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Abstract

Wheel-rail contact is an important aspect of railway, the forces trans-
ferred between the wheel and rail are the one that guide, brake, or
accelerate the train, and that is why the understanding of the contact
between wheel and rail is an interesting research topic. In this mas-
ter thesis wheel-rail contact model named ANALYN is used to see the
effect of the different geometrical input, like undeformed distance, rel-
ative longitudinal curvature, and relative lateral curvature calculation
affect the contact patch estimation formed at the wheel-rail contact.

In the process, a geometrical contact search code is made to find the
contact point between wheel and rail for certain lateral displacement,
yaw angle, and roll angle of the wheelset. The codes used to calculate
the three geometrical inputs are also prepared, with two methods are
prepared for each input. The results that generated from combination
of the geometrical contact search and geometrical input preparation
are used as the input to ANALYN.

The results showed that different geometrical input calculations do af-
fect the shape of the contact patch, with the calculation of lateral cur-
vature being the most important since it affect the shape of the contact
patch greater than other geometrical inputs. It is also shown that tak-
ing yaw angle into account in the contact search will affect the shape
of the contact patch.
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1. Introduction
This degree project is based on wheel-rail contact model developed
by Matin Sh. Sichani [1], named ANALYN and FaStrip. The aims of
the project to see how different geometrical input affect output from
ANALYN.

The degree project is done in TÜV SÜD Sweden; part of TÜV SÜD
Group, an international company that provide inspection and product
certification services in rail services.

1.1 Background

Wheel-rail contact is an important aspect in rail transport, whether for
the track or for the vehicle. When wheel and rail making a contact,
there will be a patch formed, which is smaller than the dimension of
the wheel and the rail and thus making this area a highly-stressed area.
This patch is basically a coupling between wheel and rail where nor-
mal pressure, tangential stress, forces, and moments are transferred to
each body and that means this tiny area will affect the dynamics and
the wear of the wheels.

Knowing the importance of this contact patch, researchers are inter-
ested to try and model this patch and how the distribution of the
stresses and how the forces are formed in the patch, one of the earliest
and well-known models is the Hertzian normal contact model. Hertz
model of the contact patch is an ellipse with semi-ellipsoidal pressure
distribution, the simplicity and the fact that this model gives closed
form solution makes this model attractive to engineers [1].

One of the examples of how engineers use this model is by using it as
the coupling module between wheel and rail in a multibody system
(MBS) software, a tool that can be used for modeling vehicles run-
ning on rails. The first complete theory created to model wheel-rail
contact is called CONTACT, originally developed by Kalker [2] and
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still being improved and updated by Vollebregt, commonly referred
as the complete theory and usually used as the reference by another
contact model. This model provides accurate solution for wheel-rail
coupling in exchange for high computational cost. However, due to
the high computational cost, engineers shift towards simplified mod-
els, one of the examples is by combining Hertz as the normal contact
solution with FASTSIM as the tangential contact solution (FASTSIM is
based on simplified CONTACT model). Using these models the MBS
software able to run rail vehicles dynamic simulation in a consider-
ably fast simulation, however; the simple and fast solution from Hertz
and FASTSIM have disadvantages in the terms of the accuracy of the
shape of the contact patch, normal pressure distribution, and tangen-
tial stress distribution.

Based on these reasons, ANALYN and FaStrip were developed, the
former being the normal contact model and the latter being the tan-
gential contact model. ANALYN is based on approximate surface de-
formation and able to give solution to non-Hertzian contact with suf-
ficiently accurate estimation of contact patch and stress distribution
and also at least 300 times faster than CONTACT [3], while FaStrip
is based on strip theory to capture the non-linear stress growth in
the stick area and use the advantage of FASTSIM to estimate the di-
rection of the stress in the presence of spin [4]. Combined together
ANALYN+FaStrip compared with Hertz+FASTSIM, with CONTACT
as the reference, and the result is ANALYN+FaStrip show improve-
ments in the estimation contact patch and stress distribution compared
to Hertz+FASTSIM, even though it is slower than Hertz+FASTSIM, it
is still considerably faster compared to CONTACT [5].

Despite of the improvements of ANALYN+FaStrip compared to the
Hertz+FASTSIM, there are things that need to be explored from this
model. The things that are going to be explored in this project are
the effects of the input of the geometric calculation of the wheel-rail
contact to ANALYN and how does yaw angle used in the geometrical
contact search affect the output from the ANALYN.
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1.2 Aims

The project focus on capturing the effects of the geometrical calcu-
lation that is used as the input to ANALYN, with the contact patch
shape result of ANALYN. This is a task that involves finding the con-
tact position at the wheel and at the rail, since what ANALYN need
as the inputs are the undeformed distance between wheel and rail,
lateral curvature of wheel and rail, and longitudinal curvature of the
wheel. That means the contact position for certain displacements of
the wheelset relative to the track must be known first.

The project then is focused on making a geometric contact search
model that can find the contact position for certain wheel-rail profile
with certain displacement and can calculate the three geometric
variables to be fed to ANALYN as inputs. Furthermore, the project
also includes test on different method of calculating undeformed
distance, lateral curvature, and longitudinal curvature to see the
effect of geometrical inputs to the normal contact solution given by
ANALYN.

In brief, the aims of the project can be summarized as follows:

• Create geometrical calculation model that can find the contact
position at the wheel and at the rail based on inputs given.

• Create undeformed distance, longitudinal curvature, and lateral
curvature calculation based on the founded contact point and fi-
nal position of wheel and rail profile.

• Compare the effects of different geometric variables calculations
(undeformed distance, longitudinal curvature, and lateral curva-
ture) on the shape of the contact patch formed.

The more detailed explanation on how to achieve the aims are ex-
plained in Chapter 3.
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2. Wheel-rail contact
In order to understand the coupling between wheel and rail and how
the stresses and forces are formed in the contact patch, it is important
to look at the contact process as a whole, from the geometrical part of
the wheel-rail contact to the elastic part of the wheel-rail contact [1].

The process of wheel-rail contact modelling start with the geometrical
part of the contact and this process can be divided into two processes:

1. Contact geometry: The process of finding the contact points at
the wheel and the rail, given the displacements of the wheel rel-
ative to the rail, and the profile of the wheel and rail.

2. Creepage calculation: The process of calculating longitudinal
creepage, lateral creepage, and spin, given the location of the
contact points at the wheel and the velocity vector of the wheel.

After the geometrical part the next part is the elastic part, and it can be
explained as follows:

1. Normal contact calculation: The process of calculating the shape
of the contact patch and the contact pressure distribution, given
the geometrical variables calculated at the contact points (unde-
formed distance, lateral curvature, and longitudinal curvature)
and the penetration between wheel and rail or the normal force
between wheel and rail.

2. Tangential contact calculation: The process of calculating tangen-
tial stress distribution and tangential forces at the contact patch,
given the shape of the contact patch, contact pressure distribu-
tion, creepages, spin, and friction coefficient.

Geometric and elastic part together can be used as one wheel-rail cou-
pling module in a multibody system (MBS) software, and it will act as
part of the dynamic calculation that calculate forces and stress gener-
ated at each wheel at the vehicle, the forces and the stress can also be
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used to calculate the wear of the wheel and update the wheel profile
after determined number of time steps.

Here in the literature review, several methods that had been used in
some researches to find contact point position are summarized and
then brief summary of normal contact solution-ANALYN will also be
briefly explained. However, tangential contact will not be explained
in this chapter as the degree project focus more on geometric contact
search and how it affects results given by normal contact calculation.

2.1 Contact geometry

The main function of the contact geometry is to find the contact points
based only on kinematic and the geometry of the wheel and the rail,
this is important since the result from this part will affect the calcula-
tion of the shape of the contact patch in the elastic part.

One of the approaches is using non-linear equations to find position of
contact points relative to wheel local coordinate and rail local coordi-
nate. De Pater [6] and Yang [7] use non-linear equation, both assume
rigid wheel-rail profile, wheelset has four degrees of freedom (DOF),
with two of the four being the constraint. The four DOF considered
are roll (θ), yaw (ψ), lateral (y), and vertical (z) motion (see Figure 2.1),
with roll and yaw being the constraint, these two variables will be in-
dependent and the lateral and vertical motion of the wheelset will be
determined based on the constraints.

Figure 2.1: Six degrees of freedom of a wheelset.

In Yang’s paper [7] there are three conditions that must be satisfied if
two bodies are in contact, and these conditions need to be fulfilled to
find the contact points. The conditions are:
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1. There is a point in one body (wheel) that has same position in
space with a point in another body (rail).

2. The normal to the surface at the contact point at one body (wheel)
is parallel to the normal to the surface at the contact point of an-
other body (rail).

3. There is no part of one body that penetrates another body (rigid
contact).

These conditions then translated into set of nonlinear equations that
need to be solved numerically to find the contact point at the right and
left wheel. The yaw and the roll angle will be used as constraint, which
means these two variables are the inputs to the equations; meanwhile,
the lateral and the vertical displacement of wheelset relative to the
track are output of the equations, together with the position of the
contact at the wheel.

Different from De Pater and Yang, Wang [8] used iteration method
based on the distance between wheel and rail profile to find the con-
tact point. In Wang’s two-dimensional approach, he used lateral dis-
placement of the wheel relative as the rail profile as the input and then
the iteration method is used to find the roll angle of the wheelset, the
conditions used to find the roll angle are:

1. Vertical distance between wheel and rail profile must be zero at
the contact point (rigid contact) and non-zero at another points.

2. The normal to the surface of the wheel and the rail at the contact
point must coincide.

The first condition is used to find the contact point while the second
condition is used in the validation [9]. The method is based on two-
dimensional rigid contact search, the two DOF are lateral displace-
ment of the wheelset with respect to track centre and roll angle of the
wheelset, with the lateral displacement as the constraint (input to the
method) and roll angle as the output of the method. Other than two
DOF approach, Wang also suggest a way to include yaw angle in the
calculation and thus make it a three DOF approach by using contact
locus concept. Contact locus is a line formed by a collection of points
on the wheel profile where contact is estimated to happen on certain
yaw angle and roll angle [10], as can be seen in Figure 2.2 .
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Figure 2.2: Wheel set top view and contact locus illustration.

In the Figure 2.2, it can be seen that the yaw angle makes the possibility
of the contact at the wheel shift longitudinally from the principal pro-
file (red line) to the contact locus (green line) [8]. Using this concept Li
[9] try to find contact point by searching through all the points from the
principal profile to the contact locus by calculating the distance of the
wheel profile to rail profile at each point. In the same manner, Burgel-
man [10] also using contact locus as the basis of the contact search;
however, the contact search will be done only at the points located at
the contact locus.

Despite the different concepts explained above, they do have similar-
ity and it is the rigid contact search concept, in which the wheel and
the rail are assumed to be rigid, the deformation is neglected, and the
profile of the wheel are not allowed to rigidly penetrate into the rail
profile. These assumptions make that the axle load and the material
properties of the wheelset do not have any effect to the contact search.

There are methods that make the use of elastic wheel-rail instead of
rigid, in which axle load and material properties of the wheel and rail
do have effect and this will revolve around penetration concept. Ren
[11] in his paper using same approach as used by Wang and Burgel-
man with some addition to take into account the elastic properties of
the wheelset and it is done by allowing the wheel profile to penetrate
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the rail profile and the penetration distance calculated based on the
shear modulus and the normal load at the wheel. In a similar manner,
Baeza [12] also allow penetration between wheel and rail profile, the
penetration calculated using wheel profile, modeled with set of cones,
and rail profile, modeled with set of knife edges.

Elastic wheel-rail approximation does have effect on the contact con-
dition, especially when the contact position move from the tread to the
flange corner or from the flange corner to the flange of the wheel and
vice versa. In rigid contact, a jump of the contact position is expected,
while in the elastic contact, the jump is avoided because the penetra-
tion of wheel-rail profile will allow for smooth transition of the contact
point when it is changing from one area of the wheel to another.

2.2 Normal contact

Normal contact solution will be explained briefly in this section, it will
be explained based on Ph.D. thesis [1] and paper [3] written by Sichani.

In a contact problem involving two bodies in contact, the bodies could
have arbitrary profile, relative motion with each other, and different
material characteristics; however, in contact mechanics of wheel and
rail contact, it is assumed that wheel and rail have quasi-identical ma-
terials, which means the tangential stress at the surface of contact cause
normal deformation opposite and equal to the normal deformation
that caused by normal stress.

The same concept also apply to the effect of normal stress to the tan-
gential deformation. Mathematically quasi-identity can be described
with Equation (2.1)

G1

(1− 2ν1)
=

G2

(1− 2ν2)
(2.1)

Where G1 and G2 are the shear modulus of body 1 and body 2, while
ν1 and ν2 are the Poisson’s ratio of body 1 and body 2. The implica-
tion of the quasi-identity is the normal contact and tangential contact
solution of the two bodies can be solved separately; however, this is
only valid for non-conformal contact, a condition where contact area
is small compared to the sizes of the bodies [1].
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The target of the normal contact solution is to find the area of the con-
tact formed by the two bodies, named contact patch, and the distribu-
tion of the contact pressure in that area. In order to find the contact
patch and the contact pressure distribution the Cartesian coordinate
of the two bodies is needed, in Figure 2.3.

Figure 2.3: Two bodies in contact in 2D, adapted from [1].

In this figure there are several variables and they are:

• z1(x, y) and z2(x, y), these are the shape function of the surface of
the body 1 and body 2 before normal loading is applied.

• uz1(x, y) and uz2(x, y), these are the deformation function of the
surface of the body 1 and body 2 after normal is loading applied.

• δ, this is the rigid body approach between body 1 and body 2.

• h(x, y), this is the distance between the surface of body 1 to the
the surface of body 2 after deformation.

The variable h(x, y) can be expressed as

h(x, y) = z(x, y)− δ + uz(x, y) (2.2)
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where z(x, y) is the separation function, distance between undeformed
bodies, and uz(x, y) is the normal deformation of the contact surface,
and these variables can be calculated as in equation below.

z(x, y) = |z1(x, y)|+ |z1(x, y)|
uz(x, y) = |uz1(x, y)|+ |uz2(x, y)|

(2.3)

From these equations, then it can be concluded that the contact
area formed as seen in the Figure 2.3 is when points in xy-plane
have h(x, y) = 0 and this means after the normal loading there is
area formed where the distance between two bodies surface are
zero. Furthermore, the contact pressure in the contact area will be
p(x, y) > 0. As for the points outside the contact area no contact
pressure is formed.

2.2.1 Hertz’s theory

Hertz’s theory on normal contact is a well-known theory [13] and the
model he made to solve normal contact between two bodies based on
these assumptions:

• The bodies in contact are homogeneous, isotropic, and linearly
elastic

• The bodies can be considered as half-space compared to the con-
tact area. This required that the contact area is small compared
to the dimensions of the bodies in contact.

• The surface of the bodies can be represented as quadratic func-
tion and the curvatures of the surface are constant along the con-
tact patch.

• The surface of the bodies is smooth.

Based on these assumptions, contact area and contact patch then can
be found between two bodies in contact. Assumed that two bodies in
contact each have two principal radii as can be seen in Figure 2.4.
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Figure 2.4: Two bodies in in 3D.

Each body has two principal radii in different planes, R1x, R2x are in
y − z plane and R1y, R2y are in x − z plane. Since the surface of the
bodies can be represented as quadratic function, then the separation
function (z(xy)) can be defined as,

z(xy) = Ax2 +By2 (2.4)

with A and B are the relative longitudinal and lateral curvature of the
two bodies.

A =
1

2
(

1

R1y

+
1

R2y

),

B =
1

2
(

1

R1x

+
1

R2x

)

(2.5)

These relative curvature calculations then used to find the dimension
of the contact patch, with the contact patch being an ellipse with semi-
axis a and b. The semi-axis can be found using equations,

a = m(
3

4

N

E∗
1

A+B
)
1
3 (2.6)

b = n(
3

4

N

E∗
1

A+B
)
1
3 (2.7)

while the penetration of the bodies is
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δ = r((
3N

4E∗
)2(A+B))

1
3 (2.8)

where,

1

E∗
=

1− ν21
E1

+
1− ν22
E2

(2.9)

Variables E1, E2 are the modulus elasticity, while ν1, ν2 are the Pois-
son’s ratio of bodies in contact. Furthermore, variables m and n are
Hertzian coefficient and it is found based on θ value calculated as,

θ =
|A−B|
A+B

(2.10)

This value then used to find m, n, and r variables in the pre-calculated
Hertzian table as written in the book [14], chapter 8. The pressure
distribution in the contact patch can be calculated as

p(x, y) =
3N

2πab

√
(1− (

x

a
)2 − (

y

b
)2) (2.11)

where the maximum pressure at the contact patch

p0 =
3N

2πab
(2.12)

The x and y at the Equation (2.11) are the local coordinates with the
origin at the center of the contact patch, which is the contact point
found in the contact geometry calculation as can be seen in Figure 2.5.
All the equations above are found based on known contact force (N),
the integration of the contact pressure distribution over the area of the
ellipse must be equal to the contact force to satisfy static equilibrium
conditions. Hertz solution can also be done if the known variable is
the penetration (δ) instead of the contact force, and thus the Equation
(2.6) and (2.7) become

a = m

√
δ

r(A+B)
(2.13)

b = n

√
δ

r(A+B)
(2.14)

while the contact force can be found using
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Figure 2.5: Hertzian contact patch and contact pressure distribution,
taken from [1].

N =
4E∗

3

√
1

(A+B)
(
δ

r
)3 (2.15)

It can be seen that the solution provided by Hertz is simple and
it can be solved whether with known contact force or penetra-
tion at the wheel-rail contact. However, there is contact condi-
tion that is not covered by Hertz assumption and this contact
condition is named non-Hertzian contact. There are several
methods that can be used to solve Non-Hertzian contact condi-
tion. This study is focused on ANALYN as Non-Hertzian nor-
mal contact solver and it will be explained in the next section.

2.2.2 ANALYN

ANALYN is an approximate analytical method developed by Sichani
[3] to analytically calculate contact patch shape and size and contact
pressure distribution at wheel-rail contact. This approach is proposed
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because a more accurate normal contact solution means a more accu-
rate prediction of wear and rolling contact fatigue of wheel and rail.

An approach other than Hertz’s theory also needed since some sim-
plifications in the Hertz’s theory do not apply to real wheel-rail con-
tact conditions, this contact condition is called non-Hertzian contact.
As example, half-space assumption only works if the contact patch
is small compared to dimension of the bodies, this might be okay in
non-conformal contact, but this assumption is not valid in conformal
contact as in Figure 2.6 and this condition might happen when wheel
flange root is in contact with the rail.

Figure 2.6: Non-conformal and conformal contact.

Another Hertz assumption that is not valid is that the curvature of the
bodies in contact must be constant along the contact patch. This is not
valid in wheel-rail contact because the curvature is varying along the
contact patch and thus non-elliptical contact patch is formed instead
of elliptical as in Hertz’s theory. Examples of varying curvatures along
the contact patch can be seen in [15].

ANALYN proposes different approach in solving Equation (2.2), the
approach based on similarity between surface deformation (uz(x, y))

and separation function (z(x, y)) and the similarity is in Hertz’s theory
both are quadratic functions [3]. It is then proposed by Sichani that the
surface deformation is approximated with a quadratic function using
separation function in the general contact case.
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Figure 2.7: Coordinate system used in ANALYN, x = rolling direction.

First wheel and rail can be considered as arbitrary bodies of revolu-
tion, using coordinate system as shown in Figure 2.7, the surface of
the bodies can be written as

zi(x, y) =
x2

2Ri(y)
+ gi(y); i = w, r (2.16)

with i = w, r as the indentation for either wheel or rail, Ri(y) is the
radius of rotation, and gi(y) is the arbitrary profile. Using Equation
(2.3), the separation function of the wheel and rail becomes

z(x, y) =
x2

2R(y)
+ g(y) (2.17)

where

1

R(y)
=

1

Rw(y)
+

1

Rr(y)

g(x, y) = gw(x, y) + gr(x, y)

(2.18)

The approach for the surface deformation defined as

uz(x, y) = α(y)
x2

2R(y)
+ β(y)g(y) (2.19)

Using Equation (2.2) and condition for contact, h(x, y) = 0, combined
with equations (2.17) and (2.19), the result is
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(1 + α(y))
x2

2R(y)
+ (1 + β(y))g(y) = δ0 (2.20)

The variable δ0 is the rigid body approach. The next thing to do is
to find the equation for α(y) and β(y) and it is done with the help of
Hertz solution, as can be seen in the Appendix of the paper [3].

The equations for α(y) and β(y) are defined by using Equation (2.20)
to find semi-axis length of Hertzian ellipse, set the same result as the
one from Hertz’s theory then these two variables can be defined as

α(y) =
r(y)

m2(y)
(1 +

B(y)

A(y)
)− 1 (2.21)

β(y) =
r(y)

n2(y)
(1 +

A(y)

B(y)
)− 1 (2.22)

m(y), n(y), and r(y) are the Hertz coefficients, while A(y) and B(y)

are the the relative longitudinal and lateral curvature in position (x =

0, y), as in Equation (2.5). The contact patch then can be determined
using

|a(y)| =

√
δ0 − (1 + β(y))g(y)

(1 + α(y))A(y)
(2.23)

|a(y)| is the length of the contact patch in the x direction for each y po-
sition, the contact patch is in xy-plane and it is symmetric with respect
to the y-axis. The illustration of |a(y)| can be seen in Figure 2.8
The contact pressure distribution at the contact patch is

p(x, y) = p0(y)

√
1− (

x

|a(y)|
)2 (2.24)

p0(y) is the pressure distribution in position (x = 0, y) and it is calcu-
lated using equation

p0(y) =
E∗

2π

1

n(y)r(y)

d(y)

|a(y)|
, (2.25)

where d(y) is penetration value in position (x = 0, y)

d(y) = δ0 − (1 + β(y))g(y). (2.26)
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Figure 2.8: Illustration of ANALYN non-elliptical contact patch, taken
from [5].

It can be seen that ANALYN, instead only having two semi-axis, it
calculates the length of the contact path for each y-position in contact
patch area and that makes it is possible to have non-elliptical contact
patch. It is also important to take notes that ANALYN could give the
normal contact solution with known rigid body approach or contact
pressure, if rigid body approach is known then the calculation will fol-
low the flow of the equation explained above, but if the known factor
is the contact pressure then iteration is needed to find the correct rigid
body approach for known contact pressure.
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3. Methodology
The general view of the project can be summarized in flowchart shown
in Figure 3.1

Figure 3.1: Flowchart of the project.

The flowchart start with given input: wheel-rail profile, the wheel
moves relative to the rail and there are three degrees of freedom (DOF)
that are used. The three DOF are lateral displacement, yaw angle, and
roll angle of the wheelset relative to the track.

The project is about analyzing the effect of the geometrical inputs and
yaw angle to the shape of contact patch given by ANALYN. The inputs
that are needed by the ANALYN are the separation between wheel
and rail (undeformed distance between both profiles), relative longi-
tudinal curvature, and relative lateral curvature. However, in order to
get these inputs a pre-processor is needed, an algorithm that can find
the contact position at the wheel-rail contact and able to convert those
into inputs is needed.

The project is performed using MATLAB and the steps of the project
are:

1. Make geometrical contact search algorithm based only on two
degrees of freedom of the wheelset, lateral displacement and roll
angle (the algorithm called geometrical contact search 2D).
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2. Compare the result of the 2D contact search algorithm with GEN-
SYS KPF, a contact point function program inside GENSYS [16]
(rail vehicle dynamic simulation software developed by AB DE-
solver).

3. Expand the algorithm so it can take into account three degrees of
freedom, lateral displacement, yaw angle, and roll angle of the
wheelset (the algorithm called geometrical contact search 3D).

4. Compare the result of the 3D contact search algorithm with result
from Baeza’s method [12].

5. Make two algorithms to calculate undeformed distance, one
used equidistant node based on s-coordinates and the other one
used common nodes on y-coordinates.

6. Make two algorithms to calculate relative longitudinal curva-
ture, one used effective wheel radius and the other one used
wheel radius only.

7. Make two algorithms to calculate relative lateral curvature, one
based on rough curvature calculation and the other one based on
smooth curvature calculation.

8. Make a code to synchronize contact all the algorithms with
ANALYN.

9. Compare the contact patch for two types of undeformed distance
calculation.

10. Compare the contact patch for two types of relative longitudinal
curvature calculation.

11. Compare the contact patch for two types of relative lateral cur-
vature calculation.

12. Compare the contact patch by taking into account different yaw
angles at same wheel lateral displacement relative to the track.

Steps number 1 to 4 are about making the contact search algorithm,
steps number 5 to 7 are about preparing input for ANALYN, and steps
8 to 12 are about getting the result form ANALYN and comparing it.
The detailed explanation on what algorithms are used for those steps
will be explained on the Chapter 4, 5, and 6 .
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4. Geom. contact search 2D
Geometrical contact search 2D only uses lateral displacement and roll
angle of the wheelset, with lateral displacement as the input while the
roll angle is dependent on lateral displacement and the profile of the
wheel and rail given as the input.

4.1 The contact search scheme

The contact search presented here is based on Wang’s work in [17] that
translated and presented in [9]. The contact search is based on the
rigid contact, wheel and rail profile used in the algorithm are S1002
and UIC60 (1/40).

The inputs to the algorithm are the wheel and rail profile, lateral dis-
placement of the wheel with respect to track centre, track gauge, and
wheel nominal radius. The wheel and rail profile will be prepared
based on the inputs, the profiles will be called ZwL(y) and ZwR(y) for
the left and right wheel profile and ZrL(y) and ZrR(y) for the left and
right rail profile.

The illustration of the coordinate system used in the algorithm can be
seen in Figure 4.1

Figure 4.1: Illustration of coordinate system used in geometrical con-
tact search 2D.
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The coordinate system used is (yT , zT ) that has its origin at the cen-
ter of the track just like shown at the Figure 4.1. Assuming no eleva-
tion at the track, then at rest condition the center of the wheelset will
be located at (yow = 0, zow = −Row), where Row is wheel nominal ra-
dius. It can be simplified like this because for S1002 wheel profile and
UIC60(1/40) rail profile combination the contact position at the rest
condition is located at the wheel origin, the wheel origin is located at
zT = 0. However, it might be different for different wheel-rail profile
combination.

The first thing to do after preparing the wheel and rail profile is to
add lateral displacement yshift to the wheel profile so that the wheel
profile become

Z ′wL(y) = ZwL(y + yshift),

Z ′wR(y) = ZwR(y + yshift).
(4.1)

Second, the distance between wheel and rail profile need to be calcu-
lated for the left and right side just as can be seen in Figure 4.2.

Figure 4.2: Illustration of calculated distance in geometrical contact
search 2D.

The distance of each nodes at the left and right wheel-rail profile are
calculated (distL(y), distR(y)) and each respective minimum distance
(mindistL,mindistR) along with its lateral position (yminL, yminR)

are determined as in Equation (4.2) and (4.3)

distL(y) = −[Z ′wL(y)− ZrL(y)],

distR(y) = −[Z ′wR(y)− ZrR(y)],
(4.2)
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mindistL = minimum[distL(y)] = distL(yminL),

mindistR = minimum[distR(y)] = distR(yminR).
(4.3)

The requirements to find the contact points are

1. Vertical distance between wheel and rail profile must be zero at
the contact point (rigid contact) and non-zero at another points.

2. The normal to the surface of the wheel and the rail at the contact
point must coincide.

The first requirement is used in this algorithm while the second is used
as validation. This means if the points are indeed contact points, then
the minimum distance at left and right side should be the same

mindistL = mindistR, (4.4)

however, to avoid numerical problem a tolerance is used to compare
minimum distance at the left and right side

|mindistL−mindistR| < Tolerance. (4.5)

The tolerance used are between 10−3 to 10−4 mm as in [9]. If the dif-
ference between the minimum distance at each side is bigger than the
tolerance, then the wheel profile is rotated with respect to the wheel
center, the angle of the rotation is

∆θ = −Kconv. tan-1 mindistL−mindistR
yminL− yminR

, (4.6)

where Kconv > 0 is a scalar value used to make the equation converge
faster. It is also can be seen that the minus in the equation is used
so that if the minimum distance at right side is bigger than minimum
distance at left side, the wheel will be rotated clockwise.

After each rotation the minimum distance of the wheel-rail profile is
calculated and compared with the tolerance again and the process is
iterated until the condition at the Equation (4.5) is satisfied. At each
iterations the rotation angle ∆θ is saved and when the condition is
satisfied the roll angle of the wheelset is calculated using
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θ = θinit +
k∑

n=1

∆θn, (4.7)

where n is the index for each iterations and θinit is the initial roll an-
gle of the wheelset, in most cases the initial roll angle is set to zero.
The last thing to do is to shift the wheel profile vertically according to
the value of mindistL or mindistR in the last iteration so that the first
requirement of the contact point is satisfied.

The flowchart of the geometrical contact search 2D can be seen in Fig-
ure 4.3.

Figure 4.3: Geometrical contact search 2D flowchart.

4.2 Geometrical contact search 2D result

The geometrical contact 2D algorithm is implemented in Matlab code,
this algorithm is implemented in Matlab as Matlab 2D code, and the
results from the code are compared with GENSYS KPF, contact point
function in GENSYS. GENSYS KPF is set to one-point contact for each
sides so that it has same limitation as the Matlab 2D code. The pro-
files used are S1002 wheel profile with 460 mm nominal radius and
UIC60(1/40) rail profile, the track gauge is standard gauge.

The comparison of calculated roll angle for different lateral displace-
ment can be seen in Figure 4.4



24 | 4. GEOM. CONTACT SEARCH 2D

Figure 4.4: Roll angle comparison, GENSYS KPF normal force is set to
78500N .

Other than that, the lateral position of contact point at the right wheel
with respect to the right wheel origin lateral position also compared,
in GENSYS KPF the variable is called poswfn. The comparison can be
seen in Figure 4.5

Figure 4.5: Lateral contact point position comparison, GENSYS KPF
normal force is set to 78500N .

It can be seen from those two Figures that the Matlab 2D code results
tend to have jumps at some points and it happens when the contact
point move from wheel tread to flange root or from flange root to
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flange. The jumps happen because the Matlab 2D code is based on
rigid contact while GENSYS KPF is based on elastic contact with nor-
mal force set to 78500N that makes the result smoother.

The jumps can also happen with GENSYS KPF that uses elastic contact,
it happens when the normal force is set to a small value, just as in
Figure 4.6.

Figure 4.6: Lateral contact point position comparison, GENSYS KPF
normal force set to 10−4N .

It is also can be seen at the Figure 4.6 that at small normal force, the re-
sult for tread to flange root area contact is similar. However, at lateral
displacement yshift > 6.3mm and yshift < −6.3mm, when the con-
tact point is at the flange area there is noticeable difference between
Matlab 2D code and GENSYS KPF even at small normal force.
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5. Geom. contact search 3D
The three degrees of freedom approach is also based on Wang’s work
[8] combined with approach used by Liu to take into account the
change of rail profile due to the yaw angle [18].

5.1 Wang’s 3D contact search method

Three degrees of freedom used in this approach are lateral displace-
ment, yaw angle, and roll angle, with the first two used as the inputs
while roll angle is dependent on these two variables.

Figure 5.1: Illustration of wheelset with yaw angle relative to the track.

If a wheelset has a yaw angle, as shown in Figure 5.1, then it can be
seen that the contact location will be shifted longitudinally with re-
spect to wheelset coordinate system, the contact is no longer on the
principal profile. On the two degrees of freedom case, the search is
done using the principal profile, the profile of the wheel that obtained
by cutting wheelset axis with vertical plane and the profile formed at
the plane is the principal profile.
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Using a set of cone to model the wheel and using coordinate system
(x, y, z) that has same orientation with track coordinate (xT , yT , zT )

with the origin located at the center of the wheelset, Wang determined
the shift of the contact point position with respect to the principal pro-
file.

The shift of of the contact position (∆xwang,∆ywang,∆zwang) are calcu-
lated with respect to point on the wheel principal profile.

∆xwang = R sin θ sinψ + lxR tan δ, (5.1)

∆ywang = R sin θ cosψ − R

1− lx2
(lx

2ly tan δ + lzm), (5.2)

∆zwang = R cos θ − R

1− lx2
(lx

2ly tan δ − lym), (5.3)

where δ andR is the contact angle and wheel radius at contact position
while the others are

m =

√
1− lx2(1 + tan δ2) (5.4)

lx = cos θ sinψ, (5.5)
ly = cos θ cosψ, (5.6)
lz = sin θ, (5.7)

It can be seen that in order to solve these equations the variable needed
are yaw angle (ψ), roll angle (θ), contact angle (δ), and wheel radius
(R) at the contact position. However, the last three variables are sup-
posed to be the output of the contact search, that is why the geomet-
rical contact search 2D code is needed to be run at the same lateral
displacement to be used by geometrical contact search 3D as initial
estimation.

5.2 The contact search scheme

Using Wang’s equations as the basis, a code for 3D contact search is
formed. The 3D contact search developed using different coordinate
system than Wang’s, it uses wheelset local coordinate system xw, yw, zw
that move together with the wheelset as the wheelset move in lateral
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direction or yawed; however, the local coordinate is not moving as the
wheel rolled. The illustration of the local coordinate can be seen in
Figure 5.2.

Figure 5.2: Illustration of the longitudinal contact search.

As explained before the search is not only done for the wheel profile
at the principal profile, but also for each dx distance from the principal
profile until the limit distance. XMAXR and XMAXL are the limit of
longitudinal search for the right and left wheel. If the yaw angle is
positive, then XMAXR is positive while XMAXL is negative, if the yaw
angle is negative then XMAXR is negative while XMAXL is positive.

XMAXR = ±
√

∆xwangR
2 + ∆ywangR

2, (5.8)

XMAXL = ∓
√

∆xwangL
2 + ∆ywangL

2, (5.9)

Wang’s shifted contact distance are calculated for both right and left
wheel and then each wheel is divided into a series of profile as can be
seen in Figure 5.2. Previously in 2D contact search only wheel profile
at position x0 is used, now wheel profile at position x0, x1, ...., xn are
prepared for each wheel.

5.2.1 Wheel profile matrix preparation

Wheel profile at position x0 is the principal profile while wheel profile
at other position are basically same profile but with different vertical
distance to the wheelset axis as can be seen in the Figure 5.3.
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Figure 5.3: Illustration of wheel profile calculation at position
x0, x1....xn.

As an be seen from Figure 5.3 at position xw = x0 the vertical length to
the wheel axis is the wheel radius R0(yw) while at position xw = xn =

x0 + ndx (n = 0, 1, 2....) the vertical length can be calculated using

αn(yw) = sin-1 (
x0 + ndx

R0(yw)
),

Rn(yw) = R0(yw) cos (αn(yw)),

n = 0, 1, 2.....,

(5.10)

using the new vertical length to the wheelset axis, the left and right
wheel profile are modified

ZwnL = RnL(yw)−R0w, L = Left

ZwnR = RnR(yw)−R0w, R = Right

n = 0, 1, 2.....,

(5.11)

equation above can be used since the coordinate zw = 0 located at
the point where the vertical length to the wheelset axis is the nomi-
nal wheel radius R0w. It is must be noted that the profile is prepared
for each position x0, x1, ...., xn at each yw lateral position of the wheel
profile.

Furthermore, matrix of the profile for right (ZwR) and left (ZwL) wheel
are created.
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ZwL =


Zw0L(yw)

Zw1L(yw)

Zw2L(yw)

.....

ZwnL(yw)

 , ZwR =


Zw0R(yw)

Zw1R(yw)

Zw2R(yw)

.....

ZwnR(yw)


It should be noted that the number of n is not the same for right and
left wheel unless when the lateral displacement is zero.

5.2.2 Rail profile matrix preparation

In addition to the wheel profile, the rail profile also needs to be pre-
pared. It can be seen in Figure 5.2 that the rail profile at position
x0, x1......xn are not the usual rail profile since the dashed line is not
passing the rail horizontally, the line is tilted as much as the yaw an-
gle.

Figure 5.4: Illustration of rail profile at position x0, x1....xn.

The yawed rail profile is shown in the Figure 5.4, it is based on Liu’s
work in paper [18]. The yawed rail profile can be made using

Zryaw = Zr(
y

cosψ
), (5.12)

where Zryaw is the yawed rail profile and Zr is the normal rail profile.
The equation above shows that the yawed rail profile is basically the
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normal rail profile that projected into another lateral coordinate, from
a function of y to a function of y

cosψ
.

However, projecting normal rail profile into yawed rail profile is not
enough, the next thing to do is to make sure that at each x0, x1....xn
position, the rail profile starts at position y0, y1....yn which are different
with each other with respect to (xw, yw, zw) coordinate system. In the
end the rail profile is prepared as matrix for right (ZrR) and left (ZrR)

side just like the wheel profile.

ZrL =


Zr0L(yw)

Zr1L(yw)

Zr2L(yw)

.....

ZrnL(yw)

 , ZrR =


Zr0R(yw)

Zr1R(yw)

Zr2R(yw)

.....

ZrnR(yw)


The profile at each row of the rail profile matrix is basically the same
yawed rail profile; however, the position (xw, yw) where the rail is start-
ing is different as can be seen in Figure 5.4. It must be noted the num-
ber n for right wheel and right rail must be the same, and n for the left
wheel and left rail must be the same.

5.2.3 Contact search

The search scheme is similar with the 2D contact search, except instead
of moving the wheelset relative to the track coordinate, in 3D contact
search the rail is moved laterally with respect to the local wheel co-
ordinate (xw, yw, zw) and the yaw of the wheelset is interpreted as rail
that yawed relative to the wheelset. The effect of the lateral distance
and yaw angle input is included in the wheel and rail profile matrix
preparation.

The distance between wheel profile and rail profile calculated for right
and left wheel-rail, wheel and rail that has same (xw, yw) position is
paired with each other. The wheel and rail profile matrix are already
organized such as that each row in ZwR has same (xw, yw) position as
ZrR and the same apply to ZwL and ZrL.

distL(xw, yw) = −[ZwL(xw, yw)− ZrL(xw, yw)],

distR(xw, yw) = −[ZwR(xw, yw)− ZrR(xw, yw)],
(5.13)
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the minimum distance at the right and left side are calculated and to-
gether with the position where it occurs.

mindistL = minimum[distL(xw, yw)] = distL(xwminL, ywminL),

mindistR = minimum[distR(xw, yw)] = distR(xwminR, ywminR).

(5.14)

The minimum distance at the right and the left need to be compared
with the tolerance just as in the Equation (4.5) and the tolerance used
is the same as in 2D case. If the difference is bigger than the tolerance
then the wheelset is rotated with respect to its center of axle, it is rolled
in the (yw, zw) plane, the angle of rotation is

∆θ = −Kconv. tan-1 mindistL−mindistR
ywminL− ywminR

, (5.15)

The value used in the code is Kconv = 1.2, this value is used so the roll
angle step is not too big since it may happen that the roll angle which
the contact point happen cannot be found if the step too big.

The wheelset is rotated and then the proccess of calculating distance,
finding minimum distance, and rotating the wheelset based on roll
angle step are repeated until the difference of the minimum distances
is smaller than the tolerance.

It is important to note that the performance of the 3D code is depen-
dent on the dx and dy value used. Small dx value means more rows
are created at the wheel and rail profile matrix while small dy means
more columns are created. If these values are too small, then it might
take long to finish one iteration and if they are too big it can make the
process do not converge.

The flowchart of the geometrical contact search 3D can be seen in Fig-
ure 5.5.
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Figure 5.5: Geometrical contact search 3D flowchart.

5.3 Geometrical contact search 3D result

The geometrical contact search 3D algorithm is implemented in a
Matlab code and the result from the code is compared with another
3D contact search method, the algorithm implementation in Matlab is
called Matlab 3D code. The comparison can be seen in Figure 5.6.

Figure 5.6: Geometrical contact search 3D comparison, left - Matlab
3D, right - Baeza’s method [12].

What presented in Figure 5.6 is the graph of wheelset roll angle vs
wheelset lateral displacement at two different yaw angle, ψ = 0◦ and
ψ = 1◦. The result from Matlab 3D code is presented as negative roll
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angle because it has different reference system. The left graph is the
result of Matlab 3D code while the right graph is the result taken from
paper by Baeza [12], it can be seen that despite the similarity of both
graphs, at around 5 mm lateral shift there is a slight jump at Matlab 3D
code result while at Baeza’s method there is no jump at same lateral
shift.

This difference exists because Baeza using elastic contact search while
Matlab 3D code is rigid contact search, this also can be seen from
higher roll angle at Matlab 3D code result for same lateral displace-
ment since in elastic contact search the wheel is allowed to penetrate
the rail and so the change of the roll angle to lateral displacement is
not as sensitive as rigid contact search.
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The jump itself happen in Matlab 3D code result because at that lateral
displacement the contact point located at the flange root of the wheel
just like shown in Figure 5.7, where the contact point shifts from flange
root closer to the tread side to flange root closer to flange side.

Figure 5.7: Right wheel contact point at yshift = 5mm and ψ = 0◦, * -
contact point location.

Other result from Matlab 3D code can be seen in Figure 5.8.
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Figure 5.8: Roll angle vs lateral displacement for different yaw angle,
ψ = 0◦, 1◦, 2◦, 3◦.

Figure 5.8 shown that as the yaw angle becomes bigger the jump hap-
pens at shorter lateral displacement and this happen since flange con-
tact occurs at shorter lateral displacement at bigger yaw angles. It also
can be seen that the roll angle at the tread and flange root contact
(0 ≤ yshift < 6.3mm) are smaller as the yaw angle becomes bigger
and it happens because at bigger yaw angles the contact position is lo-
cated longitudinally further from the principal profile and that means
it has smaller vertical distance to the wheelset axis.

The effect of the yaw angle on the longitudinal shift of the contact po-
sition can be seen in Figure 5.9
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Figure 5.9: Right wheel contact point longitudinal shift vs lateral dis-
placement for different yaw angle, ψ = 0◦, 1◦, 2◦, 3◦ .

Figure 5.9 shown that at bigger yaw angle the contact position tend to
shift longitudinally further from principal profile. Furthermore, it can
be seen that at around yshift = 6.3mm the longitudinal shift jumps
due to flange contact and it may pose a problem if discretization dx in
longitudinal direction is constant as it may increase computation time
as dx is too small or it may failed to find the contact point as dx is too
big. However, in the Matlab 3D code, the dx is set to constant and the
value are either 0.01mm, 0.05mm, or 0.1mm, these values are chosen
since the target is too make the code converge and able to find the
contact point other than make the computation time as fast as possible.
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6. ANALYN input preparation
The contact position and the shifted and rotated wheel profile are the
outputs of the geometrical contact search and these outputs are used
to make input for ANALYN.

6.1 Undeformed distance calculation

Undeformed distance (separation function) is the distance of the wheel
and rail profile, it is common to use vertical distance of both profile as
an input; however, in this part another approach is used and compared
with the vertical distance.

The approach used is based on Vollebregt’s work in [19], the idea is to
make a coordinate that span along the profile of the wheel and the rail
(s-coordinates), as can be seen in Figure below

Figure 6.1: Illustration of s-coordinates for separation function calcu-
lation, taken from [19].
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The s-coordinates started by using a reference point, in this case the
contact point found in geometrical contact search 3D is used as refer-
ence point. From the reference point discretization length ds is drawn
at the curved profile of the wheel and the rail, using the reference point
as the origin, s-coordinates is created and the distance between nodes
with same s-coordinates at the wheel and the rail is calculated.

The idea of this approach is that by calculating distance between nodes
with same s-coordinates, s-coordinates is formed by the help of the line
connecting two nodes that has inclination average of the normal to the
surface of the wheel and the rail, which means the distance taken is the
normal distance of the wheel and rail surface, as can be seen in Figure
6.1.

The Implementation of this approach in the Matlab code are done as
follows:

1. Use contact point found in Geometrical contact search code as
the reference point.

2. Using the reference point at the wheel profile then draw half cir-
cle with radius ds to the right side of reference point.

3. Find the intersection between the half circle and the wheel profile
and the intersection at the wheel profile is the node.

4. Draw half circle at the new-found node and find the intersection
to the wheel profile to get the second node.

5. Repeat until all the wheel profile at the right side of the reference
point covered.

6. Repeat the same procedure to the wheel profile at the left side of
the reference point.

7. Repeat the same procedure to the rail profile using the contact
point at the rail profile as the reference point.

8. Calculate distance between nodes at wheel and rail profiles that
have same s-coordinates (same n.ds, n = 0, 1, 2... distance from
the reference point).
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The implementation in the code is rather simple; however, the result
is less accurate as bigger ds is used since the ds is supposed to be the
curved length along the profile while the approach used is based on
half circle with radius ds not with curved length ds.

The effect of using this method is that the nodes will have same dis-
tance ds between each other, that is why this method is called equidis-
tant method.

The other separation function calculation that based on vertical dis-
tance between node with same yw position is also implemented in the
code, since these two methods will be compared with each other.

6.2 Longitudinal curvature calculation

The longitudinal curvature calculation is based on effective longitudi-
nal radius as suggested in book [20]. The illustration of effective wheel
radius can be seen in Figure below.

Figure 6.2: Illustration of wheel effective longitudinal radius

The essence of the effective longitudinal radius is that the radius that
is normal to the contact patch is used, since the contact angle δ is not
zero for most cases. The calculation of the effective radius is

Reff (yw) =
Rn(yw)

cos (δ(yw))
, (6.1)
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If the wheel profile that has contact is the principal profile then n = 0

is used in the equation. The relative longitudinal curvature A can be
calculated as

A(yw) =
1

2
(

1

Reff (yw)
). (6.2)

This means for most cases, when the contact angle δ is not zero, the
effective radius is bigger than the wheel radius and thus makes the
calculated longitudinal curvature smaller. This change will affect the
shape of the contact patch as longitudinal curvature is used in the cal-
culation of contact patch length. The calculation of relative longitu-
dinal curvature only affected by the wheel since rail is straight in the
longitudinal direction.

It should be noted here that wheel profile used in this calculation is
only at xw = xn where contact occurs, and n value can be different for
left and right wheel.

Other than relative longitudinal curvature based on wheel effective
radius the method that used wheel radius only is also implemented in
the code since these two will be compared with each other.

6.3 Lateral curvature calculation

The lateral curvature calculation used in the code is making use of
equidistant node used in the separation function calculation.

Figure 6.3: Illustration of lateral curvature calculation

The illustration can be seen in Figure 6.3 shown that using node n and
n+ 1, contact angle δn can be known, and using node n+ 1 and n+ 2,
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contact angle δn+1 can be known. In the calculation lateral curvature
is defined as the speed of change of the tangent line at the profile with
respect to the arc length and it can be defined as

κn =
dδ

ds
=
δn+1 − δn

ds
, (6.3)

with κn as the lateral curvature of the node n at the chosen profile.

Using Equation (6.3) for both wheel profile and rail profile node

κw(yw) =
dδw(yw)

ds
,

κr(yw) =
dδr(yw)

ds
,

(6.4)

the w and r index at the contact angle are index for wheel and rail.
Relative lateral curvature of the wheel and the rail can be calculated
using

B(yw) =
1

2
(κw(yw) + κr(yw)). (6.5)

Just as relative longitudinal curvature calculation, wheel profile used
in this calculation is only at xw = xn where contact occurs, and n value
can be different for left and right wheel.

The implementation of relative lateral curvature in the code is simple;
however, it has disadvantages and one of the most pronounced is that
the result of the calculation is become rougher as arc length ds become
smaller. Even though it has disadvantages, this method is quite fast
due to the fact that it uses constant arc length ds that already calculated
before.

This method will be compared with built-in lateral curvature calcula-
tion in ANALYN. The built-in lateral curvature method in ANALYN
is based on fitting circle to the profiles of the wheel and the rail, the lat-
eral curvature calculated using built-in function in ANALYN resulting
in smooth result.
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7. Results and discussion
Geometrical contact search 3D along with all the codes explained in
Chapter 6 are combined into a MATLAB function code that can be
modified, the function is named geometrical function and the structure
of function code can be seen in the list below.

1. Geometrical contact search 3D.

2. Undeformed distance (separation function) calculation.

(a) Distance between equidistant node based on equal ds dis-
cretization in s-coordinates.

(b) Distance between nodes with same yw position, the distance
is measured vertically.

3. Longitudinal curvature calculation.

(a) Longitudinal curvature calculated based on the effective
wheel radius.

(b) Longitudinal curvature calculated based on the wheel ra-
dius.

4. Lateral curvature calculation.

(a) Lateral curvature calculated based on faster but rough
method as explained in Chapter 6.

(b) Lateral curvature calculated based on slower but smooth
method, built-in inside ANALYN code.

Main code is created to call geometrical function and ANALYN, the in-
puts to the code are the lateral displacement and yaw angle while
wheel profile, rail profile, and track gauge can be modified as long
as the data for the profiles are ready. In addition, shear modulus and
Poisson’s ratio can also be changed.
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It is important to remember that normal force need to be defined at
the main code since ANALYN need normal force or penetration as the
input. Furthermore, as explained in Chapter 3, the tests are done by
comparing two calculation methods on each ANALYN input and the
effect of the yaw angle is also investigated in the test.

All the test are done using S1002 wheel profile with 460 mm nomi-
nal radius, UIC60(1/40) rail profile, standard gauge, and 78500 N of
normal force.

7.1 Undeformed distance calculation com-
parison

The first test is done on the tread side of the right wheel, the lateral dis-
placement is set to 1 mm, and no yaw angle is applied. The illustration
on where the contact located can be seen in Figure 7.1

Figure 7.1: Illustration of the tread contact test, * - contact point loca-
tion.

Using two different methods to calculated undeformed distance, the
result can be seen in Figure 7.2
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(a)

(b)

Figure 7.2: (a) Undeformed distance (separation function) of wheel-
rail profile and (b) Contact patch at the tread contact for different unde-
formed distance calculation (patch origin located at the contact point),
equidistance and vertical distance .
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At the tread contact test, it can be seen that the effect of calculation of
undeformed distance based the equidistant node at the s-coordinates
compared to common discretization at the y-coordinates is small.

If we look at the tread area, the undeformed distances of both methods
are almost the same and both methods begin to show the difference as
the nodes move to the flange area, also it can be noticed that number
of the nodes taken for both methods are different and it is due to the
limiting factor inside equidistant method to exclude nodes at the inner
face and outer face of the rail.

In addition to tread contact, flange contact root is tested, the contact
location can be seen Figure 7.3.

Figure 7.3: Illustration of the flange root contact test, * - contact point
location.

The result of the flange root contact can be seen Figure 7.4
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(a)

(b)

Figure 7.4: (a) Undeformed distance (separation function) of wheel-
rail profile and (b) Contact patch at the flangeroot contact for different
undeformed distance calculation (patch origin located at the contact
point), equidistance and vertical distance .
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Contact patch formed at the flange root contact shows small yet rec-
ognizable difference between both undeformed distance calculation
method, it can be seen that the equdistant nodes patch is wider in y-
coordinates, but narrower in x-coordinates.

However, if we look at the undeformed distance calculation around
the contact point, where the contact patch is formed, the difference
is small, around (10−4 − 10−3)mm. Even though the difference of the
undeformed calculation between two methods is small, it still affects
the contact patch shape and the reason to this is that both method dis-
cretize wheel-rail profile in different way.

The equidistant method discretizes wheel-rail profile along s-
coordinates, as explained in Chapter 6, while the vertical distance
calculation discretize wheel-rail profile based on discretization length
dy along y-coordinates. This means which node at the wheel profile
paired to which node at the rail profile for both methods is different.
This happens due to one method paired node with same s-coordinates
while the other method paired nodes with same y-coordinates.

Furthermore, the difference of which node at wheel profile paired to
which node at rail profile also affects the calculation of the relative lat-
eral curvature which means it is also affecting the shape of the contact
patch.
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7.2 Long. curvature calculation comparison

The first test on the longitudinal curvature calculation is at the tread
contact with wheelset lateral displacement set to 1 mm, and no yaw
angle, the same as shown in Figure 7.1. The result of the longitudinal
curvature calculation can be seen in Figure 7.5.

(a)

(b)

Figure 7.5: (a) Illustration of the longitudinal curvature calculation
comparison using effective and basic wheel radius at wheel tread con-
tact. (b) Longitudinal curvature at the zoomed red box in (a).

The contact patch formed in the tread contact patch can be seen Figure
7.6
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Figure 7.6: Contact patch at the tread contact for different long. curva-
ture calculation, using effective and basic wheel radius..

It can be seen that for tread contact different longitudinal curvature
calculation has minor effect on the shape of the contact patch as the
difference in the longitudinal curvature results are small.

The second test for longitudinal curvature comparison is done on the
flange root contact with wheelset lateral displacement of 6 mm, and
no yaw angle applied, just as in the Figure 7.3. The result of the longi-
tudinal curvature calculation can be seen in Figure 7.7
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(a)

(b)

Figure 7.7: (a) Illustration of the longitudinal curvature calculation
comparison using effective and basic wheel radius at flange root con-
tact. (b) Longitudinal curvature at the zoomed red box in (a).
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The contact patch formed in the flange root contact patch can be seen
Figure 7.8

Figure 7.8: Contact patch at the flange root contact for different long.
curvature calculation, using effective and basic wheel radius.

The effect of different longitudinal curvature calculation on the con-
tact patch is more recognizable in flange root contact, as the difference
in curvature result become bigger as shown in Figure 7.7. This elon-
gated patch in longitudinal direction is become more clear as the con-
tact move towards the flange area, it can be seen in another test done
in the flange area as shown in Figure 7.9.
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(a)

(b)

(c)

Figure 7.9: (a) Flange contact at 6.5 mm lateral shift. (b) Illustration of
the longitudinal curvature calculation comparison using effective and
basic wheel radius at flange contact. (c) Longitudinal curvature at the
zoomed red box in (b).
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The contact patch formed at the flange contact can be seen in Figure
7.10.

Figure 7.10: Contact patch at the flange contact for different long. cur-
vature calculation.

The contact patch is stretched in the longitudinal direction by using
effective wheel radius on the longitudinal curvature calculation and it
happens due to the effect of the contact angle taken in the calculation.
As the contact angle become bigger, the effective radius also become
bigger while the longitudinal curvature become smaller compared to
using basic wheel radius, this then affect calculation of contact patch
length in longitudinal direction for each node in lateral direction in
ANALYN as stated in the Chapter 2.
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7.3 Lat. curvature calculation comparison

The comparison is done by comparing rough and smooth lateral cur-
vature calculation. Furthermore, same equidistant node length ds is
used for the discretization, as can be seen in Figure 7.11.

(a)

(b)

Figure 7.11: (a) Illustration of the lateral curvature calculation compar-
ison at wheel profile and (b) at rail profile using rough and smooth, ds
= 0.2 mm.

The smooth curvature calculation is done by using built-in lateral cur-
vature in ANALYN that based on fitting circle to the curve while the
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rough curvature calculation is done by using method that calculate the
change of profile angle along the curvature length.

It is possible to get smooth lateral curvature calculation using method
based on the change of the profile angle to the curvature length as in
Chapter 6; however, the distance between equidistant node ds need
to be more than 2 mm and thus in this test it is decided that built-
in ANALYN lateral curvature function is used to get smooth lateral
curvature even on small ds.

The built-in method able to get smooth results since it fits a circle to
a curve from position y − dyr to y + dyr and by use relatively big dyr
(compared to ds), it is possible to get smooth result even with small ds.

The tests are done with the wheelset having lateral displacement equal
to 0, 1, and 2 mm and no yaw angle is applied, the equidistant node
distance is set to ds = 0.2mm while dyr = 3mm is used in the smooth
curvature calculation.

The result of first test at zero lateral displacement can be seen in Figure
7.12

Figure 7.12: Contact patch formed at yshift = 0mm using smooth and
rough lateral curvature calculation with ds = 0.2mm .
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There is difference in the lateral length of the contact patch even
though both using same undeformed distance calculation means the
rough calculation get less nodes in y-coordinates that has relative
lateral curvature bigger than zero while the smooth curvature contact
span longer in the lateral coordinate.

The next test at 2 mm wheelset lateral displacement relative to the
track, the result can be seen in Figure 7.13.

Figure 7.13: Contact patch formed at yshift = 2mm using smooth and
rough lateral curvature calculation with ds = 0.2mm .

The opposite of the previous test happen in Figure 7.13, it can be seen
that the smooth lateral curvature calculation get less nodes than the
rough curvature calculation which implies that the trend of rough cur-
vature calculation get less nodes in y-coordinate is not repeated.

Even though the difference of rough and smooth lateral curvature cal-
culation do not seems create that big of difference, there is a case where
rough curvature calculation messed up contact patch estimation as can
be seen in Figure 7.14.
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Figure 7.14: Contact patch formed at yshift = 1mm using smooth and
rough lateral curvature calculation with ds = 0.2mm .

Figure 7.14 shows that rough curvature calculation may cause insta-
bility in the relative curvature calculation between wheel and rail and
thus make the value varying between positive, zero, and negative.
Furthermore, in this case the nodes near the first contact point have
unstable value which make ANALYN moves the boundary of the con-
tact patch so that even the first point of contact is not included in the
contact patch.

ANALYN itself has built-in to make correction in the lateral curvature
calculation as showed paper [3], this function fix the negative rela-
tive lateral curvature that come up inside the contact patch by using
polynomial function to approximate the value. The reason is that com-
pression between wheel and rail profile will change the profile so that
contact is possible between two bodies that previously have negative
relative lateral curvature. However, the correction does not work well
at the test shown in Figure 7.14 since the lateral curvature calculated
before the correction is unstable and such that the polynomial func-
tion approximation still gives negative curvature which makes contact
is not possible.

The rough curvature calculation method based on the change of the
profile angle to the curvature length for each three nodes, that is why
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it varies so much. The method is around four times faster than ANA-
LYN built-in lateral curvature calculation; however, due to its unstable
results the faster calculation time is not worth the risk.

It is possible to make the rough curvature calculation better by cal-
culate the curvature based on ds > 2mm value and then interpolate
the results for nodes with smaller ds so that even at ds ≤ 2mm it still
gives smooth result and still has the advantage of being fast on the
calculation. However, the result might be questionable since interpo-
lation means that the lateral curvature is based on approximation and
it might create other questions like ’is the approximation based on the
interpolation give the real lateral curvature of the wheel and rail pro-
file?’ and ’how to validate this approximation?’.
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7.4 Yaw angle effect

The effect of the yaw angle to the shape of the contact patch formed by
ANALYN is tested for tread, flange root, and flange contact with the
yaw angle set to ψ = (0, 1, 2)o for all the contact cases.

Tread contact is set by setting wheelset lateral displacement to 1 mm
just as in Figure 7.1; however, the contact location is not the same as in
the Figure 7.1 for yaw angle not equal to zero. The result of the contact
patch at the tread contact can be seen in Figure 7.15.

Figure 7.15: Contact patch formed at yshift = 1mm with wheelset
yaw angle relative to the track set to 0◦, 1◦, and 2◦.

The flange root contact is set with wheelset having lateral displace-
ment set to 6 mm as in Figure 7.3, the contact patch can be seen in
Figure 7.16
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Figure 7.16: Contact patch formed at yshift = 6mm with wheelset
yaw angle relative to the track set to 0◦, 1◦, and 2◦.

The flange contact is tested with wheelset lateral displacement set to
6.5 mm as in Figure 7.9a, the contact patch can be seen in Figure 7.17

Figure 7.17: Contact patch formed at yshift = 6.5mm with wheelset
yaw angle relative to the track set to 0◦, 1◦, and 2◦.

The contact patches shown in Figure 7.15, 7.16, and 7.17 are set so that
the contact patch at each yaw angle can be compared with each other
since it might be hard to compare the patch if it has angle with other
patch formed at different yaw angle.

Having positive yaw angle means the wheelset rotate in clockwise di-
rection and that means the contact point at the right wheel is shifted
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longitudinally to the front of the wheelset axis and it also shift laterally
so that it gets closer to the wheelset centre. Knowing this and looking
at the contact patches formed at different yaw angle, it can be seen that
there is no clear pattern can be seen.

This unclear pattern, however, shows that yaw angle as explained in
Chapter 5 affects a lot of aspect of the geometrical input since it change
the wheel profile and rail profile in contact and that means the unde-
formed distance, longitudinal curvature, and lateral curvature calcu-
lation which will define all the variables needed to calculate the shape
of the contact patch are indeed affected by the wheelset yaw angle.
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8. Conclusions
The results presented in previous chapter show that geometrical in-
puts have effect on the shape of the contact patch. The tests are done
to investigate how undeformed distance (separation function), longi-
tudinal curvature, lateral curvature calculations affect the shape of the
contact patch. Furthermore, the effect of the yaw angle is investigated
by first constructing a Matlab code that can take into account the yaw
angle of the wheelset relative to the track in the contact search pro-
cess. However, the effect of yaw angle on the solid mechanics contact
problem, as discussed by Liu in [18], is not addressed in this thesis.

8.1 Undeformed distance

Undeformed distance calculation based on equdistant node in s-
coordinates as suggested by Vollebregt in paper [19] have effect on the
shape of the contact patch. The difference of the suggested method
compared to the common undeformed distance calculation based on
y-coordinate in terms of undeformed distance as function of lateral
position in the tread area is small. It does show comparable difference
in the wheel flange area; however, the biggest effect of the method is
not in the terms of the undeformed distance itself, the biggest effect
is coming from how the suggested method discretize the wheel-rail
profiles. As the suggested method discretize it based on s-coordinates
which means which node at wheel profile paired to which node at
rail profile is different than discretization in the y-coordinate, this
affects the relative lateral curvature calculation as it is based on the
discretization made at undeformed distance calculation. That is why
the contact patch shape is different for both method.

8.2 Longitudinal curvature

Longitudinal curvature calculation is based on effective wheel radius
as suggested in [20] does have effect on the shape of the contact patch.
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The effect of taking into account contact angle in the calculation of ef-
fective wheel radius makes the effective wheel radius bigger than basic
wheel radius at same position, as contact angle is not zero for most of
the case. This affect the shape of the contact patch as the patch be-
come more stretched in the longitudinal direction and compressed in
the lateral direction, the difference is not recognizable in the tread con-
tact; however, as the contact move towards flange side the difference
become clearer especially at the flange contact.

8.3 Lateral curvature

Lateral curvature calculation is compared using method that has
rough results and smooth results and compared to other geometrical
input, this calculation is the most important of all since it affect the
reliability of the contact patch shape estimation in wheel-rail contact
model. It can be seen from the result that rough curvature result might
messed up the contact patch estimation done by ANALYN.

It happens because the relative lateral curvature between wheel and
rail profile are unstable and moving between positive, zero, and neg-
ative value around the contact point and it makes built-in curvature
correction in ANALYN gives negative relative lateral curvature and
thus make contact at the contact point is not possible.

However, if smooth curvature calculation is used that means it is either
taking longer discretization length or using short discretization length
but curvature at each node is calculated based on longer discretization
length. This may affect the estimation of the contact patch and that
is why effective discretization length must be determined first so that
the curvature result is smooth enough and still represent the lateral
curvature of the wheel and rail profile.

8.4 Yaw angle

The effect of the yaw angle on the undeformed surface distance is in-
cluded in the geometrical function code made in Matlab. The contact
search is based on longitudinal contact shift estimation by Wang [17]
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and yawed rail profile calculation by Liu [18]. Contact search com-
bined with geometrical inputs calculation formed the geometrical func-
tion code, this code then used together with ANALYN to give the con-
tact patch shape and the result are compared for different yaw angle.
The yaw angle does effect the contact patch as it changes the wheel and
rail profile taken for the geometrical input calculation, which means
the undeformed distance, longitudinal curvature, and lateral curva-
ture calculation are all affected by the yaw angle.

However, what bigger or smaller yaw angle affect contact patch is can-
not be concluded as it depends on the location of the contact patch
found in the contact search scheme. It is also need to be taken account
that including yaw angle to the calculation increase processing time
especially at the flange contact as shown in Figure 5.9, in the figure at
the flange contact with 1◦ yaw angle, it shift around 20 mm longitudi-
nally which means using longitudinal discretization dx = 0.1mm will
give 201 wheel and rail profile and it is just for the right side. If dx is
too small, then the code is more reliable, but it might take longer time
to solve flange contact but if dx is too big then it might happen that
the code cannot found the contact point. That is why further work
on adapting longitudinal discretization, dx, value might be useful to
improve the processing time of the code.
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9. Future work
There are several options that can be done to continue this project. The
first one is to use the same geometrical input to be used in the CON-
TACT code developed by Kalker, so that the result from this project
can be compared with the method that is commonly referred as com-
plete contact theory.

The second option that can be done is to optimize the 3D contact search
scheme, either by using discretization value that can adapt to the con-
dition or using different discretization density for different area, as
example for area where the contact is estimated to happen then the
number of nodes will be denser compared to other area.

The third option that can be done is to optimize the codes used for
the geometrical input, as example currently the equidistant node that
based on s-coordinates still takes considerably longer time than com-
mon discretization in y-coordinates, as intersection is found manually
for each node in wheel and rail profile. Furthermore, lateral curvature
calculation also can be improved, how can the curvature calculation
give smooth result and still represent the real lateral curvature condi-
tion of the wheel and rail profile.
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