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Abstract

The formation of Cr-rich and Fe-rich domains upon ageing of an ini-
tially homogeneous Fe-Cr alloy at elevated temperatures (300-600 ◦C)
is commonly referred to as phase separation. The behaviour originates
from a miscibility gap in the Fe-Cr phase diagram. The boundary of
the miscibility gap is denoted the binodal, and the line where the sec-
ond derivative of the molar Gibbs energy w.r.t. composition is zero,
the spinodal. In the region between the binodal and spinodal lines, the
phase separation is said to occur by means of nucleation and growth.
Inside the spinodal line, no thermally activated nucleation event is
needed, and the initially homogeneous alloy decomposes "spinodally"
into Cr-rich and Fe-rich regions. This type of phase transformation
can be viewed as a continuous build up of Cr-rich regions, that also
are interconnected, forming a microstructure characteristic for alloys
decomposed spinodally. Phase separation has been of great interest
within the metallurgical community as well as industry, due to its em-
britteling effect. Phase separation in Cr-rich ferritic steels, and thus
embrittlement, sets a practical upper service temperature of 300 ◦C
for Cr-containing ferrites. It is desirable to develop understanding
and modelling capability for decomposing alloy systems, since such
knowledge could be used to relieve the limitation in service tempera-
ture. The current work has been focused around the development and
use of computer simulations, using thermodynamic and kinetic input
from databases, in order to progress towards alloy design where de-
composition is minimized. Simulations in this work are based on solv-
ing the so called Cahn-Hilliard equation, where an important parame-
ter is the gradient energy, since it influences both the morphology and
rate of decomposition in the simulations. An attempt at formulating a
general model for the gradient energy coefficients in multi-component
systems has been made, but has yet to be properly tried against exper-
imental data. Improvements, and insights, to the initial state used in
simulations has also been achieved. The combination of above men-
tioned efforts is a step towards a predictive tool for decomposition of
complex alloys. Such a tool could not only be an aid in future alloy
design, but also be used as an aid as a diagnosis tool in life time as-
sessment of critical components already in use and thereby difficult to
assess on site by means of in-destructive testing, typically components
in nuclear power facilities.
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Sammanfattning

Fasseparation i ferrit är uppdelningen av en, initialt homogen, Fe-Cr-
legering i Cr-rika och Fe-rika domäner vid åldring vid förhöjd tem-
peratur (300-600 ◦C). Tendensen till fassepration tar sig termodyna-
miskt uttryck som en s.k. blandningslucka i det binära fasdiagrammet
för Fe-Cr. Blandningsluckan, eller binodalen, och spinodalen - defini-
erad som samlingen av punkter där andraderivatan av molära Gibbs
energi är lika med noll, är centrala begrepp i teorin om fasseparation.
I området mellan binodalen och spinodalen sker sönderfallet i form
av termiskt aktiverad kärnbildning, tillväxt och förgrovning. Innanför
spinodalen behövs ingen termisk aktivering och den initialt homogena
legeringen sägs sönderfalla spinodalt, dvs. genom gradvis uppbygg-
nad av Cr-rika och Fe-rika områden. Fassepration genom spinodalt
sönderfall ger upphov till en karaktäristisk mikrostruktur, bestående
av kontinuerligt sammanhängande områden av Cr- och Fe-rika om-
råden. Sönderfall av Fe-Cr-legeringar har rönt mycket intresse både
inom akademien och industrin pga dess försprödande effekt, som där-
med begränsar den maximala temperaturen vid vilken dessa material
kan användas. Det är därför önskvärt att förbättra både förståelsen och
möjligheterna att förutspå förekomsten av fassepration genom simule-
ring, för att på så sätt utveckla material som är okänsliga för fassepra-
tion vid högre driftstemperaturer. Detta arbete fokuserar på utveck-
ling och användning av simuleringar som utnyttjar termodynamiska
och kinetiska databaser. Simuleringarna i detta arbete baseras på att lö-
sa den s.k. Cahn-Hilliard ekvationen, kopplad till nämnda databaser.
En viktig parameter i Cahn-Hilliard ekvationen är gradientenergiko-
efficienten, vilken påverkar såväl morfologi som sönderfallshastighet.
I detta arbete har en generell formulering för gradientenergi i multi-
komponentsystem utvecklats, dock krävs mer arbete för att validera
den framtagna modellen. Dessutom så har detta arbete lett fram till
insikter vad gäller val av den initiala strukturen som används som
startpunkt för simuleringarna. En sammanflätning av nämnda delför-
bättringar leder ett steg närmare ett funktionellt verktyg för förutsä-
gelser om materials beteende gällande fasseparation vid åldring av
komplexa legeringar. Ett sådant verktyg kan vara till hjälp vid framti-
da legeringsdesign, men även fungera som diagnosverktyg för kom-
ponenter som redan tagits i bruk och därmed är svåra att undersöka
oförstörande på plats, t ex kritiska komponenter i kärnkraftverk.
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Chapter 1

Introduction

1.1 Aim of this thesis

Much work has been performed within the metallurgical community
to understand and quantify spinodal decomposition in Fe-Cr based al-
loys, see e.g. the review by Danoix and Auger [1] and the references
therein. Results reported by Schwartz and LaSalle [2] show that the
decomposition process can be well described by the continuum ap-
proximation for early and in some cases intermediate and late stages
of decomposition, so what more could be done? A closer inspection of
the work by Schwartz and LaSalle, shows that it is indeed possible to
produce calculated output that matches experimental data well. How-
ever, the result heavily depends on fitting procedures. This thus indi-
cates that predictive calculations should be possible using continuum
approximations, given that the input parameters are sufficiently accu-
rate. The aim of this thesis is to bring the state of the current simulation
capabilities closer to the status of a useful tool. This task has been pur-
sued by incorporating, and relying on, Calphad thermodynamics and
kinetics in order to enable simulation of systems with any number of
components while considering realistic thermodynamics and kinetics.
Another aim is to improve the description of the initial structure of the
material. The latter has been shown to have significant impact on the
predictive capabilities of modelling, although, due to the complexity
of the problem more work is needed to reach the ultimate goal of a self
consistent model for initial structure at finite temperatures. The thesis
also addresses the non-trivial question of how to model the gradient
energy in binary and multi-component systems, as well as incorporat-

1



2 CHAPTER 1. INTRODUCTION

ing a concentration dependence of the gradient energy coefficients.

1.2 Stainless steels

A stainless steel is an iron based alloy containing >10.5% Chromium
[3]. The addition of enough chromium causes formation of a protective
oxide layer upon contact with air, that drastically slow down further
oxidation of the alloy, i.e., in layman’s terms, prevents the steel from
rusting. Since their discovery, stainless steels have been developed by
adding more alloying elements, e.g. Ni, Mn, Mo etc.. The relative
amounts of alloying elements, as well as the thermo-mechanical his-
tory of the material, strongly influence the properties of the final ma-
terial. Stainless steels have been crucial for the emergence of modern
societies, as they are vastly used in infrastructure and products that fa-
cilitate our modern lifestyle, such as chemical, food and energy indus-
try, as well as in cars, aerospace applications and buildings. The pro-
duction of stainless steels in the world 2007 measured 29,800 tons [4],
and thus it is understandable that much effort is continuously put into
the development of stainless steels in order to improve performance
and decrease economic and environmental cost.

However, high Cr steels are in ferritic form susceptible to embrittle-
ment upon ageing at 300-600◦C. Embrittlement occurs in pure ferrites
as well as in duplex steels and ferritic welds [5–7]. There are several
suggested mechanisms involved in the embrittlement [8], where one
of the most prominent is the decomposition of ferrite. An example of
the severe embrittling effect of ageing on high Cr steel is shown in Fig.
1.1. Austenitic stainless steel welds are also susceptible to embrittle-
ment, caused by phase separation in the ferrite in the weld material. A
specific application of importance is the welds in light water reactors.
Here the material is subjected to low temperature ageing at 280-300 ◦C,
causing embrittlement after decades of service [10, 11].

1.3 Calphad thermodynamics

A thermodynamic system is any well defined part of the universe, or a
theoretical construct of the same, where the boundaries of the system
can be either permeable or isolating to the surroundings with respect
to heat, matter etc.. In this thesis, the word "system" refers to a well
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Figure 1.1: Impact toughness vs. time for Fe-20Cr aged at 500◦C [9]

defined mass at given pressure and temperature. The method here
used for thermodynamic investigation of such systems is the Calphad
method, originally an acronym for CALculation of PHAse Diagrams,
i.e. diagrams providing information on the equilibrium state of an al-
loy system. In essence, any chemical system could be modelled using
this technique, however this thesis is confined to dealing with metallic
systems. The fundamental quantity used for the construction of phase
diagrams is the Gibbs energy

G = G(T, P,Ni) (1.1)

where T is the temperature, P the pressure andNi the number of moles
of component i [12]. This quantity is particularly suitable to use in
conjunction with experimental investigations since it is convenient to
design experiments to be conducted at constant pressure and temper-
ature. Under such conditions, the Gibbs energy reduces to a function
of the amount of ingoing species. For a binary A-B alloy system, Gibbs
energy per mole of substance can be written as

Gm = xAG
0
A + xBG

0
B +RT (xAln(xA) + xBln(xB)) + xAxBLAB (1.2)

where xAG0
A+xBG

0 refers to a reference state, R(xAln(xA)+xBln(xB))

the ideal entropy of mixing, T the temperature and R the gas constant.
The term xAxBLAB is the excess Gibbs energy which describes the de-
viation from an ideal solution, i.e. the excess Gibbs energy describes
the interaction energy between constituents. LAB in Eq. 1.2 is in the
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Calphad method modelled by a Redlich-Kister polynomial

Lij =
k∑

n=0

(xi − xj)n · nLij (1.3)

The case where k is zero and Lij is independent of composition is
called a regular solution. In practical modelling, regular, linear com-
position dependence, or sub-regular, quadratic, behaviour is common.
Temperature dependence is introduced using expressions of the form

Gm = A+BT + Cln(T )... (1.4)

where A,B,C... are coefficients, and T the temperature. The coef-
ficients are fitted to thermodynamic data evaluated in experimental
studies. In this way analytical functions of the Gibbs energy, founded
on thermodynamic principles and simultaneously fitted to experimen-
tal data, are obtained. After assessing the Gibbs energy for all known
phases of a system, the total Gibbs energy of the system can be mini-
mized to predict phase equilibrium or a phase diagram. Information
such as chemical potentials and heat capacity may also be derived
from the Gibbs energy expressions. The perhaps most useful feature of
this method, is that assessed systems can be combined and extended
to accurately describe multi-component systems, e.g. three binary sys-
tems may be combined to describe a ternary system [12]. The combina-
tion of systems with fewer components to describe systems with more
components has in principle no upper bound, however introduction
of additional interaction parameters may sometimes be necessary.

1.4 Diffusion

Diffusion is a phenomenon where species spontaneously move from a
higher to a lower chemical potential in a gas, liquid or solid by means
of thermal activation. Although diffusion is a rich subject, this section
will only give the theoretical background necessary for the scope of
this thesis. For extensive treatments of the subject, the reader is re-
ferred to e.g. [13].

Considering the flux of atoms due to a difference in chemical po-
tential, in the lattice fixed frame of reference one may derive the ex-
pression

Ji = −Mixi
Vm

∂µi
∂z

(1.5)
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where i denotes the species under consideration and Ji denotes the
flux, Mi is a phenomenological mobility and µi is the chemical poten-
tial. The molar volume, Vm is here assumed constant. Equation 1.5 can
by use of the chain-rule be re-written as

Ji = −Mixi
Vm

∂µi
∂xi

∂xi
∂z

= −Di
∂xi
∂z

(1.6)

where
Di =

Mixi
Vm

∂µi
∂xi

(1.7)

For multi-component systems, the fluxes of species k can be written
as [14]

Jk =
∑
i

Dkj
∂cj
∂z

(1.8)

A conserved multi-component system with n species will by Eq. 1.8 be
described by n−1 independent fluxes andDkj is then an (n−1)×(n−1)

matrix containing mobilities and thermodynamic factors. Eq. 1.8 has
the consequence that the flux of a species is dependent on all gradi-
ents in chemical potential in the system. The influence of cross terms
may yield a flux of a species against its own concentration gradient. A
famous example where this effect was reported is the Darken experi-
ment where carbon was made to diffuse against its own concentration
gradient, i.e. uphill, due to the presence of silicon [15].
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Phase separation

The term phase separation refers to a system undergoing a phase trans-
formation of the type α→ α+α

′ , i.e. a transition from a homogeneous
α-phase to a two-phase mixture consisting of α and α′ , which have the
same crystal structure as the parent phase and thus only differ in com-
position. An alloy system that exhibits this behaviour under certain
circumstances is said to have a miscibility gap, see Fig. 2.3. Phase sep-
aration can be described by two mechanisms/models - nucleation and
growth, or spinodal decomposition.

2.1 Nucleation and growth

The following section gives the basic concept of classical homogeneous
nucleation theory, homogeneous referring to the absence of impuri-
ties, defects, grain boundaries etc.. Consider the diagram in Fig. 2.1,
the nominal composition of the hypothetical A-B system is x0B, and
the system has just been cooled to a temperature where the α phase is
supersaturated with respect to B. The system could lower its Gibbs en-
ergy by forming β phase. The Gibbs energy of a system with a spheri-
cal β particle is given by [16]

∆G =
4

3
πr3∆g + 4πr2γ (2.1)

where ∆g is the driving force per unit volume, see Fig. 2.1, r the radius
of the β-particle and γ the interfacial energy. From Eq. 2.1 it can be
seen that the reduction in energy by formation of β is counteracted by
the formation of an α/β interface. The emerging β particle must thus

6
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supersede a critical radius representing an unstable equilibrium and
enter the growth phase. Given that the energy required for formation
of a critical nucleus is ∆G∗, the nucleation rate N is given by

N = Cexp
(
− ∆G∗

kBT

)
(2.2)

Where C is a kinetic pre-factor, kB the Boltzmann constant and T the
temperature. Equations 2.1 and 2.2 can be said to constitute the basis
for the classical theory of nucleation. The growth of the nucleated par-
ticle can subsequently be modelled as a diffusion controlled process
under the assumption of local equilibrium.

Figure 2.1: Thermodynamic construction illustrating the driving force
for nucleation of spherical β phase from a supersaturated α phase [17].

2.2 Spinodal decomposition

Contrary to nucleation and growth spinodal decomposition is a grad-
ual process that does not require nucleation but leads to compositional
variation. In the Fe-Cr case this means formation of Cr-rich α

′ and
Fe-rich α from the initially homogeneous solution. The Fe-Cr phase
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diagram is shown in Fig. 2.2, from which it is clear that a more com-
plete understanding of the precipitation behaviour, and impact on me-
chanical properites, needs consideration of also the σ phase. However,
experimental studies have shown that the formation of σ is slow com-
pared to the development of α and α

′ [18]. Thus the formation of σ-
phase will be omitted from further discussion in this thesis. The meta-
stable phase diagram for BCC (Body Centered Cubic)Fe-Cr is shown
in Fig. 2.3. The BCC phase exhibits a miscibility gap, i.e. a two phase
region with the mixture of phases having the same crystal structure
but different composition. The Gibbs energy for the BCC phase as a
function of mole fraction Cr, at 623 K, is shown in Fig. 2.4. The two
circles in Fig. 2.4 mark the compositions where the second derivative
of the molar Gibbs energy is zero. The locus of points from such calcu-
lations performed over a range of temperatures is commonly denoted
the spinodal, or spinodal line, and is displayed in Fig. 2.3. Outside the
spinodal line, ∂2Gm/∂x

2 > 0, and according to Eq. 1.6 Cr diffusion oc-
curs from high to low concentrations. Inside the spinodal on the other
hand, ∂2Gm/∂x

2 < 0, and thus Cr has a tendency to diffuse from low to
high Cr concentration, so called uphill diffusion. The uphill diffusion
causes a separation of Fe and Cr, i.e. phase separation or "spinodal de-
composition". Inside the spinodal there is no thermodynamic barrier
against the phase separation and it has traditionally been described
as a continuous build up of Cr concentration until the volume under
consideration reaches the equilibrium composition [19]. The typical
morphology is an interconnected network of Cr-rich domains, see Fig.
2.5a. For compositions and temperatures between the edge of the mis-
cibility gap and the spinodal line, the phase transformation is often
characterized as "nucleation and growth" and exhibits a particle-like
morphology, see Fig. 2.5b for an example of niobium carbide precipi-
tates in a low alloyed steel. A typical schematic view of the difference
between spinodal decomposition and nucleation and growth is shown
in Fig. 2.6, reproduced from [19]. Although useful in illustrating the
different modes of reaction, it also obscures the transition between the
two mechanisms as will be discussed in section 3.3.
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Figure 2.2: The Fe-Cr phase diagram calculated with the TCFE7
database. [20]
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Figure 2.3: The Fe-Cr miscibility gap for BCC as calculated with the
TCFE7 database [20].

Figure 2.4: Gibbs energy vs Cr-content. The circles denote the points
where the second derivative of Gibbs energy is zero. The locus of
points calculated over a range of temperatures gives the spinodal line.
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(a) (b)

Figure 2.5: (a) Interconnected morphology typical for alloys inside the
spinodal line [21] (b) NbC precipitates in a low alloyed steel [22].

Figure 2.6: A schematic showing the principal difference between
spinodal decomposition and nucleation and growth [19].
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Modelling of phase separation

A detailed discussion on simulation of binary Fe-Cr can be found in
paper II.
The modelling work in this thesis is based on the solution of the Cahn-
Hilliard equation, see Eq. 3.6, where the thermodynamic and kinetic
properties of each meshpoint and time step in the simulated system
are calculated with the Thermo-Calc software [23], using the TCFE7
[20] and MOBFE2 [24] databases. This approach is very general and
can, in principle, be applied to a system with any number of compo-
nents. It provides thermodynamic and kinetic descriptions, enabling
evaluation of e.g. diffusion coefficients, see Eq. 1.8. The microstructure
simulations in this thesis are performed using the partial differential
equation solver packages FiPy [25] or Yapfi [26].

3.1 The Cahn-Hilliard equation

In 1958, Cahn and Hilliard represented the Helmholtz energy of an in-
homogeneous system by a functional [27]. Exchanging Helmholz en-
ergy for Gibbs energy, and expressing concentration in mole fraction,
x, their analysis for a binary system gives

G =

∫
V

[Gm + κ(∇x)2]
dV

Vm
(3.1)

where Gm is the molar Gibbs energy, κ the gradient energy coefficient,
∇x the local gradient in mole fraction of the independent species, and
Vm the molar volume. Cahn later included the effect of coherency

12
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stresses [28] and Eq. 3.1 becomes

G =

∫
V

[Gm +
η2EVm
1− ν

(x− x0)2 + κ(∇x)2]
dV

Vm
(3.2)

where η is the linear expansion per unit composition, ν is the Poisson
ratio, x is the local composition and x0 the nominal composition of the
initially homogeneous alloy, E is the elastic modulus. In a conserved
system where the arbitrarily chosen dependent species n is eliminated,
one may obtain the inter-diffusion potential from Eq. 3.1 by

δG

δxi
= µi − µn (3.3)

and thus the flux of species i in a number fixed frame of reference is
obtained by applying Eq. 1.5

Ji = − 1

Vm
Lnii∇(µi − µn) = −Jn (3.4)

HereLnii denotes the phenomenological mobility coefficientL for species
i in the gradient of i with the arbitrarily, but consistently, chosen de-
pendent species n. Applying the conservation law to Eq. 3.4, yields

∂xi
∂t

= −∇ · (Ji) (3.5)

By inserting Eq. 3.4 into Eq. 3.5 one arrives at the Cahn-Hilliard equa-
tion

∂xi
∂t

= ∇ · ( 1

Vm
Lnii∇(µi − µn)) (3.6)

from which the composition in any point of the system, at any time,
can be evaluated given an initial state and proper boundary condi-
tions. Equation 3.6 is in this thesis the fundamental equation to be
solved in the efforts of modelling spinodal decomposition in the Fe-Cr
system and its multi-component extensions.

3.2 Gradient energy

In the Cahn-Hilliard framework, the gradient energy (Eq.3.7) is a key
quantity that has a large effect on the simulation results. The follow-
ing section discusses modelling of the gradient energy term for both
binary and multi-component systems.
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3.2.1 Binary systems

The gradient energy in Eq. 3.1 can be identified as

G∇ =
1

Vm

∫
V

κ(∇x)2dV (3.7)

The molar volume Vm is assumed constant, and x is the mole fraction
of the independent species. For a regular solution, Cahn and Hilliard
derived an expression for the gradient energy coefficient, κ

κ =
Ωa2

2
(3.8)

where Ω is the regular solution parameter, i.e. LAB in Eq. 1.2 and a

is a characeristic interaction distance. The gradient energy coefficient
determines the energy "penalty" for a gradient in composition in the
system. The penalty is, as can be seen from Eq. 3.7, proportional to the
square of the gradient, and thus sharp interfaces are highly unfavor-
able in this model. Instead, the high cost of sharp gradients will be bal-
anced with the cost of having a diffuse interface with non-equilibrium
composition. The impact of the gradient energy on simulation results
is such that a smaller value for κ permits sharper gradients which
leads to the development of a finer structure, and thus shorter dif-
fusion distances. The critical wavelength, i.e. the minimum average
distance between Cr-rich regions, can be derived from the linearized
Cahn-Hilliard theory as

λc =

√
−8π2κCrFe
∂2Gm/∂x2Cr

(3.9)

From Eq. 3.9 it can be seen that the distance between Cr-rich regions
will decrease with a decreasing value of κCrFe. The gradient energy
also determines the behaviour of the surface energy driven processes
of coarsening, since the gradient energy is closely related to the sur-
face energy [27]. As stated by Cahn and Hilliard [28], the gradient
energy is not allowed to have a negative value, since it would yield
un-physical results. In fact, the solution to Eq. 3.6 is not stable under
such conditions. However, a negative regular solution parameter in
the expression in Eq. 1.2 is not uncommon. A physical interpretation
of the Ω parameter for a binary A-B system is [29]

Ω = LAB = εAB −
1

2
(εAA + εBB) (3.10)
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where εAB denotes the energy of an A-B bond. This interpretation thus
predicts short range ordering for negative values of Ω. Negative in-
teractions were adequately handled in the work by Hillert [30] , due
to the discrete nature of his model. This capability was however lost
upon the re-formulation of Hillerts work into a continuum model by
Cahn and Hilliard in 1961.

3.2.2 Multi-component systems

Extending the gradient energy along the same principles as in Eq. 1.8
yields

G∇ =
1

Vm

∫
[(∇x)TK∇x]dV (3.11)

where ∇x is the vector of n independent gradients, K is a matrix
containing the gradient energy coefficients and Vm is the molar vol-
ume. The matrix K is then given by

K =


κ11 κ12 ... κ1N
κ21 κ22 ... κ2N

...
... . . . ...

κN1 κN2 ... κNN

 (3.12)

The model by Cahn and Hilliard requires in the binary case a pos-
itive valued gradient energy coefficient (κ), in the multi-component
case this corresponds to the gradient energy coefficient matrix, K, be-
ing positive definite. The positive definiteness means that the gradi-
ent energy must be positive for all possible combinations of gradients.
This requirement is not easily met, since not even ensuring that all
elements of K are positive guarantees a positive definite K. The fun-
damental problem with applying a model for the gradient energy coef-
ficient based on the nearest neighbour interactions leading to regular
solution behaviour, as first suggested by Becker [31], or the contin-
uum model such as the Cahn-Hilliard equation is that the interaction
parameter contains the average interaction between all atoms in the
system. The information on the aforementioned average interaction,
that is retrieved from Calphad type databases, is in terms of the excess
Gibbs energy as mentioned in section 1.3. Thus one should consider
the energy contributions over the spatial range of a gradient. Unfor-
tunately this aspect is not covered within the scope of this thesis, in-
stead it is assumed that κ is proportional to the magnitude of Ω and
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a model based on the absolute value of the Calphad type interaction
parameters is formulated. It is postulated that a gradient of a species
is affected by a weighted sum of all other species in the system. The
matrix K then takes the general form

K =


κ11 0 ... 0

0 κ22 ... 0
...

... . . . ...
0 0 ... κNN

 (3.13)

where

κik =
a2

4
δik

∑
j=1 xj|Ωij|
1− xj

(3.14)

δik is the Kroenecker delta. The K matrix in this diagonalized form is
ensured to be positive definite for positive diagonal entries, and can
thus be used to solve Eq. 3.6 for any number of components. For full
detail on modeling the gradient energy in multi-component systems,
see paper IV.

3.2.3 Concentration dependence of κ

The gradient coefficients in sections 3.2.1 and 3.2.2 were based on the
constant valued first term of the excess Gibbs energy Ω0, which cor-
responds to a regular solution. Regular solutions are, however, not
the general case. Instead it would be desirable to generalize the treat-
ment to include more complicated models e.g. models containing sub-
regular parameters and/or magnetic effects. Following the treatment
by Liu [32] for a binary system gives

κCrFe = fz
a2

2
|d

2GE
m

dx2
| (3.15)

Inserting Eq. 3.15 in Eq. 3.16 yields the final expression

κik =
a2

4
δik

∑
j=1 xj|

d2GEm
dx2 |

1− xj
(3.16)

to be used in all calculations in this thesis unless otherwise is stated.
Here the excess energy also contains effects like magnetism etc..
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3.3 Initial structure

Experimental studies have shown that the Fe-Cr system has a ten-
dency for clustering of Cr even above the miscibility gap which in turn
impacts the decomposition behaviour during a subsequent isothermal
heat treatment within the miscibility gap [33, 34]. The following sec-
tions deal with the case of a homogeneous initial structure, and pro-
poses a method for generating the initial structure for simulations.
This method is readily extended to use e.g. Monte-Carlo simulation re-
sults as input, and is thus one way forward for including more realistic
initial conditions. As will be shown, even a homogeneous initial state
in simulations must be chosen carefully since the scale at which ideal
mixing is resolved will influence the course of subsequent simulations.
Correct scaling of the initial structure also has the potential to remedy
the apparent inability of the Cahn-Hilliard equation to simulate non-
classical nucleation and growth, thus highlighting the importance of
considering the correct level of resolution.

3.3.1 Homogeneity and ideal mixing

The initial state of an alloy system has been shown by experimen-
tal studies to be of significant importance for the subsequent decom-
position during isothermal conditions [33, 35]. Therefore it is crucial
to generate as realistic a starting structure as possible in simulations
in order to achieve a predictive model. The initial structure ("as re-
ceived condition") of commercial alloys varies, depending on nomi-
nal alloy composition and thermo-mechanical history. Although the
rate of cooling from the homogenisation temperature to the isother-
mal heat treatment temperature. i.e. service temperature, may have
a large effect on the structure evolution due to incipient decompo-
sition during the time spent inside the miscibility gap during cool-
ing/quenching [36,37], one should first try to correctly characterize the
homogeneous condition, i.e. the structure at the homogenisation tem-
perature, before cooling or quenching to the isothermal heat treatment
temperature. In the following treatment the approximation of equal
size iron and chromium atoms is used, here chosen to be 0.25nm i di-
ameter. A 125nm×125nm×125nm three dimensional (euclidean) space
is defined and divided into 1nm3 sub-volumes. Each sub-volume can
hold 64 atoms, which is a sufficiently large number to justify the use
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of Calphad type databases, but at the same time small enough to re-
solve the decomposition. The sub-volumes are assigned a composition
according to a binomial distribution, and the constructed system can
now be used as part of the initial condition for simulation, the other
being temperature and pressure. The existence of a binomial distribu-
tion, in real materials, at the relevant length scale has been shown by
atom probe studies, see e.g. [38, 39]. It is important to note that the
composition in Fig. 3.2 is by definition homogeneous, and thus the
compositional amplitude is zero, which is adequately captured by the
LBM-method described in section 4.1.

3.3.2 The impact of ideal mixing on simulation results

The hereto dominating procedure for generating the initial structure
used in simulations, is to assign the whole of the system a mathemati-
cally constant composition equal to the nominal composition of the al-
loy of each component, superimposing a small inhomogeneity theoret-
ically originating from thermal fluctuations [40–43]. Considering the
length scale of decomposition, this approach leads to un-physical local
compositions in each voxel. A typical grid point density of 1000/nm3

has the consequence that the sub volumes over which the local compo-
sition is defined would have to contain fractions of individual atoms.
This is especially obvious in cases where the system contain a very
low amount of an element, e.g. <5at%. Applying the aforementioned
method for generation of initial structure yields the qualitative differ-
ence in amplitude evoulution with time as shown in Fig. 3.1 from
paper III.

3.3.3 Thermal noise

The term thermal noise is here defined as the microscopic statistical
fluctuations in composition in a system at thermal equilibrium. Fluc-
tuations in any state variable can be derived by a statistical mechanics
approach [44]. In so called thermally activated processes such fluctu-
ations are very important, especially for the initiation of the process.
This phenomenon is important also in the case of nucleation of a new
phase in a metallic system and is also often prescribed to be respon-
sible for the initiation of spinodal decompostition. The variance in
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Figure 3.1: Amplitude vs time for current work compared to simula-
tions started with thermal noice added to a spatially constant compo-
sition profile on two different mesh.

composition is according to Nag et al. [45] is given as

〈∆(c)2〉 =
T

N(∂µ
∂c

)P,T
(3.17)

Where 〈∆(c)2〉 is the variance in composition, T is the temperature,
N is the total number of sub-volumes and (∂µ

∂c
)P,T is the derivative of

the chemical potential w.r.t. composition at constant temperature and
pressure. The Gaussian distribution

f(x) =
1√

2π〈∆(c)2〉
e
− (x−µ)2

2〈∆(c)2〉 (3.18)

where x is the mole fraction Cr, µ is the expectation value, i.e. the
nominal composition. The distribution obtained from Eqs. 3.17 and
3.18 for a 125×125 mesh system according to section 3.3 is plotted in
Fig. 3.2a and the corresponding concentration profile in Fig. 3.2b. The
fluctuations shown in Fig. 3.2 are compared to the fluctuations natu-
rally occurring due to ideal mixing, as described in section 3.3. From
Figs. 3.2 and 3.3 it is obvious that the local variation in Cr due to ideal
mixing is a very important feature on the nano-meter length scale, and
should not be neglected when determining the initial structure to be
used in simulation studies of spinodal decomposition. This approach
may also be useful for modelling nucleation in non-spinodal systems.
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Figure 3.2: Thermal noise according to Eq. 3.18 for a Fe50at%Cr system
at 1200K. (a) depicting the gaussian distribution and (b) Composition
profile along a line in the 3D initial structure calculated according to
section 3.3. The bold line indicate the fluctuations in Cr-composition
calculated according to equation 3.17 where fluctuations at 1200K are
assumed frozen in.

Figure 3.3: The Fe-Cr miscibility gap. [46] Horizontal dashed lines in-
dicate the variance for the binomial initial structure.
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Evaluation of amplitude and wave-
length

Quantifying the degree to which a system has decomposed is neces-
sary to allow comparison with experimental data. The two charac-
teristic features of a decomposed system is the compositional ampli-
tude and wavelength. This notation clearly emphasizes the contin-
uum aspect of the concentration variation. How to define the ampli-
tude, however, is not completely straight forward, e.g. what value
of Cr-concentration should be considered Cr-rich? How large does a
region have to be to justify the use of a concept "amplitude"? Also,
attention has to be given to what experimental technique was used in
the experimental study, and specific conditions and limitations of the
technique, e.g. the detection rate for a certain atom probe etc.. In the
coming sections, two methods for evaluating the amplitude and/or
the wavelength will be described.

4.1 LBM-method

The Langer-Bar-On-Miller method was first presented by the authors
with the same names in 1975 [47]. The idea is to not be concerned with
the local peaks and valleys in Cr-concentration, but instead consider
the Cr distribution. Langer-Bar-On-Miller postulated a function to de-
scribe the Cr-distribution as

fLBM(x) =
a1

σ
√

2π
e−

(x−µ1)2

2σ2 +
a2

σ
√

2π
e−

(x+µ2)2

2σ2 (4.1)
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i.e. the sum of two Gaussians. The amplitude is then defined as the
difference between the expectation values µ1 and µ2 of the two distri-
butions. A schematic representation of the LBM-amplitude is shown
in Fig. 4.1. Advantages of the LBM-method is that there is no need to

Figure 4.1: Principal sketch of amplitude evaluation from a concentra-
tion distribution by the LBM-method.

keep any record of local or global peaks in composition and it is ro-
bust in its implementation and use. There is the question, however,
whether the method is well suited to use for systems with particle
like precipitation because of the unclear division of distributions. The
LBM-method is also incapable of assessing the characteristic wave-
length. Nevertheless it is the choice of evaluation method in papers
II, III and V.

4.2 Structure factor

The structure factor is readily obtained from Small Angle Neutron
Scattering (SANS) experiments and contains complete information on
correlating features in the specimen, which makes this technique well
suited for evaluation of the characteristic wavelength. The structure
factor also contains information on the compositional amplitude, al-
though quantitative measures are not straight forward to extract. The
results from a simplified approach is shown in Fig. 4.3, i.e. taking the
fourier transform of the composition map and taking the azimuthal
average, starting from the center, see Fig 4.2. Further details on the
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structure factor and its physical origin can be found in e.g. [48]. The
dominating wavelength can thus be evaluated directly from the struc-
ture factor plot as shown in Fig 4.3 (d).

Figure 4.2: Fourier transform of simulated composition map. Red
rings indicate principal for azimuthal averaging.
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Figure 4.3: Composition maps from simulation of Fe-50at%Cr at 723 K
(a) 100 h (b) 600 h (c) 1500 h (d) Structure factor calculated for (a)-(c)
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Simulations

5.1 Binary Fe-Cr

In paper II, simulations of the Fe-Cr system is presented, and it is
concluded that the amplitude vs. time deviate from the experimen-
tal data obtained by Hyde et al. [49]. The proposed explanations in
paper II is the exclusion of the impact from metallic impurities as well
as speculation on the accuracy of the extrapolations of atomic mobil-
ities. Recently, another plausible cause of the discrepancy between
simulated and experimental results is found by considering the con-
tribution from short range order. It is concluded that modifications
of the thermodynamic and/or kinetic databases for the Fe-Cr system
should be reviewed, and that investigation of the effect of impurities
should be pursued. In addition, the relevance of 2D simulations in
the case of spinodal decomposition may be relevant as a tool for alloy
development.

5.2 Duplex stainless steels

The term duplex indicates that the steel constitutes a mixture of ferrite
and austenite. Duplex steels have higher strength and stess corrosion
resistance than austenitic steels [50]. The ferrite, however, is suscepti-
ble to embrittlement upon ageing similar to single phase ferritic mate-
rials [9, 51].

25
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5.2.1 Influence of Ni

As an austenite stabiliser, Ni is important for the creation of a mixture
of ferrite and austenite. The change in decomposition rate in the Fe-
Cr system due to alloying by Ni has been discussed several times in
the litterature, both for single and dual phase materials, model alloys
as-well as commercial alloys [8, 9, 52–60]. The main findings from ex-
perimental work indicate that additions of Ni accelerate the phase sep-
aration of Fe and Cr, where the evaluation methods range from atom
probe to mechanical testing on both unaged and aged materials. Re-
ports on phase field investigations of the Fe-Cr-Ni system are few, but
they predict a trend opposing the experimental data, see e.g. [61–63].
As shown in paper IV, the thermodynamic and kinetic information
from databases TCFE7 and MOBFE2 yield a similar trend, i.e. that
the additions of Ni retard the phase separation by lowering the driv-
ing force for precipitation of Cr-rich α

′ and the total driving force for
the reaction. The diffusivities are also predicted to be reduced with
additions of Ni, see Fig. 5.2.

(a) (b)

Figure 5.1: (a) Molar Gibbs energy (Gm) curves for varying Ni content
at 673K (b) ∆Gm calculated from (a) for Fe45at%Cr

The consequence is that simulations predict a decrease in the rate
of phase separation with increasing Ni-concentration. As mentioned,
Ni is an austenite stabilizer, and thus a certain range of Cr- and Ni-
compositions will yield a dual phase material. Possible effects of the
presence of austenite on local composition will be examined in section
5.2.2.
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Figure 5.2: The variation of the ratio DFe
CrCr/D

Fe
CrCr(Ni) with temper-

ature for 1at%Ni (solid green line), 2at%Ni (dashed blue line) and
3at%Ni (dotted red line). Addition of Ni significantly reduces the dif-
fusivity of chromium in its own gradient.

5.2.2 The effect of austenite on phase separation

Lacking a fully developed implementation of a multi-phase model, the
Thermo-Calc and DICTRA software packages may be utilized for in-
vestigating the effects of cooling of a hypothetical Fe-35at%-7at% alloy
prior to solving Eq. 3.6, see paper V. The system is assumed to cool
from 1200K to 980K at a rate of 0.065K/s. The cooling path is shown
in Fig. 5.3. In Fig. 5.3 it should also be noted that the current ther-
modynamic assessment (TCFE7) predicts a shift in the position of the
miscibility gap and spinodal line. This has been proposed as a possi-
ble explanation to the accelerating effect of Ni on the decomposition
of ferrite. However, the increase in driving force predicted by TCFE7
applies to systems with a high Cr-concentration, i.e. >45at%Cr. For
alloy systems where xCr<0.45, the effect is instead decelerating. The
DICTRA results are shown in Fig. 5.4. As can be seen in Fig. 5.5, the
results from spinodal decomposition simulations show that the shift in
composition in the ferrite due to segregation of Cr and Ni accelerates
the amplitude growth rate. The change in position of the miscibility
gap and spinodal is shown in Fig. 5.3 together with the cooling path
and shift in composition in the ferrite adjacent to the phase boundary.
The segregation of alloying elements between ferrite and austenite has
been been observed in recent unpublished atom probe work [64]. The
alloy composition was chosen with respect to the possibility to evalu-
ate the amplitude with the LBM-method, i.e. with a higher Cr-content
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Figure 5.3: Two overlapping isopleths of the Fe-Cr-Ni metastable BCC
diagram. Miscibility gap Fe-Cr at 7at%Ni (solid black line) and spin-
odal line for Fe-Cr at 7at%Ni (solid green line) together with miscibil-
ity gap (dashed black line) and spinodal (dashed green line) for Fe-Cr
at 4at%Ni. The red arrow indicate the simulated cooling path and the
blue arrow the shift in composition of the ferrite adjacent to the fer-
rite/austenite phase boundary.

than a typical commercial alloy. The accelerating effect is expected to
be stronger for alloys with lower Cr-concentration, see Fig. 5.3, and
strongest at the interface. It is thus shown that, from a theoretical per-
spective, Ni can act either as a catalyst or inhibitor for spinodal decom-
position depending on the local circumstances.

5.2.3 Ferrite in commercial DSS

The presence of austenite is expected to influence the decomposition
of ferrite in commercial DSS to the same, or larger, extent as in the nu-
merical experiment on the model alloy described in section 5.2.2 due to
a shift in the austenite and ferrite equilibrium compositions. This sec-
tion will however exclude the influence of austenite and instead focus
on the predicted distribution of alloying elements in pure ferrite with
a composition of Cr, Mn, Mo Ni and Si corresponding to what is found
in ferritic weld material from nuclear power plant piping, see table 5.1.
Simulations were carried out using the composition dependent gradi-
ent energy for multi-component systems as described in section 3.2.3
together with the method for generating a random initial structure de-
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(a)

(b)

Figure 5.4: DICTRA simulation results for the duplex model alloy Fe-
35at%-7at% cooled from 1200K to 980K showing the enrichment of Cr
in the ferrite (a) and the depletion of Ni in the ferrite (b)

scribed in section 3.3. Simulation results are shown in Figs. 5.6 and
5.7. The results in Figs. 5.6 and 5.7 are a step towards predicting the
formation of G-phase, as it has been reported that decomposition is
a precursor to the precipitation of G-phase [65, 66]. However, at this
time, the author lacks relevant means of quantative analysis.
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Figure 5.5: Amplitude growth as calculated by the LBM-method [47]
for high temperature ferrite (homogeneous), low temperature ferrite
near the α/γ phase boundary, and a reference simulation of pure Fe-
37.5at%Cr

Table 5.1: Composition in at% of ferritic weld material simulated in
5.2.3

Cr Mn Mo Ni Si Fe

24.47 0.90 0.10 2.39 2.55 bal.
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Figure 5.6: Composition maps from simulation of ferritic weld mate-
rial with composition according to table 5.1 at 673K for 100h. (a) Cr (b)
Ni (c) Mo (d) Si.
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Main results and conclusions

It has been found that the initial structure (e.g. clustering tendencies
above the miscibility gap) has significant influence on subsequent de-
composition behaviour, and the possibility to qualitatively evaluate
such effects through simulations has been shown.

The impact of choice of model for the gradient energy coefficient
has been investigated. In paper II amplitude growth was compared
in simulations utilizing the different approximations. Although sig-
nificant impact on the decomposition rate was found for the different
approximations, it was concluded that the predominant reason for the
mismatch between experimental and calculated values cannot be ex-
plained with gradient energy contributions alone.

Another important finding is the possibility to use the Cahn-Hilliard
equation to simulate nucleation by including the contribution from
ideal mixing. This approach thus relieves the constraint of maintain-
ing within the spinodal line when simulating decomposition using a
continuum approximation.

The effect of Ni was qualitatively investigated from a theoretical
perspective, and it was found that Ni may either accelerate or inhibit
the decomposition depending on the specific circumstances. This re-
sult is in part supported by unpublished atom probe research, clearly
showing segregation of substitutional elements in the vicinity of α/γ
phase boundaries.

Finally, the capability to simulate the development of segregation
of alloying elements in the ferrite of advanced stainless steels has been
demonstrated. As the segregation of substitutional elements in the fer-
rite of commercial steels is claimed to be the precursor to the precip-
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itation of G-phase, the possibility to simulate such complex systems
must be considered a significant step towards the goal of creating a
computational tool capable of assisting alloy design with regard to de-
composition.

In conclusion, approximations such as the use of constant diffusivi-
ties and gradient energy coefficients have been relieved through the
use of Calphad type databases. An approach for approximating the
gradient energy coefficients in multi-component systems has been de-
veloped. The method for generation of the initial structure presented
in this work has highlighted the possibility of future combination of
atomistic and continuum methods, as well as the capability to simulate
the micro-structural evolution of systems with a nominal composition
outside the spinodal.
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Discussion and future work

During the work developing the model concerned with spinodal de-
composition within the scope of this thesis, some aspects have to the
author emerged as especially relevant for the focus of future work.

1. Efforts to verify the existence of short range ordering for all com-
positions in the Fe-Cr system should be made. Addition of mentioned
short range order to the thermodynamic description and a re-assessment
of the thermodynamic and kinetic descriptions for the Fe-Cr system
should also be pursued. In connection, the gradient energy coefficient
using the new assessment should be re-evaluated, especially consider-
ing the contribution from short range order.

2. A more general method for quantitative evaluation of the ampli-
tude and wavelength from simulation results needs to be developed.
The possibility to use the structure factor as a quantitative measure
seems close, however more work is needed to accurately determine
the amplitude with this technique.

3. The initial/intermediate structure serving as starting point for sim-
ulations should be assessed by means of transfer of Monte-Carlo sim-
ulations, above the miscibility gap and for short times within the mis-
cibility gap, to a continuum model as described in section 3.3.1.

4. The Cook-term, i.e. a contribution from thermal fluctuations, al-
though shown to give rise to composition fluctuations of lesser mag-
nitude than from ideal mixing itself, should be implemented.
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5. It would be interesting to investigate the potential to use the combi-
nation of 3. and 4. for simulation of classic homogeneous nucleation,
and possibly apply this to heterogeneous nucleation.

7.1 On the reconciliation of atomistic and con-
tinuum approaches

The work in this thesis started out, and mainly continued, as a pure
continuum treatment following Cahn and Hilliard’s work, attempting
a deeper insight into the gradient energy. As the work progressed,
however, the small scale at which phase separation in Fe-Cr alloys
occur demanded attention. The subject of coarse graining has been
discussed explicitly in the literature, in some instances starting from
atomistic models [67]. However all work within this field, both exper-
imental and simulations, concerning phase separation of Fe-Cr alloys
implicitly deal with the issue of coarse graining in terms of spatial res-
olution and choice of sub-volumes to be used in the analysis. It is
interesting to note the spinodal-like appearance of randomly mixed
marbles. From Fig. 7.1 it is apparent that the length scale on which the
analysis is performed is of considerable importance. Randomly mixed
configurations as the one seen in Fig. 7.1 has in continuum approxi-
mations commonly been treated as a compositionally constant on all
length scales, including the nano meter scale. This is a consequence of
the choice of coarse graining, and the decomposition is thus described
by a growth phase followed by coarsening. Instead, the evolutions of
configurations similar to Fig. 7.1 maybe is better characterized as e.g.
pure coarsening. Thus, to reconcile the atomistic (e.g. Monte-Carlo)
and continuum approaches (Thermodynamics), both techniques could
be used in connection.
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Figure 7.1: Non-interactive, randomly mixed, hard spheres of approx-
imately equal number exhibiting a configuration resembling spinodal
decomposition [68]

.
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7.2 Short-range ordering

As discussed in paper I, understanding the impact of clustering on the
decomposition behaviour is important in order to predict the course of
decomposition in Fe-Cr alloys. The following discussion is confined
to regular solution modeling of Fe-Cr, where the value of 0LCrFe is
taken from the TCFE7 database [20]. For the case where ordering is
not explicitly considered, the Gibbs excess energy is given by

EGm = xCrxFe
0LCrFe (7.1)

Applying a regular solution model would thus include short-range or-
der implicitly in the excess energy term. Adopting the theoretical treat-
ment of short range order from Hillert [29], the Gibbs excess energy is
instead given by

EGm = νzNAxCrxFe[1−xCrxFeν/kT −(2/3)xCrxFe(xFe−xCr)2(ν/kT )2]

(7.2)
where z is the coordination number, NA Avogadro number, k is the
Boltzmann constant and ν = 0LCrFe/zN

A,i.e. the exchange energy as
given in Eq. 3.10. The spinodals lines for Eqs. 7.1 and 7.2 are shown
in Fig. 7.2. The short range ordering thus both widens the spinodal

Figure 7.2: The spinodal as calculated with Eq. 7.1 (blue) and with Eq.
7.2 (red).

and lowers the critical temperature. The presence of short range or-
der in Fe-Cr alloys, with xCr<0.25, has been studied experimentally
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by e.g. [69]. It is interesting to note that short range order will always
stabilize the solution, regardless of the sign of ν. A hypothetical case
for ν = 0LCrFe/zN

A and ν = −0LCrFe/zN
A can be seen in Fig. 7.3. It

should be noted that a negative interaction predicts short range order
of the type ABABAB, and that a positive interaction predicts a short
range order of the type AAABBB, i.e. clustering. Accounting short
range order implies that the driving force for phase separation is low-
ered and thus should the discrepancy between experimental observa-
tions and simulations discussed in paper II be reduced. A reassess-
ment of the Fe-Cr system accounting for ordering should also impact
the mobilities and the evaluation of the gradient energy coefficient.
However, previous studies show that clustering above the miscibility
gap yields an accelerated phase separation upon subsequent isother-
mal ageing [70]. This apparent contradiction should be further inves-
tigated with careful consideration of the level of coarse graining.

Figure 7.3: The molar Gibbs energy contribution due to short range
order according to Eq. 7.2. Positive valued 0LCrFe (blue) and negative
valued 0LCrFe (red). Both positive and negative exchange energy yield
a stabilizing effect on the solid solution.
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