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Abstract

Autonomous shipping is a coming field, where it will be important to
operate a ship without manual intervention. Although there are many
issues yet to be solved, not the least the legal ones, it would be in-
teresting to investigate functions that already now would be possible
to use in today’s ship operation. One such field is autonomous nav-
igation in narrow areas. The purpose of this study is to implement a
motion control system to navigate marine vessel autonomously, and a
Guidance, Navigation and Control system (GNC) is implemented for
docking and navigating vessels. Voronoi diagram is used for generat-
ing a waypoint list for waypoint tracking. MPC with integral action
is applied to control the vessel for reducing model mismatches and
constant disturbance from current and wind. We performed the GNC
system for South Harbour of Helsinki, and shown that the vessel is
navigated and docked at port. Moreover, we studied the effects of dis-
turbance to keep the controller stabilized and suggested an upper limit
for the disturbance.
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Sammanfattning

Autonomt framförande av skepp är ett växande fält där det kommer
att bli viktigt att manövrera ett fartyg utan manuell ingrepp. Även om
det fortfarande finns många problem kvar att lösa, inte minst de ju-
ridiska, vore det intressant att undersöka funktioner som redan nu
skulle kunna användas i dagens fartygsoperationer. Ett sådant fält är
autonom navigering i trånga områden. Syftet med denna studie är att
implementera ett rörelsekontroll system för autonom navigering av
marina fordon och ett väglednings-, navigations- och kontrollsystem
för angöring vid kaj för fartyg. Voronoidiagram används för att gene-
rera en lista med koordinater att följa. MPC med integralverkan an-
vänds för att styra fartyget för att minska inverkan av modellfel och
konstanta störning från strömmar och vind. Vi gjorde simuleringar för
Södra Hamnen i Helsingfors och visade att fartyget navigeras genom
hamnen och angör kajen. Dessutom studerade vi effekterna av stör-
ningar för att hålla systemet stabiliserat och föreslog en övre gräns för
störningenar från strömmar.
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Chapter 1

Introduction and Background

1.1 Review of Guidance, Navigation and Con-
trol system for a marine vessel

1.1.1 Introduction

The first attempt to navigate a marine vessel autonomously was in
the 1920s. The US navy battleship New Mexico was steered along the
ship’s course automatically by controlling of the angle of the rudder
[24]. Although Nicolas Minorsky has shown the possibility of future
autonomous ship control, his earlier work remains to be unknown for
control engineers [3].

A more mature control system, the Primary Guidance, Navigation
and Control (PGNC) system, was applied into Apollo guidance and
control functions by US NASA [1]. The spacecraft was guided accord-
ing to its well-predefined course automatically before it reached orbit.
During this phase, the astronaut’s position was monitored and was
compared with the reference course. An updated information was
sent back to an on-board command module system (CMS), which is
the brain of the PGNC system, in order to control the craft’s propul-
sion system.

Later on, the Guidance, Navigation and Control system (GNC),
was commonly applied in motion control of vehicles, spacecraft, air-
craft, auto-mobiles and underwater vehicles [10][33][29][14]. In a Mars
pinpoint landing project, the GNC system was implemented for guid-
ing a spacecraft to visit accessible sites on Mars and helping to place
the vehicle as close as possible to pre-positioned sites [33]. In another

1



2 CHAPTER 1. INTRODUCTION AND BACKGROUND

Figure 1.1: Guidance, Navigation and Control system. [10]

Mars Science Laboratory (MSL), the GNC system was applied for re-
ducing the landing area by considering the whole landing process as
several phases and decreasing velocity for those phases [29]. In these
studies, the GNC system is generally presented as shown Fig. 1.1,
which contains a guidance block, controllers, a plant for vehicle dy-
namics, and a navigation block. The guidance block is for creating
trajectory. The controller is for bringing the vehicles to follow the tra-
jectory. The navigation block is for providing more accurate measure-
ment data. In this section, we are going to study the background of
each of the blocks.

1.1.2 Guidance System

The guidance system connects controller and navigation parts, accord-
ing to Fig. 1.1. The inputs of the guidance system usually are the sen-
sor readings such as motion data, weather data, and the outputs of the
guidance system usually are the desired position, velocity or acceler-
ations which will be the inputs to the controller for the control sys-
tem. The guidance system aims to provide a path or trajectory which
fulfills some specific requirements, such as minimum time and fuel
optimization. There are various guidance law or the strategies used
for the guidance system, and most common strategies are target track-
ing, trajectory tracking and path following [10]. The strategy of target
tracking is applied when there is no information about the path or we
aim to track a moving object. Given the northeast position of an object
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by pnt = [Nt, Et]
T , the control objective can be presented as:

lim
t→∞

[pn(t)− pnt (t)] = 0

where t is time, pnt (t) represents the target path at time t, and pn(t) is
the actual path at time t.

Another strategy, called trajectory tracking, aims to track a pre-
designed trajectory and to minimise the error between the actual tra-
jectory and the reference trajectory. The control objective can be pre-
sented as follows:

e(t) :=

N(t)−Nd(t)

E(t)− Ed(t)
ψ(t)− ψd(t)


where N(t), E(t) and ψ(t) are the actual north, east position and yaw
at time t. Nd(t), Ed(t) and ψd(t) are the desired north, east position
and yaw at time t. The path for such strategy can be generated with
simulations or using optimization method to minimise the error.

The path following strategy is similar to the trajectory tracking
strategy, but the path is designed so that it does not need to be time
dependent.

The path for such strategy can be generated by using line-of-sight
(LOS) method, which will, for example, provide a steering law, ac-
cording to the difference between the actual position and the reference
position, as mentioned below and in Fig. 1.2:

ψd(t) = atan2(ylos − y(t), xlos − x(t))

Another way to generated path or trajectory is by using constrained
optimization techniques. In general, it can be formulated as follows:

J = min f(x)

s.t.
Ax ≤ B

hj(x) ≤ 0

xi,min ≤ xi ≤ xi,max (i = 1, ..., nx)

where f(x) is the objective function, x is a state vector which could be
position and yaw, and hj is non-linear constraints.
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Figure 1.2: Line-Of-Sight method is used for controlling the steering of
the vessel by comparing the LOS position and the actual position [10]
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These methods used for path following, such as LOS, as well as tar-
get tracking that aims to minimizing the distance between the target
and vessels. They can be represented as predator and prey, and they
are easier to implement. However, disturbances, such as wind and
current, might cause the measurement of vessel state become inaccu-
rate, because the vessel is tracking an observed target with the speed
and position from previous sampling time. On the other hand, op-
timization methods for path following or trajectory following might
require more computing power. Moreover, not only a better accuracy,
but also constraints such as minimum time, fuel optimization, should
be taken into account.

The traditional approaches for path planning can be divided into
cell decomposition, the roadmap method and potential fields [4]. The
cell decomposition is a strategy for keeping on decomposing a map
once obstacles appear [19], see Fig. 1.5. Vertices that are separated out
will be used for generating waypoints to reach the goal. The roadmap
method focuses on creating a path through finding a path in free space
[4], and this requires knowledge about the geometry of the environ-
ment. Voronoi diagram is studied by Bhattacharya et al. [4] for find-
ing a path for vessel navigation along South American coastline, see
Fig. 1.3, and the diagram is generated by a set of points which are the
edges of obstacles. The advantage of the Voronoi diagram method is
that the maximum clearance path can be generated. However, the path
is not necessarily shortest when the maximum clearance path is cho-
sen [4]. For example, in Fig. 1.4, a path in the middle of two polygons
is generated, however it is not the shortest path. The potential field
method presents potential from obstacles, and high potential will be
provided when a vehicle is close to an obstacle.

1.1.3 Navigation System

The states of the vessel should be measured by sensors, such as an
inertial measurement unit (IMU), compass or accelerometer, and the
navigation system provides measurements to the control system, see
Fig.1.1.

The data from sensors often contain noise, thus the measurement
data should not be used directly as inputs to the control system. Many
navigation system contains technology, that can filter the noise of the
data, such as wave filtering. A common technique is to use a low-pass
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Figure 1.3: A path is generated with Voronoi diagram along the South
American coastline [19]. S is start point. T is target. Green presents
obstacles. Black line is the path generated using Voronoi diagram.

Figure 1.4: Voronoi diagram [19]. From A to B, the shortest path should
be a straight line. By using Voronoi diagram, blue paths are generated.
Green polygons are obstacles.
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Figure 1.5: The cell decomposition [19].

filter for filtering the wave, assuming that most of the waves are in
very high frequency, but we are interested in the actual force on the
vessel instead of the wave forces [10]. Another common technique is
to use Luenberger Observer to reconstruct the actual states given the
measurement of control inputs and outputs of a dynamic system, as-
suming the noise is white noise. The other common technique is to use
the Kalman Filter to iteratively estimate the states of a dynamic sys-
tem. However, all these techniques require to have an understanding
of the dynamic system, and they might suffer the curse of dimension-
ality when we get high degrees of freedom from the dynamic system
[10].

Finding an observer for the navigation system is still a challenging
topic. A Kalman Filter was used in [28], and multi-sensor data fusion
was employed in the study in order to estimate wave disturbance. In
[25], a Luenberger observer was investigated for estimating states of
the motion model for marine vessel, so that the model states converged
to the states of the plant.
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1.1.4 Control System

The control system receives the data from the navigation system and
control the vessel so that the vessel can perform as desired perfor-
mance, see Fig.1.1. There are standard criteria to fulfil when we work
on the control system, and those criteria are regarded to stability and
maneuverability. In the following section, we are going to discuss the
aims and techniques for the control system.

When we design a motion control system, the main purpose is to
control the stability and the maneuverability [10]. When we say that a
vessel is stable, we mean that the vessel should be able to return back
to an equilibrium point after it is disturbed. When we say that a vessel
is maneuverable, we mean that a vessel can perform the action given
by with a specific maneuver.

When we consider about the stability of a motion control for ma-
rine vessel, we focus on the closed loop analysis regards to three char-
acteristics of stability: straight-line, directional and positional motion
stability [10]. The vessel is straight-line stable if a vessel that is moving
in a straight line can still follow the straight line after a disturbance is
applied to it. The similar criteria works for directional and positional
motion stability, and we check if the vessel is moving in the same di-
rection and position respectively.

When we consider about maneuverability of a motion control for
marine vessel, we focus on if the vessel can move in a specific desired
path, i.e. path following control, trajectory, i.e. trajectory-tracking con-
trol or if the vessel can reach a specific position, i.e. waypoint-tracking
control [10]. When we have path following or trajectory-tracking con-
trol, experimental tests could include such as moving a vessel in a cir-
cle or in a zigzag path.

When we choose controllers for the motion control, we often take
stability and maneuverability into consideration, see [25][36][26][32][11].
The successful results from implementing controller, such as Model
Predict Control (MPC), bring interests in way point tracking and path-
following control system for an autonomous craft. In [36], the MPC
control was used for bringing a spacecraft into orbit, by setting a switch
algorithm for using different MPC constraints between docking phase
and rendezvous phase. Path following algorithm was used to calcu-
late the cost, and only simple desired paths, such as circle and line,
were designed for the simulation, see [25] and [26]. Waypoint tracking
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method was used in [9], and MPC was shown to be able to reduce the
error between positions for a target, which was an underwater robot,
and current state for it. Other methods, such as back-stepping, were
also introduced to control an autonomous ship, see [32] and [11]. In
the study, the authors presented not only a 3DOF ship model with dis-
turbance from current, wave and wind, but also used system identifi-
cation to find the parameters for the ship model. Finally, the authors
applied these parameters of the designed ship model and successfully
demonstrated a simulation of maneuvering of selected ship around a
simple path with acceptable accuracy.

Not only the idea of maneuvering a craft, but also the idea of de-
signing a controller so that the craft can be parked or docked at a spe-
cific position exit in many applications. In [36], two switched con-
straints, one has constraints for maneuvering and another has con-
straints for docking, were applied to a simulated spacecraft. Due to
the dimension of the designed spacecraft, orientation was not ma-
jor roles in designing constraints and objectives to be considered in
these spacecraft applications. Instead of using one control strategy, it
was proposed in [17] that switching control strategy, between a linear
feedforward-feedback and the MPC, can bring the vehicle into a de-
sired parking spot. Instead of using waypoint tracking, path follow-
ing method was investigated in [34], in order to park a car. However,
because the path was pre-defined, only one case, reverse parking, was
studied. A multi-rotor micro air vehicle was tested and shown to be
able to park on a QR code marked location with PID controller in [5],
however wind disturbance was not investigated and specific environ-
ment was required, with the QR code in a clear view.

1.1.5 Summary of the GNC system

In this section, we introduced a Guidance, Navigation and Control
(GNC) system and we discussed techniques for each of the blocks
for the system. For the guidance system, we mentioned about dif-
ferent techniques about generating path. For the navigation system,
we mentioned about measuring data of marine motion from different
sensors and discussed about obtaining accurate data is still challeng-
ing. For the control system, we talked about the main purposes for
motion control which are stability and maneuverability control, and
we introduced different closed loop analysis that we can use.
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1.2 Motivation

To the best knowledge of the author, there are no previous studies
about navigating marine vessel with Model Predictive Control, although
it is proposed by Fossen [10]. To the best of our knowledge, dock-
ing marine vessel has not been reported in previous studies, although
there are already studies about docking other crafts such as spacecrafts
[36]. Although there are long history of using GNC system, to our
knowledge, no existing empirical research addresses GNC with ma-
rine vessel for a docking problem.

1.3 Objective

The thesis work is proposed to design an MPC based on a model of
the ship that controls a simulated ship from one state (position, angle
and velocity) to another state. To be specific, it should simulate a case
where a ship is controlled from a given position to its docking posi-
tion. The GNC system should be implemented for such task. Possible
objectives to consider are time, minimal fuel cost, and passenger com-
fort. The center of gravity of the ship should reach the desired state
(presented with 3DOF, surge, sway and yaw) with a tolerance of 5 me-
ters in distance and 5 degree. The influence of disturbances of current,
wind, and measurement noise should also be evaluated.

1.4 Outline

The following sections are system modeling, solution, results and dis-
cussion. In the system model section, we are going to introduce how
to present the nonlinear ship plant. In the solution section, each block
of the GNC system will be discussed separately. In the results section,
we are going to show how MPC works for navigation problem. We are
also going to show the performance of GNC implementation for dock-
ing. In this GNC system, a Voronoi diagram is chosen for the guidance
system, and MPC is chosen for the control system.



Chapter 2

System Modeling

2.1 Introduction

The modeling of marine craft is based on forces and moments applied
on the vessels. There are two theories for describing such dynamics
and they are maneuvering theory and sea-keeping theory. For maneu-
vering theory, it is assumed that there is no wave excitation on the
vessels. The maneuvering theory is used to describe the motions of
vessels in surge, sway and yaw. For the other theory, sea-keeping the-
ory, it is assumed that there is wave excitation on the vessels and the
vessels should have constant course and speed, such as zero speed.
The sea-keeping theory is for describing hydrodynamic force from the
sea with varying wave excitation.

In the book from Fossen [10], a marine craft model is presented,
and this model applies for both the maneuvering theory and the sea-
keeping theory. In order to derive the motion model for marine craft,
the dynamics of the marine craft need to be studied and the study of
the dynamics can be divided into two aspects: kinematics, which is
based on geometrical aspects of motion, and kinetics, which is based
on forces that caused the motion. In the following section, the marine
craft model is going to be derived and discussed based on these two
aspects.

11
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2.2 Kinematics

One way to study the dynamics of marine craft is by considering the
craft as a point and studying the position and orientation of the point.
The studies on kinematics are used to describe a set of reference frames
and thus a set of coordinate systems of the reference frames, and then
find out the relations between acceleration, velocity and position of the
point in the system [10]. By choosing the centre of a marine craft as the
point, we can study the motion of the point in 6 degrees of freedom,
as shown in Figure. 2.1. In general, we have information about the po-
sition of the centre of gravity along the northern, eastern and vertical
axis of the earth. Then we need to transform this position from the ref-
erence frame, so called North, East and Down (NED) {n} frame, into
the position refer to the body of vessel, so called in body parallel frame
{b}. This transformation can be derived with rotation matrix based on
the Euler’s rotation theorem, as shown in (2.1) and (2.2).

ṗnb/n = Rn
b (Θnb)v

b
b/n (2.1)

Θ̇nb = TΘ(Θnb)ω
b
b/n (2.2)

where pnb/n = [N E D]T presents position for the NED coordinate sys-
tem, {n}, Θnb = [φ θ ψ]T presents Euler angles between the coordinates
systems {n} and {b}, and vbb/n = [u, v, w]T and ωbb/n = [p, q, r]T present
the linear and angular velocity vectors, shown in Fig. 2.1, in the body
fixed reference frame {b}. Euler angles are the angles caused by ro-
tation of the coordinate system. Furthermore, we have two rotation
matrices, Rn

b (Θnb) and TΘ(Θnb), which are matrices derived by rota-
tion of the coordinate system. We can get the formula for these two
rotation matrix by rotating the point along three axis [x, y, z] with an-
gles of φ, θ, ψ and multiple three rotation matrices derived from these
rotations as follows:

Rn
b = Rz,ψRy,θRx,φ (2.3)

After multiplication, we get:

Rn
b =

cψcθ −sψcφ+ cψsθsφ sψsφ+ cψcφsθ

sψcθ cψcφ+ sψsθsφ −cψsφ+ sψcφsθ

−sθ cθsφ cθcφ


s ≡ sin(.) c ≡ cos(.)

(2.4)
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Figure 2.1: The 6DOF velocities presented in the body-fixed reference
frame
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By using (2.4) and the formula rb = Ra
br
a for transforming from

reference {a} to reference {b}, we can transform the velocity in vessel
parallel frame to NED frame, given (2.1) as follows:

Ṅ = u cos(ψ)cos(θ) + v[cos(ψ)sin(θ)sin(φ)− sin(ψ)cos(φ)]+

w[sin(ψ)sin(φ) + cos(ψ)cos(φ)sin(θ)]

Ė = u sin(ψ)cos(θ) + v[cos(ψ)cos(θ) + sin(φ)sin(θ)sin(ψ)]+

w[sin(θ)sin(ψ)cos(φ)− cos(ψ)sin(φ)]

Ḋ = −u sin(θ) + vcos(φ)sin(θ) + wcos(θ)cos(φ)

(2.5)

where N, E and D are position of center of gravity along the northern,
eastern and vertical axis of earth, and [u, v, w] linear velocities in the
body parallel frame, and they are corresponding to surge, sway, heave
in Fig. 2.1 respectively.

The rotation matrix for angular velocity is derived in [10], which
yields the Euler angle equations in the following:

φ̇ = p+ qsin(φ)tan(θ) + rcos(φ)tan(θ)

θ̇ = qcos(φ)− rsin(φ)

ψ̇ = q
sin(φ)

cos(θ)
+ r

cos(φ)

cos(θ)
, θ 6= ±90◦

(2.6)

(2.1) and (2.2) can be re-organized into vector form for presenting
6DOF kinematics, and thus we get the vessel trajectory formula, as
shown in (2.7).

η̇ = Jnb (η)ν

η̇ =

[
ṙnb/n
Θ̇nb

]
=

[
Rn
b (Θnb) 0

0 T−1
b (Θnb)

] [
vbbn
ωbbn

] (2.7)

where η = [N,E,D, φ, θ, ψ]T is a position vector. ν = [u, v, w, p, q, r]T

is a linear-angular velocity vector. Vessel position in {n} yields rnnb =

[N,E,D]T , vessel linear velocity in {b} yields vbnb = [u, v, w]T , vessel
angular velocity in {b} yields ωbn = [p, q, r]T , and Euler angles that
take {n} into {b} yields Θnb = [φ, θ, ψ]T .
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2.3 Kinetics

In order to derive the motion of marine craft, we need to study the
motion and forces on the vessel. According to [10], we can derive the
kinetics by Euler’s First and Second Axioms, which are described as
followed:

id

dt
~pg = ~fg ~pg = m~vg/i First Axiom

id

dt
~hg = ~mg

~hg = Ig~ωb/i Second Axiom
(2.8)

where ~fg and ~mg are forces and moments on the center of gravity of
the vessel, ~vg/i and ~ωg/i are velocity and angular velocity of {b} with
respect to {i}.

Given the coordinate transform from {i} to {b} in Fig. 2.2, transla-
tion motion of a point on the vessel rigid body about CG can be pre-
sented as follows:

~rg/i = ~rb/i + ~rg (2.9)

where ~rg is a vector from CO to CG, and ~rb/i and ~rg/i are vectors for
CO and CG respect to the reference frame {i}. Furthermore, we need
to apply Euler’s equation, which is defined as follows:

id

dt
~a =

bd

dt
~a+ ~ωb/i × ~a (2.10)

where
id
dt

and
bd
dt

represents time differentiation in {i} and {b}, respec-
tively. The first term on the right side of the equation is a derivation
term, while the second term on the right side of equation is a correc-
tion term for presenting the changes of the angular moment during
reference frame transformation.

By applying (2.10) to (2.9), we get:

~vg/n = ~vb/n + (
bd

dt
~rg + ~ωb/n × ~rg) (2.11)

For rigid body, we have
bd
dt
~rg = ~0, thus we have:

~rg/n = ~vb/n + ~ωb/n × ~rg (2.12)
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Figure 2.2: The coordinate transform from origins of the vessel, CO,
and center of gravity of the vessel, CG.
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By using (2.8) and (2.10), it yields that:

~fg =
id

dt
(m~vg/i)

=
id

dt
(m~vg/n)

=
bd

dt
(m~vg/n) +m~ωg/n × ~vg/n

= m(~̇vg/n + ~ωb/n × ~vg/n)

(2.13)

If we define S(γ)a := γ×a, we will get translation motion in CG as
follows:

m[v̇bg/n + S(ωbb/n)vbg/n] = f bg (2.14)

where S(γ) is a multiplication matrix for cross product, and it has the
following form:

S(γ) =

 0 −γ3 γ2

γ3 0 −γ1

−γ2 γ1 0

 (2.15)

We require also rotational motion about CG, and this is based on
Second Axioms as mentioned in (2.8). Assume the reference {i} is the
same with the reference frame {n}, it yields that:

~mg =
id

dt
(Ig~ωb/i)

=
id

dt
(Ig~ωb/n)

=
bd

dt
(Ig~ωb/n) + ~ωb/n × (Ig~ωb/n)

= Ig~̇ωb/n − (Ig~ωb/n)× ~ωb/n

(2.16)

We apply the same definition in (2.15), we get:

Igω̇
b
b/n − S(Igω

b
b/n)ωbb/n = mb

g (2.17)

where inertia Ig is defined as:

Ig :=

 Ix −Ixy −Ixz
−Iyx Iy −Iyz
−Izx −Izy Iz

 (2.18)
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where Ix, Iy and Iz are the moments of inertia along xb, yb and zb in {b}.
Ixy, Iyx,Ixz, Izx,Iyz and Izy are defined in [10]. We can combine (2.17)
and (2.14), and we can get vector form for motion about CG as follows:

MCG
RB

[
v̇bg/n
ω̇bb/n

]
+ CCG

RB

[
vbg/n
ωbb/n

]
=

[
f bg
mb
g

]
MCG

RB =

[
mI 0

0 Ig

]
CCG
RB =

[
mS(ωbb/n) 0

0 −S(Igω
b
b/n)

] (2.19)

Since we often consider origin of the vessel, CO, which is often
assumed to be the centre of gravity, as the point for investing motion
dynamics, we need to get motion model for CO instead of CG. In order
to do this transformation, we need to derive a transformation matrix.
According to [10], we can find the transformation matrix by using ro-
tation matrix given by Euler equation, (2.10). Recall (2.12), we have:[

vbg/n
ωbb/n

]
=

[
I ST (rbg)

0 I

][
vbb/n
ωbb/n

]
= H(rbg)

[
vbb/n
ωbb/n

]
(2.20)

By inserting (2.20) into (2.19) and multiplyingH(rbg)
T on each term,

we get:

HT (rbg)M
CG
RBH(rbg)

[
v̇bb/n
ω̇bb/n

]
+HT (rbg)C

CG
RBH(rbg)

[
vbb/n
ωbb/n

]
= HT (rbg)

[
f bg
mb
g

]
or

MCO
RB

[
v̇bb/n
ω̇bb/n

]
+ CCO

RB

[
vbb/n
ωbb/n

]
= HT (rbg)

[
f bg
mb
g

]
MCO

RB =

[
mI −mS(rbg)

mS(rbg) Ig −mS2(rbg)

]
CCO
RB =

[
mS(ωbb/n) −mS(ωbb/n)S(rbg)

mS(rbg)S(ωbb/n) −S((Ig −mS2(rbg))ω
b
b/n)

]
(2.21)

By deriving (2.21), and applying the rule, S(γ)a := γ × a, we will
get the following:

m[v̇bb/n + ω̇bb/n × rbg + ωbb/n × vbb/n + ωbb/n × (ωbb/n × rbg)] = f bb

Ibω̇
b
b/n + ωbb/n × Ibωbb/n +mrbg × (v̇bb/n + ωbb/n × vbb/n) = mb

b

(2.22)
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We introduce the vectors according to [10]:

f bb = [X, Y, Z]T force through Ob in {b}
mb
b = [K,M,N ]Tmoment through Ob in {b}

vbb/n = [u, v, w]T linear velocity of Ob relative to On in {b}
mb
b/n) = [p, q, r]Tangular velocity of Ob relative to On in {b}

rbg = [xg, yg, zg]
Tvector from CO, which is Ob here, to CG

(2.23)

By applying definition of inertia, together with the vectors above,
we get 6DOF kinetics motion model as follows:

m[u̇− vr + wq − xg(q2 + r2) + yg(pq − ṙ) + zg(pr + q̇)] = X

m[v̇ − wp+ ur − yg(r2 + p2) + zg(qr − ṗ) + xg(qp+ ṙ)] = Y

m[ẇ − uq + vp− zg(p2 + q2) + xg(rp− q̇) + yg(rq + ṗ)] = Z

Ixṗ+ (Iz − Iy)qr − (ṙ + pq)Ixz + (r2 − q2)Iyz + (pr − q̇)Ixy
+m[yg(ẇ − yq + vp)− zg(v̇ − wp+ ur)] = K

Iy q̇ + (Ix − Iz)rp− (ṗ+ qr)Ixy + (p2 − r2)Izx + (qp− ṙ)Iyz
+m[zg(u̇− vr + wq)− xg(ẇ − uq + vp)] = M

Iz ṙ + (Iy − Ix)pq − (q̇ + rp)Iyz + (q2 − p2)Ixy + (rq − ṗ)Izx
+m[xg(v̇ − wp+ ur)− yg(u̇− vr + wq)] = N

or
MRB v̇ + CRB(v)v = τRB

(2.24)

According to [10], the vector, τRB, represents propulsion forces and
moments, and those include hydrodynamic forces, hydrostatic forces,
forces from wind and from wave, as follows:

τRB = τhyd + τhs + τwind + τwave + τ (2.25)

where hydrodynamics forces, τhyd, and hydrostatic forces, τhs, are de-
fined as:

τhyd = −MAv̇ − CA(vr)vr −D(vr)vr

τhs = −g(η)− g0

(2.26)

where MA is added mass due to inertia of surrounding fluid, CA is
hydrodynamic Coriolis -Centripetal matrix due to rotation of rigid
body, D(vr) is a damping matrix caused by the vessel moving through
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an ideal fluid. We notice that both MA and CA are constant matri-
ces depend on the craft, and these two matrix can be approximated
by system identification. The hydrostatic forces include gravitational
force (buoyancy force) and moments, g(η), and pre-trimming forces,
g0, which uses as a ballast to stabilize a vessel. The relative velocities,
denoted as vr, are defined as the difference between vessel velocities
and current speed, vr = v − rc.

2.4 Maneuvering Models for ships (3DOF)

As we mentioned in the previous section, the maneuvering model con-
tains two parts: kinematics and kinetics ship model, by combining
(2.7) and (2.24) [31]. For 3DOF model, we only consider the states lin-
ear velocities for surge and sway, [u, v], and angular velocity for yaw, r,
and we consider only the output for position for north and east, [N,E],
and angle for yaw, ψ. That is to say, we assume the motion in heave,
roll and pitch are negligible with w = p = q = 0. According the study
of kinematics before, we can present 6DOF kinematics with the help
of rotation matrix, and we assume that φ = θ = φ̇ = θ̇ = 0 for 3DOF
model. If we approximate with cos(.) and sin(.) for small angle and
consider only the state for [u, v, r]T , we can rewrite (2.7), and get the
3DOF rotation matrix as follows:

R(ψ) =

cos(ψ) −sin(ψ) 0

sin(ψ) cos(ψ) 0

0 0 1


and
η̇ = R(ψ)ν = R(ψ)[u, v, r]T

(2.27)

According to the study of kinetics, we can present 6DOF kinetics as
(2.24), and we consider only the first, second and sixth rows of (2.24)
based on our assumption. We consider also hydrodynamic force as
mentioned in (2.25) and (2.26), and rewrite (2.24) into the following:

(MRB +MA)v̇ + CRB(v)v + (CA(vr) +D(vr))vr = τ + τwind + τwave

or
Mv̇ + CRB(v)v +N(vr)vr = τ + τwind + τwave

(2.28)
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where vr is relative velocity which is different between vessel’s veloc-
ity and current velocity. If we rewrite (2.24) into state space form, and
assume the moments of inertia for Ixy = Ixz = Iyz = 0, we can get a
simplified MRB and CRB as follows:

MRB =

m 0 0

0 m mxg
0 mxg Iz


CRB =

 0 0 −m(xgr + v)

0 0 mu

m(xgr + v) −mu 0

 (2.29)

where m is mass, xg is length from ob to CG expressed in {b}, and
[u, v, r]T are linear and angular velocity of {b} relative to {b} expressed
in {b}. According to [10], the other term, MA, CA and D, are constant
matrices and can be approximated by curve fitting. For low speed situ-
ations, with surge speed below 4 knots, we can neglect hydrodynamic
Coriolis-Centripetal effect and replace the term of CRB and CA with a
biased term, which result to a 3DOF model:

η̇ = R(ψ)ν

Mν̇ +Dν = τ + τwind + τwave +R(ψ)T b
(2.30)

where b is a constant biased term, which presents disturbance such
as current. ν presents speed in surge, sway, and yaw direction. τ ,
τwave, and τwind present the forces from ship rigid body, wave and wind
respectively. D is hydrodynamic damping term.

2.5 Thruster allocation

Except the ship model, the dynamic of thruster and propeller should
also be taken into consideration. However, the mechanics of such sys-
tem is complex and need to be simplified. A simplified model is pro-
posed in [10], and force from ship rigid body can be approximated as
follows:

τ̇ = Athr(τcom − τ) (2.31)
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where τcom is commended thrust, which is a vector with dimension of
3, and Athr can be presented to diag[ 1

Tsurge
, 1
Tsway

, 1
Tyaw

] with time con-
stants in surge, sway and yaw. Let the commended thrust, τcom, as
input, u, we can approximate the thruster dynamic, τ̇ , with:Tsurge 0 0

0 Tsway 0

0 0 Tyaw

 τ̇ + τ = u (2.32)

u = sat(ulow, u0, uhigh) =


ulow, if u < ulow

uhigh, if u > uhigh

u0, otherwise

(2.33)

where u is force and moment, X, Y and N from (2.23), and it is satu-
rated due to physical limitation.

2.6 Linearisation

In order to stay with a quadratic optimisation problem in the MPC, we
would like to linearize model in controller. According to [10], (2.7) can
be simplified to:

η̇p ≈ ν (2.34)

where η̇p := P T (φ)η, and P (φ) =

[
R(φ) 02×2

02×2 I2×2

]
in 3DOF model. With

this rotation for η, with NED coordinate, at each time step, we get ηp,
with vessel parallel coordinate.

We can also notice that:

η̇p = Ṗ T (φ)η + P T (φ)η̇ =

Ṗ T (φ)P (φ)ηp + P T (φ)P (φ)ν = rSηp + ν
(2.35)

where r = φ̇ and for low speed application r ≈ 0. This leads to a linear
system, given by (2.30) and (2.34). The resulting state space model is
as follows:

ẋ = Ax+Bu (2.36)

where x = [ηp, ν]T , u = τ , A =

[
0 I

0 −M−1D

]
and B =

[
0

M−1

]
. We

assume that forces from wind and wave are omitted here.
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2.7 Summary of Model for Control

We introduced a 3 DOF nonlinear ship plant model as shown in (2.30)
and we will use this nonlinear model for simulating the plant model.
We introduced also a linearized model as shown in (2.36) for the con-
trol dynamics. We would like to include the thruster allocation in the
state space model for the control dynamics, so we get a state space
model with 9 states for marine craft, assuming that we have a vessel
with low speed. The states of model are a combination of position vec-
tor, velocity vector, and forces on thrusters. The state space model is
presented as follows:

ẋ9×1 =

η̇p3×1

ν̇3×1

τ̇3×1

 =

03×1 I3×1 03×1

03×1 − D
M

1
M

03×1 03×1 Athr

ηpν
τ

+

 03×1

I3×1

−Athr

u (2.37)

where position vector, ηp, is [xp, yp, ψp], velocity vector, ν, is [u, v, r], and
thruster force vector, τ , is [τ1, τ2, τ3].

2.8 Modelling of Obstacles

When we consider about docking a vessel, one of the topics is obstacle
avoidance, and those obstacles can be the harbour, island and other
vessels. For example, islands and narrow paths are both needed to
be taken into account when a vessel is docked at the port of Helsinki,
which is the top European passenger ports [35]. In Fig. 2.3, one of
the largest harbour at the port of Helsinki, the South Harbour, has
a complicate geographic feature, thus it increases the difficulties for
autonomous docking.

In general, there are mainly two types of obstacles, static and dy-
namic obstacles [15]. Static obstacles can be predicted before the path
is planned, while dynamic obstacles will appear during the motion.
For a low speed moving vessel, we assume that we have previous
knowledge of the environment and thus treat the obstacles as static
obstacles. Moreover, there are many different strategies for obstacle
avoidance, such as treating obstacles as a node in a grid [15] and [6],
or treating obstacles as boundaries [20]. Since we assume that obsta-
cles are static, treating obstacles as boundaries will give less complicate
calculation and constraints for our controller.



24 CHAPTER 2. SYSTEM MODELING

Treating obstacles as boundaries will provide less overload mod-
elling, however, in most of the cases, boundaries are not symmetrical.
As shown in Fig. 2.3, boundaries are not parallel and the narrowness
of the path is changing. In order to present the obstacles with one strat-
egy, we can divide the path into several parts, as shown in Fig. 2.4. In
Fig. 2.4, we present the same map as south harbour, and we paint the
black part as the forbidden area. We divide harbour into three phases
and we use red lines to present the boundaries as static obstacle.
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Figure 2.3: South Harbour Technical Map [35]
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Figure 2.4: Divide South Harbour into Three parts for docking a vessel



Chapter 3

Solutions

3.1 Introduction

We have previously introduced a general closed loop implementation
for Guidance, Navigation and Control (GNC) for a marine vessel, and
a modified GNC. In this section, we will provide a detailed implemen-
tation for docking vessels as shown in Fig. 3.1.

We choose waypoint tracking and Voronoi diagram for the guid-
ance system. We choose Model Predictive Control for the control sys-
tem. We assume that we can measure the states of the vessel without
measurement error, and we choose to have a frame transform and state
generator for the navigation system for modelling purposes. In the
following section, we are going to explain about our modified GNC
system.

Figure 3.1: The Modified Guidance, Navigation and Control system
(GNC)

27
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Figure 3.2: Waypoint tracking algorithem.

3.2 The Guidance System

Since there are narrow paths and several non-symmetric static obsta-
cles when a vessel is close to a harbour as discussed in Chapter 2, the
guidance system should be modified according to a specific harbour
geometric.

It might be difficult to design a path or trajectory in this case, be-
cause the path should depend on the specific location of the vessel.
Instead, designing several desired position in order to navigate the
vessel to a final docking position should be more appreciated.

For waypoint tracking, we will have a list of waypoints, and these
waypoints should be updated and become reference points for the
controller. Therefore, we need an algorithm for updating such refer-
ence/waypoints, as shown in Fig.3.2.

The list of waypoints should be generated automatically according
to the geometric map. We choose to generate such list by using Voronoi
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Figure 3.3: Voronoi diagram for harbour in Fig. 2.3. Red markers from
x1 to x6 are a set of points for inputs to voronoi diagram. Blue lines
are edges for the voronoi diagrams. The markers, v1 to v6, are vertices
of the voronoi diagrams. The markers, wp1 to wp3, are calculated as
middle of vertices. The markers, wp0 and wp4, are added for control.
The desired position is wp4.

diagram, which is used for finding waypoints that has a maximum
distance to bounds [2], as shown in Fig. 3.3. Waypoints are the middle
points of two vertices of Voronoi diagram. For example, one waypoint
is:

P =
v2 + v3

2
(3.1)

where P is the middle point for vertices 2 and 3, and it is a waypoint.
Two more points are appended to the list of waypoints. We defined

two extra bounds before the vessel is driven into the narrow path, be-
cause we want to align the vessel towards to the narrow path. An extra
waypoint is generated based on these two bounds. Moreover, the ves-
sel needs to reach a desired docking position also and we would like to
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have less control efforts, so we append the designed point to the end
of waypoints.

The yaw is also required for control inputs, and we choose the slope
of one bound that is closest to each waypoint. For example, in Fig. 3.3,
yaw for wp1 is the slope of edges with x1 and x3.

3.3 The Control System with Model Predic-
tive Control

3.3.1 Introduction of MPC

For controlling a dynamic system, a control engineer will look for a
strategy to find a sequence of control inputs for the system so that the
system will behave as it supposed to. There are many types of con-
trollers for finding such strategy, and the choices of controllers could
depend on a specific problem. One type of problems is to find an opti-
mized sequence of control inputs to the system, such that the plant can
reach a specific reference within finite time and also many constraints
should be fulfilled.

To solve such optimization problem, we can formulate and min-
imise a cost function, which is the difference between the current state
of the system and the specific reference. This strategy is called refer-
ence tracking, and it can be formulated in the following way:

min
N−1∑
k=0

((zk − rk)TQ1(zk − rk) + uTkQ2uk)) + (zN − rN)TQf (zN − rN)

subject to fi(x) ≤ 0, i = 1, ...,m

gTj x = hi j = 1, ..., p

(3.2)

where k is time index. N is total steps for control sequence. zk is the
state at sample time k. rk is reference value at sample time k. uk is the
control strategy for at time k. Q1, Q2 and Qf are weights which are
used for penalizing.

Sometimes, the problem presented before will require states or con-
trol inputs to fulfil some constraints. For example, for marine control,
there will be constraints on actuators. Thus, inequality constraints,
fi(x), and linear equality constraints, gj , are also introduced here.
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There are constraints on inputs and states. They could be imple-
mented as hard or soft constraints. Input constraints can be set for
limiting the absolute value of the control input, u, or limiting the rate
of control inputs, ∆u. State constraints are often used for limiting the
state of the plant. Hard/soft constraints are another kind of concept
where hard constraints are always needed to be fulfilled, while soft
constraints may be violated. Moreover, soft constraints are often used
to increase the feasibility of an optimization problem.

Instead of solving such optimization problem for infinite time, one
way to solve it is by considering a finite time control strategy. This
strategy will bring the output of the system at the time, t + N , to the
reference, r(t + N) from output at the current time, t. Such strategy
is called model predictive control (MPC). The future response of the
plant is predicted with a discrete-time linear system with state-space
representation as follows:

x(k + 1) = Ax(k) +B(k) (3.3)

where x(k) is state and u(k) is input at sample time k. We introduce
now the predicted state and input for the next N sample as follows:

u(k) =


u(k|k)

u(k + 1|k)
...

u(k +N − 1|k)

 (3.4)

and

x(k) =


x(k + 1|k)

x(k + 2|k)
...

x(k +N |k)

 (3.5)

where the notation, u(k+i|k), represents the input at sample time, k+i,
which is predicted at time, k. The same rules work for x(k+ i|k). If we
are interested in minimizing state and input for N samples after the
sampling time, k, we can formulate the cost function as follows:

min
N−1∑
k=0

(x(k+ i+ 1|k)TQx(k+ i+ 1|k) +u(k+ i|k)TRu(k+ i|k)) (3.6)
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Figure 3.4: Receding Horizon Principle: we use a fixed prediction hori-
zon for getting optimal control sequence. We use only the first from
the control sequence. We repeat this process for same fixed prediction
horizon every time.

As the aim now is to find an optimized control input sequence,
u∗(k), which can minimize the cost function. The main idea of reced-
ing horizon is to take only the first control from the sequence of control
inputs which is solved by optimization problem. Then we repeat the
same strategy for next time period from the time, k + 1, and we re-
peat again. Each time, same length of the input sequence, which is
called prediction horizon, is calculated with numerical optimization.
The receding horizon principle is shown in Fig. 3.4.

MPC can handle multiple inputs, and rely on some previous knowl-
edge of the dynamics model by using the state space model. More-
over, the numerical optimization problems allow considering the con-
straints. Thus, MPC has been increasingly applied in industries due
to the advantages of being able to do multivariable control and handle
constraints.

3.3.2 Prediction and optimization

In the previous sections, we have introduced a typical cost function
through (3.2) and motivate the benefits of using MPC. We are going to
talk about how MPC predicts and how the cost function is minimized
as an optimization problem in this section.
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The cost function in (3.6) includes N samples of estimated state
over time, and each of the state should be presented based on the
known state space model. In order to present the predicted state in
(3.4) and (3.5) and assume that we observe our estimated state with
x̂(k|k) = x(k) = y(k), we can compute the prediction from (3.3) itera-
tively as follows:

x̂(k + 1|k) = Ax(k) +Bû(k|k)

x̂(k + 2|k) = Ax(k + 1) +Bû(k + 1|k)

= A2x(k) + ABû(k|k) +Bû(k + 1|k)

...
x̂(k +Hp|k) = Ax̂(k +Hp − 1|k) +Bû(k +Hp − 1|k)

= AHpx(k) + AHp−1Bû(k|k) + · · ·+Bû(k +Hp − 1|k)

(3.7)

where Hp is receding horizon, x̂ and û are chosen to be estimated val-
ues of state and input because we assume that observer is not perfect.

In order to present the system from (3.7) in a simplified way, we
introduce matrix presentation by:

x(k + i|k) = Aix(k) + Ciu(k), i = 0, · · · , N
or
x(k) = Mx(k) + Cu(k)

where M =


A

A2

...
AN

 and C =


B 0 · · · 0

AB B · · · 0
...

... . . .
AN−1B AN−2B · · · B


(3.8)

We can rewrite the cost function in (3.6) by:

J(k) = uT (k)Hu(k) + 2xTF Tu(k) + xT (k)Gx(k)

H = CT Q̃C + R̃

F = CT Q̃M

G = MT Q̃M +Q

(3.9)

where R and Q are penalties.
After that we have rewritten the cost function, we are interested in

finding the optimal control inputs, and we can divide this optimiza-
tion problem into two cases: unconstrained optimization and con-
strained optimization. For unconstrained optimization, we can find
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the optimal by setting the gradient of the cost function equals to zero,
if H in (3.9) is non-singular. For constrained optimization, we can find
the optimum by quadratic optimization.

3.3.3 Feasibility and stability of MPC

With standard MPC, we might face the situation with no feasibility
and no stability guarantee. This means that there is no guarantee to
have solution to minimize the cost function, which means it is infeasi-
ble, or trajectory diverges, i.e. unstable. Therefore, we need to take fea-
sibility and stability of MPC into consideration when we design MPC.

Instead of having the cost function as (3.6). We usually include a
terminal set and rewrite the problem as a finite-horizon LQR problem
as follows [18]:

minimize
N−1∑
k=0

q(x̂t+k, ût+k) + qf (x̂N)

subject to x̂t+k+1 = Ax̂t+k +Bût+k

x̂t = xt

(3.10)

where the notation, x̂t, is the estimated state at time t, while ût is the es-
timated control action at time t. We use q to present quadratic equation
as follows:

q(x, u) = xTQ1x+ uTQ2u

qf (x) = xTQfx
(3.11)

We say a system is feasible when we can find a set of initial states
x for MPC with N such that the states fulfill the constraints and there
exists a feasible solution {u0, u1, · · · , uN−1} for (3.3).

If our system from a state from our planned problem has a feasible
solution, and also the system from every future state for every future
time will have feasible solutions, we can call it recursive feasibility. In
order to prove if the MPC problem is recursive feasible from all states,
we can prove that the terminal set Xf is control invariant [16].

3.3.4 MPC with Integral Action

Since we are using an augmented model for our MPC, there will be a
mismatch between the real plant and the model used for the controller.
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This will result in static errors [22], which implies that the output does
not reach desired reference state even the states stabilized. One of the
common solutions for such problem is using integral action [7][27],
and this strategy is going to be presented in this section.

In general, integral action to MPC means that we will introduce
extra states which are the rate of states instead of states, together with
the outputs as our new states, and we use these new states for the
MPC. This strategy will argument inputs as uk = uk−1 + ∆uk, where
∆uk = ∆u∗k, which should be the optimal solution from MPC [23][7].

Instead of using the state space model from (3.3), a real plant model
can have unknown disturbance as follows:

x(k + 1) = Ax(k) +Buu(k) + w(k)

y(k + 1) = Cx(k + 1) + v(k + 1)
(3.12)

where x and u are system states and input respectively. The measured
output is yk. A, B and C are system matrices. The disturbance v and
w might be unknown, and we want to control independent on these
unknown disturbances.

If we take one sample times ahead using (3.12), we can get:

x(k) = Ax(k − 1) +Buu(k − 1) + w(k − 1)

y(k) = Cx(k) + v(k)
(3.13)

If we subtract (3.12) with (3.13), we get:

x(k + 1)− x(k) = A(x(k)− x(k − 1)) +Bu(u(k)− u(k − 1))

+ (w(k)− w(k − 1))

y(k + 1)− y(k) = C(x(k)− x(k − 1) + (v(k)− v(k − 1)

(3.14)

Because x, u, d, and w are assumed to be time invariant, we can
introduce the integration as follows:

∆x(k) = x(k)− x(k − 1)

∆u(k) = u(k)− u(k − 1)

∆w(k) = w(k)− w(k − 1)

(3.15)
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Now we apply the general idea of integral action by treating
[
∆x(k + 1)

y(k + 1)

]
as new state, so the extended state-space model is defined as:[

∆x(k + 1)

y(k + 1)

]
=

[
A 0

CA I

] [
∆x(k)

y(k)

]
+

[
Bu

CBu

]
∆u(k) +

[
I

C

]
∆w(k)

(3.16)

We can rewrite it to:

x̃(k + 1) = Ãx̃(k) + B̃u∆u(k) + ∆w̃(k)

y(k) =
[
0 I

] [∆x(k)

y(k)

]
=
[
0 I

]
x̃(k) = C̃x̃(k)

(3.17)

We apply predicted model as presented in (3.7) and (3.5), we can
get prediction of output for each receding horizon for MPC and thus
we can find optimal solutions [22] [16] [7]. Moreover, since the out-
put from MPC is ∆u, we should apply the relationship mentioned in
(3.14) and convert to the integrated u. We introduce a vector U(k) as
present and future values of the manipulated outputs over the N re-
ceding horizon with:

U(k) =

 u(k)
...

u(k +N − 1)

 (3.18)

If we apply the relationship according to (3.14), we will have:

U(k) = IL∆U(k) + IMu(k − 1)

IL =


I 0 · · · 0

I I · · · 0
...

... . . . ...
I I I I

 and IM =


I

I
...
I

 (3.19)

Since we only apply the first control inputs, we will have:

u(k) =
[
I 0 · · · 0

]
∆U(k) + u(k − 1) (3.20)

We can see that we just need to add the first control input rate, ∆u,
to the previous control input to the real plant.
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We might have constraints in our modelling and we want to trans-
fer such constraints for a quadratic programming problem for compu-
tation simplicity. However, since we received control input rate, ∆u,
instead of the control input, u, we need to reformulate the constraints.
Assume our constraints are:

∆umin ≤ ∆u ≤ ∆umax

umin ≤ u ≤ umax
(3.21)

According to [7], we can rewrite equation above to:
I

−I
IL
−IL

∆u ≤


∆umax
−∆umin

umax − IMu(k − 1)

−umin + IMu(k − 1)

 (3.22)

Thus we have new formulation that will allow us to set constraints
on both control input rates, ∆u, and control input, u.

In this section, we motivate the MPC with integral action, and in-
troduce the strategy to transform our original state space model to an
extended state space model. We propose also the way to construct
constraints for such strategy.

3.3.5 MPC formulation for 3DOF ship model

We sampled the state-space model in (2.37) with zero-order hold and
constructed an extended state-space model by using MPC with inte-
gral action. Moreover, we are interested in a reference tracking prob-
lem, so we rewrite the MPC from (3.2) to following formulation:
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min
N−1∑
k=0

((C̃x(k)− r(k))TQ1(C̃x(k)− r(k)) + ∆u(k)TQ2∆u(k))

+ (C̃xN − rN)TQf (C̃xN − rN) + εTSε

s.t. umin − ε ≤

x16

x17

x18

 ≤ umax + ε

∆umin ≤ ∆u ≤ ∆umax

position ∩Θ = ∅
x(k + 1) = Ãx(k) + B̃∆u(k)

ε >= 0

(3.23)

where the vessel state at time k is x(k), which is an extended state in

the form of
[
∆x(k)

y(k)

]
according to (3.16), and this extended state con-

tains the state rate and output state. Soft constraint is applied in order
to increase feasibility when we want to limit violations of states or
inputs. Soft-constraint MPC control is nominally stabilizing and Lips-
chitz continuous, and the method can be used for minimizing the size
of violations [37][30]. It is a state with dimension of 18 × 1, which is
[∆η ∆ν ∆τ η ν τ ]. The input to the cost function is the control input
rate, ∆u. We have constant matrix, Ã, B̃ and C̃, according to (3.16),
with:

Ã =

[
A 0

CA I

]
B̃ =

[
B

CB

]
C̃ =

[
0 I

]
(3.24)

where the constant matrix is A, B and C, given by (2.37).
The reference state is for time k is r(k). We choose r(k) = rN and it

is a constant matrix, which has a dimension of 18×1. Since we include
the thruster force τ into the states, we choose the limits of the actuators
between [umin umax] for input directly on the state. We want to limit the
input rate for the thruster, and we choose an another bound, between
[∆umin ∆umax].
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3.4 The Navigation System

We have mentioned in the previous chapter that the navigation sys-
tem is used for providing reference states of the control system. We
have a nonlinear plant model, so we will need to find the optimal con-
trol input from a nonlinear MPC. However, a nonlinear MPC will give
computational burden, and we would like to use a linear MPC. If we
try to use MPC with a linearized model directly, i.e. around one oper-
ating point, we might not be able to find minima for the cost function
over time due to the fact that we have a high nonlinear plant model.
Instead, we would like to have a linearized plant model for all time or
linearized around different operating points over time, (2.34) provides
a possibility as our solution. In this section, we are going to explain
this strategy.

3.4.1 Frame Transform

Frame transform is applied for both velocity transform and position
transform between the vessel parallel frame and the earth frame. Ves-
sel parallel frame is the frame considering the ship orientation as the
origin orientation. In Fig. 3.5, for a vessel from the same position, the
coordinate from the vessel parallel frame is, and always is, [0 0 0],
while the coordinate for the earth fixed frame is [2 2 45], if we present
a position of a vessel with [surge sway yaw].

According to [10], the ship plant model can be approximated as a
linear model, given ηp in (2.34) is the position of the vessel in vessel
parallel frame. However, the ship plant model always provides the
state from the earth fixed frame, see Fig. 3.5. We need to use coordinate
transform between vessel parallel frame and earth fixed frame for the
closed loop.

Two types of transform functions are used in our studies, the trans-
form function with both rotation and translation matrix, and the trans-
form function with only rotation matrix. Given a position of a vessel
in the vessel parallel frame as [0 0 0], we would like to know how
this vessel can move to a specific reference point. The position of the
specific reference point should be also presented in the vessel parallel
frame. In order to present the new position for the reference, we use
both translation and rotation matrix as follows:
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Figure 3.5: Same ship position will give different coordinate in vessel
parallel frame and earth fixed frame. For vessel parallel frame, the
ship position is [0 0 0], while the ship position is [2 2 45] for the earth
fixed frame. Note: the vessel is presented at the yellow line, while the
blue lines are two designed bounds. The sign * presents the bow of the
vessel, and the other side is the aft of the vessel. The sign o presents
the centre of gravity of the vessel.
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zb = tf1(ze, ob, ψ) = R(ψ)(ze − ob)
and

R(ψ) =

cos(ψ) −sin(ψ) 0

sin(ψ) cos(ψ) 0

0 0 1

 (3.25)

where ψ is the Euler angle, zb is the position of the vessel in the vessel
parallel frame, ze is the position of the vessel in earth frame, and ob
is the position of the origin for the vessel parallel frame in earth fixed
frame.

If we have already a velocity from a vessel parallel frame, and we
would like to get this velocity represented in a new vessel parallel
frame, we use only translation matrix. This calculation is performed
when we would like to find new velocity for the next sample time with
MPC. Then the transform function here is:

vnew = tf2(v, ψ) = R(ψ)v (3.26)

where v is the vector presented in the original frame, and vnew is the
vector presented in the new frame for the next sample time.

3.4.2 States Generation

We get 9 states, [x y ψ u v r τ1 τ2 τ3], from the ship plant model, and
we need to build a states generator that prepare 18 states for the MPC
with integral action. Since all 9 states from the plant model are in earth
fixed frame and MPC based on using states in vessel parallel frame, we
need to transform all states into the vessel parallel frame and calculate
18 states from 9 states in the following way:

• ηb(k) = [0 0 0]

• ∆ηe(k) = ηe(k)− ηe(k − 1)

• ∆νe(k) = νe(k)− νe(k − 1)

• ∆τe(k) = τe(k)− τe(k − 1)

• ∆ηb(k) = tf2(∆ηe, ψ(k))

• ∆νb(k) = tf2(∆νe, ψ(k))
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• ∆τb(k) = τe(k)

• ηb(k) = [0 0 0]

• νb(k) = tf2(νe(k), ψ(k))

• τb(k) = τe(k)

• x =
[
∆ηb ∆νb ∆τb ηb νb τb

]
3.5 Software and Toolbox

We performed our studies on MATLAB. We used the toolbox YALMIP
for building the control system [21].

YALMIP is a toolbox for modelling and solving optimization prob-
lems in MATLAB. YALMIP is developed to models semidefinite pro-
graming (SDP), and it provides solvers for optimization problems [21].
It supports linear programming (LP), quadratic programming (QP),
mixed integer programming, etc. Almost around 20 solvers are sup-
ported for solving those problems. It is easy to use YALMIP as a tool-
box in MATLAB, and it is easy to implement YALMIP with Simulink.
Quadratic programming solver is chosen in our studies.

3.6 Summary

In previous sections, we talked about how we construct our solutions
according to the Guidance, Navigation and Control system. In the
guidance system, we generated waypoints. In the navigation system,
we transformed coordinate systems and generated states for the con-
trol system. In the control system, we implemented MPC with integral
action. The completed implementation can be presented in Fig.3.1.
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Simulation Results

4.1 The Ship Model

We implemented the 3DOF ship model from Chapter 2 by combining
the ship model from (2.28) with thruster allocation dynamics. We sim-
ulated this ship model as shown in Fig. 4.1, in order to observe the
dynamics of open loop behavior and the response time of each of the
degrees of freedom. Given three inputs as commands to the thruster,
(2.31), we analysis the models by varying one of the inputs with a con-
stant and keep other two inputs zero.

Given the upper bound values for the thruster as [4×106 N 106 N 4×
108 Nm], we select our nonlinear ship plant with three different step
inputs with [4× 106 N 0 0], [0 106 N 0], [0 0 4× 108 Nm] respectively, as
shown in Fig. 4.1.

Three tests show that the yaw rate, r, has a shorter response time
than the velocity on surge and sway direction.

4.2 Linearized Plant Model without Integral
Action

The first part of the study is to approximate a state-space model for
MPC, and use a linearized model as an approximation of the plant
model. We use MPC toolbox and we choose 3DOF from (2.30) without
actuator dynamics from (2.31). We tested same reference values for
without integral action and analysis the inputs, trajectory and states,
as shown in Fig. 4.2. Given the MPC formulation in (3.2), we choose

43
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Figure 4.1: States over 5000 seconds. Solid red line presents first test
with [1e6 0 0]. Dash dot line presents second test with [0 1e6 0]. Dash
line presents third test with [0 0 1e8].
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the weights for input and weights for terminal set are zero and the
weights for states as follows:

Q1 = diag([106 106 106 1 1 1]) (4.1)

Given the reference input [50 m 50 m 50 deg], the results of MPC
are shown in Fig. 4.2 and Fig. 4.4. Sample time is chosen to be 10 s for
all simulations. Although the inputs stabilized as shown in Fig. 4.3,
only yaw reaches the reference values while there are static errors for
surge and sway due to mismatch of the system. The surge position
only reaches 25m even that the final position for surge should be 50m.
Moreover, a large overshoot for surge is obtained with 82 percent,
while overshoot for sway is 3.9 percent and for yaw is 0.2 percent.
The system is fast enough, and rise time for surge is 14.3 seconds, for
sway is 66.1 seconds and for yaw is 66.8 seconds.

4.3 Performance with Integral Action

By using MPC with integral action, we aim to minimize the mismatch-
ing between the state space model for MPC and the nonlinear model
for the plant, and handle constant disturbance from current and wind.

Instead of using the state-space model for in (2.36), we chose a
state-space model with thruster dynamics from (2.37) and included
integral action according to (3.17).

Qf = diag([1 1 1010 0 0 0 108 108 108])

Q2 = I3×3

Q1 = 0.05Qf

(4.2)

We pick weights for terminal set much larger than for states be-
cause we are interested in reaching the final states. We choose weights
for inputs much larger than other states because changing 1 N of force
affects less for a large ship. We choose a large weight for yaw because
we would like to change the angle faster than the position.

This MPC with integral action bring the ship into desired position,
as shown in Fig.4.6 and Fig.4.7. The plot for states is in Fig. 4.5.

As shown in Fig. 4.6, the system stabilized and converges to the
reference. The system does not have much overshoot. There is 0.47
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Figure 4.2: States for MPC without integral action. Reference is set to
[50 m 50 m 50 deg ], and we get static error. Pink solid line presents
the system performance, given the reference [50 m 50 m 50 deg ].
Blue solid line presents the reference value. The system results in a
static error for surge and sway.
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Figure 4.3: Inputs for MPC without Integral Action with Reference
[50 m 50 m 50 deg ]. Inputs stabilized. From top to bottom, the inputs
value is τ1, τ2, τ3. x axis is time for 350 seconds. y axis is inputs value.

percent overshoot for the surge, 0.01 percent overshoot for the sway,
and 0 for the yaw. But the rise time is longer for MPC with integral ac-
tion. The rise time for surge is 222.8 seconds, for sway is 235.5 seconds.
However, the rise time for yaw is 814.4 seconds, and it takes long time
to settle. This could be improved by updating the weights for MPC.

4.4 Waypoint tracking

Waypoint tracking is chosen for navigating the vessel, and this strat-
egy is popular for autonomous vehicle, see [12] [8] and [13]. By using
Voronoi diagram, we get a list of waypoints as shown in Fig. 3.3. A
higher level control algorithm is used to check if the vessel is reached
within the convex area, defined as follows:

√
(x− xdi)2 + (y − ydi)2 < tol1i

abs(ψ − ψdi) < tol2i
(4.3)
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Figure 4.4: Trajectory for MPC without Integral Action with Reference
[50 m 50 m 50 deg ]. Trajectory is not planned well, given a curve to-
wards to the desire position. It reaches a position close to the reference
position but it does not reach the reference. Initial position is at [0 m
0 m 0 deg ]. Green shape is an approximated ship plot. Red is the
trajectory.
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Figure 4.5: States for MPC with integral action. Reference is set to
[50 m 50 m 50 deg ], and system converges to the reference. Blue solid
line is reference. Red solid line is trajectory.
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Figure 4.6: Inputs for MPC with integral action with Reference [50 m
50 m 50 deg ]. Inputs stabilized. From top to bottom, the inputs value
is τ1, τ2, τ3. x axis is time for 2000 seconds. y axis is inputs value.

Figure 4.7: Ship trajectory for MPC with integral action. with Refer-
ence [50 m 50 m 50 deg ]. Trajectory is planned well, given directly
towards to the desired position. It reaches the reference position. Ini-
tial position is at [0 m 0 m 0 deg ]. Green shape is an approximated
ship plot. Red is the trajectory.
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Figure 4.8: Performance for using MPC with integral action in Guid-
ance Navigation and Control system and use waypoint tracking. Red
is trajectory for the vessel when presenting the centre of gravity of the
vessel. Green path is trajectory for the vessel when presenting the ves-
sel with shape.

where x, y and ψ are surge sway and yaw in earth frame, xd, yd and
ψd are desired surge, sway and yaw. The notation tol1i and tol2i are
introduced for presenting the distance that is allowed for being away
from the i desired position. Tolerance areas are chosen such that the
size of allowed areas decreases when the vessel is closer to the desired
position.

We use the waypoints from Fig. 3.3, and we get the performance
from the GNC system in Fig. 4.8. Receding horizon, N , is chosen to be
20. Bounds for thruster forces, tau, is chosen to be [±4 MN ± 1 MN ±
400 MNm]. Sample time is chosen to be 10 s. Weights for terminal set
is mentioned at (4.2). Weight for the soft constraints, S, is set to be 1010.

The GNC manage to bring the vessel to dock without having any
side of vessel hit the bounds by using Voroni diagram and MPC with
integral action. We can see five peaks in Fig. 4.9, due to switching to
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Figure 4.9: Inputs for using MPC with integral action in Guidance
Navigation and Control system and use waypoint tracking. Inputs
stabilized. From top to bottom, the inputs value is τ1, τ2, τ3. x axis is
time for 2000 seconds. y axis is inputs value.

another waypoint will require extra forces. Soft constraints minimize
violations for states, but the limits of states are violated during the
beginning when it starts to switched MPC controller. This is due to
delay of sampling, which could be solved by saturation for thruster
dynamics. In Fig. 4.10, surge, x, and sway, y, are stabilized before
switching to another waypoint. However, the settling time for yaw,
ψ, is long, although yaw reaches the reference value at the end of the
simulation. The simulation shows also the vessel reached the final area
set, see (4.3) around 900 seconds.

4.5 Disturbance Test

There will be disturbance such as wind and current, when a vessel is
navigated to the port. We assume that the disturbance is unknown
constant or slow varying measurement noise, and we would like to
simulate such disturbance and analysis the performance of our sys-
tem. Since the MPC with integral action can be used for dealing with
unknown constant or slowly varying noise [7], we model such dis-
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Figure 4.10: States for MPC without integral action. Red solid line is
reference. Blue solid line is actual trajectory.
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turbance as a constant bias vector as in (2.30). We are interested in
studying how the size of bias vectors and desired position affects the
performance, chosen preceding horizon and weight as same as previ-
ous studies.

By selecting different bias vector, we get the simulation results as
shown in Fig. 4.11, Fig. 4.12, Fig. 4.13, Fig. 4.14. The results show that
there is an upper bound of disturbance for having a performance such
that the vessel can reach reference value, and this upper bound is b =

[106 105 105]. When the disturbance is over the bound, inputs will start
to change very large and the states cannot be stabilized towards to the
reference value.
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Figure 4.11: States for three disturbance test for (2.30) with b = [107 0 0],
b = [0 106 0] and b = [0 0 107] respectively. Green solid line is the
reference value with [50 m 50 m 10 deg ].
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Figure 4.12: Inputs for three disturbance test for (2.30) with b =

[107 0 0], b = [0 106 0] and b = [0 0 107] respectively.
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Figure 4.13: States for disturbance that is under the upper bound, and
disturbance is applied to all 3 DOF with b = [106 105 105]. Green solid
line is the reference value with [50 m 50 m 10 deg ].
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Figure 4.14: Input for disturbance that is under the upper bound, and
disturbance is applied to all 3 DOF with b = [106 105 105].
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Conclusion and Future Work

The main contribution of the thesis is that we implemented the GNC
system for docking and navigating ships. Voronoi diagram is used
for generating a waypoint list for waypoint tracking. MPC with in-
tegral action is applied to control the vessel for reducing model dis-
turbance and constant disturbance from current and wind. The main
focus of our thesis is on the controller for the navigation problem. We
compared MPC with and without integral action, and shown that the
static error can be minimized by using MPC with integral action. To
test our methods, we performed the GNC system for South Harbour
of Helsikin, and shown the vessel is navigated and docked at port.
Moreover, we studied the effects of disturbance to keep the controller
stabilized and suggested an upper limit for the disturbance.

Future work is discussed about the improvements of the controller,
designs of path planning, and modelling of thruster dynamics. Al-
though the guidance system is already able to generate waypoints, the
MPC should be also improved with constraint for the environment for
real-time object avoidance by including extra constraints. Future stud-
ies may also include studies on minimizing time for docking and min-
imizing fuel for docking due to the fact that the Voronoi diagram does
not guarantee an optimal path. The future studies may include con-
straints for object avoidance for MPC instead of relying on the guid-
ance system. One possible solution is to include different constraints
for each phase as shown in Fig. 2.4. About the tolerance for switching
MPC, if a larger tolerance for accessing a waypoint is chosen, a neigh-
bour waypoint might be mistaken as a current waypoint instead. If
a smaller tolerance is chosen, MPC will have a slower performance

59
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because there is a higher requirement to be considered as reaching a
waypoint. We have shown that the switching MPC is feasible with
simulation, due to the fact that the time between each switch is so long
in order to stabilize the motion. A possible study could be the recur-
sive feasibility by studying the feasibility set over time. We used the
thruster dynamics according to [10], and the future study could be ap-
plied to study the true thruster dynamics.
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Appendix A

Tuning weights

We studied on different weights for terminal set, Qf , and on different
weights for soft constraints, S, with Fig. A.1 and Fig. A.2. We set:

Qf1 = diag([1 1 1010 108 108 108 108 108 108])

Qf2 = diag([1 1 1010 0 0 0 108 108 108])

The results show that the vessel reached each waypoint ealier with
Qf2. A MPC controller without soft constraints is marked with S1. A
MPC controller with soft constraints with S = 1010 is marked with
S2. The results show that the violations of inputs are minimized with
higher weights of soft constraints.

We studied on different convex area for checking if the vessel reaches
each waypoint, see (4.3). Given five waypoints from the voronoi dia-
gram in Figure. 3.3, we set tolerance for tol11tol12...tol15tol21tol22...tol25

from (4.3) as follows:

cv1 =
[
35 30 25 20 25 25 25 25

]
cv2 =

[
30 25 20 15 25 25 25 25

]
cv3 =

[
35 30 25 20 15 15 15 15

]
′

States and Inputs for these three convex area settings are shown in
Fig. A.3 and Fig. A.4 respectively. The simulated vessel trajectory is
shown in Fig. A.5, Fig. A.6 and Fig. A.7 by choosing settings from (A).

Results above show that the setting for tolerance cv1 is fastest, see
Fig. A.3 and Fig. A.4, however the vessel body is closer to the bound
according to Fig. A.5, Fig. A.6 and Fig. A.7. Therefore, there is a trade-
off between tolerance and safety of navigation.
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Figure A.1: States for choosing Qf1, Qf2, S1 and S2.
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Figure A.2: Inputs for choosing Qf1, Qf2, S1 and S2.
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Figure A.3: States for choosing cv1, cv2 and cv3.
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Figure A.4: Inputs for choosing cv1, cv2 and cv3.
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Figure A.5: Vessel simulated path for choosing cv1.
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Figure A.6: Vessel simulated path for choosing cv2.
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Figure A.7: Vessel simulated path for choosing cv3.
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