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Abstract
Modern sound packages often feature coatings which are, in most cases, made of porous media. Their
potentially strong impact on the acoustic performance underscores the need to include them in simulations
although their small thickness is an obstacle to precise characterisation. The usual physical models for
poro-elastic and porous media are either too crude to correctly account for the film effects (equivalent fluid,
limp, etc.) or may seem over-refined for the task (Biot theory). In this paper, a simplified approach based
on a transfer matrix representation and the Biot theory is presented and tested. It includes assumptions on
the evolution of fields in the films and lead to a sparser transfer matrix than the usual Biot model. The
proposed expression is shown to be accurate for a wide range of films and even outperforms other simplified
representations in some cases (for instance in a stochastic context).

1 Introduction

Over the last years, the acoustics community devoted an important effort to the development of more efficient
sound packages. The proposed strategies to mitigate noise often rely on the same design paradigm: a set
of layers are arranged and tuned to form an absorbing panel. In these panels, one may distinguish the core
(where most of the absorption occurs) from the other components (support, glue, coatings, etc.). The core has
been the object of most contributions recently and different strategies emerged to improve its performance.
For instance, some used the anisotropy inherent to poroelastic materials (PEM) as an advantage and tried
to optimise the orientation of the different layers [1], others embedded (resonant) structures periodically to
create meta-poroelastic materials [2, 3, 4], etc.

Independently from the type of core it uses, a sound package often bears coatings on its free surfaces.
Serving protective or aesthetic purposes in most cases, these coating are thin (sub-millimetre) permeable
layers (woven or not) bonded onto the absorber. Despite their size, the coatings tend to have a rather strong
impact on the acoustic response [5] and thus must be included in the simulations. Their geometry and usual
range of properties render their characterisation impractical though, and considerably lowers the confidence
in the measurements of some parameters.

The available models for films have evolved a lot during the years, Pierce for instance was aware of the impor-
tance of the resistive effect and proposed to use a pressure jump approach [6]. The only parameter at the time
was the flow based on power law such as the renown Delany-Bazley model (DB, see resistivity of the PEM
which was already central to earlier empirical models from Delany and Bazley [7, 8]). Other approaches to
model the dissipative effects emerged in the meantime and particularly, the Johnson-Champoux-Allard de-
scription (JCA, see Refs. [9, 10]) that provided semi-phenomenological expressions for a rigid-frame porous
material. This approach was designed to be used in conjunction with the broaderly scoped Biot theory
which describes both motion and stresses in the fluid and solid phases including the complex couplings at
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play [11, 12].

While able to capture many effects accurately in a general PEM, the Biot theory seems slightly over-refined
for very thin and plane layers. Indeed, one may argue that the complex interactions between the elastic and
acoustic waves described by Biot will not actually take place along such short propagation lengths. The main
advantage of this complete model is then to correctly account for the change of boundary condition between
the core and surrounding media.

While others proposed alternative forms of the Biot equations including assumptions based on the typical
properties of PEM [13], the present contribution intents to present a model based on the Biot theory assuming
very short propagation paths and decoupling of some physical effects.

The model is introduced in section 2 and tested against Biot’s theory in section 3. Section 4 challenges the
proposed model in a stochastic context, comparing the generated envelope curves for one varying parameter
with other models from the literature. Although incomplete, this opens the discussion about the use of sim-
plified model to account for the effects of imperfect characterisation of the films most important properties
in later works.

In this document, a positive (ejωt) time convention is assumed and all phenomena are considered time-
harmonic. The quantities typeset in bold face are vectors or matrices and j =

√
−1 which denotes the

imaginary number. The document makes use of the Einstein convention on repeated indices and a subscripted
comma followed by an axis denotes a partial derivative along this axis (e.g. gradu = ui,i).

2 Deriving the simplified model

The system under study is a plane poro-elastic material layer of infinite extent in the (x, y) plane and of
thickness d � 1. In the present case, the model chosen for the film is the {us,ut} form of the Biot
equations [14] which uses the total and solid displacement fields (resp. ut and us) to represent the acoustic
behaviour. This formulation then defines two motion equations which, under time-harmonic assumption,
read:

σ̂ij,j = −ω2ρ̃su
s
j − ω2ρ̃eqγ̃u

t
j , −p,j = −ω2ρ̃eqγ̃u

s
j − ω2ρ̃equ

t
j (1)

and two constitutive laws:

σ̂ij = Âusk,kδij +N
(
usi,j + usj,i

)
, p = −K̃equ

t
k,k (2)

where σ̂xz and σ̂zz are the shear and compression components of the in-vacuo stress tensor, us,ti (with
i = x, z) are the components of the solid and total displacement fields and p is the interstitial pressure.
Concerning the other variables, ρ̃s and ρ̃eq are densities, γ̃ an fluid/solid coupling parameter, Â and N the
Lamé parameters (sometimes combined as P̂ = Â + 2N ), K̃eq is a compressibility and δij the Kronecker
symbol. Note that ρ̃eq and K̃eq are equivalent fluid parameters.

A strategy to obtain a transfer matrix model of a poro-elastic slab is to rely on the so-called Stroh formalism
which consists in rewriting (1) and (2) as a first order partial differential equation in the state vector s along
z:

s,z = −αs, with s =
{
σ̂xz, u

s
z, u

t
z, σ̂zz, p, u

s
x

}T (3)

where each component of the state vector s implicitly depends on z and α is the so-called state matrix
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introduced in appendix A.1 of Ref. [15]:

α =




0 0 0 jkx
Â
P̂

jkxγ̃ − Â2−P̂ 2

P̂ 2
k2x − ρ̃ω2

0 0 0 1
P̂

0 jkx
Â
P̂

0 0 0 0 1
K̃eq

+ k2x
ρ̃eqω2 −jkxγ̃

jkx −ρ̃sω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

1
N jkx0 0 0 0




(4)

Solving this equation between the two sides of the layer (0 and d) leads to a transfer matrix expressed as a
matrix exponential:

s(0) = T (d)s(d), with T (d) = exp(−dα) (5)

Considering the small thickness of the film (d� 1), one may use a first order Taylor expansion around d = 0
to get a linear approximation of the propagation phenomenon:

T (d) ≈ I − dα+O(d2) (6)

Such an expansion reduces the description of the propagation in the layer to a value jump for each field, pro-
portional to the thickness d of the layer. Simplifying this model further implies identifying the components
of the transfer matrix T which can be neglected.

Denoting by ks the largest wave number in the layer (i.e. ks > kx,s) which often correspond to the solid-
borne compressional wave and considering the first constitutive equation in (2) it comes:

|σ̂xz| 6 2Nks(u
s
x + usz), |σ̂zz| 6 ks

(
P̂ usz + Âusx

)
(7)

Substituting the expressions of us from the expanded transfer matrix (6), it is easily shown that:

|usz(0)− usz(d)| 6 ksd

(
usz(d) + 2

Â

P̂
usx(d)

)
, |usx(0)− usx(d)| 6 ksd

(
2usz(d) + usx(d)

)
(8)

Provided that the thickness d or the frequency is small enough to have ksd � 1, it can be considered that
us(0) ≈ us(d). This allows to neglect all terms from lines 2 and 6 of α in (6).

It is proposed as well to assume that two other effects are irrelevant in thin films: the influence of the satu-
rating fluid on in-vacuo stresses and the coupling between tangential stresses and the normal displacement.
These two assumptions lead to cancel T14, T41, T15 and T36.

The last proposed simplification consists in neglecting the tortuosity effects in the film, setting α∞ = 1. This
is supported by considered the small thickness and usual topology of the perforations (see-through coatings).
Assuming such a property and using a low frequency approximation, one gets simplified expressions for the
JCA equivalent fluid parameters:

K̃eq ≈
P0

φ
, ρ̃eq ≈

ρ0
φ

+
σ

jω
(9)

Note that the imaginary part of ρ̃eq corresponds to the pressure jump model proposed by Pierce [6] and that
the real part is a correction term that mainly has an impact at high frequency. The simplified expression for
K̃eq correspond to the isothermal limit of this parameter.
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Figure 1: The two considered configurations featuring: a) a film directly laid on a rigid backing; b) an
inserted, 20mm thick PEM.

Table 1: Physical parameters of the foam and films used in the validation cases of section 3. The woven and
non-woven films parameters come from Ref. [16], the screen parameters from Ref. [17], Table 11.4 (Screen
2).

Parameters (unit) Foam Woven Non-woven Screen
φ 0.994 0.72 0.04 0.8
σ (N·s·m−4) 9045 87·103 775·103 3.2·106

α̃∞ 1.02 1.02 1.15 2.56
Λ′ (µm) 197 480 230 24
Λ (µm) 103 480 230 6
ρ1 (kg·m−3) 8.43 171 809 125
ν 0.42 0 0.3 0.3
E (Pa) 194.9·103 50·103 260·106 2.6·106

η 0.05 0.5 0.5 0.1

These approximations lead to the following simplified transfer matrix:

T (d) = I − d




0 0 0 0 0 − Â2−P̂ 2

P̂
k2x − ρ̃ω2

0 0 0 0 0 0

0 0 0 0 − 1
K̃eq

+ k2x
ρ̃eqω2 0

0 −ρ̃sω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

0 0 0 0 0 0




(10)

3 Agreement with Biot theory

In order to systematically validate the proposed approach, the results are compared with those given by a full
Biot model (as defined in Ref. [15]). The configurations considered (rigid- and PEM- backing) are depicted
in Figure 1 and are tested for two kinds of films (woven and non-woven). The material properties for the
backing foam and the different films are given in Table 1. The angle of incidence θ is varied from 0°to
89°and the frequency from 10 to 4000 Hz. The graphs on Figure 2 then show the evolution of the error
ε = |αbiot − αscreen| between the absorption coefficients computed with a complete or simplified model.

In the error maps of Figure 2, one clearly sees that the error, even if remaining low, increases with the
incidence angle for both films. This effect is particularly seen on graphs 2.a and 2.b but is smoothed out
by the absorption of the PEM on the other two. On these though one see a sudden rise of error near the
resonance frequencies of the system. This effect is explained by the fact most of the elastic effects were
neglected and some coupling are not accounted for in the simplified model albeit normally triggered at these
frequencies. Figure 2.c shows as well an error increase when the frequency goes up which is linked to the
approximations of the equivalent fluid properties ρ̃eq and K̃eq.
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Figure 2: Evolution of the relative error in the (f, θ) plane. Left: (a. and c.) non-woven film; Right (b. and
d.): woven film. Top: (a. and b.) configuration as in Figure 1.a; Bottom: (c. and d.) configuration as in
Figure 1.b.

4 Ranged-defined parameters

The simplified model proposed in the present work was in the first place developed for statistical analysis.
The films being difficult to characterise, the measured properties comes with low confidence and they may
change vastly between samples. This effect associated with the potential strong impact films have on the
response of system requires to consider the envelope curves of the response in place of a single plot.

In this second validation case, the proposed model is compared to the complete Biot model as for the preced-
ing section but also to the so-called Limp model. This approach is based on the hypothesis that the material
rigidity is negligible and leads to neglecting the term σ̂ij,j in Equation (1). The result is a one compressional
wave model that is similar to an equivalent fluid with the same compressibility K̃eq and the density ρ̃limp
defined as [14]:

ρ̃limp = ρ̃eq
ρ̃s − γ̃2ρ̃eq

ρ̃s
, (11)

where the expressions of ρ̃eq and K̃eq are the complete ones [17]. Note that this model does not suppose a
motionless skeleton and includes the fluid-related inertial effects.

This validation case considers a situation where the flow resistivity is a random variable following a normal
paw. The draws are centred on the characterised value with a standard deviation of 10%. The statistical
parameters are computed from 200 draws and the generator is reseeded between each film and each model.
Figure 3 shows the standard deviation of the absorption coefficient for configuration shown in Figure 1.b
(inserted PEM) for all three models

It is observed that both the simplified and limp models give similar results for two of the films but differs in
the last case. Indeed, the (denoted Screen in Table 1) film is stiffer and this breaks the hypothesis underlying
the limp approximation though the proposed model keeps up with the reference.

A similar trend is seen on the standard deviation of the envelope where, for these films, both the reference
and proposed models agree while the limp model is inaccurate over the whole range. For a very soft veil
such as the woven one though, as the proposed woven film, the limp model performs better, staying closer
to the reference while the proposed approach drifts away as the frequency increases. Despite not fitting the
reference exactly as precisely as the limp model, the proposed approach remains reasonably accurate.

5 Conclusion

In this work, a new simplified model for acoustic screen is proposed and tested. It is demonstrated that
important assumptions on fields decoupling and parameters allow to drastically simplify the transfer matrix
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Figure 3: Figures generated for the films of Table 1 and the configuration of Figure 1.b at θ = 60◦ and with
σ drawn from a normal distribution centred on the characterised value with a standard deviation of 10%.
Left: Absorption coefficients and envelopes (the reference’s is hatched). Right: standard deviation of the
envelopes.

while still providing a reasonable accuracy. Initially developed for stochastic applications, the model is tested
in the case of a parameter drawn from normal law. This test case shows that the results how the proposed
models are comparable to those of a limp model for soft films and show a better accuracy for stiffer films.
Although a more detailed study must be performed regarding the behaviour of the proposed model in a
stochastic context, these preliminary results are encouraging for further application in such contexts.
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