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Abstract
One of the major challenges in accurately modeling poroelastic materials is the choice of the parameters
required for their modeling, immediately followed by the practical difficulty in obtaining them. The direc-
tional dependencies of the physical properties further complicate the task of designing experimental setups
capable of providing the macroscopic properties. In the work presented here, the focus has been set on the
acquisition of high quality displacement data by means of two high-speed cameras and 3D Digital Image
Correlation. The obtained displacement field, is fed into a general inverse formulation which is guided by an
optimization tool that minimizes the difference between the predicted and the measured data. As a minimum
is found, the corresponding parameters are interpreted as material properties for a certain physical model.
The solutions for each iteration are calculated with numerical prediction tools, in the cases discussed here
the finite element method, where it must be ascertained that the numerical errors are kept to a minimal level.

1 Introduction

Diverse experimental non-contact methods are as of today available to measure the dynamic viscoelastic
properties of porous media with an elastic frame. Many of these methods take advantage of laser Doppler
vibrometers to measure the velocity of a vibrating poroelastic sample [1, 2]. Still, the characteristic strut
thickness of an open cell foam is many times smaller than the typical beam spot diameter of a laser Doppler
vibrometer [3, 4, 5]. This results in the measured velocity being the average velocity of all the points that
happen to be in the region of focus of the laser – an unknown that becomes even more relevant for high-
porosity foams, and may contribute to the poor reproducibility observed in previous inter-laboratory tests [1,
2].

With the aim of estimating the dynamic properties of anisotropic poroelastic materials, the team of the au-
thors has previously model-fit a series of transfer functions measured on a melamine foam sample, exploiting
the fact that many porous materials can be modeled as anisotropic viscoelastic solids when placed in vac-
uum [6, 7]. The setup used for such experiments is shown in Figure 1: the material sample is mounted on a
stiff foundation connected to a shaker emitting a monochromatic signal, and transfer functions are computed
between the reference point r0, where a uniaxial accelerometer is mounted, and the points ri,j (i, j = 1, 2)
on top of the seismic mass, where the velocity is measured with a laser Doppler vibrometer.

While insightful, such a measurement gives limited information regarding the shear-compression and shear-
shear coupling between stresses and strains in the material. The setup is then revisited, with the new arrange-
ment shown in Figure 2: the amount of input data is extended from four points on top of the seismic mass
to a full, three-dimensional vector field spanning the four exposed sides of the sample and the foundation.
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Figure 1: Original setup as used in [7]. The foam sample (in light gray) is placed between a shaker and a
seismic mass. An accelerometer measures at point r0, and a laser vibrometer at points ri,j (i, j = 1, 2).

To the knowledge of the authors, such an approach has not been attempted to date. Such experimental setup
is described in Section 2. The measured transfer functions are compared to the output of a model, based
on an augmented Hooke’s law and described in Section 3, whose parameters are varied by an optimization
routine, presented in Section 4, until convergence is reached. Three transfer functions, representative of the
frequency-dependent behavior of the material, are shown in Section 5.
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Figure 2: Proposed setup for the present approach. The displacement of the foam sample is computed over
its whole external surface using an optical system. The displacement of the base (marked with a speckle
pattern) is computed by the same optical system.

2 Data acquisition

The experimental setup, whose components are thoroughly described in [8], is here briefly presented for the
sake of self-containedness. Similarly, refer to [9] for a much more detailed description of the post-processing
undergone by the displacement fields in order to get usable transfer functions.
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2.1 Experimental setup

A pair of high-speed cameras records the sample and the foundation, mounted on an electrodynamic shaker
excited with a monochromatic signal. The whole shaker assembly is placed in a vacuum chamber, along with
a rotation stage that allows for the rotation of the sample without having to open the vacuum chamber. The
high-speed cameras are situated outside the vacuum chamber, and look at the sample through a transparent
poly(methyl methacrylate) window. A laser vibrometer is used to perform a preliminary auto-ranging and
to try to ensure that the sample has reached steady state conditions. All the frequencies of interest are
spanned randomly, in order to decouple frequency-induced trends from trends that might be due to changes
in environmental conditions while the measurement is ongoing. The pressure in the vacuum chamber is
automatically kept below a set threshold by a microcontroller, also responsible for turning on the lighting
unit only for the time the cameras are actually filming. Such a short exposure time is necessary to avoid
motion blur and acquire at a high enough frame rate. The data acquisition process is completely automatic,
allowing for high repeatability and reproducibility of the results.

Figure 3: A sample mounted on the shaker in the vacuum chamber (left), and the whole setup during a
measurement with the light on and both the high-speed cameras and the laser vibrometer visible (right). The
shaker sits on a stepper motor (non visible, inside the wooden block), while the stepper motor responsible
for the translation of the calibration plate used by the cameras is clearly visible along with the whole linear
actuator assembly.

2.2 Data analysis

The displacement fields produced by the Digital Image Correlation are not polished enough to be directly
used: the algorithm may locally fail due to specular reflections in the open cells of the foam, and the coordi-
nate system in which the data is obtained is not relative to the sample but to the initial view of the calibration
plate. For every frame then, principal component analysis is performed on the height map of the foundation,
assumed non-deformable, and the data is transformed in a coordinate system that is at all times referred to
the foundation. Interpolation is used whenever information is missing, and data points that are deemed of
low quality (i.e. data points where the Digital Image Correlation has failed for most of the frames) are dis-
carded. A pure sinusoid is fit to every displacement time series, as the solution of a non-linear optimization
problem where the parameters to be found are its amplitude, frequency, phase and offset – see Figure 4 for
an example. As a consequence, computing transfer functions reduces to a complex division of the phasors
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expressing the motion of the sample with the phasors representing the motion of the foundation.
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Figure 4: Vertical displacement of a subset of the foundation, as computed by the DIC algorithm using 50
frames. An initial guess for a best fitting cosine is performed using a Fast Fourier Transform to estimate
frequency and phase, the standard deviation as an estimator of the amplitude and the mean value as an
estimator of the offset. Such guess is fed to a non-linear optimization algorithm, and the best fitting cosine
is found.

3 Model of the material

3.1 Constitutive equation

The constitutive laws for fluid-saturated porous materials may be derived as a special case of Biot’s equations
for anisotropic porous materials including a solid and a fluid phase [10]. The solid and fluid phases are
assumed independent and spatially homogeneous at scales of wavelengths much larger than the pore size.
For a porous material under vacuum conditions with zero pressure, a Hooke’s law can be used to provide
a causal representation of the stiffness matrix of the materials with a linear superposition of an elastic part,
accounting for the frequency-independent fully relaxed state of the material, and an anelastic part, accounting
for frequency-dependent reversible viscoelastic deformation. This has been used in the past in order to
estimate various properties of the frame of porous materials without the influence of air [11, 12, 13, 7]. The
simplified fractional derivative approach in [7] is used here. The constitutive equation of the anisotropic
materials in the frequency domain is thus given by

σi(ω) = Hij(ω)εj(ω), (1)

with

σ = [σ11 σ11 σ22 σ33 σ12 σ13 σ23]
T , (2a)

ε = [ε11 ε11 ε22 ε33 2ε12 2ε13 2ε23]
T , (2b)
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where ω = 2πf is the circular frequency. The components of the frequency-dependent stiffness matrix are
given by

Hij(ω) = Cij +
Bij (iω/β)

α

1 + (iω/β)α
, (3)

where Cij denotes the components of the fully relaxed stiffness matrix, α is the fractional derivative order, β
is the relaxation frequency in rad·s−1. The stiffness matrix provides a model of the deformation of the mate-
rial as a superposition of its fully relaxed state and a complex frequency-dependent relaxation phenomenon.
In general, a given material may present different types of anisotropy in the elastic and anelastic phenomena.
However, both phenomena share the same microstructural geometry and therefore it is here assumed that the
elastic and anelastic parts of the stiffness matrix are collinear,

Bij = bCij , (4)

where b is a real scalar constant. Then the final form of the stiffness matrix is [7]

Hij(ω) = Cij

(
1 +

b (iω/β)α

1 + (iω/β)α

)
, (5a)

Hij(ω) = H
(R)
ij + iH

(I)
ij , (5b)

where H(R)
ij and H(I)

ij are respectively the real and imaginary parts of the complex Hooke’s matrix H(ω).

3.2 Constraints

The Hooke’s matrix must be positive definite according to the second law of thermodynamics, thus the real
part of the Hooke’s matrix must satisfy the following constraints [14],

H
(R)
ii > 0, i = 1, ..., 6, (6a)

gj(H
(R))− 1 < 0, j = 1, ..., 4, (6b)

det(H(R)) > 0, (6c)

b > 0, α > 0, β > 0. (6d)

with

g1 =
(H

(R)
23 )2

H
(R)
22 H33

, g2 =
(H

(R)
13 )2

H
(R)
11 H33

, g3 =
(H

(R)
12 )2

H
(R)
11 H22

(7a)

g4 = g1 + g2 + g3 − 2
H

(R)
12 H

(R)
23 H

(R)
31

H
(R)
11 H

(R)
22 H

(R)
33

. (7b)

4 Inverse Estimation

The anisotropic model has 21 material properties and 3 anelastic parameters to be inversely estimated, as-
suming material symmetries in Eq. 3, which are gathered in the form

x = [C11 C12 C22 C13 C23 C33 C14 C24 C34 C44 C15 C25 C35 C45 C55 C16 C26 C36 C46 C56 C66 b α β] (8)

Hence, the model has a 24-dimensional space parameter x. The material properties of a given material are
defined as a set x that minimizes a distance in such space between the model and the experiment. The
objective function is defined by minimizing the distance as

d(x) =
M∑

m=1

N∑

n=1

∥∥∥um(ωn,x)− u
(exp)
m (ωn)

∥∥∥
2

∥∥∥u(exp)
m (ωn)

∥∥∥
2 , (9)
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where M transfer functions are extracted from the measurement and replicated using the model, N is the
number of frequency points of each transfer function, and u(exp)

m and um respectively denote the experimental
and simulated transfer functions of the displacement deformations in x, y, and z direction including real and
imaginary parts. The objective function, formulated in terms of a relative difference, gives equal importance
to all frequency samples in the transfer functions.
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Figure 5: A flowchart illustrating the inverse estimation framework.

Figure 5 shows a flowchart of the inverse estimation framework. The globally convergent method of moving
asymptotes (GCMMA) has already been successfully used for the optimization [15, 16, 17]. The finite
element model that numerically simulates the experiment is included within the optimization as a subroutine
providing the transfer functions, where the stiffness matrix of the material is updated at each iteration. A
set of displacements on four observed surfaces ( x−, x+, y−, and y+) extracted from the experimental setup
are used as the target transfer functions. The deformations of the numerical model are extracted at the same
position as they are measured in the experiment, in order to build the objective function that minimizes the
distance in between them. The algorithm is considered to have converged to an optimal solution if both the
objective function and the optimization variables vary less than 10−3 in 3 successive iterations.
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5 Preliminary results

The measurement system is able to resolve displacements in three dimensions both for the foundation and
the sample, giving rise to 9 transfer functions to be computed for each subset of pixels on each face of the
sample.

For the illustrative purpose of this work, the direction in which the shaker operates defines the vertical Y
axis, and the face of the sample that is observed by the cameras defines the XY plane.

After having checked that the foundation effectively moves mainly along one direction (i.e. the vertical, Y
direction), the phasor describing the vertical displacement of each pixel subset on the sample is divided by the
average of the phasors describing the vertical displacement of the foundation. The result of this operation is
close to what would be ideally obtained by a completely resolved material model where a unit displacement
is imposed on the foundation.

The excitation frequency is determined as the frequency of the best fitting cosine on the excitation signal that
is fed to the power amplifier driving the shaker. The aperture of the normalized displacement field resolved
by the data processing routine measures less than the nominal 20mm, which is the original dimension of
the side of the cubic sample. This is due to the fact that the data processing routine excluded the points
near the edges of the samples, where the Digital Image Correlation gave inconsistent results. Decreasing the
dimension of the subsets on which to run the Digital Image Correlation leads the aperture of the displacement
field to better approximate the actual sample size. A bigger subset size has been chosen for its reduced
computational time, given the purely illustrative purpose of these results.

Three distinct behaviors of the sample can be observed.

At 50 Hz the face of the sample under observation does not deform to any quantifiable extent, and moves
perfectly in phase with the foundation exactly as much as the foundation. The amplitude of the transfer
function is 1 for every subset, and there is no phase lag.

At ≈ 200 Hz the phase lag is constant and the observed face of the sample stretches so much that its topmost
edge moves ≈ 8 times as much as the foundation. The normalized amplitude at the edge that is closest
to the foundation is 1, as it should be because of the continuity of displacement.

At 280 Hz the behavior of the observed face is more complex: while the edge closest to the foundation
keeps obeying the continuity of displacement, the central part of the sample does not move at all. Its
top part instead displaces vertically twice as much in opposite phase.

6 Conclusions

The basis have been set for a framework potentially able to fully characterize the anisotropic-anelastic prop-
erties of porous materials, building on a less complex version of the same framework successfully employed
in the past by the team of the authors. The increased resolving power of full-field measurements based on
Digital Image Correlation, along with the automation implemented in the test rig and the subsequent data
processing, effectively produces transfer functions that well fit into the aforementioned framework.
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Figure 6: Transfer functions relating the vertical displacement of each subset of one face of the sample with
the average vertical displacement of the foundation.
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