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Abstract 

 
Planners who are involved in locational decision making often use raster-

based geographic information systems (GIS) to quantify the value of land 

in terms of suitability or cost for a certain use. From a computational 

point of view, this process can be seen as a transformation of one or more 

sets of values associated with a grid of cells into another set of such 

values through a function reflecting one or more criteria. While it is 

generally anticipated that different transformations lead to different ‘best’ 

locations, little has been known on how such differences arise (or do not 

arise). Examples of such spatial decision problems can be easily found in 

the literature and many of them concern the selection of a set of cells (to 

which the land use under consideration is allocated) from a raster surface 

of suitability or cost depending on context. To facilitate GIS’s 

algorithmic approach, it is often assumed that the quality of the set of 

cells can be evaluated as a whole by the sum of their cell values. The 

validity of this assumption must be questioned, however, if those values 

are measured on a scale that does not permit arithmetic operations. 

Ordinal scale of measurement in Stevens’s typology is one such example. 

A question naturally arises: is there a more mathematically sound and 

consistent approach to evaluating the quality of a path when the quality of 

each cell of the given grid is measured on an ordinal scale? The thesis 

attempts to answer the questions highlighted above in the context of path 

planning through a series of computational experiments using a number 

of random landscape grids with a variety of spatial and non-spatial 

structures. In the first set of experiments, we generated least-cost paths on 

a number of cost grids transformed from the landscape grids using a 

variety of transformation parameters and analyzed the locations and 

(weighted) lengths of those paths. Results show that the same pair of 

terminal cells may well be connected by different least-cost paths on 

different cost grids though derived from the same landscape grid and that 

the variation among those paths is affected by how given values are 

distributed in the landscape grid as well as by how derived values are 

distributed in the cost grids. Most significantly, the variation tends to be 

smaller when the landscape grid contains more distinct patches of cells 

potentially attracting or distracting cost-saving passage or when the cost 

grid contains a smaller number of low-cost cells. The second set of 

experiments aims to compare two optimization models, minisum and 

minimax (or maximin) path models, which aggregate the values of the 

cells associated with a path using the sum function and the maximum (or 

minimum) function, respectively. Results suggest that the minisum path 
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model is effective if the path search can be translated into the 

conventional least-cost path problem, which aims to find a path with the 

minimum cost-weighted length between two terminuses on a ratio-scaled 

raster cost surface, but the minimax (or maximin) path model is 

mathematically sounder if the cost values are measured on an ordinal 

scale and practically useful if the problem is concerned not with the 

minimization of cost but with the maximization of some desirable 

condition such as suitability. 

 

Keywords: Least-cost paths, Most-suitable paths, Raster cost surfaces, 

Raster suitability surfaces, Shortest path problem, Minimax path problem, 

Scales of measurement  

 



v 

 

Sammanfattning 

 
Planerare som arbetar bland annat med att fatta beslut som hänsyftar till 

vissa lokaler använder ofta rasterbaserade geografiska 

informationssystem (GIS) för att sätta ett värde på marken med avseende 

på lämplighet eller kostnad för en viss användning. Ur en 

beräkningssynpunkt kan denna process ses som en transformation av en 

eller flera uppsättningar värden associerade med ett rutnät av celler till en 

annan uppsättning sådana värden genom en funktion som återspeglar ett 

eller flera kriterier. Medan det generellt förväntas att olika omvandlingar 

leder till olika "bästa" platser, har lite varit känt om hur sådana skillnader 

uppstår (eller inte uppstår). Exempel på sådana rumsliga beslutsproblem 

kan lätt hittas i litteraturen och många av dem handlar om valet av en 

uppsättning celler (som markanvändningen övervägs tilldelas) från en 

rasteryta av lämplighet eller kostnad beroende på kontext. För att 

underlätta GISs algoritmiska tillvägagångssätt antas det ofta att kvaliteten 

på uppsättningen av celler kan utvärderas som helhet genom summan av 

deras cellvärden. Giltigheten av detta antagande måste emellertid 

ifrågasättas om dessa värden mäts på en skala som inte tillåter aritmetiska 

transformationer. Användning av ordinal skala enligt Stevens typologi är 

ett exempel av detta. En fråga uppstår naturligt: Finns det ett mer 

matematiskt sunt och konsekvent tillvägagångssätt för att utvärdera 

kvaliteten på en rutt när kvaliteten på varje cell i det givna rutnätet mäts 

med ordinalskala? Avhandlingen försöker svara på ovanstående frågor i 

samband med ruttplanering genom en serie beräkningsexperiment med 

hjälp av ett antal slumpmässigt genererade landskapsnät med en rad olika 

rumsliga och icke-rumsliga strukturer. I den första uppsättningen 

experiment genererade vi minsta-kostnad rutter på ett antal kostnadsnät 

som transformerats från landskapsnätverket med hjälp av en mängd olika 

transformationsparametrar, och analyserade lägen och de (viktade) 

längderna för dessa rutter. Resultaten visar att samma par ändpunkter 

mycket väl kan vara sammanbundna med olika minsta-kostnad banor på 

olika kostnadsraster härledda från samma landskapsraster, och att 

variationen mellan dessa banor påverkas av hur givna värden fördelas i 

landskapsrastret såväl som av hur härledda värden fördelas i 

kostnadsrastret. Mest signifikant är att variationen tenderar att vara 

mindre när landskapsrastret innehåller mer distinkta grupper av celler 
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som potentiellt lockar eller distraherar kostnadsbesparande passage, eller 

när kostnadsrastret innehåller ett mindre antal låg-kostnad celler. Den 

andra uppsättningen experiment syftar till att jämföra två 

optimeringsmodeller, minisum och minimax (eller maximin) 

sökmodeller, vilka sammanställer värdena för cellerna som är associerade 

med en sökväg med summanfunktionen respektive maximum (eller 

minimum) funktionen. Resultaten tyder på att minisumbanemodellen är 

effektiv om sökningen av sökvägen kan översättas till det konventionella 

minsta kostnadsproblemet, vilket syftar till att hitta en väg med den 

minsta kostnadsvägda längden mellan två terminaler på en ratio-skalad 

rasterkostyta, men minimax (eller maximin) banmodellen är matematiskt 

sundare om kostnadsvärdena mäts i ordinär skala och praktiskt användbar 

om problemet inte bara avser minimering av kostnad men samtidigt 

maximering av någon önskvärd egenskap såsom lämplighet.  

 

Keywords: Minsta-kostnad rutter, Mest-lämpliga rutter, Raster 

kostnadsytor, Raster lämplighets ytor, kortaste vägen problem, Minimax 

väg problem, Mätskalor  
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Chapter 1 

 

Introduction 

 
1.1 Background 

 
Selection of a suitable site for a target use is an important locational 

decision problem in planning. If the study area is effectively discretized 

into a grid of cells, the problem can be cast as one of combining one or 

more cells into a group that best fits the use as a whole. Combinatorial 

optimization models and algorithms have been developed for and applied 

to a variety of such problems and often facilitated by being integrated 

into raster-based geographic information systems (GIS) (see Malczewski 

(2006) for a survey). Some of them pertain to sites of areal form 

represented by regions of cells (e.g., Brookes 1997, Cova and Church 

2000, Williams 2002, Shirabe 2005, Shirabe 2011, Xiao 2006; Duque et 

al. (2007) for a review) and others to sites of linear form represented by 

sequences of cells (e.g., Goodchild 1977, Huber and Church 1985, 

Douglas 1994, Xu and Lathrop 1995, Collischonn and Pilar 2000, Tomlin 

2010; Antikainen (2013) for a review) or by swaths of cells (Gonçalves 

2010, Shirabe 2016). 

 

Site selection is often preceded by land evaluation, which estimates the 

degree of positive or negative impact—which may be generally referred 

to as ‘suitability’ or ‘cost,’ respectively—of each unit of land being used 

for the use of interest. This requires a good understanding and 

interpretation of the underlying ecological processes and involves 

manipulation and integration of a large volume of environmental and 

social data, as well illustrated by the pioneering work of McHarg 

(1969).The data processing aspect of land evaluation can be facilitated by 

raster-based GIS, which represent a given landscape with one or more 

variables (or factors or attributes) each assigning a single value to each 
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cell of the reference grid. In particular, the map algebraic capabilities 

available in many existing GIS (Tomlin 1990, 1994) are useful in two 

related tasks: 1) scoring, for each cell, a suitability or cost value with 

respect to each relevant variable and 2) aggregating, for each cell, all 

such values into a composite value. 

 

The latter task may be done through a “(weighted) linear combination” 

(Hopkins 1977, Eastman et al. 1998) or “weighted summation” 

(Jankowski 1995) in which two or more values of each cell are multiplied 

by weights reflecting their relative importance before being summed. 

This mechanism is easy to understand and implement but involves 

uncertainty and subjectivity in determination of the weights (see, e.g., Lai 

and Hopkins 1989, Hobbs et al. 1992, Malczewski 2000, Basnet et al. 

2001, Ligmann-Zielinska and Jankowski 2014), which is problematic 

since different sets of weights can easily lead to different solutions (see 

Atkinson et al. (2005), Choi et al. (2009), and Bagli et al. (2011) for case 

studies).The effect of the former task on locational decision making 

should not be overlooked, either, since one landscape variable can be, in 

theory, transformed in infinitely many different ways. Basnet and Apan 

(2007) experimentally demonstrated in the context of suitability analysis 

that the choice of transformation parameters such as classification 

method, class number, and value range can change the distribution of 

suitability values substantially. Of course, this does not necessarily mean 

that the selection of an optimal set of cells—optimal, i.e., maximizing the 

total suitability values or minimizing the total cost values—would be 

affected, too. Case studies are available in the literature (e.g., Larkin et al. 

2004, Schadt et al. 2002, Driezen et al. 2007, Gonzales and Gergel 2007) 

that compared least-cost paths generated over cost grids with different 

ranges of values transformed from a land cover grid. Some of them found 

the locations and lengths of least-cost paths sensitive to the range of cost 

values, but others did not. The mixed results may reflect the reliance of 

each case study on one specific study area, whose landscape might have a 

special structure. An exception is Rayfield et al. (2010), who conducted a 

similar yet more systematic sensitivity analysis using 2000 randomly 

generated artificial raster landscapes and found that least-cost paths tend 

to deviate more from straight lines, even more so in fragmented 

landscapes, as the relative differences in the underlying cost values 
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become larger. 

 

In those studies whose primary focus was the range of cost values, the 

transformation of a landscape grid into a cost grid was justifiably limited 

to one-to-one correspondence, that is, each value in the input grid 

corresponds to exactly one value in the output grid and vice versa. In 

practice, however, more complex functions may be used and, 

intentionally or not, change the number of unique values and the number 

of cells for each value, which we suspect is another source of variation 

among potential least-cost paths. 

 

To see this, consider a hypothetical planning problem of where to build a 

road to connect two terminuses in a study area in Rwanda, which is 

referenced to a 204-by-189 grid with a cell size of 10 m. To avoid the 

weighting problem mentioned earlier, suppose that the ideal location of 

the road minimizes the total cost associated with its construction, 

operation, maintenance, or any other activity and that the cost per unit 

length varies only with slope, whose values range from 0 to 127 % and 

are highly autocorrelated (Moran’s I = 0.942) across the study area 

(indicated by shades in Figure 1(a)). Since no exact quantitative 

relationship is known between the two variables, we first take the opinion 

of a local expert suggesting that all cells be classified into three classes of 

an equal interval of slope values and that cost values of 1, 5, and 9 be 

assigned to the cells in the first, the second, and the third (steepest) 

classes, respectively. Other experts, however, may well have different 

opinions and question the rationale for her choice of the classification 

method, the number of classes, or the range of cost values. This potential 

disagreement leads us to try all combinations of four different 

classification methods (i.e., equal interval, quantile, natural breaks, and 

customized
1
), three different numbers of classes (i.e., 3, 5, and 9), and 

two different ranges (i.e., 1 to 9 and 1 to 81). The resulting 24 cost grids 

have different distributions of cost values, over which the two terminuses 

are connected by different least-cost paths (see Figure 1.1(a)).  

 

Now imagine that we are assigned another study area, which is 40 km 

apart from the first study area but has exactly the same spatial extent and 

                                                      

 

1
 We employ three customized classification methods that set breaks 1) at 10 and 

25 %, 2) at 3, 8, 15, and 25 %, and 3) at 2, 5, 9, 15, 30, 45, 70, and 100 %, 

respectively. 
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resolution (204-by-189 grid with a cell size of 10 m) and a similar range 

(0 to 134 %) and autocorrelation (Moran’s I = 0.950) of slope values 

(represented by shades in Figure 1(b)). Then let us apply to this second 

study area the same procedure described above and obtain another set of 

24 least-cost paths, which look more clustering as seen in Figure 1.1(b). 

The variation in location of a set of paths may be quantified by the 

average number of paths intersected at each cell in the set, which is 

referred to here as ‘the number of paths per cell’ (or PPC for short) and 

ranges from 1 (indicating the highest variation) to 24 (indicating the 

lowest variation) in the present example. The 24 least-cost paths in the 

first case have a PPC of 2.27 and those in the second case have a PPC of 

2.77, which implies that the former are more varying than the latter. Note 

that PPC is employed here for ease of computation and alternative 

measures may be admittedly preferred in other cases that take into 

account distance rather than intersection relationships between paths.  

 

 
 
Figure 1.1: Variations of least-cost paths in two different areas. Each of (a) and 

(b) superimposes 24 least-cost paths (sequences of darkly shaded cells) between 

two cells (one near the upper left corner and the other near the lower right 

corner) on different cost grids (not shown) transformed from their common slope 

grid (on which darker shades represent steeper slopes).  

 

Just because paths are located at different locations, it does not mean that 

their lengths, whether Euclidean or weighted, are different, too. If the 

variation in length of a set of paths is measured by the coefficient of 

variation (CV) (i.e., the standard deviation divided by the mean) of the 

weighed lengths of those paths—weighted, i.e., with their common grid 

(representing percent slope in the present example), then we must say that 

the paths in the first case are less varying than those in the second case 

because their CVs are 0.084 and 0.216, respectively. 

(a) 1st study area                                            (b) 2nd study area 



5 

 

 

The variation of the 24 least-cost paths in each of the two cases, though 

to different extents, may be ascribed to the fact that their cost grids were 

simply different, although derived from the same slope grid. However, 

the difference was made deliberately in exactly the same way in both 

cases and thus does not explain why the paths in the first case were more 

varying in location and less varying in length. Did it happen merely by 

chance? Or are there any factors that at least partially account for it? 

 

These questions are even more complicated by the fact that the 

quantification of cost is often done by reclassifying land cover types (e.g., 

Ray et al. 2002, Chardon et al. 2003, Nikolakaki 2004, Kautz et al. 2006, 

Driezen et al. 2007, Stevenson-Holt et al. 2014, Ziółkowska, 2014). 

Alternatively, cost is parameterized into multiple environmental 

variables, whose relationships may be defined according to expert 

opinions (e.g., Knaapen et al. 1992, Chardon et al. 2003, Gonzales and 

Gergel 2007, LaRue and Nielsen 2008, Spear et al. 2010). In another 

frequently used approach, cost is inversely or negatively related to some 

advantageous quality generally referred to as “suitability” (e.g., Ferreras 

2001, Wang et al. 2008, Chetkiewicz and Boyce 2009, Poor et al. 2012, 

Trainor and Walters (2013), Reding et al. (2013), Ziółkowska, 2014) 

assuming that if a location is less suitable for a certain use, it will cost 

more to use that location for that use. In any case, cost is nothing but an 

estimate from supposedly relevant data with various degrees of 

uncertainty and subjectivity (see, e.g., Beier et al. (2008), Rayfield et al. 

(2010), Spear et al. (2010), Zeller et al. (2012), Ligmann-Zielinska and 

Jankowski (2014) for reviews). 

 

The assumption noted above is clearly satisfied if cost is measured on a 

ratio scale. Cost of driving in US dollars per mile (Hallett and McDermot 

2011), inverse of travel speed in minutes per meter (Mulrooney et al. 

2017), and energy expense per unit distance (Ray et al. 2002) are such 

examples. There are cases, however, in which cost values, though 

encoded numerically, only reflect their rank order and their differences 

are defined arbitrarily. The ranks may begin with 0 or 1 depending on the 

individual application or the conventions of the domain to which it 

belongs. For example, Graham (2001) assigned 1, 2, and 3 as cost values 

to three land cover classes in the reverse order of habitat suitability for 

keel-billed toucans. As another example, Rabinowitz and Zeller (2010) 

assigned the integers from 0 to 10 to “no cost” to “high cost” for jaguar 

movement. 
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(a) (b) 

It is true that a commercial GIS will accept an ordinal-scaled cost surface 

(as long as numerically encoded) as input to its least-cost path function. It 

is generally known, however, that the location of a least-cost path on a 

cost surface is affected by the range or increment of cost values (e.g., 

Larkin et al. 2004, Schadt et al. 2002, Driezen et al. 2007, Gonzaels and 

Gergel 2007, Rayfield et al. 2010, Murekatete and Shirabe 2018) and also 

by the definition (or location) of the zero cost value. To illustrate the 

latter effect (which may be less obvious), let us take a raster surface 

consisting of 10 classes as shown in Figure 1.2 (a), assign those classes 

two sets of consecutive integers, 0-9 and 1-10, as cost values, and find, 

for each set, a least-cost path between the same pair of cells. It may seem 

counterintuitive but we have two different least-cost paths; more 

specifically, one is straighter than the other as seen in Figure 1.2(b). This 

is actually a result of a systematic bias and, as discussed in the next 

chapter, may well arise when the conventional least-cost path model is 

applied to cost surfaces converted from suitability surfaces. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.2: Figure 1.2(a) a 100-by-100 raster surface consisting of 10 different 

classes (shaded differently), to which two sets of cost values, 0 to 9 and 1 to 10, 

are assigned while Figure 1.2(b) shows two least cost paths (shaded differently) 

from the cell at the 10th row and the 10th column to the cell at the 91th row and 

the 91th column on the corresponding cost surfaces. 

 

This leads to another set of questions: is there a more mathematically 

sound and consistent approach to evaluating the quality of a path and 

finding a path that optimizes that quality when no information is available 

on the location of the zero cost (or suitability) value, the difference 

between cost (or suitability) values, or the conversion between suitability 

and cost values? If so, what is its practical utility compared with the 

conventional approach? 
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1.2 Motivation 
 

The questions posed above have motivated us to challenge the validity of 

the conventional GIS-based approach to land suitability/cost analysis in 

the context of path planning. Of course, this does not mean that we 

suggest all the existing methods be abandoned in every circumstance. 

Rather, our intention is to raise the awareness in the community of GIS 

and planning that for every land evaluation method or path optimization 

method (or model or even algorithm), there are some (explicit or implicit) 

assumptions. And we argue that if any of those assumptions are violated, 

the resulting solutions must be carefully (re)evaluated, since they could 

be totally different even with a small change in the choice of a method (or 

model or algorithm) for land evaluation or path optimization and its 

relevant parameters. 

 

1.3 Research objectives 

 
Accordingly, we state two research objectives here. 

 

 To advance the knowledge on the inconsistency of least-cost 

paths due to the uncertainty of selected cost evaluation 

parameters. In particular, we have hypothesized that the degree of 

variability of least-cost paths is affected by both the way input 

landscape values are distributed (which are given to the land 

evaluator) and the way output cost values are distributed (which 

are to be controlled, directly or indirectly, by the land evaluator). 

The hypothesis is tested by a series of computational experiments 

using a number of random landscape grids with a variety of 

spatial and non-spatial structures. 

 

 To provide a theoretical account for how use of the conventional 

least-cost path model can be problematic and present an 

alternative to it, and compare their performance through 

computational experiments similar to those mentioned above. In 

particular, the alternative evaluates the quality of a path in terms 

of the greatest or smallest value (depending on context). 

 

1.4 Statement of Contributions 
 

The contents of the thesis are based on the two studies reported in the two 

research articles listed below: 
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Paper I 

 

Computational experiments were designed by the first author Rachel 

Mundeli Murekatete together with the second author Takeshi Shirabe. 

Results of experiments were analyzed by the first author under the 

supervision of the second author. The paper was written by the first 

author and edited by the second author. Computer programs used in the 

experiments were coded by the second author. 

 

Paper II 

 

Computational experiments were designed by the first author Rachel 

Mundeli Murekatete together with the second author Takeshi Shirabe. 

Results of experiments were analyzed by the first author under the 

supervision of the second author. The paper was written by the first 

author and edited by the second author. Computer programs used in the 

experiments were coded by the second author. 

 

1. Murekatete, R.M., and Shirabe, T., 2018, A spatial and statistical 

analysis of the impact of transformation of raster cost surfaces on the 

variation of least-cost paths, International Journal of Geographical 

Information Science, 32:11, 2169-2188. 

 

2. Murekatete, R.M., and Shirabe, T., 2018, An Experimental Analysis 

of Least-Cost Path Models on Ordinal-Scaled Raster Surfaces, 1-30. 

(Submitted to Transactions in GIS). 

 

1.5 Thesis Structure 

 
The thesis consists of five chapters. Chapter 2 reviews theories 

underlying the evaluation and optimization of paths. Chapter 3 describes 

the details of the experiments in terms of how data were collected, 

processed, and analyzed. Chapter 4 reports results of the experiments. 

Chapter 5 concludes the thesis with a summary of major findings and 

implications of the studies. 
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Chapter 2 

 

Literature review 

 
2.1 Evaluation and optimization of paths 

 
2.1.1 Shortest Path Problem 

 
Given a network of a set of n nodes and a set of m arcs, each with an 

associated length, the problem of finding a path from a node designated 

as the origin to another designated as the destination such that the sum of 

the lengths of its arcs is minimized is known as the shortest path problem. 

Many algorithms have been developed for its solution and the best-

known is perhaps the one proposed by Dijkstra (1959). In its original 

form, Dijkstra’s algorithm solves the shortest path problem in 𝑂(𝑛2) 
time. Its runtime efficiency can be improved in theory with special data 

structures such as the “Fibonacci heap” (Gabow et al. 1986) to 

𝑂(𝑛 log 𝑛 +𝑚) time or in practice with heuristic techniques such as the 

“search algorithm A*” (Hart et al. 1968). 

 

2.1.2 Variation of Shortest Path Problem 

 
While it is most common to define the length of a path as the sum of the 

lengths of its arcs, it is possible to use other functions to aggregate those 

lengths. The max and min functions are two alternatives. The use of the 

max function redefines the length of a path as the greatest length of any 

arc of the path and modifies the shortest path problem to the “minimax 

path” problem (Oded and Handler 1987), which can be solved by 

Dijkstra’s algorithm with only a very little modification. If the problem is 

considered in an undirected network, it can be solved in 𝑂(𝑚) time by 

repeating a depth-first search (DFS) for a feasible path in each 

progressively reduced subnetwork of the network (Camerini 1978). 

Similarly, if the min function replaces the sum function, the length of a 

path is redefined as the smallest length of any arc in the path. While it is 

trivial (and of limited practical use) to find a path from the origin to the 

destination that minimizes the smallest arc length, it is worth considering 

maximizing the smallest arc length in the path search. The ‘maximin 
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path’ problem as such is mathematically equivalent to the minimax path 

problem and thus can be solved as well. The problem was first introduced 

as “the maximum capacity route problem” by Pollack (1960) and may be 

called by different names such as “the bottleneck shortest path problem” 

(Gabow and Tarjan 1988) and “the widest path problem” (Wang and 

Crowcroft 1995) depending on context. Note that if the sum function 

were continued to be used for the aggregation of arc lengths, the 

maximization problem would be computationally intractable, as it is an 

NP-hard problem known as “the longest path problem” (Lawler 1976). 

 

2.1.3 Least-Cost Paths on Raster Cost Surfaces 

 
Where there are spatial entities between which adjacency and metric 

relationships are defined, the shortest path problem and its variants can be 

considered. In the case of raster space, two grid cells sharing one grid 

edge or one and only one grid vertex are often assumed to be 

(orthogonally or diagonally, respectively) adjacent to each other and a 

path is represented by a sequence of adjacent cells or of arcs implied by 

adjacent cells. 

 

If, as is often the case with raster-based GIS, the distance between two 

adjacent cells is calculated as the straight-line distance between their 

centers multiplied by their mean value, the following formula gives the 

length of a path, P, on a surface, f, which is here referred to as path P’s 

‘sum-f length’ and denoted by 𝑙𝑠𝑢𝑚(𝑃, 𝑓). 
 

𝑙𝑠𝑢𝑚(𝑃, 𝑓) =∑ [(
𝑓(𝑖)+𝑓(𝑗)

2
) ∙ 𝑙(𝑖, 𝑗)]

(𝑖,𝑗)∈𝑃
  (2.1) 

 

where 𝑓(𝑖) and 𝑙(𝑖, 𝑗) indicate the value of cell i on surface f and the 

straight-line distance between the centers of cells i and j, respectively. If 

surface f represents cost, the above equation is equivalent to the definition 

of the conventional cost(-weighted) length and what is commonly known 

as a least-cost path is a path that minimizes this length, which is here 

referred to as a ‘minisum-cost path’ for consistency in our terminology. 

Although it is less conventional, the optimality of path P may be 

evaluated in terms of the maximum value among all its cells on surface f, 

which is here referred to as path P’s ‘max-f length’ and denoted by 

𝑙𝑚𝑎𝑥(𝑃, 𝑓). It is formally expressed by: 

 

𝑙𝑚𝑎𝑥(𝑃, 𝑓) = max𝑖∈𝑃 𝑓(𝑖)  (2.2) 

 

If surface f continues to represent cost, the problem of finding a path with 
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the smallest max-cost length—or a ‘minimax-cost path’ in our 

terminology—between two terminal cells is a raster version of the 

minimax path problem. Minimizing the max-cost length certainly does 

not mean minimizing the sum-cost length but has an indirect effect of 

decreasing it. A real advantage of using this length in the least-cost path 

problem is that its solution is sensitive only to the order of cost values not 

their quantities. So, even if information is not available on the absolute or 

relative differences between cost values, which invalidates the use of the 

sum-cost length, the minimax cost path problem is still well defined and 

solved.  
 

2.1.4 Most-Suitable Paths on Raster Suitability Surfaces 

 
There may be cases where path planners are interested not in minimizing 

the cost but in maximizing some desirable condition or ‘suitability’ in 

general. On a given raster surface that assigns each cell a value indicating 

the degree of suitability at that cell for a certain use, the planners might 

expect GIS to be able to find a ‘most-suitable’ path between any chosen 

cells. If, just like the least-cost counterpart, the most-suitable path is 

meant to be one that has the greatest sum-suitability length—or a 

‘maxisum-suitability path’ in our terminology, we have the longest path 

problem. The problem is in general intractable as mentioned earlier, but 

its raster version is trivial because a solution can be obtained by 

traversing all cells on the suitability surface. This is, however, not the 

kind of solution that would normally be expected in practice. 

 

An alternative approach frequently found in the literature and in practice 

is to convert a suitability surface to a cost surface, on which a minisum-

cost path is searched for as a most-suitable path. The suitability-to-cost 

conversion may be done by inversely or negatively relating cost and 

suitability (e.g., Ferreras 2001, Wang et al. 2008, Chetkiewicz and Boyce 

2009). As a simple example, a set, S, of suitability values {1, 5, 9} can be 

reversed into a set of cost values {9, 5, 1} by the following linear 

function: 

 

𝑐𝑜𝑠𝑡 = min𝑆 +max𝑆 − 𝑠𝑢𝑖𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦  (2.3) 

 

While this type of conversion is intuitive and easy to implement, it does 

not necessarily maintain the order of optimality of paths in terms of cost 

and suitability. To see this, with reference to Equation (2.3), consider two 

paths such that they have the same 𝑙𝑠𝑢𝑚(𝑃, 𝑠𝑢𝑖𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦) value but one is 

geometrically longer than the other. Because both paths get penalized 

additionally and constantly (by 1 + 9 = 10 in the present example) for 
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every unit length, the longer path has the greater 𝑙𝑠𝑢𝑚(𝑃, 𝑐𝑜𝑠𝑡) value, 

which contradicts the two paths’ equal optimality in terms of suitability. 

For the same reason, a minisum-cost path on a cost surface transformed 

from a suitability surface through a function involving a constant term 

has a systematic tendency to become straighter and less sensitive to the 

spatial distribution of original suitability values as the constant term 

becomes larger. 

 

No matter how a solution is generated, its optimality should be evaluated 

in terms of the original suitability rather than of the artificial cost derived 

from it. As discussed above, however, the sum-suitability length 

monotonically increases with the geometric length and thus overrates a 

longer path. A straightforward resolution of this bias normalizes the sum-

f length of each path, P (where f is suitability in the present case) by its 

geometric length to obtain path P’s ‘mean-f length.’ Letting 𝑙𝑚𝑒𝑎𝑛(𝑃, 𝑓) 
denote this length, it is formally expressed by: 

 

𝑙𝑚𝑒𝑎𝑛(𝑃, 𝑓) = 𝑙𝑠𝑢𝑚(𝑃, 𝑓)/∑ 𝑙(𝑖, 𝑗)(𝑖,𝑗)∈𝑃   (2.4) 

 

Assuming that it is agreed that a path with a greater mean-suitability 

length is more suitable for the use under consideration, a question arises: 

How to find an optimal path in terms of this length? Is a minisum-cost 

path on a cost surface transformed from a suitability surface good 

enough, if not optimal? Another important question is: How suitability is 

measured in the first place? Is it measured on a scale that makes the 

(absolute or relative) differences of any two values meaningful? If not, 

neither the sum-suitability length nor mean-suitability length is a valid 

metric.  

 

These questions lead to the use of another kind of length similar to the 

max-f length introduced to the least-cost path problem. Given a path, P, 

and a surface, f, it is path P’s ‘min-f length, denoted by 𝑙𝑚𝑖𝑛(𝑃, 𝑓) and 

defined by: 

 

𝑙𝑚𝑖𝑛(𝑃, 𝑓) = min𝑖∈𝑃 𝑓(𝑖)  (2.5) 

 

Certainly, the relevance of this length to the most-suitable path problem 

must be tested, especially if suitability is measured on a ratio scale and 

the optimality of a path is evaluated in terms of mean-suitability length. 

On the other hand, if suitability is measured on an ordinal scale, min-

suitability length seems to be a reasonable optimality measure. The 

problem of finding a path with the greatest min suitability length—or a 

‘maximin-suitability path’ in our terminology—between two terminal 
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cells is a raster version of the maximin path problem. It is, as discussed 

earlier, equivalent to the well-solved minimax path problem. This means 

that no suitability-to-cost conversion is necessary for its solution. In fact, 

a maximin-suitability path on a suitability surface is a minimax-cost path 

on the cost surface derived from the suitability surface by Equation (2.3). 
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Chapter 3  

 

Method 

 
Two experimental studies were performed using artificial landscape data 

and their purpose and design are presented in this chapter. 

 

3.1 Study 1 

 

We conducted four independent experiments using artificial landscape 

data. The first two experiments (Experiments 1 and 2) were similarly 

designed to study the variation of least-cost paths due to the difference in 

the shapes of frequency distribution of cell values in their cost grids. The 

last two experiments (Experiments 3 and 4), too, were designed similarly 

to each other, but for the study of the variation of least-cost paths due to 

the difference in the granularities and ranges of cell values in their cost 

grids. Each pair of experiments examined non-spatial and spatial aspects 

of landscape grids separately as additional sources of variation of least-

cost paths.  

 

In Experiment 1 (and Experiment 3), we were interested in whether the 

variation of least-cost paths on different cost grids derived from the same 

landscape grid is related to the shape of frequency distribution of cell 

values in the landscape grid. Experiments 2 (and Experiment 4) focused 

on the possible relationship of the variation of least-cost paths to the 

spatial structure of the landscape grid. All four experiments had different 

purposes or focuses but were similar in their procedures, each involving 

four major steps. The first step was to generate a number of grids 

simulating various landscape variables. Second, each of the landscape 

grids was transformed into multiple cost grids reflecting various 

assumptions that actual land evaluators might have. Third, a least-cost 

path was delineated from each of the cost grids. Finally, all the least-cost 

paths were analyzed to find how (much) they varied and what factors 

might contribute to the variation. The flow of these steps is schematically 

illustrated in Figure 3.1 and the details of each step are explained below. 
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(a) Experiment 1 (and 2) 

 

 

 

 

 

 

 

  

 

 

(b) Experiment 3 (and 4) 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1: Flow of the four steps in (a) Experiment 1(and 2) and (b) Experiment 

3(and 4). Four sets of landscape grids were initially generated, each set having an 

associated shape of frequency distribution (LST, SYT, UNR, or RST) in 

Experiments 1 and 3 or an associated pattern of spatial structure (CLO, UND, 

VAR, BLO) in Experiments 2 and 4. 
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3.1.1 Generation of Landscape Grids 

 
Each experiment used a different set of 400 grids with a size of 200 × 200 

cells whose values were integers ranging from 1 to 100 with an increment 

of 1. All the grids had the same spatial extent and resolution and the same 

attribute range and granularity.  

 

The landscape grids generated in Experiments 1 and 3 were populated 

with values in different shapes of frequency distribution with different 

degrees of autocorrelation. As illustrated in Figure 3.2, we considered 

four general shapes of frequency distribution including left-skewed 

triangular (LST), symmetric triangular (SYT), uniform rectangular 

(UNR), and right-skewed triangular (RST). Note that the number of low-

value cells increases in this order. 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.2: Four shapes of frequency distributions of cell values: left-skewed 

triangular (LST), symmetric triangular (SYT), uniform rectangular (UNR) and 

right-skewed triangular (RST). Each shape is illustrated by a partial histogram in 

which the horizontal and vertical axes represent cell values and their frequencies, 

respectively, in a grid.   

 

For each shape of frequency distribution, we performed the following 

procedure 100 times. 

 

  (c) Uniform rectangular                        (d) Right-skewed triangular 

Cell value Cell value 

    Cell value   Cell value 

  (a) Left-skewed triangular                      (b) Symmetric triangular 

# of 
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# of 
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# of 
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1. Assign each cell in a 200-by-200 grid an integer randomly 

chosen from 1 to 100 with an equal probability. 

 

2. Smooth the grid by calculating for each cell the mean of all 

values within a randomly chosen integer radius ranging from 0 to 

20 cell sides long from that cell. Note that in this calculation, the 

grid is regarded as a two-dimensional torus such that its first row 

is adjacent to its last row and its first column is adjacent to its last 

column so that discontinuities on those boundaries can be 

eliminated. 

 

3. Classify the resulting values into 100 classes so that the number 

of cells in each class is consistent with the specified shape of 

frequency distribution. 

 

4. Re-assign each cell an integer, which also ranges from 1 to 100, 

according to the order of its class. 

 

As a result, for each of the four shapes of frequency distribution, we 

obtained 100 random landscape grids—which look somewhat like clouds 

as shown in Figure 3.3—each with its values spatially autocorrelated to a 

degree that increases with the smoothing radius. 

 

 
 
 
 
 

 

 

 

 

 

 

Figure 3.3: Examples of landscape grids. Those on the same row have the same 

smoothing radius r = 5 or 15. Those on the same column have the same shape of 

frequency distribution, which is left-skewed triangular (LST), symmetric 

triangular (SYT), uniform rectangular (UNR), or right-skewed triangular (RST). 

The darker shades represent higher values.  

(a) LST, r=5              (b) SYT, r=5  (c) UNR, r=5                  (d) RST, r=5

                          

 

(e) LST, r=15               (f) SYT, r=15   (g) UNR, r=15                (h) RST, r=15
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In each of Experiments 2 and 4, four sets of 100 random landscape grids 

were generated and one of the following four patterns of spatial structure 

was uniquely associated with each set: ‘cloudy (CLO),’ ‘undulating 

(UND),’ ‘variegated (VAR),’ and ‘blobby (BLO).’ The values of the cells 

in all the grids were distributed in the uniform rectangular shape of 

frequency distribution as well as in the pattern of spatial structure 

associated with the set to which those grids belonged. 

 

Each cloudy landscape grid (see Figure 3.4(a) for an example) was 

generated with the same procedure described above but with the 

smoothing radius set to 10 in Step 2 and with the shape of frequency 

distribution set to UNR in Step 3. Each undulating landscape grid (see 

Figure 3.4(b) for an example) was generated using the following 

procedure. 

 

1. Assign each cell in a single row of 200 cells an integer randomly 

chosen from 1 to 100 with an equal probability. 

 

2. Smooth the row twice, each time by calculating for each cell the 

mean of all values within a distance of 10 cell sides long from 

that cell. Note that in this calculation, the row is regarded as a 

one-dimensional torus such that its first cell is adjacent to its last 

cell. 

 

3. Classify the resulting values into 100 classes so that each class 

contains the same number of cells. 

 

4. Re-assign each cell an integer, which also ranges from 1 to 100, 

according to the order of its class. 

 

5. Make 199 copies of the row, and vertically append all 200 

identical rows (including the original) one after another in a way 

that each row is shifted randomly to the left, to the right, or 

neither from its previous row.  

 

6. Cut the segment of each row if it exceeds the boundary of the 

first row on either side and paste it to the opposite side of that 

row to make the result a 200-by-200 grid. 

 

Each variegated landscape grid (see Figure 3.4(c) for an example) was 

generated by dividing the 200-by-200 grid into 100 20-by-20 square 

patches and assigning each patch an integer randomly chosen from 1 to 

100 without repetition. Each blobby landscape grid (see Figure 3.4(d) for 
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an example) was generated by first dividing the 200-by-200 grid into 100 

20-by-20 square patches, then assigning the lowest 10 values (i.e., 1 to 

10) and the highest 10 values (i.e., 91 to 100) to 20 randomly selected 

patches, and finally assigning each of the middle 80 values (i.e., 11 to 90) 

to 400 cells randomly selected from the rest of the grid. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.4: Examples of landscape grids with four different patterns of spatial 

structure: (a) cloudy (CLO), (b) undulating (UND), (c) variegated (VAR) and (d) 

blobby (BLO). The darker shades represent higher values. Note that all grids 

contain 400 cells for each integer value from 1 to 100 

 

While we tried to ensure that our synthetic data represent diverse 

configurations of a plurality of landscape features in mutually related 

manners, we must acknowledge that actual landscapes involve more 

complex processes than our simulations.  

 

3.1.2 Transformation of Landscape Grids into Cost Grids 

 
In Experiments 1 and 2, we transformed each of the 400 landscape grids 

into four cost grids with a common range and granularity but different 

shapes (i.e., LST, SYT, UNR, and RST) of distribution of cell values. 

The range started with 1 and ended with an integer, max, randomly 

chosen from 10, 20, 40, 80 and 160 with an equal probability. The 

granularity was measured in terms of number of classes, nCls, which was 

 (a) Cloudy (CLO)                       (b) Undulating (UND) 

(c) Variegated (VAR)                (d) Blobby (BLO) 
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randomly chosen from 3, 4, 5, 6, 7, 8, 9, and 10 with an equal probability. 

For example, if a landscape grid is transformed into four cost grids with 

max = 40 and nCls = 5, the one with a LST distribution will have 2667 

cells of the value of 1, 5333 cells of the value of 11, 8000 cells of the 

value of 21, 10667 cells of the value of 31, and 13333 cells of the value 

of 40. Figure 3.5 illustrates examples of cost grids. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.5: Examples of cost grids. Those on the same row have the same 

number of classes nCls = 3 or 10, and were derived from the same landscape grid 

but have different shapes of frequency distribution, i.e. left-skewed triangular 

(LST), symmetric triangular (SYT), uniform rectangular (UNR) and right-

skewed triangular (RST). The darker shades represent higher values. 

 

In Experiments 3 and 4, we transformed each of the 400 landscape grids 

into 160 cost grids—one for each combination of a shape of frequency 

distribution (i.e., LST, SYT, UNR, or RST), a max value (i.e., 10, 20, 40, 

80, or 160), and a nCls value (i.e., 3, 4, 5, 6, 7, 8, 9, or 10)—in the same 

manner as in Experiments 1 and 2.  

 

It is important to note that, when a land evaluator transforms a landscape 

grid into a cost grid in practice, the landscape grid is assumed to be a fact 

and the cost grid is an interpretation of it reflecting the land evaluator’s 

intention and assumption. In some cases, the land evaluator has a direct 

control over the shape of the frequency distribution of cell values in the 

cost grid. For instance, if a quantile classification is used, the cell values 

in the cost grid will be distributed uniformly, regardless of how those in 

the landscape grid are originally distributed. Another example is an 

(a) LST, nCls=3             (b) SYT, nCls=3              (c) UNR, nCls=3            (d) RST, nCls=3 

(e) LST, nCls=10           (f) SYT, nCls=10              (g) UNR, nCls=10          (h) RST, nCls=10 
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equal-interval classification, which will give the cost grid the same shape 

of frequency distribution as the landscape grid. In other cases, the land 

evaluator takes a more passive role in shaping the frequency distribution 

of cell values in the cost grid. For instance, if the transformation is done 

using a classification method that defines “natural breaks” (Jenks 1967) 

between classes or an application-specific formula that simulates the 

underlying ecological process, then the shape of distribution of output 

values cannot be specified in advance. 

 

3.1.3 Delineation of least-cost paths 

 
In all four experiments, we delineated a least-cost path between two 

terminal cells on each of the cost grids generated in the previous step. 

The terminal cells were fixed throughout at the 10th row and 10th column 

from the upper left corner of the 200-by-200 grid and at the 10th row and 

10th column from the lower right corner. 

 

3.1.4 Analysis of least-cost paths 

 
In Experiment 1, four least-cost paths were generated from each 

landscape grid. To evaluate their variation in terms both of location and 

of weighted length, we calculated their PPC and CV (as defined in 

Section 1), respectively, where the length of each of the four paths was 

calculated based on their common landscape grid, i.e., as the sum of the 

Euclidean distance between each successive two cells in the path 

multiplied by their average cell value on that landscape grid. As a result, 

we obtained four samples of 100 PPCs and 100 CVs, one sample for each 

of the LST, SYT, UNR, and RST shapes of frequency distribution 

considered for landscape grids. They were referred to as LST, SYT, 

UNR, and RST samples accordingly. Then we conducted a series of 

statistical tests to see whether PPC or CV varies with the shape of 

frequency distribution of its associated landscape grid. Also, we regressed 

both PPC and CV against the smoothing radius, r, of the landscape grid 

and max and nCls of the cost grid separately to see if they are related to 

any of those variables. 

 

In Experiment 2, we obtained four samples of 100 PPCs and 100 CVs 

and analyzed them in the same manner as those in Experiment 1. The 

four samples were associated with the CLO, UND, VAR, and BLO 

patterns of spatial structure considered for landscape grids and thus 

referred to as the CLO, UND, VAR, and BLO samples. 
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In Experiment 3, for each landscape grid, 160 least-cost paths were 

generated, which were divided into four groups of 40 least-cost paths, one 

group for each shape of frequency distribution considered for cost grids. 

We calculated each group’s PPC and CV. As a result, we obtained 16 

samples of 100 PPCs and 100 CVs, one sample for each combination of 

two shapes of frequency distribution, one considered for landscape grids 

and the other for cost grids. They were referred to as the LST-LST, -SYT, 

-UNR and - RST, SYT-LST, -SYT, -UNR and -RST, UNR-LST, -SYT, -

UNR and - RST, and RST-LST, -SYT, -UNR and -RST samples 

accordingly. We conducted statistical tests for whether PPC or CV varies 

with the shape of frequency distribution of its associated landscape grid 

or with that of its associated cost grids. Also we regressed both PPC and 

CV against r for possible relationships. 

 

In Experiment 4, we obtained 16 samples of 100 PPCs and 100 CVs and 

analyzed them in the same manner as those in Experiment 3. The 16 

samples were associated with all combinations of one of the four patterns 

of spatial structure considered for landscape grids and one of the four 

shapes of frequency distribution considered for cost grids and thus 

referred to as the CLO-LST, -SYT, -UNR and -RST, UND-LST, -SYT, -

UNR and -RST, VAR-LST, -SYT, -UNR and –RST, and BLO-LST, -

SYT, -UNR and -RST samples. 

 

3.2 Study 2 

 
Two experiments were conducted using random raster surfaces 

representing cost or suitability. The first experiment was designed to 

evaluate the differences between minisum-cost paths and minimax-cost 

paths. Two what-if questions were expected to be answered: 1) if the 

underlying cost values are on a ratio scale, how poor minimax-cost paths 

would be in terms of sum-cost length (compared with their minisum 

counterparts) and 2) if the underlying cost values are on an ordinal scale, 

how poor minisum-cost paths would be in terms of max-cost length 

(compared with their minimax counterparts)? The second experiment was 

designed similarly but concerned with two kinds of most-suitable paths, 

minisum-cost paths (on cost surfaces transformed from suitability 

surfaces by Equation (2.3)) and maximin-suitability paths. 
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3.2.1 Experiment 1 

 
3.2.1.1 Data 

 
We generated two sets of 1000 raster cost surfaces referenced to a 

common 200-by-200 grid but with two different spatial structures 

referred to as “cloudy” and “patchy (or variegated)” (Murekatete and 

Shirabe 2018). This was done using two different procedures involving 

three common integer parameters, each randomly chosen from its 

respective range with an equal probability. The three parameters were the 

number of unique cost values, numCost, ranging from 3 to 10, the lowest 

cost value, minCost, and the highest cost value, maxCost, such that 

0 ≤ 𝑚𝑖𝑛𝐶𝑜𝑠𝑡, 𝑚𝑎𝑥𝐶𝑜𝑠𝑡 ≤ 100, and 𝑚𝑖𝑛𝐶𝑜𝑠𝑡 + 𝑛𝑢𝑚𝐶𝑜𝑠𝑡 − 1 ≤
𝑚𝑎𝑥𝐶𝑜𝑠𝑡.  
 

A cloudy cost surface was generated by smoothing a random-valued 

raster surface, which was generated by assigning each cell in the 200-by-

200 grid an integer randomly chosen from 1 to 100 with an equal 

probability. The smoothing procedure took the following steps. 

 

(1) Calculate, for each cell, the mean of the values of all cells within 

a radius of an integer, r, randomly selected from 0 to 20 (in terms 

of number of cell sides) from that cell. 

 

(2) Classify the mean values calculated in Step 1 into numCost 

number of classes each containing an equal (or as equal as 

possible) number of cells. 

 

(3) Sequentially assign the classes numCost number of integers from 

minCost to maxCost with a constant (or as constant as possible) 

increment. 

 

(4) Re-assign each cell the integer assigned to its class. 

 

Note that the grid was seen as a torus such that the first row of cells are 

adjacent to the last row of cells and the first column of cells are adjacent 

to the last column of cells in order to avoid discontinuities near the 

boundaries of the grid. We repeated the random raster generation and 

smoothing procedures 1000 times and obtained 1000 cloudy raster cost 

surfaces with a degree of autocorrelation that increases with the 

smoothing radius r (see Figure 3.6 (a) and (b) for examples).  
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1000 patchy cost surfaces (see Figure 3.6 (c) and (d) for examples) were 

generated by dividing the 200-by-200 grid into 100 20-by-20 square 

patches of cells and performing the following procedure 1000 times. 

First, randomly group the 100 patches into numCost number of groups of 

an equal (or as equal as possible) size, then randomly assign the groups 

numCost number of integers ranging from minCost to maxCost with a 

constant (or as constant as possible) increment, and finally assign each 

cell the integer assigned to its group. 

.

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.6: Examples of (a) cloudy and (b) patchy cost surfaces. Note that darker 

shades represent higher values.  

 

3.2.1.2 Analysis 
 
For each of the 1000 cloudy cost surfaces and the 1000 patchy cost 

surfaces, we randomly selected two different cells and computed a 

minisum-cost path and a minimax-cost path between them. Note that the 

cost values of the two terminal cells were disregarded in this computation 

    (a) numCost=4, minCost=32, maxCost=49, r=13         (b) numCost=3, minCost=66, maxCost=79, r=5 

 (c) numCost=4, minCost=66, maxCost=90                    (d) numCost=7, minCost=33, maxCost=99 
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because otherwise they might make the determination of a minimax-cost 

path insensitive to the spatial distribution of cost values. To see how this 

happens, consider an extreme case in which the cost surface has its 

highest value at one of the two terminal cells. All paths from this cell are 

equally minimax-cost paths, no matter how they are connected to the 

other terminal. It is also important to note that in almost all cases, there 

were more than one minimax-cost path between selected terminal cells. 

Of all possible tie-breaking rules (e.g., select one arbitrarily, select one 

that was found first, and select one with the shortest geometric length), 

we chose the rule that selects one with the smallest sum-cost length.  

 

As a result, we obtained a paired sample of 1000 minisum-cost paths and 

1000 minimax-cost paths on cloudy cost surfaces and another such 

sample on patchy cost surfaces. For each pair of these paths, their sum-

cost lengths and max-cost lengths were calculated. Obviously, by 

definition, the sum-cost length of the minisum-cost path is always smaller 

than or equal to that of the minimax-cost path, and the max-cost length of 

the minimax-cost path is always smaller than or equal to that of the 

minisum-cost path. Hence, of interest was the extent of their difference in 

each of sum-cost length and max-cost length. For the former, we 

calculated the ratio, rSum, between the sum-cost lengths of the paired 

paths. For the latter, we calculated the difference, dMax, between the 

percentile ranks of their max-cost lengths, because a quantitative 

comparison of the max-cost lengths would be meaningless when the 

associated cost values were on an ordinal scale. 

 

3.2.2 Experiment 2 

 
3.2.2.1 Data 
 
1000 cloudy surfaces and 1000 patchy surfaces were created in the same 

manner as in the first experiment. Their values, however, were assumed 

to represent suitability instead of cost. We applied the suitability-to-cost 

conversion defined by Equation (2.3) to all 2000 suitability surfaces and 

obtained 2000 cost surfaces, which are referred to as ‘reversed-

suitability’ surfaces in this experiment to articulate what they really are. 

 

Note that while the shortest path algorithm accepts the reversed-

suitability surfaces (just like regular cost surfaces) and generates 

minisum-reversed-suitability paths, the maximin path algorithm accepts 

the original suitability surfaces and generates maximin-suitability paths.
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3.2.2.2 Analysis 

 
For each of the 1000 cloudy suitability surfaces (and their reversed 

surfaces) and the 1000 patchy suitability surfaces (and their reversed 

surfaces), two different cells were randomly selected, and a minisum-

reversed-suitability path and a maximin-suitability path were generated 

between them while excluding their suitability values from the 

computation. Note that we employed a tie-breaking rule similar to the one 

used in the first experiment, which chose, from among all equally 

maximin-suitability paths, one with the smallest sum-reversed-suitability 

length. 

 

As a result, we obtained two paired samples of 1000 minisum-reversed-

suitability paths and 1000 maximin-suitability paths. For each pair of 

these paths, their mean-suitability lengths and min-suitability lengths 

were calculated on their associated suitability surface. Similarly to the 

first experiment, the ratio, rMean, between the mean-suitability lengths of 

the paired paths and the difference, dMin, between the percentile ranks of 

the min-suitability lengths of the paired paths were examined. 
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Chapter 4 

 

Results  

 
Results of experiments in each of the two studies described in Chapter 3 

are reported in this section. 

 

4.1 Study 1 

 
Results of the four experiments from study 1 are presented below. Keep 

in mind throughout that a larger PPC or a smaller CV indicate less 

variation of least-cost paths in location and in weighted length, 

respectively. 

 

4.1.1 Experiment 1 

 
Whichever sample it was taken from, every group of four-least cost paths 

exhibited discernable variation (see Figure 4.1 for an example from each 

sample) but it was hard to tell if any sample had a unique trend only by 

visual inspection. In fact, as seen in Table 4.1(a), all four samples have 

similar mean PPCs and mean CVs. Two-tailed t-tests also supported that 

there is no statistically significant difference in mean PPC or mean CV 

between any two samples. Note that we adopted the 5% level of 

significance for this and all other statistical tests we performed 

 

 

 

Figure 4.1: Examples of groups of four least-cost paths in Experiment 1. One 

group was taken from each of the (a) LST, (b) SYT, (c) UNR and (d) RST 

samples. 

 

(a) LST               (b) SYT   (c) UNR                 (d) RST 
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Table 4.1: Results of Experiment 1 

 

(a) Mean PPC and Mean CV of four least-cost paths 

Sample  Mean PPC Mean CV  

LST 1.4664 0.0761  

SYT 1.4537 0.0737  
UNR 1.4379 0.0738  

RST 1.4659 0.0711  

(b) Regression of PPC against r, max and nCls 

Sample r max  nCls 
LST [-0.03273, -0.01859] 

1.23*10-10 

0.3460 

[-0.00196, 0.00030] 

0.150 

0.0210 

[0.03681, 0.08206] 

1.03*10-6 

0.2171 

SYT [-0.01632, -0.00337] 

3.23*10-3 

0.0851 

[-0.00140, 0.00013] 

0.0542 

0.0373 

[0.03305, 0.06197] 

3.07*10-9 

0.3026 
UNR [-0.02436, -0.00948] 

1.77*10-5 

0.1722 

[-0.00104, 0.00070] 

0.699 

0.0015 

[0.04261, 0.07658] 

3.82*10-10 

0.3310 
RST [-0.02422, -0.00974] 

1.02*10-5 

0.1809 

[-0.00143, 0.00025] 

0.164 

0.0197 

[0.03465, 0.07314] 

2.37*10-7 

0.2396 

(c) Regression of CV against r, max and nCls 

Sample r max  nCls 

LST [-0.00026, 0.00191] 
0.135 

0.0226 

[0.00013, 0.00040] 
1.51*10-4 

0.1369 

[-0.00874, -0.00274] 
2.52*10-4 

0.1284 

SYT [-0.00176, 0.00085] 
0.490 

0.0049 

[0.00023, 0.00047] 
7.52*10-8 

0.2567 

[-0.00781, -0.00139] 
5.48*10-3 

0.0761 

UNR [-0.00133, 0.00171] 
0.801 

6.50*10-4 

[0.00003, 0.00035] 
0.0178 

0.0560 

[-0.01365, -0.00715] 
6.64*10-9 

0.2917 

RST [-0.00104, 0.00193] 
0.553 

0.0036 

[0.00004, 0.00034] 
0.0144 

0.0596 

[-0.01601, -0.00963] 
2.86*10-12 

0.3936 

Note that each cell in (b) and (c) contains the 95% confidence interval (CI), p-value, coefficient of 

determination (r2) in this order for the corresponding regressor. 

 

Tables 4.1(b) and (c) summarize results of the regression analysis, which 

generally suggest that PPC and CV have positive and negative linear 

relationships, respectively, with nCls. Both relationships are statistically 

significant and moderate. For instance, according to the regression 

coefficient (or slope) of CV against nCls obtained from the LST sample, 

the maximum change in nCls (from 3 to 10 or vice versa) would change 

the mean CV by a value between 0.0192 (=0.00274∙7) and 0.0612 (= 

0.00874∙7). The relationships of PPC and CV with the two other variables 

are, however, quite different from each other. PPC has a statistically 

significant (moderate, negative) linear relationship with r, but not with 

max. CV, on the other hand, has a statistically significant (weak, positive) 

linear relationship with max, but not with r.  
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4.1.2 Experiment 2 

 
It can be found in Table 4.2(a) that the mean PPC and the mean CV 

increases and decreases, respectively, in the order of the UND, CLO, 

BLO, and VAR samples, although two-tailed t-tests did not find a 

statistically significant difference in the mean CV between the UND and 

CLO samples or between the BLO and VAR samples. This suggests that 

both PPC and CV are affected by the pattern of spatial structure of their 

associated landscape grid. 

 
Table 4.2: Results of Experiment 2 

 
(a) Mean PPC and Mean CV of four least-cost paths 

Sample  Mean PPC Mean CV 

UND 1.2570 0.0854 

CLO 1.3977 0.0844 
BLO 1.6381 0.0397 

VAR 2.0679 0.0389 

(b) Regression of PPC against  max and nCls 

Sample max  nCls 

 UND [-0.00025, 0.00056] 

0.439 
0.0061 

[0.00901, 0.02786] 

1.90*10-4 
0.1331 

CLO [-0.00134, -0.00003] 

0.040 
0.0421 

[0.04895, 0.07132] 

4.28*10-18 
0.5374 

BLO [-0.00048, 0.00145] 

0.321 
0.0101 

[0.04267, 0.08949] 

1.95*10-7 

0.2425 

VAR [-0.00410, -0.00062] 

8.20*10-3 
0.0692 

[0.05792, 0.13994] 

6.00*10-6 

0.1895 

(c) Regression of CV against  max and nCls 

Sample max  nCls 
UND [-0.00004, 0.00018] 

0.187 

0.0177 

[-0.00702, -0.00179] 

1.19*10-3 

0.1022 

CLO [0.00006, 0.00037] 

7.63*10-3 

0.0704 

[-0.01543, -0.00913] 

9.01*10-12 

0.3795 
BLO [0.00013, 0.00033] 

1.78*10-5 

0.1720 

[-0.01144, -0.00657] 

6.46*10-11 

0.3544 
VAR [-0.00006, 0.00017] 

0.325 

0.0099 

[-0.00852, -0.00309] 

4.93*10-5 

0.1554 

Note that each cell in (b) and (c) contains the 95% confidence interval (CI), p-value, coefficient of 

determination (r2) in this order for the corresponding regressor. 

 
Results of the regression analysis reported in Tables 4.2(b) and (c) 

indicate that both PPC and CV have a statistically significant, moderate 

linear relationship with nCls, regardless of the pattern of spatial structure 
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of their associated landscape grid. On the contrary, their relationships 

with max are generally (except for CV in the BLO sample) either 

statistically insignificant, weak, or dominated by other factors as 

indicated by small p-values, gentle regression slopes, or low coefficients 

of determination, respectively. 

 

4.1.3 Experiment 3 

 
As was the case with the preceding experiments, we saw some variation 

in every group of 40 least-cost paths (see Figure 4.2 for an example from 

each sample). There might be different trends in different samples, but 

they were at least not visually detectable. 

 

Tables 4.3(a) and (b) show the mean PPCs and the mean CVs of all 16 

samples, respectively. 

 

A trend can be seen that the mean PPC decreases and the mean CV 

increases from left to right (i.e., in the order of LST, SYT, UNR, and 

RST columns), except that there is no statistically significant difference 

in PPC between the SYT and UNR columns. This implies that both PPC 

and CV vary with the shape of frequency distribution of the cost grids on 

which the paths are generated. As far as CV is concerned, this tendency is 

sensitive to the shape of frequency distribution of the landscape grid from 

which those cost grids are derived. With reference to Table 4.3(b), the 

ranges of mean CVs in the LST and SYT rows (i.e., [0.0488, 0.0958] and 

[0.0485, 0.0996], respectively) are much narrower than those the UNR 

and RST rows (i.e., [0.0376, 0.1331] and [0.0409, 0.1366], respectively). 

This is not the case with PPC. 

 

Results of the regression analysis reported in Tables 4.3(c) and (d) show 

that r is a statistically significant, moderate linear regressor of PPC, but 

not of CV. This relationship is, however, dominated by other factors 

when the given landscape grid is transformed into cost grids with right-

skewed triangular shapes of frequency distribution, as implied by the low 

coefficients of determination in the RST column of Table 4.3(d). 
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Figure 4.2: Examples of groups of 40 least-cost paths in Experiment 3. One 

group is taken from each of the 16 samples (from (a) LST-LST to (p) RST-RST).  

 

  

(a) LST-LST               (b) LST-SYT   (c) LST-UNR                 (d) LST-RST 

  

   (e) SYT-LST                  (f) SYT-SYT      (g) SYT-UNR                (h) SYT-RST 

  

    (i) UNR-LST                 (j) UNR-SYT      (k) UNR-UNR               (l) UNR-RST 

  

 (m) RST-LST               (n) RST-SYT   (o) RST-UNR                 (p) RST-RST 
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Table 4.3: Results of Experiment 3 

 

(a) Mean PPC of 40 least-cost paths 

Sample LST SYT UNR RST 

6.5145 LST 9.8474 8.3432 8.4254 

SYT 10.1664 8.5993 8.8065 6.5392 
UNR 10.1990 8.4461 8.7451 6.5330 

RST 10.3037 8.5582 8.5461 6.3545 

(b) Mean CV of 40 least-cost paths 

Sample LST SYT UNR RST 

0.0958 LST 0.0488 0.0699 0.0817 

SYT 0.0485 0.0662 0.0781 0.0996 

UNR 0.0376 0.0612 0.0920 0.1331 

RST 0.0409 0.0614 0.0909 0.1366 

(c) Regression of PPC against r 

Sample LST SYT UNR RST 
LST [-0.24763, -0.12535] 

2.61*10-8 

0.2722 

[-0.22291, -0.10188] 

6.4*10-7 

0.2244 

[-0.17482, -0.06862] 

1.54*10-5 

0.1744 

[-0.11383, -0.02653] 

1.91*10-3 

0.0941 

SYT [-0.30611, -0.16959] 

4.81*10-10 

0.3279 

[-0.24464, -0.12911] 

4.88*10-9 

0.2961 

[-0.22862, -0.10119] 

1.42*10-6 

0.2121 

[-0.10146, -0.00659] 

0.0260 

0.0496 

UNR [-0.24449, -0.11284] 

4.94*10-7 

0.2284 

[-0.19334, -0.08267] 

3.09*10-6 

0.2000 

[-0.20249, -0.07285] 

5.57*10-5 

0.1534 

[-0.08644, -0.00570] 

0.0257 

0.0497 

RST [-0.33326, -0.17346] 

8.79*10-9 

0.2878 

[-0.23338, -0.11296] 

1.22*10-7 

0.2495 

[-0.17689, -0.04321] 

1.50*10-3 

0.0982 

[-0.06402, 0.02375] 

0.365 

0.0084 

(d) Regression of CV against r 

Sample LST SYT UNR RST 

LST [-0.00037, 0.00070] 

0.544 

0.0038 

[-0.00073, 0.00076] 

0.965 

1.99*10-5 

[-0.00165, 0.00035] 

0.198 

0.0168 

[-0.00204, 0.00057] 

0.268 

0.0125 

SYT [-0.00015, 0.00101] 

0.141 

0.0220 

[-0.00075, 0.00071] 

0.956 

3.14*10-5 

[-0.00178, 0.00049] 

0.260 

0.0129 

[-0.00240, 0.00037] 

0.147 

0.0213 

UNR [0.00023, 0.00102] 

24.3*10-3 

0.0900 

[0.00003, 0.00120] 

0.0382 

0.0431 

[-0.00065, 0.00118] 

0.569 

0.0033 

[-0.00171, 0.00084] 

0.502 

0.0046 

RST [0.00001, 0.00087] 

0.0438 

0.0408 

[-0.00031, 0.00105] 

0.277 

0.0120 

[-0.00126, 0.00043] 

0.329 

0.0097 

[-0.00288, -0.00037] 

0.0120 

0.0627 

Note that each cell in (a) to (d) corresponds to the sample indicated by its row and column (e.g. the 

upper-left corner cell corresponds to the LST-LST sample). Note also that each cell in (c) and (d) 

contains 95% confidence interval (CI), p-value, coefficient of determination(r2) in this order for the 
regressor r. 
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4.1.4 Experiment 4 
 

The mean PPCs and the mean CVs of all 16 samples are presented in 

Tables 4(a) and (b), respectively. Similarly to the results of Experiment 3, 

the mean PPC generally decreases from left to right (i.e., in the order of 

LST, SYT, UNR, and RST columns), except that the UNR column has a 

slightly (but statistically significantly) greater value than the SYT column 

in the UND, CLO, and BLO rows. Likewise, the mean CV generally 

increases from left to right, except that there is no statistically significant 

difference between the SYT and UNR columns. 

 

Table 4.4: Results of Experiment 4 
 

(a) Mean PPC of 40 least-cost paths in each sample 

Sample LST SYT UNR RST 

UND 7.4706 5.8657 5.6281 4.4358 
CLO 9.7565 8.3150 8.7475 6.7784 

BLO 10.8674 9.0287 9.5986 6.6388 

VAR 15.1972 13.9631 14.6942 11.2059 

(b) Mean CV of 40 least-cost paths in each sample 

Sample LST SYT UNR RST 

UND 0.0535 0.0751 0.0800 0.0894 

CLO 0.0414 0.0681 0.0983 0.1337 
BLO 0.0212 0.0410 0.0657 0.1039 

VAR 0.0380 0.0486 0.0477 0.0862 

Note that each cell in (a) and (b) corresponds to the sample indicated by its row and column (e.g. the 

upper-left corner cell corresponds to the UND-LST sample). 
 

Another important observation is that, the mean PPC generally increases 

from top to bottom (i.e., in the order of the UND, CLO, BLO and VAR 

columns), except that there is no statistically significant difference 

between the CLO and BLO rows in the RST column. The mean CV has a 

similar trend such that for all but the RST column, the first two rows (i.e., 

UND and CLO rows) have statistically significantly greater values than 

the last two rows (i.e., BLO and VAR rows). These imply that both PPC 

and CV are affected by the pattern of spatial structure of their associated 

landscape grid. 

 

4.2 Study 2 

 
4.2.1 Experiment 1 

 
For each of the 2000 synthetic cost surfaces (one half of which were 
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cloudy and the other half patchy), a minisum-cost path and a minimax-

cost path were generated and their sum-cost length and max-cost length 

were calculated. A pairwise comparison of the 2000 minisum-cost paths 

and 2000 minimax-cost paths showed 1) that the paired paths were 

identical in many instances (on 262 of the 1000 cloudy cost surfaces and 

736 of the 1000 patchy cost surfaces), 2) that the sum-cost lengths of the 

minimax-cost paths were on average 19% and 6% greater than those of 

the minisum-cost paths on the cloudy cost surfaces and on the patchy cost 

surfaces, respectively (see the rSum row in Table 4.5), and 3) that the 

percentile ranks of the max-cost lengths of the minisum-cost paths were 

greater than those of the minimax-cost paths on average by 21 percentile 

points on cloudy cost surfaces and by 7 percentile points on patchy cost 

surfaces (see the dMax row in Table 4.5). 
 

Table 4.5: Results of Experiment 1 (Study 2) 

 

 Sample Mean 95 % CI of Mean 

rSum 
cloudy 1.188 [1.162, 1.215] 

patchy 1.062 [1.044, 1.081] 

dMax 
cloudy 20.6 [19.6, 21.6] 

patchy 7.00 [6.17, 7.83] 

Note that rSum denotes the ratio between the sum-cost lengths of a pair of a minisum-cost path and a 
minimax-cost path and dMax denotes the difference between the percentile ranks of their max-cost 

lengths. Note also that CI denotes the confidence interval. 

 

These findings suggest that if the underlying cost values are measured on 

a ratio scale and sum-cost length is employed as the measure of 

optimality, minimax-cost paths can be significantly inferior to minisum-

cost paths. Likewise, if they are measured on an ordinal scale and max-

cost length is chosen as the measure of optimality, minisum-cost paths 

can be significantly inferior to minisum-cost paths. In each case, 

however, the advantage of one over the other is much smaller when the 

underlying cost surface comprises patches of constant values. 

 

4.2.2 Experiment 2 

 
For each of the 2000 synthetic suitability surfaces, a minisum-reversed-

suitability path and a maximin-suitability path were generated and their 

mean-suitability length and min-suitability length were calculated. A 

pairwise comparison of the 2000 minisum-reversed-suitability paths and 

2000 maximin-suitability paths showed 1) that the paired paths were 

identical in many instances (on 250 of the 1000 cloudy cost surfaces and 
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707 of the 1000 patchy cost surfaces), 2) that the mean-suitability lengths 

of the maximin-suitability paths were on average only 2% and 1%  

greater than those of the minisum-reversed-suitability paths on the cloudy 

cost surfaces and on the patchy cost surfaces, respectively (see the rMean 

row of Table 4.6), and 4.7) that the percentile ranks of the min-suitability 

lengths of the minisum-reversed-suitability paths were smaller than those 

of the maximin-suitability paths on average by 22 percentile points on 

cloudy cost surfaces and by 7.7 percentile points on patchy cost surfaces 

(see the dMin row of Table 4.6). 

 
Table 4.6: Results of Experiment 2 (Study 2) 

 

 Sample Mean 95% CI of Mean 

rMean 
cloudy 1.020 [1.017, 1.023] 

patchy 1.013 [1.010, 1.015] 

dMin 
cloudy 21.7 [20.7, 22.7] 

patchy 7.70 [6.85, 8.55] 

Note that rMean denotes the ratio between the mean-suitability lengths of a pair of minisum-

reversed-suitability path and a maximin-suitability path and dMin denotes the difference between the 

percentile ranks of their min-suitability lengths. 

 

Table 4.7: Mean sinuosity for minisum-reversed-suitability paths and maximin-

suitability paths 

 
Path Sample Mean 95% CI of Mean 

minisum-reversed-suitability path 
cloudy 1.3880 [1.3521, 1.4240] 

patchy 1.2126 [1.1865, 1.2387] 

maximin- suitability path 
cloudy 1.1250 [1.1154, 1.1346] 

patchy 1.1024 [1.0949, 1.1099] 

 

It was also found, initially by visual inspection (see Figure 4.3 for 

examples), that the minisum-reversed-suitability paths tended to be 

straighter than the maximin-suitability paths. To verify this, we calculated 

the sinuosity of each path as its geometric length divided by the length of 

the straight line segment between its terminals cells. As summarized in 

Table 4.7, the sinuosity of the minisum-reversed-suitability paths was on 

average around 1.13 and 1.10 on the cloudy surfaces and on the patchy 

surfaces, respectively, whereas the average sinuosity of the maximin-

suitability paths was around 1.39 and 1.21 on the cloudy surfaces and on 

the patchy surfaces, respectively. 
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Figure 4.3: Examples of pairs of minisum-reversed suitability paths and 

maximin-suitability paths. Minisum-reversed-suitability paths are lightly shaded 

and maximin-suitability paths are darkly shaded. 

 

These findings suggest that even if the underlying suitability values are 

measured on a ratio scale, maximin-suitability paths are likely to be as 

good as minisum-reversed-suitability paths in terms of mean-suitability 

length. On the other hand, if they are measured on an ordinal scale, 

minisum-reversed-suitability paths are likely to be significantly worse 

than maximin-suitability paths in terms of min-suitability length and 

suffer the ‘the-longer-the-more-suitable’ bias. 
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Chapter 5 

 

Discussion and Conclusions 

 
From the perspective of land evaluation 

 
If a given landscape is effectively discretized into a grid of cells, land 

evaluation can be seen as a process of transforming one or more variables 

characterizing each cell of the grid into another variable measuring the 

cost, suitability, or some other effect (depending on context) of that cell 

being used for a certain use. It has been recognized both in the literature 

and in practice that this process often involves a subjective choice of 

parameters for a function employed in the transformation, which dictates 

the distribution of output cell values and affects the selection of cells for 

the use of interest. We presented a theoretical account of this insight and 

validated it through computational experiments in the context of path 

planning. In particular, we parameterized the transformation function in 

terms of range, granularity, and shape of the frequency distribution of 

output cost values and hypothesized that the variability of least-cost paths 

is related to the uncertainty of these parameters. To test this hypothesis, 

we generated a number of random landscape grids, transformed each to a 

number of cost grids whose frequency distributions of values varied in 

range, granularity, and shape, and analyzed the locations and lengths of 

least-cost paths found on those cost grids. 

 

It was found that even if transformed from the same input grid and given 

the same range and granularity, cost grids with different shapes of 

frequency distribution allow different least-cost paths to connect the same 

pair of origin and destination cells. If this type of variation is analyzed 

from two aspects—one in location and the other in weighted length 

(weighted by the input grid), both tend to decrease as the granularity of 

the values of the output grid increases, but only the latter is affected by 

the range, though not very strongly. 

 

Another finding is similarly summarized: even if transformed from the 

same input grid and given the same shape of frequency distribution, 

output grids with different ranges and granularities of values allow 

different least-cost paths to connect the same pair of origin and 
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destination cells. This type of variation generally increases with the 

number of low-value cells in the output grids, as PPC and CV decreases 

and increases, respectively, from left to right in Tables 4.3(a) and (b) and 

4.4(a) and (b). This may be because the chance of originally not-so-good 

cells being part of a least-cost path becomes higher. Interestingly, as far 

as the variation in weighted length is concerned, this tendency is sensitive 

to the shape of frequency distribution of the input grid as it is more 

dramatic when it contains a larger number of cells to potentially be rated 

low-cost. This is not the case with the variation in location. 

 

Another important finding is that the variation of least-cost paths on 

different cost grids derived from the same input grid is significantly 

affected by the pattern of spatial structure of the input grid. More 

specifically, the variation in location tends to be smaller when the input 

grid has a variegated or blobby structure than when it has a cloudy or 

undulating structure. A possible explanation for this is that a variegated 

or blobby input grid translates into a cost grid with patches of high-cost 

values, which effectively shrinks the scope of the path search as well as 

with patches of low-cost values, within which all least-cost paths go 

straight. This tendency is generally true for the variation in weighted 

length (weighted by the input grid), too, but not as clearly (see Table 

4.4(b)) perhaps because similarly located paths still can have very 

different weighted lengths when there are discontinuities in value 

between patches. 

 

The above findings have an important implication to practitioners: the 

specification of a transformation function for a raster-based land 

evaluation has a significant impact on the selection of cells in a 

subsequent path search. Certainly, if the specification proves to be correct 

on a sound basis, there should not be a problem. However, if it is an 

arbitrary or subjective choice, one should be aware that there may be as 

many least-cost paths as alternative transformation functions, which may 

be all equally well defended, though by different opinions or experiences. 

The impact may be relatively small when the input grid has a certain 

pattern of spatial structure, for instance, one in which high-cost or low-

cost cells form large patches. 

 

In general, however, the impact of the choice of transformation 

parameters is expected to significantly increase as the specified 

transformation inflates the number of low-cost cells. This may happen 

unintentionally or even without being noticed, for example, when the 

given landscape is dominated by land cover types potentially impeding 

passage but happens to be transformed into a cost grid with a more 
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uniform distribution. In such cases, care must be taken in determining 

relevant parameters such as the range and granularity of cost values. 

 

To sum, the circumstance in which the decision of a least-cost path is 

most unreliable can be generally characterized as follows: a landscape 

grid is given that is dominated more by land cover types unsuitable for 

paths than by suitable ones and free of large contiguous areas of similar 

land cover types, and a transformation method is chosen that transforms it 

into a cost grid with a large number of low-cost cells. 

 

We must admit that the scope of our experiments and interpretation of 

results is limited at least for four reasons. First, we simulated a landscape 

variable in a grid using two parameters: autocorrelation and shape of 

distribution of values. Real landscape variables behave in more 

complicated manners. Second, we simulated a transformation function as 

a combination of two sequential procedures: classification of input values 

into new classes and assignment of output values to those classes. While 

some practitioners may accept this type of two-step transformation 

function, others may take integrated approaches. Third, our experiments 

did not consider multiple variables in land evaluation for simplicity, in 

particular to avoid determination of their relative weights, which would 

have introduced an additional kind of uncertainty. Actual land evaluation 

practices may well involve two or more, potentially conflicting variables. 

Finally, our experiments were designed only in the context of path 

planning. Certainly, there are a variety of locational decision problems 

that concern other types of geometry (e.g., connected region of cells) as 

discussed earlier. Therefore, while we expect that our findings would 

remain relevant at least to some degree in other settings, we regard their 

generalization as another hypothesis to be tested in the future. 

 

From the perspective of path optimization 

 
When it is safe to assume that the value of each cell in a given raster 

surface is measured on a ratio scale representing the cost (or suitability) 

per unit distance of traversal over that cell, the conventional least-cost 

path model—which was referred to as the minisum-cost path model in 

this paper—remains a simple yet powerful tool for path planning. We 

argue, however, that it is worth trying or at least acknowledging 

alternatives that do not rely on this assumption if the value of each cell 

only indicates the ordinal category of cost (or suitability) of intersecting 

that cell. We considered the minimax-cost path model—or 

mathematically equivalently, the maximin-suitability path model—as one 
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such alternative and demonstrated its merits and limits through 

computational experiments with artificial raster surfaces with two 

different spatial structures, cloudy (i.e., having values fairly continuously 

varying) and patchy (i.e., comprising patches of constant values separated 

by distinct boundaries). 

 

One obvious advantage of the minimax-cost path model is that minimax-

cost paths are not sensitive to the magnitude of cost values. This allows 

planners to focus on which land covers are more costly for the land use 

under consideration, without worrying about how much or how many 

times more. As reported in many studies in the literature, subjectivity in 

the quantification of cost is a major source of uncertainty of the location 

of least-cost paths. Of course, if we have sufficient information on the 

magnitude of cost values, the evaluation of a path in terms of sum-cost 

length remains reasonable and so is the use of the minisum-cost path 

model. Remember, however, that if the given cost surface happens to 

have a patchy structure, minimax-cost paths may well be similar to 

minisum-cost paths. 

 

The alternative model is found even more valuable when paths are 

searched for over a suitability surface, since it takes the suitability 

surface—on which more suitable cells are assigned higher values—

directly as input and does not require an error-prone process of 

suitability-to-cost conversion. This is not the case in the application of the 

minisum-cost path model to the search for suitable paths. Our 

experiments demonstrated that if the suitability-to-cost conversion has the 

effect of adding a positive constant, it will drive the resulting minisum-

cost paths to be geometrically shorter and straighter. This tendency may 

not be convenient unless the minimization of geometric length is 

explicitly considered as a path selection criterion. 
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