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Abstract

Recent experimental advances on ultracold atomic gases and trapped ions have made it
possible to simulate exactly solvable quantum systems of interacting particles. In par-
ticular, the feasibility of making rapid changes, so-called quantum quenches, to such
set-ups has allowed experimentalists to probe non-equilibrium phenomena in closed in-
teracting quantum systems. This, in turn, has spurred a considerable theoretical interest
in quantum many-body systems out of equilibrium.

In this thesis, we study non-equilibrium properties of quantum many-body systems in
the framework of exactly solvable quantum field theory in one spatial dimension. Specific
systems include interacting fermions described by the Luttinger model and effective de-
scriptions of spin chains using conformal field theory (CFT). Special emphasis is placed
on heat and charge transport, studied from the point of view of quench dynamics, and,
in particular, the effects of breaking conformal symmetries on transport properties. Ex-
amples include the Luttinger model with non-local interactions, breaking Lorentz and
scale invariance, and inhomogeneous CFT, which generalizes standard CFT in that the
usual propagation velocity v is replaced by a function v(x) that depends smoothly on
the position x, breaking translation invariance.

The quench dynamics studied here is for quantum quenches between, in general,
different smooth inhomogeneous systems. An example of this is the so-called smooth-
profile protocol, in which the initial state is defined by, e.g., smooth inhomogeneous
profiles of inverse temperature and chemical potential, and the time evolution is governed
by a homogeneous Hamiltonian. Using this protocol, we compute exact analytical results
for the full time evolution of the systems mentioned above. In particular, we derive
finite-time results that are universal in the sense that the same relations between the
non-equilibrium dynamics and the initial profiles hold for any unitary CFT. These results
also make clear that heat and charge transport in standard CFT are purely ballistic.

Finally, we propose and study an inhomogeneous CFT model with v(x) given by a
random function. We argue that this model naturally emerges as an effective description
of one-dimensional quantum many-body systems with certain static random impurities.
Using tools from wave propagation in random media, we show that such impurities lead
to normal and anomalous diffusive contributions to heat transport on top of the ballistic
one known from standard CFT.
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Sammanfattning

Nya experimentella framsteg för ultrakalla atomgaser och fångade joner har gjort det
möjligt att simulera exakt lösbara kvantsystem av interagerande partiklar. I synnerhet
möjligheten att göra snabba förändringar, så kallade kvantkuvningar, i sådana uppställ-
ningar har tillåtit experimentalister att undersöka icke-jämviktsfenomen i slutna intera-
gerande kvantsystem. Detta har i sin tur sporrat ett omfattande teoretiskt intresse för
kvantiserade mångpartikelsystem ur jämvikt.

I den här avhandlingen studerar vi icke-jämviktsegenskaper hos kvantiserade mång-
partikelsystem inom ramverket av exakt lösbar kvantfältteori i en rumsdimension. Spe-
cifika system inkluderar interagerande fermioner beskrivna av Luttinger-modellen och
effektiva beskrivningar av spinnkedjor inom konform fältteori (CFT). Speciell betoning
läggs på värme- och laddningstransport, studerat från synvinkeln av kuvningsdynamik,
och i synnerhet effekterna av att bryta konforma symmetrier på transportegenskaper. Ex-
empel inkluderar Luttinger-modellen med icke-lokala interaktioner, vilka bryter Lorentz-
och skalinvarians, och inhomogen CFT som generaliserar vanlig CFT genom att den van-
liga utbredningshastigheten v ersätts med en funktion v(x) som beror slätt på positionen
x, vilket bryter translationsinvarians.

Kuvningsdynamiken som studeras här är i allmänhet för kvantkuvningar mellan olika
släta inhomogena system. Ett exempel på detta är det så kallade släta-profil-protokollet,
i vilket initialtillståndet är definierat av t.ex. släta inhomogena profiler av invers tempe-
ratur och kemisk potential och tidsutvecklingen styrs av en homogen Hamiltonoperator.
Genom att använda det här protokollet kan vi beräkna exakta analytiska resultat för den
fulla tidsutvecklingen av ovannämnda system. I synnerhet härleder vi resultat för ändlig
tid som är universella i bemärkelsen att samma relationer mellan icke-jämviktsdynamiken
och de initiala profilerna stämmer för vilken unitär CFT som helst. Dessa resultat tyd-
liggör också att värme- och laddningstransport i vanlig CFT är rent ballistiska.

Slutligen föreslår vi och studerar en inhomogen CFT-modell med v(x) given av en
slumpmässig funktion. Vi argumenterar att denna modell uppkommer naturligt som en
effektiv beskrivning av endimensionella kvantiserade mångpartikelsystem med vissa sta-
tiskt slumpmässiga orenheter. Genom att använda redskap från vågutbredning i slump-
mässiga medier visar vi att sådana orenheter leder till normala och anomalösa diffusiva
bidrag till värmetransport ovanpå det ballistiska bidraget känd från vanlig CFT.
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Introduction and background





Chapter 1

Introduction

This thesis is about exactly solvable quantum many-body systems in one spatial dimen-
sion (1d) plus one time dimension. The primary framework is quantum field theory,
and, in particular, conformally invariant such theories, focusing on their use as effective
descriptions of the universal properties of quantum many-body systems.

To avoid confusion, we describe informally in words what we here mean by the above
technical terms. First, exactly solvable models, as the name suggests, basically means
that the models are amendable to an exact analytical treatment. Second, the term many-
body systems refers to the study of the collective behavior of large numbers of interacting
particles. Third, quantum field theory is the framework extending quantum mechanics
to models with an infinite number of degrees of freedom. Fourth, effective essentially
means to consider a “trimmed” theoretical model for an underlying theory keeping only
the relevant degrees of freedom for describing the physical phenomena at a particular
length scale and omitting those on shorter length scales. Fifth, by conformally invariant,
we mean a theory that is invariant under conformal transformations, i.e., transformations
that preserve angles and orientations. Sixth, and last, universal refers to properties that
are independent of model-specific or short-distance details.

Exactly solvable models, see, e.g., [8], are important for several reasons: (i) Exact
solutions allow one to avoid (at least to a larger degree) resorting to uncontrolled ap-
proximations when deriving results compared to when such solutions are not available.
(ii) In many cases, they capture the universal behavior of larger classes of systems, in-
cluding more realistic models of nature. (iii) They serve as benchmarks for numerical
investigations of similar systems, including those that are not exactly solvable. For in-
stance, exactly solvable models were crucial in the historical development of quantum
field theory and its use for understanding quantum many-body systems in equilibrium
[146].

In this thesis, we present exact analytical results for the non-equilibrium dynamics
of 1d quantum many-body systems described by exactly solvable quantum field theories.
Special emphasis will be placed on heat and charge transport. The overall field of research
is non-equilibrium quantum statistical mechanics, which has a long history in mathemat-
ics and theoretical physics, going back to early works by von Neumann [143], among
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4 Chapter 1. Introduction

others. Today, this field has experienced a large renewed interest, mainly motivated by
experimental developments, in particular, recent advances on ultracold atomic gases and
trapped ions, see, e.g., [45, 111, 20, 114, 19]. In experiments on ultracold atomic gases,
for instance, atoms at very low temperatures are trapped in optical lattices and used to
simulate closed quantum many-body systems [20]. These and other experiments have
allowed physicists to essentially replicate exactly solvable models of interacting particles
in a laboratory setting. Since they are particularly suitable for studying such systems
out of equilibrium, this has spurred a considerable theoretical interest in non-equilibrium
properties of quantum many-body systems.

1.1 A simple non-equilibrium example

To illustrate some key aspects, we begin with a schematic discussion of a simple example,
namely the flow of a classical gas between two reservoirs.

Consider two very large reservoirs, the left one containing a gas of classical particles
and the right one empty, connected via a third part that we take as our system, see
Figure 1.1. The system is assumed to be much smaller than the reservoirs and separated
from them by gates.

Initially, for time t < 0, the gates are closed, disconnecting the reservoirs from the
system and from each other. We will refer to this as a non-equilibrium initial state since
the system is out of equilibrium with respect to the dynamics with open gates. At t = 0,
the gates are suddenly opened, and the system evolves in time for t > 0 with the particles
flowing from left to right. After sufficiently long time, since the reservoirs are very large,
one expects a steady flow of particles to develop in the system. Since the flow is non-zero,
this state is an example of a non-equilibrium steady state.

To fix our terminology, we stress that the system in the above simple example is open:
it is coupled to another system, the environment, which consists of the two reservoirs. A
system is said to be closed if there are no such couplings [23].

1.2 Non-equilibrium quantum statistical mechanics

The previous example was classical while, in the rest of this thesis, we will exclusively
be interested in non-equilibrium properties of quantum systems. On the theoretical side,
such systems have been studied out of equilibrium both analytically and numerically.
Among the many tools in the literature one finds, for instance, the Keldysh formalism,
where the main objects of study are non-equilibrium Green’s functions, see, e.g., [113]
for a review, and C∗-dynamical systems, see, e.g., [63, 6, 109, 108, 39].

All systems that we consider will be closed. As mentioned, this is motivated by recent
experimental advances on ultracold atomic gases and trapped ions, which have made it
possible to simulate closed quantum systems out of equilibrium. For completeness and
later reference, however, we start by briefly discussing open quantum systems.
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(a) t < 0.

(b) t & 0.

(c) t� 0.

Figure 1.1: Schematic illustration of a system connected to two very large reservoirs at
different times t. (a) Initially, the left reservoir is filled with a gas of particles, the right
reservoir is empty, and the gates separating them from the system are closed. (b) At
time zero, the gates are opened and particles start to flow from left to right. (c) After
sufficiently long time, one expects a steady flow through the system.



6 Chapter 1. Introduction

1.2.1 Open systems

For an open system, the couplings to the environment can be used to bring the system
out of equilibrium, as in our simple example in Section 1.1. As a second example, which
will become relevant later on, consider a 1d quantum system S coupled to two infinitely
large reservoirs RL and RR to the left and to the right, respectively, as illustrated in
Figure 1.2, see, e.g., [69, 70, 5]. The scenario most relevant to the study of transport
of heat and charge is when the two reservoirs have different temperatures and chemical
potentials. Thus, suppose that RL has temperature β−1

L and chemical potential µL and
RR has β−1

R and µR.1 Assume β−1
L > β−1

R and µL > µR, meaning that the temperature
and the chemical potential are higher on the left compared to the right. If the system is
left to evolve, then, after sufficiently long time, one expects that the system tends to a
steady state with heat and particles (charge) flowing from left to right. As before, this is
an example of a non-equilibrium steady state (NESS), by which we mean a steady state
with non-zero currents.

SRL RRSRL RR

Figure 1.2: A 1d quantum system S coupled to two infinitely large reservoirs RL and
RR on its left and right side, respectively.

Important questions for set-ups of the form illustrated in Figure 1.2 include how
to model the couplings to the reservoirs. For classical systems this is reviewed in [89],
and for quantum systems one uses so-called Lindblad operators [96], see, e.g., [23] for a
textbook presentation.

1.2.2 Closed systems

We recall that the time evolution in quantum mechanics is determined by the Hamiltonian
H(t) of the system, which, in general, may depend on time t, as follows. If the system is in
a mixed state ρ̂(0) at time zero, then, in the Schrödinger picture, the state at time t > 0
is ρ̂(t) = U(t)ρ̂(0)U(t)†, where U(t) is a unitary operator satisfying i∂tU(t) = H(t)U(t)
and U(0) = Id. Following the terminology in [23], if the Hamiltonian is time independent,
i.e., H(t) = H, we say that the system is isolated. On the other hand, the Hamiltonian
would be time dependent, for instance, if there is an external driving force, say, if the
system is coupled to an external field that oscillates in time. It is worth mentioning that
the study of such driven systems is an active area of research, in particular, in relation to
novel states of matter such as time crystals, which were recently observed experimentally
[147, 31].

A closed system has no reservoirs, meaning that it has to be brought out of equilib-
rium by other means. One approach would be to consider driven systems. Another would
be to consider a quantum quench, i.e., to suddenly change parameters in the Hamiltonian

1Throughout this thesis we will use units such that ~ = kB = e = 1, cf. Appendix A.
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defining the initial state of the system, see, e.g., [117]. Examples include, turning off a
coupling to an external field, changing an effective mass, or changing the interactions
between particles. This latter approach is the one that we will take. Hence, except for
sudden changes at time zero, our systems will be isolated. In fact, the recent interest in
ultracold atomic gases is largely due to the experimental feasibility of such changes: sys-
tem properties can be rapidly changed using Feshbach resonance, simulating a quantum
quench, see, e.g., [20].

1.2.3 Specific protocols

One way to theoretically implement a quantum quench for the purpose of studying non-
equilibrium properties of closed quantum systems of length L (ignoring questions about
boundary conditions for now) can be formally described as follows. Prepare the system
in an initial state ρ̂(0) that is in equilibrium with respect to some Hamiltonian H1, i.e.,
[H1, ρ̂(0)] = 0. Then, let it evolve in time t > 0 under the dynamics given by a different
Hamiltonian H2 for which [H2, ρ̂(0)] 6= 0, which means that the initial state is out of
equilibrium with respect to H2. Since H2 is independent of t, the time-evolved state is
ρ̂(t) = e−iH2tρ̂(0)eiH2t.

As will be explained in greater detail later, since the time evolution is unitary, the
questions that one asks must be interpreted as posed for expectations of densities O =

O(x) of observables O =
∫ L/2
−L/2 dxO with some locality condition and the thermodynamic

limit L → ∞ taken. Informally, by a locality condition, we mean a condition requiring
that contributions to O(x) from points x′ 6= x decay sufficiently fast as the distance to
x increases. For instance, an operator O is local if O(x) has finite support, and it is
quasi-local if contributions to O(x) from points x′ decay exponentially with the distance
|x′ − x|, see, e.g., [50, 58, 39].2

Examples of questions include:

• How does the system evolve in time? Meaning: How does limL→∞Tr[ρ̂(t)O] change
with t (for all O in some suitable family)?

• Can and does the system tend to a steady state in the long-time limit? Meaning:
Does limt→∞ limL→∞Tr[ρ̂(t)O] exist, and, if yes, is there some state ρ̂SS such that

lim
t→∞

lim
L→∞

Tr[ρ̂(t)O] = lim
L→∞

Tr[ρ̂SSO] (1.1)

(for all O in some suitable family)?

• If a steady state exists, what does it look like? Meaning: If ρ̂SS exists in the sense
of (1.1), what does it look like?

Concerning the last question, one usually distinguishes between if the steady state is an
equilibrium state (in some sense), in which case there are no currents, or a NESS.

Below we describe two specific protocols for implementing quantum quenches for the
purpose of studying heat and charge transport in 1d systems.

2Cf. the energy density in (2.12) for the Luttinger model, where this translates to conditions on the
interaction potentials.
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Partitioning protocol

The first example is the partitioning protocol studied in, e.g., [136, 6, 24, 25, 10, 11, 12, 13].
Consider a closed infinite system on the real line that initially is in a partitioned state.
This is a state where, e.g., the left side (−∞, 0) of the system has temperature β−1

L and
chemical potential µL, and the right side (0,∞) has β−1

R and µR, with the two sides
prevented from communicating with each other, see, e.g., [12]. This can be described
by a Hamiltonian H1 for the system with the origin initially not included and totally
reflecting, i.e., particles approaching the origin are reflected back to where they came.
At time zero, the Hamiltonian is suddenly changed to H2 corresponding to the system
with the origin included and totally transmitting, and the system is left to evolve.

Smooth-profile protocol

A closely related example is the smooth-profile protocol studied in Papers B–D. We will
discuss the general case in Chapter 3 and here focus on the special case that was the
original example in Paper B. Again, consider a closed infinite system, but in this case
initially coupled to a smooth chemical-potential profile such that there is a higher density
of particles in one half of the system compared to the other. For instance, consider a
smooth kink-like profile µ(x) interpolating between the asymptotic values µL to the
left and µR to the right, see Figure 1.3. Let H1 be the Hamiltonian for the system
coupled to µ(x). For simplicity, prepare the system in the ground state |Ψ1〉 of H1, in
which case ρ̂(0) = |Ψ1〉〈Ψ1| (although nothing prevents us from considering more general
states). Such a state corresponds to a smooth version of a so-called domain-wall initial
state studied in, e.g., [116, 83]. The system is then quenched and left to evolve under
the Hamiltonian H2 describing the same system coupled to the homogeneous chemical
potential µ = (µL + µR)/2 instead of µ(x).

In the more general case, the initial state is defined not only by a chemical-potential
profile but also by an inverse-temperature profile, see Figure 1.4.

µL

µR

0
x

µ(x)

Figure 1.3: Chemical-potential profile.

Given an infinite 1d system, the partitioning and the smooth-profile protocol share a
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β−1
L

β−1
R

0
x

β(x)−1

Figure 1.4: Temperature profile.

common feature as follows. Consider a subsystem on the finite interval [−`, `] around the
origin. In both protocols, heat and charge waves, see, e.g., [71], are generally produced
in this subsystem. These move to the right and to the left as time evolves and eventually
out of the subsystem after a finite time. For later times, the subsystem is stationary and
can be interpreted as an open system in a steady state with the remaining semi-infinite
left and right sides acting as effective reservoirs, cf. Figure 1.2. In general, there will
be constant heat and charge currents flowing through the subsystem, in which case it
corresponds to a NESS and not an equilibrium state.

1.3 Overview of the thesis

A major part of this thesis concerns the Luttinger model [139, 101, 106]. This is a 1d
quantum field theory of interacting spinless and massless fermions that come in two types,
namely right and left movers along the spatial direction. It is also the prototypical model
for a larger class of 1d systems referred to as Luttinger liquids [61].

The Luttinger model is exactly solvable using bosonization both with local (delta-
like) and non-local interactions [106].3 We will consider both. For local interactions, the
Luttinger model is a conformal field theory (CFT), by which we here mean a conformally
invariant quantum field theory [52]. One important application of CFT is to effectively
describe the critical behavior of generic models in statistical mechanics, see, e.g., [26]. As
will be explained, the local Luttinger model can be obtained as the effective description
of the (quantum) XXZ spin chain, which we recall is a Bethe-ansatz integrable 1d lattice
model that can be mapped to a system of interacting fermions, see, e.g., [81, 123, 55].
Non-local interactions, on the other hand, break conformal symmetry: the Luttinger
model is non-relativistic in this case since the excitations propagate with velocities that
depend on momenta, breaking Lorentz and scale invariance.

We will use the smooth-profile protocol described above to study the non-equilibrium
3It is important to point out a difference in terminology: by local for the Luttinger model we mean

delta-like, which is stricter than its meaning in Section 1.2.3, while non-local means non-delta-like.
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dynamics of the Luttinger model, both with local and non-local interactions, as well as
models in the general framework of unitary CFT. The exact solvability of the models that
we consider is exploited to derive explicit analytical results for their full time evolution.
As mentioned, special emphasis will be placed on heat and charge transport, which are
accessed by studying the time evolution from non-equilibrium initial states defined by
smooth inverse-temperature and chemical-potential profiles.

Of particular importance in this thesis is the breaking of conformal symmetries and
its effect on transport. As we will explain, a general feature of standard (pure) CFT is
that heat and charge transport are purely ballistic. This is true also for the non-local
Luttinger model, despite that the interactions break conformal invariance. There are,
however, other ways to break conformal symmetries. One way that we will consider is
inhomogeneous CFT, which generalizes standard CFT in that the propagation velocity
instead of being constant varies smoothly in space, breaking translation invariance. An
extension of this is our proposal of random CFT in Paper E, which is defined as an
inhomogeneous CFT with the propagation velocity given by a random function. Both
inhomogeneous and random CFT are examples of new exactly solvable quantum models.
Importantly, we showed in Paper E that the static randomness in the latter leads to a
richer set of transport properties: there are, in general, normal and anomalous diffusive
contributions to heat transport on top of the ballistic one from standard CFT. This is part
of a larger outstanding research question in mathematical physics, where to rigorously
show if and how diffusive transport emerges from microscopic models is an important
and difficult problem [22].

1.4 Organization of the thesis

The rest of Part I of this thesis is organized as follows. Exactly solvable and integrable
models are discussed in Chapter 2. The smooth-profile protocol is presented in Chapter 3
and its relation to linear response theory is discussed. The construction of the Luttinger
model and its solution by bosonization are presented in Chapter 4, reviewing Paper A.
Effective descriptions of spin chains are discussed in Chapter 5, including the case of spin
chains that are inhomogeneous in a way that will be made precise. Interacting fermions
out of equilibrium are discussed in Chapter 6, reviewing Papers B and C. Lastly, non-
equilibrium properties of CFT are presented in Chapter 7, first for standard CFT and
then for inhomogeneous and random CFT, reviewing Papers D and E. Some notational
conventions are summarized in Appendix A, which also includes a list of notational
differences with Paper A and a list of typos and oversights in the scientific papers. In
Appendix B, we give a brief review of the algebraic Bethe ansatz. Linear response theory
is reviewed in Appendix C and a number of results are derived. In Appendix D, we state
and prove a lemma for computing results in the long-time limit. Lastly, in Appendix E,
we give a formal derivation of the NESS for the non-local Luttinger model.

Chapters 4 and 5 are the most technical ones. The latter can be skipped without loss
of continuity while the former is needed for Chapter 6.



Chapter 2

Exact solvability and integrability

As mentioned in the beginning of Chapter 1, exact solvability means, more or less, what
the term intuitively says: exactly solvable models are models that are amenable to an
exact analytical treatment. For the models of interest in this thesis, one could even try
to give a stronger meaning: they are exactly solvable in the sense that all eigenvalues and
eigenstates of the Hamiltonian can be computed analytically together with all correlation
functions. Examples of 1d quantum many-body systems for which this is the case include
the Lieb-Liniger model [93, 92], the XXZ spin chain, and the Luttinger model. The first
two are exactly solvable by Bethe ansatz, see, e.g., [81], and the third using bosonization
[106].

A related term is integrability. However, as we will touch upon below, the definition of
integrability for quantum systems is subtle and (at least) not universally agreed upon, see,
e.g., [49, 29] for a discussion of this. For completeness, we will briefly discuss integrability
both for classical and quantum systems, in particular, since it is important for how they
behave out of equilibrium, but the notion most relevant for this thesis will be exact
solvability.

Exactly solvable models are rare, and exact solutions are beyond reach in most cases.
(The same is true for integrable models.) In a sense, the best one can do is to give a list
of models that have been exactly solved (so far) [8]. Our list in this thesis consists of the
Luttinger model, both with local and non-local interactions, general 1+1-dimensional
unitary CFT models, and the XXZ spin chain. The first two will be our main focus.
The Bethe ansatz will only be mentioned briefly in relation to spin chains for the sake of
completeness. Instead, our main discussion of spin chains, in particular the XXZ spin
chain, concerns their effective description in a certain regime using CFT.

2.1 Integrability

Classical integrability is usually defined in the sense of Liouville. We will only mention
some of the basic ideas. For a self-contained review, we refer to [7], whose presentation
we will follow below for classical systems. After this, we will turn to the quantum case.

11
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2.1.1 Classical systems

Consider a classical dynamical system with N degrees of freedom. Each state of the
system corresponds to a point in phase space specified by coordinates consisting of the
positions q = (q1, . . . , qN ) and the conjugate momenta p = (p1, . . . , pN ). The Hamilto-
nian H of the system, which is a particular observable that defines the time evolution,
is a function on phase space, H = H(q,p), and the equations of motion are given by
Hamilton’s equations:

dpn
dt

= −∂H
∂qn

,
dqn
dt

=
∂H

∂pn
, n = 1, . . . ,N . (2.1)

The Poisson bracket is defined by

{F,G}PB =
N∑
n=1

∂F

∂pn

∂G

∂qn
− ∂G

∂pn

∂F

∂qn
, (2.2)

where F and G are functions on phase space, and is assumed to be non-degenerate.1 The
coordinates satisfy

{pn, qn′}PB = δn,n′ , {qn, qn′}PB = {pn, pn′}PB = 0, (2.3)

and the time evolution of any function F on phase space is given by

dF

dt
= {H,F}PB . (2.4)

Clearly, H is constant in time, meaning that energy is conserved. For generic systems,
this would be the only conserved quantity (possibly with a few additional ones). However,
for (completely) integrable systems in the sense of Liouville, there is a “maximal” family
of conserved quantities,2 which allows one to obtain explicit solutions of the equations
of motion.

Specifically, a system is Liouville integrable if it has N (linearly) independent quan-
tities Qn, n = 1, . . . ,N , that are conserved, {H,Qn}PB = 0, and are in involution,
{Qn, Qn′}PB = 0. It is understood that the Hamiltonian H is a function of the Qn:s
since there cannot be more than N independent quantities in involution. Liouville’s the-
orem then says that the solution of the equations of motion in (2.1) can be “obtained by
quadrature”, i.e., expressed in terms of a finite number of integrals and solving a finite
number of algebraic equations, by switching to so-called action-angle variables, see, e.g.,
[7].

1A Poisson bracket on a manifoldM is degenerate if the center of the Poisson algebra, which is the set
of functions F onM such that {F,G}PB = 0 for all G, is non-trivial, i.e., contains non-constant functions.
In the case of a degenerate Poisson bracket, the system can be reduced by setting the functions in the
center to constant values and studying the dynamics on the resulting sub-manifold, see, e.g., [7].

2By “maximal” we here mean that there are as many conserved quantities as there are degrees of
freedom.
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2.1.2 Quantum systems

The case for quantum systems is much more subtle. An immediate problem if one seeks to
directly generalize Liouville integrability is what should be taken as the number of degrees
of freedom, see, e.g., [49, 29]. We recall that a quantum mechanical system is (formally)
described by operators O acting on some Hilbert space and that the Hamiltonian is a
self-adjoint operator that defines the time evolution via the Heisenberg equation3

dO

dt
= i[H,O], (2.5)

where [O1, O2] = O1O2−O2O1 is the usual commutator. For a finite-dimensional Hilbert
space, one typically takes N as the dimension of the Hilbert space [29]. (This is clearly
different from the classical case, where it was defined as the number of conjugate pairs
(qn, pn) with each of the members taking on values in a continuum.) However, even if
one adopts this definition, there is still an apparent problem: it is always possible to
find N conserved quantities. Indeed, since the Hamiltonian H is a self-adjoint operator,
the spectral theorem implies that it can be diagonalized. Let En denote the eigenvalues
of H with the corresponding eigenstates |En〉 and define the projection operators Pn =
|En〉〈En|. Since the Pn:s clearly commute withH and with each other, a naive adaptation
of Liouville integrability to the quantum case would mean that every quantum model
would be integrable. As argued in [29], this would not be a satisfactory definition.

Noting that the projection operators above are not local, one potential solution would
be to disallow such operators. Thus, formally, one candidate for a definition is that a
quantum system is integrable if there exists a “maximal” (in some sense) number of
conserved quantities Qn that satisfy some locality condition. Strictly speaking, local, for
a discrete quantum system with lattice spacing a0, means that Qn =

∑
j a0Qn,j with

Qn,j acting on a finite number of neighboring sites, and, for a continuum system, that
Qn =

∫
dxQn(x) with Qn(x) a density operator that has finite support. This can be

generalized, and sometimes it has to be, to include also quasi- or pseudo-local conserved
quantities, see, e.g., [65, 66, 39] and Section 1.2.3.

2.2 Integrable vs. non-integrable systems

Models which are not integrable are said to be non-integrable. The key difference between
integrable and non-integrable models is that integrable models have a macroscopically
large number of local conservation laws (sometimes infinitely many) while non-integrable
ones only have a few, see, e.g., [29]. This is important for their non-equilibrium properties.

In general, non-integrable systems are expected to show ergodic properties in that,
evolving from some given initial state, the final steady state in the long-time limit de-
pends, for instance, only on the total energy and the total number of particles. The corre-
sponding conserved quantities are the Hamiltonian H and the charge operator Q. If this

3Note that, with the definition of the Poisson bracket in (2.2), [H,O] is replaced by −i {H,O}PB
when going from quantum to classical.
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is the case, such systems are said to exhibit thermalization or relaxation, i.e., they tend
to a state in thermal equilibrium in the sense that it can be described by the usual Gibbs
(canonical) ensemble, i.e., the final steady state is given by e−β(H−µQ)/Tr e−β(H−µQ) for
some inverse temperature β and chemical potential µ.

Integrable systems, on the other hand, show non-ergodic properties due to the (some-
times infinitely many) additional conservation laws. Such systems can still tend to a
steady state in the long-time limit, but, due to the additional conservation laws, it would
be much more constrained. Hence, such a system would not be in thermal equilibrium in
the usual sense, meaning that it does not exhibit thermalization. In the literature, this
is sometimes referred to as equilibration or stabilization. This can, for instance, be man-
ifested by memory of the initial state due to the additional conservation laws. Instead,
it has been proposed that the final steady state, in general, if it exists, can be described
by a generalized Gibbs ensemble [115]. This generalization of the usual Gibbs ensemble
uses not only Q1 = Q and Q2 = H, but also includes the additional conserved quantities
Qn for n ≥ 3, i.e., the final steady state in this proposal would be

e−βH+βµQ+
∑
n≥3 µnQn

Tr e−βH+βµQ+
∑
n≥3 µnQn

, (2.6)

where µn are additional Lagrange multipliers.

2.3 XXZ spin chain

The 1d (quantum) XXZ model describes a chain of N quantum spins of length L = Na0,
where a0 > 0 denotes the lattice spacing. We will only consider the spin-1/2 case and
exchange interactions between nearest neighbors.

Let Sxj , S
y
j , and S

z
j be spin operators satisfying the usual commutation relations

[Sαj , S
β
j′ ] = iδj ,j′εαβγS

γ
j , (2.7)

where α, β, γ range over x, y, z and εαβγ is the totally anti-symmetric tensor (εxyz = 1).
For j = j′, the commutation relations in (2.7) are the defining relations of the Lie algebra
su(2). The operators Sαj act like the identity on all sites except the jth site where they
can be represented by the usual Pauli spin matrices as follows:

Sx =
1

2

(
0 1
1 0

)
, Sy =

1

2

(
0 −i
i 0

)
, Sz =

1

2

(
1 0
0 −1

)
, (2.8)

see, e.g., [91]. We will assume periodic boundary conditions, i.e., we let SxN+1 = Sx1 , and
similarly for Syj and Szj . Let J = Jx = Jy and Jz denote the strengths of the exchange
interactions. The Hamiltonian for the XXZ spin chain can then be written

HXXZ = J
N∑
j=1

(
Sxj S

x
j+1 + Syj S

y
j+1 + ∆SzjS

z
j+1

)
, (2.9)
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where ∆ = Jz/J . We will restrict ourselves to the gapless regime |∆| < 1. The so-called
XX model is obtained by setting ∆ = 0 and the XXX model by setting ∆ = 1.4

The XXZ spin chain is an example of a Bethe-ansatz integrable model. The case
when ∆ = 1, i.e., the XXX model, was originally solved by Bethe [17] using what is now
called the coordinate Bethe ansatz. This is an approach to solve this model and others
based on a clever ansatz for the eigenfunctions of the Hamiltonian, see, e.g., Chapter 8
in [8]. In general, Bethe-ansatz integrable models are non-free in the sense that the
many-body dynamics is not one-particle reducible. Instead, they have the property that
it can be reduced to two-body dynamics, and the Bethe ansatz provides a means to show
this, see, e.g., [137]. However, working out the eigenfunctions using the coordinate Bethe
ansatz can quickly become tedious. This is one reason why more modern approaches to
solving the XXZ spin chain usually are based on the algebraic Bethe ansatz, see [81]
for a review. We briefly outline some of the key ideas in Appendix B following [78],
where our focus is on describing how the algebraic Bethe ansatz, in principle, allows one
to construct a macroscopically large family of conserved quantities that are sufficiently
local.

Our main discussion of the XXZ model is in Chapter 5, where we show that it
can be mapped to a system of interacting fermions while the XX model to that of
non-interacting fermions.

2.4 Luttinger model

The Luttinger model [139, 101, 106] is a 1d quantum field theory describing a system of
interacting spinless and massless right- and left-moving fermions with linear dispersion
relations. For reasons that will become clear, we will formulate the model on the circle
[−L/2, L/2] with circumference L, see Figure 2.1. To this end, we introduce the fermionic
fields ψ−r (x) and ψ+

r (x) = ψ−r (x)† for x ∈ [−L/2, L/2] and r = +(−) denoting right (left)
movers. These satisfy the canonical anti-commutation relations{

ψ−r (x), ψ+
r′(x

′)
}

= δr,r′δ(x− x′),
{
ψ±r (x), ψ±r′(x

′)
}

= 0, (2.10)

where {O1, O2} = O1O2 +O2O1 is the usual anti-commutator, and anti-periodic bound-
ary conditions, i.e., ψ±r (−L/2) = −ψ±r (L/2). The associated fermion densities ρr(x) =
:ψ+
r (x)ψ−r (x): , where :· · ·: indicates Wick (normal) ordering with respect to the non-

interacting vacuum of the theory, satisfy periodic boundary conditions, i.e., ρr(−L/2) =
ρr(L/2).5 (The above is made precise in Chapter 4, but only in momentum space.)

The Hamiltonian for the non-local Luttinger model is [106, 141]

Hg =

∫ L/2

−L/2
dx E(x) (2.11)

4Setting ∆ = −1 also gives the XXX model but with a different sign of J , cf. (5.1) and Footnote 1
on page 45.

5For notational differences with Paper A, see Table A.3 in Appendix A.
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L/2−L/2

0

ψ±
−(x)ψ±

+(x)

x

Figure 2.1: Illustration of a 1d system of right- and left-moving fermions. The fermionic
fields satisfy anti-periodic boundary conditions.

with the energy density operator

E(x) =
∑
r=±

1

2

[
:ψ+
r (x) (−irvF∂x)ψ−r (x): + h.c.

]
+
∑
r,r′=±

∫ L/2

−L/2
dx′ gr,r′(x− x′) :ψ+

r (x)ψ−r (x)::ψ+
r′(x

′)ψ−r′(x
′): , (2.12)

where vF > 0 is the Fermi velocity and the subscript g refers to the interactions

gr,r′(x) = δr,−r′
g2V2(x)

2
+ δr,r′

g4V4(x)

2
, (2.13)

where gi are coupling constants and Vi(x) are interaction potentials (i = 2, 4) with
finite range a > 0. The last term in (2.12) is quartic in the fermionic fields and de-
scribes fermions interacting through density-density interactions. The interaction be-
tween fermions moving in the same direction is g4V4(x) and that between fermions mov-
ing in opposite directions is g2V2(x).6 These must satisfy certain conditions [see (4.11)],
in part, to ensure that the system is stable [106].

As mentioned above, the Luttinger model is exactly solvable by bosonization, some-
times also called boson-fermion correspondence. This is a well-known set of tools that
allows one to describe fermions in terms of bosons, and vice versa, see [46, 55, 57, 61, 80,
119, 122, 123, 126, 133, 141, 142] for a selection of the many reviews and books in the
condensed matter physics literature. In particular, one purpose of Paper A was to em-
phasize that bosonization is a collection of precise mathematical results that provide an
exact mapping between fermions and bosons. (This is discussed further in Section 4.3.)

The Luttinger model is a continuum model while the XXZ spin chain introduced
in the previous section is a lattice model. In a certain regime, the Luttinger model can
be seen as an effective description of the XXZ model, obtained as an approximation by
linearizing the XXZ dispersion relations and passing to the continuum limit a0 → 0+.
(Their relation will be discussed further in Chapter 5.)

The interactions in (2.11) are non-local, breaking Lorentz and scale invariance. How-
ever, we can also consider the local Luttinger model, where, formally, Vi(x) = πvF δ(x)
(i = 2, 4). In this case, for non-zero interactions, it is necessary to define the model by

6Our conventions for the interactions are the same as [123, 141] with gi(x) = giVi(x) split into gi
that are dimensionless and Vi(x) that have dimension of time−1, see also Table A.4 in Appendix A for
notational differences with Appendix B in Paper B due to an oversight.
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imposing an ultraviolet cutoff on the interactions, which then has to be removed. After
this removal, such a model is conformally invariant, but ultraviolet divergences are gen-
erated, requiring additive and multiplicative renormalizations of the energy density and
the fermionic fields, respectively. (This is discussed further in Section 4.5.)

2.5 Conformal field theory

As mentioned in Chapter 1, by a conformal field theory (CFT) we mean a quantum field
theory that is invariant under conformal transformations. Such theories have applications
in statistical mechanics in the description of critical phenomena, see, e.g., [9, 26], and also
in string theory, see, e.g., [53]. We will only give a brief introduction and mention some
of the concepts that we will need later on. For self-contained and detailed discussions of
CFT we refer to [9, 56, 52, 120].

2.5.1 Conformal transformations

We will mainly restrict ourselves to CFT in two-dimensional Minkowski space (one spatial
dimension and one time dimension) with coordinates (x0, x1) = (vt, x) and metric tensor
(ηµν) = diag(1,−1), where v is the propagation velocity. The indices µ, ν range over 0, 1.

The conformal group is defined as the group of invertible mappings xµ → x′µ such
that the metric tensor transforms as

ηµν → η′µν = Λ(x0, x1)ηµν , (2.14)

i.e., it is invariant up to scale. To see why two-dimensional Minkowski space is special, we
note that, in general, one needs to distinguish between global and local transformations.
In D spacetime dimensions, the former is a (D+2)(D+1)/2-parameter family consisting
of D translations, D(D − 1)/2 Lorentz transformations and rotations, one dilation, and
D special conformal transformations, see, e.g., [52, 120]. For D > 2, these form the entire
conformal group, which thus is finite dimensional. For D = 2, however, the situation is
different.

In the Euclidean D = 2 case, i.e., with metric tensor diag(1, 1), the conformal trans-
formations correspond to holomorphic mappings from the complex plane to itself. How-
ever, only the global ones corresponding to the Möbius group are defined everywhere
while there are local transformations that are not, see, e.g., [52]. Strictly speaking, the
conformal group is then still finite dimensional, but the conformal algebra (i.e., if one
considers “local properties”) is infinite dimensional.

In the Minkowskian D = 2 case, the distinction between global and local transfor-
mations is not necessary. The conformal group is made up of orientation-preserving
diffeomorphisms and is itself infinite dimensional, see, e.g., [120].

That the conformal group is infinite dimensional is the key property that we used in
Paper D to derive exact analytical results for heat transport in two-dimensional unitary
CFT in Minkowski space. (This is discussed further in Chapter 7.)
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2.5.2 Energy-momentum tensor

The main object we need to introduce is the energy-momentum tensor. Classically, it can
be defined as the symmetric tensor Tµν appearing in the variation of the action S under
infinitesimal transformations xµ → x′µ = xµ + εµ satisfying (2.14) with εµ = εµ(x0, x1),
see, e.g., [52]. One can show that (2.14) implies

∂µεν + ∂νεµ = ηµν∂σε
σ (2.15)

in D = 2 spacetime dimensions. For the variation of the action, following [52], this means
that

δS =

∫
dx0dx1 Tµν∂µεν =

1

2

∫
dx0dx1 Tµµ∂σε

σ. (2.16)

Since the action must be invariant under conformal transformations, it follows that Tµµ =
0, i.e., the energy-momentum tensor is traceless for conformally invariant theories. For
a discussion of the quantum case, see, e.g., Section 4.3 in [52].

In general, Tµν corresponds to the conserved currents associated with space and time
translation invariance. To be more precise, following [52], let ωa be a set of infinitesimal
parameters, where a is some arbitrary index, and consider infinitesimal transformations,
which in general can be written as xµ → x′µ = xµ + ωa(δxµ/δωa). Then, if ωa = ων are
infinitesimal translations, the corresponding conserved currents are jµa = jµν = Tµν .7

Conservation means that ∂µj
µ
ν = 0, which implies that Tµν is divergence free. For a two-

dimensional CFT in Minkowski space, the components of the energy-momentum tensor
consists of the energy density and momentum density operators, E and P, respectively,
in the following way:

(Tµν) =

(
E/v P
P E/v

)
. (2.17)

This tensor is symmetric and traceless. Moreover, since it is divergence free, we have
(setting ν = 0) that (1/v2)∂tE + ∂xP = 0 and (setting ν = 1) that ∂tP + ∂xE = 0. Thus,
if we identify the heat current J = v2P, we obtain the following continuity equations:

∂tE + ∂xJ = 0, (2.18a)

∂tJ + v2∂xE = 0. (2.18b)

These will play an important role later on.

2.5.3 U(1) current

Given a CFT that has a conserved U(1) current, we also have the associated (particle)
density and charge current operators, ρ and j, respectively, which satisfy the following
continuity equations:

∂tρ+ ∂xj = 0, (2.19a)

∂tj + v2∂xρ = 0. (2.19b)
7In general, Tµν introduced as the conserved currents associated to translations does not make it

symmetric, but it can be taken to be symmetric as explained in [52].
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For example, the local Luttinger model is an example of such a CFT with ρ = ρ++ρ− and
j = Kv(ρ+−ρ−), where ρ± are the fermion densities in Section 2.4, v is the renormalized
Fermi velocity, and K is the so-called Luttinger parameter (see Chapter 4).

2.5.4 Light-cone coordinates

We now switch to light-cone coordinates xr = x1 + rx0 for r = ±. As will become clear,
x− and x+ are the coordinates of right- and left-moving excitations, respectively.

Although non-standard, we will use indices r, r′ ranging over +,− for these coordi-
nates since this suits our needs and also serves to avoid confusion with the usual spacetime
coordinates indicted by Greek indices. The metric tensor is

(ηrr′) =

(
0 1/2

1/2 0

)
, (2.20)

as usual, meaning that the line element ds satisfies ds2 = ηµνdxµdxν = −ηrr′dxrdxr
′ .

In these coordinates, it follows that T++ = (E/v − P)/2, T−− = (E/v + P)/2, and
T+− = 0 = T−+, where we define T+ = T−− and T− = T++.8 In other words,

T± =
1

2

(
v−1E ± P

)
=

1

2v

(
E ± v−1J

)
(2.21)

which depend only on x∓. Similarly, for a CFT that has a conserved U(1) current, the
components J± of the current in light-cone coordinates are

J± =
1

2

(
ρ± v−1j

)
, (2.22)

which similarly are assumed to depend only on x∓. In this case, the theory has a double
U(1) current algebra, see, e.g., Section 9 in [56].

Lastly, we make the important remark that, in these coordinates, the CFT is parti-
tioned into right- and left-moving sectors that commute with each other. However, as
will become clear, for the local Luttinger model, this is true in terms of the effective
excitations, the so-called plasmons, but not, in general, when described in terms of the
fermions.

2.5.5 Minkowskian CFT on the circle

To connect with how the Luttinger model was introduced in Section 2.4 and with Paper D,
we recall some details about unitary two-dimensional Minkowskian CFT on the circle S1

with circumference L.
8In Euclidean CFT, one commonly uses T = −2πT−− and T̄ = −2πT++, which depend only on

z = x+ ivτ and z̄ = x− ivτ , respectively, where τ = it denotes imaginary time and z (z̄) corresponds to
x− (x+) [52]. See Table A.4 in Appendix A for notational differences with Paper C due to an oversight.
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The main objects of interest are the periodic components T±(x∓) = T±(x∓+L) of the
energy-momentum tensor in light-cone coordinates. Their Fourier modes L±n are given
by

T±(x) =
2π

L2

∞∑
n=−∞

e±
2πinx
L

(
L±n −

c

24
δn,0

)
(2.23)

and satisfy the Virasoro algebra

[L±n , L
±
m] = (n−m)L±n+m +

c

12
(n3 − n)δn+m,0, [L±n , L

∓
m] = 0, (2.24)

where c is the central charge, see, e.g., [52]. The reason c/24 is subtracted from the
zero mode in (2.23) is that the theory is quantized on the cylinder S1 × R, see, e.g.,
Sections 5.4 and 6.3 in [52].

For a CFT with a double U(1) current algebra, we can introduce the periodic compo-
nents J±(x∓) = J±(x∓+L) of the U(1) current in light-cone coordinates. Their Fourier
modes J±n are given by

J±(x) =
1

L

∞∑
n=−∞

e±
2πinx
L J±n (2.25)

and satisfy the affine Lie algebra

[J±n , J
±
m] = κnδn+m,0, [J±n , J

∓
m] = 0, [L±n , J

±
m] = −mJ±n+m, [L±n , J

∓
m] = 0, (2.26)

where κ is some parameter, see, e.g., [52, 56]. For the local Luttinger model, κ is the
Luttinger parameter K mentioned in Section 2.5.3.

For completeness, we finally recall that the Hilbert space is a (possibly infinite) direct
sum of unitary highest-weight representations of two commuting copies of the Virasoro
algebra and that T±(x) and J±(x) are operator-valued distributions on the Hilbert space,
see, e.g., [52] and Paper D.

2.5.6 Local Luttinger model

The local Luttinger model, where, formally, Vi(x) = πvF δ(x), discussed at the end of
Sections 2.4 and 2.5.3, is a CFT with central charge c = 1. As mentioned, the energy
density must be renormalized by subtracting a (diverging) constant EGS corresponding
to the ground-state energy density, i.e., E(x) is replaced by Eren(x) = E(x)− EGS.9 The
components of the energy-momentum tensor and the U(1) current are

T±(x) = π :ρ̃±(x)2 :g−
π

12L2
, J±(x) =

√
Kρ̃±(x), (2.27)

where
ρ̃±(x) =

1 +K

2
√
K
ρ±(x) +

1−K
2
√
K
ρ∓(x) (2.28)

are effective densities and the Wick ordering :· · ·:g is with respect to the ground state
of the renormalized version of Hg in (2.11).

9Up to the finite contribution −πv/6L2 corresponding to the subtraction of c/24 in (2.23).
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2.6 Inhomogeneous and random CFT

A natural extension of CFT in one spatial dimension is to consider the inhomogeneous
case [76, 145, 43, 42] with the velocity v replaced by a positive function v(x) that varies
smoothly in space. For non-constant v(x), translation invariance is clearly broken. Such
a theory was studied in [43, 42] in the form of Euclidean CFT in curved two-dimensional
spacetime with metric tensor containing v(x) and argued to give an effective description
of ions in traps and spin chains that are inhomogeneous. In Section 5.2, we elaborate on
this connection with spin chains in the Minkowskian case by discussing the XXZ model.
In particular, we explicitly show that an inhomogeneous Minkowskian CFT is obtained
from the XX spin chain with inhomogeneities that vary on mesoscopic length scales and
are commensurate in the sense that they induce the same spatial variations in all terms
in the Hamiltonian of the system. We then argue that the same computation carries over
to the XXZ spin chain.

The above ideas are closely related to Paper D. There we used projective unitary rep-
resentations of diffeomorphisms and maps to study two-dimensional Minkowskian CFT
with smoothly broken translation invariance in the initial state. The case in Paper D cor-
responds to a quantum quench from a smooth inhomogeneous system to a homogeneous
one, but the tools developed there allow one to exactly solve any smooth inhomogeneous
Minkowskian CFT in one spatial dimension.

In Paper E, we studied heat transport in inhomogeneous CFT with v(x) given by
a random function. Such a random CFT, we argued, naturally emerges as the effective
description of quantum many-body systems with commensurate static random impurities
that vary on mesoscopic length scales. The derivation in Section 5.2 gives support to this
argument. See [15] for related work on a CFT model with certain dynamic impurities.

In what follows, we define the above two generalizations of Minkowskian CFT. (They
are discussed further in Chapter 7.)

2.6.1 Inhomogeneous CFT

By inhomogeneous CFT we mean a unitary CFT with Hamiltonian

H =

∫ L/2

−L/2
dx v(x)

[
T+(x) + T−(x)

]
, (2.29)

where v(x) = v(x+ L) > 0 is a smooth periodic position-dependent velocity and T±(x)
are the periodic components of the energy-momentum tensor introduced above. The time
evolution is given by (2.5) and (2.29), and the energy density and heat current operators
are

E(x) = v(x)
[
T+(x) + T−(x)

]
, J (x) = v(x)2

[
T+(x)− T−(x)

]
. (2.30)

Using (2.24), one can show that these satisfy

∂tE(x) + ∂xJ (x) = 0, (2.31a)
∂tJ (x) + v(x)∂x

[
v(x)E(x) + S(x)

]
= 0, (2.31b)



22 Chapter 2. Exact solvability and integrability

where
S(x) = − c

12π

[
v(x)v′′(x)− 1

2
v′(x)2

]
(2.32)

is an anomaly coming from the so-called Schwinger term in (2.24). Clearly, (2.31a)
and (2.18a) are the same while (2.31b) and (2.18b) are different. It follows that the total
energy H is conserved under the dynamics, as expected, while, for non-constant v(x), the
total current

∫ L/2
−L/2 dxJ (x) is not. The usual total momentum

∫ L/2
−L/2 dx [T+(x)− T−(x)]

is also not conserved, which is expected since translation invariance is broken.

2.6.2 Random CFT

We define random CFT as an inhomogeneous CFT with the velocity

v(x) = v/[1− ξ(x)] (2.33)

given by a random function (r.f.) ξ = ξ(x) corresponding to an impurity configuration.
Denote by E[·] the average over impurities. It is important to note that, while translation
invariance is broken for a specific v(x), it is recovered by computing E[·].

We will restrict to the case when ξ is a Gaussian random function (g.r.f.). For ease
of reference, we recall that a r.f. ξ is a g.r.f. if all finite vectors (ξ(x1), . . . , ξ(xn)) are
Gaussian random vectors for fixed {xj}nj=1 [95]. In addition, we require that E[ξ(x)] = 0
and that the joint distribution of (ξ(x1), . . . , ξ(xn)) is invariant under constant shifts of
all xj . Generally, such a g.r.f. is defined by its covariance

Γ(x− x′) = E[ξ(x)ξ(x′)]. (2.34)

We require that Γ(x) is even, has non-negative Fourier transform, and is such that
Γ0 =

∫
dxΓ(x) <∞.

As a remark, note that (2.33) can be understood as follows. Consider a fixed infinites-
imally short distance dx. The time it takes for an excitation to travel this distance is
changed from dx/v to dx/v(x) for an inhomogeneous 1d system. Thus, (2.33) says that
it is this change in time that is random, and, as explained in Paper E, modeling this by
a g.r.f. allows us to compute results exactly.
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Smooth-profile protocol

In this chapter, we describe in more detail our non-equilibrium protocol for closed 1d
quantum systems used in Papers B–D. The basic idea is to prepare such a system in an
inhomogeneous initial state defined by smooth non-uniform thermodynamic fields, which
generalize the notion of thermodynamic variables in that they depend on position. Pri-
marily, these fields will be position-dependent inverse-temperature and chemical-potential
profiles, but one can also generalize to an arbitrary number of thermodynamic fields.

The above class of non-equilibrium initial states are similar to the local equilibrium
states defined in Chapter 2 in [134] in the context of hydrodynamics, where local equilib-
rium refers to that the hydrodynamic fields, conjugate to the thermodynamic fields, vary
slowly on microscopic length and time scales. For a gas of particles, the latter would be
the typical inter-particle distance and collision time, respectively [134]. However, from
our perspective, our states are non-equilibrium ones since they are out of equilibrium
with respect to the dynamics.

Alternatively, our profile states may be viewed as smooth versions of the initial states
in the partitioning protocol, see Section 1.2.3 and, e.g., [10, 12]. We use them to bring a
system out of equilibrium in the sense of a quantum quench from an inhomogeneous to
a homogeneous system, or even a different inhomogeneous system. The smoothness re-
quirement simplifies the mathematical treatment and allows us to derive exact analytical
results for the full time evolution.

3.1 The protocol

Let E(x) denote the energy density operator defining the Hamiltonian H =
∫ L/2
−L/2 dx E(x)

of a 1d homogeneous quantum system of right- and left-moving particles on the circle with
coordinate x ∈ [−L/2, L/2] and circumference L. The particle densities are denoted by
ρr(x) for right (r = +) and left (r = −) movers, with the corresponding charge operators
Qr =

∫ L/2
−L/2 dx ρr(x). The total particle density operator is ρ(x) = ρ+(x) + ρ−(x) and

the total charge operator is Q = Q+ +Q−.
We consider non-equilibrium initial states ρ̂neq defined by smooth periodic inverse-

23
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temperature and chemical-potential profiles β(x) and µ(x),

ρ̂neq =
e−G

Tr e−G
, G =

∫ L/2

−L/2
dxβ(x) [E(x)− µ(x)ρ(x)] . (3.1)

In general, these states are out of equilibrium with respect to the dynamics given by
H −µQ, where µ corresponds to the spatial average of µ(x). As explained in Chapter 1,
we study non-equilibrium expectation values of the form1

〈O(t)〉neq = Tr [ρ̂neqO(t)] , O(t) = ei(H−µQ)tOe−i(H−µQ)t (3.2)

for densities O satisfying some locality condition. One example is to require that O =
O(x) have exponentially decaying tails away from x, in which case the corresponding
operators O =

∫ L/2
−L/2 dxO are quasi-local, see Section 1.2.3.

The above is what we refer to as the smooth-profile protocol. For non-uniform initial
profiles, their presence will, in general, lead to waves forming in 〈O(t)〉neq, and as time
evolves, these waves propagate to the right and to the left. Examples are the heat and
charge waves mentioned in Chapter 1.

For flat profiles, i.e., when β(x) = β and µ(x) = µ are constant, we recover the usual
equilibrium states

ρ̂β,µ =
e−β(H−µQ)

Tr e−β(H−µQ)
. (3.3)

In other words, the expectations are 〈O(t)〉neq = 〈O(t)〉β,µ = 〈O〉β,µ, where

〈O〉β,µ = Tr
[
ρ̂β,µO

]
(3.4)

is the equilibrium expectation value at temperature β−1 and chemical potential µ.

3.2 Thermodynamic limit

A recurring concept will be that of the thermodynamic limit L→∞. We emphasize that
all expectation values are computed for L <∞, assuming periodic boundary conditions
for simplicity, and only afterwards do we pass to the thermodynamic limit. One reason
for this is that our construction of a 1d quantum field theory, such as the Luttinger model
in Chapter 4, requires L to be finite. For any expectation value, we use 〈·〉 to denote the
one for finite L and let 〈·〉∞ = limL→∞〈·〉. Taking L→∞ extends the theory to the real
line, but only on the level of expectation values.

Passing to the thermodynamic limit has several reasons. One is that it allows us
to study the behavior of the system both at finite and at long times, as explained in
Section 3.3. A second is that we are uninterested in boundary effects, and taking L→∞
eliminates any such effects, see Section 3.3 and also Chapter 1 in [137]. A third that will

1As we will explicitly see for the Luttinger model in Chapter 4, Q = Q+ +Q− commutes with almost
all operators in momentum space, and thus the inclusion of −µQ in the Hamiltonian driving the time
evolution will have little effect.
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be elaborated on in Chapter 7 is that, in “CFT language”, the expectations depend on
the representation content of the CFT for finite volume (L <∞) while only the universal
contributions remain in the infinite volume (L→∞) [52].

3.3 Long-time limit

As mentioned in Chapter 1, one important question is if a system tends to a steady
state in the long-time limit t → ∞. However, this cannot happen if one considers the
entire closed system since this would lead to recurrences as the (heat and charge) waves
repeatedly traverse the finite system due to the boundary conditions. Such recurrences
are referred to as traversals in [47] and appear generically in finite systems. The reason is
that the time evolution is unitary, and thus no information can possibly be lost. However,
the same is not true for a subsystem on the interval [−`, `] with ` much smaller than
L, see Figure 3.1, with the long-time limit interpreted as t→ t∞ for some t∞ such that
` � vmint∞ ≤ vmaxt∞ � L, where vmin (vmax) is the minimal (maximal) propagation
velocity of the excitations. Indeed, if one is uninterested in boundary effects, and in
many cases, as here, the boundaries are modeled not based on physical considerations
but rather mathematical simplicity, then studying such a subsystem allows one to access
the physical phenomena of interest. This approach of zooming into a subsystem on the
finite interval [−`, `] corresponds to passing to the thermodynamic limit.

L/2−L/2

0−` ` x

Figure 3.1: A subsystem on the finite interval [−`, `] of the system on [−L/2, L/2] with
L� ` > 0. The black dotted line indicates the shape of the function W (x) in (3.7).

The above explains the importance of the order of the thermodynamic and long-time
limits, i.e., first L → ∞ and then t → ∞, to study if a system tends to a steady state
in the sense of (1.1). Correspondingly, at low temperatures, such a final steady state in
the infinite volume can be interpreted as that of a much smaller subsystem of the entire
closed system with finite but large volume.

3.4 Infinite-volume profiles

We will restrict ourselves, in the infinite volume, to inverse-temperature and chemical-
potential profiles β(x) and µ(x) with asymptotic values βL(R) and µL(R), respectively,
far to the left (right), see Figures 1.3 and 1.4. How such profiles can be obtained from a
construction on the circle with circumference L <∞ is explained below.

We define β = (βL + βR)/2 and δβ = βL − βR and similarly µ = (µL + µR)/2 and
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δµ = µL − µR. The profiles are assumed to be of the form

β(x) = β + δβW (x), µ(x) = µ+ δµW (x), (3.5)

where W (x) is a non-uniform function tending to ±1/2 as x → ∓∞. In the infinite
volume, this function is required to satisfy certain conditions that are best described in
momentum space. We require that

Ŵ (p) =

∫ ∞
−∞

dxW (x)e−ipx = P
[

ifW (p)

p

]
(3.6)

with fW (p) satisfying fW (p) = fW (−p) and fW (0) = 1, where P denotes principal value
(interpreted in a distributional sense). In addition, we will impose requirements on fW (p)
needed for computing results in the long-time limit. (The latter is discussed further in
Chapter 6 and Appendix D.)

3.5 Finite-volume profiles

For finite L, we must impose periodic boundary conditions, and thus the function W (x)
has to be periodized. Here, we restrict ourselves to W (x) taken as a regularized and
periodized version of 1/2− θ(x). As a specific example we use

W (x) = W0

(
L

2π
sin

(
2πx

L

))
, W0(x) = −1

2
tanh

(
x

δW

)
, (3.7)

which has a kink with width δW > 0 at x = 0 and an opposite kink at x = ±L/2,
see Figure 3.1. The latter kink disappears in the thermodynamic limit, limL→∞W (x) =
W0(x), which corresponds to Ŵ (p) = (i/p)fW (p) with fW (p) = (πδW p/2)/sinh(πδW p/2)
in momentum space.2

As discussed in Paper D, we emphasize that our results describing how the (heat and
charge) waves relate to the inverse-temperature and chemical-potential profiles hold for
more general functions W (x) and not just the smooth kink-like example in (3.7).

3.6 Non-interacting fermions

As an example, we study a 1d quantum field theory of non-interacting right- and left-
moving fermions that are spinless and massless and have linear dispersion relations. The
HamiltonianH0 describing the system is given by (2.11) with E(x) in (2.12) setting g = 0,
which is shorthand for g2 = g4 = 0.

2In Paper B, we mentioned the approximately periodic function

W1(x) = W0(x)−W0(x+ L/2)−W0(x− L/2)

that tends to±O(e−L/δW ) as x→ ±L/2. In the physically relevant regime for our purposes, L� δW > 0,
the deviation from periodicity is exponentially suppressed, and similar to (3.7), limL→∞W1(x) = W0(x).
See Table A.4 in Appendix A for a clarification of the discussion in Paper B.
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For simplicity, we consider only charge transport. The quantities of interest are the
total fermion density ρ(x) = :ψ+

+(x)ψ−+(x):+:ψ+
−(x)ψ−−(x): and the charge current j(x) =

vF
[
:ψ+

+(x)ψ−+(x):− :ψ+
−(x)ψ−−(x):

]
, which satisfy the continuity equation ∂tρ+ ∂xj = 0.

Evolving in time by H0 − µQ from the initial state ρ̂neq in (3.1) with β(x) and µ(x) in
(3.5), the expectations 〈ρ(x, t)〉∞neq and 〈j(x, t)〉∞neq for 〈· · · 〉neq in (3.2) can be computed
exactly. The results are

〈ρ(x, t)〉∞neq =
1

2πvF
[µ(x− vF t) + µ(x+ vF t)], (3.8a)

〈j(x, t)〉∞neq =
1

2π
[µ(x− vF t)− µ(x+ vF t)], (3.8b)

which are independent of β(x). These are plotted in Figure 3.2. [How to derive (3.8) is
explained in Chapters 6 and 7.]
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Figure 3.2: Time evolution of the total fermion density R(x, t) = 〈ρ(x, t)〉∞neq and the
charge current I(x, t) = 〈j(x, t)〉∞neq in (3.8) for µ(x) in (3.5) with W (x) in (3.7) and
µ = 1, δµ = 1.9, δW = `/5, t0 = `/vF , ` = 40, and vF = 1. The plots are normalized
using R = limt→∞R(x, t) and I = limt→∞ I(x, t), which are independent of x for µ(x)
in (3.5).

To connect with Paper B, consider the case with constant inverse temperature β(x) =
β, i.e., δβ = 0 in (3.5). It follows that our initial state is ρ̂neq = e−βH1/Tr e−βH1 with
H1 = H0−

∫ L/2
−L/2 dxµ(x)ρ(x). Taking β →∞, this state corresponds to the ground state

of H1, and setting also µ = 0 gives the scenario studied in Paper B without interactions.
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We see from Figure 3.2 that there is a region with constant density developing between
two fronts moving rigidly to the right and to the left with the velocities vF and −vF ,
respectively. The current 〈j(x, t)〉∞neq in the same region tends to the constant non-zero
value I = (µL − µR)/2π as t → ∞. Hence, starting from an initial state with a kink-
like chemical-potential profile, the system reaches a current-carrying steady state in the
long-time limit, i.e., a NESS. The electrical conductance, as defined by Landauer [84, 2],
in this final steady state is3

Gel =
I

µL − µR
=

e2

2π~
, (3.9)

where e is the elementary charge.
How the above picture changes when we consider instead interacting fermions de-

scribed by the non-local Luttinger model is addressed in Chapter 6. The case of general
unitary CFT is the topic of Chapter 7.

3.7 Generalization

The smooth-profile protocol can be generalized as follows. Consider a 1d homogeneous
quantum system with Hamiltonian H. Let µ = (µ1, µ2, . . .) be thermodynamic variables.
Specifically, µ1 = βµ and µ2 = −β, where, as usual, µ is the chemical potential and β
is the inverse temperature.4 Moreover, let ξn = −µn/β independent of β. Specifically,
ξ1 = −µ and ξ2 = 1.

As our non-equilibrium initial state we take

ρ̂neq =
e−G

Tr e−G
, G = −

∫ L/2

−L/2
dx
∑
n≥1

µn(x)ρn(x), (3.10)

where ρn(x) are density operators and µn(x) are thermodynamic fields. The correspond-
ing charges are Qn =

∫ L/2
−L/2 dx ρn(x), which we suppose are conserved, i.e., [H,Qn] = 0

for n = 1, 2, . . ., and ρn(x) and the current operators jn(x) satisfy the continuity equa-
tions

∂tρn + ∂xjn = 0. (3.11)

In particular, µ1(x) = β(x)µ(x) and µ2(x) = −β(x). These are the thermodynamic fields
associated with ρ1(x) = ρ(x) and ρ2(x) = E(x), where we recall that ρ(x) is the total
(particle) density operator and E(x) is the energy density operator. The corresponding
charges are Q1 = Q and Q2 = H, and the currents are j1(x) = j(x) and j2(x) = J (x),
where we recall that Q is the total charge operator, j(x) is the charge current operator,
and J (x) is the heat current operator.

3See Footnote 1 on page 6.
4Note that our conventions here differ from those in Paper D (where µ1 and µ2 are switched) since

this better generalizes to situations with higher conservation laws.
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The non-equilibrium initial state in (3.10) corresponds to the initial Hamiltonian

H1 = G/β =

∫ L/2

−L/2
dx
∑
n≥1

ξn(x)ρn(x) (3.12)

with ξn(x) = −µn(x)/β independent of β. As before, we consider kink-like profiles,
µn(x) = µn + δµnW (x) for some function W (x) such that W (∓∞) = ±1/2 in the
infinite volume, where δµn = µn,L−µn,R is the difference between the left µn,L and right
µn,R asymptotic values of µn(x). Following a quantum quench where we set δµn = 0,
the time evolution is given by the Hamiltonian

H2 =
∑
n≥1

ξnQn = H +
∑
n6=2

ξnQn (3.13)

coupled to ξn for n 6= 2 viewed as external fields. Clearly, [H,H2] = 0.

3.8 Linear response theory

The conductivity κmn(ω) as a function of frequency ω is defined as the linear response
in the total current

∫
dx jm(x) due to a change in the thermodynamic variable µn. See

Appendix C for a brief review of linear response theory (extended to the general case
of inhomogeneous systems). From the point of view of the smooth-profile protocol, the
elements of the conductivity matrix κ(ω) = (κmn(ω)) can be written

κmn(ω) =
∂

∂(δµn)

∫ ∞
0

dt eiωt

∫ ∞
−∞

dx ∂t〈jm(x, t)〉∞neq
∣∣∣
δµ=0

, (3.14)

where
〈O(t)〉∞neq = lim

L→∞
Tr [ρ̂neqO(t)] (3.15)

is the non-equilibrium expectation value with respect to the state in (3.10). These ex-
pressions can be shown to be consistent with the following Green-Kubo formulas:

κmn(ω) =
1

β

∫ β

0
dτ

∫ ∞
0

dt eiωt

∫ ∞
−∞

dx 〈jm(x, t)jn(0, iτ)〉c,∞µ , (3.16)

where 〈· · · 〉c denotes the connected part of the 2-point correlation function and

〈O〉∞µ = lim
L→∞

Tr [ρ̂O] , ρ̂ =
e−βH2

Tr e−βH2
=

e
∑
n≥1 µnQn

Tr e
∑
n≥1 µnQn

. (3.17)

with H2 in (3.13). Proofs are given in Appendix C.3. Also in this case, the order of the
limits, first the thermodynamic and then the long-time limit, is important, see, e.g., [38].

Note that (3.14) and (3.16) are quite different in nature. The first formula is from the
perspective of non-equilibrium dynamics while the second is a pure equilibrium formula.
On physical grounds, one expects that they should give the same result, see, e.g., [134],
but to show this is non-trivial, as can be seen from the discussion in Appendix C.
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3.8.1 Thermal conductivity

For simplicity, consider the case where all µn = 0 except for n = 2. The conductivity
κ22(ω) introduced above is defined as a linear response function for changes in µ2 = −β.
However, the thermal conductivity κth(ω) is usually defined as the response to changes
in temperature β−1. It follows that

κth(ω) = β2κ22(ω) = β

∫ β

0
dτ

∫ ∞
0

dt eiωt

∫ ∞
−∞

dx 〈J (x, t)J (0, iτ)〉c,∞β (3.18)

since ∂/∂(β−1) = β2∂/∂µ2.
There are direct ways to derive Green-Kubo formulas for charge transport by adding

an external electric field. However, the corresponding derivation is more subtle for heat
transport. One approach due to Luttinger [102] is to add an external gravitational
field, and our derivation of κth(ω) that follows from Appendix C is in the same spirit.
Indeed, it is interesting to note that in CFT, the inverse-temperature profile in (3.1)
has a dual interpretation as a position-dependent rescaling of the imaginary time in the
metric in Euclidian space: the usual straight cylinder with radius β/2π at each point
x ∈ [−L/2, L/2] in space is transformed into a curved cylinder with radius β(x)/2π, cf.
Section 5 in Paper D.

3.8.2 Drude weights and Onsager reciprocity

It follows from general considerations that

Reκ(ω) = πDδ(ω) + Reκreg(ω), (3.19)

where D = (Dmn) is a matrix containing the Drude weights and κreg(ω) = (κregmn(ω)) is
the regular part of the conductivity matrix κ(ω), see, e.g., [128, 129, 135] and Paper D.
Here, Dmn 6= 0 indicates that there is a ballistic component in the mn-transport element
while Dmn = 0 that there is none. Similarly, Reκregmn(ω) 6= 0 indicates that this element
has a dissipative component while Reκregmn(ω) = 0 that it is non-dissipative.

For systems that are time reversible, cf., e.g., [11], one can show that the matrix
κ(ω) is symmetric. This is usually called Onsager reciprocity. Explicitly, the Onsager
reciprocal relations are

κmn(ω) = κnm(ω) (3.20)

for all ω. As a special case, the Drude weights also satisfy Dmn = Dnm. A proof is given
in Appendix C.4.
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Luttinger model

This chapter is dedicated to the Luttinger model. As will be shown, this is an exactly
solvable model in the sense that all eigenvalues and eigenstates of the Hamiltonian can
be computed analytically together with all fermion correlation functions. Our treatment
is based on bosonization and closely follows the solution in [106], but the model will be
in a slightly more general form using notation commonly referred to as g-ology, see, e.g.,
[141, 123, 126, 55].

The earliest incarnation of the model was obtained by Tomonaga [139] as part of an
approximate solution of a fermion model with non-linear dispersion relations, see, e.g.,
[62] and Chapter 4 in [94]. For this reason it is sometimes referred to as the Tomonaga-
Luttinger model. It was later formulated as a model of interacting fermions by Luttinger
[101], inspired by the work of Thirring [138], with the Tomonaga approximations (i.e.,
linear dispersion relations) made a priori. The first correct solution of the model formu-
lated by Luttinger was given by Mattis and Lieb [106] using bosonization. However, we
note that there are also other more “conventional” approaches [141, 123], e.g., based on
diagrammatic methods [44] and equations-of-motion techniques [48].

4.1 Preliminaries

We will only consider spinless fermions. Note, however, that it is possible to include spin
in the Luttinger model. In that case, after bosonization, the Hamiltonian separates into
two parts, one depending on spin degrees of freedom, and the other on charge degrees of
freedom. This is referred to as spin-charge separation and has the implication that the
computations that we give below remain essentially the same, see, e.g., [141, 123]. The
general set of interactions (for the spinful case) is given in Table 4.1. For the spinless
case, however, one cannot separate between the g1- and g4-interactions, see, e.g., [123].
Moreover, the inclusion of a g3-interaction would spoil exact solvability. For these reasons
we will only consider the Luttinger model with g2- and g4-interactions.

The model that we will construct and study is non-local. This has the advantage that
it is well defined: the finite range a > 0 of the interactions acts as an ultraviolet cutoff.
The case with local interactions can be constructed as the limiting case a→ 0+ to make
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Interaction Name

g1 Backward scattering
g2 Dispersion
g3 Umklapp
g4 Forward scattering

Table 4.1: Types of interactions in g-ology.

it well defined. Loosely speaking, we will restrict ourselves to short-range interactions.
A more specific criterion is to consider exponentially decaying interactions, which would
mean that the Hamiltonian is quasi-local. For instance, Vi(x) = (πvF /2a) sech(πx/2a)
and Vi(x) = (πvF /2a)e−|x|/a are two such examples. The effect of long-range interactions
was studied in, e.g., [121], see also [123].

To avoid difficulties with formulating a continuum model in position space,1 we for-
mulate the Luttinger model in momentum space. We thus consider a 1d quantum many-
body system of spinless and massless fermions with dispersion relations rvFk, where
vF > 0 is the Fermi velocity, k ∈ (2π/L)(Z+ 1/2) are momenta, and r = ± denote right-
(r = +) and left- (r = −) moving fermions. Sums over k are implicitly assumed to range
over the above values, unless specified otherwise. The dispersion relations are measured
with respect to the vacuum, taken as the filled Dirac sea, and the momenta are measured
relative to the Fermi points ±kF , where kF is the Fermi momentum. The corresponding
case where the momenta are not measured relative to the Fermi points is illustrated in
Figure 4.1, but by suitable shifts in the momenta, one can avoid any reference to kF in
the formulation of the Luttinger model, cf. Chapter 5.

−kF kF
k

ε±(k)

Figure 4.1: Linear dispersion relations εr(k) = rvF (k − rkF ) for right- (r = +) and left-
(r = −) moving fermions. The vacuum is taken as the filled Dirac sea, i.e., all fermion
states with momenta k below kF for r = + and above −kF for r = − are filled.

1For instance, field operators have to be interpreted as operator-valued distributions, see Section 2.5.5
and, e.g., [27]. Moreover, products of field operators at the same point in space must be defined so to
avoid problems with divergencies using methods such as point-splitting, see, e.g., [124, 37].
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4.2 Construction of the model

Let a−r,k and a+
r,k =

(
a−r,k
)† for k ∈ (2π/L)(Z + 1/2) and r = ± be fermion operators

satisfying {
a−r,k , a

+
r′,k′
}

= δr,r′δk,k′ ,
{
a±r,k , a

±
r′,k′
}

= 0, (4.1a)

and
a−r,k|Ψ0〉 = a+

r,−k|Ψ0〉 = 0 ∀rk > 0, (4.1b)

which defines the vacuum |Ψ0〉. The fermion Fock space F is fully determined by (4.1)
and can be constructed from |Ψ0〉 using the operators a±r,k, see Section II.A in Paper A
for details.2

4.2.1 Without interactions

Using the operators above, the non-interacting part of the Luttinger model Hamiltonian
in momentum space can be written as [106]

H0 =
∑
r

∑
k

rvFk :a+
r,ka
−
r,k : , (4.2)

where :· · ·: denotes Wick (normal) ordering with respect to |Ψ0〉. This can be written

:a+
r,ka

−
r′,k′ : = a+

r,ka
−
r′,k′ − 〈Ψ0|a+

r,ka
−
r′,k′ |Ψ0〉 (4.3)

for products of two fermion operators, subtracting the vacuum expectation value

〈Ψ0|a+
r,ka

−
r′,k′ |Ψ0〉 = δr,r′δk,k′θ(−rk′), (4.4)

where θ(·) is the Heaviside function. It follows that |Ψ0〉 is the ground state of H0. (See
Section 4.4 for a comment about this.)
Remark 4.1. To see the connection with (2.11), we note that the fields ψ±r (x) in (2.12)
can formally be obtained by the inverse Fourier transforms ψ±r (x) = L−1/2

∑
k a
±
r,ke
∓ikx.

The “half-integer” values of k correspond to anti-periodic boundary conditions on ψ±r (x).

4.2.2 With interactions

As mentioned, we will only consider g2- and g4-interactions, see Table 4.1. Let V̂i(p) =∫ L/2
−L/2 dxVi(x)e−ipx denote the Fourier transforms of the interaction potentials Vi(x) in
(2.13). In momentum space, the Luttinger model Hamiltonian can then be written as3

Hg = H0 + g2H2 + g4H4,

H2 =
∑
r

1

2L
V̂2(0)QrQ−r +

∑
r

∑
p 6=0

1

2L
V̂2(p)ρr(p)ρ−r(−p),

H4 =
∑
r

1

2L
V̂4(0)Q2

r +
∑
r

∑
p 6=0

1

2L
V̂4(p)ρr(p)ρr(−p),

(4.5)

2For notational differences with Paper A, see Table A.3 in Appendix A.
3See Footnote 6 on page 16.
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using the fermion densities
ρr(p) =

∑
k

:a+
r,ka
−
r,k+p : (4.6)

for p ∈ (2π/L)Z and the zero modes Qr = ρr(p)|p=0. Sums over p are implicitly assumed
to range over the above values, unless specified otherwise. The densities can be shown
to satisfy ρr(p)† = ρr(−p), the non-trivial commutation relations

[
ρr(p), ρr′(−p′)

]
= rδr,r′

Lp

2π
δp,p′ , (4.7a)

and
ρ+(p)|Ψ0〉 = ρ−(−p)|Ψ0〉 = 0 ∀p ≥ 0, (4.7b)

see Section II.B in Paper A. The total fermion density operator is

ρ(p) = ρ+(p) + ρ−(p). (4.8)

Moreover, similar to the case for the operators a±r,k, the corresponding Wick ordering can
be written

:ρr(p)ρr′(p
′): = ρr(p)ρr′(p

′)− 〈Ψ0|ρr(p)ρr′(p′)|Ψ0〉 (4.9)

for products of two densities, where

〈Ψ0|ρr(p)ρr′(p′)|Ψ0〉 = δr,r′δp,−p′
L|p′|
2π

θ(−rp′) (4.10)

is the vacuum expectation value. (See Section 4.4 for a comment about the notation.)

Remark 4.2. The fermion densities in position space can formally be obtained by the
inverse Fourier transforms ρr(x) = L−1

∑
p ρr(p)e

ipx. The “integer” values of p correspond
to periodic boundary conditions on ρr(x).

The interactions in the Luttinger model must satisfy the following conditions:

V̂i(p) = V̂i(−p) (i = 2, 4), (4.11a)∣∣g2V̂2(p)
∣∣ < 2πvF + g4V̂4(p) ∀p, (4.11b)

and ∑
p>0

p
[
g2V̂2(p)

]2
2πvF

[
2πvF + g4V̂4(p)

] <∞, (4.11c)

see, e.g., Papers A and B. The conditions in (4.11a) correspond to realness conditions
on Vi(x). The condition in (4.11b) is a stability condition: the eigenvalues of Hg [see
(4.13) and (4.33)] would not be real otherwise. The condition in (4.11c) ensures that
there exists a unitary operator relating the ground state |Ψ0〉 of H0 to the ground state
|Ψg〉 of Hg, see Section IV.E in Paper A for details. As will be discussed in Section 4.5,
the latter is related to the non-trivial problem of considering local interactions.
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The zero modes Qr are Hermitian and closely related to the Klein factors Rr, which
are unitary operators satisfying

[Qr , Rr′ ] = rδr,r′Rr , R±R∓ = −R∓R±, (4.12a)

and
〈Ψ0|Rq++ R

−q−
− |Ψ0〉 = δq+,0δq−,0 ∀q+, q− ∈ Z, (4.12b)

see Sections II.C and II.D in Paper A. Moreover, Q± and R± commute with ρr(p) for all
p 6= 0. The commutation relations in (4.7a) indicates that the ρr(p) behave as bosons,
and together with the Klein factors these make up the bosonic side of the bosonization
mapping between fermions and bosons. (This is discussed further in Section 4.3.)

The physical interpretation of the Q±:s is as charge operators and of the R±:s as
charge-changing operators. The need for introducing the Klein factors is clear if one tries
to describe the fermion Fock space F using only the ρr(p):s. Indeed, since the latter
operators commute with Q± and thus always preserve the charge of a given state, the
Klein factors are needed to describe states that have non-zero charges.
Remark 4.3. We note that (4.11c) is a condition on the ultraviolet behavior of V̂i(p):
they essentially have to satisfy V̂i(p)|p|1+δ → 0 as p → ±∞ for some δ > 0. However,
long-range interactions are allowed by (4.11c), such as the unscreened Coulomb potential
Vi(x) = (πvF /2)(x2 + a2)−1/2 with an ultraviolet regularization a > 0 [121, 123]. In the
infinite volume, the latter correspond to V̂i(p) = πvFK0(ap) in momentum space, where
K0(·) is a modified Bessel function of the second kind, meaning that V̂i(p) are singular in
p = 0. As we will see in Section 6.4, such potentials will not allow us to compute results
in the long-time limit for expectation values of the form in (3.2) (at least not using the
methods presented in this thesis). However, they are allowed as far as the construction
of the Luttinger model is concerned.

4.3 Exact solution by bosonization

In this section, we describe how the Luttinger model can be solved using bosonization.
The presentation is similar to [106] and Paper B. A self-contain account of bosonization
including complete proofs of the identities below is given in Paper A, see also [35].

The following parameters will be important: the renormalized Fermi velocity

v(p) = vF

√[
1 + g4V̂4(p)/2πvF

]2 − [g2V̂2(p)/2πvF
]2 (4.13)

and the Luttinger parameter

K(p) =

√
1 + g4V̂4(p)/2πvF − g2V̂2(p)/2πvF

1 + g4V̂4(p)/2πvF + g2V̂2(p)/2πvF
. (4.14)

It follows that the interactions in (4.5) can be written as

1 +
g4V̂4(p)

2πvF
=
v(p)

vF

1 +K(p)2

2K(p)
,

g2V̂2(p)

2πvF
=
v(p)

vF

1−K(p)2

2K(p)
. (4.15)

We also define v = v(p)|p=0 and K = K(p)|p=0.
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4.3.1 Bosonization

Bosonization (as used here) refers to the following mathematical results:4

(a) From fermions to bosons:

H0 =
∑
r

π

L
vFQ

2
r +

∑
r

∑
p6=0

π

L
vF :ρr(−p)ρr(p): (4.16)

together with the commutation relations in (4.7a).

(b) From bosons to fermions:

ψ±r (x; ε) = L−1/2e∓iπrxQr/LR±rr e∓iπrxQr/L

× exp

∑
p>0

π

Lp
e−εp

 exp

∓r∑
p 6=0

2π

Lp
ρr(p)e

ipx−ε|p|/2

 (4.17)

for ε > 0, where ψ+
r (x; ε) = ψ−r (x; ε)†, define regularized fields that converge to

the fermionic fields ψ±r (x) as ε → 0+ in a certain distributional sense specified in
Lemma 5.1 in Paper B.

Proofs of these results can be found in Paper A.
The relation in (4.16) is usually called Kronig’s identity. It allows one to express

the Luttinger model Hamiltonian Hg in a form that is quadratic in the fermion densities
ρr(p). The crucial point is that the fermion densities satisfy (4.7a), which are non-trivial
bosonic commutation relations, meaning that the Hamiltonian can be expressed entirely
in terms of bosons. Explicitly, the bosonized Luttinger Hamiltonian can be written as

Hg = E(p)|p=0 (4.18)

with the energy density operator in momentum space5

E(p) =
∑
r,r′

∑
p′

π

L
v(p′)

1 + rr′K(p′)2

2K(p′)
:ρr(p− p′)ρr′(p′): + Cgδp,0 (4.19)

=
∑
r,r′

∑
p′

π

L

[
v(p′)

1 + rr′K(p′)2

4K(p′)
+

(
p− p′ ↔ p′

r ↔ r′

)]
:ρr(p− p′)ρr′(p′): + Cgδp,0,

where Cg = −
∑

p>0

{
vF − v(p)[1 + K(p)2]/2K(p)

}
p. The condition in (4.11c) ensures

that Cg is finite.

4These identities hold true as quadratic forms on the domain of all finite linear combinations of the
eigenstates |Ψ0,m〉 of H0 in (4.31), see, e.g., Paper A.

5The Fourier transform of the energy density operator in (2.12) is E(p) =
∫ L/2
−L/2 dx E(x)e−ipx, and

similarly for all other density and current operators. We also write the symmetrized version of E(p) since
it is more useful from a computational point of view than the non-symmetrized one.
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The right-hand side of (4.17) is a so-called vertex operator, see, e.g., [72]. For us, its
importance comes from that it allows one to express fermionic fields using the densities
[99, 105, 125], which can be used to compute correlation functions. (This is discussed
further in Section 4.3.4.)

For completeness and later reference, we write the explicit expressions for the heat
current operator6

J (p) =
∑
r,r′

∑
p′

π

L

1

p

[
rω(p− p′)

{
v(p− p′)K(p′) + v(p′)K(p− p′)

4K(p′)
(4.20)

+ rr′
v(p− p′)K(p− p′) + v(p′)K(p′)

4K(p− p′)

}
+

(
p− p′ ↔ p′

r ↔ r′

)]
:ρr(p− p′)ρr′(p′): ,

where ω(p) = v(p)p, and the charge current operator

j(p) = K(p)v(p)[ρ+(p)− ρ−(p)]. (4.21)

These are the general expressions for the non-local Luttinger model. The first simplifies
considerably for local interactions, becoming J (p) =

∑
r

∑
p′(π/L)rv2 :ρr(p− p′)ρr′(p′): .

4.3.2 Bogoliubov transformation

Without interactions, the bosonized H0 is diagonal in the densities. It is thus straight-
forward to write down all eigenstates and their corresponding eigenvalues, which we will
do below.

With interactions, the bosonizedHg is not diagonal but still quadratic in the densities.
Thus, it can be diagonalized by a Bogoliubov transformation,

eiSgρr(p)e
−iSg = ρr(p) coshϕg(p) + ρ−r(p) sinhϕg(p) ∀p 6= 0, (4.22)

implemented by a unitary operator eiSg given by

Sg = i
∑
p 6=0

2π

L

ϕg(p)

p
ρ+(−p)ρ−(p) (4.23)

with ϕg(−p) = ϕg(p) ∈ R. To diagonalize the Hamiltonian, ϕg(p) must be chosen as

tanh 2ϕg(p) = − g2V̂2(p)

2πvF + g4V̂4(p)
∀p 6= 0. (4.24)

One can show that K(p) = e2ϕg(p) and that the transformation can be expressed as

eiSgρr(p)e
−iSg =

∑
r′

K(p) + rr′

2
√
K(p)

ρr′(p), e−iSgρr(p)e
iSg =

∑
r′

1 + rr′K(p)

2
√
K(p)

ρr′(p).

(4.25)
6The current operators can be obtained (up to zero modes) from the continuity equations ∂tE(p) +

ipJ (p) = 0 and ∂tρ(p) + ipj(p) = 0 in momentum space by working out the explicit time evolution of
the corresponding density operators in (4.19) and (4.8).
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For the Hamiltonian, using the notation in [106], we obtain

H̃g = eiSgHge
−iSg = H0 − Tg +Dg +Wg (4.26)

with

Dg =
∑
r

∑
p 6=0

π

L
v(p) :ρr(−p)ρr(p): , (4.27a)

Tg = −
∑
r

π

L
v

(
(1−K)2

2K
Q2
r +

1−K2

2K
QrQ−r

)
+
∑
r

∑
p 6=0

π

L
vF :ρr(−p)ρr(p): , (4.27b)

Wg = −
∑
p>0

[vF − v(p)]p. (4.27c)

The condition in (4.11c) ensures thatWg <∞. To see that H̃g is diagonal in the fermion
densities, note that, using (4.16),

H0 − Tg =
∑
r

π

L
v

(
1 +K2

2K
Q2
r +

1−K2

2K
QrQ−r

)
, (4.28)

which commutes with all non-zero modes. It follows from (4.26) that Hg is diagonal in
the rotated Fock space obtained by acting with e−iSg on the states in F . Equivalently,
Hg is diagonal in the effective densities ρ̃r(p) = e−iSgρr(p)e

iSg , which have the physical
interpretation as plasmons [106].

4.3.3 Exact eigenstates and eigenvalues

All eigenvalues and eigenstates of Hg can be constructed as follows.
First, as in Paper B, we introduce the boson creation and annihilation operators

b+p =
(
b−p
)†
, b−p =

−i
√

2π
L|p|ρ+(p) if p > 0,

+i
√

2π
L|p|ρ−(p) if p < 0.

(4.29)

It follows from (4.7) that these satisfy[
b−p , b

+
p′
]

= δp,p′ ,
[
b±p , b

±
p′
]

= 0, b−p |Ψ0〉 = 0 ∀p 6= 0. (4.30)

Bosonization says that the Fock space can equivalently be constructed from |Ψ0〉 using
the operators b±p for p 6= 0 together with the zero modes Qr and the Klein factors Rr. In
particular, the exact eigenstates and eigenvalues of H0 can be written

|Ψ0,m〉 =

∏
p 6=0

(
b+p
)m(p)√
m(p)!

R
q+
+ R

−q−
− |Ψ0〉, E0,m =

π

L
vF
(
q2

+ + q2
−
)

+
∑
p6=0

vF |p|m(p)

(4.31)
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for m = {(m(p))p 6=0 , q+, q−} with m(p) ∈ N and q+, q− ∈ Z, where at most finitely many
of the m(p):s are non-zero, see Paper A. The ground state is |Ψ0〉 = |Ψ0,0〉.

Second, from the above and Section 4.3.2, it follows that the exact eigenstates of Hg

can be expressed as
|Ψg,m〉 = e−iSg |Ψ0,m〉 (4.32)

with the corresponding exact eigenvalues

Eg,m =
∑
r

π

L
v

(
1 +K2

2K
q2
r +

1−K2

2K
qrq−r

)
+
∑
p 6=0

v(p)|p|m(p) +Wg. (4.33)

In particular, the ground state of Hg is |Ψg〉 = |Ψg,0〉 = e−iSg |Ψ0〉.

4.3.4 Fermion correlation functions

It is well known that all equilibrium fermion correlation functions can be computed by
representing the fermionic fields by the regularized fields in (4.17) and using algebraic
manipulations of the vertex operators and the Bogoliubov transformation in (4.22), see,
e.g., [62]. Tools to do this are given in Section III in Paper A.

For instance, in the thermodynamic limit L→∞, the only non-zero 2-point fermion
correlation function with respect to the ground state of Hg is [106]

lim
L→∞

〈Ψg|ψ+
r (x)ψ−r (x′)|Ψg〉 =

i

2πr(x− x′) + i0+
exp

(∫ ∞
0

dp
η(p)

p
[cos p(x− x′)− 1]

)
(4.34)

with an interaction-dependent exponent η(p) = [1 −K(p)]2/2K(p) expressed using the
Luttinger parameter in (4.14). The behavior of correlation functions at long distances is
modified by such exponents. Take (4.34) as an example: it decays as O(|x− x′|−1−η) for
large |x− x′|, where η = η(p)|p=0 = (1−K)2/2K is a so-called anomalous exponent, cf.,
e.g., [117].

The same techniques based on vertex operators can also be used to compute non-
equilibrium correlation functions. To this end, using notation from Eq. (3.1) in Paper A,
we recall the following identity:

〈
×
×ei

∑
r

∑
p

2π
L
αr(−p)ρr(p)××

〉
= exp

(
−
∑
r,r′

∑
p,p′

(
2π

L

)2 αr(−p)αr′(−p′)
2

〈
:ρr(p)ρr′(p

′):
〉)

(4.35)
for αr(p) ∈ C and any expectation value 〈· · · 〉, see, e.g., [35, 62], where ×× · · ·×× denotes
boson Wick ordering (see Section 4.4 below). This together with the tools in Section III in
Paper A can be used to compute all fermion correlation functions, with respect to thermal
states and even non-equilibrium states of the form in (3.2), by moving the expectation
to the exponent and computing 2-point boson correlation functions. These techniques
were used in Paper C to compute non-equilibrium 2-point fermion correlation functions.
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4.4 Wick ordering

The vacuum |Ψ0〉 above is the filled Dirac sea. It is defined such that all particle states
with negative energy are filled. Indeed, since the dispersion relations in the Luttinger
model are rvFk, this is precisely what (4.1b) says. We will always ensure that this is the
ground state, both for the Luttinger model and for spin chains. This is crucial for the
Luttinger model since it otherwise would not have a ground state [106]. On the other
hand, for spin chains, the lattice spacing functions as an intrinsic cutoff, meaning that
the ground state would be well defined even if the Dirac sea is not filled. (The latter is
sometimes referred to as the pseudo-vacuum, cf. Appendix B.)

As emphasized in, e.g., [61], it is important to consider only products of operators that
are Wick ordered with respect to the correct vacuum. As explained below, for products
of two fermion operators, this corresponds to subtracting the vacuum expectation value
as in (4.3). If not subtracted, this would give a diverging contribution to H0 in (4.2).

In general, to define fermion Wick ordering :· · ·: , we first introduce fermion creation
and annihilation operators

c+
r,k =

(
c−r,k

)†
, c−r,k =

{
a−r,k if rk > 0,

a+
r,k if rk < 0.

(4.36)

It follows from (4.1) that these satisfy{
c−r,k , c

+
r′,k′
}

= δr,r′δk,k′ ,
{
c±r,k , c

±
r′,k′
}

= 0, c−r,k |Ψ0〉 = 0 ∀k. (4.37)

When expressed using c±r,k, :· · ·: is defined so that all fermion creation operators are to the
left of all fermion annihilation operators. For instance, using :c−r,kc

+
r′,k′ : = −c+

r,′k′c
−
r,k =

c−r,kc
+
r′,k′ − δr,r′δk,k′ ,

7 it follows that :a+
r,ka

−
r′,k′ : is given precisely by (4.3).

Lastly, we remark that one usually distinguishes between fermion Wick ordering :· · ·:
and boson Wick ordering ×× · · ·×× . Since the fermion densities have bosonic properties, one
should actually use ×× · · ·×× in (4.9). Similar to above, the latter is defined so that when
expressed using b±p in (4.29), all boson creation operators are to the left of all boson
annihilation operators. However, since both fermion and boson Wick ordering give the
same result for products of two operators, we will abuse notation and use :· · ·: also for
the densities whenever possible. [The only instance in this thesis where this is not the
case is the left-hand side of (4.35).]

4.5 Local limit

To construct a well-defined model with local interactions is non-trivial. One way is to
view the finite interaction range a > 0 as a regularization in the form of an ultraviolet
cutoff on the momenta in the interactions [146]. For instance, one can use a sharp cutoff,
V̂i(p) = πvF θ(π/a−|p|). As this regularization is removed, i.e., as a→ 0+, which we refer

7The minus sign in the first equality comes from that c±r,k are fermion operators.
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to as the local limit, divergencies are produced. The latter must therefore first be removed
by suitable renormalizations, i.e., certain redefinitions of operators and quantities, see,
e.g., [3, 110].

For instance, since the ground-state energy Wg diverges as a→ 0+, it is necessary to
make an additive renormalization of the Hamiltonian, i.e., we define the new Hamiltonian

H̃g;ren = lim
a→0+

(
eiSgHge

−iSg −Wg

)
. (4.38)

The fermionic fields ψ±r (x), or to be more precise, the regularized fields ψ±r (x; ε) in (4.17),
are more complicated since their correlation functions contain multiplicative constants
of the form

Za,ε = exp
(
−
∑
p>0

2π

Lp

[1−K(p)]2

4K(p)
e−εp

)
, (4.39)

which tends to
(
1− e−2πε/L

)(1−K)2/4K as a→ 0+ and thus vanishes as ε/L→ 0+. This
requires a multiplicative renormalization, i.e., we define the new fields

ψ̃±r (x; ε) = lim
a→0+

(
2π ˜̀

L

)(1−K)2/4K

Z−1
a,εeiSgψ±r (x; ε)e−iSg , (4.40)

where the first factor ensures that the correlation functions will be well defined in the
thermodynamic limit and ˜̀ is a length parameter introduced for dimensional reasons.
These renormalizations are discussed in detail in Section IV.E in Paper A to which we
refer for further details.8 However, as a remark, we mention that these issues are related
to questions about when the ground state |Ψg〉 lies in the non-interacting fermion Fock
space F . We also note that the order in which the regularizations are removed, i.e., the
order of the limits ε→ 0+ and a→ 0+, is non-trivial, see Paper A.

4.6 Non-uniform chemical potentials

For later reference, we explain how the Luttinger model coupled to non-uniform chemical
potentials µ±(x), in general, different for the right and left sectors, can be solved. This
will be important, for instance, in order to derive exact analytical results for the time
evolution in the smooth-profile protocol starting from the initial states in (3.1).

Let µ±(x) = µ± + δµ±W±(x) with W±(x) of the form in (3.7). Consider

H =

∫ L/2

−L/2
dx
[
E(x)−µ+(x)ρ+(x)−µ−(x)ρ−(x)

]
= Hg−

∑
r

∑
p

1

L
µ̂r(−p)ρr(p), (4.41)

where µ̂±(p) =
∫ L/2
−L/2 dxµ±(x)e−ipx = µ±Lδp,0 + δµ±Ŵ±(p). The key is to use gauge

8The local limit is referred to as continuum limit in Paper A.
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transformations implemented by unitary operators of the form9

V = R
−w+
+ exp

(
−i

∫ L/2

−L/2
dx η+(x)ρ+(x)

)
R
w−
− exp

(
i

∫ L/2

−L/2
dx η−(x)ρ−(x)

)
(4.42)

for w± ∈ Z and η±(x) ∈ R satisfying
∫ L/2
−L/2 dx η±(x) = 0. The exponentials in (4.42)

implement small gauge transformations and the Klein factors R± implement large ones,
where the latter correspond to shifting the ground-state energy density. The terms in H
that are linear in ρr(p) can be canceled using V in (4.42) with

wr =
L

2π

∑
r′

K2 + rr′

2vK
µr′ , ipη̂r(p) =

∑
r′

K(p)2 + rr′

2v(p)K(p)
δµr′Ŵr′(p), (4.43)

where η̂r(p) =
∫ L/2
−L/2 dx ηr(x)e−ipx. Note that the possible values of µ± are constrained by

that wr must be integer valued, but as argued in Paper B, this will be of no consequence
in the infinite volume. For the special case µ±(x) = µ(x), as in the non-equilibrium
initial states in (3.1), the above becomes

w± =
L

2π

Kµ

v
, ipη̂±(p) =

K(p)δµŴ (p)

v(p)
, (4.44)

and, in particular,

V ρr(p)V
−1 = ρr(p) +

K(p)µ̂(p)

2πv(p)
, (4.45a)

V

∫ L/2

−L/2
dx
[
E(x)− µ(x)ρ(x)

]
V −1 = Hg −

∑
p

1

L

K(p) |µ̂(p)|2

2πv(p)
, (4.45b)

where |µ̂(p)|2 = µ̂(−p)µ̂(p). The Hamiltonian can then be diagonalized as in Section 4.3.

Proof of (4.43)–(4.45). We divide the computations into three steps.
First, we remove the constant terms µ±. Using large gauge transformations,

R−rwrr ρr′(x)Rrwrr = ρr′(x) + δr,r′wr/L (4.46)

for the fermion densities, see, e.g., Paper A. Thus, in momentum space,

R
−w+
+ R

w−
− ρr(p)R

−w−
− R

w+
+ = ρr(p) + wrδp,0, (4.47)

and for the zero-mode part HQ = H0 − Tg −
∑

r µrQr of H [cf. (4.28)],

R
−w+
+ R

w−
− HQR

−w−
− R

w+
+

= HQ +
∑
r,r′

π

L
v

1 + rr′K2

K
wr′Qr +

∑
r,r′

π

L
v

1 + rr′K2

2K
wrwr′ −

∑
r

µrwr. (4.48)

9Such operators were used in Paper B for the case when µ± = 0 and δµ±W±(x) = δµW (x). Note
that, in this case, V = eiAg using the notation in Eq. (60) in Paper B with η̂(−p) replaced by −η̂(−p).
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Picking wr as in (4.43) cancels the terms in HQ that are linear in Qr.
Second, we consider the non-constant terms in µ±(x). As in Paper B, we can remove

these terms using small gauge transformations implemented by the unitary operators
V±(η±) = exp

(
∓iL−1

∑
p6=0 η̂±(−p)ρ±(p)

)
. For the densities,

V+(η+)V−(η−)ρr(p)V−(η−)−1V+(η+)−1 = ρr(p) +
ipη̂r(p)

2π
(p 6= 0), (4.49)

and for HN = H −HQ,

V+(η+)V−(η−)HNV−(η−)−1V+(η+)−1

= HN −
∑
r,r′

∑
p 6=0

π

L
v(p)

1 + rr′K(p)2

K(p)

ipη̂r′(−p)
2π

ρr(p) (4.50)

+
∑
r,r′

∑
p 6=0

π

L
v(p)

1 + rr′K(p)2

2K(p)

p2η̂r(−p)η̂r′(p)
4π2

−
∑
r

∑
p 6=0

1

L
δµrŴr(−p)

ipη̂r(p)

2π
.

Picking η̂r(p) as in (4.43) cancels the terms in HN that are linear in ρr(p)|p 6=0.
Third, by noting that V = R

−w+
+ R

w−
− V+(η+)V−(η−) and combining the results above,

we have derived (4.43). Furthermore, (4.44) follows from (4.43) by setting µ̂±(p) = µ̂(p),
and inserting the former expressions into (4.47)–(4.50) implies (4.45).
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Chapter 5

Relation to spin chains

By a Jordan-Wigner transformation, see, e.g., [91, 100], the XXZ spin chain can be
mapped to a model of spinless and massless fermions whose Hamiltonian contains terms
that are quadratic and quartic in fermion operators. For the XX spin chain, the same
is true but without the quartic terms. In a suitable regime, the former can be effectively
described by the Luttinger model Hamiltonian Hg with certain g2- and g4-interactions,
and the latter byH0 corresponding to g2 = g3 = 0. This connection is the topic of the first
part of the present chapter. In the second part, we will show that an inhomogeneous CFT
is obtained as the effective description of a spin chain with commensurate inhomogeneities
that vary on mesoscopic length scales.

We stress that the derivations below are heuristic and quite technical. This chapter
can be skipped without loss of continuity.

5.1 Effective description of the XXZ spin chain

In what follows, let j, j′ = 1, . . . , N with N the number of sites, L = Na0 the length of
the system, and a0 > 0 the lattice spacing. We will consider the XXZ spin chain in (2.9)
with an external magnetic field. As in [55], to write the Hamiltonian in a more suitable
form, we make the following transformation:

Sxj → (−1)jSxj , Syj → (−1)jSyj , Szj → Szj . (5.1)

This leaves (2.7) unchanged but changes J → −J and Jz → Jz (i.e., ∆→ −∆) in (2.9).1

Without loss of generality, we can assume J > 0 [55]. We recall that we restrict to the
gapless regime |∆| < 1.

Following the transformation in (5.1), the Hamiltonian is equivalent to

HXXZ = −J
N∑
j=1

(
Sxj S

x
j+1 + Syj S

y
j+1 −∆SzjS

z
j+1

)
− h

N∑
j=1

Szj , (5.2)

1This is exact if N is even and up to boundary terms if N is odd. As discussed in Sections 3.2 and 3.3,
since we are not interested in boundary effects and since their contributions are negligible as L → ∞,
we will ignore such terms for simplicity.
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possibly up to boundary terms,2 where h is an external magnetic field. To map this to
fermions, we use the Jordan-Wigner transformation [91]

S+
j = c†j exp

(
iπ

j−1∑
l=1

c†l cl

)
, S−j = exp

(
−iπ

j−1∑
l=1

c†l cl

)
cj , Szj = c†jcj −

1

2
, (5.3)

where S±j = Sxj ± iSyj and c(†)
j are fermion creation and annihilation operators satisfying{

cj , c
†
j′
}

= δj,j′ ,
{
cj , cj′

}
=
{
c†j , c

†
j′
}

= 0. (5.4)

Using this transformation, the Hamiltonian becomes

HXXZ = −J
N∑
j=1

(
1

2

[
c†jcj+1e−iπc†jcj + h.c.

]
−∆

[
c†jcj −

1

2

][
c†j+1cj+1 −

1

2

]
+
h

J

[
c†jcj −

1

2

])
. (5.5)

However, since Sαj satisfy periodic boundary conditions, those for the operators c(†)
j are

more complicated [91]. Indeed, it follows from (5.3) that

cN+1 = eiπ
∑N
l=1 c

†
l clc1, c†N+1 = c†1e−iπ

∑N
l=1 c

†
l cl . (5.6)

If we instead impose periodic or anti-periodic boundary conditions, i.e., c(†)
N+1 = c

(†)
1 or

c
(†)
N+1 = −c(†)

1 , then HXXZ is equivalent to (5.5) up to boundary terms.3

A further simplification is possible. Since c†jcj is a fermion number operator, it gives
either 0 or 1 when acting on an arbitrary state, depending on whether the jth site is
empty or not. Thus, e±iπc†jcj acting on the same state gives either 1 or −1. By considering
the action of HXXZ on all possible states, one can conclude that the Hamiltonian remains
the same if the factors e±iπc†jcj in (5.5) are simply dropped.

We now introduce new fermion operators a±j satisfying4{
a−j , a

+
j′
}

= a−1
0 δj,j′ ,

{
a±j , a

±
j′
}

= 0 (5.7)

and anti-periodic boundary conditions.5 It follows from the above that HXXZ is equiv-
alent to

H = −J
N∑
j=1

a0

(
1

2

[
a+
j a
−
j+1 + h.c.

]
− a0∆a+

j a
−
j a

+
j+1a

−
j+1

+

[
h

J
+ ∆

]
a+
j a
−
j −

1

2a0

[
h

J
+

∆

2

])
(5.8)

2See Footnote 1 on page 45.
3Cf. Footnote 1 on page 45.
4a+j and a−j correspond to a−1/2

0 c†j and a−1/2
0 cj , respectively.

5We recall that the latter will correspond to using “half-integer” values for the momenta k, see
Remark 4.1.
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up to boundary terms. To proceed, we pass to momentum space, k ∈ (2π/L) (Z + 1/2),
with −π/a0 < k ≤ π/a0 in the first Brillouin zone. Sums over k are implicitly assumed
to range over these values, unless stated otherwise. We also define the positions xj of the
lattice sites as xj = −L/2 + (j− 1)a0 if N is even and xj = −(L− a0)/2 + (j− 1)a0 if N
is odd, since, with this choice, xj ∈ a0Z always, which is important for technical reasons.
The operators a±k in momentum space, defined by the inverse Fourier transforms

a±j = L−1/2
∑
k

a±k e∓ikxj , (5.9)

satisfy {
a−k , a

+
k′
}

= δk,k′ ,
{
a±k , a

±
k′
}

= 0. (5.10)

After some algebraic manipulations, one can show that

H = −J
N∑
j=1

a0

(∑
k,k′

1

L

[
cos ka0 + cos k′a0

2
+
h

J
+ ∆

]
a+
k a
−
k′e
−i(k−k′)xj − 1

2a0

[
h

J
+

∆

2

])

+ J
N∑
j=1

a0

∑
{ki}

1

L2
a0∆

cos(k1 − k2)a0 + cos(k4 − k3)a0

2
a+
k1
a−k2a

+
k3
a−k4e−i(k1−k2+k3−k4)xj .

(5.11)

Since xj ∈ a0Z, we have
∑N

j=1 a0eipxj = Lδa0(p) for p ∈ (2π/L)Z with the lattice-periodic
delta function δa0(p) = 1 if p ∈ (2π/a0)Z and = 0 otherwise. Thus,

H = −J

(∑
k,k′

[
cos(ka0) +

h

J
+ ∆

]
a+
k a
−
k′δa0(k − k′)− N

2

[
h

J
+

∆

2

])
+Hint (5.12)

with the interaction term

Hint = J
∑
{ki}

1

L
a0∆ cos([k1 − k2]a0)a+

k1
a−k2a

+
k3
a−k4δa0(k1 − k2 + k3 − k4). (5.13)

In H−Hint, since both momenta are in the first Brillouin zone, δa0(k−k′) implies k = k′.
For Hint, the situation is more complicated. We will therefore first study the case without
interactions.

5.1.1 Without interactions

Without interactions (∆ = 0), the Hamiltonian is

H =
∑
k

[ε(k)− h]a+
k a
−
k +

Nh

2
(5.14)

with the dispersion relation
ε(k) = −J cos(ka0). (5.15)
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It is important to note that, on the lattice, there is an intrinsic ultraviolet cutoff on the
momenta since −π/a0 < k ≤ π/a0. However, since we want to pass to the continuum,
we need to ensure that the model remains well defined in this limit. As explained in
Section 4.4, we therefore pick the ground state to be the vacuum |Ψ〉 defined by{

a−k |Ψ〉 = 0 if ε(k)− h > 0,

a+
k |Ψ〉 = 0 if ε(k)− h ≤ 0.

(5.16)

The state |Ψ〉 is the filled Dirac sea: all particle states in |Ψ〉 with negative energy are
occupied. As for the Luttinger model in Section 4.2, the Fock space is fully determined by
(5.10) and (5.16) and can be constructed from |Ψ〉 using the operators a±k , cf. Section II.A
in Paper A for details.

The Fermi momentum kF is given by ε(kF ) = h. Thus, the negative-energy states are
precisely the ones with momenta between −kF and kF . In particular, h = 0 corresponds
to half filling kF = π/2a0. Similar to (4.3), Wick ordering with respect to |Ψ〉 for products
of two fermion operators can be defined by

:a+
k a
−
k′ : = a+

k a
−
k′ − 〈Ψ|a

+
k a
−
k′ |Ψ〉, (5.17)

where
〈Ψ|a+

k a
−
k′ |Ψ〉 = δk,k′θ(−[ε(k)− h]). (5.18)

The second term on the right-hand side of (5.17) corresponds to removing negative-energy
states, see Section 4.4. In Wick-ordered form, the Hamiltonian becomes

H =
∑
k

[ε(k)− h] :a+
k a
−
k : (5.19)

up to a finite c-number term. So far we have not made any (real) approximation.
We now assume that the system is in the low-temperature regime and close to half

filling. This has the effect that only processes with small changes in momenta are likely.
In this regime, it is motivated to linearize ε(k) around the Fermi points rkF for r = ±:6

ε(k)− h ≈ rvF (k − rkF ) = εr(k) (5.20)

for |k − rkF | < π/ã0 with some new cutoff ã0 > 0 satisfying π/ã0 � kF , where we have
identified the Fermi velocity

vF = Ja0 sin(kFa0). (5.21)

Removing the cutoffs, i.e., sending first a0 → 0+ and then ã0 → 0+,7 gives the dispersion
relations illustrated in Figure 4.1.

We can also first shift k → k + rkF for k close to rkF , which means that the mo-
menta are measured relative to the Fermi points with |k| < π/ã0, and define the fermion
operators

a±r,k = a±k+rkF
. (5.22)

6The assumption kF close to π/2a0 means that the second-order term in the expansion is small.
7It is implicitly assumed that J scales as 1/a0 so that vF remains finite in the continuum limit.

However, since kF ≈ π/2a0 has the same scaling, the latter becomes infinite in this limit.
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These satisfy (4.1) and the Wick ordering is given by (4.3) for products of two fermion
operators. Removing the cutoffs leads to the non-interacting Luttinger model in (4.2).

An alternative approach is to observe that the relevant length scales are the lattice
spacing a0 and the thermal length scale vFβ, where a0 � vFβ in the low-temperature
regime. As shown explicitly for a special case in Section II in Paper C, the non-universal
corrections to the universal results described by the non-interacting Luttinger model are
exponentially suppressed by O(e−a0/vF β), meaning that the latter become exact in the
limit a0/vFβ → 0+.

5.1.2 Interaction term

We now turn to Hint. For momenta close to the Fermi points, i.e., ki = rikF + ∆ki with
|∆ki| < π/ã0 � kF , we have

δa0(k1 − k2 + k3 − k4) = δa0([r1 − r2 + r3 − r4]kF )δ∆k1−∆k2+∆k3−∆k4,0. (5.23)

Due to the first factor on the right-hand side, this is non-zero only for certain combina-
tions of the ri:s. Assuming kF 6= π/2a0, these are:

(i) r1 = r2, r3 = r4,

(ii) r1 = −r2 = −r3 = r4.

However, if kF = π/2a0, i.e., precisely at half filling, there is an additional possibility:

(iii) r1 = −r2 = r3 = −r4.

The combination of the ri:s in (iii) leads to an umklapp term in the Hamiltonian (a g3-
interaction, see Table 4.1) since two right-moving fermions are annihilated and two left-
moving fermions are created, or vice versa, which corresponds to a 4kF shift in momentum
[123, 55]. As mentioned, this term would spoil exact solvability by bosonization of the
effective model since it does not correspond to a quadratic term in the boson operators.8

For this reason, we will assume that the system is close to but not precisely at half filling,
meaning that there is no such umklapp term, see, e.g., [36].

For the quartic terms in H, it suffices to expand cos([k1−k2]a0) to zeroth order [123]:

cos([k1 − k2]a0) ≈ cos([r1 − r2]kFa0) (5.24)

for |ki − rikF | < π/ã0. Inserting the above into Hint yields

Hint ≈ J
∑
r

∑
{∆ki}

1

L
a0∆a+

r,∆k1
a−r,∆k2a

+
r,∆k3

a−r,∆k4δ∆k1−∆k2+∆k3−∆k4,0 (5.25)

+ J
∑
r

∑
{∆ki}

1

L
a0∆[1− cos(2kFa0)]a+

r,∆k1
a−r,∆k2a

+
−r,∆k3a

−
−r,∆k4δ∆k1−∆k2+∆k3−∆k4,0.

8It is worth noting that this term is irrelevant from a renormalization-group point of view for K > 1/2
[123, 55]. Using the Bethe-ansatz results stated in Section 5.1.3, one can verify that this corresponds to
|∆| < 1, i.e., the gapless regime that we consider.
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Ignoring Wick ordering for now, renaming ∆ki as ki, removing the cutoffs, and writing
the operators on Wick-ordered form, we obtain a local Luttinger model with the interac-
tion strengths g2 = 2Ja0∆[1 − cos(2kFa0)]/πvF and, naively, g4 = 2Ja0∆/πvF , where,
formally, Vi(x) = πvF δ(x). However, by a proper Wick ordering of pairs of fermion
operators in Hint, before linearizing the dispersion relation, there are new terms, which
correspond to a renormalization of vF . To account for this, the correct choice is

gi = 2Ja0∆[1− cos(2kFa0)]/πvF (i = 2, 4), (5.26)

as explained in [123] by comparison with results from a first-order Hartee-Fock approx-
imation [51]. The properly Wick-ordered effective version of the interaction term thus
contains only ρ(−p)ρ(p) interactions with ρ(p) = ρ+(p)+ρ−(p) and ρ±(p) in (4.6). That
this must be the case is explained in [55] as follows. First, note that the interaction term
in HXXZ only depends on the total density c†jcj . Therefore, when effectively described by
a continuum model, the corresponding term must also depend only on the total density
ρ(p), which means that g2 and g4 have to be the same.

Lastly, we recall from Section 4.5 that, when removing the cutoffs, which involves
sending the lattice spacing a0 to zero,9 one must introduce a new implicit cutoff on the
momenta in the interactions to ensure that the model is well defined for non-zero ∆.

5.1.3 Comparison with Bethe-ansatz results

Below we compare the renormalized Fermi velocity and the Luttinger parameter for the
XXZ spin chain obtained from the Bethe ansatz with those from the effective description
using the Luttinger model. Since these Bethe-ansatz results are only for zero external
magnetic field, we can only make the comparison precisely at half filling.

From the Bethe-ansatz solution, one obtains [123, 127]

vXXZ = Ja0
π

2

√
1−∆2

arccos ∆
(5.27)

and
KXXZ =

π

2(π − arccos ∆)
(5.28)

if there is no external magnetic field, i.e., h = 0, which corresponds to half filling.
Consider the local Luttinger model with gi in (5.26) at half filling, i.e., kF = π/2a0.

Formally setting V̂i(p) = πvF , then (4.13) and (4.14) yield

v = vF
√

1 + 4∆/π (5.29)

and
K =

1√
1 + 4∆/π

, (5.30)

where vF = Ja0 sin(kFa0) = Ja0. These agree with (5.27) and (5.28) to first order in ∆.
Moreover, by plotting (5.27)–(5.30), one observes that the agreement is quite good also
beyond first order, cf. also [123].

9Again, it is implicitly assumed that J scales as 1/a0 so that vF and gi remain finite in the continuum
limit, see Footnote 7 on page 48.
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5.2 Spin chains with commensurate inhomogeneities

The derivation in Section 5.1 can be repeated for an XXZ spin chain with commensurate
inhomogeneities that vary smoothly in space. We recall that by commensurate we mean
inhomogeneities that induce the same spatial variation in all terms in the Hamiltonian.
Below we show that this leads to an effective description in the form of an inhomogeneous
CFT.

The model is generalized as follows. We let the exchange interaction Jj > 0 between
sites j and j + 1 vary with j on mesoscopic length scales, i.e., on length scales much
larger than a0 but much smaller than L, keeping ∆ constant and the external magnetic
field hj proportional to Jj . The generalized XXZ Hamiltonian is

HXXZ = −
N∑
j=1

Jj

(
Sxj S

x
j+1 + Syj S

y
j+1 −∆SzjS

z
j+1

)
−

N∑
j=1

hjS
z
j . (5.31)

As before, we assume periodic boundary conditions.
The key steps leading to an inhomogeneous CFT is covered by the simpler case of an

XX spin chain. Thus, for simplicity, we only give the details for ∆ = 0. All steps can
be generalized to ∆ 6= 0, but they are more complicated, as seen from Section 5.1.2.

For ∆ = 0, repeating the steps in Section 5.1, we find that the Hamiltonian is
equivalent to H =

∑N
j=1 a0E(xj) up to boundary terms with the energy density operator

E(xj) = −1

4

[
Jj−1(a+

j−1a
−
j + h.c.) + Jj(a

+
j a
−
j+1 + h.c.)

]
− hja+

j a
−
j . (5.32)

Since Jj and hj vary slowly in space compared to a0, we can introduce smooth real-valued
functions J(x) and h(x) such that

Jj =
J(xj) + J(xj+1)

2
, hj = h(xj). (5.33)

We thereafter pass to momentum space using (5.9) and the inverse Fourier transforms

J(xj) =
∑
p

1

L
J(p)eipxj , h(xj) =

∑
p

1

L
h(p)eipxj (5.34)

for p ∈ (2π/L)Z in the first Brillouin zone −π/a0 < p ≤ π/a0. The model is defined on
the same Fock space as in the homogeneous case in Section 5.1. It follows that

E(xj) =
∑
p

∑
k,k′

1

L2

[
ε(p, k) + ε(p, k′)

2
− h(p)

]
:a+
k a
−
k′ : e

i(p−k+k′)xj (5.35)

up to a finite c-number contribution to H, where

ε(p, k) = −J(p) cos ka0. (5.36)
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The Fermi momentum kF is defined by ε(p, kF ) = h(p). Moreover, realness of J(xj) and
h(xj) implies J(−p) = J(p) and h(−p) = h(p), respectively, which ensures that E(xj) in
(5.35) is Hermitian.

It is important to note that J(p), in general, allows for non-momentum conserving
processes. Indeed, it follows from (5.35) that k−k′ can be non-zero in the corresponding
expression forH. A general solution is beyond our reach. However, if we assume that J(p)
decays sufficiently fast for large |p|, which makes precise what is meant by J(x) varying
on mesoscopic length scales, then only small values of |p| in (5.35) will contribute. In
particular, this excludes umklapp processes. Assuming the system is close to half filling,
kF ≈ π/2a0, the dispersion relation ε(p, k) can be linearized in k around rkF for r = ±:

ε(p, k)− h(p) ≈ rvF (p)(k − rkF ) (5.37)

for |k − rkF | < π/ã0 � kF , where

vF (p) = J(p)a0 sin kFa0. (5.38)

The linearized energy density is

Elin(xj) =
∑
r

∑
p

∑
k,k′

1

L2
rvF (p)

[
k + k′

2
− rkF

]
:a+
k a
−
k′ : e

i(p−k+k′)xj . (5.39)

Shifting k → k+rkF , defining a±r,k = a±k+rkF
, and removing the cutoffs yield the following

effective energy density:

Eeff(x) =
∑
r

∑
p

∑
k,k′

1

L2
rvF (p)

k + k′

2
:a+
r,ka
−
r,k′ : e

i(p−k+k′)x (5.40)

with the k and k′ sums ranging over (2π/L)(Z + 1/2) and the p sum over (2π/L)Z.
Introducing the fermionic fields ψ±r (x) as in Remark 4.1, we obtain

Eeff(x) =
1

2

∑
r

vF (x)
[
:ψ+
r (x)(−ir∂x)ψ−r (x): + h.c.

]
, (5.41)

where
vF (x) =

∑
p

1

L
vF (p)eipx = J(x)a0 sin kFa0. (5.42)

The corresponding effective Hamiltonian is Heff =
∫ L/2
−L/2 dx Eeff(x), which is the same as

the non-interacting Luttinger model with vF replaced by the function vF (x) which varies
smoothly in space. In conclusion, we have obtained an inhomogeneous CFT as defined
in Section 2.6.1.

As a final remark, assuming that Jj varies randomly with j corresponds to that J(x)
is given by a random function. This in turn corresponds to that our effective description
is a random CFT, see Section 2.6.2.



Chapter 6

Interacting fermions out of
equilibrium

In this chapter, we describe the tools used to derive exact analytical non-equilibrium
results for the Luttinger model in Papers B and C. These papers were to a large degree
motivated by recent numerical and analytical studies of spin chains out of equilibrium.
For this reason we start by discussing the latter.

6.1 Spin chains out of equilibrium

One example of a spin chain that has been studied rigorously out of equilibrium is the
XY model. This is an anisotropic version of the XX spin chain given by the Hamiltonian

HXY = −J
N∑
j=1

(
[1 + γ]Sxj S

x
j+1 + [1− γ]Syj S

y
j+1

)
(6.1)

with −1 ≤ γ ≤ 1 [91]. The XX model is obtained by setting γ = 0. As explained for the
latter in Section 5, the XY model can similarly be mapped to a system of non-interacting
spinless and massless fermions, see, e.g., [91].

The XY model has been studied analytically using so-called C∗-dynamical systems.
Such a system is defined by the C∗-algebra generated by the spin operators Sxj and
Syj for all lattice sites j together with the dynamics given by the Hamiltonian in (6.1)
[63]. One important result concerns the long-time limit t → ∞, where, starting from a
partitioned initial state with temperatures β−1

L and β−1
R to the left and right, respectively,

the system tends to a NESS that is factorized into right- and left-moving fermions. In this
final steady state, the right-moving fermions (which come from the left) have temperature
β−1
L , and the left-moving fermions (which come from the right) have temperature β−1

R

[63, 6, 109, 108].
We are, however, mainly interested in interacting systems. The XXZ spin chain,

we recall, is an exactly solvable model that can be mapped to a system of interact-
ing fermions. Together with the Lieb-Liniger model, these two are prime examples for

53
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studying effects of interactions on non-equilibrium dynamics. The Bethe ansatz can be
used to derive exact solutions for these models, and such solutions were used in, e.g.,
[97, 32, 148] to analytically study them out of equilibrium. However, in general, extract-
ing information from the Bethe-ansatz solutions can become rather difficult. For this
reason, non-equilibrium properties of such interacting fermionic systems have mostly
been studied numerically or by approximate analytical methods. Within the partition-
ing protocol, for instance, charge transport starting from an initial state with different
chemical potentials to the left and right sides was studied in, e.g., [4, 83, 116]. For
heat transport, the corresponding situation using partitioned initial thermal states was
investigated by numerical simulations in, e.g., [75, 140, 18].

Another approach to study non-equilibrium properties of integrable interacting sys-
tems, such as the XXZ spin chain and the Lieb-Liniger model, is the recent proposal of
generalized hydrodynamics [16, 28]. This is a generalization of ordinary hydrodynamics,
see, e.g., [134], that takes into account the (sometimes infinitely many) additional con-
served quantities present in integrable systems. Moreover, by including higher-derivative
terms, diffusive effects within such hydrodynamical descriptions were derived in [34, 64].
Such descriptions have, however, only been rigorously established for the so-called hard
rod fluid in [21]. Thus, in most cases, the results form conjectures from a mathematical
point of view. Recent work on deriving generalized hydrodynamics from first principles
include [40, 41, 144].

6.2 Luttinger model out of equilibrium

Due to its linear dispersion relations, the Luttinger model can be viewed as a less compli-
cated example of an interacting fermionic system compared to the one obtained directly
from the XXZ spin chain by a Jordan-Wigner transformation. Previous non-equilibrium
results for the Luttinger model include quantum quenches where the interactions are
turned on or off at time zero for local [30, 68] and non-local [104] interactions. This was
extended to more general interaction quenches for non-local interactions in Paper B. In
the same paper, we studied charge transport in the Luttinger model by turning off the
coupling to an external field producing a smooth version of an domain-wall initial state.
The corresponding situation for heat transport was studied in Paper C.

In the rest of this chapter, the non-local Luttinger model will serve as our primary
example. However, we stress that our methods are rather versatile and can be used to
study other 1d systems. For instance, in Paper C, they were also used to derive exact
analytical results for heat transport in the XX spin chain.

6.2.1 Methods

Below we describe our methods for computing exact analytical results for the full time
evolution of 1d quantum many-body systems such as the Luttinger model. The point
of view is that of an inhomogeneous-to-homogeneous quantum quench starting from the
non-equilibrium initial states in (3.1) defined by smooth kink-like profiles β(x) and µ(x)
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of the form in (3.5).

Inverse-temperature profiles

For an inverse-temperature profile β(x), we introduce εβ = δβ/β, where δβ = βL − βR
is the difference between the left and right values and β = (βL + βR)/2 is the average.
Expectation values of the form in (3.2) can then be computed as a formal series expansion
in εβ using the Dyson series:

〈O(t)〉neq = 〈O(t)〉β,µ(·) − εβ
[
〈CO(t)〉β,µ(·) − 〈C〉β,µ(·)〈O(t)〉β,µ(·)

]
+O(ε2β), (6.2)

where

C =

∫ β

0
dτ

∫ L/2

−L/2
dxW (x)eτHµ(·) [E(x)− µ(x)ρ(x)] e−τHµ(·) (6.3)

and
〈O(t)〉β,µ(·) = Tr

[
ρ̂β,µ(·)O(t)

]
(6.4)

with

ρ̂β,µ(·) =
e−βHµ(·)

Tr e−βHµ(·)
, Hµ(·) =

∫ L/2

−L/2
dx
[
E(x)− µ(x)ρ(x)

]
, (6.5)

cf. Section V in Paper C. We note that, in general, 〈O(t)〉β,µ(·) depends on time. The
reason is that the time evolution is determined by H − µQ while the expectation value
is computed with respect to Hµ(·) and these do not commute for general µ(x).

Chemical-potential profiles

To handle a non-uniform chemical-potential profile µ(x), we use gauge transformations
implemented by unitary operators of the form in (4.42). Let V be such an operator for
w± = 0 and suitable η±(x). It follows that (6.2) can be written

〈O(t)〉neq = 〈OV (t)〉β,µ − εβ [〈CVOV (t)〉β,µ − 〈CV 〉β,µ〈OV (t)〉β,µ] +O(ε2β) (6.6)

with 〈·〉β,µ in (3.4), OV (t) = VO(t)V −1, and CV = V CV −1. For the non-local Luttinger
model, η±(x) are given by (4.44), and OV (t) and CV can be computed using (4.45a).

As a remark, we note that it is computationally easier to directly also remove the
constant chemical potential µ in 〈·〉β,µ by setting w± as in (4.44).

6.2.2 Results

The methods in (6.2)–(6.6) reduce the problem of computing first-order results in εβ for
non-equilibrium expectation values of the form in (3.2) to computing OV (t) and CV and
evaluating their equilibrium expectation values. However, in general, these methods lead
to very large expressions, in particular for non-local interactions. Because of this, for the
non-local Luttinger model, we will discuss finite-time results only for charge transport in
Section 6.3, and both heat and charge transport only in the long-time limit in Section 6.4.
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One can, of course, also write expressions for higher order terms in (6.2), but these
become increasingly harder to evaluate. As explained in Papers C and D, the exceptions
are conformally invariant models, where it turns out that the resulting integrals can be
computed explicitly.

An alternative approach is to note that the Luttinger model, when bosonized, is
quasi-free: it can be reduced to working with one-particle operators. Using this, we
were able in Paper C to explicitly compute the full series in (6.2) for the energy density
and the heat current in the case of local interactions and no chemical-potential profile
µ(x) = 0, see also Section 2 in Paper D. After resumming the series, we obtained the
following results:

〈E(x, t)〉∞neq =
1

2v
[F (x− vt) + F (x+ vt)] , (6.7a)

〈J (x, t)〉∞neq =
1

2
[F (x− vt)− F (x+ vt)] , (6.7b)

where1

F (x) =
π

6β(x)2
+

v2

12π

[
β′′(x)

β(x)
− 1

2

(
β′(x)

β(x)

)2
]
. (6.8)

Note that the last term in F (x) corresponds to the Schwarzian derivative [52]

(Sf)(x) =
f ′′′(x)

f ′(x)
− 3

2

(
f ′′(x)

f ′(x)

)2

(6.9)

of the function
f(x) =

∫ x

0
dx′

β0

β(x′)
(6.10)

for some constant β0, which is arbitrary in the infinite volume. Since it is well-known
that Schwarzian derivatives generally appear in transformations of the energy-momentum
tensor in CFT, see, e.g., [52], this indicates a close connection with conformal transfor-
mations. (This is discussed further in Chapter 7.)

For kink-like profiles, the Schwarzian-derivative term in F (x) produces peaks in the
transition region between different temperatures as seen in Figure 1 in Paper C and
Figure 2 in Paper D. Similar peaks can also be seen numerically in simulations of heat
transport in the XXZ spin chain, see, e.g., Figure 1(a) in [75], Figure 3 in [33], and
Figure 2 in [140].

6.3 Charge transport

In what follows, we state results for the full time evolution of charge transport in the
non-local Luttinger model. As before, the initial state is ρ̂neq in (3.1) with β(x) and µ(x)
in (3.5), and the time evolution is given by Hg−µQ with Hg in (2.11). The expectations

1Note that our convention for F (x) here differ from that in Paper D by a factor v.
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〈ρ(x, t)〉∞neq and 〈j(x, t)〉∞neq of the total fermion density and charge current operators for
〈· · · 〉neq in (3.2) can be computed to first order in εβ using (6.6). The results are

〈ρ(x, t)〉∞neq =
∑
r

∫ ∞
−∞

dp

2π

K(p)

v(p)

µ̂(p)

2π
eip[x−rv(p)t] (6.11a)

− εβ
∑
r

∫ ∞
−∞

dp

2π

∫ ∞
−∞

dp′

2π
Ŵ (p)

A(p− p′, p′)
v(p− p′)

µ̂(−p′)
4π

ei(p−p′)[x−rv(p−p′)t] +O(ε2β),

〈j(x, t)〉∞neq =
∑
r

r

∫ ∞
−∞

dp

2π
K(p)

µ̂(p)

2π
eip[x−rv(p)t] (6.11b)

− εβ
∑
r

r

∫ ∞
−∞

dp

2π

∫ ∞
−∞

dp′

2π
Ŵ (p)A(p− p′, p′) µ̂(−p′)

4π
ei(p−p′)[x−rv(p−p′)t] +O(ε2β),

where
A(p1, p2) =

v(p1)K(p2)− v(p2)K(p1)

v(p2)
(6.12)

and we recall that εβ = δβ/β and µ̂(p) =
∫∞
−∞ dxµ(x)e−ipx. Note that these are inde-

pendent of β if δβ = 0. However, in general, for δβ 6= 0, there are additional finite-time
contributions to first order in εβ compared to the non-interacting case in (3.8). We ob-
serve that they are always zero for local interactions since then A(p1, p2) = 0. Moreover,
as will be clear from Section 6.4, these contributions disappear in the long-time limit.

The results in (6.11) are plotted in Figure 6.1. For simplicity, we set δβ = 0 and let
the interactions be given by g2 = g4 = λ and V2(x) = V4(x) = 2V (x), where V (x) is a
non-local interaction potential,2 cf. also (5.26). In this particular case, K(p)v(p) = vF ,
meaning that ρ(x) = ρ+(x) + ρ−(x) and j(x) = vF [ρ+(x)− ρ−(x)], cf. (4.8) and (4.21).
Specifically, we use V (x) = (πvF /4a) sech(πx/2a) for the plots in the figure.

As in Figure 3.2, we see from Figure 6.1 that there is a region with constant density
developing between two fronts moving to the right and to the left. Since the interactions
are non-local, the velocities depend on momenta, which means that the evolution is
dispersive. This is manifested by the deformation of the fronts in Figure 6.1 compared to
Figure 3.2, i.e., they move non-rigidly. However, the velocities of the fronts themselves
are determined by the group velocity vg(p) = d[v(p)p]/dp at p = 0. These velocities can
be shown to be v = v(p)|p=0 and −v, respectively.3 As without interactions, the current
〈j(x, t)〉∞neq in the same region tends to a constant but different non-zero value as t→∞.

In Paper B, we studied the case with δβ = 0 but only for the ground state corre-
sponding to taking β → ∞ and also setting µ = 0. However, in addition, the quantum
quench involved changing the interaction strength from g2 = g4 = λ to g2 = g4 = λ′,
where λ and λ′ can be different. For this case, we showed that the system reaches a final
steady state in the long-time limit, in so far as expectation values of the total density,
the charge current, and 2-point fermion correlation functions are concerned.

2See Table A.4 in Appendix A for notational differences with Appendix B in Paper B due to an
oversight.

3That vg(p)|p=0 = v follows from that the interactions in momentum space are even, see (4.11a).
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Figure 6.1: Time evolution of the total fermion density R(x, t) = 〈ρ(x, t)〉∞neq and the
charge current I(x, t) = 〈j(x, t)〉∞neq in (6.11) for δβ = 0 and µ(x) in (3.5) with W (x) in
(3.7). Specifically, we consider the Luttinger model with non-local g2- and g4-interactions
given by g2 = g4 = λ and V̂2(p) = V̂4(p) = πvF sech(ap) for µ = 1, δµ = 1.9, δW = `/5,
λ = 1, a = `/4, t0 = `/vF , ` = 40, and vF = 1. The plots are normalized using
R = limt→∞R(x, t) and I = limt→∞ I(x, t), which are independent of x for µ(x) in (3.5),
and v = v(p)|p=0 given by (4.13).
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6.4 Long-time limit and NESS

For 〈· · · 〉neq in (3.2) with kink-like profiles of the form in (3.5), we denote by 〈E(x, t)〉∞neq
and 〈J (x, t)〉∞neq the expectations of the energy density and heat current operators and
〈ρ(x, t)〉∞neq and 〈j(x, t)〉∞neq the expectations of the total particle density and charge cur-
rent operators. As for charge transport above, using the methods in Section 6.2.1, one can
derive fully explicit results also for heat transport to first order in εβ for the non-local
Luttinger model. In general, the expectations depend on x, meaning that translation
invariance is broken. However, since the expressions are very long, we will not write
them here. Instead, we refer to Eqs. (17) and (18) in Paper C where the results for heat
transport for the special case µ(x) = 0 are given.

6.4.1 Results in the long-time limit

There are serval ways to compute results in the long-time limit. One approach based on
complex analysis is given in Appendix D (the conditions that we have to impose formally
correspond to a locality condition in that they constrain the interaction potentials). The
results for the non-local Luttinger model are:

lim
t→∞
〈E(x, t)〉∞neq = EGS +

∫ ∞
−∞

dp

2π

v(p)|p|
eβv(p)|p| − 1

+
K(µ2

L + µ2
R)

4πv
+O(ε2β), (6.13a)

lim
t→∞
〈J (x, t)〉∞neq =

π

6β
(β−1
L − β

−1
R ) +

K(µ2
L − µ2

R)

4π
+O(ε2β), (6.13b)

lim
t→∞
〈ρ(x, t)〉∞neq =

K(µL + µR)

2πv
+O(ε2β), (6.13c)

lim
t→∞
〈j(x, t)〉∞neq =

K(µL − µR)

2π
+O(ε2β), (6.13d)

where EGS = limL→∞〈Ψg|E(x)|Ψg〉 = limL→∞Wg/L is the ground-state energy density,
see Section 4.3. For an example of such a computation, see Appendix E.4

From (6.13), we see that the expectations are independent of x as t→∞, indicating
that translation invariance is recovered in the long-time limit (to first order in εβ). We
also see that an initial chemical-potential profile gives a non-zero contribution to heat
transport but that the converse is not true, i.e., an initial inverse-temperature profile
does not lead to a corresponding contribution to charge transport.

Similar results can also be derived for fermion correlation functions, see Paper C,
using tools from Paper A and Sections 4.3.4 and 4.6.

6.4.2 NESS

If we define ρ̂neq(t) = e−i(Hg−µQ)tρ̂neqei(Hg−µQ)t, then (3.2) can be rewritten as

〈O(t)〉neq = Tr [ρ̂neq(t)O] . (6.14)
4As explained in Appendix E, that derivation is formal. This is not the case for the derivation of the

results in (6.13).
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To obtain an expression for ρ̂NESS describing the NESS, we need to compute the long-
time limit of ρ̂neq(t), which means working on the level of operators. A formal derivation
for the non-local Luttinger model is given in Appendix E. The result is

lim
t→∞

lim
L→∞

Tr [ρ̂neq(t)O] = lim
L→∞

Tr [ρ̂NESSO] , (6.15a)

ρ̂NESS =
e−GNESS

Tr e−GNESS
, GNESS = βL

(
H+ − µLQJ+

)
+ βR

(
H− − µRQJ−

)
(6.15b)

with the conserved charges

H± =
∑
p

π

L
v(p) :ρ̃±(−p)ρ̃±(p):g +

Wg

2
, QJr =

√
Kρ̃r(p)|p=0, (6.16)

where we recall that ρ̃r(p) = e−iSgρr(p)e
iSg have the physical interpretation as plasmons

and :· · ·:g indicates Wick ordering with respect to the interacting vacuum |Ψg〉. The
corresponding result for any unitary CFT is derived in Paper D while the above extends
this to a system with broken Lorentz and scale invariance.

Using ρ̂NESS in (6.15) and large gauge transformations implemented by V of the form
in (4.42), one can show that

lim
L→∞

Tr [ρ̂NESS E(x)] = EGS +
∑
r

∫ ∞
0

dp

2π

v(p)p

eβrv(p)p − 1
+
K(µ2

L + µ2
R)

4πv
, (6.17a)

lim
L→∞

Tr [ρ̂NESS J (x)] =
π
(
β−2

+ − β−2
−
)

12
+
K(µ2

L − µ2
R)

4π
, (6.17b)

lim
L→∞

Tr [ρ̂NESS ρ(x)] =
K(µL + µR)

2πv
, (6.17c)

lim
L→∞

Tr [ρ̂NESS j(x)] =
K(µL − µR)

2π
, (6.17d)

where we introduced
β+ = βL, β− = βR. (6.18)

The results in (6.13) are consistent with (6.17) to first order in εβ .
As remarked above, similar results can also be derived for fermion correlation func-

tions, see Paper C.
Since ρ̃r(p) describe plasmons, our results have the following natural interpretation:

(6.15b) describes a NESS that is factorized into right-moving plasmons with temperature
β−1
L and chemical potential µL and left-moving plasmons with β−1

R and µR. However,
when expressed in terms of fermions, the NESS can be seen to be interacting since it
does not factorize into right- and left-moving fermions if the g2-interaction is non-zero.
This is different from the NESS for the XX spin chain in [63] for which this is the case.

6.4.3 Effective reservoirs and electrical conductance

In the long-time limit, it follows from our results above that the non-local Luttinger model
in the smooth-profile protocol tends to a steady state in which translation invariance is
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recovered and which has constant non-zero heat and charge currents flowing through the
system. Concerning the computed expectations, this final steady state is consistent with
a NESS which can be interpreted as that of an open system coupled to effective reservoirs
on each side, cf. Figure 1.2.

For β+ = β− = β, it follows from (6.15) and (6.18) that the NESS is given by

ρ̂NESS =
e−GNESS

Tr e−GNESS
, GNESS = β

(
Hg − µe+Q+ − µe−Q−

)
(6.19)

with the usual charge operators Qr = ρr(p)|p=0 for the fermions and the renormalized
chemical potentials5

µe± =
µL + µR

2
± K (µL − µR)

2
. (6.20)

An interpretation of this NESS is given in Figure 6.2. To obtain (6.19), we used QJr =√
KQ̃r where Q̃r = ρ̃r(p)|p=0 satisfy

Q̃r =
1 +K

2
√
K
Qr +

1−K
2
√
K
Q−r, (6.21)

cf. (2.28) and (4.25). That µe± in (6.20) are the correct renormalized chemical potentials
is motivated further in Papers B and D.

0−` ` x
β, µe

+ β, µe
−

Figure 6.2: Interpretation of the NESS given by (6.19) as an open system (corresponding
to a subsystem on the finite interval [−`, `]) coupled to infinitely large effective reservoirs
on its left and right sides with the renormalized chemical potentials µe+ and µe− in (6.20),
respectively, and temperature β.

If we denote by I = limL→∞Tr [ρ̂NESS j(x)] the expectation of the charge current in
the NESS for β+ = β−, it follows from (6.17d) and (6.20) that the electrical conductance6

Gel =
I

µe+ − µe−
=

e2

2π~
(6.22)

is universal when measured relative µe+−µe−. The same universal conductance was found
in [2, 1, 103, 77]. In fact, the interpretation of the NESS in Figure 6.2 is reminiscent of
the explanation of the universal conductance in [103]: the charge current only depends
on the reservoirs, which are usually modeled by Fermi gases and thus are non-interacting,

5For β+ 6= β−, one instead needs to consider the thermodynamic variables µ1,± = (βLµL+βRµR)/2±
K(βLµL − βRµR)/2 and µ2,± = −β±, cf. Section 3.7. However, as in (6.27), since the electrical conduc-
tance is computed at the point β+ = β−, the value in (6.22) will be the same.

6See Footnote 1 on page 6.
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and not on the microscopic details of the system between the reservoirs modeled by the
Luttinger model. We stress that the result given here is obtained by a full non-equilibrium
approach and has the important difference that I and µe± are non-universal and depend
on the interactions. It is also interesting to note that the non-universal value K/2π,
obtained by instead using µL−µR in the denominator in (6.22), is the same as the early
proposal in [73] of a non-universal value for the electrical conductance in the Luttinger
model.

6.5 Linear response for heat and charge transport

For heat and charge transport, the Green-Kubo formula in Section 3.8 for the conductivity
matrix in the frequency domain becomes

κ(ω) =

(
κ11(ω) κ12(ω)
κ21(ω) κ22(ω)

)
=

1

β

∫ β

0
dτ

∫ ∞
0

dt eiωt

∫ ∞
−∞

dx

〈(
j(x, t)j(0, iτ) j(x, t)J (0, iτ)
J (x, t)j(0, iτ) J (x, t)J (0, iτ)

)〉c,∞
µ1,µ2

(6.23)

with the thermodynamic variables µ1 = βµ and µ2 = −β. As in Section 3.8.2, in general,

Reκ(ω) = πDδ(ω) + Reκreg(ω), (6.24)

where D is the Drude-weight matrix and κreg(ω) is the regular part of the conductivity
matrix. We recall that Onsager reciprocity implies that these matrices are symmetric.

By a change of basis from µ1 and µ2 to µ and β−1, one can compute the responses
to changes in chemical potential and temperature, which gives non-symmetric versions
D̃ and κ̃(ω) of D and κ(ω), respectively, see Paper D.7

An interesting question is whether or not transport in the non-local Luttinger model
can have both ballistic and diffusive contributions. Our results for the full time evolution
of the non-local Luttinger model suggest that both heat and charge transport are purely
ballistic, see Papers B and C. (Of course, this is only to first order in εβ .)

For the non-local Luttinger model, using explicit formulas for the currents J (x, t) and
j(x, t) in momentum space, cf. (4.20) and (4.21), one can compute all current-current
correlation functions in equilibrium using the Wick theorem. Inserting these into (6.23)
yields

κ(ω) = D [πδ(ω) + iP(1/ω)] , (6.25)

where P denotes principal value, with the symmetric Drude-weight matrix

D =
v

π

 K/β Kµ/β

Kµ/β 1
4v

∫∞
0 dp

[
vg(p)v(p)p

sinh
(
βv(p)p/2

)]2

+Kµ2/β

 , (6.26)

7See Footnote 4 on page 28.
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where β = (β+ +β−)/2, µ = (µe+ +µe−)/2, and we recall that vg(p) = d[v(p)p]/dp. Since
the regular part of κ(ω) is imaginary and the elements in D are non-zero, both heat and
charge transport are purely ballistic for the non-local Luttinger model.

Another interesting question is the relation between the Drude weights and the con-
ductances in the NESS. Expressed in terms of the renormalized chemical potentials in
(6.20), the heat and charge currents in the NESS have universal coefficients in front of
the differences β−1

+ −β−1
− and µe+−µe−. These universal coefficients are the conductances:

K̃ =

(
K̃11 K̃12

K̃21 K̃22

)
= lim

β±→β
µe±→µ

lim
L→∞

Tr

ρ̂NESS
 j(x)
µe+−µe−

∣∣∣
β+=β−

j(x)

β−1
+ −β

−1
−

∣∣∣
µe+=µe−

J (x)
µe+−µe−

∣∣∣
β+=β−

J (x)

β−1
+ −β

−1
−

∣∣∣
µe+=µe−


 .
(6.27)

For the non-local Luttinger model, it follows from (6.17) that

K̃ =
1

2π

(
1 0
µ π2/3β

)
. (6.28)

We note that the electrical and thermal conductances Gel = K̃11 and Kth = K̃22, respec-
tively, satisfy βKth/Gel = π2/3, where the right-hand side is universal. This is known as
the Wiedemann-Franz law, see, e.g., [79].

As mentioned, by a change of basis, the Drude-weight matrix D can be recast as the
response to changes in chemical potential µ and temperature β−1. This yields

D̃ =

(
D̃11 D̃12

D̃21 D̃22

)
=
v

π

 K 0

Kµ β2

4v

∫∞
0 dp

[
vg(p)v(p)p

sinh
(
βv(p)p/2

)]2

 . (6.29)

For local interactions, it is interesting to note that

D̃ = 2vK̃Q̃, Q̃ =

(
K 0
0 1

)
, (6.30)

where Q̃ relates the fact that K̃ and D̃ are computed as the responses to µe+ − µe− and
µL−µR, respectively. This does not hold true for non-local interactions since D̃22 depends
on details of the interactions (such as the interaction range) through v(p) given by (4.13).
Thus, in general, the thermal Drude weight Dth = D̃22 for the non-local Luttinger model
is different from the CFT value while the other elements in D̃ are the same, cf., e.g.,
Paper D.
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Chapter 7

Conformal field theory out of
equilibrium

The local Luttinger model is a CFT with central charge c = 1. As explained in Chapter 6,
the presence of a Schwarzian derivative in the evolution of the energy density and the
heat current for this model in Paper C led us to argue that it should be possible to
obtain the same results for all unitary CFTs using conformal transformations. That this
is indeed true was confirmed in Paper D, where we studied general unitary CFTs in
Minkowski space and showed how the results in Paper C generalize to the larger class
of non-equilibrium initial states in (3.1) but with different smooth profiles in the right-
and left-moving sectors. The requirement that the profiles are smooth allowed us to
make use of the established mathematical theory of projective unitary representations of
diffeomorphisms and maps, see, e.g., [59, 60, 112], to derive exact analytical results at
all times for heat and charge transport in any unitary CFT. The same tools were then
used in Paper E to study the effects of static randomness on heat transport in CFT by
combining them with techniques from wave propagation in random media. The latter are
well-known tools in applied mathematics used in a wide range of research fields, including
optics, acoustics, polymer physics, geophysics, and electrical engineering [67].

In the first half of this chapter, we briefly summarize the results for standard unitary
CFT and explain how they were derived. In the second half, we show how the same tools
can be used to exactly solve inhomogeneous CFT and to derive exact analytical results
for random CFT.

7.1 Standard CFT

We consider a unitary CFT with central charge c, propagation velocity v, and a double
U(1) current algebra corresponding to (2.26) with parameter κ. Suppose that the system
at time zero is in an inhomogeneous initial state of the form in (3.1) and that it evolves
under a homogeneous Hamiltonian H. We showed in Paper D that the time evolution
of the expectations values of the energy and particle densities and the heat and charge

65



66 Chapter 7. Conformal field theory out of equilibrium

currents are given by

〈E(x, t)〉∞neq =
1

2v
[F (x− vt) + F (x+ vt)] , (7.1a)

〈J (x, t)〉∞neq =
1

2
[F (x− vt)− F (x+ vt)] , (7.1b)

〈ρ(x, t)〉∞neq =
1

2v
[G(x− vt) +G(x+ vt)] , (7.1c)

〈j(x, t)〉∞neq =
1

2
[G(x− vt)−G(x+ vt)] , (7.1d)

where1

F (x) =
πc

6β(x)2
+
cv2

12π

[
β′′(x)

β(x)
− 1

2

(
β′(x)

β(x)

)2
]

+
κ

2π
µ(x)2, G(x) =

κ

π
µ(x). (7.2)

In Section 7.2, we briefly describe the tools using which (7.1) and (7.2) can be derived.
We stress that the results above are universal in the sense that the relations between the
non-equilibrium expectations and the initial profiles are true for any unitary CFT and
that this universality holds even at finite times.

Similar results can also be obtained for the time evolution of correlation functions of
primary fields [52], see Paper D.

We see from (7.1) that standard CFT puts tough restrictions on the transport prop-
erties. Indeed, in standard CFT, only purely ballistic heat and charge transport are
possible, and therefore any kind of diffusion is out of reach. For instance, by computing
the linear response conductivities, as described in Section 3.8, one finds that their real
parts consist only of Drude peaks since the real regular parts are zero, see Paper D.

Similar results to those presented above have been obtained for CFT using the par-
titioning protocol, see, e.g., [10, 12] and references therein. Lastly, we mention that
hydrodynamics was used in [14] to study CFT with a non-integrable perturbation out of
equilibrium.

7.2 Representations of diffeomorphisms and maps

Let D̃iff+(S1) be the covering group of the group of orientation-preserving diffeomor-
phisms Diff+(S1) of the circle. The elements of D̃iff+(S1) are diffeomorphisms x 7→ f(x)
on R such that f(x+ L) = f(x) + L and f ′(x) > 0. As explained in Paper D, the com-
ponents T±(x) of the energy-momentum tensor in light-cone coordinates are generators
of two commuting projective representations of D̃iff+(S1) on the Hilbert space of the
theory. They are represented by unitary operators U±(f), where

U±(f) = I ∓ iε
∫ L/2

−L/2
dx ζ(x)T±(x) + o(ε) (7.3)

1Note that our conventions for F (x) and G(x) here differ from those in Paper D by a factor v.
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for an infinitesimal f(x) = x+ εζ(x). Under the adjoint action,

U±(f)T±(x)U±(f)−1 = f ′(x)2T±(f(x))− c

24π
{f(x), x}, (7.4a)

U±(f)T∓(x)U±(f)−1 = T∓(x), (7.4b)

U±(f)J±(x)U±(f)−1 = f ′(x)J±(f(x)), (7.4c)

U±(f)J∓(x)U±(f)−1 = J∓(x), (7.4d)

where we recall that J±(x) are the components of the U(1) current in light-cone coordi-
nates and {f(x), x} = (Sf)(x) is the Schwarzian derivative given by (6.9), see, e.g., [52].
Let U(f) = U+(f)U−(f) with y = f(x). It follows that

U(f)T±(x)U(f)−1 = T±(y)

(
dy

dx

)2

− c

24π
{y, x}, (7.5a)

U(f)J±(x)U(f)−1 = J±(y)
dy

dx
, (7.5b)

with the inverse relations

U(f)−1T±(y)U(f) = T±(x)

(
dx

dy

)2

− c

24π
{x, y}, (7.6a)

U(f)−1J±(y)U(f) = J±(x)
dx

dy
, (7.6b)

where we used {y, x} = −(dy/dx)2{x, y}.
In Paper D, we showed that we can flatten out an inverse-temperature profile β(x) or

a position-dependent velocity v(x) by an appropriate choice of f . The former is discussed
in detail in Paper D. In that case, β(x) can be flattened out to β0 using f given by (6.10)
with the condition

1

β0
=

1

L

∫ L/2

−L/2

dx

β(x)
(7.7)

for finite L. The above choice of β0 ensures that f(x+L) = f(x) +L and thus that f is
in D̃iff+(S1). We discuss how the same tools can be used to exactly solve inhomogeneous
CFT in Section 7.3.

When considering the time evolution from a non-equilibrium initial state defined by
a kink-like profile β(x), it is important to note that β = (βL+βR)/2 and β0 are different
in the finite volume. For finite L, the profile β(x) is a smooth function in a finite region
around x = 0 with large plateaus of size O(L) to the left and right sides where β(x)
equals βL and βR, respectively. The condition in (7.7) implies β0 = β +O(L−1), and, in
the thermodynamic limit, β0 can be set equal to β, cf. Section 3.3 in Paper D.

To study charge transport, we use that we also have two commuting projective unitary
representations V±(h) of the additive gauge group of periodic smooth maps h(x+ L) =
h(x) on the Hilbert space. The corresponding generators are the components J±(x) of
the U(1) current, where

V±(h) = I ∓ iε

∫ L/2

−L/2
dx ξ(x)J±(x) + o(ε) (7.8)
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for infinitesimal h(x) = εξ(x). Under the adjoint action,

V±(h)T±(x)V±(h)−1 = T±(x) + h′(x)J±(x) +
κ

4π
h′(x)2, (7.9a)

V±(h)T∓(x)V±(h)−1 = T∓(x), (7.9b)

V±(h)J±(x)V±(h)−1 = J±(x) +
κ

2π
h′(x), (7.9c)

V±(h)J∓(x)V±(h)−1 = J∓(x). (7.9d)

This can be used to flatten out a chemical-potential profile µ(x) to µ0, see Paper D and
also Section 4.6.2 Defining V (h) = V+(h)V−(h), the combined case with both β(x) and
µ(x) is treated by conjugating the initial state in (3.1) with U(f)V (h) for f as before
and h given by

h(x) =
1

v

∫ x

0
dx′
(
µ(x′)− µ0

β0

β(x′)

)
, µ0 =

1

L

∫ L/2

−L/2
dxµ(x), (7.10)

where µ0 ensures that h(x+ L) = h(x).
We finally comment on the importance of taking the thermodynamic limit to derive

(7.1) and (7.2). For finite L, as briefly discussed in Sections 3.2 and 3.3 in Paper D, the
expectation values would depend on the representation content of the CFT as follows.
There would be contributions from all eigenstates |h+, h−〉 of the Hamiltonian H =
(2π/L)(L+

0 + L−0 − c/12), where L±0 are given by (2.23) and L±0 |h+, h−〉 = h±|h+, h−〉,
and not only the vacuum |0, 0〉, see, e.g., [52]. In principle, the results in (7.1) and (7.2)
could be generalized by adding finite-L corrections, which would be of order O(e−L/vβ0)
and thus exponentially suppressed.

7.3 Inhomogeneous CFT

Let Hv(·) denote the Hamiltonian in (2.29) with a position-dependent velocity v(x), to
distinguish it from Hv0 with a constant velocity v0 > 0. As for inverse-temperature
profiles, v(x) can be flattened out, and the model solved exactly, using projective unitary
representations of D̃iff+(S1). Such a diffeomorphism f is related to v(x) by

f(x) =

∫ x

0
dx′

v0

v(x′)
,

1

v0
=

1

L

∫ L/2

−L/2

dx

v(x)
. (7.11)

Again, the latter fixes v0 such that f(x+L) = f(x) +L, ensuring that f is in D̃iff+(S1).
Indeed, if we let y = f(x) with f in (7.11), then dx/dy = v(x)/v0, and (7.5a) implies

U(f)

(∫ L/2

−L/2
dx v(x)T±(x)

)
U(f)−1 =

∫ L/2

−L/2
dy v0T±(y)− c

24π

∫ L/2

−L/2
dx v(x){y, x},

(7.12)
2Note that J±(x) for the local Luttinger model are given by (2.27), which, in general, are different

from ρ±(x). This means that η±(x) in (4.42) do not directly correspond to h(x) in V±(h).
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where

{y, x} = −v
′′(x)

v(x)
+

1

2

(
v′(x)

v(x)

)2

. (7.13)

Consequently,

U(f)Hv(·)U(f)−1 = Hv0 −
∫ L/2

−L/2
dx
S(x)

v(x)
(7.14)

with S(x) in (2.32).
Below we show how the tools introduced above can be used to compute explicit results

for heat transport in inhomogeneous CFT.

7.3.1 Thermal conductivity

As a first example, we compute the thermal conductivity κv(·),th(ω). From the derivation
in Appendix C.3 and the remark in Section 3.8.1, we obtain

κv(·),th(ω) = β

∫ β

0
dτ

∫ ∞
0

dt eiωt

∫ ∞
−∞

dx′ ∂x′ [−W (x′)]

×
∫ ∞
−∞

dx
〈
Jv(·)(x, t)Jv(·)(x

′, iτ)
〉c,∞
v(·),β, (7.15)

where Jv(·) is the heat current operator corresponding to Hv(·). Since the equilibrium
state with respect to Hv(·) is not translation invariant, the integral over x′ cannot be
computed directly.

The connected current-current correlation function in (7.15) can be computed as in
Paper D. Using U(f) with f in (7.11), one finds

〈Jv(·)(x, t)Jv(·)(x
′, iτ)〉c,∞v(·),β =

∑
r=±

π2c

8β4 sinh4
(
π[f(x)− f(x′)− rv(t− iτ)]/vβ

) . (7.16)

Inserting this into (7.15), it is possible to derive an explicit formula for κv(·),th(ω). First,
one must subtract a diverging part corresponding δ(ω) that, as indicated in Section 3.8.2,
can always be present. Second, the time integrals in the remaining regular part can be
computed using the residue theorem. Combining these results and taking the real part
yield

Reκv(·),th(ω) = Dthπδ(ω) + Reκregv(·),th(ω) (7.17)

with the thermal Drude weight
Dth =

πvc

3β
(7.18)

and the real regular part

Reκregv(·),th(ω) =
πc

6β

[
1 +

(
ωβ

2π

)2
]∫ ∞
−∞

dx

∫ ∞
−∞

dx′
(

1− v

v(x)

)
× ∂x′

[
−W (x′)

]
cos

(
ω

∫ x

x′

dx̃

v(x̃)

)
. (7.19)
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Note that Dth is the same universal result as in standard CFT, see, e.g., Paper D, while
Reκregv(·),th(ω) is non-universal since it depends on W (x).

7.3.2 General inhomogeneous quenches

As a second example, consider a general quantum quench fromH1 = Hv1(·) toH2 = Hv2(·)
changing the velocity from v1(x) to v2(x) at time zero.

Define x±t = f−1
2 (f2(x)± v2,0t) with f2 and v2,0 related to v2(x) as in (7.11). These

satisfy the group property

x±t1+t2
(x) = x±t2(x±t1(x)) (t1, t2 ∈ R) (7.20)

and the equations of motion

∂tx
±
t (x) = ±v2(x)∂xx

±
t (x). (7.21)

This motivates using x± = x±t (x) as new coordinates generalizing the usual light-cone
ones to the inhomogeneous dynamics given by H2. Furthermore, denote by 〈·〉1,β the
thermal expectation with respect to H1 at temperature β−1.

Using the tools above, one can show that the expectations of the energy density and
heat current operators E2 and J2 corresponding to H2 are

〈E2(x, t)〉∞1,β =
1

2v2(x)

[
F (x−) + F (x+)

]
− 1

v2(x)
S2(x), (7.22a)

〈J2(x, t)〉∞1,β =
1

2

[
F (x−)− F (x+)

]
, (7.22b)

where

F (x∓) =

(
v2(x∓)

v1(x∓)

)2(
πc

6β2
− S1(x∓)

)
+ S2(x∓) (7.23)

with S1(x) and S2(x) given by (2.32) for v1(x) and v2(x), respectively. This generalizes
the results in (7.1) to general inhomogeneous quenches. The time evolution is seen to be
entirely determined by x±, and all non-trivial information is essentially encoded in this
choice of coordinates. Therefore, while these results are explicit, extracting information
becomes complicated. In particular, it is very difficult to determine what happens if, say,
the velocity v(x) is random. In the next section, we will address this question from the
point of view of wave propagation in random media.

7.4 Random CFT

As already mentioned in Section 2.6, we argued in Paper E that random CFT, defined
by (2.29) together with (2.33), E[ξ(x)] = 0, and (2.34), emerges naturally as the effective
description of 1d quantum many-body systems with commensurate static random impu-
rities that vary on mesoscopic length scales. Following our derivation in Section 5.2, we
see that such impurities only lead to forward scattering and do not induce any umklapp



Chapter 7. Conformal field theory out of equilibrium 71

or backward scattering. This is different from more common impurity models, such as in
[118, 103, 74] for systems of interacting fermions in a quantum wire. However, as argued
in Paper E, the latter are also, in general, more difficult to study.

We gave two complementary approaches in Paper E to study heat transport in random
CFT. Both were inspired by and used tools from wave propagation in random media [67].
Such tools are well-known in applied mathematics, and there are known examples where
a random velocity v(x) can lead to diffusion, even though such a model only describes
forward scattering, as we will show below for random CFT. This diffusion mechanism
seems to have been largely overlooked in the condensed matter literature.

7.4.1 Heat waves in random media

The first approach was based on solving a set of partial differential equations describing
wave propagation in random media. Let 〈·〉 denote the expectation value with respect
to an arbitrary state and consider Ẽ(x, t) = 〈E(x, t)〉∞ and J̃(x, t) = 〈J (x, t)〉∞. These
satisfy the same equations of motion as in (2.31) for the operators. In particular, it is easy
to see that the stationary solutions to these equations are Ẽstat(x) = [C1−S(x)]/v(x) and
J̃stat(x) = C2 for real constants C1 and C2. Studying the deviations from stationarity,
E(x, t) = Ẽ(x, t)− Ẽstat(x) and J(x, t) = J̃(x, t)− J̃stat(x), we obtain

∂tE(x, t) + ∂xJ(x, t) = 0, (7.24a)
∂tJ(x, t) + v(x)∂x

[
v(x)E(x, t)

]
= 0. (7.24b)

These partial differential equations are non-trivial since v(x) is random. In particular,
the quantities of interest, namely E[E(x, t)] and E[J(x, t)], do not satisfy (7.24), where
we recall that E[·] denotes the average over impurities.

In Paper E, we showed that the partial differential equations above, in general, lead
to normal and anomalous diffusive contributions on top of the ballistic part known from
standard CFT. This was done by solving (7.24) by explicitly constructing impurity-
averaged Green’s functions G±(x, t). These are Gaussian distributions with variance
Λ(x), where Λ(x− x′) =

∫ x
x′ dx1

∫ x
x′ dx2 Γ(x1 − x2) with Γ(x) in (2.34), and encode how

heat spreads in our system. In general, they describe heat waves propagating to the right
and to the left that deform diffusively. Changing variables to x̃ = x∓ vt and t̃ = |x|/v,3
and defining G̃±(x̃, t̃) = G±(x, t), these were shown to satisfy the diffusion equation[

∂t̃ − αth(t̃)∂2
x̃

]
G̃±(x̃, t̃) = 0 (7.25)

for t̃ > 0 and ±x̃ > −vt, where αth(t̃) denotes the thermal diffusivity, which, in general,
depends on time. Introducing the function F (·) by Λ(x) = Γ0`0F (|x|/`0), where Γ0 is
given by (2.34)ff and `0 > 0 is an additional length parameter,4 the explicit expression

3x̃ is the coordinate of the observer moving with the wave and t̃ is her time measured by the position
of the wave.

4The notation differs from Paper E where the parameter `0 is denoted a0.
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for the thermal diffusivity can be written αth(t̃) = (Γ0v/2)F ′(vt̃/`0), see Paper E. This
can be shown to converge to the constant

αth =
Γ0v

2
(7.26)

for large vt̃/`0, indicating that there is a normal diffusive contribution. The general time
dependence in αth(t̃), which is determined by Λ(x) and thus by the covariance Γ(x) in
(2.34), contains information about the anomalous diffusive contribution, cf., e.g., [90, 98].

7.4.2 Linear response theory

In the second approach, we considered the impurity-averaged thermal conductivity

Reκregth (ω) = E
[
Reκregv(·),th(ω)

]
(7.27)

with v(x) in (2.33). Using the general formula in (7.17)–(7.19) for the real part of the
thermal conductivity in inhomogeneous CFT, it follows by averaging over impurities that

Reκregth (ω) =
πc

6β

[
1 +

(
ωβ

2π

)2]∫ ∞
−∞

dx e−
1
2

(ω/v)2Λ(x) cos
(ωx
v

)
(7.28)

for random CFT. This can be shown to yield5

Lth = lim
ω→0

Reκregth (ω) =
πc

6β
Γ0 (7.29)

in the zero-frequency limit. Again, the above indicates that there are both normal and
anomalous diffusive contributions to heat transport.

7.4.3 Einstein relation

It is interesting to note that, from (7.26) and (7.29), we obtain

Lth =
πc

3βv
αth. (7.30)

This is reminiscent of the Einstein relation for heat transport, Lth = cV αth, where cV is
the volume specific heat capacity. The latter can be computed from the results presented
in Section 7.3.2 as follows. If we set v1(x) = v2(x) = v(x), then (7.22) yields

〈E(x, t)〉∞β =
1

v(x)

πc

6β2
− 1

v(x)
S(x) (7.31)

independent of time, which motivates writing

cV =
∂

∂β−1

(
E
[
〈E(x, t)〉∞β

])
. (7.32)

This implies cV = πc/3βv since E[1/v(x)] = 1/v and the second term in (7.31) is inde-
pendent of β. It follows that cV in random CFT is the same as in standard CFT and
that our result in (7.30) is indeed the Einstein relation.

5Note that computing E[·] and taking the limit ω → 0 do not commute.



Appendix A

Notation

The units are such that ~ = kB = e = 1, where ~ is the Planck constant over 2π, kB
is the Boltzmann constant, and e is the elementary charge. Table A.1 contains a list
of reserved variables, and sums over these variables range over all allowed values, unless
specified otherwise. Some recurring operators are given in Table A.2. In Table A.3, we
give a list of notational differences between the present thesis and Paper A. Finally, a
list of typos and oversights in the scientific papers are given in Table A.4.

Variables Sets

r, r′ {+,−}
x, x′ [−L/2, L/2] or R
k, k′ (2π/L)(Z + 1/2) or R
p, p′ (2π/L)Z or R

Table A.1: Variables and their corresponding sets. In Chapter 5, the momenta k, k′, p,
and p′ are further constrained to lie in the first Brillouin zone, e.g., −π/a0 < k ≤ π/a0.
The cases where the sets are R correspond to the thermodynamic limit.

Operator Name

E(x) Energy density
J (x) Heat current
ρ(x) Total (particle) density
j(x) Charge current
T±(x) Components of the energy-momentum tensor in light-cone coordinates
J±(x) Components of U(1) current in light-cone coordinates
R± Klein factors
Q± Charge operators

Table A.2: List of some recurring operators.
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Thesis Paper A

ψ−r (x) ψr(x)

ψ+
r (x) ψ†r(x)
ρr(x) Jr(x)

a−r,k
√

2π/L ψ̂r(k)

a+
r,k

√
2π/L ψ̂†r(k)

ρr(p) Ĵr(p)

Table A.3: Notational differences between the present thesis and Paper A.

Paper Page(s) Typo/Oversight

A 35 Should be U† instead of U in the first formula in Eq. (4.73).
A 36 Should be U instead of U† in the definition of MΠ below

Eq. (4.78).
B 557 The discussion of Eq. (13) is misleading: that choice of W (x)

is only approximately periodic for large L/δ, see Footnote 2
on page 26 in the present thesis. It was used for plotting the
results, where this does not lead to any problem, and only the
infinite-volume expression in Eq. (15) in momentum space was
used for the mathematical treatment. However, as explained
in Section 3.5 in this thesis, for finite volume, one should use
W (x) in (3.7).

B 568 Should be no factor vF and no squares on vλ(p) and Kλ(p)
in Eq. (65).

B 568 Should be no squares on vλ(p) and Kλ(p) in Eq. (67).
B 574, 579, Should be R−w−− R

w+
+ instead of Rw+

+ R
−w−
− in Eqs. (95)–(97)ff.,

580 below Eq. (B.9), and in Eq. (B.11).
B 576 Should be I/(µ+ − µ−) instead of I/(µ+ − µ+) in the

expression for G at the top of the page.
B 578 V̂i(p) should be replaced by V̂i(p)/2 in Eqs. (B.1)–(B.3)

to be consistent with [141, 123] for the spinless case.
B 580 Should be µ± − µ0 instead of µr − µ0 in Eq. (B.12).
C 235142-4 T (z) and T̄ (z̄) should be replaced by vT (z) and vT̄ (z̄),

respectively, in Eqs. (15) and (16)ff. to be consistent with
Paper D and the usual definition of the energy-momentum
tensor, cf. Section 2.5 in this thesis and [52].

Table A.4: Typos and oversights in the scientific papers.



Appendix B

Algebraic Bethe ansatz

This appendix contains a compressed summary of the algebraic Bethe ansatz. Its inclu-
sion is motivated by that these tools are mentioned repeatedly in the main text but no
details given. The main objective is to outline how the algebraic Bethe ansatz allows one
to construct a macroscopically large number of conserved quantities that are sufficiently
local. For a comprehensive account, we refer to [81].

Different from the approach based on eigenfunctions of the coordinate Bethe ansatz,
in the algebraic version, one considers instead eigenstates obtained by acting on the
so-called pseudo-vacuum by creation operators. For the XXZ spin chain, the pseudo-
vacuum can be taken as the reference state with all spins down (or up),1 and the allowed
eigenstates are given by solutions to the Bethe equations, see, e.g., [81].

The algebraic approach is an important part of the quantum inverse scattering method
(QISM) [132, 131, 130]. For the XXZ spin chain, QISM links the Bethe ansatz to solving
the corresponding classical statistical mechanics model in two spatial dimensions, which
in this case falls into the class of six-vertex or ice-type models, see, e.g., [8]. At the heart
of QISM is the quantum R-matrix R(u), where u ∈ R is called a spectral parameter, that
acts on a tensor product of two vector spaces that are isomorphic to each other. Denote
by Rjj′(u) for j, j′ ranging over 0, 1, . . . , N such matrices acting on the vector spaces Vj
and Vj′ in the tensor product

⊗N
j=0 Vj . These satisfy the Yang-Baxter relation

R12(u− u′)R13(u)R23(u′) = R23(u′)R13(u)R12(u− u′), (B.1)

see, e.g., [81]. For a 1d quantum spin system on a lattice, one identifies Vj for j = 1, . . . , N

with the Hilbert space Hj of the spin on the jth site. The Hilbert space H =
⊗N

j=1Hj is
sometimes referred to as quantum space and the vector space V0 as auxiliary space. The
monodromy matrix M0(u) is introduced as an endomorphism on V0 given by

M0(u) = R0N (u)R0N−1(u) . . . R02(u)R01(u), (B.2)

where R0j(u) acts on V0 ⊗ Hj . For the XXZ spin chain in Section 2.3, V0 and Hj are

1This corresponds to the “unfilled” Dirac sea, cf. Sections 4.4 and 5.1.1.
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76 Appendix B. Algebraic Bethe ansatz

isomorphic to C2, and the R-matrix can be written in the form

R(u) =


1 0 0 0
0 b(u) c(u) 0
0 c(u) b(u) 0
0 0 0 1

 , b(u) =
sinh(u)

sinh(u+ η)
, c(u) =

sinh(η)

sinh(u+ η)
, (B.3)

where ∆ = cosh(η), see, e.g., [81, 78]. One also defines the transfer matrix

T (u) = Tr0M0(u) (B.4)

obtained by tracing over V0. The Yang-Baxter relation and the invertibility of R(u) (for
almost all u) imply that transfer matrices with different spectral parameters commute,

[T (u), T (u′)] = 0, (B.5)

see, e.g., [78]. The Hamiltonian for the XXZ spin chain can be obtained by means of
the trace identity

HXXZ = const
d

du

[
lnT (u)

]∣∣∣
u=0

(B.6)

up to a multiplicative constant and an additional finite additive constant, see, e.g., [81].
In general, a macroscopically large family of conserved quantities can be obtained as
the operators proportional to repeated derivatives of lnT (u) with respect to u, see, e.g.,
[127]. For instance, lnT (u)

∣∣
u=0

is proportional to the shift operator, which corresponds
to the momentum operator in the continuum limit. As a final remark, we note that
the conserved quantities are not necessarily local but sufficiently so. Indeed, to construct
generalized Gibbs ensembles for theXXZ spin chain it is important to include quasi-local
charges, see, e.g., [65, 66, 39] and references therein.



Appendix C

Response functions

In this appendix, we give a review of linear response theory. In particular, the formulas
in (3.14) and (3.16) for the conductivities are derived and shown to give the same result.

C.1 Linear response in closed quantum systems

Let H be the Hamiltonian for a given system that, in general, can be inhomogeneous.
Response functions are defined with respect to unit pulses [82]. Different from the main
text, we therefore consider the time-dependent Hamiltonian H(λs) = H −

∑
n≥1 λn,sVn

with λs = (λ1,s, λ2,s, . . .), where λn,s = λnδ(s − s0) are functions of time s and Vn are
perturbations for n = 1, 2, . . .. (This is different from quench dynamics which would
correspond to λn,s = λnθ(−s), see Appendix C.2.) Suppose that the system is in the
equilibrium initial state ρ̂ = e−βH/Tr e−βH at times t < t0, where t0 < s0, and consider
the time-evolved state under H(λs) dynamics,

ρ̂(t,λ) =
←−
T exp

(
−i

∫ t

t0

dsH(λs)

)
ρ̂
−→
T exp

(
i

∫ t

t0

dsH(λs)

)
(C.1)

for t > t0, where the time orderings
−→
T (
←−
T ) are such that time increases (decreases) from

left to right and λ = (λ1, λ2, . . .). For observables Om (m = 1, 2, . . .), define the response
functions for s > t0 by

Rmn(t, s) =
1

β

δ

δλn,s

(
Tr
[
Omρ̂(t,λ)

])∣∣∣
λ=0

. (C.2)

Without loss of generality, we can set t0 = −∞ and s0 = 0. Clearly, Rmn(t, s) = 0 for
s > t while

Rmn(t, s) =
1

β
Tr
[
Ome−i(t−s)H [iVn, ρ̂]ei(t−s)H

]
=

1

β
Tr
[
Om(t− s)[iVn, ρ̂]

]
(C.3)
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for s ≤ t, where Om(t) = eiHtOme−iHt. Since
[
H − λnVn, e−β(H−λnVn)

]
= 0, we have

0 =
∂

∂λn

([
H − λnVn, e−β(H−λnVn)

])∣∣∣
λn=0

= −
[
Vn, e

−βH
]

+

[
H,

∂

∂λn

(
e−β(H−λnVn)

)∣∣∣
λn=0

]
, (C.4)

where
∂

∂λn

(
e−β(H−λnVn)

)∣∣∣
λn=0

=

∫ β

0
dτ e−τHVne(τ−β)H =

∫ β

0
dτ Vn(iτ)e−βH , (C.5)

which means that [
iVn, ρ̂

]
=

∫ β

0
dτ i
[
H,Vn(iτ)

]
ρ̂ =

∫ β

0
dτ ∂iτVn(iτ)ρ̂. (C.6)

Inserting this into (C.3) yields

Rmn(t, s) =
1

β

∫ β

0
dτ Tr

[
Om(t− s)∂iτVn(iτ)ρ̂

]
= Rmn(t− s, 0). (C.7)

In conclusion, defining Rmn(t) = Rmn(t, 0), we have shown that the response functions
for changes in λn are

Rmn(t) =
1

β

∫ β

0
dτ
〈
Om(t)∂iτVn(iτ)

〉
β
, (C.8)

where 〈· · · 〉β = Tr
[
(· · · )ρ̂

]
.

C.2 Linear response from quench dynamics

In this case, let ρ̂λ = e−β(H−
∑
n≥1 λnVn)/Tr e−β(H−

∑
n≥1 λnVn) define the initial state and

consider 〈
Om(t)

〉
λ

= Tr
[
Om(t)ρ̂λ

]
(C.9)

for operators Om(t) = eiHtOme−iHt evolving under H dynamics. This is a quantum
quench changing the Hamiltonian from H −

∑
n≥1 λnVn to H at t = 0. The aim is to

show that the response functions for changes in λn defined above can be expressed as

Rmn(t) = − 1

β

∂

∂λn

(
∂t
〈
Om(t)

〉
λ

)∣∣∣
λ=0

. (C.10)

Indeed, ∂t
〈
Om(t)

〉
λ

= Tr
[
i[H,Om(t)]ρ̂λ

]
, and thus

∂

∂λn

(
∂t〈Om(t)〉λ

)∣∣∣
λ=0

=
1

Tr e−βH
Tr

[
i[H,Om(t)]

∂

∂λn

(
e−β(H−λnVn)

)∣∣∣
λn=0

]
=

1

Tr e−βH
Tr

[
i[H,Om(t)]

∫ β

0
dτ Vn(iτ)e−βH

]
= −

∫ β

0
dτ
〈
Om(t)∂iτVn(iτ)

〉
β

= −βR(t), (C.11)
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where we used (C.5) in the second equality and (C.8) in the last.
Note that (C.10) is a general result saying that the response functionsRmn(t) obtained

from the equilibrium correlation function in (C.8) can equivalently be computed from the
dynamics following a quantum quench.

C.3 Conductivity matrix

In what follows, the above is specialized to transport from the point of view of our smooth-
profile protocol with kink-like perturbations as in Sections 3.7 and 3.8. We thus identify
H with H2 in (3.13) and 〈· · · 〉β with 〈· · · 〉µ, and we pick Vn =

∫ L/2
−L/2 dxW (x)ρn(x) and

Om =
∫ L/2
−L/2 dx jm(x). Note that the latter are the total currents.

The sign convention for Rmn(t, s) in (C.2) is so that an overall positive gradient, i.e.,
a negative λn sinceW (x) goes from 1/2 to −1/2, corresponds to Rmn(t, s) positive. Since
such a gradient induces a negative current, we define the conductivities as

κmn(t) = lim
L→∞

−Rmn(t) (C.12)

in the thermodynamic limit.
Using the expression for Vn and the continuity equation ∂tρn + ∂xjn = 0, we obtain

∂iτVn(iτ) = −
∫ L/2

−L/2
dxW (x)∂xjn(x, iτ). (C.13)

This together with (C.8) and (C.12) yields

κmn(t) =
1

β

∫ β

0
dτ

∫ ∞
−∞

dx

∫ ∞
−∞

dx′
〈
jm(x, t)W (x′)∂x′jn(x′, iτ)

〉∞
µ

=
1

β

∫ β

0
dτ

∫ ∞
−∞

dx′ ∂x′ [−W (x′)]

∫ ∞
−∞

dx
〈
jm(x, t)jn(x′, iτ)

〉c,∞
µ

, (C.14)

where we used integration by parts, assumed that the current-current correlation function
decays rapidly for large separations, and used that the connected part〈

jm(x, t)jn(x′, iτ)
〉c,∞
µ

=
〈
jm(x, t)jn(x′, iτ)

〉∞
µ
−
〈
jm(x, t)

〉∞
µ

〈
jn(x′, iτ)

〉∞
µ

(C.15)

contains the only non-zero contribution since 〈jm(x, t)〉∞µ = 0.
In particular, for the special case of a homogeneous system,

〈
jm(x, t)jn(x′, iτ)

〉c,∞
µ

depends only on x− x′ due to translation invariance. Thus, by a change of variables, we
obtain

κmn(t) =
1

β

∫ β

0
dτ

∫ ∞
−∞

dx
〈
jm(x, t)jn(0, iτ)

〉c,∞
µ

(C.16)

since
∫∞
−∞ dx′ ∂x′ [−W (x′)] = W (−∞)−W (∞) = 1.
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Alternatively, in the smooth-profile protocol, if we identify δµn with βλn, we get

κmn(t) = lim
L→∞

∂

∂(δµn)

(
∂t〈Om(t)〉λ

)∣∣∣
λ=0

= lim
L→∞

∂

∂(δµn)

∫ L/2

−L/2
dx
(
∂t〈jm(x, t)〉neq

)∣∣∣
δµ=0

(C.17)

using the definition of the expectation in (C.9).
The results in (3.16) and (3.14), respectively, follow from the above by passing to the

frequency domain using the Fourier transform κmn(ω) =
∫∞

0 dt eiωtκmn(t), noting that
κmn(t) = 0 for t < 0 in our case.

C.4 Onsager reciprocity

Below we prove the Onsager reciprocal relations for time-reversible homogeneous systems.
Consider the 2-point correlation function

〈jm(x, t)jn(0, iτ)〉∞µ = 〈jm(x, t)e−τH2jn(0, 0)eτH2〉∞µ
= 〈eτH2jn(0, 0)†e−τH2jm(x, t)†〉∞µ
= 〈jn(0, 0)e−τH2jm(x, t)eτH2〉∞µ
= 〈jn(−x,−t)e−τH2jm(0, 0)eτH2〉∞µ , (C.18)

where we used that jm(x, t) is Hermitian in the third equality and space and time trans-
lation invariance in the last. Assume that there exists an anti-unitary operator Θ im-
plementing time reversals and that the charges and the currents satisfy ΘQnΘ−1 = Qn
and Θjn(x, t)Θ−1 = −jn(x,−t), respectively, see, e.g., [11] and Section 3.6 in [110]. It
follows that

〈jn(−x,−t)e−τH2jm(0, 0)eτH2〉∞µ = 〈Θjn(−x,−t)e−τH2jm(0, 0)eτH2Θ−1〉∞µ
= 〈jn(−x, t)e−τH2jm(0, 0)eτH2〉∞µ
= 〈jn(−x, t)jm(0, iτ)〉∞µ . (C.19)

Inserting the above into (3.16), using that only the connected part of the current-current
correlation function is non-zero, and making the change of variables x→ −x yield

κmn(ω) =
1

β

∫ β

0
dτ

∫ ∞
0

dt eiωt

∫ ∞
−∞

dx 〈jn(x, t)jm(0, iτ)〉c,∞µ = κnm(ω). (C.20)

This proves (3.20).
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A lemma for the long-time limit

In what follows, we state and prove a lemma for computing results in the long-time limit
and outline how it can be used to compute such results for the non-local Luttinger model.

Let ω(p) denote some dispersion relation and assume that the corresponding group
velocity vg(p) = dω(p)/dp > 0. A generic feature of the expectation values in (3.2) for
the non-local Luttinger model is the presence of integrals of the form∫ ∞

−∞
dp Ŵ (p)f(p, p′)eipx−irω(p−p′)t (D.1)

for p′ ∈ R with Ŵ (p) in (3.6) and some function f(p, p′). Examples can be found in
(6.11) and in Eqs. (17)–(20) in Paper C. For kink-like profiles, we will show that the
results in the long-time limit are related to the existence of a pole in Ŵ (p) at p = 0. As
we will see, one way to compute such results is based on using

Ŵ (p) = P
(

ifW (p)

p

)
= πrδ(p) +

ifW (p)

p− ir0+
(r = ±) (D.2)

as prescription for the Cauchy principal value of Ŵ (p) in (3.6).
The following lemma relates the pole in Ŵ (p) to results in the long-time limit:

Lemma D.1. Suppose that fW (p) in (3.6) is an analytic function in the domain p =
p1 + ip2 for p1 ∈ R and p2 ∈ [−δ, δ] with δ > 0 small. Moreover, assume that the same
is true for f(p, p′) and that fW (p)f(p, p′)|p|−1 → 0 as p→ ±∞ for p′ ∈ R. Then∫ ∞

−∞
dp

ifW (p)

p− ir0+
f(p, p′)eipx−irω(p−p′)t → 0 as t→∞ (D.3)

for |x| ≤ ` with ` fixed and ω(p) such that vg(p) = dω(p)/dp > 0.

Proof. We analytically continue the integral in (D.3) to the complex half plane r Im p < 0
and close the contour by forming a thin rectangle with height δ along the real axis. The
ends of the rectangle can be neglected since |p| is large there. We can therefore evaluate
the integral along the line p = p1− irδ since there are no poles within the rectangle: the
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pole in p = ir0+ is in the other half plane. Consider the exponent eipx−irω(p−p′)t. Using
ω(p1 − irδ) = ω(p1)− irvg(p1)δ +O(δ2), it follows that

ei(p1−irδ)x−irω(p1−p′−irδ)t = eip1x−irω(p1−p′)teδ[rx−v
g(p1−p′)t]e−irO(δ2) → 0 as t→∞ (D.4)

for |x| ≤ `. The entire integral thus tends to zero as t→∞, which yields (D.3).

D.1 Application to the non-local Luttinger model

There is more than one way to compute results in the long-time limit for the non-local
Luttinger model. One is to use Lemma D.1, which is what we will use here. (A different
one was used in Paper B.) However, this comes at a price since we need to require the
following (see Remarks D.4 and D.5):

Condition D.2. The function fW (p) in (3.6) is analytic in a narrow strip around p ∈ R
in the complex plane.

Condition D.3. The interaction potentials V̂i(p) in (4.5) are analytic in a narrow strip
around p ∈ R in the complex plane.

In what follows, we outline how the above can be used to derive (6.13) for the non-
local Luttinger model. Suppose that W (x) satisfies (3.6)ff and Condition D.2 and that
the interactions satisfy (4.11) and Condition D.3. As mentioned, using the methods in
Section 6.2.1, one can derive explicit results for 〈E(x, t)〉∞neq, 〈J (x, t)〉∞neq, 〈ρ(x, t)〉∞neq, and
〈j(x, t)〉∞neq to first order in εβ . In addition to the constant contributions from the initial
profiles, which are easy to handle, these will have contributions of the form in (D.1) with
functions f(p, p′) that generically depend on the renormalized Fermi velocity v(p) and
the Luttinger parameter K(p), cf. (6.11) and Eqs. (17)–(20) in Paper C. It follows from
(4.11b), (4.13), and (4.14) that v(p) and K(p) are analytic in the same narrow strip as in
Condition D.3. Generically, this will thus also be true for the functions f(p, p′). Moreover,
due to (4.11c), the condition fW (p)f(p, p′)|p|−1 → 0 as p→ ±∞ will be satisfied for the
cases relevant here. Thus, using the prescription in (D.2) and Lemma D.1, one can show
that the explicit expressions for 〈E(x, t)〉∞neq, 〈J (x, t)〉∞neq, 〈ρ(x, t)〉∞neq, and 〈j(x, t)〉∞neq
tend to the results in (6.13) as t→∞.
Remark D.4. For fW (p) = (πδW p/2)/sinh(πδW p/2) corresponding to (3.7) in the infinite
volume, the poles closest to the real axis are in p = ±2i/δW , where δW is assumed to be
small. Thus, this particular fW (p) satisfies Condition D.2.
Remark D.5. For V̂i(p) = πvF sech(ap) corresponding to Vi(x) = (πvF /2a) sech(πx/2a)
in the infinite volume, all poles are located along the imaginary axis at i(n + 1/2)π/a
for n ∈ Z, and, if 0 ≤ a <∞, these potentials are analytic in a narrow strip around the
real axis in momentum space, meaning that Condition D.3 is satisfied. The same is true
for V̂i(p) = πvF /[1 + (ap)2], which correspond to Vi(x) = (πvF /2a)e−|x|/a. However, for
V̂i(p) = πvF θ(π/a − |p|), i.e., a sharp cutoff, the potentials have no poles, but they are
not analytic. Instead, a sharp-cutoff potential has to be interpreted as the limit of some
corresponding smooth potential (but this should not imply any severe limitations).



Appendix E

Formal derivation of NESS for the
non-local Luttinger model

In this appendix, we give a formal derivation of (6.15) by working on the level of opera-
tors. Since our construction of the Luttinger model requires L to be finite, this prevents
us from taking L→∞ before t→∞ for the operators, cf. Section 3.3. However, in order
to derive (6.15), we need to take the long-time limit. This issue, among others, makes
our derivation strictly formal.

Consider ρ̂neq(t) in (6.14) and write Tr[ρ̂neq(t)O] = Tr[ρ̃neq(t)eiSgOe−iSg ] with eiSg in
(4.23) and

ρ̃neq(t) = eiSg ρ̂neq(t)e−iSg =
e−G̃(−t)

Tr e−G̃(−t)
, G̃(t) = eiH̃gteiSgGe−iSge−iH̃gt, (E.1)

where

G =
∑
p

1

L
β̂(−p)

[
E(p)−

∑
r

∑
p′

1

L
µ̂(p− p′)ρr(p′)

]
(E.2)

in momentum space and we used that Q = Q+ +Q− commutes with all non-zero modes
to get rid of −µQ from the Hamiltonian driving the time evolution. From (4.18), (4.19),
(4.25), and eiH̃gtρr(p)e

−iH̃gt = ρr(p)e
−irω(p)t with ω(p) = v(p)p, we obtain

G̃(t) =
∑
p

1

L
β̂(−p)

[
Ẽ(p, t)−

∑
r

∑
p′

1

L
µ̂(p− p′)

√
K(p′)e−irω(p′)tρr(p

′)

]
, (E.3)

Ẽ(p, t) =
∑
r,r′

∑
p′

π

L
vr,r′(p− p′, p′)e−i[rω(p−p′)+r′ω(p′)]t :ρr(p− p′)ρr′(p′): + δp,0Wg

with
vr1,r2(p1, p2) =

r1v(p1) + r2v(p2)

2

r1K(p2) + r2K(p1)

2
√
K(p1)K(p2)

, (E.4)

where we used Wg = Cg −
∑

p>0 v(p)
(
[K(p)− 1]2/2K(p)

)
p, which comes from writing

the expression for Ẽ(p, t) in Wick-ordered form.
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It follows from the above that ρ̂neq(t) = e−G(−t)/Tr e−G(−t) with

G(t) =
∑
p

1

L
β̂(−p)

[
E(p, t)−

∑
r

∑
p′

1

L
µ̂(p− p′)

√
K(p′)e−irω(p′)tρ̃r(p

′)

]
, (E.5)

E(p, t) =
∑
r,r′

∑
p′

π

L
vr,r′(p− p′, p′)e−i[rω(p−p′)+r′ω(p′)]t :ρ̃r(p− p′)ρ̃r′(p′):g+ δp,0Wg,

where we recall that ρ̃r(p) = e−iSgρr(p)e
iSg and :· · ·:g indicates Wick ordering with

respect to |Ψg〉. In order to compute the long-time limit, we use (D.2) to write

β̂(−p) = βLδp,0 + δβŴ (−p) =

[
β + r

δβ

2

]
Lδp,0 − δβ

ifW (−p)
p+ ir0+

, (E.6)

and similarly for µ̂(p). Then, formally using Lemma D.1,1

lim
t→∞

∑
r

∑
p

1

L
β̂(−p)E(p,−t) =

∑
r

[
β + r

δβ

2

]∑
p′

π

L
v(p′) :ρ̃r(−p′)ρ̃r(p′):g , (E.7)

lim
t→∞

∑
r

∑
p,p′

1

L2
β̂(−p)µ̂(p− p′)

√
K(p′)eirω(p′)tρ̃r(p

′) =
∑
r

[
β + r

δβ

2

][
µ+ r

δµ

2

]√
KQ̃r,

where Q̃r = ρ̃r(p)|p=0, which implies (6.15).

1One way to justify this is to interpret (E.7) in the sense of (1.1). What complicates matters is that
this has to go into an exponent.
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