satisfy a number of criteria. First, it should not interact with
the electromagnetic interaction or with the strong interaction, or it would form too
heavy isotopes with ordinary matter. Second, it should be stable on cosmological
time scales, in order for it to have survived until present times. Third, it should
have a relic density in the range as observed by experiments such as WMAP.

The most popular model, which has a DM candidate with the desired properties,
is probably the minimally supersymmetric standard model (MSSM) with R-parity.
In this model, the lightest supersymmetric particle (LSP) [102] is a viable DM
candidate. It is stable due to the conservation of R-parity, it only interacts weakly
with ordinary matter, and it has a relic density in the desired range. Usually,
a model is considered attractive if it simultaneously can solve several problems.
The fact that supersymmetry can solve the hierarchy problem, as discussed earlier,
the unification of gauge couplings, as well as the DM problem, is considered an
attractive feature of this model.

In recent years, an interesting alternative DM model has been proposed in mod-
els with universal extra dimensions (UEDs). It is the lightest KK particle (LKP) in
models where all fields live in the higher-dimensional bulk, which is compactified on
an orbifold, and it is referred to as Kaluza–Klein dark matter (KKDM) [7, 8]. The
orbifold compactification is necessary in order to project out chiral zero modes of
the fermions. Higher-dimensional momentum conservation translates in the four-
dimensional picture, as discussed in Sec. 2.1, into the conservation of KK number.
At the orbifold fixed points, the higher-dimensional translation invariance is bro-
ken, and so is also KK number. However, a subgroup of this symmetry, KK parity,
remains unbroken, which corresponds to the parity flip y → −y in for example a
five-dimensional model. This has been discussed in some more detail in Sec. 2.1.
Because of the conservation of KK parity, the LKP is stable and it can be shown
to have a relic density in the desired range. Also, this model makes precise experi-
mental predictions, for both direct and indirect detection.

4.1.2 Kaluza–Klein dark matter

The LKP should clearly be some of the first level KK modes. The KK spectrum
is nearly degenerate at tree-level, since the small split induced by the electroweak
mass is nearly negligible (recall that the KK mass is given by m2

n = n2/R2 +m2
0,

where m0 is the SM mass). Typically, the mass correction from radiative correc-
tions can be much larger. Therefore, it is absolutely essential to take into account
radiative corrections when determining the nature of the LKP, and therefore, when
considering KKDM. Radiative corrections to KK masses have been studied in detail
in Ref. [103]. There are two contributions. One which is calculable and one which
is unknown and which depends on the details of the particular UV-completion
considered. The latter is due to kinetic terms which are localized at the orbifold
boundaries. Typically, it is assumed that the these boundary terms are small and
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that they do not influence the KK spectrum to any large degree. Given this as-
sumption, one finds that after radiative corrections have been taken into account,
the LKP is the first excited mode of typically the gravitino, the neutrino, or the
hypercharge gauge boson 1. The neutrino is disfavored, since it would generate
too large rates in direct detection experiments [7]. We will from now restrict our
discussion to the case with the hypercharge KK mode as the LKP and the DM
candidate, which is the most widely studied case to emerge from UED models.

Relic density

Initially, in the hot early Universe, the KK gauge bosons were in thermal equilibrium
with the thermal plasma, being produced and annihilated at equal rates. As the
Universe expanded and the temperature dropped below the mass of the KK gauge
boson, T ∼MB1 , the number density of the KK gauge bosons became exponentially
Boltzmann suppressed. Eventually, as the Universe expanded further, the KK gauge
bosons became so rare that they no longer self-annihilated at any large rates and the
number density froze out at a temperature TF . This number density forms the relic
number density which should make up the DM distribution that we observe today.
The quantitative analysis of the evolution of the number density, is performed by
solving the Boltzmann equations, which govern how the number density varies with
time. We will in this section follow Refs. [7, 104, 105]. The Boltzmann equations
are

dnB1

dt
+ 3HnB1 = −〈σv〉[(nB1 )2 − (neq

B1)2]. (4.1)

Here σv denotes the self-annihilation cross-section for B1 and H =
√

8πρ/3MPl is
the Hubble parameter. The equilibrium density is given by

neq
B1 = g

(

mB1T

2π

)3/2

e−mB1/T . (4.2)

Here g is the number of degrees of freedom of B1, g = 3. A numerical solution of
the Boltzmann equations gives the relic density

ΩB1h2 ≈ 1.04 × 109rF
MPl

√
g∗(a+ 3b/rF )

. (4.3)

Here rF = mB1/TF , g∗ ≈ 92 is the number of degrees of freedom in the SM and
a and b are terms in a partial-wave expansion of the annihilation cross-section.
By calculating the annihilation cross-section and inserting it into the expression
above for the relic density, one finds that a relic density, which agrees with the
observed value measured by WMAP, can be obtained if the masses of the gauge

1More precisely, it is an admixture of the hypercharge boson B1 and the W 3,1 boson. However,
the mixing angle is only ∼ 10−3, which means that the LKP can be taken as B1 to a very good
approximation.
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bosons are in a certain range. The relic density measured by WMAP is 0.095 <
Ωh2 < 0.129 [3] and this value can be obtained for KKDM with the B1 mass
approximately in the range from 850 GeV to 900 GeV. However, if one takes into
account coannihilations from KK modes nearly degenerate in mass with the LKP,
this mass range is modified. Recently, a detailed study of coannihilation effects was
performed it Refs. [106,107]. If one includes the effect of coannihilations, the ideal
mass range becomes instead 500 GeV . MB1 . 600 GeV. It is important to note
here that this analysis assumed that the LKP is the sole DM candidate. It may
well be that there are additional contributions. For example, one can imagine a
model which combines several WIMPs, in which case the LKP mass can be lower
than the bound given above while still being consistent with WMAP observations.
It may be a more troublesome situation if the LKP is too heavy, since in this case,
the DM abundance will be too large. In fact, if it is too large, the Universe will
overclose, which means that there is in fact an upper bound on the LKP mass in
these models.

Dark matter detection

Essentially, there are two ways of experimentally observing DM. Either from direct
detection, via the scattering of DM from nuclei, or from indirect detection, by mea-
suring the annihilation products. The direct detection experiments can be divided
into spin-dependent and spin-independent scattering, where the DM particle elas-
tically scatters off a nuclei. The strongest constraints come from spin-independent
scattering, where the CDMS collaboration [108] has obtained the strongest con-
straint σSI . 10−6 pb. However, in the case when the LKP is given by B1, the
CDMS result does not put any significant constraint on the LKP mass. Future
experiments, such as super CDMS, will be sensitive to smaller cross-sections, and
thus, larger LKP masses. Other direct detection experiments include, for example,
Edelweiss [109] and Zeplin [110], which have less stringent constraints. As for the
spin-dependent scattering, the constraints, as mentioned above, are less restrictive.

The indirect detection methods consist in observing annihilation products such
as gamma rays, neutrinos, or antimatter (antiprotons, positrons, or antideuterons).
Gamma rays can be produced in secondary decays of leptons and quarks produced
in annihilations of KK gauge bosons. The prospects of detection depends crucially
on the DM profile. Since this is not well known, the prospects for detection are
hard to estimate. The ideal place to look for are regions with large accumulations
of DM, which could be the center of the galaxy or close to massive bodies such as
the Sun or close to super-massive black holes. Some commonly used DM profiles
are the Navarro–Frenk–White (NFW) profile [111], the Moore profile [112], and the
modified isothermal profile [113]. The NFW profile, for example, predicts a cuspy
profile with a DM density increase in the galactic center. This is precisely what is
needed in order to observe a gamma-ray signal. The HESS [114] and MAGIC [115]
experiments have reported a signal from the galactic center, but this is likely to be
of astrophysical origin. The GLAST satellite is set out to measure gamma rays up
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to 300 GeV, and could detect an order of ten events over three years. However,
this depends crucially on the DM profile, and it could be difficult to disentangle a
signal from KKDM annihilations from the background.

Another possibility is to look for the neutrino flux which results from KKDM
annihilations in the center of the Sun or the Earth. This neutrino flux could be
observed at the IceCube telescope [116], located at the South Pole, which could,
depending on the model parameters, for KKDM annihilations observe from 1 event
to 100 events per year [117].

Another option for indirect detection is to look for antimatter from KKDM
annihilations. Here it is possible to observe for example antiprotons or positrons.
The annihilations actually produce equal numbers of matter and antimatter, but
it is advantageous to look for an antimatter signal, since the background is so
much lower in this case. The balloon-borne HEAT experiment observed in 1995
an anomalous excess of positrons at energies above 10 GeV, which has later been
confirmed by a second HEAT flight and by the AMS-01 experiment. This excess
is hard to account for by astrophysical sources and is sometimes referred to as the
“HEAT-anomaly”. It is interesting if this excess could be due to DM annihilations.
A study of this possibility, in the case of KKDM, was performed in Ref. [118]. The
presently active PAMELA experiment [119] (launched 15th of June 2006) and the
planned AMS-02 experiment [120] will have much better statistics and could rule
out or confirm the HEAT anomaly. More specifically, the PAMELA or the AMS-02
experiment could probe the flux of positrons or antiprotons from the annihilation
of KK gauge bosons in the galactic halo. The predicted spectrum for KKDM is
qualitatively different from what is expected for supersymmetric DM (neutralinos)
for two reasons mainly. First, neutralinos, which are Majorana particles, will have
helicity suppressed annihilation cross-sections, which lead to lower fluxes than for
KKDM, which is bosonic. Second, KKDM annihilates directly into antimatter,
which gives a characteristic peak in the spectrum at energies corresponding to the
mass of the KK gauge boson. This feature is a remnant from the mono-energetic
positron spectrum from the direct production at the source. Such an annihilation
process is shown in Fig. 4.2.

4.2 Dark matter and deconstruction

In the previous section, it was clarified that the DM problem is one of the outstand-
ing challenges for physics beyond the SM, and that KKDM is one candidate for DM
emerging from models with UEDs. It was also noted that radiative corrections are
essential for the phenomenology of these models. Generally, radiative corrections
are expected to play a little role in particle physics models, but for KKDM this is
not the case, since the mass corrections can significantly alter the spectrum. This
has two effects. First, it will affect collider signals by determining which decay
channels that are open. Second, it will determine the nature of the LKP and which
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Figure 4.2. KK gauge boson annihilation into SM fermion pairs. Shown in
the figure are the t- (left) and u-channel (right) diagrams. Figure adopted
from Ref. [121]. c© IOP Publishing Ltd and SISSA 2006

modes that are relevant for coannihilation. Since models with UEDs are not renor-
malizable, one generally expects that there should be unknown contributions from
the UV-completion of the theory. Indeed, it is found that there are contributions
from the orbifold fixed points which are incalculable in the EFT. Without an ex-
plicit UV-completion at hand, it is then assumed that these terms are small, and
given this assumption, all conclusions concerning the phenomenology of KKDM are
derived. Of course, if these corrections are not small, then the phenomenology can
be completely different. For example, it could be that radiative corrections induced
from the orbifold fixed points shift the spectrum such that the LKP becomes the
neutrino and not the KK hypercharge gauge boson as discussed in the previous
section. Or it may be that KK parity violating interaction are induced from the
UV physics such that KKDM cannot sufficiently well account for the observed DM
density. It would be interesting if one could also turn this argument around. For
example, given the fact that the neutrino, as discussed in the previous section, is
disfavored or ruled out as the LKP, one could use this as a criterion to rule out cer-
tain UV-completions, namely the ones in which the neutrino is predicted to be the
LKP. The same argument would also apply if the LKP for example is found to be
a charged fermion, which, as discussed earlier, is disfavored based on the negative
results of searches for anomalous heavy isotopes of ordinary matter bound to DM.

What kind of UV-completions for UEDs exists? One possibility is a string
theory completion. However, as discussed in Sec. 3.2, this is not easy to achieve,
partly since quantum gravity is poorly understood. An alternative route, as was
thoroughly discussed in Sec. 3.2, is dimensional deconstruction, which provides
a possible UV-completion of extra dimensional field theories within conventional
quantum field theory. In this setting, one can perform explicit calculations in a
relatively simple setup. Therefore, it would be interesting to use deconstruction to
calculate radiative corrections to the KK spectrum. Such a calculation has been
performed for deconstructed QED in five dimensions compactified on a circle [122],
and for a five-dimensional non-Abelian gauge theory compactified on a circle [123].
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In Ref. [122], it was found that the UV theory could disturb the KK spectrum. For
example, the KK photon mass takes the form [122]

δm2
n =

−e2

4π4R2

(

ζ(3) − 5ζ(5)

4π2R2Λ2
− 11π2n2

216ΛR
+ . . .

)

. (4.4)

Here ζ(x) is the Riemann’s zeta function and Λ ∼ N/R is the cutoff of the effective
theory. Note here a difference already with effective field theory (EFT) KKDM
models. The corrections are not the same for all KK levels, but in fact depend
on the KK number n. As the lattice spacing goes to zero, or equivalently, the
cutoff goes to infinity, one reproduces the continuum result. In UEDs, the most
interesting contribution, which should also be accounted for is the contributions
from the orbifold fixed points. Moreover, one should calculate the contribution to
all particle species. One could then investigate which is the LKP, also after orbifold
corrections have been taken into account. In the next section, we outline the model
in Paper 2, and discuss some phenomenological implications.

4.2.1 The model

In Paper 2, we consider a model for KKDM from deconstructed UEDs. The mo-
tivation for this model, partly mentioned already above, is the following: Decon-
struction provides a possible manifestly gauge invariant UV-completion for UEDs.
In such a setting, radiative corrections could be determined.

In Paper 2, we do not perform any loop calculations in deconstruction, but
only consider the model at tree-level. We investigate the concepts of KK number
and KK parity conservation in the deconstructed model. One conclusion that we
find is that it can be important in these models to choose the boundary conditions
properly, in order to correctly reproduce the salient features of the UED model.
We then discuss the prospects for experiments such as PAMELA and AMS-02 to
probe a deconstructed model from indirect detection by observing the positron
flux from KK gauge boson annihilations. We consider in this paper two possible
lattice realizations of the UED model, which we will refer to from now on as the
model with simple boundary conditions (model I) and the model with modified
boundary conditions (model II). Details can be found in Paper 2. Here we will
state some of the results, as well as elaborate on some points. It is found that
model I reproduces relevant features of the UED model, such as conservation of
KK parity in kinematically allowed diagrams and chiral zero mode fermions, even
for a model with only a few sites, at least as long as we restrict ourselves to a tree-
level analysis. On the other hand, for model II, we find that KK parity is violated
in kinematically allowed diagrams already at tree-level, for a few-site model. For
large N , both models conserve KK parity arbitrarily well at all loop orders. We
will now present the main content of model I, which is an extension of the model
in Ref. [124], which was formulated for quarks, to the leptonic sector. The model
in Ref. [124] was not studied in the context of electroweak precision tests, where it



4.2. Dark matter and deconstruction 73

Field S(3)j × SU(3)j+1 SU(2)j × SU(2)j+1 U(1)j × Uj+1

Qj,j+1 (3̄,3) (1,1) (0, 0)
Φj,j+1 (1,1) (2̄,2) (0, 0)
φj,j+1 (1,1) (1,1) (−1/3, 1/3)
Lj (1,1) (2,1) (−1, 0)
Ej (1,1) (1,1) (−2, 0)
Qj (3,1) (2,1) (1/3, 0)
Uj (3,1) (1,1) (4/3, 0)
Dj (3,1) (1,1) (−2/3, 0)

Table 4.1. The field content and charge assignments for the fields of the
deconstructed UED model.

was found that the experimental bounds can be lowered significantly for a few-site
model. This will be discussed more later. For a related model see also Ref. [125].
For completeness, we have in the discussion below also included the quark sector.

The fundamental UV theory has a product gauge group of the form G =
∏N
j=1 Gj , where Gj = SU(3)j × SU(2)j × U(1)j . It contains a set of fermions

Lαj and Eαj , which are analogs of the SM leptons. In addition, it contains “quark”
fields Qj , Uj , and Dj , as well as a set of scalar link fields which transform in
the bifundamental representation of adjacent gauge groups. The complete charge
assignments of the particle content of the model is summarized in Table 4.1 We
impose that L0R = 0, E0L = 0, Q0R = 0, D0L = 0, and U0L = 0 in order to cor-
rectly reproduce the SM chiral structure. The model is manifestly gauge invariant
and anomaly free. The latter can be seen explicitly as follows. For all fields j 6= 0,
the anomalies cancel because of the chiral symmetry at each site in theory space.
Only for the j = 0 fields, there is a chiral structure induced which, in principle,
could generate dangerous anomalous triangle diagrams. However, since the charge
assignments of the fermions for j = 0 are the same as in the SM, it is seen that
all anomalies cancel when summing over all fermionic species. The potential for
the Higgs fields can be constructed such that the Higgs fields acquire universal
VEVs. In the process, the original symmetry is broken down to the diagonal sub-
group Gdiag = SU(3) × SU(2) × U(1), which we identify as the SM gauge group.
The would-be Goldstones are eaten and become the longitudinal components of the
massive gauge bosons Aj . The gauge boson mass matrix then takes the form as in
Eq. (3.15) and the diagonalization is carried out as described in Sec. 3.2.1. This
gives the gauge boson mass spectrum

m2
n = g̃2

Y v
2
1Y

2
φ sin2

(

nπ

N + 1

)

, (4.5)

where g̃Y is the gauge coupling constant, v1 is the universal VEV of φj,j+1, and Yφ =
1/3 is the hypercharge assignment of φj,j+1. By identifying πg̃Y v1Yφ/ [2(N + 1)] =
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1/R, we obtain a linear KK mass spectrum for n � N . For the SU(2) and SU(3)
gauge bosons, one can derive analogous expressions.

4.2.2 Fermion masses

In the fermionic sector, we have to take into account the problems with Wilson
fermions as discussed in Sec. 3.2.2. The mass terms for the fermions follow from a
Wilson modified discretization of the five-dimensional derivative terms. This gives,
for example, for the doublet fields Lj , the following action

Sd =

∫

d4x

{ N
∑

j=0

L̄j iγ
µDµLj −

N
∑

j=0

[

Mf L̄j,L

(

Φj,j+1

v2

φ3
j,j+1

(v1/
√

2)3
Lj+1,R

−Lj,R
)

+ h.c.

]}

. (4.6)

An analogous expression can also be derived for the Ej fields and is given in Paper
2. The treatment of the quark-like sector can also be carried out in the same way.
When the link fields acquire VEVs, this generates mass terms for the fermions. The
corresponding mass matrix can be diagonalized by a biunitary transformation, as
discussed in Sec. 3.2.2. Thus, one finds for the fermions mass terms of the form as
in Eq. (3.26). The spectrum is characterized by massless zero modes for the LjL,
EjR, QjL, DjL, and UjL fields, when expressed in the mass eigenbasis.

4.2.3 Feynman rules in the effective field theory

Let us next consider the vertex Feynman rules by analyzing the interactions of the
theory. In the pure gauge sector, there are self-interactions for the non-Abelian KK
gauge fields. These couplings can be shown to conserve KK number independently
of the number of sites. Also, there are fermion gauge boson couplings. We will
address below the latter coupling in the EFT.

Let us now focus on the Lj fields. All other fermionic fields are treated analo-
gously. The fermion gauge boson interaction can be read off from the interaction
Lagrangian

LffA = g̃Y
Yd
2

∑

n,m,`

N
∑

j=1

ajnajmaj`
¯̃LnLγµÃ

µ
mL̃`L. (4.7)

A similar expression can be derived for the right-handed fields, but which instead
contains the factor

∑N
j=1 bjnajmbj`, where bjn has been defined in Eq. (3.27). If we

perform the summation over j in Eq. (4.7), we find

N
∑

j=1

ajnajmaj` =
∑

κ

1
√

2(N + 1)
(−1)(2N+1)qκδκ,2(N+1)qκ

. (4.8)

The summation notation means that we sum over the values κ = n + m + `, n +
m− `, n−m+ `,−n+m+ ` and over all integer valued n,m, `. Here qκ is just an
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arbitrary integer associated with each value of κ. We observe that for n,m, `� N
the only possibility is to have qκ = 0, which gives

N
∑

j=0

ajnajmaj` =
1

√

2(N + 1)
(δ`,n+m + δm,n+` + δn,m+`). (4.9)

The latter relation shows that KK number is conserved at every vertex and is the
form of the continuum theory. It is interesting that for a few-site model we see from
Eq. (4.8) that we have additional vertices such as for example δn+m+`,2(N+1). For

example, if N = 3, we could have a vertex of the type L̃3LγµÃ
µ
2 L̃3L, which violates

KK number, but which conserves KK parity. This particular interaction does not
exist in the continuum theory.

A qualitatively different result is obtained for the right-handed fields LjR. Here

we should calculate correspondingly the prefactor
∑N

j=1 bjnajmbj`. This interac-
tion in fact violates KK parity for small values of N , although for large N KK
parity becomes exactly conserved. This is not observed in Paper 2 and can be an
interesting feature to use in order to discriminate a few-site model from the contin-
uum theory. The results in Paper 2 are based on a tree-level analysis, and at this
level, KK-parity is conserved in all kinematically allowed processes. However, these
interactions could violate the stability of the LKP at loop level. It would therefore
be important to understand better the phenomenological importance of the KK
parity violation for small N by going beyond tree-level, where it could be essen-
tial to also include the contributions from the orbifold fixed points. One possible
UV-completion, which could be adapted for this purpose, is the linear sigma model
that has been discussed in this section or a supersymmetric version of this model.
It would also be interesting to consider other alternatives such as the technicolor
like construction in Ref. [9]. This analysis would, as discussed earlier, be impor-
tant anyway, since it is known that radiative corrections could qualitatively alter
the low-energy phenomenology. In Paper 2, as mentioned earlier, we also analyze
a different model, model II, where we assume modified boundary conditions for
the fermions. It is shown that for this model KK parity is, for a few-site model,
violated in kinematically allowed processes, already at tree-level. For large N , KK
parity becomes an arbitrarily good symmetry also for this model. Since KK par-
ity is explicitly broken at the classical level, we consider this model to have worse
performance than model I, for small N .

4.2.4 Positron flux from Kaluza–Klein dark matter
annihilations

In this section, we briefly review the discussion of the indirect detection of the
model in the previous sections as outlined in Paper 2. In Paper 2, we only consider
the prospects for indirect detection of KKDM from the positron flux from KKDM
annihilations. This is relevant to the PAMELA and AMS-02 experiments. The
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Figure 4.3. The differential positron flux (above background) for an inverse
radius of 450 GeV as a function of positron energy, for direct e+e− production.
In addition, positrons can be produced from cascade decays of muons, taus,
and heavy quarks. Presented are latticized models with two lattice sites
(N = 1, dotted curve), three lattice sites (N = 2, dashed curve), and four
lattice sites (N = 3, dash-dotted curve) as well as the continuum model (solid
curve). Given is also an estimated background flux (gray shaded). The unit
of the ordinate is cm−2s−1sr−1GeV2.5. Figure adopted from Ref. [121].
c© IOP Publishing Ltd and SISSA 2006

KK gauge bosons annihilate in the galactic halo and can then produce electrons
and positrons either directly or from secondary decays. In Paper 2, we consider,
as in Ref. [8], only the primary production of electron-positron pairs. An impor-
tant feature of this production for KKDM is that the cross-section is not helicity
suppressed which is the case for neutralinos. This has two implications. First, it
will produce monoenergetic electron positron pairs, which will give rise to a peak
structure of the spectrum, which is qualitatively different from the neutralino case,
where one would expect instead a much smoother spectrum. Second, the signal
will be stronger than for neutralinos, and therefore, easier to disentangle from the
background. The positrons travel after production through the galaxy, and even-
tually, reach Earth, where we could experimentally detect them. To find the flux,
we have used the Dark SUSY [126] package, assuming an isothermal sphere dark
matter distribution (the FNW distribution gives very similar results), with a halo
size of zh = 4 kpc and a local DM density of ρ0 = 0.3 GeVcm−3. The propagation
parameters that we have used are taken from Ref. [127]. We have also compared
the signal with the background, where we have chosen “model C” from Ref. [128].
The result for the case with an inverse radius of 450 GeV is shown in Fig. 4.3. Here
we show the expected flux with two, three, and four lattice sites. We assume here,
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for the few-site models, that the lifetime of the LKP is sufficiently large, also after
radiative corrections have been taken into account. The result for the lattice model
would be the same as for a continuum model with a different radius. Therefore,
one could not from this experiment alone disentangle the continuum solution from
the lattice solution. An independent experiment would be needed to break the
degeneracy. An obvious approach would be to look for the non-linear KK spectrum
of the lattice model. It was shown in Ref. [124] that the bounds from electroweak
precision tests on the mass of the KK modes can be reduced by as much as 25 %
for a few-site model. This could be an important feature for the PAMELA and
AMS-02 experiments, where the operational energy could be too low to observe the
continuum model.

4.3 Leptogenesis

4.3.1 The matter-antimatter asymmetric Universe

In the previous section, we have discussed the observations of DM as indications
that “new physics” beyond the SM is needed. Another compelling astrophysical
observation is that the Universe seems to consist almost entirely of matter and
of no antimatter. This has been observed at different distance scales. We know,
of course, that the Earth is mostly composed of matter. Antimatter on Earth is
mostly produced in high-energy collider experiments or originating from cosmic
rays. We know that the solar system consists of mainly matter because otherwise
the satellites which traveled to the different planets would have been annihilated
and not survived. Cosmic rays which carry matter from the galaxy is almost entirely
made up of protons and a comparatively small number of antiprotons. This tells us
that the Milky Way galaxy is matter antimatter asymmetric. On larger scales, we
know that if there were large regions of antimatter, then we would have observed
the strong gamma-ray signal from their annihilation with matter regions. Hence,
there is strong support for a matter-antimatter asymmetric Universe, at least on
observable scales. Recently, the WMAP satellite has obtained a precise result for
the matter-antimatter asymmetry from observations of the acoustic peaks in the
cosmic microwave background (CMB) radiation [99]

ηB = (6.1 ± 0.2) × 10−10, (4.10)

where ηB = (nB − nB̄)/nγ . This is of course a very small number. However, it
nevertheless tells us that the Universe must have been baryon-antibaryon asym-
metric at early times. What is the origin of this baryon asymmetry? Assuming
inflation theory is correct, any asymmetric initial conditions would have been have
washed out by the rapid expansion of the universe. Therefore, one of the most
appealing solution is that this baryon asymmetry was generated dynamically, and
then, evolved with the expansion of the Universe such that we finally end up with
the observed number ηB given in Eq. (4.10). First of all, we need interactions that



78 Chapter 4. Neutrinos and deconstruction in cosmology

violate baryon number (B). This is, however, only a necessary condition. In ad-
dition, there are more criteria which need to be satisfied. Sakharov specified the
conditions necessary in order for a general model to generate a baryon asymmetric
Universe [129]. These are

• B-number violation

• C and CP violation

• Out of equilibrium condition

The necessity of the first condition is relatively clear. However, it is not sufficient.
To see this, consider for example the baryon number violating process X → Y Z
where X carries baryon number B = 0, and Y and Z carry baryon number B = 1.
This process produces the net baryon number ∆B = 2. However, if the model
is C or CP symmetric, then the process X̄ → Ȳ Z̄, where X̄ denotes the CP
conjugated field, proceeds with the same rate. Since this process gives a baryon
number change ∆B = −2, the result is a net baryon number change of ∆B = 0.
Hence, the asymmetry is immediately washed out. Therefore, a specific process
and its corresponding CP conjugated process have to proceed with different rates
– C and CP must be violated. The last Sakharov condition tells us that this is
still not sufficient. For, if the process X → Y Z proceeds with the same rate as the
back reaction Y Z → X , then any produced baryon asymmetry will immediately be
washed out. Thus, it is necessary for these processes to be out of equilibrium.

Several models exist which realize the Sakharov condition, and hence, have the
potential to account for the observed matter-antimatter asymmetry. The most pop-
ular mechanisms are GUT-baryogenesis [130, 131], electroweak baryogenesis [132]
(in the MSSM and extensions thereof), and leptogenesis [21]. In this thesis, we will
exclusively study leptogenesis. It has the nice feature that it simultaneously can
account for the baryon asymmetry and for the observed values of neutrino masses
and mixing. The idea of leptogenesis is to extend the SM field content by heavy
sterile neutrinos. The out of equilibrium and CP violating decays of these neu-
trinos generate a lepton asymmetry which is then partly converted into a baryon
asymmetry via sphaleron interactions [133–135]. These right-handed neutrinos are
natural ingredients in extensions of the SM which has an anomaly free local B−L
symmetry, such as left-right symmetric models, and GUT models. As mentioned
above, the additional attractive feature of this scenario is that it can account for
the smallness of the ordinary SM neutrino mass in a natural way. The right-handed
neutrinos couple with a Dirac type order one Yukawa coupling to the left-handed
neutrinos. After the heavy right-handed neutrinos are integrated out, one obtains
light-neutrino masses consistent with observations from neutrino oscillation exper-
iments, astrophysics, and cosmology. This mechanism is referred to as the see-saw
mechanism [11–20]. In the next section, we will first outline this mechanism. Then,
in the section after that, we will describe the baryogenesis via leptogenesis mecha-
nism in more detail.
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4.3.2 The see-saw mechanism

As discussed several times in this thesis, it is difficult in the SM to understand why
neutrinos are so light compared to the charged leptons. It is not possible to write
down Majorana mass terms, since the SM has an exactly conserved B−L symmetry
which forbids such terms. One can in principle include in the SM right-handed
neutrinos and write down a Dirac-type Yukawa coupling term for the neutrinos
in analogy with the construction of the Dirac mass terms for the quarks and the
charged leptons. However, in this case one has to choose a neutrino Yukawa coupling
of order 10−11, in order to obtain neutrino masses that agree with experiments. This
is considered an unnatural solution, in the sense that this small number is put in
by hand without any explanation. Naturally, one would expect all dimensionless
numbers to be of order one. Of course, even the charged leptons and quarks exhibit
partly unnatural Yukawa couplings. For example, the Yukawa coupling of the
electron is ye ∼ 10−6. Clearly, this small number also need to be understood.
So, why is it thought that 10−11 is so much worse than 10−6? Both are small
numbers, which call for an explanation. The point is that for the charged leptons
and quarks, the masses within each generation is roughly of the same order of
magnitude, whereas if neutrinos are included there is a large disparity within each
generation.

Because of this, the experimental observation of nonzero neutrino masses, from
neutrino oscillation experiments and astrophysics, is said to be one of the first
indications for physics beyond the SM.

Several models exist which try to account for this mass hierarchy. As we saw in
Sec. 2.3, models with extra dimensions offer an understanding of the mass hierarchy,
by assuming that right-handed sterile neutrinos propagate in the higher-dimensional
bulk, whereas the charged leptons and quarks are confined to a brane. The small
overlap of the wave function of the sterile neutrino with the brane localized wave
function of the active neutrinos accounts for the mass hierarchy.

The most popular model or mechanism which accounts for neutrino masses
is the see-saw mechanism. We will discuss the most general framework, denoted
the type I+II see-saw mechanism. More specifically we will consider a left-right
symmetric extension of the SM (see for example Refs. [136, 137]), in which we
will then implement the type I+II see-saw mechanism. The starting point of our
discussion is the left-right symmetric model which has the gauge symmetry group

SU(3)C × SU(2)L × SU(2)R × U(1)B−L. (4.11)

This gauge group has the attractive feature that it can be embedded as a subgroup
of a spontaneously broken GUT symmetry group. Here, U(1)B−L is the anomaly
free gauge group for B − L quantum number. On top of the gauge symmetry, we
impose that our theory should also be invariant under a discrete left-right symmetry
P which will be discussed later. The field content is an extension of the SM where
we have added three right-handed neutrinos such that for every left-handed fermion
there is a corresponding right-handed fermion, which is a requirement if the theory
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should be left-right symmetric. Thus, the leptonic sector has the same structure as
the quark sector. In the leptonic sector, we include the SU(2)R doublet (Nα

R , e
α
R),

with Nα
R denote the right-handed neutrino and α = e, µ, τ . The gauge sector is

modified by the new symmetry groups which introduce three gauge bosons for the
SU(2)R group and one gauge boson for the U(1)B−L group. The Higgs sector has to
be modified to account for the correct symmetry breaking. The Higgs potential will
contain an SU(2)L×SU(2)R bidoublet Φ and two Higgs SU(2) triplets ∆L,R, where
∆L,R transform under SU(2)L and SU(2)R, respectively. The symmetry breaking
proceeds in two steps. First, the neutral component of ∆R acquires a VEV vR which
breaks the symmetry down to SU(3)C×SU(2)L×U(1)B−L. Finally, the symmetry
is broken down to SU(3)C × U(1)EM by the VEVs of the neutral components of
Φ as in the SM. The parity symmetry corresponds to invariance of the Lagrangian
under the transformations ΨL → ΨR, W a

L → W a
R where ΨL,R denotes the left-

and right-handed fermions respectively, and W a
L,R the gauge bosons of SU(2)L,R.

This implies that gauge coupling constants have to satisfy gL = gR. This makes
the model relatively predictive by reducing its arbitrariness. Now, let us consider
the neutrino sector of this model to see how we can understand the neutrino mass
generation. The relevant part of the Lagrangian is [20]

L ⊂ −yΨ̄LΦΨR − ỹΨ̄LΦ̃ΨR −
[

fLΨT
LCτ2∆LΨL + (L→ R)

]

+ h.c. (4.12)

Here ΨL,R are the left- and right-handed leptonic fields, Φ̃ = τ2Φ∗τ2, C is the charge
conjugation matrix, and it is implicit that we should sum over all generations. After
the Higgs triplets acquire VEVs, the last two terms generate Majorana mass terms
for the left- and right-handed neutrinos of the form fLvL and fRvR, respectively.
The parity symmetry P implies in addition that fL = fR = f . After the Higgs
doublet acquires a VEV v, the first term generates a Dirac mass matrix of the form
yv. The Dirac term together with the right-handed neutrino Majorana mass term
is referred to as the contribution to the type I see-saw mechanism, whereas the
left-handed Majorana mass is referred to as the type II contribution. The resulting
6 × 6 neutrino mass matrix, written in block-form, then becomes

(

fvL yv
yT v fvR

)

. (4.13)

After block-diagonalization, the neutrino mass matrix becomes approximately

(

mν 0
0 MR

)

, (4.14)

where

mν = fvL − 1

vR
mDf

−1mT
D, (4.15)

where we have introduced the notation mD = yv, and MR ≈ fvR. If the overall
mass scale of the right-handed neutrino mass matrix fvR is much larger than mD,
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Figure 4.4. CP violating decay diagrams for a heavy right-handed neutrino
in the left-right symmetric model. The interference of the one-loop diagrams
with the tree-level diagram generates the CP asymmetry.

then we see how mν can obtain a small value. For example, setting the right-handed
neutrino mass scale MR,i ∼ 1015 GeV (i.e., in the range of typical GUT models),
where i denotes the ith eigenvalue, one obtains mν,i ∼ 10−2 eV, if the Yukawa
couplings are of order one. This number agrees well with the results found from
neutrino oscillation experiments and cosmology. This mechanism is referred to as
the type I+II see-saw mechanism.

4.3.3 Baryogenesis via leptogenesis

Let us now consider leptogenesis in more detail. The idea of leptogenesis, as we
have already discussed earlier, is the following: Assume that in addition to the
SM fields, there exist three super-heavy right-handed Majorana neutrinos which
couple via a Yukawa term to the left-handed SM leptons and the SM Higgs field.
The initial abundance of these neutrinos could have been generated in various ways,
such as for example from thermal production or from the decay of the inflation field
in the reheating period. In practice, if there is a mass hierarchy among the right-
handed neutrinos, one needs only to consider the lightest of the heavy neutrinos.
This neutrino decays into SM leptons and the Higgs field, via decays which violate
lepton number and also CP-invariance, and thus, create a net lepton number. This
lepton number is then via sphaleron processes partly converted into a net baryon
number. The leptogenesis mechanism satisfies all of the Sakharov conditions. The
first condition, baryon number violation, is achieved by the lepton number violating
interactions, which translates via sphaleron processes into baryon number violation.
The second condition, C and CP violation, is fulfilled by the decay of the heavy
neutrino into SM leptons and the Higgs bosons, when including interference of the
tree-level diagram with one-loop corrections (see Fig. 4.4). The CP asymmetry can



82 Chapter 4. Neutrinos and deconstruction in cosmology

be conveniently parametrized in terms of the ε parameter

εNi
=

Γ(Ni → `+H) − Γ(Ni → ¯̀+ H̄)

Γ(Ni → `+H) + Γ(Ni → ¯̀+ H̄)
. (4.16)

Here εNi
denotes the asymmetry associated with the decay of ith right-handed

neutrino. In supersymmetric extensions of this model, there are additional decay
diagrams involving the superpartners of the SM fields. Note that the tree-level
decay, by itself, does not generate a CP asymmetry. The reason is that the tree-
level amplitude is invariant under CP conjugation, or equivalently y → y∗. Thus,
it is necessary to take into account the interference of the tree-level diagram with
the one-loop diagrams. To one-loop order, the expression for the CP asymmetry in
the left-right symmetric see-saw model is [138]

εN1 = εIN1
+ εIIN1

, (4.17)

where

εIN1
=

1

16π

∑

j 6=1

Im[(ŷ†ŷ)2
1j ]

(ŷ†ŷ)11

√
xj

(

2

1 − xj
− ln

xj + 1

xj

)

(4.18)

and

εIIN1
=

3

16π
ĝ11µ

Im[(ŷ† ĝŷ∗)11]

(ŷ†ŷ)11
z ln

z + 1

z
(4.19)

denote the type I and type II contributions to the CP asymmetry parameter, respec-
tively. Here, we have used the notation of Paper 4, where g = fvL, xj = MNj

/MN1 ,
and the hats indicate that all matrices are evaluated in the basis in which the right-
handed neutrino mass matrix is diagonal. In the case when there is a mass hierarchy
among the SM singlet heavy fields such that the two heavier right-handed neutrinos
and the Higgs triplet fields ∆L,R are all much heavier than the lightest right-handed
neutrino, the results simplify considerably. For the CP asymmetry parameter, we
then obtain from Eq. (4.17)

εN1 = εIN1
+ εIIN1

→ 3

16π
ĝ11µ

Im[(ŷ† m̂ν ŷ
∗)11]

(ŷ†ŷ)11
, (4.20)

where mν denotes the light neutrino mass matrix. In this case, only the lightest
right-handed neutrino is relevant for leptogenesis.

The non-zero value of the εN1 parameter ensures that leptogenesis satisfies the
second Sakharov condition. The out-of-equilibrium condition is fulfilled by the
expansion of the Universe and can be quantified as usual by the condition

ΓD
H(T = MN1)

. 1, (4.21)

where ΓD denotes the decay rate for the right-handed neutrino and H(T ) ≈
1.66

√
g∗T

2/MPl is the Hubble parameter, which describes the expansion rate of
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the Universe. Here g∗ = gSM = 106.75 is the number of degrees of freedom in
the SM. If the condition in Eq. (4.21) is satisfied, the right-handed neutrinos go
out of equilibrium at T ∼ MN1 , since the decay rate is too slow to keep up with
the rapidly decreasing equilibrium distribution. This produces an excess of right-
handed neutrinos, which generates a B−L asymmetry from the CP violating decay
channels.

We have seen that, qualitatively, leptogenesis can provide a mechanism which
generates a lepton asymmetry which can then be partly converted into a baryon
asymmetry. But is it possible to reproduce via this mechanism the experimentally
observed baryon number in Eq. (4.10)? To answer this question, we need to study
the evolution of the B − L number more carefully, and the proper way to do that
is to use the Boltzmann equations. We then have to take into account all kind of
processes which can alter the generated B−L number. This includes inverse decays
(ID), ∆L = 1 scattering processes, and ∆L = 2 washout processes. The relevant
Boltzmann equations are [139]

dnN1

dz
= − 1

Hz
(ΓD + ΓS)(nN1 − neq

N1
), (4.22)

dnB−L

dz
= − 1

Hz

[

εN1ΓD(nN1 − neq
N1

) + ΓWnB−L

]

, (4.23)

where nN1 and nB−L stands for the number density of right-handed neutrinos and
B−L quantum number at temperature T . Here we have introduced the parameter
z = M1/T . The equilibrium number density of the right-handed neutrinos is given
by

neq
N1

∼
{

(MN1T )
3/2

e−
MN1

T , T �MN1

T 3, T �MN1

. (4.24)

The terms ΓD,S,W denote decay rates for decays and inverse decays (D), scattering
processes (S), and washout processes (W). The D and S terms in the first equation
will push the right-handed neutrino abundance towards the equilibrium value. At
temperatures T ∼ M1, the system goes out of equilibrium and an asymmetry
nB−L is generated. Eventually, this asymmetry saturates at a constant value as
the right-handed neutrinos approach their equilibrium distribution.The produced
lepton asymmetry is then partly converted into a baryon asymmetry via sphaleron
processes. The sphalerons are non-perturbative processes, which are operative for
roughly 100 GeV < T < 1012 GeV. In the SM, the sphalerons lead to an effective
interaction among all left-handed fermions which violate B+L, but conserve B−L.
More precisely, one has that ∆B = ∆L = 3. By analyzing the chemical potential
of all the fermion species, one can derive a relation between the baryon and lepton
asymmetry, which results from the sphaleron conversion. One then finds [134,135]

nB = CnB−L =
C

C − 1
nL. (4.25)

Here C is a model dependent number. For the SM with N generations of quarks
and leptons C = (8N+4)/(22N+13), which for N = 3 gives that nB = 28nB−L/79.
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Solving for the Boltzmann equations numerically, one finds from this expression a
baryon asymmetry ηB which can be of the correct order of magnitude to account
for the observed value in Eq. (4.10). It is also possible to derive a quasi-analytical
expression for the baryon asymmetry. First, one formally solves the Boltzmann
equations, which gives

ηB−L = ηεN1 , (4.26)

where εN1 is the CP asymmetry parameter defined previously, which has an ana-
lytical expression. The parameter η is called the efficiency factor, which has to be
solved for numerically. In the case of a strong hierarchy in the right-handed sector,
one finds the following order of magnitude estimate [140]

η = 1.45 × 10−2 10−3eV

m̃i
, (4.27)

where

m̃i =
v2 (ŷ†ŷ)ii

2mNi

(4.28)

is referred to as the effective neutrino mass.
We have seen that leptogenesis is a mechanism which can successfully account

for the observed baryon asymmetry. In addition, it provides a framework, the see-
saw mechanism, by which one can understand the smallness of neutrino masses.

In the particular see-saw framework, which was discussed in Sec. 4.3.2, it was
shown in Ref. [22] that for every low-energy neutrino mass matrix, there exists an
eight-fold degeneracy in the right-handed neutrino sector, in the sense that eight
different mass matrices of the right-handed neutrinos give rise to the same low-
energy neutrino phenomenology. Therefore, in order to probe the different see-saw
solutions, it would be desirable to have some way of experimentally discriminating
among the eight solutions. This is the purpose of Paper 4, in which leptogenesis
and stability of the solutions are used as selection criteria. In the next section, we
will outline the main results of this paper.

4.3.4 Using stability and leptogenesis to discriminate
among see-saw solutions

In Ref. [22], it was found that in left-right symmetric see-saw models, with a complex
symmetric Yukawa coupling matrix y, there exists an eightfold degeneracy among
the triplet Yukawa coupling matrices f . Here we have imposed the discrete left-right
symmetry discussed in Sec. 4.3.2, by setting fL = fR = f . Since the right-handed
neutrino mass matrix is given by MR = vRf , this means that there as well exist an
eightfold degeneracy among the mass matrices. Thus, a given low-energy neutrino
mass matrix would correspond to eight different possible mass matrices in the right-
handed sector. Of course, one could argue that this assumes the particular left-right
symmetric see-saw framework outlined in Sec. 4.3.2. However, this scenario is rather
generic and left-right symmetric generalizations of the SM appear frequently in
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unified models. In general, for n generations of neutrinos, there exist 2n solutions for
f . The most realistic and interesting case, is the three-flavor framework. However,
the solutions in this case are rather cumbersome and not so illuminating. We
will therefore restrict our discussion to the one-flavor case, where several of the
qualitatively important features of the three-flavor analysis are still preserved. In
the numerical computations in Paper 4, the three-flavor formulas are used. The
explicit form of the solutions in this case were first derived in Ref. [22]. Our starting
point will be the see-saw formula in Eq. (4.15). In addition, we assume that the
Yukawa coupling matrix equals the up-type quark Yukawa coupling matrix, i.e.,
we have set y = yu. This is motivated from unified models and quark-lepton
symmetry. Thus, in the diagonal basis, we will take ydiag = 1/v diag(mt,mc,mu),
where mt,mc, and mu denote the masses of the up-type quark masses and v denotes
the Higgs VEV. The see-saw formula in Eq. (4.15) then becomes

mν = g − 1

µ
yg−1yT . (4.29)

Here, we have introduced g = fvL and µ = vR/(vLv
2) to simplify the notation. In

the one-flavor case, we can immediately invert this formula to find

g =
mν

2
±
√

m2
ν

4
+
y2

µ
. (4.30)

Thus, we see that there are two solutions for g (or f) in the one-flavor case, as
expected. These solutions depend on the ratio of the triplet VEVs via µ and
on the light neutrino mass mν , which is set by experiments. Both of these two
solutions give the same light neutrino mass. In the three-flavor case, there are
correspondingly eight solutions f for the same light neutrino mass matrix. It is
now important to find some way to experimentally disentangle these solutions. In
Paper 4, we use two criteria to discriminate among the different solutions. First,
we select the natural solutions, i.e., the ones which generate the least amount of
fine-tuning, by determining which solutions are stable under small changes in the
triplet Yukawa matrices f . Then, as a second criteria, we consider the solutions
which can give viable leptogenesis. In addition, in supersymmetric models, there
are constraints from gravitino overproduction in the early Universe which restricts
the number of interesting solutions. Thus, in total, we can in the three-flavor
case considerably limit the possible solutions for f . To quantify the stability, we
introduce the measure

Q =

(

det f

detmν

)1/n
√

√

√

√

2N
∑

k,`=1

(

∂m`

∂fk

)2

, (4.31)

where m` and fk are parameters which determine the matrices mν and f , respec-
tively, and n denotes the number of generations. The definitions of the parameters



86 Chapter 4. Neutrinos and deconstruction in cosmology

1014 1016 1018 1020 1022 1024 1026 1028

vR/vL

100

101

102

103

104

105

106

107

Q

(++-)
(-+-)
(+--)
(---)
(+-+)
(--+)
(-++)
(+++)

Figure 4.5. The stability measure Q as a function of vR/vL for m0 =
0.1 eV and a normal neutrino mass hierarchy. This figure is adopted from
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m` and fk are given in Paper 4. In the one-flavor case, the stability measure
becomes

Q = f
d

df
log |mν | = g

d

dg
log |mν | =

√

1 +
4 y2

µm2
ν

. (4.32)

In the regime of large µ, we obtain Q → 1, which is a stable solution. In this
case, the solutions are either type I or type II dominated. In the small µ regime,
we have Q → ∞, which is very unstable situation. This is expected, since in this
regime, there must be an almost exact cancellation between the type I and type
II contributions to the light neutrino mass matrix. In the three-flavor case, we
have calculated the value of the Q parameter for all different solutions, which is
shown in Fig. 4.5 for a specific choice of the input parameters. The labeling of
the different solutions is of the form (±,±,±) where +(−) denotes the solution
where the corresponding eigenvalue in the right-handed neutrino mass matrix is
dominated by the type I (II) solution in the large µ regime. The qualitative behavior
of the stability measure for the different solutions can be understood and has been
thoroughly discussed in Paper 4. All solutions are unstable for small µ which, as for
the one-flavor case, is due to the cancellation between the type I and type II terms
in the see-saw formula. In the case when there is a large spread in the eigenvalues,
there are additional instabilities. This can be seen in all of the solutions of the type
(±,±,−) where the lightest right-handed neutrino mass stays below 106 GeV in the
large µ regime. In the same way, the Q value for the solutions (±,−,+) increases
in the regime when vR/vL & 1020, since in this regime, the lightest neutrino mass
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asymptotically obtains to the value 109 GeV. The most stable solution is the pure
type II dominated solution (+,+,+). By introducing a cutoff for the Q parameter,
it is possible to find a subset of allowed solutions and values for the µ parameter.
We have introduced a cutoff Q . 103, which corresponds to fine-tuning at the
percent level.

The other selection criterion, which we impose, is to choose the solutions which
could give viable leptogenesis. To study the effect of leptogenesis, we solve nu-
merically for the solutions f in the three-flavor case, and then, from a numerical
solution of the Boltzmann equations, we can determine the baryon asymmetry ηB ,
as discussed in Sec. 4.3.3. An interesting feature is that there are in our framework
additional phases in the mixing matrix, which can improve the potential for lep-
togenesis. In Fig. 4.6, the baryon asymmetry for the solution (+,−,+) is shown.
In general, we find from the numerical solutions that four out of eight solutions
give viable leptogenesis. These four solutions are also the ones which are favored
from the stability analysis. In addition, we can also limit the parameter space and
the number of viable solutions from the constraints of gravitino overproduction, as
discussed earlier.

4.3.5 Triplet leptogenesis and see-saw inversion

In our analysis in the previous sections and also in Paper 4, we have assumed that
leptogenesis is induced by the decay of the lightest right-handed neutrino. This
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is the case if the triplets ∆L and ∆R are heavier than the lightest right-handed
neutrino. Another possibility for leptogenesis is from the decay of the triplet ∆L,
when it is the lightest among the heavy new particles. The CP asymmetry in this
case has been studied in detail in Ref. [142] and the full set of Boltzmann equations
were derived and solved in Ref. [143]. A priori, one would expect that the washout
effects would be large for triplet leptogenesis, since the gauge scatterings tend to
keep the triplets close to thermal equilibrium. However, as was shown in Ref. [143],
due to the interplay of the two possible decay modes of the triplet, a quasi-maximal
efficiency factor is nevertheless possible. The rates which are most important when
determining the efficiency factor are the gauge scatterings γA and the triplet decays
into Higgs bosons (γH ) and leptons (γL). If one of the decay rates of the triplet
(γH or γL) is faster than the gauge scatterings, then the triplets will decay before
annihilating, thus making the gauge scattering inefficient. This would also imply
that the fast triplet decay rate is faster than the expansion rate, which would
therefore seem to make leptogenesis impossible anyway. However, if the other decay
rate is slower than the expansion rate, then a lepton asymmetry will be induced.
It is this interplay of γL, γH , and γA, which can induce a quasi-maximal efficiency
factor in triplet leptogenesis.

In Ref. [143], the CP asymmetry was written, in a model independent way, as

|ε| =
M∆

4πv2

√

BLBH

∣

∣

∣
Im
[

tr
(

m†
∆mH

)]∣

∣

∣

m̃∆
. (4.33)

In this expression, BL/H denote the branching fractions for the triplet decay into
leptons and Higgs bosons, respectively, MT is the triplet mass, and m∆(mH) de-
notes the triplet (heavier particles) contribution to the light neutrino mass. We
have also introduced the parameter

m̃∆ =

√

tr
(

m†
∆m∆

)

. (4.34)

For example, in the model considered in the previous sections, mH and m∆ would
denote the type I and type II contributions, respectively. An upper bound on the
CP asymmetry was also derived in Ref. [143] and found to be

|ε| ≤ M∆

4πv2

√

BLBH
∑

i

m2
νi
, (4.35)

where mνi
denote the light neutrino masses. Solving for the Boltzmann equations,

it is possible to derive a lower bound on the triplet mass [143], which would allow
for leptogenesis. This bound depends partially on the assumptions about the light
neutrino masses and the size of the triplet contribution to the light neutrino mass
matrix. The bounds which were found are M∆ > 2.8× 1010 GeV (m̃∆ = 0.001 eV)
and M∆ > 1.3× 1011 GeV (m̃∆ = 0.05 eV), assuming a hierarchical light neutrino
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mass spectrum. If the light neutrino spectrum is instead quasi-degenerate, it is
possible to lower these bounds by an order of magnitude.

In Paper 5, we study the implications of triplet leptogenesis in the left-right
symmetric model and the see-saw inversion framework. We find that we can ap-
proximately saturate the bound on the CP asymmetry in Eq. (4.35), by utilizing
Majorana phases. Generically, since the triplet mass needs to be rather heavy a
relatively large value of 1018 . vR/vL . 1028 is required. Generically, the solu-
tions (+,+,+) and (−,+,+) can generate enough baryon asymmetry in the large
µ regime, although the triplet mass in this case will be M∆ & (1011 − 1013) GeV.
In Paper 5, we assume that the triplet mass is as heavy as the lightest right-handed
neutrino. This is the optimal scenario. It would be possible to predict the triplet
mass from some specific GUT embedding. The four solutions, where the lightest
right-handed neutrino mass (and hence the triplet mass) approaches 105 GeV in
the large µ regime, do not lead to viable leptogenesis. The two solutions (+,−,+)
and (−,−,+), where the lightest right-handed neutrino approach 109 GeV for large
mu, induce a baryon asymmetry which is one or two orders of magnitude too low to
account for the observed value. However, it should be emphasized that these results
depend on the choice of the Yukawa coupling y. Our choice, y = yu, is motivated
from GUTs, but a priori, the Yukawa coupling is a free parameter. Therefore, for
more general y, the solutions (+,−,+) and (−,−,+) could yield viable leptogenesis.
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Chapter 5

Conclusions

In this thesis, we have studied different aspects of dimensional deconstruction and
neutrino physics.

In Paper 1, we have constructed a model for neutrino masses and mixing, from
a deconstructed large extra dimension compactified on the boundary of a two-
dimensional disk. We have showed that it is possible, with an imposed gaugeable
discrete symmetry, to obtain the salient features of the continuum model. In ad-
dition, we have studied the resulting neutrino oscillation patterns, where we have
found that it could be possible, in principle, to probe the number of lattice sites
as well as twisted field configurations in high-precision neutrino oscillation experi-
ments.

In Paper 2, we have presented a model for Kaluza–Klein dark matter (KKDM),
from a deconstructed universal extra dimension, whereby the effective field theory
(EFT) is generated from a fundamental linear sigma model. We have investigated
the role of different discretizations for Kaluza–Klein (KK) parity conservation, and
the expected signal in positron flux experiments. This construction is useful as a
manifestly gauge invariant model for KKDM. We have studied the positron flux
from KKDM annihilations in the galactic halo, and the possibility to probe the
different lattice models. We have found that there exists a degeneracy in the in-
terpretation of the experimental prediction, whereby a certain continuum model
would give the same signal as the deconstructed model. For a few-site model, the
experimental bounds on the KK masses are lowered, by as much as 25 %, which
could, in principle, improve the detection prospects for the deconstructed model.

In Paper 3, we have investigated a model for discretized gravity in a six-
dimensional warped background, where the extra dimensions have been compact-
ified on a two-dimensional hyperbolic disk. We have considered a coarse-grained
and a fine-grained discretization of the hyperbolic disk, respectively. We have found
that the strong coupling scale is independent of the bulk volume, i.e., the UV/IR
connection problem from flat space in ameliorated in our particular framework. In
addition, in the warped fine-grained model, we could improve the strong coupling
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scale of certain weakly warped five-dimensional models. We have also discussed
collider implications for the coarse-grained model, relevant to a lepton collision ex-
periment or the LHC. Here we have found a novel signal, distinct from the ADD
or RS model predictions. We have also studied, in the coarse-grained model, an
application to the generation of light neutrino masses. In this particular model, all
bounds from cosmology and astrophysics on KK neutrinos are avoided.

In Paper 4, we have studied the left-right symmetric see-saw mechanism. We
have considered the different solutions for the right-handed neutrino mass matrix,
for a given low-energy neutrino mass matrix. We have used stability arguments,
as well as viability of leptogenesis, as criteria, in order to discriminate among the
different solutions. We have found that, for certain choices of VEVs for the left-right
triplet fields, only a subset of solutions remains stable. In the case of leptogenesis,
we have found that only four of the eight solutions can provide viable leptogenesis,
since for the other solutions, the lightest right-handed neutrino becomes too light.
In addition, we have showed that the new phases in the mixing matrices, allowed
by the left-right symmetric framework, lead to improved leptogenesis. We have also
used the gravitino bound as an additional criteria, to further reduce the number of
viable solutions.

In Paper 5, we have studied the see-saw inversion framework in the case of
triplet leptogenesis. We have found that it is possible to saturate the upper CP
asymmetry bound with non-zero Majorana phases. Generically, two of the eight
solutions can give viable leptogenesis in the large µ regime.

Several natural extensions of these results exist. For example, it would be in-
teresting to make a more quantitative study of the results in Paper 1, extended
to a three-flavor neutrino framework. An elaboration of Paper 2 would be to con-
sider the radiative corrections in the deconstructed orbifold model, possibly with a
different UV-embedding than the linear sigma model. It would also be interesting
to study more explicitly the collider implications for a hadron collider such as the
LHC, for the coarse-grained model in Paper 3. Paper 4 and 5 could be extended
to study for example the role of flavor effects.
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