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Abstract

Nanostructured materials promise great advances in diverse and active research
fields such as energy harvesting and storage, corrosion prevention and high-density
memories. Electrical characterization at the nanometer scale is key to understand-
ing and optimizing the performance of these materials, and therefore central to the
progress of nanotechnology. One of the most versatile tools for this purpose is the
atomic force microscope (AFM), thanks to its ability to image surfaces with high
spatial resolution.

In this thesis we present several multifrequency techniques for AFM. Intermod-
ulation electrostatic force microscopy (ImEFM) measures the potential of a surface
with low noise and high spatial resolution. In contrast to traditionally available
methods, ImEFM does not use a feedback-controlled bias to measure the surface
potential, and is therefore suitable to measurements in liquid environments. Re-
moving feedback allows the applied bias to be used for investigating charge injec-
tion and extraction on nanocomposite materials. Intermodulation conductive AFM
(ImCFM) measures the current-voltage characteristic of a sample at every point of
an AFM image. ImCFM is able to separate the galvanic and displacement contribu-
tions to the measured current, improving the measurement speed by four orders of
magnitude compared to previously available methods. We finally demonstrate an
alternative approach to pump-probe spectroscopy, which allows the AFM to mea-
sure electrical charge dynamics with a time resolution approaching the nanosecond
range.

These techniques are based on intermodulation spectroscopy, and they demon-
strate the power and flexibility of measuring and analyzing nonlinear response in
the frequency domain. The nonlinearity of the tip-surface force is used to concen-
trate response in a narrow band around the resonance of the AFM cantilever, where
force measurement sensitivity is at the thermal limit. In this narrow band, we per-
form coherent measurements at multiple frequencies by exploiting the stability of
a single reference oscillation. The power of the multifrequency approach is nicely
demonstrated in a general method for measuring and compensating background
forces, i.e. long-range linear forces that act on the body of the AFM probe. This
compensation is necessary to reveal the the true force between the surface and the
AFM tip. We show the effect of the compensation on soft polymer materials, where
the background forces are typically strongest.

Keywords: Atomic Force Microscopy, Nonlinear dynamics, Multifrequency, Contact
potential difference, Conductance, Fast dynamics



4

Sammanfattning

Nanostrukturerade material utlovar stora framsteg inom olika forskningsområ-
den som till exempel energiutvinning och lagring, korrosionförebyggande belägg-
ningar och högdensitetsminnen. Elektrisk karakterisering på nanometerskalan är
nyckeln till förståelse och optimering av ett materials prestanda, och därmed cen-
tral för utvecklingen av nanoteknik. Ett av de mest mångsidiga verktygen för detta
ändamål är atomkraftmikroskopet (AFM), tack vare dess förmåga att avbilda ytor
med hög spatial upplösning.

I denna avhandling presenteras flera multifrekvenstekniker för AFM. Intermo-
dulationselektrostatiskkraftmikroskopi (ImEFM) mäter en ytas ytpotential med lågt
brus och hög upplösning. Till skillnad från traditionellt tillgängliga metoder behö-
ver ImEFM inte någon återkopplingsstyrd spänning för att mäta ytpotentialen och
är därför lämplig att använda för mätningar i vätska. Genom att ta bort återkopp-
lingen kan den applicerade spänningen istället användas för att undersöka ladd-
ningsinjektion och extraktion hos nanokompositmaterial. Intermodulationsström
AFM (ImCFM) mäter ström-spänningsegenskaperna hos ett prov vid varje punkt i
en AFM-bild. ImCFM kan särskilja galvanisk- och förskjutningsström i mätningar,
vilket förbättrar mäthastigheten med fyra storleksordningar jämfört med tidigare
tillgängliga metoder. Vi visar slutligen ett alternativ till pump-probespektroskopi,
som gör att AFM kan mäta elektrisk laddningsdynamik med en tidsupplösning som
närmar sig nanosekunder.

Alla dessa tekniker bygger på intermodulationsspektroskopi, och de visar kraf-
ten och flexibiliteten med att mäta och analysera olinjära signal i frekvensområ-
det. Icke-linjäriteten hos kraften mellan en AFM-spets och en yta används för att
koncentrera svaret i ett smalt frekvensband runt AFM-cantileverens resonans, där
känsligheten för att mäta kraft är termiskt begränsad. I detta smala band utför vi
koherenta mätningar vid flera frekvenser genom att utnyttja stabiliteten hos en en-
da referensoscillator. Fördelen med denna multifrekvensmetod demonstreras i en
allmän metod för att mäta och kompensera bakgrundskrafter, linjära krafter som
verkar över långt avstånd på hela AFM-cantilevern. Denna kompensation är nöd-
vändig för att avslöja den sanna kraften mellan ytan och AFM-spetsen. Vi visar
effekten av kompensationen på mjuka polymermaterial, där bakgrundskrafterna
typiskt är starka.
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“Quelli che s’inamoran di pratica sanza scientia, son come ’l nochiere che
entra navilio sanza timone o bussola che mai à certezza dove si uada; sempre
la pratica debbe esser edificata sopra la bona teorica.”

(Those who are in love with practice without knowledge are like the sailor
who gets into a ship without rudder or compass and who never can be
certain whither he is going. Practice must always be founded on sound
theory.)

– Leonardo da Vinci [1]





Chapter 1

Introduction

PHYSICS IS THE INTERPLAY between theoretical understanding and measurement.
On the one hand, measurement techniques are applications of scientific discov-
eries. On the other hand, the accurate measurements enabled by new techniques

drive the exploration of the most obscure corners of our theories and open up entire
new fields of research. Examples widely known to the public are the particle accel-
erators and gravitational wave observatories, complex machines built using the most
advanced physical theories, whose exquisite precision and data-analysis capabilities are
pushing particle physics and astronomy toward better understanding. This interplay is
not limited to these two fields. It is a common thread throughout natural science.

Measurements are the basis for our understanding of the world around us. When
as children we are given a new toy, we look at it to see its color and shape, we touch
and shake it to feel its texture and hear if it makes sound, we put it in our mouth to
find out if it has any taste. We perform this instinctive series of measurements to see if
we like the new toy, and to understand what can we do with it. The scientific method
is similar in its essence. We only perform somewhat more sophisticated and controlled
investigations when we set up experiments to test theories, analyze materials and probe
new devices.

This doctoral thesis summarizes some of the work done in the past years at the
Nanostructure Physics section of the Department of Applied Physics, at KTH Royal In-
stitute of Technology in Stockholm, Sweden. The main output of this research is the
development of novel measurement techniques for atomic force microscopy (AFM), al-
though the measurement concepts described herein are also applicable to measure-
ments in other fields.

In this chapter, a few introductory topics are discussed. The goal is not to provide
a comprehensive introduction to the field, but rather to set the background for the
novel techniques described in the later chapters and to discuss some details of their
experimental realization.
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16 CHAPTER 1. INTRODUCTION

1.1 Signals in the frequency domain

In general terms, the object of our measurements is a signal, e.g. a voltage, that can vary
as a function of time. The task is usually to analyze the signal and its evolution to gain
information about a system under investigation. It is often convenient to analyze signals
in the frequency domain, with the help of the Fourier transform. Given a continuous-
time signal a(t), its Fourier transform â(ω) is defined as:

â(ω) =
1

2π

∫ +∞

−∞
a(t)e−iωtdt, (1.1)

and the inverse Fourier transform is then

a(t) =

∫ +∞

−∞
â(ω)eiωtdω. (1.2)

Throughout this thesis x(t) denotes a real signal as a function of time and x̂(ω) its
Fourier transform, a complex function of frequency. Sometimes we will drop the explicit
time and frequency dependence to simplify the notation. With these definitions, the
Fourier transform of a typical periodic signal is:

s(t) = Acos(ω̄t + θ ) ⇔ ŝ(ω) =
A
2

�

eiθ δ̂(ω− ω̄) + e−iθ δ̂(ω+ ω̄)
�

, (1.3)

where δ(x) is the Dirac delta function.
In a typical experiment, we don’t deal with continuous-time signals over an infinite

time interval. An analog signal of interest, say the voltage induced on an antenna by an
electromagnetic field, is converted into a digital signal by a measurement instrument
during a finite window of time, and then analyzed on a computer. A digital signal is
both sampled and quantized. Quantized means that the signal can only take one of a
discrete set of values at any given time. Sampled means that the signal is only known at
a discrete set of time samples, equally spaced by the sampling time ∆t, with sampling
frequency fS = 1/∆t.

A continuous-time signal a(t) is converted to a discrete-time signal am = a(m∆t)
with m ∈ Z. To perform the analysis in the frequency domain, we observe the signal
for a number of time intervals N , corresponding to a measurement time TM = N∆t.
The discrete Fourier transform (DFT) of the signal a is defined as

âk =
1
N

N−1
∑

m=0

ame−i2πkm/N , (1.4)

and the inverse DFT is then

am =
N−1
∑

k=0

âkei2πkm/N . (1.5)
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Rewriting the exponent in Eq. (1.4):

− i
2πk
N

m= −i
2πk
∆tN

m∆t = −i
2πk
TM
(m∆t) = −i(2πk∆ f )(m∆t), (1.6)

we see that the resolution in the frequency domain is ∆ f = 1/TM, a relation dual to
the time resolution ∆t = 1/ fS. With these definitions, the DFT of a typical periodic
signal is:

sm = Acos
�

(2πk̄∆ f )(m∆t) + θ
�

⇔ ŝk =
A
2

�

eiθ δ̂k,k̄ + e−iθ δ̂k,−k̄

�

, (1.7)

where ω̄= 2πk̄∆ f is the frequency of the signal, and δi, j is the Kronecker delta.

1.1.1 Why the Fourier transform?

The question that might arise is why do we analyze systems and signals in the frequency
domain? Why do we use the Fourier transform? The simple answer is for mathematical
convenience.

The Fourier transform and the DFT have some properties that are extremely useful
in the context of ordinary differential equations (ODE), which describe the dynamics of

many physical systems. The Fourier transform is linear, i.e. Ûax + b y = ax̂+b ŷ , and the
Fourier transform of the time derivative of a function is simply bẋ = iω x̂ . Thus, ODEs
transform into algebraic equations in the frequency domain, that are much easier to
solve, as shown in Sec. 1.2.

A deeper answer to “why the Fourier transform?” is that the great majority of exper-
iments use periodic signals because stable reference oscillators, or clocks, have been a
core technology underpinning the scientific enterprise for centuries [2]. Periodic signals
have a very compact representation in the frequency domain. As shown in Eq. (1.3),
while a cosine function is defined from −∞ to +∞ in the time domain, its frequency
domain representation is nonzero only at one point of the positive frequency axis and
at one point in the negative axis. This allows for very efficient numerical computations
and data transfer and storage. Transient behavior, such as the response of a system to
a sharp excitation pulse, can also be elegantly and efficiently analyzed in the frequency
domain, as demonstrated in Chap. 5.

1.1.2 Leakage and tuning

In order to correctly analyze a periodic signal in the frequency domain, it is important
to sample it correctly. There are two conditions that correct sampling must satisfy.

We observe the signal for a defined measurement time TM, or measurement window.
When acquiring multiple successive time windows, we must require that the measure-
ment time is an integer multiple of the sampling time, or, in other words, that there are
exactly an integer number of sampling intervals in one measurement time

TM = N∆t, N ∈ N. (1.8)
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Figure 1.1: Fourier leakage. Amplitude spectrum of the signal s(t) =
exp[2 cos(2π5∆ f t) cos(2π f̄ t)] , with sampling frequency fS = 1 MHz, carrier fre-
quency f̄ = 1 kHz, and frequency resolution ∆ f = 1 Hz. A Gaussian noise with stan-
dard deviation 10−5/

p
Hz was added. The blue line shows the measured spectrum in

the case of perfect tuning, i.e. criterion (1.10) is satisfied with M = 1000. For the or-
ange, green and red curve the carrier frequency does not satisfy the tuning criteria, i.e.
f̄ = M∆ f +δ, with a tuning error δ of 1 mHz, 10 mHz and 100 mHz, respectively. The
relative error δ/ f̄ is very small, one part in 106, 105 and 104, respectively. Neverthe-
less, a quite large Fourier leakage is visible. Notice how the power of the strongest tones
leaks into neighboring frequencies, modifying the value of the amplitude measured at
the weaker tones.
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In terms of the frequency resolution ∆ f = 1/TM and sampling frequency fS = 1/∆t:

∆ f = fS/N , N ∈ N, (1.9)

i.e. the chosen frequency resolution must exactly divide the sampling frequency.
The second condition that we want to fulfill is that the signals we analyze are pe-

riodic in the chosen time window. For example, given the signal s(t) = Acos(ω̄t + θ )
from above, we require that

f̄ =
ω̄

2π
= M∆ f , M ∈ N, (1.10)

or, equivalently, that T̄ = 2π/ω̄= TM/M .
Equations (1.9) and (1.10), if valid for all frequencies of interest, define the tuning

condition for a multifrequency measurement. If tuning is satisfied, frequency domain
analysis is consistent and independent of the choice of measurement window. When
tuning is not satisfied, a very small mismatch in the frequencies causes an effect known
as Fourier leakage: the spectral representation of the signal with one frequency f̄ “leaks”
into neighboring frequencies, introducing errors in the analysis of the amplitude and
phase of the signal (see Fig. 1.1).

There are many ways of tuning a multifrequency measurement, depending on the
priority given to f̄ , ∆ f and fS. For example, see code B.1 for a Python function that,
given any f̄ , ∆ f and fS, calculates the tuned values for f̄ and ∆ f to be used in an
experiment.

1.1.3 Fast FFT with regular numbers

If one directly implements the DFT definition (1.4) as an algorithm, the computation
of the DFT of a signal with N time samples requires O (N2) operations. In a typical
experiment, we might have fS = 250 MHz and ∆ f = 500 Hz, giving N = 5 × 105:
hundreds of billions of operations are necessary to perform the DFT of such signal.

Luckily, a family of algorithms known as fast Fourier transform (FFT) are available.
Although an efficient algorithm for the computation of the coefficients of a Fourier
series was already known to Gauss [3], the most used FFT algorithms are based on the
work of Cooley and Tukey [4]. The details of the FFT algorithm are beyond the scope
of this thesis, however it is useful to understand the main idea behind the FFT in order
to optimally design our experiments.

If the number of samples to analyze is composite, i.e. N = n1n2, the N -sized DFT
can be decomposed into many DFTs with sizes n1 and n2. The process is then repeated
until only DFTs with prime sizes are left. This “divide and conquer” method reduces
the computational requirements to O (N log N). Moreover, very efficient algorithms are
used for the special cases in which the DFT size is a power of 2, 3, or 5. Combining
these two concepts, we find that the FFT computation is particularly efficient for regular
numbers, also known as 5-smooth numbers, i.e. numbers whose only prime divisors are
2, 3 and 5.
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On an Intel®Core™i7-4770K microprocessor, the NumPy [5] implementation of
the Cooley-Tukey algorithm takes about 3 minutes to calculate the DFT of a random
signal with N = 500009 (a prime number). For N = 500000 and N = 506250 (the
closest lower and higher regular numbers), the computation time drops to less than
10 milliseconds. A more recent, very efficient FFT algorithm [6] is able to compute
the DFT in O (N log N) operations even for prime N , although its use is somewhat less
straightforward than the NumPy routine.

We can complement the tuning criteria with the requirement that the number of
samples in a measurement window be a regular number. See code B.2 for a Python
function to find the closest regular number to a given number, and code B.1 for how
this requirement is integrated into the tuning function.

1.1.4 Real-time analysis

In the applications described in this thesis, a real-time analysis in the frequency domain
is often necessary. For the measurement considered in the previous section, it would
take about 10 milliseconds to transfer N = 5 × 105 samples with 16 bits precision
from the measurement instrument to a computer using a gigabit ethernet connection.
Adding the time required for computing the FFT, we need to wait at least 20 millisec-
onds before the frequency-domain data is available. Considering that the measurement
itself takes only TM = 1/∆ f = 2 ms, this is a very large overhead and makes real-time
analysis impossible.

To overcome this issue, we use a multifrequency lock-in amplifier [7, 8] (MLA). The
MLA is a digital platform based on a field-programmable gate array (FPGA), that is able
to compute the amplitude and phase of a signal at some 40 frequencies of interest in
parallel in real time. The obtained frequency components can be used locally, e.g. to
control a feedback loop with low latency, or they can be quickly sent to a computer for
further analysis with less than 100 µs overhead.

1.2 Linear systems

A linear time-invariant (LTI) system is described in the time domain by a linear ODE.
A prototypical example of an LTI system is the damped harmonic oscillator (DHO), the
most studied system for its ability to model a wide range of physical phenomena. The
DHO consists of a mass m (measured in kg) attached to a spring with stiffness k (mea-
sured in N/m) and a damper with coefficient η = mγ (measured in kg/s). In the time
domain a DHO is described by the ODE

md̈ +mγḋ + kd = FD, (1.11)

where d(t) is the deflection of the mass from its equilibrium position, and FD is an
external drive force applied to the mass. It is useful to define the resonance fre-
quency ω0 =

p

k/m (measured in rad/s = 2πHz) and the quality factor Q = ω0/γ



1.2. LINEAR SYSTEMS 21

0 1 2 3 4
Frequency [kHz]

10 5

10 3

10 1

101

De
fle

ct
io

n 
[n

m
]

a Linear

0 1 2 3 4
Frequency [kHz]

b Nonlinear

0.99 1.01 0.99 1.01

Figure 1.2: Frequency response of linear and nonlinear systems. Simulation of
two systems driven with a forcing term FD(t) = 2Asin(ωM t) sin(ωC t), with A= 1 nN,
ωC = 2π×1 kHz andωM = 2π×1 Hz. a The linear system of Eq. (1.12) only responds
at the two frequencies ωC±ωM, with amplitudes given by the linear response function
χ̂ (olive dashed line). b The nonlinear system of Eq. (1.17) shows instead a very rich
response: many peaks, the intermodulation products, are visible around the two driving
tones, and around integer multiples of the driving frequencies. The system parameters
are ω0 = 2π× 1 kHz, Q = 600, k = 20 N/m, α= 5 mN/m2 and β = 0.5 mN/m3.

(a dimensionless quantity), and to rewrite Eq. (1.11) in the equivalent form

d̈ +
ω0

Q
ḋ +ω2

0d =
ω2

0

k
FD. (1.12)

It is convenient to characterize LTI systems in the frequency domain by their linear
response function. Taking the Fourier transform of Eq. (1.12) and rearranging terms,
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we obtain

d̂(ω) = χ̂(ω)F̂D(ω), (1.13)

χ̂(ω) ≡
1
k

�

1−
ω2

ω2
0

+ i
ω

ω0Q

�−1

. (1.14)

χ̂(ω) is the linear response function of the DHO and it defines the relation between
the input (the driving force FD) and the output (the deflection d) to the oscillator for
any frequency ω. Note that in this formulation, the input-output product Fd has units
of energy (J = Nm). This is the desired form for applying many common theorems in
linear response theory.

A particularly useful property of any linear system is that when it is driven with a
signal at frequency ω̄, its steady-state response, i.e. after any transient is exhausted, is
only at that same frequency ω̄. The amplitude and phase of the response are given by
the absolute value and argument, respectively, of the linear response function evaluated
at ω̄. For example, if we drive the DHO with FD(t) = cos (ω̄t), the resulting steady-state
deflection is

d(t) = |χ̂(ω̄)| cos {ω̄t +Arg [χ̂(ω̄)]}
=ℜ [χ̂(ω̄)] cos (ω̄t) + ℑ [χ̂(ω̄)] sin (ω̄t) .

(1.15)

Even more useful, if an LTI system is driven with two (or more) signals at frequen-
cies ω1 and ω2, the system responds only at those same frequencies with amplitudes
and phases that can be calculated independently from χ̂:

FD(t) =A1 cos (ω1 t + θ1) + A2 cos (ω2 t + θ2) ,
d(t) =A1 |χ̂(ω1)| cos {ω1 t + θ1 +Arg [χ̂(ω1)]}

+A2 |χ̂(ω2)| cos {ω2 t + θ2 +Arg [χ̂(ω2)]} .
(1.16)

This superposition principle is the hallmark of linear systems. Combining this principle
and conservation of energy, we find that the input power to a LTI system must equal
the dissipated power plus the output power at each frequency. Figure 1.2a shows the
frequency response of such system.

1.3 Nonlinear systems

A nonlinear oscillator is described by a nonlinear ODE, such as

d̈ +
ω0

Q
ḋ +ω2

0d =
ω2

0

k
(FD + FNL) , (1.17)

FNL(d) = −αd2 − βd3, (1.18)

where FNL is a nonlinear force-deflection relation. Even though it is not possible to
define a response function for nonlinear systems, and an analytical solution of their
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defining ODE is often intractable, it is still useful to consider their behavior in the fre-
quency domain. When driven with a single tone at frequency ω1, the response of a
nonlinear system presents components at frequencies that are integer multiples of the
drive frequency. These components at nω1, with n ∈ N, are called harmonics of ω1.
When driven with two frequenciesω1 andω2, the system responds at harmonics of the
two drive frequencies, and at integer linear combinations of the two drive frequencies.
These components at nω1 +mω2, with n, m ∈ Z, are called intermodulation products
(IMP), or mixing products. Figure 1.2b shows the frequency response of the system
in (1.17), obtained by numerical integration of the defining ODE.

A very important consequence is that when a nonlinear system is driven with tuned
tones, i.e. at frequencies that are integer multiples of the measurement bandwidth ∆ f
(see Sec. 1.1.2), all the generated harmonics and IMPs are also integer multiples of∆ f
and therefore tuned. In other words, tuned frequencies form an orthogonal basis that
spans a subspace closed with respect to nonlinear dynamics. Nonlinear systems can
actually present a much richer set of complex and interesting phenomena such as pe-
riod doubling, bifurcations and chaos [9]. The description provided here is limited to
“weakly”-nonlinear systems, which is sufficient for the applications presented in this
thesis [10, 11].

1.4 Simulations

Finding analytical solutions for nonlinear ODEs can be impractical or, sometimes, even
impossible. Therefore, to investigate the behavior of a system under different driving
conditions and to test the accuracy of data analysis techniques, we resort to numerical
simulations, typically in Python. A function is defined that implements the ODE govern-
ing the system, the parameters of interest and the forcing terms, and an external library
is then called to numerically integrate the ODE. We mostly use the integrate.odeint
routine in the Python library SciPy [5], a wrapper around the Fortran solver LSODA [12]
from ODEPACK. Python gives a simple way of implementing the solver, but it comes with
an overhead in computing time. When simulation time is a concern, e.g. when thou-
sands of time windows are simulated to study the effect of noise on a system, we use
the C library CVODE, part of the SUNDIALS suite of nonlinear solvers [13].

In the case of simulating an oscillator such as the one of Eq. (1.17), the ODE solver
returns the deflection dm for the given forcing terms FDm and FD(d), starting from some
initial conditions d0 and ḋ0. We specify the discrete times m∆t at which the solver
should output the result, so that we can then compute the FFT of the deflection d̂k and
e.g. apply a force-reconstruction algorithm to calculate FNL from d̂k. The comparison
between the simulated and reconstructed FNL provides an indication of the theoretical
accuracy of the method.

However, noise is present in any real-world experiment and we must introduce the
effect of noise in the simulations if we want to perform a realistic test of our algorithms.
There are two main types of noise in the context of this thesis: detector noise and force
noise. Detector noise is the noise arising in the measurement electronics. Incorporating
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detector noise in simulations is fairly easy: once the simulated deflection is available,
it is sufficient to add to each element of dm a sample from a Gaussian distribution with
zero mean and variance equal to the desired noise power σ2

D fS, where σD is expressed
as a noise-equivalent deflection (m/

p
Hz).

Force noise is a random force that drives the oscillator. It can arise from noise in the
drive signal or in the actuator, or from thermal fluctuations in the oscillator material.
Force noise is also the necessary reaction to the damping experienced by the oscillator,
for example due to its Brownian motion in a fluid like air. This force noise needs to be
included in the forcing terms in the simulation. For a fixed-step numerical integrator,
we can use the same approach as for the deflection noise: at every time step of the
integrator, we add to the forcing terms a sample from a Gaussian distribution with
mean zero and variance equal to the desired force noise power σ2

N fS, where σN is
measured in N/

p
Hz.

However, both the Python and C solvers mentioned above use highly optimized
variable-step algorithms, which means that we don’t know a priori at what time the
driving terms are evaluated. To accurately simulate the required noise power, we pre-
generate the force noise with a sampling frequency f noise

S and then linearly interpolate
between different realizations to get a value for the noise force at any time required by
the integrator. Although this trick introduces correlations in the noise at frequencies
above f noise

S , we expect the effect of such correlations on the deflection to be negligible
if f noise

S is much bigger than the resonance frequency of the oscillator and the frequency
of the forcing terms.

See code B.3 for a simulation of the system in Eq. (1.17) with detector and force
noise.

1.5 Atomic force microscope

Apart from being extremely useful for material science, the atomic force microscope
(AFM) is also a beautiful example of a classical nonlinear oscillator with noise. Fig-
ure 1.3 shows a schematic representation of an AFM experimental setup. The central
part of any AFM is the cantilever: a silicon beam 100 to 200 µm long, with a sharp tip
(1 to 30 nm radius at the apex) grown on one end. The other end of the beam is fixed
to a piezoelectric positioning system, which has two functions: one to move the AFM
probe in the x , y and z directions (scanner), and one to excite oscillations in the can-
tilever (shaker). The oscillations of the cantilever are measured with an optical lever
system: a laser beam is focused on the backside of the beam, and the position of the
reflected light is measured with a four-quadrant photodetector to obtain information
about the vertical and later deflections.

In the experiments described in this thesis and in the attached papers, the AFM is
connected to a MLA in order to, among other things, drive the cantilever oscillations,
apply an electrical excitation to the sample, and sample the vertical deflection of the
cantilever. The MLA also performs Fourier analysis at multiple frequencies in real time,
as the data is acquired, sending the results to a computer for further analysis.
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Figure 1.3: Atomic force microscope. Not to scale. Figure adapted from Paper VII.

The AFM is traditionally operated in two main modes. In quasi-static or contact
mode, the tip approaches the surface, stopping when the cantilever reaches a certain
static deflection, called the deflection setpoint. As the tip is scanned over the surface, a
feedback system adjusts the probe height (in the z direction) to maintain the deflection
constant. A map of the feedback signal as the probe is scanned in the x y plane is called
the height image, which is interpreted as the topography of the sample. In dynamic or
tapping mode, the cantilever is driven to oscillate near its resonance frequency. The
probe approaches the sample until the oscillation amplitude drops to a defined value,
the amplitude setpoint, and the feedback mechanism adjusts the probe height to main-
tain the amplitude close to the setpoint. Again, the map of the feedback signal gives the
height image. Dynamic AFM can also map the phase of the oscillation, which changes
in response to material properties.

1.5.1 Intermodulation AFM

Many AFM modes have been developed by researchers since the invention of the mi-
croscope in the 1980s by Binnig, Quate and Gerber [14]. Some of these modes are
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mentioned in the following chapters, but one that deserves a special treatment in this
thesis is intermodulation AFM (ImAFM). ImAFM has been thoroughly described in the
doctoral theses of Daniel Platz [15], Daniel Forchheimer [16] and Per-Anders Thorén
[17] and in many publications [18, 19, 20, 21, 22, 23]. Here we provide a very brief
introduction.

ImAFM is a multifrequency AFM technique, where the cantilever is driven with two
(or more) frequencies near its resonance, like the example of Fig. 1.2a. The free de-
flection of the cantilever is a fast oscillation at the average frequency (about 300 kHz)
with an amplitude that is slowly modulated at the difference frequency (about 500 Hz).
When the AFM tip is in proximity of the surface, the system becomes nonlinear and IMPs
arise around the two drive frequencies, as in Fig. 1.2b. Several of these IMPs are mea-
sured simultaneously with the MLA to reconstruct the tip-surface force at every pixel of
an AFM image, allowing for the extraction of mechanical properties such as stiffness,
adhesion, viscosity, as well as electrical and magnetic properties. Similar to dynamic
AFM, the feedback keeps the amplitude at one of the driven frequencies constant during
the scan.

1.5.2 Calibration

As the name suggests, the goal of AFM is to measure forces (in newtons). However, the
optical lever does not measure force directly but rather the deflection of the cantilever,
which is affected by many forces, including the interaction between the tip and the
sample surface. Moreover, the optical lever does not measure the deflection of the
beam in meters, but rather a voltage difference (in volts) between quadrants of the
photodetector. It is therefore clear that a calibration of the system is required to get the
actual tip-surface force.

Throughout this thesis, we analyze signals that are concentrated in a narrow fre-
quency band around the cantilever first flexural eigenmode. In this frequency band the
cantilever is well modeled as a driven DHO, and therefore the relationship between
force and deflection is described by the linear response function χ̂(ω) of Eq. (1.14).
To convert deflection to force, we need to determine three calibration constants: the
resonance frequency ω0 (rad/s), the quality factor Q and the stiffness k (N/m). In ad-
dition, we need the optical lever responsivity α (V/m) to convert the measured detector
voltage into beam deflection.

There exist several methods of obtaining the calibration constants. One of the most
widely spread methods, and the one used in this thesis, is known as the Sader method
[24, 25, 26]. As shown in Fig. 1.4, the method consists of measuring the power spectral
density (PSD) of the vertical deflection of the cantilever when it is in equilibrium with
the surrounding fluid (air in our case). A model for the noise (blue solid line) is then
fitted to the data near resonance (green dots). The model includes two contributions to
the total noise. The first contribution is white noise (constant in frequency) due to the
optical lever detection system, including noise in the photodiode electronics and fluctu-
ations of the laser power. The second contribution is the so-called thermal noise arising
from the Brownian motion of the cantilever due to collisions with the molecules of the
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Figure 1.4: Cantilever calibration. Typical measurement of the vertical deflection PSD
of an AFM cantilever (green dots). The noise data is fitted to a model (blue solid line)
including a flat contribution from the detector (not shown) and a Lorentzian contribu-
tion from the Brownian motion of the beam (olive dashed line). Some spurious pick-up
is visible which is excluded from the fit (red crosses). The fitted parameters are the cal-
ibration constants: resonance frequency ω0 = 2π×247.2 kHz, quality factor Q = 469,
stiffness k = 18.8 N/m and inverse optical lever responsivity α−1 = 72.0 nm/V. More-
over, we find that the detector noise floor is 64.9 fm/

p
Hz and the thermal noise force

is 20.5 fN/
p

Hz. At resonance, the thermal noise peak is 17.9 dB higher than the
detector noise floor. The cantilever is a rectangular MikroMasch HQ:NSC15/Pt, with
nominal length 125 µm, width 30 µm and thickness 4 µm.

fluid. Because the Brownian noise force is constant in frequency, the Brownian motion,
as given by the fluctuation-dissipation theorem, has a Lorentzian shape proportional
to |χ̂|2 (olive dashed line). The fit to the model provides the calibration constants ω0
and Q. Combining the fluctuation-dissipation theorem and theoretical value for the hy-
drodynamic damping, the value of k can be determined from the measured ω0 and Q.
Together with the magnitude of the PSD, we can use this value of k to calculate α.

The beauty of this method is that all calibration constants are traceable to a single
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measurement. Moreover, the calibration can be performed at any time in the mea-
surement session as it is noninvasive, meaning that it doesn’t require a procedure that
can damage the probe by pushing on a hard surface to independently measure α using
a calibrated scanner. Figure 1.4 shows an example PSD measurement and the fit to
obtain the calibration, as well as typical values for a tapping-mode cantilever.



Chapter 2

Background compensation

LINEAR RESPONSE THEORY is used to characterize a system of interest, as our first
assumption is that the response is simply linear. Linear response theory can also
be used to describe external, unwanted interactions on the system, providing a

powerful tool to compensate for them in the analysis of experimental data. Good ex-
amples of these unwanted interactions are background forces that act on the cantilever
body in AFM.

Background forces are long-range interactions that affect the dynamics of the AFM
cantilever and they can overwhelm the tiny tip-surface forces that we need to measure
to accurately map material properties at the nanoscale. These forces can be produced
by different physical phenomena, such as damping from a fluid film squeezed between
the probe and the surface [27] or long-range electrostatic interaction [28]. Thus an an-
alytical description of background forces can involve complicated ODEs in d, fractional
derivatives and many parameters. Whatever their origin, we notice in experiments that
these background forces always have three properties: they are linear, they are long
range, and they do not vary significantly as the probe scans over the sample surface.

Traditionally, AFM researchers have approached the problem of background forces
with a renormalization of the cantilever transfer function, i.e. reducing the background
interaction to an effective shift of the resonance frequency and quality factor of the
cantilever [29, 30, 31]. Here we describe a more rigorous and general approach that
makes no assumptions about the physical origin of the background forces. The theory of
background force compensation is described in detail in the attached Paper IV, which
also contains experimental data on two different samples. A brief description of the
method is provided below.

2.1 Compensation of background forces

As described in Sec. 1.5.2, the probe of an AFM is well modeled as a DHO with linear
response function χ̂. When the probe is “free”, i.e. very far from any sample surface, a
time-dependent drive force FD(t) with multiple components near the probe resonance

29



30 CHAPTER 2. BACKGROUND COMPENSATION

is applied, producing what we call the “free” deflection dfree. In the frequency domain:

d̂free = χ̂ F̂D, (2.1)

which provides knowledge of the applied drive force without the need for an inde-
pendent calibration of the actuator (the detector and response function are easily cali-
brated, see Sec. 1.5.2).

The tip of the driven probe is then brought in proximity with a sample surface at
what we call the “engaged” position, with the goal of measuring the nonlinear tip-
surface force FTS(d, ḋ) and investigating material properties. However, as the probe
gets closer to the surface, its environment changes and additional forces arise as dis-
cussed above. In the absence of background forces, it is straightforward [32] to ob-
tain FTS from d̂eng. In the presence of background forces, we resort to linear analysis in
the frequency domain.

At the engaged position the probe deflection is

d̂eng = χ̂
�

F̂D + F̂BG + F̂TS

�

, (2.2)

where FBG is the background force described by an arbitrary linear ODE of d. The
nonlinear F̂TS is typically very short ranged and it decays just a few nanometers from
the surface, while F̂BG is roughly constant for hundreds of nanometers. Thus, we slowly
lift away from the sample surface until the nonlinear F̂TS drops to zero (see Sec. 2.2).
At the “lifted” position we can therefore obtain the linear background force. Using
Eq. (2.1):

F̂BG = χ̂
−1
�

d̂lift − d̂free

�

. (2.3)

Since FBG is in general a function of d, we can not simply subtract this value from all
the measurement data. Because the background force is linear, it is described in the
frequency domain by a linear response function χ̂BG such that

F̂BG = χ̂
−1
BG d̂, (2.4)

which allows for the calculation of F̂BG for any deflection d̂. Combining Eq.s (2.3)
and (2.4) we get a measurement of the linear response function of the background
force

χ̂−1
BG = χ̂

−1 d̂lift − d̂free

d̂lift

. (2.5)

We can now consider χ̂BG as constant during the AFM scan, i.e. the ODE describing the
background forces does not depend on the probe position (x , y), or otherwise change
during the scan. The tip-surface force can now be recovered at any engaged position:

F̂TS = χ̂
−1
�

d̂eng − d̂free

�

− χ̂−1
BG d̂eng. (2.6)
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Figure 2.1: Frequency spectra of deflection. a, at the free position far away from the
sample surface. b, at the lifted position closer to the surface. c, at the engaged position
on a polystyrene surface. In a and b linear forces act on the cantilever and only noise
is measured at the nondriven frequencies. In c the nonlinear tip-surface force gives
rise to intermodulation with strong response at nondriven frequencies. Adapted from
Paper IV.

2.2 Finding the lifted position

The measurement of the linear response function of the background forces χ̂BG is per-
formed at a lifted position, as per Eq. (2.5). This position needs to be far enough from
the surface for the short-range, nonlinear tip-surface force F̂TS to be negligible, but still
in the proximity of the surface so that the long-range, linear background force F̂BG is
roughly constant. We need to find the “just-lifted” position.

Figure 2.1 shows three spectra of the cantilever deflection at the free, lifted and
engaged positions. We see that the amplitude at the driven frequencies is affected by
background forces at the lifted position, but no IMPs arise (Fig. 2.1b) because the back-
ground forces are linear. Only when the nonlinear interaction is present at the engaged
position are IMPs measurable with appreciable signal-to-noise ratio (SNR) (Fig. 2.1c).
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Figure 2.2: Intermodulation distortion. IMD as a function of amplitude setpoint in
percentage of the free oscillation amplitude. The measurement is repeated for a differ-
ent number of driven frequencies. Adapted from Paper IV.

We quantify the presence of IMPs by defining the intermodulation distortion (IMD) as
the ratio of the power measured at nondriven frequenciesωNDi to the power measured
at driven frequencies ωD j:

IMD=

∑

i

�

�d̂(ωNDi)
�

�

2

∑

j

�

�d̂(ωD j)
�

�

2 . (2.7)

At the free position the IMD is in principle zero, but in practice noise is measured
at nondriven frequencies and a measured IMD of −70 dB is typically found. At the
engaged position the IMD assumes values between −30 and −10 dB.

To find the just-lifted position, we start at the engaged position and gradually lift
away from the surface by increasing the amplitude setpoint while monitoring the IMD.
Figure 2.2 shows several such measurements, each with a different number of drive
frequencies. In all cases, the IMD gradually decreases as the AFM probe explores a
smaller portion of the nonlinear FTS(d). At some value of the setpoint, the tip breaks
free of its interaction with the surface and only linear background forces act on it, as
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Figure 2.3: Background force compensation on SIBS. Comparison of background
force compensation and the traditional compensation method for: dynamic force
quadratures FI (a) and FQ (b), and tip-surface force (c). Inset d shows the phase at the
first drive frequency, with a span of 15 degrees. The white scale bar is 100 nm. Sample
courtesy of Greg Haugstad at University of Minnesota.

demonstrated by the sudden drop in IMD. The first spectrum acquired after the drop is
defined to be d̂lift, measured at the just-lifted position.

2.3 Application to dynamic force quadratures

As an example of background force compensation, we apply the method to an ImAFM
measurement on a poly(styrene-b-isobutylene-b-styrene) block copolymer (SIBS). The
SIBS presents harder domains a few tens of nanometer in size, dispersed in a softer
polymer matrix (Fig. 2.3d). Figures 2.3a and 2.3b show the dynamic force quadra-
tures FI and FQ, respectively, on one of the hard domains. We show the uncompen-
sated curves (blue), the curves compensated for background forces (green), and the
curves that one would obtain with the traditional compensation where the effect of
background forces is simply treated as a change of resonance frequency and quality
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factor of the cantilever (orange).
As briefly described in Sec. 1.5.1, the amplitude of the cantilever deflection in

ImAFM is slowly modulated at every pixel of an AFM image. The dynamic force quadra-
tures [21] describe the integrated tip-surface force that is in phase with the tip motion,
FI, and the force that is quadrature to the tip motion (in phase with the velocity),
FQ. Both are shown as a function of the oscillation amplitude. Physically, for a single
oscillation cycle of amplitude A, FI(A) describes the conservative forces acting on the
cantilever during the cycle, and FQ(A) the dissipative interactions [−2πAFQ(A) is the
energy lost during the cycle].

We see from Fig.s 2.3a and 2.3b that the effect of compensating the background
forces is to eliminate a long-range attractive force (positive FI at low amplitude) and a
long-range dissipation (negative FQ at low amplitude). These background forces are of
about the same magnitude as the tip-surface force, which the cantilever begins to expe-
rience at amplitude of about 13 nm. The traditional method is able to compensate for
the positive slope in FI at low amplitude, however it fails to compensate the hysteresis
in the measured curves. Moreover, the traditional compensation is quite inaccurate in
the FQ curve.

By using amplitude-dependence force spectroscopy [20], we can transform the FI(A)
curve into the conservative force curve, i.e. we obtain the tip-surface force as a function
of cantilever deflection. We see in Fig. 2.3c that without background force compensa-
tion, one would underestimate the peak force by about 15%, and overestimate the
adhesion force (the force minimum) by as much as 54%.

2.4 Further reading

Additional and more detailed information can be found in the attached Paper IV. In
particular the paper addresses: the effective change of resonance frequency and quality
factor as the cantilever approaches a surface; the extrapolation of the measured χ̂BG to
nondriven frequencies; a comparison of the proposed method with a more traditional
renormalization of the resonance frequency and quality factor, for the case of hysteretic
FI and FQ curves.



Chapter 3

Intermodulation electrostatic
force microscopy

DIFFERENT TYPES OF TIP-SAMPLE INTERACTIONS can be used to image surfaces with
the AFM, making it the most versatile tool to investigate properties of nanos-
tructured materials. The AFM has been used to probe, among other things,

elastic and viscous mechanical properties [33, 34, 35], magnetic domains [36, 37,
38], thermal conductivity [39, 40], and electrical impedance at microwave frequencies
[41, 42]. One of the most widely used modes of AFM is Kelvin probe force microscopy
(KPFM), used to map variations in the electrical potential of the surface of a sample.
The surface potential is affected by changes in the work function of the material, by
charge generation and recombination due to external stimuli, by reduction–oxidation
reactions, and is therefore an interesting quantity to investigate composite nanostruc-
tured materials for a wide range of applications such as energy harvesting, conversion
and storing, and corrosion-resistant coatings.

We have developed an AFM technique for mapping the surface potential of materials
based on intermodulation. The method is described in detail in Paper I, and some
applications are reported in Papers II, III and V. An overview is given below along
with some previously unpublished considerations.

3.1 Contact potential difference

In a somewhat simplified description, electrically conducting materials are character-
ized by a work function φ defined as the minimum energy required to extract an elec-
tron from the material into the vacuum. For a metal, the work function is the difference
between the vacuum energy EV, i.e. the energy of a free electron at rest in proximity of
the solid, and the Fermi energy EF. Inside the metal at zero temperature, all the energy
states above EF are empty and all the energy states below EF are occupied. Two differ-
ent metals (Fig. 3.1a), e.g. gold Au and aluminum Al, have different work functions φ1
and φ2 and their Fermi levels are in general not aligned. If the two metals are brought
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Figure 3.1: Contact potential difference and Kelvin probe. a Simplified band di-
agram of two metals with different work function φ, i.e. different Fermi energy EF
with respect to the vacuum energy EV. Blue bands represent energy states occupied
by electrons, red bands represent empty states. The potential energy of an electron
grows upwards. b When the metals are in electrical connection, electrons flow until
the Fermi energies reach the same level. A contact potential difference VCPD builds up
at the interface. c Principle of the Kelvin-probe method to measure VCPD between two
electrodes.

in electrical contact (Fig. 3.1b), e.g. by physical contact or by connecting both of them
to a common ground, electrons flow from the metal with lower φ (i.e. higher EF) to
the metal with higher φ (i.e. lower EF) to occupy the available states at lower energy.
Equivalently, holes move from the metal with higher φ to the metal with lower φ. The
flow of charge comes to an end when the Fermi levels in the two metals align, result-
ing in a region at the interface where the metal with higher φ has an excess negative
charge and the metal with lower φ has an equal amount of excess positive charge. An
electric field E is therefore present at the interface of the two materials, and a contact
potential difference (CPD) VCPD = φ1 −φ2 builds up in the vacuum.

The CPD is also known as Volta potential, in honor of the Italian scientist Alessandro
Volta who first observed the effect and who exploited it in the invention of the electri-
cal battery [43]. A method for measuring the CPD between two electrodes was first
proposed by William Thomson (Lord Kelvin) [44] and later improved by Zisman [45],
and is today known as the Kelvin-probe method (Fig. 3.1c). Two electrodes of different
materials are facing each other and are connected to opposite sides of a tunable direct-
current (DC) voltage source. Even in the absence of an applied potential, an electric
field E is present in the capacitor formed by the two electrodes due to the CPD. The
separation between the two electrodes is mechanically driven at frequency ω. Due to
the potential difference, an alternating-current (AC) is generated and measured

I(t)≈ (VCPD − VDC)ω∆C cos(ωt), (3.1)

where ∆C is the capacitance change due to the mechanical oscillation. The measure-
ment technique consists in adjusting the applied DC voltage VDC until the measured AC
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current is zero, when VDC = −VCPD.

3.1.1 Kelvin probe force microscopy

The Kelvin-probe method has inspired the AFM technique Kelvin probe force microscopy
[46] (KPFM). Different implementations of KPFM are available [47], two of the most
used in ambient AFM are the amplitude-modulated (AM-KPFM) and the frequency-
modulated (FM-KPFM) methods. In AM-KPFM, each scan line is swept twice. In the
first pass, the topography of the sample is obtained in dynamic AFM. With the second
pass, the AFM feedback is turned off and the probe is lifted by a fixed amount (10 to
100 nm) above the topography acquired in the first pass. In the second pass an AC
voltage is applied to the probe at frequency ωE close to resonance so that a force com-
ponent F̂(ωE)∝ (VCPD−VDC)∂ C/∂ z is experienced by the cantilever, where ∂ C/∂ z is
the gradient of the tip-sample capacitance. A feedback loop adjusts the DC bias VDC to
minimize the response of the cantilever at frequency ωE. A map of the applied VDC is
the CPD image. This technique is resonant, because VCPD is obtained from a measure-
ment close to the cantilever resonance frequency, and dual-pass, because the sample is
scanned once to obtain the topography and a second time to obtain the CPD.

FM-KPFM is a single-pass technique in which the AC voltage is applied at a low
frequencyωE�ω0 during a normal dynamic AFM scan, with the cantilever oscillating
at ωD ≈ ω0. Due to the nonlinear tip-sample capacitance, a force component arises
at a side-band of the cantilever drive F̂(ωD +ωE)∝ (VCPD − VDC)∂ 2C/∂ z2. As in AM-
KPFM, a feedback loop adjusts the value of VDC to minimize the cantilever response
at ωD +ωE, and a map of the applied DC bias produces the CPD image. FM-KPFM is
most commonly implemented by using three separate lock-in amplifiers to apply the
drives at ωD and ωE and to measure the deflection at ωD +ωE. Traditional lock-in
amplifiers are not synchronized and do not provide for tuning ωD and ωE. Typical
implementations therefore use several kilohertz for ωE to insure that the generated
side-band is far enough from resonance to not have leakage between the topographic
signal atωD and the VCPD signal atωD+ωE. Thus FM-KPFM is typically an off-resonant
technique.

Generally, AM-KPFM is more sensitive (lower noise) due to the resonant detec-
tion, while FM-KPFM is faster due to the single pass. FM-KPFM also has higher spatial
resolution because it is sensitive to ∂ 2C/∂ z2 (force gradient) rather than the longer
range ∂ C/∂ z (force), as shown in Fig. 3.2. Other implementations of KPFM are in use
and a thorough comparison has been published recently by Axt et al. [48]. The com-
mon element in all these implementations is that they are closed-loop methods, i.e. a
feedback is used to apply a DC bias and to measure the CPD, in addition to the AFM
feedback to track the topography. The use of an additional feedback complicates the ex-
periment, and it can limit the achievable bandwidth, increase measurement noise, and
introduce cross-talk artifacts [49]. Moreover, the application of a DC bias is not com-
patible with scanning in liquid environment as it can drive electrochemical processes
[50, 51]. The open-loop variations of KPFM which are available [49, 52, 53, 54, 55],
typically operate off-resonance which limits the sensitivity of the techniques.
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3.2 Intermodulation electrostatic force microscopy

Intermodulation electrostatic force microscopy (ImEFM) is a multifrequency open-loop
technique to measure the CPD between a sample and a conductive AFM probe. ImEFM
is single-pass and resonant. The details of the technique and its experimental validation
are described in Paper I, here a short summary is provided.

The electrostatic force between a conductive tip and a conductive sample is

FTS =
1
2
∂ C
∂ z

V 2, (3.2)

where C and V are the capacitance and the potential difference between the tip and
the sample, respectively. The cantilever deflection d and the tip-sample distance z are
linked by z(t) = d(t) + h, where h is the rest position of the tip. The MLA is used to
drive the cantilever atωD ≈ω0 and apply an AC voltage to the tip atωE�ω0 (similar
to FM-KPFM), so that the cantilever deflection and the tip-sample voltage are

d(t) = AD cos (ωD t +φD) , (3.3)

V (t) = VCPD + VAC cos (ωE t) . (3.4)

Due to the nonlinearity of ∂ C/∂ z [56, 57], the two drive frequencies intermodulate
and the resulting electrostatic force F̂TS has many frequency components at linear com-
binations of ωD and ωE. In particular, we can compute the Fourier amplitude of the
force components near resonance

F̂TS(ωD) =
1
2

a1

�

V 2
AC

2
+ V 2

CPD

�

eiφD , (3.5a)

F̂TS(ωD ±ωE) =
1
2

a1VACVCPDeiφD , (3.5b)

F̂TS(ωD ± 2ωE) =
1
8

a1V 2
ACeiφD , (3.5c)

where a1 is a coefficient that, in the low-amplitude limit, is proportional to ∂ 2C/∂ z2.
We measure the deflection spectrum d̂ near resonance and obtain the force components
in (3.5) from (2.6). The CPD is finally obtained from a simple ratio of the measured
force components:

VCPD =
VAC

4
F̂TS(ωD ±ωE)

F̂TS(ωD ± 2ωE)
. (3.6)

Equation (3.6) shows that ImEFM converts a measurement of force ratios into a mea-
surement of CPD, without the use of an additional voltage feedback. With the use of
the MLA tuning capabilities, the frequency components at ωD ±ωE and ωD ± 2ωE can
be arbitrarily close to resonance, exploiting the enhancement in SNR due to the high-Q
resonance (at the expense of a longer measurement time). As there are two pairs of
IMPs on each side of the resonance, the values of VCPD obtained from each pair are
averaged to decrease the noise further.
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Figure 3.2: Capacitance gradient and its derivative. Independent measurement
of ∂ C/∂ z (blue dots) and ∂ 2C/∂ z2 (orange dots) as a function of the rest position of
the tip h. The data is measured with ImEFM as the tip slowly approaches a conductive
surface. A theoretical model from [56] (green dashed line) is fitted to the experimen-
tal ∂ C/∂ z. The theoretical ∂ 2C/∂ z2 (red dashed line) is the analytical derivative of
the green curve. The position of the surface z = 0 is a parameter of the theoretical
expression, obtained from the best-fit parameters. The two curves show that the force
gradient (∝ ∂ 2C/∂ z2) decays faster than the force (∝ ∂ C/∂ z) as the distance from
the surface increases. The capacitance gradient is measured at low frequency and is
therefore more noisy than its derivative, which is measured at resonance (details in
Paper I).

3.2.1 Advantages of ImEFM

ImEFM combines some of the advantages of AM-KPFM and FM-KPFM. Like FM-KPFM,
it is single pass and sensitive to ∂ 2C/∂ z2 (force gradient, see Fig. 3.2), allowing for
higher imaging speed and better lateral resolution. Like AM-KPFM, the CPD is mea-
sured near resonance, where the force sensitivity is only limited by the thermal noise
of the cantilever. However, ImEFM operates in an open-loop fashion, decreasing the
complexity of the setup and the number of control parameters that one needs to opti-
mize before scanning. The open-loop nature of ImEFM allows one to map VCPD without
any applied DC bias, opening up the possibility of measuring in liquid environments as
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Figure 3.3: Charge injection and extraction with ImEFM. Maps of contact potential
difference VCPD with different applied DC bias applied to the AFM tip. An offset is
applied to all color scales so that they are centered on the average value of the surface
potential over the LDPE matrix. The black scale bar is 100 nm. Adapted from Paper III.

discussed above. On the other hand, the applied bias can be used as a measurement
parameter that the experimentalist can adjust to study how this “gate” potential affects
the measured VCPD.

In Paper III we utilize this unique “gating” feature of ImEFM to investigate the
presence of localized electronic states (traps) in nanocomposite low-density polyethy-
lene (LDPE). LDPE is used as insulation in high-voltage direct-current (HVDC) cables,
and it has been shown that the introduction of aluminum oxide Al2O3 nanoparticles
causes a ten-fold reduction of the residual DC conductivity, suppressed space-charge
accumulation and a 50% increase in breakdown strength [58]. Theoretical work and
simulations attribute this improvement to electron traps at the nanoparticle interface,
however experimental confirmation was lacking. We used ImEFM to image the surface
potential, while applying a DC bias to the AFM tip (Fig. 3.3). The tip effectively acts as a
gate electrode, injecting and extracting charge as it taps over the surface. The contrast
in the VCPD images and the time required to achieve equilibrium are compatible with
the presence of hole traps close to the lowest-unoccupied molecular orbital (LUMO) in
the LDPE at the interface with the nanoparticles.

An interesting question is how much charge is being injected into the nanoparticles
during imaging. To obtain a rough estimate, we approximate the nanoparticle/LDPE
interface as a conductive sphere with radius R ≈ 30 nm, at a height h ≈ 100 nm
(the LDPE film thickness) over a conductive plane. The capacitance of this system is
approximately [59]

C ≈ 4πεR
�

1+
1
2

log
�

1+
R
h

��

≈ 8 aF, (3.7)

using ε = 2ε0 for LDPE. When the sphere is at a potential V ≈ 1.5 V with respect
to the plane, i.e. the contrast measured in the VCPD image, the capacitor is holding
a charge Q = CV ≈ 10 aC. That is the charge of about 70 electrons, a very small
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Figure 3.4: Polarity of VCPD. Contact potential difference VCPD under light (a,d) and
dark (b,e) conditions and surface photovoltage VSPV = V light

CPD −V dark
CPD (c,f). In the images

calculated according to Eq. (3.9) (a-c), artifacts are visible as sharp contours and as dips
in the histograms. In the images calculated according to Eq. (3.10) (d-f) the artifacts
are eliminated. The white scale bars are 400 nm. The sample is an organic photovoltaic
polymer blend, courtesy of Chiara Musumeci and Olle Inganäs at Linköping University.

amount considering the strong signal measured. A more detailed analysis would re-
quire a finite-element simulation of the nanoparticle-LDPE sample, nevertheless this
simple calculation highlights the great sensitivity of the AFM. EFM with single-electron
resolution has indeed been demonstrated [60], and it has been used to detect electrons
tunneling between a quantum dot and an electrode [61].
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3.2.2 Sign of CPD

Equation (3.6) is peculiar in that the left-hand side of the equation is a real quantity,
while the right-hand side is complex. Calling the complex quantity on the right-hand
side Z , it seems natural to interpret the absolute value of Z as the absolute value of VCPD,
but what about the sign (polarity)?

Other open-loop techniques [53, 62] encounter this issue when obtaining VCPD from
the low-frequency components of the deflection. One way to extract VCPD with the
correct polarity is as follows:

VCPD = sgn
�

cos
�

Arg
�

d̂(ωE)
�	�

�

�

�

�

VAC

4
d̂(ωE)

d̂(2ωE)

�

�

�

�

. (3.8)

The sign of VCPD is obtained from the phase of the ωE component, which ideally only
takes either of the values 0 and π. In practice, however, noise and delays in the in-
strumentation cause the phase to differ from the ideal value, and the use of the sign
function is necessary [53, 54]. Applying this approach to ImEFM gives

VCPD = sgn {cos [Arg (Z)]} |Z | . (3.9)

However, for small values of VCPD, the calculation of the phase of Z is strongly af-
fected by noise. Moreover, the functions sgn, cos, Arg and | · | are nonlinear. As shown
in Fig. 3.4a-c, these properties produce peculiar artifacts in images and histograms
when VCPD crosses zero.

We take an alternative approach, exploiting the knowledge that the phase difference
between F̂TS(ωD±ωE) and F̂TS(ωD±2ωE) depends only on the sign of VCPD, as shown by
Eq. (3.5), and must therefore be either 0 or π. Any deviation from these phase values is
due to noise and can be ignored. Any contribution from delays in the instrumentation
or cantilever dynamics would be common to both components. Therefore:

VCPD =ℜ (Z) . (3.10)

As shown in Fig. 3.4d-f, Eq. (3.10) eliminates the artifacts and produces the expected
results.

3.2.3 Comparison on graphene

In general, one should be cautious about comparisons of different techniques, espe-
cially in AFM. Techniques such as KPFM have many parameters that affect the quality
of the measurement and need careful tuning by an experienced user, such as the am-
plitude of the AC voltage, the cantilever oscillation amplitude, lift height, gains of the
feedback loop(s), . . . Moreover, the developers of a certain mode have a strong interest
in optimizing the scan for their mode, while not so much for competing modes. While
a quantitative and systematic comparison of closed-loop KPFM techniques is available
[48], a similar study for open-loop methods is still lacking.



3.2. INTERMODULATION ELECTROSTATIC FORCE MICROSCOPY 43

a ImEFM b AM-KPFM c FM-KPFM

0.04 0.02 0.00 0.04 0.06 0.30 0.25 0.20

Figure 3.5: Comparison of ImEFM and KPFM by first-time users of AFM. The three
panels show maps and histograms of VCPD in volts measured on a graphene monolayer
(blue) with flakes of bilayer graphene (yellow). The graphene is thermally grown on
a silicon carbide (SiC) substrate. The white scale bars are 3 µm. Sample courtesy of
Hans He and Sergey Kubatkin at Chalmers University of Technology.

With that in mind, Fig. 3.5 shows scans on the same area of a graphene sample
with ImEFM, AM-KPFM and FM-KPFM. The measurements were performed by students
of the scanning-probe microscopy course at KTH, during their first AFM laboratory
experience with mapping surface potential. For all three scans, a skilled operator could
significantly improve on the quality of the measurements. Nevertheless, the comparison
is an indication of the ease of use of an open-loop method with respect to a closed-loop
one and of the simplicity with which ImEFM generates high resolution images.

One explanation for such results is that in both implementations of KPFM the user
needs to optimize the gain parameters for the Kelvin-probe feedback and the phase of
the lock-in detection, in addition to the parameters of the topography feedback. More-
over, the lift height needs to be optimized in AM-KPFM. When using ImEFM, the pa-
rameter space that needs to be explored is greatly reduced, as the user only optimizes
the tracking of the topography. Even when all the parameters are optimally set, we
experience that ImEFM provides higher spatial resolution than AM-KPFM due to mea-
surement in close proximity to the surface and sensitivity to the force gradient. ImEFM
also achieves higher SNR than FM-KPFM, due to resonant detection of the electrostatic
force.

3.2.4 Beyond ratios

ImEFM uses perturbation theory to obtain VCPD from the ratio of two measured IMPs in
the force spectrum. Additionally, it provides a value for ∂ 2C/∂ z2 that can be thought
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of as the average derivative of the capacitance gradient in the oscillation range of the
cantilever. It is possible to go beyond this first-order approximation and extract VCPD
from all the components of the measured F̂TS, using an analysis technique based on
linear algebra and singular-value decomposition. We call this technique the “matrix
method”. The matrix method provides a polynomial fit to the capacitance gradient
in the region probed by the cantilever oscillation. A similar analysis has been used
in ImAFM experiments to obtain polynomial approximations of tip-surface forces that
depend on tip position and velocity [63, 22]. We derive in Appendix A an extension to
this approach to analyze tip-surface forces with explicit time dependence, such as the
electrostatic force of Eq. (3.2).

Although the matrix method works reasonably well in simulations, its application to
experimental data has not yet been successful. The method is rather sensitive to noise,
as the IMPs of higher order than the ones used in ImEFM are typically much weaker.
The low amplitude of the IMPs is in turn due to the smoothness of the capacitance
gradient [56], resulting in rather small coefficients of the higher orders of a polynomial
expansion. Moreover, in a real experiment other contributions to the tip-surface force
might arise, such as van der Waals forces and elastic or viscoelastic interactions with the
sample. In an ImEFM scan these contributions are typically negligible in the stronger
IMPs used to calculate VCPD, but they might still be strong enough to affect the weaker
higher-order IMPs measured with the matrix method. To improve on the method, the
effect of force contributions other than the electrostatic force of Eq. (3.2) should be
included in the fit of the data.

Nevertheless, the matrix method does not assume a specific probe motion, as does
ImEFM in Eq. (3.4). Therefore, one could drive the cantilever with multiple tones
as in ImAFM, resulting in more IMPs near resonance with high SNR in the deflection
spectrum. This driving scheme could allow the matrix method to perform better in
experiments. However, the plethora of IMPs near resonance would also make it hard
to tell whether the measurement is performed in an optimal regime. In ImEFM, only
two IMPs on each side of the resonance are dominant during an optimal measurement
in which only weak electrostatic forces act on the AFM probe. When stronger interac-
tions such as viscoelastic tip-surface forces are probed, more IMPs arise. These extra
IMPs give the experimentalist a clear indication that the measurement is not accurate.
Driving multiple tones at resonance would instead generate many IMPs in both optimal
and suboptimal regimes, hindering the ability of judging the accuracy of the technique.

3.3 Further reading

Paper I contains a more detailed derivation of ImEFM, as well as an experimental val-
idation of the reconstructed VCPD and scans on a organic bulk-heterojunction solar cell
material. In Appendix A we derive the matrix method for computing the CPD and
a polynomial approximation of the capacitance gradient. Paper II contains a section
describing how ImEFM is used to investigate the inhomogeneity of conductivity in a
two-dimensional electron gas at the LaAlO3/SrTiO3 interface. In Paper III the ability
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to apply a user-defined DC bias while mapping VCPD is used to image the injection and
extraction of charge in AlO3 nanoparticles in low-density polyethylene, highlighting
the presence of localized electronic states at the nanoparticle-matrix interface. In the
supporting information, charge diffusion is monitored by repeatedly imaging the sur-
face potential. Paper V presents a detailed study of an organic solar cell material with
ImEFM, ImAFM and conductive AFM.





Chapter 4

Intermodulation conductive
atomic force microscopy

MEASURING ELECTRIC CURRENT WITH NANOMETER RESOLUTION is another mode
of AFM which has become an indispensable tool in nanotechnology. Conduc-
tive AFM [64] (CAFM) and the closely related scanning tunneling microscope

(STM) have been used to characterize materials for energy conversion [65, 66] (see
also Paper V) and generation [67], and to investigate novel materials for computation
[68] and superconductors [69].

CAFM has two main modes of operation. In imaging mode, a DC bias is applied to
the sample while the current flowing through the tip is recorded as the probe scans
over the sample in contact mode. While this mode quickly generates an image, it pro-
vides only a limited description of the electrical characteristics of the sample surface,
i.e. the current at a fixed voltage bias. To obtain the whole current-voltage characteris-
tic (IVC), several scans at different bias are required, causing problems due to tip wear
and instrument drift. In spectroscopic mode, the bias is swept and the IVC is recorded
at a fixed tip position. Spatial resolution is achieved by repeating the sweep at a grid
of points. The bias is swept slowly to minimize background current from the capaci-
tance of measurement leads, dramatically limiting the achievable measurement speed,
or equivalently the achievable spatial resolution. Recent efforts [70] have combined
the speed of imaging mode with the full characterization of spectroscopic mode. The
analysis, however, uses stochastic filtering of the data and requires several hours of
computation.

In the previous chapter we showed how multifrequency measurements and frequency-
domain analysis enhance the characterization of electrical potentials at the nanoscale.
In Paper VI we show how the same tools improve the capabilities of CAFM, providing
fast and high-resolution acquisition of IVCs. A shorter description is provided in this
chapter.

47
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Figure 4.1: Experimental setup and electrical quantities. Not to scale. The tip-
sample junction is modeled with a conductance G in parallel with a capacitance C . CP
is a distributed parasitic capacitance, CC is the capacitance of the coaxial cable (guard).
IG, ID and IP are the galvanic, displacement and parasitic currents, respectively. With
the MLA, the bias voltage V and the compensation voltage VC are applied to the sample
and to the guard, respectively. The total current I is measured with a transimpedance
amplifier, and sampled with the MLA. Adapted from Paper VI.

4.1 Multifrequency measurement of AC currents

Figure 4.1 shows a typical CAFM setup. The electrical contact, or junction, between
the AFM tip and the sample is modeled with a conductance G in parallel with a capaci-
tance C . They can both be nonlinear, i.e. functions of the applied tip-sample voltage V ,
so that the total current flowing through the tip is

I(V ) = IG + ID = G(V )V + C(V )V̇ , (4.1)

where IG and ID are the galvanic and displacement currents, respectively. With any
method that has a time dependent voltage (e.g. sweep V to measure the IVC), a parasitic
current IP due to a distributed parasitic capacitance CP is also present. Since CP is usu-
ally much greater than C , this parasitic current is much larger than both IG and ID. We
show in Sec. 4.2 how to eliminate this parasitic current, and for now we consider IP = 0.

By applying an AC sample bias V (t) = VAC cos(ωE t), the resulting total current is
(details in Paper VI)

I(t) = IG(t) + ID(t) =
+∞
∑

k=0

IGk cos(kωE t) +
+∞
∑

k=0

IDk sin(kωE t). (4.2)

Both the galvanic and displacement currents are a Fourier series with base frequencyωE,
the former in phase with the applied bias and the latter quadrature to it, i.e. in phase
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Figure 4.2: Current-voltage characteristic on a photovoltaic material under illumi-
nation. a frequency spectrum of the total current I at 31 harmonics of ωE. b total
current I (blue) in the time domain obtained from the inverse DFT of the spectrum in
a, and galvanic IG (orange) and displacement ID (green) currents obtained from the
inverse DFT of Eq. (4.3). c reconstructed current and capacitance versus applied bias.
The open-circuit voltage VOC and the short-circuit current ISC are marked in the IVC.
Currents are shown in picoampere, capacitance in femtofarad. Adapted from Paper VI.

with its time derivative V̇ . In the frequency domain, the total current Î has compo-
nents at ωE and its harmonics, as shown in Fig. 4.2a. We measure the harmonics with
a MLA and obtain the separate contributions from the real and imaginary parts of the
measured Î :

ÎG(ω) =ℜ
�

Î(ω)
�

, (4.3a)

ÎD(ω) = iℑ
�

Î(ω)
�

. (4.3b)

With the inverse DFT we calculate IG and ID (Fig. 4.2b). We finally obtain the IVC
by plotting IG(t) versus V (t) (orange curve in Fig. 4.2c). We also plot the capaci-
tance C = ID/V̇ versus V (t) (green curve in Fig. 4.2c), which contains information on
the dielectric properties of the sample. Ideally C is the junction capacitance, however
in practice a small contribution of CP is also present due to imperfect compensation.

4.1.1 Multifrequency advantages

The method described above allows for obtaining IVCs from a coherent multifrequency
measurement. This method, which we call intermodulation CAFM (ImCFM), presents
several advantages. First, the separation of galvanic and displacement currents is
straightforward, as shown by Eq. (4.3). In a time-domain measurement at the same
speed (ωE = 2π × 100 Hz), the IVC would look like the blue curve in Fig. 4.2c: the
displacement current causes an hysteresis that overwhelms the fine features of the IVC.
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Another closely related advantage is speed. To minimize the hysteresis, in a tra-
ditional measurement the bias is swept very slowly (tens of seconds) so that the dis-
placement current contribution is negligible. With ImCFM, measurement times of a
millisecond are easily achievable, an improvement of four orders of magnitude. In Pa-
per VI we show high-resolution (512x512 pixels) maps of IVCs acquired in under 9
minutes. Measuring the same number of IVCs (over 520 thousand) with a traditional
method would require about 2 months.

For a fixed total measurement time TM, a traditional measurement of IVC would
apply a certain DC bias, average the measured current for a time TM/N , then change
applied bias and repeat the measurement, until N points of the IVC are acquired. The
MLA acquires N ≈ 40 harmonics ofωE in the same time TM, yielding a N -point nonlin-
ear IVC. In a linear analysis of noise, the SNR is proportional to the square root of the
averaging time. Therefore, the frequency multiplexing capabilities of the MLA allow
for an increase in the SNR of a factor

p
N ≈ 6.

Finally, the multifrequency approach enables an effective compensation of parasitic
currents due to the capacitance of the measurement instruments, as we show in Sec 4.2.

4.2 Parasitic current compensation

When measuring AC currents in the picoampere range or below, the parasitic currents
due to stray capacitances can be orders of magnitude larger than the galvanic current,
therefore limiting the gain of the transimpedance amplifier. Good electrical design can
minimize such stray capacitance, e.g. a short coaxial cable with the shield guarding the
input is used to connect the AFM probe to the input of the current amplifier, rather than
a long unshielded wire. Nevertheless, a small unshielded parasitic capacitance CP of
the cantilever chip and probe holder is inevitable and this can still saturate the amplifier
at the highest gains.

In Chap. 2 we learned how to compensate for background forces, using a method
that can be thought of as a passive compensation, in the sense that the effect of the
background forces is subtracted from the data after the measurement. When measur-
ing really small currents, an active compensation is needed, i.e. the parasitic currents
should be nulled before reaching the amplifier. To achieve active compensation, we
drive the shield of the coaxial cable (guard) with a compensation voltage VC at the same
frequency of the sample bias V , with an amplitude and phase such that the resulting
current IC = CCV̇C exactly cancels the parasitic current IP = CP V̇ . The parasitic capac-
itance CP arises from contributions at the millimeter to meter scale, e.g. AFM probe
holder and measurement leads, and thus its value is to a good approximation constant
during the AFM scan, because the tip is scanned at the micrometer scale. Therefore, VC
does not need to be adjusted during the scan.
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Figure 4.3: Parameter map on an organic photovoltaic material. a short-circuit
current; b open-circuit voltage; c reverse current at 1 V reverse bias; d current
at maximum-power point; e voltage at maximum-power point; f fill factor F F =
(VMP IMP)/(VOC ISC). The maximum-power point is the point in the IVC at which the
generated power P = −IV is maximum. The white scale bar is 200 nm. Adapted from
Paper VI.

4.3 IVC analysis

Collecting IVCs such as the one in Fig. 4.2c at every pixel of an AFM image allows
for the calculation of maps of interesting parameters. Figure 4.3 shows examples of
such maps on an organic photovoltaic material, where significant points in the IVC are
extracted, such as the short-circuit current, the open-circuit voltage and the maximum-
power point. This allows for direct correlation of figures of merit for photovoltaic de-
vices with the nanostructure of the materials.
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Figure 4.3 shows local properties of IVCs, i.e. the current at a certain voltage or
the voltage at a certain current. Recording the full IVC enables the evaluation of global
properties, such as the symmetry of the IVC. These properties are useful for qualitatively
mapping different electrical response, e.g. resistive, insulating or diode-like. Examples
of such maps are shown in Paper VI.

4.4 Further reading

Paper VI contains a more detailed analysis of the compensation and measurement pro-
cedures. Scans on a organic bulk-heterojunction solar cell material and on an all-oxide
p/n junction are shown, along with representative IVCs on different spots on the sam-
ples. Different analysis of IVCs are also described.



Chapter 5

Time resolution with intermodulation

LOCAL MEASUREMENT OF CHARGE DYNAMICS is key to understanding and optimiz-
ing generation, diffusion and recombination of charge carriers in photoactive
materials [71, 72, 73, 74]. In chapters 3 and 4 we saw how to map static prop-

erties of e.g. photovoltaic materials such as work function, open-circuit voltage and
closed-circuit current. When studying the surface photovoltage as in Fig. 3.4, we com-
pare the equilibrium CPD in dark and under illumination, but not the transient behav-
ior when switching between the two states. Time-resolved measurements are typically
performed with an optical technique called pump-probe spectroscopy, but this lacks the
nanometer resolution needed for the investigation of novel nanostructured materials.
In Paper VII we present a multifrequency AFM technique to study the charge dynamics
based on intermodulation spectroscopy. A detailed description is given in the paper,
here we provide a brief summary.

5.1 Pump-probe spectroscopy

In an optical pump-probe experiment [75], the sample is repeatedly hit with pairs of
fast optical pulses, the second slightly delayed from the first. The first pump pulse
excites some process of interest in the sample. The second probe pulse investigates the
response of the sample to the pump by monitoring a quantity that is affected by it, e.g.
the probe absorption. The pump and probe are usually distinguished by a different
wavelength, or by a different direction of propagation. The response is averaged for a
certain measurement time, and the pump-probe delay is changed to study the response
at a different time after the excitation. Finally, the response is plotted versus the delay
to reveal the dynamics of the process under study.

Optical pump-probe spectroscopy routinely achieves femtosecond time resolution
[76, 77], thanks to laser sources that allow for the creation of ultrashort light pulses.
Another reason for the high time resolution achievable is the high speed of light in
vacuum: to change the delay by 30 fs, the optical path of the probe needs to be changed
by 10 µm which is easily done with a micrometer screw.

53
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Despite the great time resolution, optical pump-probe has poor spatial resolution,
limited by diffraction to hundreds of nanometers or micrometers. For this reason, con-
siderable effort has been devoted to the development of time-resolved AFM techniques,
in particular for the study of charge dynamics in photovoltaic materials.

5.2 Time-resolved EFM and KPFM

One approach for probing fast charge dynamics with EFM or KPFM is to minimize the
measurement time. By optimizing the bandwidth of the Kelvin-probe feedback, one can
measure the CPD in less than a millisecond, and therefore follow the evolution of the
surface potential after an excitation pulse with sub-millisecond time resolution [72].

In the pursuit of faster dynamics, however, one must accept that the measurement
time is longer than the process of interest. Time resolution in the 10 ns range has been
reached by monitoring the frequency shift of a cantilever after an excitation pulse, and
by averaging over several cycles [78]. However the calculation of the charge genera-
tion/recombination time from the observed frequency shift is nontrivial and requires a
rather empirical calibration. In other approaches that are closely related to the optical
pump-probe technique, the cantilever is used as a detector of an average signal VCPD,
and a train of light pulses is used to excite the charge dynamics in the sample. The
average VCPD is recorded as a function of the pulse-repetition frequency [74] or of the
delay between two pulse trains [79], allowing for the calculation of the charge gener-
ation/recombination time constants.

5.3 Intermodulation

We propose an alternative approach based on intermodulation. As we saw in Chap. 3,
the electrostatic tip-sample force is modeled as

FTS =
1
2
∂ C
∂ z

V 2. (5.1)

In ImEFM, the tip-sample voltage V is the sum of VCPD and the applied AC bias. In
a time-resolved measurement we excite the sample with a train of square light pulses
(see Fig. 5.1). The tip-surface voltage evolves in time due to the charge generation
and recombination excited by the illumination. We model the time evolution of V
with an exponential increase and an exponential decrease, as shown in Fig. 5.2. The
pulse repetition period TE, or the frequency ωE = 2π/TE, and the pulse width W are
experimentally controlled. The charge dynamics is described by four parameters: the
equilibrium CPD when the excitation is high VH (light) and low VL (dark), and the rise
and fall time constants τR and τF. For a given set of these parameters, it is possible
to analytically compute the spectrum of the electrical response cV 2(ω), which contains
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Figure 5.1: Typical measurement setup. Not to scale. A MLA is used to drive the
cantilever with a piezoelectric shaker, to excite the photoactive material with a light-
emitting diode (LED), and to acquire the cantilever deflection from the optical-lever
detection system. The conductive cantilever and the transparent electrode of the sam-
ple are kept at ground. The light from the LED is focused on the sample surface by a
microscope objective. The data from the MLA is sent to a personal computer (PC) for
further analysis. Adapted from Paper VII.

harmonics of ωE and is therefore periodic in time with period TE:
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Figure 5.2: Excitation pulse and charge response. The sample is excited with a pulse
(green) of width W and repetition period TE = 2π/ωE. The response voltage (blue)
is modeled with exponential rise and fall with time constants τR and τF, respectively.
VL and VH are the equilibrium response when the excitation pulse is low and high,
respectively. In the case of a slow response (long τR and τF, orange) the voltage varies
between V0 > VL and V1 < VH. Adapted from Paper VII.

where ρ is a possible time delay in the electronics or measurement leads, and

V1 =
(VH − VL)(1− e−W/τR)
1− e−W/τR−(TE−W )/τF

+ VL, (5.3a)

V0 = (V1 − VL)e
−(TE−W )/τF + VL. (5.3b)

We drive the cantilever at ωD ≈ ω0, as in ImEFM, and therefore the cantilever
deflection is to first order a cosine function at that same frequency. Thus, the spectrum
of the capacitance gradient contains harmonics of the cantilever drive frequency ωD,
and ∂ C/∂ z is periodic with period TD = 2π/ωD. The nonlinearity of the tip-surface
force, i.e. the product in Eq. (5.1), causes the two frequencies ωD and ωE (and their
harmonics) to intermodulate. Depending on the choice of ωE, some of the generated
IMPs are detectable near the cantilever resonance. We first analyze the case in whichωE
is also close to resonance.



5.3. INTERMODULATION 57

5.3.1 Resonant excitation

In the resonant scheme, the excitation pulses have a repetition rate close to the can-
tilever resonance at ωE = ωD + δ, with δ � ω0. To ensure tuning, the frequency
separation is chosen according to the inverse of the measurement time: δ = 2π/TM
(see Sec. 1.1.2). In the frequency domain (Fig. 5.3a), the free deflection d̂free has only
one frequency component close to resonance at ωD (orange peak), and the tip-surface
voltage V̂ has components at harmonics ofωE, with only the fundamental close to reso-
nance (blue peaks). The engaged motion d̂, however, has many IMPs close to resonance
(green peaks).

The time domain representation (Fig. 5.3c) has strong similarities to the optical
pump-probe approach. Every voltage pulse (the response to the pump) is followed by
a cantilever oscillation (the probe) with a slight delay. In the optical pump-probe the de-
lay remains fixed during the measurement time TM, and is changed during subsequent
measurements. In this multifrequency excitation scheme many values of delay are
probed during one measurement time TM, and the information about all these delays
is encoded in the many IMPs of the spectrum of the engaged deflection d̂ (frequency-
domain multiplexing). The delay changes in multiples of

∆tres = TD − TE ≈ 2π
δ

ω2
0

. (5.4)

For a typical cantilever for dynamic AFM (ω0 ≈ 2π× 300 kHz) and at standard scan-
ning speed (δ ≈ 2π × 500 Hz), we get ∆tres ≈ 6 ns, which is the time resolution of
the method. The time resolution is inversely proportional to the square of the reso-
nance frequency, so that by using a higher-frequency cantilever with ω0 ≈ 2π×1 MHz
we gain a factor of ten in resolution. Moreover, we note that ∆tres is proportional to
the frequency separation δ = 2π/TM: by placing ωD and ωE closer together we can,
in principle, achieve an arbitrarily small time resolution, at the expense of a longer
measurement time. In practice, however, factors like the sharpness of the excitation
pulse, stability of the reference oscillation in the MLA and drift in the cantilever linear
response function χ̂ limit the time resolution in the experimental implementation.

There is also an upper limit to the detectable time constants: when τR or τF are
longer than the pulse repetition period TE, the tip-surface voltage is nearly constant
and very little intermodulation occurs. For a 300 kHz cantilever, this upper limit is on
the order of TE ≈ 2π/ω0 ≈ 3 µs. We can extend this upper limit using a different
excitation scheme.

5.3.2 Sub-resonant excitation

In the sub-resonant scheme the free deflection has only one component atωD ≈ω0 (or-
ange peak in Fig. 5.3b). The tip-surface voltage responds to pulses with a low repetition
rate ωE�ω0, such that its Fourier components are at harmonics of ωE. They are con-
centrated at low frequency and typically vanish before the cantilever resonance (blue
peaks in the inset). However, the engaged deflection still presents many IMPs close to
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Figure 5.3: Excitation schemes. Frequency-domain (a, b) and time-domain (c, d)
representations of the resonant (a, c) and sub-resonant (b, d) schemes. χ̂ is the linear
response function of the cantilever (dashed gray). dfree and d are the free (orange) and
engaged (green) deflection, respectively. V is the tip-sample voltage (blue) in response
to the excitation pulses. ∆t is the time resolution. The spectra and the curves are
conceptual sketches. Adapted from Paper VII.
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resonance (green peaks), because the low-frequency components of V̂ are upconverted
by the nonlinear electrostatic force.

In the time domain (Fig. 5.3d), only one voltage peak is present in each measure-
ment time, followed by many cantilever-oscillation cycles that effectively probe the
response. In this scheme, the time resolution is given by the cantilever oscillation pe-
riod

∆tsub = TD ≈ 2π
1
ω0

, (5.5)

which for a typical cantilever for dynamic AFM is about ∆tsub ≈ 3 µs, i.e. the upper
limit of detection for the resonant scheme. The upper limit for the sub-resonant scheme
is TE = 2π/ωE, which can in principle be arbitrarily long. However, for standard scan-
ning speeds, we have TE ≈ 2π/(500 Hz) = 2 ms. In order to investigate dynamics
slower than this time, a more suitable approach is to monitor the change of the CPD
with a technique like ImEFM or KPFM.

5.4 Analysis

As we have seen above, the engaged deflection spectrum d̂ contains many IMPs near res-
onance, regardless of the specific excitation scheme. The force spectrum F̂TS is obtained
according to Eq. (2.6), and it contains information on both the voltage dynamics cV 2

and the capacitance gradient Ú∂ C/∂ z. In principle, we can combine the model for the
voltage dynamics Eq. (5.2) and a model for the gradient of the capacitance between a
conductive tip and a conductive sample [56], and fit the measured force spectrum to
the spectrum predicted by the total model. This approach has been applied in ImAFM
for the investigation of mechanical [19], magnetic [37] and viscoelastic [35] properties.
However, the many parameters required by the total model make the fitting procedure
unstable and very susceptible to noise.

Luckily, in a first-order perturbation theory it is possible to exploit the different
time-periodicity of V 2 and ∂ C/∂ z, and compute products and ratios of IMPs that only
depend on V 2 (details in Paper VII). In the resonant scheme:

�

�

�

�

F̂n+2

F̂−n

�

�

�

�

=
vn+2

vn
, (5.6a)

Arg
�

F̂n+2 F̂−n

�

= θn+2 − θn, (5.6b)

where we used the short notation F̂n = F̂TS(ωD + nδ), and the vn and θn are the
amplitude and phase of cV 2(nωE), respectively. In the sub-resonant scheme:

F̂n

F̂0

=
vn

v0
ei(θn−θ0), (5.7)

where F̂n = F̂TS(ωD + nωE). We then optimize the parameters VH, VL, τR and τF (or
a subset of them) so that the vn and θn predicted by the model for cV 2 are closest to
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Figure 5.4: Simulations and experimental validation. The cantilever has a resonance
frequency of about 2π× 250 kHz. A value of δ = 2π× 50 Hz is used in the resonant
scheme, and δ = 2π×500 Hz in the sub-resonant scheme. The fitted values τF are plot-
ted versus the value programmed in the simulation and in the MLA. The gray dashed
lines have slope unity and indicate where a perfect data point would be. For the exper-
imental data, a series of 256 measurements is performed at each value of programmed
τF: the dots indicate the median of the reconstructed values, and the error bars indi-
cate the inter-quartile range. The vertical red dashed lines mark the upper and lower
time-resolution limits. Adapted from Paper VII.

the values obtained from the measured F̂TS. We use a numerical nonlinear optimiza-
tion routine, such as the trust region reflective algorithm [80] implemented by the
optimize.least_squares routine in the Python library SciPy [5].

5.5 Validation

We test the reconstruction method by simulating the dynamics of the cantilever for a
known set of parameters (see Sec. 1.4), compute the simulated force spectrum F̂TS and
run the analysis routine to find the best-fit values for the parameters. Figure 5.4 shows
the fitted value of τF versus the value programmed in the simulation (orange dots) for
the resonant (Fig. 5.4a) and sub-resonant (Fig. 5.4b) schemes.

We also perform an experimental validation of the technique. Using the arbitrary
waveform generator (AWG) capabilities of the MLA, we apply a train of voltage pulses
with known shape to a smooth conductive sample such as highly oriented pyrolytic
graphite (HOPG), measure the deflection spectrum, and reconstruct the best-fit values
for the parameters as we did for the simulation. For each programmed value of τF
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we perform 256 measurements. The blue dots in Fig. 5.4 are the median of the fitted
values, and the error bars mark the interquartile range.

For both simulations and experiments, a slight deviation from the ideal-reconstruction
line (gray dashed line) is observed for values of τF above the upper detection limits.
Similarly, the reconstruction fails below the predicted time-resolution limit for the sub-
resonant scheme. In the resonant scheme, experiments and simulations do not reach
the lower time resolution limit, and the reconstruction fails below τF ≈ 20 ns. We
attribute this deviation from the ideal reconstruction to a strong, direct pickup in the
cantilever motion of the resonant electrical excitation, leading to a violation of the
assumptions made when deriving Eq. (5.6).

In Paper VII we describe a super-resonant scheme with the aim of overcoming this
limitation. While noise-free simulations show that the super-resonant scheme is able to
reach the time resolution predicted above, experimental tests are also limited to tens
of nanosecond. Comparing with simulations including detector and force noise, we
attribute the limited time resolution to the force noise experienced by the cantilever
[79]. We therefore expect that repeating the experiment in a vacuum AFM would yield
a significant improvement, due to the increased force sensitivity arising from an in-
crease in quality factor and a decrease in fluctuations from the Brownian motion of the
cantilever.

5.6 Further reading

Paper VII contains a more detailed description of the analysis method and of the ap-
proach used to eliminate the need for a model of the capacitance gradient. A model-free
reconstruction method is discussed, as well as the super-resonant scheme in which the
electrical excitation is applied close to the second harmonic of the cantilever drive.





Chapter 6

Conclusions and outlook

THIS THESIS DESCRIBED FOUR MULTIFREQUENCY TECHNIQUES for atomic force mi-
croscopy (AFM). Background force compensation enables accurate measure-
ment and compensation of linear long-range interactions that act on the can-

tilever body, revealing the true tip-surface force. The method has been used both in air
and liquid environment, on soft polymers and hard crystalline materials, for the inves-
tigation of viscoelastic and electrical properties. The generality of the method makes it
applicable not only to intermodulation measurements, but to any multifrequency AFM
technique. Background force compensation is now integrated in the AFM Software
Suite commercialized by Intermodulation Products AB.

Intermodulation electrostatic force microscopy (ImEFM) can be thought of as an
open-loop, high-resolution and low-noise alternative to Kelvin-probe force microscopy.
ImEFM measures the contact potential difference between the sample surface and the
AFM tip, allowing for the mapping of work function and surface potential at the nanome-
ter scale. We have used the method to map variations of charge density in buried
two-dimensional electron gases and to image photovoltaic effects in organic solar cells.
The unique feature of ImEFM allowing for the use of a gating potential enabled the
investigation of charge injection and extraction in nanocomposite insulators. ImEFM is
currently licensed to Intermodulation Products AB, and is available as an add-on mode
to researchers around the world.

We have demonstrated a multifrequency approach to conductive AFM, which pro-
vides high-resolution electrical characterization with an increase in measurement speed
of four orders of magnitude. Intermodulation conductive AFM (ImCFM) has been
demonstrated on an organic photovoltaic material and on a composite oxide mate-
rial. The technique is novel, and collaboration with other research groups is needed to
establish its value on interesting samples. Despite being initially developed as an evo-
lution of conductive AFM, the measurement principle of ImCFM is directly applicable
to many experiments in nanotechnology, providing fast and accurate measurements of
the nonlinear conductance of very small, high-impedance samples.

Finally, an alternative to pump-probe spectroscopy for the study of fast dynamics
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has been explored. We proposed a method based on intermodulation spectroscopy, and
demonstrated the achievable time resolution with numerical simulations and a proof-of-
concept experiment. Effort is now needed to test the technique on interesting samples,
e.g. to investigate charge recombination in photovoltaic materials and ion diffusion in
battery materials.

In general, the techniques described in this thesis demonstrate the power and flex-
ibility of multifrequency lock-in measurements and of frequency-domain analysis. The
high stability of a reference oscillation is exploited to perform accurate lock-in mea-
surements, and the nonlinearity of the system of interest is exploited to concentrate
response in the frequency band where it is most sensitively measured. Intermodula-
tion spectroscopy has allowed for the investigation of material properties with AFM, it
has been applied to superconducting microresonators, and it is now being studied in
the context of quantum computing. It is exciting to speculate on what interesting new
applications the future may bring.



Appendix A

Matrix method for computing
contact potential difference

ImEFM calculates the value of VCPD from a ratio of two IMPs on each side of the res-
onance, as described in Sec. 3.2 and in Paper I. It is possible to go beyond this first-
order perturbation approach and obtain VCPD from all the measured IMPs around reso-
nance. Moreover, we can obtain a polynomial approximation for the capacitance gra-
dient ∂ C/∂ z, rather than a single value for its derivative ∂ 2C/∂ z2. Here we provide
a detailed derivation of this alternative method, for general considerations on its use
and performance see Sec. 3.2.4.

The electrostatic tip-surface force is the product of a position-dependent function
c[z(t)] and of a time-dependent function v(t):

FTS(z, t) = c(z)v(t), (A.1)

c(z) ≡
1
2
∂ C
∂ z
(z), (A.2)

v(t) ≡ V 2(t). (A.3)

We expand c(z) in a polynomial series around the rest position of the tip. Using d(t) =
z(t)− h, we get

c[z(t)] =
+∞
∑

m=0

gm (z − h)m =
+∞
∑

m=0

gmdm ≈
P−1
∑

m=0

gmdm, (A.4)

where we truncate the expansion to P polynomial coefficients. The DFT of c[z(t)], with
frequency resolution ∆ω, is

ĉ =
+∞
∑

m=0

gm
Ódm =

+∞
∑

m=0

+∞
∑

k=−∞

gm

�

Ódm
�

k
δ̂ω,k∆ω ≈

P−1
∑

m=0

N/2
∑

j=−N/2

gm

�

Ódm
�

j
δ̂ω,ωD+ jωE

, (A.5)

where only N IMPs around the cantilever resonance are measured. The Fourier compo-
nents ĉ j of the nonlinear c(z) can be expressed as a linear combination of the polynomial
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coefficients gm:

ĉ j =
+∞
∑

m=0

Ĥmj gm ≈
P−1
∑

m=0

Ĥmj gm, (A.6)

where the matrix element Ĥmj is the jth component of Ódm. We note that H is a known
N×P-matrix, as it is calculated from the measured deflection spectrum d̂.

With the voltage of Eq. (3.4), the time-dependent component v(t) of the tip-surface
force is

v(t) = v0 + 2v1 cos (ωE t) + 2v2 cos (2ωE t) , (A.7)

v0 ≡ V 2
CPD + V 2

AC/2, (A.8)

v1 ≡ VCPDVAC, (A.9)

v2 ≡ V 2
AC/4. (A.10)

Its Fourier transform is a sum of Dirac delta functions:

v̂ = v0δ̂(ω) + v1

�

δ̂(ω−ωE) + δ̂(ω+ωE)
�

+ v2

�

δ̂(ω− 2ωE) + δ̂(ω+ 2ωE)
�

. (A.11)

The Fourier transform of the total tip-surface force is the convolution of the Fourier
transforms of its components

F̂TS =ccv = ĉ ∗ v̂. (A.12)

Using the property that ĉ(ω) ∗ δ̂(ω− ω̄) = ĉ(ω− ω̄), the jth Fourier component of the
tip-surface force is

�

F̂TS

�

j = v0 ĉ j + v1

�

ĉ j−1 + ĉ j+1

�

+ v2

�

ĉ j−2 + ĉ j+2

�

. (A.13)

In matrix notation we get
F̂TS = Ĵ ĉ = Ĵ Ĥ g, (A.14)

where Ĵ is a pentadiagonal N×N -matrix with v0 on the main diagonal, v1 on the first
upper and lower diagonals, and v2 on the second upper and lower diagonals:

Ĵ(VCPD)≡

























v0 v1 v2 0 0 . . .

v1 v0 v1 v2 0
...

v2 v1 v0 v1 v2
. . .

0 v2 v1 v0 v1
. . .

0 0 v2 v1 v0
. . .

...
. . .

. . .
. . .

. . .
. . .

























. (A.15)

The matrix Ĵ is not known a priori, as its coefficients v0 and v1 depend on the unknown
parameter VCPD. We can, however, compute an estimate ˜̂J from an initial guess ṼCPD.
Solving Eq. (A.14) for the P-vector g we get

g̃(ṼCPD) =
�

˜̂J Ĥ
�+

F̂TS, (A.16)
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where the P-vector g̃ is an estimate of g, and the P×N -matrix ( ˜̂J Ĥ)+ is the pseudoin-
verse, also known as the Moore-Penrose inverse, of the N×P-matrix ˜̂J Ĥ. We use the
linalg.pinv routine in NumPy [5], which calculates the pseudoinverse of a matrix
from its singular-value decomposition. The polynomial coefficients g̃ are the “best fit”,
in a least-squares sense, to the measured tip-surface force F̂TS, given the value for ṼCPD.
Inserting Eq. (A.16) back into Eq. (A.14), we get an estimate for the tip-surface force
given ṼCPD:

˜̂FTS(ṼCPD) =
˜̂J Ĥ g̃ =

�

˜̂J Ĥ
��

˜̂J Ĥ
�+

F̂TS. (A.17)

Note that the product of a matrix and its pseudoinverse is not necessarily the identity
matrix. We can now compare the estimate ˜̂FTS and the measured F̂TS, and define the
error ε

ε2(ṼCPD) =
∑

j

�

�

�

�

˜̂FTS

�

j
−
�

F̂TS

�

j

�

�

�

2
. (A.18)

Finally, we use a nonlinear least-squares fitting algorithm to find the value VCPD that
minimizes the error ε. We use the optimize.least_squares routine in the Python
library SciPy [5], a wrapper around the Levenberg-Marquardt algorithm [81] as imple-
mented in MINPACK.

Once VCPD is known, we obtain the best-fit polynomial coefficients g from Eq. (A.16).





Appendix B

Code listings

def tune ( f , df , f s , r egu la r=Fa l se ) :
" " " Per forms tuning to minimize F o u r i e r l eakage .
Args :

f ( f l o a t ) : t a r g e t f r e quen cy in Hz .
d f ( f l o a t ) : t a r g e t measurement bandwidth in Hz .
f s ( f l o a t ) : sampl ing f r e quen cy in Hz .
r e g u l a r ( bool , o p t i o n a l ) : r e q u i r e tha t the number o f samples per

p i x e l i s a r e g u l a r number to speed up FFT c a l c u l a t i o n s .
Re turns :

f _ tuned ( f l o a t ) : the tuned f r equen cy in Hz .
d f_ tuned ( f l o a t ) : the tuned measurment bandwidth in Hz .

Examples :
>>> f_out , d f_ou t = tune (123456. , 653. , 250e6 )
>>> f_out , d f_ou t
(123417.12637913741 , 653.0006686726847)
>>> 250e6 / df_out , f _ ou t / d f_ou t
(382848.0 , 189.0)
>>> f_out , d f_ou t = tune (123456. , 653. , 250e6 , r e g u l a r=True )
>>> f_out , d f_ou t
(123697.91666666666 , 651.0416666666666)
>>> 250e6 / df_out , f _ ou t / d f_ou t
(384000.0 , 190.0)

" " "
# Tune d f
N = in t (round( f s / df ) )
i f r egu la r :

N = c l o s e s t _ r e g u l a r (N)
df_out = f s / N

# Tune f
M = in t (round( f / df_out ) )
f_out = M * df_out

return f_out , df_out

Listing B.1: Function to tune frequencies
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def i s _ r e g u l a r (n) :
" " " T e s t whether n i s a r e g u l a r number . " " "
while not (n % 2) :

n //= 2
while not (n % 3) :

n //= 3
while not (n % 5) :

n //= 5
return n == 1

def nex t_ regu la r (n) :
" " " Find the s m a l l e s t r e g u l a r number m such tha t m >= n . " " "
while not i s _ r e g u l a r (n) :

n += 1
return n

def prev ious_ regu la r (n) :
" " " Find the l a r g e s t r e g u l a r number m such tha t m <= n . " " "
i f n < 1:

ra i se ValueError ( ’ n must be >= 1 ’ )
while not i s _ r e g u l a r (n) :

n −= 1
return n

def c l o s e s t _ r e g u l a r (n) :
" " " Find the r e g u l a r number m such tha t abs (m−n) i s s m a l l e s t . " " "
next_r = nex t_ regu la r (n)
t ry :

prev_r = prev ious_ regu la r (n)
except ValueError :

return next_r
i f ( next_r − n) < (n − prev_r ) :

return next_r
else :

return prev_r

Listing B.2: Functions to find regular numbers

import matp lo t l i b . pyp lo t as p l t
import numpy as np
from s c i py . i n t e g r a t e import odeint

# PARAMETERS
# O s c i l l a t o r parameters
f0 = 1e3 # resonance f r equency , Hz
w0 = 2. * np . p i * f0
Q = 6e2 # q u a l i t y f a c t o r
k = 2e1 # l i n e a r s t i f f n e s s , N/m
alpha = 5e−3 # quadra t i c term , N/m̂ 2
beta = 5e−4 # c u b i c term , N/m̂ 3
# Dr iv e parameters



71

f1 = 999. # f i r s t d r i v e f r equency , Hz
w1 = 2. * np . p i * f1
f2 = 1001. # second d r i v e f r equency , Hz
w2 = 2. * np . p i * f2
A1 = 1. # f i r s t d r i v e ampli tude , N
A2 = 1. # second d r i v e ampli tude , N
theta1 = 0. # f i r s t d r i v e phase , rad
theta2 = np . p i # second d r i v e phase , rad
# Sampling parameters
f s = 1e6 # sampl ing f r equency , Hz
df = 2. # fr equen cy r e s o l u t i o n , Hz
Tm = 1. / df # measurement time , s
dt = 1. / f s # sampl ing time , s
N = in t (round( f s / df ) ) # number o f samples
nr_S = 10 # number o f t ime windows to s imu la t e
# Noi se
sigma_d = 70e−6 # d e t e c t o r no i s e , m/ s q r t (Hz)
s igma_f = 20e−6 # f o r c e no i s e , N/ s q r t (Hz)

# DEFINE ODE
def nl_dho (y , t ) :

" " " ODE f o r non l in ea r DHO.
Args :

y (np . ndarray ) : s t a t e v e c t o r .
t ( f l o a t ) : t ime c o o r d i n a t e .

Re turns :
(np . ndarray ) : v e l o c i t y v e c t o r .

" " "
d = y [0] # d e f l e c t i o n , m
v = y [1] # v e l o c i t y , m/ s
f _ t o t = f _ d r i v e ( t ) + f _no i s e ( t )
return np . ar ray ( [

v , # d_dot , m/ s
−w0 / Q * v − w0**2 * (d + alpha / k * d**2 + beta / k * d**3) + w0**2 /

k * f _ t o t # v_dot , m/ s 2̂
] )

def jac_nl_dho (y , t ) :
" " " Jacob ian f o r non l in ea r DHO.
Args :

y (np . ndarray ) : s t a t e v e c t o r .
t ( f l o a t ) : t ime c o o r d i n a t e .

Re turns :
(np . ndarray ) : Jacob ian .

" " "
d = y [0] # d e f l e c t i o n , m
return np . ar ray ( [

[0 . , 1 . ] ,
[− w0**2 * (1 . + alpha / k * 2 * d + beta / k * 3 * d**2) , −w0 / Q] ,

] )
def f _ d r i v e ( t ) :

" " " Dr i v e f o r c e .
Args :

t ( f l o a t ) : t ime c o o r d i n a t e .
Re turns :
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( f l o a t )
" " "
return A1 * np . cos (w1 * t + theta1 ) + A2 * np . cos (w2 * t + theta2 )

def f _no i s e ( t ) :
" " " Thermal n o i s e f o r c e .
Args :

t ( f l o a t ) : t ime c o o r d i n a t e .
Re turns :

( f l o a t )
" " "
# L i n e a r l y i n t e r p o l a t e n o i s e from f o r c e _ n o i s e _ a r r
global dt , f o r c e _ n o i s e _ a r r
idx = in t (np . f l o o r ( t / df ) )
h = np . fmod( t , dt )
dndt = ( f o r c e _ n o i s e _ a r r [ idx + 1] − f o r c e _ n o i s e _ a r r [ idx ] ) / dt
return f o r c e _ n o i s e _ a r r [ idx ] + dndt * h

# SIMULATION
# Time to s imu la t e
t = np . l i n s p a c e ( 0 . , Tm * nr_S , N * nr_S , endpoint=Fa l se )
# I n i t i a l c o n d i t i o n f o r i n t e g r a t o r
i n i t = np . ar ray ( [0 . , 0 . ] )
# Pre−g ene ra t e f o r c e n o i s e
f o r c e _ n o i s e _ a r r = s igma_f * np . s q r t ( f s ) * np . random . randn ( nr_S * N + 1)
# Simulate and unpack
s o l = odeint ( nl_dho , i n i t , t , Dfun=jac_nl_dho )
d = s o l [ : , 0]
# Add d e t e c t o r n o i s e
d += sigma_d * np . s q r t ( f s ) * np . random . randn ( nr_S * N)

# FFT
# only the l a s t 4 Tm
f r e q s = np . f f t . r f f t f r e q (4 * N, dt )
d _ f f t = np . f f t . r f f t (d[−4 * N: ] ) / (4 * N)

# PLOT
f i g = p l t . f i g u r e ( t i g h t _ l a y o u t=True )
ax1 = f i g . add_subplot (2 , 2 , 1)
ax2 = f i g . add_subplot (2 , 2 , 2 , sharey=ax1 )
ax3 = f i g . add_subplot (2 , 1 , 2)
# F i r s t Tm
ax1 . p l o t ( t [ :N] , d [ :N] )
ax1 . s e t _ x t i c k s ( [0 . , 0 .25 , 0 .5 ] )
ax1 . s e t _ y t i c k s ([−20. , 0 . , 20 . ] )
ax1 . s e t _ x l a b e l ( " Time [ s ] " , f o n t s i z e= ’ l a rge ’ )
ax1 . s e t _ y l a b e l ( r " $d$ [m] " , f o n t s i z e= ’ l a rge ’ )
ax1 . s e t _ t i t l e ( r " F i r s t $T_\mathrm{M}$ " , f o n t s i z e= ’ l a r ge ’ )
# Las t Tm
ax2 . p l o t ( t [−N: ] , d[−N: ] )
ax2 . s e t _ x t i c k s ( [4 .5 , 4.75 , 5 . ] )
for t i c k in ax2 . g e t _ y t i c k l a b e l s () :

t i c k . s e t _ v i s i b l e ( Fa l se )
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ax2 . s e t _ x l a b e l ( " Time [ s ] " , f o n t s i z e= ’ l a rge ’ )
ax2 . s e t _ t i t l e ( r " Las t $T_\mathrm{M}$ " , f o n t s i z e= ’ l a rge ’ )
# Spectrum around re sonance
ax3 . semilogy ( f reqs , np . abs ( d _ f f t ) )
ax3 . se t_x l im ( f0 − 20 * df , f0 + 20 * df )
ax3 . se t_y l im (1e−5, 1e1 )
ax3 . s e t _ x t i c k s ([970 , 1000 , 1030])
ax3 . s e t _ y t i c k s ([1 e−4, 1e−2, 1e0 ] )
ax3 . s e t _ x l a b e l ( " Frequency [Hz] " , f o n t s i z e= ’ l a r ge ’ )
ax3 . s e t _ y l a b e l ( r " $|\hat {d}|$ [m] " , f o n t s i z e= ’ l a rge ’ )
ax3 . s e t _ t i t l e ( r " Las t $4T_\mathrm{M}$ " , f o n t s i z e= ’ l a r ge ’ )
f i g . show ()

Listing B.3: Numerical simulation of Eq. (1.17) with force and detector noise.
Generates Fig. B.1.
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Figure B.1: generated by code B.3.
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