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Abstract

This thesis deals with three estimation problems motivated by spatial sig-
nal processing using arrays of sensors. All three problems are approached
using tools from estimation theory, including asymptotical analysis of per-
formance and Cramér-Rao lower bound; Monte Carlo methods are used to
evaluate small sample performance.

The first part of this thesis treats direction of arrival estimation for nar-
rowband signals. Most algorithms require the noise covariance matrix to be
known or to possess a known structure. In many cases, the noise covariance is
estimated from a separate batch of signal-free samples; in a non-stationary en-
vironment this sample set can be small. By deriving the Cramér-Rao bound
in a form that can be compared to well-known results, we investigate the
combined effects of finite sample sizes, both in the estimated noise covariance
matrix and in the data with signals present. Under the same data model,
we derive the asymptotical covariance of weighted subspace fitting, where the
signal-free samples are used for whitening. The obtained expression suggests
optimal weights that improve performance compared to the standard choice
and that result in an asymptotically efficient estimate. In addition, we pro-
pose a new, asymptotically efficient, method based on the likelihood function.
If the array is uniform and linear, then an iterative search can be avoided. We
propose two such algorithms, based on the two general, iterative, algorithms
discussed. We also treat the detection problem, and provide results that are
useful in a joint detection and estimation algorithm based on the proposed
estimators.

Parameter estimation for the reduced rank linear regression is the second
estimation problem treated in the thesis. It appears in, for example, system
identification and signal processing for communications. We propose a new
method based on instrumental variable principles and we analyze its asymp-
totical performance. The new method is asymptotically efficient if the noise is
temporally white, and outperforms previously suggested algorithms when the
noise is temporally correlated. As part of the estimation algorithm, the clos-
est low rank approximation of a matrix, as measured under a weighted norm,
has to be calculated. This problem lacks solution in the general case. We pro-
pose two new methods that can be computed in fixed time; both methods are
approximate but asymptotically optimal as part of the estimation procedure
in question. We also propose a new algorithm for the related rank detection
problem.

The third problem is that of estimating the covariance matrix of a multi-
variate stochastic process. In some applications, the structure of the problem
suggests that the underlying, true, covariance matrix is the Kronecker prod-
uct of two matrix factors. The covariance matrix of the channel realizations
in multiple input multiple output (MIMO) communications systems can, un-
der certain assumptions, have such Kronecker product structure. Moreover,
the factor matrices can sometimes, in turn, be assumed to possess additional
structure. We propose two asymptotically efficient estimators for the case
where the channel realizations can be assumed known. Both estimators can
be computed in fixed time; they differ in their small sample performance and
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in their ability to incorporate extra structure in the Kronecker factors. In a
practical MIMO system, the channel realizations have to be estimated from
training data. If the amount of training data is limited, then it is better to
treat the training data, rather than the channel estimates, as inputs to the
channel covariance estimator. We derive and analyze an estimator based on
this new data model. This estimate can be computed in fixed time and the
estimator is also able to optimally use extra structure in the factor matrices.
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Chapter 1

Introduction

This chapter will briefly introduce the technical problems that I will address in
the thesis. Then my contributions to the field, both in terms of publications, and
in terms of technical results, will be presented. The chapter also contains lists
of notation and acronyms. In the appendix, an example estimation problem is
analyzed. This is done in order to introduce tools and concepts that will be used
in the thesis.

1.1 The topics of the thesis

This thesis treats three technical problems. All of them appear in modern sig-
nal processing where several sequences of measurements, signals, are recorded in
parallel and used together to extract some useful information.

The measured signals are typically related statistically because they all reflect
physical phenomenons that are relevant to investigate a single problem. If the mea-
sured signals are assumed to be a weighted sum of a set of underlying time-varying
quantities, then the data is modelled as a linear regression. Linear regression is,
due in part to its simplicity, a ubiquitous model in signal processing. Part II of this
thesis treats a certain kind of structured linear regression model, the reduced rank
linear regression. It appears in signal processing [SV96] and also in econometrics,
statistics, chemical engineering, and other fields of science, see, e.g., [RV98].

An important example of the recording of several signals obtained in parallel
is the use of an array of sensors to measure an impinging wavefield at several
different points in space simultaneously. The sensors can be, e.g., radio antennas,
sonar microphones, or electrodes on a biological specimen. The use of several such
sensors instead of a single one may allow the system to extract information from the
spatial dimension in addition to information from the temporal dimension. Using
multiple sensors may also allow the system to extract information with improved
quality - for example by suppressing disturbances that have a spatial signature
different from the spatial signature of the signals of interest [vVB88].

1
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Sensor arrays can be used to find the direction to the emitter of a waveform
(and other source dependent parameters). Applications of such direction finding
are found in a wide range of technical areas, e.g., sonar, radio communications,
radio astronomy, radar, and seismic exploration. See [KV96] for an overview of the
subject area and a comprehensive list of references. Direction finding is the topic
of Part I of this thesis. In particular it is investigated how the effects of noise in
the data can be suppressed when the noise has a spatial signature that itself can
be estimated.

Using multiple antennas instead of a single antenna, at the receiver side, at
the transmitter side, or at both sides in a radio communications system allows
the system to operate with increased information throughput and with a higher
reliability without increasing the bandwidth. Systems with multiple antennas at
both ends are called multiple input multiple output (MIMO) systems, see [GSDs+03]
for an overview. When designing a MIMO system, it is important to model how
the signals transmitted from each of the antennas at the transmitter appear at
each of the receiver antennas. This modelling is commonly in part done using the
channel matrix. In order to design efficient communications systems, it is useful to
characterize this channel matrix statistically. A widely used model for this is the
Kronecker model [KSP+02, BZ06]. The Kronecker model uses certain parameters
to characterize the channel: In practise, these parameters may have to be estimated
from measured data. The topic of Part III of the thesis is how these parameters
should be estimated with as little error as possible from a limited amount of data.

All problems treated in this thesis are closely related to the design of estimators.
Even though the technical applications that motivate the study of the estimation
problems treated in the thesis are quite diverse, the tools used for the design and
analysis of the estimators show a great deal of resemblance: Asymptotical analysis
is used in all three parts to investigate how an estimator will perform on the average
when the data size grows to infinity. Although the assumption of infinite data size
is inherently unrealistic, such analysis often leads to expressions that are simple
enough to be helpful when designing an estimator. The hope is then that the
resulting estimator will work well also for practical sample sizes. In all three cases
a bound of how well an (unbiased) estimator can perform for a certain data model
is computed. The tool used to find such a bound is the Cramér-Rao lower bound
(CRB), see, e.g., [Kay93].

An estimator that is known to achieve this lower bound, if it can be achieved
at all, is the maximum likelihood (ML) estimator. The ML estimator may have
drawbacks that make it unsuitable for the estimation problems treated in the thesis.
However, it can always be used as a benchmark method, and some of the estimators
that will be derived in this thesis can be seen as approximations of the ML estimator.

Only unbiased1 estimators are pursued in the thesis. An unbiased estimator
produces the true parameter value on the average. For any given estimation prob-
lem there may be biased estimators with better performance than any unbiased

1In fact, asymptotically unbiased estimators are pursued.
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estimator [Eld04]. A good reason for pursuing unbiased estimators anyway is ana-
lytical tractability. In a complex estimation problem it is often very hard, if at all
possible, to find estimators that are better than the best unbiased estimator.

Two criteria are the most important when designing an estimator, the first one
is computational tractability: The estimate has to be computable within a certain
time-span. This is especially important in a real-time system. If the computation
time of the estimator depends on the data then the worst-case and average compu-
tation times are important parameters. For all three estimation problems in this
thesis, fixed complexity estimators are derived, with computation times that do not
depend on the data (but, of course, on the dimensions of the problem). The second,
and perhaps the most obvious, criterion of goodness for an estimator is its accu-
racy: For unbiased estimators, the chief performance measure is the variance, or
covariance in the multiple parameter case. It is by the covariance of the estimates,
the different estimators are usually compared in this thesis.

1.2 The problems

This section gives a brief introduction to the estimation problems that are the topics
of the three parts of the thesis. More detailed descriptions are then given in the
beginning of each part.

Direction finding in colored noise fields

Part I of the thesis treats narrowband direction finding. The technical problem
is to find, based on the output from a number of sensors (microphones, antennas,
electrodes) the direction to a number of point sources emitting energy.

Assume that an array of m sensors is used to estimate the directions of arrival2
(DOAs) of the waveforms from d point sources. A key assumption for the develop-
ment is that the emitted signals are narrowband [Pro01, SM05]. The narrowband
assumption implies that the maximum time it takes for the signal to traverse the
array is small in comparison to the inverse bandwidth of the signal. It is also as-
sumed that the bandwidth is small in comparison to the carrier frequency of the
signal.

Let the signal emitted by the kth source be denoted s̄k(t). Figure 1.1 gives a
schematic picture of the array. Every sensor has a separate receiver chain that con-
tains filters, demodulators, oscillators, and analog to digital converters that create
a sampled, complex baseband equivalent of the received signal. These components
inevitable introduce noise and they also have dynamic properties that should be
modelled. Sensor i receives a superposition of all the signals impinging on the array,
each one time-delayed by τi(θk), measured relative to some reference point. The
time-delay depends on the geometry of the array and the DOAs of the sources,

2The term direction of arrival is slightly misleading since other parameters, not related to
directions, can be estimated in the same framework.
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properties that are parameterized into the vector θk, where k is an index related to
the source. Each sensor also receives external noise, from, e.g., unmodelled sources.

Assume that only signal source k is active and that there is no noise. Then the
output at sensor i can be written [SM05]

[x(t)]i = Hi(θk, ωc)e−iωcτi(θ
k)[s(t)]k � [a(θk)]i[s(t)]k (1.1)

where Hi(θ, ωc) is the frequency response of sensor i to a narrowband signal with
parameters (typically azimuth and elevation) θk and center angular frequency ωc,
and s(t) is the d−dimensional vector of the complex baseband equivalents of the
emitted signals s̄k(t), k = 1, . . . , d. Clearly, with (1.1) in mind, the output from
the array at time t can, again assuming that only source k is active, be written

x(t) = a(θk)[s(t)]k + n(t) (1.2)

where n(t) is the sum of all internal and external noise sources. With d active
sources, the output, given by superposition, is

x(t) = [a(θ1) · · · a(θi) · · · a(θd)]s(t) + n(t) = A(θ)s(t) + n(t). (1.3)

The vector θ is the concatenation of the parameter vectors θk, k = 1, . . . , d, asso-
ciated with the individual sources. The matrix A(θ) is called the steering matrix
of the array. It has a known functional form but is parameterized by the unknown
vector θ. The problem of estimating θ, given measurements of x(t), is commonly
called the DOA estimation problem although the vector θ may contain parameters
that are not directions. A survey of estimation methods for the above data model
is given in [KV96].

It can be argued that the noise n(t) is well modelled as temporally white, zero-
mean, and circularly symmetric complex Gaussian [Pro01]. The signals, s(t), are
also commonly modelled as circularly symmetric complex Gaussian. This can, of
course, be motivated using the central limit theorem. Another reason for this
assumption is that estimators derived using it tend to be robust and perform well
also when the signals are not Gaussian distributed. A third reason is that the
Gaussian assumption makes the problem more tractable. Other notable approaches
are to assume a deterministic data model and include the signals in the parameter
set, or to assume that the transmitted signals are from a discrete alphabet.

Most methods for DOA estimation assume that the noise is spatially white:

Cov [ n(t) ] = Imσ2. (1.4)

In many scenarios, due to, for example, reverberation, unmodelled weak sources,
crosstalk, and interference, the noise covariance is in fact far from identity [LV92].
If the colored noise is not accounted for in the algorithm, then the performance is
degraded [Vib93, LV92, SK92, SK93].

There are several approaches to handle spatially colored noise; some of them
are described in Chapter 2. A common approach is to assume that the noise
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Figure 1.1: Schematic picture of an array of sensors with two impinging wavefields.
Each sensor is equipped with a chain of filtering and demodulation hardware.

covariance can be estimated separately and used to pre-whiten the signals, rendering
the effective noise spatially white. Typically, the noise covariance estimation is
based on samples where only noise is present that are recorded separate from the
signal containing samples.

The contributions in Part I of the thesis are based on the idea of including this
second set of samples in the data model together with the signal containing samples
to form a joint estimation problem on which standard statistical tools can be applied.
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[x(t)]1

[x(t)]2

[n(t)]1

[n(t)]2

[y(t)]1

[y(t)]2

c11

c12
c22

c21

Figure 1.2: Standard linear regression. The output is a linear combination of the
inputs and the noise.

Reduced rank linear regression
The most basic, and one of the most common, data model in signal processing and
other fields of science is the linear regression. It appears, for example, in different
forms in the data models of all estimation problems treated in the thesis. The
linear regression for the two-input, two-output case is depicted in Figure 1.2. In
that figure, two input signals, [x(t)]1 and [x(t)]2 are weighted independently and
added to form two output signals, [y(t)]1 and [y(t)]2. Model errors and disturbances
are modelled by the noise terms, [n(t)]1 and [n(t)]2.

A common estimation problem is to, given a set of known inputs,

x(t) =
[
[x(t)]1 [x(t)]2

]T
, t = 1, . . . , N, (1.5)

and the corresponding outputs,

y(t) =
[
[y(t)]1 [y(t)]2

]T
, t = 1, . . . , N. (1.6)

estimate the parameters c11, c12, c22, and c21. Of course, the model can be extended
to higher dimensions. The typical solution to the above estimation problem is
least squares (LS). Depending on the statistical properties of the noise, LS may be
weighted to achieve the minimum variance among all unbiased estimators.

Now, assume that there in fact is extra structure in the model of Figure 1.2, so
that it can also be described as in Figure 1.3. The output is still a linear combination
of the inputs as in the first example. However, it can also be seen that the output
can be equally well described by a single, scalar, internal signal z(t) as it can be by
the two input signals in x(t). The first model is still adequate, but an estimator
with knowledge of the extra structure can use it to improve the quality of the
estimates of c11, c12, c22, and c21. Figure 1.3 is the simplest example of a reduced
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[x(t)]1

[x(t)]2

[n(t)]1

[n(t)]2

[y(t)]1

[y(t)]2

z(t)

b11

b12

a11

a12

Figure 1.3: Reduced rank linear regression. The output is still a linear combination
of the input and the noise, but there is extra structure in the model.

rank linear regression. The problem of estimating the parameters of such regressions
appear in signal processing in, e.g., state space modelling [GR02, SJ00, WJ94], filter
design [MH01], array signal processing [VSO97], space-time equalization [LT99],
and channel estimation [NS03]. Naturally, several estimators have been proposed
for the problem, e.g., in [SV96, GR02]. As mentioned for the LS estimator above,
the statistical distribution of the noise is important for how the optimal estimator
should be designed.

The estimator proposed in Part II of the thesis is designed to handle spatially
and temporally colored noise when estimating the parameters in the reduced rank
linear regression.

Estimating MIMO channel covariance

The use of multiple antennas on both the receiver and the transmitter is a promising
emerging technology for improving spectral efficiency in wireless communications
systems. Having multiple antennas at the receiver and at the transmitter allows
for higher reliable throughput without increasing total transmitted power or the
spectral usage [Tel99, FG98, ZT03]. An overview of research on MIMO systems is
given in [GSDs+03].

Figure 1.4 shows a schematic view of a MIMO system with four antennas at
each link end. As indicated in the figure, each antenna at the receiver senses a
superposition of scaled and phase shifted versions of the transmitted signal from
each of the antennas at the transmitter. Mathematically, this superposition is
described by the MIMO channel. Obviously, the modelling of MIMO channels is
important for the design and analysis of algorithms for transmission. An overview
of MIMO channel modelling is given in [YO02], as well as in [GSDs+03]. Typically,
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Channel

Transmitter Receiver

[x(t)]1

[x(t)]2

[x(t)]3

[x(t)]4

[y(t)]1

[y(t)]2

[y(t)]3

[y(t)]4

Figure 1.4: Schematic picture of a 4x4 MIMO system. Each transmit antenna
sends a separate signal, and every antenna at the receiver receives a superposition
of scaled and phase-shifted versions of all transmitted signals.

the (baseband) narrowband MIMO channel is modelled as

y(i) = Htx(i) + n(i) (1.7)

where Ht denotes the channel matrix. A common simplifying modelling assump-
tion is that Ht is constant during the transmission of a block of symbols and that
the elements of Ht are stochastic, complex Gaussian, and independent between the
signal blocks. This model leaves important aspects of the MIMO channel unmod-
elled, e.g., shadow fading, path loss, and slowly time varying properties, see, e.g.,
[Mol04]. Focus here will, however, be on the properties of Ht.

The correlation among the elements of Ht is characterized by the matrix

E [ vec{Ht}vec∗{Ht} ] = S. (1.8)

It is assumed that the scenario that is modelled is non line of sight (NLOS) so that
Ht is zero mean (Rayleigh fading). The simplest model for the correlation of the
elements of Ht is that they are i.i.d.

S = Imnσ2. (1.9)

This is however not considered as an adequate model for many practical scenarios.
One reason is that it overestimates the available capacity [GSDs+03]. Therefore,
correlation among the elements is often assumed. It is then often postulated that
the channel covariance matrix S is the Kronecker product of two matrices

S = A⊗B. (1.10)
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This model is commonly called the Kronecker model [KSP+02]. It is supported by
measurements in, e.g., [KSP+02, YBO+04]. It should be noted that the model also
has been criticized for being too restrictive [WHOB06]. A theoretical treatment
of the conditions necessary for the model to hold is given (together with relevant
references) in [BZ06].

Several signal processing results assume the Kronecker model [DSFGK00,
MO04, JB04]. A typical assumption is that the instantaneous channel matrix
is perfectly known at the receiver while the transmitter has no such knowledge.
Instead, the transmitter has knowledge of the channel statistics, including at
least the transmit covariance matrix [corresponding to A in (1.10)], see, e.g.,
[JB04, SM03, JVG01]. See also the tutorial paper [GJJV03]. In a practical sys-
tem the channel needs to be estimated at the receiver, based on training data.
The channel covariance has to be estimated as well, possibly from imperfectly es-
timated channel realizations. It may then have to be fed back from the receiver to
the transmitter.

Part III of the thesis treats the problem of estimating the channel statistics
under the Kronecker model. Two cases are treated. In the first case, the channel
realizations are perfectly known, due to large amount of training data and high
SNR. In the second case, only a limited amount of training data is available for
each channel realization.

1.3 Outline and contributions

In the following section, focus will be on highlighting our contributions in each
subject area, rather than giving a description of the subject area itself.

Part I

Part I of the thesis treats the problem of direction estimation of signal sources using
an array of sensors. A narrowband signal model is assumed. The noise covariance
is assumed to be completely unknown. It is assumed that data is recorded, not only
when the signals are present but also in quiet periods when only noise is received.
Thus the available data set has two parts. One part contains noise-only samples
and the samples of the second part contains both signal and noise.

The data model and the associated estimation problem is treated in detail in
Chapter 2. In addition, the Cramér-Rao lower bound is derived for the problem
and expressed in a useful form.

In Chapter 3, two new algorithms for the estimation problem are treated. The
first algorithm is a variation of weighted subspace fitting (WSF) [VO91], while the
second algorithm is derived from the ML criterion. Performance results for both
algorithms are given.

In Chapter 4, the special case in which the sensors in the array are identical and
placed uniformly on a line is treated. Algorithms that are computationally efficient
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are derived based on the two algorithms from Chapter 3. Again, performance
results are given.

Part I is concluded with some results on the problem of detecting the number
of sources that are emitting, based on the array data. Statistics that are related to
the algorithms proposed in Chapter 3 are analyzed and used in a simple detection
scheme.

Most of the results in Part I of the thesis were previously published in the
journal articles

[WJ06b] K. Werner and M. Jansson. Optimal utilization of signal-free samples
for array processing in unknown colored noise-fields. IEEE Transactions on
Signal Processing, 54(10):3861–3872, October 2006; and

[WJ07a] K. Werner and M. Jansson. DOA estimation and detection in colored
noise using additional noise-only data. IEEE Transactions on Signal Pro-
cessing. Accepted for publication, May 2007.

Parts of the material can also be found in the conference contributions

[WJ05] K. Werner and M. Jansson. On DOA estimation in unknown colored
noise-fields using an imperfect estimate of the noise covariance. In Proceedings
of IEEE SSP, June 2005; and

[WJ06a] K. Werner and M. Jansson. Efficient use of signal-free samples for DOA
estimation and detection in colored noise. In Proceedings of ISSPIT, August
2006.

The main contributions in Part I are

• the introduction of a data model that incorporates noise-only and signal con-
taining data in the same estimation problem;

• the derivation of the Cramér-Rao lower bound for the new data model and
the simplification that allows comparison to standard results;

• an expression for the asymptotic covariance of whitened WSF when the
whitening transform is estimated from the noise-only part of the data;

• an optimal weighting for whitened WSF when the whitening transform is
estimated from data;

• a new algorithm, AML, for the estimation problem that incorporates the two
data sets (noise-only and signal containing samples) to produce an asymptot-
ically optimal estimate;

• a non-iterative algorithm for the estimation problem, similar to the MODE
algorithm, that can be used when the array is an ULA;
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• numerical comparisons between two different choices of weighting matrices
for WSF when used with the MODE algorithm; and

• asymptotical results for the minimum criterion function values of WSF and
AML under the data model that can be used to derive detection algorithms.

Part II
In Chapter 6, the problem of estimating the parameters in a reduced rank linear
regression is introduced: A brief motivation and a literature overview is given
together with the data model.

In Chapter 7, the proposed estimator is presented and motivated. It has an ad-
vantage over previously suggested estimators when the noise is temporally colored.
In addition, two novel methods for solving the related weighted low rank approxima-
tion (WLRA) problem are presented. The new methods are optimal when used as
part of the proposed estimator. In addition to the results on estimation, Chapter 7
includes a rank detection algorithm that is based on the criterion function of the
proposed estimator.

Chapter 8 includes a novel asymptotical analysis of the performance of the pro-
posed estimator. The Cramér-Rao lower bound for the problem is also derived.
Furthermore, the chapter also contains a comparison of the proposed method to
other methods in the literature. Part II is concluded with Monte-Carlo type simu-
lations to illustrate and support the results.

The results in this part of the thesis have previously been published in the
journal article

[WJ06c] K. Werner and M. Jansson. Reduced rank linear regression and
weighted low rank approximations. IEEE Transactions on Signal Processing,
53(6):2063–2075, June 2006;

and also in the conference contributions

[WJ03] K. Werner and M. Jansson. Parameter estimation for reduced-rank mul-
tivariate linear regressions in the presence of correlated noise. In Proceedings
of Asilomar, November 2003; and

[WJ04] K. Werner and M. Jansson. Weighted low rank approximation and re-
duced rank linear regression. In Proceedings of ICASSP, May 2004.

The main contributions in this part of the thesis are

• the use of weighted low rank approximation (WLRA) together with an instru-
mental variable (IV) method for the reduced rank linear regression problem;

• two computationally efficient non-iterative algorithms for the WLRA, which
lacks a closed form solution in the general case. The algorithms are asymp-
totically optimal when used as parts of the estimation procedure proposed;
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• the asymptotical analysis of the performance of the proposed algorithm;

• the exact equivalence to ML in a special case;

• the rank detection algorithm; and

• the derivation of the CRB for a general noise model.

Part III
The data model used in Part III is presented in detail together with a literature
study in Chapter 9. The problem of estimating the covariance matrix of a vector
valued, temporally white, stochastic process is considered; the underlying, true,
covariance matrix is assumed to be the Kronecker product of two valid covariance
matrices. These covariance matrices are in turn also assumed to possess structure.

In Chapter 10, it is assumed that samples from the stochastic process can be
directly observed without error. The Cramér-Rao lower bound for the resulting
estimation problem is derived. In addition, two novel, non-iterative, and asymp-
totically statistically efficient estimators are derived for the problem. Performance
results are derived for both of them. The related problem of detecting if the un-
derlying covariance matrix has the postulated structure is then treated.

In Chapter 11, it is assumed that the stochastic process cannot be observed
directly. The main application is the estimation of MIMO channel statistics, and
the stochastic process is then the MIMO channel matrices in a fast fading scenario.
Therefore, it is reasonable to assume that training data is used to estimate the
channel realizations. The training data can be used as input to an estimator;
this estimation problem is explained in detail and the Cramér-Rao lower bound is
derived. In addition, a non-iterative, efficient algorithm is derived. The problem of
detecting if the true channel covariance matrix is Kronecker product structured is
also treated.

The results in Part III of the thesis were published in the two journal articles

[WJS07b] K. Werner, M. Jansson, and P. Stoica. On estimation of covariance
matrices with Kronecker product structure. IEEE Transactions on Signal
Processing. Accepted for publication, May 2007; and

[WJ07a] K. Werner and M. Jansson. Estimating MIMO channel covariances from
training data under the Kronecker model. Signal Processing. Submitted, July
2007.

Parts of the results were also published at conferences:

[WJS07a] K. Werner, M. Jansson, and P. Stoica. Kronecker structured covariance
matrix estimation. In Proceedings of ICASSP, April 2007; and

[WJ07b] K. Werner and M. Jansson. Estimation of Kronecker structured channel
covariances using training data. In Proceedings of EUSIPCO, September
2007.
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The contributions in this part of the thesis are

• the Cramér-Rao lower bound for the problem of estimating a covariance ma-
trix that is the Kronecker product of two, possibly structured, matrices from
a set of observations;

• the result that three iterations of a well known iterative algorithm for maxi-
mization of the likelihood function provides an estimate with as good asymp-
totical performance as that of ML;

• the introduction of a covariance matching estimate that is asymptotically
statistically efficient and that can be calculated efficiently in fixed time;

• asymptotical results that support the development of detection algorithms for
the problem;

• the Cramér-Rao lower bound for the problem of estimating the channel co-
variance matrix, with structure as described above, when direct observations
of the channel matrix are not available, so that the estimator needs to rely
on noisy training data;

• a covariance matching estimator that attains the above CRB, and that can
be efficiently calculated without requiring an iterative search; and

• a result that supports the development of a detection algorithm based on a
statistic related to the covariance matching estimator.

Other
Results published during my studies at KTH, but outside the scope of the thesis,
can be found in

[WLA+04] K. Werner, N. Larsson, N. Andgart, T. Magesacher, T. Andre, T.
Randahl, and P. Ödling. Moving the PAR reduction criterion into the line
driver. In Proceedings of EUSIPCO, September 2004.

1.4 Future work

Below is a list with a few ideas of continued research on the topics of the thesis.

Direction finding in colored noise
• The proposed methods are based on having a set of data that contains only

noise. An interesting extension (along the lines of [PK86]) would be to assume
that there are signals received in both sample sets, as opposed to only noise
in one of them, but that the signals in the two data sets have properties that
makes the problem identifiable.
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• If the noise covariance has a known structure, then that structure could be
used to improve estimation performance.

• In a practical scenario, the noise covariance can not be assumed stationary;
therefore, the noise covariance in the two sample set may not be identical.
This is not modelled in the proposed algorithms. An interesting and impor-
tant issue is then how robust the methods are to such time-varying noise
covariance.

Reduced rank linear regression

• Testing the proposed algorithm for the reduced rank linear regression on prac-
tical problems. An interesting example would be state-space system identifi-
cation.

• It should be straightforward to extend the results of Part II to the complex
case.

• In the case of temporally white noise, the reduced rank linear regression
method proposed is optimal if p = f = 0. Is it possible to select the pa-
rameters p and f in an optimal way for other noise models as well? This
would be of interest since the computational complexity of the method grows
with p and f .

• Investigate ways to improve the complexity of the method.

• Depending on the noise correlation, the proposed method has a performance
quite far from the CRB. Can the accuracy be improved? Perhaps a different
choice of the instruments z(t) would improve performance?

• If a certain noise model is postulated, would it be possible to develop more
efficient methods that makes use of the structure, for example ML?

Kronecker product structured covariance matrices

• It would be interesting to test the Kronecker model on real-world measure-
ments. This may involve using the detection schemes proposed.

• Since the Kronecker model, of course, is not in exact correspondence to reality,
the robustness of the methods against model errors is of interest.

• It would be useful to investigate if the improved quality (in the MSE sense)
of the covariance matrix estimate also results in improved performance of
a communications system that uses the estimate. It would be of particular
interest to investigate if an improvement can be obtained also if the Kronecker
model does not hold exactly.
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1.5 Notation

Please be aware that, because this thesis has three parts, each one with a different
data model, a symbol might have different meanings in different parts. This section
presents notation that is common to all parts.

Throughout this thesis, matrices are denoted by boldface, uppercase letters,
e.g., X, and vectors are denoted by boldface, lowercase letters, e.g., x. Scalars are
denoted by plain symbols, e.g., α. The following notation will also be used:

E [ · ] statistical expectation
Cov [ x ] covariance matrix of x
�m×n the set of m× n matrices with real-valued elements
[X]i,j element i, j of the matrix X
[X]m×ni,j the i, jth m× n block of X
XT the transpose of X
X∗ the conjugate transpose of X
Xc the matrix obtained by taking the conjugate of

each element of X
vec{X} the vector obtained by stacking the columns of X
Im the m×m identity matrix. The subscript is sometimes

dropped and the size is then implicitly defined
0m,n the m× n matrix of all zeros
1m,n the m× n matrix of all ones
Ẋi the elementwise derivative of the matrix X w.r.t.

parameter i. The interpretation of “parameter i” is
clear from the context if this notation is used.

Ẍi,j the elementwise second derivative of the matrix X
ḟ(θ0) the gradient (a column vector) of the function f(θ)

evaluated at θ0
f̈(θ0) the Hessian of the function f(θ)

evaluated at θ0
xN − x0 = op(1) the sequence xN (usually N is implicit) converges

to x0 in probability
xN = op(aN ) xN

aN
= op(1)

xN = Op(1) the sequence xN is bounded in probability
xN = Op(aN ) xN

aN
= Op(1)

� equality in dominating terms, X � Y⇒ X = Y + op(aN )
for some suitable aN

X⊗Y the Kronecker product, see, e.g., [HJ91]
X�Y the direct (Schur) product, see, e.g., [HJ91]
tr{X} the trace of the matrix X
|X| the determinant of X
‖X‖2Q when Q is a positive definite matrix; vec∗{X}Qvec{X}
X† the Moore-Penrose pseudo inverse of X, see, e.g., [HJ91]
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ΠX XX†, the orthogonal projection matrix onto the
range space of X

Π⊥X I−ΠX, orthogonal projection matrix onto the complement
of the range space of X

X−1 the inverse of X
X−∗ the inverse of X∗
X−T the inverse of XT
X2 XX for square matrices
X−2 the inverse of XX
X � Y the difference X−Y is positive semi definite

1.6 Some useful matrix results

A few equalities will be used so frequently that they deserve an extra recollection.
All expressions hold assuming that the indicated inverses exist, and for matrices of
compatible dimensions.

vec{ABC} = (CT ⊗A)vec{B},
(X1 ⊗X2) (Y1 ⊗Y2) = (X1Y1 ⊗X2Y2) ,

(X⊗Y)−1 =
(
X−1 ⊗Y−1) ,

tr{AB} = vecT {AT }vec{B},
tr{AB} = tr{BA},

(X1 + Y1X2Y2)−1 = X−1
1 −X−1

1 Y1(X−1
2 + Y2X−1

1 Y1)−1Y2X−1
1 . (1.11)

The last equality is sometimes called the matrix inversion lemma (MIL).

1.7 Abbreviations
ADC analog-to-digital converter
AML approximative maximum likelihood
AR auto regressive
ARMA auto regressive moving average
cdf cumulative probability density function
CVA canonical variate analysis
CRB Cramér-Rao (lower) bound
DOA direction of arrival (sometimes used in a wide

sense meaning other signal parameters as well)
FDD frequency division duplex
GLRT generalized likelihood ratio test
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i.i.d. independent identically distributed
IV instrumental variable
LS least squares
MA moving average
MIL matrix inversion lemma
MIMO multiple input multiple output
ML maximum likelihood
MODE method of direction estimation
MSE mean squared error
MUSIC multiple signal classification
NLOS non line of sight
p.d. positive definite
pdf probability density function
p.s.d. positive semi definite
SNR signal to noise ratio
SVD singular value decomposition
TDD time division duplex
WLRA weighted low rank approximation
w.p.1 with probability one
w.r.t with respect to
WSF weighted subspace fitting
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Appendix 1.A The tools

This appendix treats an example estimation problem. The purpose is twofold:
Important concepts in estimation theory will be discussed, and, at the same time,
formulas that will prove useful in the following will be derived.

Maximum likelihood
The idea behind maximum likelihood estimation can be phrased as: Select the
value of the parameters that makes the observations the most likely. To illustrate
the maximum likelihood principle, we will consider the problem of estimating the
covariance matrix R of the data

x(t), t = 1, . . . , N (1.12)

where x is a complex m−vector. In order to formulate the maximum likelihood
problem, an assumption must be made concerning the distribution of x. A typ-
ical assumption, which often can be motivated on both practical and theoretical
grounds, is that x(t) is i.i.d., circularly symmetric complex Gaussian. Also assume,
for simplicity, that x(t) is zero mean. The probability density function (pdf) of x(t)
for any t is then (see, e.g., [Kay93])

fx(t)(x; R) = 1
πm|R| exp

{−x∗R−1x
}
. (1.13)

Because the samples are independent, the pdf for the entire data set, the likelihood
function, is then

fX(x(1), . . . ,x(N); R) =
N∏
t=1
fx(t)(x(t); R)

g = 1
πmN |R|N exp

{
−
N∑
t=1

x(t)∗R−1x(t)
}

(1.14)

Note that the covariance matrix R is parameterizing the likelihood function. By
introducing the sample covariance matrix,

R̂ = 1
N

N∑
t=1

x(t)x∗(t), (1.15)

the likelihood function can be written

fX(x(1), . . . ,x(N); R) = 1
πmN |R|N exp

{
−Ntr{R̂R−1}

}
. (1.16)

Often, the log-likelihood function is easier to manipulate. It is

log fX(x(1), . . . ,x(N); R) = −mN log π −N log |R| −Ntr{R̂R−1}. (1.17)
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Of course, constant terms will affect neither the maximizer nor the derivatives of the
log-likelihood function so the function most commonly used in the thesis is instead
the negative log-likelihood function (omitting parameter independent terms)

l(R) = N log |R|+Ntr{R̂R−1}. (1.18)

The ML estimate is simply the minimizing (over the set of p.d. matrices) R. It
is found by setting the gradient to zero. Assume that R is parameterized by m2

real parameters (recall that R is Hermitian). Then the derivative of l(R) w.r.t.
parameter i is

l̇i(R) = Ntr{ṘiR−1} −Ntr{R̂R−1ṘiR−1}
= Ntr{(R − R̂)R−1ṘiR−1}. (1.19)

The necessary expressions for the derivatives can be found in, e.g., [MN88] or
[Kay93]. The second derivative w.r.t. parameters i and j is

l̈i,j(R) = −Ntr{ṘiR−1ṘjR−1}+Ntr{R̂R−1ṘiR−1ṘjR−1}
+Ntr{R̈i,jR−1} −Ntr{R̂R−1R̈i,jR−1}+Ntr{R̂R−1ṘjR−1ṘiR−1}. (1.20)

Assume that R̂ is p.d. (true w.p.1. if N is large and R is p.d.). Then the ML
estimate is clearly

R = R̂. (1.21)

Thus, in this case, the ML estimator can be found without resorting to iterative
minimization.

Estimator performance
The next task is to assess the performance of R̂ (as an estimate of R). First of all,
it is easy to verify that

E
[

R̂
]

= R. (1.22)

Hence, the ML estimate is unbiased (also for small samples). Next, we will derive
the covariance. It is given by

CML � E
[

vec{R̂ −R}vec∗{R̂ −R}
]

= 1
N2

N∑
t1=1

N∑
t2=1

E [ vec{x(t1)x∗(t1)−R}vec∗{x(t2)x∗(t2)−R} ] . (1.23)

Because x(t) is i.i.d., this can be written

CML = 1
N

E [ vec{xx∗ −R}vec∗{xx∗ −R} ] (1.24)
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where x is shorthand for x(t) at some arbitrary time t. This is easily further
simplified to

NCML = E [ vec{xx∗}vec∗{xx∗} ]− vec{R}vec∗{R}. (1.25)

Now, consider the k, lth m×m block of

E [ vec{xx∗}vec∗{xx∗} ] = E
[

xcxT ⊗ xx∗
]
. (1.26)

It is given by

E [ [(xx∗)c]k,lxx∗ ] . (1.27)

Clearly, the o, pth element of the above is

E [ [xc]k[x]l[xc]p[x]o ] = E [ [xc]k[x]l ] E [ [x]o[xc]p ] + E [ [x]o[xc]k ] E [ [x]l[xc]p ]
= [Rc]k,l[R]o,p + [R]o,k[Rc]p,l. (1.28)

The first equality holds due to the complex Gaussian distribution of x: A proof is
given in, e.g., [Kay93]. The second equality follows from the definition of R. This
gives that the k, lth block of E [ vec{xx∗}vec∗{xx∗} ] is

E [ vec{xx∗}vec∗{xx∗} ] = [Rc]k,lR + [R]m×1
1,k ([Rc]m×1

1,l )T (1.29)

where [R]m×1
1,k is the kth column of R (and [Rc]m×1

1,l is defined similarly). Hence

E [ vec{xx∗}vec∗{xx∗} ] = RT ⊗R + vec{R}vec∗{R}. (1.30)

Together with (1.25) this gives

Cov
[

vec{R̂}
]

= 1
N

(RT ⊗R). (1.31)

This result will be used extensively in Part I and Part III in the thesis. It has been
derived in, e.g., [OSR98].

Cramér-Rao lower bound
As the last part in the investigation of the covariance matrix estimator, the Cramér-
Rao lower bound will be derived. Let the covariance matrix R be parameterized
by the real m2−vector θ so that

vec{R} = J−1θ (1.32)

for some fixed matrix J. From (1.20), it follows that the Fisher information matrix
is given by

[FIM]i,j � E
[
l̈i,j(R)

]
= Ntr{ṘiR−1ṘjR−1} (1.33)
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where the derivatives are w.r.t. the elements of θ. This expression is commonly
known as Bangs formula, [Kay93, SM05]. The FIM can be written

FIM = NJ−∗
(
R−T ⊗R−1)J−1 (1.34)

and the Cramér-Rao lower bound (for the covariance of vec{R}) is then

JFIM−1J∗ = 1
N

(
RT ⊗R

)
. (1.35)

In this case, the ML estimator attains the CRB in any sample size. It is thus
optimal among all unbiased estimators. In fact, under mild regularity conditions,
[SM05, Kay93], the ML estimator always reaches the CRB asymptotically.
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Chapter 2

Introduction to DOA estimation in
colored noise

This chapter contains an introduction to the estimation problem that is the topic
of Part I of the thesis. Important notation and assumptions are presented together
with an overview of chapters 2 through 5.

In addition, the CRB for the new data model is derived and presented in a form
that can be compared to standard results in the literature.

2.1 Background

The problem of determining the parameters of narrowband signals impinging on an
array of m sensors can be formulated as the problem of estimating θ in the data
model

x(t) = A(θ)s(t) + n(t) (2.1)

where, at time t, x(t) is the m−vector of sensor outputs, s(t) is the d−vector of
impinging signals and n(t) is an m−vector of noise. The m × d-matrix A(θ) is
composed of the steering vectors of the array, parameterized by the nθ-vector θ.
The direction-of-arrival (DOA) estimation problem is that of estimating θ from the
sequence {x(t)}N−1

t=0 . This estimation problem and the closely related problem of
detecting the number of signals, the dimension d of s(t), appear in many technical
areas. Examples of applications are found in radar, sonar, digital communications,
biomedical signal processing, and seismic exploration.

A statistical data model is often assumed. Typically the signal samples s(t) and
the noise samples n(t) are assumed mutually uncorrelated, temporally white com-
plex Gaussian distributed vectors. If the spatial noise covariance is unknown, and
it does not possess a known structure, the problem is fundamentally unidentifiable.

A natural approach to the estimation problem is to formulate the maximum
likelihood (ML) estimator for the data model. Under a spatially white noise as-

25
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sumption,

Cov [ n(t) ] = Q = σ2Im, (2.2)

the problem can be concentrated so that the optimization only needs to be per-
formed over the vector θ, [Böh86, Jaf88, SN92].

When the noise covariance is unknown but possesses a certain structure, a pos-
sible approach is to parameterize it and then formulate an estimator (typically ML)
with an extended set of parameters. One approach to the parameterization is to
assume that the noise covariance is a weighted sum of a set of known basis matrices
[FW95, GO99]. A special case is when the noise is modelled as nonuniform white,
i.e. it is independent from sensor to sensor, but the variance differs [PG01]. A
related approach to the problem of signal power estimation is taken in [GMB95].
Another ML approach is to model the noise as a spatial AR process, and parameter-
ize Q accordingly [NK96, YD95]. If the array is sparse, and is composed of several
well-spaced subarrays, then a reasonable assumption is that Q has a block-diagonal
covariance, since the noise can be assumed uncorrelated between the subarrays (but
correlated within each subarray). In [VGW05] this assumption is used to derive an
ML estimator. See also the references therein.

Another possibility is to assume no structure on the noise covariance, but in-
stead make the problem identifiable by assuming structure on the signals. In, e.g.,
[VSO97] it is assumed that the signals are linear combinations of known basis func-
tions. In, e.g., [VSO95] it is instead assumed that the signals have a temporal
correlation while the noise is temporally white. An IV method is derived (similar
to that of Part II in this thesis).

Well known subspace algorithms for the estimation problem are MUSIC, ES-
PRIT and WSF [Sch79, RK89, VO91]. They rely on the spatially white noise
assumption. When this assumption cannot be met, it is usually assumed that
prewhitening is applied to the data, making the effective noise spatially white. The
prewhitening procedure is often implicitly assumed in the literature on the esti-
mation problem. If the true noise covariance is known, this procedure does not
cause degradation of the quality of the estimate. Typically, however, the true noise
covariance is unknown and needs to be estimated.

To estimate Q using a separate batch of signal-free samples and then use the
so-obtained estimate to whiten the noise part of the signals x(t) can be seen as the
second standard approach. While this procedure is frequently suggested or implic-
itly assumed in the literature, there are few published results on the effects on the
quality of the DOA estimates due to errors in the whitening. An exception to this
is the work presented in [Vib93], where the effect of small deterministic deviations
from the uniform spatially white noise assumption is analyzed for some common
algorithms. In [SK92] and [SK93] the effect on subspace estimation algorithms of
stochastic perturbations of the noise covariance and array manifold are investigated.
The perturbations are assumed to have a general, unstructured, covariance matrix.
The derivations in those two papers do not assume that the noise covariance errors
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stem from an imperfectly estimated whitening matrix. Thus, they are not directly
applicable to the problem at hand. Also, unlike the present work, [SK92] and
[SK93] do not treat finite sample effects in the same framework as perturbations
in the noise covariance matrix. Some results on the estimation error caused by
spatially colored noise that is unaccounted for by the estimator are given in [LV92].
That work derives expressions applicable to several subspace algorithms when the
signals are uncorrelated and when there is colored noise.

The problem of unknown noise covariance is treated in a related way in [PK86].
In that work it is assumed that two sets of measurements are received with the same
noise covariance but different signal directions or signal covariance. An algorithm
based on covariance subtraction is derived.

If a number, M , of noise samples are available in addition to the N signal
containing samples, they can be included as data in an extended estimation problem
and algorithms can be developed and analyzed in this extended framework. This
is the topic of Part I of the thesis.

2.2 Organization of Part I

Chapter 2
The data model that is assumed for the DOA estimation problem at hand is specified
in Section 2.3. The important difference to the standard data model is of course
the colored noise and the extra noise-only samples. In Section 2.4, the ML criterion
that corresponds to this new data model is presented. It can be concentrated w.r.t.
the signal covariance matrix, but to further concentrate w.r.t. the noise covariance,
Q, seems intractable. Based on the ML criterion, we derive the Cramér-Rao bound
for the estimation problem in Section 2.5.

Chapter 3
Chapter 3 is about estimators for the problem at hand. In Section 3.1, we derive
the asymptotic covariance of the weighted subspace fitting (WSF) [VO91] estimate
based on data that is whitened using the extra noise-only samples. Moreover,
an optimal weighting is introduced that improves performance compared to the
standard weighting at no additional computational cost. With the new weighting,
WSF is asymptotically efficient for the given data model. The expression for the
asymptotic covariance allows for a useful and simple comparison to the standard
expression for WSF (assuming known noise covariance) derived in [OVK92].

The topic of Section 3.2 is an approximative ML estimator, AML, which we
derive for the data model. The new criterion can be concentrated to a relatively
simple function such that the minimization only needs to be performed over θ. It
is shown that the proposed AML method has the same asymptotic performance
as ML, a result that may indicate good performance for practical sample sizes as
well. Numerical results are also included. They serve to illustrate the asymptotical
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performance results, the CRB, and, to some extent, the relative performance of the
proposed algorithms. Further numerical results are given in Chapter 4.

Chapter 4
For the uniform linear array (ULA) a new non-iterative and computationally effi-
cient procedure based on the AML criterion is derived in Section 4.2. It is denoted
C-MODE and relies on a reparameterization of the steering matrix used in the
MODE algorithm [SS90b], [BM86]. A variant of MODE has also been proposed
based on the WSF criterion function [SS90a]; it is a simple extension to use the new
weighting matrix for WSF proposed in Chapter 3. Chapter 4 includes numerical
simulations that illustrate the performance of the C-MODE algorithm and the WSF
derived MODE algorithm. The C-MODE estimator exhibits good performance, es-
pecially in the threshold region. The new weighting for WSF, that was proposed
in Chapter 3, gives a substantial improvement over the standard weighting when
used in the MODE algorithm.

These simulations also serve the purpose of evalutating the performance of the
algorithms of Chapter 3 in a scenario where the non-iterative algorithms are used
to provide initial values.

Chapter 5
Chapter 5 treats the problem of detecting the number of sources, d, in the problem.
We show how a statistic that is readily available in the AML framework can be
used as a test statistic in a detection problem. Furthermore, well known results on
detection in the WSF framework are extended to the prewhitened case. The new
weighting matrix for WSF defined in Chapter 3 turns out to be important when the
minimum value of the WSF criterion function is used as a test statistic. Finally a
version of the generalized likelihood ratio test is described. Numerical simulations
are included in order to compare the performance of the proposed algorithms for
the detection problem.

2.3 Data model and problem statement

It is assumed that two sets of data are available; {n(t)}−1
t=−M and {x(t)}N−1

t=0 . The
samples in the first set of data, referred to as the noise-only samples, are zero-
mean, temporally independent, circularly symmetric complex Gaussian distributed
vectors with the unknown covariance matrix

E [ n(k)n∗(l) ] � δk,lQ. (2.3)

The matrix Q must have full rank. The samples in the second data set, referred to
as the signal containing samples, are modelled as

x(t) � A(θ)s(t) + n(t). (2.4)
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The d−dimensional vector of source signals, s(t), is temporally independent, zero
mean, circularly symmetric complex Gaussian. Its covariance matrix is

E [ s(k)s∗(l) ] � δk,lP. (2.5)

The signal covariance matrix P is assumed unknown. The sources may or may not
be coherent; rank{P} = d′ ≤ d.

The quantity of principal interest in this work is the real nθ-dimensional vector
θ. It contains source dependent parameters that affect the array response such as
bearing, azimuth, and center frequency. If the parameters associated with source k
are collected into the p−vector θk then

θ � [θ1T . . . θd
T ]T . (2.6)

Clearly, we have that nθ = pd. In order to ease reading, the parameters of θ
are referred to as the directions of arrival (DOAs) of the sources even if there
are multiple parameters per source, and also if some of the parameters are not
directions. The (known) functional form of the matrix

A(θ) �
[
a(θ1) . . . a(θd)

]
(2.7)

depends, among other things, on the array geometry and sensor characteristics.
When there is no risk of confusion, the argument will be dropped. The steering
vectors a(θ) are assumed to be twice continuously differentiable w.r.t. θ, and to
possess a bounded third order derivative. This assumption is necessary for the
asymptotic analysis that will follow. The array must also be unambiguous, which
means that a(θ1) and a(θ2) are linearly independent for any θ1 
= θ2. Denote by
θ0 the parameter vector that corresponds to the true DOAs. Identifiability requires
that (m+d′)

2 > d (recall that m is the number of sensors), see [WZ89] for details.

2.4 The maximum likelihood approach

In the following two chapters, the focus will be on estimating θ. Due to its attractive
statistical properties, the ML method is a natural starting point. Introduce the
ratio between the number of signal containing samples and the number of noise-
only samples:

α � N
M
. (2.8)

Also, introduce the vector

η � [θT , φT , ξT ]T (2.9)

that contains all unknown parameters in the data model introduced in the previous
section. The d2-vector φ and the m2-vector ξ contain the real parameters required
to parameterize the Hermitian matrices P and Q, respectively.
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The negative log-likelihood function for the estimation problem can be written
(after normalization and removal of constant terms as in Appendix 1.A)

l(θ,Q,P) � 1
α

log |Q|+ 1
α

tr{Q−1R̂n}+ log |R|+ tr{R−1R̂x} (2.10)

where the signal covariance matrix, R, is given by

R � E [ x(t)x∗(t) ] = APA∗ + Q. (2.11)

The sample covariance matrices for the two data sets,

R̂n � 1
M

−1∑
k=−M

n(k)n∗(k)

and

R̂x � 1
N

N−1∑
k=0

x(k)x∗(k) (2.12)

are also used. By making use of (2.9), the notation

l(θ,Q,P) = l(η) (2.13)

can also be introduced.
The pair of matrices R̂n and R̂x form a sufficient statistic for the treated es-

timation problem. Obviously, the matrix R̂n is a consistent estimate of Q. It
should, however, be noted that R̂n is not an optimal estimate given the data model,
since information about the noise covariance is contained in both R̂n and R̂x. In
Chapter 3 and Chapter 4, we seek to develop algorithms that optimally (at least
asymptotically) use all available information.

Directly minimizing l(θ,Q,P) involves solving an m2 + d2 + pd−dimensional
optimization problem. In most cases that is not a feasible alternative. Noting
that only the last two terms of (2.10) depend on the signal covariance, it is rela-
tively straightforward to minimize l(θ,Q,P) w.r.t. P using the techniques found
in [SN92]. However, to further concentrate w.r.t. Q seems intractable. Estimation
algorithms that, at least asymptotically, provide the same performance as ML but
requires much less computation will be derived in Chapter 3.

2.5 The Cramér-Rao lower bound

The aim of this section is to derive a bound for the covariance of any unbiased
estimator of θ under the data model of Section 2.3. In order to aid comparison and
also to introduce notation, the bound for the case of known noise covariance will
be derived first. That bound is a simple extension of results that can be found in
the literature. After that the main result of the section will be derived.
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Known noise covariance
The stochastic CRB for the case of uniform white noise (Q = σ2Im) was derived in
[SN90b, OVK92]. I should be noted that, in the references, σ2 is assumed to be an
unknown scalar. However, the derived CRB is unchanged if σ2 is known. Obviously,
since this assumption implies a known noise covariance (up to a scaling factor), any
extra signal-free samples will not affect the attainable estimation accuracy. For
easy reference, we will generalize this bound (in a very straightforward way) to the
case of colored noise with a general known noise covariance matrix. To that end,
consider the transformed data

x̄(t) � Zx(t),
ZZ � Q−1. (2.14)

The matrix Z is an Hermitian p.d. square-root of Q−1. Note that the transformation
is invertible which implies that no information is destroyed. The covariance matrix
of the transformed data is then

R̄ � Cov [ x̄(t) ] = ĀPĀ∗ + Im, (2.15)

with

Ā � ZA,
R̄ � ZRZ. (2.16)

Since (2.15) is equivalent to the covariance in the data model of [SN90b] and
[OVK92], it can be concluded that the corresponding CRB result can be used.
Thus, the sought CRB is (after a minor rearrangement)

NCRBknown Q
θ =

(
2re{ D∗A

(
[PĀ∗EsΛ−1

s E∗sĀP]T ⊗ ZΠ̄⊥Z
)
DA}

)−1
(2.17)

where

DA �
[
vec{Ȧ1}, . . . , vec{Ȧnθ}

]
,

Π̄ � ΠĀ,

EsΛsE∗s + EnE∗n � R̄. (2.18)

The diagonal matrix Λs contains the d′ largest eigenvalues of the whitened array
covariance R̄. The corresponding eigenvectors (that span the signal subspace) are
the columns of Es. The remaining eigenvectors are the columns of En. The matrix
Ȧi is the elementwise derivative of A w.r.t. [θ]i.

The uniform noise CRB was generalized to unknown colored noise fields where
Q is parameterized with unknown parameters in [GSPL02]. It suffices to note that
the bound that will be derived below is for a different data model, and it can not
be viewed as a specialization of the CRB mentioned above.
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Unknown noise covariance
The CRB that will be presented in this section is conceptually quite different due to
the extra observed noise-only samples in the data model (presented in Section 2.3).
It should be noted that the bound derived here is for an estimator with no knowledge
of the rank d′ of P, see [SOVM96] for more details about this assumption. In the
parameterization, the fact that the covariance matrices are p.d. or p.s.d. is not
exploited. This will not affect the final result (see e.g. [SOVM96] or [GSPL02]).

The definitions of η and l(η) given in (2.9) and (2.13), respectively, will be used
in the derivations that follow. The so-called Bangs formula [OVK92, SM05] gives
the Fisher information matrix (see also Appendix 1.A)

[I(η)]i,j � E
[
N
δ2l(η)
δ[η]iδ[η]j

]
=Mtr{Q−1Q̇iQ−1Q̇j}

+Ntr{R−1ṘiR−1Ṙj}, (2.19)

where the derivatives are w.r.t. the elements of η. In order to obtain the expression,
the equalities

E
[

R̂n

]
= Q,

E
[

R̂x

]
= R (2.20)

were used. Expanding Ṙi using (2.11) gives

[I(η)]i,j =Mtr{Q−1Q̇iQ−1Q̇j}
+Ntr{(APA∗ + Q)−1(ȦiPA∗ + AṖiA∗ + APȦ∗i + Q̇i)(APA∗ + Q)−1

× (ȦjPA∗ + AṖjA∗ + APȦ∗j + Q̇j)}. (2.21)

The CRB for the signal parameters is given by the upper-left nθ ×nθ submatrix of
I−1(η0), with η0 being the true values of the parameters. A simple expression can
be found by exploiting the independent parameterization of the matrices P, Q and
A(θ). To that end, consider partitioning the information matrix as

I(η) �

⎛
⎝ Iθθ IθP IθQ

IPθ IPP IPQ
IQθ IQP IQQ

⎞
⎠ , (2.22)

with obvious definitions of the submatrices. By making repeated use of standard
results for the inverse of partitioned matrices, the CRB for the parameters in θ can
be shown to be

CRBθ = (H1 + H2)−1,

H1 � IθP(IPP − IPQI−1
QQIQP)−1(IPQI−1

QQIQθ − IPθ),

H2 � Iθθ + IθQ(IQQ − IQPI−1
PPIPQ)−1(IQPI−1

PPIPθ − IQθ). (2.23)
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The matrices H1 and H2 are introduced to improve readability. In order to give
the CRB in a more compact form, the definitions (2.18) and (2.16) will be used
again. It is now possible to state:

Theorem 2.1. The CRB for the parameters of θ in the data model presented in
Section 2.3, given that d = d′ 1, is

NCRBθ =
(

2re{ D∗A
(
[PĀ∗Es(Λs + αId)−1E∗sĀP]T ⊗ ZΠ̄⊥Z

)
DA}

)−1
. (2.24)

Proof. The proof is given in Appendix 2.A.

Since it holds that

Ā∗Es(Λs + αId)−1E∗sĀ = Ā∗(R̄ + αIm)−1Ā, (2.25)

the result

[CRB−1
θ ]ij = N2re{ tr{Ȧ∗iZΠ̄⊥ZȦjPĀ∗(R̄ + αIm)−1ĀP}} (2.26)

is easily obtained. As α approaches zero, this bound coincides with the Cramér-
Rao bound for the case with perfectly known noise covariance matrix, CRBknown Q

θ

in (2.17). It can be noted that the CRB is valid for any parameterization of the
steering vectors. One interesting observation can be made when comparing to the
known-noise CRB. The effect on the bound of not knowing the noise covariance, and
having to resort to estimating it using signal-free samples, is the same as the effect
of scaling the noise covariance with a factor (1 + α) in the known noise covariance
case.

1This is not to say the the bound cannot be computed when P is singular. If P is singu-
lar, (2.24) is still a bound for the covariance of any unbiased estimator that does not use that
information.
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Appendix 2.A Proof of Theorem 2.1

This proof is completely algebraic. The method used is to, step-by-step, simplify
first H1 and then H2 in (2.23) and then add them. The matrix inversion lemma
will be used frequently. It is stated in (1.11). In order to prove the sought CRB
result, we begin by defining the m2 ×m2 matrix

DQ �
[
vec{Q̇1}, . . . , vec{Q̇m2}] . (2.27)

The d2 × d2 matrix DP and the md × nθ matrix DA∗ are defined similarly. Note
that DQ and DP are invertible matrices. The exact structure of DQ and DP does
not affect the sought CRB, and hence it will not be made explicit. In order to
simplify (2.23), consider

[IQQ]i,j = tr{MQ−1Q̇iQ−1Q̇j +NR−1Q̇iR−1Q̇j}
=Mvec∗{Q̇i}(Q−T ⊗Q−1)vec{Q̇j}

+Nvec∗{Q̇i}(R−T ⊗R−1)vec{Q̇j}. (2.28)

It follows immediately that

IQQ = D∗Q[M(Q−T⊗Q−1) +N(R−T ⊗R−1)]DQ. (2.29)

In the same way it is easy to show that

IPP = ND∗P(ATR−TAT∗ ⊗A∗R−1A)DP,

IQP = I∗PQ = ND∗Q(R−TAT∗ ⊗R−1A)DP,

IQθ = I∗θQ = ND∗Q(R−T ⊗R−1)Mθ,

IPθ = I∗θP = ND∗P(ATR−T ⊗A∗R−1)Mθ,

Iθθ = NM∗
θ(R−T ⊗R−1)Mθ (2.30)

where, for convenience, the matrix

Mθ � (AT∗PT ⊗ Im)DA + (Im ⊗AP)DA∗ (2.31)

was introduced. It follows that

IPQI−1
QQIQθ − IPθ = −ND∗P(AT ⊗A∗)

[
RT ⊗R + N

M
QT ⊗Q]−1Mθ. (2.32)

The matrix inversion lemma (1.11) was used to obtain the equality. In a similar
manner it holds that

IPP−IPQI−1
QQIQP

= ND∗P(AT ⊗A∗)
[
RT ⊗R + N

M
QT ⊗Q]−1(AT∗ ⊗A)DP (2.33)
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and that

IQQ − IQPI−1
PPIPQ = ND∗Q

[
M

N
Q−T ⊗Q−1

+ R−T ⊗R−1 − (R−1A(A∗R−1A)−1A∗R−1)T

⊗R−1A(A∗R−1A)−1A∗R−1
]
DQ. (2.34)

Finally, it is straightforward to show that

IQPI−1
PPIPθ − IQθ = ND∗Q

[
−R−T ⊗R−1

+ (R−1A(A∗R−1A)−1A∗R−1)T

⊗R−1A(A∗R−1A)−1A∗R−1
]
Mθ. (2.35)

Consequently it holds that

H1 = IθP(IPP − IPQI−1
QQIQP)−1(IPQI−1

QQIQθ − IPθ)
= −NM∗

θ(R−TAT∗ ⊗R−1A) (2.36)

×
[
(AT ⊗A∗)

[
RT ⊗R + N

M
QT ⊗Q

]−1(AT∗ ⊗A)
]−1

× (AT ⊗A∗)
[
RT ⊗R + N

M
QT ⊗Q]−1Mθ (2.37)

where H1 was defined in (2.23). In order to simplify notation, introduce

M̄θ �
√
N(ZT ⊗ Z)Mθ, (2.38)

and consider (2.16) and (2.18). Then

H1 = −M̄∗
θ(R̄−T ⊗ R̄−1)(Ā∗T ⊗ Ā)

×
[
(ĀT ⊗ Ā∗)

[
R̄T ⊗ R̄ + αIm2 ]−1(Ā∗T ⊗ Ā)

]−1

× (ĀT ⊗ Ā∗)
[
R̄T ⊗ R̄ + αIm2 ]−1M̄θ. (2.39)

This expression can be simplified using the relations

R̄−1 = Im − ĀP(Id + Ā∗ĀP)−1Ā∗,
R̄−1Ā = Ā(Id + P(Ā∗Ā))−1,

Ā∗R̄−1Ā = ((Ā∗Ā)−1 + P)−1 (2.40)
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that can be obtained by applying the MIL repeatedly. By again applying the MIL,
the result

(ĀT ⊗ Ā∗)
[
R̄T ⊗ R̄ + αIm2 ]−1(Ā∗T ⊗ Ā)

= (Ā∗R̄−1Ā)T ⊗ Ā∗R̄−1Ā

− (ĀT R̄−T ⊗ Ā∗R̄−1)
[
α−1Im2 + R̄−T ⊗ R̄−1]−1

× (R̄−T Ā∗T ⊗ R̄−1Ā) (2.41)

is obtained. By making use of (2.40), the expressions

(Ā∗R̄−1Ā)−1Ā∗R̄−1 = Ā†,
R̄−1Ā(Ā∗R̄−1Ā)−1Ā∗R̄−1 = R̄−1Π̄ = Π̄R̄−1 (2.42)

can be found. Applying first the MIL to (2.41), and then simplifying using (2.42)
gives

[
(ĀT ⊗ Ā∗)

[
R̄T ⊗ R̄ + αIm2 ]−1(Ā∗T ⊗ Ā)

]−1
=

(Ā∗R̄−1Ā)−T ⊗ (Ā∗R̄−1Ā)−1 + (Ā†∗T ⊗ Ā†)

× [α−1Im2 + R̄−T ⊗ R̄−1 − [R̄−1Π̄]T ⊗ Π̄R̄−1]−1(Ā†T ⊗ Ā†∗). (2.43)

Next we need the equation

Ā(Ā∗R̄−1Ā)−1Ā∗ = Π̄R̄Π̄ = Π̄R̄ = R̄Π̄. (2.44)

It follows quite immediately from (2.40). Simple calculations give

(Ā∗T ⊗ Ā)
[
(ĀT ⊗ Ā∗)

[
R̄T ⊗ R̄ + αIm2 ]−1(Ā∗T ⊗ Ā)

]−1
(ĀT ⊗ Ā∗)

= Π̄T R̄T ⊗ Π̄R̄

+ (Π̄T ⊗ Π̄)
[
α−1Im2 + (R̄−T ⊗ R̄−1)(Im2 − Π̄T ⊗ Π̄)

]−1

× (Π̄T ⊗ Π̄). (2.45)

Using the above in (2.39) gives

H1 = −M̄∗
θ

(
(Π̄T ⊗ Π̄)(R̄T ⊗ R̄ + αIm2)−1

+ α(Π̄T ⊗ Π̄)[R̄T ⊗ R̄ + α(Im2 − Π̄T ⊗ Π̄)]−1

× (Π̄T ⊗ Π̄)(R̄T ⊗ R̄ + αIm2)−1
)

M̄θ. (2.46)
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Before we turn our attention to H2 in (2.23), consider the relation

R−1/2Π⊥R−1/2AR−1/2

= R−1 −R−1A(A∗R−1A)−1A∗R−1

= ZR̄−1Z− ZR̄−1Ā(Ā∗R̄−1Ā)−1Ā∗R̄−1Z
= ZR̄−1Z− ZR̄−1Π̄R̄R̄−1Z

= ZR̄−1(Im − Π̄)Z = ZΠ̄⊥Z. (2.47)

We used (2.44) to obtain the third equality. The expression

R−1A(A∗R−1A)−1A∗R−1 = Z(R̄−1 − Π̄⊥)Z (2.48)

will also be useful, it follows similar to (2.47). Combining (2.23), (2.34), (2.35), and
(2.48) gives

H2 = Iθθ + IθQ(IQQ − IQPI−1
PPIPQ)−1(IQPI−1

PPIPθ − IQθ)

= NM∗
θ

(
R−T ⊗R−1

+ (R−T ⊗R−1)
[
M

N
Q−T ⊗Q−1 + R−T ⊗R−1

− (Z(R̄−1 − Π̄⊥)Z)T ⊗ Z(R̄−1 − Π̄⊥)Z
]−1

×
[
(Z(R̄−1 − Π̄⊥)Z)T ⊗ Z(R̄−1 − Π̄⊥)Z−R−T ⊗R−T

])
Mθ. (2.49)

After some manipulations, this can be written

H2 = NM∗
θ(R−T ⊗R−1)

[
M

N
Q−T ⊗Q−1 + R−T ⊗R−1

− (Z(R̄−1 − Π̄⊥)Z)T ⊗ Z(R̄−1 − Π̄⊥)Z
]−1(

M

N
Q−T ⊗Q−1

)
Mθ

= NM∗
θ(R−T ⊗R−1)

[
Im2 + α(Z−T ⊗ Z−1)

× (R̄−T ⊗ R̄−1 − [R̄−1 − Π̄⊥]T ⊗ [R̄−1 − Π̄⊥]
)
(ZT ⊗ Z)

]−1
Mθ. (2.50)

By using Π̄⊥R̄ = Π̄⊥ we get

H2 = M̄∗
θ

[
R̄T ⊗ R̄ + α(Im2 − Π̄T ⊗ Π̄)

]−1M̄θ. (2.51)
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Applying the MIL to the bracketed expression gives

(R̄T ⊗ R̄ + αIm2)−1 + α(R̄T ⊗ R̄ + αIm2)−1(Π̄T ⊗ Π̄)

×
[
Im2 − α(Π̄T ⊗ Π̄)(R̄T ⊗ R̄ + αIm2)−1(Π̄T ⊗ Π̄)

]−1

× (Π̄T ⊗ Π̄)(R̄T ⊗ R̄ + αIm2)−1

=
(

Im2 + α(Π̄T ⊗ Π̄)
[
R̄T ⊗ R̄ + αIm2 − α(Π̄T ⊗ Π̄)

]
(Π̄T ⊗ Π̄)

)
× (R̄T ⊗ R̄ + αIm2)−1. (2.52)

In order to obtain the last equality we used that

(R̄T ⊗ R̄+αIm2)−1(Π̄T ⊗ Π̄) = (Π̄T ⊗ Π̄)(R̄T ⊗ R̄ + αIm2)−1. (2.53)

Combining (2.23), (2.46), (2.51), and (2.52) yields

CRB−1
θ = H1 + H2 = M̄∗

θ(R̄T ⊗ R̄ + αIm2)−1(Im2 − Π̄T ⊗ Π̄)M̄θ. (2.54)

Using

(PT ĀT ⊗ Z)(Im2 − Π̄T ⊗ Π̄) = (PT ĀT ⊗ ZΠ̄⊥) (2.55)

and

(Im2 ⊗ Π̄⊥)(R̄T ⊗ R̄+αIm2)−1 = (R̄T ⊗ R̄ + αIm2)−1(Im2 ⊗ Π̄⊥) (2.56)

together with symmetry arguments give

CRB−1
θ = N2re {D∗A(PT ĀT ⊗ ZΠ̄⊥)(R̄T ⊗ R̄ + αIm2)−1

× (Ā∗TPT ⊗ Π̄⊥Z)DA}. (2.57)

In order to complete the proof, note that

R̄T ⊗ R̄ + αIm2 = [Es(Λs − Id)E∗s + Im]T ⊗Es(Λs − Id)E∗s
+ [Es(Λs − Id)E∗s + (α+ 1)Im]T ⊗ Im. (2.58)

Applying the MIL gives

(R̄T ⊗ R̄+αIm2)−1 = [Es(Λs − Id)E∗s + (α+ 1)Im]−T ⊗ Im
− ([. . .]T ⊗Es[. . .]E∗s)([. . .])−1[. . .] (2.59)

where [. . .] denotes a matrix that is of no immediate interest in the derivations (note
however that the indicated inverses do exist). Thus,

(PT ĀT ⊗ ZΠ̄⊥)(R̄T ⊗ R̄ + αIm2)−1(Ā∗TPT ⊗ Π̄⊥Z) =

PT ĀT [Es(Λs − Id)E∗s + (α+ 1)Im]−T Ā∗TPT ⊗ ZΠ̄⊥Z. (2.60)
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Continue by writing

Ā∗[Es(Λs − Id)E∗s+(α+ 1)Im]−1Ā

= Ā∗Es
[ 1
α+ 1Id − 1

(α+ 1)2 [(Λs − Id)−1 + 1
α+ 1Id]−1]E∗sĀ

= Ā∗Es
[
(α+ 1)Id + (Λs − Id)]−1E∗sĀ.

Finally, the expression for the CRB is

CRB−1
θ = N2re {D∗A([PĀ∗Es(Λs + αId)−1E∗sĀP]T ⊗ ZΠ̄⊥Z)DA} (2.61)

and the proof is complete.





Chapter 3

DOA estimation in colored noise -
novel algorithms and their
performance

Two algorithms for the estimation of θ, given the data model presented in Chap-
ter 2, will be treated in this chapter. The whitened WSF estimator in Section 3.1
and an approximation of the ML estimator in Section 3.2. Each one is provided
together with an analysis of its asymptotical (in M and N as will be clear later on)
covariance. The performances of the algorithms are then illustrated by computer
simulations in Section 3.3.

3.1 Weighted subspace fitting

Spatially white noise

The first algorithm is based on weighted subspace fitting (WSF), see, e.g., [VO91].
The original WSF method requires the noise to be uniform and spatially white,

Q = σ2Im. (3.1)

The noise power σ2 can be unknown. In order to understand the algorithm, the
notion of signal subspace is important. The signal subspace is the span of the matrix

A(θ)P. (3.2)

The key observation is that, in the noise-free case, the measurements x(t) would
be confined to the signal subspace. Next, consider the eigendecomposition of the
signal covariance matrix, which was introduced in (2.18),

R = A(θ)PA∗(θ) + σ2Im = EsΛsE∗s + σ2EnE∗n. (3.3)

41
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As in the previous chapter, the columns of the matrix Es are the orthogonal eigen-
vectors corresponding to the d′ largest eigenvalues. The remaining eigenvectors,
which correspond to the eigenvalue σ2, are the columns of En. Note that

span{Es} ⊆ span{A(θ)}. (3.4)

Thus, there is a d× d′ matrix, T, such that

Es = A(θ)T. (3.5)

The first step in the WSF algorithm is to find an estimate Ês of Es by computing
the eigenvectors of the sample covariance matrix. Because there is noise in the
data, the equality in (3.5) will of course not hold exactly if Es is replaced by Ês.
Instead, the minimization

argmin
θ,T

tr{(Ês −A(θ)T)∗(Ês −A(θ)T)W} (3.6)

gives the estimate. By concentrating w.r.t. θ, the familiar expression

argmin
θ

tr{Π⊥AÊsWÊ∗s} (3.7)

is obtained. The matrix W is a p.d. weighting matrix, the choice of which affects
performance. The choice

W = WWSF = (Λs − Id)2Λ−1
s (3.8)

gives the lowest possible asymptotical covariance [VO91].
WSF has several attractive properties under the white noise assumption; the

associated minimization problem is pd dimensional, as compared to pd + d2 di-
mensional for ML; it is asymptotically efficient, i.e. it reaches the CRB for large
enough data sizes; it has good small sample performance; it can be modified to
exploit certain array structures in order to decrease the computational complexity;
and it works well also for coherent signals (when the signal covariance matrix P is
rank deficient).

Spatially colored noise

In the data model presented in Section 2.3, the critical assumption of spatially white
and uniform noise in the WSF derivation is violated. If the noise covariance was
known (perfectly estimated), then it would be possible to whiten the signals prior
to applying WSF. This prewhitening procedure is in fact often implicitly assumed
in order to motivate the uniform spatially white noise assumption. In the following
section it is shown how performance is affected if the covariance matrix is not known
exactly, but in fact estimated from a sample set with a size comparable to the size
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of the signal-containing sample set. This situation corresponds precisely to the data
model given in Chapter 2.

The asymptotic (in a sense made clear later on) covariance of the WSF estimate
of θ when whitened data are used will be derived in this section. The estimate that
is considered is given by

θ̂W � argmin
θ
VW (θ),

VW (θ) � tr{Π⊥ẐAÊsWÊ∗s},
ẐR̂xẐ � ÊsΛ̂sÊ∗s + ÊnΛ̂nÊ∗n,

ẐẐ � R̂−1
n . (3.9)

The matrix Λ̂s is diagonal and the diagonal elements are the d′ largest eigenvalues
of the whitened array sample covariance matrix, ẐR̂xẐ. The columns of Ês are the
corresponding orthogonal eigenvectors. In the same way the matrix Λ̂n contains the
remaining eigenvalues and the columns of Ên are the corresponding eigenvectors.
The weighting matrix W is an arbitrary Hermitian p.d. matrix. It is assumed
that Ẑ is selected to be the Hermitian p.d. square-root of R̂−1

n . For practical
implementations it is possible to select Ẑ to be non-Hermitian. It can then be
efficiently calculated using the Cholesky decomposition. The performance results
given in this thesis are valid for that choice as well.

This whitening procedure for WSF seems to be the standard remedy to the
problems caused by colored noise. However, the performance degradation that is
caused by the fact that

R̂n 
= Q (3.10)

has not been quantified in the literature. We will show the following theorem:

Theorem 3.1. Let θ0 be the true parameter vector in the data model of Section 2.3.
Then the quantity

√
N(θ̂W−θ0) has a limiting (as N →∞ and NM → α, α constant)

zero-mean Gaussian distribution
√
N(θ̂W − θ0) ∼ AsN(0,C(W)),

C(W) � H−1
W GH−1

W (3.11)

where

[HW ]i,j �2re tr{Ȧ∗jZΠ̄⊥ZȦiĀ†EsWE∗sĀ†∗},
[G]i,j �2re tr{Π̄⊥ZȦiĀ†EsW(Λs − Id′)−2(Λs + αId′)WE∗sĀ†∗Ȧ∗jZ}. (3.12)

Furthermore, just as in standard WSF, the weighting matrix W can be replaced by
a consistent estimate without affecting the asymptotical performance.

Proof. The proof is given in Appendix 3.A.
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As expected, the asymptotical covariance coincides with the standard expres-
sion for WSF (see, e.g., [OVK92]) as the ratio α = N

M tends to zero. This case
corresponds to a scenario where the noise covariance can be estimated more accu-
rately than the signal covariance. Then the noise covariance errors are neglible and
the assumptions of [OVK92] are satisfied.

If the array steering matrix A is parameterized with one parameter per source,
then

Ȧi =
[
0m×(i−1), ȧi, 0m×(nθ−i)

]
. (3.13)

By defining the matrix

ΔA = [ȧ1, . . . , ȧnθ ] (3.14)

it is easy to show that (3.12) reduces to

HW = 2re {Δ∗AZΠ̄⊥ZΔA � Ā†EsWE∗sĀ†∗},
G = 2re {Δ∗AZΠ̄⊥ZΔA � Ā†EsW(Λs − Id′)−2(Λs + αId′)WE∗sĀ†∗}. (3.15)

These expressions are easily compared to the well-known expressions for the co-
variance of standard WSF (obtained by setting α = 0). In the general case, with
multiple parameters per source, the corresponding expressions are

HW = 2re {D∗A
(

Ā†EsWE∗sĀ†∗ ⊗ ZΠ̄⊥Z
)

DA},

G = 2re {D∗A
(

Ā†EsWΛαWE∗sĀ†∗ ⊗ ZΠ̄⊥Z
)

DA},
Λα � (Λs − Id′)−2(Λs + αId′). (3.16)

The matrix DA was defined in (2.18). By modifying and generalizing (to the
case of multiple parameters per source) the derivations in [VO91] and [SN90a], the
following theorem can be shown.

Theorem 3.2. Let C(W) be given as in (3.11) and (3.16). Then

C(W) � C(Wnew),
Wnew = (Λs − Id′)2(Λs + αId′)−1. (3.17)

Proof. Begin by defining (for notational brevity)

Y � Ā†Es,

X � ZΠ̄⊥Z. (3.18)

The claim of the theorem can then be written

[re D∗A(YWY∗⊗X)DA]−1

× [re D∗A(YWΛαWY∗ ⊗X)DA][re D∗A(YWY∗ ⊗X)DA]−1

� [re D∗A(YΛ−1
α Y∗ ⊗X)DA]−1, (3.19)
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which is equivalent to

[re D∗A(YΛ−1
α Y∗ ⊗X)DA]− [re D∗A(YWY∗ ⊗X)DA]

× [re D∗A(YWΛαWY∗ ⊗X)DA]−1[re D∗A(YWY∗ ⊗X)DA] � 0. (3.20)

The latter matrix inequality can also be written (Schur’s Lemma)

re
(

D∗A(YΛ−1
α Y∗ ⊗X)DA D∗A(YWY∗ ⊗X)DA

D∗A(YWY∗ ⊗X)DA D∗A(YWΛαWY∗ ⊗X)DA

)
� 0. (3.21)

Since the real part of a p.s.d. matrix is p.s.d. it is sufficient to show that(
DA 0
0 DA

)∗ [( YΛ−1
α Y∗ YWY∗

YWY∗ YWΛαWY∗
)
⊗X

]

×
(

DA 0
0 DA

)
� 0. (3.22)

Furthermore, note that the matrix X is p.s.d.. Since all eigenvalues of a Kronecker
product are products of the eigenvalues of the factors (see, e.g., [HJ91], Theorem
4.2.12) it remains to show that(

YΛ−1
α Y∗ YWY∗

YWY∗ YWΛαWY∗
)

=
(

Y
YWΛα

)
Λ−1
α

(
Y∗ ΛαWY∗

) � 0, (3.23)

which is easily seen to hold.

Inserting (3.17) into (3.12) and using (2.25) leads to the interesting result

C(Wnew) = NCRBθ (3.24)

where CRBθ is given by (2.24) or (2.26). The conclusion is that if the optimal
weighting is used, whitened WSF is asymptotically efficient for the data model.
This observation does in fact serve as an indirect alternative proof of Theorem 3.2.

An intuitive interpretation can be made by considering the discussion given at
the end of Section 2.5. The price (in terms of asymptotic covariance) paid for
having to resort to an estimated noise covariance matrix is equivalent to a decrease
in SNR by a factor

1 + N
M
.

This holds when the new optimal weighting is used. The asymptotic covariance
coincides with the standard expression for WSF [OVK92] as the ratio α = N

M tends
to zero.
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It is interesting to note that the standard method can be made efficient by
a small modification of the weighting matrix. The change of weighting does not
complicate the implementation of the algorithm in any way (note that the new
weighting matrix is diagonal). As we will show in Chapter 5, this choice of weighting
also simplifies and improves detection significantly. Algorithms such as MODE
[SS90a] can be used with only minor modifications, avoiding a multidimensional
search by exploiting certain array geometries. This fact is exploited in Chapter 4.

3.2 An approximative maximum likelihood approach

The second algorithm presented in this chapter does (at least conceptually) not
rely on prewhitening of the data. The new algorithm is based directly on the ML
criterion. It will be assumed in the following that the signals are not coherent, which
means that P is assumed to have full rank: d′ = d. Introduce the matrix

S � APA∗ = R −Q (3.25)

and note that

S ∈MS � {S | S = A(θ)PA∗(θ) ,P ∈M+
d ,θ ∈ �pd} (3.26)

where M+
d is the set of d× d− dimensional positive semi definite (p.s.d.) matrices.

Note that MS ⊂MH
m, where MH

m is the set of Hermitian matrices. The optimization
problem involved in ML estimation can be stated

min
Q�0,S∈MS

l(S,Q),

l(θ,Q,P) = l(S(θ,P),Q) (3.27)

where l(S(θ,P),Q) is the negative log-likelihood function defined in (2.10). The
dependence of S on P and θ was made explicit to make the connection to (2.10)
clear. Using standard results, it can be shown that

S = Ŝ = R̂x − R̂n (3.28)

and Q = R̂n are the solutions to the relaxed problem

min
Q�0,S∈MH

m

l(S,Q). (3.29)

This holds when R̂n and R̂x are p.d. (which is true w.p.1 for large enough N
and M). Also note that Ŝ converges w.p.1 to S (as M,N grow) and that R̂n is
consistent in the same way. Now, inspired by [SS89b], consider the Taylor series
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expansion around Ŝ, R̂n,

l(S,Q) = l(Ŝ, R̂n) + l̇(Ŝ, R̂n)vec{[S Q]− [Ŝ R̂n]}
+ 1

2vec∗{[S Q]− [Ŝ R̂n]}l̈(Ŝ, R̂n)vec{[S Q]− [Ŝ R̂n]}
+ o(‖[S Q]− [Ŝ R̂n]‖22)

= ’const. term’

+ 1
2vec∗{[S Q]− [Ŝ R̂n]}l̈(Ŝ, R̂n)vec{[S Q]− [Ŝ R̂n]}

+ o(‖[S Q]− [Ŝ R̂n]‖22) (3.30)

where the first equality relies on the bounded third order derivative of the steering
vectors. It was also used that l̇(Ŝ, R̂n) = 0. This suggests the criterion function

VC(S,Q) � vec∗{[S Q]− [Ŝ R̂n]}l̈(Ŝ, R̂n)vec{[S Q]− [Ŝ R̂n]}. (3.31)

The following lemma gives an asymptotic result on the performance of the estimates
obtained by minimizing VC(S,Q):
Lemma 3.1. Assume the data model of Section 2.3 and assume that d = d′ (signals
are not coherent). The estimates obtained by minimizing VC(S(θ,P),Q) in (3.31)
over P ∈ MH

d , θ ∈ �pd and Q ∈ MH
m are asymptotically equivalent to the ML

estimates.
Proof. The proof of asymptotic equivalence is given in Appendix 3.B. Since the
estimates of the covariance matrices P and Q are consistent, they will be p.d. for
sufficiently large N . The conclusion is that the asymptotic performance of the
estimates is unaffected by relaxing the positive definiteness constraint. See also
[SOVM96] for a similar argument.

Note that the dependence of S on θ and P is emphasized in the lemma. We
will now proceed to concentrate the parameters P and Q out of VC(S(θ,P),Q). In
order to simplify the new criterion function, it is necessary to evaluate the matrix
V̈ML(Ŝ, R̂n). The second derivative of l(S,Q) w.r.t. element i and element j in
vec{S} is

∂2l(S,Q)
∂[vec{S}]i∂[vec{S}]j
= −tr{R−1ṠiR−1Ṡj}+ tr{R−1ṠjR−1ṠiR−1R̂x}

+ tr{R−1S̈ij}+ tr{R−1ṠiR−1ṠjR−1R̂x −R−1S̈ijR−1R̂x}. (3.32)

This can be compared to Bangs formula that was used in (2.19). Inserting Ŝ and
R̂n gives

∂2l(Ŝ, R̂n)
∂[vec{S}]i∂[vec{S}]j = tr{R̂−1

x ṠjR̂−1
x Ṡi}. (3.33)
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The other derivatives simplify in a similar manner. It should be noted that a
Hermitian m×m− matrix can be parameterized with m2 real parameters instead
of the m2 complex parameters implied in the previous derivations. However, as
it turns out, the estimates of P and Q obtained will be Hermitian even if the
constraint is not explicitly enforced, and thus no special attention has to be given
this issue. The resulting criterion function simplifies to

VC(S,Q) = vec∗{[R̂n Ŝ]− [Q S]}
( 1
αR̂−Tn ⊗ R̂−1

n + R̂−Tx ⊗ R̂−1
x R̂−Tx ⊗ R̂−1

x
R̂−Tx ⊗ R̂−1

x R̂−Tx ⊗ R̂−1
x

)

× vec{[R̂n Ŝ]− [Q S]}. (3.34)

It is possible to analytically minimize (3.34) above w.r.t. Q. Using the definition
of Ŝ in (3.28), the minimizer is

vec{Q̂C} �
( 1
α

R̂−Tn ⊗R̂−1
n + R̂−Tx ⊗ R̂−1

x
)−1

× ( 1
α

vec{R̂−1
n }+ (R̂−Tx ⊗ R̂−1

x )vec{R̂x − S}). (3.35)

As noted above, Q̂C can be shown to be Hermitian by construction. Recall that
the criterion function (3.34) is to be minimized over S ∈ MS. This constraint
is enforced by substituting back S = APA∗. By also reinserting Q = Q̂C , the
concentrated criterion function becomes

VC(θ,P) = vec∗{R̂x − R̂n −APA∗}W−1
C vec{R̂x − R̂n −APA∗} (3.36)

where

WC � R̂Tx ⊗ R̂x + αR̂Tn ⊗ R̂n. (3.37)

It is easy to see that the minimizing P is given by

vec{P̂C} � (W−1/2
C (Ac ⊗A))†r, (3.38)

with

r � W−1/2
C vec{R̂x − R̂n}. (3.39)

The estimate P̂C is Hermitian by construction. Neither P̂C nor Q̂C are guaranteed
to be p.d., but, as pointed out in Lemma 3.1, this does not affect asymptotic
performance. Finally, the concentrated criterion function is

VC(θ) = r∗Π⊥W−1/2
C

(Ac⊗A)r. (3.40)

We conclude this section by stating its main result:
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Theorem 3.3. Assume the data model of Section 2.3 with d = d′ (signals are not
coherent). Let the approximative maximum likelihood (AML) estimate of the signal
parameters be

θ̂C � argmin
θ
VC(θ) (3.41)

where VC(θ) is given by (3.40). Also let Q̂C in (3.35) and P̂C in (3.38) be the
AML estimates of Q and P, respectively. Then θ̂C , P̂C and Q̂C have the same
asymptotic covariances as the corresponding maximum likelihood estimates. As a
consequence, the AML estimates are asymptotically statistically efficient estimates
under the assumptions.

Proof. The asymptotic equivalence follows from the derivations above.

The efficiency of the estimate implies that the CRB derived in Section 2.5 gives
the asymptotic covariance of θ̂C . That expression for the CRB is derived for the
case when no information on d′ is used. This implies that the same expression gives
the asymptotic covariance of θ̂C also in the coherent signal case (but it may then
no longer be the best achievable covariance).

The small sample behavior of the method is investigated by simulations in Sec-
tion 3.3 and also in Chapter 4. The associated minimization problem requires a
dp−dimensional optimization. In Chapter 4 a non-iterative algorithm, based on
the same criterion function, will be derived for the special case of a ULA.

Note that WC defined in (3.37) is a consistent estimate of the covariance of√
Nvec{R̂x − R̂n}. This suggests that the proposed AML estimator can be seen

as a covariance matching estimator (hence the subscript C on the estimates), see,
e.g., [OSR98]. A similar methodology will be used in Part III of this thesis for a
different estimation problem. The proof of optimality will be different but the basic
idea is the same.

3.3 Numerical study

A number of computer simulations have been performed in order to illustrate the
theoretical, asymptotical results derived in Chapter 2 and Chapter 3, and also, to
some extent, investigate small sample performance of the methods.

Simulation setup

Included quantities The asymptotical covariance expression for whitened WSF
as introduced in Theorem 3.1 is included in all plots. The quantity plotted is

1√
N

√
d−1tr{C(W)}. (3.42)
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Two weighting matrices (W in (3.9)) are tested. The asymptotical covariance
with Wnew = (Λs − Id′)2(Λs + αId′)−1 (which is the optimal weighting for the
problem) coincides with the CRB. The asymptotical covariance with WWSF =
(Λs − Id′)2Λ−1

s , which would be the optimal weighting if Q (and thereby Z) was
known exactly, is marked with ’WSF as. W=Wwsf’.

In addition to the asymptotical covariances, three versions of the CRB are in-
cluded. The quantity plotted is√

d−1tr{CRBθ(N,M,Q,P,θ)} (3.43)

where CRBθ(N,M,Q,P,θ) refers to the block of the inverse Fisher matrix that
corresponds to the DOAs. The CRB for the estimation problem if Q is known
exactly, (2.17), is also included and marked with ’CRB-known noise’. In one case
the CRB with N �M is included. It is marked with ’CRB-large N’.

The performance of the estimators is also investigated using Monte-Carlo ex-
periments. Let [θ̂(i)]k be the estimate of the kth DOA in Monte Carlo trial i (using
the method in question) and [θ]k be the true DOA. Then the performance measure
used is the RMS per source√√√√1

d

1
L

L∑
i=1

d∑
k=1

([θ̂(i)]k − [θ]k)2 (3.44)

where L is the number of Monte Carlo trials. In the simulations presented here,
L = 1000.

Two versions of whitened WSF are tested. The results for the version using the
optimal Wnew weighting are marked with circles in the plots. The squares are for
the version that is using WWSF. The AML approach of Section 3.2 is also tested.
The results using this method are shown as stars in the plots.

In addition to the methods discussed in this chapter, the well-known root-
MUSIC method is also included in one of the plots (see Figure 3.4). It is imple-
mented using whitening in the same way as the WSF method above. The results
for the root-MUSIC method are shown as hollow stars.

Numerical search procedure The AML [see (3.40)] and WSF [see (3.9)] meth-
ods both require a pd−dimensional search. In the simulations presented here, this
is implemented using the scoring method. Denote by θ̂i the estimate after the ith
iteration. Then

θ̂i+1 = θ̂i − μH†g (3.45)

where H is the asymptotic Hessian, for WSF and AML, respectively. They will
be given by (5.13) and (5.28). The vector g is the gradient. Both quantities are
evaluated at θ = θ̂i. The step size μ is chosen using line search in each iteration.
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The line search is based on Armĳo’s rule

μ = max
k
{0.5k|V (θ̂i − 0.5kH†g) < V (θ̂i)− g∗H†g}. (3.46)

The function V (θ) denotes the criterion function of the algorithm in question. The
search is terminated when

‖θ̂i − θ̂i+1‖ < 10−15. (3.47)

Unlike in any practical case, the true value was actually known in the simula-
tions, and it is used as an initial point in the minimization algorithm. The reason
for making this simplified choice is that the results are intended to illustrate the
asymptotical results and the relative differences between the AML method and the
two WSF variants, independent of initialization. The drawback is that large errors
that are due to finding a minimum of the criterion function that is far from the
true value will not appear in the plots. Unless such outliers can be detected by
other means, practical performance for hard cases (low SNR or small sample sizes)
may be worse than the performance shown in the plots. Further simulations are
presented in Chapter 4 where the true value is not used as initial point.

Signal and noise covariance In all simulations presented in this chapter, the
signal covariance matrix P is defined by

[P]i,j = ρ|i−j|, 0 ≤ |ρ| < 1. (3.48)

This makes it possible to use the parameter ρ to control the correlation of the
signals. In the experiments used to produce the plots, ρ is real. The noise covariance
matrix Q is designed to be reminiscent of a spatial AR(1)-process. The i, jth
element of Q is

[Q]i,j = xa|i−j| (3.49)

where a is a parameter used to control the noise covariance and x is selected such
that

‖Q‖ = σ2 = 10− SNR
20 . (3.50)

The array steering vectors correspond to those of a uniform linear array (ULA) with
sensors separated by a half wavelength. The DOAs of the sources are measured from
array broadside.

Results
Estimator performance Results for a scenario with sources at 0 and 10 degrees
and five sensors are shown in Figure 3.1. The two sample sizes M and N have
a fixed ratio of five in the experiment, and they are both varied. The noise is
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Figure 3.1: RMS per source in estimation of direction of arrival with two sources
at 0 and 10 degrees. A ULA with m = 5 elements and half-wavelength spacing
is used. The sources are correlated with ρ = 0.7. The noise covariance matrix
had parameters a = 0.5 and SNR= 3dB. The number of signal-free samples, M , is
varied and the number of signal-containing samples N is 5M .

spatially correlated with parameters a = 0.5 and σ2 is selected so that SNR= 3dB.
The signals are correlated with ρ = 0.7. The plot shows that the suggested, optimal,
weighting gives a small performance gain compared to the standard choice. This is
evident both in the asymptotical expressions and in the experimental evaluations of
the different methods. It can also be noted that the AML approach performs better
than optimally weighted WSF for small M and N . Asymptotically, this difference
disappears.

In Figure 3.2, the source spacing is made smaller and when comparing to Fig-
ure 3.1 it is evident that this affects performance of all methods. The gain obtained
by weighting with Wnew instead of WWSF in WSF is also slightly larger for this
case.

It is evident from the difference between the two CRB curves in Figure 3.1 and
Figure 3.2 that there is a loss associated with not having exact knowledge of the
noise covariance matrix.

In Figure 3.3, the number of sensors is larger but more sources are introduced.
The performance gain for the AML approach compared to the two WSF methods
seems to increase as does the difference between the two WSF weightings. The
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Figure 3.2: RMS per source in estimation of direction of arrival with two sources
at 0 and 6 degrees. A ULA with m = 5 elements and half-wavelength spacing is
used. The sources are correlated with ρ = 0.7. The noise covariance matrix had
parameters a = 0.5 and SNR= 3dB. The number of signal-free samples, M , is
varied and the number of signal-containing samples N is 5M .

observations made above are valid also in this case. The choice of parameters used
in this example is used again in Figure 4.2 when the methods derived in Chapter 4
are evaluated.

In the next plot, Figure 3.4, the number of samples are kept constant at
N = 5000 and M = 1000. In this example, two sources are emitting. The sig-
nal correlation, ρ, is varied. As could be suspected, the gain obtained by using
Wnew instead of WWSF depends on ρ. This can be explained by the fact that
Λs will have fewer dominating eigenvalues when the signals are correlated, making
Wnew differ more from WWSF. In the experiment, ρ is real. The phase of ρ might
not be unimportant. Further investigations also indicate that the source spacing
has a similar significance.

It is quite clear that the advantage of the improved methods developed here will
be larger when M is small compared to N . This is illustrated in Figure 3.5. For
the particular case studied there it can be seen that the effects of small M (poor
whitening matrix) will dominate until M > N3 . Note that the new methods never
will perform worse than the standard methods. The plot (and the other plots in
the study) also indicates that the asymptotical expressions are valid for fairly small
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Figure 3.3: RMS per source in estimation of direction of arrival with three sources
at 0, 6, and 20 degrees. A ULA with m = 7 elements and half-wavelength spacing
is used. The sources are correlated with ρ = 0.7. The noise covariance matrix
had parameters a = 0.5 and SNR= 3dB. The number of signal-free samples, M , is
varied and the number of signal-containing samples N is 5M .

sample set sizes.
In Figure 3.6, the impact of the noise correlation is investigated. In terms of

difference in performance between the tested methods, the plot indicates that the
noise correlation is of little importance. It is somewhat surprising to note that
increasing noise correlation gives an improved performance. An explanation for
this is that the noise is then partially filtered-out by the whitening transformation.
However, also note that the definition of SNR used makes the noise power on each
sensor smaller when a increases. Note that a performance gain can be obtained
with the new methods also when the true noise covariance is identity, as is the case
in Figure 3.4.

Initialization The iterative minimization procedures WSF and AML are initial-
ized at DOAs uniformly spaced on a 500× 500 grid for the same single realization
of the samples. The initializations that lead to finding the global minimum are
shown as white areas in Figure 3.7-a and -b. In this experiment, the AML method
seems to be less sensitive to poor initialization than WSF. This effect has also been
observed in several simulations that are not included in this thesis. It should be
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Figure 3.4: RMS per source in estimation of direction of arrival with two sources
at 0 and 10 degrees. A ULA with m = 5 elements and half-wavelength spacing
is used. The sources are correlated with ρ varying from 0.3 to 0.99. The noise
covariance matrix had parameters a = 0 and SNR= 3dB. The sample sizes are
fixed at M = 1000, N = 5000.

noted that the behavior for higher dimensional parameter spaces (i.e. more sources
or more parameters per source) might be different.
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Figure 3.5: RMS per source in estimation of direction of arrival with two sources
at 0 and 10 degrees. A ULA with m = 5 elements and half-wavelength spacing is
used. The sources are correlated with ρ = 0.7. The noise covariance matrix had
parameters a = 0.5 and SNR= 3dB. The number of signal-free samples varied from
10 to 1980 with N = 2000−M .
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Figure 3.6: RMS per source in estimation of direction of arrival with two sources
at −8 and 10 degrees. A ULA with m = 5 elements and half-wavelength spacing
is used. The sources are correlated with ρ = 0.7. The noise covariance matrix had
parameter a varying from 0 to 0.99 and SNR= 3dB. The sample sizes are M = 200
and N = 800.
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Figure 3.7-a (AML)
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Figure 3.7: Convergence of WSF and AML as functions of initialization. Black
pixels indicate that the method converges to a local minimum different from the
global one or does not converge at all within the 100 iterations in the experiment
when initialized at this point. A white pixel indicates that the method converges
to the global minimum. The true DOAs are at 10 and 20 degrees (indicated by the
small ’x’). In the single experiment, m = 5, M = 100, N = 500, and SNR=3dB.
The results for the AML method is shown in Figure 3.7-a and the results for WSF
weighted with Wnew are shown in Figure 3.7-b.
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Appendix 3.A Proof of Theorem 3.1

In the remainder of the section, the subscript will be dropped from θ̂W and VW . It
follows from the consistency of standard WSF [VO91] and the consistency relation

lim
N→∞

ẐR̂xẐ = ZAPA∗Z + Im (3.51)

that

lim
N→∞

θ̂ = θ0. (3.52)

Both results hold w.p.1. In order to see this, consider the fact that M and N has
a fixed ratio asymptotically. A standard Taylor expansion technique will now be
used to find the covariance of the parameters. To that end, write

V̇ (θ̂) = 0 � V̇ (θ0) + V̈ (θ0)(θ̂ − θ0) (3.53)

where � denotes equality in the dominating terms (as M,N grow). It follows that,
for large N

(θ̂ − θ0) � −H−1
W V̇ (θ0) (3.54)

where

HW = lim
N→∞

V̈ (θ̂). (3.55)

Hence the asymptotic covariance is given by (3.11) if the gradient is asymptotically
normal distributed with covariance G. It is a well known and easily verifiable result
that

(Π̇A)i = Π⊥AȦiA† + (. . .)∗,
(Π̈A)i,j = −Π⊥AȦjA†ȦiA† −A†∗Ȧ∗jΠ⊥AȦiA†

+ Π⊥AÄi,jA† + Π⊥AȦi(A∗A)−1Ȧ∗jΠ⊥A
−Π⊥AȦiA†ȦjA† + (. . .)∗ (3.56)

where, with some abuse of notation, (Π̇A)i and (Π̈A)i,j denote the element-wise
first and second derivatives of ΠA w.r.t. the elements of θ . The notation (. . .)∗
indicates the preceding equation conjugate-transposed. With A replaced by Ā =
ZA, it is a direct consequence of the above expression and the relation Π⊥ZAEs = 0
that [HW ]i,j is given by (3.12). The ith element of the gradient, evaluated at θ0,
can be written

[V̇ (θ0)]i = −2re tr{[Π⊥ẐA][ẐAi(ẐA)†][ÊsWÊ∗s ]}. (3.57)
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In order to show that
√
NV̇ (θ0) ∼ AsN(0,G), (3.58)

with G given by (3.12), proceed by finding a first-order expression for [V̇ (θ0)]i.
Introduce

R̃x � R̂x −R (3.59)

and similarly also

R̃n � R̂n −Q,
Z̃ � Ẑ− Z,

Λ̃s � Λ̂s −Λs,
Ẽs � Ês −Es. (3.60)

Consider

Π⊥ẐA = Im − (Z + Z̃)A
(
A∗ZZA + A∗Z̃Z̃A

+ A∗ZZ̃A + A∗Z̃ZA
)−1A∗(Z + Z̃)

� Π⊥ZA − Z̃A(A∗ZZA)−1A∗Z
− ZA(A∗ZZA)−1A∗Z̃
+ ZA(A∗ZZA)−1A∗(ZZ̃ + Z̃Z)A(A∗ZZA)−1A∗Z

= Π⊥ZA − Z̃Z−1ΠZA −ΠZAZ−1Z̃ + ΠZAZ̃Z−1ΠZA + ΠZAZ−1Z̃ΠZA

= Π⊥ZA −Π⊥ZAZ̃Z−1ΠZA −ΠZAZ−1Z̃Π⊥ZA. (3.61)

The matrix inversion lemma (1.11) was used in the first step.
It will be useful to have a first order expression for Z̃. In order to find such an

expression, write

(Z + Z̃)(Q + R̃n)(Z + Z̃) = Im. (3.62)

This gives

Z̃QZ + ZQZ̃ � −ZR̃nZ. (3.63)

Vectorizing both sides gives(
ZTQT ⊗ Im + Im ⊗ ZQ

)
vec{Z̃} � −(ZT ⊗ Z)vec{R̃n} (3.64)

and, since ZQ = Z−1, it follows that

vec{Z̃} � − (Z−T ⊗ Im + Im ⊗ Z−1)−1 (ZT ⊗ Z)vec{R̃n}. (3.65)
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Note that Z̃ will be of the same order of magnitude as R̃n and R̃x (since M and
N have a constant ratio asymptotically). Next, by definition

ẐR̂ẐÊs = ÊsΛ̂s. (3.66)

After some manipulations this gives

ẼsΛs + EsΛ̃s � Z̃RZEs + ZR̃xZEs + ZRZ̃Es + ZRZẼs. (3.67)

By expanding ZRZ and by multiplying with Π⊥ZA from the left it follows that

Π⊥ZAẼsΛs
� Π⊥ZA

(
Z̃Z−1(EsΛsE∗s + EnE∗n)Es + ZR̃xZEs + Z−1Z̃Es + Ẽs

)
. (3.68)

In the last expression it was used that Π⊥ZAZRZ = Π⊥ZA. Now

Π⊥ZAẼs(Λs − Id′) � Π⊥ZA(Z̃Z−1EsΛs + ZR̃xZEs + Z−1Z̃Es). (3.69)

Note that Ẽs is of the same order as Z̃ and R̃x. From (3.57) and (3.61) it now
follows that

[ ˙V (θ0)]i � −2re
(
tr{[Π⊥ZA][ẐȦi(ẐA)†][EsWE∗s]}
− tr{Π⊥ZAZ̃Z−1ΠZA[ZȦi(ZA)†]EsWE∗s}
− tr{ΠZAZ−1Z̃Π⊥ZA[ZȦi(ZA)†]EsWE∗s}
+ tr{Π⊥ZAZȦi(ZA)†(EsWẼ∗s + ẼsWE∗s)}

)
= −2re

(−tr{ΠZAZ−1Z̃Π⊥ZA[ZȦi(ZA)†]EsWE∗s}
+ tr{Π⊥ZAZȦi(ZA)†EsWẼ∗s}

)
= −2re

(−tr{E∗sZ−1Z̃Π⊥ZA[ZȦi(ZA)†]EsW}
+ tr{(Λs − Id′)−1(Λs − Id′)Ẽ∗sΠ⊥ZAZȦi(ZA)†EsW}

)
(3.70)

where, again, the relation E∗sΠ⊥ZA = 0 was used. At this point it can be noted that
replacing W with the consistent estimate

Ŵ = W + op(1) (3.71)

will only introduce higher order terms in the expression. This proves that the
covariance of the estimate will asymptotically not be affected by the use of a con-
sistent estimate of the weighting matrix in lieu of the true weighting matrix. Upon
returning to the main proof, insertion of (3.69) into (3.70) gives

[ ˙V (θ0)]i � 2re
(
tr{E∗sZ−1Z̃Π⊥ZAZȦi(ZA)†EsW}

− tr{(Λs − Id′)−1ΛsE∗sZ−1Z̃Π⊥ZAZȦi(ZA)†EsW}
− tr{(Λs − Id′)−1E∗sZR̃xZΠ⊥ZAZȦi(ZA)†EsW}
− tr{(Λs − Id′)−1E∗sZ̃Z−1Π⊥ZAZȦi(ZA)†EsW}

)
. (3.72)
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Making use of the equality

Id′ − (Λs − Id′)−1Λs = −(Λs − Id′)−1 (3.73)

leads to

[V̇ (θ0)]i � −2re tr{(Z−1Z̃ + Z̃Z−1 + ZR̃xZ)Mi},
Mi � Π⊥ZAZȦi(ZA)†EsW(Λs − Id′)−1E∗s. (3.74)

Using the formula tr{X1X2} = vecT {XT1 }vec{X2} this can be written

[V̇ ]i � −2re
(
vecT {(MiZ−1 + Z−1Mi)T }vec{Z̃}

+ vecT {(ZMiZ)T }vec{R̃x}
)
. (3.75)

The covariance expressions

Cov
[

vec{R̃x}
]

= N−1(RT ⊗R),
Cov

[
vec{R̃n}

]
=M−1(QT ⊗Q) (3.76)

which hold due to the circular Gaussianity of the signals and noise, see [And58] or
the derivations in Appendix 1.A. Using them it follows from (3.65) that

lim
M→∞

MCov
[

Z̃
]

=
(
Z−T ⊗ Im + Im ⊗ Z−1)−2

. (3.77)

Before proceeding to find an expression for [G]i,j in (3.58), note that

vec{(MiZ−1 + Z−1Mi)T } =
(
Im ⊗ Z−T + Z−1 ⊗ Im

)
vec{MT

i },
and

vec{(ZMiZ)T } = (Z⊗ ZT )vec{MT
i }. (3.78)

Combining (3.76), (3.75), (3.77) and (3.78) with the uncorrelatedness of R̃x and Z̃
now gives

[G]i,j = NE
[

[V̇ (θ0)]i[V̇ (θ0)]j
]

= 2re {vecT {MT
i }((ZRZ)T ⊗ ZRZ)vec{M∗

j}}+ 2re {N
M

vecT {MT
i }vec{M∗

j}}

= 2re tr{ZRZMiZRZM∗
j + N
M

MiM∗
j}

= 2re tr{MiZRZM∗
j + N
M

MiM∗
j} (3.79)

where the relation ZRZΠ⊥ZA = Π⊥ZA was used in the last step. Continue by writing

[G]i,j = 2re tr{Mi(EsΛsE∗s + EnE∗n + N
M

Im)M∗
j}

= 2re tr{Mi(Es(Λs + N
M

Id′)E∗s)M∗
j} (3.80)
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where it was used that E∗nEs = 0. Insertion of (3.74) gives (3.12). The asymp-
totic normality of θ̂ follows from the asymptotic normality of [V̇ (θ0)]i which is a
consequence of the central limit theorem.

Appendix 3.B Proof of Lemma 3.1

Begin by stating the equalities

V̈C(S,Q) = l̈(Ŝ, R̂n) = l̈(S,Q) + op(1),

V̇C(S,Q) = l̇(S,Q) + op(
1√
N

) (3.81)

where the functions are evaluated at the true parameter values. The first equality in
(3.81) is immediate from consistency of the estimates. The second equality follows
because

l̇(S,Q) = l̈(S,Q)vec{[S Q]− [Ŝ R̂n]}+ op(
1√
N

),

V̇C(S,Q) = (l̈(S,Q) + op(1))vec{[S Q]− [Ŝ R̂n]}. (3.82)

The first equality in (3.82) follows from Taylor expansion around Ŝ and R̂n (and
the fact that they are root-N consistent estimates). The second equality follows
from Taylor series expansion around the true parameter matrices. The equalities in
(3.81) above imply asymptotic equivalence even though the matrix S is constrained
to the set MS. In order to show that, consider the derivative of l(S,Q) w.r.t. [θ]i

∂l(S,Q)
∂[θ]i

=
m2∑
k=1

∂l(S,Q)
∂[vec{S}]k

∂[vec{S}]k
∂[θ]i

. (3.83)

By computing the corresponding derivative of VC(S,Q) and using (3.81), this gives
∂l(S,Q)
∂[θ]i

= ∂VC(S,Q)
∂[θ]i

+ op(
1√
N

). (3.84)

As for the second derivative, it holds that

∂2l(S,Q)
∂[θ]i∂[θ]j

=
m2∑
k=1

(m2∑
l=1

∂2l(S,Q)
∂[vec{S}]k∂[vec{S}]l

∂[vec{S}]l
∂[θ]j

∂[vec{S}]k
∂[θ]i

+ ∂l(S,Q)
∂[vec{S}]k

∂2[vec{S}]k
∂[θ]i∂[θ]j

)
. (3.85)

This shows that [again using (3.81)]
∂2l(S,Q)
∂[θ]i∂[θ]j

= ∂
2VC(S,Q)
∂[θ]i∂[θ]j

+ op(1). (3.86)

Similar relationships for the parameters in P and Q can be derived using the same
technique. This concludes the proof.





Chapter 4

Fast algorithms for uniform linear
arrays

This chapter will focus on algorithms that, unlike those proposed in Chapter 3, do
not require a numerical search procedure. The algorithms that will be proposed
depend on the array being uniform and linear. They are conceptually similar to
the MODE algorithm of [SS90b].

4.1 MODE

In a ULA, the steering vectors have the following Vandermonde structure

a(θi) = [1 e−j2πδ sin(θi) . . . e−j2πδ(m−1) sin(θi)]T (4.1)

where δ is the sensor spacing measured in wavelengths. Note that the number of
parameters per source, p, (defined in Section 2.3) is set to unity in this case. The
methods that will be derived below rely on a reparameterization of the problem
used in [SS90b] and [BM86]. Form the polynomial

b(z) � b0zd + b1zd−1 + . . .+ bd, (4.2)

so that

b(e−j2πδ sin(θi)) = 0, i = 1, 2, . . . , d. (4.3)

Then the rows of the (m− d)×m matrix

B∗ �

⎛
⎜⎜⎜⎝
bd bd−1 · · · b0 0 · · · 0
0 bd · · · b1 b0 · · ·
...

...
0 · · · 0 bd · · · b0

⎞
⎟⎟⎟⎠ (4.4)

65
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will span the left nullspace of A,

B∗A = 0(m−d)×d. (4.5)

The advantage of this parameterization is that the bi parameters enter B∗ linearly
while the parameters in θ enter A in a non-linear way. The DOAs can be extracted
from the bi coefficients by polynomial rooting.

4.2 C-MODE

Reconsider the criterion function from (3.40)

VC(θ) = r∗Π⊥W−1/2
C

(Ac⊗A)r. (4.6)

In order to introduce the reparameterization described above, define the matrix

B̄ � [Im ⊗B Bc ⊗ Im] (4.7)

and note that

B̄∗W1/2
C W−1/2

C (Ac ⊗A) = 0(2m(m−d))×d2 (4.8)

where WC was defined in (3.37). It can be shown that the columns of W1/2
C B̄ span

the nullspace of (AT ⊗A∗)W−1/2
C . This implies that, since rank{B̄} = m2−d2 (as

can easily be shown),

VC(θ) = r∗ΠW1/2
C

B̄r

= r∗W1/2
C B̄WBB̄∗W1/2

C r � VC(B),
WB � UΣ−1

G V∗. (4.9)

The unitary matrices U and V are obtained from the singular value decomposition
(SVD)

UΣV∗ = B̄∗WCB̄. (4.10)

The elements of the diagonal matrix ΣG are given by

[ΣG]ii =
{

[Σ]ii, 0 < i ≤ (m2 − d2)
λ, m2 − d2 < i ≤ 2(m− d)m, (4.11)

with λ some positive constant, [Σ]ii ≥ [Σ]jj , i > j, and Σ is given by (4.10). At this
point it should be noted that B̄ can be chosen in different ways. While the choice of
B̄ does not affect asymptotic performance of the estimate, finite sample performance
might differ. The choice of B̄ in (4.7) is made because it has shown to yield good
small sample performance in simulations. However, it does not have full rank (as
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other choices may have). To avoid degenerate solutions to the simplified problem
that will be introduced in the following, WB must be p.d.. When defined as above,
with λ > 0, WB is p.d. and W1/2

C B̄WBB̄∗W1/2
C = ΠW1/2

C
B̄ as required. Note the

complicated dependence of the criterion on B in (4.9). The following lemma will
be useful when constructing a computationally less demanding estimator:

Lemma 4.1. Assume the data model of Section 2.3, with the array steering vectors
given by (4.1). Let ŴB be a consistent estimate of WB, evaluated at the true
parameter values,

ŴB = WB + op(1). (4.12)

The estimator obtained by minimizing

V̂C(θ) � VC(B,ŴB) � r∗W1/2
C B̄ŴBB̄∗W1/2

C r (4.13)

is asymptotically equivalent to the estimator obtained by minimizing VC(θ) in (4.9).

Proof. Consider the derivative of VC(B) in (4.9) w.r.t. bi

[V̇C(B,WB)]i = r∗W1/2
C ( ˙̄BiWBB̄∗ + B̄WB

˙̄B∗i )W
1/2
C r

+ r∗W1/2
C B̄ ˙(WB)iB̄

∗W1/2
C r. (4.14)

The dependence of the criterion function on WB has been made explicit. Note that
the last term is op( 1√

N
) if the function is evaluated at the true parameter values.

Next, evaluate the derivative

[V̇C(B,ŴB)]i = r∗W1/2
C ( ˙̄BiŴBB̄∗ + B̄ŴB

˙̄B∗i )W
1/2
C r

= r∗W1/2
C ( ˙̄BiWBB̄∗ + B̄WB

˙̄B∗i )W
1/2
C r + op(N−1/2). (4.15)

Again the derivative is evaluated at the true parameter values. Examining the
second derivatives in a similar way shows that

[V̈C(B,ŴB)]i,j = r∗W1/2
C ( ˙̄BiWB

˙̄B∗j )W
1/2
C r + op(1). (4.16)

The lemma follows since

V̇C(B,ŴB) = V̇C(B,WB) + op(N−1/2),
V̈C(B,ŴB) = V̈C(B,WB) + op(1) (4.17)

when evaluated at the true θ.

Next, because the polynomial b(z) has all roots on the unit circle, the coefficients
satisfy

bi = bcd−i, i = 0, 1, . . . , d. (4.18)
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This means that the matrix B∗ can be parameterized by the vector

b = [re{b0}, . . . , re{b(d−1)/2}, im{b0}, . . . , im{b(d−1)/2}]T (4.19)

if d is odd and

b = [re{b0}, . . . , re{bd/2−1}, bd/2, im{b0}, . . . im{bd/2−1}]T (4.20)

if d is even. In order to introduce this parameterization, note that

B̄∗W1/2
C r =

(
((R̂x − R̂n)T ⊗ Im−d)vec{B∗}
(Im−d ⊗ (R̂x − R̂n))vec{B}

)
. (4.21)

Next, introduce two m(m− d)× (d+ 1) matrices Γ1 and Γ2 such that

vec{B∗} � Γ1b (4.22)

and

vec{B} � Γ2b. (4.23)

Note that Γ1 and Γ2 are independent of data and parameters. Combining (4.13),
(4.21), (4.22), and (4.23) gives

V̂C(B) = bTΓ∗ŴBΓb,

Γ �
(

((R̂x − R̂n)T ⊗ Im−d)Γ1
(Im−d ⊗ (R̂x − R̂n))Γ2

)
. (4.24)

To avoid the trivial solution b = 0 when minimizing this criterion function, an
additional constraint must be introduced. The criterion function in (4.24) is on the
same form as the corresponding one in [SS90b], and the same discussion on enforc-
ing the constraint on the vector b applies. In [SS90b], either re{b0} or im{b0} is
constrained to unity. Here, the constraint bTb = 1 is used instead. The minimiz-
ing b is, with this choice of constraint, given by the eigenvector corresponding to
the smallest eigenvalue of re{Γ∗ŴBΓ}. Before giving an outline of the proposed
algorithm, we summarize the main result of this section in the following theorem:

Theorem 4.1. Assume the data model given in Section 2.3 and let the steering
vectors have the Vandermonde structure given by (4.1), i.e. the array is an ULA
and only the DOAs are estimated. Define

b̂ = argmin
bTb=1

bT re{Γ∗ŴBΓ}b (4.25)

where ŴB is a consistent estimate of WB [defined in (4.9)] and Γ is defined in
(4.24). Form the polynomial b̂(z) from the elements of b̂ according to (4.2) and,
depending on the number of sources d, (4.19) or (4.20). Then the roots of b̂(z) give
estimates of the true DOAs that are asymptotically equivalent to the elements of θ̂C
in (3.41).
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Proof. The result follows from the derivations in this section, in particular
Lemma 4.1.

The proposed algorithm can be briefly outlined as:

1. Set ŴB to some initial estimate (for example the identity matrix).

2. Solve the minimization problem (4.25) to find b̂ under the constraint discussed
above.

3. Construct a new, consistent, ŴB based on the minimizer in the previous
step.

4. Solve the minimization problem (4.25) using the new ŴB .

5. Find the DOAs by rooting the estimated polynomial b̂(z).

Numerical simulations indicate that threshold performance can be improved if
points 3 and 4 are repeated with one more iteration. The performance of this
method, called C-MODE (C for covariance matching and MODE due to its re-
semblance to the algorithm of [SS90b]) in the remainder of the thesis, will be
investigated numerically in Section 4.5.

4.3 W-MODE

The weighted subspace fitting (WSF) method is originally derived assuming spa-
tially white noise, i.e. Q = σ2Im [VO91]. The version of WSF treated in Chapter 3
is adapted to the colored noise assumption and relies on using the noise-only sam-
ples [n(t)]−1

t=−M to form a prewhitening transform for the data. The algorithm is
outlined in Section 3.1. If the noise is actually known to be white, so that Ẑ = Im
in (3.9), the weighting matrix should be chosen as

W = WWSF = (Λs − Id′)2Λ−1
s (4.26)

to make the estimate asymptotically equivalent to ML [VO91]. For the case treated
in this work, the prewhitened version should be used. We have shown in Chapter 3
(Theorem 3.2) that the optimal weighting, for this data model, is

Wnew = (Λs − Id′)2(Λs + αId′)−1 (4.27)

and that this choice yields asymptotic equivalence to ML when d = d′. When
coherent signals can be assumed, Wnew is still the best possible weighting, and it
gives the same asymptotic performance as AML.

While standard WSF assumes a general array structure, the parameterization
(4.2) can be used if the array is a ULA. Since the columns of B in (4.4) span
the nullspace of A∗, it holds that B∗Ẑ−1ẐA = 0(m−d)×d, hence Π⊥ẐA = ΠBẐ−1 .
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Except for the modified weighting and the whitening, the derivations and imple-
mentation are exactly as outlined in [SS90a]. The basic algorithm is similar to
the one described in Section 4.2. The algorithm will be denoted W-MODE in the
remainder of this thesis (W for weighted subspace fitting). The performance of this
method will also be evaluated numerically in Section 4.5.

4.4 Complexity comparison

Both W-MODE and C-MODE require forming the covariance matrices R̂n and
R̂x. For large enough sample sizes this will dominate the computational burden
for both methods. Both methods also require rooting a d−dimensional polynomial
and solving a d−dimensional quadratic minimization problem (for which efficient
methods exist based on the eigenvalue decomposition).

The C-MODE algorithm requires calculating the SVD of a 2m(m−d)×2m(m−
d) matrix. Typically this requires O((m(m − d))3) complex multiplications and
additions [GL96]. Thus the complexity of C-MODE grows as the sixth power of
the number of antennas.

The W-MODE algorithm requires forming the whitening matrix Ẑ, which (using
Cholesky decomposition) requires O(m3) complex multiplications and additions.
Other calculations, such as computing an estimate of the signal subspace, Ês have
smaller or equal complexity.

The conclusion is thus that the complexity of C-MODE is higher than that of
W-MODE when the number of antennas is large. When the sample sizes M and
N dominate, the two algorithms have equal complexity.

4.5 Implementation and numerical results

Computer simulations have been performed in order to illustrate the asymptotic
results and investigate small sample behavior.

Simulation setup

C-MODE and W-MODE The two methods, C-MODE and W-MODE, de-
scribed in this chapter were implemented in a straightforward manner. It was
found that performing an extra iteration, and thus solving the quadratic problem
three times, gives a significantly improved small sample performance. Asymptot-
ically the extra iteration gives no advantage. In all simulations, C-MODE and
W-MODE were implemented in this way. The constant λ in (4.11) is set to unity,
but this choice does not appear to affect performance.

Another important design choice, which was briefly discussed in Section 4.2, is
the additional constraint that is put on the parameter vector to avoid the trivial
solution b = 0. The constraint proposed in [SS90b] is to force one element of b to
be one. However, similar to as was proposed for the C-MODE algorithm above, it
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is also possible to constrain the norm of b. It turns out that these two approaches
have substantially different small sample performance. Hence both approaches will
be included in this numerical study.

For W-MODE, two different weighting matrices were evaluated, one using the
WWSF weighting, which appears to be standard in the literature, and one using
the Wnew weighting that is proposed in Chapter 3.

Numerical search procedure The AML method is initialized in the C-MODE
estimate, and WSF is initialized in the W-MODE estimate (with the norm con-
straint) obtained using the Wnew weighting. Hence, in contrast to the results
presented in Section 3.3, these methods do not make use of the true value as initial
point. The search procedure used is the same scoring based approach that was used
and described in Section 3.3.

The tested estimators Seven different estimators are tested;

1. the optimally weighted (with W = Wnew) WSF estimator as discussed in
Chapter 3;

2. the AML based procedure;

3. the W-MODE estimate with the Wnew weighting matrix, one element of the
b vector is set to 1 as discussed above;

4. the W-MODE estimate with the WWSF weighting matrix and the same con-
straint as above;

5. the C-MODE estimate (as it is presented in Section 4.2, with the norm con-
straint);

6. the W-MODE estimate with the Wnew weighting matrix and norm constraint
(n.c.); and

7. the W-MODE estimate with the WWSF weighting matrix and norm con-
straint.

In addition, the relevant CRB (properly normalized) that was derived in Sec-
tion 2.5 is also included. The RMS per source and the performance bounds are
calculated in the same way as in Section 3.3. In the simulations presented here, the
number of Monte Carlo experiments was L = 1000.

Noise and signal covariance In each Monte Carlo trial, a batch of N samples
is generated according to (2.4), and a batch of M noise-samples is generated with
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covariance Q. The Q matrix is fixed throughout each simulation run. It is created
according to

Q = XX∗ 10− SNR
20

‖XX∗‖ (4.28)

where X is a randomly generated complex m×m matrix.
The signal covariance matrix is fixed in each experiment. Unless otherwise

stated, it is chosen to be reminiscent of a spatial AR-process

[P]i,j = ρ|i−j|. (4.29)

Results

In Figure 4.1-a, the SNR is fixed to 3dB while the sample size M is varied and
N is 5M . A ULA with m = 7 antennas separated by a half wavelength receiving
from three sources at −20, −16 and 20 degrees is simulated. The graph indicates
that the C-MODE algorithm has better threshold behavior than W-MODE, and
that the AML method improves slightly on C-MODE. It is also notable that W-
MODE has much better performance with Wnew than with WWSF. Especially
the threshold performance is improved, but also the asymptotic performance. The
WSF method improves slightly on the W-MODE estimate. The performance of
the C-MODE estimate is virtually identical to the performance of AML in this
example. The graph shows that AML is better in a scenario when accuracy is
limited by the noise covariance uncertainty (M small), and that the weighting Wnew
for WSF is significantly better than WWSF in this respect. Another interesting
observation is that, if correctly handled, a relatively small number of noise only
samples is enough for the whitening purpose. The most striking observation is that
the norm constrained variants of W-MODE performs much better than those with
the standard constraint.

Figure 4.1-b shows a similar scenario but differs in that both sample sizes are
equal, M = N . The observations mentioned above are valid here as well. The two
WSF variants and AML all perform similarly since the noise covariance uncertainty
is a less dominant source of error in this example.

Figure 4.2 shows the same scenario as Figure 3.3. The noise model is therefore
the same as that used in Section 3.3. In this example, the AML and the C-MODE
algorithms have better threshold performance than WSF/W-MODE. The plot also
illustrates the asymptotic results (asymptotic efficiency of all methods except W-
MODE with the WWSF weighting).

Figure 4.3 shows a scenario that differs from the above in that the signals
are uncorrelated and that one source at −10 degrees is 20dB weaker than the
two at −20 and 20 degrees (thus (4.29) does not apply). The number of sensors
is m = 5. A comparison between Figure 4.1 and Figure 4.3 indicates that the
performance advantage of AML and C-MODE over WSF and W-MODE is smaller
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for the scenario with uncorrelated signals of unequal power. The same is true for
the comparison between the two choices of weighting matrices for W-MODE.

In Figure 4.4-a, the SNR is varied with three sources at −20,−17 and 20 degrees.
The two sample sizes are M = 350 and N = 1750. The optimally weighted WSF
method has better threshold behavior than AML. It is worth noting that W-MODE
with the Wnew weighting performs significantly better than W-MODE with WWSF
in this scenario.

Figure 4.4-b shows a different behavior. In this case the sources are more well
separated, and the sample sizes are smaller but equal, M = N = 150. Here the
WSF based methods perform better than those based on the AML criterion. The
difference between the two alternative weightings for W-MODE is much smaller
compared to Figure 4.4-a.

Conclusion The conclusion from these limited experiments must be that the
AML method and C-MODE, which is derived from the AML criterion function,
have similar performance as WSF with W = Wnew and the corresponding W-
MODE algorithm. In the experiments AML/C-MODE is better than WSF/W-
MODE when SNR is relatively high and the number of signal free samples, M ,
is small relative to the number signal containing samples N . On the other hand,
WSF/W-MODE is better when the SNR is low or when a large number of signal
free samples are available. It seems like AML should be chosen in scenarios where
the noise covariance estimation is a limiting factor.

The simulations also indicate that the weighting Wnew for WSF and W-MODE
gives a significant improvement compared to using WWSF in terms of small sam-
ple/small SNR performance, not only in terms of asymptotic performance as already
shown in Chapter 3. Another conclusion is that the norm constrained version of
WSF outperforms the other version.

In the simulations, the AML method requires between 6 and 20 iterations until
convergence, while the WSF method (for both weightings) requires about three
times as many.
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Figure 4.1: RMS per source in estimation of direction of arrival with three equally
strong sources. The true DOAs are at −20, −16, and 20 degrees in both figures.
A ULA with m = 7 elements and half-wavelength spacing is used. The sources
are correlated with ρ = 0.9. The noise covariance matrix is randomly selected,
and SNR is 3dB in both figures. In Figure 4.1-a the number of signal containing
samples, N , is set to 5M while M is varied. In Figure 4.1-b the two sample sizes
are equal, N =M .
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Figure 4.2: RMS per source as a function of sample size in estimation of direction
of arrival with sources at 0, 6, and 20 degrees. A ULA with m = 7 elements and
half-wavelength spacing is used. The sources are correlated with ρ = 0.7. The noise
covariance matrix is selected as in Section 3.3 with a = 0.5. The SNR is fixed to
3dB and the sample sizes are set to N = 5M .
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Figure 4.3: RMS per source as a function of sample size in estimation of direction
of arrival with two strong sources and one that is 20dB weaker. The true DOAs
are −20 and 20 degrees for the strong sources and −10 degrees for the weak source.
A ULA with m = 5 elements and half-wavelength spacing is used. The sources are
uncorrelated (ρ = 0). The noise covariance matrix is randomly selected. The SNR
is fixed to 10dB and the sample sizes are set to N = 5M .
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Figure 4.4: RMS per source in estimation of direction of arrival with three equally
strong sources. The true DOAs are at −20, −17, and 20 degrees in Figure 4.4-a
and −20, −5, and 20 degrees in Figure 4.4-b. A ULA with m = 7 elements and
half-wavelength spacing is used. The sources are correlated with ρ = 0.9. The
noise covariance matrix is randomly selected. The SNR is varied. The number of
signal-free samples, M , is fixed to 350 with N fixed to 1750 in Figure 4.4-a. In
Figure 4.4-b, M = 150 and N = 150.





Chapter 5

Source detection

While the previous three chapters mainly dealt with the problem of estimating
the parameters in θ, the problem of detecting the number of sources, i.e. the
dimension of θ, will be discussed here. Three methods will be considered, based
on the minimum values of the criterion functions VC(θ), VW (θ), and the value of
the generalized likelihood ratio test (GLRT) test quantity, respectively.

5.1 Introduction

The basic algorithm that will be considered works as follows:

1. Set the model order d̄ := 1.

2. Solve the estimation problem assuming that d̄ is the correct model order.

3. Calculate the test statistic ξ̄.

4. Determine the cdf Fd̄(ξ) of ξ̄ under the hypothesis that d̄ is the correct model
order.

5. If Fd̄(ξ̄) < (1 − β), the detected model order is d̄. Otherwise, increase d̄ by
one and repeat from point 2.

The parameter β is the probability of falsely rejecting the null hypothesis. It is a
user specified parameter. In order to asymptotically (in SNR or in sample sizes)
achieve perfect detection, β should depend on SNR and the sample sizes. In this
chapter, three test quantities will be considered: ξWSF , ξC , and ξGLRT . They are
based on the minimum values of the AML and WSF criterion functions and on
a GLRT criterion. The asymptotic distributions of the test quantities are useful
for developing the algorithms. These distributions are derived in the next three
sections.

79
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5.2 The WSF criterion function

The asymptotic distribution of the quantity

ξWSF � 2NVW (θ̂W ) (5.1)

when the weighting Wnew is used [see (3.9) and (3.17)] will be derived in this
section. In order to be able to state and prove the result, a few definitions are
necessary. Define the m× d matrix Ξ so that

Ξ∗Ξ = Π⊥ZA,

ΞΞ∗ = Im−d (5.2)

where the matrix Z is a Hermitian p.d. square-root of Q−1, see (2.14). We will now
study Ẽs = Ês − Es which was introduced in (3.60) together with Λ̃s, R̃n, Z̃ and
R̃x. The following lemma is a result on the distribution of Ẽs:

Lemma 5.1. Define Ξ̂ so that

Ξ̂
∗
Ξ̂ = Π⊥ẐA,

Ξ̂Ξ̂
∗

= Im−d. (5.3)

Also define Ês according to (3.9). Then, under the data model given in Section 2.3,
the quantity

√
Nvec{Ξ̂ÊsW1/2

new} has an asymptotic normal distribution with covari-
ance

lim
N→∞

NCov
[

vec{Ξ̂ÊsW1/2
new}

]
= I(m−d)d′ (5.4)

where Wnew is defined in (3.17).

Proof. See Appendix 5.A.

Using Lemma 5.1, the asymptotic distribution of the minimum value of the WSF
criterion function can be derived. The result is given in the following theorem:

Theorem 5.1. Define Ês according to (3.9) and assume the data model given in
Section 2.3. Also consider the minimum value of the WSF criterion function when
the weighting matrix Wnew is used

ξWSF = min
θ

2Ntr{Π⊥ẐAÊsWnewÊ∗s}. (5.5)

Then, asymptotically in N and M ,

ξWSF ∼ χ2(2(m− d)d′ − pd). (5.6)

This holds also when Wnew is replaced by a consistent estimate.
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Proof. The proof is an adaptation of the proof in [VOK91] to the new data model.
Taylor series expansion gives:

2NVW (θ̂) = 2NVW (θ0)− 2N
2 V̇

T
W (θ0)H−1

W V̇W (θ0) + op(1). (5.7)

The matrix HW is the limiting Hessian of the criterion function, given in (3.55).
Introduce

ρ �
√
N
√

2vec{Ξ̂ÊsW1/2
new} = ρr + jρi (5.8)

where ρr and ρi are the real and imaginary parts of ρ, respectively. The asymptotic
distribution of ρ is given by Lemma 5.1. It follows immediately from (3.56) that

(Π̇A)i = Π⊥ẐAẐȦi(ẐA)† + (· · · )∗ (5.9)

where (· · · )∗ indicates the preceding term repeated but conjugate-transposed. By
noting that

W1/2
newÊ∗sΠ⊥ẐAẐȦi(ẐA)†ÊsW1/2

new

=W1/2
newÊ∗sΠ⊥ẐAZȦi(ZA)†EsW1/2

new + op(
1√
N

) (5.10)

we conclude that
√
N [V̇W (θ0)]i = −

√
Nre{tr{W1/2

newÊ∗sΠ⊥ẐAZȦi(ZA)†EsW1/2
new}}+ op(1)

= − 1√
2

re{ρ∗δi}+ op(1),

δi � vec{ΞZȦi(ZA)†EsW1/2
new}. (5.11)

Hence, the gradient can be written as

V̇W (θ0) = − 1√
2
√
N

(ΔrTρr + ΔiTρi) + op(
1√
N

),

Δ = [δ1 . . . δpd] � Δr + jΔi. (5.12)

The last equality is the decomposition into real and imaginary parts. In a similar
way, it can be shown that

[HW ]i,j = 2re{tr{W1/2
newE∗s(ZA)†ȦjZΠ⊥ZAZȦi(ZA)†EsW1/2

new}}, (5.13)

and thus

HW = 2re{Δ∗Δ} = 2ΔrTΔr + 2ΔiTΔi. (5.14)
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It is now possible to rewrite (5.7) into

2NVW (θ̂WSF ) = op(1) +
(
ρr

ρi

)T

×
[
I2d′(m−d) −

(
Δr
Δi

)((
Δr
Δi

)T ( Δr
Δi

))−1(
Δr
Δi

)T](
ρr

ρi

)
.

(5.15)

The matrix inside square brackets is idempotent (easily verified) and has rank equal
to 2(m− d)d′ − pd since the Hessian has full rank. The theorem follows.

It is important to note that if the weighting matrix WWSF is used instead of
Wnew, then the asymptotic distribution of the minimum criterion function value
would be different. This means that if prewhitening is employed using an estimated
noise covariance, then the well-known results on detection using the standard WSF
criterion function will be invalidated. The detection schemes based on these results
will likely perform poorly when M is relatively small.

5.3 The AML criterion function

The minimum value of the AML criterion function (3.40) can also be used for
detection. Its asymptotic distribution is given by the following theorem:

Theorem 5.2. Assume the data model of Section 2.3. Let

ξC � min
θ
NVC(θ) = NVC(θ̂C) (5.16)

where VC(θ) is defined in (3.40). Then ξC is asymptotically (in N and M) dis-
tributed according to

ξC ∼ χ2(m2 − d2 − pd). (5.17)

Proof. In order to simplify derivations, note that replacing WC in VC(θ) with

W̄C � lim
N→∞

WC (5.18)

will only introduce higher order terms in the criterion function. The proof is made
using this substitution, but the result is valid for the practical choice WC as well.
Note that

√
Nr, with r defined in (3.39), has an asymptotic Gaussian distribution

with covariance Im2 . Also note that

r̃ � r− W̄−1/2
C vec{A(θ)PA∗(θ)} (5.19)

is zero mean at θ = θ0, and that

Π⊥W̄−1/2
C

(Ac⊗A)r = Π⊥W̄−1/2
C

(Ac⊗A)r̃ (5.20)
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holds for any value of the parameters.
Clearly the standard result

VC(θ̂) = VC(θ0)− 1
2 V̇
∗
C(θ0)H−1

C V̇C(θ0) + op(
1
N

) (5.21)

where HC is the limiting Hessian of the criterion function, applies. Before evaluat-
ing the derivatives, introduce, for notational convenience, the matrix

Φ � W̄−1/2
C (Ac ⊗A). (5.22)

Then, once again using the results in (3.56), it must hold that

[V̇C(θ)]i = −r∗(Π⊥ΦΦ̇iΦ† + (· · · )∗)r
= −2re{r̃∗Π⊥ΦΦ̇iΦ†r}
= −2r̃∗Π⊥ΦΦ̇iΦ†r. (5.23)

In order to show that the last equality holds, introduce (inspired by [OSR98]) an
invertible matrix J (of appropriate dimension) such that

Jvec{X} (5.24)

is real for any Hermitian matrix X. Then note that JW̄1/2
C r̃ is real by definition.

The matrix

J−∗W̄−1
C J−1 = (JW̄CJ∗)−1, (5.25)

is also real. This follows since W̄C is the covariance of some vector vec{X}, X
Hermitian, and thus (JW̄CJ∗) is the real covariance matrix of a real vector. The
matrix

J(Ac ⊗A)J−1 (5.26)

is also real since the result of every multiplication (from the right) by a real vector
gives a real result. The sought result follows by insertion of JJ−1 into (5.23) at
suitable places. Using (5.23), the gradient can be written

V̇C(θ) = −2Δ∗CΠ⊥Φr̃,
ΔC � [Φ̇1Φ†r . . . Φ̇pdΦ†r]. (5.27)

The limiting Hessian can, using similar reasoning, be written

HC = 2Δ∗CΠ⊥ΦΔC . (5.28)

Then

ξC = NVC(θ̂) = N r̃∗[Π⊥Φ −Π⊥ΦΔC(Δ∗CΠ⊥ΦΔC)−1Δ∗CΠ⊥Φ ]̃r + op(1). (5.29)

The matrix inside square brackets is idempotent, and has rank m2 − d2 − pd. The
latter claim can be shown by computing the trace. The theorem follows.
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It can be noted that a detection algorithm based on the AML criterion function
can not be used to detect the presence of coherent emitter signals. The reason for
this is that the derivations of the method are based on relaxing the corresponding
constraint on the signal covariance matrix, rank{P} = d′.

5.4 Generalized likelihood ratio test

The generalized likelihood ratio test (GLRT) is conceptually somewhat different
from the previous two approaches. Instead of relying on the asymptotic distribution
of the minimum value of a criterion function, a statistic that is based on the ratio
between the likelihood functions of the observed data under two different hypotheses
are used. The hypotheses in question are:

Hypothesis H0: The observed data are Gaussian distributed with structured
covariance matrices Cov [ x(t) ] = R = APA∗ + Q and Cov [ n(t) ] = Q. In this
case m2 +d2 +pd parameters are estimated and the negative log-likelihood function
is

l0(θ,P,Q) �M log |Q|+Mtr{Q−1R̂n}+N log |R|+Ntr{R−1R̂x}+ c. (5.30)

The constant c is unimportant in this context.

Hypothesis H1: The observed data are Gaussian distributed with unstructured
covariance matrices Cov [ x(t) ] = R1 and Cov [ n(t) ] = Q1. In this case 2m2

parameters are needed for the parameterization and the negative log-likelihood
function is

l1(R1,Q1) �M log |Q1|+Mtr{Q−1
1 R̂n}+N log |R1|+Ntr{R−1

1 R̂x}+ c. (5.31)

When evaluated at the ML estimates, which under hypothesis H1 are R̂x and R̂n,
the likelihood function is

l1(R̂n, R̂x) = N log |R̂x|+M log |R̂n|+ (N +M)m+ c. (5.32)

The alternative hypothesis H1 proposed above assumes the least possible structure
in the data. It corresponds to the case where the matrix S in (3.25) is unstructured
(but p.d.). Clearly, other alternative hypothesis are also possible and may yield
different performance. One such alternative could be to assume that no signals are
present in any of the two sample sets, then R = Q.

The GLRT test quantity According to standard theory, the quantity

ξML = 2
(
l0(θ̂ML, P̂ML, Q̂ML)− l1(R̂n, R̂x)

)
(5.33)
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will asymptotically be distributed according to

ξML ∼ χ2(m2 − d2 − pd) (5.34)

if H0 is true, see, e.g., [SS89a].
As can be shown using the argument given in [OSR98], the ML estimates

θ̂ML, P̂ML, and Q̂ML can be replaced by the estimates θ̂C , P̂C , and Q̂C with-
out affecting the asymptotic (in N,M) distribution of the GLRT test statistic. The
empirical results presented in Section 5.5 indicate that a similar result for large
SNR does not hold.

5.5 Numerical results

The three approaches to detection derived in this chapter are tested in numerical
experiments. The cdfs of the three test statistics are computed using Monte Carlo
methods and compared to the theoretical results. Detection performance for simple
detection algorithms based on the test statistics are also evaluated.

Simulation setup
In all simulations presented in this section, a scenario with a 7 antenna ULA and
half wavelength sensor spacing is used. The choice of Q and P matrices and the
implementation of the estimators (including initialization) was done in the same
way as in Section 4.5. Three sources at −20, −16, and 20 degrees are simulated. In
order to investigate the connection to estimation performance, plots showing the
performance of the estimators and the CRB are presented for the same choice of
parameters.

The detection thresholds were chosen to give a probability of β = 0.05 of falsely
rejecting the null-hypothesis based on the asymptotic distributions derived in this
chapter.

Results
Cumulative distribution functions The theoretical results derived in this
chapter are all asymptotic in nature. It is interesting to investigate the distributions
of the test statistics also in finite samples. Figure 5.1 contains the asymptotic cumu-
lative distribution function (cdf) of the AML test statistic as given in Theorem 5.2
and empirical cdf:s based on a large number of generated samples.

Figure 5.2 contains the corresponding cdfs for the WSF method with the Wnew
weighting.

The most important conclusion from this experiment is that the result for AML
(Theorem 5.2) is valid also for quite small sample sizes, while the WSF-result
(Theorem 5.1) needs much larger sample sizes to be valid. This is interesting
and in contrast to the corresponding results when the noise is spatially white and
uniform (or when perfect whitening is used).
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Figure 5.1: Asymptotical (in N) theoretical cumulative distribution function (cdf)
of the AML test statistic, ξC , and empirically estimated cdfs for N = 100, 1000,
and 10000. In the experiment, M = N . Three sources at −20, −16, and 20 degrees
were impinging on the m = 7 sensor array. The empirical cdfs were generated using
5000 experiments.

Detection performance Detection performance as a function of sample sizes
with M = N is investigated in Figure 5.3. The AML procedure seems to perform
better than the other schemes, in particular WSF.

Detection performance as a function of SNR is shown in Figure 5.4. The con-
clusion is similar. One interesting result here is that the GLRT method does not
reach the desired 0.05 probability of falsely rejecting the null hypothesis. This
should be attributed to the fact that the AML estimates are used in lieu of the true
ML estimates. The asymptotic results on this substitution that are referred to in
Section 5.4 are only valid asymptotically in the sample sizes.

The GLRT and AML based procedures both seem to perform better than the
one based on WSF in the two cases. The WSF based procedure with W = WWSF
was also included in the study. It can indirectly be concluded from the derivations in
Section 5.2 that this choice of weighting yields very poor performance (unless SNR
is high) if applied directly when whitened data are used, and the numerical results
illustrate this. All methods, except WSF with WWSF seem to reach a probability
of correct detection of 95% (corresponding to β = 0.05) when N and M are large.
Note that β should be varied to ensure perfect detection asymptotically.
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Figure 5.2: Asymptotical (in N) theoretical cumulative distribution function (cdf)
of the WSF test statistic, ξWSF , and empirically estimated cdfs for N = 100, 1000,
and 10000. In the experiment, M = N . Three sources at −20, −16, and 20 degrees
were impinging on the m = 7 sensor array. The empirical cdfs were generated using
5000 experiments.

A comparison between the graphs showing the estimation performance and the
detection performance for the same scenarios show that detection performs well
when the sources can be resolved reasonable well by the estimation procedure for
AML. Thus it can be claimed that detection accuracy is not a limiting factor in a
combined detection/estimation scheme. This effect was also observed for WSF in
the uniform (or perfectly whitened) noise case in [VOK91]. However, it seems like
the WSF detection procedure for the whitened case does not perform well, even if
the estimator resolves the sources.

A comment has to be made concerning the choice of threshold. In the exper-
iments the threshold was chosen according to the asymptotic distribution of the
test statistics. In a practical scenario the threshold could be chosen based on ex-
perimental or simulated data. This would probably improve the performance for
WSF with Wnew, since convergence to the asymptotic distribution is slow, and
also for WWSF since the asymptotic distribution result is inapplicable. Of course,
the threshold should also be adapted to the SNR and sample sizes if the total
probability of incorrect detection is to be minimized.
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Figure 5.3: Detection (Figure a) and estimation (Figure b) performance with three
equally strong sources. The probability of falsely rejecting the null hypothesis is
set to β = 0.05. The true DOAs are at −20, −16, and 20 degrees. A ULA with
m = 7 elements and half-wavelength spacing is used. The sources are correlated
with ρ = 0.9. The noise covariance matrix is randomly selected (the same in both
plots). The number of signal-free samples, M , is varied and equal to the number
of signal containing samples: N =M . The SNR is 3dB.
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Figure 5.4: Detection (Figure a) and estimation (Figure b) performance with three
equally strong sources. The probability of falsely rejecting the null hypothesis is
set to β = 0.05. The true DOAs are at −20, −16, and 20 degrees. A ULA with
m = 7 elements and half-wavelength spacing is used. The sources are correlated
with ρ = 0.9. The noise covariance matrix is randomly selected (the same in both
plots). The SNR is varied. The sample set sizes are: N =M = 500.
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Appendix 5.A Proof of Lemma 5.1

The proof is based on the proof of Theorem 3.1. Begin by restating (3.69):

Π⊥ZAẼs(Λs − Id′) =

Π⊥ZA(Z̃Z−1EsΛs + ZR̃xZEs + Z−1Z̃Es) + op(
1√
N

). (5.35)

Now note that using Ξ̂Π⊥ẐA = Ξ̂ and (3.61) gives

Ξ̂Ês = Ξ̂Π⊥ẐAÊs = ΞΠ⊥ZAÊs −ΞΠ⊥ZAZ̃Z−1Es + op(
1√
N

)

= ΞẼs −ΞΠ⊥ZAZ̃Z−1Es + op(
1√
N

) (5.36)

Combining (3.69) and the above gives

Ξ̂Ês(Λs − Id′) =

Ξ(Z̃Z−1EsΛs+ZR̃xZEs + Z−1Z̃Es)−ΞZ̃Z−1Es(Λs − Id′) + op(
1√
N

). (5.37)

Vectorizing both sides gives

vec{Ξ̂Ês(Λs − Id′)} =
[
ETs Z−T ⊗Ξ + ETs ⊗ΞZ−1]vec{Z̃}
+
[
ETs ZT ⊗ΞZ

]
vec{R̃x}+ op(

1√
N

). (5.38)

Making use of the covariance expressions (3.76) and (3.65) gives after a few simpli-
fications

lim
N→∞

NCov
[

vec{Ξ̂Ês(Λs − Id′)}
]

= α(ETs ⊗Ξ)(Ecs ⊗Ξ∗) + (ETs ZTRTZTEcs ⊗ΞZRZΞ∗)
= (Λs + αId′)⊗ Im−d. (5.39)

Thus, by recalling (3.17), the result (5.4) follows. Furthermore, application of the
central limit theorem shows the Gaussianity of the vector above.
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Chapter 6

Introduction to reduced rank
linear regression

This chapter introduces the reduced rank linear regression model that is the topic
of Part II of the thesis.

6.1 Background

Let the m-dimensional vector of observed variables, y(t), be related to the n-
dimensional input vector, x(t), according to the model

y(t) = C0x(t) + e(t) (6.1)

where e(t) is an m-dimensional noise process. The data model is then a linear
regression; such data models are ubiquitous in signal processing.

Assume that C0 in (6.1) can be factored as C0 = ABT where A ∈ �m×r and
B ∈ �n×r. This means that C0 has rank r, and that (6.1) is a reduced rank linear
regression. Then we can write

y(t) = A
(
BTx(t)

)
+ e(t). (6.2)

Note that the dimension of the vector BTx(t) is smaller than that of x(t), provided
r < n. Thus, (6.2) states that the observations y(t) can be equally well explained
by the vector BTx(t) that contains certain linear combinations of the elements of
x(t) as they can be by the full vector x(t) (see Figure 1.3).

Let, for a moment, the input signal, x(t), be a stochastic process. It is then
intuitively quite clear that the reduced rank linear regression is related to canoni-
cal variate analysis and also principal components analysis, a connection formally
established in [Ize75].

There are numerous examples of the use of the reduced rank regression model
in the econometrics literature, for example in the modelling of macroeconomic time
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series [RV98]. Problems in econometrics were also the motivation for the early work
on the problem in [And51].

In signal processing, reduced rank linear regression problems appear in, e.g.,
filter design [MH01], state-space modelling [GR02, SJ00, WJ94], array signal pro-
cessing [VSO97], space-time equalization [LT99] and channel estimation [NS03].
Other applications can be found in, e.g., [Sch91].

Most of the literature on the subject assume temporally white noise. The max-
imum likelihood (ML) estimator for the problem under a white Gaussian noise
assumption is derived in [SV96]. The problem is also treated for a more general
noise model in [GR02]. In [RV98], the case in which the noise stems from an AR(1)
process is treated. That analysis relies heavily on the AR(1) noise model and does
not extend to other noise models.

The present work is intended to address the estimation problem for a more
general noise model. The proposed method performs significantly better than the
methods proposed in the references when the noise is temporally autocorrelated,
and it can be shown to be asymptotically efficient when the noise is temporally
white.

An important part of the new estimation method is the approximation of a full
rank matrix with one of lower rank under a weighted norm. Unless the weighting
matrix has a special structure, this problem has no closed-form solution [MMH03].
In order to still obtain a satisfactory result, two novel non-iterative algorithms are
derived that are asymptotically optimal for the particular problem encountered in
the present work. The two methods rely on single Newton-steps in two different
parameterizations. The methods for solving the weighted low rank matrix approx-
imation problem are also used in Part III of this thesis.

6.2 Organization of Part II

The proposed estimation method (estimator) is presented in Chapter 7. A rank
detection procedure is proposed in Section 7.4. In order to put the performance of
the proposed estimator into perspective, the Cramér-Rao lower bound under a tem-
porally and spatially colored Gaussian noise assumption is derived in Section 8.2.
The asymptotic covariance of the estimator is derived in Section 8.1. An analytical
comparison to the methods proposed in [SV96], [GR02] and [WJ03] is presented in
Section 8.3. Numerical comparisons are also given in Section 8.4 to illustrate the
asymptotical results and to investigate small sample performance.

6.3 Data model

This part of the thesis deals with linear regressions of the form

y(t) = C0x(t) + e(t), t = 1, 2, . . . N (6.3)



6.3. DATA MODEL 95

where

C0 ∈�m×n,
x(t) ∈�n×1,

y(t) ∈�m×1,

e(t) ∈�m×1,

rank(C0) = r ≤ min(m,n).

The rank r of C0 is known (or estimated). The investigated problem is that of
finding a rank r estimate Ĉ of C0 based on the observations {x(t), y(t)}Nt=1. The
model allows the zero-mean, stationary noise e(t) to be correlated, both spatially
and temporally. The following assumptions are made:

Assumption A1: The noise is assumed to be generated by a stable ARMA pro-
cess driven by white noise. It has zero mean and autocorrelation function

E
[

e(t)eT (t− τ) ] � Ree(τ). (6.4)

The statistics of the noise is unknown to the estimator. The input signal x(t) is
assumed to be a quasi stationary deterministic signal [Lju99]. The autocorrelation
of the input is

Rxx(τ) � lim
N→∞

1
N

N∑
t=τ+1

x(t)xT (t− τ). (6.5)

It is assumed to be reminiscent of a stable ARMA process.

Assumption A2: The noise and the input signal are uncorrelated in the sense
that

lim
N→∞

1
N

N∑
t=τ+1

x(t)eT (t− τ) = 0m,n, ∀τ (6.6)

holds with probability one (w.p.1). Furthermore it is required that Rxx(0) is posi-
tive definite.

Both these assumptions are fairly weak, allowing for a quite general class of
noise and input models.





Chapter 7

An instrumental variable method
for the reduced rank linear
regression

In this chapter, we propose a novel algorithm for parameter estimation in the re-
duced rank linear regression. The general algorithm is described in Section 7.1.
A crucial part of this algorithm is the problem of approximating one matrix with
another matrix of lower rank, under a general quadratic norm. This problem is
addressed in Section 7.3. The optimal norm used in the matrix approximation is
weighted by the inverse of a certain covariance matrix, and the algorithm requires
the consistent estimation of that matrix. This problem is addressed in Section 7.2.
Section 7.4 deals with the related problem of detecting the rank of C0. The con-
cluding section is a step-by-step guide through the suggested algorithm.

7.1 The proposed method

In this section, the proposed algorithm will be briefly outlined. The algorithm relies
on instrumental variable principles (see e.g. [SS89a]). In order to simplify notation,
consider rewriting (6.3) as

Y = C0X + E (7.1)

where

Y � [y(1) . . . y(N)] ,
X � [x(1) . . . x(N)] ,
E � [e(1) . . . e(N)] . (7.2)
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Proceed by defining the (p+ f + 1)n× 1 vector of instrumental variables

z(t) �

⎡
⎢⎢⎢⎢⎢⎢⎣

x(t− p)
...

x(t)
...

x(t+ f)

⎤
⎥⎥⎥⎥⎥⎥⎦
. (7.3)

The lag lengths p and f are design variables. Analogous to (7.2), define the (p +
f + 1)n×N matrix

Z � [z(1) . . . z(N)] (7.4)

(using some suitable convention for x(t) if t ≤ 0 or t > N). As an initial step in the
algorithm, use Z together with the data matrices X and Y to form the quantities

K � 1
N

YZT ∈ �(m×(p+f+1)n) (7.5)

and

L � 1
N

XZT ∈ �(n×(p+f+1)n). (7.6)

Then the expression

K = C0L + 1
N

EZT (7.7)

holds.
As a second step, an estimate Q̂K of the normalized covariance matrix

QK � NCov [ vec{K} ] (7.8)

is calculated. This estimation problem is treated in Section 7.2.
Finally, an estimate Ĉ of C0 is found by approximating the solution to the

weighted low rank approximation problem (WLRA)

Ĉ � arg min
C:rank{C}=r

V (C),

V (C) � ||K−CL||2Q̂−1
K

= vecT {K−CL}Q̂−1
K vec{K−CL}. (7.9)

It can be shown that, given the statistics L and K, this final step is asymptotically
optimal, as long as the estimated covariance matrix Q̂K is root-N consistent. See
[SS89a], Complement C4.4. Problems such as (7.9) also appear in, e.g., the context
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of two-dimensional filter design [LPW97, Shp90], factor analysis of tabulated data
[SJ03] and reduced rank wiener filtering [MH01, Sch91]. The general problem has
no known closed form solution. A framework for iteratively solving the general
minimization problem of (7.9) was presented in [MMH03]. Novel, non-iterative,
approximative solutions that are asymptotically (in N) optimal for the WLRA as it
appears in this context are presented in Section 7.3. The problem of approximating,
under a weighted quadratic norm, a covariance matrix with another matrix that is
the Kronecker product of two matrices can also be formulated as a WLRA. This
fact is used in Part III of this thesis where a procedure similar to that of Section 7.3
will be used.

The algorithm relies on first finding the statistics K and L and the covariance
matrix Q̂K, and then, based on this data only, perform an optimal rank reduction
step. This two step procedure is only optimal as a whole if there is no loss of relevant
information when forming the matrices K and L and the weighting matrix, that is,
if they form a sufficient statistic. Clearly, there is a connection between this issue
and the choice of p and f in relation to the temporal covariance properties of the
data. This issue will be elaborated on more in Sections 8.1, 8.3, and 8.4.

7.2 Estimation of the weighting matrix

In the sequel, the definition

R̂ab(τ) � 1
N

N∑
t=τ+1

a(t)bT (t− τ) (7.10)

is used for the correlation matrix of two vector valued signals a(t) and b(t). Also
define (assuming quasi stationarity)

Rab(τ) � lim
N→∞

E
[

R̂ab(τ)
]
. (7.11)

A crucial step in the estimation procedure is to find an estimate of the matrix

QK = N−1E
[

vec{EZT }vecT {EZT } ] (7.12)

that is defined in (7.8). It follows immediately from (7.2) and (7.4) that

vec{EZT } =
N∑
k=1

(z(k)⊗ e(k)). (7.13)

Thus,

QK = 1
N

N∑
k=1

N∑
l=1

(z(k)zT (l)⊗ E
[

e(k)eT (l)
]
)

= 1
N

N∑
k=1

N∑
l=1

(z(k)zT (l)⊗Ree(k − l)) (7.14)
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holds. An approximation of this is given in [SJ00]. It is

Q̂K = 1
N

N∑
τ=−N

(N − |τ |)(R̂zz(τ)⊗ R̂ee(τ)). (7.15)

The estimate (7.15) is always p.s.d. [SJ01]. Furthermore, due to assumption A1,
the estimate is also mean-square consistent,

E
[

vecT {Q̂K −QK}vec{Q̂K −QK}
]

= o(N−1), (7.16)

for large N . See [SJ01] for a proof.
The quantity R̂ee(τ) for τ = −N, . . . , N has to be estimated. This can be done

using the sequence

ê(t) � y(t)− Ψ̂x(t) (7.17)

where Ψ̂ is an initial consistent estimate of C0, e.g., the unconstrained least squares
estimate

Ψ̂ = KL†. (7.18)

7.3 Weighted low rank approximation

In the estimation procedure described above, the minimization problem (7.9) plays
a central role. The general problem has no known closed-form solution. In this sec-
tion, two new, non-iterative, algorithms will be derived in order to find an approxi-
mative solution. The new algorithms are asymptotically optimal for the estimation
procedure proposed in this thesis. They are based on single approximative Newton
steps (Gauss-Newton steps) in two different parameterizations.

A one step solution
If the rank constraint was ignored, the optimal solution to (7.9) would be

Ψ = arg min
C∈�m×n

V (C), (7.19)

which can be explicitly written as

vec{Ψ} � ((L⊗ Im)Q̂−1
K (LT ⊗ Im))−1(L⊗ Im)Q̂−1

K vec{K}. (7.20)

Since V (C) is a quadratic function, its Taylor series expansion around Ψ is

V (C) = V (Ψ) + V̇ (Ψ)vec{C−Ψ}+ 1
2vecT {Ψ−C}V̈ (Ψ)vec{Ψ−C}. (7.21)
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The first term does not depend on C and the second term is zero since Ψ is a
stationary point. Thus, the minimization problem

min
C:rank{C}=r

V̌ (C),

V̌ (C) � ‖Ψ−C‖Q,
Q = V̈ (Ψ) = (L⊗ Im)Q̂−1

K (LT ⊗ Im) (7.22)

has the same solution as the original problem (7.9). While this second formulation
still lacks a closed form solution, it has the advantage of having a reduced dimension.

For the reduced rank linear regression problem discussed in this work, note that,
as a consequence of assumption A2, Ψ [defined in (7.20)] is a consistent estimate
of C0

lim
N→∞

Ψ = C0 (w.p.1). (7.23)

This means that the probability density function (pdf) of Ψ is concentrated around
a rank r matrix for a large enough N . It follows that

Ĉ0 � arg min
C:rank{C}=r

‖Ψ−C‖Imn (7.24)

will be arbitrarily close to the solution to the WLRA (7.22) for large N . The
optimal solution to the unweighted problem can therefore be used as an initial
value. It can be concluded that higher order terms of a Taylor series expansion
of the criterion function around this initial estimate can be ignored. One Newton
step will asymptotically in N give an estimator covariance that is equivalent to the
covariance that would be achieved with a (hypothetical) exact solution to (7.22). In
particular, there is asymptotically no benefit in performing multiple Newton steps.
The solutions to the WLRA presented below are thus optimal in that particular
sense. Two different parameterizations will be tested, yielding two variants of the
Gauss-Newton step.

The ABT parameterization

A key issue is how to introduce the rank constraint into (7.22). A standard way is
to use the factorization

C = ABT , A ∈ �m×r, B ∈ �n×r. (7.25)

Inspired by (7.25), define the parameter vector

θAB �
(

vec{A}
vec{BT }

)
�
(

a
b

)
. (7.26)
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This parameterization, together with (7.22), gives the new criterion function

V̌ (θAB) �vecT {Ψ−ABT }Qvec{Ψ−ABT }. (7.27)

As discussed before, the minimizer of V̌ (θAB) is also the minimizer of (7.9).
Let θ̂

0
AB be a parameterization of an initial estimate Ĉ0 = Â0B̂0T . A correction

vector θ̃AB is sought in order to minimize V̌ (θ̂
0
AB + θ̃AB). Performing a series

expansion of the gradient of the criterion function around θ̂
0
AB gives

0 = ˙̌
V (θ̂

0
AB + θ̃AB)

= ˙̌
V (θ̂

0
AB) + ¨̌

V (θ̂
0
AB)θ̃AB + ε(θ̂

0
AB, θ̃AB). (7.28)

Using a standard statistical linearization argument, the term ε(θ̂
0
AB, θ̃AB) can be

neglected. Thus the update step should minimize (in a least squares sense)

Ȟθ̃AB + ˙̌
V (θ̂

0
AB) (7.29)

where Ȟ is the asymptotic Hessian of V̌ (θAB) evaluated at θ̂
0
AB. Due to the

ambiguous parameterization of C (more about this in Section 8.2), Ȟ will be rank
deficient. Thus there are infinitely many possible such Newton steps. It is natural
to use the one with minimum 2-norm. It is uniquely given by

θ̃AB = −Ȟ† ˙̌
V (θ̂

0
AB). (7.30)

The Hessian and gradient of (7.27) are derived in Appendix 7.A (setting Φ = Imn,
K = Ψ and L = Im). Asymptotically in N they simplify to

¨̌
V (θ̂

0
AB) � Ȟ � 2

(
B̂0T ⊗ Im
In ⊗ Â0T

)
Q(B̂0 ⊗ Im In ⊗ Â0),

˙̌
V (θ̂

0
A,B) = 2

(
B̂0T ⊗ Im
In ⊗ Â0T

)
Qvec(Â0B̂0T −Ψ) (7.31)

where � denotes equality in the dominating terms (based on the consistency of Ψ).

Parameterizing the null-space of C
The main motivation for the next approach is to reduce the number of parameters
to be updated and thereby the computational complexity. The idea of using one
Newton step with an asymptotically valid approximation of the Hessian is the same
as in the previous section; the difference is that a new parameterization is used.

The parameterization used here is the “natural” parameterization suggested in
[MMH03]. In that work, an exact Newton method is derived that is designed to
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solve the general WLRA problem in an iterative fashion. The algorithm derived
here is designed using the same criterion function, but the statistical properties
of the problem are used to derive an asymptotically valid approximation of the
Hessian. Also, just as with the previous parameterization, the algorithm proposed
here is optimal even if only one update step is performed.

It is clear that minimizing (7.27) w.r.t. A (for a fixed B) gives
am � arg min

a=vec{A}
V̌ (θAB)

= arg min
a
‖Q1/2ψ −Q1/2(B⊗ Im)a‖22

=
(
(BT ⊗ Im)Q(B⊗ Im)

)−1 (BT ⊗ Im)Qψ (7.32)
where ψ = vec{Ψ}. Inserting (7.32) into (7.27) and defining

B̄ � Q1/2(B⊗ Im) (7.33)
yields

V̌ (B) = ‖(Imn − B̄(B̄T B̄)−1B̄T )Q1/2ψ‖22. (7.34)

Now, define M ∈ �n×(n−r) to be a full column-rank matrix such that MTB = 0
(⇒ CM = ABTM = 0) and M̄T � (MT ⊗ Im)Q−1/2. Then M̄T B̄ = 0 and
Π⊥B̄ = ΠM̄. Thus,

V̌ (B) = ‖Π⊥B̄Q1/2ψ‖22 = ‖M̄(M̄TM̄)−1M̄TQ1/2ψ‖22
= ψTQ1/2M̄(M̄TM̄)−1M̄TQ1/2ψ � f(M). (7.35)

Given an M = M̂ minimizing f(M), it is easy to find the corresponding Ĉ mini-
mizing V̌ (C). To that end, reconsider (7.32) and note that

vec{C} = vec{ABT } = Q−1/2B̄am
= Q−1/2B̄(B̄T B̄)−1B̄TQ1/2ψ = Q−1/2Π⊥M̄Q1/2ψ. (7.36)

This means that minimizing V̌ (C) w.r.t. C is equivalent to minimizing f(M) w.r.t.
M. By using the same reasoning as with the previous parameterization, it can be
concluded that the update step

M̃ = −H†Mḟ(M) (7.37)

(which should be evaluated at some initial estimate that corresponds to Ĉ0) will be
asymptotically optimal. The Hessian and gradient of the criterion function (7.35)
are derived and simplified using the asymptotical properties of Ψ in Appendix 7.A.
They are given by

f̈(M) � HM = 2(In−r ⊗CT )(M̄TM̄)−1(In−r ⊗C),
ḟ(M) � 2(In−r ⊗CT )(M̄TM̄)−1M̄TQ1/2ψ. (7.38)

Again, the gradient and Hessian should be evaluated at some intermediate, consis-
tent estimates of C and M (computed using the SVD of Ψ).
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Choice of parameterization
With the second parameterization, the number of parameters to update is changed
from mr+nr to n(n−r) compared to the first approach. Note that by transposing
Ψ and C and by appropriately rearranging Q, the WLRA can always be formulated
so that n ≤ m. Depending on the application (and r in particular) either of the
two parameterizations might be more natural to use. The analysis shows that the
asymptotical covariance will be the same for the two suggested parameterizations.
For small sample sizes however, second order terms might not be negligible, and so
the performance might differ. This will be investigated numerically in Section 8.4.

Alternating projections
A well-known possibility for iteratively solving the WLRA problem is the alter-
nating projections procedure. It starts by minimizing (7.27) w.r.t. B using some
fixed initial value of A. Next, B is fixed to the minimizer in the previous step
and a minimization is carried out w.r.t. A. The procedure can be iterated. Each
minimization problem is quadratic and has a simple closed-form solution. In Sec-
tion 8.4, a single iteration variant of this algorithm will be compared to the two
new methods proposed in this work.

7.4 Detecting the rank of the regression

The purpose of this section is to derive a statistical test for detecting the rank of
C0 using the known data {x(t), y(t)}Nt=1.

As a test quantity for the statistical test, the minimum value of the criterion
function V̌ (C), defined in (7.22), is a natural choice. Note that this value is in-
dependent of the parameterization of the matrix C. The statistical distribution
of

ξr̂ = min
rank(C)=r̂

NV̌ (C) (7.39)

will now be derived under the hypothesis H0:

r̂ = rank(C0) = r. (7.40)

Examining a Taylor series expansion around the estimate θ̂AB gives

V̌ (θ0) � V̌ (θ̂AB) + ˙̌
V (θ̂AB)(θ0 − θ̂AB)

+ 1
2(θ̂AB − θ0)T ¨̌

V (θ̂AB)(θ̂AB − θ0)

� V̌ (θ̂AB) + 1
2(θ̂AB − θ0)T Ȟ0Ȟ†0Ȟ0(θ̂AB − θ0)

� V̌ (θ̂AB) + 1
2

˙̌
V T (θ0)Ȟ†0

˙̌
V (θ0) (7.41)
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where the equality ˙̌
V (θ̂AB) = 0 was used and θ0 and θ̂AB are defined previously.

The matrix Ȟ0 is the limit of Ȟ in (7.31) as N → ∞. The last equality follows
since

0 = ˙̌
V (θ̂AB) � ˙̌

V (θ0) + Ȟ0(θ̂AB − θ0). (7.42)

The desired result is now

V̌ (θ̂AB) � V̌ (θ0)− 1
2

˙̌
V T (θ0)Ȟ†0

˙̌
V (θ0). (7.43)

Making use of (7.27), (7.31), and (7.43) we arrive at the expression

ξr̂ = NV̌ (θ̂AB) � NvecT {A0BT0 −Ψ}Qvec{A0BT0 −Ψ}
− 2NvecT {A0BT0 −Ψ}Q(B0 ⊗ Im In ⊗A0)Ȟ†0

×
(

BT0 ⊗ Im
In ⊗AT0

)
Qvec{A0BT0 −Ψ}

= NvecT {A0BT0 −Ψ}Q1/2

×
[
Imn − 2Q1/2(B0 ⊗ Im In ⊗A0)Ȟ†0

(
BT0 ⊗ Im
In ⊗AT0

)
Q1/2

]
×Q1/2vec{A0BT0 −Ψ}. (7.44)

By defining

Γ � (B0 ⊗ Im In ⊗A0)T , (7.45)

the matrix within square brackets in (7.44) can be written

G � (Imn −Q1/2ΓT (ΓQΓT )†ΓQ1/2). (7.46)

In order to follow the procedure used in [SV96], note that this matrix is idempotent.
Since all eigenvalues of an idempotent matrix are either zero or one, the relation

rank{G} = tr{Imn} − tr{Q1/2ΓT (ΓQΓT )†ΓQ1/2}
= mn− tr{(ΓQΓT )(ΓQΓT )†} = mn− tr{Ȟ0Ȟ†0}
= mn− rank{Ȟ0Ȟ†0} = mn− rank{Ȟ0} (7.47)

holds. It can be verified that [SV96]

rank{Ȟ0} = rank{(B0 ⊗ Im In ⊗A0)} = mr + rn− r2. (7.48)

Thus,

rank{G} = (m− r)(n− r). (7.49)
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The central limit theorem (see, e.g., [SS89a] Lemma B.3) and assumption A1 give
that

√
NQ1/2vec{A0BT0 −Ψ} ∼ N(0, Imn) (7.50)

for large N . It follows from Lemma B.13 in [SS89a] that

ξr̂ = NV̌ (θ̂AB) ∼ χ2((m− r)(n− r)) (7.51)

holds asymptotically in N under H0.
Using the above result it is a simple task to devise an algorithm for estimating

the rank of C0 in (6.3). An algorithm that performs both rank detection and
parameter estimation is given in the next section.

7.5 The proposed algorithm step-by-step

This section is intended as an overview of the algorithm, and also as a step-by-step
guide to its implementation.

1. The input is x(t) and y(t) for t = 1, . . . , N .

2. Select p and f .

3. Select α, the probability of falsely rejecting H0 : r = r̄.

4. Form z(t), t = 1, . . . , N according to (7.3). Assume, e.g., that x(t) for t < 1
and t > N is zero.

5. Calculate

K =
N∑
t=1

y(t)zT (t),

L =
N∑
t=1

x(t)zT (t).

6. Calculate

Ψ̂ = KL†.

7. Calculate

ê(t) = y(t)− Ψ̂x(t).
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8. Calculate

R̂zz(τ) =
N∑
t=1

z(t)zT (t− τ),

R̂ee(τ) =
N∑
t=1

ê(t)êT (t− τ).

Symmetry can be exploited in the computation.

9. Form the matrix

Q̂K = 1
N

N∑
τ=−N

(N − |τ |)(R̂zz(τ)⊗ R̂ee(τ)).

10. Compute Ψ according to (7.20).

11. Compute Q according to (7.22).

12. Set r̄ = 1.

13. Compute the SVD

Ψ = UΣVT .

14. Use the SVD to form an initial, rank r̄, value for the WLRA problem. Use
either one of the Â0, B̂0 or the M̂0 parameterizations, depending of the di-
mensions of the problem.

15. Perform one update step according to either (7.30) or (7.37), depending on
the choice of parameterization. Compute the estimate and denote it by C̄.

16. Find ξr̄ = NV̌ (C̄). The function V̌ (C) is given by (7.22).

17. If Pr(ξ < ξr̄|ξ ∼ χ2((m− r̄)(n− r̄))) > (1−α), then set r̄ = r̄+1 and proceed
to step 14. Otherwise go to step 18.

18. r̂ = r̄, Ĉ = C̄.

Typically the choice of α should depend on N and the signal to noise ratio.

Complexity
For large N , step 8 will dominate the computations. For each value of τ , Nn(p +
f + 1) +Nm multiplications and Nn2(p + f + 1)2 +Nm2 additions are required.
The total complexity of step 8 is then

N2

2 (n(p+ f + 1) +m)
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multiplications and

N2

2 ((n2(p+ f + 1)2 +m2)

additions.
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Appendix 7.A Useful gradients and Hessians

The ABT parameterization
First, the gradient and Hessian of the function

V (θ) =(vec{K} −Φvec{ABTL})TQ(vec{K} −Φvec{ABTL}) (7.52)
will be calculated w.r.t. the parameter vector

θ =
(

vec{A}
vec{BT }

)
=
(

a
b

)
. (7.53)

The results are used several times in Part II of the thesis, e.g., Section 7.3, Sec-
tion 8.1, and Section 8.2. The matrices K,L and Φ will have different meanings
depending on the context. Using k � vec{K}, the function can be written
V (θ) = kTQk− aT (BTL⊗ Im)ΦTQk− kTQΦ(LTB⊗ Im)a

+ aT (BTL⊗ Im)ΦTQΦ(LTB⊗ Im)a (7.54)
or, similarly,

V (θ) = kTQk− bT (L⊗AT )ΦTQk− kTQΦ(LT ⊗A)b
+bT (L⊗AT )ΦTQΦ(LT ⊗A)b. (7.55)

Using (7.54) and (7.55), it is easy to verify that
∂V (θ)
∂a = 2(BTL⊗ Im)ΦTQΦ(LTB⊗ Im)a − 2(BTL⊗ Im)ΦTQk (7.56)

and
∂V (θ)
∂b = 2(L⊗AT )ΦTQΦ(LT ⊗A)b− 2(L⊗AT )ΦTQk. (7.57)

Thus, the gradient is
∂V (θ)
∂θ

= 2
(

BTL⊗ Im
L⊗AT

)
ΦTQ

(
Φvec{ABTL} − k

)
. (7.58)

In order to find the Hessian, note that
∂2V (θ)
∂a∂aT = 2(BTL⊗ Im)ΦTQΦ(LTB⊗ Im) (7.59)

and
∂2V (θ)
∂b∂bT = 2(L⊗AT )ΦTQΦ(LT ⊗A). (7.60)

Furthermore, applying the product rule gives
∂2V (θ)
∂b∂aT = 2 ∂

∂a
(
(L⊗AT )

)
ΦTQ

(
Φvec{ABTL} − k

)
+ 2(L⊗AT )ΦTQΦ(LTB⊗ Im) (7.61)

which concludes the derivation of the Hessian.
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The parameterized nullspace
The derivations below are based on those of [MMH03]. Next, the gradient and
Hessian of (7.35) will be derived. In order to differentiate f(M̄), first investigate
the differential of M̄(M̄TM̄)−1M̄T . It is

dM̄(M̄TM̄)−1M̄T + M̄(M̄TM̄)−1dM̄T

− M̄(M̄TM̄)−1(dM̄TM̄ + M̄T dM̄)(M̄TM̄)−1M̄T (7.62)

(see [MN88] for the necessary relations). Then

df(M̄; dM̄) = ψTQ1/2((Imn − M̄L−1M̄T )dM̄L−1M̄T

+ M̄L−1dM̄T (Imn − M̄L−1M̄T )
)
Q1/2ψ (7.63)

where J � (M̄TM̄). The differential is a scalar function; hence it is clear that
(7.63) can be written

df(M̄, dM̄) = 2ψTQ1/2dM̄J−1M̄TQ1/2ψ

− 2ψTQ1/2M̄J−1M̄T dM̄J−1M̄TQ1/2ψ. (7.64)

In order to proceed, define vec{D} � J−1M̄TQ1/2ψ, D ∈ �m×(n−r) and vec{F} �
Q−1vec{DMT }, F ∈ �m×n. Also note that dM̄ = Q−1/2(dM⊗ Im). This gives

df(M; dM) =2ψT (dM⊗ Im)vec{D} − 2vecT {D}(MT ⊗ Im)Q−1(dM⊗ Im)vec{D}
=2
(
vecT {ΨTD} − vecT {FTD}) vec{dM}. (7.65)

The identification theorem gives the gradient
∂f

∂M = 2vec{(Ψ− F)TD} � ∇f. (7.66)

Proceeding to find the Hessian it is convenient to first calculate the differentials of
D and F. They are

dvec{D} = J−1dM̄TQ1/2ψ − J−1(dM̄TM̄ + M̄T dM̄)vec{D}
= J−1(vec{ΨdM} − vec{FdM} − (MT ⊗ Im)Q−1vec{DdMT }) (7.67)

and

dvec{F} =Q−1vec{DdMT }+ Q−1vec{dDMT }. (7.68)

The differential of the gradient (7.66) is then
1
2d∇f =(In−r ⊗ (ΨT − FT ))vec{dD} − (DT ⊗ In)vec{dFT }

=
(
(In−r ⊗ (ΨT − FT ))
− (DT ⊗ In)PT (m,n)Q−1(M⊗ Im)

)
vec{dD}

− (DT ⊗ In)PT (m,n)Q−1(In ⊗D)PT (n,(n−r))vec{dM} (7.69)
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where PT (x,y) is the matrix satisfying PT (x,y)vec{X} = vec{XT } for any X ∈ �x×y.
From (7.69) the Hessian can be found to be

1
2 f̈(M) =(In−r ⊗ (ΨT − FT ))J−1(In−r ⊗ (Ψ− F))

+(DT ⊗ In)PT (m,n)Q−1(M⊗ Im)J−1

× (MT ⊗ Im)Q−1(In ⊗D)PT (n,(n−r))

−(In−r ⊗ (ΨT − FT ))J−1

× (MT ⊗ Im)Q−1(In ⊗D)PT (n,(n−r))

−(DT ⊗ In)PT (m,n)Q−1

× (M⊗ Im)J−1(In−r ⊗ (Ψ− F))
−(DT ⊗ In)PT (m,n)Q−1(In ⊗D)PT (n,(n−r)). (7.70)

Finally, using the consistency of Ψ and (7.36) it can be noted that

vec{Ψ− F} = ψ − vec{F} � vec{C}. (7.71)

In addition, since CM̂ ≈ 0, it can be concluded that D ≈ 0. Thus, the asymptotic
Hessian and gradient are given by (7.38).





Chapter 8

Performance of the proposed
algorithm

Whereas the previous chapter introduced a new estimator, this chapter will focus
on its performance. In Section 8.1, the asymptotical (for large N) covariance of the
estimate is derived. Then a bound for the covariance of any unbiased estimator,
given the data model, is derived in Section 8.2. A comparison to related estimation
algorithms is presented in Section 8.3. In order to evaluate small sample perfor-
mance of the considered methods, we resort to numerical simulations. These are
presented in Section 8.4 at the end of this chapter.

8.1 Asymptotical covariance of the estimate

In this section, the asymptotical covariance of Ĉ will be derived. The derivations
below follow the general ideas of [SV96] on how to handle ambiguous parameteriza-
tions, but the underlying criterion function is different. Again the parameterization
(7.25) is useful. First note that the consistency of the estimator Ĉ follows imme-
diately from the fact that Ψ in (7.20) is a consistent estimate of C0 and that Q is
positive definite. Fix a factorization Ĉ = ÂB̂T by defining

Â = U(Σ1/2
r×m)T ,

B̂ = V(Σ1/2T
r×n )T (8.1)

where

Σ1/2
r×n =

[
Σ1/2
r 0r×(n−r)

]
(8.2)

and Σr is the r×r upper left block of Σ in the singular value decomposition (SVD)

Ĉ = UΣVT . (8.3)

113
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It follows that Â and B̂ will converge to some true values A0 and B0 that are
defined using a similar factorization of C0. It should be noted that this requires
some suitable convention for making the SVD unique.

Due to the convergence established above, the estimation error can, asymptot-
ically in N , be written

C0 − Ĉ = A0BT0 − ÂB̂T = (A0 − Â)B̂T + A0(B0 − B̂)T

� (A0 − Â)BT0 + A0(B0 − B̂)T . (8.4)

Next, let θ0 be a parameterization of C0 = A0BT0 , corresponding to (7.26). The
vector θ̂AB is defined from Â and B̂ in a similar way. Then the vectorized estima-
tion error can be written

vec{C0 − Ĉ} � [B0 ⊗ Im In ⊗A0
]
(θ0 − θ̂AB). (8.5)

Note that θ̂AB is the minimizer of the criterion function

V (θAB) = vecT {K−ABTL}Q̂−1
K vec{K−ABTL}. (8.6)

A Taylor series expansion of the gradient around θ0 gives

0 = V̇ (θ̂AB) � V̇ (θ0)− V̈ (θ0)(θ0 − θ̂AB)

� V̇ (θ0)−H(θ0 − θ̂AB). (8.7)

The limiting Hessian, H = lim
N→∞

V̈ (θ0), and the gradient follow as a specialization of
the results in Appendix 7.A (obtained by specializing to Φ = I) and the consistency

lim
N→∞

K = C0L∞,

L∞ =
[
Rxx(−p) . . . Rxx(f)

]
. (8.8)

They are

H = 2
(

BT0 L∞ ⊗ Im
L∞ ⊗AT0

)
Q−1

K
(
LT∞B0 ⊗ Im LT∞ ⊗A0

)
,

V̇ (θ0) = 2
(

BT0 L⊗ Im
L⊗AT0

)
Q̂−1

K vec{A0BT0 L−K}. (8.9)

It follows from (8.7) that

(θ0−θ̂AB)− (Imr+nr −H†H)(θ0 − θ̂AB) � H†V̇ (θ0). (8.10)

Consequently it holds that[
(B0 ⊗ Im) (In ⊗A0)

]
(θ0 − θ̂AB)

− [(B0 ⊗ Im) (In ⊗A0)
]
(Imr+nr −H†H)(θ0 − θ̂AB)

� [(B0 ⊗ Im) (In ⊗A0)
]
H†V̇ (θ0). (8.11)



8.2. THE CRAMÉR-RAO LOWER BOUND 115

By noting that (Imr+nr −H†H) is the orthogonal projector onto the null-space of
H and that the range-space of

[
B0⊗Im In⊗A0

]
coincides with that of H it can be

concluded that the second term on the left hand side of (8.11) is zero. By making
use of (8.5), it follows that

vec{C0 − Ĉ} � [(B0 ⊗ Im) (In ⊗A0)
]
H†V̇ (θ0). (8.12)

Before the final asymptotic covariance can be calculated, it remains to evaluate the
covariance of V̇ (θ0). It is

lim
N→∞

NE
[
V̇ (θ0)V̇ T (θ0)

]
= lim
N→∞

4N
(

BT0 L⊗ Im
L⊗AT0

)
Q̂−1

K E
[
N−2vec{EZT }vecT {EZT }]
× Q̂−1

K
(
LTB0 ⊗ Im LT ⊗A0

)
= 4

(
BT0 L∞ ⊗ Im

L∞ ⊗AT0

)
Q−1

K
(
LT∞B0 ⊗ Im LT∞ ⊗A0

)
= 2H (8.13)

where use was made of (7.16) in the second last equality. Using (8.12) and (8.13)
the asymptotic covariance of the estimation error can be calculated as

lim
N→∞

NE
[

vec(C0 − Ĉ)vecT (C0 − Ĉ)
]

=
(
(B0 ⊗ Im) (In ⊗A0)

)
H†2HH†

(
BT0 ⊗ Im
In ⊗AT0

)

=
(
(B0 ⊗ Im) (In ⊗A0)

)
2H†

(
BT0 ⊗ Im
In ⊗AT0

)
. (8.14)

The obtained expression can easily be compared to that of [SV96]. The expressions
coincide if the noise is temporally white. Some numerical examples are given in
Section 8.4.

8.2 The Cramér-Rao lower bound

In this section, the CRB for the reduced rank linear regression problem will be
derived. The general theory behind the CRB is treated in almost every textbook
on estimation theory, see for example [Kay93].

For the reduced rank linear regression data model, the CRB has previously been
derived in [SV96]. The bound that will be presented below is a generalization that
allows for a larger class of noise models, in particular temporally colored noise. The
derivations follow a different, and very direct, path.
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Parameterizing the problem
In order to derive the Cramér-Rao lower bound (CRB) for C0, assume that the
noise e(t) is Gaussian. With the data model of (7.1) in mind, write

e � vec{E} ∼ N(0,Qe). (8.15)

The noise covariance Qe is assumed to be unknown to the estimator. Note that
this is a very general noise covariance structure, allowing for virtually any temporal
and spatial noise correlation, including the ARMA model assumed when deriving
the algorithm proposed in this part of the thesis. It is however necessary to assume
that Qe is invertible. Furthermore, assume that the noise model is parameterized
independently of C. Let θAB parameterize the C matrix and let θQ ∈ �nq pa-
rameterize the noise covariance matrix Qe. The full (mr + nr + nq) parameter
vector is θ = (θTAB θ

T
Q)T . The rank constraint is introduced via the factorization

C = ABT . Define the function

f(θ) = C = ABT . (8.16)

An important note has to be made concerning this parameterization: It is not
possible to estimate the elements of A and B using only the model (6.3), even
if C0 itself can be perfectly well estimated from the data. This is because the
mapping between θAB and C is many-to-one. To see that, consider the equality
C = (AT)(BT−T )T which holds for any nonsingular r × r matrix T. This ambi-
guity will typically lead to a singular information matrix when deriving the CRB.
However, since the parameters of interest in the estimation are functions of A and
B, not the matrices themselves, this problem can be handled.

Before proceeding, note that the input signal is modelled as a known determin-
istic signal. This means that the CRB derived below in the general case will depend
explicitly on the input signal.

The Fisher information matrix
By introducing

Φ �

⎛
⎜⎝

xT (1)⊗ Im
...

xT (N)⊗ Im

⎞
⎟⎠ (8.17)

and y � vec{Y} the negative log-likelihood function for the data can be written

l(θ) = const. + 1
2 log |Qe|+ 1

2(y−Φvec{C})TQ−1
e (y−Φvec{C}). (8.18)

The Fisher information matrix is defined as [Kay93]

[I(θ)]i,j � E
[
∂2l(θ)
∂θi∂θj

]
. (8.19)
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With obvious notation, write

I(θ0) =

⎛
⎝ IAA IAB IAQ

IBA IBB IBQ
IQA IQB IQQ

⎞
⎠ . (8.20)

The submatrices IAA, IBB, IBA, and IAB are readily found using L = In, K =
Y, and Q = Q−1

e together with the equality E [ k ] = Φvec{ABT } at the true
parameter value in the derivations in Appendix 7.A. The blocks IBQ and IAQ can
be determined by differentiating (7.56) and (7.57) to get

∂2l(θ)
∂vec{A}∂θTQ

= ∂

∂θQ

(
(BT ⊗ Im)ΦTQ−1

e

)(
Φc− y

)
(8.21)

and

∂2l(θ)
∂vec{BT }∂θTQ

= ∂

∂θQ

(
(In ⊗AT )ΦTQ−1

e

)(
Φc− y). (8.22)

This is possible since the second factor is a constant (w.r.t. θQ) in both equations.
When taking expectation, the first factor can be treated as a constant independent
of y. It can be concluded that

IAQ = ITQA = 0mr×nq ,
IBQ = ITQB = 0nr×nq . (8.23)

Hence, the sought information matrix can be written

I(θ0) =
(

U 0(nr+mr)×nq
0nq×(nr+mr) IQQ

)
(8.24)

where U is given by

U =
[

BT0 ⊗ Im
In ⊗AT0

]
ΦTQ−1

e Φ[B0 ⊗ Im In ⊗A0]. (8.25)

Since Q−1
e is positive definite, it follows that

rank(U) = rank([B0 ⊗ Im In ⊗A0]) = rm+ rn− r2, (8.26)

(cf. (7.48)). The singularity of U is a consequence of the over-parameterization
mentioned above.

Finding the CRB
The parameters of interest are the elements of C. They are mapped from θ by the
function c = vec{f(θ)} where f(θ) is defined in (8.16). Standard theory gives that
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the inequality

Cov [ ĉ ] �ΔI†(θ0)ΔT ,

Δ = ∂f
∂θ

∣∣∣∣
θ=θ0

(8.27)

holds if ĉ is an unbiased estimator of vec{C0}. In the present problem the infor-
mation matrix is singular, a case that is treated in [SM01]. While mathematically
correct, (8.27) is then only useful under certain conditions on the model. These
conditions will be verified below.

The block diagonal structure of I(θ0) can be exploited when evaluating (8.27).
Clearly

I†(θ0) =
(

U† 0(nr+mr)×nq
0nq×(nr+mr) I†QQ

)
(8.28)

and

Δ = [B0 ⊗ Im In ⊗A0 0mn×nq ]. (8.29)

Insertion into (8.27) gives the CRB for the parameters of C0

Cov [ ĉ ] � [B0 ⊗ Im In ⊗A0]U†
[

BT0 ⊗ Im
In ⊗AT0

]
,

U =
[

BT0 ⊗ Im
In ⊗AT0

]
ΦTQ−1

e Φ[B0 ⊗ Im In ⊗A0]. (8.30)

If the noise is temporally white, the matrix Qe will be block diagonal with
equal diagonal matrices and the matrix ΦTQ−1

e Φ can for large N be written
N(Rxx(0)⊗R−1

ee (0)). The asymptotic (in N) CRB then coincides with the asymp-
totical covariance (8.14). If the noise is not temporally white, then the asymptotic
CRB cannot be easily expressed directly in terms of Rxx(τ).

As stated and proved in [SM01] the condition

Δ = ΔII† (8.31)

must hold for (8.30) to be a meaningful bound. This means that the rows of Δ
must be in the range space of I(θ0). Considering the structure of (8.30), it is easy to
see that this holds under weak assumptions on the input signal x(t). Furthermore,
for the Cramér-Rao bound to be valid, the regularity condition

E
[
∂l(θ)
∂θk

]
= 0 (8.32)

must hold. For k ≤ (mr+nr) this can easily be verified by (with proper definitions
of the matrices) taking expectation of (7.56) and (7.57) in Appendix 7.A. For the
remaining parameters, the condition can be checked in a straightforward manner.
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8.3 Relation to previous methods

In [WJ03], an estimation method for the reduced rank linear regression was derived
that relies on a two step procedure similar to the one treated in this part of the
thesis. The method proposed in this work specializes to the one of [WJ03] if p and
f are set to zero. In that case L = R̂xx and K = R̂yx and the criterion function
in (7.9) becomes

V (C) = ||(R̂yxR̂−1
xx −C)R̂xx||Q̂−1

K

= ||R̂yxR̂−1
xx −C||(R̂xx⊗Im)Q̂−1

K
(R̂T

xx
⊗Im)

� ||Ψ̂−C||Q̂−1
ψ

(8.33)

where Ψ̂ is the least squares fit to the data (cf. (7.18)).
In [SV96], the maximum likelihood (ML) solution to the regression problem un-

der the assumption that the noise e(t) is temporally white and Gaussian is derived.
Compared to A1 (6.4) this is a much stronger assumption. The ML solution of
[SV96] can conveniently be stated [HNS01]

ĈML = R̂yxR̂−1/2
xx V̄rV̄Tr R̂−1/2

xx (8.34)

where the n× r matrix V̄r is obtained from the SVD

ŪΣ̄V̄T = R̂−1/2
yy R̂yxR̂−1/2

xx (8.35)

by taking the columns of V̄ corresponding to the r largest singular values. The ML
estimate ĈML is identical to the estimate Ĉ that results from the method derived
here with p = f = 0 if the noise e(t) is known to be white, so that special structure
can be used when forming Q̂ in (7.15), and the exact minimum of (8.33) is found
(for that special case there is an analytical solution). See Appendix 8.A for a proof.

The regression problem (6.3) is also treated in [GR02]. The algorithm in that
work uses a two step procedure similar to the one presented here if p = f = 0 but
with a different weighting. The estimator proposed in [GR02] is given by

ĈW = Ψ̂W−1
R V̂rV̂TrW−1

R (8.36)

where V̂r is obtained from the SVD

ÛΣ̂V̂T = WLΨ̂WR (8.37)

analogously to V̄r. Three different alternatives for the weighting matrices WL

and WR are considered except for the trivial case WL = Im, WR = In which
corresponds to Q̂ψ = Imn in (8.33).
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The first alternative, referred to as the CVA method, is exactly the ML method
of [SV96]. The second choice, referred to as the CVA2 method is based on the
matrices

WL =
( N∑
τ=−N

(R̂−1
xx R̂xx(−τ)R̂−1

xx tr{R̂ee(τ)}))−1/2

and

WR =
( N∑
τ=−N

(R̂ee(−τ)tr{R̂−1
xx R̂xx(τ)R̂−1

xx})
)−1/2

. (8.38)

In the third method, CVA3, the weights are WR = L−1/2
1 and WL = L−1/2

2
where L1 ⊗ L2 is an approximation (optimal in the Frobenius norm sense) of Qψ.
That approximation problem is addressed in [Str95] and [vLP93]. See also Part III
of this thesis. These algorithms and the ML method for the white noise case are
compared numerically to the proposed algorithm in Section 8.4.

8.4 Numerical study

Monte Carlo simulations have been performed in order to illustrate the performance
of the new method.

Simulation setup
Samples were generated according to (6.3). The noise was generated according to
the generalized MA process

e(t) =
Te−1∑
k=0

Me
kw(t− k) (8.39)

where Me
k ∈ �m×m for k = 0, . . . , Te − 1 are matrices with random elements.

The elements were computed by squaring realizations of a unit variance, zero mean
Gaussian variable. The driving noise w(t) is white Gaussian with covariance σ2

wIm.
The coefficient matrices Me

k were kept constant while the noise w(t) was regener-
ated each Monte Carlo experiment. The input signal was generated similarly, based
on

x(t) =
Tx−1∑
k=0

Mx
ku(t− k). (8.40)

Each element of the matrices Mx
k ∈ �n×n for k = 0, . . . , Tx−1 is randomly chosen

and positive similar to the Me
k coefficients. The driving noise u(t) is white Gaussian
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with covariance σ2
uIn. It was regenerated each Monte Carlo experiment while the

Mx
k matrices were kept constant.
When calculating the asymptotic covariance expression (8.14), theoretical

Ree(τ) and Rxx(τ) were used. When evaluating the Cramér-Rao lower bound,
this was not possible since it depends on the input sequence directly. In order to
make a comparison possible, the CRB shown is the average over several realizations
of a random input sequence with temporal and spatial correlation given by Rxx(τ).

The SNR was defined to σ
2
u

σ2
w

. The “true regressor” C0 was fixed to the rank two
matrix ⎛

⎜⎜⎜⎜⎝
0.0276 0.1847
0.1990 0.3721
0.2628 0.1943
0.5100 0.1732
0.6007 −0.5705

⎞
⎟⎟⎟⎟⎠×

⎛
⎜⎜⎜⎜⎝

0.6225 −0.2954
0.1560 0.0023
−0.3122 0.2979
0.1626 −0.1787
−0.9209 −0.8700

⎞
⎟⎟⎟⎟⎠

T

. (8.41)

For the WLRA part of the algorithm, three alternatives were suggested in Sec-
tion 7.3. Two single step Newton-methods were suggested in addition to a single
iteration alternating projections algorithm. In the examples studied, the two New-
ton step based algorithms gave almost exactly the same result. Thus they are
represented as a single entity in the plots. Note that all included algorithms are
non-iterative, and thus no stopping criteria is needed.

Results
In Figure 8.1, 8.2, and 8.3, the experimental mean of the quantity 1

mn‖C0 − Ĉ‖2F ,
forming an estimate of the MSE1, is presented. It is compared to the theoretical
asymptotical covariances derived in Section 8.1.

In Figure 8.1 and 8.2 the methods for the reduced rank linear regression referred
to in Section 8.3 are compared to the IV method proposed in Chapter 7 for a
few choices of the parameters p and f . In Figure 8.1 the sample set size N was
varied at a fixed SNR while in Figure 8.2 the SNR was varied at a fixed N . For
comparison, the result of a straightforward least squares fit to the data (7.18) is
included together with the result for unweighted rank reduction of Ψ using the
SVD. Clearly, the proposed method has an advantage over existing methods when
both the noise and the input signals are temporally autocorrelated. The ML, CVA2,
and CVA3 methods seem to perform very similarly. The performance of the new
method using p = f = 0 is slightly better than that of those methods, because the
optimal weighting exploits some of the noise correlation. The performance improves
significantly as p and f increase. The gain in performance with the proposed method
depends on the noise correlation. The asymptotical covariance expressions are valid
for fairly small N if p and f are small but the convergence becomes slower as they
increase. The proposed method is quite robust to poor SNR and small sample set

1MSE= 1
mn

E
[

vecT {C0 − Ĉ}vec{C0 − Ĉ}
]
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sizes. The CRB for the problem, given in (8.30), is also included in the plots. It is
significantly lower than the MSE of all included methods.

Simulations were also performed in which the noise was temporally white: Te =
1. In that case, the CVA2, CVA3, ML and the method proposed in this work
had very similar performance, also for relatively small sample set sizes. In the
white noise case, the method of this thesis is asymptotically efficient (as is the ML
method, of course). Recall that the algebraic equivalence result from Section 8.3
is valid if the noise is known to be white and that knowledge is exploited when
forming the weighting matrix.

In Figure 8.3, the new approach to the WLRA problem presented in Section 7.3
is compared to unweighted rank reduction (setting Q = I in (7.22)) and one step
of the well-known alternating projections method described in Section 7.3. The
minimizer of (7.9) when the rank constraint is disregarded, Ψ, is also included
for comparison. The new method performs better than the alternating projections
method but the difference is small in this example. The most important observation
is the importance of the weighting matrix when performing the rank reduction.

In Figure 8.4, the expression (8.14) for the asymptotical covariance of the new
method is compared to the CRB (8.30). The design variables p and f in (7.3) are
varied. The plot for the CRB shows the result of Monte Carlo simulations over the
input signal x(t). The input was generated using the MA model described above
and the noise covariance structure was chosen to agree with that model as well.
The asymptotical covariance for the ML method (which is derived assuming white
noise and hence not true ML with this signal model) and the CRB without rank
constraint are also included. Clearly, the asymptotical covariance of the proposed
method approaches the CRB as the lag-lengths p and f increase. The rate of
this convergence depends on the correlation lengths of the noise and the input.
The exact correspondence is unclear. It is interesting to note that the proposed
method performs better asymptotically than the ML method also if p and f are
zero. Naturally this does not hold if the noise is white, in which case the two
methods are asymptotically equivalent.

In Figure 8.5, the performance of the rank detection algorithm is investigated.
The probability of a correctly detected rank is estimated. The probability seems to
stabilize close to the 95% correct detections that would correspond to the selected
probability (α = 0.05) of falsely rejecting the null hypothesis.
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Figure 8.1: Experimental MSE (over 500 realizations) of estimated linear regression
matrices and asymptotical theoretical covariances. The data set size was varied
between 100 and 3162 while the SNR was fixed to 10dB. The noise and input
correlation lengths Te and Tx were both set to 10. The squares correspond to a least
squares fit to the data. The hollow stars correspond to unweighted rank reduction
of the least squares estimate. The blue ’*’ markers; the red ’x’ markers; and the
green ’+’ markers correspond to the method presented in this work with p and f
set to 0, 2, and 4, respectively. The black ’o’ markers correspond to the ML method
derived for temporally white noise from [SV96]. The black � markers correspond to
the CVA2 method from [GR02] (the CVA3 method gave almost exactly the same
result in this scenario). The asymptotical covariance for the ML method is the
black dotted line. The asymptotical covariances corresponding to p = f = 0, 2, and
4 for the method of this work are the blue dash-dotted, the red dashed, and the
green solid line, respectively. The black solid line marked with dots is the CRB
(8.30). The CRB is evaluated using Monte Carlo simulations over x(t).
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Figure 8.2: Experimental MSE (over 500 realizations) of estimated linear regression
matrices and asymptotical theoretical covariances. The SNR was varied between
−10 and 20dB while the data set size N was fixed to 700. The noise and input
correlation lengths Te and Tx were both set to 10. The squares correspond to a least
squares fit to the data. The hollow stars correspond to unweighted rank reduction
of the least squares estimate. The blue ’*’ markers; the red ’x’ markers; and the
green ’+’ markers correspond to the method presented in this work with p and f
set to 0, 2, and 4, respectively. The black ’o’ markers correspond to the ML method
derived for temporally white noise from [SV96]. The black � markers correspond to
the CVA2 method from [GR02] (the CVA3 method gave almost exactly the same
result in this scenario). The asymptotical covariance for the ML method is the
black dotted line. The asymptotical covariances corresponding to p = f = 0, 2, and
4 for the method of this work are the blue dash-dotted, the red dashed, and the
green solid line, respectively. The black solid line marked with dots is the CRB
(8.30). The CRB is evaluated using Monte Carlo simulations over x(t).
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Figure 8.3: Experimental MSE (over 500 realizations) of estimated linear regression
matrices and asymptotical theoretical covariances. The IV-method (p = f = 0)
presented in this work was used together with different methods for solving the
WLRA subproblem (7.22). The data set size was varied between 100 and 3162
while the SNR was fixed to 10dB. The noise and input correlation lengths Te and
Tx were both set to 10. The squares correspond to the method presented here
without the rank reduction (Ψ in (7.20)). The ’o’ markers correspond to unweighted
rank reduction (Q = I in (7.22)). The hollow stars correspond to the result of
using the alternating projections method to solve the WLRA. The ’x’ markers
correspond to the method of Section 7.3 with the θAB parameterization. The
other parameterization gives the same result. The solid line is the asymptotical
covariance expression.
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Figure 8.4: The data set size N was 700 and the SNR was 10dB. The covariance
lengths Tx and Te are both fixed to 10. The matrix Q represents different covariance
matrices corresponding to the different expressions plotted in the graph. The stars
show the asymptotic covariance expression for the proposed method for different
values of p, f (Q is given by (8.14)). The solid line shows the Cramér-Rao lower
bound (Q is given by (8.30) averaged over 30 realizations of x(t)). The dash-dotted
line shows the asymptotic covariance of the ML method. Note that this is not true
ML in this case since it was derived for another noise model (the corresponding
covariance, Q, can be derived similar to Section 8.1). The dashed line shows the
CRB for linear regression without rank constraints.
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Figure 8.5: Experimental probability of correct rank detection (over 500 realiza-
tions) using the algorithm outlined in Section 7.4. The parameter α was set to
0.05. The data set size was varied between 100 and 3500 while the SNR was fixed
to 10dB. The rank 2 regression matrix is given in (8.41). The parameters p and f
were both set to 2. The input signal and the noise were generated according to the
model described in the text with Tx = Te = 10.
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Appendix 8.A Equivalence of the proposed estimator to
maximum likelihood

The claim in Section 8.3 that, under a temporally white noise assumption, ĈML =
Ĉ (defined in (8.34) and (8.33)) will be proven here. Under the assumptions, esti-
mation of the covariance matrix Q̂ψ in (8.33) reduces to estimating the covariances
of the noise and input signal and forming

Q̂ψ = (R̂−1
xx ⊗ R̂ee). (8.42)

The noise correlation matrix can be estimated as

R̂ee = 1
N

N∑
t=1

(y(t)− Ψ̂x(t))(y(t)− Ψ̂x(t))T

= R̂yy − R̂yxR̂−1
xx R̂Tyx. (8.43)

Since the weighting matrix Q̂−1
ψ = (R̂xx ⊗ R̂−1

ee ) in this special case is of the form
(Q1⊗Q2) it can be shown (see, e.g., [MMH03], Theorem 3) that the matrix Ĉ that
minimizes (8.33) is

Ĉ = R̂1/2
ee UΣrVT R̂−1/2

xx . (8.44)

The matrices U and V are obtained from the SVD

UΣVT = R̂−1/2
ee R̂yxR̂−1

xx R̂1/2
xx , (8.45)

and Σr is obtained from Σ in (8.45) by setting all but the largest r singular values
to zero. It is easy to verify that this is equivalent to

Ĉ = R̂1/2
ee (R̂−1/2

ee R̂yxR̂−1
xx R̂1/2

xx )VrVTr R̂−1/2
xx

= R̂yxR̂−1/2
xx VrVTr R̂−1/2

xx (8.46)

where Vr is defined analogously to V̄r. In order to show that V̄rV̄Tr = VrVTr as
defined in (8.35) and (8.45), consider

R̂yy = R̂ee + R̂yxR̂−1
xx R̂Tyx

= R̂1/2
ee (Im + R̂−1/2

ee R̂yxR̂−1
xx R̂TyxR̂−1/2

ee )R̂1/2
ee

= R̂1/2
ee U(Im + Σ2)UT R̂1/2

ee (8.47)

where use was made of (8.45) in the last equality. Next, consider the matrix

V̄Σ̄2V̄T = R̂−1/2
xx R̂TyxR̂−1

yy R̂yxR̂−1/2
xx

= R̂−1/2
xx R̂TyxR̂−1/2

ee U

× (Im + Σ2)−1UT R̂−1/2
ee R̂yxR̂−1/2

xx

= VΣUTU(Im + Σ2)−1UTUΣVT

= VΣ(Im + Σ2)−1ΣVT � VFVT . (8.48)
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Since F defined above is diagonal, it can be concluded that both V and V̄ contain
the orthonormal eigenvectors of R̂−1/2

xx R̂TyxR̂−1
yy R̂yxR̂−1/2

xx . Thus, the columns of
V must be the columns of V̄, except for a factor ±1. It can also be concluded
that the diagonal elements of F are the diagonal elements of Σ̄2 since they are the
corresponding eigenvalues. It remains to show that the ordering of the diagonal
elements of F and Σ̄, and thus the columns of V and V̄, are the same.

Next, denote the diagonal elements of Σ by ai. From the properties of the SVD
(as defined and used in this work) it follows that ai+1 ≤ ai. The ith diagonal
element of F, defined in (8.48), is

a2
i

1 + a2
i

= 1− 1
1 + a2

i

. (8.49)

By noting that this function is monotonically increasing (for positive ai), it follows
that F has positive diagonal elements of falling magnitude. This proves that F = Σ̄2

and it can be concluded that V̄rV̄Tr = VrVTr . Inserting this result into (8.34) and
comparing to (8.46) show that, indeed, Ĉ = ĈML under the assumptions stated
above.
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Chapter 9

Introduction to Kronecker product
structured covariance matrices

This chapter serves as an introduction to Chapter 10 and 11. The signal model is
introduced and a short description of the Kronecker model for MIMO channels is
given.

9.1 Background

MIMO Communication
In the modelling of frequency flat MIMO channels, the Kronecker model is often as-
sumed [KSP+02, YBO+04, BZ06]. The Kronecker model assumes that the channel
matrix can be well modelled as

Ht = B 1
2 Huncorr.
t A 1

2 (9.1)

where Ht is the stochastic m × n channel matrix in signal block t, A is an n × n
transmit covariance matrix, and B is an m × m receive covariance matrix. The
elements of the m× n matrix Huncorr.

t are assumed to have unit variance and zero
mean, and to be mutually independent. Therefore, the Kronecker model implies
that the channel covariance has a Kronecker product structure

Cov [ vec{Ht} ] = A⊗B. (9.2)

The underlying assumption is that, while the channel changes between the signal
blocks, the second order statistics of the channel remain valid over a longer period
of time. Estimating covariance matrices such as (9.2) is useful in the design and
analysis of algorithms for MIMO communications; the transmitter can use such
statistics to improve performance of the data link - see Section 1.2.

If channel reciprocity can be assumed, for example in a TDD system, then the
transmitter can estimate the downlink channel and its statistics based on uplink
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data. If channel reciprocity cannot be assumed, as is the case in FDD systems,
then the downlink channel can only be estimated at the receiver. If the channel is
fast fading, then Ht has to be estimated at a high rate. It may then be unfeasible
to feed the channel estimates back to the transmitter with a short enough delay.
In such a scenario, the transmitter might rely on channel statistics instead of on
the actual channel realizations. The receiver can estimate the statistics and feed it
back to the transmitter. This feedback may then be done at a much slower rate.

Many signal processing algorithms rely on the Kronecker model, either implicitly
or explicitly. Imposing the structure implied by the Kronecker assumption on the
channel covariance also reduces the number of parameters needed when feeding
back channel statistics and it allows for a reduced complexity in the transmit-
and receive algorithms. Furthermore, imposing this structure also leads to more
accurate estimates of the channel covariance (as will be demonstrated).

Other areas
Models such as (9.2) also appear naturally when modelling spatio-temporal noise
processes in MEG/EEG data [dMHWH02, Str95]. In statistics, processes with
covariance matrices that satisfy (9.2) are referred to as separable [LZ04, LZ05].
They appear when variables in the data set can be cross-classified by two vector
valued factors. For illustration, consider the process

h(t) = a(t)⊗ b(t). (9.3)

It contains products of all possible pairs comprising of one element from a(t) and one
element from b(t), where a(t) and b(t) are two vector valued stochastic processes.
If a(t) and b(t) have zero means and are mutually uncorrelated with covariance
matrices

Cov [ a(t) ] = A
Cov [ b(t) ] = B (9.4)

then h(t) has a covariance matrix of the form (9.2). Some examples of problems
where separable stochastic processes appear are given in [LZ04]. A framework for
estimation of a related class of structured covariance matrices is developed in [BF93]
together with examples of applications where they appear.

Extra structure
In some scenarios, the properties of the underlying problem give the matrices A
and B in (9.2) additional structure. In the MIMO communications scenario, for
example, a uniform linear array (ULA) at the transmitter side implies that A
has Toeplitz structure [Mol04]; in the same way, a ULA at the receiver implies
a Toeplitz structured B. The performance might be improved if the estimator is
able to take such additional structure into account, because a smaller number of
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parameters need to be estimated. Such performance gains have been reported for
array processing when the signal covariance matrix has Toeplitz structure [Fuh91].

Previous work

The intimately connected problems of estimating a Kronecker product structured
covariance matrix from a set of data, and evaluating whether (9.2) is an accurate
model for the underlying true covariance matrix, naturally lead to the maximum
likelihood (ML) method. As the optimization problem associated with the ML
method lacks a known closed-form solution, an iterative search algorithm has to be
used. The standard choice seems to be the minimization w.r.t. A and B alternately,
keeping the other matrix fixed at the previous estimate. This algorithm is called
the flipflop algorithm in [LZ04]. It performs well in numerical studies [LZ04]. Such
numerical experience also indicates that the flipflop algorithm converges faster than
a Newton-type search [LZ04]. Also, the global minimum was found in general in our
experiments. The flipflop algorithm, however, has the drawback of being iterative
and it does not allow for a general linear structure on the A and B matrices in
addition to the positive definiteness implied by the problem formulation.

Another common approach is to simply calculate the (unstructured) sample
covariance matrix of the data and then find the closest (in the Frobenius norm sense)
approximation with Kronecker product structure. This approximation problem is
treated in [vLP93, Str95, YBO+04]. It is solved using SVD. This method lacks
the asymptotic efficiency of the ML approach but has the advantages of simplicity
and low computational complexity. It is also possible, as will be demonstrated, to
incorporate prior information of additional linear structure in the A and B matrices
into this approach, although this case is not treated in the references.

9.2 Organization of Part III

Part III of the thesis treats two distinct data models for estimation and detection
problems related to Kronecker product structured covariance matrices:

Directly available realizations

The results in Chapter 10 are based on the assumption that the data samples (chan-
nel realizations in the MIMO channel modelling application) are directly observable.
The resulting data model is presented in Section 9.3.

Furthermore, the Cramér-Rao lower bound (CRB) for the problem is derived in
Section 10.2. In Chapter 10, we also derive a new method for the estimation of co-
variance matrices with Kronecker product structure based on a covariance matching
criterion (see Section 10.4). The method is non-iterative and has a relatively low
computational complexity. It is furthermore shown to be asymptotically efficient
also for linearly structured A and B matrices. Additionally, in the same chapter we
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propose a non-iterative version of the flipflop method for ML estimation. The pro-
posed method can be seen as the flipflop algorithm, which was briefly mentioned in
the previous section, terminated after three iterations. It is shown analytically that
the resulting estimate is asymptotically efficient, regardless of initialization (see
Section 10.3), and numerical simulations indicate a very promising small-sample
performance. However, the method has the drawback, compared to the covariance
matching method, of not taking advantage of additional linear structure in the
problem.

The problem of determining if (9.2) is an appropriate model for the covariance
matrix of a given set of samples is also treated in Chapter 10. For the non-iterative
version of the flipflop algorithm, the generalized likelihood ratio test (GLRT) is
proposed. For the covariance matching approach, the minimum value of the crite-
rion function can be used. Its asymptotic distribution is therefore also derived in
Chapter 10.

Computer simulations that are intended to compare the asymptotic, theoretical
results to empirical results conclude Chapter 10.

Estimation based on training data

In a typical communication system, the receiver estimates the channel statistics
based on a number of channel realizations. The channel realizations are in turn
estimated from training data. If the amount of training data available in each
block is very large, or the signal to noise ratio (SNR) is high, then the channel
estimates can be assumed to be identical to the true underlying channel; this case
is treated in Chapter 10.

If the channel is fast fading, then training has to be performed at a high rate.
It is then important to transmit as little training data as possible in each signal
block, to preserve spectral efficiency. This means that the assumption of perfect
channel knowledge at the receiver may be violated. In such a scenario the estimator
of the channel statistics should be designed to accommodate the imperfect channel
knowledge. The input to the estimator should be the training data, not the channel
estimates. The resulting estimation problem is the topic of Chapter 11. Because
this training data based estimation problem is different from the estimation problem
based on channel realizations directly, the CRB will also be different. We derive
the CRB for the new model in Section 11.3.

In Section 11.4, we present a new method for the estimation problem based on
a covariance matching criterion. The method is non-iterative and thus has a fixed
computational complexity. It is also asymptotically statistically efficient. Further-
more, it can in an efficient way take advantage of linear structure of the A and
B matrices. It is shown how the criterion leads to a weighted low rank approx-
imation (WLRA) problem. This WLRA problem is the topic of Section 11.5 in
which a practical approximative, non iterative solution is given. It is shown how
the resulting estimate retains the asymptotic properties of the optimal solution. An
alternative approach to the estimation problem is given in Section 11.7. The re-
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sulting estimator has the same asymptotic performance as the covariance matching
estimator.

The problem of testing whether a given set of data is consistent with the pro-
posed data model is treated in Section 11.9. Chapter 11 is concluded with numerical
experiments in Section 11.10 and a summary in Section 11.11.

9.3 Problem formulation

Let vec{Ht} be a zero-mean, temporally uncorrelated, complex Gaussian, circularly
symmetric random vector with covariance

S0 � S(θ0),
E [ vec{Hk}vec∗{Hl} ] = S(θ0)δ(k, l). (9.5)

Under the Kronecker model, the covariance matrix is structured according to

S(θ) � A⊗B. (9.6)

The dependence of S(θ) on θ will at times be made implicit for brevity of notation.
Let the nA × 1−vector θA and the nB × 1−vector θB be the real vectors used to
parameterize the Kronecker factors (the transmit and receive covariance matrices
in the MIMO channel modelling application), A and B, respectively. Furthermore,
assume a linear dependence on θA and θB:

vec{A} � PAθA,

vec{B} � PBθB (9.7)

where PA and PB are data and parameter independent matrices of size n2×nA and
m2 × nB , respectively. The matrices PA and PB are required to have full rank. If
the only structure imposed is that A and B are Hermitian matrices, then nA = n2

and nB = m2. The full parameter vector, θ, can be defined as the concatenated
vector

θ � [θTA θ
T
B]T . (9.8)

The matrices A and B are p.d.; this imposes constraints on θ. Denote by A0 and
B0 the true values of the Kronecker factors A and B, i.e. fixed matrices that satisfy

S0 = A0 ⊗B0. (9.9)

In the same way, denote the parameter vector that corresponds to A0 and B0 by θ0
(as already alluded to above). Note that this parameterization is ambiguous since

Aα⊗Bα−1 = A⊗B (9.10)
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for any α 
= 0. Hence, it is possible to estimate A0 and B0 up to a scalar factor
only.

The problem considered in Chapter 10 is to estimate S from the data
[vec{Ht}]N−1

t=0 . In Chapter 11, the channel realizations are not directly observable,
but instead training data is used to form the estimate. See Section 11.1.



Chapter 10

Estimation based on exact channel
knowledge

This chapter treats the problem of estimating the covariance matrix of a process
under the assumption that the true covariance matrix is the Kronecker product of
two matrices, with known dimensions. The CRB for the problem is derived and
two non-iterative estimators with different properties are proposed. Asymptotic
performance results are given analytically for both estimators and numerical sim-
ulations help evaluate the finite sample performance. In addition, the associated
model validation problem is treated.

10.1 Maximum likelihood estimation

The estimation problem treated in this chapter is to estimate S0 from
{vec{Ht}}N−1

t=0 , given the data model in Section 9.3.
The ML estimator for the above estimation problem has been proposed, e.g., in

[LZ04] and [MG93]. The associated maximization problem has no known closed-
form solution. In this section, methods for iteratively calculating the ML estimate
will be reviewed. The negative normalized log-likelihood function for the problem
is (excluding constant terms)

l(θA,θB) � n log |B|+m log |A|+ tr{Ŝ (A−1 ⊗B−1)} (10.1)

where

Ŝ � 1
N

N−1∑
t=0

vec{Ht}vec∗{Ht}. (10.2)

This can be shown similar to the derivation in Appendix 1.A. The last term in
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(10.1) can be rewritten as

tr{Ŝ (A−1 ⊗B−1)} = ntr{ 1
n

n∑
k=1

n∑
l=1

[Ŝ]m×mk,l [A−1]l,kB−1} (10.3)

where [Ŝ]m×mk,l is the k, lth block of size m ×m in the matrix Ŝ. It is a standard
result that the p.d. minimizer (w.r.t. Υ) of

log |Υ|+ tr{RΥ−1} (10.4)

where R is p.d., is Υ = R (see, e.g., [SM05, And58]). Hence, for a fixed A, the B
minimizing (10.1) is given by

B̂(A) � 1
n

n∑
k=1

n∑
l=1

[Ŝ]m×mk,l [A−1]l,k, (10.5)

assuming it is p.d.. Note that B̂(A) is Hermitian by construction. However, a
structure of the kind (9.7) is in general hard to impose: If such a structure is to
be imposed, it is unclear how to express the minimizer in closed form, except for
special cases. In order to show that B̂(A) is p.d. when Ŝ is p.d., let υ be an
arbitrary m× 1 complex vector and consider

υ∗B̂(A)υ = 1
n

n∑
k=1

n∑
l=1
υ∗[Ŝ]m×mk,l υ[A−1]l,k. (10.6)

By defining a matrix C such that

[C]k,l = υ∗[Ŝ]m×mk,l υ (10.7)

we have C = (In ⊗ υ∗)Ŝ(In ⊗ υ) and

υ∗B̂(A)υ = 1
n

tr{CA−1}

= 1
n

tr{(In ⊗ υ∗)Ŝ(In ⊗ υ)A−1}. (10.8)

Clearly, υ∗B̂(A)υ > 0 for any υ 
= 0 if both Ŝ and A are p.d.. In fact, this result
is conservative in the sense that B̂(A) can be p.d. even if Ŝ is only p.s.d..

After inserting B̂(A) into (10.1) and after removing constant terms, the con-
centrated criterion function becomes

l(A) � n log |B̂(A)|+m log |A|. (10.9)

A Newton-type search procedure can be used to search for the minimum of l(A)
w.r.t. A. It is necessary to make sure that the estimate is p.s.d., for example by
setting A = LL∗ and minimizing w.r.t. L.
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If n > m, it is more advantageous to concentrate A out instead, and then
minimize the resulting criterion function w.r.t. B. Similar to (10.5), for a fixed B,
the A that minimizes (10.1) is

Â(B) � 1
m

m∑
k=1

m∑
l=1

[PTT (n,m)ŜPT (n,m)]n×nk,l [B−1]l,k (10.10)

where [PTT (n,m)ŜPT (n,m)]n×nk,l is the k, lth n× n block of

PTT (n,m)ŜPT (n,m). (10.11)

The permutation matrix PT (x,y) is defined such that

PT (x,y)vec{Υ} = vec{ΥT } (10.12)

for any x× y matrix Υ. A similar argument as above guarantees that Â(B) is p.d.
as long as B and Ŝ are p.d..

The flipflop algorithm is obtained by alternately minimizing w.r.t. B and A,
keeping the last available estimate of A fixed while minimizing w.r.t. B and vice
versa [LZ04, LZ05, MG93]. This algorithm can be outlined as follows:

1. Select an initial estimate A = Ainit.

2. Set i := 0. Using (10.5), find the B0 = B̂(Ainit) that minimizes (10.1) w.r.t.
B given A = Ainit.

3. Set i := i + 1. Using (10.10), find the Ai = Â(Bi−1) that minimizes (10.1)
given B = Bi−1.

4. Set i := i + 1. Using (10.5), find the Bi = B̂(Ai−1) that minimizes (10.1)
given A = Ai−1.

5. Iterate steps 3 and 4 until convergence.

The flipflop algorithm has been reported to converge faster than a Newton-type
search in numerical simulations [LZ04].

Imposing a linear structure of the form (9.7) into the flipflop algorithm can be
done by imposing (9.7) in each step. However, as pointed out above, this typically
would require running an iterative search in steps 2, 3, and 4 above.

An interesting alternative to the iterative search for the minimum of the neg-
ative likelihood function is to perform only steps 1 to 4, without iterating. This
method can be shown to inherit the asymptotic efficiency of the ML estimator. See
Section 10.3 for a detailed treatment.
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10.2 The Cramér-Rao lower bound

The CRB gives a lower bound on the covariance matrix of any unbiased estimator.
In this section the CRB will be derived for the estimation problem described in
Section 9.3.

In order to state the result of this section, consider the rearrangement function
[vLP93]

Rearr(S) �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

vecT {[S]m×m1,1 }
...

vecT {[S]m×mn,1 }
vecT {[S]m×m1,2 }

...
vecT {[S]m×mn,n }

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(10.13)

where [S]m×mk,l is the k, lth m×m block of S. This rearrangement function has the
property

Rearr(A⊗B) = vec{A}vecT {B}. (10.14)

It is easy to see that a permutation matrix, PR, can be defined such that

vec{S} � PRvec{Rearr(S)} (10.15)

for any matrix S of compatible dimensions.
The elements of the matrix (A ⊗ B) are linear combinations of products of

the form [θA]i[θB]j . Therefore it is possible to construct a constant, parameter
independent, m2n2 × nAnB−matrix Pθ such that

vec{A⊗B} = Pθη, η = vec{θAθ
T
B}. (10.16)

In order to find an expression for Pθ, we can use (9.7) to form

Rearr(A⊗B) = vec{A}vecT {B} = PAθAθ
T
BPTB. (10.17)

Then by using the permutation matrix PR, which was defined in (10.15), it follows
immediately that

vec{A⊗B} = PR(PB ⊗PA)vec{θAθ
T
B}. (10.18)

Expressions (10.16) and (10.18) give

Pθ � PR(PB ⊗PA). (10.19)

The main result of this section can now be stated in the following theorem:
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Theorem 10.1. The covariance matrix of any unbiased estimator ŜE of S0 in the
data model described in Section 9.3 must satisfy

NCov
[

vec{ŜE}
]
� PθΓ0(ΓT0 P∗θ

(
S−T0 ⊗ S−1

0
)

PθΓ0)†ΓT0 P∗θ (10.20)

where Γ0 is given by

Γ0 � (θB ⊗ InA InB ⊗ θA) , (10.21)

evaluated for parameters θA and θB that give the true covariance matrix S0.

Proof. The i, jth element of the Fisher information matrix (FIM) is given by
[Kay93, SM05]

[I(θ)]i,j = Ntr{S−1ṠiS−1Ṡj}. (10.22)

It follows that

[I(θ)]i,j = Nvec∗{Ṡi}
(
S−T ⊗ S−1) vec{Ṡj}

= N η̇Ti P∗θ
(
S−T ⊗ S−1)Pθη̇j . (10.23)

Construct a matrix Γ such that

[Γ]j,i = ∂[η]j
∂[θ]i
. (10.24)

When evaluated at θ, Γ reads

Γ = (θB ⊗ InA InB ⊗ θA) . (10.25)

This immediately gives the following expression for the FIM

I(θ) = NΓTP∗θ
(
S−T ⊗ S−1)PθΓ. (10.26)

Some care must be exercised when using this result to find the CRB for the elements
of S. The reason is that the mapping between the parameter vector θ and the matrix
S is many-to-one due to the ambiguous scaling of A and B, see (9.10). By using
results proved in [SM01] we have that the desired CRB is given by

ΔI†(θ0)Δ∗ (10.27)

where column i of Δ is given by

∂vec{S}
∂[θ]i

∣∣∣∣
S=S0

. (10.28)

It is then straightforward to conclude that Δ = PθΓ0 and thus that the CRB is
given by (10.20). The matrix Γ0 is equal to Γ evaluated at θ = θ0.
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10.3 A non-iterative flipflop approach

The estimate

ŜFF � Â(B̂(Ainit))⊗ B̂(Â(B̂(Ainit))) (10.29)

is the result of steps 1 to 4 of the flipflop algorithm discussed in Section 10.1. The
initial estimate Ainit is an arbitrary p.d. matrix (and need not be data dependent).
In the following, it will be shown that ŜFF is an asymptotically efficient estimate
of the covariance matrix S0 regardless of the initialization Ainit. In order to state
the result, reconsider the rearrangement function Rearr introduced (10.13) and the
associated permutation matrix PR defined in (10.15). It will also be useful to
introduce two other matrices that are obtained by rearranging the elements of the
sample covariance matrix in a similar way. They are

ŜB �
[
vec{[Ŝ]m×m1,1 } . . . vec{[Ŝ]m×m1,n } . . . vec{[Ŝ]m×mn,n }

]
(10.30)

and similarly

ŜA �
[
vec{[PTT (n,m)ŜPT (n,m)]n×n1,1 } . . . vec{[PTT (n,m)ŜPT (n,m)]n×nm,m}

]
. (10.31)

Also introduce the corresponding permutation matrices that (for any realization of
the data) satisfy

vec{ŜA} � PSA
vec{Ŝ},

vec{ŜB} � PSB
vec{Ŝ}. (10.32)

We are now ready to state the result.

Theorem 10.2. Let ŜFF be the estimate of S0 given by (10.29). Then, under the
data model described in Section 9.3, the quantity

√
N(ŜFF −S0) has an asymptotic

(as N →∞) complex Gaussian distribution with covariance given by

Cov
[

vec{
√
N(ŜFF − S0)}

]
= F(ST0 ⊗ S0)F∗ (10.33)

where

F �PR

[
1
m

(
vec{B0}vecT {B−1

0 } ⊗ In2
)
PSA

+ 1
n

(
Im2 ⊗ vec{A0}vecT {A−1

0 }
)
PT (m2,n2)PSB

− 1
mn

(
vec{B0}vecT {A−T0 } ⊗ vec{A0}vecT {B−1

0 }
)
PT (n2,m2)PSA

]
. (10.34)

Furthermore, ŜFF is a consistent estimate of S0.



10.4. A COVARIANCE MATCHING APPROACH 145

Proof. See Appendix 10.A.

It is interesting to note that the expression for the asymptotic covariance does
not depend on the initial value Ainit. This implies that the dominating part (for
large N) of the estimation error is the same as if the initialization was at the true
value itself.

A similar result can be shown for the ML method:

Theorem 10.3. Let vec{Ht} be defined as in Section 9.3, where A0 and B0 are
p.d. but otherwise assumed unstructured. Let

ŜML � ÂML ⊗ B̂ML. (10.35)

be a ML estimate of S0, given vec{Ht}, t = 0, . . . , N − 1. Then
√
N(ŜML − S0)

has an asymptotic (as N →∞) complex Gaussian distribution with covariance

Cov
[

vec{
√
N(ŜML − S0)}

]
= F(ST0 ⊗ S0)F∗ (10.36)

where F is given by (10.34). Furthermore, ŜML is a consistent estimate of S0.

Proof. See Appendix 10.B.

Clearly this result together with the asymptotic efficiency of ML give us an
expression for the asymptotic Cramér-Rao lower bound for the special case when
no linear structure is imposed on A and B. The expression derived in Section 10.2
is more general and has a more compact structure.

The most important and somewhat surprising conclusion from Theorem 10.2
and Theorem 10.3 is that the asymptotic (in N) covariances of the ML estimate
and the estimate ŜFF coincide regardless of the initialization Ainit. Both estimates
are consistent. Hence ŜFF is an asymptotically efficient estimate when no structure
is imposed on A and B except that they are Hermitian matrices. Numerical studies
in Section 10.7 also suggest a promising small sample performance for ŜFF .

It is interesting to note that the estimate

Â(B̂(Ainit))⊗ B̂(Ainit) (10.37)

which is obtained by terminating the algorithm after step 3 (again in Section 10.1)
lacks the asymptotic efficiency of ŜFF . This can be shown using techniques similar
to those used in the proof of Theorem 10.2: The asymptotic covariance of (10.37)
will depend on Ainit.

10.4 A covariance matching approach

It is not obvious how to modify the non-iterative version of the flipflop algorithm
proposed above to take linear structure as in (9.7) into account without making the
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algorithm iterative. This section aims at developing a non-iterative method that
achieves the CRB for large N also when a general linear structure is imposed on A
and B as in (9.7).

A simple standard approach to the present estimation problem is to form the
estimate of S0 from the minimizers of

min
A,B
‖Ŝ−A⊗B‖2F . (10.38)

This minimization problem can be rewritten [vLP93] as

min
A,B
‖Rearr(Ŝ)− vec{A}vecT {B}‖2F (10.39)

where Rearr(Ŝ) is the rearrangement function introduced in Section 10.2. The
reformulated minimization problem is a rank-one approximation problem that is
easy to solve using the SVD. The resulting estimate is consistent because Ŝ is
consistent, but it is not asymptotically efficient. Incorporating a linear structure as
in (9.7) can be done similarly to what is shown at the end of this section. It can
also be proved that the estimates of A and B obtained from (10.39) are guaranteed
to be p.d. if Ŝ is p.d. [vLP93].

It will be shown in the following that the estimate θ̂ obtained by minimizing

VC(θ) � ‖Ŝ−A⊗B‖2W
= vec∗{Ŝ−A⊗B}Wvec{Ŝ−A⊗B} (10.40)

is asymptotically statistically efficient if the weighting matrix is chosen as

W = 1
N

(
Cov

[
vec{Ŝ}

])−1
. (10.41)

This result is not surprising, especially in the light of the extended invariance prin-
ciple [SS89b, OSR98]. Note that the minimization problem in (10.38) coincides
with (10.40) if W = I. That choice would not yield an asymptotically efficient
estimator, however. The sample covariance matrix has a covariance given by

Cov
[

vec{Ŝ}
]

= 1
N

ST0 ⊗ S0

= 1
N

(A0 ⊗B0)T ⊗ (A0 ⊗B0); (10.42)

this result has been used several times in the thesis (see, e.g., Appendix 1.A). Note
that (10.42) depends on the unknown parameters. In Section 10.5 we will show
that replacing W with a consistent estimate,

Ŵ = W + op(1), (10.43)

does not affect the asymptotic efficiency of the algorithm.
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For a general Ŵ, the minimization problem (10.40) lacks a simple, closed form
solution and iterative methods similar to the flipflop algorithm have to be used.
Here we will use a specially structured Ŵ for which the minimization problem in
(10.40) can be solved in closed form. We suggest using the weighting matrix

Ŵ � (Â−1 ⊗ B̂−1)T ⊗ (Â−1 ⊗ B̂−1) (10.44)

where Â and B̂ are selected such that

Â⊗ B̂ = S0 + op(1). (10.45)

This condition is satisfied, e.g., by the closed form estimates given by the minimizers
of (10.38). This choice also ensures positive definiteness of Ŵ when Ŝ is p.d.
[vLP93]. If Ŵ in chosen as in (10.44), we can rewrite (10.40) as

‖Ŝ−A⊗B‖2Ŵ
=‖Š− (Â− 1

2 AÂ− 1
2 )⊗ (B̂− 1

2 BB̂− 1
2 )‖2Im2n2

=‖Rearr(Š)− vec{Â− 1
2 AÂ− 1

2 }vecT {B̂− 1
2 BB̂− 1

2 }‖2F (10.46)

where

Š � (Â− 1
2 ⊗ B̂− 1

2 )Ŝ(Â− 1
2 ⊗ B̂− 1

2 ). (10.47)

Next, using (9.7), we have that

vec{Â− 1
2 AÂ− 1

2 } =
(

Â−T2 ⊗ Â− 1
2

)
PAθA (10.48)

and

vec{B̂− 1
2 BB̂− 1

2 } =
(

B̂−T2 ⊗ B̂− 1
2

)
PBθB. (10.49)

Hence, (10.46) can be expressed as

‖Ŝ−A⊗B‖2Ŵ = ‖Rearr(Š)−UATAθAθ
T
BTTBUTB‖2F . (10.50)

The matrices UA and UB have dimensions n2×nA and m2×nB , respectively and
their columns are orthonormal. The matrices TA and TB are invertible; they have
dimensions nA × nA and nB × nB , respectively. The matrices UA, UB, TA, and
TB are such that

UATA = (Â−T2 ⊗ Â− 1
2 )PA,

UBTB = (B̂−T2 ⊗ B̂− 1
2 )PB. (10.51)
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The criterion in (10.50) can be rewritten as

‖vec{Rearr(Š)} − (UB ⊗UA)vec{TAθAθ
T
BTTB}‖22

= ‖(U∗B ⊗U∗A)vec{Rearr(Š)} − vec{TAθAθ
T
BTTB}‖22

= ‖U∗ARearr(Š)UcB −TAθAθ
T
BTTB‖2F . (10.52)

The rank-one approximation problem in (10.52) is easily solved using SVD, see for
example Part II of this thesis. The proposed estimator has a fixed computational
complexity similar to that of the unweighted ad-hoc method, (10.38), and yet it
achieves asymptotic efficiency as will be shown in Section 10.5. The performance
for finite sample sizes will be evaluated using simulations in Section 10.7.

One remark is in place here. While the true covariance matrix is known to be
p.d., this constraint is not imposed on the estimate obtained from (10.52). However,
the sample covariance matrix is a consistent estimate of the true covariance matrix
and it will be p.d. w.p.1 as N → ∞ due to the strong law of large numbers. This
implies that the covariance matching estimate will also be p.d. w.p.1 as N → ∞.
The conclusion is that the asymptotic performance of the estimator is not affected
by relaxing the positive definiteness constraint. See also [SOVM96].

10.5 Asymptotic performance of the covariance matching
estimator

The asymptotic performance of the estimator proposed in Section 10.4 is derived
in this section. The result is summarized in the following theorem:

Theorem 10.4. Let ŜC be an estimate of S0 constructed as

ŜC � ÂC ⊗ B̂C
where ÂC and B̂C are constructed from the minimizers of (10.40). Then, under the
data model described in Section 9.3,

√
N(ŜC −S0) has an asymptotic (as N →∞)

complex Gaussian distribution with covariance

Cov
[

vec{
√
N(ŜC − S0)}

]
= PθΓ0(ΓT0 P∗θ

(
S−T0 ⊗ S−1

0
)

PθΓ0)†ΓT0 P∗θ. (10.53)

Furthermore, (10.53) still holds if W in (10.40) is replaced by any consistent esti-
mate Ŵ of W [e.g. (10.44)]. The matrices Γ0 and Pθ are defined in Section 10.2.
The estimate ŜC is a consistent estimate of S0 for any p.d. W (or, for any consis-
tent Ŵ).

Proof. The consistency of the estimate is a direct consequence of the consistency
of Ŝ. In order to derive the asymptotic covariance, first note that by using the
definitions from the previous sections and a Taylor series expansion one obtains

vec{S0 −A⊗B} = PθΓ0(θ0 − θ) + o(‖θ0 − θ‖2). (10.54)
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Let θ̂ be the minimizer of the covariance matching criterion function in (10.40). A
Taylor series expansion of (10.40) gives

0 = V̇C(θ̂) = V̇C(θ0)−KC(θ0 − θ̂) + op(
1√
N

) (10.55)

where

[V̇C(θ)]i = ∂VC(θ)
∂[θ]i

(10.56)

and

[KC ]i,j � lim
N→∞

∂2VC(θ)
∂[θ]i∂[θ]j

∣∣∣∣
θ=θ0

. (10.57)

In order to derive an expression for KC , note that the criterion function that was
defined in (10.40) can be written

VC(θ) =
(

vec{Ŝ} −Pθη
)∗

W
(

vec{Ŝ} −Pθη
)

(10.58)

where Pθ and η were introduced in (10.19) and (10.16), respectively. It follows
from the consistency of the sample covariance that (w.p.1)

lim
N→∞

vec{Ŝ} = Pθη
∣∣∣
θ=θ0

. (10.59)

Hence we have that

[KC ]i,j = 2η∗iP∗θWPθηj
∣∣
θ=θ0
. (10.60)

Making use of (10.24), this gives

KC = 2ΓT0 P∗θWPθΓ0 (10.61)

where Γ0 is defined in (10.21). Now, it follows from (10.55) that

V̇C(θ0) = KC(θ0 − θ̂) + op(
1√
N

) (10.62)

and therefore (inspired by [SV96]) we can write

(θ0 − θ̂)−
[
InA+nB −K†CKC

]
(θ0 − θ̂)

= K†C V̇C(θ0) + op(
1√
N

). (10.63)
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Note that the matrix within square brackets above is a projection matrix upon the
null-space of KC . Thus, multiplying (10.63) from the left with PθΓ0 gives (because
W is full rank)

PθΓ0(θ0 − θ̂) = PθΓ0K†C V̇C(θ0) + op(
1√
N

). (10.64)

This gives, making use of (10.54) and the consistency of the estimate,

lim
N→∞

NCov
[

vec{S0 − ÂC ⊗ B̂C}
]

= PθΓ0K†C
[

lim
N→∞

NE
[
V̇C(θ0)V̇ ∗C(θ0)

]]
K†CΓT0 P∗θ. (10.65)

Finally, the relation

lim
N→∞

NE
[
V̇C(θ0)V̇ ∗C(θ0)

]
= 4ΓT0 P∗θW

[
lim
N→∞

NE
[

vec{Ŝ− S0}vec∗{Ŝ− S0}
]]

WPθΓ0

= 2KC (10.66)

shows that the asymptotic covariance matrix in (10.65) is given by (10.53). The first
equality of (10.66) follows by making use of (10.58) and the last equality depends
on (10.41). Also note that the asymptotic performance is unaffected by using a
consistent estimate of the weighting matrix, such as Ŵ, instead of the true W.
The asymptotic normality of the estimate follows from the asymptotic normality
of the elements of the sample covariance matrix, see, e.g., [And58].

Comparing Theorem 3 with Theorem 4 shows that the proposed covariance
matching method is asymptotically efficient in the statistical sense.

10.6 Detection

Given a set of data, {vec{Ht}}N−1
t=0 , it may be interesting to test whether the

covariance matrix of vec{Ht} is the Kronecker product of two matrices A and B
with (given) dimensions n and m, and with linear structure of the type (9.7). This
detection problem is of course closely related to the estimation problem treated in
the previous sections.

In the MIMO communications application, n andm are known from the number
of antennas on the transmitter and receiver arrays respectively, and the test is then
used to accept or reject the Kronecker product structure of the covariance matrix,
and possibly additional linear structure. In an application where the dimensions
m and n are unknown, the test can be used to detect them by successively testing
hypotheses with different values of m and n.
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The generalized likelihood ratio test (GLRT) has been proposed previously for
the considered detection problem [LZ05]. It can be shown, using standard the-
ory, that twice the difference of the minimum values of the negative log-likelihood
functions for the Kronecker structured model and the unstructured model, namely

ξGLRT � 2N
(
log |(ÂML ⊗ B̂ML)|+tr{Ŝ(Â−1

ML ⊗ B̂−1
ML)}

− log |Ŝ| −mn), (10.67)

has an asymptotic distribution given by

ξGLRT ∼ χ2(m2n2 −m2 − n2 + 1). (10.68)

Thus, this quantity can be used to accept or reject the hypothesis that the covari-
ance matrix for the data has a Kronecker product structure (with given dimensions
of the Kronecker factors). With the results of Section 10.3 in mind, the estimate
ŜFF from (10.29) can be used in lieu of the true ML estimates, at least asymp-
totically, when calculating the GLRT test statistic. This fact makes it possible to
construct the detection algorithm without using iterative estimation algorithms.

When structure of the kind (9.7) is to be included in the test, the GLRT can
still be used. However, it is then necessary to calculate the ML estimates given
such structure. In order to avoid the associated iterative search, it is natural to use
the covariance matching estimator instead. The minimum value of the criterion
function from Section 10.4 can then be used instead of the GLRT statistic for
designing the detection algorithm. Note that this minimum value of the criterion
function is given immediately by the SVD solution to the minimization of (10.52).
The test statistic is thus readily available. Establishing its statistical distribution
is an important aspect. This distribution is given in the following theorem:

Theorem 10.5. Let θ̂ be the minimizer of the criterion function in (10.40). Then,
under the data model described in Section 9.3, the corresponding minimum function
value is distributed asymptotically in N according to

NVC(θ̂) ∼ χ2(m2n2 − nB − nA + 1) (10.69)

provided that m2n2 − nB − nA + 1 > 0.

Proof. Using the notation introduced in the previous section, it follows from (10.62)
that

KCK†C V̇C(θ0) = V̇C(θ0) + op(
1√
N

) (10.70)
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where θ̂ is the minimizer of VC(θ). A series expansion then gives

NVC(θ̂) = NVC(θ0)−NV̇ ∗C(θ0)(θ0 − θ̂)
+N 1

2(θ0 − θ̂)∗KC(θ0 − θ̂) + op(1)

= NVC(θ0)−N[V̇ ∗C(θ0)K†C −
1
2(θ0 − θ̂)∗KCK†C

]
×KC(θ0 − θ̂) + op(1). (10.71)

Making use of (10.64), it can be shown that

KC(θ0 − θ̂) = KCK†C V̇C(θ0) + op(
1√
N

). (10.72)

This gives

NVC(θ̂) = NVC(θ0)−N 1
2 V̇
∗
C(θ0)K†C V̇C(θ0) + op(1). (10.73)

It is possible to construct an invertible m2n2 ×m2n2 matrix J such that Jvec{R}
is real for any Hermitian matrix R. Next, note that

V̇C(θ0) = −2ΓT0 P∗θWvec{Ŝ− S0}
= −2ΓT0 P∗θJ∗J−∗WJ−1Jvec{Ŝ− S0}. (10.74)

The real random vector Jvec{Ŝ− S0} has the real covariance matrix

NCov
[

Jvec{Ŝ− S0}
]

= JW−1J∗. (10.75)

It is therefore possible to introduce a real whitening matrix L such that

J−∗WJ−1 = LLT . (10.76)

The gradient in (10.74) can then be written

V̇C(θ0) = −2 1√
N

ΓT0 P∗θJ∗Ln,

n =
√
NLTJvec{Ŝ− S0}. (10.77)

Here n is a zero-mean real Gaussian distributed random vector with covariance
Im2n2 for large N . The test statistic can now be expressed as

NVC(θ̂) = nT
[
Im2n2 − LTJPθΓ0

× (ΓT0 P∗θJ∗J−∗WJ−1JPθΓ0)†ΓT0 P∗θJ∗L
]
n + op(1). (10.78)
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Next, note that the matrix within square brackets is idempotent with rank equal
to m2n2 − rank{Γ0}. Using a standard procedure, the rank of Γ0 can be found as
follows:

rank{Γ0} = rank
[ ‖θB‖2InA θTB ⊗ θA
θB ⊗ θTA ‖θA‖2InB

]
= rank{‖θB‖2InA}

+ rank
{‖θA‖2InB
− (θB ⊗ θTA)(θTB ⊗ θA)‖θB‖−2}

= nA + nB − 1. (10.79)

The rank deficiency of Γ0 is due to the ambiguity in the parameterization of S that
we discussed in Section 9.3. The matrix JPθ is real because any post-multiplication
of it by a real vector gives a real result. It can thus be verified that the matrix
within square brackets in (10.78) is real. Then the stated result follows.

10.7 Numerical study

Estimation

We used Monte Carlo simulations to evaluate the small sample performance of the
proposed estimators. Two matrices A0 and B0 were generated (and then fixed)
and S0 was calculated. In each Monte Carlo trial, N samples were generated from
a complex Gaussian distribution with covariance S0. Then each estimator was
applied to the sample set and the normalized root-MSE was defined as√√√√ 1

L

L∑
k=1

‖S0 − Ŝ(k)‖2F
‖S0‖2F

(10.80)

where Ŝ(k) is the estimate produced by the estimator in question in Monte Carlo
trial k and L is the number of Monte Carlo trials.

Unstructured A and B The normalized root-MSE as a function of the sam-
ple size is shown in Figure 10.1. In this example, the true matrices A0 and B0
were unstructured randomly generated p.d. matrices. The matrix dimensions used
were m = n = 4. Five alternative estimators were tried: i) The unstructured
sample covariance matrix, which does not utilize the known Kronecker structure
of the problem; ii) The unweighted Frobenius norm approximation of the sample
covariance matrix by a Kronecker structured matrix [see (10.38)]; iii) The proposed
covariance matching method with the structured weighting matrix given by (10.44);
iv) The ML method (implemented using the iterative flipflop algorithm); and v)
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The proposed non-iterative flipflop method discussed in Section 10.3. In the pre-
sented results for this algorithm, the identity matrix was used for initialization,
Ainit = In.
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Figure 10.1: Normalized root-MSE as a function of the sample size for five different
estimators. Simulations consisting of 100 Monte Carlo runs were used. The figure
shows the results of an experiment where A0 and B0 are Hermitian but otherwise
unstructured. The matrix dimensions were m = n = 4.

After trying different initializations and different search methods, our conclusion
based on numerical evidence is that the global minimum was found in general
in the ML problem. A Newton search for the minimum gave exactly the same
results in all experiments, regardless of initialization. For the non-iterative flipflop
algorithm, we showed in Section 10.3 that the initialization does not affect the
asymptotic results, but this does not rule out possible effects on performance for
finite sample sizes. It is thus interesting to note that, in this example, the proposed
non-iterative version of the flipflop algorithm performs as well as the ML method.
The covariance matching method proposed in Section 10.4 performs worse than
the ML based methods (flipflop and non-iterative flipflop) for small sample sizes,
but approaches the CRB as the sample size grows. The unweighted approximation
method, based on (10.38), does not reach the CRB (as expected).

In the example used to produce Figure 10.1, the dimension of the sample co-
variance matrix Ŝ is mn × mn = 16 × 16. This implies that Ŝ is singular when
N < 16. Thus the derivations in Section 10.1 do not guarantee that the estimates
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Figure 10.2: Normalized root-MSE as a function of the sample size for five different
estimators. Monte Carlo simulations were used with 100 Monte Carlo runs. The
figure shows the results of an experiment were the A0 and B0 matrices were Toeplitz
structured. The matrix dimensions used were m = n = 3.

at each iteration of the two flipflop algorithms, Ai and Bi, i > 0 are p.d.. However,
in the numerical experiments, they have always been p.d., even for sample sizes as
small as N = 2. The same observation applies to the matrices Â and B̂ that are
used to form the weighting matrix Ŵ in the covariance matching method.

Structured A and B Figure 10.2 shows the results of Monte Carlo simulations
when a Toeplitz structure was imposed on the matrices A0 and B0. In the wireless
communication application, this corresponds to using uniform linear arrays at both
the receiver and the transmitter. The dimensions were set to m = n = 3 in
this example. Not all methods can take advantage of the Toeplitz structure. The
included methods in this example are: i) The unstructured covariance estimate
(that does not take the Kronecker structure into account); ii) The method based on
Frobenius norm approximation (not taking the Toeplitz structure into account); iii)
The proposed covariance matching method taking the full structure into account;
iv) The same method but without taking the Toeplitz structure into account; and v)
the non-iterative flipflop algorithm (not taking the Toeplitz structure into account).

The results presented in Figure 10.2 confirm that making use of knowledge of
the structure improves the estimation performance. As expected, the proposed
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method based on covariance matching outperforms the other methods since it is
asymptotically efficient also in a scenario with additional structure. The figure
also illustrates that, in order to achieve the CRB, it is necessary to use the correct
weighting, and also to take all known structure in the problem into account.

Detection

For the detection problem, an important question is for which sample sizes the
asymptotic result in Theorem 10.5 and the corresponding result for the GLRT test
statistic (10.67) can be used for calculating the detection thresholds. In order to
compare the asymptotic results with empirical distributions, experiments were con-
ducted where a large number of test statistics were generated based on independent
sample sets. The matrices A0 and B0 were randomly generated p.d. matrices with
dimensions n = 2, m = 4. Different sample sizes were tested. Figure 10.3 shows
empirical cumulative distribution functions for the minimum value of the covariance
matching criterion function together with the theoretical asymptotic result of The-
orem 10.5. The corresponding results for the GLRT statistic in (10.67) are shown
in Figure 10.4. The match appears to be good for N ≥ 200 for both methods.

Two detection algorithms are compared in Figure 10.5. The true Kronecker
factors A0 and B0 were unstructured with dimensions m = n = 4 (the chosen
matrices were the same as those used for the example in Figure 10.1). The detec-
tion algorithms were implemented using the GLRT test statistic (10.67) and the
minimum value of the covariance matching criterion function (10.40), respectively.
The asymptotic distributions of these statistics are given in Section 10.6.

The null-hypothesis, that the underlying covariance matrix is the Kronecker
product of matrices with dimensions n = n̄ and m = m̄, was accepted if

Fm̄,n̄(ψ) < (1− α) (10.81)

where ψ is the test statistic (GLRT or covariance matching) calculated under the
hypothesis and where Fm,n(ψ) is the theoretical cumulative distribution function
under the hypothesis (as derived in Section 10.6). The parameter α, which is the
asymptotical probability of falsely rejecting the null-hypothesis, was set to α = 0.01.
In this example, the hypotheses tested were (in the order tested): m̄ = 2, n̄ = 8;
m̄ = 4, n̄ = 4; m̄ = 8, n̄ = 2; and m̄ = 16, n̄ = 1. In order to make a fair
comparison, no extra linear structure of A and B was assumed. It is possible to
perform the tests in a different order, which may give a different result.

The sample size was varied and the probability of correct detection (the detected
m and n equal the true m and n) was estimated and plotted in Figure 10.5 for both
methods. It can be seen that both methods approach the desired 99% of correct
detections as N increases, but the GLRT performs significantly better in small
samples.
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Figure 10.3: Asymptotical (in N) theoretical cumulative distribution function (cdf)
of the minimum criterion function value (unmarked line) and empirically estimated
cdfs for N = 50, 100, 200. The detection threshold corresponding to a 5% prob-
ability of incorrectly rejecting the null hypothesis is marked for each cdf. In this
experiment m = 4, n = 2.

10.8 Summary

The problems of estimating a covariance matrix with Kronecker product structure
from a set of N samples and that of detecting the dimensions and structure of
the Kronecker factors have been treated. The focus has been on developing fast,
non-iterative methods. Two cases were considered:

In the first case, the Kronecker factors, A0 and B0, are Hermitian and p.d.
but no other structure is assumed. It has previously been shown that the ML
estimate can be computed by an iterative so-called flipflop algorithm. It was shown
in Section 10.3 that a non-iterative version of the flipflop algorithm can be derived
that is asymptotically efficient. In a numerical example, the proposed algorithm
also showed a small sample performance that is fully comparable to that of ML. For
the detection problem, it was natural to use the GLRT in this case. Simulations
were used to investigate the performance of the GLRT; these results were presented
in Section 10.7.

The second case is more general since it allows for linear structure of the Kro-
necker factors (as defined in Section 9.3). If such a structure can be assumed,
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Figure 10.4: Asymptotical (in N) theoretical cumulative distribution function (cdf)
of the GLRT test statistic, ξGLRT , (unmarked line) and empirically estimated cdfs
for N = 50, 100, 200. The detection threshold corresponding to a 5% probability of
incorrectly rejecting the null hypothesis is marked for each cdf. In this experiment
m = 4, n = 2.

a different approach is needed. A method based on covariance matching was sug-
gested. The proposed method is non-iterative and also asymptotically efficient. The
minimum value of the criterion function can be used as a statistic for a detection
algorithm. The asymptotic distribution of this statistic was derived in Section 10.6.
Numerical evaluations of a detection procedure based on this quantity were pre-
sented in Section 10.7.

The Cramér-Rao lower bound for the considered estimation problem was derived
in Section 10.2. Due to the asymptotic efficiency of the two proposed estimation
methods, the resulting expression also gives their asymptotic covariance matrix.
Expressions for the asymptotic performance of these methods were also derived
more directly in Section 10.3 for the methods based on the ML criterion and in
Section 10.4 for the covariance matching method.
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Figure 10.5: Empirical probability of correct detection using 2000 independent real-
izations for each sample size. The probability of falsely rejecting the null hypothesis
was set to α = 0.01. The performance of the algorithm based on the minimum value
of the covariance matching criterion function is compared to the performance of the
algorithm based on the GLRT test statistic, both algorithms being implemented as
described in Section 10.7.
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Appendix 10.A Proof of Theorem 10.2

In order to simplify the notation, note that (10.5) gives

vec{B̂(A)} = 1
n

n∑
k=1

n∑
l=1

vec{[Ŝ]m×mk,l }[A−1]lk (10.82)

= 1
n

ŜBvec{A−1}

where ŜB is defined in (10.30). Similarly

vec{Â(B)} = 1
m

ŜAvec{B−1}

where ŜA is defined in (10.31). By introducing

SB � lim
N→∞

ŜB = vec{B0}vecT {AT0 } (w.p.1)

SA � lim
N→∞

ŜA = vec{A0}vecT {BT0 } (w.p.1) (10.83)

it follows that (w.p.1)

B∗ � lim
N→∞

B̂(Ainit) = tr{A0(Ainit)−1}
n

B0,

A∗ � lim
N→∞

Â(B̂(Ainit)) = n

tr{A0(Ainit)−1}A0,

lim
N→∞

B̂(Â(B̂(Ainit))) = B∗ (10.84)

where B∗ and A∗ are defined as the limiting estimates as shown above. Thus ŜFF
is a consistent estimate:

lim
N→∞

ŜFF = S0 (w.p.1). (10.85)

Now, consider a first order perturbation analysis of ŜFF . We proceed by investigat-
ing the error in the estimate of B after the initial iteration (step 2) in the algorithm
outlined in Section 10.1. To that end, define

vec{B̃0} � vec{B̂(Ainit)−B∗} = 1
n

S̃Bvec{A−1
init} (10.86)

where

S̃B � ŜB − SB. (10.87)

In order to proceed, note that the matrix inversion lemma (1.11) gives

(B∗ + B̃0)−1 = B−1
∗ −B−1

∗ B̃0(I + B−1
∗ B̃0)−1B−1

∗
� B−1

∗ −B−1
∗ B̃0B−1

∗ (10.88)
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where the symbol � denotes a first-order approximate equality where terms that
have higher order effects on the asymptotics (in N) compared to the retained terms
are removed:

X � Y → X = Y + op(
1√
N

). (10.89)

In analogy with (10.86), define the error in the A estimate after the first iteration
(step 3) as

vec{Ã1} � vec{Â(B̂(Ainit))−A∗}
= 1
m

ŜAvec{(B∗ + B̃0)−1} − vec{A∗}

� 1
m

S̃Avec{B−1
∗ } −

1
m

SAvec{B−1
∗ B̃0B−1

∗ } (10.90)

where use was made of (10.88) in the last step and where the definition

S̃A � ŜA − SB (10.91)

was introduced similar to S̃B in (10.87). By inserting (10.86) into (10.90) we obtain

vec{Ã1} � 1
m

S̃Avec{B−1
∗ }

− 1
mn

SA(B−T∗ ⊗B−1
∗ )S̃Bvec{(Ainit)−1}. (10.92)

Next, define the error in the estimate of B at step 4 as

vec{B̃2} � vec{B̂(Â(B̂(Ainit)))−B∗}
= 1
n

ŜBvec{(Ã1 + A∗)−1} − vec{B∗}

� 1
n

S̃Bvec{A−1
∗ } −

1
n

SBvec{A−1
∗ Ã1A−1

∗ }. (10.93)

The second step was obtained similar to (10.90). Using (10.92) in (10.93) then gives

vec{B̃2}
� 1
n

S̃Bvec{A−1
∗ } −

1
mn

SB(A−T∗ ⊗A−1
∗ )S̃Avec{B−1

∗ }

+ 1
n2m

SB(A−T∗ ⊗A−1
∗ )SA(B−T∗ ⊗B−1

∗ )S̃Bvec{(Ainit)−1}. (10.94)

In order to relate these results to the error in ŜFF , write

(ŜFF − S0) � (Ã1 ⊗B∗) + (A∗ ⊗ B̃2). (10.95)
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At this stage, recall the rearrangement function defined in (10.13). Applying it to
(10.95) gives

Rearr(ŜFF − S0) � vec{Ã1}vecT {B∗}+ vec{A∗}vecT {B̃2}. (10.96)

Inserting (10.92) and (10.94) in (10.96) yields

vec{Rearr(ŜFF − S0)}
� 1
m

(
vec{B∗}vecT {B−1

∗ } ⊗ Im2
)
vec{S̃A}

− 1
mn

(
vec{B∗}vecT {(Ainit)−1}
⊗ SA(B−T∗ ⊗B−1

∗ )
)
vec{S̃B}

+ 1
n

(
Im2 ⊗ vec{A∗}vecT {A−1

∗ }
)
vec{S̃TB}

− 1
mn

(
[SB(A−T∗ ⊗A−1

∗ )]

⊗ vec{A∗}vecT {B−1
∗ }

)
vec{S̃TA}

+ 1
mn2

(
[SB(A−T∗ ⊗A−1

∗ )SA(B−T∗ ⊗B−1
∗ )]

⊗ vec{A∗}vecT {(Ainit)−1}
)

vec{S̃TB}. (10.97)

Next, note that

SB(A−T∗ ⊗A−1
∗ ) = vec{B∗}vecT {A−T∗ },

SA(B−T∗ ⊗B−1
∗ ) = vec{A∗}vecT {B−T∗ }. (10.98)

The last term in (10.97) can then be simplified to

tr{A∗A−1
∗ }

mn2

(
vec{B∗}vecT {B−T∗ }

⊗ vec{A∗}vecT {(Ainit)−1}
)

vec{S̃TB}. (10.99)

The second term in (10.97) can be written

− 1
mn

vec{vec{A∗}vecT {B−T∗ }S̃Bvec{A−1
init}vec{B∗}}

= − 1
mn

vec{vec{A∗}vecT {A−1
init}S̃TBvec{B−T∗ }vec{B∗}}. (10.100)

This shows that the second and the last terms of (10.97) cancel each other. Thus

vec{ŜFF − S0} � Fvec{S̃} (10.101)
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where F is given by (10.34).
Finally, making use of the standard result (see, e.g., [OSR98])

Cov
[

vec{S̃} ] = 1
N

ST0 ⊗ S0 (10.102)

leads to the conclusion that the asymptotic covariance of the non-iterative flipflop
estimate is given by

lim
N→∞

Cov
[√
Nvec{ŜFF }

]
= F(ST0 ⊗ S0)F∗. (10.103)

The asymptotic normality of the estimate follows from the asymptotic normality
of the elements of the sample covariance matrix, see, e.g., [And58]. This concludes
the proof.

Appendix 10.B Proof of Theorem 10.3

The proof will be along the same lines as the proof of Theorem 1. First assume
that B̂ML is such that

ŜML = ÂML ⊗ B̂ML (10.104)

where ŜML is the ML estimate of the sought covariance. This implies that, with
the definition (10.10) in mind,

ÂML � Â(B̂ML). (10.105)

Also define (analogously to (10.84))

BML∗ � lim
N→∞

B̂ML = γB∗

AML∗ � lim
N→∞

ÂML = γ−1A∗ (10.106)

for some constant γ. This allows us to define

B̃ML � B̂ML −BML∗ . (10.107)

Now, define, similarly to (10.90), the error in ÂML as

vec{ÃML} � vec{ÂML −AML∗ }
= 1
m

ŜAvec{(B̂ML)−1} − vec{AML∗ }

� 1
m

S̃Avec{(BML∗ )−1}

− 1
m

vec{AML∗ }vecT {(BML∗ )−T }vec{B̃ML} (10.108)
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where use was made of (10.98). In the same way, note that since BML∗ = B̂(AML∗ )

vec{B̃ML} = vec{B̂(ÃML + AML∗ )−BML∗ }
= 1
n

ŜBvec{(ÃML + AML∗ )−1} − vec{BML∗ }

� 1
n

S̃Bvec{(AML∗ )−1}

− 1
mn

vec{BML∗ }vecT {(AML∗ )−T }S̃Avec{(BML∗ )−1}

+ 1
m

vec{BML∗ }vecT {(BML∗ )−T }vec{B̃ML}. (10.109)

The last term was simplified using

vecT {(AML∗ )−T }vec{AML∗ } = tr{(AML∗ )−1AML∗ } = n. (10.110)

Now, similar to (10.96), write

Rearr(ŜML − S0) � vec{ÃML}vecT {BML∗ }+ vec{AML∗ }vecT {B̃ML}
� 1
m

S̃Avec{B−1
∗ }vecT {B∗}

− 1
m

vec{AML∗ }vecT {(BML∗ )−T }vec{B̃ML}vecT {BML∗ }

+ 1
n

vec{A∗}vecT {A−1
∗ }S̃TB

− 1
mn

vec{A∗}vecT {B−1
∗ }S̃TAvec{A−T∗ }vecT {B∗}

+ 1
m

vec{AML∗ }vecT {B̃ML}vec{(BML∗ )−T }vecT {BML∗ }.
(10.111)

Here the second and last terms cancel each other and after vectorizing (precisely in
parallel to the proof of Theorem 1) we have that

vec{ŜML − S0} � Fvec{S̃} (10.112)

with F given by (10.34). The asymptotic normality follows similar to the proof of
Theorem 1. By combining (10.102) and (10.112), the result of Theorem 2 follows.



Chapter 11

Estimation based on pilots

In this chapter, an extra restriction is imposed on the data model treated in Chap-
ter 9 and Chapter 10: We will assume that the channel realizations cannot be
perfectly known. Instead the channel matrix is “seen through” noisy training data.
This is in contrast to the previous chapter where we assumed that the channel
realizations could be measured directly. The technical motivation for considering
this modified data model is MIMO systems where low SNR or limited amount of
training data makes the assumption of perfectly known channel realizations invalid.

The new estimation problem is presented in detail, and the corresponding CRB
is derived. In addition, a non-iterative estimator is derived and performance results,
both analytical and numerical, are given. Finally, the model validation problem is
briefly treated.

11.1 Data model

Denote the MIMO channel matrix during signal block t by Ht. Assume that the
same sequence of p training symbols, {x(i)}p−1

i=0 , is sent once as part of each signal
block. The corresponding received data in signal block t can then be modelled as

yt(i) = Htx(i) + et(i), i = 0, . . . , p− 1. (11.1)

It is assumed that the number of training symbols is larger than the number of
transmit antennas, p > n. This is necessary to ensure identifiability. The noise
et(i) is assumed to be zero mean complex Gaussian with covariance matrix

E [ es(k)e∗r(l) ] = σ2
0Imδs,rδk,l. (11.2)

We assume that the noise variance, σ2
0 , is unknown and that the vectorized MIMO

channel, vec{Ht}, in each signal block is a realization of a temporally uncorrelated,
complex Gaussian, zero mean, vector valued random variable that is uncorrelated
with the noise and has a covariance according to the model described in Section 9.3.

165
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This chapter treats the problem of estimating S based on the received data in
N signal blocks,

yt(i), i = 0, . . . , p− 1, t = 0, . . . , N − 1. (11.3)

Collect the available data in signal block t into the matrix

Yt � [yt(0) . . . yt(p− 1)] . (11.4)

It is then straightforward to show that the data, vec{Yt}, are complex Gaussian,
with zero mean and covariance matrix

R0 � Cov [ vec{Yt} ] = R(θ0, σ
2
0) (11.5)

where

R(θ, σ2) � ΨS(θ)Ψ∗ + σ2Imp,
Ψ �

(
XT ⊗ Im

)
(11.6)

and X is constructed from [x(i)]p−1
i=0 similar to Yt. The dependence of R(θ, σ2) and

S(θ) on the unknown parameters will sometimes be taken as implicit (for notational
simplicity).

The Gaussian distribution of the received signals implies that the sample co-
variance matrix

R̂ = 1
N

N−1∑
t=0

vec{Yt}vec∗{Yt} (11.7)

is a sufficient statistic (see, e.g., [Kay93]), i.e. it contains all relevant information
for the estimation of A0 ⊗B0 and σ2

0 .
It should be noted that R̂ does not need to be explicitly calculated when comput-

ing the estimate that we will propose for the estimation problem in this chapter.
This is an important point since the dimension of R̂ grows with the amount of
training data in each block, p.

11.2 Heuristic approaches

The channel is typically estimated by least squares from the training data similar
to

Ĥt � YtX†, t = 0, 1, . . . , N − 1. (11.8)

When channel statistics are available, a Wiener estimate can also be used. In a
scenario with high SNR or when the amount of training data is large, the estimates
Ĥt can be assumed to be identical to Ht and the methods in Chapter 10 can be
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applied to estimate S. If the SNR is low or the amount of training data is limited,
then some care must be taken; for example, it is easy to see that the channel
covariance estimate

ŜĤ � 1
N

N−1∑
t=0

vec{Ĥt}vec∗{Ĥt} = Ψ†R̂Ψ†∗ (11.9)

formed using (11.8) is biased and inconsistent. To devise an unbiased estimate,
assume for a moment that the channel covariance matrix

Cov [ vec{Ht} ] = S (11.10)

has no structure, except the structure necessary for it being a valid covariance
matrix. Then the equation for the observed data (11.5) is in the same form as the
one used for array processing in, e.g., [SN92, Jaf88]. The derivations for the ML
estimator of the signal covariance matrix in that data model carry over directly to
the present data model and it can be concluded that the ML estimator (for the
unstructured case) of S and σ2 is

ŜU = Ψ†R̂Ψ†∗ − σ̂2
U (Ψ∗Ψ)−1,

σ̂2
U = tr{Π⊥ΨR̂}
mp−mn . (11.11)

A similar approach for the unstructured estimation of S, for the purpose of channel
estimation, is proposed in [CMSH05]. Clearly the estimates in (11.11) are not
optimal because the knowledge of the Kronecker product structure and possible
extra linear structure of S is not used. A method that uses (11.11) as a starting
point to produce a structured estimate will be presented in Section 11.7. The main
topic of this chapter will nevertheless be the covariance matching estimator that is
presented in Section 11.4.

11.3 The Cramér-Rao lower bound

The data model assumed in this chapter differs from the one used in Chapter 10.
Thus the CRB derived in Section 10.2 is not valid for estimators using the data
model in Section 11.3. We therefore present the relevant CRB in the following
theorem:

Theorem 11.1. The covariance matrix of any unbiased estimator ŜE of A0 ⊗B0
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in the data model described in Section 11.1 must satisfy

NCov
[

vec{ŜE}
]
� CRB(θ0, σ

2
0),

CRB(θ0, σ
2
0) = PθΓ0[ΓT0 Ω0Γ0]†ΓT0 P∗θ,

Ω0 � P∗θ(ΨTR−
T
2

0 ⊗Ψ∗R−
1
2

0 )Π⊥vec{R−1
0 }

(R−
T
2

0 Ψc ⊗R−
1
2

0 Ψ)Pθ

= P∗θ(ΨT ⊗Ψ∗)D∗0(R−T0 ⊗R−1
0 )D0(Ψc ⊗Ψ)Pθ,

D0 �
[
Im2p2 − vec{Imp}vec∗{R−2

0 }
1

tr{R−2
0 }

]
(11.12)

where Γ0 is defined in (10.21) (evaluated at the true values of the parameters θA
and θB). The matrix Pθ is defined in (10.19).

Proof. The proof of the theorem is given in Appendix 11.A.

For practical evaluation of (11.12), the expression

Ω0 = P∗θ
[
ΨTR−T0 Ψc ⊗Ψ∗R−1

0 Ψ

− vec{Ψ∗R−2
0 Ψ}vec∗{Ψ∗R−2

0 Ψ} 1
tr{R−2

0 }
]
Pθ (11.13)

is more direct. Also note that the calculation of the inverse of R0 can be simplified
using the matrix inversion lemma (1.11) so that the dimension of the matrix that
actually needs to be inverted does not grow with p (see Section 11.8). It is a simple
matter to derive an expression for the CRB w.r.t. the noise variance σ2, using the
same technique as in the proof of Theorem 11.1.

11.4 A covariance matching approach

As will be shown further on (Theorem 11.3), the estimates obtained by minimizing

V̄P (θ, σ2) � ‖R̂ − σ2Imp −ΨS(θ)Ψ∗‖2Q̂T⊗Q̂ (11.14)

w.r.t. θA, θB, and σ2 are asymptotically efficient if

Q̂T ⊗ Q̂ = N
(

Cov
[

vec{R̂}
])−1

+ op(1),

N
(

Cov
[

vec{R̂}
])−1

=
(
R−T0 ⊗R−1

0
)
, (11.15)

i.e., the weighting matrix is a consistent estimate of the normalized inverse covari-
ance matrix of vec{R̂}. Hence, using Q̂T ⊗ Q̂ in the criterion function, where Q̂
is a consistent estimate of R−1

0 , will not affect asymptotic performance. With this
choice of weighting matrix, the criterion function (11.14) can be written

V̄P (θ, σ2) = ‖vec{Q̂ 1
2 R̂Q̂ 1

2 − Q̂ 1
2 ΨS(θ)Ψ∗Q̂ 1

2 } − σ2vec{Q̂}‖22. (11.16)
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The above formulation makes it straightforward to minimize the criterion function
w.r.t. σ2. The minimizer is

σ̂2
P � (vec∗{Q̂}vec{Q̂})−1vec∗{Q̂}vec{Q̂ 1

2 R̂Q̂ 1
2 − Q̂ 1

2 ΨS(θ)Ψ∗Q̂ 1
2 }

= 1
tr{Q̂2} tr{Q̂R̂Q̂} − 1

tr{Q̂2}vec∗{Ψ∗Q̂2Ψ}vec{S(θ)}. (11.17)

Note that σ̂2
P is not constrained to be positive. However, as a consequence of

consistency of the estimates, for large enough N it will be positive, and thus this
relaxation does not affect asymptotic performance. Inserting the above into (11.14)
gives the concentrated criterion function

V̄P (θA,θB) = [r−Dvec{ΨS(θ)Ψ∗}]∗ (Q̂T ⊗ Q̂) [r−Dvec{ΨS(θ)Ψ∗}] (11.18)

where

r � vec{R̂ − Imp
tr{Q̂R̂Q̂}

tr{Q̂2} }. (11.19)

and

D �
[

Im2p2 − vec{Imp}vec∗{Q̂2} 1
tr{Q̂2}

]
. (11.20)

Note that r can be expressed as

r = Dvec{R̂} (11.21)

and that D has the property

Dvec{Imp} = 0m2p2×1. (11.22)

Using this property, it can be shown that D is idempotent (but not Hermitian).
Next, recall that (as was used in the proof of Theorem 11.1 and also in Chapter 10)

vec{S} = PRvec{vec{A}vecT {B}} = Pθvec{θAθ
T
B}. (11.23)

Thus (11.18) can be written

V̄P (Φ) = [r−D(Ψc ⊗Ψ)Pθvec{Φ}]∗(Q̂T ⊗ Q̂)
× [r−D(Ψc ⊗Ψ)Pθvec{Φ}] (11.24)

where the definition

Φ � θAθ
T
B (11.25)
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was used. The matrix Φ is by its definition constrained to be a rank one matrix.
If, for the moment, we consider minimizing the above equation w.r.t. Φ while
disregarding the rank constraint we get the minimum norm solution

vec{Φ̂} � [P∗θ(ΨT ⊗Ψ∗)D∗(Q̂T ⊗ Q̂)D(Ψc ⊗Ψ)Pθ]†

×P∗θ(ΨT ⊗Ψ∗)D∗(Q̂T ⊗ Q̂)r. (11.26)

By using that V̄P (Φ) is quadratic in Φ, it follows by Taylor expansion that

V̄P (Φ) = V̄P (Φ̂) +
.

V̄ P (Φ̂)vec{Φ̂−Φ}
+ 1

2vec∗{Φ̂−Φ}
..

V̄ P (Φ̂)vec{Φ̂−Φ} (11.27)

where the derivatives are w.r.t. the elements of vec{Φ}. The first term is constant
w.r.t. Φ and the second term is zero since Φ̂ minimizes V̄P (Φ). The conclusion is
that the minimization of the weighted low rank approximation problem (WLRA)

min
θA,θB

VP (θA,θB),

VP (θA,θB) � vec∗{Φ̂− θAθ
T
B}Ωvec{Φ̂− θAθ

T
B},

Ω �
..

V̄ P (Φ̂) = P∗θ(ΨT ⊗Ψ∗)D∗(Q̂T ⊗ Q̂)D(Ψc ⊗Ψ)Pθ (11.28)

gives the covariance matching estimates of θA and θB and hence the estimate of
S. It is interesting to note that Φ̂ is a real valued matrix. The following lemma
gives some properties of the WLRA problem of (11.28):
Lemma 11.1. Under the assumptions in Section 9.3 and Section 11.1, the matrices
Φ̂ and Ω in (11.28) have the following properties:

1. The matrix Φ̂ defined in (11.26) is real.

2. The weighting matrix Ω is full rank and real when Q̂ is positive definite (p.d.).

3. The matrix Φ̂ is consistent in the sense that

lim
N→∞

Φ̂ = θAθ
T
B (11.29)

(w.p.1) where θA and θB are parameter vectors that yield the true channel
covariance matrix.

4. The limiting weighting matrix

Ω0 = lim
N→∞

Ω (11.30)

is the normalized inverse of the real asymptotic covariance of vec{Φ̂},
lim
N→∞

NCov
[

vec{Φ̂}
]

= Ω−1
0 . (11.31)

Proof. The proof is given in Appendix 11.B.
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11.5 Weighted low rank approximation

It is not known how to solve the WLRA problem (11.28) in closed form. However,
statistical properties of the estimation problem at hand allow us to solve the WLRA
approximately without degrading performance asymptotically. The procedure is
similar to the one proposed for reduced rank linear regression in Part II of this
thesis. The idea is to calculate an initial value of the parameters by making use of
a weighting matrix that does not yield an asymptotically optimal estimate but still
ensures convergence to the true parameter values at a certain rate. This weighting
matrix needs to be such that these initial estimates can be calculated in closed
form. In a second step, the initial parameters are updated such that the optimal
weighting is taken into account. This is similar to the procedure used in Section 7.3.
These results are summarized in the following theorem:

Theorem 11.2. Let θ0 be a parameter vector that corresponds to A0 ⊗B0. Let θ̄
be such that

lim
N→∞

√
N‖θ̄ − θ0‖2, (11.32)

is bounded in probability. The estimate

ŜP = A(θ̂A)⊗B(θ̂B) (11.33)

where (
θ̂A
θ̂B

)
=
(
θ̄A
θ̄B

)
−K†g,

K = 2
(
θ̄
T

B ⊗ InA
InB ⊗ θ̄

T

A

)
Ω
(
θ̄B ⊗ InA InB ⊗ θ̄A

)
,

g = 2
(
θ̄
T

B ⊗ InA
InB ⊗ θ̄

T

A

)
Ωvec{Φ̂− θ̄Aθ̄

T

B} (11.34)

is asymptotically equivalent to the estimate obtained by exactly minimizing
VP (θA,θB) in (11.28).

Proof. The parameter vector θ = [θ̂
T

A θ̂
T

B]T minimizes the criterion function

V (θ) � V̇P (θ̄)(θ − θ̄) + 1
2(θ − θ̄)TK(θ − θ̄). (11.35)

The gradient of this new criterion function is

V̇ (θ0) = V̇P (θ̄) + K(θ0 − θ̄). (11.36)
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when evaluated at the true parameter vector. Next, a Taylor expansion of V̇P (θ)
around θ̄ gives

V̇P (θ0) = V̇P (θ̄) +
..

V P (θ̄)(θ0 − θ̄) +Op(
1
N

)

= V̇P (θ̄) + K(θ0 − θ̄) + op(
1√
N

). (11.37)

Note that we have

K =
..

V P (θ0) + op(1). (11.38)

The relations

V̇ (θ0) = V̇P (θ0) + op(
1√
N

),

V̈ (θ0) =
..

V P (θ0) + op(1) (11.39)

now lead us to conclude that the theorem holds.

The interpretation of Theorem 11.2 is that the estimate obtained is asymp-
totically efficient even if the WLRA is not solved exactly. If the initial point is
good enough, then one update step as in (11.34) is enough to obtain asymptotic
efficiency.

11.6 Performance of the covariance matching approach

It is possible to prove that the asymptotic covariance of the proposed estimate is
equal to the CRB given in Theorem 11.1. We state the result in the following
theorem:

Theorem 11.3. Under the assumptions of Section 11.1, the estimation error√
N(ŜP − S0) of the estimate ŜP given in Theorem 11.2 has an asymptotic (as
N →∞) complex Gaussian distribution with covariance

Cov
[

vec{
√
N(ŜP − S0)}

]
= PθΓ0[ΓT0 Ω0Γ0]†ΓT0 P∗θ (11.40)

where Ω0 is given by (11.12).

Proof. We begin by proving the theorem assuming that θ̂A and θ̂B are exact min-
imizers of the WLRA problem. Theorem 11.2 then shows that this assumption
can be relaxed. For simplicity (but with some abuse of notation), assume that the
weighting matrix Ω of VP (θ) in (11.28) is replaced by Ω0. Note that 1

NΩ−1
0 is the

asymptotic covariance of vec{Φ̂}.
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The consistency of the estimate, in the sense that

lim
N→∞

S(θ̂) = S(θ0) (w.p.1) (11.41)

is a direct consequence of the consistency of Φ̂ (which was proven in Lemma 11.1).
Also, for brevity of notation, assume that θ0 is the limit of θ̂. In order to derive
the asymptotic covariance, note that a Taylor series expansion gives

vec{S0 −A⊗B} = PθΓ0(θ0 − θ) +O(‖θ0 − θ‖22). (11.42)

Let θ̂ be the parameter vector that minimizes the criterion function. A Taylor
series expansion of VP (θ) gives

0 = V̇P (θ̂) = V̇P (θ0)−KP (θ0 − θ̂) + op(
1√
N

) (11.43)

where the gradient vector and Hessian used are defined as

[V̇P (θ)]i =∂VP (θ)
∂[θ]i

,

[KP ]i,j � lim
N→∞

∂2VP (θ)
∂[θ]i∂[θ]j

∣∣∣∣
θ=θ0

, (11.44)

respectively. Now,

V̇P (θ0) = KP (θ0 − θ̂) + op(
1√
N

) (11.45)

and therefore, using the same technique as in Theorem 10.4, we can write

(θ0 − θ̂)−
[
InA+nB −K†PKP

]
(θ0 − θ̂) = K†P V̇P (θ0) + op(

1√
N

).

Note that the matrix within square brackets above is a projection matrix on the
null-space of

KP = 2ΓT0 Ω0Γ0. (11.46)

Thus, multiplication from the left with PθΓ0 gives

PθΓ0(θ0 − θ̂) = PθΓ0K†P V̇P (θ0) + op(
1√
N

). (11.47)

This gives, making use of (11.42) and the consistency of the estimate,

lim
N→∞

NCov
[

vec{S0 −A(θ̂A)⊗B(θ̂B)}
]

= PθΓ0K†P
[

lim
N→∞

NE
[
V̇P (θ0)V̇ ∗P (θ0)

]]
K†PΓT0 P∗θ. (11.48)
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The relation, which makes use of Lemma 11.1 in the second equality,

lim
N→∞

NE
[
V̇P (θ0)V̇ ∗P (θ0)

]
= lim
N→∞

4ΓT0 Ω0E
[
Nvec{Φ̂− θAθ

T
B}vec∗{Φ− θ0

Aθ
0T
B }

]
Ω0Γ0

= 2KP (11.49)

gives an expression for the limit of the bracketed expression in (11.48). Inserting
(11.49) into (11.48) shows the covariance part of the proof.

Also, note that the asymptotic performance is unaffected by using a consistent
estimate (such as Ω) of the weighting matrix instead of the true Ω0. The asymptotic
normality of the estimate follows from the asymptotic normality of the elements of
the sample covariance matrix, see, e.g., [And58]. As alluded to above, Theorem 11.2
finally shows that it is not necessary to find the exact solution to the WLRA, and
that θ̂ gives the same asymptotic performance.

11.7 An alternative approach

The unstructured maximum likelihood estimate ŜU was discussed in Section 11.2. A
simple strategy for improving the estimate by using the Kronecker product structure
and the linear structure of A and B is to calculate

ŜI = A(θ̂
I
A)⊗B(θ̂

I
B) (11.50)

where

θ̂
I
A, θ̂

I
B = argmin

θA, θB

‖ŜU −A(θA)⊗B(θB)‖F . (11.51)

The solution to the minimization problem can be found in closed form, also with
the linear structure of A and B imposed, see Section 10.4 for details. We have the
following result on the performance of the above estimator (and a generalization
thereof).

Theorem 11.4. Let Ξ be a p.d. weighting matrix. Introduce the estimate

ŜΞ = A(θ̂
Ξ
A)⊗B(θ̂

Ξ
B) (11.52)

where

θ̂
Ξ
A, θ̂

Ξ
B = argmin

θA, θB

‖ŜU −A(θA)⊗B(θB)‖Ξ. (11.53)

Under the data model of Section 11.1, the quantity
√
N(ŜΞ−S0) has an asymptotic

(as N →∞) complex Gaussian distribution with covariance

Cov
[

vec{
√
N(ŜΞ − S0)}

]
= PθΓ0(ΓT0 P∗θΞPθΓ0)†ΓT0 P∗θΞZ(RT0 ⊗R0)Z∗ΞPθΓ0

× (ΓT0 P∗θΞPθΓ0)†ΓT0 P∗θ (11.54)
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where

Z =
[
Ψ†c ⊗Ψ† − 1

mp−mnvec{(Ψ∗Ψ)−1}vec∗{Π⊥Ψ}
]
. (11.55)

Furthermore, the estimate ŜΞ is a consistent estimate of A0 ⊗B0.

Proof. Note that Z(RT0 ⊗ R0)Z∗ is the asymptotic (normalized) covariance of
vec{ŜU}. The proof follows the same lines as the proof of Theorem 11.3 in the
previous section.

The asymptotic covariance of the estimator in (11.50) is obtained as the special
case Ξ = Im2n2 . Solving the minimization problem (11.53) requires solving a
weighted low rank approximation problem. Except for special weighting matrices
Ξ (e.g. Ξ = Im2n2), this problem lacks a closed form solution.

It is possible to relate the result of Theorem 11.4 to the covariance of the covari-
ance matching estimate discussed in Section 11.4 and Section 11.6. This is done in
the following theorem:

Theorem 11.5. Assume the data model of Section 11.1. Select

Ξ = (Z(RT0 ⊗R0)Z∗)−1 (11.56)

where Z is defined in Theorem 11.4. Then
√
N(ŜΞ − S0), with ŜΞ defined in

Theorem 11.4, has an asymptotic complex Gaussian distribution with covariance

Cov
[

vec{
√
N(ŜΞ − S0)}

]
=

PθΓ0

(
ΓT0 P∗θ[Z(RT0 ⊗R0)Z∗]−1PθΓ0

)†
ΓT0 P∗θ. (11.57)

Furthermore, the asymptotic covariance does not change if Ξ is replaced by a con-
sistent estimate. It also holds that, asymptotically in N ,

Cov
[

vec{
√
N(ŜP − S0)}

]
= Cov

[
vec{
√
N(ŜΞ − S0)}

]
. (11.58)

Proof. The expression for the asymptotic covariance follows immediately from
(11.54). The fact that the weighting matrix Ξ can be replaced by a consistent
estimate follows similarly to the corresponding result in Theorem 11.3.

By comparing (11.40) with (11.57) it can be concluded that the expressions are
equivalent if

[Z(RT0 ⊗R0)Z∗]−1 = (ΨT ⊗Ψ∗)D∗0(R−T0 ⊗R−1
0 )D0(Ψc ⊗Ψ) (11.59)

where D0 is defined in (11.12). First, observe that

lim
N→∞

NCov
[

vec{ŜU}
]

= Z(RT0 ⊗R0)Z∗ (11.60)
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and recall that ŜU is the unstructured ML estimate of S, hence it is asymptotically
optimal. Next consider minimizing (11.18) with Q̂ = R−1

0 over all matrices S. The
vectorized minimizer is clearly
(
(ΨT ⊗Ψ∗)D∗0(R−T0 ⊗R−1

0 )D0(Ψc ⊗Ψ)
)−1 (ΨT ⊗Ψ∗)D∗0(R−T0 ⊗R−1

0 )r.
(11.61)

It can be shown (by using (11.122) in Appendix 11.B) to have asymptotic covariance

(
(ΨT ⊗Ψ∗)D∗0(R−T0 ⊗R−1

0 )D0(Ψc ⊗Ψ)
)−1
. (11.62)

By noting that the covariance matching method will be asymptotically optimal also
in this unstructured case (this follows easily using the derivations in Section 11.1
and Section 11.6) we conclude that the equality (11.59) must hold.

Clearly, it is possible to formulate an approximate solution to the WLRA asso-
ciated with the method of Theorem 11.4 similar to the one treated in Theorem 11.2.
The corresponding optimality result will still hold, which is shown similar to The-
orem 11.2.

To summarize this section: It is possible to formulate an estimator based on the
unstructured ML estimate that is similar to the covariance matching method; the
two methods have the same asymptotical covariance and require a similar compu-
tational effort; computer simulations also indicate very similar performance.

In the numerical study included in this chapter, only the covariance matching
method is shown, but the results for the method described in this section are similar.

11.8 Practical considerations

Design choices

The approximate solution to the WLRA problem, (11.28), that we suggested in
Theorem 11.2, uses an initial value, θ̄, of the parameter vector. Several strategies
are possible for choosing θ̄. One possibility is to use an optimal unweighted (setting
Ω = InA+nB in (11.28)) rank one approximation of Φ̂ to get the initial values. In
this initial step, Q̂ could be set to identity. Then the expression for Φ̂ simplifies
significantly as will be shown. Another possibility is of course to use the estimates
from Section 11.7 with Ξ = I to enable a one step solution. Numerical experience
indicate that these two choices give similar performance.

When implementing the covariance matching estimator, another important de-
sign choice is how to compute the matrix Q̂. To ensure asymptotic efficiency, the
only requirement is that

Q̂ = R−1
0 + op(1) (11.63)
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holds. However, it is necessary to ensure that Q̂ is p.d. also in small samples.
A good choice of weighting matrix can also be expected to improve finite sample
performance. An obvious possibility is to use

Q̂ = [Ψ(Âinit ⊗ B̂init)Ψ∗ + σ̂2
initImp]−1

= σ̂−2
initImp −Ψ[Â−1

init ⊗ B̂−1
init + σ̂−2

initΨ∗Ψ]−1Ψ∗σ̂−4
init (11.64)

where σ−2
init, Âinit, and B̂init are initial (consistent) estimates of σ2, A, and B. This

choice has the advantage of being p.d. also for small samples. Another possibility
is

Q̂ = [ΨŜUΨ∗ + σ̂2
UImp]−1 (11.65)

which can be expanded in the same way as above.
It is also possible to use Q̂ = R̂−1. Then there is no need for calculating

intermediate estimates as above. A drawback of this method is that, unless regu-
larization is used, R̂ is rank deficient at least when N < mp, hence small sample
performance is likely to be poor. A possible regularization that would not affect
asymptotic performance is

Q̂ = (R̂ + const.
N

Imp)−1. (11.66)

If (11.66) is used, then Q̂ and R̂ have to be formed explictly. Since the dimensions
of these matrices grow with the number of training samples per signal block, this
can be very costly. If (11.64) is used instead, then there is no need to form such
large matrices.

Outline of the algorithm
We propose using the following algorithm:

• The first step is to find initial estimates of θA and θB. Start out by setting
Q̂ = Imp and calculate Φ̂ and Ω. They simplify to

Ωinit = P∗θ(ΨTΨc ⊗Ψ∗Ψ− vec{Ψ∗Ψ}vec∗{Ψ∗Ψ} 1
mp

)Pθ,

vec{Φ̂init} = Ω−1
initP∗θ(vec{Ψ∗R̂Ψ} − vec{Ψ∗Ψ} tr{R̂}

mp
) (11.67)

(Ω−1
init can of course be precomputed)

• Form θ̄A and θ̄B using the SVD of Φ̂init.

• Form Âinit and B̂init from θ̄A and θ̄B. Also calculate (still using Q̂ = Imp)

σ2
init = 1

mp
(tr{R̂} − tr{(Âinit ⊗ B̂init)Ψ∗Ψ}) (11.68)

according to (11.17).
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• Form Ω and Φ̂ according to (11.28) and (11.26). By using the simplified
expressions (11.111) and (11.116) one obtains

Ω = P∗θ
[
(ΨT Q̂TΨc ⊗Ψ∗Q̂Ψ)

− vec{Ψ∗Q̂2Ψ}vec∗{Ψ∗Q̂2Ψ} 1
tr{Q̂2}

]
Pθ. (11.69)

Note that Ω can be used to compute Φ̂ as

Φ̂ = Ω−1P∗θ

[
vec{Ψ∗Q̂R̂Q̂Ψ} − vec{Ψ∗Q̂2Ψ} tr{Q̂R̂Q̂}

tr{Q̂2}

]
. (11.70)

The weighting matrix, Q̂, should now be evaluated according to (11.64). Use
was made of (11.111), (11.21) and (11.26) to obtain the above.

• Update the estimates according to Theorem 11.2 to find θ̂.

• Calculate A and B from θ̂ using (9.7). If needed, also calculate the estimate
σ̂2
P using (11.17).

With (11.64) in mind, it is easy to see that there is no need to explicitly calculate
R̂ or Q̂: It is enough to compute Ψ∗R̂Ψ and tr{R̂} from the training data; it is
not necessary to compute or store matrices with dimensions that grow with p.

The derivations in Section 11.7 can be used to devise a similar algorithm. The
same basic steps are involved then and the performance is similar.

11.9 Model validation

It is possible to use the minimum value of the criterion function from Section 11.4
in an algorithm for testing if a given set of data is consistent with the Kronecker
product model (with a given structure on the transmit and receive covariances).
An important question is then which statistical distribution this test statistic has.
The answer is given in the following theorem (at least asymptotically):

Theorem 11.6. Let θ̂ be the minimizer of the criterion function VP (θ) = VP (Φ)
in (11.28). Then, under the data model described in Section 11.1, the corresponding
minimum function value is asymptotically (in N) distributed according to

NVP (θ̂) ∼ χ2(nAnB − nB − nA + 1). (11.71)

This holds when nAnB − nB − nA + 1 > 0.

Proof. For the same reason as in the proof of Theorem 11.6, assume that Ω is
replaced by Ω0 in VP (θ) when performing the proof. It is then straightforward to
see that the result holds without the substitution as well. Using the same notation
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and the same Taylor series expansion technique [especially (11.43) and (11.45)], it
is easy to show that

NVP (θ̂) = NVP (θ0)−N 1
2 V̇
T
P (θ0)K†P V̇P (θ0) + op(1) (11.72)

where θ̂ is the estimate proposed in Theorem 11.2 and KP is given in (11.46). This
can be written (using the matrix Γ0 defined in (10.21))

NVP (θ̂) = υT
[
InAnB −Ω

1
2
0 Γ0(ΓT0 Ω0Γ0)†ΓT0 Ω

1
2
0

]
υ + op(1) (11.73)

where

υ �
√
NΩ

1
2
0 vec{Φ̂− θAθ

T
B}. (11.74)

Clearly, with the results of Lemma 11.1 in mind, it holds that, asymptotically in
N ,

υ ∼ N(0nAnB×1, InAnB ). (11.75)

Next, note that the matrix within square brackets of (11.73) is idempotent with
rank equal to nAnB − rank{Γ0}. The rank of Γ0 is [see (10.79)]:

rank{Γ0} = nA + nB − 1. (11.76)

The rank deficiency of Γ0 is due to the ambiguity in the parameterization mentioned
above. The theorem follows from lemma B.13 of [SS89a].

Theorem 11.6 can be used to devise statistical methods for testing the hypothesis
that a given set of data is consistent with a certain structure (Kronecker product
and linear of the kind (9.7)) of the covariance of the channel realizations. The
result of Theorem 11.6 is asymptotic in nature. Some numerical experiments were
performed to see how the test statistic proposed behaves for finite sample sizes.
Figure 11.1 shows empirical cdfs of NVP (θ̂) for different sample sizes. It can be
concluded that, in the experiment, the asymptotical expression is a reasonable
approximation when N > 100.

11.10 Numerical results

In this section, we present numerical results that serve to illustrate and complement
the theoretical results from this chapter.

Simulation setup
We use Monte Carlo simulations to evaluate the small sample performance of the
proposed estimator. Two matrices A0 and B0 were generated (and then fixed) and



180 CHAPTER 11. ESTIMATION BASED ON PILOTS

20 40 60 80 100 120 140 160 180
0

0.2

0.4

0.6

0.8

1

1.2

1.4

 

 
N=20
N=100
N=500

x

χ2

P
r(
N
V
P

(θ̂
)
<
x

)

Figure 11.1: Asymptotical (in N) theoretical cumulative distribution function (cdf)
of minimum criterion function value (unmarked line) and empirical by estimated
cdfs for N = 20, 100, and 500. The SNR was 5dB. The detection thresholds corre-
sponding to a 5% probability of incorrectly rejecting the null hypothesis are marked
for each cdf. In this experiment, m = 3, n = 3, and p = 6. The matrices A and B
are assumed to be Hermitian.

the corresponding S(θ0) was calculated. The matrix X was randomly generated
and then fixed throughout the simulations. The SNR is defined by

SNR = ‖X‖
2
F

p
, σ2

0 = 1, and tr{S(θ0)} = mn. (11.77)

Note that the fixed trace of the channel covariance matrix and the fixed noise vari-
ance are introduced in order to give a consistent definition of SNR, the information
was not used by any of the estimators. In each Monte Carlo trial, N samples were
generated according to the data model in Section 11.1. Each estimator was applied
to the sample set and the normalized root-MSE was defined as√√√√ 1

L

L∑
k=1

‖S(θ0)− Ŝ(k)‖2F
‖S(θ0)‖2F

(11.78)

where Ŝ(k) is the estimate produced by the estimator in question in Monte Carlo
trial k and L is the number of Monte Carlo trials. Here we used L = 500. A number
of estimators were included in the plots:
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1. the maximum likelihood estimate of S when no Kronecker product structure
was assumed, ŜU in (11.11) is marked with ’Unstruct.’ in the plots;

2. the structured approximation of ŜU as given by ŜI in (11.50) is marked with
’Struct.’ in the plots;

3. the estimator ŜĤ = Ψ†R̂Ψ†∗ given in (11.9) that assumes no Kronecker
product structure on the channel covariance is marked with ’Unstruct. HSNR’
in the plots;

4. the optimal (in the Frobenius norm sense) approximation of Ψ†R̂Ψ†∗ by a
matrix with the Kronecker product structure, it is unbiased under a high SNR
assumption, so it is marked with ’Struct. HSNR’ in the plots;

5. an estimate obtained by separately estimating the transmit and receive co-
variances (with proper normalization)

B̌ = 1
N

N∑
t=1

ĤtĤ∗t , Ǎ = 1
N

N∑
t=1

Ĥ∗t Ĥt, (11.79)

that estimate is marked with ’Trans./Rec.’ in the plots; and

6. The proposed covariance matching estimator, marked with ’Proposed’ in the
plots.

The asymptotic covariance of ŜI as given by Theorem 11.4 (using identity weighting,
Ξ = Im2n2) has number 8 in the plots. The Cramér-Rao bound, derived in Theo-
rem 11.1, which coincides with the asymptotic covariance (11.40) of the proposed
method, has number 7 in the plots. Note that the estimator 1 above is maximum
likelihood under a less detailed data model. Hence, its asymptotic covariance will
not be equal to the CRB derived in Theorem 11.1.

Results
Comparison of CRB Two different expressions for the CRB have been derived
in this part of the thesis: the expression derived in Section 10.2, based on a data
model that assumes exact channel knowledge; and the expression derived in Sec-
tion 11.3 that assumes that only training data is available. Figure 11.2 illustrates
the result of a numerical comparison between these two expressions. Clearly, the
CRB based on direct observations depends neither on p, nor on the SNR.

Some conclusions can be drawn from this experiment: that for large p, the
training data based CRB approaches the CRB based on perfect observations; that,
when the SNR is high, less training data is needed for the same effect1; and that a
quite small amount of training data is sufficient for a reasonable accuracy.

1Effect in terms of MSE.
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Figure 11.2: Comparison between the CRB expressions (10.20) and (11.12). The
latter is evaluated for three different values of the SNR and as a function of p. In
the example, m = n = 3. The number of signal blocks, N , was fixed to N = 100.
The matrices A and B were Hermitian p.d. but they lacked additional structure.

Estimator performance Figure 11.3 is the result of an experiment where the
SNR was varied and the number of signal frames was fixed to N = 100. The num-
ber of training symbols per frame was fixed and set to p = 6. The unstructured ML
estimate, with number 1; the Frobenius norm approximation thereof, with number
2; and the proposed covariance matching method, with number 6; model the noise
contribution properly and outperforms the other methods for low SNR. For higher
SNRs, this effect is not as visible. The importance of using the statistical properties
of the problem properly becomes more important at high SNR. The proposed co-
variance matching method, with number 6, clearly outperforms the other methods,
including the ŜF estimate, with number 2, which relies on a suboptimal weighting.

Figure 11.4 shows the results of an experiment where the number of frames,
N , is varied and the SNR is fixed to 5dB. This figure shows that the asymptotical
results of Theorem 11.3 and Theorem 11.4 give reasonable approximations of the
performance also for finite sample sizes. The results also show the importance
of correctly weighting the problem. In this experiment, the estimation error is
dominated by variance and the biased methods perform similar to their unbiased
counterparts.

The experiment shown in Figure 11.5 is made in a scenario where the SNR
is somewhat lower, 3dB, and the number of training samples per frame is lower,
p = 4. The bias starts to dominate the error in some of the tested methods at
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Figure 11.3: MSE of estimated channel covariance matrices as a function of SNR.
The number of observed signal frames was set to N = 100. The matrix dimensions
were m = n = 3, the number of training samples per frame was p = 6. The true
covariance matrices were Hermitian p.d. but no other structure was assumed. The
Cramér-Rao bound (11.12) was also included.

roughly N = 300. Again, the proposed covariance matching method has the best
performance for all N .

The results of Figure 11.6 illustrate the benefit of using all known structure of
the problem. In this experiment, the true transmit and receive covariance matrices
are assumed to have Toeplitz structure, which corresponds to having uniform linear
arrays at both ends. The scenario is otherwise similar to that of Figure 11.4; the
SNR is fixed at 5dB, p = 6 and N is varied. It is clear that methods that can
incorporate the Toeplitz structure into the data model has better performance.

11.11 Summary

This chapter considers the problem of estimating second order channel statistics for
MIMO channels. It is assumed that training data from a number of signal blocks
are available as opposed to perfect observations of the channel realizations. The
Cramér-Rao bound associated with the data model is derived in Theorem 11.3.
The CRB is reached asymptotically by an estimator that employs a statistically
optimal weighting in a covariance matching criterion where the structure is imposed.
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Figure 11.4: MSE of estimated channel covariance matrices as a function of the
number of observed signal frames, N . SNR was set to 5dB. The matrix dimensions
were m = n = 3, the number of training samples per frame was p = 6. The true
covariance matrices were Hermitian p.d. but no other structure was assumed. The
Cramér-Rao bound (11.12) was also included.

This covariance matching estimator is the topic of Section 11.4. Computing the
covariance matching estimate requires solving a weighted low rank approximation
problem, which is a non-convex optimization problem. This issue is addressed in
Theorem 11.2 where it is shown how an approximative solution can be used without
compromising asymptotic performance. The asymptotic optimality of the estimator
is shown in Theorem 11.3. The close connection to an optimally weighted structured
approximation of the unstructured ML estimate is then shown in Theorem 11.5.
Numerical studies that indicate promising performance conclude the chapter.

The framework developed for analyzing the proposed covariance matching
method can also be used for deriving statistical methods for testing whether an
observed set of samples have been generated according to the data model. The
result of Theorem 11.6 is a useful tool for this.
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Figure 11.5: MSE of estimated channel covariance matrices as a function of the
number of observed signal frames, N . SNR was set to 3dB. The matrix dimensions
were m = n = 3, the number of training samples per frame was p = 4. The true
covariance matrices were Hermitian p.d. but no other structure was assumed. The
Cramér-Rao bound (11.12) was also included.
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Figure 11.6: MSE of estimated channel covariance matrices as a function of the
number of observed signal frames, N . SNR was set to 5dB. The matrix dimensions
were m = n = 3, the number of training samples per frame was p = 6. The true
covariance matrices were Toeplitz p.d. but no other structure was assumed. The
Cramér-Rao bound (11.12) was also included.
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Appendix 11.A Proof of Theorem 11.1

In order to prove the theorem, the following lemma will be of use:

Lemma 11.2. Let C be a positive semi-definite matrix. Then it can be factorized
as

C �
(

L
M

)(
L
M

)∗
(11.80)

for some matrices L and M. Introduce the singular value decompositions

L � ULΣLV∗L,
M � UMΣMV∗M,

defined such that ΣL and ΣM are full rank. If

VLυ1 
= VMυ2 (11.81)

for all υ1 
= 0 and υ2 
= 0, then the Moore-Penrose pseudo inverse of C can be
written

C† =
(

(LΠ⊥M∗L∗)† −(LL∗)†LM∗(MΠ⊥L∗M∗)†
−(MΠ⊥L∗M∗)†ML∗(LL∗)† (MΠ⊥L∗M∗)†

)
. (11.82)

Proof. The matrices UL and UM satisfy

ULU∗LL = L, (11.83)
UMU∗MM = M (11.84)

and the matrix (
U∗LL

U∗MM

)(
U∗LL

U∗MM

)∗
=
(

Λ Θ
Θ∗ Υ

)
is p.d. (note that the last equality defines the matrices Λ, Θ, and Υ). Then we
can write

C =
(

UL 0
0 UM

)(
Λ Θ
Θ∗ Υ

)(
UL 0
0 UM

)∗
. (11.85)

Next, we use the fact that for the Moore-Penrose pseudo inverse of a product it
holds that

(UΛU∗)† = UΛ†U∗ (11.86)
when U is a matrix with orthonormal columns. Applying (11.86) on (11.85) along
with standard results on the inverse of a blockmatrix yield

C† =
(

UL 0
0 UM

)(
Λ Θ
Θ∗ Υ

)−1( UL 0
0 UM

)∗
(11.87)

=
(

UL 0
0 UM

)(
S−1

Υ −Λ−1ΘS−1
Λ

−S−1
Λ Θ∗Λ−1 S−1

Λ

)(
UL 0
0 UM

)∗
(11.88)
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where SΛ = Υ−Θ∗Λ−1Θ and SΥ = Λ−ΘΥ−1Θ∗ are the Schur complements of
Λ and Υ, respectively. The upper left block of the Moore-Penrose pseudo inverse
of C can be written (again using (11.86) multiple times)

ULS−1
Υ U∗L = (ULSΥU∗L)† = (UL[Λ−ΘΥ−1Θ∗]U∗L)† (11.89)

= (LL∗ − LM∗(MM∗)†ML∗)† (11.90)
= (LΠ⊥M∗L∗)† (11.91)

where Π⊥M∗ = I−M∗(MM∗)†M is the orthogonal projector onto the nullspace of
M. Similar manipulations give the other blocks of C†.

Moving on to the actual proof of Theorem 11.1, note that the elements of
the matrix (A ⊗ B) are linear combinations of products of the form [θA]i[θB]j .
Therefore it is possible to write

vec{A⊗B} = Pθη, η = vec{θAθ
T
B}. (11.92)

Next, introduce the extended parameter vector

θe � [θT σ2]T . (11.93)

The i, jth element of the Fisher information matrix (FIM) is given by [Kay93],
[SM05]

[I(θe)]i,j = Ntr{R−1ṘiR−1Ṙj}. (11.94)

It follows that

[I(θe)]i,j = Nvec∗{Ṙi}
(
R−T ⊗R−1) vec{Ṙj}. (11.95)

For the parameters that are part of θ (those of θA and θB), the FIM can be written

[I(θe)]i,j = N η̇Ti P∗θ
(
ΨTR−TΨc ⊗Ψ∗R−1Ψ

)
Pθη̇j ,

i ≤ nA + nB , j ≤ nA + nB . (11.96)

Recall the definition of Γ in (10.24). When Γ is taken at the true parameter values
it is equal to Γ0 given by (10.21). Since

∂[vec{R}]j
∂σ2 = [vec{Imp}]j (11.97)

it follows immediately from (11.95) and (11.96) that

N−1I(θ, σ2) =
(

ΓTP∗θ
(
ΨTR−TΨc ⊗Ψ∗R−1Ψ

)
PθΓ ΓTP∗θvec{Ψ∗R−2Ψ}

vec∗{Ψ∗R−2Ψ}PθΓ tr{R−2}
)

(11.98)
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is an expression for the FIM. Some care must be exercised when using this result to
find the CRB for the elements of R. The reason is that the mapping between the
parameter vector θ and the matrix S is many-to-one due to the ambiguous scaling
of A and B mentioned above. By using results proved in [SM01], we have that the
sought CRB is given by

NΔI†(θ0)Δ∗ (11.99)

where column i of Δ is given by

∂vec{A⊗B}
∂[θe]i

∣∣∣∣
θ=θ0

. (11.100)

It is then straightforward to conclude that Δ =
[
PθΓ0 0(n2m2)×1

]
and thus that

the CRB for the channel covariance matrix is given by

CRB(θ, σ2) = N
[
PθΓ 0(n2m2)×1

]
I(θ, σ2)†

[
ΓTP∗θ

01×(n2m2)

]
. (11.101)

The next step is to simplify this expression. Note that the FIM (11.98) can be
factorized as

N−1I(θ0, σ
2) =(

ΓTP∗θ(ΨTR−
T
2

0 ⊗Ψ∗R−
1
2

0 )
vec∗{R−1

0 }

)(
ΓTP∗θ(ΨTR−

T
2

0 ⊗Ψ∗R−
1
2

0 )
vec∗{R−1

0 }

)∗
.

(11.102)

It is possible to verify that Lemma 11.2 can be used and the results of the theorem
follow immediately. It is of course also straightforward to give the CRB for the
noise variance in a similar manner.

Appendix 11.B Proof of Lemma 11.1

Statement 1 The matrix Φ̂ is the minimum norm minimizer of[
vec{R̂} − (Ψc ⊗Ψ)Pθvec{Φ}

]∗
D∗(Q̂T ⊗ Q̂)D

×
[
vec{R̂} − (Ψc ⊗Ψ)Pθvec{Φ}

]
. (11.103)

Without making any assumptions on the structure of Φ̂, it can be written

vec{Φ̂} =
min(nA,nB)∑
k=1

(φk + jφ̄k) (11.104)



190 CHAPTER 11. ESTIMATION BASED ON PILOTS

where φk and φ̄k are vectorized real rank one matrices. Because φk and φ̄k are
real, we can, using (10.19), introduce Hermitian matrices Ak, Bk, Āk, and B̄k such
that

vec{(Ak ⊗Bk)} = Pθφk, (11.105)

and

vec{(Āk ⊗ B̄k)} = Pθφ̄k. (11.106)

It holds that Ak, Bk, Āk, and B̄k are zero if and only if φk and φ̄k are zero. Then

(Ψc ⊗Ψ)Pθvec{Φ̂} =
min(nA,nB)∑
k=1

(
vec{Ψ(Ak ⊗Bk)Ψ∗}+ jvec{Ψ(Āk ⊗ B̄k)Ψ∗}

)
. (11.107)

Before proceeding with the proof, introduce an invertible matrix J such that υ =
J−1vec{Υ} is real if Υ is Hermitian. Then introduce the three real vectors

υA,B � J−1
min(nA,nB)∑
k=1

vec{Ψ(Ak ⊗Bk)Ψ∗},

ῡA,B � J−1
min(nA,nB)∑
k=1

vec{Ψ(Āk ⊗ B̄k)Ψ∗},

υR̂ � J−1vec{R̂}. (11.108)

The criterion can then be written(
υR̂ − υA,B − jῡA,B

)∗ J∗D∗(Q̂T ⊗ Q̂)DJ
(
υR̂ − υA,B − jῡA,B

)
. (11.109)

We will need to show that the matrix

J∗D∗(Q̂T ⊗ Q̂)DJ (11.110)

is real. It is straightforward to show the equality

D∗(Q̂T ⊗ Q̂)D = (Q̂T ⊗ Q̂)− vec{Q̂2}vec∗{Q̂2} 1
tr{Q̂2} . (11.111)

Now, we will show that

J∗(Q̂T ⊗ Q̂)J (11.112)

is real. Because (Q̂−T ⊗ Q̂−1) is the normalized asymptotic covariance matrix of
the sample covariance matrix (which is Hermitian) when the true covariance matrix
is Q̂−1 we can conclude that

J−1(Q̂−T ⊗ Q̂−1)J−∗ (11.113)
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is the covariance matrix of a real vector; it is therefore real. Hence (11.112) is real.
We now turn our attention to the expression

J∗vec{Q̂2}vec∗{Q̂2} 1
tr{Q̂2}J. (11.114)

We note that, for an arbitrary real vector υ and the Hermitian matrix given by
vec{Υ} = Jυ, we have that

vec∗{Q̂2}Jυ = tr{Q̂ΥQ̂} (11.115)

is real. Then (11.114) is real. It follows that (11.110) is real.
Clearly, minimizing (11.109) w.r.t. ῡA,B yields, as one possible solution, ῡA,B =

0. This argument requires that (11.111) is real, as was shown above. Because Φ̂ is
the minimum norm solution it holds that φ̄k = 0 and thus Φ̂ is real. This proves
statement 1 in the lemma.

Statement 2 In order to prove the non-singularity of Ω, write

Ω = P∗θ(ΨT ⊗Ψ∗)D∗(Q̂T ⊗ Q̂)D(Ψc ⊗Ψ)Pθ. (11.116)

We have that the matrix D [defined in (11.20)] has dimensions m2p2 ×m2p2 and
rank m2p2 − 1. The last statement is obvious from the structure of D and from
(11.22). In order to prove the non-singularity of Ω, it is sufficient to prove that

D(Ψc ⊗Ψ)Pθυ (11.117)

is non-zero for any υ 
= 0nAnB . This requires that Q̂ is p.d.. Using the definition
of Pθ we have that

(Ψc ⊗Ψ)Pθυ = vec{ΨΥΨ∗} (11.118)

where Υ is a matrix with dimensionsmn×mn. Clearly, due to the basic assumption
p > n,

vec{ΨΥΨ∗} 
= γvec{Im2p2} (11.119)

for all γ and all υ 
= 0nAnB [note that Υ is a linear function of υ]. In order
to see this, note that ΨΥΨ∗ is low rank. With (11.22) in mind, this proves the
non-singularity of Ω. Similar arguments can also be used to prove that Ω is real.
To that end, note that the result of multiplying Ω from the right and left with
arbitrary real vectors (of suitable dimensions) can be written

[υT2 P∗θ(ΨT ⊗Ψ∗)J−∗][(J−1(Q̂−T ⊗ Q̂−1)J−∗)−1][J−1vec{Υ}] (11.120)

with υ4 a real vector, Υ an Hermitian matrix and J as defined before. The leftmost
and the rightmost bracketed expressions are obviously real. Using the previously
proven fact that (11.112) is real, we conclude that Ω is real, which was the remaining
part of statement 2 in the lemma.
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Statement 3 In order to show statement 3, note that from (11.22) it follows that
(due to the consistency of R̂)

lim
N→∞

Φ = Ω†0Ω0vec{θAθ
T
B} w.p.1 (11.121)

where θA and θB are taken at the true parameter values. Since Ω is full rank,
statement 3 follows. Note that this result holds for any p.d. Q̂ (including the
identity matrix).

Statement 4 Next, in order to prove that Ω−1
0 is the asymptotic covariance

matrix of Φ̂, assume for the moment that Q̂ = R−1
0 then

NCov [ r ] = ND0Cov
[

vec{R̂}
]

D∗0 = D0(RT0 ⊗R0)D∗0 (11.122)

where use was made of (11.15) and (11.20). This can be simplified to

NCov [ r ] = RT0 ⊗R0 − vec{Imp}vec∗{Imp} 1
tr{R−2

0 }
+ op(1). (11.123)

Because, as noted before, Dvec{Imp} = 0m2p2×1, it holds that

NCov
[

vec{Φ̂}
]

= Ω−1
0 + op(1). (11.124)

This is also an alternative proof that Ω0 is real because the asymptotic inverse
covariance of a real vector must be real.
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