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Efficient and robust Attitude Determination and
Control System design for the MIST CubeSat

Federico Raiti

Abstract—This thesis investigated different configurations of
the attitude determination and control system (ADCS) for the
MIST satellite, to find a satisfying trade-off between computa-
tional demand and estimation/pointing accuracy. A model of the
satellite dynamics was developed and used in a simulation. The
designed ADCS consists of a discrete extended Kalman filter
(EKF) and a model predictive control (MPC) controller tunable
in different ways. The filter works with a linearization of the
spacecraft dynamics model which is performed about the last
attitude estimate and it is also capable of estimating the residual
magnetic moment of the spacecraft without any initial guess.
Three different models were used with the MPC and compared:
a linear-like, state-dependent model, a model linearized around
a fixed equilibrium point, and a model linearized around the
last attitude estimate. The simulation, developed with Simulink®,
served as a testbed for the different tunings. From the simulation
results, the filter proved to be capable of estimating the residual
magnetic moment of the satellite with satisfying accuracy. Es-
timation and pointing requirements were met on average with
a mean absolute estimation error of 0.8◦ and a mean absolute
pointing error of 3.5◦. This performance was achieved in face of
measurement and model uncertainty.

Sammanfattning—Det här examensarbetet undersökte olika
konfigurationer av systemet för bestämning och styrning av
orienteringen (ADCS) för MIST satelliten för att hitta en
godtagbar kompromiss mellan nödvändig beräkningskraft samt
noggrannheten vid uppskattning av attityden. En modell för
satellitens dynamik skapades och användes i simuleringarna.
Det framtagna ADCS består av ett diskret utökat Kalman-
filter (EKF) och en ställbar avancerad reglerstrategi (MPC).
Filtret arbetar med en linjärisering av rymdfarkostens dynamik
kring den senaste uppskattningen av attityden. Vidare är den
kapabel att uppskatta rymdfarkostens residuala dipolmoment
utan några startvärden. Tre olika MPC-modeller användes och
jämfördes: en linjär tillståndsberoende modell, en linjäriserad
modell kring en fix jämviktspunkt samt en modell linjäriserad
kring den senaste uppskattningen av attityden. Simuleringarna,
utvecklade i Simulink®, fungerade som en testplattform för de
olika inställningarna. Resultatet från simuleringarna visade på
att filtret var kapabelt att uppskatta rymdfarkostens residuala
magnetiska moment med tillfredsställande noggrannhet. Krav på
uppskattning av attityden och önskad attityd uppfylldes med en
genomsnittlig absolut avvikelse av 0.8◦ respektive 3.5◦. Denna
prestanda uppnåddes trots osäkerhet i mätningar och modell.

LIST OF ACRONYMS
ADCS attitude determination and control system
AR angular rate
BLUE best linear unbiased estimator
CSS coarse Sun sensor
DCM direction cosine matrix
ECI Earth-centered inertial

EKF extended Kalman filter
HIL hardware-in-the-loop
IMU inertial measurement unit
KF Kalman filter
LEO low Earth orbit
LTI linear time-invariant
MEKF multiplicative extended Kalman filter
MFME magnetic field model error
MPC model predictive control
MRP modified Rodrigues parameter
MTQ magnetorquer
OBC onboard computer
RLS recursive least squares
RMM residual magnetic moment
SBF spacecraft body frame
SRP solar radiation pressure
UKF unscented Kalman filter

I. INTRODUCTION

ATTITUDE determination and control is a multifaceted
field where a diverse range of subjects and techniques

come into play with the aim of determining the orientation of
a spacecraft and controlling its attitude. Attitude determination
and attitude control are often treated separately even if the
latter is, for many applications, strictly dependent on the
former. In most cases, in fact, it is possible to solve the
control problem by assuming perfect knowledge of the cur-
rent spacecraft state with successful outcomes [1]. Although
control theory fulfills an essential role in this field, the design
of an attitude determination and control system (ADCS) also
requires knowledge of other systems of the spacecraft together
with the characteristics of the space environment. Every aspect
of the spacecraft influences the ADCS, and they are in turn
influenced by ADCS requirements, which mainly consist of
estimation and pointing accuracy.

The aim of the present thesis is to assess different con-
figurations of the ADCS for the MIST (MIniature Student
saTellite) satellite and to find a reasonable tuning for it in
terms of the frequency at which the filter and the controller
should be executed by the onboard computer (OBC), in
order to guarantee the estimation and pointing requirements
are fulfilled (5◦ and 15◦ respectively, for each axis, during
sunlight) .

MIST is a satellite developed by a team of students at
the Royal Institute of Technology (KTH) with the guidance
of some of its faculty members. More details on the MIST
project are reported in the subsequent section. In order to
achieve the goal of this thesis, a simulation of the satellite was
developed with the software Simulink®. The development of
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the simulation started from a prior, simpler simulation, created
by past MIST members. Large parts of it were then changed
and reworked to create a testbed for different ADCS solutions.
The simulation contains a model for the satellite dynamics,
which is affected by the main environmental disturbances and
by the control action, exerted through a magnetorquer (MTQ).
The ADCS solutions consist of the use of an extended Kalman
filter (EKF) and a model predictive control (MPC) controller.
Different tunings are tested to find a convenient compromise
between accuracy and computational burden on the OBC.

A. Overview of the MIST project and MIST satellite descrip-
tion

The MIST project was established in 2014 at the KTH Space
Center by the initiative of its director Christer Fuglesang (also
KTH professor and astronaut) [2]. It is funded by the center
and managed by Sven Grahn, a project manager with long
experience in the space industry. The aim of the project is
giving to the students at KTH the opportunity of designing,
building, and launching a 3U CubeSat into space while the
satellite task is to successfully carry and run eight experiments,
which constitutes its payload.

Thoroughly describing each satellite system and each of its
characteristics goes beyond the scope of this thesis and more
information can be found in [2]. For what concerns the ADCS,
the satellite will be equipped with six Sun sensors and one
magnetometer for attitude determination. The control action
exerted by the MTQ will be computed by the flight software
which runs on the OBC, a 400 MHz, 32-bit ARM9 board
provided by the company Innovative Solutions In Space (ISIS).
There is no inertial measurement unit (IMU) on board, so no
direct measurement of the angular velocity of the satellite is
possible. That makes the estimator an essential component of
the ADCS, as it is the only way to feed the controller with a
fullstate vector.

The MIST project has been carried out by a succession
of student teams which are formed at the beginning of each
semester and dismantled at its end. This thesis has been
developed in Team 7.

B. Prior works

Former thesis students had already investigated the ADCS
of MIST during their work in past teams. In particular, in
Team 5, at the end of 2016, two thesis works were concur-
rently carried out by Jiewei Zhou and Oscar Bylund which
investigated the feasibility for the MIST concept to meet the
ADCS requirements [3] [4].

One of the main contributions from their work was a change
in the position of the deployed solar panels. They were initially
directed along the spacecraft body frame (SBF) y axis (normal
to the orbit plane in nominal attitude), but a static stability
analysis of the gravity gradient showed that was an unstable
configuration [3]. It was then decided to have the deployed
solar panel directed along x axis.

Kalman filtering along with different types of LQR op-
timal control and PD control were tested through Matlab®

simulations. The results showed that the suggested solutions

were capable of keeping the estimation and pointing errors
well below the limits set by the requirements. Although
these outcomes proved it is possible to control the satellite
successfully, the inherent simplifications of those simulations
did not allow for a deeper analysis of the ADCS tuning.

Subsequently, a control approach based on MPC was devel-
oped by Periklis Diamantidis and integrated into the simula-
tion, which was the starting point of the present thesis. This
thesis mainly consisted in amending some of the shortcomings
of the previously developed simulation. The main tasks were:

1) changing the attitude representation used in the simula-
tion to unit quaternions.

2) implementing a continuous-discrete EKF which uses a
model linearized around the most recent estimate

3) augmenting the filter such that it could estimate the
residual magnetic moment (RMM).

4) improving the MPC controller and testing it using dif-
ferent linear models.

RMM estimation is crucial because it is the strongest
disturbance; therefore, it is of high importance to have an
accurate estimate of its value. However, it is not trivial to
come up with an analytical model capable of predicting the
RMM, as it depends on the specific features of the satellite1;
hence it was chosen to use the EKF to estimate it from the
satellite behavior.

C. Thesis structure

Firstly, the general satellite attitude dynamics will be de-
scribed, preceded by a brief introduction of the frames of
reference and the attitude representations used throughout the
thesis; the MIST orbit and main environmental disturbances
will be treated thereafter. Subsequently, the Kalman filter
(KF) concepts and characterizing equations will be reported,
along with details about its implementation in the simulation.
Thirdly, the MPC theoretical ground will be discussed and
three different implementations will be proposed. Lastly, the
most significant results, obtained through the simulation of
the satellite dynamics and ADCS, will be presented and
commented.

II. MIST ATTITUDE DYNAMICS

In order to develop a simulation of a satellite orientation, it
is essential to have an analytical model of its behavior and to
know which frames of reference the motion is referred to. The
model is used to obtain an approximation of the real behavior
of the satellite. Also, it is useful to know the satellite’s orbit
as the main environmental disturbances vary with the satellite
position.

A. Frames of reference

There are three frames of reference which will be used from
now on to represent vector quantities:
• Earth-centered inertial (ECI),

1An analytical model of the RMM was derived for the SEAM satellite in
[5].
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• UVW frame,
• SBF.
The ECI frame is an approximate inertial frame which has

its origin at the center of the Earth. Its x-axis points toward the
mean vernal equinox, its z-axis is coincident with the Earth’s
rotational axis and positive toward the North, and its y-axis
completes a right-handed orthogonal set with the first two such
that ȳ = z̄× x̄ [6]; where [̄·] indicates a unit vector. The fact
that it is not perfectly inertial due to the motion of the Earth
about the Sun does not remarkably influence a satellite attitude
[1].

The UVW frame has its x-axis (also called U) along the
geocentric radius vector to the satellite, which is positive
radially outward, while its z-axis (also called W) is pointed
toward the orbital angular momentum vector. Its y-axis (also
called V) is pointed such that U,V, and W form a right-handed
orthogonal set [6].

The SBF is defined by an origin at a specified point
of the spacecraft and has its axes aligned with specified
structural elements of the spacecraft. The SBF axes of MIST
are coincident with the UVW axis when the satellite is in
nominal attitude.

B. Attitude representation

The orientation of an object in space can be represented in
several ways; all of which have pros and cons. Some popular
mathematical tools to represent rotations in the Aerospace field
are the direction cosine matrix (DCM), quaternions, and Euler
angles. They will be described more in detail in the following
sections.

1) Direction cosine matrix: The DCM, whose nine compo-
nents consist of the cosines of the angles from the reference
frame to SBF, is the least compact representation of the list
but also the most convenient when it comes to the number of
computations required to change the basis of a vector. In fact,
a change of basis requires 9 multiplications and 6 additions,
for a total of 15 operations [7]. However, the need to store
nine components and the presence of constraints between them
discourage its direct use in Kalman filtering. Let {b} and {n}
be two orthonormal, right-hand sets of vectors2 which form
the frames of reference B and N , respectively; if αij is the
angle from nj to bi, the relation between the components vb,i
of a vector expressed with respect to B, and the components
vn,i of the same vector relative to N , is

vb = Cvn (1)

where C is the DCM and its formulation is

Cij = cosαij . (2)

Because a rotation only has three degrees of freedom, it is
possible to store three components of the DCM and derive the
others when needed. That can be an optimal solution for cases
in which the system only depends on the chosen three compo-
nents. The MIST dynamic model in Eq. (13) only depends on
three of the nine components of the DCM; unfortunately, the

2This is called vectrix notation and is used in [8].

equations which relate the sensor measurements to the state
vector depend on the full DCM, so it is not reasonable to use
that approach, which could otherwise be convenient.

2) Euler angles: The Euler angles are the most intuitive
attitude representation; in fact, they are mostly used for pre-
senting results. Their values depend on the order with which
rotations are performed; therefore it is possible to identify
12 different Euler angle sets, the most common set used to
identify the attitude of a flying object is the (3,2,1) set, whose
components are also called yaw, pitch, and roll. However,
they are problematic when used in computations as all of the
sets suffer from singularities, that is divisions by zero in the
equations in which they are involved, caused by the presence
of specific orientations which cannot be represented by three
uniquely ordered angles. The presence of singularities is a
problem related to every non-redundant attitude representation.
Euler angles also present the issue of gimbal lock, that is a
loss of a degree of freedom when the pitch corresponds to
90°. Additionally, they are also not computationally convenient
due to the use of trigonometric functions when performing
changes of basis. For the previous reasons, Euler angles are
only used in the present thesis as an intuitive way of showing
the simulation results.

3) Quaternions: Quaternions are very convenient mathe-
matical objects to deal with rotations because they are a
compact representation (made of only four components) and
do not present any singularity. Moreover, the algebra govern-
ing quaternions is elegant and computationally efficient for it
does not involve trigonometric functions. Consequently, they
have been chosen as the main attitude representation for the
simulation and the ADCS algorithms in this thesis.

A proper introduction to quaternions goes beyond the scope
of this thesis and the reader is invited to refer to [9], [10] and
[11] for an introduction applied to aerospace and computer
graphics, or [12] for a deeper mathematical description.

A quaternion is defined as a quadruple of real numbers
(β0, β1, β2, β3). One common representation for quaternions
in literature is as the sum of a scalar β0 and a vector β [8]:

β = β0 + β

= β0 + β1i+ β2j + β3k. (3)

The norm of a quaternion β is

|β| =
√
β2

0 + |β|2. (4)

In attitude representation we are only interested in unit quater-
nions as they represent pure rotations.

Although the representation used in Eq. (3) is useful and
often used to introduce quaternions [10], [11], [12], this thesis
will be consistent with the convention used by Markley in [9]
and [13], where the scalar part of a unit quaternion q is the
fourth element of the quadruple and the whole unit quaternion
is represented by a column matrix:

q =

[
q
q4

]
=

[
e sin θ/2
cos θ/2

]
. (5)

Where e is the rotation axis unit vector and θ the rotation
angle. The last term of the equation highlight the relation
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between unit quaternions and rotations. This notation is conve-
nient as it allows to take advantage of matrix algebra to write
equations in a more compact form. It also allows a smoother
implementation in Matlab® code as it has 1-based indexing3

One of the most important quaternion operations is mul-
tiplication, which, for two quaternions p = [p p4 ]> and
q = [ q q4 ]> can be compactly written as follows [10]:

pq =

[
p4q4 − p · q

p4q + q4p+ p× q

]
(6)

Since the theory concerning the use of quaternions with
Kalman filtering was largely taken by Markley’s articles [13]
and [14], it is convenient to define the quaternion product the
way he defines it in his works.

p⊗ q = qp. (7)

With the latter definition, the quaternion representing the
composition of two successive rotations can be calculated with

p
LN

= p
LM
⊗ p

MN
. (8)

The relation between unit quaternions and their time derivative
is 

q̇1

q̇2

q̇3

q̇4

 =
1

2


0 ω3 −ω2 ω1

−ω3 0 ω1 ω2

ω2 −ω1 0 ω3

−ω1 −ω2 −ω3 0



q1

q2

q3

q4

 . (9)

4) Gibbs vector: The Gibbs vector is a 3-component atti-
tude representation defined as [9]

g = q/q4 = e tan
θ

2
, (10)

where q is the vector part of the corresponding quaternion.
As any 3-component representation, it presents a singularity
at θ = π. The advantages of this representation will be clarified
in VII-B, when talking about the multiplicative extended
Kalman filter (MEKF). One nice feature of the Gibbs vector is
that the vector representing the composition of two successive
rotations is equal to the sum of the vectors representing the
two individual rotations if the rotation angles are small [15].
That is, the sum between two Gibbs vectors can be considered
an analogous of the multiplication between two quaternions.

C. Equations of motion

MIST attitude and angular rates (ARs) can be described by
the Euler rotational equations of motion [8]:

Ixω̇x = −(Iz − Iy)ωyωz + τx, (11a)
Iyω̇y = −(Ix − Iz)ωxωz + τy, (11b)
Izω̇z = −(Iy − Ix)ωyωx + τz, (11c)

where Ii are the principal moments of inertia, ωi are the
components of the angular velocity ωBI, and τi are the
components of the external torque, which includes the control

3In the actual Matlab® implementation, the scalar term of a quaternion
q is its first component. That is because the native Matlab® functions for
quaternions use this same convention. However, it was chosen to adopt a
different convention in this report, with the scalar term as the last component,
to stay consistent with Markley’s papers.

torque and the torque produced by all the disturbances. ωBI

is the angular velocity of SBF with respect to the ECI frame,
expressed in SBF components.

The attitude the satellite shall follow (the target attitude)
is expressed in the UVW frame, which also offers a more
intuitive visualization of the results; therefore, it is convenient
to refer the angular velocity of the spacecraft to UVW. The
UVW frame is not an inertial frame and it is rotating with
respect to the ECI frame with an angular velocity of ωo along
the axis normal to the orbit plane.

Let ωBR = [ωp ωq ωr ]> be the angular velocity of
the SBF frame with respect to the UVW frame, then the
relationship between ωBR and ωBI is [16]

ωBR = ωBI −C[ 0 ωo 0 ]>, (12)

where C is the DCM from UVW to SBF.
Then Eq. (11) becomes

Ixω̇p = − (Iz − Iy) (ωq + C22ωo) (ωr + C32ωo) (13a)

−IxĊ12ωo + τx,

Iyω̇q = − (Ix − Iz) (ωp + C12ωo) (ωr + C32ωo) (13b)

−IyĊ22ωo + τy,

Izω̇r = − (Iy − Ix) (ωp + C12ωo) (ωq + C22ωo) (13c)

−IzĊ32ωo + τz.

The components Ċi2 are calculated using the relation [8, Eq.
3.27]

Ċ = −[ω×]C, (14)

where [ω×] is the skew-symmetric matrix obtained from the
angular velocity. In the remaining part of this thesis report,
any reference to an angular velocity will always be assumed
to be with respect to UVW, unless otherwise specified.

D. MIST orbit

The problem of orbit determination is outside the scope of
this thesis; hence, perfect knowledge of the satellite position
was assumed throughout the development. Orbit position is
important for attitude determination because the vast majority
of the external disturbances vary as the satellite orbits around
the Earth. MIST orbit is a sunsynchronous, low Earth orbit
(LEO) with a very low eccentricity of 0.001. For this reason,
the satellite is assumed to have a constant orbital angular
velocity. The two-line element set for the MIST orbit is

1 99999U 17040A 17172.00000000 .00002669 00000−0
00000−0 0 0010

2 99999 97 .9430 250 .6332 0010000 000 .0000 000 .0000
14.75896000 00000

III. MODELED DISTURBANCES

The disturbances a satellite may face can be divided into
two types, namely internal and environmental. Internal dis-
turbances are generated by the motion of mechanical devices
installed on board, the emission of mass, and the change of
mass distribution caused by propulsion systems. Since MIST
is actuated by only a MTQ, the only main causes of internal
disturbance are the motion of solar panels and the use of
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the Nanoprop experiment, a propulsion module for CubeSats
which will be tested on MIST. These sources of disturbance
have been neglected because they affect the satellite attitude
during specific and limited spacecraft maneuvers.

On the other hand, environmental disturbances continuously
act on the satellite and deeply affect its attitude profile.
The most important environmental disturbances are the Earth
magnetic field, which interacts with the satellite because of
the RMM, the aerodynamic drag, the solar radiation pressure,
and the gravity gradient [17]. The way these disturbances were
modeled in the simulation will be described in the following
sections. As it will be clarified later, the strongest source
of disturbance is the RMM, being larger than the others of
approximately one order of magnitude.

A. Residual magnetic moment interaction with Earth magnetic
field

The RMM is one of the strongest disturbances a satellite
may face, especially in LEO [1]. It is caused by the satellite
electronics and internal materials, and it is usually not depen-
dent on the satellite size [18]. The torque caused by the RMM
is obtained through

τRMM = µRMM ×B⊕, (15)

where µRMM is the RMM and B⊕ is the Earth magnetic field.
In previous missions it was observed that the RMM value

could be split in a roughly constant part, mainly caused
by the body of the spacecraft, and a small, time-varying
part, caused by electromagnetic disturbances; for example,
by the nonlinear behavior of the MTQs or by the electronic
equipment switching on and off [5] [18] [19].

As reported in [5], it is reasonable to assume that the
constant part will slowly change with time because of residual
magnetization, for example by Earth’s magnetic field. How-
ever, for the simulation purposes, the value of the RMM is set
to a constant value of 0.05 Am2 and is assumed to be entirely
concentrated in the y-axis component, as it creates a torque
which acts on the yaw axis of the spacecraft, the most unstable
axis [3].

B. Aerodynamic drag

The MIST orbit, as all LEOs, is significantly affected by
aerodynamic torque [1]. In the present work, aerodynamic
torque is modeled following the derivation in [1]. The satellite
is considered as a collection of flat plates and the atmosphere
is assumed to be rotating with Earth.

Let niB be the outward normal unit vector of each surface,
Si its area and let vrel,B be the relative velocity to the
atmosphere. Both quantities are expressed in SBF frame. The
inclination of the ith surface to the relative velocity is then

cos θirel =
niB · vrel,B

|vrel,B|
. (16)

The aerodynamic force exerted on the ith surface is, according
to the plate model,

f iaero = −1

2
ρCD|vrel,B|vrel,BSi max

(
cos θiaero, 0

)
, (17)

where CD is the aerodynamic drag coefficient.
The total torque is then

τaero =

N∑
i=1

ri × F iaero, (18)

where N is the number of flat plates.
The value of the atmospheric density ρ is based on the

AtmJ70 model. This model, which takes into account solar
radiation and geomagnetic storms, has been considered to be
one among the most accurate models [3] [20].

The drag coefficient is determined empirically and it is
usually in the range between 1.5 and 2.5 [1]. In the present
work, it was set to the constant value of 2.1, which is the same
value chosen in [3].

C. Solar radiation pressure

Solar radiation pressure (SRP) is also modeled by assuming
the spacecraft as a collection of N flat plates of area Si and
with outward normal niB [1]. Each surface has a specular
reflection coefficient Rispec, a diffuse reflection coefficient
Ridiff , and an absorption coefficient Riabs. Diffuse reflection
is assumed to be Lambertian4. Their relation is

Ridiff +Rispec +Riabs = 1. (19)

The angle between the Sun unit vector s (in SBF) and the
normal to the ith plate is given by

cos θiSRP = niB · s. (20)

The SRP force on the ith plate is then expressed by

fSRP = −P�Si
[
2

(
Ridiff

3
+Rispec cos θiSRP

)
niB

+
(
1−Rispec

)
s

]
max

(
cos θiSRP, 0

)
, (21)

where P� is the SRP and its value, at the Earth’s distance
from the Sun, is of about 4.5 · 10−6Pa [21]. The SRP torque
is then

τSRP =

N∑
i=1

ri × f iSRP. (22)

The radiation pressure sources accounted for in the simulation
also include the Earth albedo and Earth direct radiation (IR).

D. Gravity gradient

The gravity gradient is a torque acting on an orbiting object
caused by the gravitational field not being uniform and by it
being proportional to the inverse of the square of the distance
from the Earth center. Neglecting Earth oblateness, the gravity
gradient TGG can be calculated with

τGG =
3µ

r3
s

(rs,b × Irs,b), (23)

where rs,b is the position vector of the spacecraft with respect
to Earth written in SBF components [17].

4Lambertian diffuse reflection means that the intensity of the reflected light
is proportional to the cosine between the reflection direction and the normal
[1].
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The gravity gradient can have a stabilizing or destabilizing
effect on an orbiting satellite. The effect of the gravity gradient
on MIST was already studied in [3].

IV. MIST SENSORS AND ACTUATOR

MIST uses six coarse Sun sensors (CSSs) and a magnetome-
ter for attitude determination, while it is only equipped with
a MTQ for actuation. It does not possess an IMU; therefore,
the ARs cannot be measured directly but only estimated by
combining the measured attitude with the dynamic model.
This significantly reduces estimation accuracy and makes it
necessary to have a very realistic model and a solid filter.
Moreover, the sensors provide their measurement at a certain
frequency, that in the simulation is assumed to be 2 Hz; hence,
if the filter works at a higher frequency, it will have to rely
on the predictive model only until a new measurement is
available.

A. Sun sensors

Sun sensors are photodiodes whose output current is pro-
portional to the cosine of the angle of incidence of the Solar
radiation [17]. With three CSSs pointed in the non-coplanar
directions given by the unit vectors nj , nk, and nl, and other
three CSSs pointed in opposite directions n−j , n−k, and n−l,
it is possible to measure the full Sun pointing vector as a
function of the currents [1].

If the maximum current from the sensors is imax and the
Sun unit vector is s, the output current ij of the jth CSS is

ij =

{
imax(nj · s) if nj · s > 0

0 if nj · s 6 0
. (24)

Then, s can be computed with

s =
1

imax

n>jn>k
n>l


−1 ij − i−jik − i−k

il − i−l

 . (25)

A CSS cannot distinguish sunlight from different light
sources and every source other than sunlight is a disturbance.
The strongest disturbances for a CSS on a satellite orbiting
Earth are the Earth albedo and glints off nearby satellite
components, which can cause the measurement error to be as
high as 20◦ [1]. In the present work, this kind of disturbance is
neglected and the sensors are modeled such that the Sun unit
vector measurement is affected by a random error of about
1.8◦ and a fixed bias of about 1.3◦, as it was suggested by the
manufacturer [4].

B. Magnetometer

Magnetometers measure the sum of the ambient magnetic
field and any local field produced by the spacecraft [1]. One
of the strongest sources of magnetic disturbance are MTQs,
but any ferromagnetic material can contribute. However, if the
local magnetic field sources are known, they can be compen-
sated for during attitude estimation. For attitude determination,
it is also important to have a well-modeled magnetic field such
that, given a measurement, it is possible to derive the attitude.

The magnetometer is the least accurate sensor because,
besides the noise and the bias which affect the measurement,
model error is also present, affecting the conversion from
measurement to attitude estimation. The model error comes
from the imperfect knowledge of the magnetic field around
Earth5 which is used, together with the measurement, to
derive the attitude. The MFME introduced in the simulation
is modeled by a sinusoid with a bias of about 240 nT and an
amplitude of about 300 nT. Magnetometer noise is represented
by white noise with a standard deviation of about 170 nT.

C. Magnetorquer

A MTQ is an actuation device which generates a magnetic
moment which in turn interacts with the Earth magnetic field,
creating a torque according to the same law presented in Eq.
(15). The maximum magnetic moment the MIST’s MTQ can
generate is of 0.2 A m2 in each orthogonal direction. The
simulation presented in this thesis does not take into account
the control error, which is always present in a real case. The
lack of another mean of actuation causes the spacecraft to be
underactuated as it is impossible to generate a torque in the
Earth magnetic field direction.

V. ATTITUDE DETERMINATION

Conceptually, the role of an estimator is to combine the
available information from different estimates, each affected
by some uncertainty, in order to obtain a new, more accu-
rate estimate of the state variable. The estimation methods
can be broadly divided into batch estimators and sequential
estimators. Batch estimators compute the state estimate at
an epoch using all the available measurements taken during
a timespan; while sequential estimators update the estimate
each time a new measurement is available. The two types
can also be combined by updating the estimate after a certain
number of measurements is available [17]. The EKF, a kind
of sequential estimator, was chosen for the ADCS simulation
of MIST. The next section will explain the reasons behind this
choice and briefly describe the alternatives; subsequently, the
EKF algorithm and its characteristics will be explained more
in detail.

A. Estimator choice

The main advantages of a batch estimator are the simple
implementation and the easy way of identifying and excluding
bad observation data (outliers), given by the fact that all ob-
servation residuals are available at a time. The main drawback
is the necessity of keeping in memory the whole observation
history which determines a storage-depending constraint and,
in case of several iterations required to achieve convergence, a
computational effort which could be significantly higher than
with a sequential estimator [17]. Sequential estimators only

5As explained in II-D, the simulation developed for this thesis does not
take into account the position uncertainty of the satellite. In this case, the
magnetic field model error (MFME) could be considered to not only include
the actual model uncertainty of the magnetic field, but also to include the
error determined by the fact that in the real case the position in orbit is not
perfectly known.
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need to keep in memory the last estimate and the last obser-
vation set, thus determining smaller memory usage. Two types
of sequential estimators are recursive least squares (RLS) and
KF. The RLS allows an estimate to be improved every time
a new set of measurements is available. On the other hand,
it is more sensitive to outliers than batch estimators [17]. A
common issue of batch estimators and RLS is that, if the
state undergoes an unmodeled variation between observations,
the algorithm will calculate a weighted average of its value.
This makes model accuracy crucial if one of those estimators
has to be used. The KF introduces noise in the model which
gives the filter a fading memory; i.e., older measurements
are weighted less as new measurements are available [17];
it is, therefore, more computationally demanding than the
RLS but also more accurate. Actually, it is the best linear
unbiased estimator (BLUE) under the assumption of zero-
mean, uncorrelated white noise [22].

The MIST satellite sensors provide only two independent
measurements of the attitude when in sunlight, and only one
when in eclipse. This makes it necessary to rely on the
spacecraft dynamics model to compensate for the time lapses
between one available measurement and the other. For this
reason and for the extensive amount of literature in the Space
engineering field, the KF was considered the best candidate
to investigate the ADCS capabilities of MIST. The traditional
KF does only work with linear systems, while a spacecraft’s
dynamics is strongly nonlinear, as seen in II. A variety of
KF extensions have been developed to amend this limitation;
two of them are the EKF and the unscented Kalman filter
(UKF). While the EKF operates by using a linearized model
of the system, the UKF avoids linearization by computing
the posterior state covariance matrix through the unscented
transformation [23]. It was shown that the UKF gives a
better mean state estimation [24]. On the other hand, in some
applications the advantage given by the UKF was negligible
and its computational burden was significantly higher (of up
to an order of magnitude [25]) than the EKF [26] [27] [28]. In
particular, [28] showed substantial computational advantages
in using the EKF in the attitude estimation of a microsatellite
in LEO. The computational burden is considered critical for
the MIST satellite, hence the choice of using the EKF.

The next section will describe the main structure of an EKF
while the subsequent one will explain how to use quaternions
as an attitude representation in the filter state. In fact, one
of the assumptions the KF is based upon is that the state
components form a vector space, which, from the discussion
in II-B3, is not the case for unit quaternions. This is solved by
means of a MEKF which was first developed and described
in [14].

VI. KALMAN FILTER

In this section, the main concepts regarding Kalman filtering
applied to a nonlinear model will be covered. The main
assumptions on which the KF formulation is based will be
outlined, along with the difference between continuous-time
and discrete-time KF and how to perform the linearization of
the dynamic model for the EKF.

A. Kalman filter and extended Kalman filter

The KF algorithm, in its discrete time formulation, consists
of two phases; the first one is the prediction of the state vector
at the current instant of time using an analytical model, which
is also called state propagation or time update. In this case,
the analytical model is given by a set of finite difference equa-
tions describing the spacecraft dynamics. The time update is
subsequently corrected in the second phase, the measurement
update, using the available measurements from the sensors. A
conceptual visualization of how the KF works is shown in Fig.
1. The straight arrows represent the different estimates, while
the ovals represent the respective uncertainties. The green,
curved arrow represents the prediction from the estimate at the
previous instant of time x+

k−1 to the predicted estimate x−k . It
can be noted that in this passage the oval grows bigger; that
happens because of the process noise affecting the prediction.
xmeasure
k is the estimate derived from a sensor, while x+

k is the
updated estimate, whose oval, that is the uncertainty, is smaller
than both the predicted and the sensor estimate. The EKF is
an extension of the regular KF in which the nonlinear system
is linearized around an a priori estimate of the state (usually
the linearization is performed at each update); the obtained
system matrices are then used in the regular KF equations. A
generic nonlinear system can be represented by

ẋ = f (x,u,w) , (26a)
y = h (x,u,v) , (26b)

Where x is the state vector, y is the measurement vector, u
is the input vector, and w and v are respectively the process
and measurement noise. As anticipated, assuming the model
to be linear and w and v to be zero-mean, uncorrelated,
white noise with covariance matrices Qc and Rc (where the
subscript means the covariance matrices are calculated for
the continuous time process), the KF is BLUE. The noise
characteristics can be expressed with the notation

w ∼ (0,Qc) , (27)
v ∼ (0,Rc) . (28)

It is often stated that the noise must also be Gaussian; however,
that assumption is not required for the KF to be the optimal
linear filter but to be the optimal filter overall [22]. These
assumptions are purely theoretical since their derivation does
not take into account the finite arithmetic precision of the
embedded systems on which the filter is going to run and the
fact that the assumption of white noise is violated in any real
case. Moreover, the EKF only works on a linearization of the
model; hence there is no guarantee for the filter convergence
and a correct filter tuning, in terms of the chosen covariance
matrices, is essential for a successful outcome. The equations
characterizing the EKF depend on whether the system and the
filter are continuous or discrete. In many cases, including the
present one, the system is continuous, but the filter itself is
run with a discrete time step; it is called continuous-discrete
or hybrid EKF.
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Fig. 1: Conceptual diagram of the KF algorithm.

B. System linearization

In order to implement an EKF, Eq. (26) must be linearized.
The linearization is carried out with respect to some reference
state xs and reference input us. As the mean value of the noise
is zero, it makes sense to take this value for the linearization.
Eq. (26a) becomes

ẋ ≈ f (xs,us, 0) +
∂f

∂x

∣∣∣∣
xs,us,0

(x− xs) + (29)

∂f

∂u

∣∣∣∣
xs,us,0

(u− us) +
∂f

∂w

∣∣∣∣
xs,us,0

w.

The partial derivatives correspond to the Jacobian matrices of
f with respect to the state vector, the input vector and the
process white noise. Let

A =
∂f

∂x

∣∣∣∣
xs,us,0

, (30a)

B =
∂f

∂u

∣∣∣∣
xs,us,0

, (30b)

L =
∂f

∂w

∣∣∣∣
xs,us,0

, (30c)

w̃ = Lw. (30d)

Eq. (26b) becomes

y ≈ h (xs,us, 0) +
∂h

∂x

∣∣∣∣
xs,us,0

(x− xs) + (31)

∂h

∂u

∣∣∣∣
xs,us,0

(u− us) +
∂h

∂v

∣∣∣∣
xs,us,0

v,

where

C =
∂h

∂x

∣∣∣∣
xs,us,0

, (32a)

D =
∂h

∂u

∣∣∣∣
xs,us,0

, (32b)

M =
∂h

∂v

∣∣∣∣
xs,us,0

, (32c)

ṽ = Mv. (32d)

The noises of the linearized equations are given by

w̃ ∼
(

0, Q̃c

)
, (33a)

ṽ ∼
(

0, R̃c

)
, (33b)

where

Q̃c = LQcL
>, (34a)

R̃c = MRcM
>. (34b)

It is important to note that, although not explicitly indicated,
all the matrices and quantities are state dependent. For this
reason the linearization usually takes place at the beginning
of each time and measurement update. Alternatively, it can be
performed at multiples of the time step at which the filter is
executed, especially if the dynamics of the system is slowly
changing while the linearization computational effort for the
particular system is heavy.
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As it is assumed that the control input never directly affects
the measurement, D is thus null, and the linearized system
takes the form

ẋ = f (xs,us,0) +A∆x+B∆u+ w̃, (35a)
y = h (xs,0) +C∆x+ ṽ. (35b)

The sum between the linearization constant f (xs,us,0)
and the input, in Eq. (35a), can be considered as a fictious
input

ũ = f (xs,us,0) +B∆u. (36)

This makes sense as the linearization constant is determined
a priori by choosing the point around which the model shall
be linearized.

C. Continuous Kalman filter

Since the Hybrid EKF combines the continuous-time and
the discrete-time KF equations, it is convenient to first describe
the former. The system

ẋ = A (t)x+B (t)u+L (t)wc, (37a)
y = C (t)x+M (t)vc, (37b)

Lwc ∼
(
0,LQc(t)L>

)
, (37c)

Mvc ∼
(
0,MRc(t)M>) , (37d)

represents a generic continuous-time linear system whose
matrices are possibly time-dependent. The continuous KF
equations are [22]

K = PC>R̃−1
c , (38)

˙̂x = Ax̂+Bu+K(y −Cx), (39)

Ṗ = −PC>R̃−1
c CP +AP + PA> + Q̃c, (40)

where for the noise covariances, the same conventions as
in (34) apply. The estimate and its covariance matrix are
initialized as follows:

x̂(0) = E[x(0)], (41)

P (0) = E
[
(x(0)− x̂(0))(x(0)− x̂(0))

>
]
. (42)

As opposed to what was anticipated in the previous sections, in
the continuous case formulation there is no distinction between
time propagation and time update. In fact, the estimate is
only given in terms of its time derivative, which must then
be integrated.

D. Continuous-discrete Kalman filter

Most of the real systems are more readily described by
continuous time models. However, estimation and control
algorithms are usually implemented on electronic hardware
which works in discrete time. That forces us to pass from
a differential equation system to a discrete (or difference)
equation system. To convert a continuous time system to a
discrete time system, one must solve a matrix differential

equation. The continuous time system (37) corresponds to the
discrete time system [17] [22]

xk = F (tk, tk−1)xk−1

+

∫ tk

tk−1

F (tk, tk−1)Bdτuk−1

+Lk−1wk−1

= Fk−1xk−1 +Gk−1uk−1

+Lk−1wk−1, (43a)
yk = Hkxk +Mkvk, (43b)
wk ∼ (0,∆tQc(tk)) ∼ (0,Qk), (43c)
vk ∼ (0,Rc(tk)/∆t) ∼ (0,Rk). (43d)

Where tk−1 and tk are the initial and final time instants which
define the discretization time step, and Hk = C(tk). The
matrix F is obtained solving the matrix differential equation
[17]

∂F (tk, tk−1)

∂tk
= A (tk)F (tk, tk−1) . (44)

The input u is considered to be piecewise constant with
intervals equal to the sampling time and thus taken out from
the integral. The proof of the expressions of the covariance
matrices of the discretized system’s noises, which may seem
intuitive for (43c) but not as much for (43d), is developed in
[22].

In case of a linear time-invariant (LTI) system6, the matrix
F is an exponential and the time propagation expression
becomes

xk = eA∆txk−1

+eA∆t

∫ ∆t

0

e−AτdτBuk−1 +Lk−1w. (45)

where ∆t is the sampling time. From now on, the same
convention used for the linearized system in (33) will be used
for the linear system:

Q̃k = LkQkL
>
k , (46a)

R̃k = MkRkM
>
k . (46b)

A discrete-time KF can now be used to estimate the state
of system (43). Note that the superscript − indicates that the
measurement refers to a state which has not been updated
with the measurement yet as opposed to + which indicates
otherwise. The filter is first initialized as follows:

x̂+
0 = E[x0], (47a)

P+
0 = E

[(
x0 − x̂+

0

)(
x0 − x̂+

0

)>]
. (47b)

At the beginning of each time step the estimate and its
covariance are propagated through time with

x̂−k = Fk−1x̂
+
k−1 +Gk−1uk−1, (48a)

P− = Fk−1P
+
k−1Fk−1

> + Q̃k−1. (48b)

Where x̂−k is the a priori estimate. When a measurement is
available the a priori estimate is updated with the information

6It is actually enough for the system matrices to be piecewise constant
between one sample and the next one.
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which that measurement carries, thus obtaining the a posteriori
estimate as follows:

x̂+
k = x̂−k +Kk

(
yk −Hkx̂

−
k

)
. (49)

Where Kk is the Kalman gain, that is the weight given to the
measurement contribution. It is computed through

Kk = P−k H
>
k

(
HkP

−
k H

>
k + R̃k

)−1

, (50)

which can be proved to be the choice that minimizes the
sum of the variances of the estimation error [22]. Finally,
the estimate covariance matrix is updated in light of the new
information:

P+
k = (I −KkHk)P−k (I −KkHk)

>
+KkR̃kK

>
k

= (I −KkHk)P−k . (51)

The covariance matrix of an estimate must always be symmet-
ric and positive semi-definite; however, numerical approxima-
tion can cause the last expression in Eq. (51) not to respect this
constraints. The first expression in Eq. (51) is called Joseph
stabilized form of the covariance measurement update equa-
tion. Although both expressions are mathematically equivalent,
the stabilized form is guaranteed to be symmetric and positive
definite in the face of numerical approximation [22] and has
been therefore used in the MIST ADCS simulation despite
being more computationally demanding.

E. Hybrid extended Kalman filter

The process of discretizing a continuous-time system can
only be performed analytically if the system is LTI. In case of
a nonlinear system, a different, hybrid approach can be used
in which the time update is performed using the continuous-
time formulation of the KF, while the measurement update is
done with the discrete-time formulation [22]. At each step Eq.
(26a) and its covariance are numerically integrated to obtain
the state prediction. Integration can be performed in different
ways, such as Euler forward or Runge-Kutta of higher orders.
The estimate covariance derivative is obtained through Eq. (40)
by excluding the term related to the measurement noise;

Ṗ = AP + PA> +LQcL
>. (52)

Here, A is obtained through linearization from Eq. (30a). In
the EKF, the linearization is always performed around an a
priori estimate which trivially corresponds to the most recent
state estimate available.

The measurement update is performed exactly like it would
be done with a regular discrete-time KF with Eqs. (49), (50)
and (51). One advantageous characteristic of this filter is that
it is not needed to perform the measurement update with the
measurements from all the sources at one time, that is the
update can be sequential. If, for example, the Sun sensors are
not available because the satellite is in eclipse, the update can
still be performed with the magnetometer measurement only
because the two updates are done separately.

For an EKF which operates on the system in Eq. (26), the
estimation algorithm at the kth instant can be summarized as
follows:

1) the time propagation of the estimate is performed by
numerical integration of the nonlinear function in Eq.
(26a) using the former estimate x̂+

k−1 to obtain x̂−k ;
2) the function f is linearized to obtain A as in Eq. (30a)

with respect to xs = x̂−k ;
3) the time propagation of the estimate covariance is

performed by numerical integration of its derivative,
obtained through Eq. (52);

4) if a measurement is available, the function h is
linearized around the previously calculated estimate
through Eq. (32a), otherwise, the algorithm starts from
the beginning at the next time step;

5) the measurement update is performed with Eqs. (49),
(50), and (51) to obtain x̂+

k ;
6) Go back to step (4) using the newly calculated estimate.

The EKF algorithm is visually represented by the diagram in
Fig. 2.
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Fig. 2: Diagram showing the EKF algorithm. The superscript (−) indicates that the estimate could have already been updated
with a previous measurement but it has not been updated yet with the current measurement. The superscript (+) indicates that
the estimate has been updated with the current measurement but the measurement update has not finished yet, so that it could
be updated again if another measurement is available.

VII. USING UNIT QUATERNIONS IN THE EXTENDED
KALMAN FILTER: THE MULTIPLICATIVE EXTENDED

KALMAN FILTER

As it was anticipated in II-B, quaternions are the most com-
monly adopted attitude representation when singularities must
be avoided, and their nice computational attributes (namely the
lack of trigonometric functions involved in their equations)
makes them one of the most computationally convenient
choice. However, the unity-constraint on the quaternion norm
makes them problematic when used in Kalman filtering. In
fact, there is no way to respect the constraint during estima-
tion, besides forcing it through a subsequent normalization.
More generally, the KF derivation implicitly assumes the state
variable to be a vector in the mathematical sense, i.e., to be part
of a vector space, which is not the case for unit quaternions7.
For example, in the measurement update showed in Eq. (49),
the predicted estimate is summed to the innovation multiplied
by the Kalman gain; however, assuming the state variable
is a quaternion, the result of that addition is by no means
guaranteed to respect the unity-constraint. Unit quaternion
summation is not an internal operation; consequently, both
the linearization of a dynamic system containing quaternions

7Unit quaternions form a Lie group [12].

in its state variable and the time update in the KF cannot be
performed as they were in VI-B and VI-D.

Markley developed a variation of the EKF, called MEKF
[14], which amend the regular KF shortcomings with quater-
nions. The alternative to using a MEKF is to use a regular EKF
and forcing the normalization of the quaternion. Markley calls
this filter ray representation additive extended Kalman filter
and, in [14], he shows that it leads to the same accuracy as
the MEKF with the disadvantage of a higher computational
cost. For this reason, and because it is the most conceptually
satisfying, the MEKF formulation was selected for the present
work and its main characteristics will be outlined in the
following sections.

A. Multiplicative extended Kalman filter formulation

The MEKF is based on treating the exact attitude as the
composition between some reference attitude represented by
the quaternion q

ref
and the relative rotation from the reference

to the exact attitude, represented by δq and also called rotation
error. The rotation error quaternion, assumed to be small, is
parametrized using a three-component attitude representation
vector like the rotation vector or the modified Rodrigues
parameters (MRPs), which will be indicated with a. This
vector parametrization is then used in the state variable of the



12

filter in place of the quaternion. The true attitude is therefore
obtained with

q = δq(a)⊗ q
ref
. (53)

By using this formulation, it is possible to perform a change
of variable in the model, from unit quaternions to the chosen
three-component parametrization. If, for example, the state
variable is formed by the angular velocity and the attitude
quaternion, [ω q ]> and the original nonlinear model is

[
ω̇
q̇

]
=

[
fω,q

(
ω, q,wω

)
f
q

(
ω, q,wq

) ] , (54)

one can derive the analogous model

[
ω̇
ȧ

]
=

fω(ω,a, q̇ref
, q

ref
,wω

)
fa

(
ω,a, q̇

ref
, q

ref
,wa

) , (55)

where the new state variable is [ω a ]>, while q̇
ref

and q
ref

are just parameters. The new state variable is suitable for
Kalman filtering as it is unconstrained, as long as the rotation
represented by δq is small enough to keep a far from the
singularity. If the reference attitude is chosen to be the time
propagated attitude q̂−, the quaternion estimate can be written
at any time as

q̂+ = δq(â)⊗ q̂−. (56)

From Eq. (56), the EKF algorithm can be modified such that
the time propagation of the estimate is executed with the
original model in Eq. (54), while the time propagation of the
estimate’s covariance and the successive measurement update
are carried out through the linearization of the model in Eq.
(55) and by always assuming q

ref
= q̂−. It is important to note

that the estimate’s covariance is referred to the parameter â;
hence the dimension of its respective components is relative to
the unit of measure of the chosen parametrization. Before the
measurement update takes place, the value of â is zero as it
represents the estimated error from the reference quaternion.
The measurement update will result in a new value for â and,
before ending the MEKF iteration and starting again with the
next prediction, the quaternion estimate must be updated with
the rotation error through Eq. (56) and â must be reset to zero.
This process is called reset and it should be clear that it does
not affect the estimate’s covariance at all as it does not modify
the compound orientation represented by the combination of
the parameter and the reference quaternion; it just “moves” the
rotation error represented by the parameter to the reference.

The exact expressions of fω and fa, resulting from the
change of variable of the model, are dependent on the
parametrization choice and will be outlined in VII-B. Those
functions must then be linearized with respect to the new state

variable. The matrices A and L, from Eq. (30), are calculated
as follows:

A = E


∂fω∂ω

∂fω
∂a

∂fa
∂ω

∂fa
∂a


, (57a)

L = E


 ∂fω

∂wω
[0]3×3

[0]3×3
∂fa
∂wa


. (57b)

The expectation symbol here causes the Jacobians to be
evaluated for a = 0, wω = wa = 0 and ω = ωref . Where
the value of E

[
∂fω
∂a

]
, E
[
∂fa
∂ω

]
, and E

[
∂fa
∂a

]
depends on the

specific parametrization used, while

E

[
∂fω
∂ω

]
≈ 0 ω3

I2−I3
I1

(ω2 + ωo)
I2−I3
I1
− ωo

−ω3
I1−I3
I2

0 −ω1
I1−I3
I2

(ω2 + ωo)
I1−I2
I3

+ ωo ω1
I1−I2
I3

,

,
(58)

for nominal attitude. The exact matrix was calculated using
the symbolic toolbox of Matlab®. Eq. (52) can then be used to
compute the time-propagation of P . To perform the measure-
ment update, h, from Eq. (26b), is rewritten as a function of
a vector vb expressed with respect to SBF (which in our case
could be the magnetic field vector or the Sun-pointing vector)
so that

h(vb) = h
(
DCM(a)v̂−b

)
, (59)

where DCM(a) is the DCM corresponding to the vector
parametrization, while

v̂−b = DCM
(
q̂−
)
. (60)

If a is zero (which should be the case before the first measure-
ment update) or very small, DCM(a) can be rewritten in a
simplified form which depends on the chosen parametrization
and allows to easily linearize h with respect to the parameter
to obtain the output matrix

C = E

{
∂h

∂a

}
. (61)

In case there are more measurement updates performed in
a row, the expectation operator will cause the Jacobian in
Eq. (61) to be evaluated around the current estimate â at
each update. In practice, it is more convenient to linearize by
assuming the estimated rotation error to be zero as the value
of â is not supposed to be large anyway. To avoid the error
caused by doing so, it is also possible to perform the reset
after each single measurement update of the sequence, at the
price of a higher computational cost.

The MEKF estimation algorithm at the kth instant can be
summarized as follows:

1) the time propagation of the estimate is performed by
numerical integration of the quaternion nonlinear model
in Eq. (54) to obtain

(
[ ω̂ q̂ ]>

)−
k

;
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2) the parametrized model in Eq. (55) is linearized through
Eq. (57) to obtain A and L;

3) the time propagation of the estimate covariance is
performed by numerical integration of its derivative,
obtained through Eq. (52);

4) if a measurement is available, C is calculated through
(61) and is used to perform the measurement update to
obtain

(
[ ω̂ â ]>

)+
k

. This point is reiterated as long as
new measurements are available;

5) δq is calculated from â and the reset is performed by
computing q̂+

k
through Eq. (56) and â is set back to

0. Alternatively, the reset can be performed after each
measurement update.

B. Multiplicative extended Kalman filter parametrization

Markley [13] compares different attitude error representa-
tions for δq(a). Namely, the Euler rotation vector, twice the
vector part of δq, four times the MRPs vector, and twice
the Gibbs vector. From this comparison, the latter emerges
as convenient for its nice computational features and will be
indicated with ag. The relation between δq and ag can be
derived from Eq. (10) and is

δq(ag) =
1√

4 + a2
g

[
ag

2

]
. (62)

Notably, this formulation avoid trigonometric functions (as
opposed to the rotation vector). It also allows a more conve-
nient reset process, in which first the unnormalized quaternion
product is computed as

ρ =

[
âg

2

]
⊗ q̂−, (63)

and the result is then normalized to obtain

q̂+ = ρ/|ρ|. (64)

As highlighted by Markley [13], this form prevents the accu-
mulation of numerical error in the quaternion norm.

For this parametrization it can be proved [13] that

ȧg = fa

=

{
1

2
ω̄ ⊗

[
ag

2

]
−
[
ag

2

]
⊗ q̇

ref
⊗ q−1

ref

}
V

−1

2

{
1

2
ω̄ ⊗

[
ag

2

]
−
[
ag

2

]
⊗ q̇

ref
⊗ q−1

ref

}
4

ag.

(65)

Where the notations {· · · }V and {· · · }4 indicate the vector
part and the scalar part of the quaternion between brackets,
respectively. From Eq. (65), by using some quaternion algebra,
it can be derived [13]

E

[
∂fa
∂ag

]
= −[ωref×], (66a)

E

[
∂fa
∂ω

]
= I3×3. (66b)

The expression of E
[
∂fω
∂ag

]
is rather long and will not be

reported here. An approximated form, derived for nominal

attitude and by considering the angular velocity, the RMM,
and the control magnetic moment to be zero is

E

[
∂fω
∂ag

]
≈

−ωoω2 − I2−I3
I1

(
ωo(ωo + ω2) + 3G0

r30

)
0 0

ωoω1

(
1 + I1−I3

I2

)
− 3G0

r30

I1−I3
I2

ωoω3

(
1 + I1−I3

I2

)
0 0 ωo

(
(ωo + ω2) I1−I2I3

− ω2

)
.

(67)

Where, again, the exact matrix was calculated using the
symbolic toolbox. As anticipated in the previous section, a
simplified expression of the C matrix for small a can be
obtained by noticing that the DCM representing the rotation
error has the first order approximation

DCM(δq) = I3×3 − [a×]. (68)

Then, using Eq. (59)

C =
∂h

∂a
=

∂h

∂vb

∣∣∣∣
v̂−b

[v̂−b ×]. (69)

VIII. KALMAN FILTER IMPLEMENTATION

In the previous sections, the theoretical background of some
aspects of Kalman filtering was treated. Here, some details
about the specific implementation in the MIST simulation are
given. The filter was implemented in Simulink® following
the simplified model showed in Fig. 3. In principle, the filter
frequency is independent of the frequency of the sensors. The
filter only performs the prediction part until there is a new
measurement from at least one of the sensors; at that point, it
performs the update. However, the offset between prediction
and measurement could impact filter accuracy; hence it was
decided to set the filter period to multiples or submultiples of
the measurement sample time.

A. Residual magnetic moment estimation

The variables estimated by the filter include, of course, the
quaternion vector representing the attitude and the ARs. How-
ever, Kalman filtering can also be used to mitigate parameter
uncertainty. In attitude determination, as it was said in III-A,
the RMM is often not known a priori despite causing extreme
disturbances to the satellite dynamics. An effective way of
dealing with this issue is to include the RMM in the state
vector and to use the filter for online estimation of its value
[18] [29]. From the discussion in III-A, the RMM can be
considered to be constant (at least piecewise constant) so that
its derivative is zero. Therefore, the filter can calculate its value
only from its influence on the ARs; precisely like it does with
the ARs which influence the orientation.

Even if the true value of the RMM in the simulation is fixed,
the RMM was modeled as a random walk in the model used
by the filter. A random walk is a stochastic process formed by
successive summations of independent, identically distributed
random variables [30]. The reasons to do that are multiple
and one is that, in the real case, the RMM actually better
mirrors the behavior of a random walk than that of a constant.
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Fig. 3: Simplified model of the implemented filter.
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However, as it will be shown in X-C, one reason is also that,
by introducing some noise in the RMM model, the RMM
estimation may be less accurate but the satellite dynamics
could be better estimated by the fact that the unmodeled
disturbances would be “absorbed” by the RMM noise. The
specific type of random walk with which the RMM is modeled
here is represented by

µRMM,k+1 = µRMM,k +

0
1
0

wRMM,k∆t, (70)

where wRMM is zero-mean, Gaussian, white noise, while ∆t
is the filter time step. The RMM time-derivative8 is then

µ̇RMM,k =

0
1
0

wRMM,k. (71)

In the simulation, no initial guess on the RMM value is made
and the initial RMM estimate is always set to 0.

B. Kalman filter dynamic model

By adding the RMM to the state vector, it becomes
[ω ag µRMM ]>. The relation between the ARs and their
derivatives is given by Eq. (13). The external torque τ in
the estimator model, however, only includes the RMM and
the MTQ control action. The reasons for this approximation
are multiple; as presented in III, the RMM is about an
order of magnitude higher than all the other disturbances.
Consequently, neglecting them should not significantly affect
prediction accuracy. The computational load on the OBC is
also decreased as the linearization of the model, which is
performed at every iteration, is simpler. Additionally, by using
an inaccurate model, the robustness of the controller/filter is
also tested against model uncertainty.

The new system matrix is obtained by expanding the one
in Eq. (57)

A =


E
[
∂fω
∂ω

]
E
[
∂fω
∂ag

]
E
[

∂fω
∂µRMM

]
E
[
∂fa
∂ω

]
E
[
∂fa
∂ag

]
03×3

03×3 03×3 03×3

 , (72)

where ∂fω
∂µRMM

is given by

∂fω
∂µRMM

≈

 0 B3

I1
−B2

I1

−B3

I2
0 B1

I2
B2

I3
−B1

I3
0

 . (73)

C. Adaptive Kalman filter

Kalman filtering requires the user to know the noise statis-
tics in the form of constant covariance matrices. This infor-
mation is often not accurate for the measurement noise and
not known at all for the process noise. The wrong values for

8It is not mathematically correct to talk about the derivative, since the RMM
as modeled in the filter is not a continuous function. There are, however, a
left and a right derivative.

these covariances can lead the filter to converge too slowly or
to diverge. Consequently, lengthy trial and error sessions are
often necessary to find a good enough tuning of the filter. It
could also happen that the found covariances only works for a
limited range of time, which is especially likely if a linearized
model is being used.

Adaptive Kalman filtering means that the covariance ma-
trices are automatically corrected while the filter is running
according to some criteria. Depending on the criteria, different
adaptive strategies can be identified [31]: Bayesian, maximum
likelihood, correlation, and covariance matching approaches.
Here, the covariance matching technique was implemented.

1) Covariance matching of Q and R: The covariance
matching approach used in the MIST simulation was devel-
oped in [32] and consists in making the residual and the
innovation consistent with their theoretical covariances. The
residual is defined as

εk = yk − hk(x̂+
k ), (74)

while the innovation is

dk = yk − hk(x̂−k ). (75)

The measurement noise covariance is then updated at each
step with

Rk = αRk−1 + (1− α)
(
εkε
>
k +HkP

−
k H

>
k

)
, (76)

while the process noice covariance is adapted through

Qk = αQk−1 + (1− α)
(
Kkdkd

>
kK

>
k

)
. (77)

Where α is called forgetting factor and the higher its value is
the less the covariance values fluctuate.

One issue with this kind of adaptation for an ADCS is that
not all sensors are used all the time. In particular, the Sun
sensors are not used during an eclipse. Thus, it could happen
that, while during an eclipse the measurement covariance of
the magnetometer and process noise covariance would grow
larger because of the higher residual and innovation, the
measurement covariance of the Sun sensors would remain
small. Consequently, at the beginning of the subsequent sun-
light period, the “ratios” between the covariances would not
be realistic anymore and the filter would give much more
importance to the Sun sensors’ contribution without this being
justified by its accuracy. The simulation testing confirmed
this hypothesis, and it was decided only to use this kind of
adaptation during an eclipse and then resetting the covariances
to their original values at the beginning of the sunlight period.
This strategy gave better results than both not using any
adaptation at all and using it all the time.

IX. ATTITUDE CONTROL

The attitude control of MIST presents the critical issue of
underactuation caused by the use of a MTQ as the only means
of actuation. In fact, it is impossible to generate a torque
with the same direction as the magnetic field. This problem
is similar to the one encountered for the PRISMA mission on
the TANGO satellite, developed by OHB-Sweden [19]; it was
thoroughly analyzed in [3], one of the previous thesis works
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performed in MIST, which, as anticipated in , led to a change
in the orientation of the deployable solar panels to improve
the static stability of the satellite, thus reducing the problem
caused by underactuation.

In [3] an LQR controller was proposed. That only gave
satisfying results with a RMM an order of magnitude smaller
than the expected one. Here, a MPC, with or without RMM
pre-compensation, is investigated.

As it was briefly stated in the introduction, the solutions to
the control problem and the estimation problem are generally
coupled. For linear systems, it can be proven that the two
problems are independent (known as Separation principle
[1]), but they are not in ADCS design, where the system
is nonlinear. Nevertheless, treating them as independent is
usually acceptable.

A. Model predictive control

MPC (also called receding horizon control) consists in the
minimization of a cost function whose variable is the actuation
exerted along a specified number of time steps (the horizon).
The attitude MIST shall attain, that is the reference attitude, is
with zero yaw, pitch, and roll. The reference AR with respect
to UVW are also all zero. That means the state x represents
the deviation from the reference, provided the attitude is
represented by a vector9.

For a discrete-time system, the minimization problem is [33]

min
ui|k, i=0,1,...,N

N−1∑
i=0

(∥∥xi|k∥∥2

Q
+
∥∥ui|k∥∥2

R

)
+
∥∥xN |k∥∥2

W

s.t.

Fxxi|k + Fuui|k < 1 for i = 0, 1, ..., N. (78)

Where k is the time step at which the control algorithm is
executed and the subscript i|k denotes the predicted value of
the variable at the time k+ i. The diagonal matrices Q and R
are the weights of the weighted norms on the state and on the
input, respectively; if the elements of Q are much larger than
the elements of R, the solution to the problem will prioritize
the minimization of the trajectory deviation at the cost of a
stronger control action. Fx and Fu are chosen to set constraints
on state and input. Provided the model has the form

xk+1 = Fxk +Guk, (79)

the minimization problem can be expressed as a quadratic
programming problem. To do that, one must consider the
predicted state vector [34]

x
→k

= Fx0|k + Gu
→k
, (80)

where

x
→k

=

x1|k
...

xN |k

 , u
→k

=

 u0|k
...

uN−1|k

 , (81)

9This is not true if the attitude is represented by unit quaternions. However,
the issue is solved by either subtracting the reference quaternion from the state
or by using a parametrization.

and

F =


F
F 2

...
FN

 ,G =


G 0 . . . 0
FG G . . . 0

...
...

. . .
...

FN−1G FN−2G . . . G

 . (82)

The problem in Eq. (78) can now be written as

min
u
→k

x
→

>
k
Qx
→k

+ u
→

>
k
Ru
→k

s.t.

Fxx→k
+ Fuu→k

< 1 (83)

where

Q =


Q 0 . . . 0
0 Q . . . 0
...

. . . . . .
...

0 . . . 0 W

 , R =


R 0 . . . 0
0 R . . . 0
...

. . . . . .
...

0 . . . 0 R

 .
(84)

Eq. (80) is now substituded in the cost function of problem
(83) to obtain

min
u
→k

u
→

>
k

(
G>QG + R

)
u
→k

+ 2u
→

>
k
B>QFx0|k

s.t.

(FxG + Fu)u
→k

< 1−FxFx0|k. (85)

The MPC problem in its last formulation can be solved by
a quadratic programming (QP) algorithm. In this thesis, the
Matlab® function quadprog is adopted, which uses by de-
fault the interior-point-convex algorithm [35]. After the control
law is obtained, only the input corresponding to the present
step is used, and the process is repeated in the subsequent
steps. This characteristic constitutes the “feedback” part of
the controller [33].

One main advantage of MPC on other forms of control,
like PID and LQR, besides its often superior performances
[36] [37] [38], is that it is trivial to set constraints to the
input. The most critical issue is that an MPC controller
requires an accurate model of the system and that there
is no straightforward way to guarantee some robustness to
unmodeled disturbances and model uncertainties. This issue
seems to have particularly profound consequences when an
MPC is used for attitude control since the controller is fed
with a linearized version of the actual model.

B. Presence of a constant in the model

It is useful to extend what was said in the previous section
to the case in which a constant term is present in the model

xk+1 = Fxk +Guk + c. (86)

Eq. (80) becomes

x
→k

= Fx0|k + Gu
→k

+ c
→
, (87)
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where the expression of c
→

is easy to calculate using recursion
and is

c
→

=


c
Fc
. . .

FN−1c

 . (88)

By inserting Eq. (87) into Eq. (83) it is possible to derive the
formulation of the MPC problem for a model with a constant
term

min
u
→

k

u
→

>
k

(
G>QG + R

)
u
→k

+ 2u
→

>
k
B>Q

(
Fx0|k + c

→

)
s.t.

(FxG + Fu)u
→k

< 1−FxFx0|k. (89)

C. Discretization of the model

Analogously to the KF case, the system equation used in the
MPC needs to be discretized. The only difference is that the
state vector used in the prediction model by the controller does
not include the RMM as it would introduce uncontrollable
states. Without the RMM the A matrix has full rank, and a
fully analytical discretization is possible (as opposed to the
one described at the beginning of VI-D which makes use of
numerical integration).

The matrices of the discretized system are

F = eA∆t, (90a)
G =

(
eA∆t − I

)
A−1B. (90b)

In case a constant term c is present in the continuous model,
this determines a constant term cd will be present in the
discrete model, and its expression is

cd =
(
eA∆t − I

)
A−1c. (91)

D. Model predictive control prediction model

Three different variations of a linear MPC controller where
investigated. The difference between them resides mainly in
the linear model they use.

1) MPCSD. An MPC using an approximated “state de-
pendent” linear model which internally uses quaternions
[39].

2) MPCLR. An MPC using a linearized model with respect
to the reference attitude, in which the state vector con-
tains the error attitude from the reference, represented
by twice the Gibbs vector [40].

3) MPCLE. An MPC using a linearized model around the
most recent attitude estimate, in which the state vector
contains the error attitude from that estimate, represented
by twice the Gibbs vector (the MEKF formulation
inspired this version).

The boldface labels were given to reference each specific
implementation easily. They will be discussed more in detail
in the following sections.

1) State-dependent approximation of the system: In this
formulation, presented by [39] and here called MPCSD, a
model is derived by arranging all the terms of the continuous-
time system equation into the linear-like structure

ẋ = A(x) +B(x)u, (92)

where the state is

x =



ω1

ω2

ω3

q1

q2

q3

q4


(93)

while the system matrices are

A(x) =
1

2



0 2Kxω3 0
2Kyω3 0 0 2Aq→ω(x)
2Kzω2 0 0

0 0 0 0 ω3 −ω2 ω1

0 0 0 −ω3 0 ω1 ω2

0 0 0 ω2 −ω1 0 ω3

0 0 0 −ω1 −ω2 −ω3 0


(94)

and

B ≈



0 B3

I1
−B2

I1

−B3

I2
0 B1

I2
B2

I3
−B1

I3
0

0 0 0
0 0 0
0 0 0
0 0 0


(95)

when the state is close to the reference. Aq→ω(x) represents
the coupling between attitude and AR. It includes terms
related to the fact that the frame of reference is not inertial
which vanish when the attitude is very close to the reference.
More importantly, it includes the influence of the RMM. Its
approximate value is

Aq→ω(x) =
[
µRMM ×B⊕ 03×3

]
, (96)

where the first component comes from Eq. (15). The model is
then discretized and used to solve Eq. (78).

The quaternion describing the reference attitude has the last
component different from zero; thus we cannot directly use
the cost function in Eq. (85). The solution used by [39] is to
subtract the reference from the second term in Eq. (80) and
calculate the cost function accordingly. It was already dis-
cussed in VII the conceptual issue of subtracting quaternions.
However, in this case, the operation can be justified by the fact
that the difference is not actually used as an estimate of the
rotation error but only as a measure of how good the reference
tracking is.

This MPC solution is investigated here for its simplicity, as
it does not require any parametrization of the attitude together
with the quaternion one. However, since the linear model used
here is not the result of an exact linearization of the nonlinear
one, it is expected it will not be accurate enough to meet the
pointing requirements.
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2) A linearized model with respect to the reference attitude:
In a similar fashion to what was done in VII, here the
MPCLR model is expressed in function of the composition
between a reference quaternion and an error quaternion, and
the composition between a reference angular velocity and
an error angular velocity. The reference values represent the
target of the controller. The error quaternions are parametrized,
precisely as it was in the MEKF formulation, with twice the
Gibbs vector10. Therefore, the state vector of the system is

x =

[
ag

δω

]
, (97)

where ag is the parametrization of the error quaternion as in
(53), with the only difference that, while in the filter formu-
lation the reference was considered to be the time-propagated
quaternion, here the reference is the attitude we wish the
satellite to attain. In our case it always is q

ref
= [ 0 0 0 1 ]>.

The angular velocity error is instead

δω = ω −CVB[ωref ]B. (98)

In the previous equation, [ωref ]B is the target angular velocity
expressed in the UVW frame. The target angular velocity is
always 0 such that δω = ω.

The model is linearized with respect to the parametrization
of the quaternion error and the angular velocity error around
an equilibrium point which corresponds to the reference state,
that is with zero pointing error. The linearized equation is

ẋ = Ax+Bu+BµµRMM, (99)

with

A =
∂f

∂x

∣∣∣∣x=0
u=0
µ=0

, (100)

B =
∂f

∂u

∣∣∣∣x=0
u=0
µ=0

, (101)

Bµ =
∂f

∂µ

∣∣∣∣x=0
u=0
µ=0

(102)

The reason why µRMM is treated as a variable in the lineariza-
tion is that the reference attitude is an equilibrium point only
if the RMM is zero. Otherwise the linearization would have
determined some constants in the system equation which in
this case can be easily avoided. As usual, this system is then
discretized and used to solve Eq. (85).

3) A linearized model with respect to the most recent state
estimate: In the MPCLR, since the system is always linearized
at the reference point, it diverges from the real one more and
more as the pointing error grows. A modified version of it
was developed, here called MPCLE, in which the model is
linearized with respect to the most recent state estimate. This
formulation uses the same parametrization and the same state
vector as the previous one but this time the linearization is not
around an equilibrium point. Therefore, the system equation
contains a constant term:

ẋ = f(x̂0) +A(x− x̂0) +Bu. (103)

10In [40] the chosen parametrization is the rotation vector. Here twice the
Gibbs vector was chosen for consistency with the MEKF presented in VII-B.

Note that in the present case there is no explicit term related
to the RMM because it was not considered a variable in the
linearization and its contribution is included in f(x̂0) and A.

E. Residual magnetic moment pre-compensation

RMM compensation consists in having the MTQ generating
a magnetic moment equal to the RMM, but with opposite
sign11. Data from the PRISM satellite mission [29] showed
that RMM compensation improved control performance. Pro-
vided the RMM can be estimated by the KF with reasonable
accuracy, this method can be adopted in combination with
the MPC without significantly increasing the ADCS compu-
tational demand. Here, it will be addressed to as RMM pre-
compensation, as it conceptually acts before the real MPC
process, whose predictive model neglects the RMM distur-
bance, considering it already compensated for. The opposite
of the RMM vector is added to the control action returned
from quadprog, such that, if µMPC is the first vector of the
solution of the quadratic problem, the actual control action
shall be

µc = µMPC − µRMM. (104)

This formulation could, in principle, return a control action
which is higher than the saturation level of the MTQ so that
its value must be checked at every iteration.

One reason why RMM pre-compensation could work better
than the MPC alone is that it is less influenced by the MFME.
The MPC controller will only tend to compensate the RMM
component perpendicular to the magnetic field because the
parallel one does not have any influence, which is a logical
behavior and would be equally effective if it was not the
case that the true magnetic field is unknown. In a scenario
in which the angle between the RMM and the true magnetic
field is significantly different from the one with respect to the
modeled magnetic field, the MPC response could either be
insufficient or too strong. With pre-compensation, this issue is
avoided as the whole RMM is counterbalanced regardless of
its interaction with the magnetic field.

X. RESULTS

The simulation was used to test the filter and the controller
in their different configurations, with and without filter adap-
tation and RMM precompensation. The focus was on finding
a suitable tuning, which could guarantee that the nominal
requirements were met without determining a higher compu-
tational burden than what was strictly necessary, in terms of
process frequencies and MPC horizon. The simulations were
always run for a duration of 20 orbits and it was assumed
that the satellite had been previously detumbled and started
in nominal attitude. On the other hand, no initial guess of
the RMM was ever assumed and an initial estimate of zero is
always adopted. A unique name is given to each simulation
to distinguish between them easily.

11In principle, it would be possible to simply add the opposite of the
RMM component which is normal to the local magnetic field, as the parallel
component does not generate any torque. However, the imperfect knowledge
of the magnetic field could compromise the advantage of pre-compensation
on the MPC alone.
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TABLE I: Tuning of ADCS1, ADCS2, ADCS3, and ADCS4.

Simulation name ADCS1 ADCS2 ADCS3 ADCS4
ff (Hz) 10 2
fc (Hz) 1 0.5 2
H (s) 40 75 50
Hn 40 30 20

Pre-compensation OFF ON
Adaptation OFF

MFME ON OFF ON
MPC type MPCLR MPCLE MPCLR

A. Attitude determination and control without filter adaptation

The cases presented here were obtained by simulating the
ADCS with the filter adaptation turned off. The first case
was tuned with high filter and controller frequencies and
long prediction horizon to have an insight of how good
can we expect the performances to be, at the expense of
higher computational load on the OBC. This first simulation
made use of the MPC controller MPCLR without RMM pre-
compensation.

The tuning used for the first case (ADCS1) is summarized
in Tab. I. Attitude estimation and pointing errors are reported
in Fig. 4. The estimate of the RMM is illustrated in Fig. 5. It
can be observed that the second component of the estimated
RMM quickly went from 0 to the actual value with oscillation
amplitude of less than 4 mA m2. The other components,
besides an initial overshoot, quickly converged to zero without
oscillations. What is disappointing about those results is that,
despite the used tuning caused a high computational load, the
ADCS could not still guarantee the nominal requirements to
be met at any instant. In fact, the pointing error went up
to 30◦ in sunlight while the estimation error was often at
its allowed limit. However, the requirements were met on
average, in fact, the mean pointing error was about 5◦ for
each Euler angle, with a standard deviation of less than 5◦.
Looking at the estimation error diagram in Fig. 4, as it would
be expected, the highest estimation error was always reached
at the very end of the eclipse period. From the discussion in
IV-B, it is clear that the errors which affect the magnetometer
played an important role in keeping the pointing error big.
The controller entirely relies on attitude estimation to compute
the control action. Hence, the MFME jeopardizes pointing
accuracy indirectly, through the filter which suffers from
parameter and measurement uncertainty, and in a direct way,
through the predictive model affected by the same parameter
uncertainty.

How much the MFME affects the ADCS performance can
be realized by the fact that the same tuning made the controller
diverge when the MFME was present, while led to satisfying
results when it was turned off. To show that, two simulations,
using MPCLR (ADCS2) and MPCLE (ADCS3) respectively,
were compared with a tuning reported in Tab. I. The mean
absolute pointing error obtained from ADCS2 was of less than
4.7◦ with a standard deviation of about 4◦. That is, slightly
better results than with ADCS1 were obtained despite the
lower required computational burden. The use of controller
MPCLE in ADCS3 led to a similar, slightly better situation
than in ADCS2. The comparison outcome is shown in Fig. 6.

On the other hand, the same tunings diverged after less than
ten orbits when the MFME was turned on.

The MPCLE controller presented a puzzling behavior as
no suitable configuration was found to make it work when
the MFME was turned on, as opposed to MPCLR, which
should intuitively be less accurate as the linearization of
its model is always taken around a fixed reference. On the
other hand, when the MFME was turned off, the MPCLE
controller exhibited a comparable performance with MPCLR,
even slightly better. An explanation is that, by linearizing
around a state which is not an equilibrium point, the controller
could become less robust in the face of model uncertainty.

When RMM pre-compensation was turned on, in simulation
ADCS4, pointing accuracy greatly improved. With the tuning
reported in Tab. I, the pointing error obtained by using MPCLR
is shown in Fig. 7. The mean pointing error was about 4.2◦

with a standard deviation of 4.3◦. The likely reasons for this
improvement were explained in IX-E.

B. Attitude determination and control with filter adaptation

From the previous section, the only promising controller
turned out to be the MPCLR with pre-compensation, as it was
the only one capable of withstanding the model uncertainty
caused by the imperfect knowledge of the Earth magnetic
field. As the following results show, filter adaptation can
substantially improve estimation and, consequently, pointing
accuracy. The results from the MPCLR simulation (ADCS5),
using three different frequencies for the filter and the con-
troller, with a forgetting factor of 0.5, are shown in Fig. 8 (the
tuning is summarized in Tab. II). For the highest frequency
case (2 Hz), the mean pointing error was about 3.5◦ with
a standard deviation of about 2.9◦ which is a small but
noticeable improvement with respect to the analogous non-
adaptive case reported in the previous section. However, the
most evident improvement was in the maximum peak; in
fact, the pointing error never went higher than 16◦ while the
MPCLR without the adaptive filter reached a pointing error
peak of 25◦. It can also be noticed that by running the ADCS
at a frequency of 1 Hz, the difference is minimal; while for 0.7
Hz the pointing error was much higher at the beginning but
after about two orbits it started getting closer and closer to the
results obtained with higher frequencies. It is interesting to
look at the plot of the square root of the adapted measurement
noise covariance, compared with the residual of the magnetic
field measured by the magnetometer, in Fig. 9. As it is possible
to note, the adaptive algorithm changed the covariance such
that it matched the variance of the residual.
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Fig. 4: Estimation and pointing error for tuning ADCS1.

TABLE II: Tuning of simulation ADCS5 and ADCS6.

Simulation name ADCS5 ADCS6
ff (Hz) 2 1 ∼0.7 2
fc (Hz) 2 1 ∼0.7 2
H (s) 50 10
Hn 20
Pre-compensation ON
Adaptation Covariance matching
MFME ON OFF
MPC type MPCLR MPCSD

The MPCSD gave better but still unsatisfying results as,
even by removing the MFME from the disturbances, the
achieved pointing error with the tuning presented in Tab.
II, shown in Fig. 10, goes far beyond the limit set by the
requirements.

C. Modeling the residual magnetic moment as a constant

As explained in VIII-A, there are some advantages in
modeling the RMM as a random walk. The ADCS using
MPCLR was also tested by modeling the RMM as a constant,
that is by setting the respective process noise to zero. Both the
pre-compensated and the non-pre-compensated controllers led
to much worse performances (with the pointing error reaching
40◦) than what was shown in the previous sections, despite,
and this is the most puzzling fact, the RMM estimation was
much more accurate (about two orders of magnitude). Two,
possibly concurring reasons were identified for this behavior:
one is that, from Fig. 11, it is possible to note that at some
point around the sixth orbit, the estimation error started always
having the same sign, as opposed to the cases presented in the
previous sections, in which it was oscillating, continuously
changing sign. This constant-sign offset, caused by the higher
“stiffness” of the estimator, despite being small, could affect
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Fig. 5: RMM estimation for the ADCS1 tuning. The orange line represents the RMM estimate while the blue line is its true
value.

the controller accuracy in a much worse way.
The other reason, already anticipated in VIII-A, is that

the higher RMM estimation error could actually be caused
by the effect of the unmodeled disturbances being partially
“absorbed” by the RMM thanks to the presence of process
noise. If that is the case, it means that the overall effect of the
environmental disturbances is actually predicted with higher
accuracy, thus leading to a better estimation of the satellite
behavior.
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Fig. 8: Estimation and pointing error for tuning ADCS5 with RMM pre-compensation. Different frequencies are tested for the
filter and the controller: 0.7, 1, and 2 Hz.
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measurement noise covariance matrix. The green line represents the residual of the measurement update.
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Fig. 11: RMM estimation obtained by modeling the RMM as a constant (no process noise). The orange line is estimated RMM,
while the blue line is its true value.
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XI. CONCLUSION AND FUTURE WORK

The MIST satellite presents some characteristics which
make ADCS design especially challenging. The lack of an
IMU, in particular, significantly limits estimation accuracy
during an eclipse, as it was seen in X. Also, the presence of
an MTQ as the only actuation device is problematic because
of the impossibility to apply a torque in the direction of the
magnetic field, as explained in IV-C. These issues made it
possible to respect the estimation and pointing requirements
on average, but they were violated at specific instants with
almost all the tunings presented here.

A positive result emerging from this work is that it is possi-
ble to estimate with reasonable accuracy the RMM in-orbit and
the confirmation of the results from the previous MIST teams
that, even with more realistic modeling of the disturbances
and the uncertainties, the spacecraft is controllable. However,
more work is needed to guarantee robustness.

One of the weakest points of MIST attitude determination
is the necessity to only rely on the magnetometer during an
eclipse. The presence of the MFME deeply affects estimation
accuracy while orbiting in the shadow. A reasonable solution
for the issue is to use Kalman filtering to estimate the magnetic
field. Since magnetic field is characterized by colored noise,
one should adopt specific techniques like state augmentation
or measurement differencing [22]. It would be then possible to
estimate noise and bias of the sensors too. Of course, adding
states to the estimation process has the side effect of slowing
down the filter routine besides making it more accurate, and
a trade-off should be found.

A source of disturbance which was not accounted for in the
present work is the albedo from Earth on the Sun sensors. The
albedo can be modeled to implement a compensation in the
filter. However, to which extent it can be compensated for and
how it would affect estimation accuracy must be determined.
Another assumption made in this work was the absence of
any control action error or delay, that is the MTQ instantly
applied the control action returned by the controller without
the addition of any noise. However, MTQs are known to be
affected by hysteresis which also determines a residual dipole
when zero current is applied [1]. The effect of this behaviors
must be investigated in future work.

Finally, in order to accurately assess the computational bur-
den determined by the ADCS on the OBC, more sophisticated
methods than a simple simulation should be investigated. In
particular, a hardware-in-the-loop (HIL) simulation could be
an effective way of tackling the problem. A HIL simulation
consists in replacing the physical part of the system (the plant)
with a simulation with which the control system interacts like
it was the real plant [41]. However, this kind of simulation
is much more complex than what was achieved here, and it
would probably require a complete flight software in order to
be implemented.
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