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Abstract
Spin-vortices in vertically spaced pairs of thin elliptical Permalloy nanoparticles are investigated. The two vortex cores with parallel out-of-plane
magnetization exhibit a strong monopole-like attraction through the spacer
much thinner than the core length, thus forming a bound core-core pair.
The material of the spacer is designed to suppress both direct and indirect exchange interactions, so the remaining inter-vortex coupling is purely
dipolar. In the investigated vortex pairs, the in-plane magnetization in
the vortex periphery, outside the vortex cores, curl in opposite directions
(have opposite chirality). As a result, the two cores move in opposite directions in response to an in-plane magnetic field, the Zeeman effect of which
acts to decouple the core-core pair. This leads to unique dynamics of the
spin-vortex parallel-core/antiparallel-chirality pair, which strongly depend
on whether the pair is coupled or decoupled. In the coupled state, the cores
are held close together by the core-core attraction, which results in shortradius oscillations and a resonance frequency of about 2 GHz for the main
rotational eigen-mode. In the decoupled state, the cores are separated by a
distance much greater than the core length and gyrate independently with
a resonance frequency of the order of 100 MHz.
The dynamics of the vortex pair are investigated at 77 K, where there
is a bistability between the coupled and decoupled core states. Resonant
excitations are used to decouple the cores with pulses of ∼ 10 Oe in amplitude and ∼ 100 ps in duration. The ability to decouple a vortex pair using
such fast low-power pulses can be useful for multifrequency oscillators and
vortex based memory.
A search for quantum effects is undertaken at sub-Kelvin temperatures
using a dilution refrigerator. Square pulses of 100 ns duration and amplitudes of the order of 1 Oe are applied in-plane to bring the system closer to
decoupling, giving the cores a chance to tunnel through the barrier between
the coupled and decoupled states. The amplitude required for decoupling is
measured as a function of temperature and a leveling off in the decoupling
probability is seen below 400 mK, giving some indication of core tunneling. Macroscopic quantum tunneling of magnetization is interesting from
the fundamental physics point of view, e.g., as a model system for studying
the measurement paradox in quantum mechanics, as well as for current and
future computer technology in terms of understanding the ultimate limitations of miniaturizing magnetic memory elements.
Keywords
Spin-vortex, ultra fast vortex dynamics, milli-Kelvin temperatures, macroscopic quantum tunneling.
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Sammanfattning
I detta arbete studeras spinnvirvlar i elliptiska skivor av Permalloy ordnade i vertikala par. Kärnor av parallell vertikal magnetisering attraherar
varandra likt monopoler genom en film mycket tunnare än kärnorna och
bildar därmed ett sammankopplat par. Materialet i filmen mellan virvlarna
är designat för att förhindra både direkt och indirekt utbytesväxelverkan
och lämnar endast kärnornas dipolväxelverkan. I de virvelpar som studeras
går den plana magnetiseringen i virvlarnas periferi runt kärnorna åt olika
håll (de har motsatt kiralitet). På grund av detta rör sig kärnorna åt olika
håll vid applikation av magnetfält i planet (Zeeman effekten) vilket kan
leda till att de kopplas isär. Detta ger virvelpar med parallella kärnor och
antiparallell kiralitet unika dynamiska egenskaper som ändras med deras
tillstånd, sammankopplade eller isärkopplade. I det sammankopplade tillståndet hålls kärnorna ihop av monopolattraktionen vilket gör att de bara
kan röra sig i små banor kring sitt magnetiska masscentrum, med en resonansfrekvens på circa 2 GHz. I det isärkopplade tillståndet är kärnorna
separerade med ett avstånd som är mycket större än kärnornas diameter,
och de rör sig oberoende av varandra med en resonansfrekvens i storleksordningen 100 MHz.
Virvelparets dynamik undersöks vid 77 K, där det finns en bistabilitet
mellan det sammankopplade och det isärkopplade tillståndet. Pulser med
längd ∼ 100 ps och styrka ∼ 10 Oe i resonans med det sammankopplade
tillståndet används för att koppla isär kärnorna. Att kunna koppla isär
dem med så korta lågeffektspulser kan vara användbart för virvelbaserade
minnen och multifrekvensoscillatorer.
Ett sökande efter kvanteffekter påbörjas vid temperaturer under 1 K
med hjälp av en utspädningskyl. Fyrkantsvågor med en längd på 100 ns
och en styrka i storleksordningen 1 Oe, orienterade i planet, används för att
ge kärnorna en chans att tunnla genom barriären mellan det sammankopplade och det isärkopplade tillståndet. Den vågamplitud som krävs för att
koppla isär kärnorna plottas mot temperaturen och kan ses plana ut under
400 mK, vilket ger viss indikation av tunnling. Dessa undersökningar av
makroskopisk kvanttunnling av magnetisering kan vara användbar i grundforskning för att studera mätparadoxen i kvantmekanik, men också i modern
datorteknologi för att förstå de absoluta begränsningarna i hur små magnetiska minneselement kan göras.

Nyckelord
Spinnvirvel, ultrasnabb virveldynamik, milli-Kelvin temperaturer, makroskopisk kvanttunnling.

Contents
1 Background and Structure

1

2 Introduction to Magnetism
2.1 Ferro- and Ferrimagnetism . . . . . . . . . . . . . . . . . . . .
2.1.1 Ferromagnetism . . . . . . . . . . . . . . . . . . . . .
2.1.2 Ferrimagnetism . . . . . . . . . . . . . . . . . . . . . .

3
4
4
8

3 The Vortex State
3.1 Single Vortices . . . . . . . . .
3.1.1 Quasistatics . . . . . . .
3.1.2 Dynamics . . . . . . . .
3.2 Vertically Stacked Vortex Pairs
3.2.1 Samples . . . . . . . . .
3.2.2 P-AP Properties . . . .

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

9
9
10
12
15
16
18

4 77 K – Transient Dynamics
4.1 Experimental Setup . . . . . . . . . . . .
4.1.1 Cryostat with Magnet . . . . . . .
4.1.2 Instruments and Circuitry . . . . .
4.2 Characterization and Calibration . . . . .
4.2.1 Probability Measurements . . . . .
4.2.2 Calibration and Chaotic Dynamics
4.3 Results and Discussion . . . . . . . . . . .
4.3.1 Qualitative Pulse Effect . . . . . .
4.3.2 Anharmonicity . . . . . . . . . . .

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

23
23
23
25
26
28
29
31
32
34

5 Sub-K – Core Tunneling
5.1 Experimental Setup . . . . . . .
5.2 Preparation and Procedure . . .
5.2.1 Probability Measurements
5.3 Results and Discussion . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

37
37
38
40
40

v

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.

vi

CONTENTS
5.3.1
5.3.2

The Observer Effect . . . . . . . . . . . . . . . . . . . 41
Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . 43

6 Conclusion

45

Appendix A Derivation of the Forces on a Vortex Core

47

Acknowledgements

53

Bibliography

57

Chapter 1

Background and Structure
Magnetic materials have been found in the remnants of ancient civilizations
dating as far back as 2000 BCE, although it is uncertain if the people knew
about its properties back then. [1] 1000 - 3000 years later it was used for
practical purposes, both in surgery (India) and for the first needle compasses
(China) made of the naturally occurring magnet lodestone. By the 17th
century CE it was known how to make weak permanent magnets, by heating
up an elongated piece of iron and then hammering it as it cooled down, while
holding it in a north-south direction. [2] In the early 19th century, Ørsted
discovered that pieces of magnetic material were affected by nearby electrical
currents. [1] Following this discovery, investigations into magnetism picked
up speed and the subject is today a major part of physics, from high schools
to current research, with a wide range of applications, from construction
work to data storage.
In this thesis the behaviour of advanced magnetic nanostructures is studied. Much has been found at room temperature already, [3] but many interesting phenomena arise as the temperature is lowered.
The second chapter of this thesis presents the basic theory of magnetism.
Then, in chapter 3, the nanostructures and their magnetic states are described using theory and simulations.
The nanostructures contain ‘magnetic vortices’, whose dynamics are
studied at 77 K in chapter 4, both for fundamental research and for possible
applications in computer memory and as GHz oscillators. The temperature
is then lowered to sub-Kelvin temperatures, in chapter 5, to search for
macroscopic quantum tunneling, useful for both fundamental research and
modern computer technology.
Finally, the project findings are summarized in chapter 6 and acknowledgements are given in chapter 7.
1
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Chapter 2

Introduction to Magnetism
Magnetic fields are generated by the motion of electric charge and by the
intrinsic spin of elementary particles. A current through a wire produces
a magnetic field around the wire according to the Biot-Savart law, in a
direction given by the right hand rule, and a current through a wire loop
can be described by its magnetic moment,
m
⃗ = Iaâ ,

(2.1)

where I is the current, a is the area enclosed by the loop, and â is a unit
vector pointing along the field going through the loop. [4, 5] Therefore, an
electron going around an atomic nucleus has an orbital magnetic moment
antiparallel with its time averaged axis of rotation, which can of course be
zero. This moment can be written
m
⃗o=−

e ⃗
L,
2me

(2.2)

⃗ its orbital angular
where −e is the charge of the electron, me its mass, and L
momentum.
A uniformly charged spinning sphere, which can be seen as a collection
of surface charges going around a common axis, has a magnetic moment
m
⃗ =

q ⃗
S,
2m

(2.3)

⃗ the total angular momentum
where q is the total charge, m the mass, and S
of the surface charges. Electrons cannot always be modeled as solid spheres,
as their surface would have to travel faster than the speed of light. Still,
when it comes to the magnetic moment the solid sphere model works well
3
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as electrons have an intrinsic spin, or spin angular momentum. This spin
produces another magnetic moment,
e ⃗
m
⃗ s = −g
S,
(2.4)
2me
where g, the g-factor, is approximately 2. The quantity −ge/2me is also
known as the gyromagnetic ratio, denoted γ. The total electron magnetic
moment is the sum of the orbital and spin contributions,
⃗ + S)
⃗ .
m
⃗ =m
⃗o+m
⃗ s = γ(g −1 L

(2.5)

As opposite spin means opposite magnetization, it is possible for the total
spin magnetic moment to be zero. If the orbital magnetic moment is also
zero, then there is no intrinsic moment, i.e. there is no moment if there
is no external field. With m
⃗o = m
⃗ s = 0 the sample is diamagnetic, and
when there is an external field the motion of the electrons will change in an
attempt to cancel out the external field with a field in the opposite direction.

2.1

Ferro- and Ferrimagnetism

Diamagnetism is present in all materials, but when the spin and orbital
magnetic moments are nonzero they align parallel with external fields and
give rise to an internal field much stronger than the antiparallel diamagnetic
contribution. When a material gains magnetic moment in this way, while
having zero moment in the absence of external fields, it is paramagnetic.
Some paramagnetic materials have a critical temperature, called the Curie
temperature, TC , below which there is a non-zero magnetic moment even in
the absence of external fields. The material is then said to be ferromagnetic.
The elements of the iron group, Fe ([Ar] 3d6 4s2 ), Co ([Ar] 3d7 4s2 ), and
Ni ([Ar] 3d8 4s2 ), are typical examples. The electron configurations and
Hund’s rules imply that Fe, Co, and Ni, have 4, 3, and 2 uncompensated
spins in the 3d orbital. Mn has 5 but is only paramagnetic because the
nearest-neighbour distance is small enough for the uncompensated spins in
nearest neighbour atoms to compensate each other.

2.1.1 Ferromagnetism
In ferromagnetic materials the potential magnetic energy can be expressed
as
U = UZ + Ue + UK + Uel + Ud ,
(2.6)
where UZ , the Zeeman energy, comes from the interaction with the external
field; Ue , the exchange energy, comes from the interaction between neighbouring spins; UK , the magnetocrystalline anisotropy energy, comes from
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a preferred direction of the magnetization in relation to the crystal axes;
Uel , the magnetoelastic energy, comes from strain; and Ud , the demagnetization energy, or shape anisotropy, comes from magnetic charges at the
sample surfaces (inducing a field opposite to the magnetization) attempting
to reduce stray fields.
Zeeman
⃗ experiences a torque
A loop of current in a magnetic field H
⃗ =m
⃗ ,
N
⃗ × µ0 H

(2.7)

where m
⃗ is the magnetic moment of the loop. The energy required to turn
m
⃗ toward or away from the field by an angle dθ is given by
⃗ ∥dθ = µ0 mH sin θdθ =
dU = ∥N
⃗ .
= −d(µ0 mH cos θ) = −d(m
⃗ · µ0 H)

(2.8)

This is the origin of the Zeeman potential energy,
⃗ ,
UZ = −m
⃗ · µ0 H

(2.9)

which is minimized when the magnetic moments are parallel with the external field.
Exchange
In a crystal lattice, the atomic orbitals of nearest neighbours overlap. By
the Pauli exclusion principle, a given combination of spins within such an
overlap will restrict the possible combinations of orbital angular momenta.
In this way the allowed energies of the atoms are affected by their spins in
relation to the spins of nearest neighbours. This is the origin of the exchange
energy,
X
⃗i · S
⃗j ,
Uex = −
Jij S
(2.10)
⟨i,j⟩

where the sum goes over nearest neighbours and the energy difference between parallel and antiparallel spin states Jij , called the exchange coupling
constant, is positive, meaning the energy is minimized when all spins are
aligned parallel.
Crystalline & Elastic
Magnetocrystalline and magnetoelastic anisotropy both originate from the
crystal structure’s effect on the orbital magnetic moments together with the

6
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interaction between the orbital and spin magnetic moments, known as the
spin-orbit coupling,
⃗ ·S
⃗ ,
Uso = λso L
(2.11)
where the spin-orbit coupling constant, λso , is a material parameter.
The crystal structure affects the charge distributions in the lattice, and
asymmetries in the charge distributions will in turn bias the orbital magnetic moments. Magnetoelastic anisotropy refers to a directional biasing
caused by small, reversible, deformations in the lattice due to strain. If
these reversible deformations result in increased magnetic energy, then the
corresponding forces will oppose the strain, hence ‘elastic’. Magnetocrystalline anisotropy refers to directional biasing in the absence of strain.
In the transition metals and the alloys of transition metals that are considered in this work, the orbital angular momentum is quenched, meaning
the magnetic moment is approximately the spin magnetic moment,
⃗ .
m
⃗ ≈m
⃗ s = γS

(2.12)

This does not mean, however, that the effects of spin-orbit coupling can be
ignored.
Demagnetization
If there are magnetic moments at the sample surface that are not parallel
with the surface, then the resulting uncompensated magnetic charges at the
surface give rise to a magnetic field. This is the demagnetizing field,
⃗

⃗M
⃗ ,
⃗ d = −N
H

(2.13)

⃗

⃗ , of demagnetizing factors, Nij = Ni δij , satisfies
where the matrix, N
Ni ∈ [0, 1] ,

Nx + Ny + Nz = 1 ,

(2.14)

and depends only on the geometry of the sample. [6] The shorter a sample
is along a given direction, in relation to its length in other directions, the
greater the corresponding demagnetizing factor is in relation to the other.
The demagnetization energy is simply the Zeeman energy associated
⃗ d,
with the field H
⃗

1
⃗M
⃗ ,
⃗ d = µ0 M
⃗ TN
Ud = − m
⃗ · µ0 H
2
2V

(2.15)

where V is the volume of the sample and the factor 1/2 is introduced to
avoid double counting since the magnetic moments are interacting with a
field generated by themselves. Because of how the demagnetizing factors
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⃗d
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Figure 2.1: The drawing on the left shows uniform magnetization (blue
arrows) with minimum exchange energy but uncompensated magnetic poles
at the ends inducing a demagnetizing field (red). The vortex-like domain
structure (right), known as the Landau state, has higher exchange energy
but lower demagnetization energy as all the poles at the domain boundaries
are compensated for, and all surface magnetization is parallel to the surface.

depend on the sample geometry, this means that a uniform magnetization
in an elongated sample will tend to align along the length of the sample, as
in the drawing on the left in Fig. 2.1.
To decrease the demagnetizing energy even further, the magnetization
may be divided into regions of uniform magnetization, as in the drawing
on the right in Fig. 2.1. [7] Despite the increase in exchange energy and
a potential increase in magnetocrystalline energy, these magnetic domains
form spontaneously in ferromagnetic materials, separated by domain walls
of finite width withing which the magnetization changes continuously. With
no external field the total magnetization can still be close to zero as it points
in different directions in different domains. When applying an external field
the domains with magnetization along the field will grow at the cost of
neighbouring domains that eventually shrink to nothing or turn to align
with the field, resulting in a mono-domain sample. If most of the uniform
magnetization persists after the external field has been removed then the
sample has become a permanent magnet. It can be demagnetized either by
raising the temperature above the Curie temperature, where fluctuations
in magnetic moments due to heat are strong enough to break the order,
or by applying an opposing external field. How strong this field needs
to be is determined by the materials coercivity (resistance towards being
demagnetized).
The anisotropic energies, including the demagnetization energy, give rise
to preferred directions of magnetization, specified by easy axes. Landau
and Lifschitz considered parallelepiped samples with one easy axis, and
found that the magnetic domains are elementary layers as on the right in
Fig. 2.1. [8] They also found that the widths of the domains (dimensions
not along the easy axis) are proportional to the square root of the sample
length.

8
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2.1.2 Ferrimagnetism
That ferromagnetic materials, such as Fe, have a positive exchange coupling
constant Jij can be said by describing the crystal lattice as two sublattices
of magnetic moments that strive to align parallel. If one of the sublattices
is exchanged for Mn, however, then they will strive to align antiparallel,
creating a ferrimagnetic material. This simple case of an fcc alloy can be
described by an exchange potential (2.10) with a negative exchange coupling constant, Jij < 0. To include more complex materials that cannot be
described as having just one type of nearest neighbour pair, e.g. Fe3 O4 , [5]
the general definition is that there should be two or more sublattices aligned
antiparallel. In the special case where the magnetic moments of the sublattices are of the same strength, the material is said to be antiferromagnetic.
Finally, the temperature above which the antiparallel ordering is destroyed
is called the Néel temperature TN .

Chapter 3

The Vortex State
In addition to the Landau state the demagnetization energy may also be
minimized if instead of the horizontal domain wall, the diagonal walls meet
in the center. Going from a square particle to a pentagonal, hexagonal,
etc., we see that in the limit of a circular particle the magnetization in this
modified Landau state would be turning continuously around the center in
one outdrawn domain wall. The only problem with this state is that the
magnetization has to turn more sharply closer to the center, increasing the
exchange energy, but this can be remedied by the magnetization turning out
of the plane in the center, as long as the cost in anisotropy energy is not too
high. This vortex state, with in-plane magnetization going around a vortex
core of out-of-plane magnetization, has been observed directly in circular
Permalloy (Py, Ni80 Fe20 ) discs by [9], as seen in Fig. 3.1. The direction
of the in-plane magnetization, clockwise or counter-clockwise, is called the
chirality and the direction of the out-of-plane magnetization of the core is
called the polarity.
§3.1.1 describes this state further in single elliptical ferromagnetic disks,
and §3.1.2 deals with pairs of vortices stacked vertically. To accompany
the theory the micromagnetics simulation program MuMax3 [10] is used,
where the magnetization is approximated by dividing the sample into cells of
uniform magnetization and solving the relevant static or dynamic equations
between the cells.

3.1

Single Vortices

That the vortex state is another minimizer of the energy in elliptical disks,
along with the uniform state, can be seen in the simulation results in Fig. 3.2.
9
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Figure 3.1: Magnetic force microscopy image of Permalloy dots in the vortex
state. The spot in the middle is the out-of-plane core magnetization, darker
or brighter depending on whether the core points up or down, respectively.
Image taken from [9] and modified here.

Figure 3.2: Magnetic states of an elliptical Permalloy disc simulated with
MuMax3. The perfectly uniform initial-state on the left relaxes into the
uniform state in the middle. Both the arrows and the colour indicate the
in-plane direction of magnetic moments. White indicates out-of-plane magnetization, as seen in the vortex on the right with its core magnetization
pointing up. The particle size is 480 × 400 × 5 nm3 .
The energies are compared in Fig. 3.3 for particle sizes from 120×100×5 nm3
to 540 × 450 × 5 nm3 , using standard Permalloy parameters. The graph of
the total energy shows that in the particles with long axis ≳ 250 nm the
vortex state is not only stable but actually more stable than the uniform
state, thanks to the low demagnetization energy.

3.1.1 Quasistatics
Consider a single elliptical ferromagnetic disk in the vortex state. With the
core at the center of the ellipse the magnetization near the edge is parallel
with the surface, but if the core moves closer to the edge then magnetic
charges appear on the surface and the demagnetization energy increases

3.1. SINGLE VORTICES
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Figure 3.3: Magnetic energies from micromagnetic simulations of the vortex state (blue) and uniform states (red/green), as shown in Fig. 3.2, for
elliptical Py disks, of varying long axis length, with aspect ratio 1.2 and
thickness 5 nm. The total energy is the sum of the demagnetization and
exchange energies. In the perfectly uniform state all spins are parallel with
the long axis, while in the relaxed uniform state some of the surface spin is
aligned more with the surface, which reduces the demagnetization energy.
according to [3]
⃗ = 1 kx X 2 + 1 ky Y 2 ,
(3.1)
Udemag (X)
2
2
where X and Y are the vortex core coordinates along the easy- and hardaxis, respectively, with the origin in the particle center, and kx , ky are
positive constants given by
kx =

20µ0 Ms2 L2z
,
9Lx

ky =

20µ0 Ms2 L2z
,
9Ly

(3.2)

where Lx,y,z are the dimensions of the sample, easy-axis, hard-axis, and
thickness respectively, and Ms is the saturation magnetization. In other
words there are linear (spring) forces on the core from the edge of the
ellipse, pushing it toward the center.
Any external in-plane magnetic field will be parallel to some of the magnetization in the vortex, and antiparallel to the magnetization on the opposite side of the core. To decrease the Zeeman energy the core will then
move perpendicularly to the field, toward the side with antiparallel magnetization, increasing the parallel magnetization. The corresponding force is
independent of the core position, [3] with the energy being
⃗ = π µ0 Ms Lz ζ Hy Ly X − Hx Lx Y ) ,
UZeeman (X)
2

(3.3)

where ζ = ±1 is the chirality, with +1 for the counter clockwise direction
and −1 for the clockwise direction. The chirality changes the sign of the

12
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Figure 3.4: Demagnetization, exchange, and Zeeman energies of a 420 ×
350 × 5 nm3 elliptical Py particle in the vortex state as the core is displaced
along the short (hard) axis by a long (easy) axis DC field. The top row
displays the spin distribution at 0, 40, ..., 200 Oe, with red for magnetization in the direction of the external field and white for the out-of-plane
magnetization of the core. At 200 Oe the core has been pushed out of the
particle, and the vortex state has been replaced by the uniform state.

expression since it changes what side of the core the parallel magnetization
is on.
When applying a field, the core moves toward the edge to decrease the
Zeeman energy, until the corresponding force is equal to that of the demagnetization. The demagnetization, Zeeman, and exchange energies were
simulated with MuMax3 as functions of the easy axis field Hx , and the results are shown in Fig. 3.4. As can be seen in the plot, the exchange energy
is constant in the vortex state and it is mainly the demagnetization and
Zeeman energies that determine the single vortex response to static fields.

3.1.2 Dynamics
In quantum mechanics [11] the torque in Eq. (2.7) acts on the spin according
to
⃗
dS
⃗ .
=N
dt

(3.4)

3.1. SINGLE VORTICES
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vxα

L

vy
⃗ eff
H

⃗ eff
H

Figure 3.5: Magnetic moments around the vortex core along two perpendicular directions. The rotation due to the Larmor torque (left), denoted
L, results in the core moving in a direction ⃗v = (vx , vy ) opposite to the
⃗ eff ≈ H
⃗ ext . Similarly, the roin-plane external field, in the approximation H
tation due to the dissipative torque (right), denoted α, results in movement
perpendicular to the field.
⃗ = −|γ|S/V
⃗ , assuming orbital quenching, this yields
Using the relation M
the equation of motion for the magnetization,
⃗
dM
|γ| ⃗
⃗ ×H
⃗ eff ,
=− N
= −|γ|µ0 M
dt
V

(3.5)

⃗ eff is defined as the functional derivative of the
where the effective field H
potential energy density u,
Z
⃗ eff · dM
⃗ ,
⃗ eff = − δu .
H
u=− H
(3.6)
⃗
δM
The equation of motion (3.5) describes a precession of the magnetization
around the field axis, called the Larmor precession. Landau and Lifschitz
⃗ to H
⃗ eff , due to weak relaalso added a term describing an approach of M
⃗ eff
tivistic interactions between the magnetic moments, as the projection of H
⃗
orthogonal to M , multiplied by a positive constant. This term will eventually kill the Larmor precession and is known as the dissipative torque. It
was later rewritten by Gilbert, resulting in the final expression called the
Landau-Lifschitz-Gilbert equation (LLG),
⃗
⃗
dM
⃗ ×H
⃗ eff − |α| M
⃗ × dM ,
= −|γ|µ0 M
{z
} Ms
|
dt
dt
|
{z
}
Larmor

(3.7)

dissipative

where α < 0 is the phenomenological Gilbert damping constant. This turning of the magnetization results in the core moving in the plane, as illustrated in Fig. 3.5 for the case of an in-plane external field in the approxima⃗ eff ≈ H
⃗ ext . To describe this motion, let F⃗L and F⃗α be the in-plane
tion H
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forces on the core resulting from the Larmor and dissipative torques. If the
chirality is clockwise (negative) and the polarity is positive, as in Fig. 3.5,
then the Larmor precession will push the core in the direction opposite to
the field, i.e. F⃗L is antiparallel with the field. The same is true if the chirality is counter-clockwise (positive) and the polarity negative. (This amounts
to looking at the vortex in Fig. 3.5 from below.) For the two remaining
combinations of chirality and polarity, the force F⃗L is parallel with the
field. The dissipative torque turns the magnetic moments toward the field,
which results in a core movement perpendicular to the field in a direction
depending only on the chirality.
The response to a sharp rise in external easy axis field was simulated
using MuMax3. The resulting core trajectory is a spiral toward the new
equilibrium, as seen in Fig. 3.6. The sample simulated has dimensions
512 × 426.6 × 6 nm3 and the standard Permalloy material parameters. The
field is increased as a sine function (−π/2 → π/2) over 6 ns from 0 to
100 Oe. In the quasistatic case the core would have moved straight down
to its new equilibrium position, while an even sharper rise in field would
have resulted in an initial direction almost perfectly antiparallel with the
external field. This agrees well with the LLG equation since with a stronger
⃗ eff ≈ H
⃗ ext . In general, however, the effective
external field one can write H
field changes with the magnetization, making it difficult to predict the core
movement with the LLG equation alone.
A more suitable description of the vortex core dynamics was found by
Thiele [7] for magnetic bubble domains, and the derivation can be found in
Appendix A, modified for vortices and with added detail. The end result is
the equation
⃗ ⃗v ,
⃗ × ⃗v + D
F⃗ = G
(3.8)
⃗

where F⃗ is the force on a vortex core. The first term is the gyroscopic force,
similar to the Lorentz force on a charged particle, and consists of the core
velocity ⃗v and the total gyrocoupling vector
⃗ = p 2πMs Lz ẑ ,
G
|γ|

(3.9)

where p = ±1 is the core polarity and ẑ a unit vector pointing out of the
⃗ ⃗v is the dissipative force,
plane in the positive direction. The second term D
or drag force, damping the core motion.
It is the gyroscopic force that describes the rotation in the dynamic
response seen in Fig. 3.6. A faster increase in field means a higher core
velocity and a larger gyrocoupling force. Decreasing the time derivative of
the field, the path is continuously deformed into the quasistatic case, i.e. a
straight line between the old and the new equilibrium.
⃗
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H ext
L

⊙
α

⊙

Figure 3.6: Dynamic response to an abrupt change in easy axis (left to
right) field, H ext = 0 → 100 Oe. Simulation results (left), with schematic
time trace of the external field (red) and core position (yellow) in 0.1 ns
increments. Qualitative picture (right) from the LLG equation. Labels
L and α represent forces related to Larmor precession F⃗L and dissipative
torque F⃗α , respectively. The forces give the initial core direction, in the
⃗ eff ≈ H
⃗ ext . The static view is that the Zeeman force is
approximation H
pushing down and the demagnetization force is pushing towards the center,
resulting in the new off-center equilibrium position.

In the quasistatic case, an alternating field would result in the core
moving back and forth past the center of the vortex, along a straight line.
In the dynamic case, on the other hand, the gyrocoupling force causes the
core to move in elliptical trajectories around the center. This can be seen
through simulations for two different frequencies of the external AC field,
and is shown in Fig. 3.7. In one of these (140 MHz) the core approaches a
stable trajectory with a much larger radius than at other frequencies. The
explanation is simply that the AC field is in resonance with the vortex at the
140 MHz frequency, and out of resonance at the other frequencies. Single
vortices have one resonance mode, called the gyroscopic resonance mode,
with typical resonance frequencies around 100 MHz. [12]

3.2

Vertically Stacked Vortex Pairs

With vortices stacked on top of each other separated by a very thin spacer,
the interaction between the vortex cores lead to static and dynamic properties significantly different from those of single vortices or lateral pairs.
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Figure 3.7: Core trajectories excited by in-plane easy axis pulses for 120 ns
at the frequencies written in MHz at the top of each panel. The core polarity
is +1 (out of the plane), the chirality is −1 (clockwise), and the field pulses
are directed left to right during the first half-period. The colour shows
out-of-plane magnetization, giving the core position in 0.1 ns increments,
with darker colours for the first 80 ns (green) and brighter colours for the
remaining 40 ns (yellow). The resonance frequency is close to 140 MHz, as
the stable trajectory has a much larger radius than for other frequencies.
The elliptical Py disks simulated are 512 × 426.6 × 6 nm3 .

3.2.1 Samples
In this work the samples studied are multi-layered elliptical nanopillars, as
illustrated in Fig. 3.8. The vortices are in the two Permalloy layers, each
5 nm thick. Py is a magnetically soft material, [13] meaning it’s relatively
easy to change its magnetization with external fields, and it has near zero
intrinsic anisotropy making the vortex state more stable in relation to the
uniform state. The spacer between the Py layers is made of TaN to suppress
exchange interactions, leaving only magnetostatic interactions between the
two layers. To make these interactions strong the spacer thickness is only
1 nm.
Below this is an Al-Ox tunnel barrier with a resistance of ∼ 2 kΩ, followed by two ferromagnetic layers with a thin spacer in between. These
ferromagnetic layers are uniformly magnetized along the ellipse long axis.
The main difference between these three bottom layers and the top three
layers is the choice of materials. CoFeB is magnetically soft but Ruthenium
is conductive and known for its strong RKKY which couples the two ferromagnetic layers. In other words, this spacer amplifies exchange interactions
instead of suppressing it. The spacer thickness is chosen so that the coupling
becomes antiferromagnetic, [14] and together the three layers constitute a
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Figure 3.8: Schematic of the tunnel junctions used in the experiments. The
free magnetic layers are in the vortex state, with parallel core polarizations
and antiparallel chiralities. The bottom three layers constitute a pinned
SAF. The resistance of the pillar depends on the relative magnetization of
the top reference layer and the bottom free layer.

synthetic ferrimagnet (SFi). The coupling ensures that the magnetization
of the top SAF layer doesn’t change as long as that of the bottom layer
is fixed, which it is thanks to an antiferromagnetic IrMn layer beneath the
pillar. This SAF is therefore said to be pinned and acts as a magnetic reference layer for the rest of the nanopillar. The top three layers constituting
the vertical spin-vortex pair is a synthetic antiferromagnet (SAF), but is
said to be free due to the absence of exchange biasing.
Current going through the pillar is polarized by the magnetic layers with
respect to the spin of the electrons. The ability of the electrons to tunnel
through the Al-Ox , expressed by the barriers tunnel magneto resistance, is
then affected by the spin distribution of the layer directly on the other side
of the barrier, i.e. either the reference layer or the bottom vortex layer,
with minimum resistance (−20%) if their magnetizations are parallel and
maximum (+20%) if their magnetization are antiparallel. Since the spin distribution of the reference layer stays the same, any change in the resistance
of the pillar implies a change in the spin distribution of the bottom vortex
layer, meaning the magnetization (core position) of the bottom vortex can
be measured indirectly by measuring the sample resistance.
The sample used in the project at 77 K (§4) has lateral dimensions
450 × 375 nm2 while the sample used in the sub-Kelvin project (§5) has
lateral dimensions 480 × 400 nm2 , both corresponding to an aspect ratio of
1.2.
These pillars are integrated in a toggle MRAM setup and connected to
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Figure 3.9: The four configurations of vertically stacked spin-vortex pairs.
The first letter is P/AP for parallel/antiparallel core polarities, and the
second letter is P/AP for parallel/antiparallel chiralities. The core is represented by a peak or valley depending on the polarity, while red and blue
represents magnetization of opposite in-plane directions, corresponding to
the chirality shown by the white arrows.

a grid of read lines and bit lines, with one unique pair of read- and bit line
to each pillar for electrical read-out. Further away, at a distance of ∼ 1 µm,
high frequency electrically disconnected word lines are situated, and directed
at a −45° angle to the easy axis, which can be used to create fields going
through the pillars at a 45° angle to the easy axis. The fabrication of the
samples is described in [15].

3.2.2 P-AP Properties
There are four non-degenerate vortex pairs, corresponding to the four combinations of parallel (P) or antiparallel (AP) core polarization and chirality,
as illustrated in Fig. 3.9. Parallel cores attract and with parallel chirality
the cores move in the same direction in an in-plane field. Therefore, the P-P
vortex pair behaves like a large single vortex. If the cores are antiparallel, as
in the AP-P and AP-AP pairs, they repel, and once the cores are separated
the vortices behave like independent vortices. The P-AP vortex pair has a
more complex behaviour, and is the only configuration studied in this work.
The Zeeman, demagnetization, and exchange energies can be seen in
micromagnetics simulations, as a function of the in-plane easy axis external
field and are shown in Fig. 3.10. The cores of parallel polarity stick together
in the middle of the particle at zero field, in the coupled state, attracting
each other as parallel dipoles would if stacked vertically. Since the chiralities
are antiparallel, however, the vortex cores are pulled in opposite directions
by in-plane fields. When the cores are separated, in the decoupled state,
the attraction is replaced by a weak decaying repulsion, as there would be
between two parallel dipoles side-by-side. This change, together with the
Zeeman and demagnetization potentials, result in a hysteresis between the
coupled and decoupled state.
The hysteresis will now be explained by considering the core-core, Zee-
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Figure 3.10: Demagnetization, exchange, and Zeeman energies of a vortex
pair in 420 × 350 × 5 nm3 Py disks, with a 1 nm spacer, as the cores are
displaced along the short (hard) axis by a long (easy) axis DC field. The
top row displays the sum of the spin distributions at 0, 40, ..., 200 Oe, with
red for magnetization in the direction of the external field and white for the
out-of-plane magnetization of the cores. Since the vortices have opposite
chirality, much of the magnetization sums to zero when the cores are on top
of each other. The cores decouple for some field strength between 52 and
56 Oe.
man, and demagnetization potentials, as the simulations of Fig. 3.10 show
that the exchange potential can be ignored.
With ⃗xi , i = 1, 2, as the positions of the two cores and ⃗x = (⃗x1 − ⃗x2 )/2
representing their separation, the potential energy is
U (⃗x1 , ⃗x2 ) = Uc−c (|⃗x|) + U1 (⃗x1 ) + U2 (⃗x2 ) ,

(3.10)

where the last terms are the potential energies of the individual vortices
and the first term is the potential energy of the interaction between the
cores. The core-core potential can be calculated in the Gilbert model by
considering the vortex surfaces as consisting of magnetically charged surface
elements, where the charge is the out-of-plane magnetization at that surface
element, and then calculating the potential energy between these monopolelike surface elements.
The surface charge is found by considering the out-of-plane magnetic
moment, m
⃗ = (0, 0, mz ) as a dipole consisting of two monopoles,
m
⃗ = mz ẑ = qm d⃗ ,

(3.11)
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where d⃗ = tẑ is the vector from the negative pole of the core to the positive,
and t is the thickness of the vortex. Thus, the surface charge is qm = mz /t,
where mz is found with micromagnetics simulations. The surface charge
2
2
density is modeled as a Gaussian σm = Xe−r /rc , as in [16], where rc is the
radius of the vortex core and X is found through integration,
Z
Z ∞
2
2
mz
−r 2 /rc2
dS ≈ 2πX
re−r /rc dr = πrc2 X ,
(3.12)
= Xe
t
0
i.e. X = mz /Vc where Vc = πrc2 t is the core volume. The approximation
of the elliptical particle as an infinite circular disk is justified by the core
radius being an order of magnitude smaller than the disk radius in our Py
samples.
Starting with the expression for the Coulomb potential energy between
point charges, and rewriting them as surface charge elements,
qm,i = σm (⃗ri )∆Si → σm (⃗r)dS ,

(3.13)

the potential energy between two surface poles becomes
qm,i qm,j
µ0 1 X X
=
4π 2 i j |⃗ri − (⃗rj + ⃗u)|

2 X X −r2 /r2 −r2 /r2
µ0 mz
e i ce j c
∼
=±
∆Si ∆Sj →
8π Vc
|⃗
r
−
⃗
r
−
⃗
u
|
i
j
i
j

2 Z
2
2
′2
2
e−r /rc e−r /rc
µ0 mz
∼
dSdS ′ ,
→±
8π Vc
|⃗r − ⃗r′ − ⃗u|
R2 ×R2

Usp (⃗u) =

(3.14)

where ‘±’ is for charges of the same or opposite sign, respectively, and ⃗u =
(ru cos θu , ru sin θu , d) is the separation of the poles, which can be simplified
by setting θu = 0. The core-core potential is then the sum of four surface
pole potentials, for the pair-wise interaction between the four surface poles
that make up the vortex cores,
Uc−c (ru , d) = −Usp (ru , 0, d) − Usp (ru , 0, d + 2t) + 2Usp (ru , 0, d + t) ,
(3.15)
where ru is the lateral core separation, d the spacer thickness.
The integral in Eq. 3.14 was calculated numerically using Octave (R) for
lateral core separations from 0 to 100 nm, spacer thickness 1 nm, vortex layer
thickness 3 nm, and vortex core radius 8 nm, and the results are shown in
the left panel of Fig. 3.11. The potential is attractive for separations smaller
than the core diameter, where it starts to change and eventually becomes
weakly repulsive.
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Figure 3.11: Core-core potential from Eq. (3.14) for vortices with parallel
core polarities (left). The dashed black line is the core diameter used in
the calculations (16 nm), just before the transition from attraction to weak
repulsion seen between 20 nm and 30 nm. The right panel is a qualitative
picture of the total potential at three different external fields. The fields
Hc and Hd define the interval within which there are two stable states, and
outside of which there is only the coupled or decoupled state, respectively.
For a qualitative picture of the total potential, the core-core potential is
represented by a function that smoothly goes from purely second order to
zeroth order,
Uc−c (x) = k(x − x0 )x2 + k(x0 − x)C1 ,

k(x) =

C2
,
1 + eC3 x

(3.16)

for non-negative constants x0 , C1 , ..., C3 . Adding a quadratic function for
the demagnetization energy and a linear function with negative slope for
the Zeeman energy, results in potentials as those shown in Fig. 3.11. At
low fields there is only the coupled minimum, while at high fields there is
only the decoupled minimum, and in between there is an interval (Hc , Hd )
with two stable states, [17] corresponding to the hysteresis seen in Fig. 3.12,
which is the results of an easy axis DC sweep simulation.
There are three resonance modes for vertically stacked vortex pairs with
strong core-core coupling, found with microwave spectroscopy. [12]
Gyrational resonance is the same resonance mode as for single vortices
and occurs when the vortex cores have decoupled. The cores then rotate
independently around their new equilibrium positions in the DC offset field.
Rotational resonance is with the cores strongly coupled, rotating around
their magnetic center of mass. The radius of their trajectory, ∼ 1 nm, is
much smaller than in the gyrational resonance mode, and the resonance
frequency, ∼ 1 GHz, is an order of magnitude higher.
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Figure 3.12: Simulated easy axis field sweep of a P-AP, showing the normalized easy axis magnetization of one of the vortices. The hysteresis is
for fields |H| ∈ (Hc , Hd ), the curve being perfectly antisymmetric around
H = 0 Oe.
Vibrational resonance is found at ∼ 6 GHz with the cores coupled and
moving in even smaller trajectories, ∼ 0.1 nm, than in rotational resonance.
This motion can also be found superposed onto the rotational.

Chapter 4

77 K – Transient Dynamics
Dynamics of the system can be seen clearly in theory and simulations when
thermal effects are neglected, as if at 0 K. In experiments at 77 K thermal
effects cannot be ignored, but there are ways of suppressing them and uncovering the dynamics. The effects can be seen as random changes in the
magnetization, with a strength that depends on the temperature, but occurring with an average time interval which does not depend on temperature.
The dynamic response of the samples to magnetic pulses less than 10 ns
long are studied. During such short events the dynamic effects of pulses
only ∼ 10 Oe strong can be much greater than the thermal effects, and a
detailed description of the dynamics can then be found from the measurements. Such a description can in turn be used to decouple the cores with
sub-ns ∼ 10 Oe pulses, which can be useful for multifrequency oscillators
and vortex based memory.

4.1

Experimental Setup

The decoupling/recoupling hysteresis seen in simulations does not exist at
room temperature, and so the temperature has to be lowered before any
experiments can be performed. For this, a bath cryostat is used with liquid
nitrogen, keeping the temperature at 77 K, the boiling point of the nitrogen.

4.1.1

Cryostat with Magnet

The cryostat is a liquid helium cryostat that uses a gap of vacuum between
inner and outer containers to reduce heat conduction, and superinsulation to
reduce heat transfer through radiation. Superinsulation consists of several
23
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Figure 4.1: Field directions across the sample. Fields generated by the
cryostat solenoid lie along the easy axis, while those generated by the word
line, as shown on the right, cross the easy axis at a 45° angle. Since these
⃗ with
fields are not collinear, they can be used to create an in-plane field, H,
any direction and magnitude.
layers of a low-emissivity material in the vacuum between the inner and
outer containers. With no layers between the containers, the heat transfer
follows the Stefan-Boltzmann (SB) law, [18]
P = εσATh4 − εσATc4 ,

σ = 5.670373 × 10−8 Wm−2 K−4 ,

(4.1)

where ε is the emissivity, A is the surface area of the containers, σ is a
constant of the SB law, and Tc , Th are the low and high temperatures,
respectively. With n layers between the containers, the net radiation power
between each nearest neighbour pair of layers must be the same. This results
in n + 1 expressions for the power which can be added for a new expression
for the net radiation power between the containers,


(n + 1)P = εσA (Th4 − T14 ) + (T14 − T24 ) + · · · + (Tn4 − Tc4 ) =
(4.2)
= εσA(Th4 − Tc4 ) .
The last expression is the radiation power without superinsulation, meaning
the n layers reduce the radiation power by a factor n + 1.
The cryostat was equipped with a superconducting solenoid (SCS), although non-superconducting at 77 K, for generation of magnetic fields. The
sample was situated so that these fields would lie in the plane of the elliptical discs, directed along their easy axis, as depicted in Fig. 4.1. Together
with the word line field that meets the easy axis at a 45° angle, any in-plane
field can be created,
⃗ = H(cos θ, sin θ) = H
⃗ WL + H
⃗ Cryo = √1 HWL (1, 1) + HCryo (1, 0) , (4.3)
H
2
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Figure 4.2: Schematic of the setup for experiments at 77 K. Red lines are
output and blue lines are input. The black boxes are the displays, with the
input or output quantity of the device. The circuitry (4) is a Wheatstone
bridge with the small rectangles representing passive resistors. The line
from (7) is dashed as only one of (6) and (7) can be active at a time.
i.e. to get a field with amplitude H making an angle θ with the easy axis,
the word line and cryostat fields are chosen to be
√
HWL = 2H sin θ ,
(4.4)
HCryo = H(cos θ − sin θ) .
Or, for calculating the total field from chosen WL and cryostat magnet
fields,

−1
√
θ = arctan 1 + 2HCryo /HWL
,
(4.5)
q
√
2
2
H = HWL
+ 2HWL HCryo + HCryo
,
⃗ WL pulses are combined with H
⃗ Cryo offset fields.
which will be used when H

4.1.2

Instruments and Circuitry

A schematic of the setup can be seen in Fig. 4.2. The sample is placed in
the bath cryostat (1) and the temperature of the sample holder is measured
continuously with a Pt100 and displayed on a Keithley 2000 Multimeter
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(2). A rough measurement of the cryostat temperature can also be done by
measuring the resistance of the cryostat solenoid. A lock-in amplifier (3)
is used to measure the potential across the TJ or across the Wheatstone
bridge (4) that the TJ is connected to, which is then converted to resistance
using another multimeter (5). An arbitrary waveform generator (AWG)
(6) is used to send current through the word line (WL) of the sample for
generation of both AC and DC fields. For longer DC signals it was more
convenient to use a function generator (FG) (7). Finally, another function
generator (8) is used to control a power supply (9) which in turn sends a
DC current through the solenoid in the cryostat for generation of another
DC field that passes the sample through the ellipse easy axis. This DC field
is used for constant offsets and DC sweeps.

4.2

Characterization and Calibration

Using the formulae (4.4) DC field amplitude sweeps between H = −40 Oe
and 40 Oe were performed for a set of angles, θ = 0°, 22.5°, 45°, ..., 157.5°,
according to
H = 0 Oe → 40 Oe → −40 Oe → 0 Oe,

(4.6)

with a step of 0.1 Oe, and the measured TJ resistance is shown in Fig. 4.3.
For θ = 22.5° to θ = 157.5° the sweeps were repeated twice while the sweep
along the easy axis was repeated five times. For each angle, two separate
sets of average values were computed corresponding to when the field was
increasing and when it was decreasing. At each point these averages were
compared and the maximum average plotted. To simultaneously show the
values of the coupled and decoupled states, the difference between the two
was included in grey scale as the hysteresis depth. For the easy axis sweep,
the average sample standard deviation was found to be around 1 Ω for both
sets of averages, which is an order of magnitude smaller than the typical
hysteresis depth.
The easy axis sweep is shown again in Fig. 4.4 as resistance versus field,
and can be compared to the simulated sweep in Fig. 3.11. The measured
hystereses are narrower and closer to zero field since the simulations correspond to 0 K, where there are no thermal agitations to help the cores over
the barrier.
In addition to the amplitude sweeps, sweeps over field angle were performed, from θ = 0 to θ = 359° at amplitudes H = 2.5, 5, ..., 40 Oe and
with a step size of 1°. None of these sweeps were repeated and in some cases
a large difference can be seen between the 0° and 359° value which could be
due to the cores decoupling during the sweep.
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Figure 4.3: Tunnel junction resistance for 2D in-plane external field at
77 K. To show both hysteresis values simultaneously along the straight
lines (amplitude sweeps), the maxima are shown by the colour on the lines
and the difference between maxima and minima are shown as the hysteresis
depth (gray patches underneath the lines). The amplitude sweep fields make
angles 0°, 22.5°, ..., 157.5° with the easy axis. The circles are sweeps over
the angle from 0° to 359° at constant field amplitudes of 2.5, 5, ..., 40 Oe.
The red line shows a combination of DC offset (−18 Oe) and AC word line
⃗ WL = 0 Oe.
pulses used later in experiments, with a notch at H
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Figure 4.4: Tunnel junction resistance from easy axis field sweep, corresponding to the horizontal line in Fig. 4.3. The hysteresis at negative fields
is used in experiments. The thinner lines are one standard deviation away
from the average values of the sweep marked by the thicker lines. During
one of the five sweeps the cores decoupled around −20 Oe instead of −19 Oe,
which explains the larger standard deviation and the lower average that is
actually an average of four coupled values and one decoupled value.
⃗ corresponding to
The formulae (4.5) were used to find the total field H
offset fields and word line pulses that were used in the experiments. These
fields are shown as a red line in Fig. 4.3, originating from the middle of a
decoupling/recoupling hysteresis, corresponding to a typical offset field of
−18 Oe along the easy axis.

4.2.1 Probability Measurements
The cores can be decoupled using in-plane AC pulses, but the pulses need
to be in resonance with the system for the radius of the core motion to be
large enough. [19] Since the cores are coupled the only options are rotational
or vibrational resonance. The rotational resonance has a smaller resonance
frequency, frot ∼ 2.5 GHz, a larger radius of motion and is more interesting
in the sense that it is unique to the P-AP pair.
For any given amplitude and offset field the probability of decoupling
was measured as a function of the length of AC word line pulses, each with
frequency 2.2 GHz. During the word line pulses, the cryostat magnet field
is set to place the coupled cores at the middle of the decoupling/recoupling
hysteresis, around −18 Oe in Fig. 4.3 and 4.4.
After applying the −18 Oe offset field the AC pulse is generated by the
AWG. Then, the resistance through the tunnel junction is measured and
compared with the values from the DC sweep. If the resistance corresponds
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Figure 4.5: Wheatstone bridge readout resistance after AC word line pulses
of amplitude 10 Oe, frequency 2.2 GHz, and length 100 periods (∼45 ns), at
offset field −18 Oe. Each point in the red region is an instance of decoupling,
while a value in the blue region means the cores are still coupled. Any points
outside of these regions are discarded when calculating probabilities.

to the lower branch of the hysteresis, then the vortices have decoupled, and
are reset to the coupled state by sweeping the bias (DC) field. The vortices
are also reset if the resistance is significantly different from either state.
For any given pulse amplitude (peak-to-peak) and length, the decoupling
is attempted 113 times, resulting in a plot such as Fig. 4.5. Two intervals of
resistance values are identified as representing the coupled and decoupled
states. In the case of the example plot, everything between 85 and 105 Ω is
taken to mean that the vortex cores are still coupled; everything between
30 and 40 Ω is taken to mean that the vortex cores have decoupled; while
everything else is discarded, such as the 114 Ω value. The probability of
decoupling is then computed as the number of measurement values indicating decoupled cores, over the total number of valid outcomes, which for the
example in Fig. 4.5 is P = 24/(113 − 1) × 100% = 21.4%.

4.2.2

Calibration and Chaotic Dynamics

Results presented in [20] were reconstructed as a test of the experimental
setup.
Each series of measurements such as that in Fig. 4.5 yields one point
in a plot of decoupling probability vs pulse length, for the chosen pulse
strength and frequency, as shown in Fig. 4.6. Such plots were found for
pulse strengths 4, 6, 8, 10, 15, 20, 25, and 30 Oe, all with frequency 2.2 GHz.
The decoupling probabilities for pulse amplitudes A = 6, 8, 10, 15, 20,
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Figure 4.6: Decoupling probabilities vs pulse length for the pulse amplitudes
shown in the top left corner of each plot, fitted to the Poisson distribution
(darker lines), Eq. (4.7). The pulses were applied at an offset of −18 Oe
and with a frequency of 2.2 GHz.

and 25 Oe were fitted to the Poisson distribution



t
P (t) = 1 − exp − exp Ea /kB T
,
τA

(4.7)

where 1/τA is the attempt rate equal to the resonant pulse frequency, t is
the pulse length, and Ea is the activation energy, by rewriting it as


P (A) = 1 − exp − exp β1 A − β2 ,

(4.8)

and minimizing the absolute difference with respect to the parameters β1
and β2 , see Fig. 4.6. Finally, the difference in pulse length from 10% decoupling probability to 90% was extracted from the fit as the switching time,
or transition width, displayed in Fig. 4.7. The results agree well with those
of Bondarenko et al. [20], showing a minimum in the transition width of 2
to 3 orders of magnitude between ∼ 7 and 15 Oe. (Plotting all the way
down to 6 Oe the minimum is of 5 to 6 orders of magnitude.) The cause of
this minimum is chaotic enhanced dynamics seen in simulations of the core
trajectory. This is confirmed by studying the Lyapunov characteristic exponents, which show chaotic behaviour coinciding with the drop in transition
width.
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Figure 4.7: Transition width vs pulse amplitude, calculated from the Poissonian fits in Fig. 4.6 as the difference in pulse length from 10% decoupling
probability to 90%. One period is approximately 0.454 ns long. The dip in
transition width of 5 to 6 orders of magnitude corresponds to an onset of
chaotic dynamics. [20]

4.3

Results and Discussion

To study transient dynamics and ultrafast decoupling, resonant pulses are
used again but this time they are only a few periods long and details that
could be ignored for long pulses turn out to be important. One period consists of three points in the arbitrary waveform generator, as in one point
at the sinusoid maximum, then one point at its minimum, and finally another point at its maximum. Close to the maximum sampling frequency
of the AWG, with the time between the samples getting close to the minimum rise/fall time, these triangular waves turn into sinusoids, as shown in
Fig. 4.8. The difference between the set amplitude and the sinusoid amplitude is less than 10%. Furthermore, because the AWG has to start and
end at zero, the first and last quarter periods are twice as long as those in
between, resulting in anharmonicity, which will be discussed later.
At three different bias field values, −17.5, −18.0, and −18.5 Oe, all
within the hysteresis, the decoupling probability was found for pulses of
length 1, 1.5, ..., and 10 periods with pulse amplitudes, 27.5, 30.0, ..., and
60.0 Oe (peak-to-peak). The results for the lowest and highest amplitudes,
as well as the highest probability found, are shown in Fig. 4.9.
The top plot of Fig. 4.9 contains the results of the lowest amplitude pulse
used, 27.5 Oe. The element of monotonous increase in probability with pulse
length means that thermal excitation still plays a significant role for pulses
of this amplitude. In the bottom plot the results of the highest amplitude
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Figure 4.8: Examples of triangular waves as input for the AWG and the
resulting sinusoids, as field versus time. The circles mark the AWG points,
separated by 227 ps. The difference in amplitude between the triangle waves
and the sinusoids is exaggerated for clarity. The frequency in the red regions
is half the set frequency f of the green region.

pulse, 60.0 Oe, are shown. For pulses of intermediate strength the cores
are left close enough to their energy minima for the corresponding forces
(energy gradients) to dominate over thermal effects. Further away from
these minima, however, where the cores are sent by the strongest pulses,
the energy gradients are weak and before the system has stabilized, most of
the effect of the pulse shape will have been killed by thermal fluctuations.
This is seen by how the probability curve for 60 Oe flattens out with longer
pulses.

4.3.1 Qualitative Pulse Effect
The middle plot of Fig. 4.9 (37.5 Oe) shows a typical result with oscillating probability. These oscillations are not random but instead a direct
effect of the shape of the pulses. To reinforce this claim, the measurements
were repeated using the π-phase shifted, or inverted, pulses, as shown in
Fig. 4.10. The offset field is −18.5 Oe, which gives the largest decoupling
probabilities since it is closest to the edge of the hysteresis. The result is
the ‘inverted’ probability curve, indicating that the behaviour is dynamic
and not stochastic.
A simplified picture of the potential energy (quartic plus quadratic) can
be used to qualitatively explain the effect of the pulses. Consider, e.g.,
the 37.5 Oe one-period pulse that starts with positive fields, against the
bias field, shown with the schematic time evolution in Fig. 4.11. The first
quarter-period pushes the cores closer together, while the next half-period,
together with the bias field, pulls the cores apart, and they relax into the
decoupled minimum. This corresponds to the first blue data point in the
left panel of Fig. 4.10 and explains why the decoupling probability is so
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Figure 4.9: Decoupling probability vs pulse length. The first quarter period
of the word line pulse is negative, meaning the easy axis component is
directed along the bias field. The measurements are repeated for offset
fields −17.5 Oe (blue), −18.0 Oe (green), and −18.5 Oe (red). In the
results for the lowest amplitude pulse (27.5 Oe) a monotonous increase in
probability due to thermal agitations can still be seen. The series with the
highest probability measured, ≳ 90%, with pulse amplitude 37.5 Oe, shows
the typical alternations in probability with each added half-period. These
alternations are absent in the results from the strongest pulses (60.0 Oe)
which throw the cores far away from the potential minima to where thermal
effects dominate.
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Figure 4.10: Decoupling probabilities for short pulses of high amplitude,
comparing pulses which initially pull the cores apart (red) to those that
initially bring them closer together (blue). The offset field is −18.5 Oe.
much higher than that of the inverted pulls of the same length (first red
data point), which is about to pull the cores apart with the first quarterperiod but then pushes them back together and they relax into the coupled
minimum. Add one half-period to this pulse, however, and the result is the
exceptionally high decoupling probability ∼ 90%. This pulse is 908 ps long
while the one-period pulses are 681 ps, and the conclusion is that reliable
switching is possible with pulses on the order of 100 ps.

4.3.2 Anharmonicity
As pointed out earlier the pulses used were anharmonic, see Fig. 4.8, with
half the frequency in the first and last quarter-periods and the resonance
frequency only in the region in between. Their effect was compared to that
harmonic pulses (resonance frequency from beginning to end) in micromagnetics simulations, which was possible thanks to how short the pulses were.
An example of the results from MuMax3, also presented in [19], can be
seen in Fig. 4.12 for the one-period pulse starting with positive fields. The
anharmonic pulse manages to decouple the cores, and this changes when
adding half-periods or inverting the pulse just like in the experiments. The
harmonic equivalent pulse, on the other hand, throws the cores all the way
around the decoupled state attractor and they relax back into the coupled
state. After adding half-periods, inverting the pulse, and changing the amplitude it was found that the only way for the harmonic pulses to decouple
the cores is if they are made an order of magnitude longer than the anharmonic pulses. In conclusion, the anharmonicity substantially shortens the
decoupling time.
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Figure 4.11: Qualitative effect of a one-period anharmonic pulse (left) on
the core-core separation. The plots on the right are simplified version of the
potential energy (quartic plus quadratic) with the core separation (green
ball) and how it changes (arrow) due to the part of the pulse marked by the
same green ball and arrow. This pulse starts with fields going against the
bias field, initially pushing the cores closer together.
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Figure 4.12: Core trajectories in the particle excited by one-period anharmonic (left) and harmonic (right) resonant pulses. The pulses are shown at
the bottom of each panel, as field versus time. To show their effect the same
colours have been used for the trajectories. The purple and green regions
are the attractors for the coupled and decoupled states, respectively. The
trajectories are the results of micromagnetics simulations using MuMax3.
The figure was taken from [19] and modified here.

Chapter 5

Sub-K – Core Tunneling
As magnetic memory elements become smaller thermal effects become a
bigger problem. Lowering the temperature suppresses thermal effects but
does not suppress quantum effects, and so the study of macroscopic quantum tunneling (MQT) of magnetization is useful for modern computer technology in understanding the ultimate limitations of the miniaturization of
magnetic memory elements. [21]
In addition to this, any MQT is interesting as it could help resolve the
measurement paradox in quantum mechanics, and ferromagnetic grains are
one of the few candidate systems for studying MQT. [22]
For these reasons the study of our samples at ultra-low temperatures is
focused on investigating the possibility of core tunneling through the barrier
between the coupled and decoupled state.

5.1

Experimental Setup

A dilution refrigerator utilizes the low boiling points and unique mixing
properties of 3 He and 4 He. We here give a short explanation of how this
works, following Lounassmaa. [23]
The main processes in a dilution refrigerator are illustrated in Fig. 5.1.
Pure 3 He gas is cooled and condensed (1, 2) before being pumped down
into a mixing chamber with liquid 4 He. In the mixing chamber (4), where
the temperature is at its lowest, the 3 He dissolves into 4 He by osmosis and
then diffuses into another chamber, called the still (5), where the isotopes
separate by the 3 He evaporating. The 3 He vapour is then returned to the
condenser by a compressor (6).
On its way into the mixing chamber, the 3 He gives off heat to the 3 He37
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He mixture in the still, to help the evaporation of 3 He, and then to the
mixture on its way to the still (3a, b, c), to cool down before reaching
the mixing chamber. Finally, it absorbs heat from the 4 He in the mixing
chamber as it dissolves.
The cooling power associated with 3 He dissolving into 4 He is expressed
by Lounassmaa as
Q̇ = ṅ3 (HD − HC ),
(5.1)
where n3 (mol) is the amount of 3 He in the system; HD is the enthalpy of
the 3 He mixed into the 4 He, at the temperature TM of the mixing chamber
(dilute phase); and HC is the 3 He enthalpy at the temperature TN of the
last heat exchanger (3c) (concentrated phase). For 3 He this becomes
h
 2
 i
Q̇ = ṅ3 95 J/K2 mol TM
− 13 J/K2 mol TN2
(5.2)
or in the ideal case with TM = TN ,
 2
Q̇ = ṅ3 82 J/K2 mol TM
.

(5.3)

Even though the circulation rate ṅ3 does not decrease with temperature, the
quadratic temperature dependence means the cooling power Q̇ will eventually be smaller than the rate at which heat is supplied from the environment,
which sets the absolute minimum on the achievable temperature.
The DR used in the experiments is an Oxford Instruments (R) Triton
Cryofree Dilution Refrigerator. The condenser and precooling is mechanical
(pulse tube), [25] as the name ‘cryofree’ refers to, [26] while in other DR’s
the precooling is done with baths of liquid 4 He and liquid nitrogen.
Around the sample area in the cryostat is a 3D electromagnet that can
generate a field in any desired direction.
Lastly, an arbitrary waveform generator is used for the word line pulses
and a lock-in amplifier is used for measuring the junction resistance.

5.2

Preparation and Procedure

Easy axis field sweeps between −70 Oe and 70 Oe were performed at eight
different temperatures of interest between 10 mK and 2 K. As an example, the easy axis sweep at 100 mK is shown in Fig. 5.2. Each sweep is
repeated at least three times, to ensure that the hysteresis is found as well
as various other states that the system might get stuck in during measurements of decoupling probabilities. After discarding anomalies, a resistance
value is chosen between the coupled and decoupled states, and everything
above (below) is used for averages and standard deviations for the coupled
(decoupled) state.
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Figure 5.1: Schematic of a dilution refrigerator. The black arrows indicate
the flow of 3 He and the red arrows indicate flow of heat in heat exchangers.
Filled and dotted patterns are used to differentiate between the liquid phase
and the gas/dilute phase, respectively. Image taken from [24] and modified
here.
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Figure 5.2: Hysteresis at negative easy axis field, from easy axis field sweep
at 100 mK. The error bars mark ±1 standard deviation around averages
computed from 12 sweeps. The hysteresis is wider than at 77 K since there
are less thermal agitations helping the cores over the potential barrier.

5.2.1 Probability Measurements
The DC field is set to −50 Oe along the easy axis, resulting in a coupled
state at the middle of the hysteresis. The AWG, connected to the word line,
is then used to apply in-plane square pulses directed 45° from the easy axis.
After each pulse the resistance is continuously measured until the absolute
difference between two consecutive averages, 0.4 seconds apart, is less than
0.05 Ω, to ensure the vortices have relaxed.
With a narrow interval of resistance values, ∼ 2 Ω wide, representing the
coupled state, the measured value is used to determine whether the cores
have decoupled or not, or if they have entered some unknown state not of
interest. If the measured value is outside the narrow interval, then the easy
axis field is swept to reset the cores into the coupled state. This is repeated
113 times for each pulse amplitude, before calculating the corresponding
probability as in §4.2.1.

5.3

Results and Discussion

As the temperature is lowered the thermal agitations decrease and the pulse
amplitudes required for decoupling increases. In other words, the amplitude
that yields a 50% decoupling probability, the decay amplitude, should increase as the temperature decreases. If there is tunneling however, then
the decay amplitude should saturate at the pulse amplitude that yields 50%
decoupling probability by tunneling alone. This should happen at some
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Figure 5.3: Qualitative decay amplitude dependence of temperature. The
amplitude increases as the temperature decreases (red) until a crossover
temperature, Tc , is reached below which the decay amplitude levels off (blue)
due to tunneling from the coupled to decoupled state.
crossover temperature Tc , as shown in Fig. 5.3. Chudnovsky [27] reports
crossover temperatures between 10 mK and 10 K both for tunneling of magnetization in single domain particles and for tunneling of domain walls in
multidomain samples, although our specific case of core decoupling is not
treated.
The decay amplitudes are found by fitting the Poissonian (4.7) to measured decoupling probabilities for 100 ns long square pulses. An example
can be seen in Fig. 5.4 for 200 mK, where the dashed lines illustrate the
extraction of the decay amplitude which in this case is 7.51 Oe.
The measured decay amplitude for the temperature interval 10 – 2000 mK
can be seen in Fig. 5.5. The decay amplitude increases monotonously as the
temperature decreases before leveling off below 400 mK. This is only an
indication of tunneling as there could be many reasons for this ‘leveling off’,
the most obvious one being that if the temperature is not decreasing as indicated by the thermometer but instead becomes constant, then the decay
amplitude will also become constant.

5.3.1

The Observer Effect

The thermometer in the dilution refrigerator is not exactly at the sample
and the nanopillars are somewhat thermally isolated, as they are embedded
in silicon. Thus, it is perfectly possible for the sample to be at a different
temperature than that given by the thermometer. To obtain an estimate of
the actual temperature of the sample, the junction resistance was measured
at the temperature values given by the thermometer. These are the red
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Figure 5.4: Decoupling probability as a function of pulse strength at
200 mK. The black curve is the Poissonian fit and the blue and red lines are
95% confidence and prediction intervals respectively, fitted with cubic Hermite polynomials. The dashed lines show how the 7.51 Oe decay amplitude
is extracted.

Figure 5.5: Measured decay amplitude for different temperatures on a logscale (left axis, blue) and tunnel junction resistance in the same temperature
range (right axis, red). The temperature values are those given by the DR
thermometer, which might be different from the actual temperature of the
sample. The decay amplitude can be seen leveling off below 400 mK while
the junction resistance starts to level off below 200 mK. The decay amplitude
error bars are lines from minimum to maximum decay amplitudes, extracted
from the 95% confidence intervals of the Poissonian fit. The error bars for
the junction resistance values are ±1 standard deviation.
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measurement points in the Fig. 5.5. Down to 200 mK the junction resistance
is steadily increasing, indicating that the sample temperature is decreasing
as intended, but then the junction resistance levels off.
There is some increase in the junction resistance even below ‘200 mK’,
and when contracting the measurement points up from 10 mK so that the
junction resistance points all end up on the straight line through the first
seven points, then the ‘10 mK’ point ends up around 150 mK, indicating
that this is as low as the sample temperature got.
One idea for an explanation of the leveling off in junction resistance
was the observer effect, i.e. that the act of measuring was affecting the
measurement results. More specifically, that the biasing current used for
the resistance measurements was heating the sample. This biasing current
was therefore lowered successively, remeasuring the resistance at each bias
current value, at base temperature. The junction resistance was found to
increase by ∼ 2%, which is similar to the missing resistance in the base
temperature measurement in Fig. 5.5, suggesting that the sample had indeed
been heated by the resistance measurements.

5.3.2

Outlook

The DR is being upgraded with a more powerful pulse tube, meaning that
cooling down from room temperature will be quicker and the magnet temperature will be lower. In addition, improvements of the sample holder
are planned, for better heat conduction away from the sample, as well as
rewiring of the chip for reduction of interference between the wires through
induction.
The measurements done so far show a non-trivial behaviour between
150 and 400 mK, with indication of core tunneling. The aforementioned
improvements should be enough for measurements below 150 mK, and perhaps all the way down to 10 mK, which would be inferred from a steadily
increasing junction resistance. If the leveling off of the decay amplitude
persists, then the indications of core tunneling are strong.
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Chapter 6

Conclusion
Vertically stacked spin-vortex pairs in the configuration with parallel core
polarization and antiparallel chiralities (P-AP) have been studied at 77 K
and sub-Kelvin temperatures.
At 77 K the transient dynamics of the system were studied by using
sub-ns pulses in the 10 Oe-range which dominate over thermal effects. Each
added half-period to the pulses, which changes the sign of the end of the
pulse, results in a transition between higher than 50% chance of decoupling
and lower than 50% chance of decoupling. The sinusoid pulses are anharmonic with the first and last quarter periods being twice as long as those
in between where the pulse is in resonance with the coupled state. 1 to
2 periods is enough for reliable decoupling, which corresponds to a pulse
length in the order of 100 ps. Furthermore, it was discovered that harmonic
pulses, at resonance from beginning to end, had to be an order of magnitude
longer than these anharmonic pulses in order to decouple the cores.
At sub-Kelvin temperatures the possibility of core tunneling from the
coupled to the decoupled state was investigated. The cores were field biased
close to the edge of the hysteresis, using an offset field and 100 ns square
pulses, to measure the decoupling probability as a function of the pulse
amplitude. This amplitude should increase as the temperature decreases
and then level off if there is tunneling. A leveling off was seen below 400 mK,
but a leveling off of the sample resistance was also seen below 200 mK. The
measurements may have been heating the sample but there is still a nontrivial behaviour between 150 and 400 mK, with indication of core tunneling.
Improvements to equipment (dilution refrigerator), setup (sample holder),
and measurement techniques are underway, to enable measurements below
150 mK, which may strengthen the indication of core tunneling.
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Appendix A

Derivation of the Forces on
a Vortex Core
We follow Thiele [7] in the derivation of the force on magnetic bubble domains and modify it to describe vortices instead.
⃗ with the LLG equation to find
First, take the inner product of M
!
⃗
⃗
d
M
|α|
d
M
⃗ ×
⃗ · (M
⃗ ×H
⃗ eff ) −
⃗ · M
⃗ ·
= −|γ|µ0 M
M
= ⃗0 , (A.1)
M
dt
Ms
dt
i.e. that the equation only describes systems in which the magnetization
is conserved. We also only consider systems in which the magnetization is
⃗ ∥ = Ms , and where the saturation magnetization is spatially
saturated, ∥M
constant,
0=

⃗ ·M
⃗)
⃗
∂Ms2
∂(M
⃗ · ∂M ,
=
= 2M
∂xi
∂xi
∂xi

i = 1, 2, 3 .

(A.2)

As a step towards a force equation equivalent to the LLG equation we
will now show that the following field equation is equivalent to the LLG
equation,
⃗m+H
⃗g +H
⃗α+H
⃗ eff = ⃗0 .
H
(A.3)
⃗ m and H
⃗ α are the magnetization and dissipation equivalent fields,
Here, H
⃗ ,
⃗m = β M
H
µ0

⃗α =
H

which are orthogonal because of Eq. (A.1).
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⃗
|α| dM
,
µ0 Ms |γ| dt

(A.4)
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⃗ eff , the
For the field equation (A.3) to hold for arbitrary effective fields H
⃗ g can of course not lie in the plane of H
⃗ m and H
⃗ α . It’s called the
field H
⃗m
gyroscopic equivalent field and it is defined from the cross product of H
α
⃗
and H , with the constants β and α replaced by 1/Ms ,
⃗g =−
H

⃗
1
⃗ × dM ,
M
µ0 Ms2 |γ|
dt

(A.5)

making it three mutually orthogonal fields.
Taking the cross product of the magnetization with the field equation (A.3),
!
⃗
⃗
|α|
1
d
M
⃗ × dM +
⃗ × βM
⃗ −
⃗ × M
⃗ ×
−
M
M
M
µ0 Ms2 |γ|
dt
µ0 Ms |γ|
dt

⇔

⃗ ×H
⃗ eff = M
⃗ × ⃗0 ,
(A.6)
+M
!
⃗
⃗
1
|α|
⃗ × dM .
⃗ × M
⃗ × dM = M
⃗ ×H
⃗ eff −
M
M
2
µ0 Ms |γ|
dt
µ0 Ms |γ|
dt

which is the LLG equation after multiplying through by µ0 and rewriting
the left hand side,
⃗
⃗
1 ⃗
⃗ × dM = 1 ∥M
⃗ ∥∥M
⃗ ∥ dM sin π sin π â =
M ×M
2
2
Ms |γ|
dt
Ms |γ|
dt
2
2
⃗
⃗ /dt} = − 1 dM .
= {â is a unit vector antiparallel with dM
|γ| dt

(A.7)

Next we switch to index notation and write
fia = −Hja

∂Mj
,
∂xi

a = m, g, α,

(A.8)

which are the force densities from the fields as shown by Thiele. From
Eq. (A.2) it follows that fim = µ−1
0 βMj ∂Mj /∂xi = 0, i = 1, 2, 3. Before
g
⃗
expressing the other two, f and f⃗α , we rewrite the time derivatives in
the corresponding fields using the chain rule. With ⃗v = (vx , vy , vz ) as the
⃗ = (X1 , X2 , X3 ) = t⃗v as the core position,
velocity of the vortex core and X
we have Mi = Mi (xj − Xj ) and
dMi
∂Mi
∂xj
d(xj − Xj )
∂Mi ∂xj
=
=
(−vj ) =
dt
∂xj ∂(xj − Xj )
dt
∂xj ∂xj
∂Mi
= −vj
.
∂xj

(A.9)
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Now with
Hig =

−1
dMk
εijk Mj
,
µ0 Ms2 |γ|
dt

(A.10)

the gyroscopic force density becomes
fig = −Hjg

∂Mj
= εijk gj vk ,
∂xi

f⃗g = ⃗g × ⃗v ,

(A.11)

where the gyrocoupling vector ⃗g is given by
gi =

−1
∂Mn ∂Mp
ijk
,
δmnp
Mm
2
2µ0 Ms |γ|
∂xj ∂xk

(A.12)

ijk
and δmnp
= εmnp εijk . The dissipation, or drag force density becomes

|α| ∂Mk ∂Mk
vj = dij vj ,
µ0 Ms |γ| ∂xi ∂xj

⃗

fiα = −

⃗⃗v .
f⃗α = d

(A.13)

In spherical coordinates the magnetization can be written
⃗ = Ms (cos ϕ sin θ, sin ϕ sin θ, cos θ) ,
M

(A.14)

and the gyrocoupling vector ⃗g is rewritten using the Jacobian notation,
Ms
sin θ(∇θ) × (∇ϕ) =
|γ|
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∂θ ∂ϕ ∂θ ∂ϕ ∂θ ∂ϕ
∂θ ∂ϕ ∂θ ∂ϕ ∂θ ∂ϕ
=
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−
,
−
,
−
=
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∂y ∂z
∂z ∂y ∂z ∂x ∂x ∂z ∂x ∂y
∂y ∂x
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−
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−
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=−
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∂z ∂x
∂x ∂z


∂(cos θ, ϕ)
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.
=−
,
,
|γ|
∂(y, z)
∂(z, x)
∂(x, y)
(A.15)

⃗g = −

⃗

⃗ becomes
The dissipation dyadic d

⃗ = − |α|Ms (∇θ)(∇θ) + sin2 θ(∇ϕ)(∇ϕ) ,
d
µ0 |γ|
⃗

(A.16)

and the force density corresponding to the effective field
∂u
∂u
f⃗eff =
∇θ +
∇ϕ .
∂θ
∂ϕ

(A.17)
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The effective force F⃗ eff is the integral of the density f⃗eff ,

Z 
∂u
∂u
F⃗ eff =
∇θ +
∇ϕ dV,
∂θ
∂ϕ
V

(A.18)

and can be divided into internal and external components according to
u = uint + uext . The internal component F⃗ eff,int is shown by Thiele to be
zero, under the assumption that the internal energy is spatially invariant,
meaning F⃗ eff = F⃗ eff,ext .
Similarly the dissipative force is written
Z

Z
d
⃗
⃗
⃗ ⃗v ,
⃗
F =
d⃗v dV =
ddV ⃗v = D
(A.19)
⃗

⃗

⃗

V

V

where the velocity ⃗v was taken out of the integration since it is constant
over the volume.
The gyrocoupling force can be computed by computing the total gyro⃗ First, when considering a disk particle, much smaller in z
coupling vector G.
than in x or y, the vortex core or bubble domain can be taken to only travel
in the plane. In other words there should be no velocity or acceleration,
and hence force, in the z direction,
(⃗g × ⃗v ) · ẑ = gx vy − gy vx = 0 ,

(A.20)

implying gx = gy = 0 for arbitrary ⃗v . Only the z component is left and it
can be written
ZZZ
Z
∂(cos θ, ϕ)
Ms
Ms
dxdydz =
∆ cos θ∆ϕdz ,
(A.21)
Gz =
|γ|
∂(x, y)
|γ|
V
where ∆ cos θ and ∆ϕ are the changes in cos θ and ϕ between the integration
limits. The integration limits are given by the limits of the integrand being
one-to-one, which is where the Jacobian determinant or its reciprocal is
zero.
Since Gz depends on the amount of change, ∆ cos θ and ∆ϕ, and not
on how exactly the change happens, a qualitatively correct model for cos θ
and ϕ will suffice in the search for the integration limits. The normalized
z-component cos θ can be modelled as
cos θ = e−(x

2

+y 2 )/rc2

,

(A.22)

where rc is the core radius. Then
2
2
2
∂ cos θ
2
= − 2 xe−(x +y )/rc ,
∂x
rc

2
2
2
∂ cos θ
2
= − 2 ye−(x +y )/rc .
∂y
rc

(A.23)
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With a vortex centered in a circular disk,
ϕ = arctan(y/x) ± π/2 ,

(A.24)

where the sign depends on the chirality. This gives
∂ϕ
y
=− 2
,
∂x
x + y2

∂ϕ
x
= 2
,
∂y
x + y2

(A.25)

and the Jacobian determinant becomes
2
2
2
2
∂(cos θ, ϕ)
= 2 e−(x +y )/rc .
∂(x, y)
rc

(A.26)

This is only zero in the limit x2 + y 2 → ∞ and never has a zero reciprocal,
meaning we can integrate over the whole particle, i.e. the changes ∆ cos θ
and ∆ϕ are the changes in cos θ and ϕ over the whole particle. Now, the
change in cos θ from the core to the edge is

∆ cos θ = cos(π/2) − cos [1 + p]π/2 = p ,
(A.27)
where p = ±1 is the core polarity. The change in ϕ is the number of turns
the magnetization does around the vortex, in the direction of increasing ϕ,
i.e. ∆ϕ = 2π. Thus, the total gyrocoupling vector becomes
⃗ = p 2πMs Lz ẑ ,
G
|γ|

(A.28)

where Lz is the sample thickness and ẑ is the unit vector in the z direction.
Finally, the force equation corresponding to the field equation (A.3) is
⃗

⃗ ⃗v = ⃗0 ,
⃗ × ⃗v + D
F⃗ eff,ext + G

(A.29)

meaning that the last two terms constitute the force on the vortex core
resulting from the external force, or
⃗

⃗ ⃗v .
⃗ × ⃗v + D
F⃗ = G

(A.30)
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