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Abstract

Large deformations of flexible beams can be described using either the corotational approach or the total Lagrangian formalism. The co-rotational
method is an attractive approach to derive highly nonlinear beam elements
because it combines accuracy with numerical efficiency. On the other hand,
the total Lagrangian formalism is the natural setting for the construction
of geometrically exact beam theories. Classical time integration methods
such as Newmark, standard midpoint rule or the trapezoidal rule do suffer
severe shortcomings in nonlinear regimes. The construction of time integration
schemes for highly nonlinear problems which conserve the total energy, the
momentum and the angular momentum is addressed for planar co-rotational
beams and for a geometrically exact spatial Euler-Bernoulli beam.
In the first part of the thesis, energy-momentum conserving algorithms are
designed for planar co-rotational beams. Both Euler-Bernoulli and Timoshenko
kinematics are addressed. These formulations provide us with highly complex
non-linear expressions for the internal energy as well as for the kinetic energy
which involve second derivatives of the displacement field. The main idea of
the algorithm is to circumvent the complexities of the geometric non-linearities
by resorting to strain velocities to provide, by means of integration, the
expressions for the strain measures themselves. Similarly, the same strategy
is applied to the highly nonlinear inertia terms. Several examples have been
considered in which it was observed that energy, linear momentum and angular
momentum are conserved for both formulations even when considering very
large number of time-steps. Next, 2D elasto-(visco)-plastic fiber co-rotational
beams element and a planar co-rotational beam with generalized elasto-(visco)plastic hinges at beam ends have been developed and compared against each
other for impact problems. Numerical examples show that strain rate effects
influence substantially the structure response.
In the second part of this thesis, a geometrically exact 3D Euler-Bernoulli
beam theory is developed. The main challenge in defining a three-dimensional
Euler-Bernoulli beam theory lies in the fact that there is no natural way of
defining a base system at the deformed configuration. A novel methodology to
do so leading to the development of a spatial rod formulation which incorporates the Euler-Bernoulli assumption is provided. The approach makes use of
Gram-Schmidt orthogonalisation process coupled to a one-parametric rotation
to complete the description of the torsional cross sectional rotation and overcomes the non-uniqueness of the Gram-Schmidt procedure. Furthermore, the
formulation is extended to the dynamical case and a stable, energy conserving
time-stepping algorithm is developed as well. Many examples confirm the
power of the formulation and the integration method presented.
Keywords: Nonlinear Dynamics, Energy-momentum conserving scheme, 2D
co-rotational beam, Geometrically exact 3D Euler-Bernoulli beam, impact.
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Sammanfattning

Stora deformationer av flexibla balkar kan beskrivas med hjälp av antingen
den co-roterade metoden eller den totala Lagrangianska formalismen. Den
co-roterade metoden är ett attraktivt sätt att erhålla Icke-linjärnabalkelement
eftersom den kombinerar noggrannhet med numerisk effektivitet. Å andra sidan
är den Lagrangianska formalismen den naturliga metoden för att härledaexakta geometriskt balkteorier. Klassiska tidsintegreringsmetoder som Newmark,
standardmittpunktsregeln eller trapetsregelnlider av allvarliga bristerför applikationer till icke-linjärna problem. Konstruktionen av tidsintegrationssystem
för högsticke-linjära problem som bevarar den totala energin, rörelsemängden
och rörelsemängdsmomentet behandlasför 2D co-roterade balkar och för 3D
geometriskt exakta Euler-Bernoulli balkar.
Den första delen av avhandlingen behandlar konservativa tidsintegrationssystem för 2D co-roterade balkelement. Både Euler-Bernoulli och Timoshenko
kinematik behandlas. Dessa formuleringar innehåller mycket komplexa ickelinjära uttryck för både inre och kinetiska energier. Den centrala idén bakom
algoritmenär att definiera, genom integration, deformationsfältet vid slutet av
steget från deformationshastigheterna och inte från relationen mellan förskjutningar och deformationer. Samma teknik används för de dynamiska termerna.
Flera numeriska exempel visar att algoritmen bevarar den totala energin, rörelsemängden och rörelsemängdsmomentet även vidett mycket stort antal tidsteg.
Därefter har ett 2D co-roterad balkelement med elasto-(visko)-plastiska leder
vid ändarna utvecklats och jämförts med en fibermodell for stötproblem. Numeriska exempel visar att deformationshastigheten påverkar responsen hos
strukturen.
I den andra delen av denna avhandling utvecklas ett geometriskt exakt 3D
Euler-Bernoulli balkelement. Huvudutmaningen med en Bernoulli formulering
ligger i det faktum att det inte finns något naturligt sätt att definiera ett
bassystem för den deformerade konfigurationen. En ny metod för att definiera
detta bassystem och utveckla en 3D balkformulering baserat på Euler-Bernoulli
teori presenteras. Metoden använder Gram-Schmidts ortogonaliseringsprocess
i kombination med en rotationsparameter som kompletterar den kinematiska
beskrivningen vad det gäller vridningen. Denna process gör att man övervinner den icke-unika karaktären av Gram-Schmidt proceduren. Formuleringen
utvidgas till det dynamiska fallet och en stabil och energikonservativ tidsintegrationsalgoritm utvecklas. Många exempel bekräftar effektiviteten av denna
formulering.
Nyckelord: ickelinjär dynamik, Konservativa integrationssystem, 2D coroterad balk, exakt 3D Euler-Bernoulli balk, Stöt.
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Résumé

Le mouvement des poutres flexibles peut être décrit à l’aide l’approche corotationnelle ou en adoptant le formalisme total lagrangien. La méthode
co-rotationnelle est une approche intéressante pour développer des éléments de
poutre fortement non-linéaires car elle allie précision et efficacité numérique.
Par ailleurs, la formulation totale lagrangienne est une approche naturelle
pour la construction de théories de poutre géométriquement exacte. Il est
aujourd’hui reconnu que les méthodes de type Newmark, la méthode du point
milieu classique ou la règle trapézoïdale posent des problèmes de stabilité en
régime non-linéaire. La construction de schémas d’intégration temporelle qui
conservent l’énergie totale, la quantité de mouvement et le moment cinétique
est abordée pour les poutres co-rotationnelles planes et pour la poutre spatiale
d’Euler-Bernoulli géométriquement exacte.
Dans la première partie de la thèse, les schémas d’intégration conservatifs
sont appliqués aux poutre co-rotationnelle 2D. Les cinématiques d’EulerBernoulli et de Timoshenko sont abordées. Ces formulations produisent des
expressions de l’énergie interne et l’énergie cinétique complexe et fortement
non-linéaires. L’idée centrale de l’algorithme consiste à définir, par intégration,
le champ des déformations en fin de pas à partir du champ de vitesses de
déformations et non à partir du champ des déplacements au travers de la
relation déplacement-déformation. La même technique est appliquée aux termes
d’inerties. Ensuite, une poutre co-rotationnelle plane avec rotules généralisées
élasto-(visco)-plastiques aux extrémités est développée et comparée au modèle
fibre avec le même comportement pour des problèmes d’impact. Des exemples
numériques montrent que les effets de la vitesse de déformation influencent
sensiblement la réponse de la structure.
Dans la seconde partie de cette thèse, une théorie de poutre spatiale d’EulerBernoulli géométriquement exacte est développée. Le principal défi dans la
construction d’une telle théorie réside dans le fait qu’il n’existe aucun moyen
naturel de définir un trièdre orthonormé dans la configuration déformée. Une
nouvelle méthodologie permettant de définir ce trièdre et par conséquent de
développer une théorie de poutre spatiale en incorporant l’hypothèse d’EulerBernoulli est fournie. Cette approche utilise le processus d’orthogonalisation de
Gram-Schmidt couplé avec un paramètre rotation qui complète la description
cinématique et décrit la rotation associée à la torsion. Ce processus permet
de surmonter le caractère non-unique de la procédure de Gram-Schmidt. La
formulation est étendue au cas dynamique et un schéma intégration temporelle conservant l’énergie est également développé. De nombreux exemples
démontrent l’efficacité de cette formulation.
Mot-clé : Dynamique non-linéaire, Schémas d’intégration conservatifs, Poutre
co-rotationelle 2D, Poutre spatiale d’Euler-Bernoulli géométriquement exacte,
Impact.
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Chapter 1

Introduction

1.1

Background

Nonlinear dynamics of flexible beams is an active research topic in the field of
engineering. Flexible beams can be found in many applications such as large
deployable space structures, aircrafts, wind turbines propellers and offshore platforms.
These structures may undergo large displacements and rotations which involves
both geometrical and material nonlinearities. Consequently, the nonlinear dynamic
behaviour may appear chaotic and unpredictable in contrast to much simpler systems.
In this context, a successful simulation of these flexible beams requires two efficient
numerical tools: a finite element beam formulation and a time integration method.
Firstly, there exist many approaches to derive the efficient beam formulations such
as the Total Lagrangian approach [1, 2, 3, 4, 5], floating approach [6, 7, 8] and
co-rotational approach [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. Whereas the
total Lagrangian approach can be considered as the natural setting for geometrically
exact dynamics, the co-rotational method is an attractive approach to derive highly
nonlinear beam elements because it combines accuracy with numerical efficiency.
Secondly, response to extreme loadings, long term stability is a fundamental feature
of a time integration method to capture extended responses over sufficiently long
time intervals. The extended application of the traditional time integration scheme
(i.e. Newmark family method [21]) from linear to nonlinear dynamic systems is not
trivial and can lead to instabilities [1, 22]. Greenspan [23, 24] had demonstrated
that the conservation of energy and momenta play a crucial role in stability of the
time stepping algorithms. Simo [22] first discovered how to modify the 3D beam
algorithms for the conservation of those properties which definitely improve the
stability of the algorithms. While its formulation can only apply to the Saint-Venant
Kirchhoff material, the energy momentum conserving scheme has been developed
1

and enhanced in different area of applications.
Many research works on the finite element model in co-rotational [12, 25, 26, 27,
28, 29, 30, 31, 32, 33] and Total Lagrangian formulations [35, 36] have been done
by the department of Civil and Architectural Engineering at KTH Royal Institute
of Technology and by the laboratory LGCGM at INSA Rennes. Amongst those
works, the co-rotational planar beam formulation proposed by Le et al. [12] is very
efficient because the cubic interpolations have been adopted for deriving consistently
both inertia and internal terms. However, the HHT-α [37] time integration scheme
employed for solving the equation of motions introduces artificial damping and
a dissipation of the energy in the system. Sansour et al. [35] have proposed an
energy-momentum method for a Total Lagrangian 2D Euler-Bernoulli beam. The
extension of this approach to 2D corotational beams and 3D total Lagrangian beams
appears to be an interesting challenge.

1.2

Aims and scope

In light of the above problems, the first objective of the research work is to extend
the 2D co-rotational beam formulation by introducing an energy-momentum method.
The energy-conserving scheme, proposed by Sansour et al. [38, 39], is applying to
the co-rotational formulation for the first time. The aim of this formulation is to
conserve the total energy as well as the linear and angular momentum. The main
idea is to employ the strain velocity instead of the strain-displacement relationships
directly. But, the task is not straight forward in the co-rotational method since the
inertia terms are highly nonlinear. These inertia terms will be modified consistently
with the help of the kinematic velocities. The work is presented in Paper I [40].
The second objective of the research work is to applied the methodology presented
in Paper I to shear flexible formulations. Based on the same idea for the time
integration scheme and on the same co-rotational framework, three different local
formulations i.e. reduced integration method, Hellinger-Reissner mixed formulation
and Interdependent Interpolation element (IIE) formulation are implemented and
tested for a large number of time steps. Since the expression of the tangent dynamic
matrix of IIE formulation may be complicated, a possible simplification is carefully
studied. Finally, different predictors are tested along with the computational time.
This is reported in paper II [41].
The third objective of the research work is to developed a 2D elasto-(visco)-plastic
fiber co-rotational beam element and a planar co-rotational beam element with
generalized elasto-(visco)-plastic hinges. For the generalized elasto-plastic hinges,
the inelasticity of the structural members is considered through hinges which are
modelled by combining axial and rotational springs. These hinges are placed at the
end nodes of the beam element whereas the rest of the beam deforms elastically.
2

The hinges remain uncoupled in the elastic range and the axial-bending interaction
is considered in the plastic range. In addition, the strain rate effects have been
considered by replacing the plastic flow rule with its visco-plastic counterpart. These
beam formulations will be compared against each other for impact problems. This
work is presented in paper III.
The fourth objective of the research work is to develop an energy-conserving time
stepping algorithm for a three-dimensional geometrically exact Euler-Bernoulli
beam. A novel methodology to the development of a spatial rod formulation which
incorporates the Euler-Bernoulli assumption is provided. The approach makes use
of Gram-Schmidt orthogonalisation process coupled to a one-parametric rotation.
The latter completes the description of the torsional cross sectional rotation and
overcomes the non-uniqueness of the Gram-Schmidt procedure. Furthermore, the
formulation is extended to the dynamical case and a stable, energy conserving
time-stepping algorithm is presented as well. Several examples involving large
spatial deformations confirm the efficiency of both the proposed formulation and
the integration method. This work is reported in paper IV.

1.3

Research contribution

The research work in this thesis has provided the following research contributions:
– An energy-momentum method for Bernoulli/Timoshenko co-rotational planar
beams.
– A comparative study of three shear flexible co-rotational 2D beam formulations,
i.e. Interdependent Interpolation Element (IIE), reduced integration and mixed
formulations.
– A 2D elasto-(visco)-plastic fiber co-rotational beam element and a planar corotational beam element with generalized elasto-(visco)-plastic hinges. These
formulations are especially interesting for steel frame structures subjected to
impact with and without strain rate effect.
– A stable, energy-conserving integration scheme for a three-dimensional geometrically exact Euler-Bernoulli curved beam in a Total Lagrangian formulation.
The above contributions are discussed and presented in the thesis and in the
appended papers.

1.4

Outline of thesis

The structure of this thesis is organized into two parts: an extended summary of
the research work and appended papers. The first part provides readers with a
3

general introduction and summary of the research work. This part consists of six
chapters. The first chapter containing a background introduction, aims and research
contributions has been presented. The rest of this part is organized as follows.
Chapter 2 presents a review of energy conserving/decaying integration schemes
which are used to simulate the nonlinear dynamic of structures. A short conclusion
regarding these schemes is given.
In Chapter 3, the planar beam co-rotational formulation is presented with different local strains for Bernoulli and Timoshenko elements. The beam kinematics,
Hamilton’s principle and the conserving properties are briefly presented.
In Chapiter 4, a new 3D Euler-Bernoulli beam formulation is presented in the total
Lagrangian approach. The beam kinematics and the principle of virtual work for
the dynamical analysis of beam are provided along with the conserving properties.
In Chapter 5, an extended summary of the research work is provided. Finally,
Chapter 6 presents general conclusions and possible future research. The first part
of the thesis is followed by the four appended papers.
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Chapter 2

Energy-momentum method
Implicit time stepping methods are often used together with nonlinear finite elements to study linear and nonlinear dynamic problems. One of the most commonly
employed implicit method is the Newmark family of algorithms [21] which includes
average acceleration method as a special case. The average acceleration algorithm
yields implicit, unconditionally stability and second-order accuracy in linear dynamics. However for general nonlinear dynamics, the Newmark method becomes
unstable and often blows up, often due to convergence of the nonlinear Newton
type iterations. In order to solve the instability problem, Hilber-Hughes-Taylor
[37] proposed an extension algorithm of the Newmark method which enables to
control dissipation to the damping, the stiffness and the external force. In this
way, the algorithm presents second-order accuracy and unconditionally stability in
the high frequency modes. Other time integration methods also include numerical
dissipation in different ways i.e. Wood-Bossak-Zienkienwicz method [42], Wilson-θ
method [43], Park method [44], the three parameter optimal χ-scheme [45], the
Generalized-α method [46]. These algorithms are summarized in the Generalized
single step solve (GSSSS) family of algorithms [47, 48, 49, 50]. One can notice
that these methods affect the response for lower modes more or less depending on
the dissipation parameter. Without introducing numerical dissipation, the direct
extension from linear system to nonlinear one is not a trivial task. However, it
is desirable to have an algorithm which fulfils the accuracy and stability without
introducing any numerical dissipation.
With this motivation, Greenspan [23, 24] stressed out that the conserved properties
(i.e. energy, linear and angular momenta) play an important role to develop stable
time stepping algorithms. The satisfaction of these important conservation laws
guarantees that the dynamic of the system remains at least qualitatively accurate
and meaningful even in long term calculations. Moreover, numerical stability for the
analysis of nonlinear systems is often defined through the requirement that the energy
5

of the numerical solution has to remain bounded. Consequently, the conservation of
energy may be regarded as a manifestation of unconditional numerical stability.

2.1

Energy-momentum conserving scheme

Simo and Tarnow [22] were the first authors to develop an energy-momentum
method in nonlinear dynamics of three-dimensional elastic bodies. Their algorithm
is based on the classical midpoint rule in which the equation of motion is defined at
midpoint step. The geometrical nonlinearity arises only in the internal term which
includes the 2nd Piola-Kirchhoff stress S̃ or the right Cauchy-Green strain tensor C.
Moreover, Simo and Tarnow [22] have shown that the algorithm with the classical
midpoint rule, in which S̃ or C are calculated directly from the nodal displacements
and rotations, is clearly unstable. Therefore, Simo and Tarnow [22] proposed the
following energy-momentum conserving algorithm:
Z
Z


Vn+1 − Vn
ρ0
· η dV +
F ϕn+ 12 · S̃ : ∂η/∂X dV
∆t
B
B
Z
Z
T̄n+ 21 · η dA, ∀η ∈ V
(2.1)
=
Bn+ 21 · η dV +
∂Bσ
Z
Z B
ϕn+1 − ϕn
· η dV =
Vn+ 12 · η dV
(2.2)
∆t
B
B
where V denotes the material velocity fields, F the deformation gradient tensor.
ϕ(X, t) represents the position in the Lagrangian description. η the test function.
ρ0 : B → R+ is the reference density. B is the body force per unit mass on the
volume element B and T̄ denotes the surface traction on the surface ∂Bσ .
There are two options for the 2nd Piola-Kirchhoff stress S̃:
Option 1 : S̃ = S̃1 := 2∇Ŵ (Cn+β )
Option 2 : S̃ = S̃2 := ∇Ŵ (Cn+β ) + ∇Ŵ Cn+(1−β)

(2.3)


(2.4)

with β ∈ (0, 1) such that
Ŵ (Cn+1 ) − Ŵ (Cn ) = S̃ :

1
(Cn+1 − Cn )
2

(2.5)

In the proof of the energy-momentum scheme, the right Cauchy-Green strain tensor
Cn+β is calculated by using a Taylor expansion. It yields

Cn+β = Cn + β ∆t Ċn + O ∆t2
(2.6)
One can observed carefully that in general, Cn+β =
6 C(ϕn+β ) except for β = 0 and
β = 1. They concluded that it is very important to use Cn+β instead of C(ϕn+β0 )
to avoid non-physical couplings. With the help of expression (2.6), the second-order
time accuracy is achieved for any β ∈ (0, 1) in option 2.
6

However, for option 1, the second-order time accuracy is only obtained with β = 1/2,
with β 6= 1/2 only the first-order time accuracy is obtained. Indeed, in order to
enforce Eq. (2.5), a local Newton-Raphson method is used to solve for β at each
quadratic point, with the values of ϕn+1 necessary for Eq. (2.5). The values of β
are then fixed their values from the previous global equilibrium equation. With
the values of β, the element force vectors and stiffness could then be determined
for the next global equilibrium equation. However, the stiffness was calculated by
neglecting the dependence of β on the deformation variables. It is then leading to an
inconsistent stiffness matrix which may cause a convergence issues (see Laursen and
Meng [51]). Besides, the nonlinear equation (2.5) degenerates to an equation with
an explicit root when only a Saint Venant-Kirchhoff energy function is used. For
that reason, this algorithm has been implemented only for Saint-Venant Kirchhoff
material model. Nevertheless, the energy-momentum proposed by Simo and Tarnow
gave the bases for future developments in nonlinear dynamics analysis.
Laursen and Meng [51] addressed the algorithm of Simo-Tarnow by correcting the
coupling between the deformation variables and an algorithm parameter β which
Simo and Tarnow did not consider. They proposed two algorithms to solve that
issue: one where the nonlinear equation for β is enforced at quadrature point and
another where a single nonlinear equation for an element β is enforced at the element
level. Consequently, the proposed algorithm presents an asymptotically quadratic
rate of convergence and is applicable for general constitutive models in nonlinear
elastodynamics. This work has then extended for transient impact problems [52] .
Besides, another improvement of the Simo-Tarnow framework was proposed by Simo
and Gonzalez [53] and Gonzalez [54]. They applied a so-called discrete derivative
for the evaluation of the stresses. The 2nd Piola-Kirchhoff stress S̃ is given by
Gonzalez-Simo framework:

S̃ ϕn , ϕn+1 := 2dŴ (Cn , Cn+1 )
= 2DŴ Cn+1/2




Ŵ (Cn+1 ) − Ŵ (Cn ) − DŴ Cn+1/2 : ∆C
+2
∆C
k∆Ck2

(2.7)

where
∆C := Cn+1 − Cn

andk∆Ck :=

√

C:C

(2.8)

The stress S̃ satisfies the directionality condition (Eq.(2.5)) and the consistency
condition (Eq. 2.7). Moreover, it is symmetric. Therefore, the algorithm is secondorder accurate, unconditionally stable and the conservation of energy and momenta
is ensured. Furthermore, there is no singularity issue for any initial conditions due
to Equation (2.7). The extra iteration needed for computing the parameter β in the
implementation of the current formulation is not required.
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Noels et al. [55] proposed an energy-momentum conserving scheme algorithm for
nonlinear hypoelastic constitutive models. In elastic case, their algorithm is similar to
Simo-Tarnow algorithm for a Saint-Venant Kirchhoff hyperelastic material and is also
valid for general hyperelastic-based J2 plasticity models. However, the formulation of
Simo et al. [35] did not consider the objectivity of the strain (see Crisfield and Jelenić
[56]). For this reason, Romero and Armero claimed that the original algorithm of
Simo et al. [22] does not exactly conserve the energy. Consequently, Romero and
Armero [57] proposed an exact energy-momentum method for geometrically exact
rods with an objective approximation of the strain measures of the rod involving
finite rotations of the director frame. The improved stability due to the energy
conservation property leads definitely to an improved performance of the algorithm.
Sansour et al. [39] developed an energy–momentum integration scheme and enhanced
strain finite elements for the non-linear dynamics of shells with seven degree of
freedom. The main idea is to use the midpoint rule but to calculate the strain field
from the kinematical field differently without using directly the strain–displacement
relations. Hence, the strain tensors E0 and K at midpoint time step are defined
from the calculated these strain tensor velocities respectively. The following strain
definition is given by
E0n+ξ = E0n + ξ ∆t Ė0n+ 1

(2.9)

Kn+ξ = Kn + ξ ∆t K̇n+ 12

(2.10)

2

where ξ ∈ (0, 1) be a scalar defining any position within the time interval ∆t. The
choice of the midpoint in the expression is actually arbitrary. The expression would
provide energy conservation for an arbitrary choice of ξ within the interval ∆t.
The propose algorithm guarantees the conservation of energy and momenta. However,
this modification of the algorithms requires to store the previous right Cauchy-Green
Strain E and tensor K at all the steps which are calculated by the midpoint rule.
The ideas introduced in [38, 39] have been applied to develop Total Lagrangian
formulations for Euler-Bernoulli [35] and Timoshenko [36] planar beams. One can
notice that dealing with the nonlinearity in the kinematic terms is not an easy task.
As an illustration, the equations for 2D Euler-Bernoulli beam are
1
∆t ε̇n+ 12
2
1
= κn + ∆t κ̇n+ 12
2
2
2
=
ṅ 1 −
ṅn
∆t2 n+ 2
∆t

εn+ 21 = εn +

(2.11)

κn+ 21

(2.12)

n̈n+ 21

(2.13)

One can observed that midpoint velocity is not used only in the strain fields but
also for the kinematic variables in order to ensure the conservation of energy and
momenta. A similar idea, proposed by Gams et al. [58], is to use unconventional
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incremental strain updates to calculate the strains at midpoint. This approach was
applied to the Reissner geometrically exact planar beam.
The energy conserving algorithms mentioned above were mostly based on the
midpoint rule. Alternative methods to achieve the same objective have been
proposed. Bathe [59] proposed a collocation method by combining the trapezoidal
rule and the three-point backward Euler method in order to solve the second-order
nonlinear dynamic equations. The method is second-order accurate, stable even
for large deformations and gives accurate longtime response. Krenk [60] proposed
another alternative way for energy conservation in nonlinear dynamics with general
non-linear stiffness. The proposed algorithm works directly with the internal force
and the stiffness matrix at the time integration interval end-points. The obtained
algorithm is second-order accurate. In addition, it conserves energy and momenta
which makes the algorithm unconditional stable.
While most of the energy conserving schemes addressed above are using implicit
algorithms, Lim and Taylor [61] proposed an explicit-implicit conserving scheme
for flexible-rigid multibody systems. An explicit integration scheme is adopted for
the flexible body whereas an implicit conserving scheme is employed for the rigid
body. Although the energy conservation is violated by the explicit scheme, in most
cases the fluctuations of energy in the explicit scheme are negligible within the
range of stable time steps. In a recent paper [62], Almonacid developed an explicit
symplectic momentum-conserving scheme for the dynamics of geometrically exact
rods. The characteristics of this algorithm are second-order accurate, conservation
of the moment associated to the symmetries of the discrete Lagrangian, conservation
of energy for long periods of times. The advantage of an explicit algorithm is that
it is conditionally stable but does not require to solve nonlinear iterations at each
time step. Therefore, alternative integration methods can be adopted according to
the demand of specific applications.
In the past decades, energy conserving schemes or energy-momentum methods
have been applied to various applications in nonlinear dynamics i.e. rigid body
dynamic [63], multibody dynamics [61, 63, 64, 65], rod dynamics [18, 56, 66, 67]
and shell dynamics [20, 68, 69, 70, 71, 73, 74]. However, many researchers have
pointed out the issue related to spurious high frequencies in energy-momentum
conserving methods. Jog and Motamarri [70] proposed an energy-momentum method
for nonlinear analysis with the framework of hybrid elements. When the hybrid
stress element has been used, there is no need for an algorithmic modification for
dissipating higher frequencies or due to the mesh refinement. On the other hand,
Romero and Armero [57] claimed that their algorithm for geometrically exact rods
should be extended to accommodate a controllable high frequency dissipation to
handle the high numerical stiffness. The energy-momentum conserving algorithm
proposed by Puso [65] for multibody dynamics still required small time steps to
solve correctly the couple problems. Similarly, Brank et al. [69] suggested that
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an energy decaying scheme should be considered in order to dissipate higher order
frequencies. Ibrahimbegović and Mamouri [67], who proposed an energy-momentum
method for flexible beams in planar motion, had the same opinion. They clearly
showed that even though the energy is preserved in the global sense and the method
is unconditional stable, the beam axial force still presents high frequencies at the
element level especially for stiff problems. Gams et al. [58] discussed about the size
of time step for the axial, shear and bending strains and showed clearly that the
local drift of strains is generally small and diminishes with a decreasing time step.
However, the example proposed by Gams et al was only tested tested during one
second.

2.2

Energy-momentum decaying scheme

In order to ensure that energy conserving algorithms produce reasonable and liable
results regarding both the energy and internal forces for stiff problems or highfrequency problems, numerical dissipation is required. Kuhl and Ramm [75] proposed
a generalized energy–momentum method for non-linear adaptive shell dynamics
which guarantees either conservation of energy or decay of energy. Armero and
Romero [76] developed an energy conserving/decaying algorithms for nonlinear elastodynamics that exhibits a controllable numerical dissipation in the high-frequency
range. Unlike HHT dissipative numerical schemes, the proposed algorithms result
in a correct qualitative picture of the exact dynamic behaviour for a fixed time
step due to the conservation of the energy in the first place. Ibrahimbegović and
Mamouri [77] proposed an extension of the energy conserving scheme for nonlinear
dynamics of three-dimensional beams by introducing desirable properties to controll
the energy decay, as well as numerical dissipation of the high-frequency contributions
to the total response. The variation of strains and velocities over each time step are
small and diminishes through the numerical dissipation. A similar idea was adopted
by Mamouri et al. [78]. Another interesting idea adopted by Gams et al. [79] is to
introduce the numerical damping in special locations, where and when it is needed.

2.3

Conclusion

The purpose of this chapter was to present a review of the energy-momentum
conserving/dissipating algorithms. Most of the classical time integration methods
have been derived by using Taylor’s series expansions to approximate the variables
such as displacement, velocity, and acceleration in the discretized equations of
motion. However, the direct extended application of the traditional time integration
scheme (i.e. Newmark family method [21]) from linear to nonlinear dynamic systems
is not trivial and can lead to instabilities [1, 22]. Moreover, those methods could
produce nonsense results with no obvious warning [80] if the solution converges to a
spurious steady state. Yee et al. [81] suggested that the safety road is to understand
of the dynamic behaviour of the numerical method being used.
10

The breakthrough of Simo-Tarnow energy-momentum method [22] gave the foundation for future development in nonlinear dynamics analysis. The stability of the
algorithms is improved when the conservation of energy and momenta has been
guaranteed. Most of the development of the energy conserving scheme is based
on the classical midpoint rule. The main technique for energy conservation and
momenta is to apply Taylor’s series expansions to nonlinear kinematic and strain
variables rather the directly calculate these quantities from the nodal displacements,
velocities and accelerations. This idea is clearly emphasise in the papers of Sansour
et al. [35, 38, 82]. In addition, the extension of energy conserving algorithms
by introducing a controllable numerical dissipation in the high-frequency range is
recommended for stiff problems.
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Chapter 3

Co-rotational planar beam
formulations
The co-rotational method is an attractive approach to derive highly nonlinear beam
elements [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 25, 26, 27, 72, 73, 74]. The
fundamental idea is to decompose the motion of the element into rigid body and
pure deformational parts through the use of a local system which continuously
rotates and translates with the element. The deformational response is captured at
the level of the local reference frame, whereas the geometric non-linearity induced by
the large rigid-body motion, is incorporated in the transformation matrices relating
local and global quantities. The main interest is that the pure deformational parts
can be assumed small and can be represented by a linear or a low order nonlinear
theory. For a general account, we refer also to [28, 29, 30, 31, 32, 33, 34, 83, 84, 85].
One important issue in the co-rotational method is the choice of the local formulation.
Whereas the Euler-Bernoulli beam theory is completely sufficient for the applications
of slender beams, the Timoshenko beam theory takes into account shear deformation,
making it suitable for describing the behaviour of short beams, composite beams, or
beams subject to high-frequency excitation. The classical and simplest Timoshenko
local element is obtained by using linear shape functions, a linear strain-displacement
relation and a reduced integration [86, 87, 88]. Such a formulation requires a large
number of elements in order to obtain accurate results. Several alternatives for
the local part are possible in order to obtain a more efficient element: a mixed
approach in which the displacements and the stress are interpolated independently
[89, 90, 91, 92], an enhanced strain formulation [93, 94, 95, 96] or the Interdependent
Interpolation element (IIE) formulation [97].
In the past decades, there have been many efforts to develop energy-momentum
methods for co-rotational formulations. These efforts have been only partially
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successful. Examples of previous attempts are the ones of Crisfield and Shi [9]
who developed a mid-point energy-conserving time integrator for corotating planar
trusses. In their formulation, the time-integration strategy is closely linked to the
co-rotational procedure which is "external" to the element. A similar approach was
applied to the dynamic of co-rotational shell [20] and laminated composite shells
[73]. Yang and Xia [74] proposed the energy-decaying and momentum-conserving
algorithm in the context of thin-shell structures. Galvanetto and Crisfield [11]
applied the previously developed energy-conserving time-integration procedure to
implicit nonlinear dynamic analysis of planar beam structures. Various end- and
mid-point time integration schemes for the nonlinear dynamic analysis of 3D corotational beams are discussed in [17]. They concluded that the proposed mid-point
scheme is an "approximately energy conserving algorithm". Salomon et al. [18]
showed the conservation of energy and momenta in the 2D and 3D analyses for the
simulation of elastodynamic problems. They mentioned that, for some cases, the
angular momentum is asymptotically preserved and an a priori estimate is obtained.
However, despite of all these works, the design of an effective time integration
scheme for co-rotational elements that inherently fulfils the conservation properties
of energy and momenta is still an open question.
In all the above examples energy conservation is either approximately achieved
or enforced by means of constraint equations. Indeed, so far no method exists
which inherently fulfills the conservation properties of energy and momenta in the
context of co-rotational formulation. In this context, the main idea of Sansour
et al. [39, 38] is applied to the co-rotational formulation for the first time. The
fundamental idea of Sansour et al. [38, 39] is to derive strain rate quantities from
the strain-displacement relations and to integrate the strains and the displacements
by using the same schemes. However, this method is not as straightforward as it
may seem. The choice of the correct strain rates is crucial since multiple nonlinear
relations exist between the displacements and further quantities which constitute
the strain field.
In this chapter, the beam kinematics and the various local strains for the co-rotational
planar beam are presented. Hamilton’s principle is used to derive the equation of
motions. The conserving properties such as energy, linear and angular momenta for
this beam model are given. The development of the energy-momentum method and
numerical examples will be presented in Chapter 5 and in the appended papers I, II
and III.

3.1

Beam kinematics

As shown in Figure 3.1, the motion of the element is decomposed in two parts. In a
first step, a rigid body motion is defined by the global translation (u1 ,w1 ) of the
node 1 as well as the rigid rotation α. This rigid motion defines a local coordinate
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Figure 3.1: Beam kinematics.

system (xl , zl ) which continuously translates and rotates with the element. In
a second step, the element deformation is defined in the local coordinate system.
Assuming that the length of the element is properly selected, the deformational part
of the motion is always small relative to the local co-ordinate systems. Consequently,
the local deformations can be expressed in a simplified manner. For a two node
beam element, the global displacement vector is defined by
q=



u1

w1

θ1

u2

w2

θ2

T

,

(3.1)

and the local displacement vector is defined by
q̄ =



ū θ̄1
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θ̄2

T

(3.2)

3.2

Strain measures

Bernoulli/IIE formulation
The Interdependent Interpolation Element(IIE), proposed in [97], is adopted for the
local beam kinematic description. The development of this beam element is based
on the exact solution of the homogeneous form of the equilibrium equations for a
Timoshenko beam. Consequently, the IIE element retains not only the accuracy
inherent to the cubic interpolation, but also includes the bending shear deformation.
The shape functions of the IIE element are given by
"

 
2 #
x
x
N3 = µ x 6 Ω 1 −
+ 1−
l0
l0




x
x
x2
N4 = µ x 6 Ω
−1 − + 2
l0
l0
l0
(3.3)


12 Ω x 4 x 3 x2
N5 = µ 1 + 12 Ω −
−
+ 2
l0
l0
l0


2
12 Ω x 2 x 3 x
−
+ 2
N6 = µ
l0
l0
l0
where Ω = EI/(GA ks l02 ), µ = 1/(1 + 12 Ω) and ks is the shear correction coefficient.
For a rectangular cross-section, ks is equal to 5/6. For the dynamic terms, Ω is
taken to 0 since extensive numerical studies have shown that this simplification does
not affect the numerical results (see [12]). It can be observed that with Ω = 0, the
Hermitian shape functions of the classical Bernoulli element are recovered.
The shape functions of the IIE are used together with a shallow arch beam theory.
The shallow arch longitudinal and shear strains are given by
ε11 = ε − κ z
∂w
−θ
γ=
∂x
in which the axial strain ε and the curvature κ are defined by

2 #
Z "
1
∂u 1 ∂w
ε=
+
dx
l0 l0 ∂x 2 ∂x
κ=

∂2w
∂x2

(3.4)
(3.5)

(3.6)
(3.7)

In Eq.(3.6), the axial strain is averaged over the element in order to avoid membrane
locking. The purpose of introducing a mild geometrical non-linearity in the local
formulation is to increase the accuracy of the formulation as compared to a purely
linear strain definition, while still retaining the efficiency.
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Reduced integration method
The reduced integration formulation (RIE) is the classical Timoshenko approach
based on linear interpolations and one Gauss point integration in order to avoid
shear locking. The curvature κ, shear deformation γ and strain ε are defined by
∂θ
θ̄2 − θ̄1
=
∂x
l0
∂w
− θ = −N1 θ̄1 − N2 θ̄2
γ=
∂x
θ̄2 − θ̄1
ū
z
ε11 = ε − κ z = −
l0
l0
κ=

(3.8)
(3.9)
(3.10)

The elastic potential energy for both IIE and reduced integration formulation is
defined by
Z
Z
Z
1
1
1
EA ε2 dx +
EI κ2 dx +
ks GA γ 2 dx
(3.11)
Uint =
2 l0
2 l0
2 l0
where E is the elastic modulus and G the shear modulus of the material.
Hellinger-Reissner mixed formulation
A two-field mixed formulation based on the Hellinger–Reissner variational principle
is considered. Both displacements and internal forces along the element are approximated by independent linear interpolation functions. The elastic potential of the
Hellinger-Reissner mixed formulation is written as


Z
1
T
Uint =
S
ê − e dx
(3.12)
2
l0
The generalized stress resultant vector S is approximate by





N
1
0
0
N
N2   M 1 
S =  M  = Ns f l =  0 −N1
Q
0 −1/l0 −1/l0
M2

(3.13)

where Ns is the matrix of shape functions satisfying local equilibrium.
From Eqs.(3.8),(3.9) and (3.10), the generalized strain vector ê is written as


ε
1/l0
ê =  κ  = Nê q̄ =  0
γ
0
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0
−1/l0
−N1



ū
0
1/l0   θ̄1 
−N2
θ̄2

(3.14)

The cross-section deformation vector e is defined by



1/(EA)
0
0
N
  M1 
0
−N1 /(EI)
N2 /(EI)
e = Ns1 f l = 
0
−1/(ks GA l0 ) −1/(ks GA l0 )
M2

3.3

(3.15)

Hamilton’s principle and conserving properties

Hamilton’s principle states that the integral of the Lagrangian between two specified
time instants t1 and t2 of a conservative mechanical system is stationary
Z t2
Z t2
δ
L dt = δ
(K − Uint − Uext ) dt = 0
(3.16)
t1

t1

wihere K is the kinetic energy, and Uext is the external potential. The body is a
non-conducting linear elastic solid and thermodynamic effects are not included in
the system. Uint are defined according to each formulation (see Eqs. (3.11) and
(3.12)). The kinetic energy is the sum of the translational and rotational kinetic
energies:
Z
Z
Z
1
1
1
2
2
ρA u̇2G dx +
ρA ẇG
dx +
ρI θ̇G
dx
(3.17)
K=
2 l0
2 l0
2 l0
while the external potential is given as
Uext = −

Z
l0

pu uG dx −

Z

pw wG dx −

l0

Z

pθ θG dx −

l0

6
X

Pi qi

(3.18)

i=1

pu and pw are the distributed horizontal and vertical loads, pθ is the distributed
external moment, Pi is the i component (concentrated forces and moments at the
nodes) of external force vector P .
The above equations are the starting point for further developments. Further, the
above Hamiltonian system exhibits the following conservation properties. If the
external loads are conservative, the total energy of the beam element can be written
as
K + Uint + Uext = constant
(3.19)
The linear momentum is defined by



 Z
Lu
u̇G
L=
=
ρA
dx
Lw
ẇG
l0
and the angular momentum by

 



Z
Z
0
uG
u̇G
J=
ρA  wG  ×  ẇG  dx +
ρI  0  dx
l0
l0
0
0
θ̇G
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(3.20)

(3.21)

The time derivative of the two momenta define the equations of motion:
 R

pu dx + P1 + P4
d
L = R l0
p dx + P2 + P5
dt
l0 w

(3.22)

and
d
J=
dt

Z

(uG pw − wG pu ) dx + (x1 + u1 )P2 − (z1 + w1 )P1
Z
+ (x2 + u2 )P5 − (z2 + w2 )P4 +
pθ dx + P3 + P6 = Mext
l0

(3.23)

l0

from which it can be seen that, with vanishing external load, the linear momentum is
constant and, with vanishing external moments, the angular momentum is constant.
It should be noted that the expression "external load" refers to all possible loading
conditions including reactions forces.
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Chapter 4

Geometrically exact
Euler-Bernoulli spatial beam
formulation
Flexible beam elements can be found in different areas of engineering practice.
For some applications, such as large deployable space-structures, wind turbines
propellers, offshore platforms or structures under extreme loading, beam structures
could undergo large deformations as well. In addition to industrial applications, in
many areas in biology and biomechanics researchers are resorting to slender beam
theories as a powerful modelling tool as well.
While the linear beam theory is generally based on the Euler-Bernoulli hypothesis,
which neglects shear deformations, a generalisation to the non-linear large deformation regime is usually based on the Timoshenko assumption which considers shear
deformations. The main reason is that the kinematic description of the deformation
of the beam cross section is straightforward under the latter assumption and very
complex under the former. Indeed, the modelling of the non-linear static and
dynamic behaviour of beams has been successfully carried out using concepts which
incorporate three-parametric rotation tensors while exhibiting shear strains. The
specific assumptions, details and parameterisations may differ but the outcomes are
very much similar: Argyris et al. [98], Bathe and Balourchi [99], Simo and Vu-Quoc
[100], Cardona and Géradin [101], Pimento and Yojo [102], Bauchau et al. [103]
Ibrahimbegović [104, 105], Gruttmann et al. [106], Zupan and Saje [107], Sansour
and Wagner [108], Kapania and Lie [109], Romero [110], Mata et al. [111], Zupan
et al. [112], Zhong et al. [113]. and Li et al [114].
The extension of Euler-Bernoulli assumption to the non-linear large deformation
regime is challenging. In the planar case, the desired extension has been successfully
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carried out for both the static and dynamic cases (Nanakorn and Vu [115], Armero
and Valverde [116], Sansour et al. [35]). In contrast, the general three-dimensional
case finds itself faced with multiple problems which prevented its development and so
hindered possible applications. This is especially true within the context of dynamics.
In this work, a three dimensional formulation for an Euler-Bernoulli-based beam
theory is provided.
The main obstacle in defining a three-dimensional Euler-Bernoulli beam theory lies
in the fact that there is no natural way of defining a base system at the deformed
configuration. Such a system exists at the reference configuration by definition. The
strain measures are employed to characterise the deformation of these base vectors
into the current configuration. Beam formulations, which consider shear, make
use of a rotation tensor to define the current configuration of these vectors. In an
Euler-Bernoulli beam, their final position can not be defined directly. Some recent
attempts can be found in the literature where the problem has been successfully
solved via different strategies which result in replacing two rotation parameters
by expressions which relate to the displacements of the centre line resulting in 4
parametric beam formulations. Three of those parameters are either displacements or
rotations, while the fourth parameter captures the cross sectional torsional rotation
or the stretch of the centre line, respectively. The reader is referred to Pai [117],
Zhoa and Ren [118], Greco and Cuomo [119], Bauer et al. [120], Meier [121] for
a complete details on the issue. Besides, Shabana et al. [122, 123] proposed the
absolute nodal position and slope degree of freedom instead of angles to define the
orientation of the element.
In this work, an alternative and direct approach to realise the objective of developing
an Euler-Bernoulli-based three-dimensional beam theory is presented. Based on
the Euler-Bernoulli assumption, the only information available is that 1) the base
vectors will stay normal to each other after the deformation and 2) the central line
is well defined by means of a displacement vector and the only vector which changes
length is that tangent to the central line. Two approaches to define the position of
the deformed base system in a way consistent with the overarching Euler-Bernoulli
assumption will be presented. In a first approach, the issue is resolved by resorting
to the following idea. Given the tangent vector at the base line (centre line), which
is available through a standard differentiating process, an orthogonal base system is
constructed by means of a Gram-Schmidt process. This base system is then rotated
to the final deformed one by means of a rotation tensor, the rotation vector of which
is parallel to the tangent vector at the deformed configuration. Hence, this rotation
is only one-parametric. The rotation defines an angle which is a degree of freedom
of the system. Indeed, it contributes to the definition of the torsional motion of the
cross section, though it does not describe it completely as parts of this torsional
rotation are captured by means of the orthogonalisation process. However, since
the orthogonal base system constructed by means of the Gram-Schmidt process is
not unique, the rotation angle is not unique as well. Though, the final configuration
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of the base vectors is unique and so the resulting strain measures are unique and
objective providing us with an access to a complete Euler-Bernoulli three-dimensional
beam theory.
In a second approach, it will be shown as to how the rotation tensor can be defined
based on first and second derivatives of the displacement vector of the centre line,
together along a one parametric rotation. While this second approach is presented,
it is not going to be implemented as the numerical implementation is restricted to
the first approach.
The design of energy conservation is not straightforward and depends very much on
the involved non-linearities in the formulation at hand. In fact the Euler-Bernoulli
hypothesis, due to its coupling of the cross sectional deformation to the deformation
of the central line, does provide us with highly complex non-linear expressions for
bending as well as for the kinetic energy, which involve second derivatives of the
displacement field. A general methodology for the systematic construction of energyconserving schemes has been proposed by Sansour et al. [38, 39] and successfully
applied to different shell and rod formulations in [82], [35]. The methodology is based
on the realisation that geometric and material non-linearities have to be treated
differently. The complexities of the geometric non-linearities can be circumvented
by resorting to strain velocities to provide, by means of integration, the expressions
for the strain measures themselves. The expressions for the strain velocities, by
definition, are linear in the velocities of the degrees of freedom of the system; the
displacements as in the case of the present beam formulation. This is a powerful
statement which makes energy-conservation accessible no matter how complex
the geometric non-linearities, meaning the expressions of the strain-displacement
relations, may be. This methodology will be applied to the present formulation and
it proves itself again as powerful.
In this chapter, the beam kinematics and the implementation of Euler-Bernoulli
assumption for the first approach are presented. An alternative approach to the
same objective is presented as well. The principle of virtual work is given along with
the conserving properties. The details for the development of energy-conserving
scheme for this new formulation are discussed in Chapter 5 and the paper IV.

4.1

Beam kinematics

Let B ⊂ R3 , where B defines a reference configuration of a material body. The map
ϕ(t) : B → R3 is an embedding depending on a time-like parameter t ∈ R. Hence,
ϕ0 = ϕ (t = t0 ) defines a reference configuration which enables the identification
of the material points. Then, for the reference position X ∈ B and the deformed
position x ∈ Bt , it gives: x(t) = ϕ(X, t) and X(t) = ϕ−1 (x, t). Furthermore,
let ei , i = 1, 2, 3 be the Cartesian basis vectors. As shown in Figure 4.1, all the
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Figure 4.1: Beam kinematics.
center points of the rod cross-sections defined the centre line, which assume to be
smooth. An arc length parametrisation of this line with the arc length L at the
reference configuration denoted as s ∈ [0, L]. Therefore, a curvilinear coordinate
system, which is considered to be convected, is described by the triple (s, z, j) for
any material point in the cross-section.
Let X 0 be the position of the center line at the reference configuration and it gives:
X(s, z, j) = X 0 (s) + z N (s) + j M (s)

(4.1)

u'2I
u2I

The unit tangent vector is defined as T = ∂X 0 /∂s|j=z=0 . Similarly, the vectorsI γ
γ'
I
T 1 = ∂X/∂s, N = ∂X/∂z and M = ∂X/∂j are introduced. Hence, the triple
(T 1 , N , M ) defines a local curvilinear basis for the reference configuration.
u3I
 The
corresponding contravariant-based vectors are then given by T 1 , N , M with u'3I
2
e2
T 1 = T 1 / |T 1 | . In a latter expression, |•| denotes the norm of a vector.
I

The corresponding tangent vectors at the deformed configuration are defined as
e3
(g, n, m) with g = ∂x/∂s and both n and m are the normal vectors of the crosssection. From Figure 4.1, the position x of point A0 at the deformed configuration
is then defined as :
x(s, z, j) = X 0 (s) + u(s) + z n(s) + j m(s)

(4.2)

where u(s) is the displacement vector of the center line. From the above expression,
it gives:
g = x,s = X 0,s + u,s + z n,s + j m,s
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(4.3)

e1

u1I

and the unit tangent vector t is given by
t=

X 0,s + u,s
|X 0,s + u,s |

(4.4)

where a comma denotes the derivative.
Two choices for the normal vectors of cross-sections in the deformed configuration
are discussed in the following section.
First approach
By the definition of the Gram-Schmidt process, the deformed normal vector n∗
can be constructed based on the deformed unit tangent vector t and one of the
normal vectors (N or M ) in the reference configuration. By doing this, the n∗ and
t stay normal to each other and the non-singularity can be avoided by appropriately
selecting the vectors N or M . Therefore, the normal vector n∗ is defined as:
n∗ =

N − (N · t) t
|N − (N · t) t|

or

n∗ =

M − (M · t) t
|M − (M · t) t|

(4.5)

where a dot denotes the scalar product of vectors.
This base system is then rotated to the final deformed one by means of a rotation
tensor R1 , those rotation vector is parallel to the tangent vector at the deformed
configuration. Hence, this rotation has only one parameter γ. This parameter
defines an angle which is taken as a degree of freedom of the element. In deed, it
contributes to the definition of the torsional motion of the cross section, though it
does not describe it completely as parts of this torsional rotation are captured by
means of the orthogonalisation process.
Denoting the axial vector of Γt by γ, the rotation tensor R1 is defined with the help
exponential map as follow (Choquet-Bruhat et al. [124]; Dubrovin et al. [125]).
R1 = I + sin γ Γt + (1 − cos γ) Γt Γt
where Γt denotes a skew-symmetric matrix of the vector t:


0
−t(3) t(2)
0
−t(1) 
Γt =  t(3)
−t(2) t(1)
0

(4.6)

(4.7)

Therefore, the final normal vector n in the deformed configuration is given as
n = R1 n∗

(4.8)

Since the Euler-Bernoulli assumption is adopted, the remaining normal vector m
stays normal to other vectors (n, t) after the deformation. It is defined by m = t×n
where × denotes the cross product of two vectors.
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Second approach
In a second approach, the rotation tensor is defined based on first and second
derivatives of the displacement vector of the centre line, together with one parametric
rotation γ. The total rotation matrix is obtained by a multiplication of two rotation
matrices:
R = R1 (γ t) R2 (w)

(4.9)

where the rotation tensor R1 is already defined in the first approach. w is the
rotation vector of R2 which is computing from the following expression:
T · t = |T ||t| cos α = cos α
w
sin α
T × t = |T ||t| sin α
=
w
|w|
α

(4.10)
(4.11)

with α being the angle between the vectors T and t. It yields:
w=

α
(T × t)
sin α

(4.12)

The rotation tensor R2 is given as:
sin α
1 − cos α
Γw +
Γw Γw
α
α2
1
= I + Γv +
Γ Γ
1+T ·t v v

R2 = I +

(4.13)

where Γw denotes a skew-symmetric matrix of the vector w and Γv a skew-symmetric
matrix of the vector v = T × t.
Finally, the normal vectors in the deformed configuration are then given by:

4.2

n = RN

(4.14)

m = RM

(4.15)

Strain measures

Based on the above beam kinematics, the deformation gradient can be written down
in the curvilinear bases system as: F = g ⊗ T 1 + n ⊗ N + m ⊗ M . The right
Cauchy deformation tensor is defined as FT F, which gives under the matrix form:


g·g
g·n
g·m
1
0 
C= g·n
(4.16)
g·m
0
1
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Then, the Green stain tensor E =


1
2

(C − I) is given as

E11
E =  E12
E13

E12
0
0


E13
0 
0

(4.17)

The non-trivial components of the Green tensor are written as
E11 = ε11 + z κ1 + j κ2
1
E12 = j κ12
2
1
E13 = z κ13
2

(4.18)
(4.19)
(4.20)

where ε11 denotes as the axial strain, κ1 , κ2 as the curvature of the direction z and j
respectively, κ12 and κ13 as the torsion of the cross-section. These strains are given
after some algebraic manipulations:
1
ε11 ≈ X 0,s · u,s + u,s · u,s
2
κ1 = (X 0,s + u,s ) · n,s − X 0,s · N ,s

(4.21)
(4.22)

κ2 = (X 0,s + u,s ) · m,s − X 0,s · M ,s

(4.23)

κ12 = n · m,s − N · M ,s

(4.24)

κ13 = n,s · m − N ,s · M

(4.25)

The axial strain is simplified by neglecting terms of z 2 since the thickness of
the beam is small compared to its length. Besides, κ12 = −κ13 are equal to
each other in magnitude because the following condition of normality is satisfied:
(m · n − M · N ),s = 0.

4.3

Principle of virtual work and conserving properties

The principle of virtual work in dynamics is given by:
2E
E12 δE12 dV
1
+ν
t1
V
V
V
!
Z
Z
N
X
2E
+
E13 δE13 dV −
p(s) · δu ds −
P i · δui dt = 0
V 1+ν
L
i=1

Z

t2

Z

ρ ẍ · δx dV +

Z

E E11 δE11 dV +
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Z

(4.26)

Equation (4.26) is further developed to produce:
Z t2 Z
Z
Z
ρA ü · δu ds +
ρIz n̈ · δn ds +
ρIj m̈ · δm ds
t1
L
L
L
Z
Z
Z
+
EA ε11 δε11 ds +
EIz κ1 δκ1 ds +
EIj κ2 δκ2 ds
L

+

Z

L

GIj κ12 δκ12 ds +

L

Z

L

GIz κ13 δκ13 ds −

L

Z

p(s) · δu ds −

L

N
X

!
P i · δui

i=1

dt = 0
(4.27)

where V is the volume of the beam, L the length, ρ the density of the material, A
the area of the cross section, Iz and Ij moment of inertia. E is young module of the
material and G shear modulus with the coefficient of Poisson ν. P i , i = 1, 2, ..., N
are concentrated force and p is a distributed external force.
Since κ12 = −κ13 , the terms related to torsion can be combined into a single term:
Z
Z
Z
Z
GIj κ12 δκ12 ds +
GIz κ13 δκ13 ds =
G (Ij + Iz ) κ12 δκ12 ds =
GJ κ12 δκ12 ds
L

L

L

L

(4.28)

Indeed, the torsional constant J equal to Ij + Iz is only valid for circular section.
However, for any arbitrary cross-section, the actual torsional constant J is adopted
instead of the terms Ij + Iz .
Therefore, Equation (4.27) can be rewritten as
Z t2 Z
Z
Z
ρA ü · δu ds +
ρIz n̈ · δn ds +
ρIj m̈ · δm ds
t1
L
L
L
Z
Z
Z
+
EA ε11 δε11 ds +
EIz κ1 δκ1 ds +
EIj κ2 δκ2 ds
L
L
L
!
Z
Z
N
X
+
GJ κ12 δκ12 ds −
p(s) · δu ds −
P i · δui dt = 0
L

L

(4.29)

i=1

One can show that the aforementioned statement do entail certain conservation
properties. The total energy is defined by:
E = K + Uint + Uext

(4.30)

with:
1
K=
2

1
ρA u̇ · u̇ ds +
2
L

Z

1
ρIz ṅ · ṅ ds +
2
L

Z
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Z
L

ρIj ṁ · ṁ ds

(4.31)

Uint =

1
2

Z

EA ε211 ds +

L

1
2

Z

EIz κ21 ds +

L

Z

Uext =

1
2

Z

EIj κ22 ds +

L

p(s) · u ds +

N
X

L

1
2

Z

GJ κ212 ds (4.32)

L

(4.33)

P i · ui

i=1

The linear momentum is defined by
Z
Z Z
Z
L=
ρ ẋ dV =
ρ (u̇ + z ṅ + j ṁ) dA dL =
ρA u̇ ds
V

L

A

(4.34)

L

and the angular momentum defined by
Z
J=
ρ x × ẋ dV
ZV
Z
Z
=
ρA (X 0 + u) × u̇ ds +
ρIz (n × ṅ) ds +
ρIj (m × ṁ) ds
L

L

(4.35)

L

Functional (4.29) is equivalent to the statements:
D
L=
Dt

Z

D
J=
Dt

Z

p(s) · δu ds +

L

N
X

Pi

(4.36)

i=1

x0 × p(s) ds +

L

N
X

x0 × P i

(4.37)

i=1

From the aforementioned equations, linear and angular momenta are conserved:
L = constant,

for vanishing loading

(4.38)

J = constant,

for vanishing moments

(4.39)

Likewise, one can derive that the total energy of the system E = K + Uint + Uext ,
which coincides in most cases with the Hamilitonian, is constant if damping is
disregarded. It gives: E = K + Uint + Uext = constant.
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Chapter 5

Research work
In this thesis, the research work is divided into two main parts. The first part
concerns the development of energy-momentum method for the co-rotational planar
beam formulation. The work of this part produces three models with a specific
application of steel structures subjected to seismic and impact loadings. This work
is presented in papers I, II and III. The second part is devoted to the development
of a 3D geometrically exact curved beam in the total Lagrangian approach. The
detail of this formulation is presented in paper IV.

5.1

2D co-rotational Bernoulli beam (Paper I)

The dynamic co-rotational planar beam element proposed by Le et al. [12] is efficient:
accurate results are obtained with only few elements. However, the HHT-α method
[37] is used as time stepping method and consequently the energy and momenta of
the system are not conserved. In order to tackle this problem, a so called energymomentum method, that enhances the stability for long term analyses without
introducing any numerical dissipation, is introduced. For that, the co-rotational
formulation need to be adapted.
The development of the energy-momentum method for the co-rotational formation
is based from the following expression :
Z tn+1 Z
Z
Z
ρA üG δuG dx +
ρA ẅG δwG dx +
ρI θ̈G δθG dx
l0
l0
Ztn
Z
Z
Zl0
+
EA ε δε dx +
EI κ δκ dx −
pu δuG dx −
pw δwG dx
l0

Z
−
l0

l0

pθ δθG dx −

6
X

l0

!
Pi δqi

dt = 0

i=1
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l0

(5.1)

The previously developed time integration scheme [38, 39] is here adapted in the
present context of the co-rotational formulation. Whereas the main idea of relating
the strain fields to the strain velocity still applies, its specific realisation in the
co-rotational context is not straightforward and is developed here for the first time.
The midpoint velocities are applied to both the kinematic variables and strains.
Formally, it takes the following generic form:
Z

tn+1

tn

f (t) dt = f (tn+ 12 ) ∆t = fn+ 21 ∆t

(5.2)

where the function f can represent either a kinematic variable or a deformational
quantity.
Consequently, the application of the midpoint rule (Eq. (5.1)) to Eq. (5.2) gives
the dynamical equation of motions at midpoint step:
Z
l0

+

Z
l0

+

ρA üG,n+ 21
ρI θ̈G,n+ 12

Z
l0

EI κn+ 12

Z
−
l0

pw,n+ 12

!T

∂uG,n+ 12
∂q n+ 21
∂θG,n+ 12

l0

!T

∂q n+ 12
!T
∂κn+ 21
∂q n+ 21
∂wG,n+ 12
∂q n+ 12

dx +

dx +

EA εn+ 12

Z
l0

!T

ρA ẅG,n+ 12

Z
l0

dx −

dx −

pu,n+ 12

Z
l0

∂wG,n+ 12

Z

pθ,n+ 12

∂q n+ 12
!T

∂εn+ 12

∂q n+ 21
!T

∂uG,n+ 12
∂q n+ 12

∂θG,n+ 21
∂q n+ 12

!T

!T

dx

dx

dx
dx − P n+ 21 = 0 (5.3)

The derivative of the kinematic and strain fields by respect to the global displacement
q (the right side of each component) are calculated from the classical co-rotational
equations. However, the accelerations (üG,n+ 12 , ẅG,n+ 12 , θ̈G,n+ 12 ) and the local
strains (εn+ 12 , κn+ 12 ) are not directly calculated from the nodal displacements,
velocities and accelerations. In fact, since these variables are highly nonlinear, their
coupling behavior can cause an instability [1, 22]. To see the matter clearly, one
can show first how the nodal global displacement and the nodal global acceleration
at midpoint are calculated:
∆t
q̇ 1
2 n+ 2
2
2
=
q̇ 1 −
q̇
∆t n+ 2
∆t n

q n+ 12 = q n +

(5.4)

q̈ n+ 12

(5.5)

One can see that both nodal displacement and acceleration depend mainly on the
nodal velocity at n + 1/2 and the previous variable at step n. In order to solve the
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coupling problems, each nonlinear variable has to apply the same procedure with
the help of Eqs. (5.4) and (5.5). The accelerations are then obtained as:
2
2
1 −
u̇
u̇G,n
∆t G,n+ 2
∆t
2
2
1 −
ẅG,n+ 12 =
ẇ
ẇG,n
∆t G,n+ 2
∆t
2
2
1 −
θ̇
θ̇G,n
θ̈G,n+ 21 =
∆t G,n+ 2
∆t
üG,n+ 12 =

(5.6)

In the same way, the local strains are obtained as:
∆t
ε̇ 1
2 n+ 2
∆t
κ̇ 1
= κ̇n +
2 n+ 2

εn+ 21 = εn +
κn+ 21

(5.7)

It can be observed that updating the strains by integrated the strain velocity using
Eqs. (5.7) produces strains at n + 1 that are not equal to the strains determined
from the total displacements and rotations at n + 1. In fact, both the strains
and the displacements are updated using the mid-point rule and the strain field is
accordingly consistent with the second order accuracy for single step method. The
same concept is also applied to the computation of the accelerations as shown in
Eqs. (5.6).
The proposed algorithm results in the conservation of energy and momenta. These
properties can be shown theoretically. The details of those proofs are presented
in Paper I. This indicates that the algorithm is unconditionally stable. Moreover,
the expressions of the internal force vector and the tangent matrix can be obtained
exactly without using any gauss point integration along the length of the element.
These expressions have been derived by using MATLAB symbolic.
In paper I, four examples are tested in order to validate the proposed algorithm. The
first example, see Figure 5.1, is a cantilever beam subjected to a concentrate load at
its tip. The load induces large displacements to the beam. The results presented in
Figure 5.2, show that the proposed energy-momentum scheme conserves the energy
of the system and is stable during one million time steps. However, the Newmark
method shows instabilities after some 24 s, see Figure 5.3. The HHT-α is stable but
the energy is not conserved.
The last example is a free flying beam as shown in Figure 5.4. The length of the
beam is L = 3 m, the cross-sectional area is A = 0.002 m2 and the moment of inertia
I = 6.667 × 10−8 m4 . The material properties are: elastic modulus E = 210 GPa
3
and density ρ = 7850 kg/m . The number of element is 4 and the time step size is
−3
∆t = 10 s.
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Example flying spaghetti
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Figure 5.1: Geometry and load history of cantilever beam
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Figure 5.2: Comparison of energy from 0s to 30s
This problem is suitable to study the conservation of the linear and angular momenta.
Since only vertical loads are applied at the beginning, the linear momentum in
the horizontal direction should be zero. As shown in Figure 5.5(b), this linear
momentum is almost zero with the maximum value of 3 × 10−7 . Figures 5.5(a),
5.5(b) and 5.6(a) show that the energy, the linear momentum in the vertical direction
and the angular momentum are constant. This example has also been studied with
the average acceleration and HHT-α (α = −0.01) methods. As shown in Figure
5.6(b), the angular momentum is not conserved with these two methods.

5.2

2D co-rotational shear-flexible beam (Paper II)

In this work, the concept of energy-momentum method presented in paper I [40] is
further developed to co-rotational shear flexible 2D beam elements. Based on the
previous works of Sansour et al. [39, 38], the main idea is to apply the midpoint
rule not only to nodal displacements, velocities and accelerations but also to the
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Figure 5.4: Geometry and load history of free flying beam
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Figure 5.5: (a). Energy of free flying beam, (b). Linear momentum.
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Figure 5.6: (a). Angular momentum of Energy-Momentum method, (b). Angular
momentum of Average acceleration method (left) and Alpha method α = −0.01
(right).

strain fields. The conservation of energy, linear and angular momentum is proved
theoretically and also observed in the numerical applications.
Based on the same co-rotational framework, three different local formulations are
implemented and tested for a large number of time steps. The respective shape
functions and strain assumptions for each local formulation are presented in Table
5.1. The reduced integration method (RIE) is the classical Timoshenko approach
based on linear interpolations and one Gauss point integration for the static terms.
The Hellinger-Reissner mixed formulation (MX) is also based on linear interpolations
but a mixed approach is used to derive the static terms. For the Interdependent
Interpolation element (IIE) formulation, the IIE cubic shape functions [97] are used
and a nonlinear shallow arch strain definition is adopted. For this last element, the
expression of the tangent dynamic matrix is complicated and a possible simplification
is carefully studied. For the three formulations, different predictors are tested.
Table 5.1: Formulations
Formulations
RIE
MX
IIE

Shape function
Linear
Linear
Cubic

Static term
Linear strain with reduced integration
Linear strain with mixed formulation
Shallow arch strain

For the reduced and mixed formulations, linear interpolations are taken for the local
displacements u, w and local rotation θ. Consequently, a constant mass matrix is
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obtained. The tangent mass matrix is:

Kk =

2
M
∆t2

(5.8)

where the constant mass matrix M is given by




M = ρ l0 




A/3
0
0
A/6
0
0

0
A/3
0
0
A/6
0

0
0
I/3
0
0
I/6

A/6
0
0
A/3
0
0

0
A/6
0
0
A/3
0

0
0
I/6
0
0
I/3










(5.9)

The development of the local IIE formulation [97] is based on the exact solution
of the homogeneous form of the equilibrium equations for a Timoshenko beam.
Consequently, the IIE element retains not only the accuracy inherent to the cubic
interpolation, but also includes the bending shear deformation. However, due to
the cubic shape functions, the exact expression of the tangent mass matrix is very
complicated:
Kk =

∂f k,n+ 12

∂q n+1
"
!
 
1  T T
2
zT
T
= 2 T Ml T +
T I 1 Ml + Ml I 1 T
∆q
2
ln+ 12
∆t
!
1
∂
θ̄



1
1,n+
2
+ TT Ml,l T ∆q r T + TT Ml,θ̄1 T ∆q
2
∂q n+1
!#
∂ θ̄2,n+ 12

2 ∂f uwθ
T
+ T Ml,θ̄2 T ∆q
−
∂q n+1
∆t ∂q n+1

(5.10)

The expression of the tangent mass matrix is very long and its computation requires
a lot of computational time. In order to reduce the computational time, Geradin
and Cardona [101, 126] suggested to keep only the mass matrix and to neglect the
gyroscopic and centrifugal matrices. Hence, a simplified tangent dynamic matrix is
proposed:
Kk =


2
T
2 T Ml T
∆t
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(5.11)

where T is the rotation matrix:

cn+ 12
 −sn+ 1

2

0
T=

0


0
0

sn+ 12
cn+ 12
0
0
0
0

0
0
0
0
1
0
0 cn+ 12
0 −sn+ 12
0
0

0
0
0
sn+ 12
cn+ 21
0

0
0
0
0
0
1










(5.12)

The choice of an efficient predictor is also important. The predictor provides the
initial value for the solution at time n + 1. A poor predictor can increase the number
of iterations and in some cases makes the procedure fail to converge. In this work,
three predictors have been implemented and tested:
• The first predictor (Pred.1), referred to as "Unchanged displacements", is used by
Simo and Vu-Quoc [100].
q n+1 = q n
(5.13)
• The second predictor (Pred.2), called as "Null accelerations", is proposed by Cardona and Geradin [101], Mäkinen [127], Chung and Hulbert [128]. Zero accelerations
are taken as predictor for the solution at time n + 1. In the case of midpoint rule
the nodal accelerations at time n + 12 are taken to zero, hence the new prediction
for displacements is obtained as
q n+1 = q n + ∆t q̇ n

(5.14)

• The idea of the third predictor (Pred.3), proposed by de Borst et al. [129], is to
assume that the system behaves linearly between steps n − 21 and n + 12 . In the
present case, Pred.3 can be written as


2
2
T
(5.15)
T
M
T
+
K
∆q =
f uwθ,n− 21 − f g,n− 12 + f ext,n+ 21
l
g
∆t2
∆t
1
n−
2

In order to validate the proposed formulations, four numerical examples are presented
in paper II. Four main features are discussed:
• Conservation of the total energy, linear and angular momentum.
• Stability of the algorithms for a large number of time steps (one million step).
• Efficiency of the three proposed formulations, both regarding the required number
of elements and the computational time.
• Validation of the reference solution by taking a large number of elements against
the three shear flexible formulations.
Only the shallow arch beam example is considered here. A shallow arch beam of
span L = 10 m with clamped ends is depicted in Fig. 5.7. The radius R of the
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Figure 5.7: Shallow arch beam: geometry and loading history.
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arch is 10 m and the height H is 1.3997 m. The shallow arch is subjected to a
time-dependent concentrated load P = P0 sin(ωt) at mid-span. The amplitude of
the load P0 is 80 MN and its frequency ω is 1000 rad/s. The characteristics of the
0.40
t(s)
2
0.1m,arch
I = are: cross-sectional area A = 0.087 m , elastic modulus E = 210 GPa, moment
−3
4
of inertia I = 3.562 × 10 m , Poisson’s ratio ν = 0.3 and density ρ = 7850 kg/m3 .
200 The
GPa size of time step is ∆t = 10−5 s.
For the presentation of the results, the following colors are used in Figure 5.8:
IIE formulation
Mixed formulation

Reference solution

IIE formulation

Reduced integration method

Mixed formulation

The following number of element is used respectively for each formulations: 8 for
IIEt(s)
formulation, 16 for mixed formulation, 24 for Reduce integration method and
100
0.02m, I =for the reference solution. Figure 5.8(a) shows the vertical displacement v at
mid-span for the four analyses. With only 8 elements, the results obtained with IIE
= 200formulation
GPa
are very close to the reference solution. However, large discrepancies can
be observed between the results obtained with the mixed formulation (16 elements)
and with the reduced integration method (24 elements) compared to the reference
solution.
For the three formulations, the relative energy error is depicted in Fig. 5.8(b). The
largest value is about 3 × 10−8 for a maximum external energy of 1.85 × 108 J. These
results proved the good stability of the proposed algorithm even for a large number
of steps (one million).
The numerical performances of the three proposed formulations are presented in
detail in Paper II. For each formulation, the three predictors described aboved
have been tested. For the IIE approach, both the exact tangent dynamic matrix
(Eq.(5.10)) and the simplified one (Eq. (5.11)) have been tested. For each example,
the same number elements (corresponding to the number of elements for the MX
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Figure 5.8: (a). Vertical displacement v, (b). Relative energy error.

approach in Table 2 of paper II) have been used in all analyses. In Table 5.2, the
computational time and the total number of iterations (in parenthesis) are given for
each case considering 5000 steps.
Table 5.2: Numerical performances for shallow arch beam
Pred.1
Pred.2
Pred.3

RIE
38 (14999)
38 (14999)
38 (14997)

MX
38 (14999)
38 (14999)
38 (14997)

IIE-exact
138 (18569)
114 (15000)
115 (14999)

IIE-simp.
110 (22902)
97 (19951)
99 (19996)

The following conclusions can be drawn:
• For the RIE and MX approaches, all the predictors give almost the same computational time. For the IIE formulation, Predictor 2 gives the lowest computational
time, but the difference between Predictors 2 and 3 is not significant.
• The CPU time and number of iterations for the RIE and MX formulations are
almost the same. This was expected since the only difference between these approaches resides in different constant local stiffness matrices. However, as shown
previously in the examples, the RIE approach requires a larger number of elements
in order to get an accurate solution.
• For the IIE formulation, it is better to use the simplified tangent stiffness matrix.
The number of iterations increases but the CPU time decreases by 20% to 40%
(Predictor 2).
• With Predictor 2, the IIE formulation (with simplified tangent dynamic matrix)
requires about 2.0-2.6 times more CPU time than the MX formulation. On the
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other hand, the numerical examples have shown that with twice the number of
elements, the MX formulation gives less accurate results that the IIE one. It is
therefore difficult to conclude if one formulation is more efficient than another one.

5.3

A 2D elasto-(visco)-plastic fiber co-rotational beam
element and a planar co-rotational beam element with
generalized elasto-(visco)-plastic hinges (Paper III)

In this paper, 2D co-rotational beam element formulations for nonlinear dynamics
of frame structures subjected to impact are developed. Based on the co-rotational
framework, the inelastic behaviour of the frame structures is modelled by either
distributed plasticity and generalized hinge approaches. Both Bernoulli and Timoshenko local beam formulations are employed for the distributed plasticity approach
whereas Bernoulli formulation is associated with the generalized hinges element.
For the latter, a condensation procedure is used to remove the internal degrees
of freedom and to produce a two noded super-element that fits the standard corotational approach. For the three formulations, strain effects have been considered
by replacing the plastic flow rule with its visco-plasticity counterpart. In addition,
the dynamical equations of motion are solved by using a scheme that conserves
the energy in case of elasticity. The responses of the three formulations have been
compared against each other for impact problems.

Distributed plasticity models
For the Bernoulli model, the element is based on the classical linear beam theory,
using a linear interpolation for the local axial displacement and a cubic one for the
local transverse displacement. For the Timoshenko model, a reduced integration
formulation based on linear interpolations and a single Gauss point is employed in
order to avoid shear locking.
In these models, it is assumed that total strain rate is defined as the sum of elastic
and plastic strain rates:
Ξ̇ = Ξ̇ + Ξ̇
e

p

(5.16)

The plastic strain rate is determined by the plastic flow rule:
Ξ̇ = λ̇
p

∂Φ
∂Σ

(5.17)

where Ξ̇p is the plastic multiplier and Σ is the stress-resultant vector. The yield
function Φ for each formulation is defined by:
1/ For the Bernoulli formulation:
Φ = |σ| − σy
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(5.18)

where Σ is to equal to σ and σy is the yield stress.
2/ For the Timoshenko formulation, von Mises yield function is adopted:
1/2
Φ = σ 2 + 3τ 2
− σy
with Σ = [σ

(5.19)

τ ].

The vicso-plastic flow rule is introduced in order to study the strain rate effect of
the structures subjected to impact. The visco-plasticity flow rule is then defined by:
(
 ζ
Φ
if Φ ≥ 0
D
σy
(5.20)
λ̇ =
0
if Φ < 0
where Φ is given by a power function of Cowper-Symonds-Bonder type [130, 131].
D and ζ are material constants; for mild steel, ζ = 5 and D = 40.4 s−1 according
to Cowper and Symonds [130] and for aluminum alloys, ζ = 4 and D = 6500 s−1
according to Bonder and Symonds [131].
The details regarding the derivation of the consistent local tangent matrix are given
in Paper III.

Generalized hinges
The structural member consists of three sub-elements: a standard flexible beam
element and two generalized plastic hinges that are modeled by a combination of
axial and rotational springs (see Figure 5.9). The elongation or shortening of the
hinges occurs along the beam axis. The generalized hinges can be seen as finite
elements with zero initial length. By assembling these hinges with the beam element
and by performing static condensation, a two node super-element (see Figure 5.9) is
obtained. This element is then incorporated into a co-rotational framework in order
to introduce geometrical nonlinearities. Consequently, the local axial displacement
ū1 is equal to 0.
M4, θ4
4
N4,u4

M1, θ1
1

N1,u1=0

M1, θ1
1

Mb3, θ3
M3, θ3
Nb3 ,u3 N3 ,u3
3
3

Mb2, θ2
M2, θ2
2
N2 ,u2 Nb2 ,u2 2
[2]
l(2)

[1]
l(1)=0

M4, θ4
N4 ,u4
4

[3]
l(3)=0

Figure 5.9: Local super-element.
kbeam=[ EA/L

0

0

hinge2=[k 0
Chinge1=[k 0 of the element
0 4EI/L 2EI/L
The co-rotational kinematic
is shown inCFigure
5.10. The motion
0 kθ2]
0 2EI/L 4EI/L]
0 kθ1]
of the element is decomposed
in
two
parts.
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a
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a
rigid
body motion
2
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4
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4

keq=[keq(1,1) 0 0
0 keq(2,2) keq(2,3)
0 keq(3,2) keq(3,3)]
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(2)
l(1)=0 translation (u ,w ) of
l(3)=0 rotation
is defined by the global
1 1 l the node 1 and the rigid
α. This rigid motion defines a local coordinate system (xl ,zl ) which continuously
translates and rotates with the element. In a second step, the element deformation is
defined in the local coordinate system. The vectors of global, local and sub-element
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z
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Figure 5.10: Beam kinematics.
displacements are respectively defined by
w4

T
t
IPE300

HEB240

HEB100

T
ū4 θ̄1 θ̄4
HEB100

T
q̄ sub = ū2 θ̄2 ū3 θ̄3

θ4

ut
vt

(5.21)G+0.3Q
IPE300

HEB240
HEB240

HEB240

3.5 m

G+0.3Q

6m

6m
12 m
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(5.22)
6m

6m
12 m

HEB240

IPE300
HEB240

λ̇ Φ(N, M ) = 0
HEB240

Φ(N, M ) ≤ 0,

3.5 m

λ̇ ≥ 0,

HEB100

HEB100

HEB100

3.5 m

IPE300

HEB240

HEB240

14 m

HEB100

HEB100

3.5 m

HEB100

The HEB100
generalized plastic hinge
HEB100 model assumes that the plasticity is lumped into axial
and rotational springs located at the end of the flexible IPE300
beam element. The IPE300
elastic
behaviour of the generalized hinge is uncoupled whereas axial-moment interaction
is considered in the plastic range. One adopts the total generalized strain rate
decomposition
into elastic and plastic parts which consists of the axial and rotationalG+0.3Q
HEB100
HEB100
um
m um
m
strain rate. For an associated flow rule, the direction of the
generalized
plastic strain
IPE300
IPE300
vm
rate vector is given by the gradient to the yield function, with
its magnitude given
by the plastic multiplier rate. The generalized stress vector containing the axial and
bending forces in the hinge is denoted by Σ = [N M ]T . The plastic multiplier λ̇G+0.3Q
HEB100
HEB100
is determined
by the classical
complementary conditions:

HEB240

u4

HEB240

θ1

HEB240



w1

HEB100

HEB100
HEB100

HEB100

3.5 m
14 m
3.5 m

3.5 m

vt

q̄ =

u1

3.5 m

ut

t



HEB100

HEB100

q=

In the case of visco-plasticity for the hinges, the visco-plasticity flow rule is defined
by:
 ∗ ζ
D Φ if Φ ≥ 0
λ̇ =
(5.23)
0
if Φ < 0
where D∗ and ζ are material constants. The value D∗ will be appropriately selected
on the case study.
A family of symmetric and convex yield surfaces of generalized super-elliptic shape
is considered:
!1
α
β p
M
N
Φ(N, M ) =
+
−1
(5.24)
Mp
Np
where α, β and p are the parameters of the yield surface shape.
Local tangent stiffness matrix for generalized hinges
The elastic stiffness matrix of the hinges is given by:


kū 0
Ce =
0 kθ̄

(5.25)

In (visco)-plasticity, the incremental stress-resultant for the first hinge (similar
expression for the second hinge) is defined by

 


∆ū2 − ∆ū1
∆N2
C11 C12
=
(5.26)
∆M2
C21 C22
∆θ̄2 − ∆θ̄1
The details about the discrete governing equations of the generalized plastic hinges
are described in [132, 133].
For the static condensation, the local internal force f l and the local tangent stiffness
matrix kl of the super beam element are given as
∆f l = kl ∆q̄
−1
T
kl = khh − kbh
kbb
kbh

(5.27)

In elasticity, the equivalent local stiffness matrix keq should be the local stiffness of
the Bernoulli beam element:


EA/l0
0
0

0
4 EI/l0 2 EI/l0 
(5.28)
0
2 EI/l0 4 EI/l0
To achieve that the elastic stiffness parameters of the hinges (see Eq.(5.25)) and the
stiffness parameters of the elastic beam sub-element are taken as:
kū = %n EA/l0
kθ̄ = %m EI/l0
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(5.29)

k11 = $1 EA/l0
k22 = k33 = $2 EI/l0

(5.30)

k23 = k32 = $3 EI/l0
By introducing Eqs.(5.29) and (5.30) in the second expression of Eqs.(5.27), the
following relations are obtained:
−1
$1 = 1 − 2 %−1
n
4 %m (%m − 3)
%2m − 8 %m + 12
2 %2m
$3 = 2
%m − 8 %m + 12
$2 =

(5.31)

Hence, the idea of the method is to choose the coefficients %n , %m of the hinges
and then to calculate the coefficients $1 , $2 , $3 of the beam sub-element by using
Eq.(5.31).
Related to the impact analyses, the contact model is developed in a rigorous
framework of non-smooth dynamics. The equations of motion are derived using a
set of differential measures and convex analysis tools. Velocity jumps at impact
instants are considered using the Newton’s impact law by a means of the coefficient
of restitution  to account for possible energy losses during the collisions. The
dynamic equations of motion are solved by using the energy momentum conserving
scheme developed by Chhang et al.[40, 41].
Example
Three steel frames are depicted in Fig. 5.11. The column of each structure is
subjected to a mass m at the position A with the initial velocities v0 . The parameter
3
of the member are: density of the material ρ = 7850kg/m , Young modulus E = 210
GPa, yield stress σy = 355 MPa and coefficient of poisson ν = 0.3. The yield function
1.05
2
of the hinges for elasto-(visco)-plastic model is Φ(N, M ) = |M/M p |
+|N/N p | −1
−5
for the square section. The time step for the analysis is ∆t = 10 .
Regarding the element discretization, the size of the element is 0.1 m for the fiber
model. For the hinges model, one element is taken for each member except for the
impacted column where two elements have been considered. Figure 5.12 shows the
evolution of the maximum displacements of the impacted column for the initial
velocity of 30 m/s for frame c. For the elasto-perfectly plastic case, the result
obtained with the generalized plastic-hinges are in good agreement comparing to
the ones obtained with the two fiber models. Furthermore, the series of calculation
on the maximum displacement of the impacted column are summarized in Table
5.3. The discrepancies between Timoshenko and Bernoulli fiber models are small
and do not exceed 3%. Otherwise, the maximum difference between the generalized
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Figure 5.11: Geometry of the frames with the impact loadings
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Figure 5.12: Evolution of the maximum horizontal displacements of the impacted
column of frame c with v0 = 30 m/s
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elasto-plastic hinges and the distributed plasticity models are about 11% which is
acceptable considering the fact that the generalized hinges model used only a few
number of elements.
Regarding to the study on the strain effect, ζ = 5 and D = 40.4 s−1 are the material
constants for the mild steel [130] which are employed for the fiber models whereas
ζ = 5 and D∗ = 2.025 × 108 s−1 are used for the generalized hinges model. Table
5.4 shows the maximum displacements of the impacted column. The discrepancies
between the two fiber models are about 3% which indicates that the shear effect of
the Timoshenko model does not influence the outcome of the displacements. Besides,
with an appropriate value D∗ (2.025 × 108 in this case), this model can reproduce
the correct results (see Fig. 5.12) with an overall maximum difference of 11%.
Table 5.3: Elasto-perfectly Plasticity model: maximum displacement on the impacted
column: Mass of vehicle 1500 kg, section 20 cm × 20 cm,  = 0
Frame
Frame
Frame
Frame
Frame
Frame
Frame
Frame
Frame

a (v0 = 20 m/s)
a (v0 = 30 m/s)
a (v0 = 40 m/s)
b (v0 = 20 m/s)
b (v0 = 30 m/s)
b (v0 = 40 m/s)
c (v0 = 20 m/s)
c (v0 = 30 m/s)
c (v0 = 40 m/s)

Timoshenko
0.1085
0.1905
0.2718
0.1261
0.2454
0.3940
0.1200
0.2521
0.4136

Bernoulli
0.1074
0.1909
0.2728
0.1232
0.2493
0.3994
0.1226
0.2579
0.4253

Hinges
0.1030
0.1907
0.2739
0.1118
0.2351
0.3883
0.1125
0.2414
0.4086

Table 5.4: Elasto-visco-plasticity model: displacement maximum on the impacted
column: Mass of vehicle 1500 kg, section 20 cm × 20 cm,  = 0
Frame
Frame
Frame
Frame
Frame
Frame
Frame
Frame
Frame

a (v0 = 20 m/s)
a (v0 = 30 m/s)
a (v0 = 40 m/s)
b (v0 = 20 m/s)
b (v0 = 30 m/s)
b (v0 = 40 m/s)
c (v0 = 20 m/s)
c (v0 = 30 m/s)
c (v0 = 40 m/s)

Timoshenko
0.0804
0.1402
0.2011
0.0854
0.1645
0.2659
0.0853
0.1644
0.2718

Bernoulli
0.0780
0.1367
0.1982
0.0856
0.1625
0.2638
0.0840
0.1635
0.2714

Hinges
0.0763
0.1469
0.2228
0.0799
0.1625
0.2685
0.0806
0.1641
0.2743

Another serie of calculations (see Table 5.5) has been made for testing the value
D∗ with another mass (3000 kg) and a different coefficient of restitution (0.5). The
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results show that the maximum difference for the displacement does not exceed 10%.
It can be concluded that these values can be used for this type of frame with square
section.
Table 5.5: Elasto-visco-plasticity model: displacement maximum on the impacted
column: Mass of vehicle 3000 kg, section 25 cm × 25 cm,  = 0.5
Frame
Frame
Frame
Frame
Frame
Frame
Frame
Frame
Frame

5.4

a (v0 = 20 m/s)
a (v0 = 30 m/s)
a (v0 = 40 m/s)
b (v0 = 20 m/s)
b (v0 = 30 m/s)
b (v0 = 40 m/s)
c (v0 = 20 m/s)
c (v0 = 30 m/s)
c (v0 = 40 m/s)

Timoshenko
0.0842
0.1525
0.2240
0.0876
0.1697
0.2743
0.0860
0.1685
0.2775

Bernoulli
0.0819
0.1495
0.2196
0.0869
0.1700
0.2746
0.0854
0.1700
0.2803

Hinges
0.0761
0.1524
0.2389
0.0787
0.1630
0.2714
0.0793
0.1641
0.2765

Geometrically exact Euler-Bernoulli spatial curved
beam (Paper IV)

In this paper, an alternative and direct approach to develop an Euler-Bernoulli-based
three-dimensional beam theory is presented. The approach is based on the two
following aspects. Based on the Euler-Bernoulli assumption, the only information
available is that 1) the base vectors stay normal to each other after the deformation
and 2) the central line is well defined by means of a displacement vector and the
only vector which changes length is that tangent to the central line. Two approaches
to define the position of the deformed base system in a way consistent with the
overarching Euler-Bernoulli assumption is presented in chapter 4.
The general methodology for the systematic construction of energy-conserving
schemes has been proposed by Sansour et al. [38, 39] and successfully applied to
different shell and rod formulations in [82] and [35]. The methodology is based
on the realisation that geometric and material non-linearities have to be treated
differently. The complexities of the geometric non-linearities can be circumvented
by resorting to strain velocities to provide, by means of integration, the expressions
for the strain measures themselves.
The dynamic equation of motion is obtained from the application of the midpoint
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rule (Eq.5.2) to Equation (4.29):

T

T

T
Z
Z
Z
∂u
∂n
∂m
ün+ 21 ds +
n̈n+ 21 ds +
m̈n+ 21 ds
ρA
ρIz
ρIj
∂q
∂q
∂q
L
L
L

T

T

T
Z
Z
Z
∂ε11
∂κ1
∂κ2
+ EA ε11 n+ 12
ds +
ds +
ds
EIz κ1 n+ 12
EIj κ2 n+ 21
∂q
∂q
∂q
L
L
L

T
T

T X
Z
Z 
N
∂κ12
∂u
∂u
P i n+ 21 = 0
+ GJ κ12 n+ 21
ds −
pn+ 12 (s) ds −
·
∂q
∂q
∂q
L
L
i=1
(5.32)

The main idea is to employ kinematic and strain velocity fields to define the kinematic
and strain fields n + 12 instead the kinematic and strain fields defined from the
global displacements, velocities and accelerations directly. The kinematic and strain
velocity fields are computed as:
∂n
∂n
u̇,s n+ 21 +
γ̇ 1
∂u,s
∂γ n+ 2
∂m
∂m
1 +
ṁn+ 12 =
γ̇ 1
u̇
∂u,s ,s n+ 2
∂γ n+ 2


ε̇11 n+ 21 = X 0,s + u,s n+ 12 · u̇,s n+ 12


κ̇1 n+ 12 = u̇,s n+ 21 · n,s n+ 12 + X 0,s + u,s n+ 12 · ṅ,s n+ 21


κ̇2 n+ 12 = u̇,s n+ 21 · m,s n+ 12 + X 0,s + u,s n+ 21 ṁ,s n+ 12
ṅn+ 12 =

(5.33)

κ̇12 n+ 12 = ṅn+ 21 · m,s n+ 12 + nn+ 21 · ṁ,s n+ 12
Given the strain and kinematic fields at time n and computing quantities of Eqs.
(5.33) at step n + 21 , the same fields at step n + 12 are then defined as follows:
2
2
ṅ 1 −
ṅn
∆t n+ 2
∆t
2
2
m̈n+ 21 =
ṁ 1 −
ṁn
∆t n+ 2
∆t
1
ε11 n+ 21 = ε11 n + ∆t ε̇11 n+ 21
2
1
κ1 n+ 12 = κ1 n + ∆t κ̇1 n+ 12
2
1
κ2 n+ 21 = κ2 n + ∆t κ̇2 n+ 12
2
1
κ12 n+ 21 = κ12 n + ∆t κ̇12 n+ 12
2
n̈n+ 21 =

(5.34)

By doing that, the proof of energy and linear momentum can be demonstrated
theoretically as presented in Paper IV. Four numerical examples are considered in
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the numerical sections. These examples focus on the accuracy and the stability of
the new algorithms.
Lee’s frame example [26] is presented in this section. In this problem, the connection
between the column and the beam is not an easy task to solve because it requires
nonlinear constraint equation. One possible solution for maintaining the continuity
Fy
of this connection
isL to introduce a small radius R of 0.25 m, see Fig. 5.13(a). Lee’s
frame has a uniform rectangular cross-section and is subjected to two out-of-plane
A
forces. Both applied forces follow the pattern of a hat function as shown in Fig.
R
5.13(b). The length L is 12 m,
the width 0.3 m and the depth 0.2 m. The material
Fz
characteristic
are:
Young
modulus
E = 210 GPa,y Poisson’s ratio ν = 0.3 and density
L
Fy (MN)
3
ρ = 7850 kg/m . The time step size is taken ∆t = 10−4 s.

Fy
A

h

L

y

z
0.2

The reference solution, obtained with 22 elements (11 elements per member), and the
b
results obtained with the proposed formulation with 10 elements
(4 straight beamF (MN)
Fy (MN)
z
h per member)
z
elements and 1 curved beam
are shown in Figures 5.14(a), 5.14(b) and
5.15(a).y It can be Lobserved that with only 10 elements, the new total Lagrangian
00.1 0.2 0.4
0.2
formulationxgives results that are
b in good agreement with the reference solution.
Additionally, Figure 5.15(b) shows the conservation of the energy for one million
timez steps after the external loads vanishes.
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Figure 5.13: (a). Geometrical data, (b). Loading history.
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Figure 5.14: (a). Displacement ux of point A, (b). Displacement uy of point A.
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Chapter 6

Conclusions and future research

6.1

Conclusions

Most effort in this thesis is devoted to the development of energy-momentum method
for non-linear finite beam elements. Several formulations with various purposes for
corotational planar beam elements are presented in papers I, II and III. Paper IV
focuses on the development of energy-conserving scheme for geometrically exact
spatial curve beam in nonlinear dynamics.

2D co-rotational beam element models
2D Bernoulli beam element
The development of a stable momentum and energy conserving integration scheme
for a co-rotational beam formulation has been achieved. The main idea is to use the
classical midpoint rules for both the kinematic and strain quantities. The advantage
of the proposed algorithm is that the conservation of the total energy of the system
results in a very stable and accurate algorithm even for very large number of time
steps. Besides, in the absence of applied external loads, the linear and angular
momenta are constant. These characteristics have been proved theoretically and
confirmed numerically by using four numerical examples.
2D shear flexible beam element
Three shear flexible co-rotational planar beam formulations have been developed and
tested together with the energy-momentum method presented in paper I [40]. The
three proposed shear flexible formulations share the same co-rotational framework
and differ in the choice of the local strain definition and the local shape functions. If
local linear strains and local linear shape functions are taken, the numerical results
show that it is more efficient to adopt a local mixed approach instead of a pure
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displacement one: the CPU time is unchanged but the same accuracy is obtained
with a less number of elements. The numerical results show also that it can be
interesting to use a nonlinear local strain approach together with local cubic shape
functions: the computational time is increased (due essentially to mathematically
more complicated dynamic terms) but the same accuracy is obtained with a much
less number of elements. For that approach, it has also been shown that a simplified
dynamic tangent matrix should be taken and that the choice of an efficient predictor
can be important.
A 2D elasto-(visco)-plastic fiber co-rotational beam element and a
planar co-rotational beam element with generalized
elasto-(visco)-plastic hinges
2D co-rotational beam element formulations for nonlinear dynamics of frame structures subjected to impact are developed. Based on the co-rotational framework,
the inelastic behaviour of the frame structures is modelled by either distributed
plasticity or generalized hinge approaches. Both Bernoulli and Timoshenko local
beam formulations are employed for the distributed plasticity approaches whereas
the Bernoulli formulation is associated with the generalized hinges element. For the
latter, a condensation procedure is used to remove the internal degrees of freedom
and to produce a two noded super-element that fits the standard co-rotational
appraoch. For the proposed formulations, strain effects have been considered by
replacing the plastic flow rule with its visco-plasticity counterpart.
The numerical examples show that the beam elements with distributed plasticity
accurately predict the response of the structures and are then used as reference
solutions by taking a large number of elements. The effects of the shear deformation
in both elasto-plastic and visco-elasto-plastic models are not significant in the impact
problem. Besides, the formulation with generalized hinges gives relatively accurate
results with only few elements compared to the approach with distributed plasticity.
The introduction of the strain rate in the constitutive law shows that the frame
deformed less due to the hardening of the material.

3D geometrically exact beam element model
An energy-conserving scheme for geometrically exact Euler-Bernoulli spatial curved
beam in nonlinear dynamic has been developed. Two approaches to define the
position of the deformed base system in a way consistent with the overarching
Euler-Bernoulli assumption are provided. The first approach makes use of the GramSchmidt orthogonalisation process coupled to a one-parametric rotation. The latter
completes the description of the torsional cross sectional rotation and overcomes the
non-uniqueness of the Gram-Schmidt procedure. In a second approach, the rotation
tensor is defined by using the first and second derivatives of the displacement
vector of the centre line, together along a one parametric rotation. The new
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formulation is able to produce accurate results with both straight and curved beams.
Numerical comparisons with the co-rotational formulations [26] and Abaqus have
been performed. Last but not least, the proposed energy-conserving algorithm can
conserve the total energy of the system and remains stable even if a very large
number of time steps are applied. In the absence of applied external loads, the
linear and angular momenta remain constant.

6.2

Future research

The models developed in this thesis focus on the energy-momentum method for
nonlinear beam elements. However, there is still room for more developments and
enhancements. Some future research are suggested as the following:

Energy-momentum decaying scheme
Previous works ,i.e. Kuhl and Ramm [75], Romero and Amero [76], Ibrahimbegović
and Mamouri [77], Mamouri et al. [78], Gam et al. [79] to mention a few, have
pointed out that it is very important to have a controllable numerical dissipation
in the energy-momentum method in order to damp high frequencies especially for
stiff beams. As discussed in [77, 79], even though the energy is preserved in the
global sense and the algorithm is unconditional stable, the internal forces in the
element level may exhibit spurious high frequencies. In this context, the numerical
problem which may arise from the energy-momentum method or the refined mesh
can disappear through numerical dissipation.

3D co-rotational energy-momentum method
The extension of the proposed energy-momentum method of co-rotational planar
beams to co-rotational spatial beams is very challenging. The main difficulty is
related to the large spatial rotations and the way these rotations affects the strain
rates. The objectivity of the strain (see [56]) should be considered because it has
been shown by Romero and Armero [57] that this strain could improve the accuracy
and the stability of the algorithms.
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