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Abstract

The dispersion property of periodic structures is a hot research topic in the last decade.
By exploiting dispersion properties, one can manipulate the propagation of electromag-
netic waves, and produce effects that do not exist in conventional materials. This thesis
is devoted to two important dispersion effects: negative refraction and designed surface
plasmons.

First, we introduce negative refraction and designed surface plasmons, including a
historical perspective, main areas for applications and current trends.

Several numerical methods are implemented to analyze electromagnetic effects. We
apply the layer-KKR method to calculate the electromagnetic wave through a slab of
photonic crystals. By implementing the refraction matrix for semi-infinite photonic crys-
tals, the layer-KKR method is modified to compute the coupling coefficient between plane
waves and Bloch modes in photonic crystals. The plane wave method is applied to obtain
the band structure and the equal-frequency contours in two-dimensional regular photonic
crystals. The finite-difference time-domain method is widely used in our works, but we
briefly discuss two calculation recipes in this thesis: how to deal with the surface termina-
tion of a perfect conductor and how to calculate the frequency response of high-Q cavities
more efficiently using the Padè approximation method.

We discuss a photonic crystal that exhibits negative refraction characterized by an
effective negative index, and systematically analyze the coupling coefficients between plane
waves in air and Bloch waves in the photonic crystal. We find and explain that the
coupling coefficients are strong-angularly dependent. We first propose an open-cavity
structure formed by a negative-refraction photonic crystal. To illuminate the physical
mechanism of the subwavelength imaging, we analyze both intensity and phase spectrum
of the transmission through a slab of photonic crystals with all-angle negative refraction.
It is shown that the focusing properties of the photonic crystal slab are mainly due to the
negative refraction effect, rather than the self-collimation effect.

As to designed surface plasmons, we design a structured perfectly conducting surface
to achieve the negative refraction of surface waves. By the average field method, we obtain
the effective permittivity and permeability of a perfectly conducting surface drilled with
one-dimensional periodic rectangle holes, and propose this structure as a designed sur-
face plasmon waveguide. By the analogy between designed surface plasmons and surface
plasmon polaritons, we show that two different resonances contribute to the enhanced
transmission through a metallic film with an array of subwavelength holes, and explain
that the shape effect is attributed to localized waveguide resonances.

Keywords: photonic crystal, dispersion property, negative refraction, surface plasmon
polariton, designed surface plasmon, negative index material, layer-KKR method, finite-
difference time-domain method, plane wave method, subwavelength imaging, open cavity,
enhanced transmission, slowing light.
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Chapter 1

Introduction

1.1 Background

Nature provides a great variety of materials, but some special properties cannot
exist (or at least cannot be directly found) in natural materials. In the last 20 years,
some novel artificial materials with special properties were developed in the field
of electromagnetics and optics. A common characteristic of these novel artificial
materials is that they gain the special properties from their structure rather than
directly from the composition. Thus some of them are referred to as metamaterials,
to distinguish them from natural materials.

A periodic structure is a basic element in these kinds of artificial materials, and
there are several landmarks in the development of periodic artificial materials:

• In 1987, Yablonvitch [1] and John [2] independently proposed the photonic
band gap in periodic structures, which can forbid the propagation of a certain
frequency range of light. Later on, this kind of periodic structure is called
photonic crystal.

• In 1996 and 1999, Pendry et al. theoretically showed periodic array of con-
tinuous wires and split-ring resonators have negative effective permittivities
[3] and permeabilities [4] in the GHz region, respectively.

• A negative index material is a kind of material with both negative perme-
ability and negative permittivity. In 2000, Smith et al. achieved a negative
index material based on a periodic array of split-ring resonators and continu-
ous wires, which can exhibit a frequency region in the microwave regime with
simultaneously negative values of effective permeability and permittivity [5].

1



2 Chapter 1. Introduction

• In 2004, Pendry et al. proposed that a perfectly conducting surface with an
array of drilled holes can support a surface-plasmon-like wave, which is called
a designed surface plasmon [6].

In periodic structures, electromagnetic fields exist in the form of Bloch modes.
Dispersion engineering is a technique that special dispersion relations of Bloch
modes are exploited to manipulate the propagation direction of light and produce
some effects which are impossible with conventional optics, e.g. super-prism, self-
collimation, and negative refraction. In this thesis, we focus on two important
dispersion properties in periodic structures (or photonic crystals): negative refrac-
tion and designed surface plasmons.

1.2 Scope and structure of this thesis

This thesis is based on six research papers that have been published to international
research journals. Our works are either the theoretical explorations to these two
dispersion properties or the designs of novel optical/microwave devices based on
these properties.

In Chapter 2, we explain the main concepts of negative refraction and designed
surface plasmons, including a historical perspective, main areas for applications and
current trends.

Because usually there are no analytical solutions in complex periodic structures,
numerical methods need be implemented to solve electromagnetic problems. In
Chapter 3, three numerical methods used in this work are described: the layer-KKR
method, the plane wave method, and the finite-difference time-domain method.

Our works about negative refraction are presented in Chapter 4: (i) We discuss
a negative-refraction photonic crystal, which can be characterized by an effective
negative index. We analyze the coupling coefficients between plane waves in air and
Bloch waves in the photonic crystal. The goal of this work is to estimate whether
the photonic crystal with an effective negative index can be treated as an isotropic
negative index material. (ii) Because it is still a challenge to fabric a negative in-
dex material in the optical region, we attempt to design an open cavity by using a
negative-refraction photonic crystal instead of a negative index material. (iii) Al-
though a slab of photonic crystal with all-angle negative refraction has been used to
achieve subwavelength imaging, the physical mechanism behind the subwavelength
imaging still need be clarified. To illustrate the physical mechanism, we analyze
both intensity and phase spectrum of transmission through a slab.

In Chapter 5, we discuss designed surface plasmons: (i) We seek a structured
perfectly-conducting surface to achieve the negative refraction of surface waves. We
also use a slab of this structured surface to obtain subwavelength imaging. (ii) A
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surface plasmon waveguide is a novel component for integrate optics or nonlinear
optics. But in the microwave region metal is usually treated as a perfect conductor,
and a metal-dielectric surface cannot be used as a waveguide to support the surface
plasmon polaritons. Even so, we propose that a perfectly-conducting surface drilled
with one-dimensional periodic holes can be used as a designed-surface-plasmon
waveguide. (iii) Recently, the enhanced transmission through a metal film with an
subwavelength-hole array has attracted tremendous interests. The shape effect in
the enhanced transmission phenomena was observed experimentally, but no physical
explanation was given. By the analogy between designed surface plasmons and
surface plasmon polaritons, we show that two different resonances contribute to the
enhanced transmission, and explain that the shape effect is attributed to localized
waveguide resonances.

Chapter 6 includes the conclusion and future work. In Chapter 7, the author’s
contributions to each paper are summarized.





Chapter 2

Negative refraction and designed
surface plasmons

2.1 Photonic crystals

In 1987, Yablonvitch [1] and John [2] proposed that the density of photonic states
can be modified in periodic structures. This was the birth of a new field in the elec-
tromagnetics: photonic crystals. In solid state physics, the periodically distributed
potential in crystals can cause electronic band gaps, which forbid electrons to oc-
cupy any energy in these gaps. By analogy with the electron case, the periodically
distributed refractive index can result in frequency band gaps for electromagnetic
waves, which can forbid the propagation of a certain frequency range into photonic
crystals. When the frequency band gap is in the optical (or microwave) regime,
it is referred to as photonic band gap (or electromagnetic band gap). In general,
photonic crystals are periodic dielectric or metal-dielectric structures which have
band-gap properties or some special dispersion relations, e.g. a two-dimensional
photonic crystal slab [Fig. 2.1(a)] and a plasmonic metamaterial [Fig. 2.1(b)].

Due to many important potential uses, the research of photonic crystals is one
of the most rapidly growing research fields. In the first ten years, the researches
surrounding photonic crystals concentrated on the band-gap property, or introduc-
ing line or point defects in photonic crystals to give rise to waveguides or cavities.
There are a lot of great applications based on band gap properties, e.g. low-loss
omnidirectional reflectors [7, 8], photonic crystal slab waveguides [9–11], photonic
crystal lasers [12–14], high-efficient light-emitting diodes [15, 16], photonic crystal
fibers [17], the photonic crystal waveguide with sharp bends [18], high quality fac-
tor microcavities [19], channel drop filters [20, 21], coupled-resonator waveguides
[22], photonic crystal antennas [23, 24], and slowing light by using photonic crystals
[25, 26].

5



6 Chapter 2. Negative refraction and designed surface plasmons
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Figure 2.1: (a) SEM photograph of a two-dimensional photonic crystal slab (cour-
tesy of Ziyang Zhang); (b) a plasmonic metamaterial: a perfectly conducting surface
with an array of drilled holes.

In fact, besides the band-gap properties, photonic crystals have some special
dispersion relations (not in the band gap region), which can be used to control the
propagation of light. Our researches concentrate on the dispersion properties. In
following, we introduce the dispersion properties in detail.

2.2 Dispersion properties in photonic crystals

Figure 2.2: Kosaka et al. experimentally demonstrated the super-prism and
negative-refraction phenomena in a self-organized three-dimensional photonic crys-
tal [27].

The research of dispersion properties in photonic crystals has not been reported
until 1996: Lin et al. first experimentally demonstrated the highly nonlinear dis-
persion of photonic crystals near Brillouin zone edges, which was used to achieve
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Figure 2.3: An application of super-prism effect as a wavelength-division multi-
plexed filter [28]. (a) in a photonic crystal, the scanning span reached 50◦ with
only a 1% shift of incident wavelength at around 1 µm. (b) in the conventional
crystal, the angle change is less than 1◦.

strong prism action [29]. Later on, Kosaka et al. fabricated a self-organized three-
dimensional (3D) photonic crystal on a Si substrate, and found an extraordinary
angle-sensitive light propagation at optical wavelengths, which is called a super-
prism phenomenon [27]. This is schematically shown in Fig. 2.2, when the incident
angle is slightly changed from +7◦ to −7◦, the light path inside the photonic crys-
tal swings from −70◦ to +70◦. Moreover, it was also the first demonstration of
negative refraction in photonic crystals, where both the refracted light and the
incident light are in the same side of the normal. The significance of Kosaka et
al’s work is not only the discovery of super-prism and negative-refraction phenom-
ena in photonic crystals, but also that they applied the equal-frequency contour
(EFC) method and the conservation of the tangential wave vector to calculate the
propagation direction of the refracted light [27]. They proposed such super-prism
phenomena can enable the fabrication of integrated micro lightwave circuits, and a
wavelength-division multiplexed filter is shown in Fig. 2.3, where the scanning span
reaches 50◦ with only a 1% shift of incident wavelength at around 1 µm [28].

Although the previously mentioned super-prism or negative-refraction phenom-
ena are just for some specific incident angles, the dispersion relations of photonic
crystals can also manipulate all-angle incident lights with the same propagation
property through photonic crystals. In this thesis, we discuss two all-angle dis-
persion effects: all-angle negative refraction and designed surface plasmon. To be
concise, after this point, we define all negative refraction to mean the all-angle
negative refraction if without the special note.
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2.3 Negative refraction

2.3.1 Negative index materials

1

1

ε

µ

= −

= −

1

1

ε

µ

= −

= −

Figure 2.4: An infinitely long slab of negative index material with ε = −1, µ = −1
can make a perfect imaging.

Before discussing negative refraction in photonic crystals, we need first introduce
negative index materials (NIMs) (or called left-handed materials, LHMs), whose
permittivities and permeabilities are simultaneously negative. In conventional di-
electrics, permittivities and permeabilities are both positive. In 1964, however,
Veselago studied a hypothetical material whose permittivity and permeability are
simultaneously negative [30]. According to the Maxwell equations, when a plane
wave propagates in such a material, the electric field, the magnetic field, and the
wave vector construct a left-handed coordinate, which means the Poynting vector
(the direction of energy transport) is opposite to the wave vector (the direction of
phase change). So when the light is incident from a conventional dielectric into
a NIM, according to the conservation of tangential wave vectors and the conser-
vation of energy, negative refraction will occur at the interface. According to the
Snell’s law, the refractive index of the material must be negative. Since there are
no natural NIMs, Veselago’s studies did not attract much attention until Pendry et
al. theoretically showed periodic array of continuous wires and split-ring resonators
have negative effective permittivities [3] and permeabilities [4] in the GHz region,
respectively. Smith et al. experimentally demonstrated that a periodic medium
composed of these two metallic structures can exhibit a frequency region in the
microwave regime with simultaneously negative values of effective permeability and
permittivity, i.e. the periodic metallic material is a negative index material [5]. In
2001, Shelby et al. fabricated this kind of negative index materials, and observed
the negative refraction in the wedge experiments [31].
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Distinguished from conventional dielectrics, negative index materials have sev-
eral special electromagnetic properties, but one of the most important properties is
that negative index materials can “amplify” evanescent waves. Although Veselago
first pointed out the imaging application of a NIM slab [30], Pendry showed an
infinitely long slab of negative index material with ε = −1, µ = −1 (see Fig. 2.4)
can focus all Fourier components of an image (both the propagation waves and the
evanescent waves), and therefore it can make a perfect image [32]. This superlens
property of negative index materials has many important potential applications,
e.g. high-capacity optical storage systems [33].

2.3.2 Photonic crystals with effective negative index

Figure 2.5: Equal-frequency contours of TMmode for the normal frequency between
ω = 0.25(2πc/a) and 0.34(2πc/a). The interval is ω = 0.005(2πc/a), and the higher
frequency is close to Γ point. The dotted line is the equal-frequency contour of air
at ω = 0.31(2πc/a).

Compared with negative index materials, Notomi showed that strongly modu-
lated photonic crystals can also give rise to negative refraction [34]. For example,
considering the TM polarization (only the electric field along the direction where
the structure is uniform) in a 2D GaAs (n = 3.6) air-hole hexagonal photonic crys-
tal with the hole radius of r = 0.4a (where a is the lattice constant), the shape
of the EFC is almost circular at the second band for a frequency window between
ω = 0.29 and 0.34(2πc/a) (see Fig. 2.5), and the high frequency contour is close to
the Γ point (the center of circles). Now let’s consider the case that light is incident
from air into the GaAs photonic crystal, which is shown in Fig. 2.6. According
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A

B

Air

PhC

Vg

Figure 2.6: Negative refraction when light is incident from air into the photonic
crystal.

to the conservation of tangential wave vectors, it may excite two Bloch modes,
which are denoted by A and B. It is well known that the propagation direction
of light beams is given by the energy velocity vector. In photonic crystals, it has
been proven that the energy velocity vector always equals to the group velocity
vector of the Bloch mode vg [35, 36], and the group velocity vector can be obtained
by vg = ∇kω. Since the EFCs of high frequencies are close to Γ point, the light
propagation directions for A and B are perpendicular to the EFC and pointed to Γ
(see Fig. 2.6). It illustrates the energy flow of B mode is from the photonic crystal
to air, which contradicts the conservation of energy. Thus only A mode can be
excited, i.e. it is negative refraction at the interface between air and the photonic
crystal. Since the EFCs of the photonic crystal are similar to that of a conventional
isotropic dielectric material, an effective negative refractive index can be defined
from the EFC size of the photonic crystal. For example, an effective negative index
at the frequency ω = 0.31(2πc/a) is neff = −1, because at this frequency the EFC
of the photonic crystal is almost the same as that of air (the dotted line in Fig. 2.5).
We refer to this kind of photonic crystal as effective-negative-index photonic crystal.

Since photonic crystals are more feasible to fabricate in the optical region
than negative index materials, effective-negative-index photonic crystals attracted
tremendous interest of electrical engineers and physicists. Berrier et al. presented
an experimental verification of negative refraction for infrared wavelength in an
effective-negative-index photonic crystal [37]. Zhang proposed a 2D metal-core
photonic crystal, which can achieve effective negative indexes for both TE and TM
modes [38]. Lu et al. demonstrated an imaging experiment by using a slab of an
effective-negative-index photonic crystal in the microwave region [39].

Paper IV and VI present some detail discussions to effective-negative-index pho-
tonic crystal. In Paper VI, we analyze the coupling properties between plane waves
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in conventional dielectrics and Bloch modes in effective-negative-index photonic
crystals. The goal of this work is to estimate whether the photonic crystal with
an effective negative index can be treated as an isotropic negative index material.
Because it is still a challenge to fabric a negative index material in the optical re-
gion, in Paper IV we design an open cavity by using a neff = −1 photonic crystal
instead of a negative index material.

2.3.3 Photonic crystals with all-angle negative refraction

Figure 2.7: Equal frequency contour in all-angle negative refraction [40].

Besides effective-negative-index photonic crystals, there is another kind of pho-
tonic crystals that can also give rise to negative refraction. Luo et al. found in
2002 that negative refraction can result from a special EFC at the first band of
a square lattice photonic crystal [40]. It is worth noting that the EFC is not a
circle around Γ point, but a convexity around M point (Fig. 2.7). So no effective
refractive index can be defined in the photonic crystal. They referred to this kind
of photonic crystals as all-angle negative refraction (AANR) photonic crystals, to
distinguish it from effective-negative-index photonic crystals [40]. They also nu-
merically showed that a slab of AANR photonic crystals can be used to achieve
subwavelength imaging [40].

One of the advantages of AANR photonic crystals is to achieve subwavelength
imaging, and there are a lot of researches about this subject. Cubukcu et al. ex-
perimentally demonstrated negative refraction in AANR photonic crystals [41] and
a subwavelength imaging by using a slab of an AANR photonic crystal [42]. After
analyzing the EFC configuration of an AANR photonic crystal, Li et al. proposed
that the overall imaging properties of this photonic crystal slab are dominantly
governed by the self-collimation effect and complex near-field wave scattering ef-
fect, rather than by the all-angle negative-refraction effect [43]. Hu et al. showed
that far-field imaging can be realized in an AANR photonic crystal consisting of
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silver nanowires at 400 nm, and a high resolution of resolution of about 100 nm is
obtained with a three-layer slab of such photonic crystal [44].

In our work, the discussions of AANR are in Paper III and V. In Paper V, we
exploit a layer-KKR method to study the subwavelength imaging by using a slab of
AANR photonic crystal. Both the intensity and phase spectra of transmission are
investigated. Through a study of the phase spectrum of transmission, we discuss
the physical mechanism of the subwavelength imaging. In Paper III, we design a
structured perfect conducting surface with AANR property, which can achieve the
negative refraction of surface waves. Using the rigid full-vectorial three-dimensional
finite-difference time-domain method, we also numerically demonstrate the sub-
wavelength imaging of a point dipole source by using a slab of such a structure.

2.4 Designed surface plasmons

Since permittivities of noble metals are negative in the optical region, a metal-
dielectric interface under light illumination can support propagation waves whose
amplitude decays exponentially with distance from the interface. These surface
excitations are traditionally called surface plasmon polaritons (SPPs) [45–47]. The
confinement property of SPPs can lead to an enhancement of the electromagnetic
field at the interface, which results in an extraordinary sensitivity of SPPs to surface
conditions. SPPs have been widely used in many applictions: surface-enhanced
optical phenomena such as Raman scattering [48], chemo- and bio-sensors [49],
enhanced transmission phenomena [50–53], data storage [54], waveguiding [55, 56]
etc.

In the microwave region, a metal is often treated as a nearly perfectly electric
conductor (PEC). Even though a PEC-dielectric interface usually does not support
surface waves, it has been shown that surface confined waves can exist at a PEC
surface with an array of the drilled holes [see Fig. 2.1(b)]. More importantly, Pendry
et al. [6] theoretically showed that when the spacing between the holes is much
smaller than the wavelength of the excitation, the effective permittivity of the
structure can be approximately described by the following plasma form,

εeff =
π2d2εh

8a2
(1− ω2

p

ω2
), (2.1)

where d is the nearest-neighbor distance between holes (the lattice constant), a
is the width of the square holes, εh is the dielectric filling the holes, and ωp is
the plasma frequency, which is the same as the cut-off frequency (πc/a

√
εh) of the

rectangle metallic waveguide. The dispersion of the surface waves can then be given
as [6],

k2
‖c

2
0 = εhω2 +

1
ω2

p − ω2

64a4ω4

π4d4
, (2.2)
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where k‖ is the wave vector component along the surface of the structure. So
this structured PEC surface can be treated as a plasmonic metamaterial, and the
kind of surface excitation due to the structure is referred to as designed surface
plasmon. Hibbins et al. demonstrated the verification experiment of designed
surface plasmons [57]. It should be noted that Eqs. (2.1) and (2.2) are only valid
for the low frequencies (i.e. λ >> d) [58, 59], and the dispersion for the high
frequencies should be obtained by exactly numerical methods.

Figure 2.8: Maier et al. designed a cone with periodically corrugated metal wires,
which can focus the THz wave on the tip [60].

Designed surface plasmons can offer the application of surface plasmons into
the microwave and THz domain. For example, Maier et al. designed a PEC cone
with periodically corrugated metal wires (Fig. 2.8), which can focus the THz wave
on the tip [60].

We also apply the concept of designed surface plasmon in Paper I, II, and III.
In Paper I, by the analogy between the designed surface plasmons in plasmonic
metamaterials and the surface plasmon polaritons in real metals, we show that
two different resonances contribute to the enhanced transmission: Besides well-
recognized surface plasmon resonances due to the periodicity, there are localized
waveguide resonances where each air hole can be considered as a section of metallic
waveguide with both ends open to free space, forming a low-quality-factor resonator.
In Paper II, by the average field method, we obtain the effective permittivity and
permeability of a PEC surface drilled with one-dimensional periodic rectangle holes,
and propose this PEC structure as a surface-plasmon-like waveguide. In Paper III,
we combine the designed surface plasmons with AANR phenomena in a plasmonic
metamaterial, and achieve the negative refraction of surface waves.





Chapter 3

Simulation and design methods

Due to the complexity of periodic structures, some electromagnetic properties, e.g.
band structures and transmission spectra, have to be obtained by the numerical
methods. In this chapter, we introduce three numerical methods used in this thesis
work: the layer-KKR (Korringa-Kohn-Rostoker) method, the plane wave method,
and the finite-difference time-domain method.

3.1 Layer-KKR method

Consider a general two-dimensional photonic crystal slab of N layers. Each layer
is a 1D periodic diffraction grating consisting of circular rods (with a dielectric
constant εr) embedded in a background material (with a dielectric constant εb).
Each monolayer of grating has a period of d in the x direction and a neighboring
monolayer can be obtained from this monolayer by a translation of vector t (see
Fig. 3.1).

For an incident plane wave with wave vector k = (kx, γ0) (perpendicular to
the axes of the rods), each diffracted (propagating or evanescent) wave outside the
grating can be expressed as a plane wave with the following wave vector k±p :

k±p = (αp,±γp),

αp = kx + 2πp/d, γp =
√

k2
0εb − α2

p,
(3.1)

where the integer p denotes the diffraction order, and k0 is the wave number in
vacuum. When γp is real (or purely imaginary), the superscripts + and− denote the
components propagating (or decreasing) along +y and −y directions, respectively.
The field at the j-th interface of the gratings can be expanded in the following form

15
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Figure 3.1: Geometry of a monolayer (inside a multilayered photonic crystal slab)
in the layer-KKR method. Pj and Pj+1 are the phase reference points on the j-th
and (j + 1)-th interfaces, respectively.

(see Fig. 3.1)

ψj(r) =
∞∑

p=−∞
u

(p)+
j eik+

p ·(r−Pj) + u
(p)−
j eik−p ·(r−Pj), (3.2)

where Pj is the phase reference point on the j-th interface and u
(p)±
j denotes the

field amplitude of the p-th left- or right-going plane wave component.

Let u±j denote a column vector of (. . . , u(p)±
j , u

(p+1)±
j , . . .)T (superscript T de-

notes the transpose of a matrix). Then the field amplitudes at the j-th and (j+1)-th
interfaces are related by (see Fig. 3.1)

[
u+

j+1

u−j

]
=

[
T̃++ R̃−+

R̃+− T̃−−

] [
u+

j

u−j+1

]
, (3.3)
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where T̃ and R̃ represent the transmission and reflection matrices characterizing
the diffraction properties of the grating (a monolayer between two neighboring in-
terfaces) for an incident plane wave of wave vector k. For example, R̃−+ represents
the reflection of the left-going wave to the right-going wave at the right interface
of the grating. Note that in order to obtain a translational invariance of scattering
matrices T̃ and R̃ for different layers we have chosen the phase reference points for
the two neighboring interfaces at Pj and Pj+1 (the points on the interfaces crossed
by a straight line passing through the centers of three neighboring rods in three
neighboring layers; see Fig. 3.1). Let vector t = (tx, ty) denote the displacement
vector connecting the two phase reference points on two neighboring interfaces (see
Fig. 3.1). Then the (p, p′)-th elements of scattering matrices T̃±± and R̃±∓ for a
monolayer can be evaluated with the following formulas,

T̃±±pp′ = exp(±ik±p ·
t
2
)T̂±±pp′ exp(±ik±p′ ·

t
2
), (3.4a)

R̃±∓
pp′ = exp(±ik±p ·

t
2
)R̂±∓

pp′ exp(∓ik∓p′ ·
t
2
), (3.4b)

where T̂±± and R̂±∓ are the scattering matrices of a monolayer with the phase
reference point at the center of a rod in that layer. Note that T̂±± and R̂±∓ can
be directly calculated with a KKR method based on the expansion of cylindrical
harmonics [61].

3.1.1 Imaging field through a multilayered photonic crystal slab

Now we consider the imaging of a point source by a N -layer photonic crystal slab
(with a thickness of h = Nty) as shown in Fig. 3.2. Let T̃(N)++ denote the trans-
mission matrix for the N -layer slab when the phase reference points for the two
outmost surfaces are at P1 = (−tx/2,−nty) and PN+1 = ((n− 1/2)tx, 0) (see Fig.
3.2). Using scattering matrices T̃±± and R̃±∓ for a monolayer, one can obtain
the transmission matrix T̃(N)++ through a stable recursive formula (based on the
scattering scheme) [61]. To study the focusing properties of an imaging system,
one would prefer to set the phase reference points for the two outmost surfaces on
the optical axis (i.e., the y axis). The (p, p′)-th element of the corresponding trans-
mission matrix (denoted by T(N)++) with phase reference points O1 = (0,−h) and
O = (0, 0) can be easily obtained by

T(N)++
pp′ = exp(ik+

p ·PN+1O)T̃(N)++
pp′ exp(ik+

p′ ·O1P1). (3.5)

We place a point source at y = −h−d1 on the optical axis (d1 is the source-slab
distance; see Fig. 3.2). To study the focusing properties, we decompose the source
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Figure 3.2: Imaging of an ideal point source by an N -layer slab of rods-in-air
photonic crystal. The y-axis (optical axis) passes through the center of a rod at
the first layer. The source-slab distance is d1.

(i.e., incident) field into the following Fourier components,

ψsource(x) =
∫ ∞

−∞
dkx exp(ikxx)u+

s (kx)

=
∫

BZ

dkx(. . . , exp(iαpx), exp(iαp+1x), . . .) · (. . . , u+
s (αp), u+

s (αp+1), . . .)T

≡
∫

BZ

dkx(. . . , exp(iαpx), . . .) · u+
s (kx), (3.6)

where BZ denotes the first surface Brillouin zone and u+
s (kx) is a column vector

of the Fourier components of the source field. Note that each kx corresponds to
a wave vector of k = (kx,

√
k2
0εb − k2

x). Then the imaging field at y > 0 can be
calculated by

ψimage(x, y) =
∫

BZ

dkx(. . . , exp(iαpx), . . .) ·Tkx
(y)T(N)++(kx)Tkx

(d1)u+
s (kx),

(3.7)
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where the diagonal translation matrix Tkx(y) for the background material has the
following diagonal element,

[Tkx
(y)]pp = exp(iγpy). (3.8)

3.1.2 Eigen-states of photonic crystals

To obtain the eigen-states, only a translation operator is required to directly de-
scribe the relation of the field at the two interfaces of monolayer, which can be
derived from above scattering matrices in Eq. (3.3)

[
u+

j+1

u−j+1

]
= T

[
u+

j

u−j

]
, (3.9)

where the monolayer translation operator is given by,

T =
[

T̃++ − R̃−+(T̃−−)−1R̃+− R̃−+(T̃−−)−1

−(T̃−−)−1R̃+− (T̃−−)−1

]
. (3.10)

For the Bloch wave propagating through a monolayer in photonic crystals, the
fields between layers differ only by a multiplicative phase shift. Therefore, under
the Bloch condition the following eigenvalue equation between grating layers can
be formed

T
[

g+

g−

]
= µ

[
g+

g−

]
, (3.11)

where µ is the phase shift and [
g+

g−

]

is the eigen-vector of the Bloch state. The eigenvalue µ and the corresponding
eigenvector can be obtained by the standard numerical techniques.

3.1.3 Reflection matrix R̃+−∞ for the semi-infinite space

The set of eigenvalues and eigenvectors can be grouped into forward and backward
propagating states [62]. Since the field of evanescent modes must decay in the
propagation direction, the other eigenvectors corresponding to |µ| < 1 (or |µ| > 1)
must be the forward (or backward) propagating waves. For Bloch waves in a lossless
structure, the eigenvalues must have |µ| = 1. To classify the Bloch waves, the
group velocity of a Bloch mode in the photonic crystal can be determined from the
direction of the time-average energy flux through the unit cell, where the energy
flux 〈Spc〉 along the y direction can be obtained from the eigenvectors [62] . If the
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flux is positive, the Bloch wave is associated with the forward propagation, and
vice versa.

For a semi-infinite photonic crystal, there is no rear surface (i.e. the inter-
face between the photonic crystal and another material) to generate the backward
propagating modes. All the backward propagating modes are thus generated by
the forward propagating modes of the photonic crystal. Let’s introduce the matrix
G+, whose columns comprise of the eigenvectors g+ of the forward modes. In a
similar way the matrix G− can be obtained for the backward modes. Thus any
field at the interface between the gratings can be rewritten as a linear combination
of the forward propagating modes:

[
u+

u−

]
=

[
G+

G−

]
c, (3.12)

where c is the expansion coefficients. Eliminating the coefficients c yields

u− = R̃+−
∞ u+,

where the reflection matrix R̃+−
∞ of the semi-infinite space, a matrix operator con-

necting the backward propagating modes and the forward propagating modes, can
be given by:

R̃+−
∞ = G−G−1

+ . (3.13)

3.1.4 Coupling coefficient between plane waves and Bloch
modes

Using the above transmission and reflection matrices of monolayer, the transmission
matrix T̃++

N and the reflection matrix R̃−+
N of N layers can also be obtained by

a stable recursive formula (based on the scattering scheme in Ref. [61]). To solve
a general case that there are two different background dielectric materials at two
sides of the interface, a scattering matrix of the homogenous plate [63, 64] can be
added to T̃++

N and R̃−+
N . For the Bloch wave propagating through the monolayer

in photonic crystal, the fields at each interface differ only by a multiplicative phase
shift.

For the semi-infinite photonic crystal considered in Fig. 3.3, it can also be treated
as the composing of the front N layers and the rear semi-infinite layers. Consider-
ing that the dielectric material outside photonic crystal may be different from the
background material of photonic crystal, the interface between the conventional
dielectric material and the photonic crystal is chosen to be normal to all the in-
clusions in the first layer. To obtain the coupling coefficient between the plane
wave in the conventional dielectric material and the Bloch wave in the photonic
crystal, one only need to calculate the field travelling through a few layers after the
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Figure 3.3: The semi-infinite photonic crystal structure consists of the front N
layers and the rear semi-infinite layers. u±N+1 denotes the field amplitude at the
N + 1 interface (between the front N layers and the rear semi-infinite system).

dielectric-photonic crystal interface, where the evanescent forward mode has com-
pletely decayed, e.g. the field is a superposition of the pure bulk guided mode. At
the N + 1 interface (between the front N layers and the rear semi-infinity system,
see Fig. 3.3), one can apply Eq. (3.3) to obtain,

u+
N+1 = T̃++

N uinc + R̃−+
N u−N+1 (3.14a)

u−N+1 = R̃+−
∞ u+

N+1. (3.14b)

In the above equation, uinc is the column vector composed of the Fourier coefficients
of the incident light, and R̃−+

N , T̃++
N are the transmission and reflection matrices

for the front N layers. For there is no backward wave in the semi-infinity system,
u−N+1 has only the contribution from the u+

N+1 in Eq. (3.14b). The field excited by
the incident field at the N -th interface is then obtained by

[
u+

N+1

u−N+1

]
=

[
I

R̃+−
∞

](
I− R̃−+

N R̃+−
∞

)−1

T̃++
N uinc. (3.15)

And the reflectance can be easily obtained from

uref = R̃+−
N uinc + T̃−−N u−N+1. (3.16)

where uref is the column vector composed of the Fouier coefficients of different
reflection orders.
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The portion of each eigen-state in the excited field can be expressed by the
following formula

ηµ =
〈g | u〉2

〈g | g〉 〈u | u〉 , (3.17)

where g and u denote the column vector of the eigen-state ([g+
T ,g−T ]T ) with

the eigenvalue µ and the excited field ([u+
N+1

T
,u−N+1

T
]T ) of the photonic crystal,

respectively. In the cases that the incident wave can exit only one eigen-state, the
portion of the eigen-state with in the excited field should be 100%, i.e. ηµ = 1. It is
shown that in our numerical examples, the calculated result ηµ is almost 100% with
an error less than 10−6, even though only 16 layers are used in the calculations.

After obtaining the field at the (N + 1)-th interface, where N can be arbitrary
as long as N is big enough so that evanescent forward waves have decayed sig-
nificantly after traveling through these N layers, (i.e., the field at the (N + 1)-th
interface is simply a superposition of pure Bloch modes), the time-average energy
flux 〈Spc〉 along the y direction can be easily calculated [62]. The wave coupling
coefficient between the dielectric medium and the photonic crystal can be defined
in the followed formula,

c =
〈Spc〉
〈Sin〉 , (3.18)

where 〈Spc〉 and 〈Sin〉 represent the time-average power fluxes along the y direction
of the excited field and the incident field, respectively.

3.2 Plane wave method

For the photonic crystals consisting of conventional dielectrics, e.g. the photonic
crystals discussed in Paper IV, V, and VI, we used the plane wave method to
calculate band structures and equal frequency contours. In this section, we just
give a brief introduction to the two-dimensional (2D) plane wave method, for the
details see Ref. [36, 65–68].

For 2D photonic crystals, the dielectric structure is uniform in the z direction.
If the Bloch wave vector k is parallel to the 2D plane, the eigenmodes E(r) and
H(r) should be independent of the z coordinate according to the Bloch’s theorem.
So the Maxwell equations can be decoupled to two independent sets of equations,
and they represent two independent polarizations: the E polarization about the
field components {Ez,Hx,Hy}, and the H polarization about the field components
{Hz, Ex, Ey}. The wave equations for Ez(r‖, t) and Hz(r‖, t) are

1
ε(r‖)

{ ∂2

∂x2
+

∂2

∂y2
}Ez(r‖, t) =

1
c2

∂2

∂t2
Ez(r‖, t), (3.19a)
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{ ∂

∂x

1
ε(r‖)

∂

∂x
+

∂

∂y

1
ε(r‖)

∂

∂y
}Hz(r‖, t) =

1
c2

∂2

∂t2
Hz(r‖, t), (3.19b)

where r‖ denotes the 2D position vector (x, y). We seek the eigenmode for the
eigen-angular frequency ω as the form

Ez(r‖, t) = Ez(r‖)e−iωt, (3.20a)

Hz(r‖, t) = Hz(r‖)e−iωt. (3.20b)
The eigenvalue equations are thus given by

− 1
ε(r‖)

{ ∂2

∂x2
+

∂2

∂y2
}Ez(r‖, t) =

ω2

c2
Ez(r‖, t), (3.21a)

−{ ∂

∂x

1
ε(r‖)

∂

∂x
+

∂

∂y

1
ε(r‖)

∂

∂y
}Hz(r‖, t) =

ω2

c2
Hz(r‖, t). (3.21b)

When we apply Bloch’s theorem to Ez(r‖, t) and Hz(r‖, t) as

Ez(r‖) =
∑

G‖

E(G‖) exp{i(k‖ + G‖) · r‖}, (3.22a)

Hz(r‖) =
∑

G‖

H(G‖) exp{i(k‖ + G‖) · r‖}, (3.22b)

we obtain the following eigenvalue equations for the expansion coefficients:
∑

G′
‖

κ(G‖ −G′
‖)

∣∣∣k‖ + G′
‖
∣∣∣
2

E(G′
‖) =

ω2

c2
E(G‖), (3.23a)

∑

G′
‖

κ(G‖ −G′
‖)(k‖ + G‖) · (k‖ + G′

‖)H(G′
‖) =

ω2

c2
H(G‖), (3.23b)

where k‖ and G‖ are the Bloch wave vector and the reciprocal lattice vector in the
two dimensions respectively, and κ(G‖) is the Fourier series of the spatial function
ε−1(r‖) (it will be discussed in detail below). The eigenvalue equation Eq. 3.23
implies the plane wave method can only treat the photonic crystals consisting of
weak-dispersion materials.

In the case of H polarization, since the spatial function ε−1(r‖) is a real function
independent of ω, the matrix about the eigenvalue problem for Eq. 3.23b is a
symmetric matrix, which can be solved by the standard routine. However, in the
case of E polarization, the matrix about the eigenvalue problem for Eq. 3.23a is a
nonsymmetric matrix. Even so, the replacement

C(G‖) =
∣∣k‖ + G‖

∣∣ E(G‖) (3.24)
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can yield an eigenvalue problem with a symmetric matrix

∑

G′
‖

κ(G‖ −G′
‖)

∣∣k‖ + G‖
∣∣
∣∣∣k‖ + G′

‖
∣∣∣ C(G′

‖) =
ω2

c2
C(G‖). (3.25)

Two methods are applied to calculate κ(G‖):

κ(G‖) =
{

Inv(Fourier(ε(r‖))) for
Fourier(Inv(ε(r‖))) for

E⊥n
E ‖ n (3.26)

If the spatial function ε(r‖) is a continuous function, two above methods have the
same results. However, if the spatial function ε(r‖) is a discontinuous function
(the usual case), the two above methods have the different results for the effective
dielectric at the interface [68]: when an electric field E is vertical to the interface,
ε−1 at the interface is the inverse of the average of ε; when an electric field E
is parallel to the interface, ε−1 at the interface is the average of the inverse of ε.
Thus, in the E polarization, the first method should be used to calculate the band
structure. Both of the two methods can not deal well with the H polarization,
and we should add the number of plane waves in the calculation to estimate the
convergence.

3.2.1 Supercell approach

The plane wave method not only can deal with regular photonic crystals, but also by
introducing the supercell concept it can calculate some band structures for complex
structures, e.g. photonic crystal slabs. The supercell approach is to replace the
nonperiodic boundary conditions in the original problem with periodic boundary
conditions, so that all boundary conditions are periodic. The structure after this
periodicity process is called a supercell, which can be calculated by the plane wave
method. Since the calculated problem is different with the original problem, some
resulting modes do not exist in the original problem, which are called pseudo-modes.

As an example, we calculated the surface band structure of a 10-layer photonic
crystal slab shown in Fig. 3.4. The rods have a dielectric constant of εr = 14 and
a radius of r = 0.3a, where a is the lattice constant. The period along the surface
(in the x direction) is d =

√
2a. By the supercell process, we choose the dashed

line region as a supercell. It is worth noting that besides a unit of the 10-1ayer
photonic crystal slab, the supercell includes two long air slabs on both sides of the
photonic crystal slab. Figure 4.9 shows the band structure of the supercell, which
is calculated by the plane wave method (MIT MPB tools) [68]. Each band under
the light cone will converge to the surface mode band in the original structure, as
long as the air slab of the supercell is long enough. However, the modes within
the light cone are the pseudo-modes, because these modes propagate in air and the
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Figure 3.4: The 10-layer photonic crystal slab with infinite size in the x direction.
The rods have a dielectric constant of εr = 14 and a radius of r = 0.3a, where a is
the lattice constant. The period along the surface (in the x direction) is d =

√
2a.
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Figure 3.5: The band structure for the 10-layer photonic crystal slab by using the
supercell process. The shaded region is the light cone.
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fields in each period connect with each other due to the y-directional periodicity of
the supercell.

3.3 Finite-difference time-domain method

Based on the numerical discretization of the Maxwell partial differential equations
of electrodynamics, the finite-difference time-domain (FDTD) method can visualize
electromagnetic wave propagation, scattering, and radiation, and helps innovate
and design key technologies ranging from cellphones and computers to lasers and
photonic circuits [69]. The FDTD method has remained in continuous development,
since it was first introduced by Yee in 1966 [70]. Now the FDTD method is one
of the most powerful computational methods in electromagnetics, and can handle
special materials and complex structures [69]. For example, it can treat dispersive
media by using the auxiliary differential equation approach, and simulate scattering
fields of a military aircraft by using parallel computers. The detail discussion can
be referred to Ref. [69], a textbook systematically presenting the FDTD method.

In this thesis, we use the FDTD method to calculate the enhanced transmission
through an Au film with an array of subwavelength holes, the resonant responses of
open-cavities, and the band structures of metallic structures (see Paper I, II, and
III). In this section, we discuss two recipes for our calculations: how to correctly
treat the surface termination of perfect conductors in the discretization process
(involved in Paper I, II, and III), and how to calculate the frequency response more
efficiently by using the Padè approximation method (involved in Paper I, II, III,
and IV).

3.3.1 Surface termination of perfect conductors

Considering a source-free space where the inclusions are weak-dispersion isotropic
materials, the Maxwell curl equations with the differential form are given by

µ
∂H
∂t

= −∇×E− σ∗H, (3.27a)

ε
∂E
∂t

= ∇×H− σE, (3.27b)

where E is the electric field (V/m), H is the magnetic field (A/m), ε is the permit-
tivity (F/m), µ is the permeability (H/m), σ and σ∗ are the electric conductivity
(S/m) and magnetic conductivity (Ω/m), respectively. In the FDTD method, each
three space components of the fields and the material parameters are discretized
according to Yee’s grid, as shown in Fig. 3.6. According to Eq. 3.27a and 3.27b,
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Figure 3.6: Yee’s grid in the Cartesian coordinate system.

the components at the discretized time step can be obtained by

Hm+ 1
2 =

(
1− σ∗∆t

2µ

1 + σ∗∆t
2µ

)
Hm− 1

2 −
(

∆t
µ

1 + σ∗∆t
2µ

)
∇×Em (3.28a)

Em+1 =

(
1− σ∆t

2ε

1 + σ∆t
2ε

)
Em +

(
∆t
ε

1 + σ∆t
2ε

)
∇×Hm+ 1

2 , (3.28b)

where ∆t is the time step size, the superscript m is the time index, and the curl
operators are implemented numerically with the central difference form [69]. For
the numerical stability, ∆t should be satisfied with

c∆t 6 (∆x−2 + ∆y−2 + ∆z−2)−
1
2 , (3.29)

where ∆x, ∆y, and ∆z are the step sizes in the space domain, and c is the light
speed in the material.

Now let’s discuss perfect conductors where σ → ∞. For a general example,
we consider a surface of a perfect conductor which is normal to the x direction.
Since electromagnetic fields are discretized in the FDTD method, for the different
step sizes, there are two general cases after the discretization process, as shown
in Fig. 3.7. The discretization shown in Fig. 3.7(a) is correct, and that shown in
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Figure 3.7: For a surface of a perfect conductor normal to the x direction, two
general cases after the discretization process in the FDTD method: (a) the region
of the perfect conductor does not include the closest grid of the tangential magnetic
field Hy and Hz; (b) the region of the perfect conductor includes the closest grid of
the tangential magnetic field Hy and Hz. Here all fields are plotted as the projection
from Yee’s grid to the x− z plane. The shadowed region corresponds to the perfect
conductor.

Fig. 3.7(b) is incorrect because of the following: In the case Fig. 3.7(b), the closest
points of the tangential magnetic field Hy and Hz lie in the region of the perfect
conductor includes. Since σ at these points is set to a very large number, the value
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of the tangential magnetic field must be approached to zero after many iterations
(c.f. Eq. 3.28 when σ → ∞). This contradicts the boundary conditions at the
perfect-conductor surface

n×E = 0 (3.30a)

n×H 6= 0 (3.30b)

where n is a unit outward normal at the conductor surface [71]. Therefore, it is
important to check the space grid in the FDTD method if the material is a perfect
conductor.

3.3.2 Padè approximation method

To obtain the resonant frequency and the quality factor from the FDTD method,
we must transform the temporal response of the FDTD simulation to the frequency
domain by using the fast Fourier transform (FFT). However, since the frequency
resolution in the FFT is the reciprocal of the total time simulated in the time
domain, the FFT requires a large number of time samples to accurately calculate
the resonant frequency and quality factor, and this translates to a relatively long
computational time. To alleviate the above limitation of the FFT approach, we
just use the Padè approximation method [72] in this thesis work.

If P (ω) is the frequency response of a field component in a cavity structure,
the values of P for some specific frequencies ωi can be obtained from the FFT
after the FDTD simulation, and the frequency interval is ∆ω. By using the Padè
approximation method, the frequency response in the interval can be approximately
calculated, so that it can improve the resolution of the frequency response. For
example, we use [N, M ] order Padè approximation to express P (ω) as

P (ω) =
QN (ω)
DM (ω)

, (3.31)

where the numerator and denominator polynomials QN (ω) and DM (ω) are given
by

QN (ω) =
N∑

i=0

αiω
i (3.32a)

DM (ω) = 1 +
M∑

i=1

βiω
i. (3.32b)

If there is a response peak in the FFT output, we substitute some neighborhood
samples into Eq. 3.31 (the number of neighborhood samples is S):

P (ωj)DM (ωj) = QN (ωj), j = 1..S, (3.33)
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and it can be rewritten as

P (ωj)
M∑
i=1

βiω
i

j −
N∑

i=0

αiω
i = −P (ωj), j = 1..S. (3.34)

Therefore, the unknown coefficients αi and βi can be solved from Eq. 3.34 by the
least square method, only if S > N + M + 1. Since the matrix coefficients about
Eq. 3.34 are products of a sampled data and some power of the frequency, the
dynamic range of the matrix elements is very large. To avoid this problem, a linear
scale approach is applied for all scaled frequencies near unity

ω′ =
2ω − (ωmax − ωmin)

(ωmax + ωmin)
, (3.35)

where ωmax and ωmin are the maximum and minimum frequency of the samples
used. It should be noticed that the solved αi and βi after the linear scale correspond
to the frequency ω′ instead of ω, and thus all the frequency response for ω should be
calculated by using the linear scale approach. After the exact resonant frequency
ω0 is obtained, the quality factor can be calculated as Q = ω0/∆ω, where ∆ω is
the full width half maximum (FWHM) of the spectral response of the cavity.



Chapter 4

Results 1: Negative refraction in
photonic crystals

In this chapter, we present our work about the negative refraction of photonic
crystals, which includes Paper IV-VI. Although Paper III is also connected with
negative refraction of photonic crystals, it is about a plasmonic metamaterial, thus
we summarize it with the other papers in the next chapter.

4.1 Coupling between plane waves and Bloch waves in a
photonic crystal with neff = −1

In Chapter 2, we show that an effective negative refractive index can be used to
characterize a kind of negative-refraction photonic crystal. It should be noted that
the optical property of an photonic crystal with neff = −1 is different from that
of a negative index material with n = −1. For example, for a NIM with n = −1,
there is no reflection at the interface between a negative index material n = −1
and air n = 1 [32] [see Fig. 4.1(a)]. In other words, the coupling coefficient for any
incident angle is always 100%. However, for the air-PhC interface with the photonic
crystal of neff = −1 [see Fig. 4.1(b)], results are quite different. Thus, a detailed
theoretical study of light coupling between conventional dielectric materials and
photonic crystals is important to estimate the validity of the physical model that a
PhC with an effective negative refractive index can be treated as an isotropic NIM.

We consider a 2D photonic crystal with a triangular lattice of air holes. As
assumed in Ref. [34], the background material is chosen as GaAs (n = 3.6) and the
radius of the air holes is 0.4a, where a is the lattice constant. It has been shown
that under the TM polarization (only the electric field along the z-direction), a

31
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Figure 4.1: Schematic diagram of light propagation: (a) from air to the negative
index material with n = −1 (b) from the air to the PhC with an effective refractive
index neff = −1.

particular effective negative refractive index neff = −1 can be obtained at the
frequency ω = 0.31(2πc/a) [34].

By using the layer-KKR method given in Chapter 3.1, Fig. 4.2 shows the cou-
pling coefficients for two common interfaces, (a1) normal to the Γ-M direction, and
(b1) normal to the Γ-K direction, respectively, at the frequency ω = 0.31(2πc/a).
Several significant features can be seen in Fig. 4.2. First, the coupling coefficient
is never close to 100%. For the interface normal to the Γ-M direction, the maxi-
mum coupling coefficient is only about 65%. The coupling coefficient actually drops
down to zero when the incident angle increases. Second, the coupling coefficient at
the interface normal to the Γ-K direction is always less than 1%. For the normal
incident, the coupling coefficient is zero, that is, the normal incident plane wave
can not excite the Bloch wave in the PhC. At larger angles the coupling coefficient
increases slightly, reaching the first maximum at about 30◦ incident angle (i.e.,
along the Γ-M direction), and the second maximum for the larger angle near 75◦.
Fig. 4.2(a2) and (b2) plots the reflection coefficients for two cases, respectively. It is
interesting to notice that, for both cases, most of the reflection is from the zero-th
order of light, and the contribution from high-order light is negligible.

We can explain the phenomena of the above high angular dependence on the
coupling coefficient by the symmetry mismatch between modes. On the high sym-
metric axes in the Brillouin zone, the symmetry of the bulk Bloch modes can be
classified by the group theory [36, 73]. Group theory tells that the eigenfunction
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Figure 4.2: For air-PhC interfaces, the coupling coefficients at the different interface
(a1) normal to the Γ-M direction, and (b1) normal to the Γ-K direction, at the
frequency ω = 0.31(2πc/a). The reflection coefficients are plotted in (a2) and (b2)
for these two case, respectively. The total line in (a2) and (b2) denotes the sum of
all propagation order reflectance. Here kx is the x component of the incident wave
vector and k0 is the wave number in the vacuum.
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Figure 4.3: The Ez field distribution of the bulk modes of the photonic crystal at
the frequency ω = 0.31(2πc/a), where (a) corresponds to the Bloch wave vector k
at the Γ-M direction, and (b) corresponds to k at the Γ-K direction.

is an irreducible representation of the point group. For k along the Γ-M direction
or along the Γ-K direction, modes have a C1h symmetry, which corresponds to two
different irreducible representations [36]. It means that the field can be classified as
an even or odd symmetry with respect to the mirror plane along the wave vector.

By the plane-wave method, Fig. 4.3 shows the field distributions of the bulk
modes at the frequency ω = 0.31(2πc/a), with the Bloch wave vectors k in the
Γ-M direction and the Γ-K direction. It is clear that the bulk mode has even
symmetry for the Bloch wave vectors k in the Γ-M direction, and odd symmetry
for the Bloch wave vectors k in the Γ-K direction. Since the external plane wave at
normal incidence is of even symmetry, only the Bloch waves with an even symmetry
can be excited [73–75]. Due to this symmetry mismatch, the coupling coefficient
at the interface normal to the Γ-K direction is zero at the normal incidence and
always small at other near incident angles [see Fig. 4.2(b1)]. The maximal coupling
coefficient obtained at nearly ±30◦ incident angle can also be easily explained if we
take into account that the wave vector for this excited Bloch wave is nearly at Γ-M
direction.

We can also explain the coupling coefficient maximum at large angles (60◦ ∼ 90◦,
i.e.

√
3/2 < kx/k0 < 1) in Fig. 4.2(b1), is mainly due to the multimode excitation.

Fig. 4.4 shows the EFCs at the frequency ω = 0.31(2πc/a). One can find that
there is a region (between the dotted lines), in which the transverse wave vector
along the interface direction crosses the equal-frequency contours in the neighboring
Brillouin zones. It is known that the parallel component of the wave vector should
be conserved. For

√
3/2 < kx/k0 < 1, the wave vector of the Bloch wave in the PhC

is allowed not only in the first Brillouin zone (k1), but also in the other Brillouin
zones (e.g., k2). This accounts for the coupling enhancement for

√
3/2 < kx/k0 < 1.
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Figure 4.4: The equal frequency surface plot for the frequency ω = 0.31(2πc/a).
The plane wave k is incident on the interface normal to the Γ-K direction. For the
larger incident angles (i.e. the wave vector k in the region of the dotted line ), the
plane wave can excited Bloch waves in PhC with the Bloch wave vectors: k1 and
k2 . Here G is the reciprocal lattice vector.

In summary, a comprehensive analysis of the coupling coefficients between plane
waves in conventional dielectric media and the Bloch waves of photonic crystals
with negative refraction is performed by the layer-KKR method. It is found that
the coupling coefficient is highly angular dependent even for an interface between
air (n = 1) and a photonic crystal with (neff = −1). Therefore, even if the
photonic crystal has an effective negative refractive index well defined from the equal
frequency contours, the coupling between the plane wave in the dielectric material
and the Bloch wave in the photonic crystal is quite different from that between
two conventional isotropic materials. The distinction of the coupling mainly arises
from the characteristics of Bloch waves in the photonic crystal (e.g. the eigen-
state symmetry and the exciting of high-order Bloch modes). It also means that
the equal-frequency contour can define the propagation direction in the photonic
crystal, but not guarantee that the optical property of the photonic crystal can be
the same as that of a conventional dielectric material.
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Figure 4.5: (a) the open cavity suggested by Notomi [34] consists of four alternating
rectangular blocks of two materials with opposite refractive indices. (b)The sketch
of an open cavity by using a photonic crystal according to (a).

4.2 An open cavity formed by a photonic crystal with
neff = −1

The open cavity suggested by Notomi [34] consists of four alternating rectangular
blocks of two materials with opposite refractive indices (see Fig. 4.5(a)). A simple
ray-trace analysis can show that there exist many closed ray paths (with zero value
of optical path) running across the four interfaces and thus a kind of an open cavity
(with no surrounding reflective wall) is formed. The idea of open cavity is based
on the cancellation of the optical path (defined as the integration of the refractive
index over the ray path) and is straightforward. Since a homogeneous negative
index material at an optical wavelength has not been experimentally realized yet
and a photonic crystal of negative refraction in the optical regime is comparatively
much easier to fabricate, it would be very interesting and desirable to realize (at
least by numerical simulation) an open cavity with a photonic crystal of negative
refraction.

It is shown in the previous section that the direction of surface termination is
critical for high transmission (i.e., coupling) at an interface between air (n = 1) and
a photonic crystal with neff = −1. The transmission is small for any incident angle
at an interface normal to the Γ-K direction, and the reflection is small for virtually
all incident angles when the interface is normal to the Γ-M direction. Therefore, the
open cavity formed by an effective-negative-refractive photonic crystal according to
Notomi’s suggestion, showed in Fig. 4.5(b), won’t work due to the large reflection
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Figure 4.6: The proposed open cavity formed by three 60-degree wedges of PhC
of negative refraction. The position of surface termination is determined by the
distance d between the apex O and any of the tip points. The inset shows a ray-
trace analysis for a closed optical path around the open cavity.

loss at air-PhC interfaces normal to the Γ-K direction.

To circumvent this difficulty, we design an open cavity based on the photonic
crystal with neff = −1 (see Fig. 4.6). It consists of three 60-degree wedges of PhC
of negative refraction with three 60-degree in-between wedges of air. The whole
structure is designed in such a way that all the air-PhC interfaces are normal to
the Γ-M direction (to reduce the reflection at the air-PhC interfaces). The simple
ray-trace sketch for a close optical path in the inset of Fig. 4.6 shows how such an
open cavity may work.

Besides the direction of the surface termination, the position of the surface
termination also has a significant influence on the refraction at an air-PhC interface
[76]. In our design, the position of the surface termination can be determined
by the location of the tip points D1, D2 and D3 (see Fig. 4.6). Due to the
symmetry, the coordinates of these tip points can be determined uniquely by a
single parameter d (the distance between the apex O and any of the tip points),
i.e. Di = d(cos(i2π/3− π/2), sin(i2π/3− π/2)), i = 1, 2, 3. In Fig. 4.6, the dashed
lines indicate the position of surface termination for another value of d (i.e., when
the air wedges move a bit outward).

We use the finite difference time domain method to calculate the resonant mode
and analyze the resonant property of the present open cavity. The Padè approxi-
mation, discussed in Chapter 3, is also applied to compute efficiently the resonant
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Figure 4.7: The resonant frequency (squares connected with dashed lines) and the
quality factor (stars connected with solid lines) when the distance d between the
origin O and the tip of an air wedge increases. Each PhC wedge has 13 rows of air
holes at the base. The inset shows the equal frequency surface for the PhC of neg-
ative refraction around the resonant frequency (the numbers mark the frequencies
in unit of (c/a)). The dash-dotted line is the air line at the frequency 0.30 (c/a)

frequency f0 and the quality factor Q = f0/∆f , where ∆f is the full width half
maximum (FWHM) of the spectral response of the cavity. We first study how the
position of the surface termination influences the quality factor of an open cavity
with 13 rows of air holes at the base of each PhC wedge. Figure 4.7 shows how the
resonant frequency (squares connected with dashed lines) and the quality factor
(stars connected with solid lines) of the open cavity vary with the distance d be-
tween the origin O and the tip of an air wedge. d = 0.9a corresponds to a tangential
cut of the boundary air holes (i.e., they just remain whole). When d increases from
0 to 0.9a, the resonant frequency varies in a range of [0.308(c/a), 0.313(c/a)], in
which EFC is quite circular (see Fig. 4.7). This also indicates that the resonance
can occur only in a frequency range where an effective negative reflection index can
be deduced and is close to −1.

Fig. 4.7 (for the case when each wedge has 13 rows of air holes at the base)
shows that the quality factor reaches a peak value of about 2209 at d = 0.49a, the
resonant frequency f0 is 0.309725(c/a) and the FWHM of the spectral response is
∆f = 1.4× 10−4(c/a). Fig. 4.8(b) is the corresponding resonant modal field. The
present cavity has a symmetry of point group C3v, and Fig. 4.8(b) shows that the
irreducible representation of the localized modes in the open cavity is A1 for point
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Figure 4.8: (a) The spectral response and (b) the resonant modal field of the open
cavity at resonant frequency f = 0.309657(c/a). Each PhC wedge contains 13 rows
of air holes at the base. The distance between the apex O and any of the tip points
is d = 0.49a. (c) The resonant modal field of the open cavity with 17 rows of air
holes at the base of each wedge.
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group C3v [36]. The modal field is localized both in the photonic crystal and air.
The modal field distribution has the maximal amplitude in air. Fig. 4.8(b) also
shows obvious negative refraction at each PhC/air interface.

The resonant frequency varies little (within 2 × 10−4(c/a)) as Nrow increases.
This is understandable since the modal field of the open cavity is localized near
the apex and consequently the resonant frequency of the open cavity is not exactly
equal to -1, which can be explained partially by the influence of the finite periodic
structure and the surface termination to the phase. One can easily see that the
modal field distribution in Fig. 4.8(c) (with 17 rows of air holes at the base in
each PhC wedge) is indeed similar to that in Fig. 4.8(b) (with 13 rows of air holes
at the base in each PhC wedge). The quality factor increases a bit from 2209 to
2540. We have also calculated the resonant modal fields for other values of d. For
example, when d = 0.12a the resonant modal field does not confine around the apex
(the quality factor is only about 129 since more energy flows out of the cavity) and
the negative refraction can also be observed at the interfaces. When d = 0.65a
the irreducible representation of the resonant mode becomes A2 of the point group
C3v. We found that the largest Q appears when the resonant modal field confines
around the apex.

In summary, we study a novel open cavity formed by a photonic crystal with
negative effective refraction index. Due to the negative refraction (and the high
transmission) at the PhC/air interfaces, the propagating wave in the air wedges is
connected to that in the PhC wedges and thus form a closed path (with roughly zero
optical path) due to the negative effective index of refraction for this PhC [34, 77]
at resonance (the ray-trace theory can be used to give us some rough guidance in
the design, and the accurate electromagnetic wave solution should be obtained by
the FDTD simulation). The quality factor of the open cavity can be higher than
2000. The influence of the interface termination on the resonant frequency and the
quality factor has been addressed.

4.3 Amplified transmission of evanescent waves through a
rods-in-air photonic crystal slab with all-angle negative
refraction

Evanescent waves play a very important role in subwavelength imaging. By study-
ing the intensity spectrum of transmission, Luo et al. showed that the transmission
of evanescent waves can be amplified through the excitation of some surface modes
in a slab of specially designed photonic crystal (a square lattice of cross air voids
in a lossless dielectric) with appropriately terminated surfaces [78]. In this section,
we study the amplified transmission of evanescent waves through a AANR pho-
tonic crystal slab, a rods-in-air photonic crystal that has been considered in e.g.
[42, 43]. In general, no surface mode exists for such a simple photonic crystal slab



4.3. Amplified transmission of evanescent waves through a rods-in-air photonic
crystal slab with all-angle negative refraction 41

k
x
d/(2π)

ω
a
/
2

πc

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Figure 4.9: The band structure of slab-guided bound modes for the 10-layer pho-
tonic crystal slab. The shaded region is the light cone. The dash lines indicate
the edges of the projection area of the photonic band structure projected along the
surface direction. The horizontal dotted line is the frequency line ω = 0.192(2πc/a).

when no rod is cut at the terminated surfaces. Thus, its physical mechanism for
subwavelength imaging should be studied.

As used in [40, 43], the rods have a dielectric constant of εr = 14 and a radius
of r = 0.3a, where a is the lattice constant. The period along the surface (in
the x-direction) is d =

√
2a. The AANR effect occurs in a narrow frequency

range (about 3.5% around ω = 0.192(2πc/a), cf. Refs. [40, 43]) for the TM
polarization mode (with the electric field along the z-direction). In the section, we
only consider the transmission of the TM-polarized electromagnetic wave emitting
from a monochromatic point source at ω = 0.192(2πc/a).

Figure 4.9 shows the band structure of the bound photon states for a 10-layer
slab of the rods-in-air photonic crystal, which is calculated by the supercell approach
[68]. From this figure one sees that there is no surface mode (inside the partial
photonic band gap; this is different from the case of square lattice of cross air voids
considered in [78] ) and only slab-guided bound modes exist below the light line
and inside the region of the projected band structure for an infinitely extended
photonic crystal. These slab-guided bound modes have an exponentially decaying
field outside the photonic crystal slab and a standing-wave solution inside the slab
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Figure 4.10: The kx (incident transverse wave vector) spectrum of the zeroth-
order transmission for the 10-layer photonic crystal slab (at the frequency ω =
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(on a logarithmic scale);
(b) the phase spectrum.

(like an eigenmode in a dielectric slab waveguide). This holds in general for rods-
in-air photonic crystals in which no rod is cut at the terminated surfaces. Below
we show that unlike the case (for a slab of square lattice of cross air voids in a
lossless dielectric) considered in [78] the amplified transmission of evanescent waves
for the present structure is due to the excitation of some slab-guided bound modes
(instead of surface modes).

The zeroth order transmission T(N)++
00 dominates the transmission character-

istics of evanescent waves through a photonic crystal slab (see e.g. Ref. [78]).
By the layer-KKR method discussed in Chapter 3, Fig. 4.10(a) and (b) show the
intensity and phase spectra of the zeroth order transmission, respectively. We
investigate the resonant peaks (actually 2 peaks as shown in Fig. 4.11(a) be-
low) around kx = 1.08k0 = 0.293(2π/d) (near the threshold of the evanescent
waves). Fig. 4.11(a) and (b) gives an enlarged view of Fig. 4.10 for the inten-
sity and phase of the transmission in the range 0.26(2π/d) < kx < 0.3(2π/d),
respectively. An enlarged view of Fig. 4.9 for the corresponding band structure of
slab-guided bound modes is shown in Fig. 4.11(c). Comparing Fig. 4.11(a) with (c)
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Figure 4.11: (a) and (b): Enlarged views of Fig. 5 for the transmission spectra in a
small range 0.26(2π/d) < kx < 0.32(2π/d) (i.e., 0.95 < kx/k0 < 1.18, corresponding
to the area marked with the dashed box in Fig. 5). (c): The corresponding enlarged
view of Fig. 4 for the band structure of slab-guided bound modes in the small range.
Peaks P1 and P2 in (a) are associated with the resonant coupling of the incident
evanescent waves with the two guided modes (at frequency ω = 0.192(2πc/a))
shown in (c).

one sees that the two peaks P1 and P2 in Fig. 4.11(a) are exactly at the wave vec-
tors of the two slab-guided bound modes at frequency ω = 0.192(2πc/a), namely,
kx = 1.08k0 = 0.2933(2π/d) and kx = 1.10k0 = 0.2987(2π/d). Physically, the am-
plified transmission of evanescent waves around these two peaks is associated with
the resonant coupling between the incident evanescent field and the two slab-guided
bound modes. Since the photonic crystal slab is periodic along the lateral direction,
similar resonances also occur at other Brillouin zones (including the peaks around
kx = 2.60k0 and kx = 4.76k0 in Fig. 4.10(a)). As the total number of the layers
increases, the positions of these strong resonance peaks will vary. This is quite
understandable since the slab-guided bound modes are sensitive to the thickness
of the slab. The large (even amplified around the resonant peaks) transmission
of evanescent waves at e.g. 1 ≤ kx/k0 ≤ 1.11 (i.e., 0.27 ≤ kxd/(2π) ≤ 0.3)) is
attributed to the “up-pulling” effect of the resonance peaks.

The dip D1 in Fig. 4.11(a) is exactly at the cross point of the light line and the
frequency line ω = 0.192(2πc/a) (see Fig. 4.11(c)) and is due to the well-known
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“threshold anomaly” [79] when kx is near k0 for the 0th channel closing. The dips
D2 and D3 can be explained as a result of the interference cancellation of different
evanescent waves of similar amplitudes inside a photonic band gap [78].

In summary, it has been shown that no surface bound state exists in the slab
of this particular rods-in-air photonic crystal, and the amplified transmission of
evanescent waves is mainly due to the excitation of some slab-guided bound modes,
not the usual surface modes.

4.4 Focusing properties of a photonic crystal slab with
all-angle negative refraction

In Ref. [43], Li et al. compared the focusing properties of a laterally finite slab
of a AANR photonic crystal with that of a homogeneous NIM slab and concluded
that the imaging properties of this photonic crystal slab are dominantly governed
by the self-collimation effect and complex near-field wave scattering effect, rather
than the all-angle negative-refraction effect. In fact, a direct approach to study-
ing the subwavelength imaging properties of a photonic crystal slab is to analyze
the transmission spectrum, which can give more information about the physical
mechanism of negative refraction. Thus a careful examination of the transmission
characteristics for this photonic crystal slab is desirable. In this section, we con-
sider the focusing properties for a slab (infinite along the lateral direction) of this
rods-in-air photonic crystal by using the layer-KKR method discussed in Chapter
3.

Fig. 4.10(b) shows that the phase spectrum is flat for small incident angles
(less than 36◦, corresponding to 0 < kx < 0.58k0 or 0 < kxd/(2π) < 0.159) and
this gives a self-collimation effect. This is consistent with the analysis of EFC for
self-collimation in [43]. On the other hand, for relatively larger incident angles
(36◦ ∼ 90◦, corresponding to 0.58k0 < kx < k0 or 0.159 < kxd/(2π) < 0.27 ),
we observe an unusual feature, namely, negative value of −dφ/dkx. The value of
−dφ/dkx is used to analyze quantitatively the Goos-Hänchen lateral shift of the
reflected wave at the interface between two dielectric media (see e.g. [80]).

For a “perfect lens” (with ε = −1, µ = −1 and thickness h) in the air, the
transmission coefficient is given by T = exp(−i

√
k2
0 − k2

xh) [32]. Then one has
φ(kx) = −

√
k2
0 − k2

xh and −dφ/dkx = −hkx/
√

k2
0 − k2

x for 0 < kx < k0. Thus, one
sees that the lateral shift (−dφ/dkx) is negative for a “perfect lens” (but positive for
a slab of conventional positive index medium). Their phase spectra of transmission
are shown in Fig. 4.12. When the negative lateral shift is so large that it exceeds
d1kx/

√
k2
0 − k2

x (i.e., the distance between the impinging point of a ray and the
projected point of the source on the surface), or equivalently, when the thickness
h is larger than d1 (source-slab distance), a focused image will be formed at the
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Figure 4.12: The phase spectrum for a homogeneous “perfect lens” (with ε = −1 and
µ = −1) with a thickness of h = 7.07a (solid curve; same thickness as the 10-layer
photonic crystal slab) or h = 21.21a (dashed curve; same thickness as the 30-layer
photonic crystal slab). For comparison, the phase spectrum after propagating a
distance of 7.07a in the air is shown by the dotted curve in the same figure.

other side of the “perfect lens”. One thus sees that the magnitude of the negative
lateral shift (−dφ/dkx) indicates the ability of phase modulation for focusing. From
Fig. 4.10(b) one sees that the photonic crystal slab considered here has a focusing
ability (i.e., can modulate the phase front of the propagating field to achieve a
negative refraction) for relatively large incident angles. This effect will be referred
to the negative refraction effect hereafter. From Fig. 4.10 one notices that the
corresponding negative refraction region in the second Brillouin zone has a relatively
large intensity spectrum of transmission for evanescent waves.

Here we show the important contribution of the negative-refraction effect to
the focusing properties by using a spectrum filter for the incident field in a nu-
merical simulation for a 16-layer photonic crystal slab. Since an incident plane
wave component can excite Bloch waves in different Brillouin zones, we choose
such a filter in a way that only the incident plane wave components with kx ∈
[p(2π/d)− kM , p(2π/d) + kM ] can pass through. Here 0 6 kM 6 (2π/d) and
p = 0,±1,±2, . . .. We choose 3 filters with kM = 0.8k0 (components with inci-
dent angles larger than 53.1◦ are filtered away), 0.6k0 (components with incident
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Figure 4.13: The distributions of the field Ez [(a2)−(a4)] and the intensity
[(b2)−(b4)] of the image at the right side of a 16-layer photonic crystal slab (y > 0)
when the incident field is filtered by a multi-band-pass filter for p(2π/d) − kM ≤
kx ≤ p(2π/d) + kM with kM = 0.8k0, 0.6k0 and 0.4k0, respectively. (a1) and (b1)
show the original imaging results before the filter is applied.
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angles larger than 36.8◦ are filtered away), and 0.4k0 (only self-collimated compo-
nents remain), and the resulted field and intensity distributions of the image are
shown in Figs. 4.13(a2)-(a4) and (b2)-(b4), respectively (for comparison the image
results when no component is filtered away are shown in Figs. 4.13(a1) and (b1)).
From these figures one sees that as more components at large incident angles are
filtered away the focusing effect gradually disappears and the transmitted wave be-
comes a self-collimated beam (see Fig. 4.13 (a4) and (b4); the near field scattering
of these self-collimated components at the exit surface does not help the focusing
either). This shows that the focusing properties of the photonic crystal slab are
attributed by the negative-refraction effect for large incident angles, rather than
the self-collimation effect.

In summary, the phase spectrum reveals that the self-collimation effect occurs
at smaller incident angles whereas the negative refraction effect occurs at relatively
larger incident angles. It has been shown that the subwavelength imaging of the
photonic crystal slab is attributed by the negative-refraction effect for large incident
angles (rather than the self-collimation effect) and the coupling between the incident
evanescent field and some guided modes. A numerical experiment using a spectrum
filter for the incident field has confirmed the important contribution of the negative-
refraction effect to the focusing properties.





Chapter 5

Results 2: Designed surface
plasmons

In this chapter, we present our works about designed surface plasmons. First, we
propose that a dispersion relation of designed surface plasmons can be used to
achieve a new phenomenon about surface waves: the negative refraction of surface
waves. Second, we formulate the effective permittivity of a PEC surface drilled
with one-dimensional periodic holes, and show that this structured PEC surface
can be used as a surface-plasmon-like waveguide. Third, by analogy with the real
metal in the optical region, we analyze the enhanced transmission through a PEC
film with an array of periodic subwavelength holes, and show that there are two
different resonances contributed to the enhanced transmission.

5.1 Negative refraction of surface waves

Consider a square array of square holes in the PEC surface, as shown schematically
in Fig. 2.1, where a dielectric material, dielectric constant εh, fills the holes and
covers the top surface of the structure. The three-dimensional finite-difference time-
domain method was used to obtain the band structure of surface modes. Fig. 5.1(a)
shows the dispersion surface of the first surface wave band (other surface wave
bands have higher frequencies than the first band) in a plasmonic metamaterial
with εh = 8 and a = 0.85d, where d is the lattice constant and a is the width of the
square holes. The EFCs of the first band shows a convex curvature for frequencies
around the M point. In particular, the EFC becomes all-convex about the M point
at the frequency near ω = 0.171(2πc/d). This gives rise to negative refraction of
the incident wave, as illustrated by the k vector diagram in Fig. 5.1(b). Since the
surface wave contour is slightly larger than the air contour, for all incident angles
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Figure 5.1: (a) The dispersion surface of the first surface wave band in the plasmonic
metamaterial with εh = 8 and a = 0.85d. (b) The equal-frequency contours and
the wave-propagation diagrams at ω = 0.171(2πc/d).

one obtains only one single, negatively-refracted Bloch wave beam, i.e., an all-angle
negative refraction case [40, 42, 43, 81].

We use a plane-lens-imaging simulation to demonstrate the imaging through the
surface wave in such a structure. The entire structure is surrounded by perfectly
matched layers [82] to absorb the outgoing waves. Due to the upper cutoff to
the transverse wave vector that can be amplified in the periodic structure, the
point source was placed close enough to the air/plasmonic-metamaterial structure
interface before the evanescent waves decay out [40, 42, 81]. We place a Ez point
dipole source of the frequency ω = 0.171(2πc/d) in air with a distance So = 0.7d
from the slab structure, in which the interface of the slab is normal to Γ-M direction
(see Fig. 5.2). The PEC slab has a thickness of 5.2d and a height of 1.5d. The
depth of the holes is h = 1.0d into the perfect conductor. The point dipole source
is located on the same plane of the dielectric-metal interface (z = 1.5d) in order to
obtain the maximum energy coupling into the surface waves. Figure 5.2 shows the
snapshots of the Ez field for three different z positions: 1.0d, 1.6d, and 2.75d. As
clearly shown, a focused image is obtained at the other side of slab and the imaging
distance is about Si = 0.6d from the slab edge.

To clearly show the role of surface waves, Fig. 5.3(a) shows the snapshot of the
Ez field along the plane across the source and the image. When compared with the
snapshot of the Ez field along the same plane but for an unpatterned metal structure
covered with the dielectric εh = 8 (see Fig. 5.3(b)), one can clearly see that the
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Figure 5.2: The snapshots of the Ez field at the frequency ω = 0.171(2πc/d) for
three different z positions: 1.0d, 1.6d, and 2.75d. The slab has a thickness of 5.2d
and the depth of the holes is h = 1.0d. The plane of the metal surface is at z = 1.5d.
The black lines in the each layer give the boundary of the slab structure and the
outline of the metal. The inset shows the ray-tracing analysis for focused imaging
by a slab lens with the negative refraction.

electromagnetic fields propagate through the slab as surface waves, and then form
the image on the opposite side. However, for the unpatterned metal structure, the
electromagnetic wave emitted by the point dipole source only propagates through
the dielectric material, and can not form an image on the other side of the structure.

To prove the subwavelength imaging through the structure, Fig. 5.4 shows the
average field intensity at the imaging plane in Si = 0.6d. Since the image is very
close to the slab edge and thus the field on the imaging side may be dominated by
the surface states at the plane of the metal surface (z = 1.5d), the average intensity
of a real image (obtained by the fast Fourier transform of the field) is shown here for
z = 2.75d. Compared with the case of the unpatterned metal structure just covered
with the dielectric ε = 8, the full width at half maximum (FWHM) of the average
intensity at the imaging is much smaller, with a value of only 0.42λ (see Fig. 5.4).
This is below the conventional diffraction limit (0.5λ) [83]. It is also found that the
imaging quality is sensitive to the position of the air/plasmonic-metamaterial slab
interface termination, since the termination has strong influence on the transmission
coefficient at the air/plasmonic-metamaterial slab interface [76].

In summary, we have demonstrated two phenomena resulting from the propaga-
tion of surface waves: 1) the negative refraction of surface waves on a periodically
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Figure 5.3: The snapshots of the Ez field along the plane across the source and the
image for (a) the plasmonic metamaterial structure and (b) the unpatterned metal
structure (just covered with the dielectric ε = 8 but without the drilled holes array).
The black line gives the outline of metal. The two dash lines give the boundary
between the slab and air.
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Figure 5.4: The average field intensity at the imaging distance Si = 0.6d, both
for the plasmonic metamaterial structure (the solid line) and the metal structure
without holes (the dashed line).
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patterned PEC surface and 2) the sub-wavelength imaging of a point dipole source
by exploiting the negative refraction of surface waves.

5.2 Surface-plasmon-like waveguide consisting of a
structured PEC surface
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Figure 5.5: (a) Schematic of a PEC surface with one-dimensional periodic rectangle
holes drilled in, where a is the width of the slits or holes, l is the length of the
holes, and d is the periodicity. (b) the equivalent effective waveguide structures
corresponding to (a).

Figure 5.5(a) schematically shows our proposed waveguide, a PEC surface is
drilled with one-dimensional periodic rectangle holes, where air is assumed for the
ambient environment and the hole regions. We first assume that the depth of
the holes is infinite. Considering the case of λ À l > a (i.e. the frequency is far
below the cutoff frequency of the fundamental eigenmode in the rectangle waveguide
consisting of the hole), EM plane waves impinge the PEC surface and excite the
decaying field along the rectangle hole, and a field with the form of a fundamental
eigenmode will dominate the EM field in the hole due to the least strongly decaying
[6]. The EM fields are zero inside PEC but inside the holes the electric fields are

E = [1, 0, 0]E0 sin(πy
l ) exp(ikzz − iωt),

0 < x < a, 0 < y < l
(5.1)

where E0 is a constant, and kz is the wave vector along the z-direction and a pure
imaginary number in this case. Therefore, the energy across each rectangle hole is

Pz =
∫ a

0

dx

∫ l

0

dy(E×H∗)z =
alkzE

2
0

2ωµ0
. (5.2)

According to the average field method [6], the effective electric field in the
effective medium is the average field across the effective unit surface (0 < x <
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d, 0 < y < l), i.e.

Ē = Ē0[1, 0, 0] exp(ikzz + ikxx− iωt),

Ē0 = E0
a

ld

∫ l

0

dy sin(
πy

l
) =E0

2a

πd
(5.3)

where kx is equal to the x-component of the wave vector for the impinging plane
wave due to the conservation of the tangential component of the wave vector.
Suppose that the homogeneous field given by Eq. 5.3 propagates in the effective
medium, the energy across the effective unit surface is

Pz =
∫ d

0

dx

∫ l

0

dy(E×H
∗
)z =

4a2lkzE
2
0

π2dωµyµ0
, (5.4)

which should be equal to that across the real media as Eq. 5.2. Thus, the effective
permeability is

µy =
8a

π2d
. (5.5)

Due to Eq. 5.3 from the average field method [6], we also know that

k2
z = k2

0εxµy = k2
0 − π2/l2 (5.6)

and hence the effective permittivity is

εx =
π2d

8a
(1− ω2

p

ω2
), (5.7)

where the plasma frequency ωp = πc/l is exactly the same as the cutoff frequency
of the fundamental mode in the rectangle waveguide.

For low frequencies ω < ωp, Eq. 5.7 gives εx < 0 in the effective media, which
suggests the proposed waveguide can support the designed-surface-plasmon mode.
However, when the frequency is larger than the cutoff frequency, the EM field can
propagate in the z-direction along the infinitely long holes. The PEC surface can
not sustain the EM energy transportation along x-direction, and the metal structure
can be treated as a dielectric with εx > 0. Even so, if the holes are with finite depth
and a PEC wall at the bottom, this waveguide structure can be equivalent to the
air-dielectric-PEC structure, where the surface at the bottom plane can be treated
as a PEC mirror. Therefore, in this case, it may support a kind of guided mode
similar to that in the air-dielectric-air waveguide.

It should be noticing that Eq. 5.5 and 5.7 are only valid for long wavelengths
(low frequencies). In the case of the short wavelengths (high frequencies) the exact
dispersion relation should be calculated by numerical methods [58, 59]. We use
the FDTD method to calculate the dispersion relation of the guided modes on
structured metal surfaces. Perfectly matched layer absorbing boundary conditions
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Figure 5.6: (a) The dispersion diagram of the guided modes with a = 0.2d,
l = 1.45d and the depth of the holes h = 2d. The grey area is the light cone. The
dash line corresponds to the cutoff frequency of the rectangle holes. The snapshot
of the Ez field for guided modes with kx = 0.5(2π/d) in (b) x − z plane cross the
center of holes and (c) the unit cell volume. (b1) and (c1) correspond to the guided
mode for ω = 0.335(2πc/d), and (b2) and (c2) for ω = 0.453(2πc/d). The black
lines in (b) give the outlines of the metal.

are used at ±y and ±z direction [82], and the Bloch boundary condition is used at
±x for a unit cell in the designed waveguide.
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Figure 5.6(a) shows the calculated dispersion relation of the guided modes of the
waveguide, where the depth of rectangle holes is h = 2d, the width is a = 0.2d and
the length is l = 1.45d. We found that these guided modes can be classified into two
distinct types by the cutoff frequency of the rectangle waveguide ωp = 0.345(2πc/d):
One designed surface plasmon mode below ωp and one quasi surface mode above
ωp. For the designed surface plasmon mode, the field is confined at the metal-air
interface, which exponentially decays in both air above the metal and holes in the
metal. In contrast, for the quasi surface mode, even though the field decays in air,
it propagates into the rectangle holes and reflects back by the bottom metal, which
results in Fabry-Perot resonances in the holes.
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Figure 5.7: The distribution of E intensity (|Ex|2 + |Ey|2 + |Ez|2 ) of the designed
surface plasmon mode in Fig. 5.6 (b1) and (c1) along (a) the x − z plane and (b)
the y− z plane across the maximum, respectively. The red lines give the outline of
the metal.

Figure 5.6(b) and (c) show the snapshot of the Ez field cross sections of the
modes presented in Fig. 5.6 (a) for kx = 0.5(2π/d). Figure 5.6(b1) and (c1) cor-
respond to the designed surface plasmon mode at ω = 0.335(2πc/d), which clearly
demonstrates the field is confined at the air-metal interface. Compared with the
quasi surface mode at ω = 0.453(2πc/d) in Fig. 5.6(b2) and (c2), the designed sur-
face plasmon mode shows a much better field confinement. Figure 5.7 shows the
half maximum of E intensity for the designed surface plasmon mode is confined in
a 0.6d× 0.28d (i.e. 0.20λ× 0.095λ) subwavelength region in the y − z plane.

Since the dispersion curve of the designed surface plasmon wave asymptotically
approaching to ωp and is very flat about ω = 0.335(2πc/d), the waveguide can be
used to slow the EM wave. The reciprocal of the group velocities of the designed
surface plasmon modes are calculated and shown in Fig. 5.8. The group velocity
descends rapidly with kx increasing, and approaches to zero at kx = π/d. The
small group velocity attributes to both the strong band-edge dispersion (vg = 0 at
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Figure 5.8: The reciprocal of the group velocity of the designed surface plasmon
modes in Fig. 5.6 (a).

kx = π/d) [25, 26, 84, 85] and the surface-plasmon-like dispersion (relatively flat at
high frequencies).

In summary, we design a novel designed surface plasmon waveguide, where the
designed surface plasmon modes with very low group velocity are confined in a
subwavelength region.

5.3 Enhanced transmission through a metallic film with
periodic arrays of subwavelength holes

Since Ebbesen and co-workers discovered the phenomenon of enhanced transmis-
sion through the metallic film with periodic arrays of subwavelength holes in 1998
[50], tremendous attention has been focused to investigate the physical mecha-
nism behind this effect. Many researchers show that the enhanced transmission
is attributed to the surface plasmon resonance arising from the surface periodicity
[51, 52], and should be independent of hole shapes. However, recently Klein et al.
[86] demonstrated experimentally that there is strong influence of hole shape on
the enhanced transmission. It was postulated that this shape-effect was the result
of localized surface plasmon (LSP) resonances [87, 88].

In this section, we will show that the enhanced transmission through a metallic
film with a periodic array of subwavelength holes results from two different reso-
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nances: besides well-recognized surface plasmon resonances due to the periodicity,
there are localized waveguide resonances, and the “shape effect” attributes to the
localized waveguide resonances. We start with investigating the property of the
resonance states by analyzing band structures of the Bloch waves in a PEC film
with hole arrays (i.e. a plasmonic metamaterial), and also their influence on the
enhanced transmission through the holes. Due to the analogy between SSPs in
a real metal and designed surface plasmons in the plasmonic metamaterial, the
conclusion for the enhanced transmission through the structured PEC film can be
naturally extended to the case of a real metal in the optical regime. In addition,
the case of hole arrays in an Au film for the optical regime is also investigated.

Figure 5.9: The schematic of a perfect conductor film with a square array of rect-
angular air holes.

We have studied many different hole shapes and parameters, and found that the
results obtained below are general. Fig. 5.9 shows a free standing PEC film with a
thickness of h = 0.2a and a square lattice of rectangular 0.9a×0.2a air holes, where
a is an arbitrary length unit for normalization and d is the lattice constant. We only
consider the case of normal incidence, and the electric field of the incident wave is
polarized along the short edge of the rectangular holes (the y-direction). By using
the FDTD method, Fig. 5.10 (a) shows the normalized transmission for the three
different cases of lattice constants: d = 1.0a, 1.1a, and 1.2a. In the frequency range
shown in the figure, there are two peaks of enhanced transmission at the frequency
0.56(c/a) and 0.978(c/a) for d = 1.0a, where the normalized transmissions are
larger than 5.5. When the lattice constant increases while the hole size is fixed, the
lower frequency peak does not move significantly while the high-frequency peak is
“red-shifted” dramatically. The normalized transmissions are still very high and
increasing as the lattice constant increases.

Fig. 5.10(b) shows the dispersion relation (the band structure) of the electro-
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Figure 5.10: (a) The normalized transmission through a PEC film with a square
array of rectangular holes of size 0.9a × 0.2a (a is an arbitrary length unit) for
different lattice constants: d = 1.0a (solid line), 1.1a (dashed line), and 1.2a (dotted
line). The thickness of the film is 0.6a. (b) The band structure for the case of the
lattice constant d = 1.0a. The odd (even) mode is denoted by the line marked with
points (triangles). The white area is the region in the light cone.

magnetic state for the case of d = 1.0a. Since the structure is symmetric about the
plane z = 0 crossing the center of the film, the resonant modes can be classified as
either the odd or even modes where Ez field is symmetric or antisymmetric about
z = 0. The resonant frequencies corresponding to the Bloch wave vector k = 0 (Γ
point in Fig. 5.10 (b)) coincide with the peaks of the normalized transmission (cf.
Fig. 5.10(a)). Here we consider the bands in the light cone (the white region in
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Fig. 5.10(b)), which are the electromagnetic states radiating into free space. Note
that if each air hole is considered as a truncated rectangular waveguide with four
PEC walls and two sides opened to free space, the truncated waveguide forms a
low-Q (quality factor) cavity resonator. The resonant frequency of the lowest-order
cavity mode is the same as the cut-off frequency of the basic mode (TE10) in the
rectangular waveguide, 0.556(c/a). This resonant frequency is almost independent
of the periodicity, and gives a flat band in the electromagnetic band structures, as
shown in Fig. 5.10 (b). We refer this kind of resonance as to a localized waveguide
resonance, and the flat band is a signature of these resonances associated with each
air hole. Additionally, it is observed that for the above two-dimensional periodic
structure, the localized waveguide resonances always exist even if the metal film
is very thin (considering that the thickness of the metallic films is less than the
long axis of air holes). This differs from the case of one-dimensional periodic struc-
tures, e.g. a metallic grating with slits [52]. To understand this property, a typical
Fabry-Perot expression can be used to model the zero-order transmission coefficient
(t00):

t00 =
tah exp(−iβh)tha

1− r2
ha

exp(−i2βh)
, (5.8)

where tah is the transmission of the incident wave impinging from free space onto the
semi-infinite rectangular waveguide, tha (rha) is the transmission (reflection) of the
waveguide mode from the semi-infinite rectangular waveguide into free space, and
β is the propagation constant of waveguide mode. Since the resonance frequency
is very close to the cut-off frequency, β is approximately equal to 0, meaning that
both exp(−iβh) ≈ 1 and exp(−i2βh) ≈ 1. Therefore, t00 is almost independent of
h, and the transmission peaks do not change with h, even if the PEC film is very
thin.

We use the case that the same size holes (0.9a× 0.2a) are randomly distributed
with the long axis of the holes always along x-direction, to verify that the fre-
quency of the localized waveguide resonance is mainly determinated by the holes
size and almost independent of the periodicity. Figure 5.11 shows the normalized
transmission for four different calculation square cell sizes: (5a)2, (7a)2, (9a)2, and
(11a)2. To maintain consistency in the comparison with the film with a periodic
array (the marker-less line in Fig. 5.11), the ratio of the total holes area to the total
cell area is equal to that in the case of the periodic array, i.e. there is N2 holes in
the (Na)2 metallic film (e.g. the inner plots the positions of 25 holes in a 5a× 5a
example). It is clear from Fig. 5.11 that the random distribution of holes maintains
a peak position of the transmission near the frequency 0.56(c/a), but removes the
higher frequency peak at the frequency 0.978(c/a) in the case of the periodic array
of holes. This confirms that the localized waveguide resonance results from the
electromagnetic field localized in the each hole and the surface plasmon resonance
is due to the periodicity.

It is interesting to notice that the normalized transmission for the periodic holes
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Figure 5.11: The mean value of the normalized transmission for the sample with
different square cell size: (5a)2, (7a)2, (9a)2, and (11a)2. For the comparison,
the normalized transmission for the case of the periodic array of holes (the lattice
constant d = 1.0a) is denoted by the marker-less line. The ratio of the hole area to
the cell area in the case of random distributed holes is equal to that in the case of
the periodic array. The inner shows an example of 25 randomly distributed holes
in a 5a× 5a cell.

is almost twice higher than that through the randomly distributed holes. When
the normal incident wave excites the localized waveguide resonance in each hole,
each hole can be seen as a source at the exit side. These sources are in-phase
for the periodic holes, and gives constructive interference. Thus the transmission
through the periodic holes is almost enhanced twice than that through the randomly
distributed holes.

We also check a real metal case, and calculate the normalized transmission
through Au films with periodic array of the aperture by the FDTD method. The
Au film with a thickness of 200nm is assumed to be on a glass substrate (ε = 2.117),
as considered in Ref. [86]. The dimensions of the holes are fixed at 225 × 75 nm2

and Fig. 5.12 shows the normalized transmission through the Au films with periodic
aperture arrays for the different lattice constant d = 425, 450, 475nm. The localized
waveguide resonance corresponds to the peaks in the normalized transmission at
the wavelength λ = 836nm, i.e. the frequency 0.508(c/a) when a = 425nm, and
it hardly moves with differing lattice constants. It has been shown that for the
real metal in the optics regime, the cut-off wavelength of metallic waveguides is
increased significantly, and is much larger than Rayleigh’s criterion for the PEC
waveguide [89, 90]. Therefore, the cut-off wavelength for the 225×75 nm2 aperture
in the Au film is much larger than 450nm. Since the transmission peak about the
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Figure 5.12: The normalized transmission through the Au films with periodic aper-
ture arrays for the different lattice constant d = 425, 450, 475 nm. The Au film is
on a glass substrate (ε = 2.117), the dimension of the hole is fixed at (225 × 75
nm2), and the thickness of the films is 200 nm. The up (down) horizontal axis is
labeled as the wavelength (frequency), where a is 425nm.

wavelength λ = 836nm is almost independent of the lattice constant, we believe
that the resonance is the localized waveguide resonance where each air hole is
considered to be a section of metallic waveguide with both ends open to free space,
forming a low-quality-factor resonator. This is also confirmed by our band structure
calculations, which give a relatively flat band near the frequency 0.508(c/a). It is
very interesting that the transmission peak about the wavelength λ = 836nm was
just the transmission peak explained as the “shape effect” in Ref. [86]. Thus, we
can say the shape effect in Ref. [86] actually attributes to the localized waveguide
resonance.

In summary, we have studied two different resonances, which contribute to the
enhanced transmission through the metal films with periodic arrays of subwave-
length holes: (i) the localized waveguide resonance (each air hole can be considered
as a truncated rectangular waveguide with four metal walls and two sides opened
to air, and forms a low-quality-factor resonator), which is dependent on the holes
shape but almost independent of the period of the structure; (ii) the property of
the surface plasmon resonance due to the periodicity, which is directly connected
with the lattice constant. We also explain that the shape effect in the enhanced
transmission phenomena attributes to localized waveguide resonances.



Chapter 6

Conclusion and future work

We have studies two important dispersion effects in periodic structures: negative
refraction and designed surface plasmon. Our thesis works include both the theoret-
ical explorations to these two properties and the designs of novel optical/microwave
devices based on these properties.

Three numerical methods are implemented to analyze electromagnetic proper-
ties. We develop the layer-KKR method to calculate the electromagnetic wave
through a slab of photonic crystals. By implementing the refraction matrix for
semi-infinite photonic crystals, the layer-KKR method is modified to compute the
coupling coefficient between plane waves and Bloch waves in photonic crystals. The
two-dimensional plane wave method is applied to obtain the band structure and the
equal-frequency contours in regular photonic crystals. The finite-difference time-
domain method is widely used in our works, but we briefly discuss two calculation
recipes in this thesis: how to deal with the surface termination of perfect electric
conductor and how to calculate the frequency response more efficiently using the
Padè approximation method.

By the layer-KKR method, we comprehensively analyze the coupling coefficients
between plane waves in air and Bloch waves in the photonic crystal with neff = −1
(Paper VI). We find and explain that the coupling coefficients of the neff = −1
photonic crystal are strong-angularly dependent. Our study shows that a photonic
crystal with an effective negative index cannot be treated as an isotropic negative
index material.

We also propose a viable open-cavity structure formed by a neff = −1 pho-
tonic crystal (Paper IV). The influence of the interface termination on the resonant
frequency and the quality factor is studied.

To illuminate the physical mechanism of the subwavelength imaging, we ana-
lyze both intensity and phase spectrum of transmission through a slab of AANR
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photonic crystal (Paper V). It is shown that the focusing properties of the photonic
crystal slab are mainly due to the negative refraction effect for large incident angles,
rather than the self-collimation effect.

To achieve the negative refraction of surface waves, we design a plasmonic meta-
material with all-angle negative refraction (Paper III). We also numerically demon-
strate the subwavelength imaging of a point dipole source by a slab of such a
structure.

We propose a PEC surface drilled with one-dimensional periodic rectangle holes
as a surface-plasmon-like waveguide (Paper II). By the average field method, we
obtain the effective permittivity and permeability of this structure. Our simulation
shows that the half maximum of electric field intensity of a waveguide mode can be
confined in a 0.20λ × 0.10λ subwavelength region on the transversal plane, where
λ is the wavelength in vacuum.

By the analogy between designed surface plasmons and surface plasmon polari-
tons, we show that two different resonances contribute to the enhanced transmission
(Paper I). Besides well-recognized surface plasmon resonances due to the periodic-
ity, there are localized waveguide resonances where each air hole can be considered
as a section of metallic waveguide with both ends open to free space, forming a
low-quality-factor resonator. The shape affect can be attributed to the localized
waveguide resonances.

For the future work, there are several research works to be carried out. One of
them is to seek novel properties in periodic structures. For example, Shen et al.
designed a one-dimensional periodic PEC structure, which can be equivalent to a
dielectric with arbitrary high refractive index [91].

The second task is to study new applications about dispersion properties. We
attempt to use an open cavity as a bio-sensor, because an open-cavity structure has
much volume to fill liquid than a conventional cavity and its resonant frequency
may be more sensitive to the refractive index of liquid.

In the experimental part, a lot of special effects about dispersion properties still
need the experimental demonstration. For example, based on our work (Paper I),
Lee et al. designed an experiment about the enhanced transmission phenomena, and
their experiment results confirm our theoretical predictions that the shape affect
is attributed to the localized waveguide resonances [92]. And we are doing some
experiments to demonstrate the negative refraction of surface waves in a plasmonic
metamaterial. The work is done in collaboration with with Dr. Peter Fuks from
Division of Electromagnetic Engineering, KTH.
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Summary of contributions

Paper I: Enhanced transmission through periodic arrays of subwavelength holes:
The role of localized waveguide resonances. Phys. Rev. Lett., 96, 233901, 2006.

Author’s Contributions: The idea about the case that the holes are randomly
distributed, the explanation that the resonant frequency of localized waveguide
resonance is independent of the thickness of the film, 50% simulation work, and the
first draft of the manuscript.

Paper II: Slow electromagnetic wave guided in subwavelength region along one-
dimensional periodically structured metal surface. Appl. Phys. Lett., 90, 201906,
2007.

Author’s Contributions: The derivation of the effective permittivity and perme-
ability of the structured PEC surface, almost 100% simulation work, and the first
draft of the manuscript.

Paper III: Negative refraction and sub-wavelength imaging through surface waves
on structured perfect conductor surfaces. Opt. Express, 14, 6172, 2006.

Author’s Contributions: Almost 100% design work and the first draft of the
manuscript.
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Paper IV: Open cavity formed by a photonic crystal with negative effective index
of refraction. Opt. Lett., 30, 2308, 2005.

Author’s Contributions: Part of the original ideas, 100% simulation work, and
the first draft of the manuscript.

Paper V: Focusing properties of a photonic crystal slab with negative refraction.
Phys. Rev. B, 70, 115113, 2004.

Author’s Contributions: Main part of the original ideas, the derivation of the
transformation formula between the different phase reference point, coding the
layer-KKR method, 100% simulation work, and the first draft of the manuscript.

Paper VI: Coupling between plane waves and bloch waves in photonic crystals
with negative refraction. Phys. Rev. B, 71, 045111, 2005.

Author’s Contributions: Coding the layer-KKR method to calculate the cou-
pling coefficients, the explanation that the coupling coefficients enhance about the
75◦ incident angle, 100% simulation work, and the first draft of the manuscript.
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