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Abstract

In this thesis we study the process of torus collisions in one-parame-
ter families of quasi-periodically forced dynamical systems. Specif-
ically, we study the process whereby two invariant curves (homeo-
morphic to circles), one attracting and one repelling, bifurcate into
a strange non-chaotic attractor. In Paper A, the system is a quasi-
periodically forced logistic family, but avoids period-doubling. We give
an asymptotic analysis of some geometric properties of the attractor,
as it approaches the repeller at the bifurcation point. In Paper B, we
study the same type of questions as in Paper A, but instead for a class
of quasi-periodic C2 Schrödinger cocycles. In both papers the results
confirm a conjecture that the distance between the curves is asymptot-
ically linear in the parameter, for those classes of systems. In addition,
we obtain results about the asymptotic growth of C1-norms. In Pa-
per C, we study the same class of systems as in Paper B, but instead
look at the asymptotics of the (maximal) Lyapunov exponent at the
bifurcation point. The results show that it has Hölder exponent ex-
actly 1/2, as the energy parameter approaches the lowest energy of the
spectrum. This confirms, for this class and setting, similar conjectures
about this asymptotic behaviour.
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Sammanfattning

I denna avhandling studeras toruskollisioner i dynamiska system
på skevproduktsform, som beror på en parameter. Mer specifikt stude-
ras processen varvid två invarianta kurvor (homeomorfa med cirkeln),
varav en attraherande och en repellerande, närmar sig varandra och
resulterar i en attraktor med fraktal geometri. I Artikel A studeras en
kvasiperiodiskt störd kvadratisk familj, som i detta fall inte genomgår
någon perioddubblering. Resultaten visar asymptotiska lagar för hur
geometrin hos de invarianta kurvorna ändras när de närmar sig bifur-
kationsparametern. I Artikel B studeras samma typ av frågor som i
Artikel A, för en klass av kvasi-periodiskt störda Schrödinger-cocycler.
I båda artiklarna visar resultaten att avståndet mellan kurvorna är
asymptotiskt linjärt, med avseende på parametern, nära bifurkatio-
nen. Dessutom fås resultat för hur C1-normerna växer nära bifurka-
tionen. I Artikel C studeras samma klass av system som i Artikel B,
men frågeställningen utgår i stället från det asymptotiska beteendet
hos Lyapunovexponenten. Resultaten visar att Lyapunovexponenten
har Hölderexponent exakt 1/2 för energier lägre än den lägsta energin
i spektrumet. Detta visar, för denna klass, att Lyapunovexponenten
uppför sig man förmodat.
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Part I

Introduction and Summary





1 Introduction

Skew-product systems on X × Y , given by

Φ : (x, y) 7→ (f(x), g(x, y)),

arise in many physical problems (for instance as Poincaré maps of certain
oscillatory systems). A function ψ : X → Y is called invariant under Φ if

(f(x), ψ(f(x)) = Φ(x, ψ(x)),

for every x ∈ X.
We will assume that X = T, where T = R/Z is the circle, and f(x) =

x+α mod 1 (where α is irrational) is the circle rotation with rotation angle
α. In this case, we call Φ a quasi-periodically forced (or driven) system.
Notable examples include the well-studied skew-shift on either T × R or
T× T,

(x, y) 7→ (x+ α, y + g(x))

and the family of quasi-periodic Schrödinger cocycles on T× R2, given by

(x, y) 7→
(
x+ α,

(
V (x)− E −1

1 0

)
y

)
, (1.0.1)

where V : T→ R is a periodic function. Another example is the projective
version of the Schrödinger cocycle, on T×RP1, where we indentify RP1 with
the real line with a point added at infinity, given by

(x, y) 7→ (x+ α, V (x)− E − 1
y ).

3
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In the models we consider in this thesis, Y is either T or some real
interval (not necessarily bounded).

The circle rotation is one of the most well-studied one-dimensional maps,
and they arise naturally in many applications, where some system (in Y ) is
driven by a rotation on the circle. That is, the dynamics on X decides (or
drives) how the dynamics on Y develops. Even for such simple examples
where f is a circle rotation, the dynamical properties of the system depend
subtly on the arithmetic properties of α.

Since α is irrational, every orbit {x, x + α, . . . , x + kα, . . .} is dense in
the circle T, and therefore the graphs of invariant functions ψ : T → Y are
the simplest invariant objects Φ can have. That is, invariant graphs are the
analogue of fixed points for quasi-periodically forced systems.

Given an initial point (x0, y0) ∈ X × Y , its iterates are given by

(xn, yn) = Φn(x0, y0).

The Lyapunov exponent is a central object in the study of dynamical sys-
tems, and measures infinitesimal (exponential) growth/decay along an orbit.
Given an (x0, y0) ∈ X × Y , the fibre Lyapunov exponent is the limit

γ(x0, y0) = lim
n→∞

1
n ln

∣∣∣dyn

dy0

∣∣∣ = lim
n→∞

1
n ln

∣∣∣∣ n−1∏
j=0

g′y(xj , yj)
∣∣∣∣, (1.0.2)

if it exists. The second expression is simply the chain rule in the Y -
coordinate. In all the cases we consider, the limits will exist for a.e. (x0, y0).
Then, for (x0, z0) (infinitesimally) close to (x0, y0), we have roughly

d(zn, yn) ≈ d(z0, y0) · enγ(x0,y0),

where the distance is taken in Y . If γ(x0, y0) is negative, then for any suffi-
ciently nearby point (x0, z0), it follows that (xj , zj) gets closer to (xj , yj) as
j grows. Similarly, if γ(x0, y0) is positive, sufficiently nearby points (x0, z0)
get further away (at least locally).

In order to motivate the problems we consider in this thesis, consider
the simple system

Φ(x, y) = (x+ α, g(y)),

where α is an irrational number, and g : Y → Y is some smooth map with
one attracting fixed point and one repelling fixed point. Recall that a fixed
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point p, that is p satisfies g(p) = p, is attracting if |g′(p)| < 1, and repelling
if |g′(p)| > 1.

For our discussion, consider the function g(y) = y+0.1 · sin(2πy) defined
on the circle T. It has an attractive fixed point y = 1

2 , and a repelling fixed
point y = 0. It can be readily checked that the curves (or graphs) T× {1

2}
and T× {0} are invariant under Φ, that is

Φ(T× {1
2}) = T× {1

2} and Φ(T× {0}) = T× {0}.

These two invariant curves attract and repel, respectively, nearby points.
Recall that a curve ψ : T → Y is invariant (under Φ) if for every x ∈ T we
have the relation

Φ(x, ψ(x)) = (x+ α,ψ(x+ α)).

Additionally, we call it an attractor (compare to the definition by Milnor in
[20]) if for a.e. x (in the sense of Lebesgue), there is a positive ε = ε(x) such
that

lim
n→∞

d(Φn(x, ψ(x)),Φn(x, y)) = 0 (1.0.3)

for every y ∈ Y satisfying d(y, ψ(x)) < ε(x)), where again the distance is in
Y . A repeller is defined similarly, taking the limit instead as n→ −∞ (that
is, a repeller is an attractor under backwards iteration).

If we consider a sufficiently small smooth perturbation Φt of Φ, these
invariant cuves and their qualities will persist, but slightly perturbed. That
is, we will get two new Φt-invariant curves ψ±t , that are close to the original
curves, and keep the attractive/repelling qualities of their respective original
curves. One way of perturbing Φ is by simply considering the family Φt :
X × Y → X × Y , given by

Φt(x, y) = (x+ α, g(y) + t · h(x, y)),

where h is some fixed map, and t is a parameter in a neighbourhood of
0, that ensures that the map is well-defined. We wish to study how the
invariant objects change as the parameter t changes.

In fig. 1.1, we illustrate how the attracting curve can change under per-
turbation. Notice how the constant curve (the one in fig. 1.1a) slowly devel-
ops dips (which we will later refer to as peaks) in fig. 1.1b, as the parameter
changes. The smaller dips are actually the iterates of the first (the largest)
dip.
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(a) The initial constant curve.
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(b) Slightly perturbed initial curve.
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(c) Perturbed curve with resonant
peaks.
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(d) Perturbed curve close to bifurca-
tion point.

Figure 1.1 – Here we have set g(y) = y + 0.1 · sin(2πy) and h(x, y) = (1 +
100 sin2(2πx)). The figure shows the invariant attractive curve ψ+

t : T→ T
for different values of t. From left to right, the values of t are 0 and 0.2 in
the top row, and 0.4 and 0.4628 in the bottom row.

In fig. 1.1c, the dips persist for more iterations, and eventually return to
the previous dips (because of the recurrence properties of the circle rotation).
Notice how the dips become narrower the more iterations have passed.

In the last figure, that is fig. 1.1d, the curve has started showing signs of
fractalization, because of the peaks surviving for many more iterations, and
propagating progressively narrowing copies of the initial peak. In the last
step, the attracting curve is close to losing its regularity. We ask ourselves
the natural question: what happens in the limit?
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1.1 Torus collision and strange attractors
Suppose that we have, for some parameter value t, two Φt-invariant curves,
the disjoint graphs of two invariant functions, one repelling and one attract-
ing. In some cases, the curves persist when slightly changing t, up to the
point where they approach one another, say as t approaches t0. We consider
the case where 0 ≤ t ≤ t0, and Φt has two invariant functions ψ±t : X → Y ,
whose graphs are disjoint, for every t < t0, such that

lim
t↗t0

∣∣ψ+
t (x)− ψ−t (x)

∣∣ = 0, (1.1.1)

for some (not necessarily all) x ∈ X. Since X = T, this is called a torus
collision, because the curves are homeomorphic to a circle (also called a
1-torus) and “collide” at some critical parameter t0.

If the difference at the point x approaches 0, then (under general con-
ditions) it approaches 0 along the whole orbit of x (by invariance of the
functions). The collision can be classified into different categories. Here, we
will be interested in the case where the set of x such that the limit in (1.1.1)
is 0, has 0 (Lebesgue) measure, and the limits

ψ±t0(x) = lim
t↗t0

ψ±t (x)

exist a.e., and ψ±t0 : X → Y are measurable, but a.e. discontinuous, invariant
functions, that are still attracting (repelling) according to (1.0.3).

We mention that this is not the first place where this type of bifurcation
is studied. The term strange non-chaotic attractor is introduced in [13], but
the objects are implicit in earlier works, such as [18, 19, 15]. The notion of
strange attractor goes back even further (see for instance [22, 21, 23, 10]).

More formally, we say that the graph of a measurable, a.e. discontinuous
function ψ : T→ I is a strange non-chaotic attractor if (x+ α,ψ(x+ α)) =
Φ(x, ψ(x)), for a.e. x, and the Lyapunox exponent γ(x, ψ(x)), as defined in
(1.0.2), is (uniformly) negative for a.e. x ∈ T.

In fig. 1.2, we can see a further advanced state of the curves in fig. 1.1.
As we can see, the curve has developed an even more fractalized structure.
Due to numerical reasons, the bifurcation can not be fully simulated, but it
becomes apparent that the curve is losing its regularity properties.

We list a few problems/questions related to this bifurcation, some of
which we have studied in our papers.
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Figure 1.2

1. At which rate do the invariant curves approach one another? Both
numerical and theoretical investigations seem to suggest that the rate
depends linearly on the parameter. We refer to [14] for further discus-
sion.

2. The space between the curves is invariant. What does the dynamics
in that set look like? See for instance [15, Section 4].

3. By the nature of the limit function created in the bifurcation, at least
one of the invariant curves must lose regularity at the bifurcation
point. Is the regularity lost gradually, or instantly? In the models
we consider, the curves stay in the same smoothness class Ck up to the
bifurcation point, and the loss is therefore instant.

4. Building onto the previous question, is there some quantitative law for
how the norms are destroyed? In our models, the C1 norm has a nearly



1.1. TORUS COLLISION AND STRANGE ATTRACTORS 9

square root singularity at the bifurcation point. See for instance [11]
for numerical investigations of this type.

5. Is there some asymptotic law governing how the Lyapunov exponent
changes close to the bifurcation? In our models, the Lyapunov expo-
nent satisfies some almost square root law at the bifurcation point.
This is also discussed in [14].





2 Summary of papers

2.1 Paper A

In Paper A we consider certain families of systems defined on T× [0, 1] with
parameter values t in [0, 1],

Φt(x, y) =
(
x+ α mod 1,

(3
2 + t · h(x)

)
· x(1 + x)

)
where α is an irrational that satisfies the Diophantine condition, meaning
that there are constants κ > 0 and τ ≥ 1 such that

inf
p∈Z
|qα− p| ≥ κ

|q|τ
, (2.1.1)

for every q ∈ Z\{0}. The map h is smooth and of a very special form (see
the paper for more details). It is (nearly) 0 for most values of x, except for
two very small intervals, having one sharp (non-degenerate) peak each with
a maximum value 5

2 .
When t = 0, the system has one attractor, the curve T × {1

3}, and one
repeller, the curve T × {0}. As t gets closer to 1, the repeller stays fixed
(since it is given by the fixed point at 0), but the attractor starts developing
peaks, most of which point down due to the quadratic form of the map,
similar to the ones h has. At the parameter value t = 1, the two invariant
objects collide, resulting in a strange non-chaotic attractor, as shown in [3],
by Bjerklöv.

The aim of this paper is to study the process by which they collide.
The parameter t was introduced, and the invariant objects were located and
shown to be smooth. Then, some asymptotics related to this process were

11
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studied. The first result was motivated by [14], where (among other things)
they conjecture that the distance between the invariant objects in such col-
lisions behaves asymptotically linearly, with respect to the parameter. They
further provide numerical evidence to support the conjecture, and in [6] it
is proved for a class of systems (certain linearized Hénon maps). Our first
result confirms this conjecture for our model.

Theorem 2.1. For every t ∈ [0, 1), the curve T × {0} is a repeller, and
there is a smooth attractor given by the curve ψt : T → (0, 1). Moreover,
there is a positive constant C0 such that

min
x∈T

ψt(x) = C0 · (1− t) + o(1− t),

as t↗ 1.

Remark 2.2. Since T × {0} is the repeller, the above asymptotic is indeed
for the distance between the two curves.

In [4], Bjerklöv further studied the invariant object when t = 1. There it
was shown that the SNA is dense in some set {(x, y) : x ∈ T, 0 ≤ y ≤ h(x)},
where h(x) ≥ 1

3 . That is, the limiting object of a curve becomes in some
sense a 2D set. In [15], something similar is explained and conjectured, but
in the setting of quasi-periodic Schrödinger operators.

It seemed natural to ask if there is some underlying universal process
to how this set is created. We chose to study how the derivative of the
curve ψt blows up. This is also motivated by numerical investigations into
how the norms blow up (see for instance [11]), where they observed similar
asymptotic laws as we obtain in this paper.

Theorem 2.3. There are two positive constants C1 and C2 such that
C1√
1− t

≤ max
x∈T
|∂xψt(x)| ≤ C2√

1− t
.

Since the repeller is just a constant curve at 0, the above asymptotics
also hold for the derivative of the difference between the curves. That is, if
we call the repellor φt, this result shows that the same asymptotics hold for
∂x(ψt(x)−φt(x)), since the repeller is a constant curve. This result seems to
suggest some sort of underlying universality for the blow up of derivatives.

We remark that the square root should not be universal. It is a conse-
quence of the shape of h, which in our case generates peaks that are non-
degenerate (critical points have non-vanishing second derivative), in addition
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to the distance behaving linearly. Other exponents would show up if any of
these conditions are changed.

There are some other subtle issues, which we shall touch on in Paper
B, and later on, when we introduce distortion factors, and loss of uniform
bounds. The reason this issue doesn’t show up in this model, is because the
system is expanding (in the fibre direction), at every point of the repeller.
This issue will, however, be present in the model considered i Paper B, where
we lose an ε in the exponent in the lower bound.

2.2 Paper B
In this paper, we consider a projective version of the Schrödinger cocycle
introduced in (1.0.1), given on T× RP1 by the map

ΦE(x, r) = (x+ α, λV (x)− E − 1
r

)),

where E ∈ R and α is an irrational satisfying a Diophantine condition as
in (2.1.1). We assume that the potential V : T → R is a C2 function with
a unique non-degenerate minimum. The parameter λ is called the coupling
constant, and will simply be some sufficiently large (to be specified later)
constant. It is customary to use it in physics, to measure how strong the
influence of the potential V is on the system. We stress that the parameter
we are interested in perturbing is E, and λ should be thought of as a large
and fixed constant.

This system comes from the Schrödinger equation for a certain class of
quantum systems. This connection is explained in the survey [9]. As such,
there is a distinguished parameter E0, the lowest energy of the spectrum of
the corresponding Schrödinger operator.

In [15, 4.8–4.14] it is shown that, when E ∈ (−∞, E0), the system has
two invariant curves ru > rs : T → [ 1

C , C], where C > 1 is some constant
independent of E. Moreover, one is attracting and the other one repelling,
corresponding to the unstable and stable directions of the cocycle, respec-
tively. As E ↗ E0, there is a bifurcation (a torus collision), as shown in [5].
This process is discussed in that paper, along with some conjectures about
it.

The results here are similar to the results in Paper A. After stating the
results in this paper, we will discuss some of the differences between the two
papers. As we already said, for every E ∈ (−∞, E0), there is an attractor
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ruE : T→ [ 1
C , C] and a repeller rsE : T→ [ 1

C , C]. Their regularity is the same
as that of V , namely C2 (see for instance [16]). Again, the distance between
them behaves asymptotically linearly, and we have a (nearly) inverse square-
root behaviour of the maximum derivatives.

Theorem 2.4. There is a positive constant C0 such that

min
x∈T
|ruE(x)− rsE(x)| = C0 · |E − E0|+ o(|E − E0|),

as E ↗ E0.

Theorem 2.5. There are two positive constants C1 and C2 and a positive
ε = ε(E) such that

C1√
|E − E0|

1−ε ≤ max
x∈T
|∂xruE(x)| ≤ C2√

|E − E0|
,

as E ↗ E0. Moreover, ε(E) ↘ 0 as E ↗ E0. The same inequalities hold
also for ∂xrsE (for other choices of constants and ε).

Remark 2.6. In fact, C1 and ε(E) can be chosen so that

lim
E↗E0

|{t ∈ [E,E0) : ε(t) = 0}|
|E − E0|

> 0,

where the relative measure (the limit) goes to 1 as λ→∞.
In this model, the repeller is not expanding at every point, but rather

cycles between expanding and contracting behaviour on small time scales.
Similarly, the attractor cycles between expanding and contracting behaviour.
However, in both instances, the long-term behaviour is expanding and con-
tracting, respectively, for a.e. x ∈ T. These small time scales can become
arbitrarily long as E ↗ E0, causing a loss of uniform expansion/contraction
(also called non-uniform hyperbolicity). This is ultimately what causes the
loss of exponent in the lower bound, but in this case the loss becomes arbi-
trarily small as we get closer to the bifurcation.

In our case, there is no addition of an ε to the exponent in the upper
bound. This is because the dynamics is constrained to the set [ 1

C , C]. In
case it is not, such as when we have non-trivial fibre rotation, this should
not be expected to hold (in general).
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Remark 2.7. The invariant curves correspond to the directions of the Os-
eledets splitting for the Schrödinger cocycle in (1.0.1), and in this case the
torus collision corresponds to a loss of uniform hyperbolicity of the cocycle.
This places us in the setting of [14]. We define hyperbolic systems in the
paper.

2.3 Paper C

The setting in this paper is the exact same one as in Paper B, but instead
we consider how the Lyapunov exponent

L(E) =
∫
T

ln |ruE(x)|dx

changes under perturbation as we approach the bifurcation point (that is
E ↗ E0). The Lyapunov exponent is continuous for E ∈ (−∞, E0], but
may fail to be so for some parameters. In fact, an example where it is
discontinuous is constructed in [24], but there they vary the potential V .

In the case where the potential V is analytic, L(E) is in fact known to
be continuous for every E ∈ (−∞,∞) (see [8]), but for potentials of lower
regularity, this still seems to be an open problem. When V is analytic and
α satisfies a Diophantine condition as in (2.1.1), [12] shows that it is in fact
Hölder continuous.

For the almost-Mathieu potential V (x) = sin(2πx), when λ is sufficiently
large (depending on α), [7] shows that it is (1

2 − ε)-Hölder continuous for
any ε > 0. In the same paper, it is also stated that the exponent can not be
larger than 1

2 , meaning that the result is nearly optimal.
When V is not analytic, there are much fewer results. When α is a

Diophantine irrational and V is cosine like, that is a C2 function with two
non-degenerate critical points (one minimum and one maximum), the Lya-
punov exponent is shown to be weakly Hölder continuous in [25]. In the
unpublished manuscript [17] it is shown to be Hölder continuous for this
type of potentials, but the lower bound for the exponent in that paper is
10−8, which should be far from optimal. Since it is the non-analytic gener-
alization of the almost-Mathieu potential, it is reasonable to expect it to be
closer to 1

2 .
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In this paper, using a lemma that appears in [1], we derive the formula

∂EL(E) =
∫
T

ruE(x)rsE(x)
ruE(x)− rsE(x)dx, (2.3.1)

for the derivative of the Lyapunov exponent, valid for E ∈ (−∞, E0). The
formula applies more generally to families of quasi-periodic SL2(R) cocycles,
that is systems

(x, y) 7→ (x+ α mod 1, At(x)y),

where At : T→ SL2(R). In fact, by a simple observation, the numerator can
be made to equal 1 in the case of Schrödinger cocycles. There is a similar
formula when using angular coordinates, but the important observation is
that the integrand develops singularities, that are roughly the reciprocal of
the difference, as the curves approach each other, or in our case as E ↗ E0.
Our main result is the following.

Theorem 2.8. Suppose that V has a unique non-degenerate minimum, and
that α satisfies a Diophantine condition as in (2.1.1). Then for λ sufficiently
large (depending on V and α), there are positive constants K1 and K2 such
that

K1

√
|E − E0| ≤ L(E)− L(E0) ≤ K2

√
|E − E0|

as E ↗ E0.

This shows that the Lyapunov exponent is in fact 1
2 -Hölder continuous

for E ∈ (−∞, E0]. The proof of this fact uses no properties specific to
Schrödinger cocycles, and could be adapted to more general families of quasi-
periodic SL2(R) cocycles. In fact, the method can be extended to cover
systems even without linear structure.



3 Explaining the general mechanism

Suppose that we have a map

Φ(x, y) = (f(x), g(x, y))

on X×Y to itself, where f(x) = x+α is an irrational circle rotation, X = T,
and Y is some compact real interval. Furthermore, suppose that there are
two invariant curves ψ : X → Y and φ : X → Y . That is, the curves satisfy
that

ψ(f(x)) = πY Φ(x, ψ(x)), and
φ(f(x)) = πY Φ(x, φ(x)),

for every x, where πY denotes projection onto the Y -coordinate. Given an
x0 ∈ X, we write xk = fk(x), for any integer k.

As we explained in the introduction, we are interested in bifurcations
of one-parameter systems Φt where the respective invariant curves ψt and
φt collide at some point. It therefore becomes natural to study how the
distance between them changes with the parameter t. Since all our maps
are fibre-preserving, we take the distance to mean the fibre-wise distance (in
Y ).

In the previous chapters, we already discussed bifurcations where two
invariant curves approach one another, and result in a strange invariant
object. We saw that it is possible to obtain sharp bounds for the blow-up of
the norms, and for how the Lyapunov exponent changes. The key method
used in all of these proofs is the following observation:

In regions where the invariant curves are very close to each other, their
dynamics becomes coupled. All the asymptotic information we have been able

17
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to obtain, we obtained by studying how these curves change during times
when they are coupled. Since regions give local information, we can obtain
semi-local, or semi-global, information from such regions.

This is not unsurprising, since the bifurcation captures the behaviour
where the dynamics of the curves mix, and become indistinguishable, for
certain points. The points where they are not close, are also the points
where their dynamics don’t mix.

Recall the models that were studied in the papers. At some points, the
curves are close to each other, and the local difference is quadratic in such
regions. In other regions, the curves are not close, and other methods are
needed to study them there.

Considering the formula in (2.3.1), the fibre-wise distance between the
curves is useful for studying the asymptotic of the Lyapunov exponent (as
was done in Paper C).

All these considerations lead us to study their fibre-wise difference

ψ(x)− φ(x).

It shall be helpful to consider the area enclosed by the two curves. That
is, the area between them shows how the difference changes along the base.
This area also has a fundamental property that we wish to capture, that
of local shape. In our models, the local shape, when the curves were close,
was quadratic. This is the simple explanation of the exponent 1

2 popping up
everywhere.

We wish to show (heuristically) how knowing the local shape above some
interval, we can propagate this information along the base, to piece together
semi-local information about the difference. In some cases, this could be
enough to establish asymptotic laws.

Knowing the distance between the curves at some point, the dynamics
gives information about the distance along the orbit of that point. If the
curves are close to each other, the expansion at that point gives information
about how the distance changes over time. For a fixed parameter value, this
can be accomplished only for finite time scales, but we shall explore how the
length of these time scales can be made arbitrarily long (asymptotically), as
we approach the bifurcation point.

At the end, we will sketch how this can be used to study the fractalization
process discussed in the introduction.
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3.1 Introducing the difference operator
Here, we introduce the operator

S[ψ, φ](x) = ψ(x)− φ(x),

or the difference between the curves. The reason we call the operator S,
is that it will represent some “fundamental” shape of the area between the
curves, that we will explore later on. We may also consider its restriction
to some set I

SI [ψ, φ](x) = S[ψ|I , φ|I ](x) = ψ|I(x)− φ|I(x).

We remark that this can be considered for any curves ψ and φ, not neces-
sarily invariant. We set

Sn[ψ, φ](x) = S[ψ, φ](fn(x)),
SI,n[ψ, φ](x) = SI [ψ, φ](fn(x)).

In particular, invariance of the curves implies that, if I is any subset of X,
and M =

∞⋃
n=0

fn(I), then

{(x,S|M [ψ, φ](x)) : x ∈M} =
∞⋃
n=0
{(fn(x),SI,n[ψ, φ](x) : x ∈ I}.

That is, knowing the operator on a small set I, we can recover the operator
on the bigger set M , simply through forward iteration.

3.2 Distortion factors
Distortion factors are an important tool in dynamical systems, and are used
for instance in the seminal work [2], by Benedicks and Carleson. Distortion
factors essentially measure the difference between two compared quantities,
usually the derivatives (growth/decay), along nearby orbits.

The main idea is that, as long as the orbits are close, the quantities stay
very close (as measured by the distortion factor), and similarly the distor-
tion factor stays uniformly bounded. As soon as the orbits have separated
by some critical amount, the distortion factor may no longer satisfy good
bounds, and thus no longer provide useful information.
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The invariance relations for ψ and φ, together with a simple Taylor
expansion, imply the relation

S[ψ, φ](f(x)) = g(x, ψ(x))− g(x, φ(x)) =

= g′y(x, φ(x))S[ψ, φ](x) + 1
2
(
S[ψ, φ](x)

)2
g′′yy(x, y) (3.2.1)

where y ∈ Y is some point between ψ(x) and φ(x). Products of numbers
g′x(x, ψ(x)) along orbits {x0, . . . , xn} will be very important in the following
discussion, since they measure the amount of expansion along the curve ψ.
Therefore, we give it its own name P, and set

Pk[φ](x) =
k∏
j=0

g′y(f j(x), φ(f j(x))),

where k ≥ 0. We note that Pk can be expressed as the product

Pk[φ](x) =
k∏
j=0
P0[φ](f j(x)).

For any k ≥ 0, we introduce the distortion factor Πk, defined by the relation

Pk[φ](x) = Πk[φ, z](x) · Pk[φ](z), (3.2.2)

and the distortion factor Dk[ψ, φ](x), given by the relation

Sk+1[ψ, φ](x) = Pk[φ](x) · Dk[ψ, φ](x) · S0[ψ, φ](x). (3.2.3)

We may express both distortions as products, that is

Πk[φ, z](x) =
k∏
j=0

Π0[φ, z](f j(x)), and

Dk[ψ, φ](x) =
k∏
j=0
D0[ψ, φ](f j(x)).

We will implicitly assume that two curves ψ and φ have been chosen,
and simply write

Sn(x) = Sn[ψ, φ](x), and
Dn(x) = Dn[ψ, φ](x).

We will however keep the notation for Pn unchanged, since we have made
the rather arbitrary choice of basing it on φ, rather than on ψ.
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3.3 Propagation of shape

Fix an interval I ⊂ X, and consider the shape SI [ψ, φ](x) over I. We have
already seen that it propagates forward to fn(I) according to

Sfn(I)(x) = SI,n(x) = Pn−1[φ](x) · Dn−1(x) · SI(x).

Rescaling it by the factor Pn−1[φ](x), we arrive at the expression

S̃I,n(x) = SI,n(x)
Pn−1[φ](x) = Dn−1(x) · SI(x).

That is, appropriately rescaling the operator at fn(I) yields the operator
at I times the distortion factor. We would like to make this scaling factor
uniform (the same) for all x ∈ I. Recall the distortion factor Πk from last
section. We have the uniform rescaling

S̃I,n,z(x) = SI,n(x)
Pn−1[φ](z) = Dn−1(x) ·Πn−1[φ, z](x) · SI(x), (3.3.1)

where z ∈ I, meaning that every point is scaled by the same factor Pn−1[φ](z).
In general, it will be difficult to extract much information from this ex-
pression. However, there is a situation where we can obtain much more
information, namely when the curves are very close to each other.

3.4 Estimating distortion factors

If we rewrite (3.2.1) as

S1(x) = S0(x) · P0[φ](x) ·
[
1 + S0(x) ·

g′′yy(x, y)
g′y(x, φ(x))

]
,

then we can express Dn(x0) as

Dn(x0) =
n∏
j=0

[
1 + Sj(x0)

g′′yy(xj , y(xj))
g′y(xj , φ(xj))

]
, (3.4.1)

where each y(xj) is between ψ(xj) and φ(xj). It is immediately clear that D0

is approximately 1 when S0 is very small, provided that
∣∣∣ g′′yy(x,·)
g′y(x,φ(x))

∣∣∣ satisfies
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some appropriate bounds close to φ(x). We can get a similar, but slightly
more complicated, expression for Πk.

Due to the product structure of Dn, it is convenient to express

ln |Dn(x0)| =
n∑
j=0

ln |1 + aj |, (3.4.2)

where aj = Sj(x0)g
′′
yy(xj ,y(xj))
g′y(xj ,φ(xj)) . Provided that aj > −1 for every 0 ≤ j ≤ n,

we have the standard inequalities
n∑
j=0

aj
1 + aj

≤
n∑
j=0

ln(1 + aj) ≤
n∑
j=0

aj . (3.4.3)

This immediately gives us the following estimates for the distortion factor.

Lemma 3.1. Let x0 ∈ X and n ≥ 0 be given, and suppose that there is a
positive constant C such that for every 0 ≤ k ≤ n we have the estimate∣∣∣∣ g′′yy(xk, yk))g′y(xk, φ(xk))

∣∣∣∣ ≤ C, (3.4.4)

for every yk between ψ(xk) and φ(xk). Suppose that ε > 0 satisfies

max
0≤k≤n

|Sk(x0)| ≤ ε < 1
C .

Then

exp
(
− (n+ 1) · Cε

1−Cε
)
≤ |Dn(x0)| ≤ exp

(
(n+ 1) · Cε

)
. (3.4.5)

In particular, if we vary ε, and restrict n = o(1
ε ), then the distortion

factor will approach 1 uniformly as ε → 0. Similarly, we obtain bounds for
the distortion factor Πk. Given x0, z0 ∈ X, the mean value theorem implies
that, for every j ∈ Z,

Π0[φ, zj ](xj) =
g′y(xj , φ(xj))
g′y(zj , φ(zj))

=

= 1 +
(
g′′yx(ξj , φ(ξj))
g′y(zj , φ(zj))

+
g′′yy(ξj , φ(ξj))φ′x(ξj)

g′y(zj , φ(zj))

)
· (xj − zj),

for some ξj between xj and zj .
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Lemma 3.2. Let x0, z0 ∈ X and n ≥ 0 be given, and suppose that there is
a positive constant C such that, for every 0 ≤ k ≤ n, we have the bounds∣∣∣∣g′′yy(ξk, φ(ξk))

g′y(zk, φ(zk))

∣∣∣∣ ≤ C, and (3.4.6)∣∣∣∣g′′yx(ξk, φ(ξk))
g′y(zk, φ(zk))

∣∣∣∣ ≤ C, (3.4.7)

for every ξj between xj and zj. Then, as long as |(1 + φ′x(ξj)) · (x0 − z0)| ≤
δ < 1

C for every 0 ≤ j ≤ n, we have the bounds

exp(− C ·An1− δC · |x0− z0|) ≤ |Πn−1[φ, z](x)| ≤ exp(C ·An · |x0− z0|), (3.4.8)

where An = n+
n−1∑
j=0
|φ′x(ξj)|.

Proof. Since f is an isometry, we have |xj − zj | = |x0 − z0|, for every j.
Using the expression above for Π0[φ, zj ](xj), together with the inequalities
in (3.4.3), we have

− C

1− δC · |x0 − z0| ·
(
k +

k−1∑
j=0
|φ′x(ξj)|

)
≤ ln |Πk−1[φ, z0](x0)|, and

ln |Πk−1[φ, z0](x0)| ≤ C · |x0 − z0| ·
(
k +

k−1∑
j=0
|φ′x(ξj)|

)
.

As stated in the introduction, we will be interested in the case where the
Lyapunov exponent

lim
n→∞

1
n+1 ln |Pn[φ](x)| > 0

for almost every x ∈ X. That is, there will be long stretches of time, where
Pk[φ] grows exponentially. Using lemma 3.1, and adding an assumption of
exponential growth of Pk[φ], we get the following result.

Lemma 3.3. Let x0 ∈ X and n ≥ 0 be given, and suppose that there are
positive constants γ ≤ Γ and C such that for every 0 ≤ k ≤ n we have the
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estimates
ekγ ≤

∣∣Pk−1[φ](x0)
∣∣ ≤ ekΓ, and∣∣∣∣ g′′yy(xk, yk)g′y(xk, φ(xk))

∣∣∣∣ ≤ C, (3.4.9)

for every yk between ψ(xk) and φ(xk). Suppose that ε > 0 satisfies

max
0≤k≤n

|Sk(x0)| ≤ ε < min
{

1
C ,

γ
C(1+γ)

}
.

Set γ0 = γ − Cε
1−Cε and Γ0 = Γ +Cε. Then for every 0 ≤ k ≤ n+ 1 we have

|S0(x0)| · ekγ0 ≤ |Sk(x0)| ≤ |S0(x0)| · ekΓ0 . (3.4.10)

Proof. Let 0 ≤ k ≤ n+1 and take logarithms in (3.2.3), to get the expression

ln
∣∣∣∣Sk(x0)
S0(x0)

∣∣∣∣ =
(

ln
∣∣Pk−1[φ](x)

∣∣+ ln
∣∣Dk−1(x)

∣∣).
Since |Sj(x0)| ·

∣∣∣∣g′′yy(xk,y(xk))
g′y(xk,φ(xk))

∣∣∣∣ ≤ Cε for every 0 ≤ j ≤ n, we may use the

inequalities in (3.4.3), as long as ε < 1
C , giving us

− C

1− Cε ·
k−1∑
j=0

∣∣Sj(x0)
∣∣ ≤ ln

∣∣Dk−1(x0)
∣∣ ≤ C · k−1∑

j=0

∣∣Sj(x0)
∣∣. (3.4.11)

Therefore

γ − C

k(1− Cε) ·
k−1∑
j=0

∣∣Sj(x0)
∣∣ ≤ 1

k
ln
∣∣∣∣Sk(x0)
S(x0)

∣∣∣∣ ≤ Γ + C

k
·
k−1∑
j=0

∣∣Sj(x0)
∣∣,

which further reduces to

γ − Cε

1− Cε ≤
1
k

ln
∣∣∣∣Sk(x0)
S0(x0)

∣∣∣∣ ≤ Γ + Cε,

since every |Sj(x0)| < ε. If we set γ0 = γ − Cε
1−Cε and Γ0 = Γ + Cε, then∣∣S0(x0)

∣∣ · exp(kγ0) ≤
∣∣Sk(x0)

∣∣ ≤ ∣∣S0(x0)
∣∣ · exp(kΓ0).

This means that, as long as ε < γ
C(1+γ) , we get exponential growth.
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3.5 Behaviour under perturbation

Consider a smooth one-parameter family of systems Φt(x, y) = (f(x), gt(x, y))
on X × Y , where t is some real parameter, and the base dynamics is kept
fixed. It is smooth in the sense that Φt is infinitely differentiable with re-
spect to t. Suppose that we have a corresponding one-parameter family of
invariant curves ψt, φt : X → Y , that is, each satisfying

ψt(f(x)) = πY Φt(x, ψt(x)),
φt(f(x)) = πY Φt(x, φt(x)).

The operators St,Pt and Dt now depend on the parameter t, and we simply
write

Stn(x) = Sn[ψt, φt](x),
StI,n(x) = SI,n[ψt, φt](x), and
Dtn(x) = Dn[ψt, φt](x).

The relation in (3.2.3) immediately gives us the expression

∂tStn+1(x0) =
(
∂tSt0(x0)

)
·Ptn[φt](x0)·Dtn(x0)+St0(x0)·∂t

(
Ptn[φt](x0)·Dtn(x0)

)
.

(3.5.1)
Using the product rule for derivatives, we see that

∂tPtk[φt](x0) = Ptk[φt](x0) ·
k∑
j=0

∂tPt0[φt](xj)
Pt0[φt](xj)

, and

∂tDtk(x0) = Dtk(x0) ·
k∑
j=0

∂tDt0(xj)
Dt0(xj)

.

We introduce a new distortion factor Gtn, to express

∂tStn+1(x0) =
(
∂tSt0(x0)

)
· Ptn[φt](x0) · Dtn(x0) · Gtn(x0). (3.5.2)

where

Gtn(x0) =
[
1 + St0(x0)

∂tSt0(x0) ·
( n∑
j=0

∂tPt0[φt](xj)
Pt0[φt](xj)

+
n∑
j=0

∂tDt0(xj)
Dt0(xj)

)]
We will not prove anything about this new distortion factor, or how the
derivative grows, but one can make statements analogous to lemma 3.3, also
in this setting.
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3.6 Uniform and non-uniform distortion

Chosing ε sufficiently small, we see that Dk → 1 uniformly (recall (3.4.1))
as S(x0) → 0, for any fixed k. Essentially, as long as the factors Pk[φ](x0)
behave exponentially, then so do the differences Sk(x0) on finite time-scales
(k . ln

∣∣S(x0)
∣∣−1), provided S(x0) is sufficiently small. However, we do

remark that there is a subtle issue with the uniformity of the distortion
factors Dk. This issue becomes clearer when we express the distortion factor
in a different way. Again, recall the relation

Sj+1(x0) = Pj [φ](x0) · Dj(x0) · S0(x0).

in (3.2.3). This gives us the relation

Sj(x0) = Sn+1(x0)
Pn−j [φ](xj) · Dn−j(xj)

.

If we let C and ε be the same as in the lemma, and write Σk =
k−1∑
j=0

1
|Pn−j [φ](xj)·Dn−j(xj)| ,

(3.4.11) gives us

− C

1− Cε · |Sn+1(x0)| · Σk ≤ ln
∣∣Dk−1(x0)

∣∣ ≤ C · |Sn+1(x0)| · Σk.

The problem is that, even though the sequence Pj(x0) may behave like a
geometric series, the sequence Pn−j(xj) may not, leading to bad bounds for
Σk. Namely, strong expansion early on along the finite orbit {x0, x1, . . . , xn}
may compensate for strong contraction later on, but in the above expression
some of the terms Pn−j(xj) involve the growth only for {xn−j , . . . , xn}. As
an example of this behaviour, consider the sequence pj = a0 · · · aj , where{

aj = 3, when j = 0, . . . , n2 − 1
aj = 1

2 , when j = n
2 , . . . , n.

It is clear that the sequence pj satisfies the bounds
(3

2
)j ≤ pj ≤ 3j , but the

sequence p̃n−j = an−j · · · an =
(1

2
)j for 0 ≤ j ≤ n

2 .
Therefore, in order to get good bounds on the distortion factor, keeping

ε fixed but letting S0(x0) go to 0, it is important to know the local behaviour
of P along the orbit. However, in some applications, it will be enough to
consider the behaviour of the distortion factor as both ε and S(x0) go to 0.
We will explore this issue further in Paper B.
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3.7 Generation of peaks
Suppose that we have some distinguished parameter t0, the critical param-
eter, such that for every t < t0 in our parameter space, we have two smooth
one-parameter families of invariant curves ψt, φt : X → Y . Furthermore,
suppose that x0 ∈ X is a point where

lim
t↗t0
St0(x0) = 0.

That is, the invariant curves approach each other, at the point x0, as t gets
closer to t0. Let I ⊂ X be some interval containing x0, and consider StI . We
will consider the return times 0 < r1 < r2 < · · · of x0 to I. That is, xrj ∈ I
for every j, but xk 6∈ I for every k that is not a return time.

Given any positive η, there is a t sufficiently close to t0 satisfying |St0(x0)| <
η. This allows us to get arbitrarily good distortion estimates, for succes-
sively longer times, by simply changing t. Specifically, our goal is to apply
lemma 3.1 for ε < 1

2C , where C is the constant appearing in the statement
of the lemma. In that case we would have the bounds

exp
(
− k · 2Cε

)
≤ |Dtk−1(x0)| ≤ exp

(
k · Cε

)
,

for any k ≥ 0, for which it holds that |Stj(x0)| ≤ ε for every 0 ≤ j ≤ k. To
this end, let η < ε < 1

2C , and let N = N(ε) be some non-negative integer
satisfying

|Stj(x0)| ≤ ε,

for every 0 ≤ j ≤ N , and
|StN (x0)| ∼ ε.

Suppose that 0 ≤ n ≤ N is any non-negative integer such that n ≤ δ · 1
ε ,

where 0 < δ < 1
2C . Then

e−2Cδ ≤ |Dtn−1(x0)| ≤ eCδ.

Recall the relation in (3.2.3), which gives us

Pk[φ](x) ∼ S0[ψ, φ](x)
Sk+1[ψ, φ](x) , (3.7.1)

up to a constants between e−2Cδ and eCδ. The problem here is that, if we
want to increase n, we have to decrease ε.
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Suppose that there are some positive constants γ,Γ such that

ekγ ≤ Ptk−1[φt](x0)| ≤ ekΓ,

uniformly for t close to t0, and k . 1
γ ln ε

η . If we assume that 1
γ ln ε

η ≤ δ ·
1
ε ,

then we can choose a small n ≤ δ · 1
ε that also satisfies

Sn[ψ, φ](x) ∼ S0[ψ, φ](x) · Pn−1[φ](x) & ε,

and we immediately conclude that there is an N satisfying

N . 1
γ ln ε

η ,

and
|StN (x0)| ∼ ε.

If we fix any (very) small a > 0, and fix the relation ε = ηa, then the
assumption 1

γ ln ε
η ≤ δ · 1

ε does hold for η small enough. Therefore N → ∞
as η → 0 (that is, as t↗ t0). In fact, we may then conclude that

|PtN−1[φt](x0)| ∼ ε
η =

(
1

|St
0(x0)|

)1−a
,

since η = |St0(x0)|, whereas having a uniform bound on the distortion factor,
independent of ε, would allow us to conclude the even stronger

|PtN−1[φt](x0)| ∼ 1
|St0(x0)| .

This illustrates the problems mentioned in section 3.6. That is, in gen-
eral, we have to choose between uniform distortion bounds, and a uniform
stopping condition (a uniform separation ε).

We have the first heuristic proposition.

Proposition 3.4. Given any small a > 0, there is an η̃ such that, if
|St0(x0)| = η < η̃, and |Stn(x0)| ∼ ηa, then

|Ptn−1[φt](x0)| ∼
(

1
|St

0(x0)|

)1−a
,

where a can be made arbitrarily small, by choosing a smaller η̃.
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Recall the relation in (3.3.1), which gives us

StI,n(x0) ∼ Ptn−1[φ](z0) ·Πt
n−1[φ, z0](x0) · StI(x0),

up to a constant between e−2Cδ and eCδ, for every 0 ≤ n ≤ N . By invariance,
we see that the derivative of an invariant function φ satisfies

φ′x(xk+1) = φ′x(x0) · Ptk[φt](x0)+

+ g′x(xk, φ(xk)) +
k−1∑
j=0

g′x(xj , φ(xj)) · Ptk−j−1[φt](xj+1),

and therefore
|φ′x(xk+1)| . Ptk[φt](x0).

In lemma 3.2, we see that the the uniformity of Πt
k is strongly related to the

uniformity of

|x0 − z0| ·
(
k +

k−1∑
j=0
|φ′x(ξj)|

)
∼ |x0 − z0| ·

k−1∑
j=0
|Ptj [φt](x0),

since the exponential growth of Ptk outgrows k. This explains why, if Ptk
grows exponentially, the peaks get exponentially narrower. That is, we have
to compensate for the exponential growth of φ′x by exponentially shrinking
|xk − zk|, that is the interval where the uniformity is retained.

We have thus argued that, under all the conditions above, on N and
exponential growth of Ptn, we will have uniform bounds for the distortion
Πt
k[φ, z0](x0), and therefore

StI,n(x0) ∼ Ptn−1[φ](z0) · StI(x0).

That is, heuristically, we have the following proposition.

Proposition 3.5. For every 0 ≤ n ≤ N , there are intervals In ⊂ fn(I), of
length ∼ |I|

Pt
n−1[φ](z0) , such that for every xn ∈ In

StIn
(xn) ∼ Ptn−1[φ](z0) · StI(x0),

for some z0 ∈ I that satisfies |x0 − z0| . |I|
Pt

n−1[φ](z0) .
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That is, the shape is propagated forward by stretching (by a factor Ptn−1),
but is guaranteed to survive only on an interval shrunk by the same factor.
Outside of these intervals, it is not clear what happens, and depends on the
model. This is why we call the results semi-local, or semi-global.

Under the assumptions of the previous propositions, and choosing z0 =
x0, we conclude that

Proposition 3.6. Under the previous assumptions, if |St0(x0)| is small
enough, then there is an N > 0 such that

StIN
(xN ) ∼

(
1

|St
I(x0)|

)1−a
· StI(x0).

From this, one can study derivatives and other relations, in order to
establish asymptotic laws. Since I is fixed, and N grows as the distance is
increased, the initial operator will return to I infinitely many times, in the
limit as the distance goes to 0. In particular, we see how the operator StI
in fact has a fractal structure, since the operators StIrj

, the returns to I, are
in fact rescaled versions of StI ! That is, I can be sub-divided into smaller
intervals, and on some of these, the operator StI is a rescaled copy of itself.
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