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Abstract — We propose an approach for efficient modeling
of thin carbon nanotube layers for full-wave device simulations
without increasing the number of simulation mesh cells. A surface
impedance, used in computer simulations, is calculated from the
dielectric constant of the material. The dielectric constant is
modeled by a Drude–Lorentz resonance, fitted to experimental
results. The approach allowed to study the nanotube-induced
losses and finite-size resonance effects in optically-controlled,
dielectric rod waveguide-based phase shifters. The correctness of
the model was verified both by the simulated and the measured
S-parameters in the W-band.
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I. INTRODUCTION

Modeling and design of waveguide components at
millimeter-wave and Terahertz (THz) frequencies meet an
increasing interest for a number of applications. Those are
high-speed telecommunications, radar systems, biomedical
imaging and diagnosis, and material spectroscopy [1]–[4].

Hollow rectangular metal waveguides are the most
used in the millimeter-wave frequency region, but their
applications are limited due to metal conduction losses.
Instead, the dielectric rod waveguide (DRW) is a promising
platform for integrated THz and sub-THz systems. Made
of high-permittivity dielectric material, DRWs offer only
dielectric losses, which are considerably lower than those for
the conventional metal waveguides [5]. Several components
based on the DRWs have been proposed up to date such as
passive waveguide couplers [6], antennas and antenna arrays
[7], and traveling-wave amplifiers [8].

Recently, single-walled carbon nanotubes (SWCNTs)
started to be extensively studied and have shown great
potential for THz applications [9]. SWCNTs, together with
other nanomaterials such as nanowires and nanoparticles, are
usually simulated individually or at the small scale from
the quantum mechanics approach [10], [11]. However, for
their integration in electronic and optoelectronic devices, the
typical electromagnetic field solver approach is needed. In
that case, individual nanotube modeling is not possible with
current state of the art simulation software and hardware,
where the processor and memory usage are the limiting factors.
Therefore, these nanomaterials are better represented as a
homogeneous medium with effective electrical and mechanical
properties that can be extracted from experimental data.

In this paper, we propose the modeling of thin SWCNT
layers by a complex, frequency-dependent surface impedance.
This approach permits not only to model the losses due to
the finite conductance of the nanotube layer, but also its
impact on the wave propagation when integrated with dielectric
waveguides. This also allows studying any phase-shifting
effects in the DRW generated by surface impedance variations.
Moreover, this method does not require fine meshing to
model thin SWCNT layers, and thus reduces the simulation
complexity by keeping the number of mesh cells low. This
results in fast simulations times and allows to perform
optimization algorithms for the design of electrically-big
devices.

II. NUMERICAL SIMULATIONS

A. Dielectric Constant

The frequency-dependent, complex dielectric constant of a
homogenous SWCNT layer is modeled by a Drude–Lorentz
oscillator [12]:

ε(ω) = ε∞ −
ω2
pD

ω2 + jΓDω
+

ω2
pL

ω2
oL − ω2 − jΓLω

, (1)

where ε∞ is the high-frequency dielectric constant, j is the
imaginary unit and ω is the angular frequency. The parameters
ωpD and ΓD are respectively the plasma frequency and the
damping constant of the Drude oscillator. The parameters ωpL,
ωoL and ΓL are the oscillator strength, the center frequency
and the damping constant of the Lorentz oscillator.

The first frequency-dependent term on the right-hand side
in (1) represents the free-electron model in metallic SWCNTs,
following a Drude response. The exponential relaxation below
the plasma frequency ωpD leads to high losses at low
frequencies. The second frequency-dependent term on the
right-hand side in (1) represents a Lorentzian resonance. This
term describes the plasmon resonance effect with the central
frequency dependent on the finite length of the nanotubes [13],
[14]. The Drude–Lorentz oscillator in this work was fitted
to experimental measurements, with the initial values taken
from [15] and [16]. The resulting parameters are summarized
in Table 1, while a graphical representation of the complex
dielectric constant in the 67–110 GHz frequency range is
shown in Fig. 1.



Table 1. Drude–Lorentz Oscillator Parameters in cm−1

Oscillator ωp Γ ω0

Drude 2292 67.2 −
Lorentz 101.3 0.114 2.33
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Fig. 1. Drude–Lorentz oscillator model of the thin SWCNT layer — Real
and imaginary parts of the dielectric constant and of the surface impedance.

B. Surface Impedance

The surface impedance Z(ω) is defined as the relation
between the tangential electric and magnetic fields, ~Et and
~Ht, at the interface of two media:

~Et(ω) = Z(ω) · ~Ht(ω) × ~n, (2)

where ~n is the normal vector to the interface. In the case of
a dielectric material, the surface impedance can be written as
function of the complex dielectric constant as following:

Z(ω) =
−1

jωt · (ε(ω) − εhε0)
, (3)

where t is the thickness of the SWCNT layer, ε0 is the vacuum
permittivity and εh is the dielectric constant of the surrounding
medium (vacuum) [15]. The calculated surface impedance is
also shown in Fig. 1.

C. Simulation Model

Full-wave simulations were performed with CST
Microwave Studio 2017. A sapphire DRW with a total length
of 30 mm, including 6 mm-long symmetrical tapers in the
E-plane on both ends and a 1 × 0.5 mm2 cross-section, was
excited by two standard metallic WR-10 waveguide ports as
shown in Fig. 2.

The SWCNT layer was placed on top of the DRW,
modeled as a tabulated surface impedance material with the
complex impedance values calculated from (3). The layer’s
thickness was taken to be t = 30 nm, corresponding to the
measured sample with an optical transparency of 80%. Laser
excitation of the nanotubes was modeled as an impedance

Metal waveguide

CNT layerSapphire DRW

E-plane

Fig. 2. Schematic drawing of the simulated and measured setup. A sapphire
rectangular DRW is supported between two metal WR-10 waveguide ends for
two-port S-parameter measurements. The rod’s top surface is covered with a
thin SWCNT layer, modeled by a surface impedance.
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Fig. 3. Image of the measurement setup: a) in the initial state and b) the
SWCNT layer is directly illuminated by a green laser.

variation, explained by an optically induced carbon nanotube
polarization, corresponding to a capacitance decrease under
illumination as was reported in [17].

III. MEASUREMENT RESULTS AND DISCUSSION

A. Measurement Setup

The sapphire rod was mechanically supported and inserted
in WR-10 metal waveguides, according to the simulation
model, as shown in Fig. 3. The SWCNT layer, with
approximate dimensions of 5 × 0.5 mm2 and with an
optical transparency of 80%, was manually applied from a
nitrocellulose filter onto the top surface of the DRW by dry
transfer, as illustrated in Fig. 4. Full two-port S-parameter
measurements were performed with a Rohde & Schwarz
ZVA-24 Vector Network Analyzer with W-band extension head
modules.

The measured S21 and S11 parameters are shown in Fig. 5
for an empty DRW and the same rod loaded with the SWCNT
layer. The presence of nanotubes introduces high insertion
loss in the lower frequency range as expected due to the
Drude conductivity component, with a peak around 72 GHz
from the Lorentz oscillator. Good agreement is seen between
the simulated and the measured values, with globally higher
insertion loss for the measured ones. This is attributed to
imperfections in the sapphire rod, such as micro-cracks and
edge dents not considered in the simulations, as well as
misalignment of the manually transferred SWCNT layer.

The measured return loss was also larger than the
simulated, even for an empty DRW. This is mostly explained
by defects in the rod and not perfectly symmetrical tapers
due to sapphire machining difficulty. The misalignment of the
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Fig. 4. Images of the SWCNT layer dry transfer method: a) the SWCNTs
on a nitrocellulose filter, b) manual transfer by applying pressure, and c) the
nanotube layer remains on the device.
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Fig. 5. Measured (red curves) and simulated (blue curves) S-parameters of
an empty DRW (dashed curves) and of the same rod loaded with the SWCNT
layer (plain curves).

DRW with respect to the metal waveguides due to manual
positioning increases the return loss as well, and impacts the
repeatability of the measurements.

B. Phase Shifter

The nanotube layer was then illuminated by a green laser
source with a wavelength of 532 nm. The light intensity of
the laser was determined ≈ 9 mW/mm2, measured with a
"Sper Scientific 840011" laser power meter. The S parameters
were measured with and without the illumination. The
difference in their amplitude was negligible (< 0.5 dB), and
the laser-illuminated values are therefore not presented in
Fig. 5. Instead, a change in phase was observed between the
illuminated and the non-illuminated state of the SWCNT layer.
The measured and simulated phase shifts are shown in Fig. 6.
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Fig. 6. Measured (plain curve) and simulated (dashed curve) phase shift in the
DRW due to surface impedance variation by laser excitation of the SWCNTs.

A good agreement between them is observed with a clearly
defined resonance peak around 72 GHz. This measurement
allowed to extract an average nanotube length of ≈ 40µm in
the sample, according to [15]. A slight difference in roll-off is
present with a lower simulated phase shift than the measured
one in the upper frequency range. This could be attributed
to high frequency conductivity components of the SWCNTs
in the THz range such as those described in [13] and [18].
They have not been modeled here, but can be added through
additional oscillators in (1), to the detriment of a more complex
model with a higher number of parameters to fit.

IV. CONCLUSION

The approach presented in this paper allows efficient
modeling of carbon nanotube layers in electromagnetic
simulations of millimeter-wave devices such as phase shifters.
To this end, a frequency-dependent impedance surface is
calculated from the dielectric constant of the material. The
proposed model keeps the simulation complexity low, as the
impedance surface does not increase the total number of mesh
cells, even for very thin material layers.

The correctness of the simulation model is verified by a
good agreement with measured S-parameters’ amplitude and
phase shift of nanotube-covered dielectric rod waveguides in
the W-band. The dielectric constant of the SWCNT layer was
here analytically calculated by a Drude–Lorentz oscillator,
accounting for the high losses in the lower frequency range and
a resonant behavior of the optically-induced phase shift around
72 GHz. By further optimizing the SWCNTs properties, this
approach could enable the design and simulation of wide-band,
low-loss sub-THz phase shifters and other optoelectronic
devices.
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