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Sammanfattning 
 

Klimatförändringarna är verkliga och bilindustrin kan inte längre förneka att elektrifiering av fordon 

är framtiden. Men vad händer om det finns en bättre lösning för att uppfylla pendlingskraven i en 

stadsmiljö än en form av bil som vi är så bekanta med? Något som ger fri rörlighet som en bil men 

är mer praktisk. Kanske en Uniti? 

Uniti har som målsättning att erbjuda en smart lösning för urban pendling, något som är hållbart, 

roligt och i takt med de framsteg som gjorts inom tekniken. Detta innebar att man startade från ett 

tomt papper och attackera det mycket grundläggande problemet; en två ton maskin som är avsedd 

att bära fyra till fem personer som används av endast en person för majoriteten av sin livslängd, 

vilket är mindre önskvärt i en stadsmiljö. Därför kom Uniti till livet; ett lätt elfordon i L7e-kategorin 

som är konstruerad för att vara den andra familjebilen. 

Att utforma ett sådant fordon utifrån fordonets dynamik är svårt eftersom användaren förändrar 

fordonets massa väsentligt. Föraren och passageraren i detta fordon står för nästan en fjärdedel av 

den totala vikten. Detta tillsammans med den höga ofjädrade massan pga hjulmotorer gör det mer 

utmanande. 

Examensarbetet syftar till att skapa en utgångspunkt att bygga vidare på för en robust 

hjulupphängningsdesign. Grunder i fordonsdynamik användes för att bygga upp matematiska 

modeller i MATLAB och simuleringar gjordes med ADAMS / Car för att studera och optimera 

designen. 

Arbetets omfattning var begränsat med tanke på att allt behövde byggas från början, men modellerna 

som utvecklats och de koncept som lagts fram ska förhoppningsvis vara en bra grund för att utveckla 

vidare. 
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Abstract 
 

Climate change is real and the automotive industry is no longer in denial that electrification of 

vehicles is the future. But what if there is a better solution to meeting the commuting requirements 

in an urban environment than a form of a car that we are so familiar with? Something which gives 

the freedom of mobility like a car but is more practical. Perhaps a Uniti? 

Uniti aims at providing a smart solution to urban commute, something which is sustainable, fun and 

in step with the strides made in technology. This involved starting from a clean slate and attacking 

the very fundamental problem; a two-ton machine meant for carrying four to five people being used 

by only one person for majority of its lifespan, which makes all the more less sense in an urban 

environment. Hence came into life Uniti; a lightweight electric vehicle in the L7e category designed 

to be the second family car. 

Designing such a vehicle from the standpoint of vehicle dynamics is tricky as the user shapes the 

mass of the vehicle significantly. The driver and passenger in this vehicle accounts for almost a 

quarter of the total weight. That along with the high unsprung mass coming with the use of in wheel 

electric motors makes this project all the more challenging.   

The thesis is aimed at providing a starting point to build on to a robust suspension design. The 

fundamentals of vehicle dynamics were used to build up mathematical models in MATLAB and 

simulations were done with ADAMS/Car to study and optimize the design.  

All said and done the scope of the work was limited considering it had to be built from scratch but 

the models developed and the concepts laid out would hopefully be a good foundation to develop it 

into the prefect one. 
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Background 
 

The L7e category is the perfect answer for urban commute; a lightweight vehicle which meets short 

commuting demands like one would come across in cities. Taking a heavy vehicle to go to pick up 

some groceries, to go to the park couple of blocks down or to meet up with a friend at the city center 

is not the most efficient use of resource which has become all the more important in the day and age 

we live in. An L7e vehicle, like Uniti has the potential to be THE last mile vehicle. 

Renault Twizy has been the face of L7e for about five years now and has done quite well in its 

category. But the story with it seems to be akin to Blackberry; it needs to keep up with the times and 

the needs of the market. While the vehicle has been praised for its engaging chassis, there are some 

issues that need to be dealt with. People are a little apprehensive of its safety, the ride is a little rough, 

suspension is too firm and the interior is dull and outdated.  

This thesis work is based around building the foundation for a vehicle which could address the issues 

in the domain of vehicle dynamics. That being said, several things were simplified in the process. 

The suspension layout had been locked at MacPherson from the beginning based on previous internal 

discussions. The compliance in the suspension has not been studied which can have a significant 

impact on the vehicle characteristics. It has been assumed that the ride level would be the same no 

matter how much the vehicle would be loaded. The tyre has also been simplified to a simple linear 

spring with no damping in all the models developed. 
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1. Suspension kinematics 
  

Suspension kinematics is the study of the suspension geometry, the envelope within which the wheel 

moves. 

 

1.1. Key definitions  
 

Some of the suspension kinematics terminology required to understand the analysis done is explained 

in this section. 

 

1.1.1. Track width 
 

It is defined as the distance between the left and right tyre contact points for a particular axle. Track 

width changes in a vehicle with independent wheel suspension during wheel travel inducing slip 

angles and hence lateral force on the tyre, degrading the vehicle stability especially if it occurs on 

one wheel, Figure 1.  

 

 

Figure 1. An example of the effect of track width alteration [1] 
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1.1.2. Camber and inclination angle 

 

Camber is the angle that the wheel plane makes with the vehicle vertical axis and is positive when 

the top of the wheel leans outward. Inclination angle is the angle that the wheel plane makes with 

respect to the normal to the road surface. It follows the same sign convention as camber 

During cornering, the wheels incline with the body, as shown in the left image of Figure 2 and the 

camber change during wheel travel, as shown in the right image of Figure 2 can be used to 

compensate the inclination induced due to roll to ensure that the outer wheels which are heavily 

loaded remain as vertical as possible.  

 

Figure 2. Inclination angle of the wheel with body roll and wheel travel [1] 

 

1.1.3. Caster and kingpin inclination 

 

It is defined as the angle that the steering axis, the axis passing through the top ball joint and the 

outer lower control arm point for a MacPherson suspension, makes with the vertical axis of the 

vehicle in the side view, XZ plane. Caster is positive when the top of the steering axis is inclined 

rearwards as shown in Figure 3. 

Kingpin inclination is defined as the angle that the steering axis makes with the vertical in the YZ 

plane and is positive when the upper ball joint is closer to the longitudinal centre plane than the lower 

ball joint.  

Kingpin inclination, unless is zero, raises the vehicle when it is steered. The raising of the vehicle 

produces a self-centring action of steering which can aid the autonomous system in stabilizing the 

steering more easily. A positive kingpin inclination results in positive camber during steering and 

though not significant contributes to rolling the outer wheel in an undesirable way as the vehicle 

moves into a corner [2]. 
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Figure 3. Caster and kingpin definitions [2] 

 

Caster angle also results in raising and falling of the vehicle during steering but has an advantageous 

impact on camber unlike kingpin inclination. With a positive caster, both the wheels i.e. the inner 

and outer wheels incline into the curve when the vehicle negotiates a curve.  

 

1.1.4. Mechanical trail 
 

Mechanical trail is the distance measured along the longitudinal plane, the XZ plane, between the 

projection of the steering axis on the ground and the wheel centre. A positive mechanical trail is 

when the steering axis meets the ground in front of the tyre contact patch as shown in Figure 3. 

Mechanical trail results in more steering force [2] as the moment arm along which the wheel is 

steered is more, hence results in higher resistive moment at the steering axis. Mechanical trail also 

affects the vehicle sensitivity to lateral forces which is what the driver feels at the steering wheel. A 

slight positive trail has been chosen to improve the straight line stability as the lateral force 

introduced when the vehicle corners would try to swing the wheel back to its original position. Yet 

a low trail is desirable to reduce the scrubbing of the wheels during steering.  

 

1.1.5. Scrub radius 
 

Scrub radius is the distance measured along the longitudinal plane, the YZ plane, between the 

projection of the steering axis on the ground and the wheel centre. A negative scrub radius implies 

that the kingpin intersects the ground outside the wheel centre when seen from the front.  

A negative scrub radius has been chosen at the front and at the back. This has been done keeping in 

mind the safety of the vehicle. Depending on the compliance of the system, if one of the wheels loses 

traction, then the negative scrub radius would tend to toe out the wheel making it understeer and 

move straighter than it would otherwise, countering the yaw moment due to disproportional tractive 

force [2].  
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A negative scrub radius also reduces the amount of force acting at the links during braking and 

acceleration as shown in Figure 4 by minimizing the force lever “q”. 

 

Figure 4. Scrub dependence of force through the links [1] 

 

1.1.6. Toe 
 

Toe is defined as the angle between the projection of the tyre vertical plane on the vehicle horizontal 

plane and the fore aft axis of the vehicle. It is positive when the front of the wheel is tucked in 

towards the vehicle body.  

Bump steer is defined as the change of the steering angle for a single wheel of an independent 

suspension when the wheel translates through the suspension travel. The change in toe angle with 

bump affects the stability of the vehicle and hence must be kept minimum. The magnitude of bump 

steer was hence targeted to be within 0.2 degrees [3] 

 

1.1.7. Roll centre 
 

Roll centre is the point on the vehicle body where the forces are exchanged between the sprung mass 

and the unsprung mass. The rear roll centre is higher than the front to make use of the body damping 

to damp the yaw movements of the vehicle. The roll centre heights in an independent suspensions 

are 30 – 100 mm at the front and 60 – 130 mm at the rear [1].  
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1.2. Suspension kinematics of Uniti 
 

1.2.1. Bump kinematics 
 

Bump kinematics is the wheel kinematics as the wheels go over a bump. The front and rear 

suspension assemblies have been simulated through a parallel wheel travel for 50 mm of rebound 

and compression stroke. 

 

1.2.1.1. Toe angle 
 

Positive toe angle is when the wheel toes in and negative toe angle is when the wheel 

toes out. Hence the front toes out during a bump and the rear toes in.  

During cornering, the outer wheels are heavily loaded which is why they have the most 

impact on the vehicle cornering behaviour. The thought has then been to toe out the 

front outer wheel more than the rear to impart an understeer characteristic to the vehicle 

as shown in Figure 5. 

 

 

Figure 5. Bump steer 

 

 

1.2.1.2. Camber 
 

The front and rear wheel camber over the compression and rebound stroke during 

parallel wheel travel has been shown in Figure 6. The rear wheel cambers slightly more 

than the front wheel which is to again impart understeer characteristics to the vehicle.  
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Figure 6. Camber angle with wheel travel 

 

 

 

1.2.1.3. Anti-dive and Anti-lift 

 

Anti-dive at the front and Anti-lift at the rear during braking is about 28 percent and 

their variation with wheel travel can be seen in Figure 7. 

 

 

Figure 7. Anti-dive and Anti-lift at the front and rear respectively during braking 
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1.2.2.  Roll kinematics  
 

Roll kinematics corresponds to the kinematics of the wheel as the vehicle rolls. The kinematic 

analysis has been done on the front and rear suspension as it rolls by 5 degrees. 

1.2.2.1. Toe angle 

 

Figure 8 shows the toe angle with roll which is negligible, yet in the proper direction. 

The front toes out and the rear toes in which is in line with the design strategy to make 

the vehicle understeer.  

 

 

Figure 8. Toe angle with roll 

1.2.2.2. Inclination angle 

 

The inclination angle of the wheels during the roll simulation when the front wheels are 

not steered has been shown in Figure 9. The camber compensation is not significant as 

is the case with a typical MacPherson suspension. The rear compensation is slightly 

more than the front. 

 

 

Figure 9. Inclination angle with roll when the front wheels are not steered 
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A more realistic scenario of roll would involve steered front wheels. Hence a simulation 

has been done with the front wheels steered by 10 degrees and the corresponding 

inclination angle realized can be seen in Figure 10. 

 

 

Figure 10. Inclination angle with roll when the front is steered by 10 degrees 

  

1.2.2.3. Roll centre migration 

 

The vertical roll centre migration can be a handy tool to analyse roll characteristics. As 

the roll centre migrates during roll, the moment arm between the roll centre and the 

centre of gravity of the vehicle changes which alters the dynamics of vehicle movement. 

In the case with Uniti, as the body goes into roll, the vertical roll centre positon migrate 

down which increases the roll moment arm and hence the corresponding roll induced 

in the vehicle body.  

The vertical roll centre migration of the front and rear suspension when the front wheels 

are not steered has been shown in Figure 11. 

 

 

Figure 11. Vertical roll centre migration with unsteered front wheels 
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The vertical roll centre migration when the front wheels are not steered has been 

compared with the case when they are steered by 10 degrees in    Figure 12. The roll 

centre migrates more with steered wheel. 

 

 

   Figure 12. Front vertical roll centre migration with steered and unsteered front wheels 

 

1.2.2.4. Track width change  

 

The track width changes have been tried to be kept at a minimum to minimize the 

scrubbing of the wheel which results in efficiency losses. The front and the rear track 

changes by about 3mm as the vehicle rolls by 5 degrees as shown in Figure 13. 

 

 

Figure 13. Front and rear total track with roll 

 

 

 

 

 



 15 

1.2.3.  Steering kinematics 
 

Steering kinematics in this report has been defined as the metrics associated with the steering during 

suspension travel. Since only the front wheels are being steered, the study has been done only for the 

front axle. 

 

1.3.3.1 Caster angle  

 

The caster angle at the front is about 10 degrees and varies by about 1 degree on 

either side during the wheel travel as shown in Figure 14. As the wheel moves closer 

to the vehicle body, the caster angle increases. This would mean that as the vehicle 

negotiates a curve, the initial braking before getting into a turn and the following 

steering would result in raising of the car on the outer side associated with higher 

caster angle helping to keep the body levelled which could possibly improve the 

handling. 

 

 

Figure 14. Caster angle at the front with wheel travel 

 

1.3.3.2  Kingpin inclination angle  

   

The kingpin inclination angle also increases like caster angle as the wheels move 

closer to the vehicle body as shown in Figure 15. The KPI angle is about 14 degrees 

in the static position and varies by about 1.5 degrees on either side. The higher KPI 

would also result in raising of the vehicle as discussed in the previous section 

although the camber variation on the inner wheel would be in the opposite direction 

but would be less significant owing to lateral load transfer. 
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Figure 15. Kingpin inclination angle with wheel travel 

 

1.3.3.3 Mechanical trail  

 

The mechanical trail at the static condition is 10.5 mm and it increases with wheel 

travel be it during bounce or rebound as depicted in Figure 16. The increasing 

mechanical trail would imply that as the vehicle goes over a bump, the effort 

required to steer the vehicle would also increase marginally which could possibly 

minimize the extent to which the vehicle is steered due to shock and in itself could 

be a topic to study in detail. 

 

 

Figure 16. Mechanical trail with wheel travel 

 

1.3.3.4 Scrub radius 

 

The scrub radius at the static condition is about 5 mm outside the wheel centre and 

it moves closer to the wheel centre as the wheel moves closer to the chassis, Figure 

17 . This would result in lower forces being transmitted to the links as the vehicle 

brakes and as explained in page 8 
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Figure 17. Scrub radius with wheel travel 

 

1.3.4. Sensitivity analysis  
 

The sensitivity of all the parameters explained above with respect to the position of the hardpoints 

was evaluated by setting up a study using design of experiments. ADAMS built in function regarding 

DOE was used in the study.  

 

1.3.4.1. Bump kinematics’ sensitivity  

 

Table 1. Sensitivity analysis of bump kinematics. 

  

Toe Camber Anti-dive/Anti-lift 

Avg. min Max Avg. min max Avg. min max 

LCA front x 0.00 0.26 -0.44 0.00 0.00 0.00 0.00 0.00 0.00 

LCA front y -1.96 -2.85 -4.47 18.17 4.46 3.77 2.12 -15.02 18.21 

LCA front z -21.38 -26.09 -22.28 -5.63 -44.59 59.07 -100.00 -100.00 -100.00 

LCA rear x 0.02 0.29 -0.44 0.00 0.00 0.00 0.00 0.00 0.00 

LCA rear y -14.84 -14.17 -38.03 25.07 6.84 4.21 -1.84 14.68 -16.53 

LCA rear z 8.83 18.29 100.00 -45.77 -68.01 63.72 94.21 98.42 89.49 

LCA outer x 100.00 100.00 95.04 -100.00 1.90 -56.17 0.75 2.35 1.14 

LCA outer y 72.44 82.87 87.39 -84.65 -8.09 -40.78 -0.86 -2.11 -9.50 

LCA outer z 2.97 -12.67 -76.89 64.65 100.00 -100.00 20.37 12.62 26.44 

Top mount x -19.34 0.60 -13.10 18.31 2.44 4.35 19.33 16.27 21.82 

Top mount y -7.17 -17.34 21.30 55.92 70.51 -59.80 3.61 3.84 7.03 

Top mount z -1.59 0.38 4.12 4.37 20.04 -22.06 -14.23 -10.70 -17.14 

Lower mount x -1.49 1.54 -5.45 4.23 -0.95 4.79 -21.80 -18.09 -25.64 

Lower mount y -4.55 -1.35 -47.99 -44.51 -70.75 68.80 -2.35 -1.87 -2.95 

Lower mount z -0.38 3.52 -1.42 -11.55 -15.16 13.06 9.29 7.63 10.91 
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The parameters in green field, Table 1, indicate an increase in the metric with larger values 

of the corresponding hardpoint location while those in red indicate a decrease in the metrics. 

The hardpoint positon which affects the toe during bump the most are  X, Y and Z coordinate 

of the outer lower control arm joint and Y and Z position of the rear lower control arm joint. 

The X, Y and Z coordinate of outer lower control arm joint, the Z coordinate of front and 

rear lower control arm joint and the lower mount y coordinate affect the camber change 

during bump the most. 

The Z coordinate of the front and rear lower control arm joint affects the anti-features the 

most. 

 

1.3.4.2. Roll kinematics’ sensitivity 

 

Table 2. Sensitivity analysis of roll kinematics. 

  

RC vertical Inclination angle  

Avg. max min Avg. min max 

LCA front x 0.0 0.0 0.0 0.0 0.0 0.0 

LCA front y -4.2 -1.1 -5.9 0.3 0.0 0.7 

LCA front z 59.3 61.4 58.6 -5.3 0.0 -9.5 

LCA rear x -0.3 -0.1 -0.5 0.0 0.0 0.0 

LCA rear y -6.7 -1.3 -11.4 1.3 0.0 3.2 

LCA rear z 50.5 51.5 51.4 -23.0 -0.5 -42.8 

LCA outer x -4.3 -3.9 -6.4 100.0 100.0 100.0 

LCA outer y 4.2 1.1 7.2 9.3 8.3 10.0 

LCA outer z -100.0 -100.0 -100.0 9.8 -14.9 31.7 

Top mount x -2.3 -3.8 0.7 -59.7 -64.7 -55.4 

Top mount y -45.8 -42.2 -48.4 15.2 -4.7 31.8 

Top mount z -9.2 -10.4 -9.1 14.8 9.1 19.2 

Lower mount x 8.0 7.1 7.2 -4.4 -3.7 -4.9 

Lower mount y 47.5 43.1 50.3 -21.9 -1.5 -39.0 

Lower mount z 6.3 6.2 6.8 -2.9 1.3 -6.4 

 

 

The sensitivity of some roll parameters with respect to the hardpoint location are shown in 

Table 2.  

The parameters which affect the vertical roll centre kinematics the most during roll are the 

Z coordinates of the front, rear and outer lower control arm joint and the Y coordinates of 

the top and lower mount joints. 

The X coordinate of the outer lower control arm joint and the top mount affect the inclination 

angle the most. 
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1.3.4.3.  Steering kinematics’ sensitivity   

 

Table 3. Sensitivity analysis of steering kinematics. 

  

Caster Mechanical trail 

Avg. min max Avg. min max 

LCA front x 0.00 0.00 0.00 0.00 -0.02 0.00 

LCA front y 0.90 1.98 3.06 0.45 0.08 1.50 

LCA front z -1.27 29.73 -29.73 0.35 5.46 -15.07 

LCA rear x 0.00 0.00 0.00 0.00 0.00 0.00 

LCA rear y -0.90 -1.98 -2.88 -0.26 -0.08 -0.89 

LCA rear z 1.08 -29.37 29.37 -0.52 -3.35 8.48 

LCA outer x -100.00 -99.28 -100.00 -100.00 -100.00 -100.00 

LCA outer y 0.00 -0.36 0.18 -0.94 -0.68 -0.40 

LCA outer z 17.53 15.32 19.82 17.34 15.85 22.21 

Top mount x 99.77 100.00 98.74 35.72 35.18 37.79 

Top mount y 0.00 -0.18 0.36 0.45 0.93 -1.56 

Top mount z -17.53 -15.68 -19.28 -6.18 -5.22 -8.97 

Lower mount x 0.00 -0.18 0.18 -0.21 0.52 -1.72 

Lower mount y 0.00 0.18 -0.36 -0.12 -0.72 2.02 

Lower mount z 0.00 0.18 -0.18 0.07 -0.39 1.23 

  

KPI Scrub radius 

Avg. min max Avg. max min 

LCA front x 0.00 0.00 0.00 0.00 0.00 0.00 

LCA front y -0.26 -0.51 -1.00 -0.02 0.00 -0.18 

LCA front z 0.26 -8.88 8.75 -0.29 0.16 -2.02 

LCA rear x 0.00 0.00 0.00 0.00 0.00 0.00 

LCA rear y -0.26 -0.51 -0.75 0.08 0.11 0.44 

LCA rear z 0.26 -6.85 7.50 0.68 -0.71 4.90 

LCA outer x 0.00 1.52 -0.50 0.17 1.47 -0.99 

LCA outer y 100.00 99.49 100.00 -100.00 -100.00 -100.00 

LCA outer z 24.02 37.56 10.25 -25.27 -25.10 -26.39 

Top mount x 0.00 0.25 0.00 0.04 -0.34 0.81 

Top mount y -99.74 -100.00 -98.00 35.44 29.13 42.62 

Top mount z -24.80 -22.08 -26.50 8.87 7.49 10.49 

Lower mount x 0.00 -0.25 0.00 0.19 -0.62 1.77 

Lower mount y 0.00 0.51 -0.25 0.19 7.16 -6.15 

Lower mount z 0.00 0.25 0.00 -0.04 1.86 -2.17 

 

The caster and mechanical trail are most sensitive to the X coordinate of the lower control 

arm outer joint and the top mount. 

The Kingpin inclination and scrub radius is most sensitive to the Y coordinate of the lower 

control arm outer joint and the top mount.   
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1.4. Twizy suspension kinematics  
 

Measurements were done on a Twizy suspension and its kinematics analysed to see how Uniti’s 

suspension fared against its closest competitor. The bump, roll and steering kinematics were 

evaluated and have been presented in the following sections. The toe metrics have been skipped as 

the inner tie rod hardpoints, which are key points for toe behaviour, were not accessible for 

measurements.  

 

1.4.1.  Bump Kinematics 
 

1.4.1.1. Camber 

 

The camber angle variation with respect to wheel travel is shown in     

 Figure 18. The camber compensation is about the same in the rear as it is for Uniti 

but a thing to notice in Twizy’s camber curve is the similarity in its front and rear curves 

which is perhaps not ideal for imparting understeer characteristics and could possibly 

contribute to making it feel unsteady at limit handling as has been most often described 

by its drivers. 

 

 

     Figure 18. Camber angle with wheel travel 

 

1.4.1.2. Anti-dive and Anti-lift 

 

The anti-dive characteristics of Twizy’s suspension are shown in Figure 19. The front 

anti dive in its static state is around 12 percent which is about half of that of Uniti while 

the rear anti lift is about 25 percent which is the same as that of Uniti.  
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Figure 19. Anti-dive and anti-lift during braking with wheel travel, Twizy 

 

1.4.2.  Roll Kinematics 
 

1.4.2.1. Inclination Angle 

 

The variation of Twizy’s inclination with roll is shown in Figure 20 but what would be 

more interesting and more realistic would be to compare it when the front wheels are 

steered, the plot of which is shown in      Figure 21. The plots are then similar to that of 

Uniti’s with Uniti having favourable inclination angle at lower roll angles while Twizy 

having marginally better inclination angle at larger roll angles. 

 

 

Figure 20. Inclination angle with roll 
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     Figure 21. Inclination angle with roll with front steered by 10 degrees. 

 

1.4.2.2. Roll Center Migration 

 

The vertical roll centre migrates by about 15 mm for both the front and rear during roll 

by 5 degrees, Figure 22, which is slightly less than that of Uniti. Twizy has a pretty high 

roll centre position at the front and rear while such a high roll centre is not required for 

Uniti whose centre of gravity is much closer to the ground. 

 

 

Figure 22. Vertical roll center location with roll 

 

1.4.2.3. Track Width Variation 

 

The track width variation for Twizy during roll is shown in Figure 23. The track width 

changes about 3 mm which is at par with Uniti.  
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Figure 23. Total track with roll 

 

 

1.4.3.  Steering Kinematics 
 

1.4.3.1. Caster Angle 

 

The caster angle in Twizy’s front suspension is around 5.4 degrees at static position and 

varies by about 1 degree in total as shown in Figure 24.  

 

 

Figure 24. Caster angle with wheel travel 

 

1.4.3.2. Kingpin Inclination Angle 

 

Figure 25 shows the plot of kingpin inclination angle variation with wheel travel. 

Twizy’s front suspension has a KPI angle of 16 degrees at zero wheel travel and 

varies by about 2 degrees on either side of the travel. 



 24 

 

Figure 25. Kingpin inclination angle with wheel travel 

 

1.4.3.3. Mechanical Trail 

 

The mechanical trail at Twizy’s front, Figure 26,  is about 5 mm over that of Uniti’s at 

zero wheel travel and is always increasing with wheel travel unlike in Uniti where the 

trail bottoms out at about zero wheel travel. The higher mechanical trail in Twizy could 

translate to lower sense of vehicle grip at limit handling. 

 

 

Figure 26. Mechanical trail with wheel travel 

 

 

1.4.3.4. Scrub Radius 
 

Figure 27 shows the scrub radius variation with wheel travel in the Twizy’s front and 

is found out to be positive which implies that the kingpin axis intersects the ground 

inside the wheel centre and moves inwards as the wheel travels closer to the chassis 

which is undesirable from the point of view of safety when braking on split friction 

surfaces. Under such circumstances, the wheel would toe in more on the side with better 

friction directing the car further to the surface with poor grip. 
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Figure 27. Scrub radius with wheel travel 
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2. Ride and handling  
 

The ride and handling define a vehicles personality and is an important metric vehicle engineers 

spend a lot of time honing.  

Ride is the heaving, pitching and rolling motion induced due to road roughness while handling is 

defined as the quality of a vehicle enabling it to be driven in a safe and predictable manner. 

 

2.1. Key definitions  
 

Engineering a vehicle with good ride and handling properties requires one to understand some 

important theories which have been presented in this section. 

2.1.1. Double conjugate points 
 

A given vehicle configuration can be broken down into any number of a pair of points, conjugate 

points, both from the perspective of dynamism and elasticity [4]. 

2.1.1.1.  Dynamic conjugate points 

 

A pair of points are dynamically conjugate if the system represented by the two 

points has the same total mass, centre of gravity and the moment of inertia as the 

vehicle. 

 

 

The two concepts can be better understood through Figure 28. The vehicle of mass 

M and centre of gravity at G is assumed to be symmetric about the longitudinal 

vertical plane. A, B are the points at which the vehicle is supported by springs of 

stiffness λ and µ respectively. For a point P lying along the line joining AB, there 

will be a point Q satisfying the following constraints.  

 

 

Figure 28. A simple half car model [4] 
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- Conservation of mass 

 

𝑚1 + 𝑚2 = 𝑀 

- (1) 

Where 

   m1 is the mass appropriated at P 

   m2 is the mass appropriated at Q 

 

- Conservation of moment of inertia 

𝑟 ∗ 𝑠 = 𝑘2 

- (2) 

Where  

r is the distance between G and P 

s is the distance between G and Q 

k is the radius of gyration 

 

- Conservation of the position of centre of gravity  

𝑚1 ∗ 𝑟 =  𝑚2 ∗ 𝑠 

- (3) 

The two points P and Q which meet the criteria specified in - (1,- (2- (3 are called 

dynamic conjugate points. 

 

2.1.1.2.  Elastic conjugate points  

 

A pair of points are elastically conjugate if a vertical force at one point produces no 

displacement at the other. For every point P lying along the line AB there is a point 

Q which is elastically conjugate to P and is constrained by the - (4- (5. 

𝜆 ∗ 𝑎 =  µ ∗ 𝑏 

- (4) 

Where  

   a is the distance from A to the spring centre 

   b is the distance from B to the spring centre  

 

𝑝 ∗ 𝑞 = 𝑎 ∗ 𝑏 

- (5) 

Where  
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 p is the distance between P and the spring centre  

 q is the distance between Q and the spring centre 

 

Double conjugate points are points which are both dynamically and elastically 

conjugated and can be estimated using aforementioned theory alongside the 

constraints specified in - (6. 

𝑝 = 𝑟 + 𝑥 

𝑞 = 𝑠 − 𝑥 

- (6) 

Where  

   x is the distance between the spring centre and the centre of gravity. 

 

 

 

Figure 29. Double conjugate points [4] 

 

The periodic time for the motion of the front mass about point Q and for the rear 

mass about point P is given by - (7- (8 - (9. 

𝑇𝑄 = 2𝜋√
𝑀(𝐾2 + 𝑠2)

2𝑘1(𝑎 − 𝑥 − 𝑟)2 + 2𝑘2(𝑏 + 𝑥 + 𝑟)2 

- (7) 

 

𝑇𝑃 = 2𝜋√
𝑀(𝐾2 + 𝑟2)

2𝑘1(𝑎 − 𝑥 − 𝑟)2 + 2𝑘2(𝑏 + 𝑥 + 𝑟)2 

- (8) 
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The periodic time in pitch is given by 

𝑇𝑃𝑖𝑡𝑐ℎ = 2𝜋√
𝑀𝐾2

2𝑘1(𝑎 − 𝑥)2 + 2𝑘2(𝑏 + 𝑥)2 

- (9) 

Many modern suspensions including the likes of Ford Fiesta have double conjugate 

points that coincide with the wheel centres [5] which is why a conscious effort has 

been put into doing the same for Uniti. The mass and spring stiffness’s estimated 

this way has then been used in the quarter and half car models for further studies. 

2.1.2. Ride and roll rate 
 

Ride and roll rate relate the change in wheel loading to a change in body position. While ride rate 

relates the normal force acting at the tyres with the vertical change in body position, the roll rate 

refers to torque resisting body roll per degree of body roll [2]. 

2.1.2.1.  Ride rate 

  
Ride rate can be expressed in several ways such as in the form of undamped natural 

frequency of the body in ride or in terms of static wheel deflection per “g” of vertical 

force. The report works with the first definition of ride rate that is the undamped 

natural frequency of the body. 

Typical values of ride frequency are shown in  

 [6] 

Table 4. Ride frequency for different vehicles 

Category Frequency 

Passenger cars 0.5 – 1.5 Hz 

Sedan race cars and moderate downforce formula cars 1.5 – 2 Hz 

High downforce race cars 3 – 5 Hz 

 

A soft suspension is produced by lower frequencies while higher frequencies create 

a stiffer suspension. The ride frequencies of the front and rear suspensions are 

usually different and tailored to take into account the purpose of the vehicle. From 

a comfort standpoint, the rear ride frequency is preferred to be higher as it minimizes 

pitching of the chassis. The split is usually 10 – 20 % front to rear [7]. From a 

performance standpoint, the higher front ride frequency is favourable as it allows 

faster transient response in corners.  

The spring rates can then be determined from the ride frequency as shown in- (10. 

𝐾𝑠 = 4𝜋2𝑓𝑟2𝑚𝑠𝑚𝑀𝑅2 

- (10) 

Where  
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Ks   is the spring rate 

fr   is the ride frequency in Hz 

msm    is the sprung mass in kg 

MR   is the motion ratio 

 

The motion ratio is the amount by which the spring deflects for every unit deflection 

of the wheel and is illustrated in Figure 30. The motion ratio is simply the ratio of 

D1 to D2.  

  

 

2.1.2.2.  Roll rate 
 

The roll rate on the other hand as mentioned before describes the vehicle behaviour 

in the lateral plane. It is usually normalized with respect to acceleration due to 

gravity “g”. Typical values of roll rate are depicted in Table 5. Roll rate for various 

vehicle categories [2]. 

 

        Table 5. Roll rate for various vehicle categories [2] 

Suspension characteristic  Roll gradient 

(deg./g) 

Very Soft – Economy and basic family transportation, pre 1975 8.5 

Soft – basic family transportation, after 1975 7.5 

Semi Soft – contemporary middle market sedans, domestic and import 7 

Semi Firm – imported sport sedans 6 

Firm – domestic sedans 5 

Very Firm – high performance domestic such as Camaro 4.2 

Extremely firm – high performance sports car such as Corvette 3 

Hard – racing cars 1.5 

 

 

The roll rate of a vehicle can be calculated from the roll stiffness of the vehicle. 

 

 

Figure 30. Motion ratio, the effect of springs and dampers at the wheel is 

different owing to the installation point [18] 
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Figure 31. Geometrical calculation of roll center for a MacPherson suspension [8] 

 

 

Roll stiffness is a geometrical aspect which as the name suggests is the resistance 

offered to roll. For a Macpherson suspension, the roll stiffness can be estimated 

using - (11  

 

𝐶 = (
𝑏𝑑

𝑎
)
2

𝑘 

- (11) 

Where  

 

MC   is the instantaneous centre of rotation  

RC   is the roll centre. 

k   is twice the individual spring stiffness  

b is the distance between the instantaneous centre and the 

upper strut mount 

d  is the distance between the roll centre and the tyre contact 

patch 

a  is the distance between the tyre contact patch and the 

instantaneous centre  

 

The roll stiffness of an anti-roll bar is given by the       - (12 

 

𝐶𝑎𝑟𝑏 = 𝐾𝑎𝑟𝑏 ∗ 𝐼𝐵
2 ∗ (

𝑇2

𝐿2) 

      - (12) 

 

Where 

Karb   is the anti-roll bar stiffness 
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IB is the installation ratio, the displacement of the droplink per 

displacement of the wheel centre 

T  is the total track width 

L  is the lever arm length 

 

Hence total roll stiffness is given by the sum of front suspension roll stiffness, rear 

suspension roll stiffness, front anti-roll bar roll stiffness and the rear anti-roll bar 

roll stiffness as sown in - (13. 

  

𝐶𝑡𝑜𝑡𝑎𝑙 = 𝐶𝑓 + 𝐶𝑟 + 𝐶𝑓𝑎𝑟𝑏 + 𝐶𝑟𝑎𝑟𝑏 

- (13) 

 

Where  

Cf and Cr  are the front and rear suspension roll stiffness 

Cfarb and Crarb  are the front and rear anti-roll bar roll stiffness 

 

Roll rate is defined as the amount of body roll per unit lateral acceleration,  

 

𝑅𝑜𝑙𝑙 𝑟𝑎𝑡𝑒 =
𝑅𝑜𝑙𝑙 𝑎𝑛𝑔𝑙𝑒

𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛
 

- (14) 

 

And  

𝑅𝑜𝑙𝑙 𝑎𝑛𝑔𝑙𝑒 =
𝑚 ∗ 𝐻𝑒 ∗ 𝑎𝑦

𝐶𝑡𝑜𝑡𝑎𝑙
 

- (15) 

 

 

 

Where 

m  is the sprung mass 

He is the distance between the roll axis and the centre of 

gravity in the longitudinal plane 

ay  is the lateral acceleration 

 

 

From - (14- (15 

 

𝑅𝑜𝑙𝑙 𝑟𝑎𝑡𝑒 =
𝑚 ∗ 𝐻𝑒

𝐶𝑡𝑜𝑡𝑎𝑙
 

- (16) 

2.1.3. Road classification  
 

The power spectral density of road unevenness can be described by a simple expression as shown in 

- (17 [9]. It has been derived based on the assumption that the statistical properties along a section 



 33 

of road is same and that it is a sum of large number of bumps with different amplitudes and time 

period [9]. 

𝐺𝑑(𝑛) =  𝐺𝑑(𝑛0) ∗ (
𝑛

𝑛0
)
−𝑢

 

- (17) 

  

Where  

Gd(n0)    is the unevenness index 

u   is the road waviness 

n   is the spatial frequency 

 

The road waviness can be physically interpreted as a factor that defines which wavelengths are 

prevalent in the power spectral density. For u < 2, the shortwaves are prevalent, for u = 2, the 

wavelengths are present in similar proportions while when u > 2, the longer wavelengths are 

dominant. 

Roads can be classified into several categories for u = 2 and n0 = 1 as defined by ISO 8608 and as 

shown in Table 6. 

 

Table 6. Road classification based on ISO 8608 

Class 𝐺𝑑(𝑛0) ∗ 10−6  [m3] 

A 8 – 32 

B 32 – 128 

C 128 – 512 

D 512 – 2048 

E 2048 – 8192 

F 8192 – 32768 

G 32768 – 131072 

H 131072 - 524288 

 

  

A Swedish motorway/country road is class A, the less maintained country roads are class C while a 

dirt track is class E [11]. 

 

2.1.4. Lateral load transfer model 
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The springs and anti-roll bar characteristics affect the lateral load transfer occurring when the vehicle 

is negotiating a corner. The total lateral load transfer has three components to it [12]. 

- Load transfer due to roll moment, FM 

- Load transfer due to sprung mass inertia force, FS 

- Load transfer due to unsprung mass inertia force, FU 

 

𝑇𝑜𝑡𝑎𝑙 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑙𝑜𝑎𝑑 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 = 𝐹𝑀 + 𝐹𝑆 + 𝐹𝑈 

 

2.1.4.1.  Load transfer due to roll moment  

 

The body roll is resisted by a moment which is reacted by the wheels. This results 

in load transfer which can be estimated using - (18 

𝐹𝑓𝑀 = (
1

𝑇
) ∗ (

𝑚ℎ𝑒𝐶𝑓

𝐶𝑓 + 𝐶𝑏 − 𝑚𝑔ℎ𝑒
) ∗ 𝑎𝑦 

𝐹𝑟𝑀 = (
1

𝑇
) ∗ (

𝑚ℎ𝑒𝐶𝑏

𝐶𝑓 + 𝐶𝑏 − 𝑚𝑔ℎ𝑒
) ∗ 𝑎𝑦 

- (18) 

 

Where 

FfM and FrM   is the load transfer at the front and rear due to roll. 

ay   is the lateral acceleration 

ef and eb   is the front and rear roll centre height 

he  is the vertical distance between the COG and the 

roll axis 

f and b is the distance between the front axle and the rear 

axle from the COG respectively 

 

2.1.4.2.  Load transfer due to sprung mass inertia force 

 

The centrifugal force acting on the sprung mass is distributed on the front and rear 

axle resulting in load transfer as shown in - (19 

𝐹𝑓𝑆 = (
1

𝑇
) ∗ (

𝑏

𝐿
𝑚𝑒𝑓) ∗ 𝑎𝑦 

 

𝐹𝑟𝑆 = (
1

𝑇
) ∗ (

𝑓

𝐿
𝑚𝑒𝑏) ∗ 𝑎𝑦 

- (19) 
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Where  

FfS and FrS  is the load transfer at the front and rear due to 

sprung mass inertia. 

 

2.1.4.3.  Load transfer due to unsprung mass inertia force 

 

The centrifugal force acting on the unsprung mass also results in load transfer the 

magnitude of which is dictated by the magnitude of unsprung mass, - (20. 

𝐹𝑓𝑈 = (
1

𝑇
) (𝑚𝑓𝑢ℎ𝑓𝑢)𝑎𝑦 

 

𝐹𝑟𝑈 = (
1

𝑇
) (𝑚𝑟𝑢ℎ𝑟𝑢)𝑎𝑦 

- (20) 

Where  

FfU and FrU  is the load transfer at the front and rear due to 

unsprung mass inertia. 

mfu and mru is the front and rear sprung mass 

hfu and hru is the front and rear sprung mass centre height  

 

 

2.1.4.4.  Total lateral load transfer distribution 

 

Total lateral load transfer distribution is the fraction of total lateral load transfer 

taking place at the front and is an indicator of the handling behaviour of the vehicle. 

It is usually designed to be around 5 percent over the mass distribution ratio to 

impart an initial understeer [2]. 

 

 

2.1.5. Quarter car model  
 

A quarter car model, Figure 32, is a simple model that can be used to study the Ride attributes of a 

vehicle. In its simplest form, it has 2 degrees of freedom; vertical oscillation of the sprung and 

unsprung mass. The equations of motion can be derived from Newton’s law as shown in the 

following equations. 

Sprung mass – 
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(𝑚𝐴 ∗ 𝑧�̈� ) + (𝑑𝐴 ∗ (𝑧�̇� − 𝑧�̇�)) + (𝑐𝐴 ∗ (𝑧𝐴 − 𝑧𝑅)) =  0 

- (21) 

Unsprung mass –  

(𝑚𝑅 ∗ 𝑧�̈�  ) − (𝑑𝐴 ∗ (𝑧�̇� − 𝑧�̇�)) − (𝑐𝐴 ∗ (𝑧𝐴 − 𝑧𝑅)) + (𝑐𝑅 ∗ 𝑧𝑅) = (𝑐𝑅 ∗ 𝑧𝑠) 

- (22) 

Where 

 

Figure 32. Quarter car model [13] 

 

mA   is the sprung mass 

mR  is the unsprung mass 

cR  is the tyre stiffness 

cA  is the spring stiffness 

dA  is the damping  

zS, zR, zA  is the tyre, unsprung mass and sprung mass displacement   

 

The quarter car model can be modelled in a way to resemble the actual vehicle if the masses are 

properly decomposed as discussed earlier. 

 

 

2.1.6. Half car model 
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Figure 33. Half car model [14] 

The half car model, Figure 33, can be constructed using three sets of equations, - (23, - (24 and - (25. 

The inerter mass and the tyre damping has been assumed to be zero. 

 

1. Congruence equations 

𝑧1 = 𝑧𝑠 + (𝑎1 ∗ 𝜃) 

𝑧2 = 𝑧𝑠 − (𝑎2 ∗ 𝜃) 

- (23) 

 

2. Equilibrium equations 

𝑚𝑠 ∗ 𝑎𝑐𝑐𝑠 = 𝐹1 + 𝐹2 

𝐽𝑦 ∗ 𝛼 = (𝐹1 ∗ 𝑎1) + (𝐹2 ∗ 𝑎2) 

𝑚𝑛1 ∗ (𝑎𝑐𝑐1) = 𝑁1 + 𝐹1 

𝑚𝑛2 ∗ (𝑎𝑐𝑐2) = 𝑁2 + 𝐹2 

- (24) 

 

3. Constitutive equations 

𝐹1 = −𝑘1 ∗ (𝑧1 − 𝑦1) − 𝑐1 ∗ (𝑧𝑑𝑜𝑡1 − 𝑦𝑑𝑜𝑡1) 

𝐹2 = −𝑘2 ∗ (𝑧2 − 𝑦2) − 𝑐2 ∗ (𝑧𝑑𝑜𝑡2 − 𝑦𝑑𝑜𝑡2) 

𝑁1 = −𝑝1 ∗ (𝑦1 − ℎ1) 

𝑁2 = −𝑝2 ∗ (𝑦2 − ℎ2) 

- (25) 

Where 

a1   is the horizontal distance between the COG and the front unsprung 

mass 
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a2   is the horizontal distance between the COG and the rear unsprung 

mass 

θ   is the pitch angle 

ms   is sprung mass 

accs   is the vertical acceleration of the sprung mass 

mn1, mn2   is the front and rear unsprung mass 

Jy   is the moment of inertia of the body 

k1, k2  is the front and rear spring stiffness 

c1, c2  is the front and rear damping  

p1, p2  is the front and rear tyre stiffness 

y1, y2  is the front and rear unsprung mass displacement respectively 

h1, h2   is the front and rear road displacement 

 

The congruence, equilibrium and constitutive equations can be solved to obtain the governing 

equation, - (26, of the half car model.  

 

M𝑤 ̈ + 𝐶�̇� + 𝐾𝑤 = 𝐹                  - (26) 

Where 

 

w is the coordinate vector given by equation number 27 

𝑤 = [

𝑧𝑠

θ
𝑦1
𝑦2

]                - (27) 

 

M is the mass matrix given by equation number 28 

𝑀 = [

𝑚𝑠 
0
0
0

    

0
𝐽𝑦
0
0

    

0
0

𝑚𝑛1

0

  

0
0
0

  𝑚𝑛2

]          - (28) 

  

 

C is the damping matrix given by equation number 29 

𝐶

=  

[
 
 
 𝑐1 + 𝑐2 
(𝑐1 ∗ 𝑎1) − (𝑐2 ∗ 𝑎2)

−𝑐1
−𝑐2

               

(𝑐1 ∗ 𝑎1) − (𝑐2 ∗ 𝑎2)  

(𝑐1 ∗ 𝑎𝟏
𝟐) − (𝑐2 ∗ 𝑎𝟐

𝟐)

−(𝑐1 ∗ 𝑎1)
(𝑐2 ∗ 𝑎2)

          

−𝑐1

−(𝑐1 ∗ 𝑎1)
𝑐1

0

          

−𝑐2

−(𝑐2 ∗ 𝑎2)
0
𝑐2 ]

 
 
 

 

       - (29) 

 

K is the stiffness matrix given by equation number 30 
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𝐾 = 

[
 
 
 𝑘1 + 𝑘2 
(𝑘1 ∗ 𝑎1) − (𝑘2 ∗ 𝑎2)

−𝑐1
−𝑐2

  

             (𝑘1 ∗ 𝑎1) − (𝑘2 ∗ 𝑎2)  

           (𝑘1 ∗ 𝑎𝟏
𝟐) − (𝑘2 ∗ 𝑎𝟐

𝟐)

          −(𝑐1 ∗ 𝑎1)
               (𝑐2 ∗ 𝑎2)

       

−𝑘1

−(𝑘1 ∗ 𝑎1)
𝑐1

0

           

−𝑘2

−(𝑘2 ∗ 𝑎2)
0
𝑐2 ]

 
 
 

 

 

 +                          [

0
0
0
0

  

             0  
           0
           0
           0

       

0
0
𝑝1

0

           

0
0
0
𝑝2

]                        - (30) 

 

The Fourier transform of - (26 is solved to find the frequency response function for the vertical 

displacement of the centre of gravity as a function of the front and rear unsprung mass displacement.  

The total vertical displacement of the chassis can hence be expressed as a sum of the displacements 

resulting from the front and rear unsprung mass movement. 

𝑍 = (𝐻𝑧𝑤1 ∗ 𝑊1) + (𝐻𝑧𝑤2 ∗ 𝑊2) 

- (31) 

Where 

Hzw1 and Hzw2 is the frequency response function for the vertical displacement of the centre 

of gravity as a function of the front and rear unsprung mass displacement respectively.  

W1 and W2 is the front and rear road displacement respectively. 

The complex conjugate of the above equation is  

𝑍∗ = (𝐻𝑧𝑤1
∗ ∗ 𝑊1

∗) + (𝐻𝑧𝑤2
∗ ∗ 𝑊2

∗) 

  - (32) 

Multiplying  (31 and equation number   - (32 and then multiplying it with 2/T results in the 

following equation.  

 

𝐺𝑧𝑧 = (𝐻𝑧𝑤1
∗ 𝐻𝑧𝑤1𝐺𝑤1𝑤1) + (𝐻𝑧𝑤2

∗ 𝐻𝑧𝑤2𝐺𝑤2𝑤2) + (𝐻𝑧𝑤1
∗ 𝐻𝑧𝑤2𝐺𝑤1𝑤2) + (𝐻𝑧𝑤2

∗ 𝐻𝑧𝑤1𝐺𝑤2𝑤1) 

- (33) 

  

In the matrix form it can be expressed as 

𝐺𝑧𝑧 = [𝐻𝑧𝑤1
∗ 𝐻𝑧𝑤2

∗ ] ∗ [
𝐺𝑤1𝑤1 𝐺𝑤1𝑤2

𝐺𝑤2𝑤1 𝐺𝑤2𝑤2
] ∗ [

𝐻𝑧𝑤1

𝐻𝑧𝑤2
] 

- (34) 
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Where  

𝐺𝑤1𝑤1 = (
2

𝑇
) ∗ 𝑊1

∗ ∗ 𝑊1 

𝐺𝑤2𝑤2 = (
2

𝑇
) ∗ 𝑊2

∗ ∗ 𝑊2 

𝐺𝑤1𝑤2 = (
2

𝑇
) ∗ 𝑊1

∗ ∗ 𝑊2 

𝐺𝑤2𝑤1 = (
2

𝑇
) ∗ 𝑊2

∗ ∗ 𝑊1 

- (35) 

The front and rear road displacement are similar except the fact that the rear road disturbance is 

lagging behind the front road disturbance by a factor of τ defined by 

τ = l/v 

The excitation of the rear is hence  

𝑤2(𝑡) =  𝑤1(𝑡 − τ )  

The Fourier Transform of which results in 

𝑊2 = 𝑊1𝑒
−𝑖𝜔𝑡 

Substituting the value of W2 in - (35 gives 

𝐺𝑤1𝑤2 = 𝐺𝑤1𝑤1 𝑒
−𝑖𝜔𝑡 

𝐺𝑤2𝑤1 = 𝐺𝑤1𝑤1 𝑒
𝑖𝜔𝑡 

𝐺𝑤2𝑤2 = 𝐺𝑤1𝑤1  

Hence equation number - (34 can be simplified to 

𝐺𝑧𝑧 = 𝐺𝑤1𝑤1 [𝐻𝑧𝑤1
∗ 𝐻𝑧𝑤2

∗ ] ∗ [ 1 𝑒−𝑖𝜔𝑡

𝑒𝑖𝜔𝑡 1
] ∗ [

𝐻𝑧𝑤1

𝐻𝑧𝑤2
] 

- (36) 

Where the spectrum of road disturbance, Gw1w1, at a certain velocity, v, can be expressed as  

𝐺𝑤1𝑤1(𝑓) =
1

𝑣
𝐺𝑑(𝑛) =  

1

𝑣
𝐺𝑑(𝑛0) (

𝑓

𝑣 ∗ 𝑛0
)
−𝑢

 

 

Hence for a given road profile and velocity of the vehicle, the power spectral density of the 

displacement of the chassis can be calculated which can then be used to calculate the acceleration 

power spectral density of the chassis as shown in equation number - (37. 

𝐺𝑧𝑧𝑎𝑐𝑐 = 𝐺𝑧𝑧 ∗ (2 ∗ 𝑝𝑖 ∗ 𝑓)4 

- (37) 
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The road spectral density in itself does not give a physical insight into the parameter of interest which 

in the case being studied is the vertical acceleration felt by the driver/passenger. Hence the power 

spectral density can be represented in the form of weighted root mean square acceleration as 

described in equation number - (38. The model has been simplified and assumes that the only point 

of contact between the driver/passenger is the seat.  

𝑎𝑤 = √∫ 𝐺𝑧𝑧𝑎𝑐𝑐|𝑊(𝑓)|2𝑑𝑓
∞

0

 

- (38) 

 

 

2.1.6.1.  Weighing function  

 

The weighing function for vertical acceleration at the seat is a function of frequency; 

one for frequency less than 0.5 and for frequency between 0.5 and 80 Hz. The two 

functions are calculated using equation number (39 

 

𝑊(𝑓) = (
1

𝐴(𝑓)
∗

1

𝐵(𝑓)
∗ 𝐶(𝑓) ∗ 𝐷(𝑓))        - (39) 

Where the coefficients are described in equation numbers 40 – 43 

𝐴(𝑓) =  √1 + (
𝑓1

𝑓
)
4
          - (40) 

 

𝐵(𝑓) =  √1 + (
𝑓

𝑓2
)
4
           - (41) 

 

𝐶(𝑓) =

√1+(
𝑓

𝑓3
)
2

√1+(
𝑓

𝑓4
)
2
(

1

𝑄4
2−2)+(

𝑓

𝑓4
)
4
        - (42) 

 

 

𝐷(𝑓)) =

√1+(
𝑓5
𝑓

)
2
(

1

𝑄5
2−2)+(

𝑓5
𝑓

)
4

√1+(
𝑓6
𝑓

)
2
(

1

𝑄6
2−2)+(

𝑓6
𝑓

)
4
        - (43) 
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The parameters A and B describe the function at low and high frequencies, C 

describes the transition between the low and high frequency while D accounts for 

the human sensitivity to jerks. 

For the simplified model at hand, the parameters that describe the weighing function 

as defined above are specified in Table 7. 

 

Table 7. Parameters used to calculate the weighing function at the two frequency 

ranges 

f (Hz) f1 

(Hz) 

f2 

(Hz) 

f3 

(Hz) 

f4 

(Hz) 

Q4 f5 

(Hz) 

Q5 f6 

(Hz) 

Q6 

0.1 - 0.5  0.08 0.63 ∞ 0.25 0.86 0.0625 0.80 0.1 0.80 

0.5 - 80 0.4 100 12.5 12.5 0.63 2.37 0.91 3.35 0.91 

 

 

Figure 34 graphically depicts the weights at different frequencies. 

 

Figure 34. Weights with frequency for vibrations in Z axis, ISO 2631 

 

The acceleration calculated this way can then be gauged against the standards 

provided in ISO 2631 which is summarised in Table 8. 

Table 8. Perceived level of comfort at different levels of acceleration 

Weighted acceleration  Perceived comfort 
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< 0.315 Not uncomfortable 

0.315 – 0.63 A little uncomfortable 

0.5 – 1.0 Fairly uncomfortable 

0.8 – 1.6 Uncomfortable 

1.25 – 2.5 Very uncomfortable 

> 2 Extremely uncomfortable 

 

 

 

2.2. Ride and handling analysis of Uniti  
 

The sprung mass of the vehicle being so low, the mass of the driver and passenger heavily influences 

the load distribution of the vehicle and hence the corresponding impact it has on vehicle dynamics. 

The sprung mass of the vehicle with both the driver and the passenger is estimated to be 578 Kg with 

45.7 % of the weight acting on the front axle. On the other hand, the sprung mass of the vehicle with 

only the driver is approximated to be 503 Kg and it translates to 60.3 % of the weight acting on the 

front axle. The vehicle as has been designed has been done with only one occupant in the car and the 

second load case, with two occupants, has been evaluated in that setup. 

The first load case, with one occupant, has the following vehicle configuration  

Sprung mass    – 503 kg 

Weight Distribution   – 60.3% at the front, 39.7% at the rear 

Height of Centre of gravity  – 469 mm 

 

In the design of the vehicle setup for this configuration, the natural bounce frequency of the front 

and the rear has been chosen to ensure that the corresponding natural frequency at the driver’s 

position is under 1.5 Hz which has been set as the ideal limit for natural bounce frequency [7]. The 

resulting analysis yielded a front natural bounce frequency of 1.3 Hz and a rear natural bounce 

frequency of 1.59 Hz which by vector addition translated to a bounce frequency of 1.44 Hz at the 

driver position as shown in Figure 35. 
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Figure 35. Vector addition of bounce frequency at the front and rear to get the bounce frequency at the 

front seat 

 

The double conjugate theory has then been primarily used to estimate the equivalent wheel rate at 

the front and the rear for the half car alongside the comfort criteria. The desired front wheel rate for 

the half car has been found to be 10200 N/m while the rear wheel rate to be 10000 N/m. By using 

the concept of springs in series and parallel and assuming the tyre stiffness to be 160000 N/m, the 

wheel rate for the full car has been realised to be 5300 N/m at the front and 5200 N/m at the rear. 

Taking into account the motion ratio at the front and rear, the spring rates are 5840 N/m and 8100 

N/m respectively.  

The Simulink quarter car model and the two comfort criteria has been used to estimate an optimum 

value of damping at the front and rear.  

The input to the Simulink model is a road bump modelled as a circular speed bump [15] with an 

amplitude of 80 mm and length of 300 mm. The corresponding contact force at the tyre patches is 

evaluated and an effort has been made to prevent the tyre from losing contact with the ground but 

owing to the simplicity of the model, the tyre always seems to loose contact with ground irrespective 

of the stiffness, damping or velocity of the vehicle.  

The subject of interest in the Simulink vehicle model has then been to minimize the loss of contact 

with the ground, both at the front and the rear and the various configurations studied have been 

shown in Figure 36 and Figure 37.  
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Figure 36. Variation of front normal force with damping at the front 

 

 

Figure 37. Variation of rear normal force with damping at the rear 

 

Conventionally, passenger vehicles have a damping coefficient of 0.2 – 0.3 [16]. A damping 

coefficient of 0.3 has been used as the starting point to define the required damping for Uniti. A 

damping coefficient of 0.3 translates to 593 Ns/m of damping at the front and 673 Ns/m at the rear. 

As can be seen in Figure 36 and Figure 37, lower values of damping results in wider variation in 

normal forces which is why higher damping is preferred for better handling.  

The front contact with the ground being reasonably good at a damping coefficient of 0.3, more 

emphasis has been laid to improve the rear contact. Uniti being an urban commuting car, comfort 

plays an equally important role as handling. The weighted root mean square value of acceleration of 
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the vehicle body has been calculated for various values of rear damping as defined by ISO 2631 and 

is shown in Table 9. 

Table 9. Weighted root mean square acceleration of vehicle body at different values of rear damping on 

a class A road at a speed of 25 m/s. 

Cr (Ns/m) arms  (m/s2) 

700 0.2839 

800 0.2969 

900 0.3094 

1000 0.3217 

 

At higher values of damping the ride becomes uncomfortable which is why a damping of 900 Ns/m 

at the wheels has been chosen which makes the ride comfortable at a reasonable level of handling 

for the vehicle in mind. The author acknowledges that the damping of 900 Ns/m at the wheels is 

pretty high, corresponding damping coefficient being 0.78, but is deemed necessary considering the 

high unsprung mass to sprung mass ratio at the rear.   

A Janeway comfort analysis for the chosen values of stiffness and damping, shown in Figure 38, 

reveals that the vehicle meets the set criteria of comfort.  

 

Figure 38. Janeway comfort criteria on a class A road at a speed of 25 m/s 

The final results of the Simulink simulation after having set the front and rear stiffness and damping 

at the wheels are shown in                      Figure 39 and     Figure 40. The values shown in these figures 

are at the wheels and the spring and damper values at the strut, taking into account the motion ratio, 

has been summarized in  

 

Table 10. 
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Table 10. Summary of spring and damper Characteristics for case 1 

 
Damping (Ns/m) Damping Coefficient Spring Stiffness (N/m) 

Front 660 0.35 5840 

Rear 1400 0.78 8100 

 

 

                     Figure 39. Normal force at the front wheel as it moves over the bump 
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    Figure 40. Normal force at the rear wheel as it moves over the bump 

The vehicle behaviour in the lateral plane, the roll behaviour, is an important aspect shaping the feel 

of the vehicle. Without the use of antiroll bars at the front and the rear, the vehicle being designed 

would roll 24 degrees per g and is without any question dangerous. Uniti being envisioned to be on 

the sportier side, a roll gradient in the range of 3.5 - 4 degrees per g has been thought to be fitting. 

The antiroll bar stiffness dictated by the above criterion has been calculated to be 14000 Nm/rad. As 

discussed before, to impart a little initial understeer, the distribution of the antiroll bar stiffness at 

the front and the rear has been found out to be 12500 Nm/rad and 1500 Nm/rad respectively. 

Corresponding to these values the vehicles remains firmly planted to the ground up until lateral 

accelerations of around 0.75 g when the front inner wheel loses contact with the ground as shown in            

Figure 41.           Figure 42 shows the body roll for the chosen configuration at various values of 

lateral acceleration.  

 



 49 

 

           Figure 41. Variation of normal force on the inner wheel with lateral acceleration 

 

 

          Figure 42. Roll angle with lateral acceleration 

Finding the optimum damper characteristics is known to be one of the trickiest bit of suspension 

design and an effort has been made to come up with as good a damper characteristics as possible 

within the scope of the present work. The front and rear damper characteristics hence found has been 

shown in    Figure 43 and     Figure 44 respectively. The split of velocity has been chosen to be at 

0.12 m/s [16] and the slope as defined by Matt et al [17].   
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   Figure 43. Force vs velocity curve for front damper 

 

 

    Figure 44. Force vs velocity curve for rear damper 

 

It is favourable to have lower damping in compression and higher in rebound as the energy which is 

to be stored by the damper during compression is absorbed by the spring [17]. This explains the 

higher slope of the damper force velocity curve during rebound. 
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Figure 45. Transmissibility of a damper as a function of frequency at a system natural frequency of 1 

Hz 

The natural frequency of heave is roughly 1 Hz corresponding to which the crossover frequency, the 

frequency below which amplification takes place and over which isolation, is 1.4 Hz. Hence at 

frequencies lower than the crossover frequency, high damping is favourable and over it, lower 

damping as shown in Figure 45 and is a plausible reasoning for the split in the damper curve. 

 

Following the selection of the springs and damper characteristics, a Multi body simulation of the 

vehicle was carried out on ADAMS. The main focus had been on finding out the handling behaviour 

of the vehicle which was analysed using constant radius cornering test and Double Lane change test.  

 

Constant Radius Cornering Test (CRC) 

The plot of steering angle with respect to lateral acceleration acting on the vehicle has been shown 

in Figure 46. At higher lateral acceleration, the steering angle required to maintain the trajectory 

increases which indicates the understeer behaviour of the vehicle. Up until lateral acceleration of 0.4 

Gs the vehicle exhibits neutral steer characteristics with a hint of understeer which is firmly in line 

with the vehicle’s image. 
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Figure 46. Steering angle with Lateral acceleration during a CRC maneuver  

Double Lane Change test (DLC) 

A DLC manoeuvre was performed at 65 kph and the plot of the normal force acting on all the wheels 

are shown in             Figure 47. The normal force on the inner front wheel during the second lane 

change almost reaches zero but otherwise the vehicle remains well planted at this speed which is 

about as extreme it can get for a vehicle like Uniti. 

 

            Figure 47. Normal force at the wheels during DLC at 65 kph 

 

The roll behaviour of the vehicle has been shown in Figure 48. From the very beginning, an effort 

had been put to minimize the roll to further the sporty feel of Uniti and the results seem satisfactory.  

 

 
 

Figure 48. Roll during DLC at 65 kph 
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With the setup detailed up to this point, the vehicle behavior was evaluated in the second load case 

which has the vehicle being ridden by 2 occupants. The vehicle configuration for this load case is   

Sprung mass    – 578 kg 

Weight Distribution   – 45.7 % at the front, 54.3 % at the rear 

Height of Centre of gravity  – 502 mm  

 

 

The weighted root mean square acceleration of the vehicle body for the chosen configuration has 

been found out to be 0.301 m/s2  which is within the limit for a comfortable ride as discussed earlier. 

 

The Janeway comfort analysis is also favourable for the chosen configuration as can be seen from 

Figure 49, where both the front and rear mass displacement amplitude can be seen to be under the 

limit for all frequencies of vibration. 

 

 

Figure 49. Janeway comfort analysis on a class A road at a speed of 25 m/s for case 2 

 

The normal force at the front and the rear for the chosen value of front and rear stiffness and damping 

at the wheels has been shown in Figure 50 and Figure 51 which is reasonable taking into account the 

simplicity of the model. 
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Figure 50. Normal force at the front wheel as the vehicle moves over a bump at 1 m/s 

 

 

Figure 51. Normal force at the rear wheel as the vehicle moves over a bump at 1 m/s 

Figure 52 and Figure 53 Illustrate the lateral characteristics of the vehicle. As would be expected, 

the vehicle rolls about a degree more in case 2 as opposed to case 1 owing to the higher centre of 

gravity. The front inner wheel loses contact with the ground at lateral acceleration over 0.5 g and 

while the rear may stay grounded even at 1g, a dynamic manoeuvre could get one side of the vehicle 

in the air making it unsafe. 
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Figure 52.  Roll angle with lateral acceleration for case 2 

 

Figure 53. Variation of normal force with lateral acceleration for case 2 
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Figure 54 shows the plot of steering wheel angle against the lateral acceleration during a constant 

radius test and reveals that as long as the vehicle is in contact with the ground, it would understeer 

up to lateral acceleration of about 0.7 g after which it starts oversteering.  

 

 

Figure 54. Constant radius cornering at 50m, case 2 

  

The double lane change manoeuvre was successfully negotiated at 65 kph although not satisfactorily. 

Both the inner wheels lost contact with the ground as it started the second lane change as shown in 

Figure 55. 

 

 

Figure 55. Normal force during DLC at 65 kph, case 2 

 

The chassis roll, Figure 56, is highly undamped in this case making for a nervous handling of the 

vehicle. 
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Figure 56. Chassis roll during DLC at 65 kph 
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Conclusion 
 

The thesis deals extensively with developing the fundamentals of a sound suspension for Uniti that 

could be the backbone of further developments.  

The first step was to come up with a suspension layout that would have desirable kinematics. Once 

the hardpoints were determined, several models were developed which were used to find out the 

elementary spring and damper characteristics that could impart good ride and handling attributes to 

the vehicle.  

The vehicle behaviour was evaluated in two load cases: with one occupant, and with two occupants. 

While the ride seems comfortable in both the load cases, the handling is disappointing in the second 

load case which necessitates the need for further tuning of the springs and dampers used. 
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Future Work 
 

The first area of target needs to be finding the right set of spring and damper characteristics. A lot of 

work needs to be done in tuning them to achieve good ride and handling attributes, but the tools and 

models developed in the course of this thesis should be able to give one a good starting point. 

A complete benchmarking of the Twizy from the standpoint of vehicle dynamics could shed a lot of 

light into getting an understanding of the vehicle attributes that need to be targeted. Evaluation of 

the handling and ride of Twizy alongside some other “conventional” cars would help in correlating 

the subjective and objective metrics of the vehicle which along with the models developed during 

the course of thesis would be valuable in getting to the right attributes quickly.  

Once these attributes have been realised and fixed, the problem of varying ride height with load cases 

should be studied and solved as it has the potential to significantly improve the driving dynamics. 

Implementing air suspensions could possibly be a solution to the dramatic changes between the 

different load cases and is something to be considered for the future. 
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