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Abstract—Connecting a modular multilevel converter to an
ac grid may cause stability issues, which can be assessed by
analyzing the converter ac-side admittance in relation to the grid
impedance. This paper presents a method for calculating the
ac-side admittance of modular multilevel converters, analyzing
the main frequency components of the converter variables individually. Starting from a time-averaged model of the converter,
the proposed method performs a linearization in the frequency
domain, which overcomes the inherent nonlinearities of the
converter internal dynamics and the phase-locked loop used
in the control. The ac-side admittance obtained analytically is
firstly validated by simulations against a nonlinear time-averaged
model of the modular multilevel converter. The tradeoff posed
by complexity of the method and the accuracy of the result is
discussed and the magnitude of the individual frequency components is shown. Finally, experiments on a down-scaled prototype
are performed to validate this study and the simplification on
which it is based.
Index Terms—Modular multilevel converters, admittance, linearization techniques, frequency-domain analysis, stability.

I. I NTRODUCTION

M

ODULAR multilevel converters (MMCs) [1], [2] are a
class of topologies that is currently preferred in many
high-power applications, such as voltage source converter
(VSC) based HVDC systems, static synchronous compensators
(STATCOMs), medium-voltage motor drives, and static traction converters [3]–[6]. The main advantages that make MMCs
suitable for high-power applications are modularity, scalability,
low power losses, and low harmonic distortion.
In recent years, MMCs have been intensively studied, with
focus mainly on dynamic performance [7], [8], modulation
techniques [9]–[11], modeling and control [4], [5], steady-state
analysis [12]–[14], operation under unbalanced grid conditions
[15], and submodule implementations [16]. However, a topic
where research is still limited is system stability. Similarly to
two-level VSCs, stability problems may arise when connecting
an MMC to an ac grid, leading to amplification or destabilization of resonances and other stability issues. The stability of
the system formed by the ac grid and the power converter
can be studied using frequency-domain methods, such as
the impedance-based stability criterion [17], the passivitybased stability assessment [18], or the net-damping criterion
[19]. For instance, when using the impedance-based stability
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Fig. 1. Small-signal representation of the system formed by the ac grid and
the power converter (left) and its expression as a negative feedback system
(right).

criterion, the ac grid is modeled by its Thevenin equivalent
circuit, Vg and Zg , while the converter is modeled by its
Norton equivalent circuit, Ic and Zc , as shown in Fig. 1. Using
this linear representation, valid only for small-signal analysis,
the current I flowing from the converter to the grid can be
expressed as


Vg (s)
1
I(s) = Ic (s) −
.
(1)
Zc (s) 1 + Zg (s)/Zc (s)
Assuming that Ic , Vg , and 1/Zc are stable, the stability of the
interconnected system depends on the stability of the second
term on the right-hand side of (1), which can be expressed
as a negative feedback system, shown in Fig. 1. By linear
control theory, this feedback system is stable if and only if
Zg (s)/Zc (s) satisfies the Nyquist stability criterion. Thus, the
expression of the converter a-side impedance, or admittance,
can be used for stability analysis.
The converter ac-side admittance has been extensively documented for the two-level VSC topology [20], [21]. Still,
these results cannot be directly extended to MMCs, mainly
due to their internal-dynamic behavior being inherently more
complex than the two-level VSCs. Reference [22] presents
a model of the MMC impedance; however, the submodule
capacitor-voltages are treated as constant, effectively modeling
the MMC as a two-level VSC. Later in [23], the same authors
improve the study by including the capacitor-voltage dynamics
and propose a new impedance model based on harmonic
state-space modeling, a method that involves extensive matrix manipulation. Still, the impact of the phase-locked loop
(PLL), needed for synchronization with the ac grid, is not
investigated. Additionally, in [24], the same authors propose
an MMC impedance model based on harmonic linearization,
deriving the solution analytically by elimination of variables.
The proposed derivation is mathematically intricate; therefore,
it cannot be easily adjusted to include additional frequency
components, different control strategies, or the PLL dynamics.
The authors of [25] and [26] derive an analytical model
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of the MMC ac-side admittance by developing a smallsignal model of the MMC, including its internal dynamics
and considering different ac-side control strategies. Compared
to small-signal modeling, methods that analyze the single
frequency components of the MMC variables are an interesting
alternative, as they not only allow to obtain the expression
of the ac-side admittance, but also describe how the MMC
internal variables are impacted by a perturbation in the ac-grid
voltage. Reference [27] develops a sequence impedance model
for MMCs, using multiharmonic linearization. The derivation
is accurate and thorough; yet, it involves extensive matrix
manipulation and it requires obtaining the steady-state solution
by solving nonlinear equation, or by simulation.
This paper aims to, at least partially, bridge the mentioned
gaps in the state of the art. Specifically, a combination of
harmonic linearization and frequency-domain representation is
used to overcome the system nonlinearities, building a linear
system which describes the main frequency components of the
MMC internal variables individually. This method provides
insight on how the spectra of the MMC internal variables are
impacted by a perturbation term in the ac-grid voltage and
how the converter parameters shape the ac-side admittance.
This study is aimed at achieving good accuracy while avoiding
laborious mathematical manipulation, in order to keep the
complexity to a minimum level. The MMC internal dynamics
and the PLL, which are sources of nonlinearities, are included
in the proposed admittance model. However, in order to
contain the volume of this study, the MMC is operated with a
fixed sinusoidal modulation pattern; further investigation, e.g.,
evaluating the impact of different ac-side control strategies on
the admittance, will be covered in future studies. The proposed
method is verified experimentally on a down-scaled MMC
prototype, in order to assess the validity of this study, and
the simplifications on which it is based, in relation to a real
MMC.
An early version of this study is presented in [28]. Compared with the previously published results, the main additions and improvements presented in this paper are: 1) a
revised analytical derivation of the ac-side admittance, based
on Fourier coefficients instead of phasors, which is more
suitable when using linearization in the frequency domain;
2) a frequency-domain model of the PLL, which allows for
quantifying the impact of the PLL dynamics on the acside admittance; 3) the MMC operated with fixed sinusoidal
modulation pattern, which exposes how the MMC internal
dynamics shape the admittance in absence of feedback control,
providing foundation for future work; 4) an analysis of the
main perturbation frequency components resulting from the
system nonlinearities and their impact on the accuracy of
the results; 5) the experimental verification of the proposed
method.
The paper is organized as follows. Section II describes
the models used in this study: the MMC model, based on
time averaging, and the PLL model. Section III presents the
proposed method for ac-side admittance calculation, based on
linearization in the frequency domain. Section IV shows the
results used to validate the study, obtained from simulations
and experiments. Finally, Section V summarizes this work and
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Fig. 2. Modular multilevel converter topology; a half-bridge submodule is
shown as example of submodule implementation.

its conclusions.
II. S YSTEM M ODEL
The MMC topology, depicted in Fig. 2, consists of three
upper arms and three lower arms, each comprised of N
submodules, typically half-bridge or full-bridge submodules.
Each submodule includes switching elements, which allow the
insertion or bypassing of an energy-storage element, typically
a capacitor. An arm inductor, with inductance L, is used
for limiting the switching harmonics in the arm current. In
addition, a parasitic resistance R is included to account for the
losses in the arm. Stray inductances in the converter arms can
be neglected, as they appear in series with the arm inductor,
which is considerably larger.
In this paper, a time-averaged model of the MMC is used,
i.e., the switching operations are neglected [29]; furthermore,
it is assumed that the submodule capacitances are balanced
within the arm, meaning that the individual submodulecapacitance dynamics are also neglected. The converter is
modeled on a per-phase basis, dropping the subscript denoting
the phase when not needed.
In this study, the converter is operated in rectifier mode, with
a resistive load on the dc side. Although having a resistive load
is uncommon for MMCs, it allows for validating the study
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using an experimental setup, which is configured likewise,
as shown in Section IV-B. This choice of configuration does
not jeopardize the validity of this study, which can easily be
reverted to the common case of a stiff dc-bus voltage.
The point-of-common-coupling (PCC) voltage,
e(t) = e1 cos[ϑ(t)],

with ϑ(t) = ω1 t = 2πf1 t,

(2)

is a pure cosine wave with no phase shift, because ϑ(t) is
chosen as reference angle.

1/2
e(t)
PLL

ϑ(t)

∙

cos( )

nu

m1/2

nl
Fig. 3. Block diagram of the MMC control scheme.
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∙
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A. Dynamics of the Converter
The arm-current dynamics are described using Kirchhoff’s
voltage laws,
L

diu (t)
+ Riu (t) = vdu (t) − vu (t) − e(t)
dt

dil (t)
+ Ril (t) = vdl (t) − vl (t) + e(t),
L
dt

(3)

(4)

where iu (t) is the upper-arm current, il (t) is the lower-arm
current, vu (t) is the upper-arm voltage, vl (t) is the lower-arm
voltage, vdu (t) is the upper-dc-side voltage, vdl (t) is the lowerdc-side voltage. As the converter is connected to a resistive
load on the dc side, the dc-side voltages are functions of the
arm currents, i.e.,
vdu (t) = −

Rd
[iua (t) + iub (t) + iuc (t)]
2

Rd
vdl (t) = − [ila (t) + ilb (t) + ilc (t)],
2

(5)

B. Phase-Locked Loop
The purpose of the PLL is to provide the MMC with the
estimation ϑ̂(t) of the PCC voltage angle ϑ(t), which is used
in (9) and (10), i.e.,
PLL

ϑ(t) = ω1 t −−−→ ϑ̂(t) = ω̂1 t.

(6)

(7)

Σ
where nu,l (t) are the insertion indices and vCu,l
(t) are the
sum-capacitor-voltages, defined as
Z
1
Σ
Σ
vCu,l (t) =
nu,l (t)iu,l (t)dt + vC0
,
(8)
C
Σ
where vC0
is the average sum-capacitor-voltage and C is
the arm capacitance, defined as the submodule capacitance
divided by N . The converter is operated with fixed sinusoidal
modulation pattern, i.e.,

resulting in the q-signal
cos[ϑ(t)] −−−−→ sin[ϑ(t) − ϑ̂(t)].

1 m1
−
cos(ω̂1 t)
2
2

(9)

nl (t) =

1 m1
+
cos(ω̂1 t),
2
2

(10)

where m1 is the modulation index and the estimated PCC
voltage angle ω̂1 t is provided by the PLL, as shown in Fig. 3.

(13)

As shown in Fig. 4, the feedback loop includes a low-pass
filter
ω2
√ f
Hf (s) =
,
(14)
s2 + 2ωf s + ωf2
a proportional gain αp , a feedforward of the nominal angular
frequency ω1 , and an integrator.
The PLL is a nonlinear system due to the abc/dq transformation. However, since ϑ̂(t) tracks ϑ(t), the q-axis signal can
be linearized as
sin[ϑ(t) − ϑ̂(t)] ' ϑ(t) − ϑ̂(t).

(15)

This allows to model the PLL as a linear feedback system, as
shown in Fig. 5.
A second source of nonlinearities is the cosine operator in
(9) and (10). Expressing ϑ̂(t) as
ϑ̂(t) = ω1 t + ε(t),

nu (t) =

(11)

The PLL employs a abc/dq transformation, using the q-signal
to drive a feedback loop built around the transformation itself,
as shown in Fig. 4. The input of the transformation is, for
phase a,
a(t) = e(t)/e1 = cos[ϑ(t)],
(12)

abc/dq

where Rd is the resistance of the load.
Modeling the converter using its time-averaged model allows to express the arm voltages as
Σ
vu,l (t) = nu,l (t)vCu,l
(t),

Fig. 4. PLL block diagram.

(16)

where ω1 t is the integral of the feedforward term and ε(t) is
the integral of the output of the proportional gain, allows to
express the estimated signal â(t) as
â(t) = cos [ω1 t + ε(t)]
= cos(ω1 t) cos [ε(t)] − sin(ω1 t) sin [ε(t)] .

(17)
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A. Time- and Frequency-Domain Representation

ω1
ϑ(t)

Hf (s)

∫(∙ ) dt

αp

ϑ(t)

The signals analyzed in this study are real-valued periodic
functions, represented in the time domain as, e.g.,
x(t) = x0 + x1 cos(2πf1 t + ϕ1 )
i
1 h
= x0 + x1 ej(2πf1 t+ϕ1 ) + e−j(2πf1 t+ϕ1 ) .
2

Fig. 5. PLL model with linearized abc/dq transformation.

Since ϑ̂(t) tracks ϑ(t), the previous equation is linearized for
ε(t) ' 0, resulting in
â(t) ' cos(ω1 t) − sin(ω1 t)ε(t).

(18)

The linearized equations (15) and (18) will prove useful in
Section III-B, when deriving the frequency response of the
PLL.
III. AC-S IDE A DMITTANCE C ALCULATION
The ac-side admittance of the MMC is defined as the ratio
between the frequency-domain representation of current and
voltage at the MMC ac terminals, with the current flowing
towards the MMC, i.e.,
Yac (f ) = −

Is (f )
.
E(f )

(19)

In other words, Yac (f ) measures the current response of the
MMC when a voltage is applied to its ac terminals.
Because of the nonlinear behavior of the MMC, caused by
the multiplications in (7) and (8), Yac (f ) cannot be calculated
using linear methods. Classic linearization methods, either in
stationary coordinates or in synchronous coordinates, cannot
be applied either, because there are several frequency components that needs to be considered when calculating Yac (f ).
Instead, harmonic linearization [30] [31] is used for tackling
the problem.
Harmonic linearization is a technique that develops a smallsignal linear model for a nonlinear system along a periodically
time-varying operation trajectory. By this method, a harmonic
perturbation [i.e., E(fp )] is superimposed on the excitation of
the system, the resulting response of the variable of interest is
determined, and the corresponding component at the perturbation frequency is extracted [i.e., Is (fp )].
Because of the nonlinearities of the converter internal
dynamics, applying the perturbation term E(fp ) affects the
frequency spectra of the converter variables; this generates
frequency components at fp , multiples of fp , and combinations
of these with the steady-state frequency components through
addition and subtraction. Under the assumption that the applied
perturbation is small, i.e.,
E(fp )  E(f1 ),

(20)

harmonic linearization assures that the multiples of fp can be
neglected without compromising the accuracy of the result.
Before proceeding with the calculation of the ac-side admittance, a brief review of time- and frequency-domain representation, highlighting their usefulness in this study, is presented.

(21)

These signals can be compactly represented by using complex
coefficients, which encapsulate the amplitude and the phase at
specific frequencies, i.e.,
x(t) = X(0) + X(f1 )ej2πf1 t + X(−f1 )e−j2πf1 t ,

(22)

where

1
jϕ1

 2 x1 e
X(f ) = x0

1
−jϕ1
2 x1 e

for f = f1
for f = 0
for f = −f1 .

(23)

These coefficients effectively describe the frequency components of x(t) and, in addition, they coincide with the Fourier
coefficients of x(t).
Since x(t) is a real-valued function, X(f ) features Hermitian symmetry about f = 0, i.e.,
X(−f ) = X(f )∗ ,

(24)

where X(f )∗ is the complex conjugate of X(f ). This property
ensures that the negative frequency components of x(t) can
always be obtained from their positive counterparts, meaning
that it is sufficient to analyze the positive spectra of the
variables of interest.
A recurring situation in this study is the multiplication of
two real-valued signals, e.g.,
z(t) = x(t)y(t) = [x1 cos(2πf1 t + ϕ1 )][y2 cos(2πf2 t + ϕ2 )]
1
= x1 y2 {cos[2π(f1 + f2 )t + ϕ1 + ϕ2 ]
2
+ cos[2π(f1 − f2 )t + ϕ1 − ϕ2 ]},
(25)
which is expressed in the frequency domain as

X(f1 )Y (f2 )




X(f1 )Y (f2 )∗
Z(f ) =

Z(f1 + f2 )∗



Z(f1 − f2 )∗

for
for
for
for

f
f
f
f

= f1 + f2
= f1 − f2
= −(f1 + f2 )
= −(f1 − f2 ),

(26)

where X(f1 ) = 21 x1 ejϕ1 and Y (f2 ) = 21 y2 ejϕ2 . Notice
that when calculating Z(f ), if X(f1 ) is known, then Z(f )
becomes a linear function of Y (f2 ).
Situations similar to (26) are often encountered when calculating the perturbation terms in Section III-B. Perturbation frequency components resulting from a multiplication
are always the product of a steady-state and a perturbation
value. Therefore, knowing the steady-state solution allows the
perturbation solution to be obtained using linear methods.
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For the last stage, the linearized expression for the cosine
operator (18) is used. That is, the signal ε̃(t), which contains the perturbation frequency component, is multiplied by
− sin(ω1 t). In the frequency domain, this results in

TABLE I
A NALYZED F REQUENCY C OMPONENTS
Steady-State

Perturbation

Frequency

Sequence

Frequency

Sequence

0
f1
2f1

zero
positive
negative

fp
f1 − fp
f1 + fp
2f1 − fp
2f1 + fp
3f1 − fp
3f1 + fp

positive
zero
negative
positive
zero
negative
positive

cosine

Ẽ(f ) −−−−→ −

Adding to the PCC voltage (2) the perturbation term
=⇒

E(fp ) =

ep
2

(27)

generates new frequency components in the converter variables, referred to as perturbation frequency components, due
to the nonlinearities of the converter internal dynamics. The
choice of frequency components to consider in the analysis
impacts the complexity of the study and the accuracy of the result. An intuitive choice is the minimum amount of frequency
components necessary to achieve the desired accuracy in the
results. The perturbation frequency components considered in
this study are listed in Table I; notice that multiples of fp are
not considered when using the harmonic linearization method.
In the following, linear expressions describing the perturbation frequency components of the converter variables are
derived. Due to the inherent symmetries of the MMC topology,
the ac-side admittance can be obtained analyzing only a single
arm, e.g., the upper arm of phase a. Hence, the attribute
“upper-arm” is omitted for simplicity.
For arm current, arm voltage, and sum-capacitor-voltage, the
derivations of the different perturbation frequency components
are similar. Therefore, only the expressions at fp are presented
in this section, while the expressions at the remaining frequencies are given in the Appendix.
Insertion Index: The perturbation frequency components of
the insertion index are derived by analyzing the PLL stage-bystage. Firstly, (13) shows that, in the frequency domain, the
abc/dq transformation produces a frequency shift of −f1 and
a phase shift of −π/2, i.e.,
abc/dq

Ã(f ) −−−−→

Ã(f + f1 )
,
j

(30)

i.e., the frequency spectrum Ẽ(f ) is scaled by −1/2j and split
into two components, one shifted by f1 and a second shifted
by −f1 . For clarity, the frequency shifts from (28) and (30)
are summarized
(
fp
abc/dq
cosine
(31)
fp −−−−→ fp − f1 −−−−→
fp − 2f1 .

B. Perturbation Solution

ẽ(t) = ep cos(2πfp t)

Ẽ(f − f1 ) − Ẽ(f + f1 )
,
2j

(28)

where Ã(f ) is the frequency-domain representation of ã(t) =
ẽ(t)/e1 . Notice that the frequency shift by −f1 adds the
term +f1 in the argument of Ã because, e.g., the frequency
component at f = fp is shifted to f = fp − f1 , therefore
Ã(f + f1 ) evaluated for f = fp − f1 coincides with Ã(fp ).
Then, using the linearized PLL model according to (15),
shown in Fig. 5, the closed-loop frequency response of the
PLL results
αp Hf (s)
HPLL (s) =
.
(29)
s + αp Hf (s)

Equations (27)–(30) are combined together to obtain the first
perturbation frequency component, i.e.,
ep
Nu (fp ) = −m1
HPLL [j(ωp − ω1 )],
(32)
8e1
where HPLL (s) is evaluated for s = j(ωp − ω1 ), due to the
frequency shift by −f1 , and (9) adds the factor −m1 /2. The
second perturbation frequency component of the insertion index is obtained from (30), observing that the two components
differ by a factor −1, i.e.,
Nu (fp − 2f1 ) = −Nu (fp ).

(33)

However, in order to align with the perturbation values selected
in Table I, it is chosen to use the negative counterpart of (33)
instead, i.e.,
Nu (2f1 − fp ) = [Nu (fp − 2f1 )]∗ = [−Nu (fp )]∗ .

(34)

Arm Current: Kirchhoffs voltage law (3) expresses the
arm current as a linear function of the arm voltage, meaning
that each frequency component of Iu (f ) is only affected by
Vu (f ) at the same frequency. Therefore, expressing (3) in the
frequency domain at fp leads to
Iu (fp ) +

Vu (fp )
E(fp )
=−
.
jωp L + R
jωp L + R

(35)

Arm Voltage: Equation (7) contains a nonlinearity conΣ
sisting of a multiplication between nu (t) and vCu
(t), which
generates frequency components in the arm voltage spectrum
according to (26). When calculating a specific perturbation
frequency component of Vu (f ), one must consider all possible
combinations of steady-state components and perturbation
Σ
components of Nu (f ) and VCu
(f ), through addition and
subtraction, that result in the desired frequency component
(see Table II). Thus, expressing (7) in the frequency domain
using (26) leads to
Σ
Σ
Vu (fp ) − Nu (0)VCu
(fp ) − Nu (f1 )VCu
(f1 − fp )∗
Σ
Σ
− Nu (f1 )∗ VCu
(f1 + fp ) = VCu
(0)Nu (fp )
Σ
+ VCu
(2f1 )Nu (2f1 − fp )∗ .

(36)

Notice that the perturbation frequency component of interest
always result from the product of a steady-state and a perturbation value, meaning that (36) is linear, because the steady-state
values are known (see Appendix).
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TABLE II
F REQUENCY-C OMPONENT C OMBINATIONS ; A NALYZED C OMPONENTS
ARE H IGHLIGHTED
−2f1
fp
f1 − fp
f1 + fp
2f1 − fp
2f1 + fp
3f1 − fp
3f1 + fp
−fp
−f1 + fp
−f1 − fp
−2f1 + fp

−2f1 + fp
−f1 − fp
−f1 + fp
−fp
fp
f1 − fp
f1 + fp
−2f1 − fp
−3f1 + fp
−3f1 − fp
−4f1 + fp

−f1

0

−f1 + fp
fp
−fp
f1 − fp
fp
f1 + fp
f1 − fp
2f1 − fp
f1 + fp
2f1 + fp
2f1 − fp 3f1 − fp
2f1 + fp 3f1 + fp
−f1 − fp
−fp
−2f1 + fp −f1 + fp
−2f1 − fp −f1 − fp
−3f1 + fp −2f1 + fp

f1

2f1

f 1 + fp
2f1 − fp
2f1 + fp
3f1 − fp
3f1 + fp
4f1 − fp
4f1 + fp
f 1 − fp
fp
−fp
−f1 + fp

2f1 + fp
3f1 − fp
3f1 + fp
4f1 − fp
4f1 + fp
5f1 − fp
5f1 + fp
2f1 − fp
f 1 + fp
f 1 − fp
fp

Sum-Capacitor-Voltage: Similarly to the arm voltages, sumcapacitor-voltages also result from a nonlinearity consisting
of a multiplication, as shown in (8). Therefore, the same
reasoning can be applied when calculating the perturbation
Σ
(f ), leading to
frequency components of VCu
1
[Nu (0)Iu (fp ) + Nu (f1 )Iu (f1 − fp )∗
jωp C
1
+ Nu (f1 )∗ Iu (f1 + fp )] =
[Iu (0)Nu (fp )
jωp C
+ Iu (2f1 )Nu (2f1 − fp )∗ ]
(37)

Σ
VCu
(fp ) −

AC-Side Admittance: Equations (35)–(37) and (43)–(60)
consist of a linear system of the form
Ap xp = Bp ,

(38)

with 21 equations and the 21 unknown variables

xp = Iu (fp ), Iu (f1 − fp ), Iu (f1 + fp ), Iu (2f1 − fp ),
Iu (2f1 + fp ), Iu (3f1 − fp ), Iu (3f1 + fp ),
Vu (fp ), Vu (f1 − fp ), Vu (f1 + fp ), Vu (2f1 − fp ),
Vu (2f1 + fp ), Vu (3f1 − fp ), Vu (3f1 + fp ),
Σ
Σ
Σ
Σ
VCu
(fp ), VCu
(f1 − fp ), VCu
(f1 + fp ), VCu
(2f1 − fp ),
T
Σ
Σ
Σ
VCu
(2f1 + fp ), VCu
(3f1 − fp ), VCu
(3f1 + fp ) .
(39)

The matrix Ap contains the coefficients of the linear system,
while the vector Bp contains the constants terms, which are
related to the applied perturbation E(fp ). For example, (35)
yields
A(1, 1) = 1
B(1) = −

A(1, 8) =

E(fp )
.
jωp L + R

1
jωp L + R
(40)

Notably, the steady-state values of the converter variables are
known (see Appendix); therefore, they are included into Ap
and Bp .
The linear system (38) can be solved to obtain the perturbation solution of arm current, arm voltage, and sum-capacitorvoltage. From this solution, Iu (fp ) is used to obtain the ac-side

admittance, as the ac-side current can be expressed as
Is (fp ) = Iu (fp ) − Il (fp ) = 2Iu (fp ),

(41)

due to the inherent symmetries of the MMC topology. Therefore, using (19), we obtain
Yac (fp ) = −

2Iu (fp )
.
E(fp )

(42)

This expression can be extended for to an arbitrary frequency,
i.e., fp → f , matching the definition (19).
Remark: The focus of this paper is on the method used
to derive the ac-side admittance of MMCs. When MMCs are
operated in a different way than described in this study, e.g.,
with a different control strategy or with a different network at
the dc side, the analysis presented in this section needs to be
adjusted accordingly. For example, operating the MMC with
current control makes the insertion index linearly dependent
on the arm current through the current-controller transfer
function. Consequently, perturbation frequency components
appear in the insertion index spectrum, which need to be
included into xp . The effect of these additional frequency
components on arm voltages and sum-capacitor-voltages can
be added into the analysis similarly to how N (fp ) is included
into (36) and (37), i.e., as linear combination of steadystate and perturbation frequency components of the converter
variables. An exhaustive assessment of the impact of different
control strategies on the ac-side admittance will be covered in
future studies.
IV. V ERIFICATION
The validation of this study is made in two parts. Firstly,
S IMULINK simulations are used to evaluate how the method
outlined in Section III performs in relation to the timeaveraged model described in Section II. Then, experiments on
a down-scaled prototype are used to assess the validity of this
study, and the simplifications on which it is based, in relation
to a real MMC.
A. Simulation Results
The MMC time-averaged model described in Section II
is implemented in S IMULINK, using the parameters of the
experimental setup, listed in Table III. In order to measure
the ac-side admittance, the system is simulated multiple times,
sweeping the perturbation frequency through the desired range.
At every iteration, the current Is (fp ), produced by the voltage
E(fp ), is measured using M ATLAB’s fast Fourier transform
algorithm and the admittance is calculated using (19).
The admittance plot resulting from simulations is compared
with the analytical model outlined in Section III, which is
evaluated for different degrees of accuracy. Namely, the model
is firstly evaluated excluding the impact of the PLL and
calculating only two perturbation frequency components (fp
and f1 + fp ), then calculating three perturbation frequency
components (fp , f1 − fp , and f1 + fp ), and finally including
the impact of the PLL and calculating all the seven perturbation frequency components listed in Table I. The result of
this comparison is presented in Fig. 6, which shows that,
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Fig. 6. Bode diagram of the MMC ac-side admittance: S IMULINK simulations (blue dots); lowest-order analytical model, i.e., no PLL impact and only two
perturbation frequency components (green line); mid-order analytical model, i.e., no PLL impact and only three perturbation frequency components (yellow
line); highest-order analytical model, i.e., including PLL impact and all seven perturbation frequency components (red line).

0

PCC voltage amplitude
Fundamental frequency
Arm inductance
Arm resistance
Arm capacitance
Resistive load
Modulation index
PLL bandwidth
PLL low-pass filter
Perturbation amplitude
Submodules per arm
Carrier frequency

e1
f1
L
R
C
Rd
m1
αp
ωf
ep
N
fc

48 V
50 Hz
5.7 mH
0.55 Ω
0.54 mF
25 Ω
0.9
25 rad/s
250 rad/s
0.8 V
5
763 Hz

Magnitude [dB]

TABLE III
MMC PARAMETERS - S IMULATION AND E XPERIMENT

−10
−20
−30
−40
−50
−60
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10
Frequency [Hz]

(experiment only)
(experiment only)

evidently, the accuracy of the analytical model improves as
more perturbation terms are added to it. The lowest-order
model can capture the admittance qualitative behavior; then,
the mid-order model shows an improved fit, especially around
the fundamental frequency; finally, the highest-order model
shows an excellent fit at all frequencies. Judging which order
is the most appropriate ultimately depends on the application
for which the admittance model is required.
Observation: As seen throughout Section III-B, a single
perturbation term in the PCC voltage generates multiple frequency components in the converter variables, due to the
nonlinearity of the MMC internal dynamics. Solving the
linear system (38) not only allows obtaining the expression
of the ac-side admittance, but also provides the values of all
the main perturbation frequency components in the converter
variables produced by E(fp ). As an example, Fig. 7 shows

Fig. 7. Magnitude of the perturbation frequency components of the arm
current generated by E(fp ): Iu (fp ) (blue line); Iu (f1 − fp ) (purple line);
Iu (f1 + fp ) (red line); Iu (2f1 − fp ) (yellow line); Iu (2f1 + fp ) (black
line); Iu (3f1 − fp ) (green line); Iu (3f1 + fp ) (dashed black line).

the magnitude of the perturbation frequency components in
the arm current generated by E(fp ), giving an insight on the
impact that each frequency component has.
B. Experimental Results
The down-scaled MMC prototype used for experimental
verification employs five full-bridge submodules per arm, i.e.,
a total of 30 submodules, and has a rated power of 10 kW. The
control system is based on Xilinx Zynq-7000 system on chip,
which integrates a processing system with a programmable
logic. The programmable logic performs low-level control, i.e.,
communication with the submodules and phase-shifted carriers
modulation, which ensures the balancing of the individual
capacitor voltages within the arm [32]. The processing system
performs high-level control, such as insertion indices computation, PLL, and a M ATLAB-based graphic user interface.
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Fig. 8. Configuration of the experimental setup for MMC ac-side admittance
measurement.

Fig. 9. Photograph of the experimental setup.

The experiment is designed as follows. The device under
test, i.e., the MMC prototype, is connected at the PCC to a
two-level inverter, which is designed to generate a perturbation
term ẽ(t) superimposed onto the fundamental-frequency threephase voltage e(t). In the experiment, the MMC is operated
with fixed sinusoidal modulation pattern, as shown in Fig. 3.
The system configuration of the experimental setup is shown
in Fig. 8, with a photograph in Fig. 9, and Table IV lists the
specifications of the perturbation inverter. The PCC voltage

TABLE IV
P ERTURBATION I NVERTER PARAMETERS
DC side voltage
PCC voltage amplitude
Fundamental frequency
Perturbation amplitude
Perturbation frequency
Switching frequency
LC filter resonant frequency

Vdc
e1
f1
ep
fp
fsw
fLC

105 V
48 V
50 Hz
0.8 V
2 Hz – 2 kHz
24 kHz
4.1 kHz

e(t) and the ac-side current is (t) are measured using the data
acquisition system of the prototype, exported in M ATLAB, and
analyzed in the frequency domain (using the discrete Fourier
transform) to extract the ac-side admittance of the prototype
at fp using the definition (19). This operation is iterated,
sweeping the perturbation frequency through the desired range
to obtain Fig. 10, showing the frequency-domain plot of the
admittance. Fig. 11 and Fig. 12 show two examples of the
waveforms of the converter variables during the experiment,
with fp = 406 Hz and fp = 4 Hz. In these figures, the
amplitude of the perturbation is increased to ep = 3.5 V, in
order to make the perturbation visible in the time domain.
However, ep should be small compared to e1 (see assumption
20), because harmonic linearization is based on small-signal
modeling.
The admittance plot resulting from experiments is compared
with the highest-order analytical model derived in Section
III. The result of this comparison, presented in Fig. 10,
shows remarkable agreement between the two curves in the
whole frequency range. This agreement validates the developed analytical model and allows to conclude that using the
MMC time-averaged model, which neglects the switching
operations and the individual capacitor-voltage dynamics, does
not compromise the validity of this study.
Observation: In order to produce accurate results, the MMC
parameters L, R, and C need to be known with good precision.
In typical MMC applications, R is the only parameter subject
to variations. Fortunately, as MMCs are designed for high
efficiency, R is normally small. Hence, imprecise values of R
are also acceptable, as the predominant contributors in shaping
the MMC ac-side admittance are L and C.
V. C ONCLUSION
In this paper, a method for calculating ac-side admittance
of MMCs is presented. The nonlinearities introduced by the
MMC internal dynamics and the PLL are included in the
model and are handled using linearization in the frequency
domain. Through simulations and experiments, the proposed
method is verified, confirming the validity of this study and
the simplifications on which it is based. The tradeoff posed
by complexity of the method and accuracy of the results
is discussed, concluding that the optimal choice ultimately
depends on the application. Furthermore, it is shown that, in
addition to the ac-side admittance, the proposed method shows
in detail how a perturbation frequency component in the PCC
voltage affects the spectra of the converter variables, which
provides additional useful insight.
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Fig. 10. Bode diagram of the MMC ac-side admittance: measurements on a MMC down-scaled prototype, phase a (blue dots), phase b (yellow dots), and
phase c (green dots); analytical model (red line).

The method proposed in this paper provides foundation for
future work, which will focus on evaluating the impact of
different control strategies on the ac-side admittance, offering
useful design tools for analyzing grid-converter interaction and
designing the system.

Arm Voltage: The following expressions are obtained similarly to (36).
Σ
Σ
Vu (f1 − fp ) − Nu (0)VCu
(f1 − fp ) − Nu (f1 )VCu
(fp )∗
Σ
Σ
− Nu (f1 )∗ VCu
(2f1 − fp ) = VCu
(f1 )Nu (fp )∗
Σ
+ VCu
(f1 )∗ Nu (2f1 − fp )

A PPENDIX

Σ
Σ
Vu (f1 + fp ) − Nu (0)VCu
(f1 + fp ) − Nu (f1 )VCu
(fp )

A. Perturbation Solution

Σ
Σ
− Nu (f1 )∗ VCu
(2f1 + fp ) = VCu
(f1 )Nu (fp )

The linear expressions describing arm current, arm voltage,
and sum-capacitor-voltage at f1 ± fp , 2f1 ± fp , and 3f1 ± fp
are given in this subsection.
Arm Current: The following expressions are obtained similarly to (35).
Iu (f1 − fp ) +

Vu (f1 − fp )
=0
j(ω1 − ωp )L + R + 32 Rd

Vu (f1 + fp )
Iu (f1 + fp ) +
=0
j(ω1 + ωp )L + R
Iu (2f1 − fp ) +
Iu (2f1 + fp ) +

Vu (2f1 − fp )
=0
j(2ω1 − ωp )L + R

Vu (2f1 + fp )
=0
j(2ω1 + ωp )L + R + 32 Rd

(49)

(43)

Σ
Vu (2f1 − fp ) − Nu (0)VCu
(2f1 − fp )
Σ
Σ
− Nu (f1 )VCu
(f1 − fp ) − Nu (f1 )∗ VCu
(3f1 − fp )
Σ
Σ
= VCu
(0)Nu (2f1 − fp ) + VCu
(2f1 )Nu (fp )∗

(45)

(51)

Σ
Vu (2f1 + fp ) − Nu (0)VCu
(2f1 + fp )
Σ
Σ
− Nu (f1 )VCu
(f1 + fp ) − Nu (f1 )∗ VCu
(3f1 + fp )
Σ
= VCu
(2f1 )Nu (fp )

(44)

(50)

(52)

Σ
Vu (3f1 − fp ) − Nu (0)VCu
(3f1 − fp )
Σ
Σ
− Nu (f1 )VCu
(2f1 − fp ) = VCu
(f1 )Nu (2f1 − fp ) (53)
Σ
Vu (3f1 + fp ) − Nu (0)VCu
(3f1 + fp )

(46)

Iu (3f1 − fp ) +

Vu (3f1 − fp )
=0
j(3ω1 − ωp )L + R

(47)

Iu (3f1 + fp ) +

Vu (3f1 + fp )
= 0.
j(3ω1 + ωp )L + R

(48)

Notably, (43) and (46) include the term 3/2Rd , as zerosequence components of the arm current flow into the load.

Σ
− Nu (f1 )VCu
(2f1 + fp ) = 0.

(54)

Sum-Capacitor-Voltage: The following expressions are obtained similarly to (37).
1
Σ
[Nu (0)Iu (f1 − fp )
VCu
(f1 − fp ) −
j(ω1 − ωp )C
+ Nu (f1 )Iu (fp )∗ + Nu (f1 )∗ Iu (2f1 − fp )]
1
=
[Iu (f1 )Nu (fp )∗ + Iu (f1 )∗ Nu (2f1 − fp )]
j(ω1 − ωp )C
(55)
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Fig. 11. Waveforms of the converter variables during the experiment at fp = 406 Hz: upper- and lower-arm currents (left); upper- and lower-arm sumcapacitor-voltages (center); PCC voltage (upper-right); ac-side current (lower-right). Three-phase waveforms are shown: phase a (blue), phase b (red), and
phase c (yellow).

1
[Nu (0)Iu (f1 + fp )
j(ω1 + ωp )C
+ Nu (f1 )Iu (fp ) + Nu (f1 )∗ Iu (2f1 + fp )]
Iu (f1 )Nu (fp )
(56)
=
j(ω1 + ωp )C

Σ
VCu
(f1 + fp ) −

1
[Nu (0)Iu (2f1 − fp )
− fp ) −
j(2ω1 − ωp )C
+ Nu (f1 )Iu (f1 − fp ) + Nu (f1 )∗ Iu (3f1 − fp )]
1
=
[Iu (0)Nu (2f1 − fp ) + Iu (2f1 )Nu (fp )∗ ]
j(2ω1 − ωp )C
(57)

B. Steady-State Solution
Insertion Index: The MMC is operated with fixed sinusoidal
modulation pattern as (9), which can be expressed in the
frequency domain, using (23), as
1
2
m1
Nu (f1 ) = −
.
4
Nu (0) =

Σ
VCu
(2f1

1
[Nu (0)Iu (2f1 + fp )
j(2ω1 + ωp )C
+ Nu (f1 )Iu (f1 + fp ) + Nu (f1 )∗ Iu (3f1 + fp )]
Iu (2f1 )Nu (fp )
(58)
=
j(2ω1 + ωp )C

Σ
VCu
(2f1 + fp ) −

1
[Nu (0)Iu (3f1 − fp )
j(3ω1 − ωp )C
Iu (f1 )Nu (2f1 − fp )
+ Nu (f1 )Iu (2f1 − fp )] =
(59)
j(3ω1 − ωp )C

Σ
VCu
(3f1 − fp ) −

1
[Nu (0)Iu (3f1 + fp )
j(3ω1 + ωp )C
+ Nu (f1 )Iu (2f1 + fp )] = 0.
(60)

Σ
VCu
(3f1 + fp ) −

(61)
(62)

Arm Current: Due to the MMC topology, only the zerosequence component of the arm current flows into the dc-side
load, i.e., Vdu (f ) = Vdu (0) = −3/2Rd Iu (0). The steady-state
arm current is obtained from (3) as
Iu (0) +

Vu (0)
3
R
2 d+R

=0

(63)

Vu (f1 )
E(f1 )
=−
jω1 L + R
jω1 L + R
Vu (2f1 )
Iu (2f1 ) +
= 0,
j2ω1 L + R
Iu (f1 ) +

(64)
(65)

where E(f1 ) = e1 /2 from (2) and (23).
Arm Voltage: Expressing (7) in the frequency domain using
(26) leads to
Σ
Σ
Vu (0) − Nu (0)VCu
(0) − Re[Nu (f1 )VCu
(f1 )∗ ] = 0

(66)

Σ
Σ
Vu (f1 ) − Nu (0)VCu
(f1 ) − Nu (f1 )VCu
(0)
Σ
− Nu (f1 )∗ VCu
(2f1 ) = 0
Σ
Σ
Vu (2f1 ) − Nu (0)VCu
(2f1 ) − Nu (f1 )VCu
(f1 )

(67)
= 0.

(68)
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Fig. 12. Waveforms of the converter variables during the experiment at fp = 4 Hz: upper- and lower-arm currents (left); upper- and lower-arm sum-capacitorvoltages (center); PCC voltage (upper-right); ac-side current (lower-right). Three-phase waveforms are shown: phase a (blue), phase b (red), and phase c
(yellow).

Sum-Capacitor-Voltage: Expressing (8) in the frequency
domain using (26) leads to
Nu (0)Iu (0) + Re[Nu (f1 )Iu (f1 )∗ ] = 0
(69)
1
Σ
VCu
(f1 ) −
[Nu (0)Iu (f1 ) + Nu (f1 )Iu (0)
jω1 C
+ Nu (f1 )∗ Iu (2f1 )] = 0
(70)
1
Σ
[Nu (0)Iu (2f1 ) + Nu (f1 )Iu (f1 )] = 0,
VCu
(2f1 ) −
j2ω1 C
(71)
where (69) is written using (8) with the constraint that the
product iu (t)nu (t) has zero dc component.
Solution: Equations (63)–(71) consist of a linear system of
the form
As xs = Bs ,
(72)
with 9 equations and the 9 unknown variables

xs = Iu (0), Iu (f1 ), Iu (2f1 ), Vu (0), Vu (f1 ),
T
Σ
Σ
Σ
Vu (2f1 ), VCu
(0), VCu
(f1 ), VCu
(2f1 ) .

(73)

The linear system (72) can be solved to obtain the steadystate solution of arm current, arm voltage, and sum-capacitorvoltage.
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