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Abstract

We consider high frequency waves satisfying the scalar wave equation with
highly oscillatory initial data represented by a short wavelength ε. The speed of
propagation of the medium as well as the phase and amplitude of the initial data
is assumed to be uncertain, described by a finite number of independent random
variables with known probability distributions. We introduce quantities of
interest (QoIs) as spatial and/or temporal averages of the squared modulus
of the wave solution, or its derivatives. The main focus of this work is on
fast computation of the statistics of those QoIs in the form of moments like
the average and variance. They are difficult to obtain numerically by standard
methods, as the cost grows rapidly with ε−1 and the dimension of the stochastic
space. We therefore propose a fast approximation method consisting of three
techniques: the Gaussian beam method to approximate the wave solution,
the numerical steepest descent method to compute the QoIs and the sparse
stochastic collocation to evaluate the statistics.

The Gaussian beam method is introduced to avoid the considerable cost of
approximating the wave solution by direct methods. A Gaussian beam is an
asymptotic solution to the wave equation localized around rays, bicharacteris-
tics of the wave equation. This setup allows us to replace the PDE by a set of
ODEs that can be solved independently of ε.

The computation of QoIs includes evaluations of highly oscillatory integrals.
The idea of the numerical steepest descent method is to change the integration
path in the complex plane such that the integrand is non-oscillatory along it.
Standard quadrature methods can be then utilized. We construct such paths
for our case and show error estimates for the integral approximation by the
Gauss-Laguerre and Gauss-Hermite quadrature.

Finally, the evaluation of statistical moments of the QoI may suffer from
the curse of dimensionality. The sparse grid collocation method introduces
a framework where certain large group of points can be neglected while only
slightly reducing the convergence rate. The regularity of the QoIs in terms of
the input random parameters and the wavelength is important for the method
to be efficient. In particular, the size of the derivatives should be bounded
independently of ε. We show that the QoIs indeed have this property, despite
the highly oscillatory character of the waves.
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Sammanfattning

Vi studerar högfrekventa lösningar till den skalära vågekvationen med my-
cket oscillerande begynnelsedata, given av en kort våglängd ε. Utbrednings-
hastigheten i mediumet samt fasen och amplituden av begynnelsedatan an-
tas vara osäkra, och kunna beskrivas av ett ändligt antal oberoende slump-
variabler med kända sannolikhetsfördelningar. Vi definierar funktionaler som
lokala medelvärden av beloppskvadraten av lösningen, eller av dess derivator.

Huvudfokus i detta arbete ligger på att snabbt beräkna statistiska mått
som medelvärde och varians av dessa funktionaler. Kostnaden att beräkna
funktionalerna med direkta metoder växer snabbt med ε−1. Därför föreslår
vi en beräkningsmetod bestående av tre tekniker: Gaussian beam-metoden,
numeriska gradientmetoden och glesa beräkningsnät.

Gaussian beam-metoden används för att undvika komplexiteten att approx-
imera lösningen med direkta metoder. En gaussian beam är en asymptotisk
lösning till vågekvationen lokaliserad runt strålar, dvs. bikarakteristikor till
vågekvationen. Denna ansats låter oss ersätta den ursprungliga partiella dif-
ferentialekvationen med en uppsättning ordinära differentialekvationer, vilka
kan lösas oberoende av ε.

Beräkningen av funktionaler kräver beräkningen av mycket oscillerande in-
tegraler. Idén bakom numeriska gradientmetoden är att ändra integrationskur-
van för dessa integraler till en kurva i komplexa planet längs med vilken inte-
granden inte oscillerar. Dessa senare integraler kan beräknas med standard-
metoder.

Beräkningskostnaden av funktionalernas statistiska mått växer mycket
snabbt med problemets dimension. För att undkomma detta problem använder
vi glesa beräkningsnät. Med hjälp av dessa nät kan vi ignorera stora delar
av gridpunkterna, samtidigt som konvergenshastigheten inte påverkas allt för
negativt.

Regulariteten hos dessa funktionaler i termer av de givna slumpmässiga
parametrarna och våglängden är viktig för att metoden ska vara effektiv.
Speciellt så måste derivatorna begränsas uppifrån oberoende av ε. Vi visar
att funktionalerna har denna egenskap, trots att lösningen själv är mycket
oscillerande.
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Chapter 1

Introduction

Many physical phenomena can be described by propagation of high-frequency waves
with stochastic parameters. For instance, an earthquake where seismic waves with
uncertain epicenter travel through the layers of the Earth with uncertain soil charac-
teristics represents one such problem arising in geophysics. Similar problems appear
e.g. in optics, acoustics or oceanography. By high frequency we understand that
the wavelength is very short compared to the distance traveled by the wave.

Direct methods are a natural first choice for solving the wave propagation prob-
lems numerically. They include techniques based on finite differences, finite elements
or finite volumes, such as the finite-difference time-domain scheme (Yee scheme,
[38]), discontinuous Galerkin, [12, 34, 1], or spectral element methods such as Her-
mite methods, [10]. When simulating high frequency wave propagation by direct
methods, the accuracy of the solution is determined by the number of grid points
or elements per wavelength. For a given accuracy, the wave resolution cost grows
rapidly when shrinking the wavelength. To avoid the considerable cost of direct
methods, we utilize the Gaussian beam method.

Another difficulty arising from physical problems is uncertainty. It enters the
computations through one or multiple sources: either the model parameters are
incomplete or the intrinsic nature of the problem is uncertain, e.g. initial data
or medium properties. Uncertainty quantification is the science of quantitative
characterization of uncertainties in e.g. the model, initial data or measurements.
Uncertainty can be modeled by a suitable probability space. We are mainly inter-
ested in forward propagation of uncertainty, i.e. how uncertainty of the data affects
uncertainty of the output including the probability distribution.

In the present work, we use the scalar wave equation as a simplified model of
uncertain high frequency wave propagation. More precisely, uε where 0 < ε � 1
denotes the short wavelength, is the solution to the Cauchy problem,

uεtt(t,x,y)− c(x,y)2 ∆uε(t,x,y) = 0, in [0, T ]× Rn × Γ, (1.1a)
uε(0,x,y) = B0(x,y) ei ϕ0(x,y)/ε, in Rn × Γ, (1.1b)
uεt (0,x,y) = ε−1B1(x,y) ei ϕ0(x,y)/ε, in Rn × Γ, (1.1c)

3
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where x ∈ Rn is the spatial variable and y ∈ Γ ⊂ RN is the parameter needed to
model uncertainty. We consider y = (y1, . . . yN ) to be a random variable with yj
independent for all j = 1, . . . N . Here, N denotes the dimension of the stochastic
space. We assume it is a moderately large number. Our target is to be able to
handle N at least of the size 5–10.

Two sources of uncertainty are considered: the local speed, c = c(x,y), and the
initial data, which consists of the amplitudes B0 = B0(x,y), B1 = B1(x,y), and
the phase ϕ0 = ϕ0(x,y). The solution is therefore also a function of the random
variable, uε = uε(t,x,y). The speed c(x,y) is assumed to be smooth and uniformly
bounded in x and y.

The focus of this work is on the statistics of quantities of interest (QoI) defined as
functionals of the solution uε. Note, that since the solution depends on the random
variable y, the QoI outcome is stochastic itself. For the earthquake example from
the beginning of this chapter, this means that we are interested in observables
of the seismic wave solution. These include the displacement of the Earth, the
intensity of the seismic waves, the wave energy or the Arias intensity. When these
are measured at seismic observatories, they may help scientists to locate the source
of the earthquake. However, since the soil properties are unknown or simplified, the
models for describing the wave propagation are imprecise. Thus the expected value
of the desired QoI accompanied by its variance gives a good idea about how reliable
the models are. Statistics of the solution can also be useful to find safety factors.

A natural first choice of a QoI is the solution itself in a fixed spatial point x0
and time t0,

uε(t0,x0,y).
This QoI oscillates with period ε as a function of t0,x0 and y. While such ob-
servables are certainly useful (for instance, the Richter magnitude of an earthquake
is determined from the logarithm of the amplitude of waves recorded by seismo-
graphs), they can be difficult to measure as their value changes rapidly from one
time and space point to another. Therefore, the average of uε over time or space is
of interest. The weighted mean value of uε at time t is defined as∫

Rn
uε(t,x,y)ψ(x)dx,

for a test function ψ ∈ C∞c (Rn) such that
∫
Rn ψ = 1. However, this QoI tends

to zero very rapidly as ε → 0, due to the stationary phase lemma [16], and little
information is given by the observable.

The weighted average wave intensity is another choice of QoI,

Q̃(t,y) =
∫
Rn
|uε(t,x,y)|2ψ(x) dx, (1.2)

with ψ ∈ C∞c (Rn). If the solution uε to (1.1) represents the acoustic pressure, then
(1.2) is the acoustic potential energy. This QoI is the simplest instance of a general
family of quadratic observables of the form

Q̃p,α(t,y) = ε2(p+|α|)
∫
Rn
g(t,x,y)|∂pt ∂α

x u
ε(t,x,y)|2ψ(x) dx, (1.3)



5

with g ∈ C∞(R× Rn × Γ) and ψ as above.

To quantify the uncertainties by statistical moments like the mean and variance,
we typically need to evaluate N -dimensional integrals of the QoIs. These can be
expensive when N is large. To avoid the curse of dimensionality, we introduce
the sparse stochastic collocation method. This method performs well only for QoIs
whose derivatives in y can be bounded by constants that are independent of ε when
ε� 1. The opposite would lead to a rapid increase of the number of discretization
points needed to maintain the accuracy as ε → 0. We show in Papers II and IV
that the QoI (1.3) indeed fulfills this condition, given certain conditions described
below. This may seem counterintuitive as the solution uε itself oscillates with ε in
t,x and y. However, the QoIs themselves do not.

In a general case, we must integrate in time as well to obtain the desired stochas-
tic regularity,

Qp,α(y) = ε2(p+|α|)
∫
R

∫
Rn
g(t,x,y) |∂pt ∂α

x u
ε(t,x,y)|2 ψ(t,x)dx dt, (1.4)

with ψ ∈ C∞c (R× Rn) and g ∈ C∞(R× Rn × Γ). Significant examples that belong
to the framework (1.4) include the weighted energy of the wave,

E(y) = ε2
∫
R

∫
Rn

(|uεt (t,x,y)|2 + c2(x,y) |∇uε(t,x,y)|2)ψ(t,x)dx dt,

which can be decomposed into terms of type (1.4), or a weighted version of the
Arias intensity [14],

I(y) = ε4
∫
R

∫
Rn
|uεtt(t,x,y)|2 ψ(t,x)dx dt,

which represents the total energy per unit mass stored by a set of undamped oscil-
lators at the end of an earthquake, averaged over x from a compact set.

Our ultimate goal is the prediction of statistical moments of the aforementioned
QoIs.

Example 1.0.1. A typical example that we are interested in is depicted in Fig-
ure 1.1. Here, we consider two pulses in 2D,

B0(x,y) = e−5|x−s1(y)|2 + e−5|x−s2(y)|2 ,

and B1 is chosen such that these move towards the origin along the x1 axis. The
deterministic initial phase is defined as

ϕ0(x) = |x1|+ x2
2, x = (x1, x2),

Both the initial location of the pulses and the constant speed of propagation are
random, depending on two stochastic variables, y = (y1, y2), as

s1(y) = −s2(y) = (y1, 0), c(y) = y2.
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(a) t = 0 (b) t = 0.2 (c) t = 0.4

(d) t = 0.6 (e) t = 0.8 (f) t = 1.0

Figure 1.1: Example 1.0.1: Absolute value of the solution uε for various times, t,
when y = (1, 1). The circle indicates the support of ψ.
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Figure 1.2: Example 1.0.1: The QoI (1.2) at time t = 1, and its first and second
derivatives along the line y(r) = (1 + r, 1 + 2r) where r ∈ [0, 0.5], for different
wavelengths, ε.

We consider the QoI (1.2) with ψ(x) = ψ̃(2x) and t = 1 where

ψ̃(x) =

 e
− |x|2

1−|x|2 , |x| < 1,
0, otherwise.

(1.5)

In Figure 1.1 the absolute value of the solution at various times is shown. In
this simulation, the wavelength is ε = 1/40, the pulse centers are s1 = −s2 = (1, 0),
and the speed of propagation c ≡ 1. The bold line represents the support of the
QoI test function, ψ. Figure 1.2 shows the QoI and its derivatives along the line
y(r) = (1 + r, 1 + 2r). Note that the QoI is non-oscillatory even though for most of
these y-values, the two pulses overlap at the final time, t = 1.

To sum up, when computing the statistics of the QoIs defined above we face two
problems: high frequencies and uncertainty. These properties make the numerical
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evaluation extremely costly for small wavelengths and a high-dimensional random
space. In Paper I, we propose a fast method for computing the statistics of Q̃
in (1.2) consisting of two techniques: the Gaussian beam superposition method for
treating the high frequencies and the sparse stochastic collocation for treating the
uncertainty. The two methods separately are not new and are widely in use, but
their combination offers a new powerful tool. This method can be easily expanded
to include the more general case of (1.4). Moreover, the numerical steepest descent
method is suggested in Paper III to further decrease the computational cost of the
QoI Q̃ approximated by the Gaussian beam method.

We thus use a fast algorithm consisting of three approximation methods to
numerically evaluate the statistics of the QoIs:

1. Approximation of uε: Gaussian beam method, see Chapter 2.

2. Approximation of Qp,α: Numerical steepest descent method, see Chapter 3.

3. Approximation of statistics of Qp,α: Sparse stochastic collocation method, see
Chapter 4.

These methods will be described in the forthcoming chapters in more detail. We
restrict ourselves to a short overview of each of the techniques in the remainder of
this section.

1.1 Gaussian beam method
The Gaussian beam (GB) method is based on geometrical optics (GO), an asymp-
totic technique which emerges as an approximation in the high frequency limit
ε → 0. GO describes waves in terms of rays, paths along which the waves propa-
gate. The solution is of the form

a(t,x,y, ε)eiφ(t,x,y)/ε,

where a is the amplitude and φ denotes the phase. Instead of finding the full solution
of (1.1), the geometrical optics solves equations for a and φ. The amplitude and
phase typically vary on a much coarser scale than uε and the computational cost of
the geometrical optics is independent of ε, in contrast with the direct methods.

One of the shortcomings of the geometrical optics is that it breaks down at
caustics, i.e. in the points where the rays focus, see [31]. As a remedy, we use the
GB method. It is based on the same ansatz as the geometrical optics, but confines a
and φ to the neighborhood of the rays, assuming them to be Taylor expanded around
the rays. The GB method has been extensively studied in [36, 24, 25, 31, 20, 29, 35].

A big advantage of the GO and GB methods is that they approximate the solu-
tion to the PDE (1.1) by an ansatz obtained via a solution to a set of ε-independent
ODEs instead. The GB approximation ũ to uε features two modes, ũ = ũ+ + ũ−,
satisfying two different sets of ODEs. We call such approximation a two-mode GB
solution. In certain cases, it is possible to approximate uε by one of the modes only,
i.e. either ũ = ũ+ or ũ = ũ−, which we call a one-mode GB solution.
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1.2 Numerical steepest descent method

We show in Chapter 3 that the computation of Q̃ in (1.2) approximated by the
simplest (first order) GBs involves the evaluation of an oscillatory integral of the
type∫

K1
ϕ(x)eiΨ(x)/ε dx =

∫ bn

an
. . .

∫ b1(x2,...xn)

a1(x2,...xn)
ϕ(x1, . . . xn)eiΨ(x1,...xn)/ε dx1 . . . dxn,

(1.6)
where K1 ⊂ Rn is a compact set and supp ϕ ⊂ K1. Here, ϕ,Ψ are complex analytic
in Cn and in particular, Ψ is a quadratic function in x. A direct computation of (1.6)
by standard quadrature methods is a matter of considerable difficulty—it requires
O(ε−n) discretization points and hence becomes expensive for short wavelengths ε.
We will therefore utilize a fast integration method tailored for 1D integrals of the
type ∫ b

a
ϕ(x)eiΨ(x)/ε dx, (1.7)

and then use it to compute the nested integral (1.6).
The numerical steepest descent method (NSDM) [17, 18, 19] offers such a tool

requiring O(1) operations. This method is particularly suitable for the computation
of highly oscillatory integrals as the accuracy improves with decreasing wavelength
ε. It is derived from the standard steepest descent method, which in turn is a special
instance of the saddle point method (sometimes called the Laplace’s method for
contour integrals or Perron’s method) [27, 28, 37].

The family of saddle point methods is based on the intuitive idea that with
decreasing ε, the ups and downs of the highly oscillatory integrand cancel out, and
the only contributions to the integral come from the boundary points, owing to lack
of symmetry; and from the stationary points satisfying Ψ′ = 0, where the integrand
is locally non-oscillatory. In higher dimensions, the resonance points contribute as
well—they are points on the boundary where ∇Ψ is orthogonal to the boundary, cf
[19].

Stationary points of an analytic function are saddle points, hence the name
of the method. Indeed, decomposing Ψ into its real and imaginary part, Ψ(x) =
u(x1, x2)+ iv(x1, x2) with x = x1 + ix2, where x1, x2 ∈ R and u, v are real functions,
the Cauchy-Riemann equations imply that both components are harmonic,

∂2u

∂x2
1

+ ∂2u

∂x2
2

= 0,

see [4]. That is, ∂2u
∂x2

1
and ∂2u

∂x2
2
have to have opposite signs and hence the extreme is

a saddle point. Analogous arguments apply to v.
Since ϕ and Ψ are analytic, the integrand of (1.7) is also analytic. Let us assume

that Ψ has one stationary point ξ, i.e. Ψ′(ξ) = 0. Due to Cauchy’s theorem the
path from a to b can be deformed so that it passes through the saddle point, see [4].
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If a path can be found such that Im(Ψ) attains its minimum in the saddle point or
in one of the endpoints, a local asymptotic expansion of (1.7) around the stationary
point can be found explicitly, see [28].

Depending on the angle the path passes through the stationary point, multiple
well-known methods emerge. The choice of a path where − Im Ψ descends most
rapidly from the saddle point gives rise to the steepest descent method. The method
of stationary phase corresponds to a different angle choice, see [30]. The Laplace’s
method assuming Ψ to be imaginary with real stationary points also fits into the
saddle point framework, cf [27, 37]. The drawback of the aforementioned methods
is that the expansion terms are increasingly complicated with growing order and
their numerical application is therefore limited.

The NSDM is a method based on the steepest descent method. Instead of
expanding the integrand locally to high orders in the neighborhood of the stationary
point, the core idea of the NSDM is to change the path from [a, b] to a concatenation
of paths winding in the direction of the steepest descent (SD) of − Im Ψ and then
compute the integral (1.7) by numerical quadrature methods along those paths.
Since Ψ is analytic, Re Ψ remains fixed along the SD path. A fast decay is achieved
since eiΨ(x)/ε = eiRe(Ψ(x))/εe− Im(Ψ(x))/ε, the integrand is therefore not oscillatory
and decays exponentially fast along the SD path and can be efficiently approximated
numerically. Other competitive quadrature methods for highly oscillatory integrals
include the Filon and Levin-type methods [6]. However, the NSDM achieves twice
the asymptotic decay for the same amount of function evaluations as Filon and
Levin-type methods [17].

There are several challenges when applying the NSDM to our problem the first
being the fact that the theory regarding complex Ψ with complex stationary points
is largely absent. To the best of our knowledge, [2, 17] are the only works consid-
ering the NSDM for complex phase. Secondly, estimates uniform in the number of
discretization points are missing even for the real phase. Finally, our test function
ϕ is not covered by the theory in [18, 19]. The theory expansion and application of
NSDM to our problem is presented in Paper III.

1.3 Sparse stochastic collocation method

Let us assume that the random variable y admits a bounded joint probability density
%(y) =

∏N
j=1 %j(yj) : Γ 7→ R+. The simplest moments of (1.4), expectation and

variance, are defined as,

E[Qp,α] =
∫

Γ
Qp,α(y)%(y)dy, Var[Qp,α] = E[(Qp,α − E[Qp,α])2].

Conventional quadrature methods require very many grid points to accurately ap-
proximate these integrals in high dimensions. This makes them difficult to use for
our case, since a full high-frequency solution to (1.1) has to be computed for each
y and the dimension N of the stochastic space can be large. For instance, the
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trapezoidal rule needs O(MN ) grid points for an accuracy of O(M−2) where M
denotes the number of grid points in one dimension. Hence, the error is O(η−2/N )
where η is the total number of discretization points. The exponential dependence
of the number of discretization points on N and the reduced convergence rate in η
is referred to as the curse of dimensionality.

To circumvent the curse of dimensionality, stochastic methods of the Monte
Carlo type or sparse stochastic collocation techniques are of great advantage. Monte
Carlo methods encompass a wide range of computational algorithms relying on a
repeated random point sampling. The convergence of the plain and quasi Monte
Carlo does not depend on dimension N , but the rate is rather slow, O(η−1/2) and
O(η−1). Variance reduction techniques such as multilevel or multi-index Monte
Carlo are used in a wide range of applications, see [9, 13]. It is to be noted that
these recent techniques have not been applied to high-frequency wave propagation
problems. In particular, a multi-level Monte Carlo may not be applicable to high
frequency waves because it relies on building a mesh hierarchy for the deterministic
solver, which is not feasible fr computing high frequency waves.

The sparse grid collocation method has been utilized in forward propagation
of uncertainty in many PDE models [26]. The underlying idea can be traced back
to Smolyak [32], who developed sparse grids for numerical integration. Instead
of approximating the problems on full tensor grids, the collocation method uses
sequences of sparse grids. For the representation of a function defined over N -
dimensional space, the sparse grid approach employs O(M (logM)N−1) grid points
to attain comparable accuracy as the direct methods with O(MN ) points, see [8,
3, 7]. Sparse grids methods can be further improved by introducing adaptivity, see
[11, 15].

The drawback of the sparse stochastic collocation method is that it requires a
lot of smoothness of the integrand to achieve a fast convergence. Derivatives of the
integrand should be small. In particular, they should not oscillate with ε. Even so,
it can be hard to see the asymptotic error decay in practice in very high dimensions.

We show in Paper IV that the derivatives ∂σ
yQp,α(y) are small for all σ ∈ NN0 ,

hence we have a fast convergence. More precisely, for all compact Γc ⊂ Γ and all
σ ∈ NN0 ,

sup
y∈Γc

∣∣∣∣∂σQp,α(y)
∂yσ

∣∣∣∣ ≤ Cσ, (1.8)

uniformly in ε. The independence of Cσ on ε is essential as it controls the bound
from diverging when ε → 0. In the case of a one-mode GB approximation, it is
enough to examine the QoI (1.3), and we show a stronger regularity result,

sup
y∈Γc
t∈[0,T ]

∣∣∣∣∣∂σQ̃p,α(t,y)
∂yσ

∣∣∣∣∣ ≤ Cσ, ∀σ ∈ NN0 , (1.9)

uniformly in ε.
The simplest case of Q̃ in (1.2) is considered in Papers I and II. Numerical

examples presented in Paper I experimentally show exponential convergence of the
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proposed method contrasting the rather slow Monte Carlo simulations. The stochas-
tic regularity of the GB approximation of Q̃ in (1.2) is conjectured in Paper I and
proved in Paper II. Finally, the regularity (1.9) is shown in Paper IV for any p ∈ N
and α ∈ NN0 . This then serves as a stepping stone for the proof of regularity of
(1.8), also included in Paper IV.





Chapter 2

High frequency approximations

For high frequencies, the computational cost of direct methods for (1.1) grows
rapidly with ε−1. More precisely, to reach a given accuracy, direct methods re-
quire a certain number of points per wavelength, i.e. O(ε−1) points are needed
in each of the n dimensions. The time evaluation requires O(ε−1) steps. Direct
methods hence have a total computational cost of O(ε−(n+1)). To circumvent this
difficulty, we make use of high frequency approximations of uε. Let us introduce two
methods: the geometrical optics and the Gaussian beam method. In this chapter,
we do not consider the dependence of the solutions on the random variable y.

2.1 Geometrical optics

Geometrical optics (GO) is an asymptotic method obtained when ε → 0. Let us
solve the acoustic wave equation (1.1) with the random variable y omitted,

uεtt(t,x)− c(x)2 ∆uε(t,x) = 0, in [0, T ]× Rn, (2.1a)
uε(0,x) = B0(x) ei ϕ0(x)/ε, in Rn, (2.1b)
uεt (0,x) = ε−1B1(x) ei ϕ0(x)/ε, in Rn, (2.1c)

where ε � 1 denotes the short wavelength, B0, B1 ∈ C∞c (Rn) are the amplitudes
and ϕ0 ∈ C∞(Rn) the phase. We consider the ansatz

uε(t,x) = a(t,x, ε)eiφ(t,x)/ε, (2.2)

where the amplitude a and phase φ are smooth functions. Let us further expand
the amplitude as,

a(t,x, ε) =
∞∑
j=0

εjaj(t,x). (2.3)

The coefficients aj for all j and φ vary on a much coarser scale than does the solution
uε and they can be hence resolved with a computational cost independent of ε.

13
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Plugging the ansatz (2.2) with (2.3) into (2.1) and collecting the leading powers
of ε, we obtain the coefficients,

ε−2 : a0φ
2
t − a0c(x)2|∇φ|2 (2.4a)

ε−1 : 2i(a0)tφt − a1φ
2
t + a0iφtt − c(x)2(2i∇a0 · ∇φ− a1|∇φ|2 + a0i∆φ) (2.4b)

ε` : (a`)tt + 2i(a`+1)tφt − a`+2φ
2
t + a`+1iφtt−

− c(x)2(∆a` + 2i∇a`+1 · ∇φ− a`+2|∇φ|2 + a`+1i∆φ), (2.4c)

for ` = 0, 1, . . .. In the limit ε → 0, these coefficients must be zero and we get the
following relations for the phase and amplitudes from (2.4a) and (2.4b):

φ2
t − c(x)2|∇φ|2 = 0, (2.5)

which is referred to as the eikonal equation and

(a0)t −
c(x)2∆φ− φtt

2φt
a0 −

c(x)2∇a0 · ∇φ
φt

= 0, (2.6)

which is often called the transport equation. The additional transport equations
following from (2.4c) for the remaining amplitude terms ` ≥ 0 read

(a`+1)t −
c(x)2∆φ− φtt

2φt
a`+1 −

c(x)2∇a`+1 · ∇φ
φt

− c(x)2∆a` − (a`)tt
2iφt

= 0. (2.7)

The eikonal equation (2.5) admits two modes of solutions corresponding to waves
moving in opposite directions here denoted by the superscripts ±. The two modes
are governed by Hamiltonians with opposite signs. More precisely, the two modes
of the eikonal equation (2.5) belong to the class of Hamilton-Jacobi equations

φt +H(x,∇φ) = 0,

with the Hamiltonians
H±(q,p) := ±c(q)|p|. (2.8)

Rays are bicharacteristics of the eikonal equation. That is, they are curves q±(t)
(and values p±(t) on those curves) parameterized by t ≥ 0 satisfying

dq±

dt
= ∇pH

±(q±,p±), dp±

dt
= −∇qH

±(q±,p±), (2.9)

with initial values q±(0) = q±0 , p±(0) = ∇φ±(0,q±0 ). With this choice of p±(0),
we have that

p±(t) ≡ ∇φ±(t,q±(t)), (2.10)

as long as φ± is smooth, see [31]. Moreover, choosing |p±(0)| 6= 0, |p±(t)| remains
strictly positive for all t > 0, see [20]. From (2.9) it follows that

dH±(q±,p±)
dt

= ∇qH
± · q̇± +∇pH

± · ṗ± = ∇qH
± · ∇pH

± −∇pH
± · ∇qH

± = 0.
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Figure 2.1: Example 2.1.1: One mode of rays propagation with c(x, y) > 1 in the
red-circled region and c(x, y) = 1 elsewhere. Ray position q(t) is plotted (black solid
lines). The initial data is chosen as q(0) = (−π, a) for a sampled from (−π, π), and
p(0) = (1, 0). We observe a cusp caustic.

Hence the Hamiltonian remains constant along the bicharacteristics and
H±(q±(t),p±(t)) = H±(q±(0),p±(0)), for all t ≥ 0.

Recalling the explicit Hamiltonian expression (2.8), the bicharacteristics (2.9)
of the wave equation read

dq±

dt
= ±c(q±) p±

|p±| ,
dp±

dt
= ∓∇c(q±)

∣∣p±∣∣ . (2.11)

Moreover, the phase φ± remains constant along the rays. Indeed,

d

dt
φ±(t,q±(t)) = φ±t (t,q±(t)) +∇φ±(t,q±(t)) · q̇±(t)

= ∓c(q±)|∇φ±(t,q±(t))| ± p±(t) · c(q±) p±(t)
|p±(t)|

= ∓c(q±)|p±(t)| ± c(q±)|p±(t)|
= 0,

where we used the eikonal equation (2.5) and the exact form of q̇± in (2.11) and
(2.10). Thus the phase φ± is given by the expression

φ±(t,q±(t)) = φ±(0,q±(0)). (2.12)

Example 2.1.1. Figure 2.1 shows an example of the ray propagation in case of a
lens placed in a 2D domain. This is modeled by setting the speed of propagation
to c(x, y) > 1 in the red-circled region and c(x, y) = 1 elsewhere. Then, rays from
one mode are sampled from q(0) = (−π, a) with a ∈ (−π, π), all initially moving in
one direction p(0) = (1, 0). We plot q(t) in black solid lines. After a certain time,
we observe a cusp caustic developing.
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Figure 2.2: A Gaussian beam moving to the right along a characteristics.

The eikonal equation admits a smooth solution defined by (2.12) for sufficiently
small time t. However, in general a global smooth solution does not exist as caustics
develop when rays cross and (2.12) no longer defines a unique solution. Instead,
weak solutions must be considered. As is the case for Hamilton-Jacobi equations,
extra conditions are needed to have a unique solution. These conditions are given
in [5] and the solution is called the viscosity solution. The viscosity solution to
the eikonal equation develops kinks, discontinuities in the gradient, at the caustic
points. There the GO predicts unbounded amplitude and the solution breaks down,
see [31].

2.2 Gaussian beams

The Gaussian beam method is another type of high frequency approximation closely
related to geometrical optics and ray tracing. Individual Gaussian beams are full
solutions to (1.1) on a small neighborhood of the rays. They are well-defined for all
t and their superposition performs well even at caustics.

We will use z to denote the starting point of the ray. That is, q±(t; z) is the
position of the ray at time t starting from z ∈ Rn, i.e. q±(0; z) = z. We denote the
k-th order Gaussian beam starting at z ∈ Rn by v±k (t,x; z). The beam has a form
similar to (2.2) used in GO:

v±k (t,x; z) = A±k (t,x− q±(t; z), ε; z)eiΦ
±
k

(t,x−q±(t;z);z)/ε. (2.13)

where

Φ±k (t,x; z) = φ±0 (t; z) + x · p±(t; z) + 1
2x ·M±(t; z)x +

k+1∑
|β|=3

1
β!φ

±
β (t; z)xβ, (2.14)

is the k-th order phase function, and

A±k (t,x, ε; z) =
dk/2e−1∑
j=0

εja±j (t,x; z),
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is the k-th order amplitude function with

a±j (t,x; z) =
k−2j−1∑

β=0

1
β!a

±
j,β(t; z) xβ. (2.15)

As motivated above, the sign ambiguity corresponds to GBs moving in opposite
directions. We will say that a set of GBs all either defined by v+

k or v−k in (2.13)
constitute the same mode.

The two methods also differ in the assumption on the phase Φk. GO assumes
it to be real whereas for Gaussian beams, the phase is complex away from the ray.
The imaginary part is chosen such that the solution decreases exponentially fast
away from the central ray. To compute the beams, we first find the amplitude
and phase propagating along the specific ray by solving a system of ODEs for
q±,p±, φ±0 ,M±, φ

±
β and a±j,β. Each beam is then constructed from (2.13)–(2.15).

First order beams

The simplest (first order, k = 1) Gaussian beam approximation is of the form (2.13)
with

A±1 (t,x, ε; z) = a±0,0(t; z), (2.16a)

Φ±1 (t,x; z) = φ±0 (t; z) + x · p±(t; z) + 1
2x ·M±(t; z) x. (2.16b)

Note that these expressions can be interpreted as a zeroth and and a second order
Taylor expansion in x of the amplitude and phase respectively. Requiring that the
phase Φ±1 (t,x−q±(t; z); z) satisfies the eikonal equation (2.5) up toO(|x−q±(t; z)|3)
and the amplitude A±1 (t,x− q±(t; z), ε; z) satisfies the transport equation (2.6) up
to O(|x− q±(t; z)|), we arrive at a system of ODEs for q±,p±, φ±0 ,M± and a±0,0,

φ̇±0 = 0,

q̇± = ±c(q±) p±

|p±| ,

ṗ± = ∓∇c(q±)|p±|,
Ṁ± = ∓(D± + (B±)TM± +M±B± +M±C±M±),

ȧ±0,0 = ± 1
2|p±|

(
∇c(q±) · p± − c(q±)Tr(M±) + c(q±)p± ·M±p±

|p±|2

)
a±0,0,

(2.17a)

(2.17b)

(2.17c)
(2.17d)

(2.17e)

where

B± = p±∇c(q±)T

|p±| , C± = c(q±)
|p±| −

c(q±)
|p±|3 p±(p±)T , D± = |p±|∇2c(q±).

As in GO, the sign ambiguity corresponds to waves moving in opposite directions.
The ODEs for p±, q± coincide with those used in GO in (2.11).
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The name “Gaussian beam” stems from its Gaussian shape. Indeed, since the
imaginary part of φ1 in (2.16) is determined by x · Im(M±) x, we have

|v±1 (t,x; z)| = a±0,0 exp
(
− 1

2ε(x− q±(t; z)) · Im(M±(t; z))(x− q±(t; z))
)
.

It was proved in [29] that M±(t; z) is symmetric and has a positive imaginary part
at time t > 0 for all y and z if the same holds for the initial data, i.e. if M±(0) is
symmetric and its imaginary part is positive definite. This implies that the shape
of v±1 remains Gaussian with a width |x− q±(t; z)| ∼

√
ε for all times t > 0.

Higher order beams

Analogously to the first order beam case, Φ±k (t,x − q±(t; z); z) in (2.14) is re-
quired to solve the eikonal equation (2.5) to order O(|x−q±(t; z)|k+2) and a±j (t,x−
q±(t; z)) in (2.15) to solve the transport equations (2.6) and (2.7) to order O(|x−
q±(t; z)|k−2j) respectively. This translates to a system of ODEs for the coefficients
q±,p±, φβ,M

±, a±j,β.
Due to their construction, the equations for q±,p±, a±0,0, φ

±
0 ,M

± for higher order
beams coincide with their first order counterpart (2.17). For the ODEs governing
the remaining coefficients φ±β , a

±
j,β, see [29, 35].

Superpositions of Gaussian beams

We recall that the initial data to the wave equation are of the form (2.1) where
supp(B0), supp(B1) ⊂ K0 ⊂ Rn, with K0 compact. Then K0 has to be covered
with Gaussian beams for us to be able to describe the propagation. We need to
define the solution in terms of superpositions of Gaussian beams. By linearity of
the wave equation, a superposition of the GBs is also a solution. Single beams from
the same mode are therefore summed together to form the k-th order one-mode
superposition solution

u±k (t,x) =
( 1

2πε

)n
2
∫
K0
v±k (t,x; z)%η(x− q±(t; z))dz, (2.18)

where the integration in z is over the support of the initial data K0 ⊂ Rn. The
purpose of the prefactor (2πε)−n/2 is to normalize (2.18) to O(1). The function
%η ∈ C∞(Rn) is a real-valued cutoff function with radius 0 < η ≤ ∞ satisfying,

%η(x) ≥ 0 and %η(x) =


1 for |x| ≤ η,
0 for |x| ≥ 2η, for 0 < η <∞,

1, for η =∞.
(2.19)

It has been shown in [20] that if η > 0 is sufficiently small, it is ensured that
ImΦ±k > 0 on the support of %η and the Gaussian beam superposition is well-
behaved. For first order beams, the cutoff function is not needed and we can take
η =∞.



2.2. GAUSSIAN BEAMS 19

0 0.2 0.4 0.6 0.8 1 1.2

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

x

y

Figure 2.3: One-mode Gaussian beam superposition. The red circle represents K0
and the yellow ovals denote the essential support of several GBs at the initial and
final times. Single GBs propagate along the rays (black lines) and are superposed
at the final time to create a one-mode solution.

Each Gaussian beam v±k requires initial data for all phase and amplitude param-
eters. An appropriate choice makes u±k (0,x) converge asymptotically to the initial
conditions in (2.1). As shown in [35], such initial data to the system of ODEs (2.17)
read

q±(0; z) = z,
p±(0; z) = ∇ϕ0(z),
φ±0 (0; z) = ϕ0(z),
M±(0; z) = ∇2ϕ0(z) + i Idn×n,
φ±β (0; z) = ∂β

xϕ0(z), |β| = 3, . . . k + 1,

a±0,0(0; z) = 1
2

(
B0(z)± B1(z)

ic(z)|∇ϕ0(z)|

)
,

(2.20a)
(2.20b)
(2.20c)
(2.20d)
(2.20e)

(2.20f)

The initial data for the remaining amplitude coefficients are given in [20].
Finally, the k-th order GB superposition solution is defined as a sum of the two

modes in (2.18),
uεGB(t,x) = u+

k (t,x) + u−k (t,x). (2.21)
It was shown in [20] that if the initial data for the k-th order beams is chosen in
correspondence to (2.20) then

sup
t∈[0,T ]

‖uεGB(t, ·)− uε(t, ·)‖E ≤ C(T )ε
k
2 , (2.22)

for some constant C(T ) independent of ε. Here, ‖ · ‖E is an ε-scaled energy norm
defined as

‖uε(t, ·)‖E :=
(
ε2

2

∫
Rn

|uεt |2

c(x)2 + |∇uε|2dx
)1/2

.
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Note that (2.22) holds regardless of the presence of caustics in the solution.
Numerically, the integral (2.18) is approximated by the trapezoidal rule:

u±k (t,x) ≈ 1
(2πε)n/2

∑
{j: zj∈K0}

v±k (t,x; zj) ∆zn, (2.23)

where ∆z ∼
√
ε, as shown in [39]. The ODEs (2.17) are solved with a numerical

ODE method. Each Gaussian beam can be evaluated with the computational cost
O(1), hence the total cost of the Gaussian beam method in n dimensions is then
O(ε−n/2). Note that although the cost is not independent of ε, it is significantly
smaller than that of a direct solver, O(ε−(n+1)).



Chapter 3

Approximating the quantity of
interest

The main goal of this chapter is to efficiently compute the QoI

QεGB(t) =
∫
Rn
|uεGB(t,x)|2ψ(x) dx, (3.1)

using the first-order one-mode GB approximation. In other words, either uεGB = u+
1

or uεGB = u−1 in (2.21) is a good approximation to uε. We will henceforth ignore
the superscript ± in all variables. As in the previous section, we will also omit the
dependence of the solution on the random variable y.

In Chapter 2, we argued that the cost of computing uGB in one point is of order
O(ε−n/2). Let us now estimate the computational cost of the whole QoI (3.1). We
will again use the trapezoidal rule on a regular grid to approximate the integral
(3.1),

QεGB(t) ≈
∑

{j: xj∈supp ψ}
|uεGB(t,xj)|2ψ(xj) (∆x)n, (3.2)

Since in general |uεGB| oscillates with period ε, the step ∆x has to be O(ε) in order to
maintain a fixed accuracy as ε→ 0. The computational cost is then proportional to
the number of discretization points used, O((∆xn)−1) = O(ε−n). Since the squaring
can be done independently of ε, the total cost is O(ε−n/2)O(ε−n) = O(ε−3n/2).

The computational cost to evaluate the QoI (3.1) can be improved. As shown
in Figure 3.1, each GB only contributes to xj points inside of the ball of radius
O(ε1/2) around the ray q(t, z). This amounts to O(εn/2/∆xn) = O(ε−n/2) points
per beam. There are O(ε−n/2) GBs. Therefore, even though the cost of evaluating
uεGB in one point is O(ε−n/2), the cost of evaluating it in all xj points is just
O(ε−n/2) ·O(ε−n/2) = O(ε−n).

Using the numerical steepest descent method (NSDM), the computational cost
can be further decreased to O(ε−n/2 log(ε)) for the first order GB approximation,
see Paper III. To improve the cost, we first note that (3.1) can be written as a triple

21
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Figure 3.1: The dots and full line circles represent discretization points in x and z
respectively. The dashed circles show the essential support of two of the Gaussian
beams.

integral over 3n dimensions,

QεGB(t) =
( 1

2πε

)n ∫
Rn

∫
K0×K0

a0,0(t, z)a∗0,0(t, z′)eiΘ(t,x,z,z′)/ε ψ(x) dz dz′dx, (3.3)

where
Θ(t,x, z, z′) = Φ1(t,x, z)− Φ∗1(t,x, z′). (3.4)

Swapping the integration order and using the trapezoidal rule in z and z′ we get

QεGB(t) ≈
( 1

2πε

)n∑
j,k

a0,0(t, zj)a∗0,0(t, zk)
(∫

Rn
ψ(x)eiΘ(t,x,zj ,zk)/ε dx

)
(∆z)2n.

(3.5)
Recalling (2.16), the phase Θ is a second order polynomial in x for all t, zj and zk.
To evaluate (3.5), we implement the NSDM allowing us to compute

In(t, z, z′) :=
∫
Rn
ψ(x)eiΘ(t,x,z,z′)/ε dx, (3.6)

in O(1) operations. The NSDM method is introduced in detail in Sections 3.1
and 3.2 below. The overall computational cost of (3.5) would then be (∆z2n)−1 =
O(ε−n). Furthermore, we note that the integrand of (3.6) contains a combination
of two GBs with amplitudes 1 centered in points zj and zk. In Figure 3.1, we see
that only few GBs overlap and a large number of the integrals (3.6) will therefore
disappear. After discarding the non-overlapping beam combinations, we are able to
further reduce the computational cost to O(ε−n/2 log(ε)).
Remark. We note that the integral (3.6) itself is very small for small ε. In particular,
if there is one and only one non-degenerate stationary point x0 in supp ψ, then by
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the stationary phase lemma, see [16], there exists C independent of ε such that for
a fixed t, zj , zk, we get

|In(t, zj , zk)| ≤ Ce− Im Θ(t,x0,zj ,zk)/εεn/2.

However, in general, there will be O(ε−n/2) integrals in the sum (3.5) where
Im Θ(t,x0, zj , zk) = O(ε), so the size of QεGB is O(1).

It is shown in Paper III, that after a symmetrization, the integral in (3.6) can
be written as

In(t, z, z′) =
∫
Rn
ϕ(t,x, z, z′)eiΨ(t,x,z,z′)/ε dx, (3.7)

where the phase Ψ is a quadratic polynomial in x,

Ψ(t,x, z, z′) = c0(t, z, z′) + xT c1(t, z, z′) + xT c2(t, z, z′)x. (3.8)

For the cases of interest,

0 ≤ Im c0 ≤ O(ε), | Im c1| ≤ O(
√
ε), 0 ≤ Im c2 = O(1), (3.9)

and
|cj | ≤ Cj , j = 0, 1, 2, (3.10)

independently of t, z, z′, since these are in compact sets [0, T ] × K0 × K0. In the
special case of z = z′, we have that c0 = c1 = 0 for all t, z, z′ and the phase Ψ is
purely imaginary, Ψ(t,x, z, z) = ixT ImM(t, z)x.

3.1 Numerical steepest descent method for real phase

Let us first introduce the numerical steepest descent method (NSDM) for a 1D
integral

I =
∫ b

a
ϕ(x)eiΨ(x)/ε dx. (3.11)

where ϕ and Ψ are real analytic functions on [a, b] with complex analytic extension
on a simply connected open D ⊂ C where [a, b] ⊂ D. Then the integrand is
holomorphic in D and we can choose an alternative path from a to b in the complex
plane by Cauchy’s theorem, see [4].

The crucial idea of the NSDM is to choose the integration path such that the inte-
grand is non-oscillatory along it. In other words, since eiΨ(z)/ε = e− Im Ψ(z)/εeiRe Ψ(z)/ε,
the real part of Ψ is required to be fixed. This condition gives rise to the steepest
descent path (SD path) originating in x and denoted by Γx, whose parametrization
hx(p), provided it exists, is defined by

Ψ(hx(p)) = Ψ(x) + ip, (3.12)
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Figure 3.2: Concatenation of SD paths for Ψ(x) = x (left) and Ψ(x) = x2 (right).

where p ∈ [0,∞). It can be shown that the descent of − Im Ψ is maximal along the
SD path Γx. The contribution to the integral along this path is

F (x) :=
∫

Γx
ϕ(z)eiΨ(z)/ε dz =

∫ ∞
0

ϕ(hx(p))eiΨ(hx(p))/εh′x(p) dp.

Substituting Ψ(hx(p)) in (3.12), we obtain

F (x) = eiΨ(x)/ε
∫ ∞

0
ϕ(hx(p))h′x(p)e−p/ε dp = εeiΨ(x)/ε

∫ ∞
0

ϕ(hx(εp))h′x(εp)e−p dp.
(3.13)

Thus, along the SD path, the integrand does not oscillate and decays exponentially
fast and can therefore be efficiently approximated by numerical quadrature.

The matter remains to exactly decompose I in (3.11) as a sum of such terms.
This problem needs to be addressed differently depending on the presence of sta-
tionary points of Ψ, i.e. points ξ ∈ [a, b] such that Ψ′(ξ) = 0. We recall several
important theoretical results from [18].

Let us first assume there are no stationary points in [a, b]. Then we have:

Theorem 3.1.1. (Theorem 3.3 in [18]) Let ϕ and Ψ be real-valued on [a, b] and
analytic in a simply connected and sufficiently (infinitely) large complex region D
containing [a, b], and assume that the inverse of Ψ exists on D. If the following
conditions hold in D:

∃m ∈ N : |ϕ(z)| = O(|z|m), |z| → ∞,
∃ε0 ∈ R : |Ψ−1(z)| = O(e|z|/ε0), |z| → ∞,

then
I = F (a)− F (b), ∀ε < ε0

m+ 1 ,

where F is as in (3.13).

Since Ψ−1 exists, hx(p) = Ψ−1(Ψ(x) + ip) from (3.12) is well-defined. The SD
paths for Ψ(x) = x are depicted in Figure 3.2, left. It can be shown that the
contribution along the line that connects both paths can be omitted.
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The function F in (3.13) can be approximated efficiently by the Gauss-Laguerre
quadrature

F̃N (x) := εeiΨ(x)/ε
N∑
k=1

wkϕ(hx(εpk))h′x(εpk), (3.14)

where pk and wk are the abscissas and the weights of the N -point quadrature rule.
The integral I is then approximated by

ĨN := F̃N (a)− F̃N (b). (3.15)

The accuracy of ĨN is given by the following theorem.

Theorem 3.1.2. (Theorem 3.6 in [18]) Assume that the functions ϕ and Ψ satisfy
the conditions of Theorem 3.1.1. The quadrature error can then be estimated as

|I − ĨN | ≤ Cε2N+1,

where ĨN is given in (3.15). The constant C is independent of ε, but depends on N .

Note that the theorem does not cover the case when N →∞ for fixed ε.
Let us now assume that the phase Ψ has a stationary point ξ ∈ (a, b). Then Ψ−1

may not exist on all of [a, b] and Theorem 3.1.1 cannot be used. However, defining
Ψ1 := Ψ

∣∣
[a,ξ], a single valued branch Ψ−1

1 can be found that satisfies Ψ−1
1 (Ψ1(x)) = x

for x ∈ [a, ξ]. This branch is analytic everywhere except at ξ and along a branch
cut that originates in ξ. Upon choosing an appropriate branch cut, we can find a
path ΓPx,1 parametrized by hx,1(p) = Ψ−1

1 (Ψ1(x) + ip) for x ∈ [a, ξ] and p ∈ [0, P ]
satisfying (3.12). Similarly, defining Ψ2 := Ψ

∣∣
[ξ,b] there exists ΓPx,2 parametrized by

hx,2(p) = Ψ−1
2 (Ψ2(x) + ip) for x ∈ [ξ, b] and p ∈ [0, P ] that satisfies (3.12).

The stationary point ξ is therefore the only point where the two paths can be
matched continuously. More precisely, hξ,1(0) = hξ,2(0) = ξ and the SD paths Γξ,1
and Γξ,2 coincide in the stationary point ξ. Analogously to the stationary point-free
case in (3.13) we define the contribution to the integral I in (3.11) along the SD
path Γx,j as

Fj(x) :=
∫

Γx,j
ϕ(z)eiΨ(z)/ε dz = εeiΨ(x)/ε

∫ ∞
0

ϕ(hx,j(εp))h′x,j(εp)e−p dp. (3.16)

Here, the index j = 1 corresponds to paths originating in x ∈ [a, ξ] and j = 2 in
x ∈ [ξ, b]. The exact decomposition of I now includes two extra terms, F1(ξ) and
F2(ξ), see Figure 3.2 for the depiction of SD the paths for Ψ(x) = x2. This is made
precise by the following theorem:

Theorem 3.1.3. (Theorem 4.2 in [18]) Let ϕ and Ψ be real valued on [a, b] and
analytic in a simply connected and sufficiently (infinitely) large complex region D



26 CHAPTER 3. APPROXIMATING THE QUANTITY OF INTEREST

containing [a, b]. Assume that Ψ′(z) = 0 has only one solution ξ in D and ξ ∈ (a, b).
Define Ψ1 := Ψ|[a,ξ] and Ψ2 := Ψ|[ξ,b]. If the following conditions hold:

∃m ∈ N : |ϕ(z)| = O(|z|m), |z| → ∞,
∃ε0 ∈ R : |Ψ−1

1 (z)| = O(e|z|/ε0) and |Ψ−1
2 (z)| = O(e|z|/ε0), |z| → ∞,

then
I = F1(a)− F1(ξ) + F2(ξ)− F2(b), ∀ε < ε0

m+ 1 ,

where Fj is as in (3.16) for j = {1, 2}.

The N -point Gauss-Laguerre quadrature of Fj is defined as

F̃j,N (x) := εeiΨ(x)/ε
N∑
k=1

wkϕ(hx,j(εpk))h′x,j(εpk), j = 1, 2.

The parametrization hξ,j however exhibits a numerical problem at p = 0. For the
stationary point ξ of order r, i.e. Ψ(r)(ξ) = 0 and Ψ(r+1)(ξ) 6= 0, the derivative,
h′ξ,j(p), behaves as O(p−r/(r+1)) as p → 0. This singularity prevents the Gauss-
Laguerre quadrature from converging rapidly. To circumvent this, one can generalize
the quadrature rule. The generalized Gauss-Laguerre polynomials are orthogonal
with respect to the weight function xαe−x, α > −1 and the corresponding Gaussian
quadrature rules can be applied with the choice α = −r/(r + 1).

Let F̂j,N (x) be the generalized N -point Gauss-Laguerre approximation to Fj(x)
defined by

F̂j,N (x) := εeiΨ(x)/ε
N∑
k=1

wk,αϕ(hx,j(εpk,α))h′x,j(εpk,α)p−αk,α,

with wk,α and pk,α the weights and abscissas respectively. Note that for r = 0
(which is the case for the endpoints a, b 6= ξ), α = 0 and the generalized formula
coincides with the plain one. The integral I is then approximated by

ĨN := F̃1,N (a)− F̂1,N (ξ) + F̂2,N (ξ)− F̃2,N (b). (3.17)

It satisfies the following theorem, a corollary of Theorem 4.4 in [18].

Theorem 3.1.4. Assume that the functions ϕ and Ψ satisfy the conditions of The-
orem 3.1.3. Then the error of approximating I by ĨN in (3.17) can be estimated
as

|I − ĨN | ≤ C1ε
2N+1 + C2ε

2N+1/(r+1),

where C1 and C2 are constants independent of ε, but depending on N .
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3.2 Numerical steepest descent method for complex
phase

In this section, we present error estimates obtained in Paper III analogous to those
in Section 3.1 for a complex quadratic phase Ψ. The integral of interest reads

I =
∫ b

a
ϕ(x)eiΨ(x)/εdx, Ψ(x) = c0 + c1x+ c2x

2. (3.18)

Throughout this section ξ will denote the stationary point of Ψ, given simply by

ξ = − c1
2c2

. (3.19)

Restricting ourselves to this particular quadratic Ψ, we improve the estimates in
[18] by

1. showing their precise dependence on N ,

2. making them uniform in cj , j = 0, 1, 2,

3. allowing a larger set of ϕ functions.

In particular we show that the error converges to 0 when N →∞ or ε→ 0.

Assumptions and main NSDM result

We will make the following precise assumptions:

(A1) The coefficients c1, c2 are bounded: there exist σ1, σ2, γ > 0 such that |c1| ≤
σ1, |c2| ≤ σ2 and 0 < γ ≤ Im c2.

(A2) The endpoints a and b satisfy −α ≤ a ≤ − σ1√
2γ and σ1√

2γ ≤ b ≤ α, for some
α > 0.

(A3) Either |Re Ψ(y)−Re Ψ(ξ)| ≥ δ holds or |Re Ψ(y)−Re Ψ(ξ)| = 0 and Im Ψ(y)−
Im Ψ(ξ) ≥ δ, for y ∈ {a, b} and some δ > 0.

(A4) The function ϕ is an entire function such that for every k ≥ 0 there exists a
constant ν > 0 and a polynomial Pk with non-negative coefficients of order k
such that

|ϕ(k)(z)| ≤ Pk(|z|)eν|z|
2
.

Remark. The variables a, b, c1, c2 all depend on t, z, z′ in our application, i.e. in
the 1D version of (3.7) and (3.8). However, since (t, z, z′) is in a compact set
[0, T ] × K0 × K0, there are uniform bounds on a, b, c1, c2 of the type (A1)–(A4)
above. In particular, (A1) holds due to (3.9) and (3.10). The function ϕ might
be dependent on ε but the estimate itself in (A4) is not. Note that the Gaussian
function ϕ(z) = e−z

2 , which is the test function we often consider, fits into the (A4)
framework.
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Let us now apply the NSDM to integral (3.18). Just like in the real case (3.12)
in Section 3.1, there exist two SD path parameterizations hx,j(p), for j = 1, 2 such
that they satisfy

Ψ(hx,j(p)) = Ψ(x) + ip, (3.20)

with
ha,1(0) = a, hb,2(0) = b.

For the quadratic phase in (3.18), they are given by

hx,1(p) = ξ − S(x, p), hx,2(p) = ξ + S(x, p), (3.21)

with the function S defined as

S(x, p) := 1√
−ic2

√
−ic2(x− ξ)2 + p = 1√

−ic2

√
−i(Ψ(x)−Ψ(ξ)) + p. (3.22)

Finally, Fj is defined as in (3.16),

Fj(x) := εeiΨ(x)/ε
∫ ∞

0
ϕ(hx,j(εp))h′x,j(εp)e−pdp (3.23)

for j = 1, 2. Let us now state a theorem showing that I can be again rewritten as
a sum of four complex integrals of the type (3.23).

Theorem 3.2.1. Assume (A1)–(A4) hold and 0 < ε < γ
2ν . Then

I = F1(a)− F1(ξ) + F2(ξ)− F2(b). (3.24)

The proof is in Paper III. The integral in Fj for the endpoints is approximated
numerically by Gauss–Laguerre quadrature introduced in (3.14),

F̃j,N (x) = εeiΨ(x)/ε
N∑
k=1

wkϕ(hx,j(εpk))h′x,j(εpk). (3.25)

The remaining terms F2(ξ) − F1(ξ) are approximated simultaneously by Hermite
integration, a form of Gaussian quadrature using zeros of the Hermite polynomials
that are orthogonal with respect to the weight function e−x2 . That is, F2(ξ)−F1(ξ)
can be approximated well by

FN (ξ) = eiΨ(ξ)/ε
√
ε√
−ic2

N∑
k=1

ϕ

(
ξ −

√
ε√
−ic2

sk

)
vk, (3.26)

where sk and vk are the corresponding Hermite points and weights. Then the
approximation of I in (3.24) by

ĨN := F̃1,N (a) + FN (ξ)− F̃2,N (b), (3.27)

produces an error quantified in the following theorem.
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Theorem 3.2.2. Assume (A1)–(A4) hold and 0 < ε ≤ γ
2ν − η for some η > 0.

Then for the approximation (3.27) of (3.24),

|I − ĨN | ≤ C1ε
r+1

(
e− Im Ψ(a)/ε + e− Im Ψ(b)/ε

)
N−r/2 + C2ε

(r+1)/2e− Im Ψ(ξ)/εN−r/2,

for all r ≥ 1, where C1 and C2 are independent of ε,N and cj, but dependent on r,
η, ϕ, σj, γ, α, δ, ν and T . Here, N is the number of points in both the corresponding
Gauss-Laguerre and Gauss-Hermite quadrature formula.

The proof is provided in Paper III. We can show that Im Ψ(y) ≥ 0 for y ∈ {a, b, ξ}
for the GB phase (3.8). The estimate in Theorem 3.2.2 therefore converges as ε→ 0
and/or N → ∞. Moreover, the computational cost to achieve a given accuracy is
independent of ε, as we can increase N arbitrarily.

3.3 Extension to 2D
The extension of the NSDM to higher dimensions is straightforward, but rather
tedious in practice. In our case, n–dimensional integrals are obtained as nested
versions of n 1-dimensional integrals.

Let us consider a 2D version of (3.7) on a rectangular domain,

I2 =
∫ b

a

∫ d

c
ϕ(x, y)eiΨ(x,y)/εdy dx.

We define
Hy,j(x) = ε

∫ ∞
0

ϕ(x, vy,j(x, εr))∂rvy,j(x, εr)e−r dr, (3.28)

where vy,j is the SD path satisfying

Ψ(x, vy,j(x, r)) = Ψ(x, y) + ir,

for j = 1, 2 and r ∈ R+. For a fixed x, Ψ is a quadratic polynomial in y. By
Theorem 3.2.1, the inner integral can be therefore decomposed as∫ d

c
ϕ(x, y)eiΨ(x,y)/εdy = Hc,1(x)eiΨ(x,c)/ε −Hη(x),1(x)eiΨ(x,η(x))/ε

+Hη(x),2(x)eiΨ(x,η(x))/ε −Hd,2(x)eiΨ(x,d)/ε,

where η(x) is the stationary point in y, ∂yΨ(x, η(x)) = 0. The integral I2 will
therefore be a sum of integrals of the type∫ b

a
Hs(x),j(x)eiΨ(x,s(x))/εdx, (3.29)

where Ψ(x, s(x)) is again a quadratic polynomial in x and Hs(x),j can be evaluated
in any point by numerical quadrature of (3.28), for = 1, 2. The integral (3.29) is an
oscillatory integral and we can therefore repeat the application of Theorem 3.2.1.

We do not show convergence rigorously for this case. However, we obtain good
numerical results. Let us conclude with an example.
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Figure 3.3: Absolute value of the solution with ε = 0.0125 at times t = 0 (left) and
t = 1 (center). Ray tracing solution (right). A cusp caustic is formed. Contour
lines of c(x, y) are overlaid in red. The left transparent band shows where the initial
amplitude is above 1/2; the right band shows how this band has been transported
by the rays at time t = 1. The circle indicates the support of QoI test function.
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Figure 3.4: The relative error of the new method compared to the Method 1 (left)
and wall clock time (right).

Example 3.3.1. We consider a plane wave passing through a lens where the speed
is defined as c(x, y) = 1 − 0.3e−0.1x2−3y2 . We further define B0(x, y) = e−10(x+1)2

and ϕ0(x, y) = |x| in (1.1). The absolute value of the solution uGB in (2.21) at time
t = 0 and t = 1 is plotted in Figure 3.3.

Let us then choose the test function ψ(x, y) = e−5(x2+y2) and compute the QoI
(3.1) at time t = 1. We compare the values to those obtained by the trapezoidal
rule in (3.2), here called Method 1. The relative error is plotted in the first part
of Figure 3.4. Finally, the right hand-side plot of Figure 3.4 shows the wall clock
time of the methods. As argued in the beginning of this chapter, Method 1 has
a computational cost O(ε−3n/2) and the new method O(ε−n/2 log(ε)). We indeed
observe O(ε−3), respectively O(ε−1), as predicted for n = 2.



Chapter 4

Approximating the statistics of
quantities of interest

The main objective of this chapter is to compute statistics of the QoIs

Q̃p,α(t,y) = ε2(p+|α|)
∫
Rn
g(t,x,y)|∂pt ∂α

x u
ε(t,x,y)|2ψ(t,x) dx,

in case of the one-mode GB solution, or

Qp,α(y) = ε2(p+|α|)
∫
R

∫
Rn
g(t,x,y)|∂pt ∂α

x u
ε(t,x,y)|2ψ(t,x) dx dt,

in case of the two-mode solution. This typically involves integrations of the QoIs in
the stochastic space. For example, the expected value over a uniformly distributed
random Γ reads,

E[Q̃p,α] = 1
|Γ|

∫
Γ
Q̃p,α(t,y) dy, E[Qp,α] = 1

|Γ|

∫
Γ
Qp,α(y) dy.

We use a fast integration method called the sparse stochastic collocation.

4.1 Sparse grid collocation method
In this section, we will introduce a method for approximating the N -dimensional
integral of a real function f ,

I[f ] =
∫

Γ
f(y)dy, (4.1)

where Γ ∈ RN and N is large. To approximate (4.1) we first interpolate f in
a suitable set of points and then integrate the interpolant exactly. A standard
choice of node sets includes equidistant, Legendre or Chebyshev points, resulting in
Newton–Cotes, Gauss or Clenshaw-Curtis quadrature respectively. With increasing
dimension N , the total number of points η grows rapidly and the computations

31
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become expensive. If we e.g. considered uniform grids with piece-wise linear inter-
polation, η = O(MN ) grid points are needed to get accuracy O(M−2), where M
is the number of points in one dimension. Hence, the error is O(η−2/N ) where η is
the total number of grid points. The exponential dependence of the number of grid
points of conventional approaches on dimension N and the reduced convergence
rate in η is referred to as the curse of dimensionality.

One way to cope with the curse of dimensionality is to employ the sparse grid
collocation technique (SG). The SG methods introduce a framework where certain
large group of points can be neglected while only slightly reducing the convergence
rate. Approximation with piece-wise linear basis functions then requires signif-
icantly fewer grid points, η = O(M(logM)N−1) while essentially preserving the
asymptotic error decay of full grid interpolation if the solution has bounded mixed
derivatives. The interpolation error in case of sparse grids is O(M−2(logM)N−1),
which is only slightly worse than the error in full grids.

The discretization on sparse grids is not limited solely to piecewise linear bases,
but can be directly generalized to other multiscale bases or point sets. For smooth
functions, interpolation by higher order polynomials on non-equidistant sparse grids
is a powerful tool.

After sampling f in a sparse set of points {y` ∈ Γ}, we use the quadrature
formula obtained by exact integration of the interpolant S[f ] of f in these points,

I[f ] ≈
∫

Γ
S[f ](y)dy =

∑
`

α` f(y`), (4.2)

where α` are the corresponding quadrature weights. In this thesis, we implement a
sparse version of the Clenshaw-Curtis quadrature, which is a sparse grid integration
rule based on interpolation in Chebyshev nodes.

Clenshaw-Curtis quadrature

Let us introduce abscissas based on the Chebyshev points,

y`,k = cos
((`− 1)π

k − 1

)
, (4.3)

extrema of the k-th order Chebyshev polynomials,

Tk(y) = cos(k arccos(y)).

We define a sequence of grids indexed by the level i on the Chebyshev abscissas.
The full tensor grids have m(i) points in each direction. An important property of
the Chebyshev points is that doubling the number of points naturally leads to a
nested sequence of points. Henceforth, we define

m(i) =
{

1, for i = 1,
2i−1 + 1, for i > 1.
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For every n = 1, . . . N , we denote by Umn the univariate polynomial interpolant
operator on m abscissas,

Umn [f ](x) =
m∑
`=1

f(x1, . . . , xn−1, y`,m, xn+1, . . . , xN )L`,m(xn),

where L`,m is the Lagrange polynomial of order m. More precisely, for a set of
points {yj,m}mj=1 as in (4.3), L`,m is the unique polynomial which is 1 at y`,m and
zero at all other points of the set. For a full grid of a fixed level w, the interpolant
S[f ] reads

S[f ](x) =
N⊗
n=1

Um(w)
n [f ](x). (4.4)

We can now introduce the sparse grid method reformulating expression (4.4). Defin-
ing the detail operator ∆m(i)

n as

∆m(i)
n = Um(i)

n − Um(i−1)
n , Um(0)

n = 0,

we can write Um(w)
n using the telescopic sum,

Um(w)
n =

w∑
i=1

(
Um(i)
n − Um(i−1)

n

)
=

w∑
i=1

∆m(i)
n .

Then, we can form the approximation (4.4) in terms of the detail operator as

S[f ](x) =
N⊗
n=1

w∑
i=1

∆m(i)
n [f ](x) =

w∑
i1=1

. . .
w∑

iN=1

N⊗
n=1

∆m(in)
n [f ](x)

=
∑

‖i‖∞≤w

N⊗
n=1

∆m(in)
n [f ](x), (4.5)

where i = (i1, . . . iN ). As the level in increases, ∆m(in)
n [f ] goes quickly to zero.

Consequently, if we have a product of many factors as in (4.5), it will be smaller
if many levels in are large. This is the basic idea behind the sparse grids. Instead
of including all possible combinations of indices i1, . . . iN ≤ w we only pick those
summing up to a certain constant. In other words, instead of controlling each index
separately, we put a condition on their sum. Such a set is called a total degree set.
More precisely, let Λ(w) be a set of indices given by a total degree rule

Λ(w) =
{

i ∈ NN+ :
N∑
n=1

(in − 1) ≤ w
}

where w is a given number denoting the maximal level. Then the sparse grid
approximation alternative to (4.5) reads

SΛ(w)[f ] =
∑

i∈Λ(w)

N⊗
n=1

∆m(in)
n [f ], (4.6)
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Sparse grid for N = 4 Sparse grid for N = 8 Sparse grid for N = 12

Figure 4.1: Sparse grid based on Clenshaw-Curtis abscissas and Smolyak index set
for w = 4, 8, 12 in dimension N = 2.

or equivalently in terms of the interpolation operator,

SΛ(w)[f ] =
∑

i∈Λ(w)
c(i)

N⊗
n=1

Um(in)
n [f ] ≈ S[f ],

with
c(i) =

∑
j∈{0,1}N
i+j∈Λ(w)

(−1)|j|1 .

Neglecting a certain class of i-indices in this way results in omitting a large portion of
points from the full tensor grid. We define m(i) := (m(i1), . . .m(iN )) and let Hm(i)

denote the set of all Chebyshev points (4.3) on theN -dimensional grid corresponding
to levels i in the respective directions. The set Hm(i) is a tensor grid with relatively
low number of points when i ∈ Λ(ω), compared to the full tensor grid i = (w, . . . , w)
with η = m(w)N nodes. The collection of all grids Hm(i), with i ∈ Λ(w) forms the
sparse grid HΛ(w),

HΛ(w) =
⋃

i∈Λ(w)
Hm(i).

An example of a Smolyak sparse grid with level w = 4, 8, 12 in dimension N = 2 is
shown on Figure 4.1.

With the sparse grid approximation SΛ(w)f in (4.6) in hand one can build the
corresponding sparse grid quadrature formula (4.2),

I[f ] ≈
∫

Γ
SΛ(w)[f ](y)dy =

∑
y`∈HΛ(w)

f(y`)α`. (4.7)

where α` are the corresponding quadrature weights. The precise form and construc-
tion of α` may be found e.g. in [33].
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Figure 4.2: Quadrature error of g in (4.10) with N = 3 and w = 3 to 13. We
implement Smolyak index set and the Clenshaw-Curtis quadrature method.

Convergence result

The rate of convergence of the sparse grid interpolation depends on the regularity
of f . Fast convergence with respect to the total number of collocation points η is
attained when f has many derivatives and the size of them is small. We present
the precise result for another type of SG, namely the sparse Smolyak grid based
on Gauss-Legendre abscissas. The Clenshaw-Curtis quadrature can be expected to
show a similar behavior.

Let e(y) = f(y) − SΛ(w)[f ](y), for y ∈ Γ. If f has s ≥ 1 bounded mixed
derivatives, ∂sy1 ∂

s
y2 . . . ∂

s
yN
f ∈ L∞(Γ), the L2 error in the interpolation on the sparse

Smolyak grid based on Gauss-Legendre abscissas satisfies (see Theorem 5 in [23])

‖e‖L2(Γ) ≤ C
(

1 + log2
η

N

)2N
η
−s loge 2

ξ+loge N , ξ = 1 + (loge 2)(1 + log2 1.5) ≈ 2.1,
(4.8)

where
C = Cs,N max

n=1,...,N
max

0≤k1,...,kn≤s

∥∥∥∂k1
y1 . . . ∂

kn
yn f

∥∥∥
L2(Γ)

(4.9)

Here, the constant C depends on s,N , and the function f but not on η. Therefore,
the larger s, or equivalently the higher the regularity of f , the faster the convergence
rate in η. In particular, when the function has infinitely many bounded mixed
derivatives, the convergence rate is spectral.

Example 4.1.1. To complement the theoretical derivation, we present a numer-
ical example implementing the Clenshaw-Curtis quadrature. Let us compute the
following integral

g =
∫

[0,1]N
f(y)dy, (4.10)

when f is a Gaussian, a discontinuous, a continuous non-smooth and an oscillatory
function. More precisely,
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1. Gaussian

f(y) = exp
(
−

N∑
n=1

c2
n(yn − wn)2

)
,

g =
N∏
n=1

√
π

2cn
(erf(cn(1− wn)) + erf(cnwn)),

with cn = 7.03/N and wn = 1/2.

2. Discontinuous

f(y) =
{

0 if y1 > w1 or y2 > w2,

exp
(∑N

n=1 cnyn
)

otherwise

g = 1∏N
n=1 cn

(ec1w1 − 1)(ec2w2 − 1)
N∏
n=3

(ecn − 1),

with cn = 4.3/N , w1 = π/4 and w2 = π/5.

3. Continuous function

f(y) = exp
(
−

N∑
n=1

cn|yn − wn|
)
,

g =
N∏
n=1

1
cn

(
2− e−cnwn − e−cn(1−wn)

)
,

where cn = 2.04/N and wn = 1/2.

4. Oscillatory with parameter ε,

f(y) = cos
(

1
ε

N∑
n=1

yn

)
, g = Re

[(
−iε

(
ei/ε − 1

))N]
.

In Figure 4.2, the error |g − gη| is plotted where gη denotes the SG approximation
with η collocation points. Here, the dimension is N = 3 and we sweep over w ∈
(3, 13) levels. The first subplot shows the dependence of the convergence on the
smoothness of the integrand. For a smooth Gaussian function, the convergence is
indeed spectral. The continuous but non-smooth function converges linearly while
the discontinuous function performs mediocrely featuring jagged behavior. The
other subplot shows the dependence of the convergence of the oscillatory function
on ε. For ε = 1/10, the method needs substantially fewer points than for ε = 1/40
to attain the spectral convergence.
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Figure 4.3: Example 4.2.1: d’Alembert solution at times t = 0, 0.5, 2.

4.2 Stochastic regularity of high-frequency quantities
of interest

In Section 4.1, we showed that a piece-wise linear interpolation on full grids requires
a total of O(MN ) points to obtain a given accuracy. Therefore, if a function oscil-
lates with period ε, f = f(ε−1y), we need M = O(ε−1) points in every dimension,
hence the total number of points is O(ε−N ).

When employing the sparse stochastic collocation method for the oscillatory
function, the constant C in (4.9) grows as ε−Ns. To maintain a given accuracy in
(4.8), we would thus also need at least η ∼ ε−N points. Therefore, for oscillatory
functions, there is no benefit in using the sparse grids compared to the full grids. To
obtain a fast method, we require that the derivatives of f are bounded independently
of ε.

To see how the oscillations in uε may or may not cause oscillations in the QoI,
we consider a few simple examples in 1D. For all the examples, we let the speed be
spatially constant, c(x, y) = c(y) and set the initial data in (1.1) to,

uε(0, x, y) = B0(x, y)eiϕ0(x,y)/ε, uεt (0, x, y) = 0. (4.11)

By d’Alembert the solution is then

uε(t, x, y) = u+(t, x, y)+u−(t, x, y), u±(t, x, y) = 1
2B0(x∓c(y)t, y)eiϕ0(x∓c(y)t,y)/ε.

(4.12)
We first consider the simple QoI (1.2),

Q̃(t, y) =
∫
R
|u+(t, x, y) + u−(t, x, y)|2ψ(t, x) dx

=
∫
R

(
|u+(t, x, y)|2 + |u−(t, x, y)|2 + 2 Re(u+(t, x, y)∗u−(t, x, y))

)
ψ(t, x) dx

=: Q̃+(t, y) + Q̃−(t, y) + Q̃0(t, y).

The first two terms of Q̃ yield

Q̃±(t, y) =
∫
R
|u±(t, x, y)|2ψ(t, x) dx = 1

4

∫
R
B2

0(x∓ c(y)t, y)ψ(t, x) dx,
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where the integrand is smooth, compactly supported and independent of ε, includ-
ing all its derivatives in y. That is, the sparse stochastic collocation can be used
efficiently to integrate Q̃± in the stochastic space. The last term Q̃0 reads

Q̃0(t, y) = 1
2

∫
R

cos
(
ϕ(t, x, y)

ε

)
B0(x+ c(y)t, y)B0(x− c(y)t, y)ψ(t, x) dx,

where ϕ(t, x, y) := ϕ0(x+c(y)t, y)−ϕ0(x−c(y)t, y). This term could be oscillatory,
depending on the choice of B0 and ϕ0.

Example 4.2.1. The selection

B0(x, y) = e−5(x+s)2 + e−5(x−s)2
, ϕ0(x, y) = x, ψ(t, x) = e−5x2

,

produces two symmetric pulses centered at ±s, each splitting into two waves trav-
eling in opposite directions, see Figure 4.3 where we set s = 1.5 and c = 2. The test
function ψ is compactly supported for numerical purposes. Choosing c(y) = y we
have ϕ(t, x, y) = 2yt and Q̃0 includes an oscillatory prefactor cos

(
2yt
ε

)
that does

not depend on x. Moreover, an ε−σ term is produced when differentiating ∂σy Q̃(t, y).
That is, there is no uniform bound of |∂σy Q̃0(t, y)| independent of ε and the sparse
stochastic collocation method cannot be efficiently used for the QoI Q̃.

The QoI (1.2) along with its first and second derivative in y is depicted in Figure
4.4, left column, for varying ε = (1/40, 1/80, 1/160). The plots display oscillations
of growing amplitude with increasing σ and decreasing ε as predicted. Here, we
chose y ∈ [1.5, 2], s = 3 and t = 2. In general, for odd-order polynomial ϕ0, there is
a cosine prefactor including a constant in x term in Q̃0, which induces oscillations
in ε of the QoI (1.2).

Example 4.2.2. We now take ϕ0(x, y) = x2 and B0, ψ as in Example 4.2.1. Then
ϕ(t, x, y) = 4xyt. By the non-stationary phase lemma, for all compact Γc ⊂ Γ there
exist cs independent of ε such that

sup
y∈Γc
t∈[0,T ]

|Q̃0(t, y)| = 1
2 sup

y∈Γc
t∈[0,T ]

∣∣∣∣∫
R

cos
(4xyt

ε

)
B0(x+ yt, y)B0(x− yt, y)ψ(t, x) dx

∣∣∣∣ ≤ csεs,
for all s as ε → 0, and the same holds for its derivatives with respect to y. That
means that |∂σy Q̃0(t, y)| can be bounded independently of ε. Then so can also
|∂σy Q̃(t, y)| and the sparse grid method can be used with advantage.

The QoI (1.2) for ϕ0(x, y) = x2 and its first and second derivatives in y are
plotted in Figure 4.4, central column, utilizing the same parameters as the previous
example. No oscillations can be observed in the plot. In general, the QoI (1.2) is
not oscillatory for even-order in x polynomials ϕ0.

The different behavior of ϕ0(x, y) = x and ϕ0(x, y) = x2 in Examples 4.2.1 and
4.2.2 can be explained by the GB approximation of (1.2). In Paper II, we show that
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Figure 4.4: Example 4.2.1: QoI (1.2) with ϕ0(x, y) = x, and its first and second
derivative in y (left column). Example 4.2.2: QoI (1.2) with ϕ0(x, y) = x2 (central
column). Example 4.2.3: QoI (4.14) with ϕ0(x, y) = x (right column).

the QoI Q̃ approximated by the one-mode GBs is regular in the stochastic variable.
More precisely, for all compact Γc ⊂ Γ and all σ ∈ NN0 ,

sup
y∈Γc
t∈[0,T ]

∣∣∣∣∣∂σQ̃(t,y)
∂yσ

∣∣∣∣∣ ≤ C̃σ, (4.13)

where C̃σ is independent of ε. The sparse stochastic collocation method can there-
fore be used efficiently to integrate in the stochastic space. We show in Paper IV
that this regularity holds for a more general family of one-mode QoIs Q̃p,α defined
in (1.3).

In Example 4.2.1, the left-going wave u− in (4.12) is approximated solely by
u−k in (2.23). This is because all GBs v−k in (2.13) move along the rays (q−, p−)
whose initial data are q−(0, y, z) = z and p−(0, y, z) = 1 by (2.20). From (2.17) this
implies that p−(t, y, z) = 1 and q−(t, y, z) = −yt+ z. Finally, as y > 0 we therefore
have q− → −∞ irrespectively of the starting point z; in other words all v−k move to
the left. Similarly, u+ is approximated merely by u+

k . Therefore, the waves moving
towards the origin (where the test function is supported) are from two different GB
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modes. Hence, (4.13) does not apply and the QoI can be oscillatory, which is what
we indeed observe.

In contrast, for ϕ0(x, y) = x2 in Example 4.2.2 we obtain p±(0, y, z) = p±(t, y, z) =
2z and hence q±(t, y, z) = ±y z

|z| t+z. Therefore, both q+ and q− can move in either
direction depending on the starting point z. For our example, this implies that the
two waves moving towards the origin belong to the same GB mode, u−k , and the two
waves moving away belong to u+

k . Since the test function ψ is compactly supported
around the origin, only u−k will substantially contribute to the GB approximated
QoI (1.2). Hence the GB approximation of QoI (1.2) essentially consists of one
mode only, and it is therefore regular by (4.13). Therefore, the sparse stochastic
collocation method is efficient.

To evade the oscillatory behavior in Example 4.2.1, we introduce a new QoI

Q(y) =
∫
R

∫
Rn
|uε(t,x,y)|2ψ(t,x)dx dt. (4.14)

consisting of (1.2) integrated not only in x but also in time t, with ψ ∈ C∞c (R×Rn).

Example 4.2.3. Let us apply (4.14) to the 1D oscillatory example from Example
4.2.1.

Q(y) =
∫
R

∫
R
|u+(t, x, y) + u−(t, x, y)|2ψ(t, x) dx dt,

=
∫
R

∫
R

(
|u+(t, x, y)|2 + |u−(t, x, y)|2 + 2 Re(u+(t, x, y)∗u−(t, x, y))

)
ψ(t, x) dx dt

=: Q+(y) +Q−(y) +Q0(y).

Again, the first two terms yield

Q±(y) =
∫
R

∫
R
|u±(t, x, y)|2ψ(t, x) dx dt = 1

4

∫
R

∫
R
B2

0(x∓ yt, y)ψ(t, x) dx dt,

where the integrand is smooth, compactly supported in both t and x and indepen-
dent of ε, including all its derivatives in y. The last term now reads

Q0(y) = 1
2

∫
R

∫
R

cos
(2yt
ε

)
B0(x+ yt, y)B0(x− yt, y)ψ(t, x) dx dt,

and since the phase of cos
(

2yt
ε

)
has no stationary point in t when y > 0, we

can utilize the non-stationary phase lemma in t. Due to ψ being compactly sup-
ported in both t and x, we obtain the desired regularity: for all compact Γc ⊂ Γ,
supy∈Γc |Q(y)| ≤ csε

s for all s as ε→ 0, where cs is independent of ε and similarly
for differentiation in y.

To confirm this numerically, we use the initial data from the previous section
and set

ψ(t, x) = e−5x2−300(t−ts)2
,

where ts = 1.75. The right column of Figure 4.4 shows the QoI Qp,α in (4.14) and
its first and second derivatives with respect to y for ε = (1/40, 1/80, 1/160). The
oscillations are apparently eliminated and the QoI is independent of the wavelength.
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We show in Paper IV, that the QoI 1.4 (of which (4.14) is the simplest case)
approximated by the two-mode GBs is also regular in the stochastic space. More
precisely, for all compact Γc ⊂ Γ and all σ ∈ NN0 ,

sup
y∈Γc

∣∣∣∣∂σQp,α(y)
∂yσ

∣∣∣∣ ≤ Cσ, (4.15)

where Cσ is independent of ε. In summary, the sparse stochastic collocation method
can be used with advantage for both the one-mode QoI (1.3) and the two-mode QoI
(1.4).
Remark. We observe that caustics may make the computations more complicated in
higher dimensions (there are no caustics in 1D). However, the regularity conditions
(4.13) and (4.15) are valid irrespectively of the presence of the caustics.

4.3 Numerical example
Let us present a numerical example to illustrate the use of the sparse stochastic
collocation method. We introduce two 2D pulses, nearly disjoint in the beginning
and moving towards each other. At a finite time, they start to overlap which
leads to oscillations of order ε in the magnitude of the solution. We consider three
uniformly distributed independent random variables y = (y1, y2, y3) characterizing
a random speed, c = c(y) = y1, and a random initial position of the second pulse,
s2 = s2(y) = (y2, y3). We use the smooth test function

ψ(x) =

 e
− |x|2

1/4−|x|2 , |x| < 1/2.
0, otherwise.

The first order one-mode Gaussian beam method from Section 2.2 has been utilized
to compute the solution uε. The initial data in (1.1) read

ϕ0(x) = |x1|, B0(x,y) = e−5|x−s1|2 + e−5|x−s2(y)|2 ,

where s1 = (−1, 0). We consider the random variables

y1 ∼ U(0.8, 1), y2 ∼ U(1, 1.5), y3 ∼ U(0, 0.5).

The amplitude B1 is chosen such that the pulses move towards each other, without
producing any backward propagating waves. Figure 4.5 shows the absolute value of
a sample solution with y = (0.8, 1, 0.5) and wavelength ε = 1/40 at various times.
At time t = 1, the pulses reach the central circle indicating the support of the QoI
test function with oscillations emerging in the overlap area.

In Figure 4.6, we plot the quantity of interest (1.2) and its first and second
derivatives along the line y(r) = (0.8 + 0.2r, 1 + 0.5r, 0.5r), r ∈ [0, 1] at time t = 1.
We note that the solution uε oscillates with ε. However, this is not the case for the
QoI and its derivatives. This suggests bounds of the type (4.13).
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(a) t = 0 (b) t = 0.25 (c) t = 0.5

(d) t = 0.75 (e) t = 1

Figure 4.5: Time evolution of |uε(t,x,y)| with wavelength ε = 1/40 and y =
(0.8, 1, 0.5). The central circle indicates the support of the QoI test function.
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Figure 4.6: The QoI Q̃ in (1.2) and its first and second derivatives along the
line y(r) = (0.8 + 0.2r, 1 + 0.5r, 0.5r) where r ∈ [0, 1], for wavelengths ε =
[1/40, 1/80, 1/160] and time t = 1.

Figure 4.7 shows the relative error of the approximate expected value of the
Gaussian beam QoI

e(η) :=

∣∣∣E[Q̃ηref ]− E[Q̃η]
∣∣∣∣∣∣E[Q̃ηref ]

∣∣∣ ,

as a function of the number of collocation points η for various wavelengths. The
Gaussian beam quantity of interest is computed utilizing (4.7) on the sparse Smolyak
grid at time t = 1. To obtain a reference solution, we use ηref = 30465 collocation
points. The figure also compares convergence of the Monte Carlo and the stochastic
collocation methods. A simple linear regression through the Monte Carlo data
points shows that the rate of convergence of Monte Carlo is approximately 0.46.
We observe a fast spectral convergence of the stochastic collocation error due to the
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Figure 4.7: Relative error e(η) at time t = 1 versus the number of collocation points
η (or the number of samples in the case of Monte Carlo sampling), for various wave-
lengths. The sparse collocation method performs a fast spectral convergence, while
Monte Carlo sampling has a slow algebraic convergence. The rate of convergence
of Monte Carlo sampling, obtained by linear regression through the data points, is
0.46.

high stochastic regularity of the Gaussian beam QoI. Moreover, the decay rate does
not deteriorate as ε decreases. This again points to the existence of the uniform
bounds (4.13).





Chapter 5

Contributions

In this section, we shortly summarize the content of the four contributed papers.

Paper I, [22]

We combine the two methods introduced in Chapters 2 and 4. First, the Gaussian
beam superposition technique is used to solve the high-frequency Cauchy problem
(1.1). The solution uεGB in (2.21) also depends on the random variable y ∈ Γ. We
consider the QoI

QεGB(y) =
∫
Rn
|uεGB(·,x,y)|2ψ(x)dx, (5.1)

representing the local wave intensity of uεGB. Here, ψ ∈ C∞c (Rn).
We are interested in statistics of the QoI, for instance the expected value under

uniformly distributed random variable,

E[QεGB(y)] = 1
|Γ|

∫
Γ
QεGB(y)dy. (5.2)

Second, the N -dimensional integral in (5.2) is computed by the Clenshaw-Curtis
quadrature rule, ∫

Γ
QεGB(y)dy ≈

η∑
k=1

αkQεGB(yk).

Note, that one full solve of high-frequency problem is needed for each y value of
QεGB(y).

In Paper I, we conjecture that QεGB in (5.1) has the stochastic regularity nec-
essary for the Clenshaw-Curtis quadrature to perform well. Numerical examples
shows a fast convergence of the proposed method contrasting to rather slow Monte
Carlo simulations. We also motivated the importance of the smoothness of the
weight function ψ in the QoI.

45
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Paper II, [21]

The main objective of this work is to prove that the QoI (5.1) and its derivatives
with respect to y can be bounded by a constant independent of ε and y. We make
the following precise assumptions about (1.1):

1. The speed of propagation c is strictly positive, smooth and bounded.

2. The initial amplitudes B0 and B1 are smooth and (uniformly) compactly
supported.

3. The initial phase ϕ0 is smooth with non-zero gradient.

4. The stochastic set Γ is compact.

5. The frequency is high, i.e. 0 < ε ≤ 1.

6. The test function is smooth and compactly supported, ψ ∈ C∞c (Rn).

Then we can prove that the QoI (5.1) indeed has stochastic regularity indepen-
dent of the wavelength. Under the assumptions above,

sup
y∈Γ

∣∣∣∣∂σQεGB(y)
∂yσ

∣∣∣∣ ≤ Cσ, ∀σ ∈ NN0 , (5.3)

where Cσ is independent of ε. Hence, the sparse grid collocation method can be
used efficiently for computing the statistics of (5.1). The proof is largely based on
techniques presented in [20]. We use the smoothness of the Gaussian beam variables
and carry out estimates of oscillatory integrals utilizing the stationary phase lemma.

Paper III

In this paper, we devise a fast quadrature method to evaluate the QoI (5.1) approx-
imated by the first order GBs. Highly oscillatory integrals of the type

I =
∫ b

a
ϕ(x)eiΨ(x)/εdx, (5.4)

emerge when computing the QoI (5.1), where ϕ and Ψ are complex analytic func-
tions and ε is small. In our case, Ψ is a quadratic polynomial, Ψ(x) = c0+c1x+c2x

2.
Then ξ = −c1/(2c2) is the stationary point of Ψ.

The numerical steepest descent method from Section 3.2 is utilized to evaluate
the integrals (5.4). We make the following assumptions:

(A1) The coefficients c1, c2 are bounded: there exist σ1, σ2, γ > 0 such that |c1| ≤
σ1, |c2| ≤ σ2 and 0 < γ ≤ Im c2.

(A2) The endpoints a and b satisfy −α ≤ a ≤ − σ1√
2γ and σ1√

2γ ≤ b ≤ α, for some
α > 0.
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(A3) Either |Re Ψ(y)−Re Ψ(ξ)| ≥ δ holds or |Re Ψ(y)−Re Ψ(ξ)| = 0 and Im Ψ(y)−
Im Ψ(ξ) ≥ δ, for y ∈ {a, b} and some δ > 0.

(A4) The function ϕ is an entire function such that for every k ≥ 0 there exists a
constant ν > 0 and a polynomial Pk with non-negative coefficients of order k
such that

|ϕ(k)(z)| ≤ Pk(|z|)eν|z|
2
.

Under the assumptions (A1)–(A4), which are satisfied for the GB integrals, we prove
the Theorems 3.2.1 and 3.2.2.

In the proof of Theorem 3.2.2, we first introduce two finite SD paths from a and
ξ and connect their endpoints by a straight line. Subsequently, we show that the
contribution to the integral along this line goes to zero as the two SD paths go to
infinity. An analogous argument holds for the line connecting paths from b and ξ.

The proof of Theorem 3.2.1 uses an L1-estimate of the remainder term of the
Gauss-Laguerre and Gauss-Hermite quadrature. Moreover, we show that the error
estimate in Theorem 3.2.1 converges as N → ∞ for a fixed ε, and as ε → 0 for a
fixed N , since Im Ψ ≥ 0 for a, b, ξ.

Paper IV

In this work, we extend the results of Paper II by proving the stochastic regularity
for a larger set of QoIs. In particular, we consider Q̃p,α in (1.3) and Qp,α in (1.4).
Under basically the same assumptions as in Paper II, we show that for all compact
Γc ⊂ Γ and all σ ∈ NN0 ,

sup
y∈Γc

∣∣∣∣∂σQp,α(y)
∂yσ

∣∣∣∣ ≤ Cσ, (5.5)

uniformly in ε.
In the case of a one-mode GB approximation, i.e. when uε can be approximated

by uk in (2.21) with one mode only, uk = u+
k or uk = u−k , it is enough to examine

the QoI (1.3), and show a stronger regularity condition,

sup
y∈Γc
t∈[0,T ]

∣∣∣∣∣∂σQ̃p,α(t,y)
∂yσ

∣∣∣∣∣ ≤ Cσ, ∀σ ∈ NN0 , (5.6)

uniformly in ε.
The proof of (5.6) largely relies on the results obtained in Paper II. We show,

that
∣∣∣∂σ

y Q̃p,α(t,y)
∣∣∣ can be written as a sum of terms of the same type as

∣∣∣∂σ
y Q̃(t,y)

∣∣∣
in (5.3).

In order to prove (5.5), we first note that Qp,α = Q+ + Q− + 2 ReQ0, where
Q+ only contains the one-mode solution u+

k , and analogously for Q−. Then, we can
apply (5.6) to obtain the desired bound for the derivatives of Q±. The remaining
term Q0 contains combinations of both u+

k and u−k . We can show that Q0 also
satisfies (5.6) owing to absence of stationary points in time of the phase.
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