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Abstract
This thesis was motivated and inspired by the AEROWORKS project, a

European research project, whose main goal was to deploy multiple heteroge-
neous unmanned aerial vehicles in environments where human intervention
is restricted. In particular, this thesis focuses on control of aerial vehicles for
the purposes of cargo transportation, an application of interest, for example, in
inspection and maintenance of aging infrastructures. This thesis also focuses on
control of multi-agent systems, where agents are required to accomplish some
common goal, such as collaborating on transporting a common cargo.

In the first part of this thesis, we focus on control of thrust-propelled systems.
A thrust-propelled system is similar to a multi-rotor system, where a thrust in-
put is available along some direction, which we can rotate by means of a torque
input. In a first step, we develop controllers for the thrust-propelled system,
by application of nonlinear control techniques. In a second and final step, we
convert a physical system, by means of an appropriate change of coordinates,
into the thrust-propelled system form, at which point we are able to leverage the
controllers designed in the first step. Among the physical systems considered in
this thesis, we highlight slung-load transportation, where a point-mass cargo is
tethered to a single aerial vehicle, and slung-bar transportation, where a bar
cargo is tethered to two aerial vehicles. Another key idea, exploited throughout
this thesis, is that of geometric control, where one attempts to design controllers
that are independent of the user choices. For example, when performing an
experiment, a user picks a reference frame, and the application of a geometric
controller is insensitive to that choice. On the contrary, a non-geometric con-
troller yields different results depending on which reference frame is chosen.
Experiments and simulations illustrate the performance of the proposed control
strategies.

In the second part of this thesis, we focus on global stabilization of mechan-
ical systems, in contrast with the first part, where almost global and/or local
stabilization sufficed. However, for non-contractible sets, which are pervasive
throughout this thesis, a globally asymptotically stable equilibrium point does
not exist under a continuous control law. In particular, we consider a rigid-body
pendulum, which we wish to globally stabilize at some desired configuration. To
accomplish the latter, we create a graph between several stabilizing continuous
control laws, and switch among them so as to provide the desired equilibrium
with a global region of attraction, which we validate in simulations.

In the final part of this thesis, we consider a multi-agent system composed
of rotation matrices, and we design controllers that guarantee asymptotic
incomplete synchronization. In particular, we develop decentralized torque
controllers for the agents, and when the directions to be synchronized are
principal axes, we are able to propose torque control laws that do not require
torque input in all bodies directions, but rather only in the body directions
orthogonal to the respective principal axis. Simulations are then presented
which illustrate the performance of the proposed control strategy.



Sammanfattning
Denna avhandling inspirerades av AEROWORKS, ett europeiskt forskn-

ingsprojekt vars huvudsakliga syfte var att distribuera flera heterogena obe-
mannade flygplan i miljöer med begränsat mänskligt ingripande. Avhandlingen
undersöker kontroll av flygplan för lasttransport, vilket är en viktig tillämpning
vid till exempel inspektion och underhåll av åldringsinfrastrukturer.

Därutöver fokuserar avhandlingen på kontroll av multi-agent system där
agenter ska uppnå ett gemensamt mål, som exempelvis vid samarbete för trans-
porter av gemensam last. I den första delen av avhandlingen fokuserar vi på
kontroll av tryckdrivna system. Ett tryckdrivet system liknar ett flerrotorsys-
tem där en tryckingång är tillgänglig i flera riktningar, vilket vi kan rotera
med en momentinmatning. I ett första steg utvecklar vi regulatorer för det
tryckdrivna systemet genom att tillämpa icke-linjär reglerteknik. I ett andra
och sista steg omvandlar vi ett fysiskt system med en lämplig koordinatändring
i det tryckdrivna systemet, vilket möjliggör att använda de styrenheter som
utformats i det första steget.

Bland de fysiska system som undersöks betonar vi flygtransporter med
hängande last där en last är kopplad till ett luftfordon, samt där en last är
kopplad till två luftfordon. En annan nyckelidé, som används i hela avhan-
dlingen, är geometrisk reglerteknik där man försöker utforma regulatorer som
är oberoende av användarval. Detta innebär att när ett experiment utförs
och en användare väljer en referensram, är applikationen av en geometrisk
regulator okänslig inför valet av referensram. En icke-geometrisk regulator
däremot ger olika resultat beroende på vilken ram som väljs. Experiment och
simuleringar illustrerar prestandan för de föreslagna kontrollstrategierna för
olika mekaniska system.

I den andra delen av denna avhandling fokuserar vi på global stabilisering
av mekaniska system, i motsats till den första delen, där i mindre utsträckning
global till lokal stabilisering var tillräcklig. För non-contractible sets, som
återfinns genomgående i avhandlingen, existerar dock inte en global stabil
asymptotiskt jämviktspunkt under en kontinuerlig reglersignal. Vi tar särskilt
i beaktning en fast pendel som vi önskar stabilisera globalt vid en specifik
önskad konfiguration. För att uppnå det ovan beskrivna skapar vi ett diagram
mellan flera stabiliserande kontinuerliga reglersignaler och växlar mellan dessa
för att uppnå den önskade jämvikten med en global samlingsregion. Detta har
vi validerat i simuleringar.

I den sista delen av avhandlingen undersöker vi ett multi-agent system som
består av rotationsmatriser, och vi utformar regulatorer som garanterar asymp-
totisk ofullständig synkronisering. Framför allt utvecklar vi decentraliserade
vridmomentregulatorer för agenterna. När riktningarna som ska synkroniseras
är huvudaxlarna kan vi föreslå regulatorsignaler för vridmoment som inte
kräver vridmoment-inmatning i alla riktningar, utan endast i riktningarna
ortogonala respektive huvudaxel. Slutligen presenteras simuleringar som illus-
trerar resultatet av den föreslagna reglerstrategin.
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stepfather. Hanna Holmqvist, Håkan Terelius and Nina Jalava for relentlessly
and unsuccessfully trying to teach me some Swedish. Pedro Lima, Andrea
Bisoffi, Christos Verginis, Alexandros Nikou and Lars Lindemann for helping
me with proof reading this thesis, and Jenny Lindblad for helping me with the
translation of this thesis abstract. And all the Portuguese crew (too many to
list), for keeping my Portuguese in check. Finally, I want to thank my parents,
for whom I am always thankful.

Pedro Pereira
Stockholm, February 2019.



Contents

Abbreviations vii

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Outline and Contributions . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Tools for Modeling and Control of Mechanical Systems 15
2.1 Manifold, Tangent Set, and Charts . . . . . . . . . . . . . . . . . 16
2.2 Stabilization and Tracking . . . . . . . . . . . . . . . . . . . . . . 25
2.3 Body Idealizations and System of Bodies . . . . . . . . . . . . . 32
2.4 UAV as a Rigid-body . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.5 Thrust-propelled Systems . . . . . . . . . . . . . . . . . . . . . . . 47
2.6 Projection Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
2.7 Vector Field of a Mechanical System . . . . . . . . . . . . . . . . 64
2.8 Stabilization of Fully-actuated Mechanical Systems . . . . . . 78
2.9 Linearization on a Manifold . . . . . . . . . . . . . . . . . . . . . 86
2.10 Disturbance Estimator Update Law . . . . . . . . . . . . . . . . 92
2.11 Bounded Control Laws for Double Integrators . . . . . . . . . . 97

3 Slung-load Transportation 105
3.1 Literature review . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
3.2 Position Tracking with Unknown Wind Forces . . . . . . . . . . 109
3.3 Position Tracking with Rod-Like Slung-Load . . . . . . . . . . . 127
3.4 Position Tracking for Slung-Load with Two UAVs . . . . . . . . 153
3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

4 Slung-bar Transportation: Stabilization and Tracking 167
4.1 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
4.2 Model of Bar Tethered to Two Aerial Vehicles . . . . . . . . . . 171
4.3 Pose Stabilization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
4.4 Pose Tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

vi



Contents vii

4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

5 Stabilization of Rigid-Body Pendulum 217
5.1 Planar Rigid-body Pendulum . . . . . . . . . . . . . . . . . . . . . 221
5.2 Three-dimensional Rigid-body Pendulum . . . . . . . . . . . . . 244
5.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

6 Attitude Synchronization 261
6.1 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262
6.2 Visualization of Synchronization . . . . . . . . . . . . . . . . . . 264
6.3 Incomplete Attitude Synchronization . . . . . . . . . . . . . . . . 265
6.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275

A Change-of-coordinates and Diffeomorphic Sets 277

B Invariance Property of UAV dynamics 281

Bibliography 283





Abbreviations

UAV Unmanned Aerial Vehicle
VTOL Vertical Take-off and Landing
iff if and only if
w.r.t. with respect to
w.l.o.g. without loss of generality
e.g. exempli gratia (“for example”)
i.e. id est (“that is”)
∵ because (e.g., a + b = b + a ∵ + is commutitative binary operation)
∶⇔ equivalent by definition

(e.g., “a person is tall” ∶⇔ “a person is at least 2m tall”)
∶= equal by definition (e.g., i ∶=

√
−1)

ix





Chapter 1

Introduction

1.1 Motivation

This thesis focuses on control of aerial vehicles and of multi-agent systems,
and it was inspired by the application scenarios proposed and addressed by
the European research project AEROWORKS [4]. The goal of AEROWORKS
was to deploy multiple heterogeneous unmanned aerial vehicles in environ-
ments where human intervention is restricted, forbidden, costly or dangerous,
as illustrated in Fig. 1.1. The application scenarios range from inspection to
maintenance of aging infrastructures in developing-and-developed countries.
With an automated fleet of aerial vehicles, it is possible to inspect difficult-
to-access infrastructures and to detect anomalies that such structures incur
during their lifespan. One of the core ideas of the project is to deploy such a fleet
in a decentralized manner, where each vehicle interacts and plans its future
actions in cooperation with a subset of the whole fleet. The deployment of such
a team of vehicles is envisioned to reduce the costs of inspection and repair
tasks, and, more importantly, to remove humans from intervening in dangerous
environments.

Vertical take off and landing (VTOL) rotorcrafts, with hover capabilities,
have been used for performing several different tasks, due to their high ma-
neuverability, low maintenance costs, low mechanical complexity and, most
importantly, their ability to hover and to take-off and land vertically. For ex-
ample, unmanned aerial vehicles (UAVs) have been used to detect methane,
a greenhouse gas that is colorless, odorless, and explosive when its percent-
age on air exceeds 15%. By combining a laser-based methane detector on the
UAV moving on a circular trajectory around a methane leak, it is possible to
deduce the leak rate and narrow down the leak location [107]. UAVs have also
been used to inspect equipment integrity and to assess damaged components
on steam boilers, where the manual inspection takes usually between three
to four days and is done by technicians hanging from ropes, while the UAV
inspection takes only one day [23]. Another popular application with UAVs is

1



2 Introduction

(a) Removing humans
from dangerous envi-
ronments by performing
aerial automated inspec-
tion.

(b) An automated fleet
of aerial vehicles perform-
ing inspection and repair
tasks on a wind mill.

(c) Cooperation between
aerial vehicles when trans-
porting a corona ring from
an electrical pole.

Figure 1.1: AEROWORKS application scenarios that inspired some of the thesis
contributions.

the monitoring and surveillance of large landscapes. In particular, UAVs have
been used to assess the immediate damage after wildfires and to keep track
of vegetation regrowth afterwards [31]. In contrast, a crew of biologists would
take weeks to complete the data collection of damaged areas [31]; together with
monitoring the biodiversity restoration, such tasks amount to considerable mon-
etary costs. Multi-rotor UAVs have also been tested for the purposes of delivery
of essential medical samples after natural disasters [27]. In these scenarios,
roads may suffer from service disruptions, due to, for example, floods or traffic
congestion; and aerial transportation of medical samples or other immediate
necessities, such as potable water, is a fast means of assisting people in need.
UAVs have been used in many other application scenarios, and the previous
list is a small but representative subset of the practical applications of which
UAVs are an essential component. Despite these several contributions, many
problems, of practical and theoretical importance, remain unsolved, some of
which are addressed in this thesis, and which we specify in the next subsection.

In the rest of this subsection, we explain briefly the concepts of thrust-
propelled systems and of geometric control, so as to briefly introduce the reader
to the main topics of this thesis.

Thrust-propelled system A system of this kind is one where scalar inputs,
referred to as thrusts, enter the system dynamics via some directions, which we
can rotate via input angular accelerations. There are three types of fundamental
bodies we consider in this thesis, namely, a point-mass, a one-dimensional rigid-
body, and a (generic) rigid-body; and, to each of them, we associate a thrust-
propelled system, as illustrated in Fig. 1.2. For example, consider a point-mass
load tethered to a UAV, as illustrated in Fig. 1.6: if the UAV pulls the cable, it
creates a tension on the cable which acts as a thrust on the load, and which is
aligned with the cable; if the UAV moves orthogonally to the cable, it rotates
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Thrust-propelled system associated to

point-mass one-dimensional rigid-body (generic) rigid-body

n1n2

T1n1

T2n2

τ1

τ2

n1

T1n1

τ1

n1

n2

n1

n2
n3

ni: direction (unit vector)

Ti: (input) force along direction ni

τi: (input) angular acceleration of direction ni

at least one direction at least two directions at least three directions

Figure 1.2: Thrust-propelled system is one where an input force Ti enters the (lin-
ear) dynamics via some direction ni, which we can rotate via an angular acceleration
τi.

the cable, which translates into an angular acceleration of the cable. That is, a
point-mass load tethered to a UAV is a thrust-propelled system associated to a
point-mass, as in the first column of Fig. 1.2. The problem in Fig. 1.1c can also
be viewed as a thrust-propelled system, but associated to a rigid-body, as in the
second column of Fig. 1.2. Thrust-propelled systems are described in detail in
Section 2.5 and they are a key concept within this thesis.

Geometric control The terminology “geometric control” is used broadly
when considering systems whose state-space is a manifold (as opposed to an
Euclidean space). In addition, in this thesis, geometric control is also used
to denote control strategies that are independent of the user choices. This is
best explained with an example, as illustrated in Fig. 1.3. To be specific, in
designing a controller for a thrust-propelled system, a user must necessarily
number/name the directions. However, a geometric controller is one whose
end-result is independent of such numbering/naming, i.e., solutions under a
geometric control law are the same regardless of the choice the user made at
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n1n2

T1n1

T2n2

τ1

τ2

n1

n2

n2

n1

n2n1

T2n2

T1n1

τ2

choice of numbering
(by one of twin brothers)

choice of numbering
(by one of twin brothers)

choice is swapped

controller is geometric
if solutions are independent
of the numbering

τ1

example of geometric:
〈n1, n2〉 = 〈n2, n1〉

example of not geometric:
〈n1 − n2, e1〉 6= 〈n2 − n1, e1〉

Figure 1.3: A geometric controller is one which is independent of the user choices:
for a thrust-propelled system associated to a point-mass with two directions, a
geometric controller must be independent of the numbering given to those two
directions; similar requirement for a thrust-propelled system associated to a one-
dimensional rigid-body.

the beginning. Figure 1.4 illustrates a geometric controller and a non-geometric
controller, where the latter (on the right side of Figure 1.4) yields different
trajectories depending on the frame the user chooses. Figure 3.19, on page 155,
illustrates also the equivalent concept of a “geometric quantity”, as a quantity
that is independent of the user choices.

1.2 Outline and Contributions

Let us describe the outline of this thesis, and its main contributions.

Chapter 2 In this chapter, we lay out the tools, which we make extensive use
of throughout the thesis.
• In Section 2.1, we introduce the definition of manifold, its associated concepts,

and we provide several illustrative examples.
• In Section 2.2, we provide the basic definitions of equilibrium-point and

of equilibrium-trajectory, as well as their stability and attractivity (or lack
thereof).

• In Section 2.3, we introduce the body idealizations considered in this the-
sis, namely, that of a point-mass, that of a one-dimensional rigid-body, and
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e1

e2

e1

e2

e1

e2

e1

e2

initial position target position

position: exists even before frame is chosen

[
ṗ1

ṗ2

]
=

[
u1

u2

]
=

[
−kp1

−kp2

] [
ṗ1

ṗ2

]
=

[
u1

u2

]
=

[
−k1p1

−k2p2

]
, k1 > k2

different chosen frame different chosen frame

Figure 1.4: A geometric controller is one which is independent of the user choices:
the left controller is independent of the choice of frame, the right one is not.

that of a generic rigid-body. A mechanical system will then be defined as a
constrained collection of body idealizations.

• In Section 2.4, we introduce the basic model for the types of UAVs considered
in this thesis, which are the source of actuation in aerial cargo transportation
– as illustrated in Fig. 1.5.

• In Section 2.5, three different concepts of thrust-propelled systems are intro-
duced, one associated to a point-mass, another to a one-dimensional rigid-
body, and another to a generic rigid-body. In the same section, we provide
control laws for each of the thrust-propelled systems, by exploiting the cas-
caded structure of their vector fields. This section relies on the tools provided
in Section 2.11 (related to bounded control laws for double integrators), which
are essential in constructing control laws that are well-defined over the whole
state space.

• In Section 2.6, we introduce the concept of projection matrix, which plays
an important role when presenting the equations of motion of a mechanical
system, and an important role when linearizing on a manifold.

• In Section 2.7, we explain how to obtain the equations of motion of a (holo-
nomic) mechanical system, the latter being a constrained collection of body
idealizations, as illustrated in Fig. 1.5.

• In Section 2.8, we provide some basic tools for stabilization of fully-actuated
mechanical systems (such as the one pictured in Fig. 1.7b).

• In Section 2.9, we explain how to linearize a vector field on a manifold at an
equilibrium point, and we recall some (necessary and sufficient) conditions
for establishing whether matrices are Hurwitz or not.

• In Section 2.10, we provide tools on how to design smooth update-laws with
bounded estimators, and which we make use of when coping with distur-
bances acting on a mechanical system, which are unknown to the controller.

• Finally, in Section 2.11, we provide examples of bounded double integrator
control laws for three different types of double integrators: one associated to a
point-mass, another to a one-dimensional rigid-body, and another to a generic
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(a) Mechanical system composed of three
rigid-bodies (Chapter 4): bar object and
two UAVs (links to experiments in [2, 3])

UAV’s 2 linear position

n ∈ S2

bar’s angular position

cable 1

p ∈ R3

bar’s linear position

cable 2

UAV’s 1 linear position

UAV’s 2 thrust direction

UAV’s 1 thrust direction

contact point 1contact point 2

(b) Modeling of the mechanical system.

(c) Mechanical system composed of two
rigid-bodies (Chapter 3): one UAV and one
manipulator (link to experiments in [63,
108])

(d) Modeling of the mechanical system.

Figure 1.5: In this thesis, we provide tools to model (holonomic) mechanical systems.
The two modeling principles are: (1) that the geometric constraints must be satisfied;
and (2) that the internal forces do not exert work.

rigid-body. These control laws are required by the tracking control laws
developed to the thrust-propelled systems, and they need to be equipped with
Lyapunov functions that allow the construction of successful update-laws
(whose construction is described in Section 2.10).

At the beginning of each chapter, we provide illustrations to clarify which and
where the different tools provided in this chapter are used.

Chapter 3 This chapter focuses on different types of slung-load transporta-
tion, and Fig. 1.6 presents the basic idea explored in this chapter. We also refer
the reader to Fig. 3.1, on page 106, for a more complete and illustrative overview
of the chapter’s core ideas. We consider three types of slung-load transportation,
namely, that of
• a point-mass tethered to a single UAV, in Section 3.2;
• a rod-like manipulator attached to a UAV along the manipulator’s axis of

axial symmetry, in Section 3.3;
• a point-mass tethered to two UAVs, in Section 3.4.
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TPS Input

Physical Physical

TPS State
TPS Controller

Input
Transformation

State
Transformation

Input State

TPS = Thrust Propelled System

Physical System

Figure 1.6: In Chapters 3 and 4, we show the considered mechanical systems can be
viewed as thrust-propelled systems, by finding an appropriate state transformation
(i.e., change of coordinates) and an appropriate input transformation (i.e., change
of inputs): as such, we can develop one single controller that can solve tracking
problems for different mechanical systems.

For all of the three different problems, the core idea, exploited in the chapter and
illustrated in Fig. 1.6, is to devise a change of coordinates and a change of inputs
such that we can leverage the results for a thrust-propelled system associated
to a point-mass, presented in Section 2.5. Also, in all three Sections 3.2–3.4,
the equations of motion of the respective mechanical systems are derived by
making use of the tools provided in Section 2.7.

In Section 3.1, we provide an introduction to the topic and related literature.
In Section 3.2, we solve a position tracking problem for a point-mass tethered
to a single UAV under the presence of wind forces acting on the UAV and the
load, and which are unknown to the controller. Two of the challenges are: (i) the
removal of the effect of the unknown wind forces (which are non-input-additive
disturbances); and (ii) to guarantee that the tether/cable does not undergo
compressive forces (as the cable behaves as a rigid link only when under tensile
forces). The results in this section are based on [83, 86]:
• Pereira, P. and Dimarogonas, D.V. Lyapunov-based Generic Controller Design

for Thrust-Propelled Underactuated Systems. European Control Conference,
pp. 594–599, 2016.

• Pereira, P., Cortés, J. and Dimarogonas, D.V. Aerial slung-load position track-
ing under unknown wind forces. (under preparation).

In Section 3.3, we solve a position/pose tracking problem for a rod-like rigid-body
manipulator attached to a single UAV along the manipulator’s axis of axial
symmetry. Two of the challenges are: (i) to define a proper position tracking
problem (by finding a differentially-flat output to the system); and (ii) to design
controllers for two different cases, one where actuation on the joint connecting
the manipulator and the UAV is available, and one where it is not. The results
in this section are based on [93, 94, 96]:
• Pereira, P. and Zanella, R. and Dimarogonas, D.V. Decoupled Design of Con-

trollers for Aerial Manipulation with Quadrotors. IEEE/RSJ International
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Conference on Intelligent Robots and Systems, pp. 4849–4855, 2016.
• Pereira, P. and Herzog, M. and Dimarogonas, D. V. Slung Load Transportation

with Single Aerial Vehicle and Disturbance Removal. IEEE Mediterranean
Conference on Control and Automation, pp. 671–676, 2016.

• Pereira, P., and Dimarogonas, D.V. Pose and Position Trajectory Tracking for
Aerial Transportation of a Rod-Like Object. Automatica, 2018 (submitted).

Finally, in Section 3.4, we solve a position tracking problem for a point-mass
tethered to two UAVs. Two of the challenges are: (i) to define a control law that
is independent from the numbering/naming given to the UAVs, i.e., a control
law that “does not see” the difference between the two UAVs; and (ii) to design
controllers that guarantee that a solution of the system remains in the domain
of the control laws (since the control laws are not defined on the entire state
space). The results in this section are based on [88]:
• Pereira, P. and Dimarogonas, D.V. Control framework for slung load trans-

portation with two aerial vehicles. IEEE 56th Annual Conference on Decision
and Control, pp. 4254-4259, 2018.

Chapter 4 In this chapter, we focus on a bar object tethered to two UAVs, as
illustrated in Fig. 1.5a, and where the bar’s pose is required to converge to some
desired pose, either constant or time-varying. We refer the reader to Fig. 4.2, on
page 169, for an illustrative overview of the chapter’s core ideas.

In Section 4.1, we provide an introduction to the topic and related literature.
In Section 4.2, we provide the model for this mechanical system, by making use
of the tools provided in Section 2.7. In Section 4.3, we solve a pose stabilization
problem, where we require the bar’s pose (linear and angular positions) to
stabilize at some desired pose (desired linear and angular positions). Two of the
challenges are: (i) to compute the different equilibria possibilities; and (ii) to
find a relation between the gains of the UAVs’ control laws that breaks down
the linearized motion into multiple decoupled linearized motions, which we can
analyze separately. In this Section, we make extensive use of the tools discussed
in Section 2.9 and Subsection 2.9.1, related to the lineatization on a manifold
and related to the Routh’s criterion, respectively. The results in this section are
based on [87, 92, 95]:
• Pereira, P. and Dimarogonas, D.V. Collaborative Transportation of a Bar by

Two Aerial Vehicles with Attitude Inner Loop and Experimental Validation.
IEEE 56th Conference on Decision and Control, pp. 1815-1820, 2018.

• Pereira, P., Roque, P., and Dimarogonas, D.V. Asymmetric Collaborative Bar
Stabilization Tethered to Two Heterogeneous Aerial Vehicles. IEEE Interna-
tional Conference on Robotics and Automation, pp. 5247-5253, 2018.

• Pereira, P. and Dimarogonas, D.V. Pose Stabilization of a Bar Tethered to Two
Aerial Vehicles. Automatica, 2018 (provisionally accepted).

In Section 4.4, we solve a pose tracking problem, where we require the bar’s pose
to track some desired pose trajectory. The control design strategy is similar to
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UAV’s 2 linear position

bar’s angular position

cable 1

bar’s linear position

cable 2

UAV’s 1 linear position

contact point 1contact point 2

(a) Open kinematic chain in Chapter 4
(desired configuration in transparent).

Pivot point 2

bar’s angular position

rigid-link 1

bar’s linear position

rigid-link 2

contact point 1contact point 2

Pivot point 1

(b) Closed kinematic chain in Chapter 5
(desired configuration in transparent)

Figure 1.7: In this thesis, we look at both open and closed kinematic chains: for both,
we analyze whether the position space is a manifold, and whether the mechanical
system is fully or under-actuated.

the one in Chapter 3, which we illustrate in Fig. 1.6. Two of the challenges are:
(i) to find a proper change of coordinates and change of inputs, which shows that
the system is equivalent to that of a thrust-propelled system associated to a one-
dimensional rigid-body; and (ii) to construct a control law that is well-defined
over the whole state space and for which the tracking problem is accomplished.
The results in this section are based on [90]:
• Pereira, P. and Dimarogonas, D.V. Nonlinear pose tracking controller for bar

tethered to two aerial vehicles with bounded linear and angular accelerations.
IEEE 56th Conference on Decision and Control, pp. 4260-4265, 2018.

Chapter 5 In this chapter we focus on a rigid-body object attached by mass-
less rigid links to distinct pivot points (similarly to how a pendulum is attached
by one massless rigid link to one pivot point), illustrated in Fig. 1.7b, and where
the objective is to stabilize the rigid-body pose at some desired pose. We refer
the reader to Figs. 5.1 and 5.2, on pages 218 and 219, for a more complete
illustrative overview of the chapter’s core ideas.

As illustrated in Fig. 1.7, there is an apparent overlap between aerial teth-
ered transportation of a bar and the problem considered in this chapter. This
is, however, only apparent: in the aerial tethered transportation case, there
are three rigid-bodies constrained by an open kinematic chain; in contrast, in
the problem considered in this chapter, there is only one rigid-body, but it is
constrained by a closed kinematic chain (it is constrained by two fixed pivot
points). Determining whether the underlying set of this system is a manifold is
a rather challenging task (which is trivial for the aerial tethered transportation
system). Also, this system can exhibit bifurcations points, i.e., configurations
where the mechanical system can get stuck, and where the dynamics are not
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n1 ∈ S2

nN ∈ S2ni ∈ S2

ni: cable i direction/unit vector

⋱
⋰

Figure 1.8: In Chapter 6, we study synchronization of unit vectors and of rotation
matrices.

well-defined (one may think of a railway bifurcation).
In Section 5.1, we consider a planar rigid-body whose unconstrained pose lies

in SE(2) (itself a three-dimensional manifold). A planar rigid-body pendulum
is a planar rigid-body attached by two massless rigid links to two distinct
pivot points, and whose constrained pose lies in a one-dimensional manifold. In
Section 5.2, we consider a three-dimensional rigid-body whose unconstrained
pose lies in SE(3) (itself a six-dimensional manifold). A three-dimensional rigid-
body pendulum is a three-dimensional rigid-body attached by three massless
rigid links to three distinct pivot points, and whose constrained pose lies in a
three-dimensional manifold.

We design control laws by following the gradient of a properly chosen poten-
tial function, which, however, implies that the rigid-body object may converge
to undesired critical points. In Section 5.1, where the underlying manifold is
one-dimensional, we then design a switching strategy which allow us to avoid
all the undesired critical points of the chosen potential function. Two of the
challenges in this chapter are: (i) to model the system in a convenient manner,
and to show (under what circumstances) the position configuration space is
a manifold; and (ii) to construct a control law that avoids all the undesired
critical points, thus guaranteeing global stabilization of the desired pose. In this
chapter, we make extensive use of the tools discussed in Section 2.7, related to
the modeling of a mechanical system restricted to a manifold; and of the tools
discussed in Section 2.8, related to the stabilization of fully-actuated mechanical
systems. The results in this section are based on [84]:
• Pereira, P., Cortés, J. and Dimarogonas, D.V. Global Stabilization of a Planar

Rigid-body Pendulum. 2019 (under preparation).

Chapter 6 In this chapter we consider the problem of distributed attitude
synchronization among a group of agents in the group of rotation matrices
and of unit vectors, as illustrated in Fig. 1.8. In Section 6.1, we provide an
introduction to the topic and related literature. In Section 6.2, we introduce
the concepts of complete and incomplete synchronization, and we explain how
both synchronization problems may be visualized. In Section 6.3, we consider a
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group of rotation matrices, whose equations of motion are the angular equations
of motion of a rigid-body, and whose goal is for all the rotation matrices to
synchronize one chosen body axis (incomplete synchronization). We then propose
distributed torque control laws for each rotation matrix, which do not require
torque on the space orthogonal to the body axis, provided the body axis is a
principal axis (i.e., an eigenvector of the moment of inertia). The results in this
section are based on [85, 89]:
• Pereira, P. and Dimarogonas, D.V. Family of controllers for attitude synchro-

nization in S2. 54th IEEE Conference on Decision and Control, pp. 6761–6766,
2015; and,

• Pereira, P. and Dimarogonas, D.V. Family of controllers for attitude synchro-
nization on the sphere. Automatica, 2017, vol. 75, pp. 271–281.
A related problem is that of complete synchronization, where, in contrast

to incomplete synchronization, all agents are required to synchronize all their
body axes. Incomplete synchronization and complete synchronization are inde-
pendent problems (i.e., one does not imply the other), and for some results on
complete synchronization we refer the reader to [81, 82]:
• Pereira, P. and Dimitris, B. and Dimarogonas, D.V. A common framework for

attitude synchronization of unit vectors in networks with switching topology.
IEEE 55th Conference on Decision and Control, pp. 3530-3536, 2016.

• Pereira, P. and Dimitris, B. and Dimarogonas, D.V. A Common Framework
for Complete and Incomplete Attitude Synchronization in Networks with
Switching Topology. 2017 (under review at IEEE Transactions on Automatic
Control).
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1.3 Notation

0n ∈ Rn Vector of zeros in Rn, i.e, (0,⋯,0) ∈ R ×⋯ ×R
1n ∈ Rn Vector of ones in Rn, i.e, (1,⋯,1) ∈ R ×⋯ ×R
In ∈ Rn×n Identity matrix in Rn×n

∣S∣ ∈ N Cardinality of a finite set S
A⊗B Kronecker product between A ∈ Rm×n and B ∈ Rp×q

A⊗B ∈ R(mp)×(nq)

A⊕B Block diagonal matrix with block diagonal entries
A ∈ Rn×n and B ∈ Rm×m, A⊕B ∈ R(n+m)×(n+m)

en1 ,⋯, enn Canonical basis vectors of Rn

(superscript omitted when clear from context)
∥x∥M Norm of x ∈ Rn with respect to a symmetric matrix M ∈ Rn×n

∥x∥2
M ∶= ⟨M 1

2x,M
1
2x⟩

M > 0 Positive definite matrix in Rn×n

(M > 0 ∶⇔M =MT and ∥x∥2
M > 0 for all x ∈ Rn/{0n})

f ∈ Cp(P,Q) Map f ∶ P→ Q that is p-times continuously differentiable
f ∈ Cp Map f ∶ P→ Q that is p-times continuously differentiable

(domain and co-domain inferred from the context)
idP Identity map on set P, i.e, id(p) = p for all p ∈ P
S Skew-symmetric matrix, S (a) b ∶= a × b for a, b ∈ R3 (see (1.1a))
S−1 Inverse of skew-symmetric matrix S (see (1.1b))
Π orthogonal projection matrix, Π (x) y ∶= y − ⟨x, y⟩x

(projection of y ∈ Rn onto the subspace orthogonal to x ∈ Sn−1)
Ri(α) positive rotation around the ith axis by an angle α ∈ R

Ri(α) ∶= I3 + sin(α)S (ei) − (1 − cos(α))Π (ei) ∈ SO(3)
f≤r Sublevel set of map f ∶ P→ R of value r, f≤r ∶= {p ∈ P ∶ f(p) ≤ r}
f<r Sublevel set f≤r without its boundary, f<r ∶= {p ∈ P ∶ f(p) < r}
Im(f) Image space of map f ∶ P→ Q, i.e., Im(f) ∶= f(P) ⊆ Q
f (0) 0th derivative of function f ∶ R → Rn, f (0)(t) ∶= f(t)
f (i) ith derivative of function f ∶ R → Rn, f (i)(t) ∶= d

dt
f (i−1)(t)

f (−i) ith anti-derivative of function f ∶ R → Rn, f (−i)(t) ∶= ∫ f (i+1)(t)dt
for x ∈ Rn, f(x) ∈ Rm, g(x) ∈ Rn×p, a1,⋯, ak ∈ Rp

d1
gf ≡ dgf d1

gf(x) ∈ Rm×p, d1
gf(x)a1 ∶= ∂

∂x
(f(x)) g(x)a1

dkgf dkgf(x) ∈ Rm×p×⋯×p, dkgf(x)ak⋯a1 ∶= ∂
∂x

(dk−1
g f(x)ak−1⋯a1) g(x)ak
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Mn Set of symmetric matrices in Rn×n

M̄n Set of antisymmetric matrices in Rn×n

Sn Set of unit vectors in Rn+1, Sn ∶= {x ∈ Rn+1 ∶ ⟨x,x⟩ = 1}
O(n) Set of orthogonal matrices in Rn×n, O(n) ∶= {R ∈ Rn×n ∶ RTR = In}
SO(3) Set of rotation matrices in R3×3

Bnr (y) Open ball in Rn of radius r and centered around y ∈ Rn

Bnr (y) ∶= {x ∈ Rn ∶ ∥x − y∥ < r}
B̄nr (y) Closed ball in Rn of radius r and centered around y ∈ Rn

B̄nr (y) ∶= {x ∈ Rn ∶ ∥x − y∥ ≤ r}
Bnr Open ball in Rn of radius r and centered around 0n, Bnr ∶= Bnr (0n)
B̄nr Closed ball in Rn of radius r and centered around 0n, B̄nr ∶= B̄nr (0n)
Cn

r complement of closed-ball B̄nr , Cn

r ∶= {x ∈ Rn ∶ ∥x∥ > r}
C̄n

r complement of open-ball Bnr , C̄n

r ∶= {x ∈ Rn ∶ ∥x∥ ≥ r}
P Manifold embedded in Rn of dimension n −m, P ∶= {p ∈ Rn ∶ c(p) = 0m}

(provided that dc(p) ∈ Rm×n is full-rank for all p ∈ P)
TpP Tangent space to manifold P at the point p ∈ P

TpP ∶= {δp ∈ Rn ∶ dc(p)δp = 0m}
(which is a vector space of dimension n −m)

f ∶ Rn → Rm map from Rn to Rm

f ∶ Rn ∋ x↦ f(x) ∈ Rm map from Rn to Rm (dummy variable)
df(x) ∶ Rn → Rm Derivative of map f ∶ Rn → Rm at point x ∈ Rn

(df(x) ∈ Rn×m is a linear map: from Rn to Rm)
∇f ∶ Rn ∋ x↦ ∇f(x) ∈ Rn Gradient of f ∶ Rn → R, i.e., ⟨∇f(x), ẋ⟩ = df(x)ẋ

for any ẋ ∈ Rn (when m = 1)
dif(x1,⋯, xi,⋯, xr) Derivative of f with respect to its ith entry,

where f ∶ Rn1 ×⋯ ×Rni ×⋯ ×Rnr → Rm

(it is a linear map: from Rni to Rm)
f ∶ P→ Q map from P to Q (manifolds)
f ∶ P ∋ p↦ f(p) ∈ Q map from P to Q (dummy variable)
df(p) ∶ TpP→ Tf(p)Q Derivative of map f ∶ P→ Q at point p ∈ P

(df(p) is a linear map: from TpP to Tf(p)Q)
∇f ∶ P ∋ p↦ ∇f(p) ∈ R Gradient of f ∶ P→ R, i.e., ⟨∇f(p), ṗ⟩ = df(p)ṗ

for any ṗ ∈ TpP (when Q = R)
dif(p1,⋯, pi,⋯, pr) Derivative of f with respect to its ith entry, where

f ∶ P1 ×⋯ × Pi ×⋯ × Pr → Q
(it is a linear map: from TpiPi to Tf(p1,⋯,pi,⋯,pr)Q)



14 Introduction

Next, we define a map, hereafter referred to as skew-symmetric matrix,
which yields an anti-symmetric matrix in R3×3 and which is defined over R3; we
also provide its inverse, and list some of the properties associated to this map.
To be specific,

S ∶ R3 → M̄3, S
⎛
⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

x

y

z

⎤⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟
⎠
∶=

⎡⎢⎢⎢⎢⎢⎢⎣

0 −z +y
+z 0 −x
−y +x 0

⎤⎥⎥⎥⎥⎥⎥⎦

, (1.1a)

S−1 ∶ M̄3 → R3, S−1
⎛
⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

0 −z +y
+z 0 −x
−y +x 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟
⎠
∶=

⎡⎢⎢⎢⎢⎢⎢⎣

x

y

z

⎤⎥⎥⎥⎥⎥⎥⎦

, (1.1b)

where S (a) b ∶= a × b, for a, b ∈ R3 (i.e., the skew-symmetric matrix is associated
to the cross product in R3); and where the following identities, which we use
repeatedly in this thesis, are satisfied,

RS (n) = S (Rn)R, ∀n ∈ R3,R ∈ SO(3), (1.1c)
Π (n) = (S (n))TS (n) = −S (n)S (n) , ∀n ∈ S2, (1.1d)
∥S (n)m∥2 = ∥Π (n)m∥2 = 1 − ⟨n,m⟩2, ∀n,m ∈ S2, (1.1e)
RS−1(A −AT ) = S−1(RART −RATRT ), ∀R ∈ SO(3),A ∈ R3×3. (1.1f)

At some points in this thesis, and without hindering comprehension, we let

S ∶ R → M̄2, S (x) ∶=
⎡⎢⎢⎢⎣

0 −x
+x 0

⎤⎥⎥⎥⎦
, (1.2a)

S−1 ∶ M̄2 → R, S−1 ⎛
⎝
⎡⎢⎢⎢⎣

0 −x
+x 0

⎤⎥⎥⎥⎦
⎞
⎠
∶= x, (1.2b)

and where the following identities, which we use repeatedly in this thesis, are
satisfied,

S (n)T S (n) = I2, ∀n ∈ {±1}, (1.2c)
S (n)T RS (n) = R, ∀n ∈ {±1},R ∈ SO(2). (1.2d)

It is always clear from the context whether S (⋅) is that in (1.1) or that in (1.2)
(given the different domains and co-domains).



Chapter 2

Tools for Modeling and Control of
Thrust-propelled Systems and

Mechanical Systems

In this chapter we provide the necessary tools for modeling and controlling
mechanical systems, such as the ones pictured in Figs. 1.5a. Each section
provides the tools required to properly define the concepts presented in the
subsequent sections. Consider for example the system illustrated in Fig. 1.5a,
which is composed of two UAVs (two rigid-bodies) tethered to a bar-like cargo (a
different type of rigid-body): this is a mechanical system as it is a constrained
system of rigid-bodies, whose position configuration space is a manifold. We
thus need to define:

• the notion of a manifold (as a set which locally resembles some Euclidean
space);

• the notion of an unconstrained rigid-body (for example, an unconstrained
point-mass, an unconstrained UAV, or an unconstrained generic rigid-body);

• the notion of (holonomic) constraints (as the constrains that link/constrain
the rigid-bodies that the system is composed of).

Moreover, in this thesis, we solve stabilization and tracking problems, and thus
we need to:

• define the notion of an equilibrium-point/equilibrium-trajectory, its stability
and attractivity;

• provide basic tools such that stabilization and tracking can be accomplished,
such as the construction of update-laws for removing the effect of unknown
disturbances, or the construction of bounded control laws for double integra-
tors.

The latter discussion sheds some light into the necessity of all the sections
this chapter is composed of, some of which may be skipped if the reader feels
comfortable with the topic.

15
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2.1 Manifold, Tangent Set, and Charts

One of the fundamental concepts in conventional control is that of state-space,
which is the set of allowed states of a system, and which takes the form of some
Eucledian space of appropriate dimension. In contrast, in geometric control, the
state-space is a manifold, a concept we define in this section. We remark at this
point, that an Eucledian space is a particular case of a manifold, and therefore
geometric control is a generalization of conventional control. Moreover, in this
thesis we adopt an extrinsic perspective, where a manifold is embedded in some
Euclidean space of appropriate dimension. 1

Next, we define the concept of a (n −m)-dimensional manifold embedded
in a n-dimensional Euclidean space: briefly, a manifold is a set which locally
resembles a (n−m)-dimensional Euclidean space. In the definition of a manifold,
we make use of the next proposition.

Proposition 2.1. Consider a matrix A ∈ Rm×n, for some integers n,m where
n ≥ m. Then A is full-rank iff AAT ∈ Rm×m is non-singular/invertible. More
generally, A is full-rank iff AMAT ∈ Rm×m is non-singular/invertible for any
positive definite M ∈ Rn×n (the previous statement being recovered by letting M
be the identity matrix).

Proof. Consider a matrix B ∈ Rm×n, and its singular value decomposition, i.e.,
B = U [D 0m×(n−m)]V T for some orthogonal matrices U ∈ O(m) and V ∈ O(n),
and for some diagonal matrix D ∈ Rm×m; then, BBT = UD2UT , and det(BBT ) =
det(U)2 det(D)2 det(V )2 = det(D)2. If B is full-rank, then D is non-singular and,
therefore, B is full-rank iff BBT is non-singular.

Back to the Proposition, note then that AMAT = (AM 1
2 )(AM 1

2 )T , and it
follows from the discussion above that AM 1

2 is full-rank iff AMAT is non-
singular. Finally, because M 1

2 is positive definite, and thus full-rank, it follows
that rank(AM 1

2 ) = rank(A), which completes the proof. ∎

Definition 2.2. Let n,m be positive integers such that n ≥ m, let c ∶ Rn → Rm

be an analytic map, and define

P ∶= {p ∈ Rn ∶ c(p) = 0m},

where c may be understood as m constraints imposed on an element of an
n-dimensional Euclidean space. The set P is a (n −m)-dimensional manifold if,

1An extrinsic perspective is convenient, but not necessarily natural: indeed, take for example
the concept of a circle, which one may define in a two dimensional space (as the set of all points that
are at a given distance from a given point), or in a three-dimensional space (as the set of all points
in a plane that are at a given distance from a given point); that is, the previous two definitions of
a circle rely on two distinct embeddings. In an intrinsic perspective, no embedding is considered,
and it requires defining a variety of intrinsic concepts: for example, a tangent vector to the circle at
some point of the circle can be understood very intuitively if one adopts an extrinsic perspective; if
one adopts an intrinsic perspective instead, one must define a tangent vector to the circle at some
point of the circle as the equivalence class of all curves crossing that point with the same velocity.
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Figure 2.1: Illustration of set (ellipse), described in Example 2.4 withA = diag(1,22
),

which is a 1-dimensional manifold. In bottom figures, we show two charts f+ and f−:
neither of them cover P, but, combined, they do.

for every p ∈ P,

dc(p) ∈ Rm×n is full-rank⇔ rank (dc(p)) =m

which is the case, if and only if,

dc(p)dc(p)T ∈ Rm×m is non-singular
⇔dc(p)Mdc(p)T ∈ Rm×m is non-singular for any Rn×n ∋M > 0.

If P is a (n −m)-dimensional manifold, then we can define the tangent set to P
at a point p ∈ P as

TpP ∶= {δp ∈ Rn ∶ dc(p)δp = 0m},

which is a (n −m)-dimensional vector space at every point p ∈ P (since dc(p) is
full-rank).2

Remark 2.3. In this thesis, we restrict ourselves to manifolds without bound-
aries, which are those manifolds that fit the description in Definition 2.2. We
note, however, that the notion of a manifold can be extended, so as to include
manifolds with boundaries, in which case, one would read Definition 2.2 with

P ∶= {p ∈ Rn ∶ c(p) = 0m and b1(p) > 0,⋯, bq(p) > 0},
2Poins where the rank of the Jacobian matrix dc(p) ∈ Rm×n is not maximal are referred to

critical points or bifurcation points.
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Figure 2.2: Illustration of set (Lemniscate of Bernoulli), described in Example 2.5
with e = (1,0), which is not a manifold – at 02 the Jacobian of the constraints looses
rank, and locally the set does not resemble R1 – 02 is a bifurcation point. In bottom
figures, we show two charts f+ and f−: neither of them cover P, but, combined, they
do; also, notice how f+ and f− cover 02 in a different manner.

where b1,⋯, bq are q ∈ N maps that confer q boundaries to the manifold P. No
manifolds of this kind are considered in this thesis.

Example 2.4 (Set which is a manifold). Let A ∈ Rn×n be a positive definite
matrix. The set P ∶= {p ∈ Rn ∶ c(p) = 01}, with c(p) ∶= ∥p∥A − 1 = ⟨A 1

2 p,A
1
2 p⟩ is a

(n − 1)-dimensional manifold, since dc(A)A−1dc(A)T = 4(c(p) + 1) = 4 ∈ R1×1 is
non-singular for every p ∈ P. When A = In, Sn ∶= {p ∈ R3 ∶ c(p) = 01} defines the
unit-sphere in Rn, which is a (n − 1)-dimensional manifold. Figure 2.1 depicts
P with n = 2 and A = diag(1,22), which corresponds to an ellipse: this is a
1-dimensional manifold, which locally and around every point p ∈ P resembles
R1. Finally, note that the tangent set to Sn at p ∈ Sn is given by

TpSn ∶= {δp ∈ Sn ∶ ⟨p, δp⟩ = 0},

i.e., the tangent set to p is the set of all tangent vectors to the sphere at p (as
illustrated in Fig. 2.3, on page 27).

Example 2.5 (Set which is not a manifold). Let P ∶= {p ∈ R2 ∶ c(p) = 01}
with c(p) ∶= ⟨p, p⟩2 − 2(⟨e, p⟩2 − ⟨S(+1)e, p⟩2), where e,S(+1)e ∈ S1 are unit vectors
which form an orthonormal basis of R2. For the given constraint, dc(p)dc(p)T =
(4∥p − e∥∥p + e∥∥p∥)2 ∈ R1×1, which vanishes at {±e,02}; note then that ±e /∈ P
but that 02 ∈ P. As such, dc(p) is not full-rank for all p ∈ P, rather, it is only
full-rank for all p ∈ P/{02}, and thus P is not a manifold. Figure 2.2 depicts P
with e = (1,0): locally and around 02 the set P does not resemble R1.

The next example is related to the group of orthogonal matrices in R3×3,
which we make use of extensively in this thesis.
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Example 2.6 (Orthogonal group is a manifold – see notebook). Let P ∶= {R ∈
R3×3 ∶ c̃(R) = 03×3} with c̃(R) ∶= RTR − I3; note that c̃(R) = 03×3 encodes 9 con-
straints, but since c̃(R) ∈ R3×3 is symmetric, there are three repeated constraints
which may be safely disregarded. As such, one may express the latter set as
P ∶= {R ∈ R3×3 ∶ c(R) = 06}, where c lists the six remaining constraints. For the
given constraints, dc(R)dc(R)T = I3 ⊕ 1

2I3 ∈ R6×6. As such, dc(R) is full-rank for
all R ∈ P, and thus P is a 3(= 9 − 6)-dimensional manifold. Note that

RTR − I3 = 03×3

⇔V DDV T − I3 = 03×3 ∵R = UDV T SVD decomposition of R
⇔V (DD − I3)V T = 03×3 ∵I3 = V V T

⇔D = d1 ⊕ d2 ⊕ d3 where d2
i = 1

⇒det(D) = +1 or det(D) = −1.

It should be clear from the sequence of implications above that R has either
determinant +1 or −1. In fact, P ∶= {R ∈ R3×3 ∶ RTR − I3 = 03×3} describes the set
of orthogonal matrices in R3×3, commonly denoted by O(3) ∶= P (which we have
already proved is a 3-dimensional manifold), and which may be broken into two
disjoint connected components, namely

{R ∈ O(3) ∶ det(R) = +1} ≡ orthogonal matrices with det > 0 =∶ SO(3),
{R ∈ O(3) ∶ det(R) = −1} ≡ orthogonal matrices with det < 0.

SO(3) denotes the special orthogonal group, and an element of this set, acts as
a rotation matrix.

Finally, note that the tangent set to O(3) at R ∈ O(3) is given by

TRO(3) ∶= {δR ∈ O(3) ∶ RT (δR) + (δR)TR = 03×3}
= {δR ∈ O(3) ∶ δR = RS, with S antisymmetric matrix in R3×3}.

The next example is related to the container-crane system, illustrated in
Fig. 2.19 on page 91, which is the mechanical system we use to illustrate several
concepts introduced in this first chapter. There is a manifold associated to this
mechanical system, which is three dimensional, and which we embed in a four
dimensional space. As such, we cannot depict this manifold, as we have done
for the manifold in Fig. 2.1. Indeed, most of the manifolds associated to the
mechanical systems studied in this thesis cannot be depicted (with the exception
of the 1-dimensional manifold considered in Chapter 5, which we can visualize
in a 3-dimensional space).

Example 2.7 (Manifold associated to the container-crane system). Consider
the container-crane system illustrated in Fig. 2.19, where p ∈ R2 stands for the
position of the container and P ∈ R2 stands for the position of the crane, and
where l > 0 stands for the length of the pendulum. Let P ∶= {(p,P ) ∈ R2 × R2 ∶
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c(p) = 02} with c(p) ∶= ( 1
2(∥p − P ∥2 − l2), ⟨e,P ⟩), where e ∈ S2. The set where the

map c vanishes encapsulates the physical constraints: (1) that the distance
between the container and the crane is fixed and equal to the length l > 0;
and (2) that the crane slides along a line which is orthogonal to the direction
spanned by the unit vector e ∈ S2. Note then that

dc(p) =
⎡⎢⎢⎢⎣
⟨+(p − P ), ⋅⟩ ⟨−(p − P ), ⋅⟩

⟨02, ⋅⟩ ⟨e, ⋅⟩
⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
+(p − P )T −(p − P )T

0T2 eT

⎤⎥⎥⎥⎦
∈ R2×4,

which has rank 2 (and thus it is full-rank) for any p ∈ P, since p − P cannot
vanish and since e ≠ 02. Alternatively, one may check that

dc(p)dc(p)T =
⎡⎢⎢⎢⎣

2l2 −l ⟨p−P
l
, e⟩

−l ⟨p−P
l
, e⟩ 1

⎤⎥⎥⎥⎦
∈ R2×2 ⇒

⇒det(dc(p)dc(p)T ) = l2 (2 − ⟨p − P
l

, e⟩) ≥ l2 > 0.

As such, P is a 2(= 4 − 2)-dimensional manifold.

Consider the definition of a manifold in Definition 2.2: we stated previously
that, intuitively, the manifold P is a set which locally resembles Rn−m; alterna-
tively, one could say the manifold P is a set which can be parametrized by n −m
coordinates. We explain next why these intuitive ideas are indeed accurate.
Next, let On−m stand for some open subset of Rn−m. If P is a manifold, then

c(p) = 0m ⇒ ∃ analytic and invertible f ∶ On−m → P such that
c ○ f = idOn−m ⇔ c(f(q)) = q for all q ∈ On−m.

Let us break down the previous statement: for that purpose, we refer to P as
the configuration space, p ∈ P has a configuration/point in P, and we refer to q
has the (generalized) coordinates of the point p associated to the map f . The
previous statement that implies that some part of the configuration space, to
be specific Im(f) (image space of f , i.e., {p ∈ P ∶ p = f(q) for q ∈ On−m}), can be
parametrized by (n −m) coordinates: that is, we can identify uniquely every
p ∈ Im(f) with (n −m) coordinates.

Let us prove next why the latter is indeed true. If we breakdown the con-
straints map c in its m components, i.e.,

c(p) = 0m ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

c1(p1, . . . , pn)
⋮

cm(p1, . . . , pn)

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

01

⋮
01

⎤⎥⎥⎥⎥⎥⎥⎦

,

its derivative/Jacobian can then be expanded as

Rm×n ∋ dc(p) =

⎡⎢⎢⎢⎢⎢⎢⎣

d1c1(p1, . . . , pn) . . . dnc1(p1,⋯, pn)
⋮ ⋱ ⋮

d1cm(p1,⋯, pn) . . . dncm(p1,⋯, pn)

⎤⎥⎥⎥⎥⎥⎥⎦

.
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In what follows, let p ∈ P be some point in P. By definition, if P is a (n −
m)-dimensional manifold, then the constraints Jacobian dc(p) ∈ Rm×n is full-
rank, and thus dc(p) ∈ Rm×n has m linearly independent columns. Assume
then, without loss of generality, that the first m columns of dc(p) are linearly
independent, and, for convenience, break p ∈ Rn into its first m components and
into its last n −m components, i.e.,

⎡⎢⎢⎢⎢⎢⎢⎣

c1(p1, . . . , pm, pm+1, . . . , pn)
⋮

cm(p1, . . . , pm, pm+1, . . . , pn)

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

01

⋮
01

⎤⎥⎥⎥⎥⎥⎥⎦

.

The analytic implicit function theorem then guarantees that the first m com-
ponents of p can be expressed in terms of its last n −m components; i.e., the
analytic implicit function theorem guarantees that there exist analytic maps
f1, . . . , fm ∶ {open subset of Rn−m}→ {open subset of R} such that

⎡⎢⎢⎢⎢⎢⎢⎣

p1

⋮
pm

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

f1(pm+1, . . . , pn)
⋮

fm(pm+1, . . . , pn)

⎤⎥⎥⎥⎥⎥⎥⎦

.

Altogether, it follows that there exists an analytic map

f ∶ {open subset of Rn−m}→ {open subset of P containing p}

such that

p = f(pm+1, . . . , pn) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p1

⋮
pm

pm+1

⋮
pn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f1(pm+1, . . . , pn)
⋮

fm(pm+1, . . . , pn)
fm+1(pm+1, . . . , pn)

⋮
fn(pm+1, . . . , pn)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f1(pm+1, . . . , pn)
⋮

fm(pm+1, . . . , pn)
pm+1

⋮
pn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Note that, apart from analytic, f is also invertible: indeed, if we pick p ∈ Im(f)
(i.e., p in the image space of the map f ), we can immediately recover the unique
element in the domain of f , by selecting the final n −m components of p, which
is clear from the equation above. That is, points in a neighborhood of every
point p ∈ P can be described by a function of n −m variables, which is what one
means when one says that P resembles Rn−m in a neighborhood of every point.
At this point, we introduce standard terminology, namely

p = f(pm+1, . . . , pn) where

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

p is referred to as a system configuration
f is referred to as a chart (map)
pm+1, . . . , pn are (generalized) coordinates

.
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In the next example, we illustrate the fact that the choice of chart f is not
unique (and thus, neither is the choice of coordinates).

Example 2.8 (Continuation of Example 2.4 with n = 2 and A = I2). Consider
the following chart maps

f± ∶ (−π,+π)→ P, f±(q) ∶= (± cos(q), sin(q))
f−1
± ∶ P→ (−π,+π),f−1

± (p) ∶= arctan(±⟨p, e1⟩, ⟨p, e2⟩)

where we have also provided the inverse, are which are illustrated in Fig. 2.1.
Note that the coordinate q = 0 encapsulates a different system configuration p
depending on whether one picks the chart map f+ or f−. Neither f+ nor f− cover
the whole manifold P (Im(f+) = P/{−e1} and Im(f−) = P/{+e1}), but combined
they do, i.e., P = Im(f+) ∪ Im(f−). Because P is a manifold, a motion of a particle
restricted to P can be found by inter-medium of the Lagrangian and by making
use of both f+ and f−. Indeed, note that when using the Lagrangian, if we pick
the chart f+ and the particle approaches the point −e1, then we must switch
charts from f+ to f−, because the map f+ does not cover the point −e1 (similar
remark, if we swap + with −).

The next example provides a chart map for the set described in Example 2.5,
which we emphasize is not a manifold.

Example 2.9 (Continuation of Example 2.5 with e = (1,0)). Consider the fol-
lowing chart maps (see notebook)

f± ∶ (−π,+π)→ P,f±(q) ∶=
√

2 sin(q)
1 + cos(q)2

⎡⎢⎢⎢⎣
±1

cos(q)
⎤⎥⎥⎥⎦

which is invertible for the specified domain, as seen in Fig. 2.2. Note that the
coordinate q = +π2 encapsulates a different system configuration p depending on
whether one picks the chart map f+ or f−. Because P is not a manifold, a motion
of a particle restricted to P is not necessarily reproduced by inter-medium of
the Lagrangian equations of motion – see Subsection 2.7.3 and Example 2.46.

Example 2.10 (Continuation of Example 2.6). Consider the following chart
map (see notebook)

f ∶ (−π,+π) × (−π
2
,+π

2
) × (−π,+π)→ P

f

⎛
⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

q1

q2

q3

⎤⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟
⎠
∶=

⎡⎢⎢⎢⎢⎢⎢⎣

c(q2)c(q3) s(q1)s(q2)c(q3) − c(q1)s(q3) c(q1)s(q2)c(q3) − s(q1)s(q3)
c(q2)s(q3) s(q1)s(q2)s(q3) + c(q1)c(q3) c(q1)s(q2)s(q3) − s(q1)c(q3)
−s(q2) c(q2)s(q1) c(q2)c(q1)

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=R(q3,e3)R(q2,e2)R(q1,e1)

,
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(where R(q, ei) ∶= I3 + sin(q)S (ei) − (1 − cos(q))Π (ei)) and its inverse

f−1 ∶ f(P)→ (−π,+π) × (−π
2
,+π

2
) × (−π,+π)

f−1
⎛
⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

p1,1 p1,2 p1,3

p2,1 p2,2 p2,3

p3,1 p3,2 p3,3

⎤⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟
⎠
∶=

⎡⎢⎢⎢⎢⎢⎢⎣

arctan(p3,3, p3,2)
−arcsin(p3,1)

arctan(p1,1, p2,1)

⎤⎥⎥⎥⎥⎥⎥⎦

≡

⎡⎢⎢⎢⎢⎢⎢⎣

roll
picth
yaw

⎤⎥⎥⎥⎥⎥⎥⎦

.

The coordinates using this chart map have special names, namely, they are
referred to as Euler-angles, and, for the convention shown above, they are called
roll, pitch and yaw angles. Note that the chart f does not cover the whole set
SO(3). It is tradition to call the “coordinates” (0, π2 , ψ), (

π
2 ,

π
2 ,

π
2 + ψ) (for any

ψ ∈ (−π,+π)) singularities: if we extended the domain of the chart f above, then
f(0, π2 , ψ) = f (π2 ,

π
2 ,

π
2 + ψ) =∶ R for some R ∈ SO(3), implying that f would no

longer be invertible. The point we wish to illustrate is that (0, π2 , ψ), (
π
2 ,

π
2 ,

π
2 + ψ)

are not valid coordinates (because they map to the same configuration), and
that there is nothing wrong with using Euler-angles: we simply need to be
aware that there is a domain of validity for the chosen coordinates. Moreover, if
we use the chart f to study the motion of a point in SO(3), then we must change
to a different chart if the trajectory of that point approaches R.

Example 2.11 (Continuation of Example 2.7 – coordinates for container-crane
system). Consider the following chart maps

f± ∶ (−∞,+∞) × (−π,+π)→ P

f±
⎛
⎝
⎡⎢⎢⎢⎣
q1

q2

⎤⎥⎥⎥⎦
⎞
⎠
∶=

⎡⎢⎢⎢⎣
q1S (1) e + l(± cos(q2)e + sin(q2)S (1) e)

q1S (1) e
⎤⎥⎥⎥⎦
,

and its inverse

f−1
± ∶ f±(P)→ (−∞,+∞) × (−π,+π)

f−1
±

⎛
⎝
⎡⎢⎢⎢⎣
p

P

⎤⎥⎥⎥⎦
⎞
⎠
∶=

⎡⎢⎢⎢⎣
⟨S (1) e,P ⟩

arctan (± ⟨e, p−P
l

⟩ , ⟨S (1) e, p−P
l

⟩)
⎤⎥⎥⎥⎦
.

Neither f+ nor f− cover the whole manifold P, but combined they do, i.e., P =
Im(f+) ∪ Im(f−). When using the Lagrangian, if we pick the chart f+ and the
system approaches a configuration not covered by f+ (i.e., points in P/Im(f+)),
then we must switch charts from f+ to f−.

Example 2.11 illustrates why we will not use the Lagrangian to model
mechanical systems: it requires computing as many chart maps as necessary,
such that the whole manifold is covered, and this is rather labour intensive. The
geometric approach we follow instead does not require one to compute charts.

Recall once again the definition of a manifold, and in particular the notion
of its tangent set at a point, as provided in Definition 2.2: if P is a manifold,
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dc(P ) ∈ Rm×n is full-rank at every point p ∈ P, and its null-space, which is a
vector-space, spans the allowed set of velocities at a point.

Definition 2.12. Let P be a (n −m)-dimensional manifold as in Definition 2.2.
We say υ ∶ P→ Rn×(n−m) (analytic map) spans the velocity-space if, for every point
p ∈ P,
• dc(P )υ(P ) = 0m×(n−m), and
• [dc(P )T υ(P )] ∈ Rn×n is full-rank (equivalently, if υ(P ) ∈ Rn×(n−m) is full-rank).

The notion introduced in Definition 2.12 is a very intuitive one: υ is said to
span the velocity-space for a simple reason, namely,

c(p) = 0m ⇒ dc(p)ṗ = 0m
⇔ ṗ ∈ Null-space(dc(p))⇔ ṗ ∈ TpP
⇔ ṗ ∈ Image-space(υ(p))⇔ ṗ = υ(P ) ⋆ for some ⋆ ∈ Rn−m

⇔ ṗ = υ(P ) (υ(P )Tυ(P ))−1
υ(P )T ṗ,

where the inverse above is well-defined because υ(P ) ∈ Rn×(n−m) is full-rank.
Matrices that span the velocity space will be used later for control purposes,
which forces us to present the following remark.

Remark 2.13. The construction of a matrix that spans the velocity-space is not
unique: indeed, if υ1(p) ∈ Rn×(n−m) spans the velocity space, then υ2(p) ∈ Rn×(n−m),
defined as υ2(p) = υ1(p)C(p)−1 for some non-singular matrix C(p) ∈ R(n−m)×(n−m),
also spans the velocity space. A geometric controller must be independent of the
choice of matrix that spans the velocity-space. For example, let ṗ be the velocity
of a particle at a point p ∈ P:
• the derivative control law u = υ(p) (υ(p)Tυ(p))−1

υ(p)T ṗ is a geometric control
law because it yields the same result if υ ≡ υ1 or if υ ≡ υ2, i.e., (below, for
brevity, we omit the dependencies)

uυ≡υ1 = υ1 (υT1 υ1)−1
υT1 ṗ = υ2C (CTυT2 υ2C)−1

CTυT2 ṗ

= υ2 (υT2 υ2)−1
υT2 ṗ = uυ≡υ2 .

• the derivative control law u = υ(p)υ(p)T ṗ is not a geometric control law
because it yields different results if υ ≡ υ1 or if υ ≡ υ2, i.e., (below, for brevity,
we omit the dependencies)

uυ≡υ1 = υ1υ
T

1 ṗ = υ2CC
TυT2 ṗ ≠ υ2υ

T

2 ṗ = uυ≡υ1 ,

where the inequality above is satisfied because C(p) ∈ R(n−m)×(n−m) can be any
non-singular matrix.

The next proposition provides a result that relates the derivatives of the
constraints with the derivatives of some matrix that spans the velocity-space,
and which we make use of later in this thesis.
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Proposition 2.14. Let P describe a (n −m)-manifold, and υ ∶ P→ Rn×(n−m) span
the velocity space as described in Definition 2.12. Then, for every p ∈ P, and for
any ⋆ ∈ Rn−m, the following holds,

(d2c(p)υ(p) ⋆ υ(p))T + (dc(p)dυ(p)υ(p)⋆)T = 0(n−m)×m.

Proof. First note that, for every p ∈ P, it holds that

ṗ ∈ TpP⇔ c(p)ṗ = 0m⇔ ṗ = υ(p) (υ(p)Tυ(p))−1
υ(p)T ṗ

⇔ ṗ = υ(p) ⋆ for some ⋆ ∈ Rn−m.

Then note that, for all p ∈ P,

dc(p)υ(p) = 0m×(n−m) ⇒
⇒d2c(p)ṗυ(p) + dc(p)dυ(p)ṗ = 0m×(n−m) ∀ṗ ∈ TpP
⇔d2c(p)υ(p) ⋆ υ(p) + dc(p)dυ(p)υ(p)⋆ = 0m×(n−m) ∵ṗ = υ(p)⋆
⇔(d2c(p)υ(p) ⋆ υ(p))T + (dc(p)dυ(p)υ(p)⋆)T = 0(n−m)×m.

which completes the proof. ∎

2.2 Equilibrium Point vs Equilibrium Trajectory:
Stabilization vs Tracking

In this Section, we
• define the concept of a vector field on a manifold,
• define the concept of equilibrium point of a vector field, its stability and

attractivity (of lack thereof);
• and we define the concept of an equilibrium trajectory of a vector field, its

stability and attractivity (of lack thereof).
We emphasize that the concepts of stability and attractivity are independent
(i.e., stability does not imply attractivity, and vice-versa); and we note that
trajectory tracking is a more general concept, which includes, as a particular
case, the notion of an equilibrium point. We start by introducing the concept of
a vector field on a manifold.

Definition 2.15. (Vector field on a manifold) Let P be some manifold embedded
in Rn, as described in Definition 2.2. A vector field on P is a map

P ∶ R × P ∋ (t, p)↦ P (t, p) ∈ TpP

where P (t, p) ∈ TpP ∶⇔ P (t, p) ∈ {δp ∈ Rn ∶ dc(p)δp = 0m}, which is continuous in
its first entry and (locally) Lipschitz continuous in its second entry.

To a vector field, as defined above, we associate the differential equation

ṗ(t) = P (t, p(t)) with p(t0) = p0 ∈ P, (2.1)



26 Tools for Modeling and Control of Mechanical Systems

where t0 is the initial time instant, and p0 the initial condition. Then, it follows
that [38],
• for some sufficiently small δ > 0, a unique solution [t0, t0 + δ) ∋ t ↦ p(t) ∈ P

to (2.1) exists (uniqueness follows from the continuity properties imposed on
P ),

• P is (positively and negatively) invariant, since P (t, p) ∈ TpP for every (t, p) ∈
R × P.
With (2.1) in mind, note that given a time instant t ∈ R, P (t, p) ∈ Rn pre-

scribes the velocity at the point p ∈ P, as illustrated at bottom right part of
Fig. 2.3; and, in order for P to be invariant, one must necessarily require that
P (t, p) ∈ TpP. The intuition is simple: if P is to be invariant, then c(p(t)) = 0 must
hold along a solution of (2.1); then, by differentiation, ċ(p(t)) = dc(p(t))ṗ(t) =
dc(p(t))P (t, p(t)). In what follows, let t ∈ R be some time instant, and p ∈ P
be some point. Note that is makes sense to call P a vector field, since P (t, p)
belongs to a vector space, namely the null-space of dc(p). We emphasize that
P (t, p) ∈ TpP is a vector, while p ∈ P is not necessarily a vector (even though we
embed P in Rn): as such, referring to p1 ± p2, for some p1, p2 ∈ P, is nonsensical,
as we try to illustrate at the top part of Fig. 2.3. Figure 2.3 also illustrates that
∥p1 − p2∥ < ∥p1 − p3∥ does not, in general, imply that p1, p2 are closer to each other,
when compared to p1, p3 (they are closer in Rn, but not closer in P).

Next, we define the notion of an equilibrium point.

Definition 2.16. (Equilibrium point, hereafter referred to simply as equilib-
rium) Let P be a vector field on a manifold P. We say p⋆ ∈ P is an equilibrium
point of P , if P (t, p⋆) = 0 ∈ Tp⋆P for all t ∈ R.

The notion of equilibrium point is simple to grasp: [t0,∞) ∋ t↦ p(t) = p⋆ ∈ P
is the unique and complete solution to the differential equation ṗ(t) = f(t, p(t))
with p(t0) = p⋆. To put it simply, if a solution starts at the equilibrium point, it
remains at the equilibrium point.

Definition 2.17. (Region of attraction of an equilibrium) Let P be a vector field
on a manifold P, with an equilibrium point at p⋆ ∈ P. The region of attraction
Rt0,p

⋆ ⊂ P of the equilibrium p⋆ for the initial time-instant t0 ∈ R is the set of all
initial conditions such that convergence to the equilibrium follows, i.e.,

Rt0,p
⋆ ∶=

⎧⎪⎪⎨⎪⎪⎩
p0 ∈ P ∶

⎧⎪⎪⎨⎪⎪⎩

limt→∞ p(t) = p⋆

p is a complete sol. of ṗ(t) = P (t, p(t)) with p(t0) = p0

⎫⎪⎪⎬⎪⎪⎭
.

The definition of the region attraction is not a useful one, as one cannot,
in general, compute solutions to the differential equation being studied. One
can however underestimate it (as shall be done throughout this thesis) by
considering sub-levels of functions (Lyapunov functions) whose invariance
and compactness one can show. Note, however, that one can immediately con-
clude that p⋆ ∈ Rt0,p

⋆ for any t0 ∈ R. Moreover, as a subset of P, Rt0,p
⋆ may
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p ∈ P

P

TpP
tangent space at p ∈ P

tangent space (at a point) is a vector-space
manifold is not a vector space, but it is embedded in one

Example: P as the surface of the Earth is a manifold
Lisbon and Stockholm are points in this manifold
Lisbon + Stockholm is non-sensical (no addition in P)
Lisbon − Stockholm is non-sensical (no addition, nor additive inverse in P)

Lisbon
Stockholm

TLisbonEarth
set of all allowed velocities in Lisbon

TStockholmEarth
set of all allowed velocities in Stockholm

‖Lisbon − Stockholm‖ may be understood as a distance between points

‖p1 − p2‖ < ‖p1 − p3‖ does not imply that p1, p2 are closer to each other when compared to p1, p3

P

p1

p2

p3

in this thesis, we sometimes refer to ‖p1 − p2‖ → 0 to indicate that we wish p1 to be steered to p2

but we emphasize that ‖p1 − p2‖ must not in general be understood as a distance between points because

P (p3) ∈ Tp3P

P (p1) ∈ Tp1P

P (p2) ∈ Tp2P

P : P 3 p 7→ P (p) ∈ TpP
time-invariant vector field on P

ε

Bε(p1) := {largest connected component of Bnε (p1) ∩ P containing p1}

2·Lisbon is non-sensical (no scalar multiplication in P)

Figure 2.3: Top: illustration of tangent space at a point, where the tangent space is
a vector space, but the underlying manifold is not a vector space. Bottom: illustration
of vector field on manifold.

or may not be open, and, therefore, the region of attraction may or may not
constitute a neighborhood of p⋆. Let the manifold P be embedded in some Rn:
we define the notion of a open-ball/neighborhood on P centered at p ∈ P as
Bε(p) ∶= {largest connected component of Bnε (p)∩P containing p}, as illustrated
in Fig. 2.3.

Definition 2.18. (Stability and attractivity of an equilibrium) Let P be a vector
field on a manifold P (embedded in some Rn), with an equilibrium point at p⋆ ∈ P.
The equilibrium point p⋆ ∈ P is
• stable if for every (arbitrarily small) ε > 0 and every initial time instant
t0 ∈ R, there exists δ∣t0 such that a complete solution of (2.1) exists and
[t0,∞) ∋ t ↦ p(t) ∈ Bε(p⋆) for every p0 ∈ Bδ∣t0 (p

⋆) (note the caveat: δ∣t0 can
shrink as t0 → ±∞); uniformly stable if, in addition to the latter, inft0∈R δ∣t0 > 0.

• attractive if, for every t0 ∈ R, there exits δ∣t0 > 0 such that Bδ∣t0 (p
⋆) ⊂ Rt0,p

⋆ ,
i.e., if the region of attraction contains a neighborhood of p⋆ for every initial
time instant t0 ∈ R (note the caveat: δ∣t0 can shrink as t0 → ±∞); uniformly
stable if, in addition to the latter, inft0∈R δ∣t0 > 0.
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• (locally) asymptotically stable if it is stable and attractive.
• globally asymptotically stable if it is stable and attractive and Rt0,p

⋆ = P for
every t0 ∈ R.

• unstable (unattractive) if it is not stable (not attractive).

Example 2.19. Let k ∈ R3, and consider the manifold S2 and the (time-invariant)
vector field

P ∶ S2 ∋ p↦ P (p) ∈ TpS2 ∶= {δp ∈ R3 ∶ ⟨p, δp⟩ = 0}
ṗ = P (p) ∶= S (p) (k − S (p) e1) .

It follows that
• for k = e3 ∈ R3, p⋆ = −e2 ∈ S2 is attractive and unstable (see Fig. 2.4b);
• for k = γe3 ∈ R3 with γ > 1, p⋆ = (0,−γ−1,±γ−1√γ2 − 1) ∈ S2 is stable but not

attractive (see Fig. 2.4a);
• for k = 03 ∈ R3, p⋆ = e1 ∈ S2 is asymptotically stable, with its region of attraction

given by R⋅,p⋆ = S2/{−p⋆} (see Fig. 2.4c);
• for k = 03 ∈ R3, p⋆ = −e1 ∈ S2 is unstable and unattractive, with its region of

attraction given by R⋅,p⋆ = {p⋆} (see Fig. 2.4c).
Let us focus only on the last two cases. Then, P (p) ∶= Π (p) e1 ⇒ ⟨e1, P (p)⟩ =
∥S (p) e1∥2 = 1 − ⟨p, e1⟩2; and therefore, for V ∶ S2 ∋ p ↦ V (p) ∶= 1 − ⟨p, e1⟩ ∈ [0,2],
it follows that V̇ (p) = dV (p)P (p) = −V (p)(2 − V (p)) ≤ 0, for all p ∈ S2. As such,
along a solution of ṗ(t) = P (p(t)) with p(0) = p0 ∈ S2, it follows that [0,∞) ∋
t ↦ V (p(t)) = 2V (p0)

e2t(V (p0)−2)+V (p0)
∈ [0,2]. This suffices to infer that p⋆ = e1 ∈ S2 is

asymptotically stable and that p⋆ = −e1 ∈ S2 is unstable and unattractive.

Example 2.20. (Unstable equilibrium with a dense region of attraction) Con-
sider the following vector fields

⎡⎢⎢⎢⎣
ṅ

ω̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

S (ω)n
−2⟨e2, n⟩⟨e1, n⟩2 − ω

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

(n,ω)∈S2×R

⇔
⎡⎢⎢⎢⎣
θ̇

ω̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

ω

− sin(2θ) cos(θ) − ω
⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(θ,ω)∈[−π,+π]×R

,

where n = (cos(θ), sin(θ)) ⇔ θ = arctan(⟨e1, n⟩, ⟨e2, n⟩), and whose phase plots
are shown in Fig. 2.5. Those vector fields have four equilibria:
• (n⋆, ω⋆) = (+e1,0)⇔ (θ⋆, ω⋆) = (0,0): locally asymptotically stable;
• (n⋆, ω⋆) = (−e1,0) ⇔ (θ⋆, ω⋆) = (±π,0) (+π and −π are equivalent): unstable

with a region of attraction of zero measure;
• (n⋆, ω⋆) = (±e2,0)⇔ (θ⋆, ω⋆) = (±π2 ,0): unstable with a dense region of attrac-

tion (note, it is unstable because the region of attraction does not contain a
neighborhood of the equilibrium).

Remark 2.21. Asymptotic stability of an equilibrium point may be inferred
from several different approaches. Consider the vector field in Example 2.19
with k = 03, and the asymptotically stable equilibrium p⋆ = e1 ∈ S2.
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(a) Two stable equilibria, but not attractive: k = γe3 ∈ R3, γ > 1.

(b) One attractive equilibrium, but not stable: k = e3 ∈ R3.

(c) Two equilibria, one asymptotically stable (in focus in left) and one unstable and
unattractive (in focus on the right): k = 03 ∈ R3.

Figure 2.4: Stability concepts illustrated for vector field in Example 2.19, for differ-
ent values of k ∈ R3. In the figures, the vector field is plotted on the sphere. (Each
pair of figures above is computed for the same value of k, but the same figure is
presented from different perspectives.)
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-3 -2 -1 0 1 2 3

-2

-1

0

1

2

Figure 2.5: Phase plots for equivalent vector fields shown in Example 2.20: the left
phase plot is on S2

×R (cylinder) and the other is on [−π,+π] ×R.

• A linearization procedure around the equilibrium yields dP (p⋆) = −Π (e1),
and therefore stability cannot be inferred from this linearization procedure
(one zero eigenvalue).

• Consider P̃ ∶ R3 ∋ p ↦ P̃ (p) ∶= P (p) + 1−∥p∥2

2 p ∈ R3, where we emphasize that
P̃ (p) = P (p) for all p ∈ S2. A linearization procedure around the equilibrium
p⋆ = e1 ∈ S2 yields dP̃ (p⋆) = −I3, and therefore stability is inferred from this
linearization procedure (in particular, stability of p⋆ w.r.t. P is inferred).

• Consider the sets

S̃2 ∶= {p ∈ S2 ∶ ⟨e1, p⟩ > 0} ⊂ S2

O ∶= (−π
2
,
π

2
) × (−π

2
,
π

2
)

and the maps (chart map, and its inverse – see Section 2.1)

φS̃2→O ∶ S̃2 → O, φS̃2→O(p) ∶= (arctan(p2

p1

) ,arcsin(−p3)) ,

φO→S̃2 ∶ O→ S̃2, φO→S̃2(q) ∶= (cos(q2) cos(q1), cos(q2) sin(q1),− sin(q2))

It follows that, for

Q ∶ O ∋ q ↦ g(q) ∈ R2

Q(q) ∶= dφO→S̃2(p)P (p)∣p=φO→S̃2(q)
,

q⋆ = 02 is an equilibrium point of Q, and it holds that dQ(q⋆) = −I2; thus
p⋆ = φO→S̃2(q⋆) is an asymptotically stable of P .
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In Chapter 4 (Section 4.3) and Chapter 5, we consider position/pose stabiliza-
tion problems, in which case the notion of an equilibrium point on a manifold
suffices. However in Chapter 3 and in Chapter 4 (Section 4.4), we consider
position/pose tracking problems, and in this cases, rather than an equilibrium
point, one refers to an equilibrium trajectory, a concept we define next.

Definition 2.22. (Equilibrium trajectory) Let P be a vector field on a mani-
fold P. We say a trajectory p⋆ ∈ C1(R,P) is an equilibrium trajectory if ṗ⋆(t) =
P (t, p⋆(t)) for all t ∈ R, and there exists a C1 function V ∶ R × P → [0,∞) such
that
• V (t, p) = 0⇔ p = p⋆(t) for every t ∈ R,
• d1V (t, p⋆(t)) + d2V (t, p⋆(t))ṗ⋆(t) = 0 for every t ∈ R.

In the definition of an equilibrium trajectory p⋆, one may think of V as a
Lyapunov function, but V will only really be a true Lyapunov function (in the
sense that V̇ (t, p) ≤ 0 for all (t, p) ∈ R × P) when p⋆ is asymptotically stable.
For example, in Section 2.5 (in Theorem 2.35), we shall provide examples
of equilibrium trajectories p⋆ that are unstable: loosely speaking, for those
trajectories, V̇ (t, p(t)) can be positive for p(t) in some neighborhood of p⋆(t),
and thus V (t, p(t)) can grow, implying that p(t) will get further away from p⋆(t)
(as opposed to getting closer).

Definition 2.23. (Region of attraction of an equilibrium trajectory) Let P be
a vector field on a manifold P, with an equilibrium trajectory p⋆ ∶ R → P. The
region of attraction Rt0,p

⋆ ⊂ P of the equilibrium trajectory p⋆ for the initial
time-instant t0 ∈ R is the set of all initial conditions such that convergence to
the equilibrium trajectory follows, i.e.,

Rt0,p
⋆ ∶=

⎧⎪⎪⎨⎪⎪⎩
p0 ∈ P ∶

⎧⎪⎪⎨⎪⎪⎩

limt→∞ ∥p(t) − p⋆(t)∥ = 0
p is a complete sol. of ṗ(t) = P (t, p(t)) with p(t0) = p0

⎫⎪⎪⎬⎪⎪⎭
.

Remark 2.24. In Definition 2.23, one writes limt→∞ ∥p(t) − p⋆(t)∥ = 0 but with
the caveat that the addition, the additive inverse and the norm in P are those
inherited from the Euclidean space P is embedded in. The idea we wish to
convey with that limit is that of a solution p converging asymptotically to the
equilibrium trajectory p⋆. On this issue, we also refer to the notion of contraction
region as defined in [54].

Definition 2.25. (Stability and attractivity of an equilibrium trajectory) Let P
be a vector field on a manifold P (embedded in some Rn), with an equilibrium
trajectory p⋆ ∶ R → P. The equilibrium trajectory p⋆ ∈ P is
• stable if for every (arbitrarily small) ε > 0 and every initial time instant
t0 ∈ R, there exists δ∣t0 such that a complete solution of (2.1) exists and
[t0,∞) ∋ t ↦ p(t) ∈ Bε(p⋆(t)) for every p0 ∈ Bδ∣t0 (p

⋆(t0)) (note the caveat:
δ∣t0 can shrink as t0 → ±∞); uniformly stable if, in addition to the latter,
inft0∈R δ∣t0 > 0.
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point-mass one-dimensional rigid-body (generic) rigid-body

F2
F1 F2F1

mv̇ = Fnet = F1 + F2

[
mv̇
jω̇

]
=

[
Fnet

τnet

]
=

[
F1 + F2

S(d1n)F1 + S(d2n)F2

] [
mv̇
Jω̇

]
=

[
Fnet

τnet − S(ω)Jω

]
=

[ ∑
Fi∑

S(di)R
TFi − S(ω)Jω

]

d1 ∈ R
R ∈ SO(3)

n ∈ S2

F1

d1 ∈ R3

F2

F3

ṗ = v
[
ṗ
ṅ

]
=

[
v

S(ω)n

] [
ṗ

Ṙ

]
=

[
v

RS(ω)

]kinematics

dynamicsdynamics

kinematicskinematics

dynamics

Figure 2.6: Three different types of body’s idealizations: a point-mass, a one-
dimensional rigid-body, and a rigid-body; the respective kinematics, and dynamics.

• attractive if, for every t0 ∈ R, there exits δ∣t0 > 0 such that Bδ∣t0 (p
⋆(t0)) ⊂ Rt0,p

⋆ ,
i.e., if the region of attraction contains a neighborhood of p⋆(t0) for every
initial time instant t0 ∈ R (note the caveat: δ∣t0 can shrink as t0 → ±∞);
uniformly stable if, in addition to the latter, inft0∈R δ∣t0 > 0.

• (locally) asymptotically stable if it is stable and attractive.
• globally asymptotically stable if it is stable and attractive and Rt0,p

⋆ = P for
every t0 ∈ R.

• unstable (unattractive) if it is not stable (not attractive).

Most problems in this thesis are solved by intermedium of a change of
coordinates, and we refer the interested reader to Appendix A (where we also
illustrate a change of coordinate using an equivalence relation).

2.3 Body Idealizations and System of Bodies

In this thesis, we refer to body as an object whose motion we which to study. In
particular, we look at systems of bodies whose motion is constrained to some
manifold, and, in sections that follow, we derive the equations of motion of that
system. In this section we describe the different types of body’s idealizations we
find in this thesis, namely
• a point-mass,
• a one-dimensional rigid-body,
• a rigid-body,
• and a system of bodies,
where the latter is a combination of some of each of the latter body idealiza-
tions. Figure 2.6 illustrates the different bodies referred to above, which we
recommend the reader to revisit throughout this section. A mechanical system,
which we define only in Section 2.7, will consist of a constrained system of
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bodies, i.e., a system of bodies whose motion is restricted by some physical
constraints. The three types of bodies listed above are idealizations: that is, one
cannot find a true point-mass, nor a true one-dimensional rigid-body, nor a true
rigid-body. The reason why they are idealizations stems from the definition of
each body, which we provide in the next subsections: for example, a point-mass
assumes a certain non-zero mass is accumulated at a point, which is physically
not possible. However, each idealization encodes simplifications which provide
powerful modeling tools for many mechanical system, and they also simplify
the control design and analysis one must perform when attempting to control
a mechanical system. In the next subsections, we provide the definitions for
the bodies mentioned above. The definitions we give next are done for a three-
dimensional setting, and the definitions in a two-dimensional setting (which we
make use of in some sections in Chapter 5) are similar and therefore omitted.

2.3.1 Point-mass
This idealization is useful for a wide range of applications: for example, when
studying the motion of an artificial satellite around the Earth, one may ignore
the satellite’s rotational motion and take the satellite to be a point mass. A
point-mass is associated with
• a (linear) position p ∈ R3,
• a (linear) velocity v ∈ R3,
• a positive mass m > 0 (we assume constant, but this can be generalized),

which is used to define a mass matrix M ∶=mI3 ∈ R3×3,
• and a kinetic energy T ∶ R3 → [0,∞), defined as T (v) ∶= 1

2∥v∥
2
M = 1

2m∥v∥2.
The point-mass equations of motion are described by

⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

v
1
m
Fnet

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
where
• Fnet ∈ R3 is the net force applied on the point-mass, i.e., it corresponds to

the sum of all forces applied on the point-mass (forces are vectors, and thus
adding forces makes sense);

• the dynamics equations correspond to Newton’s second law on the change of
linear momentum, i.e., d

dt
mv = Fnet;

• A point-mass is fully-actuated if one has control over the three components
of the net force Fnet (three being the dimension of the velocity);

• the change in kinetic energy is dictated by the power exerted by the net force,
i.e., Ṫ (v) = ⟨v,Fnet⟩.

2.3.2 One-dimensional Rigid-body
In the previous subsection we described the simplest body idealization, namely
the point-mass, where one assumes a certain mass is accumulated at a point,
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which is a zero-dimensional set. In the next subsection, we describe a gen-
eral rigid-body, while in this one we describe a particular type of rigid-body,
where all the mass of the rigid-body is distributed along a common axis (if
the rigid-body is composed of finite point-masses, then all the point-masses
are arranged/distributed along a common axis) – this clarifies the naming one-
dimensional rigid-body. It should be clear that, as with the point-mass, no mass
can be arranged in a one-dimensional set, but this idealization, as with the
point-mass, provides useful modeling capabilities.

A one-dimensional rigid-body is associated with
• a pose P ∈ S̄E(3) ∶⇔ (p,n) ∈ R3 × S2: composed of a linear position p (typically,

but not necessarily, chosen as the center-of-mass of the one-dimensional
rigid-body; in this thesis, p is always chosen as the body’s center-of-mass),
and an angular position n which spans the direction where all the mass of
the one-dimensional rigid-body is distributed (we have shown in Example 2.4
that S2 is a two-dimensional manifold, therefore S̄E(3) is a five-dimensional
manifold);

• a twist V ∈ R̄6
P ∶⇔ (v,ω) ∈ R3 × TnS2: composed of a linear velocity v, and an

angular velocity ω which is orthogonal to the angular position n and which
physically means that the one-dimensional rigid-body does not spin around
itself (we note that the twist belongs to a five-dimensional vector-space, which
we embed in R6);

• a positive mass m > 0 and positive (scalar) moment of inertia j > 0 (we assume
both are constant, but this can be generalized), which are used to define a
mass matrix M ∶=mI3 ⊕ jI3 ∈ R6×6,

• and a kinetic energy T ∶ R6 → [0,∞), defined as T (V ) ∶= 1
2∥V ∥2

M = 1
2m∥v∥2 +

1
2j∥ω∥

2.
Given the pose and twist of the one-dimensional rigid-body, one can obtain the
position and velocity of every point of that body. Moreover, the one-dimensional
rigid-body equations of motion are described by

⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
K(P )V
M−1Wnet

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
⇔

⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

ṅ

v̇

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

S (ω)n
1
m
Fnet

1
j
τnet

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

kinematics

dynamics

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where:
• The kinematics of the angular position follow from the fact that

⟨n,n⟩ = 1⇒ ⟨ṅ, n⟩ = 0⇔ ṅ is orthogonal to n.

• Wnet ∈ R̄6
P is the net wrench applied on the one-dimensional rigid-body.
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• Fnet ∈ R3 is the net force applied on the one-dimensional rigid-body, i.e., it
corresponds to the sum of all forces applied on the rigid-body.

• τnet ∈ TnS2 is the net torque applied on the one-dimensional rigid-body, i.e., it
corresponds to the sum of all torques applied on the rigid-body (we need to
require τnet ∈ TnS2 otherwise the constraint that the rigid-body does not spin
around itself, i.e., that ⟨ω,n⟩ = 0, would not be satisfied).

• Forces/torques are vectors, and thus adding forces/torques makes sense.
• The dynamics equations correspond to the Newton-Euler’s equations of mo-

tion related to the change of linear and angular momentum, i.e., d
dt
mv = Fnet

and d
dt
jω = τnet, respectively.

• A one-dimensional rigid-body is fully-actuated if one has control over all
the components of the net wrench Wnet ∈ R̄6

P , and thus control over all the
components of V̇ (which as we noted before belongs to a five-dimensional
vector space: S̄E(3) as a manifold is 5-dimensional, and R̄6

P as a vector-space
is also 5-dimensional).

• The change in kinetic energy is dictated by the power exerted by the net
wrench, i.e., Ṫ (V ) = ⟨V,Wnet⟩ = ⟨v,Fnet⟩ + ⟨ω, τnet⟩.

Remark 2.26. At some points in this thesis, we refer to pose tracking for
a one-dimensional rigid-body as semi-pose tracking. This naming is used in
juxtaposition to (full-)pose tracking, which is used to refer to pose tracking
for a generic rigid-body (defined in the next subsection). The naming semi is
meant to emphasize the fact that a one-dimensional rigid-body only has one
body direction (while a generic rigid-body has three).

2.3.3 Rigid-body
A rigid-body is a system of (at least two) point-masses where the distance
between every two of those point-masses is fixed. A rigid-body may be composed
of infinitely many point-masses, in which case the continuous distribution of
those point-masses is described by a mass density. Obviously a rigid-body is, like
the point-mass and the one-dimensional rigid-body, an idealization: indeed, any
system of point-masses is subject to physical deformation3. This assumption is
nonetheless acceptable for a wide range of applications, including the ones we
focus on in this thesis, where deformations are negligible and may be ignored.

A rigid-body is associated with
• a pose P ∈ SE(3) ∶⇔ (p,R) ∈ R3 × SO(3): composed of a linear position p,

and an angular position R (we have shown in Example 2.6 that SO(3) is
a 3-dimensional manifold; it then follows immediately that SE(3) is a 6-
dimensional manifold);

3When a system of point-masses is subject to some force actuation, it can suffer an elastic or an
inelastic deformation: the former is a non-permanent deformation as the particles recover their
original relative inter-distance once the force actuation ceases to be applied, while the latter is a
permanent deformation as the particles do not recover their original relative inter-distance.
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• a twist V ∈ R6 ⇔ (v,ω) ∈ R3 × R3: composed of a linear velocity v, and an
angular velocity ω;

• a positive mass m > 0 and positive definite moment of inertia J ∈ R3×3 (we
assume both are constant, but this can be generalized), which are used to
define a mass matrix M ∶=mI3 ⊕ J ∈ R6×6,

• and a kinetic energy T ∶ R6 → [0,∞), defined as T (V ) ∶= 1
2∥V ∥2

M = 1
2m∥v∥2 +

1
2∥ω∥

2
J .

Remark 2.27. The linear position p ∈ R3 is usually chosen as the center-of-
mass of the rigid-body as the equations of motion of a rigid-body are more
conveniently expressed with respect to the center-of-mass; however, any other
point (even one outside the rigid-body) may be chosen, and this choice is made
out of convenience. Hereafter, when referring to the linear position of a rigid-
body, we always mean the center-of-mass position.

The angular position R ∈ SO(3) (also referred to as orientation or as attitude)
is usually chosen based on convenience factors: one may choose an angular
position which coincides with the rigid-body’s principal axes; or, one may choose
axes that have some physical significance (for example, on an airplane, the first
body axis is aligned with the airplane’s fuselage). However, we emphasize that
the choice of the angular position is not necessarily obvious: for example, on a
sphere shaped rigid-body, with a uniform mass distribution, there is no obvious
choice.

Given the pose and twist of the rigid-body, one can obtain the position and
velocity of every point of that body. Moreover, the rigid-body’s equations of
motion are described by

⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
K(P )V

M−1Wnet + S(V )
⎤⎥⎥⎥⎦

=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
⇔

⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

Ṙ

v̇

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

RS (ω)
1
m
Fnet

J−1 (τnet − S (ω)Jω)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

kinematics

dynamics

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where:
• The kinematics of the angular position follow from the fact that

RTR = I3⇒ ṘTR +RT Ṙ = 03×3 ⇔ (RT Ṙ)T +RT Ṙ = 03×3

⇔ RT Ṙ is an antisymmetric matrix in R3×3.

• Wnet ∈ R6 is the net wrench applied on the rigid-body.
• Fnet ∈ R3 is the net force applied on the rigid-body, i.e., it corresponds to the

sum of all forces applied on the rigid-body.
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• τnet ∈ R3 is the net torque applied on the rigid-body, i.e., it corresponds to the
sum of all torques applied on the rigid-body.

• Forces/torques are vectors, and thus adding forces/torques makes sense.
• The dynamics equations correspond to the Newton-Euler’s equations of mo-

tion related to the change of linear and angular momentum, i.e., d
dt
mv = Fnet

and d
dt
RJω = Rτnet, respectively.

• A rigid-body is fully-actuated if one has control over all the components of the
net wrench Wnet ∈ R6, and thus control over all the components of V̇ (which
belongs to a six-dimensional vector space).

• The change in kinetic energy is dictated by the power exerted by the net
wrench, i.e., Ṫ (V ) = ⟨V,Wnet⟩ = ⟨v,Fnet⟩ + ⟨ω, τnet⟩ (note that ⟨V,S(V )⟩ = 0, and
that S(V ) is quadratic in V ).

Remark 2.28. For the rigid-body, both the angular velocity ω and the net
torque τnet are given in the body-frame. In contrast, for the one-dimensional
rigid-body, both the angular velocity ω and the net torque τnet were given in
the inertial-frame (which is inevitable, since there is no body-frame). We note
however that we could have defined the rigid-body’s angular velocity ω and net
torque τnet in the inertial-frame, but it is tradition to consider them (as well as
the linear velocity and the net force) defined in the body-frame.

Remark 2.29. Let p1, p2 ∈ R3 be two points of the rigid-body: the position of
each of those points is described by a position vector d1, d2 ∈ R3, i.e., p1 = p +Rd1

and p2 = p +Rd2, which guarantees that the distance between any two points is
indeed fixed, as required by the rigid-body definition, i.e.,

∥p1 − p2∥ = ∥R(d1 − d2)∥ = ∥d1 − d2∥ ∵R ∈ SO(3).
Remark 2.30. The equations of motion of a point-mass and of a one-dimensional
rigid-body can be found from the rigid-body’s equations of motion.

For the point-mass, if we ignore the angular position equations (kinematics
and dynamics), we are left with the point-mass equations.

For the one-dimensional rigid-body, suppose all the mass is distributed
along the body-framed axis e ∈ S2, in which case the moment of inertia is given
by J = jΠ (e) + εeeT , for some scalars j, ε (later we make ε = 0), with inverse
J−1 = j−1Π (e) + ε−1eeT , and suppose the rigid-body does not spin around the
body-framed axis e ∈ S2, i.e., ⟨ω, e⟩ = 0. Define then

ñ ∶= Re ∈ S2,

ω̃ ∶= Π (Re)Rω = RΠ (e)ω ∈ TñS2,

τ̃net ∶= Rτnet,

where we must assume that τnet ∈ TeS2 in order for ⟨ω, e⟩ = 0 to be satisfied. It
then follows that

˙̃n = RS (ω) e = S (Rω)Re = S (Π (Re)Rω)Re = S (ω̃) ñ,
˙̃ω = ṘΠ (e)ω +RΠ (e) ω̇ = j−1τ̃net.
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That is, the equations of motion of the one-dimensional rigid body are recovered.

2.3.4 System of Rigid-bodies
In the previous subsections, we introduced the concepts of pose, twist, mass
matrix, kinematics, dynamics, net wrench, kinetic energy, and power exerted by
the net wrench, for three different types of body idealizations. In this subsection,
we introduce the notion of a system of rigid-bodies, and define the latter concepts
for such a system.

A system of rigid-bodies is a collection of unconstrained body idealizations
(a mechanical system will be a constrained system of rigid-bodies). Because we
focus on three body idealizations, in this thesis, a system of rigid-bodies is a
system of
• p ∈ {0,1,⋯} point-masses,
• q ∈ {0,1,⋯} one-dimensional rigid-bodies, and
• r ∈ {0,1,⋯} generic rigid-bodies.
A system of rigid-bodies has a pose4

P ∈ Pu⇔

⎡⎢⎢⎢⎢⎢⎢⎣

ppm,1 ∈ R3 . . . ppm,p ∈ R3

p1d−rb,1 ∈ S̄E(3) . . . p1d−rb,q ∈ S̄E(3)
prb,1 ∈ SE(3) . . . prb,r ∈ SE(3)

⎤⎥⎥⎥⎥⎥⎥⎦

,

and a twist

V ∈ R̄3p+6q+6r
P ⇔

⎡⎢⎢⎢⎢⎢⎢⎣

vpm,1 ∈ R3 . . . vpm,p ∈ R3

v1d−rb,1 ∈ R̄6
p1d−rb,1

. . . v1d−rb,q ∈ R̄6
p1d−rb,q

vrb,1 ∈ R6 . . . vrb,r ∈ R6

⎤⎥⎥⎥⎥⎥⎥⎦

,

where ppm,i/vpm,i stands for the position/velocity of the point-mass i; p1d−rb,i/v1d−rb,i

stands for pose/twist of the one-dimensional rigid-body i; and prb,i/vrb,i stands for
pose/twist of the generic rigid-body i (pm stands for point-mass, 1d − rb stands
for one-dimensional rigid-body, and rb stands for a generic rigid-body).

Note that
• Pu ∶= (R3)p×(S̄E(3))q×(SE(3))r is a (3p+5q+6r)-dimensional manifold, which

we embed in R3p+6q+12r;
• and R̄3p+6q+6r

P is a (3p + 5q + 6r)-dimensional vector space, which we embed in
R3p+6q+6r;

• hereafter, when referring to a system of rigid-bodies, n ∶= 3p + 6q + 6r refers to
the dimension of the Eucledian space the twist is embedded on.

The system of rigid-bodies has a mass matrix M ∈ R(3p+6q+6r)×(3p+6q+6r) defined as

M ∶=Mpm,1 ⊕ . . .⊕Mpm,p ⊕M1d−rb,1 ⊕ . . .⊕M1d−rb,q ⊕Mrb,1 ⊕ . . .⊕Mrb,r,

4We suggest the reader thinks of Pu as the unconstrained position space of a mechanical system,
where the latter is a constrained system of rigid-bodies.
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where Mpm,i,M1d−rb,i,Mrb,i stand for the mass matrix of the point-mass i, of the
one-dimensional rigid-body i, and of the generic rigid-body i. And the wrench
applied on the system of rigid-bodies is defined as

Wnet ∈ R̄3p+6q+6r
P ⇔

⎡⎢⎢⎢⎢⎢⎢⎣

Wpm,1 ∈ R3 . . . Wpm,p ∈ R3

W1d−rb,1 ∈ R̄6
p1d−rb,1

. . . W1d−rb,q ∈ R̄6
p1d−rb,q

Wrb,1 ∈ R6 . . . Wrb,r ∈ R6

⎤⎥⎥⎥⎥⎥⎥⎦

,

where Wpm,i stands for net force applied on the point-mass i; W1d−rb,i stands for
net wrench applied on the one-dimensional rigid-body i; and Wrb,i stands for
net wrench applied on the the generic rigid-body i.

The kinematics of a system of rigid-bodies are then described by

Ṗ =K(P )V ∶⇔
⎡⎢⎢⎢⎢⎢⎢⎣

ṗpm,1 . . . ṗpm,p

ṗ1d−rb,1 . . . ṗ1d−rb,q

ṗrb,1 . . . ṗrb,r

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

vpm,1 . . . vpm,p

K(p1d−rb,1)v1d−rb,1 . . . K(p1d−rb,q)v1d−rb,q

K(prb,1)vrb,1 . . . K(prb,r)vrb,r

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

linear in V

and the dynamics of a system of rigid-bodies are then described by

V̇ =M−1Wnet + S(V ) ∶⇔
⎡⎢⎢⎢⎢⎢⎢⎣

v̇pm,1 . . . v̇pm,p

v̇1d−rb,1 . . . v̇1d−rb,q

v̇rb,1 . . . v̇rb,r

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

M−1
pm,1Wpm,1 . . . M−1

pm,pWpm,p

M−1
1d−rb,1W1d−rb,1 . . . M−1

1d−rb,qW1d−rb,q

M−1
rb,1Wrb,1 + S(vrb,1) . . . M−1

rb,rWrb,r + S(vrb,r)

⎤⎥⎥⎥⎥⎥⎥⎦
One can then finally define the kinetic energy of a system of rigid-bodies T ∶
R3p+6q+6r → [0,∞) as the combined kinetic energy of each body belonging to the
system, i.e., as

T (V ) ∶= 1
2
∥V ∥2

M

and it follows immediately that the change in kinetic energy is dictated by the
power exerted by the net wrench, i.e.

Ṫ (V ) = ⟨V,Wnet⟩.

Note that a system of rigid-bodies may be composed exclusively of point-
masses, in which case one may also use the terminology system of point-masses
(even if this terminology has not been defined, its meaning is immediately clear).
Even more, a system of rigid-bodies may be composed exclusively of a single
point-mass, in which case, when one refers to the pose/twist of the system, one
is actually referring to the position/velocity of the point mass.
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ω1

ω3

ω4

ω2

plane where propelers lie

r normal to plane

total rotation (ω1 + ω2 + ω3 + ω4): produces force along r
differential rotation: produces torque along any direction

Figure 2.7: Multi-rotor with four rotors, placed on a common plane, whose combined
rotation generates a lift force along the direction orthogonal to that plane, and whose
differential rotation generates a torque that controls the attitude of the multi-rotor.
In this thesis, when we refer to a UAV, we refer to multi-rotors of this type.

2.4 UAV as a Rigid-body

As explained in Section 1.1, in this thesis we wish to study problems of aerial
transportation, in particular, on automating cargo transportation using aerial
vehicles. Unmanned aerial vehicles (UAVs) can be subdivided into several
different categories, namely (non-exhaustive list)
• Fixed-wing aircrafts, with rely on a high longitudinal speed for generating

a lift force, and on control surfaces to control the attitude (rudders on the
vertical tail to control the yaw, and ailerons on the wings to control the pitch
and the roll);

• Helicopters, which have a single rotor as a source of lift, and a swash plate (a
mechanically complex device) to control the attitude;

• Multi-rotors, which have multiple rotors, usually placed on a common plane,
whose combined rotation generates a lift force along the direction orthogonal
to that plane, and whose differential rotation generates a torque that controls
the attitude – as illustrated in Fig. 2.7;

• hybrid UAVs that can switch between a helicopter mode (that can take-off
and land vertically) and an airplane mode (that can move at higher speeds
on the longitudinal direction).

Helicopters and multi-rotors can hover as well as take-off and land vertically
(VTOL UAVs), which means they can be used in small spaces (like the one
used to perform the experiments conducted in this thesis). Fixed-wing aircrafts
cannot hover nor take-off and land vertically, which means they require large
areas to operate safely: fixed-wing aircrafts are however much faster that VTOL
UAVs, and thus better for moving over large distances. For the purposes of this
thesis, however, we focus exclusively on multi-rotor VTOL vehicles, that can
also hover, which we refer to, hereafter, simply as UAV.

Next we describe the different models of UAVs we consider in this thesis,
namely
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• an under-actuated UAV as a rigid-body – Subsection 2.4.1,
• an under-actuated UAV as a half-dynamic rigid-body – Subsection 2.4.2,
• and a fully-actuated UAV – Subsection 2.4.2,
with different levels of complexity (from more complex and realistic, to less
complex and simpler to control).

2.4.1 UAV as a Rigid-body

Recall that a rigid-body is a body where the distance between any two point-
masses is fixed. It is then obvious that a UAV is not a rigid-body, since it has
moving parts, namely, the propellers. Despite this incongruity, one can still
model a UAV as a rigid-body, by not considering the propellers as part of the
system, and instead considering them as sources of actuation on the UAV.

In this thesis, we focus on UAVs that are under-actuated, and more specifi-
cally, on UAVs where the net force exerted by the propellers is exerted along
a fixed body axis, which is orthogonal to the plane where the rotors lie, as
illustrated in Fig. 2.7. As a rigid-body, the UAV has a pose, a twist, a mass and
a moment of inertia – see the notation in Subsection 2.3.3 – and the net wrench
applied on the UAV is given by

⎡⎢⎢⎢⎣
Fnet

τnet

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
TRr

τ

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

wrench from
propellers

+
⎡⎢⎢⎢⎣
mg

03

⎤⎥⎥⎥⎦
´¹¹¹¸¹¹¹¶

wrench from
gravity

where
• g ∈ R3/{03} is the acceleration due to gravity. In a general setup, this accel-

eration is given by g ∶= − MG
∥p−P ∥2

p−P
∥p−P ∥

, where P stands for the position of the
Earth’s center-of-mass, while p stands for the position of the UAV (M stands
for the mass of the Earth, and G stands for the gravitational constant). In this
thesis, we focus on applications restricted to a small domain, i.e., the position
p of the UAV is restricted to a small domain where the acceleration due to
gravity may be considered to be constant (a uniform gravity wrench): under
these circumstances, ∥g∥ ≈ 9.81 ms2. Also, traditionally, an inertial reference
frame is chosen where the third inertial axis is chosen to be diametrically
opposed to the direction of the gravity, i.e., g = −∥g∥e3 (but we emphasize that
this choice is arbitrary).

• TRr corresponds to the net force exerted by the propellers on the UAV, where
T ∈ R is the thrust (the input to the UAV system), R ∈ SO(3) is the UAV’s
angular position, and where r ∈ S2 is the (fixed) body direction orthogonal to
the plane containing the propellers, as illustrated in Fig. 2.7; traditionally,
this body direction is chosen to be the third canonical basis vector, that is,
r ∶= e3 ∈ S2 (but we emphasize that this choice is arbitrary); hereafter, we refer
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ω̇ = J−1 (τ − S(ω)Jω) Ṙ = RS(ω) v̇ = 1
mTRe3 − ge3

τ
torque
input

ω
angular
acceleration

R

angular
position

v
linear
velocity

p
linear
position

ṗ = v

T
thrust input

Figure 2.8: Cascaded structure of UAV’s equations of motion in (2.2).

to Rr ∈ S2 as the thrust (inertial) direction, and to r ∈ S2 as the thrust body
direction.

• τ ∈ R3 is the net torque exerted by the propellers on the UAV.
With the latter in mind, the equations of motion of a UAV are given by

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

Ṙ

v̇

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

RS (ω)
1
m
TRr + g

J−1(τ − S (ω)Jω)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

or, traditionally,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

Ṙ

v̇

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

RS (ω)
1
m
TRe3 − ge3

J−1(τ − S (ω)Jω)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.2)

where the third UAV body axis is the thrust body axis, and g = 9.81 ms2.
For the purposes of this thesis we can further simplify the considered UAV

model. For that purpose define
⎡⎢⎢⎢⎣
n̄

ω̄

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

Re3

Π (Re3)Rω
⎤⎥⎥⎥⎦
,

and assume the torque control law τ(τ̄ , τψ) = J (RT τ̄ − ⟨e3, ω⟩S (e3)ω + τψe3) +
S (ω)Jω, is chosen, for some (τ̄ , τψ) ∈ R3×R. With the UAV’s equations of motion
in (2.2) in mind, it then follows that

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇
˙̄n
˙̄ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
1
m
T n̄ − ge3

S (ω̄) n̄
Π (ω̄) τ̄

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.3)

which is what, hereafter, we refer to as the UAV’s equations of motion. In the
procedure above, we exploited the fact that the UAV dynamics are invariant
to rotations around the third axis: that means we can control the motion
orthogonal to Re3 separately – one can think of this as the yaw motion – and one
designs τψ to control this motion. For the interested reader, a formal justification
for the equations derived above is discussed in detail in Appendix B. Also, we
note that the equations in (2.3) are actually those of a thrust-propelled system
associated to a point-mass, as described in Subsection 2.5.1. As we explain
in detail that subsection, and as illustrated in Fig. 2.8, there is a cascaded
structure to the UAV’s equations of motion, which shall be exploited several
times during this thesis. Given this cascaded structure, one can pursue several
approaches for control design, backstepping being the one we adopt in this
thesis.
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2.4.2 Under-actuated half-dynamic UAV
In the previous subsection, we described a UAV as rigid-body, and, whose
equations of motion, as explained before, follow a cascaded structure. In some
sections in this thesis, rather than considering a UAV as a rigid-body, we
consider instead a hybrid model, where we ignore the first block in the cascaded
structure in Fig. 2.8 (the block related to the angular acceleration ω̇). That is,
we ignore the dynamics of the angular velocity, and assume instead the angular
velocity is available as an input to the UAV system, leading to the reduced
equations of motion

⎡⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

Ṙ

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

v
1
m
TRe3 − ge3

RS (ωref)

⎤⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎣

03

03

RS (ω − ωref)

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

if control over ω is available
one chooses ω=ωref

. (2.4)

This model is hybrid in the sense that it considers the linear kinematic and
linear dynamic equations, but it only considers the angular kinematic equations
(and the reason for being called half-dynamic). Thus, strictly speaking one
cannot qualify this system as fully-actuated or under-actuated. However, recall
that full-actuation of a rigid-body simply means that we have control over all
the components of all the dynamic equations (linear and angular) of a rigid-body.
Therefore, one can still characterize this model as under-actuated, since one
does not have control over the (two) components of v̇ that are orthogonal to Re3.

In order for this model to be invoked, we assume the UAV comes equipped
with a torque control law which can track a given angular velocity trajectory
which one designs as an input to the system. One possible such control law is
given by

τ = J ω̇ref

´¸¶
feedforward
term

−J kp(ω − ωref)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

proportional
term

+S (ω)Jω,

for some positive proportional gain kp > 0, which guarantees that (ω̇ − ω̇ref) =
−kp(ω − ωref), and thus that ω asymptotically tracks the reference ωref (in partic-
ular, if ω starts at the desired ωref, it tracks that reference forever). In addition,
one designs ⟨ωref, e3⟩ so as to control the yaw motion.

2.4.3 Fully-actuated UAV
The coarsest simplification we consider in this thesis is the one where we
assume the UAV to be fully-actuated. In this case, we assume we have direct
control over the attitude of the UAV (in particular, direct control over the thrust
direction Re3). If that is the case, and if one is given a non-vanishing input
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u ∈ R3/{03}, then one can choose a thrust and an attitude such that the model of
a fully-actuated point-mass is obtained, i.e.,

⎧⎪⎪⎨⎪⎪⎩

T = +∥u∥ and Re3 = + u
∥u∥

T = −∥u∥ and Re3 = − u
∥u∥

⇒
⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

v
u
m
− ge3

⎤⎥⎥⎥⎦
(2.5)

That is, if one chooses the thrust and thrust direction according to one of the
options above, then the model for the UAV reduces to one of a double integrator,
• which is fully-actuated: the linear velocity v is 3-dimensional, and the avail-

able input u is also 3-dimensional;
• usually one picks the option T = +∥u∥ and Re3 = + u

∥u∥
, as most UAVs only

allow for a positive thrust to be provided (because the propellers can only
spin in one direction);

• where it is important to design a non-vanishing input u, otherwise the thrust
direction is not well-defined.

This model relies on the assumption that a fast attitude controller exists such
that one can reliably assume that immediate control over the thrust direction
Re3 exists.

Suppose we wish to stabilize the position of the UAV at the origin, and
consider then the following two control laws

u1(p, v) ∶=mge3 −
mg

2
(p + v)

u2(p, v) ∶=mge3 −
mg

2
( p√

1 + p2
+ v√

1 + v2
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∥⋅∥<2∀(p,v)∈R3×R3

where
• both control laws guarantee the origin of the double integrator in (2.5) is

globally asymptotically stable (u1 guarantees, in addition, that the origin is
globally exponentially stable, but u2 does not);

• u1 is not an appropriate choice because Re3 = ± u1(p,v)
∥u1(p,v)∥

is not defined for all
(p, v) ∈ R3 × R3 (we can find many initial conditions for which the desired
initial thrust direction is ill-defined);

• u2 is an appropriate choice because Re3 = ± u2(p,v)
∥u2(p,v)∥

is defined for all (p, v) ∈
R3 × R3; the control law u2 is a bounded control law (bounded because the
image space of u2 over R3 ×R3 is bounded) which is fundamental to construct
control laws that are well-defined over the whole state space of a system, and
the reason why one section in this chapter – Section 2.11 – is dedicated to
bounded control laws for double integrators.



2.4. UAV as a Rigid-body 45

2.4.4 Fully-actuated UAV: Lifting Full-actuation Assumption
In many parts of this thesis, we assume a UAV is fully-actuated, and, in this
subsection, we explain how this assumption can be lifted. In what follows let

u(t) =m(ũ(t) + ge3)⇔ ũ(t) = u(t)
m

− ge3,

for some u, ũ ∶ R → R3, whose purpose we explain next. Consider then the UAV’s
equations of motion in (2.3), and let the following thrust control law be chosen,

T = ⟨u(t), n̄⟩ = ⟨m(ũ(t) + ge3), n̄⟩,

in which case the UAV equations of motion in (2.3) can be conveniently rewritten
as (below, we omit all time dependencies, with the exception of that in u(t), ũ(t))

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇
˙̄n
˙̄ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
u(t)
m

− ge3

03

03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
fully-actuated
model

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03

− 1
m

Π (n̄)u(t)
03

03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

error connecting
left to right

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03

03

S (ω̄) n̄
Π (ω̄) τ̄

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

double integrator
in S2

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

ũ(t)
03

03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¶

double integrator
in R2

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03

−Π (n̄) (ũ(t) + ge3)
03

03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

error connecting
left to right

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03

03

S (ω̄) n̄
Π (ω̄) τ̄

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

double integrator
in S2

. (2.6)

As such, the following procedure is followed when controlling a mechanical
system which contains one UAV (or multiple UAVs):
1. we assume the UAV is fully-actuated and design u ∶ R → R3 to accomplish

whatever the goal is;
2. we then lift this assumption by following the procedure detailed in Subsec-

tion 2.5.7 (since (2.6) fits into the form in (2.18)), where a control law for the
angular acceleration τ̄ is constructed – this procedure can be applied as (2.6)
fits into the model described in Subsection 2.5.7 for I = 1;

3. we must design u ∶ R → {v ∈ R3 ∶ ∥v∥ > 0}⇔ ũ ∶ R → {v ∈ R3 ∶ ∥v∥ < g}, where g
is the acceleration due to gravity; that is, we must design a bounded input ũ
in R3 and with an upper bound specified by the acceleration due to gravity –
this requirement follows from the procedure detailed in Subsection 2.5.7 (in
brief, the unit vector n̄ needs to be steered towards the unit vector ũ(t)+ge3

∥ũ(t)+ge3∥
which is only well-defined if ũ ∶ R → {v ∈ R3 ∶ ∥v∥ < g}).
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For example, in Chapter 3, which is concerned with tethered aerial transporta-
tion, we assume a point-mass load is tethered to a fully-actuated UAV, and
where the goal is for the point-mass load to track some desired position trajec-
tory. We then design the control law assuming the UAV is fully-actuated, and lift
this assumption at the end, by following the procedure described above. Finally,
note that the system composed of a point-mass load tethered to a fully-actuated
UAV is under-actuated: indeed, a mechanical system that includes one or more
fully-actuated UAVs is not necessarily fully-actuated.

2.4.5 Under-actuated half-dynamic UAV with basic angular
velocity control law

In the subsection 2.4.2, we described an under-actuated half-dynamic UAV.
One strategy we follow in some parts of this thesis (specifically, in Chapter 4,
Section 4.3), when considering an under-actuated half-dynamic UAV, is
• to consider only the attitude equations of the thrust direction n̄ ∶= Re3 (the mo-

tion of Re1,Re2 can be controlled separately, as discussed in Subsection 2.4.1),
and the angular velocity ω̄ = Π (Re3)Rω;

• to first assume that the UAV is fully-actuated, and design a control law for
n̄ ∶= Re3;

• and to, at a second stage, then lift the latter assumption, and assume instead
the UAV is under-actuated and half-dynamic, in which case we design a
control law for the angular velocity ω (which we assume we control).

More precisely, we consider the equations of motion
⎡⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇
˙̄n

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

v
u(t)
m

− ge3

03

⎤⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎣

03

1
m
T n̄ − u(t)

m

S (ω̄) n̄

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

v

ũ(t)
03

⎤⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎣

03

1
m
T n̄ − (ũ(t) + ge3)
S (ω̄) n̄

⎤⎥⎥⎥⎥⎥⎥⎦

(2.7)

where

u(t) =m(ũ(t) + ge3)⇔ ũ(t) = u(t)
m

− ge3,

for some u ∶ R → {v ∈ R3 ∶ ∥v∥ > 0}, which we design assuming the UAV is
fully-actuated. We then we pick the thrust and angular velocity control laws

⎡⎢⎢⎢⎢⎣

T

ω

⎤⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

⟨u(t), n̄⟩
kS (n̄) u(t)

∥u(t)∥

⎤⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

⟨m(ũ(t) + ge3), n̄⟩
kS (n̄) ũ(t)+ge3

∥ũ(t)+ge3∥

⎤⎥⎥⎥⎥⎦
, (2.8)

for some positive k > 0 (the UAV’s attitude inner-loop gain), which lead to the
(closed-loop) equations of motion

⎡⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇
˙̄n

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

v
u(t)
m

− ge3

03

⎤⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎣

03

− 1
m

Π (n̄) u(t)
∥u(t)∥

kΠ (n̄) u(t)
∥u(t)∥

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

v

ũ(t)
03

⎤⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎣

03

−Π (n̄) ũ(t)+ge3
∥ũ(t)+ge3∥

kΠ (n̄) ũ(t)+ge3
∥ũ(t)+mge3∥

⎤⎥⎥⎥⎥⎥⎥⎦

.
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Let us then give some insight into the choice of the control laws above. The
UAV provides a thrust T along the thrust direction n̄, and we choose the thrust
following a minimization principle, namely

min
T ∈R

∥T n̄ − u∥⇔ T = ⟨u, n̄⟩.

That means the UAV provides the desired input u, apart from an error Π (n̄)u,
which vanishes when the UAV’s thrust direction n̄ is aligned with the direction
of the input u. In order to make Π (n̄)u vanish, we choose the angular velocity
ω = −kS (n̄) u

∥u∥
, which steers the UAV’s thrust direction n̄ towards the direction

of the input u. To gain some intuition, let u ∈ R3/{03} be some constant vector
and define n̄⋆ = u

∥u∥
∈ S2. Then, since ˙̄n = kΠ (n̄) n̄⋆, it follows that for

V ∶ S2 ∋ n̄↦ V (n̄) ∶= 1 − ⟨n̄, n̄⋆⟩ ∈ [0,2], then
V̇ (n̄) = dV (n̄) ˙̄n = −k ∥S (n̄) n̄⋆∥2 = −kV (n̄)(2 − V (n̄)) ≤ 0,

which implies that limt→∞ n̄(t) = n̄⋆ provided that n̄(0) ≠ −n̄⋆; and where the
attitude inner-loop gain k > 0 influences how fast the UAV’s thrust direction n̄
is steered towards the direction of the input u.

2.5 Thrust-propelled Systems

In this section we present a concept which we make intensive use of in this
thesis, namely, the concept of a thrust-propelled system, which we have already
discussed briefly at the beginning of this thesis. Recall from Section 2.3 that we
presented three body-idealizations, namely, a point-mass, a one-dimensional
rigid-body, and a generic rigid body. Similarly, there will be three types of
thrust-propelled systems, one which is related to a point-mass, one related to
a one-dimensional rigid-body, and one related to a generic rigid body. To be
specific, and as illustrated in Fig. 2.9, a thrust-propelled system refers to a
system where
• some scalar inputs, referred to as the thrusts, enter the linear dynamics of

the system via some directions as forces,
• and angular accelerations are available to control the latter directions.

2.5.1 Thrust-propelled System associated to a Point-mass

Recall the point-mass notion, and its associated concepts, presented in Subsec-
tion 2.3.1. The simplest thrust-propelled is one that is associated to a point-mass,
illustrated in Fig. 2.9, and it is described by
• a linear position p ∈ R3 and a linear velocity v ∈ R3, and a mass m > 0,
• an angular position n ∈ S2 and an angular velocity ω ∈ TnS2,
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Thrust-propelled system associated to

point-mass one-dimensional rigid-body

ni: direction (unit vector)

Ti: (input) force along direction ni

τi: (input) angular acceleration of direction ni

d1 ∈ R R ∈ SO(3)

n ∈ S2 d1 ∈ R3

n1 ≡ n

T1n1 ≡ Tn
τ1 ≡ τ

n1

T1n1

τ1

n2

T2n2

τ2 n3

T3n3

τ3
n2

T2n2

τ2

n1

T1n1

τ1

(generic) rigid-body

Figure 2.9: Illustration of thrust-propelled systems: one associated to a point-mass,
one associated to a one-dimensional rigid-body, and one associated to a (generic)
rigid body: the blue dot represents the linear position of the thrust-propelled system,
and the red markings represent the angular position of the thrust-propelled system.

and it has the equations of motion
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
1
m
Tn − g(t)
S (ω)n
Π (n) τ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.9)

where g is the acceleration due to gravity and
• T ∈ R is the scalar input thrust, and τ ∈ R3 is the input torque;
• where the goal is for the position to track some desired position trajectory
p⋆ ∶ R → R3;

• and where the equations of motion exhibit a cascaded structure as illustrated
in Fig. 2.10.

It is immediately clear that a UAV is a thrust propelled system, as we have
already proved that the UAV’s equations of motion in (2.2) can be put into the
form (2.3) which is exactly that of a thrust-propelled system associated to a
point-mass. In Chapter 3, we shall find other systems that can also be put
into this same form, and which are, therefore, also thrust propelled systems.
In Subsection 2.5.4, we explain how to design control laws for the thrust and
angular acceleration that accomplish the tracking goal stated above.

2.5.2 Thrust-propelled System associated to a
One-dimensional Rigid-Body

Recall the one-dimensional rigid-body notion, and its associated concepts, pre-
sented in Subsection 2.3.2. A thrust-propelled system associated to a one-
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dimensional rigid-body, illustrated in Fig. 2.9, is described by
• a pose P ∈ S̄E(3) ∶⇔ (p,n) ∈ R3 × S2, a twist V ∈ TP S̄E(3) ∶⇔ (v,ω) ∈ R3 × TnS2,

a positive mass m > 0 and moment of inertia j > 0,
• two non-identical contact points d1, d2 ∈ R,
• two angular positions n1, n2 ∈ S2 and two angular velocity ω1, ω2 ∈ TnS2,
and it has the equations of motion

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

ṅ1

ṅ2

ω̇1

ω̇2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
1
m
(T1n1 + T2n2) − ge3

S (ω)n
1
j
(S (d1n)T1n1 + S (d2n)T2n2)

S (ω1)n1

S (ω2)n2

Π (n1) τ1

Π (n2) τ2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.10)

where g is the acceleration due to gravity and
• T1, T2 ∈ R are the scalar input thrusts, and τ1, τ2 ∈ R3 are the input torques;
• where the goal is for the position p ∈ R3 to track some desired position

trajectory p⋆ ∶ R → R3, and to stabilize the angular position n ∈ S2 at some
desired angular position n⋆ ∈ S2 (this can be generalized into tracking a
desired angular position trajectory n⋆ ∶ R → S2);

• and where the equations of motion exhibit a cascaded structure as illustrated
in Fig. 2.10.

We shall find systems, in Chapter 4, that can be put into this form, and,
therefore, which we refer to as thrust propelled systems associated to a one-
dimensional rigid-body. In Subsection 2.5.5, we explain how to design control
laws for the thrusts and angular accelerations that accomplish the tracking
goal stated above.

2.5.3 Thrust-propelled System associated to a Rigid-Body

Recall the rigid-body notion, and its associated concepts, presented in Subsec-
tion 2.3.3. A thrust-propelled system associated to a rigid-body, illustrated in
Fig. 2.9, is described by
• a pose P ∈ SE(3) ∶⇔ (p,R) ∈ R3×SO(3), a twist V ∈ TPSE(3) ∶⇔ (v,ω) ∈ R3×R3,

a positive mass m > 0 and a positive definite moment of inertia J > 0,
• three non-colinear contact points d1, d2, d3 ∈ R3,
• three angular positions n1, n2, n3 ∈ S2 and three angular velocity ω1, ω2, ω3 ∈
TnS2,
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ω̇ = Π(n)τ ṅ = S(ω)n v̇ = m−1Tn− ge3
τ
torque
input

ω
angular
acceleration

n

angular
position

v p
ṗ = v

T
thrust input

pose of
point-mass

twist of
point-mass

ω̇1 = Π(n1)τ1 ṅ1 = S(ω1)n1 v̇ = m−1
∑
Tini − ge3τ1, τ2

torque
inputs

ω1, ω2

angular
accelerations

n1, n2

angular
positions

(v, ω) (p, n)ṗ = v

T1, T2

thrust inputs

twist of 1-dω̇2 = Π(n2)τ2 ṅ2 = S(ω2)n2 pose of 1d
rigid-body

ṅ = S(ω)nω̇ = j−1S(din)
∑
Tini

ω̇i = Π(ni)τi ṅi = S(ωi)ni

v̇ = m−1
∑
Tini − ge3τ1, τ2, τ3

torque
inputs

ω1, ω2, ω3

angular
accelerations

n1, n2, n3

angular
positions

(v, ω) (p,R)ṗ = v

T1, T2, T3

thrust inputs

twist of
rigid-body

pose of
rigid-body

Ṙ = RS(ω)ω̇ = J−1 (
∑
S(di)R

TTini − S(ω)Jω)

rigid-body

Figure 2.10: The equations of motion of all three thrust-propelled systems have a
cascaded structure. This cascaded structure is exploited when designing a control
law that steers the pose of each thrust propelled system to some desired pose.

and it has the equations of motion
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
1
m
(T1n1 + T2n2 + T3n3) − ge3

RS (ω)
J−1∑i∈{1,2,3} S (di)RTTini − J−1S (ω)Jω

S (ω1)n1

S (ω2)n2

S (ω3)n3

Π (n1) τ1

Π (n2) τ2

Π (n3) τ3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.11)

where g is the acceleration due to gravity and
• T1, T2, T3 ∈ R are the scalar input thrusts, and τ1, τ2, τ3 ∈ R3 are the input

torques;
• where the goal is for the position p ∈ R3 to track some desired position

trajectory p⋆ ∶ R → R3, and to stabilize the angular position R ∈ SO(3) at some
desired angular position R⋆ ∈ SO(3) (generalization into tracking a desired
angular position trajectory R⋆ ∶ R → SO(3) is not immediate because of the
term S (ω)Jω in ω̇);

• and where the equations of motion exhibit a cascaded structure as illustrated
in Fig. 2.10.

In this thesis, we do not consider any thrust-propelled systems associated to
rigid-bodies, and we introduce them here only for the sake of generality. In the
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next three subsections, we explain how to design controllers for the thrusts and
angular accelerations of each thrust-propelled system.

2.5.4 Control of the Thrust-propelled System associated to a
Point-mass

Consider now the thrust-propelled system in (2.9), where we recall that the
goal is to steer the linear position to some desired linear position trajectory
p⋆ ∶ R → R3, by designing appropriate control laws for the (one) thrust T ∈ R and
the (one) angular acceleration τ ∈ TnS2. The strategy for solving this problem is
simple and broken down in two steps:
• in the 1st step, we design a bounded control for a double integrator in R3;
• in the 2nd step, we design a control law for the (one) thrust, such that we can

invoke the backstepping strategy proposed in Section 2.5.7 for constructing
the angular acceleration control laws.

1st Step

In the first step, we consider a double integrator system in R3

⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
v

u(t)
⎤⎥⎥⎥⎦

and we assume we have available a bounded control law for a double integrator
in R3

u ∶ R → B3
ū ∶= {ν ∈ R3 ∶ ∥ν∥ < ū} with ū < g, (2.12)

such that the linear position p is steered to the desired linear position trajectory
p⋆ ∶ R → R3 (the constraint ū < g needs to be satisfied for reasons that will
become clear in the next step, where g stands for the acceleration due to grav-
ity). The control law above needs to come equipped with a Lyapunov function,
whose derivative along the closed-loop double integrator vector field is negative
definite (if we wish to perform disturbance removal strategies, which we do).
The strategy that we present in the next step is agnostic to the specific form of
the bounded double integrator control law and its associated Lyapunov function
(i.e., the strategy works provided the conditions specified above are met).

Remark 2.31. For completeness (and also because we need specific control
laws to execute simulations and experiments), in Subsection 2.11.2, we present
a bounded control law, with bound

ū = sup
t∈R

∥p⋆(t)∥ + kpσp + kvσv

where kp, kv are the chosen proportional,derivative gains, and σp, σv are the
chosen proportional,derivative saturations; and since the constraint ū < g needs
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to be satisfied, we must choose kp, kv, σp, σv and restrict the desired position
trajectory p⋆ ∶ R → R3 such that

sup
t∈R

∥p⋆(t)∥ + kpσp + kvσv < g.

2nd Step

Consider now the linear position and linear velocity equations in (2.9), i.e.,

⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

v
1
m
Tn − ge3

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
v

u(t)
⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

03

1
m
Tn − (u(t) + ge3)

⎤⎥⎥⎥⎦
.

If we then select the thrust control law

T =m⟨u(t) + ge3, n⟩

and compose it with the previous vector field, it follows that

⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
v

u(t)
⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¶
previous step

−
⎡⎢⎢⎢⎣

03

Π (n) (u(t) + ge3)
⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
fits the form in Subection 2.5.7

, (2.13)

where we emphasize that

u(t) + ge3 ∈ {ν ∈ R3 ∶ ∥ν∥ > g − ū > 0} (2.14)

for all t ∈ R, because we designed a bounded control u ∶ R → B3
ū in the previous

step (it is now clear, why we required ū < g). At this point, in order to finish the
control design, we follow the steps in Subection 2.5.7 (with I = 1), which leads
to a well-defined control law for the (one) angular acceleration τ , and which
guarantees that the linear position is steered to the desired linear position
trajectory p⋆ ∶ R → R3. We emphasize that having a bounded control law for the
double integrator is absolutely necessary, otherwise we cannot define the unit
vector u(t)+ge3

∥u(t)+ge3∥
∈ S2, which the unit vector n ∈ S2 is supposed to track.

2.5.5 Control of the Thrust-propelled System associated to a
One-dimensional Rigid-body

Consider now the thrust-propelled system in (2.10), where we recall that the
goal is to steer the linear position p to some desired linear position trajectory
p⋆ ∶ R → R3 and to steer the angular position n to some desired (fixed) angular
position n⋆ ∈ S2 (this can be generalized to tracking an angular position trajec-
tory n⋆ ∶ R → S2); by designing appropriate control laws for the thrusts T1, T2 ∈ R
and the two angular accelerations τ1 ∈ Tn1S

2, τ2 ∈ Tn2S
2. The strategy for solving

this problem is simple and broken down in two steps:
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• in the 1st step, we design a bounded control for a double integrator in R3, and
a bounded control for a double integrator in S2,

• in the 2nd step, we design a control law for the two thrusts, such that
we can invoke the backstepping strategy proposed in Subsection 2.5.7 for
constructing the angular acceleration control laws.

1st Step

In the first step, we consider a double integrator system in R3 and a double
integrator system in S2, i.e.,

⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
v

u(t)
⎤⎥⎥⎥⎦

and
⎡⎢⎢⎢⎣
ṅ

ω̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
S (ω)n

Π (n) τ(t)
⎤⎥⎥⎥⎦

and we assume we have available a bounded control law for a double integrator
in R3 and a bounded control law for a double integrator in S2, i.e.

u ∶ R → B3
ū ∶= {ν ∈ R3 ∶ ∥ν∥ < ū} and τ ∶ R → B3

τ̄ ∶= {ν ∈ R3 ∶ ∥ν∥ < τ̄}, with

ū + j

mmin(∣d1∣, ∣d2∣)
(τ̄ + ∣k∣) < g, (2.15)

such that the linear position p is steered to the desired linear position trajectory
p⋆ ∶ R → R3, and such that the angular position n is steered to the desired
angular position n⋆ (the constraint on the bounds, and the variables therein,
will become clear in the next step). The control laws above need to come equipped
with a Lyapunov function, whose derivative along the respective closed-loop
vector field is negative definite (if we wish to perform disturbance removal
strategies, which we do). The strategy that we present in the next step is
agnostic to the specific form of the bounded double integrator control laws
and their associated Lyapunov functions (i.e., the strategy works provided
the conditions specified above are met). Nonetheless, and for completeness
(and also because we need specific control laws to execute simulations and
experiments), in Subsection 2.11.2, we present a bounded control law for a
double integrator in R3; and, in Subsection 2.11.3, we present a bounded control
law for a double integrator in S2; we only emphasize that we need to pick gains
and saturations such that (2.15) is satisfied – in a similar fashion to the one
discussed in Remark 2.31.

Remark 2.32. Notice the requirement in (2.15) is stronger than the one
in (2.12), which stems from the fact that pose tracking is a more challeng-
ing task than just position tracking.
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2nd Step

Consider now the twist equations in (2.10), which we can conveniently rewrite
as

⎡⎢⎢⎢⎣
v̇

ω̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

m−1I3 m−1I3

j−1S (d1n) j−1S (d2n)
⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
T1n1

T2n2

⎤⎥⎥⎥⎦
−
⎡⎢⎢⎢⎣
ge3

03

⎤⎥⎥⎥⎦

=
⎡⎢⎢⎢⎣

u(t)
Π (n) τ(t)

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

m−1I3 m−1I3

j−1S (d1n) j−1S (d2n)
⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
⋆

⎡⎢⎢⎢⎣
T1n1

T2n2

⎤⎥⎥⎥⎦
−
⎡⎢⎢⎢⎣
u(t) + ge3

Π (n) τ(t)
⎤⎥⎥⎥⎦
,

and where
⎡⎢⎢⎢⎣
u(t) + ge3

Π (n) τ(t)
⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

m−1I3 m−1I3

j−1S (d1n) j−1S (d2n)
⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
⋆

1
d1 − d2

⎡⎢⎢⎢⎣
−d2mI3 JI3

d1mI3 −JI3

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=“⋆−1”

⎡⎢⎢⎢⎣
u(t) + ge3

Π (n) τ(t) + kn
⎤⎥⎥⎥⎦
,

for any k ∈ R. Let us then define, for convenience,

⎡⎢⎢⎢⎣
T̄1(t, n)
T̄2(t, n)

⎤⎥⎥⎥⎦
= 1
d1 − d2

⎡⎢⎢⎢⎣
−d2mI3 JI3

d1mI3 −JI3

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
u(t) + ge3

Π (n) τ(t) + kn
⎤⎥⎥⎥⎦
, (2.16)

for which it is simple to verify that

∥T̄1(t, n)∥ > 0 and ∥T̄2(t, n)∥ > 0⇔ ∥u(t)∥ + J

mmin(∣d1∣, ∣d2∣)
(∥τ(t)∥ + ∣k∣) < g,

and which sheds some light into the constraint in (2.15) presented in the
previous step. If we then select the thrust control laws

⎡⎢⎢⎢⎣
T1

T2

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
⟨n1, T̄1(t, n)⟩
⟨n2, T̄2(t, n)⟩

⎤⎥⎥⎥⎦
,

and compose them with the previous vector field, it follows that
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

u(t)
S (ω)n

Π (n) τ(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

previous step

+ ∑
i∈{1,2}

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03×3

1
m
I3

03×3

1
j
S (din)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Π (ni) T̄i(t, n)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
fits the form in Subection 2.5.7

, (2.17)

where we emphasize that

T̄1(t, n), T̄2(t, n) ∈ {ν ∈ R3 ∶ ∥ν∥ > 0}
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for all (t, n) ∈ R × S2, due to the constraint in (2.15). At this point, in order to
finish the control design, we follow the steps in Subection 2.5.7 (with I = 2),
which leads to well-defined control laws for the two angular accelerations τ1, τ2,
and which guarantee that the linear position is steered to the desired linear
position trajectory p⋆ ∶ R → R3, and that the angular position is steered to
the desired angular position n⋆ ∈ S2. We emphasize that having a bounded
control laws for the double integrators (in R2 and in S2) is absolutely necessary,
otherwise we cannot define the unit vector T̄i(t,n)

∥T̄i(t,n)∥
∈ S2, which the unit vector

that ni ∈ S2 is supposed to track. Finally, we emphasize that k ∈ R is a degree of
freedom that can be used to control the angle between n1 and n2 (this is better
understood by checking Fig. 4.14, on page 214).

2.5.6 Control of the Thrust-propelled System associated to a
Rigid-body

The strategy here is similar to the one presented in the previous subsection,
related to a one-dimensional rigid-body, and it is, for that reason, omitted in this
thesis. The main differences lie in the fact that we consider a double integrator
system in R3 and a double integrator system in SO(3), specifically,

⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
v

u(t)
⎤⎥⎥⎥⎦

and
⎡⎢⎢⎢⎣
Ṙ

ω̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

RS (ω)
J−1(τ(t) − S (ω)Jω)

⎤⎥⎥⎥⎦

and where we assume we have available a bounded control law for a double
integrator in R3 and a bounded control law for a double integrator in SO(3),
whose bounds need to satisfy a requirement similar to that in (2.15). The only
thing we wish to emphasize in this subsection is that we cannot cancel the term
S (ω)Jω in the equations above, otherwise the control law for the torque will
not be bounded (which is a strict requirement if we wish to construct control
laws well-defined over the whole state-space). In Subsection 2.11.2, we present
a bounded control law for a double integrator in R3; and, in Subsection 2.11.4,
we present a bounded control law for a double integrator in SO(3).

2.5.7 Design of Angular Acceleration Control Laws

In this subsection, we explain how to design the angular acceleration con-
trol laws for the thrust-propelled systems. As illustrated in Fig. 2.10, the
thrust-propelled systems have a cascaded structure, which lends itself to a
backstepping procedure. Briefly, in a backstepping procedure,
• one starts at the end of the cascade and design a control law, with a compan-

ion Lyapunov function, which accomplishes whatever goal is required (for
example, to make the origin asymptotically stable);
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Design ω1, · · · , ωI such that x(t)− x?(t)→ 0

trajectories of this system converge to some desired trajectory x?

ẋ = X(t, x) +
∑
Ei(t, x, ni)S(ni)Ui(t, x)ṅi = S(ωi)ni

x

Design τ1, · · · , τI such that x(t)− x?(t)→ 0

“perturbation”

ω1, · · · , ωI

ω̇i = Π(ni)τi
τ1, · · · , τI n1, · · · , nI

ẋ = X(t, x) +
∑
Ei(t, x, ni)S(ni)Ui(t, x)ṅi = S(ωi)ni

x

“perturbation”

ω1, · · · , ωI n1, · · · , nI

ẋ = X(t, x)
x

“no perturbation”

ẋ = X(t, x) +
∑
Ei(t, x, ni)S(ni)Ui(t, x)ṅi = S(ωi)ni

xω1, · · · , ωI

ω̇i = Π(ni)τi
τ1, · · · , τI n1, · · · , nI

x(t)− x?(t)→ 0

Step 2

Step 1

Step 0

complete
system

design
angular
velocities

design
angular

accelerations

Figure 2.11: Backstepping strategy for designing angular accelerations: all the
thrust-propelled systems illustrated in Fig. 2.10, with a proper choice of thrusts,
can be put into the form on the top of the figure; then, for designing the angular
accelerations, it suffices to follow the procedure described in Subsection 2.5.7.

• then, at each step, a new Lyapunov function is constructed on top of the
previous Lyapunov function5, with the addition of an error term; a control
law is then designed which steers the latter to zero.

Note then that the three types of thrust-propelled systems we described in
Subsections 2.5.4–2.5.6 can all be expressed in a common form, namely

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ẋ =X(t, x) +∑i∈{1,⋯,I}Ei(t, x, ni)S (ni)Ui(t, x)
ṅi = S (ωi)ni for i ∈ {1,⋯, I}
ω̇i = Π (ni) τi for i ∈ {1,⋯, I}

(2.18)

where I = 1 for Subsection 2.5.4 (see (2.13)), I = 2 for Subsection 2.5.5 (see (2.17)),
and I = 3 for 2.5.6. The backstepping control of (2.18) then follows three steps,
which we detail next, as which is illustrated in Fig. 2.11 – note that Fig. 2.11 is
the result from Fig. 2.10 once we plug in the thrust control laws we designed in
Subsections 2.5.4–2.5.6.

0th step

In the 0th step, we start with a system

ẋ =X(t, x), x(0) ∈ X
5Note that only the Lyapunov function associated to the final backstepping step constitutes a

true Lyapunov function, in the sense that its derivative along a solution is non-positive.
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with the vector field

X ∶ R ×X ∋ (t, x)↦X(t, x) ∈ TxX

and for which we already know that x⋆ ∶ R → X is an asymptotically stable
equilibrium trajectory, with a given Lyapunov function V ∶ R ×X→ [0,∞),
• such that V can be used to prove stability of the equilibrium trajectory x⋆,
• and such that W (t, x) ∶= d1V (t, x) + d2V (t, x)X(t, x) ≤ 0, for all (t, x) ∈ R ×X,

can be used to prove attractivity of the equilibrium trajectory x⋆.

Remark 2.33. For example, in Subsection 2.5.4, X = R6 (state-space of double
integrator in R3) and V is a Lyapunov function associated to the double integra-
tor in R3 – for example, if we pick the control law described in Subsection 2.11.2,
then a possible V is that in (2.66). Similarly, in Subsection 2.5.5, X = R6 × TS2

(state-space of double integrator in R3 and state-space of double integrator in
S2)6 and V = αR3VR3 + αS2VS2 for some positive αR3 , αS2 , and where VR3 is a Lya-
punov function associated to the double integrator in R3 and VS2 is a Lyapunov
function associated to the double integrator in S2 – for example, if we pick the
control laws described in Subsections 2.11.2 and 2.11.3, then a possible VR3 is
that in (2.66) and a possible VS2 is that in (2.70).

1st step

In the 1st step, and with Fig. 2.11 in mind, we consider the system from the 0th
step, but this time disturbed by an error which we wish to steer to zero. To be
specific, we consider the extended system, with state space

x̄ ∈ X̄ ∶⇔ (x,n1,⋯, nI) ∈ X × S2 ×⋯ × S2,

where we augment the state x from the 0th step with I unit vectors; and with
the extended vector field

˙̄x = X̄(t, x̄, ω) ∶⇔
⎧⎪⎪⎨⎪⎪⎩

ẋ =X(t, x) +∑i∈{1,⋯,I}Ei(t, x, ni)S (ni)Ui(t, x)
ṅi = S (ωi)ni for i ∈ {1,⋯, I}

(2.19)

where the vector field ẋ =X(t, x) is that specified in the 0th step, and where
• U1(t, x),⋯, UI(t, x) ∈ {u ∈ R3 ∶ ∥u∥ > ε} =∶ C3

ε for some ε > 0 and for all (t, x) ∈
R ×X – this requirement is very important,

• E1(t, x, n1),⋯,EI(t, x, ni) are linear maps from R3 to TxX (this is necessary in
order for X to be invariant for solutions of ẋ);

• ω ∈ (R3)I ∶⇔ (ω1,⋯, ωI) ∈ R3 ×⋯ ×R3 is the the input to the system, which is
composed of all the angular velocities of each unit vector.

6TS2 denotes the tangent bundle of S2, i.e., TS2 ∶= ∪p∈S2{p} × TpS2.
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The goal is to design control laws for the angular velocity inputs such that
limt→∞ ∥x(t) − x⋆(t)∥ = 0 along solutions of (2.19).

With the Lyapunov function V from the 0th step in mind, consider then the
following angular velocity control law, for each i ∈ {1,⋯, I},

ωcli ∶ R × X̄ ∋ (t, x̄)↦ ωcli (t, x̄) ∈ TniS
2

ωcli (t, x̄) ∶= −kp,iS ( Ui(t, x)
∥Ui(t, x)∥

)ni (2.20a)

+Π(ni)S ( Ui(t,x)
∥Ui(t,x)∥

) d1Ui(t,x)+d2Ui(t,x)(X(t,x)+∑j∈{1,⋯,I}Ej(t,x,nj)S(nj)Uj(t,x))

∥Ui(t,x)∥
(2.20b)

+γ−1
p,iΠ(ni)E(t, x, ni)T∇2V (t, x) (2.20c)

where
• (2.20a) is a feedback term, which guarantees that the unit vector ni gets

closer to the desired unit vector Ui(t,x)
∥Ui(t,x)∥

(for some positive gain kp,i > 0);
• (2.20b) is a feedforward term, which guarantees that ni tracks Ui(t,x)

∥Ui(t,x)∥
as the

latter changes in time;
• (2.20c) is a backstepping term, which guarantees that, in addition to the

latter, limt→∞ ∥x(t) − x⋆(t)∥ = 0 (for some positive gain γp,i > 0).
Finally, we emphasize that the control law ωcli
• is well-defined because Ui(t, x) ∈ {u ∈ R3 ∶ ∥u∥ > ε} =∶ C3

ε for all (t, x) ∈ R ×X,
• and it depends on all unit vectors (not just the unit vector ni) because of the

feedforward term.
We can then state the following theorems.

Theorem 2.34. Consider the system in (2.19), composed with the control laws
in (2.20). Then the trajectory

t↦ x̄⋆(t) ∈ X̄ ∶⇔ t↦ (x⋆(t), U1(t, x⋆(t))
∥U1(t, x⋆(t))∥

,⋯, UI(t, x⋆(t))
∥UI(t, x⋆(t))∥

) ∈ X×S2 ×⋯×S2

is an equilibrium trajectory and it is asymptotically stable.

Proof. It sufficies to consider the Lyapunov function

V̄ ∶ R × X̄→ [0,∞) (2.20a)

V̄ (t, x̄) ∶= V (t, x) + ∑
i∈{1,⋯,I}

γp,i (1 − ⟨ni,
Ui(t, x)

∥Ui(t, x)∥
⟩) ,

whose derivative along the vector field in (2.19), composed with the control laws
in (2.20), is given by

˙̄V (t, x̄) =W (t, x)

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
≤0

+ ∑
i∈{1,⋯,I}

−kp,iγp,i ∥S (ni)
Ui(t, x)

∥Ui(t, x)∥
∥

2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≤0

=∶W (t, x̄). ∎(2.20b)
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Theorem 2.35. Consider the system in (2.19), composed with the control laws
in (2.20). There are 2I trajectories {x̄⋆+,⋯,+,⋯, x̄⋆−,⋯,−} given by

t↦ x̄⋆±1,⋯,±I
(t) ∈ X̄ ∶⇔

t↦ (x⋆(t),±1
U1(t, x⋆(t))

∥U1(t, x⋆(t))∥
,⋯,±I

UI(t, x⋆(t))
∥UI(t, x⋆(t))∥

) ∈ X × S2 ×⋯ × S2

and t↦ x̄⋆+,⋯,+(t) ∈ X̄ is asymptotically stable, while all the others are unstable.

Proof. To check those trajectories are equilibrium trajectories, it suffices to
consider the Lyapunov functions

V̄±1,⋯,±I ∶ R × X̄→ [0,∞)

V̄ (t, x̄) ∶= V (t, x) + ∑
i∈{1,⋯,I}

γp,i (1 − ⟨ni,±i
Ui(t, x)

∥Ui(t, x)∥
⟩) .

Indeed, for any time instant t ∈ R,

V̄±1,⋯,±I (t, x̄) = 0⇔ x̄ = x⋆±1,⋯,±I
(t), and ˙̄V±1,⋯,±I (t, x

⋆
±1,⋯,±I

(t)) = 0.

To check t ↦ x̄⋆±,⋯,±(t) ∈ X̄ is asymptotically stable, while all the others are
unstable, it suffices to study V̄+,⋯,+. ∎

2nd Step

Similarly to before, in this step, we extend the system from the previous step.
With Fig. 2.11 in mind, consider then the extended system, with state space

x̃ ∈ X̃ ∶⇔ (x̄, ω1,⋯, ωI) ∈ X̄ × Tn1S
2 ×⋯ × TnIS

2,

where we augment the state x̄ from the 1st step with the I angular velocities of
the I unit vectors; and with the extended vector field

˙̃x = X̃(t, x̃, τ) ∶⇔
⎧⎪⎪⎨⎪⎪⎩

˙̄x = X̄(t, x̄, ω)
ω̇i = Π (ni) τi for i ∈ {1,⋯, I}

(2.21)

where the vector field ẋ = X̄(t, x, ω) is that specified in the 1st step, and where
τ ∈ (R3)I ∶⇔ (τ1,⋯, τI) ∈ R3×⋯×R3 is the input to the system, which is composed
of all the angular accelerations of each unit vector. The idea is to design a
control law for the angular accelerations such that limt→∞ ∥x(t)−x⋆(t)∥ = 0 along
solutions of (2.21).

With the control laws ωcl1 ,⋯, ωclI in (2.20) in mind, as well as the Lyapunov
function V̄ in (2.20a) in mind, consider then the following angular acceleration
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control law, for each i ∈ {1,⋯, I},

τ cli ∶ R × X̃ ∋ (t, x̃)↦ τ cli (t, x̃) ∈ TniS
2

τ cli (t, x̃) ∶= −kd,i(ωi − ωcli (t, x̄)) (2.22a)
+Π (ni) (d1ω

cl

i (t, x̄) + d2ω
cl

i (t, x̄)X̄(t, x̄, ω)) (2.22b)
+ γ−1

d,iΠ(ni)∇2V̄ (t, x̄) (2.22c)

where
• (2.22a) is a feedback term, which guarantees that the angular velocity ωi gets

closer to desired angular velocity ωcli (t, x̄) (for some positive gain kd,i > 0);
• (2.22b) is a feedforward term, which guarantees that the angular velocity ωi

tracks the desired angular velocity ωcli (t, x̄) as the latter changes in time;
• (2.22c) is a backstepping term, which guarantees that, in addition to the

latter, limt→∞ ∥x(t) − x⋆(t)∥ = 0 (for some positive gain γd,i > 0).
Also, we emphasize that the control law τ cli
• is well-defined because ωcli is well-defined,
• and it depends on all angular velocities (not just the angular velocity ωi)

because of the feedforward term; and it depends on all the unit vectors
because of the feedforward and the backstepping terms.

We can then state the following and final theorem.

Theorem 2.36. Consider the system in (2.21), composed with the control laws
in (2.22). With the trajectory x̄⋆ in Theorem 2.34 in mind, then the trajectory

t↦ x̃⋆(t) ∈ X̃ ∶⇔
t↦ (x̄⋆(t), ωcl1 (t, x̄⋆(t)),⋯, ωclI (t, x̄⋆(t))) ∈ X̄ × Tn⋆1(t)S2 ×⋯ × Tn⋆

I
(t)S2,

where n⋆i(t) ∶=
Ui(t,x

⋆
(t))

∥Ui(t,x⋆(t))∥
, is an equilibrium trajectory and it is asymptotically

stable.

Proof. With the old Lyapunov function V̄ in (2.20a) in mind, it suffices to
consider the new Lyapunov function

Ṽ ∶ R × X̃→ [0,∞)
Ṽ (t, x̃) ∶= V̄ (t, x̄) + ∑

i∈{1,⋯,I}

γd,i∥ωi − ωcli (t, x̄)∥2,

whose derivative along the vector field in (2.21), composed with the control laws
in (2.22), is given by

˙̄V (t, x̃) = W̄ (t, x̄)

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
≤0

+ ∑
i∈{1,⋯,I}

−kd,iγd,i ∥ωi − ωcli (t, x̄)∥2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≤0

. ∎
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2.6 Projection Matrix

In Section 2.3, we have introduced the concept of a system of rigid-bodies
as an unconstrained collection of rigid-bodies. In the next Section, we shall
introduce the concept of a mechanical system as a constrained system of rigid-
bodies. However, before proceeding with latter, we must introduce an additional
concept.

To be specific, in this section we explain the concept of projection matrix,
which is indispensable when studying mechanical systems evolving in some
manifold. Briefly, a projection matrix ΠF,M is the solution to the minimization
problem

min
x∈Im(F )

∥x − y∥M ⇔ x = y −ΠF,My,

for some given y ∈ Rn, for some M ∈ Rn×n and F ∈ Rn×m. This projection is impor-
tant in the following sections, so let us provide now some intuition: a projection
matrix is necessary to guarantee that a wrench applied on a mechanical system
is projected in such a way that the pose of the mechanical system continuously
satisfies the constraints imposed on that mechanical system.The projection
matrix ΠF,M is illustrated in Fig. 2.12, and, as a remark, we note that ΠF,M ,
with M = In (identity matrix in Rn×n) and F ∈ Rn×1 unitary, yields the familiar
orthogonal projection matrix Π(F ) defined in Section 1.3. We provide next the
exact definition of the projection matrix ΠF,M .

Definition 2.37. Let F ∈ Rn×m (n > m) be a full-rank matrix, M ∈ Rn×n be a
positive definite matrix, and define the projection matrix

ΠF,M ∶= In×n − F (F TM−1F )−1
F TM−1 ∈ Rn×n (2.23)

= In×n −M
1
2A (ATA)−1

ATM− 1
2 ∣
A=M− 1

2 F
∈ Rn×n.

The definition of the projection matrix is well-defined, which is clear from
Proposition 2.1.

Remark 2.38. Let F ∈ Rn×m (n >m) be a full-rank matrix, and let G ∈ Rn×(n−m)

be a matrix whose image-space spans the the null-space of F T (that is, F TG =
0m×(n−m) and [F G] ∈ Rn×n is full-rank). Then, any vector u ∈ Rn can be uniquely
written as

u = F (F TF )−1F Tu +G(GTG)−1GTu. (2.24)

There is no unique matrix, G ∈ Rn×(n−m), whose image-space spans the null-
space of F T . Let G1,G2 be two such matrices, which are necessarily related by
G2 = G1C for some invertible C ∈ R(n−m)×(n−m). It follows immediately that

G1((G1)TG1)−1(G1)T =G1C(CT (G1)TG1C)−1CT (G1)T

=G1C((G1C)TG1C)−1(G1C)T

=G2((G2)TG2)−1(G2)T ,
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(a) Generic illustration of ΠF,M : projection of vector y onto subspace orthogonal to
F TM−1: on the left, M = In×n; on the right, M ≠ In×n.

(b) Generic illustration of ΠF,M in a three dimensional space, where the vector space
spanned by F is one dimensional, and the subspace orthogonal to F TM−1 is two dimen-
sional: on the left, M = I3×3; on the right, M ≠ I3×3.

(c) Generic illustration of ΠF,M in a three dimensional space, where the vector space
spanned by F is two dimensional, and the subspace orthogonal to F TM−1 is one dimen-
sional: on the left, M = I3×3; on the right, M ≠ I3×3.

Figure 2.12: Illustration of projection ΠF,M for different dimensions of F and M .
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which implies that the decomposition in (2.24) is independent of the choice of
G ∈ Rn×(n−m).

The properties of the projection matrix ΠF,M in Definition 2.37 are given in
the next proposition, and its effects are illustrated in Fig. 2.12.

Proposition 2.39. Let F ∈ Rn×m and M ∈ Rn×n be as described in Definition 2.37,
consider the linear map ΠF,M ∈ Rn×n in (2.23), and let G ∈ Rn×(n−m) be any matrix
that spans the null-space of F ∈ Rn×m.
1. The null-space of ΠF,M coincides with the image-space of F ∈ Rn×m.
2. The image-space of ΠF,M coincides with the null-space of F TM−1 ∈ Rm×n.
3.

M−1ΠF,M = G(GTMG)−1GT ⇒ ΠF,M = ΠF,MG(GTG)−1GT ,

which is independent of the choice of G, and from which it follows that the
projection of ΠF,Mu depends only on GTu for any u ∈ Rn(that is all vectors
u1, u2 where GTu1 = GTu2 – i.e., vectors that have the same components along
the null-space of F – are projected in the same manner).

Proof. We provide only a prove for the third claim. Since F ∈ Rn×m is full-rank
and M ∈ Rn×n is positive definite, it follows that M− 1

2F ∈ Rn×m is full-rank.
Moreover, the null-space of (M− 1

2F )T is spanned by M 1
2G ∈ Rn×m (indeed, M 1

2G
is full-rank, for the same reasons as listed before, and (M− 1

2F )TM 1
2G = 0m×(n−m)).

It thus follows that

In×n = A(ATA)−1AT +B(BTB)−1BT ∣
A=M− 1

2 F,B=M
1
2G
⇔

⇔In×n −M− 1
2F (F TM−1F )−1

F TM− 1
2 =M 1

2G (GTMG)−1
GTM

1
2

⇔In×n − F (F TM−1F )−1
F TM−1 =MG (GTMG)−1

GT

⇔M−1ΠF,M = G (GTMG)−1
GT

⇒ΠF,M = ΠF,MG(GTG)−1GT . (2.25)

To show this is independent of the choice of G it suffices to follow similar steps
to those in Remark 2.38. ∎

Proposition 2.40. Let F ∈ Rn×m, with n >m, be full-rank and M ∈ Rn×n be any
positive definite matrix. Then, for any x ∈ Rn and any y ∈ Rm (y ∈ Im(F T ) because
F is full-rank), it follows that

F Tx = y⇔ x =M−1ΠF,MMx +M−1F (F TM−1F )−1y. (2.26)

The proof follows after simple but lengthy computations: in brief, it suffices to
decompose x in (2.26) according to (2.24) and with the replacements F →M−1F
and G→MG (and to invoke Proposition 2.39 at the end).
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2.7 Vector Field of a Mechanical System on a Manifold

The systems considered in this thesis are mechanical systems, a concept which
we must then define. In this section, we explain what a mechanical system is
and we describe how to derive the dynamics of such a system
1. by constructing directly the diagram of wrenches applied on the mechanical

system (1st approach);
2. by exploring exclusively its geometry (2nd approach);
3. by using its Lagrangian equations of motion (3rd approach);
4. and we illustrate why verifying whether the position configuration space is a

manifold is important – to be specific, if the position configuration space is
not a manifold, the 1st and 2nd approaches will be ill-defined, while the 3rd
approach may yield a well-defined result which is however not correct.

All the three approaches referred to above are equivalent, in the sense that
the same solutions to the differential equations are obtained for all the three
(provided the position configuration space is a manifold). The first approach
is the more intuitive out of the three: it requires one to draw a diagram of
wrenches (forces and torques) applied on the mechanical system, and when
writing out the vector field, the physical interpretation of each term is clear.
The second approach is purely geometric, and, unlike the previous approach, it
is less labour intense as it does not require one to draw a diagram of wrenches;
it yields the vector field in a compact form, but, because it computes directly
the net effect of all the internal and contact wrenches, one cannot extract the
individual expressions of those internal and contact wrenches (in the end, what
matters is the net wrench, and not the individual wrenches). The third approach
(Lagrangian approach) makes use of a chart map (see Section 2.1, and recall, for
example, Example 2.11), and thus it yields the vector field for the coordinates’
velocities (instead of the vector field for the mechanical system’s twist); as such,
this approach yields a smaller number of differential equations (when compared
to the 1st and 2nd approaches), but those equations are considerably more
convoluted and harder to analyze. In this thesis, apart from this Subsection, we
make exclusive use of the 1st and 2nd approaches, as
• they yield more compact equations, which are easier to present and to ana-

lyze;
• they do not require the construction of (however many necessary) chart maps,

and to present and analyze the equations for each individual chart map;
• when the position configuration space is not a manifold, the Lagrangian

approach may yield well-defined equations of motion, which are however not
correct (as we shall illustrate in Example 2.46);

• we use the 1st approach when we are interested in knowing the expression of
the constraint (internal and contact) wrenches (for control design purposes);
and we use the 2nd approach when knowing the expression of the constraint
wrenches is not necessary.
Let us then define what a mechanical system is.
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〈e, p〉 = 0: geometric constraint
〈e, ṗ〉 = 0: holonomic-constraint

p ∈ R2: linear position e

〈e, p〉 = 0
〈e, ṗ〉 = 0
〈S(1)e, ṗ〉+ ωl = 0: non-holonomic constraint

R ∈ SO(2): angular position

rolling ball that can slide rolling ball that cannot slide

point cannot slidepoint can slide

ω

holonomic sytem non-holonomic sytem

l

S(1)ee ∈ S1: normal to slope

Figure 2.13: In this thesis, we only consider holonomic mechanical systems, i.e.,
systems whose only constraints involving the twist are holonomic constraints. A ball
on a slope whose contact point cannot slide is a non-holonomic system.

Definition 2.41. Consider the definition of a system of rigid-bodies, provided
in Subsection 2.3.4, composed of p point-masses, q one-dimensional rigid-bodies
and r rigid-bodies,
• with a pose P ∈ Pu ∶= (R3)p × (S̄E(3))q × (SE(3))r (we refer to Pu as the

unconstrained position space);
• with a twist V ∈ R̄3p+6q+6r

P ;
• with the kinematics Ṗ =K(P )V ;
• with a mass matrix M ∈ R(3p+6q+6r)×(3p+6q+6r);
• and with n ∶= 3p+ 6q + 6r as the dimension of the Euclidean space the twist in

embedded onto.
A mechanical system is a system of rigid-bodies constrained to

P ∶= {Pu ∶ c(P ) = 0m}

where P is a (n −m)-dimensional manifold, and which is referred to, hereafter,
as the position (configuration) space of the mechanical system. The latter is the
case if, by definition, dKc(P ) ∶= dc(P )K(P ) ∈ Rm×n is full-rank for every P ∈ P.
For a mechanical system, and given the definition of the projection matrix ΠF,M

in Definition 2.37, we define the projection matrix, at a pose P ∈ P,

ΠP,M ∶= ΠF,M ∣ with F=dKc(P )T ∈ Rn×n,

which is well-defined since F is full-rank.

Remark 2.42. In this thesis, we only consider holonomic mechanical systems,
i.e., systems whose only constraints involving the twist are holonomic con-
straints (c(P ) = 0m is a geometric constraint, and ċ(P ) = dKc(P )V = 0m is the
corresponding holonomic constraint). Non-holonomic mechanical systems, in
contrast, consider in addition to the latter, non-holonomic constraints, which
are constraints involving the twist which are non-integrable (they do not fol-
low from differentiation of a geometric constraint). Figure 2.13 illustrates a
holonomic and a non-holonomic mechanical system.
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C1, C2: contact forces
+F,−F : internal forces

−m1ge2,−m2ge2: external forces
C1, C2,+F,−F : constraint forces

e2

e1

constraint3 : ‖p1 − p2‖ = l

constraint1 : 〈e1, p1〉 = 0
constraint2 : 〈e2, p2〉 = 0

Figure 2.14: System of two rigid bodies, with three constraints, and illustration of
external wrenches and constraint wrenches.

Recall now the notion of the net wrench Wnet applied on a system of rigid-
bodies, as described in Subsection 2.3.4. The net wrench is decomposable into
two components, namely

Wnet ∶=Wexternal +Wconstraints ⇒ V̇ =M−1 (Wexternal +Wconstraints + S(V ))

where
• Wexternal corresponds to the external wrenches applied on the system of rigid-

bodies.
• Wconstraints corresponds to the constraint wrenches applied on the system of

rigid-bodies which guarantee that the system satisfies whatever constraints
are imposed on it; these constraint wrenches can be further decomposed as
Wconstraints =Winternal +Wcontact where Winternal are internal wrenches (which come in
pairs) and Wcontact are contact wrenches (which come from interaction with the
boundaries of the domain the system is constrained to) – Fig. 2.14 illustrates
these concepts.

• Wconstraints ≡Wconstraints(P,V,Wexternal), i.e., the constraint wrenches will in general
depend on the pose, the twist and the external wrenches.

• Under the absence of constraints, Wconstraints does not exist, and each rigid body
within the system of rigid-bodies evolves separately from all the others.

All the three approaches we listed at the beginning of this section explore the
same two principles (which is the reason why they are equivalent):
1. the constraints imposed on the mechanical system must be satisfied;
2. the constraint wrenches do not exert any power.
The first principle relates to the constraints c, found in Definition 2.41, imposed
on the unconstrained position space Pu. It follows from this principle that

c(P ) = 0m ⇒ dc(P )Ṗ = 0m = dc(P )K(P )V = 0m⇔ dKc(P )V = 0m,

i.e., the twist of the mechanical system must lie in the null-space of dKc(P ) ∈
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Rm×n. It also follows from this principle that

dKc(P )V = 0m ⇒ dKc(P )V̇ + d(dKc)(P )Ṗ V = 0m
⇔ dKc(P )V̇ + d(dKc)(P )K(P )V V = 0m
⇔ dKc(P )V̇ + d2

Kc(P )V V = 0m
⇔ dKc(P )(M−1Wnet + S(V )) + d2

Kc(P )V V = 0m. (2.27)

The second principle to be exploited is that of conservation of energy: this
principle states that whatever the twist of the mechanical system, the con-
straint wrenches cannot contribute to any change in kinetic energy. In other
other words, whatever the twist V of the mechanical system is, the constraint
wrenches do not remove or add any power into the mechanical system, that is,

power of constraint wrenches ≡ ⟨V,Wconstraints⟩ = 0 for any possible twist V. (2.28)

We know from the first principle that the twist belongs to the null-space of
dKc(P ) ∈ Rm×n, that is, dKc(P )V = 0m, and therefore the second principle can be
restated simply as

Wconstraints ∈ image-space of dKc(P )T ⇔
⇔Wconstraints ∈ Im(dKc(P )T ),
⇔ΠF,MWconstraints = 0 with F = dKc(P )T (item 1 in Proposition 2.39), (2.29)
⇔ΠP,MWconstraints = 0,

for every pose P ∈ P. If the latter is the case, then the change of kinetic energy
of the mechanical system is only affected by the external wrenches, i.e.,

Ṫ (V ) = ⟨V,MV̇ ⟩ = ⟨V,Wnet⟩ = ⟨V,Wexternal +Wconstraints⟩ = ⟨V,Wexternal⟩.

In particular, if no external wrenches are applied on the mechanical system,
then the kinetic energy is preserved. Notice that in (2.28), one requires that no
power is exerted by the constraint wrenches for all possible twists. If a twist V
can be any vector in Rn, then Wconstraints must necessarily be the zero vector in Rn

(in other words, the orthogonal space to Rn is {0n})7; obviously, this is exactly
the case when no constraints are imposed on the mechanical system (system of
independent rigid-bodies). On the other hand, when the mechanical system is
constrained, a twist lies in the the null-space of the Jacobian of the constraints,
and therefore the constraint wrenches must belong to the image-space of the
transpose of the Jacobian of the constraints (all of this applies at each pose
P ∈ P).

We present next the main result of this section.
7Strictly speaking, this statement is only correct if q = 0, where n = 3p + 6q + 6r – recall

Subsection 2.3.2, where we stated that the twist of a one-dimensional rigid-body is 5-dimensional,
but which we embed in a 6-dimensional Euclidean space.
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Proposition 2.43. Consider a mechanical system as described in Definition 2.41,
upon which an external wrench Wexternal is applied. The dynamics of the mechani-
cal system are then given by

V̇ =M−1(Wexternal + S(V ))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

unconstrained dynamics

+M−1Wconstraints(P,V,Wexternal) (2.30a)

where (below, for brevity, Wconstraints ≡Wconstraints(P,V,Wexternal) and F ≡ dKc(P )T )

Wconstraints ∶= −F (F TM−1F T )−1 (F TM−1(Wexternal + S(V )) + d2
Kc(P )V V ) .

Given the definition of ΠP,M in Definition 2.41, it then follows that (2.30a) is
equivalently expressed as

V̇ =M−1 ΠP,M(Wexternal + S(V ))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

projection of unconstrained MV̇

−M−1F (F TM−1F T )−1d2
Kc(P )V V

=M−1 ΠP,MWexternal

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
projection of
external wrenches

+M−1 (ΠP,MS(V ) − F (F TM−1F T )−1d2
Kc(P )V V )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶Wnormal(P,V )

.(2.30b)

Finally, given a υ(P ) ∈ Rn×(n−m) which, for every P ∈ P, spans the null-space of
F T ≡ dKc(P ) ∈ Rm×n, it follows from Proposition 2.39 that (2.30b) is equivalently
expressed as

V̇ = υ(P ) (υ(P )TMυ(P ))−1
υ(P )TWexternal +M−1Wnormal(P,V ), (2.30c)

which we emphasize is independent of the choice of υ(P ) ∈ Rn×(n−m) (see Proposi-
tion 2.39).

In Proposition 2.43, we introduced the term Wnormal, and in the next Proposi-
tion, we describe some general properties of this map (it should be clear from
Proposition 2.43 that the wrench Wnormal does not contribute to the change of the
weighted velocity norm ∥V ∥M because Wnormal ∈ Im(dKc(P )T ).

Proposition 2.44. Consider the conditions of Proposition 2.43, and consider, in
particular, the normal wrench Wnormal(P,V ) ∈ Rn defined in (2.30b). Then, for all
P ∈ P, it follows that

Wnormal(P,0n) = 0n, (2.31a)

d1Wnormal(P,0n) ≡
∂Wnormal(P̄ ,0n)

∂P̄
∣P̄=P = 0n, (2.31b)

d2Wnormal(P,0n) ≡
∂Wnormal(P, V̄ )

∂V̄
∣V̄ =0n = 0n. (2.31c)

Proof. All the equalities above follow from the fact thatWnormal(P,V ) is quadratic
in V (recall that the term S(V ) is also quadratic in V ). ∎
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We explain each of three modeling approaches next, which provide the proof
for the Proposition 2.43. Also, Fig. 2.15 illustrates the meaning ofWnormal,Wconstraints

and ΠP,MWexternal introduced in that Proposition.

2.7.1 Modeling with Newton-Euler’s equations and a Diagram
of Wrenches

In this approach, one draws the diagram of wrenches applied on the system of
rigid-bodies, similarly to that presented in Fig. 2.14, and where the net wrench
will always be of the form

Wnet =Wexternal + dKc(P )TN(P )T (P,V,Wexternal)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=Wconstraints

(2.32)

with
• Wexternal ∈ Rn as the external wrenches found in the diagram of wrenches (for

example, the gravity effect on each point-mass in Fig. 2.14);
• T (P,V,Wexternal) ∈ Rm are the m constraint wrenches found in the diagram of

wrenches (m constraints imply that there are m constraint wrenches), which
will in general depend on the pose, the twist and the external wrench, and
whose expression we derive next;

• dKc(P )T ∈ Rn×m with c coming from the constraints imposed on the mechanical
system, and N(P ) ∈ Rm×m is some non-singular matrix, which reflects how
the m constraint wrenches enter the dynamics – this guarantees the second
principle in (2.29) is satisfied;

We can then find T (P,V,Wexternal) ∈ Rm by invoking the first principle, as stated
in (2.27), namely (below, for brevity, T ≡ T (P,V,Wexternal))

dKc(P ) (M−1 (Wexternal + dKc(P )TN(P )T ) + S(V )) + d2
Kc(P )V V = 0m⇔ (2.33)

⇔dKc(P )M−1dKc(P )TN(P )T = −dKc(P )M−1(Wexternal + S(V )) − d2
Kc(P )V V

⇔T = −N(P )−1(dKc(P )M−1dKc(P )T )−1 (dKc(P )M−1(Wexternal + S(V )) + d2
Kc(P )V V ),

where dKc(P )M−1dKc(P )T ∈ Rm×m is non-singular because dKc(P ) ∈ Rm×n is full-
rank. We can now understand the important of checking whether P is or not a
manifold: if it is a manifold, the equations of motion are well-defined, and if it is
not, they are not. Plugging the equations back into V̇ =M−1(Wexternal +Wconstraints +
S(V )) yields (below, and for brevity, denote F ≡ dKc(P )T )

V̇ =M−1(Wexternal +Wconstraints + S(V ))
=M−1(Wexternal + dKc(P )TN(P )T (P,V,Wexternal) + S(V )) ∵(2.32)
=M−1(Wexternal + S(V )) +M−1Wconstraints(P,V,Wexternal), ∵(2.33)

which proves Proposition 2.43.
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null-space of dKc(P )

P: position configuration space

pose in manifold: P ∈ P

V : twist is tangent to manifold at P

P := {P ∈ Pu : c(P ) = 0m}

dKc(P )V = 0m ⇔ V ∈ null-space of dKc(P )

(a) Illustration of a position configuration space P of a mechanical system, a pose P ∈ P,
and a twist V at that pose.

P: position configuration space

Wnormal

wrench that “rotates” the twist V and does not contribute to the change of the kinetic energy 1
2‖V ‖2

M

V

null-space of dKc(P )

in the absence of an external wrench, pose moves along the manifold, while preserving kinetic energy

(b) Illustration of the normal wrench Wnormal: it rotates the twist, and it does not con-
tribute to the change of the kinetic energy.

P: position configuration space V

Wexternal is projected such that
d
dt

1
2‖V ‖2

M = 〈V,Wexternal〉

ΠP,MWexternal

Wexternal

null-space of dKc(P )

Wconstraints

Wconstraints: cancels the components of Wexternal

which would make the pose exit the manifold

(c) Illustration of the constraint wrench Wconstraints: it cancels all the components of the
external wrench Wexternal that would make the pose exit the manifold.

Figure 2.15: Illustration of the effect of Wnormal, of Wconstraints and of ΠP,MWexternal, as
introduced in Proposition 2.43.
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Example 2.45. Consider the system illustrated in Fig. 2.14, constituted of two
point-masses, with pose P ∈ Pu⇔ (p1, p2) ∈ R2 ×R2, and with constraints

P ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
P ∈ Pu ∶ c(P ) ∶= 03 ⇔

⎡⎢⎢⎢⎢⎢⎢⎣

c1(P )
c2(P )
c3(P )

⎤⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎣

⟨e1, p1⟩
⟨e2, p2⟩

1
2(∥p1 − p2∥2 − l2∥)

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

Since the system is composed of two point-masses, the kinematics are simply
given by Ṗ =K(P )V = V (that is, K is the identity map) and therefore

dc(P ) =

⎡⎢⎢⎢⎢⎢⎢⎣

eT1 0T2
0T2 eT2

+(p1 − p2) −(p1 − p2)

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R3×4,

which implies that

dc(P )dc(P )T =

⎡⎢⎢⎢⎢⎢⎢⎣

1 0 ⟨e1,+(p1 − p2)⟩
0 1 ⟨e2,−(p1 − p2)⟩

⟨e1,+(p1 − p2)⟩ ⟨e2,−(p1 − p2)⟩ 2∥p1 − p2∥2

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R3×3

⇒ det(dc(P )dc(P )T ) = ∥p1 − p2∥2 = l2 > 0,

and thus that P is a manifold (a 1(= 4 − 3)-dimensional manifold).
By inspection of the diagram of wrenches in Fig. 2.14, we determine that

the net wrench is given by

Wnet =
⎡⎢⎢⎢⎣
−m1ge2

−m2ge2

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣
+F p2−p1

l
−C1e1

−F p2−p1
l

+C2e2

⎤⎥⎥⎥⎦

=
⎡⎢⎢⎢⎣
−m1ge2

−m2ge2

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Wexternal

+
⎡⎢⎢⎢⎣
e1 02 +(p1 − p2)
02 e2 −(p1 − p2)

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dc(P )T ∈R4×3

⎡⎢⎢⎢⎢⎢⎢⎣

−1 0 0
0 1 0
0 0 −l−1

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
N(P )∈R3×3

non-singular

⎡⎢⎢⎢⎢⎢⎢⎣

C1

C2

F

⎤⎥⎥⎥⎥⎥⎥⎦
´¸¶

T (P,V,Wexternal)

.

We can then apply the procedure described in this subsection to find C1, C2, and
F as functions of P , V and Wexternal.

2.7.2 Geometric modeling
In this approach we do not need to draw the diagram of wrenches. Instead,
we only need to use the constraints to derive the dynamics of the system. The
modeling in this approach is very compact but it comes with a disadvantage:
we can derive the dynamics, and we can derive the net effect of the constraint



72 Tools for Modeling and Control of Mechanical Systems

wrenches; however, we cannot derive the individual expression of the individual
constraint wrenches. Take for example the system illustrated in Fig.2.14: the
modeling approach in this part determines the net effect of C1, C2 and F , but
not the individual expression of C1, C2 and F . However, we may be interested
in knowing the exact expressions of C1 and C2 because we may wish to known
whether they remain positive (because, one would say, the normal force exerted
by the walls needs to be positive). That is the reason why in some parts of this
thesis we use the method described in the previous subsection, as opposed to
the method described in this one.

In the geometric modeling, we invoke the first principle in (2.27) and the
results in Section 2.6, leading to (below, and for brevity, denote F ≡ dKc(P )T )

dKc(P )V̇ + d2
Kc(P )V V = 0m⇔ ∵(2.27)

⇔V̇ =M−1ΠF,MMV̇ −M−1F (F TM−1F )−1d2
Kc(P )V V ∵Prop. 2.40

⇔V̇ =M−1ΠF,M(Wexternal +Wconstraints + S(V )) −M−1F (F TM−1F )−1d2
Kc(P )V V ∵(2.29)

⇔V̇ =M−1ΠF,M(Wexternal + S(V )) −M−1F (F TM−1F )−1d2
Kc(P )V V ∵(2.29)

which completes the derivation, and which proves Proposition 2.43.

2.7.3 Lagrangian equations of motion
The final approach for deriving the equations of motion of a mechanical system
is based on the Lagrangian. The Lagrangian is simply the kinetic energy of the
unconstrained system of rigid-bodies defined in Subsection 2.3.4 as

T ∶ Rn → [0,∞) where T (V ) ∶= 1
2
∥V ∥2

M

Since ∇T (V ) =MV , the equations of motion can be written as

MV̇ = d

dt
∇T (V ) =Wexternal + S(V ) +Wconstraints,

and it turns out that one can write the equations of motion in terms of the
kinetic energy function (we do not purse this formulation because it is not the
focus of this thesis). Also, and for simplicity, in what follows we present the
equations for a system of point-masses, in which case Ṗ = V (for the general
case, Ṗ = K(P )V and the equations pick up some more terms, which we omit
here).

The Lagrangian approach requires one to first construct a chart map as
defined in Section 2.1, and then, it follows that

P = f(q) and Ṗ = V = df(q)q̇ and P̈ = V̇ = df(q)q̈ + d2f(q)q̇q̇,

for a coordinate q ∈ Rn−m, a coordinate velocity q̇ ∈ Rn−m, and a coordinate
acceleration q̈ ∈ Rn−m (recall that there are as many coordinates as the dimension
of the manifold P).



2.7. Vector Field of a Mechanical System 73

We know from the second principle in (2.28) that

⟨V,Wconstraints⟩ = 0 for any allowed V ⇒
⇒⟨df(q)q̇,Wconstraints⟩ = 0 for any q̇ ∈ Rn−m

⇒df(q)TWconstraints = 0n−m.

We also know that (the term S(V ) in V̇ is omitted because we restricted our-
selves to a system of point-masses)

MV̇ =Wexternal +Wconstraints ⇒
⇒df(q)TMV̇ = df(q)TWexternal + df(q)TWconstraints

⇔df(q)TMV̇ = df(q)TWexternal

⇔df(q)TMdf(q)q̈ + df(q)TMd2f(q)q̇q̇ = df(q)TWexternal, (2.34)

which are the equations of motions based on the Lagrangian approach. This
approach yields 2(n −m) differential equations, as opposed to the other two
approaches which yield ≥ 2n8 differential equations: despite the larger number,
the previous two approaches yield differential equations that make the state
space (a concept we introduce in the next subsection) invariant under those
differential equations. The reason we do not use the Lagrangian approach is
twofold:
• it requires the construction of as many chart maps as necessary to cover the

entire manifold, and to derive the equations of motion for each chart;
• it can yield well-defined equations of motion, which are however not correct,

as illustrated in the next example (they are only correct if P is a manifold).

Example 2.46. Consider a single point-mass of mass m (in a two dimensional
setting), with (unconstrained) pose P ∈ R2 and (unconstrained) twist V ∈ R2, and
whose motion is restricted to the set described in Example 2.5, and where the
external wrench (in this this case, the external wrench is just a force)

Wexternal = −mge2

´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
weight

+ −λV
´¸¶
friction

,

for some positive λ > 0. Consider then either of the chart maps f ≡ f+ or f ≡ f−,
defined in Example 2.9, in which case the equations of motion in (2.34) read as

df(q)TMdf(q)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

4m
3+cos(2q)>0

q̈ + df(q)TMd2f(q)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

8m sin(2q)
(3+cos(2q))2

q̇q̇ = df(q)TWexternal

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
2
√

2mg(1+3cos(2q))
(3+cos(2q))2 −λ 4

3+cos(2q) q̇

, (2.35)

8Recall from Subsection 2.3.4 that the pose of system of rigid bodies in embedded in R3p+6q+12r ,
and the twist is embedded in R3p+6q+6r , where n ∶= 3p + 6q + 6r; thus the previous two approaches
yield 6p + 12q + 18r ≥ 2n differential equations.
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Figure 2.16: Solution to Lagrangian equations of a point-mass restricted to the set
described in Example 2.5 (lemniscate of Bernoulli): on the left, is the solution if one
chooses the chart f+; on the right, is the solution if one chooses the chart f−; and
where the two solutions do not match. This example shows that the Lagrangian
equations may be well-defined, and yield incorrect results (stemming from the fact
that the underlying set is not a manifold).

and where we emphasize that these equations: (1) are the same whether we
choose f+ or f−; and (2) are well-defined for all q, q̇ ∈ R. However, if we con-
sider the initial condition q(0) = 0 and q̇(0) = 0, we obtain different solutions
depending on whether we pick f+ or f−, as illustrated in Fig. 2.16. This is
the case because the set is not a manifold: in particular, the origin (note that
f+(0) = f−(0) = 02) is a bifurcation point, where the Jacobian of the constraints
looses rank. This illustrates that the Lagrangian equations may be well-defined
and the resulting solutions are not correct: this shows that checking whether a
set is a manifold is very important.

2.7.4 State of a Mechanical System
Consider now a mechanical system as described in Definition 2.41. We define
its state space Z, and its state z ∈ Z, as

z ∈ Z ∶⇔
⎡⎢⎢⎢⎣
P

V

⎤⎥⎥⎥⎦
∈
⎧⎪⎪⎨⎪⎪⎩

⎡⎢⎢⎢⎣
P

V

⎤⎥⎥⎥⎦
∈ ⋃̄
P ∈Pu

{P̄} × R̄n

P̄ ∶
⎡⎢⎢⎢⎣

c(P )
dKc(P )V

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
0m
0m

⎤⎥⎥⎥⎦

⎫⎪⎪⎬⎪⎪⎭
,

with P as the pose and V as the twist: that is, a state is just the pair pose-twist,
and the state space is the set of allowed poses and the set of allowed twists
(where the latter depends on the pose).

Suppose now we have control over the external wrenches via some input
u ∈ U, i.e., Wexternal = Wexternal(u): then, given some appropriate input trajectory
u ∶ R → U, a mechanical system’s trajectory evolves according to

ż(t) = Z(z(t),Wexternal(u(t))) with z(0) ∈ Z,
where Z is the vector field, combining the system kinematics and dynamics,
and which is given by

Z ∶ Z ×U ∋ (z, u)↦ Z(z, u) ∈ TzZ (2.36a)

ż = Z(z, u)⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

K(P )V
A(z,Wexternal(u))

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
,
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where it follows from Proposition 2.43 that the dynamics are given by

A(z,Wexternal) ∶=M−1Wexternal +M−1Wconstraints(P,V,Wexternal) (2.36b)
= M−1 (ΠP,MWexternal +Wnormal(P,V )) .

2.7.5 Input Affine Mechanical Systems

All of the mechanical systems we consider in this thesis are input affine, a
concept we define next, and which we make use of at several points in this
thesis.

Definition 2.47. Consider a mechanical system with vector field in (2.36a),
for some external wrench Wexternal ∶ U → Rn, where U is some vector space (for
example, U = Rk, for some positive integer k ∈ N).A mechanical system is input
affine if Wexternal is an affine function.

Remark 2.48. Consider an input-affine mechanical system, as described is
Definition 2.47, and assume the external wrench is of the form

Wexternal =Wgravity

´¹¹¹¹¹¸¹¹¹¹¹¶
∈Rn

+B(P )
´¹¹¹¹¸¹¹¹¶
∈Rn×k

u
´¸¶
∈Rk

,

that is, assume the wrench has a time-invariant wrench contribution Wgravity (a
wrench due to gravity), and a wrench contribution that depends linearly on the
input u ∈ Rk via some matrix B(P ) ∈ Rn×k which can depend on the position.
Then, the vector field Z is input affine, and it is equivalently expressed as

ż = Z(z, u)⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

K(P )V
A(P,V ) +B(P )u

⎤⎥⎥⎥⎦
, (2.37)

where

A(P,V ) ∶=M−1 (ΠP,MWgravity +Wnormal(P,V )) ∈ Rn, (2.37a)
B(P ) ∶=M−1ΠP,MB(P ) ∈ Rn×k. (2.37b)

At this point, we refer to Example 2.50, on page 77, which illustrates the
concept of an input-affine mechanical system.

First and Second Derivatives on Position Space

At many points in this thesis, we define functions in the position space, i.e.,
f ∶ P→ Rd (for some positive integer d), and we are then interested in computing
the first derivative f (1) and the second derivative f (2) of those functions along
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solutions of ż = Z(z, u), with Z as the the vector field in (2.37). Consider then
an analytic function f ∶ P→ Rd for some d ∈ N, and define

f (1)(P,V ) ∶= dKf(P )V (2.38a)
f (2)(z, u) = dKf(P )A(P,V ) + d2

Kf(P )V V
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Af (z)∈Rd

+dKf(P )B(P )
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶Bf (P )∈Rd×k

u, (2.38b)

where it follows that

ḟ(P ) = df(P )Ṗ = df(P )K(P )V = dKf(P )V =∶ f 1(P,V ) and,
f̈(P ) = ḟ 1(P,V ) = d1f

(1)(P,V )Ṗ + d2f
(1)(P,V )V̇

= d1f
(1)(P,V )K(P )V + d2f

(1)(P,V )(A(P,V ) +B(P )u) ∵(2.37)
= d2

Kf(P )V V + dKf(P )(A(P,V ) +B(P )u) =∶ f (2)(z, u), ∵(2.38a)

which justify why f (1)/f (2) is referred to as the first/second derivative of f along
solutions of the mechanical system ż = Z(z, u).

Unit Vector, Angular Velocity and Angular Acceleration

At several points in this thesis, we define unit vectors, and we are then inter-
ested in computing their angular velocity and their angular acceleration. The
next proposition provides useful tools for computing the latter.

Proposition 2.49. Let p, v, a ∶ R → R3 be given function, with p(t) ≠ 03, and
where

⎡⎢⎢⎢⎣
ṗ(t)
v̇(t)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
v(t)
a(t)

⎤⎥⎥⎥⎦
,

for all t ∈ R; that is, p is some non-vanishing trajectory in R3, and v and a are its
velocity and acceleration trajectories. Then, for

R3/{03} ∋ p ↦ n(p) ∶= p

∥p∥ ∈ S2,

(R3/{03}) ×R3 ∋ (p, v) ↦ ω(p, v) ∶= S (n(p)) v

∥p∥ ∈ Tn(p)S2,

(R3/{03}) ×R3 ×R3 ∋ (p, v, a)↦ τ(p, v, a) ∶= S (n(p))( a

∥p∥ − 2 ⟨p, v⟩
∥p∥2

v

∥p∥)∈ Tn(p)S
2,

it holds that
⎡⎢⎢⎢⎣

ṅ(p(t))
ω̇(p(t), v(t))

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
S (ω(p(t), v(t)))n(p(t))

Π (n(p(t))) τ(p(t), v(t), a(t))
⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
S (ω(p(t), v(t)))n(p(t))

τ(p(t), v(t), a(t))
⎤⎥⎥⎥⎦
,

for all t ∈ R; that is, ω is the angular velocity of the unit vector n, and τ is the
angular acceleration of the unit vector n.
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The proof follows from straightforward calculations, which are therefore
omitted here.

With Proposition 2.49 in mind, suppose now that we construct a function
on the position space of a mechanical system, i.e., f ∶ P→ R3/{03}. We can then
define

nf(P ) ∶= n(f(P )) ∈ S2, (2.39a)
ωf(P,V ) ∶= ω(f(P ), f (1)(P,V )) ∈ Tnf (P )S2, (2.39b)
τf(z, u) ∶= τ (f(P ), f (1)(P,V ), f (2)(z, u)) ∈ Tnf (P )S2, (2.39c)

where
• nf is the unit vector associated to the function f ,
• ωf is the angular velocity of the unit vector nf ,
• and finally τf is the angular acceleration of the unit vector nf .
It follows from the definition of τ in Proposition 2.49, and (2.38a)–(2.38b), that,
for an input-affine mechanical system, the angular acceleration in (2.39c) can
be rewritten as

τf(z, u) = Anf
(z) +Bnf

(P )u, (2.39d)

with

Bnf
(P ) ∶= S (nf(P )) Bf(P )

∥f(P )∥ , ∈ Tnf (P )S2

Anf
(z) ∶= S (nf(P ))( Af(z)

∥f(P )∥ − 2 ⟨f(P ), f (1)(P,V )⟩
∥f(P )∥2

f (1)(P,V )
∥f(P )∥ ) ∈ Tnf (P )S2,

and where Af and Bf are those in (2.38b). The next example illustrates all the
concepts introduced so far.

Example 2.50. Consider a mechanical system composed of just two point
masses with masses m,M > 0, with pose P ∈ R6 ∶⇔ (p,P ) ∈ R3 × R3, with
twist V ∈ R6 ∶⇔ (v, V ) ∈ R3 ×R3, restricted to the position configuration space
P ∶= {P ∈ R6 ∶ c(P) = ∥P − p∥2 − l2 = 01} (which is a 5(= 6 − 1)-dimensional
manifold), and subject to an external wrench Wexternal ∈ R6 ∶⇔ (w,W ) ∈ R3 ×R3,
where w is an external force applied on the point p, and W is an external
force applied on the point P . We assume w,W are inputs to the system, i.e.,
u ∈ R6 ∶⇔ (w,W ) ∈ R3 × R3, and thus, the mechanical system is input affine,
i.e., Wexternal = 06 + I6×6u (recall Remark 2.48). The system’ vector field, as defined
in (2.37), is then given by

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

Ṗ

v̇

V̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

V
u
m
− M
m+M

(⟨P−p
l
, W
M
− w
m
⟩ + ∥V −v∥2

l
) P−p

l

U
M
+ m
m+M

(⟨P−p
l
, W
M
− w
m
⟩ + ∥V −v∥2

l
) P−p

l

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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Consider then the function f ∶ P → R3/{03} defined as f(P) = P − p (where
f(P) ∈ R3/{03} since ∥P − p∥ = l). It then follows we can define the unit vector
nf , its angular velocity ωf , and its angular acceleration τf , according to (2.39),
which yields

nf(P) ∶=
P − p
l

ωf(P,V) ∶= S (P − p
l

) V − v
l

τf(z, u) ∶= S (P − p
l

) 1
l
(W
M

− w

m
) ,

and we can now construct a control law for the input u such that we control the
angular acceleration of the unit vector nf .

The definitions we introduced before may seem excessive for the previous
example. However, these definitions will prove helpful later in this thesis where
the mechanical systems considered are not as simple as the one in the previous
example.

2.8 Stabilization of Fully-actuated Mechanical Systems

In some parts of this thesis we are interested in stabilization, i.e., in mak-
ing some desired point an asymptotically stable equilibrium point, while in
others we are interested in the more challenging task of tracking (explained
in Section 2.2). In Chapters 4 and 5, all the considered mechanical systems
are under-actuated, while in Chapter 5 they are fully-actuated. This section
provides immediate tools for stabilization of a fully-actuated mechanical system,
and therefore its tools are to used in Chapter 5.

To be specific, in this section
• we provide a control law that makes any desired pose P ∈ P asymptotically

stable,
• and we explain how to choose the control law gains.

Recall then the dynamics of a mechanical system as described in Proposi-
tion 2.43, which we repeat here for convenience,

V̇ = A(P,V,Wexternal) (2.40)
= υ(P ) (υ(P )TMυ(P ))−1

υ(P )TWexternal +M−1Wnormal(P,V ),

where we recall that υ(P ) ∈ Rn×(n−m) spans the null-space of dKc(P ) ∈ Rm×n (i.e.,
υ(P ) ∈ Rn×(n−m) spans the vector space the twist belongs to). With the latter in
mind, we define next the concept of a fully-actuated mechanical system.

Definition 2.51. Consider a mechanical system as described in Definition 2.41,
and let υ(P ) ∈ Rn×(n−m) span the null-space of dKc(P ) ∈ Rm×n. Let u ∈ Rp be
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some input, for some p ≥ n −m (more generally, u ∈ U, with U as a vector space
of dimension p). Consider then Wexternal ∶ P × U → Rn, where Wexternal(P,u) is the
external wrench at the pose P ∈ P for the input u ∈ Rp. A mechanical system
is fully-actuated if, for every pose P ∈ P, we have control, by inter-medium
of u ∈ Rp, over all the n −m components of υ(P )TWexternal(P,u) ∈ Rn−m; in order
words, if, for every pose P ∈ P,

Im(υ(P )TWexternal(P, ⋅)) = {y ∈ Rn−m ∶ y = υ(P )TWexternal(P,u), u ∈ Rp} = Rn−m.

Remark 2.52. The definition of a fully-actuated mechanical system is well-
defined: indeed, let υ1(P ) ∈ Rn×(n−m) and υ2(P ) ∈ Rn×(n−m) be two different ma-
trices that span the null-space of dKc(P ) – if that is the case, then υ1(P ) =
υ2(P )C(P ) for some non-singular C(P ) ∈ R(n−m)×(n−m) (which is therefore full-
rank). Then (below, and for brevity, υ1 ≡ υ1(P ), υ2 ≡ υ2(P ), C ≡ C(P ))

Im(υT1 Wexternal(P, ⋅)) = Im(CTυT2 Wexternal(P, ⋅)) = Im(υT2 Wexternal(P, ⋅)).

Intuitively, being fully-actuated means that we control over every component
of V̇ that matters; it also means we can always remove or add as much energy
to the mechanical system as we please, for every pose P ∈ P.

Later, we will be interested in examining the invariant set contained in the
set where the velocity is identically zero: the next result sheds some light into
the structure of this set.

Proposition 2.53. Given a (constant) external wrench W ∈ Rn, the set of poses
where the velocity is identically zero (i.e., V = 0n and V̇ = 0n) is defined as

P⋆
W ∶= {P ∈ P ∶ V̇ = A(P,0n,W ) = 0n} (and Z⋆

W ∶= P⋆
W × {0n})

with A defined in (2.40). Then, this set is the set of all poses P ∈ P where W ∈ Rn

lies in the image space of dKc(P )T ∈ Rn×m, or equivalently, i.e.,

P⋆
W = {P ∈ P ∶W ∈ Im(dKc(P )T )}.

An intuitive illustration of the previous result is found in Fig. 2.17.

Proof. This follows immediately from the fact that Wnormal(P,0n) = 0n, and, there-
fore, it follows from (2.40) that

A(P,0n,W ) = 0n ⇒ υ(P )TW = 0m⇔ ΠP,MW = 0n⇔W ∈ Im(dKc(P )T ). ∎

The goal we try to accomplish next is to devise a geometric control law
that makes some desired pose P ∈ P (locally) asymptotically stable. In the next
subsections we will assume that
1. the mechanical system is fully-actuated, as described in Definition 2.51;
2. the manifold P is a compact set (closed and bounded subset of the Euclidean

space P is embedded on);
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⊥ to null-space of dKc(P1)

P: position configuration space

P1

null-space of dKc(P1)

P := {P ∈ Pu : c(P ) = 0m}
P2

P3

P4

Set of points where velocity is identically zero = {P1, P2, P3, P4}

W ∈ Im(dKc(P1)
T )

P5 is not a point where the velocity is identically zero

P5

null-space of dKc(P1)

P1

W ∈ Im(dKc(P1)
T )

null-space of dKc(P5)

⊥ to null-space of dKc(P5)

W 6∈ Im(dKc(P5)
T )

Figure 2.17: Illustration of the set of poses where the velocity is identically zero,
given a (constant) external wrench W .

3. that K is the identity map, i.e., Ṗ =K(P )V = V ;
4. that we have constructed a matrix υ(P ) ∈ Rn×(n−m) that spans the velocity

space – see Definition 2.12 and recall Remark 2.13.
5. that we are given some positive proportional gain kp > 0 and positive deriva-

tive gain kd > 0 (and we wish that locally the equilibrium behaves as a second
order system in Rn−m, with natural frequency

√
kp and damping kd

2kp );
6. that the symmetric matrices

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(d2c(P )υ(P ) ⋅ υ(P ))Tem1 ∈ R(n−m)×(n−m)

⋮
(d2c(P )υ(P ) ⋅ υ(P ))Temm ∈ R(n−m)×(n−m)

form a basis of R(n−m)×(n−m) (2.41)

where emi is the mth canonical basis vector of Rm.
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2.8.1 Stabilization at a Pose: Part 1
We know from Proposition 2.53 that for a pose P ⋆ ∈ P to be an equilibrium pose,
then W ∈ Im(dc(P ⋆)T ) ⇔ W = dc(P ⋆)Tλ for some λ ∈ Rm. With the latter in
mind, note then, that for any † ∈ Rn−m, it follows that

d

dP
(υ(P )TW )∣P=P ⋆υ(P ⋆)† =

= d

dP
((dc(P ⋆)υ(P ))Tλ)∣P=P ⋆υ(P ⋆)† ∵W = dc(P ⋆)Tλ

=(dc(P ⋆)dυ(P ⋆)υ(P ⋆)†)Tλ
=−(d2c(P ⋆)υ(P ⋆)†υ(P ⋆))Tλ, ∵Proposition 2.14 (2.42)

which will play a crucial role later in this subsection (let us anticipate some
of the final results: since we assume (2.41) holds, we can find λ such that the
matrix above can be chosen arbitrarily).

Since the mechanical system is fully-actuated, pick some W ∈ Rn, and
consider then the control law

υ(P )TWexternal ∶= υ(P )TW − kdυ(P )TMV (2.43)
= υ(P )TW − kdυ(P )TMυ(P )(υ(P )Tυ(P ))−1υ(P )TV

with kd > 0 as the derivative gain.

Proposition 2.54. Recall Remark 2.13. The control law in (2.43), for any W ∈
Rn, is a geometric control law.

Proof. Recall Remark 2.13: we need to show (2.43) is independent of the choice
of velocity space, i.e., we need to show that the solution of Wexternal for

υT1 Wexternal = υT1 W − kdυT1 MV and υT2 Wexternal = υT2 W − kdυT2 MV

is the same. Since υ2(P ) = υ1(P )C(P ), for some non-singular C(P ) ∈ R(n−m)×(n−m),
that conclusion follows immediately. ∎

The control law in (2.43) then leads to the closed-loop vector field

Zcl

W ∶ Z ∋ z ↦ Z(z) ∈ TzZ (2.44a)

ż = Zcl

W (z) ∶⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

V

AW (P,V )
⎤⎥⎥⎥⎦

where

V̇ = AW (P,V ) (2.44b)
= υ(P )(υ(P )TMυ(P ))−1υ(P )TW − kdV −M−1Wnormal(P,V ),
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There is a clear interpretation for the control law in (2.43): that control law
steers the system to a critical point of the potential function P ∋ P ↦ ⟨P,W ⟩ ∈ R.
Consider then the following a minimization problem,

P ∈ arg min
P ∈Rn

−⟨W,P ⟩
s.t. c(P ) = 0m,

where we recall that the map c defines the geometric constraints imposed on the
mechanical system, and where W ∈ Rn is the chosen wrench in the control law
in (2.43). Intuitively, the control tries to steers the pose P to one of the minima
above. However, in general, the pose can be steered to any critical point of that
potential function, not just to the minima. With the latter in mind, consider the
following Proposition.

Proposition 2.55. Let W ∈ Rn be some chosen wrench, and consider the vector
field Zcl

W in (2.44). Consider then the energy function EW ∶ Z→ R defined as

EW (z) ∶= −⟨P,W ⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶

potential energy

+ 1
2
∥V ∥2

M

´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶
kinetic energy

(2.45a)

The following is then the case:
1. The energy function EW is non-increasing along solutions of ż = Zcl

W (z), i.e.,

ĖW (z) = dEWZcl

W (z) = −kd∥V ∥2
M ≤ 0. (2.45b)

2. If P is compact, then the energy function EW is lower bounded, i.e.,

E
W
∶= inf

z∈Z
EW (z) > −∞. (2.45c)

3. If P is compact, then any sub-level set of the energy function EW defines a
compact subset of Z, i.e., for any E0 ≥ EW

,

(EW )≤E0 ∶= {z ∈ Z ∶ EW (z) ≤ E0} is compact subset of Z. (2.45d)

Proof. Along solutions of ż = Zcl

W (z), it follows that (below, for brevity, υ ≡ υ(P ))

ĖW (z) = −⟨V,W ⟩ + ⟨V,Wexternal⟩ = ⟨V,Wexternal −W ⟩
= ⟨(υTυ)−1υTV, υT (Wexternal −W )⟩
= −kd∥V ∥2

M

The energy function EW in (2.45a) is lower bounded since

inf
x∈Z
EW (z) = inf

P ∈P
−⟨W,P ⟩ ∵∥V ∥2

M ≥ 0 (kinetic energy is non-negative)

= min
P ∈P

−⟨W,P ⟩ ∵P is compact

> −∞. ∵P is compact and function is continuous
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Any sub-level set of the energy function EW defines a compact subset of Z since

{z ∈ Z ∶ EW (z) ≤ E0} = {(P,V ) ∈ ∪P̄ ∈P × TP̄P ∶ −⟨W,P ⟩ + 1
2
∥V ∥2

M ≤ E0}

= {(P,V ) ∈ ∪P̄ ∈P × TP̄P ∶ P ∈ P
´¹¹¸¹¹¶

P in compact set

,
1
2
∥V ∥2

M ≤ E0 −EW

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
V in compact set

}. ∎

It follows from Proposition 2.55 that the control law in (2.43) is simply a
gradient descent control law: i.e., it is based on the gradient of EW and thus the
pose P is steered to a critical point of the potential function described in (2.45a).
We can now provide one of our main results.

Theorem 2.56. Consider the closed-loop vector field Zcl

W in (2.44) for some chosen
wrench W ∈ Rn, and recall the equilibria set Z⋆

W defined in Proposition 2.53.
Finally consider the differential equation

ż(t) = Zcl

W (z(t)) for some z(0) ∈ Z. (2.46)

Then, it follows that
1. there exists a unique and complete solution [0,∞) ∋ t↦ z(t) ∈ Z to (2.46);
2. the solution above converges to the equilibria set Z⋆

W , i.e.,

lim
t→∞

dist(z(t),Z⋆
W ) = 0⇔

⎧⎪⎪⎨⎪⎪⎩

limt→∞ dist(P (t),P⋆
W )

limt→∞ V (t) = 0n
.

Proof. Let us focus on the first item first, and for that purpose recall the
properties of the energy function EW listed in Proposition 2.55.
• Define then E0 ∶= EW (z(0)) (where necessarily EW (z(0)) ≥ E

W
), and define

also the sub-level set (EW )≤E0 ∶= {z ∈ Z ∶ EW (z) ≤ E0}.
• By (2.45d), we know that (EW )≤E0 is a compact set (as a subset of Z).
• Moreover, since ĖW (z(t)) ≤ 0, it follows that (EW )≤E0 is also positively invari-

ant.
• Since the closed-loop vector field Zcl

W is analytic in Z (for this particular
purpose, it suffices that it is C1 in Z), and since (EW )≤E0 is a compact positively
invariant set, it follows that a a unique and complete solution [0,∞) ∋ t ↦
z(t) ∈ Z to (2.46) exists.

Since a complete solution exists, one can talk about limits, which are indeed
invoked in the second item of the Theorem. For this item, it the suffices to
invoke LaSalle’s invariance principle. ∎

We note that Theorem 2.56 does not state that the solution converges to a
point in Z⋆

W , nor does it provide any insight about the stability and attractivity
properties of the individual equilibria points in Z⋆

W . As we will see later, an
equilibrium may be asymptotically stable, or it may be unstable (and among
these, there are unstable equilibria which can have dense regions of attraction).
The following result sheds some light on previous discussion.
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Theorem 2.57. Let W ∈ Rn, and consider a mechanical system with the closed-
loop vector field Zcl

W in (2.44), and an equilibrium pose P ⋆ ∈ P⋆
W – see Propo-

sition 2.53 (which implies that W = dc(P ⋆)Tλ for some λ ∈ Rm). Then, there
exists a linear change of coordinates, such that the linearized system around the
equilibrium point is described by the Jacobian

⎡⎢⎢⎢⎣
A ⋆2(n−m)×2m

02m×2(n−m) −λI2m×2m

⎤⎥⎥⎥⎦
∈
⎡⎢⎢⎢⎣
R2(n−m)×2(n−m) R2(n−m)×2m

R2m×2(n−m) R2m×2m

⎤⎥⎥⎥⎦
, (2.47a)

where

A =

⎡⎢⎢⎢⎢⎢⎢⎣

0(n−m)×m In−m

−(υ(P ⋆)TMυ(P ⋆))−1(d2c(P ⋆)υ(P ⋆) ⋅ υ(P ⋆))Tλ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=K∈R(n−m)×(n−m)

−kdIn−m

⎤⎥⎥⎥⎥⎥⎥⎦

, (2.47b)

where λ = (dc(P ⋆)Tdc(P ⋆))−1dc(P ⋆)W . Therefore
• the equilibrium is asymptotically stable if K is a positive definite matrix,
• the equilibrium is unstable if K has at least one eigenvalue on the right

half-plane of the complex plane.

Proof. Consider the vector field Zcl

W in (2.44). It is then immediate that the
Jacobian of Zcl

W is given by

dZcl

W (z) =
⎡⎢⎢⎢⎣

0n×n In×n

d1A(P ⋆,0n) d2A(P ⋆,0n)
⎤⎥⎥⎥⎦
∈ R2n×2n,

where the first n rows in the Jacobian above are obvious (since Ṗ = V it follows
that ∂Ṗ

∂P
= 0n×n and that ∂Ṗ

∂V
= In×n).

Let us then focus on the final n rows, concerning the derivatives of the
acceleration at the equilibrium. Recall Proposition 2.44, where we already saw
thatWnormal(P,V ) is quadratic in V and thus it can be ignored in the linearization
at the equilibrium (where V = 0n). Also, recall that, since P ⋆ is an equilibrium
pose, then υ(P ⋆)TW = 0n. With the latter in mind, it is then obvious that

d1A(P ⋆,0n) = υ(P ⋆)(υ(P ⋆)TMυ(P ⋆))−1 d

dP
(υ(P )TW )∣P=P ⋆ , (2.48a)

d2A(P ⋆,0n) = −kdIn ∈ Rn×n. (2.48b)

Given an equilibrium pose P ⋆ ∈ P⋆
W , consider now the change of basis, and

its inverse

Q ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(⋆T⋆)−1⋆T 0(n−m)×n

0(n−m)×n (⋆T⋆)−1⋆T

† 0m×n

0m×n †

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,Q−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⋆ 0(n−m)×n

0(n−m)×n ⋆
†T (††T )−1 0m×n

0m×n †T (††T )−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ R2n×2n,
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where

⋆ = υ(P ⋆) ∈ Rn×(n−m) and † = dc(P ⋆) ∈ Rm×n,

and where Q and Q−1 are full-rank since [dc(P )T υ(P )] ∈ Rn×n is full rank. Now,
applying the change of coordinates to the Jacobian d(Zcl

W )⋆(z⋆) (we need to apply
the procedure described in Section 2.9, since we are performing a linearization
on a manifold) leads to

Qd(Zcl

W )⋆(z⋆)Q−1 =
⎡⎢⎢⎢⎣

A ‡2(n−m)×2m

02m×2(n−m) −λI2m

⎤⎥⎥⎥⎦
∈
⎡⎢⎢⎢⎣
R2(n−m)×2(n−m) R2(n−m)×2m

R2m×2(n−m) R2m×2m

⎤⎥⎥⎥⎦
,

where

A =
⎡⎢⎢⎢⎣
(⋆T⋆)−1⋆T 0(n−m)×n

0(n−m)×n (⋆T⋆)−1⋆T
⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
0n×n In×n

d1A(P ⋆,0n) d2A(P ⋆,0n)
⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
⋆ 0(n−m)×n

0(n−m)×n ⋆
⎤⎥⎥⎥⎦

=
⎡⎢⎢⎢⎣

0(n−m)×(n−m) In−m

(υ(P ⋆)TMυ(P ⋆))−1 d
dP

(υ(P )TW )∣P=P ⋆υ(P ⋆) −kdIn−m

⎤⎥⎥⎥⎦
∵ (2.48)

=
⎡⎢⎢⎢⎣

0(n−m)×(n−m) In−m

−(υ(P ⋆)TMυ(P ⋆))−1(d2c(P ⋆)υ(P ⋆) ⋆ υ(P ⋆))Tλ −kdIn−m

⎤⎥⎥⎥⎦
, ∵(2.42)

which completes the proof. ∎

2.8.2 Stabilization at a Pose: Part 2

Theorem 2.57 provides an immediate test to check whether an equilibrium
is asymptotically stable once W is chosen. As such, an immediate idea for
accomplishing pose stabilization is:
1. if we wish to make P ⋆ ∈ P an equilibrium point, we first choose W = dc(P ⋆)Tλ

for some λ ∈ Rm;
2. if, in addition, we wish to make P ⋆ ∈ P asymptotically stable, we then choose

λ such the matrix K in (2.47b) is Hurwitz.
3. if, instead, we wish to make P ⋆ ∈ P unstable, we then choose λ such that the

matrix K in (2.47b) is not Hurwitz.
With the latter in mind, if we wish to make P ⋆ ∈ P asymptotically stable, and
assuming (2.41) holds, we then choose λ ∈ Rm ∶⇔ (λ1,⋯, λm) ∈ R × ⋯ × R such
that

i=m

∑
i=1

λi(d2c(P ⋆)υ(P ⋆) ⋅ υ(P ⋆))Tem1 = kpυ(P ⋆)TMυ(P ⋆) ∈ R(n−m)×(n−m), (2.49)

with kp as the proportional gain, and where λ ∈ Rm exists (not necessarily unique
though) since (2.41) is assumed to hold.
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Theorem 2.58. Let P ⋆ ∈ P be some chosen pose, and consider the closed-loop
vector field Zcl

W in (2.44), with W = dc(P ⋆)Tλ and λ chosen as in (2.49). Then
z⋆ ∈ Z⋆ ∶⇔ (P ⋆,0n) ∈ P⋆

W × {0n} is a locally asymptotically stable equilibrium
point of the closed-loop vector field Zcl

W .

This is an immediate application of Theorem 2.57, which leads to the Jaco-
bian in (2.47a) with

A =
⎡⎢⎢⎢⎣
0(n−m)×(n−m) In−m

−kpIn−m −kdIn−m

⎤⎥⎥⎥⎦
.

2.9 Linearization on a Manifold

In some parts of this thesis we design control laws that make a desired point
an equilibrium point, and we then try to find conditions on the gains of the
control laws that guarantee that the equilibrium point is asymptotically stable.
However when performing a linearization on a manifold, and if one does not
use charts (which we do not), there are some extra steps that need to be taken,
before performing a linearization. Recall that a (n−m)-dimensional manifold is
a set that locally resembles Rn−m but which we embed in Rn – see Definition 2.2.
When performing a linearization, we then get n eigenvalues, but actually only
n −m of those eigenvalues are important: the remaining m eigenvalues, which
can be anywhere in the complex plane, need to be ignored, and we explain how
to accomplish this in this section.

First, let us provide an illustrative example that explains the problem
described above.

Example 2.59. Consider the set of unit vectors in Rn, Sn−1 ∶= {x ∈ Rn ∶ ∥x∥2 = 1},
which is a (n − 1)-dimensional manifold (proved in Example 2.4). Let k ∈ R and
consider then the following vector field

X ∶ Sn−1 ∋ x↦X(x) ∈ TxSn−1

ẋ =X(x) ∶= Π (x) e1 +
k − 2

2
(1 − ∥x∥2)x,

where e1 ∶= en1 ∈ Rn is the first canonical basis vector in Rn – this vector field
is illustrated in Fig. 2.18 for n = 2 and for different values of k. It follows im-
mediately that e1 is an equilibrium point (i.e., X(e1) = 0n), and a linearization
procedure yields dX(e1) = −In + (1 − k)e1e

T

1 ∈ Rn×n. Thus, if k < 0, one might
conclude that e1 is unstable, and if k > 0, one might conclude that e1 is asymp-
totically stable. However, note that the term in the vector field where k appears
plays no role in the manifold since 1− ∥x∥2 = 0 for x ∈ Sn−1. This means the eigen-
value that k affects can safely be ignored, and e1 is indeed an asymptotically
stable equilibrium point (because the other n − 1 eigenvalues are all at −1, and
thus on the left half plane of the complex plane).
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Figure 2.18: Vector field in Example 2.59 for k = −1 (left), for k = 0 (center), and
for k = +1 (right). The vector fields are the same on the unit circle (indicated in
red), and a linearization procedure in R2 (at e1, indicated by the blue dot), which is
the Eucledian space the unit circle is embedded on, yields different conclusions for
different values of k, as clear from the figures above.

Consider then the constraints, the manifold and the vector field

c ∶ Rn → Rm, (2.50a)
Z ∶= {z ∈ Rn ∶ c(z) = 0m}, (2.50b)
Z ∶ Z ∋ z ↦ Z(z) ∈ TzZ, (2.50c)

and suppose that the vector field Z vanishes at z⋆ ∈ Z, i.e., Z(z⋆) = 0n. Because
Z is a manifold, dc(z) ∈ Rm×n is full-rank for all z ∈ Z.

If one linearizes Z around z⋆, the resulting Jacobian has m poles that need
to be ignored, as these correspond to eigenvalues in directions the system will
never exploit. For that purpose, consider then, for any z ∈ Rn and for some λ > 0,

Z⋆ ∶ Z ∋ z ↦ Z(z) ∈ TzZ
Z⋆(z) ∶= Z(z) − dc(z⋆)T (dc(z⋆)dc(z⋆)T )−1 (dc(z)Z(z) + λc(z))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=0m∀z∈Z

, (2.51)

(the inverse above is well defined since dc(z) ∈ Rm×n is full-rank) where it follows
from (2.50), that for any z ∈ Z, Z⋆(z) = Z(z). As such, the vector field Z⋆ and Z
yield the same trajectories provided that a trajectory starts in Z, and which
proves the following result.

Proposition 2.60. Let Z be a vector field in Z, as defined in (2.50), and with
z⋆ ∈ Z as an equilibrium point (e.q.). Then, z⋆ is an exponentially stable e.q. of Z
if and only if z⋆ is an exponentially stable e.q. of Z⋆, as defined in (2.51).

Linearizing Z⋆ around z⋆ yields the Jacobian dZ⋆(z⋆) (which is not neces-
sarily the same as the Jacobian dZ(z⋆), obtained by linearizing Z around z⋆),
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which is given by

dZ⋆(z⋆) = ((In − P T

⊥ (P⊥P T

⊥ )−1
P⊥)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶Πz⋆∈Rn×n

dZ(z⋆) − λP T

⊥ (P⊥P T

⊥ )−1
P⊥)∣P⊥=dc(z⋆)

where we have invoked the facts that Z(z⋆) = 0n, that dc(z)Z(z) = 0m and that
c(z) = 0m for all z ∈ Z, and where the matrix (below, ΠF,M is the projection matrix
in (2.23))

Πz⋆ = ΠF,M ∣F=dc(z⋆)T ∈Rn×m and M=In

corresponds to a projection onto the space orthogonal to the directions spanned
by P T

⊥ = dc(z⋆)T ∈ Rn×m. The purpose of Z⋆ is now clear: the m poles of the
Jacobian dZ(z⋆) associated to the directions spanned by dc(z⋆)T have been
replaced by m poles at −λ < 0. Indeed, let

P ∶=
⎡⎢⎢⎢⎣
P1

P⊥

⎤⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎣
P1

dc(z⋆)
⎤⎥⎥⎥⎦
∈ Rn×n

be some change of basis matrix with P1 ∈ R(n−m)×n (that is, P1 and P⊥ ∶= dc(z⋆)
span Rn), and denote its inverse by

P −1 ≡ Q⇔
⎛
⎝
⎡⎢⎢⎢⎣
P1

P⊥

⎤⎥⎥⎥⎦
⎞
⎠

−1

≡ [Q1 Q2] , (2.52a)

which implies that

PP −1 = In⇔
⎡⎢⎢⎢⎣
P1Q1 P1Q2

P⊥Q1 P⊥Q2

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
In−m 0(n−m)×m

0m×(n−m) Im

⎤⎥⎥⎥⎦
, (2.52b)

P −1P = In⇔ Q1P1 +Q2P⊥ = In.

It then follows that the Jacobian dZ⋆(z⋆) is similar to an upper block triangular
matrix, specifically

PdZ⋆(z⋆)P −1 =
⎡⎢⎢⎢⎣
P1Πz⋆dZ(z⋆)Q1 ⋆(n−m)×m

0m×(n−m) −λIm

⎤⎥⎥⎥⎦
, (2.53)

i.e., the m poles of the Jacobian dZ(z⋆) associated to the directions spanned by
P T

⊥ = dc(z⋆)T have been replaced by m poles at −λ < 0 (loosely speaking, these
are the directions along which the system will never move, since the state space
in (2.50b) is invariant). The important eigenvalues to consider are the ones in
the upper left matrix, which is something we use extensively in Chapter 5.
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Proof of (2.53). For brevity, let A ≡ dZ(z⋆). Then, PAP −1 is equivalently ex-
pressed as

⎡⎢⎢⎢⎣
P1

P⊥

⎤⎥⎥⎥⎦
(Πz⋆A − λP T

⊥ (P⊥P T

⊥ )−1
P⊥)

⎛
⎝
⎡⎢⎢⎢⎣
P1

P⊥

⎤⎥⎥⎥⎦
⎞
⎠

−1

=

=
⎡⎢⎢⎢⎣
P1

P⊥

⎤⎥⎥⎥⎦
(Πz⋆A − λP T

⊥ (P⊥P T

⊥ )−1
P⊥) [Q1 Q2] ∵(2.52a)

=
⎡⎢⎢⎢⎣
P1

P⊥

⎤⎥⎥⎥⎦
[Πz⋆AQ1 Πz⋆AQ2 − λP T

⊥ (P⊥P T

⊥ )−1] ∵(2.52b)

=
⎡⎢⎢⎢⎣
P1Πz⋆AQ1 P1Πz⋆AQ2 − λP1P

T

⊥ (P⊥P T

⊥ )−1

0m×(n−m) −λIm

⎤⎥⎥⎥⎦
. ∵P⊥Πz⋆ = 0 ∎

2.9.1 Conditions for Local Stability

As we already alluded to, later in this thesis we perform a linearization proce-
dure in order to find conditions on gains of controllers that guarantee a desired
equilibrium point is asymptotically stable. One thing we verify is that the Ja-
cobian we obtain is similar to a block triangular matrix, whose block diagonal
entries are in controllable form. This subsection provides immediate tools for
the analysis of the eigenvalues of those matrices in controllable form. Denote
then, for any n ∈ N,

Cn(a) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 ⋯ 0
0 0 1 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 1
−a0 −a1 −a2 ⋯ −an−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rn×n

as a matrix in controllable form, and whose eigenvalues are those in {λ ∈ C ∶
∑i=n
i=0 aiλ

i = 0} (roots of the characteristic polynomial). Since we are interested in
determining the stability of an equilibrium, it proves useful to determine when
a matrix is Hurwitz. That is the case iff all the elements in the first column of
the Routh’s table are positive (or negative) [69].

It follows from the Routh’s criterion that

C3((a0, a1, a2)) is Hurwitz⇔ a0, a1, a2 > 0 ∧ a0 < a1a2.

In what follows, denote q, q̃ ∈ R, f ∈ (R>0)2 ∶⇔ (fp, fd) ∈ R>0×R>0, k ∈ (R>0)2 ∶⇔
(kp, kd) ∈ R>0 ×R>0, where, in later sections, q, q̃ and f provide physical constants
of interest, and k provides the controller gains (in particular a proportional and
a derivative gain). There are four matrices (in controllable form) that appear
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several times in Chapter 4, and therefore we introduce them here. Specifically,
we define Γ3 and Γ5 as

Γ3(f, k) ∶= C3((fd(kp + fp), fdkd + fp, fd)), (2.54a)
Γ5(q, f, k) ∶= C5(b1 + b2)∣b1≡fd(fpkp,fpkd,kp,kd,1)

b2≡fp(1+q)(0,0,fd,1,0)
, (2.54b)

and it follows from the Routh’s criterion that (2.54a) and (2.54b) are Hurwitz iff

q > 0 and fd >
kp
kd
. (2.54c)

We also define Γ4 and Γ̃4 as

Γ̃4(q̃, q, fp, k) ∶= C4((fp(kp + fpqq̃), fpkd, kp + fp(1 + q), kd)), (2.55a)
Γ4(q, fp, k) ∶= Γ̃4(0, q, fp, k), (2.55b)

and it follows from the Routh’s criterion that (2.55b) is Hurwitz iff q > 0, and
that (2.55a) is Hurwitz if

q(1 − q̃) > 0 and kp > fp max(−q,−qq̃) = −fpqq̃. (2.55c)

Example 2.61. As we will verify in the Chapter 4, the motion of a bar tethered
to two UAVs can be decomposed into several decoupled sub-motions, some
of which have similar dynamics to those of a container crane system. Let us
then consider the container-crane system, as illustrated in Fig. 2.19, where the
goal is to stabilize the position of the container at the origin. The dynamics
of this system are derived by means of the Lagrangian approach explained in
Section 2.7. Under the control law shown in Fig. 2.19, one obtains the closed
loop state matrix

A ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0 0
0 0 0 1 0
0 g m

M
0 0 1

M

0 − g
l
m+M
M

0 0 − 1
lM

−kkpM 0 −kkdM 0 −k

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ R5×5.

However, A is not in a form that allows for easily checking the location of
its eigenvalues (their location with respect to the imaginary axis, to be more
precise). This motivates the introduction of a change of basis matrix, namely

P ∶= [p Ap A2p A3p A4p] ∈ R5×5, with (2.56a)

p ∶= e1 + le2 ∈ R5, (2.56b)
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l

P : position of crane P + l sin(α): position of container

container of mass m

α

crane of mass M

command input acceleration on crane
uc = −M(kpP + kdṖ )

Origin

Objective:
stabilize container at origin

u̇ = −k (u− uc)
crane motor dynamics (1st order system)

e ∈ S2

normal to surface
where crane slides

Figure 2.19: Container crane system, where crane motor has the dynamics of a
first order system. The motion of a bar tethered to two UAVs can be decomposed
into several decoupled sub-motions, some of which have similar dynamics to those of
a container crane system.

where det(P ) = − g3

lM
≠ 0 (and thus P constitutes indeed a change of basis). It

then follows that (recall Γ5 in (2.54b))

Ā = PAP −1 = Γ5 (q, (fp, fd), (kp, kv)) ,

where

fp =
g

l
, fd = k, and q = m

M
> 0.

Notice that fp is the (squared) frequency of the pendulum, fd is the gain/frequency
of the motor, and q is the ratio between the container’s and the crane’s masses.
If follows from (2.54c), that if

k > kp
kd
⇔motor gain > proportional gain

derivative gain
,

then Ā = PAP −1, and therefore A, is Hurwitz (A and Ā have the same eigenval-
ues). In other words, if the motor is fast enough (the precise meaning is encoded
in the inequality above), the container is stabilized around the origin, under the
control law shown in Fig 2.19. One can also provide an interpretation for the
change of basis matrix P in (2.56a): it implies that, for the linearized motion,
the position of the container, i.e., p as defined in (2.56b), behaves as a fifth order
integrator, i.e.,

p(5)(t) = Ā5,1p
(0)(t) +⋯ + Ā5,5p

(4)(t).

Studying the stability of this motion is equivalent to studying the location of the
roots of the characteristic polynomial of Ā, i.e., {s ∈ C ∶ s5 = Ā5,1s

0 +⋯ + Ā5,5s
4},

which justifies the results presented in this subsection.



92 Tools for Modeling and Control of Mechanical Systems

2.10 Disturbance Estimator Update Law

In some parts of this thesis we consider systems that are disturbed by some
“quantity” which is unknown to the controller: for example, a wind force acting
on a UAV, which the controller does not know or of which no measurement is
available. In those cases, one might be interested in designing an estimator of
that unknown disturbance, and, in this section, we explain the procedure one
can always follow, provided the vector field is affine in the disturbance estimate
error, as we shall make clear next.

An update-law is the dynamics of the estimator, which one must design, and
whose ultimate goal is to remove the effect of the unknown disturbance (and
not necessarily to estimate the disturbance itself). We proceed in three steps,
whose importance we motivate at different stages:
• In Subsection 2.10.1, we present an initial update-law, which accomplishes

the main task required from an update-law.
• In Subsection 2.10.2, we build on top of the previous update-law, and construct

one whose estimate remains in a pre-specified bounded set and which is
differentiable to any desired degree.

• In Subsection 2.10.3, we build on top of the second update-law, and construct
one whose estimate does not immediately saturate for arbitrarily large initial
conditions.

2.10.1 Basic Update Law
Let us then present a basic update-law, whose drawbacks we highlight at the
end of this subsection, and which we address in the subsections that follow.
Consider then a system, evolving in some state space X, i.e.,

ẋ(t) =X(t, x), x(0) ∈ X,

associated to the vector field

X ∶ R ×X ∋ (t, x)↦X(t, x) ∈ TxX.

Let x⋆ ∶ R → X be an asymptotically stable equilibrium trajectory of X, with an
associated Lyapunov function V ∶ R ×X→ [0,∞), such that
• V can be used to prove stability of x⋆,
• W (t, x) ∶= d1V (t, x) + d2V (t, x)X(t, x) ≤ 0, and W can be used to prove attrac-

tivity of x⋆.
Consider now the extended system

⎡⎢⎢⎢⎢⎣

ẋ
˙̂
d

⎤⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
X(t, x)

0m

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣
E(t, x, d̂)(d − d̂)

D̂(t, x, d̂)
⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
top is “linear” in d − d̂

, (2.57)

where
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• d ∈ Rm (for some m ∈ N) is an unknown disturbance;
• d̂ ∈ Rm is an estimate of the disturbance d ∈ Rm whose dynamics we wish to

design;
• E(t, x, d̂) (linear map from Rm to TxX) determines how the estimation error

(i.e., d − d̂) affects the dynamics ẋ, and which can depend on the time instant
t, the state x and the estimate d̂ (but, it cannot depend on the unknown
disturbance d);

• D̂(t, x, d̂) ∈ Rm is the estimator-dynamics/update-law we wish to design, which
may depend on the time instant t, the state x and the estimate d̂ (but, they
cannot depend on the unknown disturbance d).
Given the Lyapunov function V that is associated to the equilibrium trajec-

tory x⋆, consider then the estimator dynamics

D̂1 ∶ R ×X ×Rm → Rm, (2.58)
D̂1(t, x, d̂) ∶= kE(t, x, d̂)T∇2V (t, x).

where k > 0 is some positive (integral) gain. If one considers the extended
Lyapunov function

V̄ ∶ R ×X ×Rm → [0,∞),

V̄ (t, x, d̂) ∶= V (t, x) + 1
k

∥d − d̂∥2

2
,

it then follows that
˙̄V (t, x, d̂) = d1V̄ (t, x, d̂) + d2V̄ (t, x, d̂)ẋ + d3V̄ (t, x, d̂) ˙̂

d

=W (t, x) + d2V (t, x)E(t, x, d̂)(d − d̂) + k−1⟨d − d̂,−D̂1(t, x, d̂)⟩ ∵(2.57)
=W (t, x) − k−1 ⟨d − d̂, D̂1(t, x, d̂) − kE(t, x, d̂)T∇2V (t, x)⟩
=W (t, x) ≤ 0. ∵(2.58)

With this update-law, one concludes that the equilibrium trajectory x⋆ is still
asymptotically stable. Also, along a solution of (2.57), one infers that the esti-
mate d̂(t) lies in the set {d̂ ∈ Rm ∶ 1

2k ∥d̂ − d∥
2 < V0}, with V0 ∶= V (t0, x(t0), d̂(t0));

however, this set may be arbitrarily large, as it depends on the initial condition.
In the next subsection, we address this problem.

2.10.2 Bounded Estimate with p-Differentiable Update Law
As motivated in the previous subsection, we wish to construct an update-law
that
• guarantees that the estimate d̂ remains in some pre-specified ball: to accom-

plish this, we assume the unknown disturbance d is bounded in norm by
some know upper bound δ, i.e., ∥d∥ ≤ δ; and we pick δ̂ > δ as the upper bound
that we impose on the estimate d̂.9

9Obviously, the upper bound we impose on the estimate must be bigger than the one the real
disturbance is known to be upper bounded by.
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• is differentiable up to some desired degree p ∈ N.
For the purposes set above, consider then the following projection function

(this is the conventional name given to this function [15]),

Proj
δ,δ̂
∶ Rm ×Rm → Rm (2.59)

Proj
δ,δ̂

(D̂, d̂) ∶= D̂ − f (∥d̂∥2 − δ2

δ̂2 − δ2
) 1

2

⎛
⎜
⎝
⟨ d̂
δ
, D̂⟩ +

¿
ÁÁÀ⟨ d̂

δ
, D̂⟩

2

+ ¯̂
D2

⎞
⎟
⎠
d̂

δ
,

where ¯̂
D > 0 is a positive constant, and where f ∶ R → R is a smooth function

(not analytic though) given by

f(x) ∶=
⎧⎪⎪⎨⎪⎪⎩

0 if x ≤ 0
eκ

x−1
x if x > 0

,

for some positive κ. The phase plot of this projection function is shown in
Fig. 2.20, for κ = 1, and the impact of ¯̂

D in the update-law can be visualized
in the same figure – the bigger the ¯̂

D, the stronger the “repulsion” is which
keeps the estimate d̂ away from the boundary where ∥d̂∥ = δ̂. The projection
function in (2.59) satisfies the following four properties (recall the notion of ball
Bmr ∶= {x ∈ Rm ∶ ∥x∥ < r})
1. for any D̂ ∈ Rm (it may be time-varying) and for some r ∈ (δ, δ̂),

B̄mr is positively invariant for ˙̂
d = Proj

δ,δ̂
(D̂, d̂). (2.60a)

2. for all d ∈ B̄mδ and for all (D̂, d̂) ∈ Rm ×Bm
δ̂

,

−⟨d − d̂,Proj
δ,δ̂

(D̂, d̂) − ˙̂
d⟩ ≤ 0⇔ ⟨d − d̂,Proj

δ,δ̂
(D̂, d̂)⟩ ≥ ⟨d − d̂, D̂⟩. (2.60b)

3. Proj
δ,δ̂

is C∞ (smooth) in Rm ×Bm
δ̂

.
4. If D̂ ∶ R → Rm is continuous and limt→∞ D̂(t) = 0m, then, along a solution of

˙̂
d(t) = Proj

δ,δ̂
(D̂(t), d̂(t)) with d̂(0) ∈ B̄nδ , it follows that limt→∞

˙̂
d(t) = 0m (which

does not imply that limt→∞ d̂(t) exists).
A proof for the latter is found in [15] (in [15], a different, but similar, projection
function is considered). Loosely speaking, Proj

δ,δ̂
( ˙̂
d, d̂) accepts ˙̂

d from a standard
update-law, and modifies it if the estimate d̂ exits the ball B̄nδ (within which the
unknown disturbance d is known to belong to) and such that the estimate d̂
remains in the pre-specified ball Bn

δ̂
.

We can then construct a new update-law (based on the one from the previous
subsection, in (2.58))

D̂2 ∶ R ×X ×Rm → Rm, (2.61)
D̂2(t, x, d̂) ∶= Proj

δ,δ̂
(D̂1(t, x, d̂), d̂) = Proj

δ,δ̂
(kE(t, x, d̂)T∇2V (t, x), d̂).
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Figure 2.20: Phase-plot for two dimensional projection function, i.e., ˙̂
d =

Projδ,δ̂(D̂, d̂) with D̂ = (0.1,0) ∈ R2 (and with δ = 0.5, δ̂ = 1, κ = 1): on the left,
¯̂
D = 0.1; on the right, ¯̂

D = 10.

and for which it follows that

˙̄V (t, x, d̂) =W (t, x)−k−1 ⟨d − d̂, D̂2(t, x, d̂) − kE(t, x, d̂)T∇2V (t, x)⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≤0∵(2.60b)

≤W (t, x) ≤ 0.

With this new update-law, one concludes that the equilibrium trajectory x⋆
is still asymptotically stable and that the estimate d̂ remains in some set of
pre-specified size. There is one flaw still left with this update-law: in brief, it
depends on ∇2V (t, x), and thus, if we pick “arbitrarily large initial conditions”
(x(t) arbitrarily far away from x⋆(t)), the update-law will also be arbitrarily
large, and the estimate will saturate quickly (even if d = 0m) – Example 2.62
illustrates this issue.

2.10.3 Update-Law Saturation

As explained in the previous subsection, we wish to design an update-law that
is less sensitivity to large initial conditions, and that it only “starts working”
once x(t) is close enough to x⋆(t). For that purpose, pick some positive V0 > 0,
and let us define

ΓV0 ∶ [0,∞)→ [0,∞) (2.62)

ΓV0(V ) ∶= V0 log (V + V0

V0

) ,
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where dΓV0(V ) = (1 + V
V0

)−1 > 0 for all V ∈ [0,∞). Consider then the third and
finally update-law (based on the one from the previous subsection, in (2.61))

D̂3 ∶ R ×X ×Rm → Rm, (2.63)

D̂3(t, x, d̂) ∶= Proj
δ,δ̂

(k (1 + V (t, x)
V0

)
−1

E(t, x, d̂)T∇2V (t, x), d̂) .

Given the extended Lyapunov function

V̄ ∶ R ×X ×Rm → [0,∞),

V̄ (t, x, d̂) ∶= ΓV0(V (t, x)) + 1
k

∥d − d̂∥2

2
,

it then follows that

˙̄V (t, x, d̂) = dΓV0(V (t, x))W (t, x)
−k−1 ⟨d − d̂, D̂3(t, x, d̂) − kdΓV0(V (t, x))E(t, x, d̂)T∇2V (t, x)⟩

≤ dΓV0(V (t, x))W (t, x) = (1 + V (t, x)
V0

)
−1

W (t, x) ≤ 0. ∵ (2.60b)

The purpose of the function ΓV0 , and in particular of the choice of V0, should
now be clear:
• first note that, when V0 =∞, ΓV0 = id[0,∞) (identity function), and we recover

the update-law from the previous subsection, i.e.,

D̂3(t, x, d̂)∣V0=∞ = D̂2(t, x, d̂);

• for states x where V (t, x) ≫ V0, then

∥D̂3(t, x, d̂)∥ ≪ ∥D̂2(t, x, d̂)∥.

That is, loosely speaking, the estimator only “starts working” once the state
x(t) is close to its desired value x⋆(t), where this notion of close to is deter-
mined by the constant V0.

The following example illustrates all the ideas referred to in this section.

Example 2.62. Consider the following double integrator in R, namely

ẍ(t) = u(t) + d, with x(0), ẋ(0) ∈ R

with a scalar input u(t) ∈ R and a scalar disturbance d ∈ R. Consider then the
control law u(x, ẋ, d̂) ∶= −kpx − kvẋ − d̂ (with positive proportional and derivative
gains kp, kv), the companion Lyapunov function V (x, ẋ) ∶= 1

2kpx
2 + βxẋ + 1

2 ẋ
2

(with β < kv (1 + k2
v(4kp)−1)−1, so that V (x, ẋ) is positive-definite and V̇ (x, ẋ) is

negative-definite), and let us construct an update-law for d̂ according to (2.58)
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Figure 2.21: Estimator behaviour with different update-laws D̂1, D̂2 and D̂3 (δ = 1.5,
δ̂ = 2, β = 0.64 and all other parameters were chosen to be unitary), with two
different initial conditions: left side with (x(0), ẋ(0)) = (10,0), right side with
(x(0), ẋ(0)) = (20,0).

or (2.61) or (2.63). Figure 2.21 illustrates the effect of the three different update-
laws. We first note that all of them guarantee that x is steered to the origin. And
that when the initial condition is small, they all behave similarly (left figures
in Figure 2.21). However, for large initial conditions, they exhibit different
behaviours (figures on the right side in Figure 2.21), specifically
• the estimate d̂ with D̂1 can get arbitrarily large, for arbitrary large initial

conditions (∥d̂∥ reaches 6 for x(0) = 20, while ∥d∥ = 1),
• the estimate d̂ with D̂2 stays in a set of pre-specified size, but it saturates

quickly for arbitrary large initial conditions (∥d̂∥ stays below the specified
threshold of 2 for x(0) = 20, but it saturates in less than 0.1 s),

• the estimate d̂ with D̂3 stays in a set of pre-specified size, and it does not
saturate immediately for arbitrary large initial conditions; loosely speaking,
the estimator only “starts working” once the state is small, where this notion
of small is determined by the constant V0.

This illustrates why D̂2 is superior to D̂1, and why D̂3 is superior to D̂2.

2.11 Bounded Control Laws for Double Integrators and
for the purposes of Disturbance Removal

In this section, we present bounded control laws for double integrators in R3, in
S2 and in SO(3). The necessity for such bounded control laws has been motivated
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in Section 2.4 (see in particular Subsection 2.4.3), as well as in Subsections 2.5.4,
2.5.5, 2.5.6.

Let us briefly, describe the general idea. We consider a differential equation

ẋ(t) =X(x(t), u(t)), x(0) ∈ X

with an open-loop vector field X ∶ X×Rm ∋ (x,u)↦X(x,u) ∈ TxX, where the goal
is twofold, namely
1. for a solution to the differential equation above to track a desired trajectory

x⋆ ∶ R → X.
2. to construct a control law ucl and a companion Lyapunov function V

ucl∶ R ×X→ Bmū ∶= {u ∈ Rm ∶ ∥u∥ < ū}
V ∶ R ×X→ [0,∞)

such that

W ∶ R ×X→ [0,∞),W (t, x) ∶= d1V (t, x) + V (t, x)X(x,ucl(t, x)) ≤ 0.

More precisely, we wish to design a bounded control law, i.e., ∥ucl(t, x)∥ < ū,
for some upper-bound ū > 0, and which guarantees that the desired trajectory
x⋆ ∶ R → X is asymptotically stable; and, to be specific,
• V can be used to show x⋆ is stable (by compactness of its sub-level sets;

more precisely, for every t ∈ R and every V0 > 0, there exists εt > 0 such that
{x ∈ X ∶ V (t, x) ≤ V0} ⊂ Bεt

(x⋆(t)), and supt∈R εt <∞),
• and W can be used to show x⋆ is attractive (by negative-definiteness; specif-

ically, for some V > 0 and for x ∈ {x ∈ X ∶ V (x) < V }, then W (t, x) = 0 ⇒ x =
x⋆(t), for any t ∈ R).

In all the sections that follow
• let kp, kv be positive constants (proportional and derivative gains),
• let σp, σv be positive constants (proportional and derivative saturations),
• let satσ, for some σ > 0, denote a saturation function given by

satσ ∶ Rn → Bnσ ∶= {x ∈ Rn ∶ ∥x∥ < σ}

satσ(x) ∶=
x

nσ(x)
with nσ(x) ∶=

√
1 + ⟨x,x⟩

σ2
.

For an introduction on control of double integrators we refer the interested
reader to [99]. For an introduction on control of higher order integrators with
bounded control, we refer to [56, 116], but we emphasize that these cannot be
used for the purposes of disturbance removal, and they do not come equipped
with a Lypuanov function satisfying the conditions above.

2.11.1 Stabilization of Double integrator in Rn

In stabilization for a double integrator in Rn, one wishes the (linear) position
to stabilize at 0n, the desired (linear) position. In this thesis, we only need to
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control double integrators in n = 3, but the results that follow apply for any
n ∈ N. Consider then the double integrator vector field in Rn

X ∶ R2n ×Rn → R2n (2.64)

ẋ =X(x,u) ∶⇔
⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
v

u

⎤⎥⎥⎥⎦

which we wish to stabilize at 02n. Consider then the bounded double integrator
control law ucl given by

ucl ∶ X→ B̄nū with ū = kpσp + kvσv (2.65)
ucl(x) ∶= −kpsatσp(p) − kvsatσv(v),

with the companion Lyapunov function V ∶ X→ [0,∞) described by

V (x) ∶= kpσp (
√

⟨p, p⟩ + σ2
p − σp) + β⟨satσp(p), satσv(v)⟩ +

⟨v, v⟩
2

(2.66)

= 1
2

⎡⎢⎢⎢⎣
p

v

⎤⎥⎥⎥⎦

T

(
⎡⎢⎢⎢⎢⎢⎣

kp
2(nσp(p)−1)

(
∥p∥
σp

)
2 In β(nσp(p))−1(nσv(v))−1In

β(nσp(p))−1(nσv(v))−1In In

⎤⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶A∈R(2n)×(2n)

)
⎡⎢⎢⎢⎣
p

v

⎤⎥⎥⎥⎦
,

and its derivative W ∶ X→ (−∞,0] given by

W (x) ∶= dV (x)X(x,ucl(x))

= −(nσv(v))−1
⎡⎢⎢⎢⎣
satσp(p)

v

⎤⎥⎥⎥⎦

T ⎡⎢⎢⎢⎣
kpβnσv(v)dsatσv(v) 1

2βkvdsatσv(v)
1
2βkvdsatσv(v) kvIn − βdsatσp(p)

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶B∈R(2n)×(2n)

⎡⎢⎢⎢⎣
satσp(p)

v

⎤⎥⎥⎥⎦
,

for some positive constant β < kv (1 + k2
v(4kp)−1)−1.

Proposition 2.63. Consider the double integrator vector field in (2.64), and the
bounded control law in (2.65), with bound ū = kpσp + kvσv. The origin x⋆ = 02n is
globally asymptotically stable.

Proof. First, note that β < kv (1 + k2
v(4kp)−1)−1 ≤ min (

√
kp, kv (1 + k2

v(4kp)−1)−1). It
then follows that
• V (x) = 0⇔ x = x⋆;
• since β <

√
kp ⇒ A > 0, the sub-levels sets of V are compact subsets containing

x⋆ (stability of x⋆);
• since β < kv (1 + k2

v(4kp)−1)−1 ⇒ B > 0, W is negative definite, which implies
attractivity of the set {x⋆}. ∎
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Remark 2.64. An attentive reader may wonder why we did not consider instead
the “simpler” Lyapunov function V ∶ X→ [0,∞)

V (x) ∶= kpσp (
√

⟨p, p⟩ + σ2
p − σp) +

⟨v, v⟩
2

,

whose derivative along a solution is described by

V̇ (x) =W (x) ∶= dV (x)X(x,ucl(x)) = −kv⟨v, v⟩,

which is not negative-definite, so it cannot be used for the purposes of dis-
turbance removal (something we are interested in). In disturbance removal
techniques, one would make use of ∂

∂v
V (x), which, for this Lyapunov function

does not depend on the position p.

2.11.2 Tracking for Double Integrator in Rn

In tracking for a double integrator in Rn, one wishes the (linear) position to track
a desired (linear) position trajectory p⋆ ∶ R → Rn. This problem is of interest
when one is concerned with the linear motion of a point-mass (as we are, for
example, in Subsection 2.5.4). Let us then define, for convenience,

v⋆(t) ∶= p⋆(1)(t) and u⋆(t) ∶= p⋆(2)(t),

as the desired (linear) velocity and the desired (linear) acceleration associated
to the trajectory p⋆ ∶ R → Rn.

As we show next, tracking in Rn can be casted as stabilization of 02n. Indeed
it suffices to consider the control law

ucl ∶ R ×X→ B̄nū with ū = sup
t∈R

∥u⋆(t)∥ + kpσp + kvσv (2.67)

ucl(t, x) ∶= u⋆(t) − kpsatσp(p − p⋆(t)) − kvsatσv(v − v⋆(t)),

which leads to the closed-loop dynamics

⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

v

ucl(t, x)
⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ucl in (2.67)

⇒
⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
v

ucl(x)
⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ucl in (2.65)

∣p←p−p⋆(t)
v←v−v⋆(t)

,

i.e., we obtain the dynamics when a double integrator is required to stabilize at
the origin, and therefore the following result follows immediately.

Proposition 2.65. Consider the double integrator vector field in (2.64), and the
bounded control law in (2.67), with bound ū = supt∈R ∥p⋆(2)(t)∥ + kpσp + kvσv. The
trajectory t↦ x⋆(t) ∶⇔ t↦ (p⋆(0)(t), p⋆(1)(t)) is globally asymptotically stable.
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2.11.3 Stabilization of Double Integrator in S2

In stabilization for a double integrator in S2, one wishes the (angular) position
to stabilize at some desired (angular) position p⋆ ∈ S2. This problem is of interest
when one is concerned with the angular motion of a one-dimensional rigid-
body (as we are, for example, in Subsection 2.5.5). Consider then the double
integrator vector field in S2

X ∶ X ×R3 ∋ (x,u)↦X(x,u) ∈ TxX with X ∶=
⎧⎪⎪⎨⎪⎪⎩

⎡⎢⎢⎢⎣
p

v

⎤⎥⎥⎥⎦
∈
⎡⎢⎢⎢⎣
R3

R3

⎤⎥⎥⎥⎦
∶
⎡⎢⎢⎢⎣
⟨p, p⟩
⟨p, v⟩

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
1
0

⎤⎥⎥⎥⎦

⎫⎪⎪⎬⎪⎪⎭

ẋ =X(x,u) ∶⇔
⎡⎢⎢⎢⎣
ṗ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
S (v)p
Π (p)u

⎤⎥⎥⎥⎦
(2.68)

which we wish to stabilize at (p⋆,03). Consider then the bounded double inte-
grator control law ucl given by

ucl ∶ X→ B̄3
ū with ū = kp + kvσv (2.69)

ucl(x) ∶= −kpS (p⋆)p − kvsatσv(v) ∈ TpS2,

with the companion Lyapunov function V ∶ X→ [0,∞) described by

V (x) ∶= kp (1 − ⟨p⋆, p⟩) + β⟨S (p⋆)p, satσv(v)⟩ +
⟨v, v⟩

2
(2.70)

= 1
2

⎡⎢⎢⎢⎣
S (p⋆)p

v

⎤⎥⎥⎥⎦

T

(
⎡⎢⎢⎢⎢⎣

kp
2(1−⟨p⋆,p⟩)
∥S(p⋆)p∥2 I3 β(nσv(v))−1I3

β(nσv(v))−1I3 I3

⎤⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶A∈R(2⋅3)×(2⋅3)

)
⎡⎢⎢⎢⎣
S (p⋆)p

v

⎤⎥⎥⎥⎦
,

and its derivative W ∶ X→ (−∞,0] given by

W (x) ∶= dV (x)X(x,ucl(x))

= (nσv(v))−1
⎡⎢⎢⎢⎣
S (p⋆)p

v

⎤⎥⎥⎥⎦

T ⎡⎢⎢⎢⎣
kpβnσv(v)dsatσv(v) 1

2β(kvdsatσv(v)
1
2β(kvdsatσv(v) (kv − β⟨p⋆, p⟩)I3

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶B∈R(2⋅3)×(2⋅3)

⎡⎢⎢⎢⎣
S (p⋆)p

v

⎤⎥⎥⎥⎦

for some positive constant β < kv (1 + k2
v(4kp)−1)−1.

Proposition 2.66. Consider the double integrator vector field in (2.68), and
the bounded control law in (2.69), with bound ū = kp + kvσv. x⋆+ = (+p⋆,03) is
asymptotically stable, and x⋆− = (−p⋆,03) is unstable.

Proof. First, note that β < kv (1 + k2
v(4kp)−1)−1 ≤ min (

√
kp, kv (1 + k2

v(4kp)−1)−1). It
then follows that
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• the closed-loop vector field x ↦ X(x,ucl(x)) vanishes at x⋆+ and at x⋆−, and,
thus, these are equilibrium points;

• V (x) = 0⇔ x = x⋆+ (and V (x⋆−) = 2kp > 0);
• since β <

√
kp ⇒ A > 0, the sub-levels sets of V are compact subsets containing

x⋆+, which guarantees stability of x⋆+;
• since β < kv (1 + k2

v(4kp)−1)−1 ⇒ B > 0, W is negative definite, which implies
attractivity of the set {x⋆+, x⋆−};

• since we can find x arbitrarily close to x⋆− such that V (x) < V (x⋆−) = 2kp, it
follows that x⋆− is unstable (for example, for simplicity, let p⋆ = (1,0,0): if we
consider x = (e,03) with e = (−

√
1 − δ2, δ,0) ∈ S2, then V (x) = kp(1 +

√
1 − δ2) <

2kp for any δ ∈ (0,1)). ∎

Remark 2.67. Similarly to Remark 2.64, an attentive reader may wonder why
we did not consider instead the “simpler” Lyapunov function V ∶ X→ [0,∞)

V (x) ∶= kp(1 − ⟨p⋆, p⟩) + ⟨v, v⟩
2

.

whose derivative along a solution is described by

V̇ (x) =W (x) ∶= dV (x)X(x,ucl(x)) = −kv⟨v, v⟩,

which is not positive-definite, so it cannot be used for the purposes of disturbance
removal (something we are interested in).

2.11.4 Stabilization of Double Integrator in SO(3)
In stabilization for a double integrator in SO(3), one wishes the (angular)
position to stabilize at some desired (angular) position R⋆ ∈ SO(3). This problem
is of interest when one is concerned with the angular motion of a generic rigid-
body (as we are, for example, in Subsection 2.5.6). Consider then the double
integrator vector field in SO(3)

X ∶ X ×R3 ∋ (x,u)↦X(x,u) ∈ TxX with X ∶= {(R,v) ∈ R3×3 ×R3 ∶ R ∈ SO(3)}

ẋ =X(x,u) ∶⇔
⎡⎢⎢⎢⎣
Ṙ

v̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

RS (v)
J−1(u − S (v)Jv)

⎤⎥⎥⎥⎦
, (2.71)

which we wish to stabilize at (R⋆,03), and where J > 0 is some positive definite
matrix (one may think of the moment of inertia related to a rigid-body angular
motion). One might be tempted to design a control law which cancels the term
S (v)Jv, but this however would result in an unbounded control law. Consider
then instead the bounded double integrator control law ucl given by

ucl ∶ X→ B̄3
ū with ū = kp + kvσv (2.72)

ucl(x) ∶= −kpS−1 (R −RT

2
) − kvsatσv(v),
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with the companion Lyapunov function V ∶ X→ [0,∞) described by

V (x) ∶= kptr(
I3 −R

2
) + 1

2
∥v∥J , (2.73)

and its derivative W ∶ X→ (−∞,0] given by

W (x) ∶= dV (x)X(x,ucl(x)) = −kv∥v∥2.

The following result then follows.

Proposition 2.68. Consider the double integrator vector field in (2.71), and
the bounded control law in (2.72), with bound ū = kp + kvσv. Then, x⋆+ = (R⋆,03)
is asymptotically stable, and any x⋆− ∈ {(R,v) ∈ SO(3) × R3 ∶ v = 03 and R =
I3 − 2Π (S−1 (R

⋆
−(R⋆

)
T

2 ))} is unstable.

Proof. The proof is broken into the following steps:
• the closed-loop vector field x↦X(x,ucl(x)) vanishes at x⋆+ and at any x⋆−, and

thus, these are equilibrium points;
• V (x) = 0⇔ x = x⋆+ (and V (x⋆−) = 2kp > 0);
• the sub-levels sets of V are compact subsets containing x⋆+, which guarantees

stability of x⋆+;
• W is not negative-definite, but after invoking LaSalle’s invariance principle,

one concludes attractivity of the set {(R⋆,03)} ∪ {(R,v) ∈ SO(3) × R3 ∶ v =
03 and R = I3 − 2Π (S−1 (R

⋆
−(R⋆

)
T

2 ))};
• since we can find x arbitrarily close to x⋆− such that V (x) < V (x⋆−) = 2kp, it

follows that x⋆− is unstable. ∎

Remark 2.69. A controller for accomplishing tracking in S2 with a bounded
control law is not provided in this thesis, but such a controller exists, and one
example is found in [90]. A controller for accomplishing tracking in SO(3) with
a bounded control law is not provided in this thesis (we note that, in the absence
of the term S (v)Jv in (2.71), the construction of a bounded control law is a
rather trivial task). Finally, we note that the Lyapunov function in (2.73) cannot
be used for disturbance removal, because W is not negative-definite (we note,
however, that constructing V with a negative-definite W is possible).





Chapter 3

Slung-load Transportation

In this chapter, we focus on three variants of slung-load transportation. Slung-
load refers to a suspended cargo which can pivot around some fixed or moving
point, and which is synonymously referred to as sling-load, under-slung load, or
suspended-load. The simplest slung-load system is that of a pendulum, where a
point-mass swings around a fixed pivot point. In this thesis, however, when we
refer to slung-load transportation, we refer to a cargo suspended from a UAV
which allows for the transportation of said cargo. In particular, we focus on
three variants of slung-load transportation, specifically,
1. on a point-mass load tethered to a single UAV, described in Section 3.2;
2. on a rod-like rigid-body (i.e., a rigid-body with an axis of axial symmetry)

attached by a ball joint to a single UAV along the rigid-body’s axis of axial
symmetry, described in Section 3.3;

3. and on a point-mass load tethered to two UAVs, described in Section 3.4.
For each of these three systems, illustrated in Fig. 3.1, we formulate tracking
problems, and we design control laws that accomplish that tracking objective
asymptotically. Our control design strategy, also illustrated in Fig. 3.1, is to
convert each of those systems into the thrust-propelled system form, described
in Subsection 2.5.1, and for which we already provided a working control law in
Subsection 2.5.4. However, each of those three systems has its own specificities
and challenges.
1. For the point-mass load tethered to a single UAV, we consider winds forces

acting on the load and on the UAV, which are unknown to the control law;
our solution is to design estimators (using the tools provided in Section 2.10),
such that tracking is still accomplished (the wind forces are, however, not
necessarily estimated).

2. For the rod-like rigid-body fixed to a single UAV, in order for us to leverage
the thrust-propelled system form, we need to introduce an equivalence class;
also, we consider two actuation scenarios: one where there is a torque input
at the joint that connects the rigid-body and the UAV (for which we formulate
a pose tracking problem for a one-dimensional rigid-body), and one where no
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model
(tools from Section 2.7)

ż = Z(z, u) change of coordinateschange of inputs

ẋ = X(x, µ)

Section 2

single UAV
Point-mass load tethered to

two UAVs
Point-mass load tethered to

Section 4Section 3

and single UAV
Rigid-body manipulator

ż = Z(z, u)
physical

input

physical

state

u

z

xµ

input to state of

µ x

vector field of

Thrust-propelled system
associated to point-mass

z

Step 1: construct model

Step 2: construct ν and φ which
yields thrust-propelled system associated to point-mass (Subsection 2.5.1)

ż = Z(z, u) change of coordinateschange of inputs u xµ z

controller from
Subsection 2.5.4

Step 3: leverage results for
thrust-propelled system associated to point-mass

ν φ

controller for physical system = ν ◦ µcl ◦ φ

ν φ

µcl

Figure 3.1: Main idea followed in each section of this chapter: to leverage results
already provided for the thrust-propelled system associated to a point-mass, as
described in Subsection 2.5.1.

such torque is available (for which we formulate a position tracking problem
for a point-mass).

3. For the point-mass load tethered to two UAVs, we design a control law that
guarantees that the two UAVs do not collide, and which is independent of
the naming/numbering of the UAV (i.e., no master UAV, no slave UAV).
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We emphasize that the second system may be understood as a generalization
of the first: indeed, if one lets the moment of inertia of the rod-like rigid-body
vanish, then the dynamics of the first system can be recovered. We note however
that a rod-like rigid-body can withstand compressive forces, while a cable, which
is the joint connecting the point-mass load to the UAV in the first system, cannot.
The third system, on the other hand, is entirely different from the first and the
second ones, as one needs to consider the possibility of collisions between the
UAVs, a scenario that is absent when a load is suspended from a single UAV. In
the next section we provide a literature review on different types of slung-load
transportation.

3.1 Literature review

Aerial transportation can be roughly categorized as single-UAV transporta-
tion [6, 9, 20, 22, 40, 77, 79, 97, 120] vs (cooperative) multiple-UAV transporta-
tion [28, 30, 39, 42, 46, 49, 50, 62]; and as slung-load/tethered-transportation [9,
20, 22, 28, 30, 42, 49, 50, 62, 77, 79, 97] vs manipulator-endowed-transportation [6,
39, 46, 120]. Slung-load transportation, when compared with transportation
by manipulators, is mechanically simple, inexpensive, and it does not require
any power supply. Manipulator-endowed transportation, on the other hand,
provides extra degrees of freedom which can be used to perform more complex
tasks – such as picking up an object from inside a drawer [40]. In cluttered
environments, transportation with a single UAV may be the only feasible op-
tion, while transportation with multiple UAVs is primarily necessary when
the cargo exceeds the individual UAVs’ payload capacity. Transportation with
multiple UAVs may also be more robust with respect to failures of individual
team members [62].

Different aspects of aerial transportation have been considered in the liter-
ature. Regarding modeling, different approaches have been pursued, such as
following an Euler-Lagrange formulation, an Hamiltonian formulation or Kane’s
method [8, 32, 71, 78, 80]. These different approaches yield the equations of mo-
tion of a slung-load system, which, as a mechanical system, is under-actuated
(i.e., it is not fully-actuated), and thus inverse dynamics control – where a
nonlinear control law linearizes the system [110] – cannot be implemented, and
which is the motivation for a large body of research on control of slung-load
systems. Most works rely on local parametrizations of the configuration space,
while others provide a coordinate-free modeling as well as coordinate-free con-
trol laws [24, 29, 50, 94]. Regarding simplifications, some works have focused
on the simpler problem of position stabilization [24, 29, 71, 80], where the
load is required to stabilize at some desired (fixed) position; while others have
restricted themselves to a two-dimensional setting [71, 111].

Regarding sensing apparatus, and in tethered transportation, vision has
been used to estimate the swing angles, and thus the cargo’s pose with respect
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to the UAV’s, and using such estimations in the feedback loop to avoid and/or
dampen swing excitation [8, 9, 9, 28, 41, 42, 47, 115]. In manipulator-endowed
transportation, vision has been used instead to correctly place end-effectors with
respect to a visual target placed on the object to be transported [28, 41, 61, 117].
In tethered transportation, apart from vision, force sensors, placed on the cable
connecting the load and the UAV, have also been used to measure the tension
on the cable, which is used for the purposes of control or for the purposes of
disturbances’ estimation [8, 47].

Adaptive and robust controllers have also been proposed, which estimate
and compensate for the static and the dynamic effects of the cargo on the
UAV [37, 43, 77, 102]. Dynamic controllers, considering model uncertainties
and/or input disturbances, are also found in [24, 78, 94], with some relying on
discrete time models, and others considering a flexible cable as opposed to an
inelastic cable [24, 29].

Trajectory planning has been considered by exploring (hybrid) differential
flatness [29, 111]. In tethered transportation, for a cargo to move, some swing
motion is necessary, but one may be interested in planning trajectories which
minimize the swing angle and/or constrain the maximum allowed swing an-
gle [78, 80]. Motion planning for collision avoidance has also been considered,
which is necessary in cluttered environments, where one wishes to plan trajec-
tories for the cargo and the UAVs which avoid obstacles [39, 46, 49, 114].

In aerial tethered transportation, a cable establishes a physical connection
between the UAV (UAVs) and the cargo, and, under tensile forces, the cable
behaves as an un-actuated massless rigid-link/manipulator. To be specific, under
tensile forces, the cable imposes a holonomic constraint, which requires the
distance between the UAV and the cargo to be equal to the cable’s length. In the
absence of said cable, no such restriction applies, and, as such, the UAV and
the cargo move independently, with the latter moving as a free falling object.
In the literature of tethered transportation, some works have focused on the
hybrid nature of the model, describing the dynamics when the cable is taut
(“cable under tension”) and when it is not (“cable under compression”); and
hybrid controllers have also been proposed that cope with the hybrid nature of
the system [20–22].

We note that position tracking for the slung-load system shares similarities
with position tracking for a standard UAV, and a review on different control
strategies for the latter is found in [34]. In aerial position tracking, it is known
that an a priori bounded linear acceleration control law is necessary in order to
compute a well-defined UAV thrust attitude [13, 94, 101]. Similarly, in tethered
transportation, and in the coordinate-free cited works, a desired attitude for
the cable is computed, which involves the normalization of a designed three
dimensional vector, which is only valid if the latter vector is non-zero. For
dynamic controllers this imposes the necessity of designing bounded estimators
(see Section 2.10); moreover, if the disturbances are not input-additive, the
estimators must, in addition, be sufficiently smooth [13].
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In controlling a UAV, one must guarantee that the thrust remains positive
(either because the UAV rotors can only spin in one direction; or because
dynamic augmentation of the thrust so requires), and some works compute a
region of initial states for which such a constraint is satisfied [55] . In a similar
fashion, in tethered transportation, one must guarantee that the cable remains
taut (otherwise the cargo behaves as a free-falling unactuated object), which is
the case if the tension on the cable remains positive.

3.2 Position Tracking with Unknown Wind Forces

In this section we consider a point-mass tethered to a UAV, upon which wind
forces – unknown by the controller – are applied, and where the control objective
is for the point-mass to track a desired position trajectory. In order to solve this
problem, the following steps are taken:
• In Subsection 3.2.1, we model the system using the tools described in Sec-

tion 2.7.
• In Subsection 3.2.2, we perform a change of coordinates and a change of inputs

which, under the absence of wind forces, yield the vector field of a thrust-
propelled system associated to a point-mass, as described in Subsection 2.5.1,
and for which a controller is found in Subsection 2.5.4.

• And, in Subsection 3.2.3, we propose a dynamic controller, whose internal
states are estimators of the unknown wind forces, and which guarantees
that the tracking objective is accomplished, provided the wind forces are
time-invariant.

In addition to the controller described in Subsection 2.5.4, four estimators are
also designed, since each of the two wind forces has two separate effects (an
effect on the linear acceleration of the point-mass, and another on the angular
acceleration of the unit vector associated to the cable). Also, the design of the
estimators follows the principles provided in Section 2.10.

One of the key ideas in this section is that of a canonical system. To illustrate
this concept, consider the equations of motion of a (simplified) car system, of
mass m > 0, and moving in a one-dimensional space, i.e.,

p̈ = u

m
(physical system),

with p ∈ R as the position of the car, and u ∈ R (dimensions of a force) as the
input force one can apply on the car. This model depends on the mass of the
car, but one may construct a change of inputs that leads to a canonical system,
which is independent of all the model parameters, namely,

u =mv⇒ p̈ = v (canonical system),

with v ∈ R (dimensions of a linear acceleration) as the new input that one must
design. The idea being, if one designs a controller for the canonical car system,
then one designs a controller for any physical car system.
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Figure 3.2: Modeling of the aerial slung-load system subject to wind forces. Left:
system of two point-masses physically coupled by inter-medium of cable. Right:
distribution of forces on each point-mass (system composed of two point-masses).

With respect to the literature review found in Section 3.1, this section
• provides change of coordinates and a change of inputs that leads to the

canonical form of a point-mass tethered to a UAV: the canonical form is
independent of all the system’s physical parameters (bodies’ weights and
the cable length), and a dynamic control law is developed for this canonical
system.

• shows that the wind force acting on the point-mass load is not an input-
additive disturbance, which implies that its estimation is a non-trivial task,
and which is the reason for invoking the use of a sufficiently smooth projection
adaption law as presented in Section 2.10.

3.2.1 Modeling and Problem Statement

We consider a UAV and a point-mass load physically coupled to each other
by a massless cable, which behaves as a rigid link when under tension, and
as illustrated in Fig. 3.2. If the cable were absent, the point-mass load would
behave as a free falling (un-actuated) point-mass, while the UAV would behave
as a standard UAV. In its presence, the cable imposes a kinematic constraint,
specifically, it enforces the distance between the point-mass load and the UAV to
be fixed and equal to the cable length. This kinematic constraint links the UAV
and the point-mass, and it provides a way to control the point-mass by means
of actuation on the UAV. In this section, we let the UAV be fully-actuated, an
assumption that can be lifted at the end by following the procedure described
in Subsection 2.4.4.

With Fig. 3.2 in mind, let p,P ∈ R3 and v, V ∈ R3 denote the positions and
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velocities of the UAV and of the point-mass load; let m,M > 0 denote the the
UAV’s and point-mass load’s masses, and l > 0 denote the cable length; and,
finally, let u ∈ R3 denote the input force that one can apply on the UAV (which is
assumed fully-actuated). Let then the mechanical system be described by the
pose, twist, mass matrix, state and input

P ∈ R6 ∶⇔
⎡⎢⎢⎢⎣
p

P

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

linear position of the load ∈ R3

linear position of the UAV ∈ R3

⎤⎥⎥⎥⎦
, (3.1a)

V ∈ R6 ∶⇔
⎡⎢⎢⎢⎣
v

V

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

linear velocity of the load ∈ R3

linear velocity of the UAV ∈ R3

⎤⎥⎥⎥⎦
, (3.1b)

M ∶=mI3 ⊕MI3 ∈ R6×6, (3.1c)
z ∈ R12 ∶⇔ (P,V) ∈ R6 ×R6, (3.1d)
u ∈ R3, (3.1e)

and denote also the wind forces applied on each point-mass as

(w,W ) ∈ R3 ×R3.

where w is the wind force applied on the load, and W is the wind force applied on
the UAV – the wind forces may be time-varying (as illustrated in the simulations
in Subsection 3.2.4), but for the purposes of control design they are assumed
to be time-invariant (i.e., ẇ = 03 and Ẇ = 03). The system is holonomic and the
position configuration space is given by

P ∶= {P ∈ R6 ∶ c(P) ∶= 1
2
(∥P − p∥2 − l2) = 01}

where the set where the constraint c vanishes describes the geometric constraint
which requires the positions between the load and the UAV to be apart by
the length of the cable. P describes a 5(= 6 − 1)-dimensional manifold since
dc(P)dc(P)T = 2l2 > 0, and since the available input is 3-dimensional, the
system is under-actuated.

Because the system is composed of only (two) point-masses, its kinematics
are of the form Ṗ = V. The state space and its tangent set are then given by

Z ∶= {z ∈ R12 ∶ C(z) = 02} = {(P,V) ∈ R6 ×R6 ∶ c(P) = 01, dc(P)V = 01}, (3.2)
TzZ ∶= {ż ∈ R12 ∶ dC(z)ż = 02}, for z ∈ Z. (3.3)

We follow the modeling approach described in Subsection 2.7.1, based on
the drawing of the diagram of forces, which is shown in Fig. 3.2, and where
T ≡ T (z, u) ∈ R is the tension on the cable (which depends on the state of the
system, on the input applied to the system, and on the wind forces). The tension
is an internal force and it comes in a pair, one force applied on the load, and
another on the UAV, and along the direction of the cable.
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We then have that the system dynamics (just linear accelerations) are given
by

V̇ = Aw,W (z, u) ∶⇔ (3.4)

∶⇔
⎡⎢⎢⎢⎣
v̇

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
mI3 03×3

03×3 MI3

⎤⎥⎥⎥⎦

−1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
M−1

(
⎡⎢⎢⎢⎣

−mge3 +w
u −Mge3 +W

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Fexternal

+
⎡⎢⎢⎢⎣
+P−p

l

−P−p
l

⎤⎥⎥⎥⎦
T (z, u)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Fconstraints=−ldc(P)TT (z,u)

),

and it is now clear that the tension T (z, u), which is an internal force, is well-
defined, since it enters the system dynamics in the form −ldc(P )TT (z, u) – see
Subsection 2.7.1. The tension is found by following the procedure described
in that subsection, namely, (in this case, the equations are simpler since Ṗ =
K(P )V = V, that is, since K is the identity map)

c(P) = 01 ⇒ dc(P)V = 01 ⇒ dc(P)V̇ + d2c(P)VV = 01 ⇔
⇔dc(P)M−1(Fexternal + Fconstraints) + d2c(P)VV = 01

⇔ldc(P)M−1dc(P)TT (z, u) = dc(P)M−1Fexternal + d2c(P)VV
⇔T (z, u) = l−1(dc(P)M−1dc(P))−1 (dc(P)M−1Fexternal + d2c(P)VV)

⇔T (z, u) = m

m +M (⟨u, P − p
l

⟩ + M
l
∥V − v∥2 +M ⟨W

M
− w

m
,
P − p
l

⟩) , (3.5)

which justifies the expression of the tensions shown in Fig. 3.2.
Combining the system kinematics and the system dynamics in (3.4), we can

then construct the system’s vector field, which is given by

Zw,W ∶ Z ×R3 ∋ (z, u)↦ Zw,W (z, u) ∈ TzZ (3.6)

ż = Zw,W (z, u) ∶⇔
⎡⎢⎢⎢⎣
Ṗ
V̇
⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

V
Aw,W (z, u)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
.

where we indexed the vector field with w and W to emphasize the fact that it
depends on the unknown winds forces, while the control law that we design
later cannot and does not.

We now state here the problem we wish to solve, and whose solution we
develop in the next subsections.

Problem 3.1. Let R ∋ t ↦ p⋆(t) ∈ R3 be some desired position trajectory, and
consider the open-loop vector field Zw,W in (3.6), for some unknown (by the
controller) wind forces (w,W ) ∈ R3×R3. Design a control law (t, z)↦ ucl(t, z) such
that limt→∞(p(t) − p⋆(t)) = 03 along a trajectory of ż(t) = Zw,W (z(t), ucl(t, z(t)))
with z(t0) ∈ Z and for any t0 ∈ R.

Remark 3.2. We will assume hereafter that the wind force applied on the
load does not match the weight of the load; i.e., (w,W ) ∈ (R3/{mge3}) ×R3. The
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e1

e2

e3

e1

e2

e3

Cable is taut (tension > 0) and wind is not aggressive

Cable is not taut (tension < 0) and wind is aggressive

Cable is not taut (tension < 0) and wind is not aggressive

Cable is taut (tension > 0) and wind is aggressive

Figure 3.3: Graphical representation of the equilibrium trajectories when the load
is required to track a circular trajectory (marked with a dashed line) and depending
on whether the wind is aggressive or not. In particular, if the wind is not aggressive,
and the tension on the cable is positive, then the UAV is “above the load”.

reasoning behind this assumption lies on the fact that, if w = mge3, then the
load would be buoyant in the air, and this makes it impossible to stabilize
(with a continuous control law) the load around any point in space1. In brief,
if w =mge3, Brockett’s necessary condition – see the third necessary condition
in [11, Theorem 1] – is not satisfied.

Remark 3.3. We say that the pair of wind forces (w,W ) ∈ R3 × R3 is non-
aggressive if the vertical component of the wind force applied on the load does
not exceed the load’s weight, i.e., if ⟨w, e3⟩ < mg; it is aggressive if ⟨w, e3⟩ ≥ mg.
Figure 3.3 illustrates the different equilibria possibilities where the load tracks
the desired position trajectory.

3.2.2 Change of coordinates and change of inputs

In this subsection we construct a change of coordinates and a change of in-
puts, such that the vector field for the new coordinates and the new inputs
is that of a thrust propelled system associated to a point-mass, as described
in Subsection 2.5.1, and for which a controller has already been constructed
in Subsection 2.5.4. The change of coordinates and of inputs is illustrated
in Fig. 3.4, where we indexed the vector fields with parameters that are un-
known by the controller. Consider then the following state, state space and state

1Problem 3.1 is concerned with position tracking, which is a generalization of position stabi-
lization. Indeed, stabilization of the load around a point p̄ ∈ R3 is described in Problem 3.1 if one
considers the desired position trajectory R ∋ t↦ p⋆(t) ∶= p̄ ∈ R3.
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ż = Zw,W (z, u) ẋ = Xd,D(t, x, µ)φt(z)νx(µ)
x xµµ

input transformation coordinate changeoriginal vector field vector field of interest

one can go back and forward between solutions to these vector fields

u z

ż = Zw,W (z, u)ẋ = Xd,D(t, x, µ) φ−1
t (x)ν−1

x (u)
z zuu

input transformation coordinate change
µ x

original vector fieldvector field of interest

=

=

Figure 3.4: Change of coordinates and change of inputs that allows us to obtain
the vector field Xd,D, which is that of a thrust propelled system associated to a
point-mass, as described in Subsection 2.5.1.

decomposition

x ∈ X ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

v

n

ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ {(p, v, n,ω) ∈ R3 ×R3 ×R3 ×R3 ∶ ⟨n,n⟩ = 1, ⟨n,ω⟩ = 0}, (3.7)

where
• p will stand for the position tracking error,
• v will stand for the velocity tracking error,
• n will stand for the thrust direction of the thrust propelled system,
• and ω will stand for the angular velocity of the thrust direction of the thrust

propelled system.
With the latter in mind, given a time instant t ∈ R, consider then the change of
coordinates

φt ∶ Z→ X, φ−1
t ∶ X→ Z,

defined as

φt(z) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p − p(0)
⋆ (t)

v − p(1)
⋆ (t)

P−p
l

S (P−p
l

) V −v
l

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, φ−1
t (x) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p + p(0)
⋆ (t)

p + ln
v + p(1)

⋆ (t)
p + lS (ω)n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where p⋆ is the desired position trajectory described in Problem 3.1. The maps φt
and φ−1

t are smooth, and it is easy to verify that φt○φ−1
t = idX and that φ−1

t ○φt = idZ.
As such φt and φ−1

t are diffeomorphisms, and each one is the inverse of the other.
We can then write the vector field Zw,W in (3.6) in the new coordinates, i.e.,
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in the state space X, namely

X̃w,W ∶ R ×X ×R3 ∋ (t, x, u)↦ X̃w,W (t, x, u) ∈ TxX (3.9a)

X̃w,W (t, x, u) ∶= ( d
dt
φt(z) + dφt(z)Zw,W (z, u)) ∣z=φ−1

t (x),

where we have included the dependency on the unknown wind forces as a
subindex (as a reminder that the vector field X̃w,W is partially unknown to the
controller). Because it will prove useful, we show the explicit vector field X̃w,W ,
which is obtained from (3.9a),

ẋ = X̃w,W (t, x, u) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

T (φ−1
t (x), u)n − g(t) + w

m

S (ω)n
S (n) ( u

Ml
+ 1
l
(W
M
− w
m
))

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.9b)

⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.5)=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

( ⟨n,u⟩
M+m

+ M(l⟨ω,ω⟩+⟨n,WM − wm ⟩)

M+m
)n − g(t) + w

m

S (ω)n
S (n) ( u

Ml
+ 1
l
(W
M
− w
m
))

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where g ∶ R → R3, hereafter called time-varying gravity acceleration, is defined
as

g(t) ∶= p(2)
⋆ (t) + ge3. (3.9c)

Because it is convenient, hereafter, given some x ∈ X, denote

µ ∈ Vx ∶⇔ (T, τ) ∈ R × TnS2.

The vector field in (3.9b) motivates the introduction of the following input
transformation

νx ∶ Vx ∋ µ↦ ν(µ) ∈ R3 (3.10a)
νx(µ) ∶= ((m +M)T −Ml⟨ω,ω⟩)n −MlS (n) τ,

and its inverse (νx ○ ν−1
x = idR3 and ν−1

x ○ νx = idVx )

ν−1
x ∶ R3 ∋ u↦ ν−1

x (u) ∈ Vx (3.10b)

ν−1
x (u) ∶= ( 1

M +m ⟨n,u⟩ + M

M +ml⟨ω,ω⟩,S (n) u

Ml
) .

The same vector field motivates the shorter notation
⎧⎪⎪⎨⎪⎪⎩

d = w
m
∈ R3

D = M
M+m

(W
M
− w
m
) ∈ R3

,

Φ(n) ∶= 1
l

M +m
M

S (n) ∈ R3×3.

(3.11)
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With (3.10a) and (3.11) in mind, it follows that

X̃w,W (t, x, νx(µ)) =Xd,D(t, x, µ),
X̃w,W (t, x, u) =Xd,D(t, x, ν−1(x,u)),

where Xd,D is the final vector field of interest, and it is given by

Xd,D ∶ {(t, x, µ) ∶ R ×X ×R4 ∶ µ ∈ Vx} ∋ (t, x, µ)↦Xd,D(t, x, µ) ∈ TxX (3.12)

ẋ =Xd,D(t, x, µ) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

(T + ⟨n,D⟩)n − g(t) + d
S (ω)n

Π (n) (τ +Φ(n)D)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where (d,D) ∈ R3 ×R3 are unknown (by the controller) disturbances. The vector
fieldXd,D has a cascaded structure, which can be visualized in Fig. 3.5. Moreover,
note that if (w,W ) = (03,03), then (d,D) = (03,03), and X03,03 is the thrust-
propelled vector field associated to a point-mass, described in Subsection 2.5.1,
and for which a controller has already been constructed in Subsection 2.5.4.

Remark 3.4. It is clear from the vector field Xd,D in (3.12) that D is an input
additive disturbance, while d is not. That is, we can expressed that vector field
as

Xd,D

⎛
⎝
t, x,

⎡⎢⎢⎢⎣
T

τ

⎤⎥⎥⎥⎦
⎞
⎠
=Xd,03(t, x,

⎡⎢⎢⎢⎣
T

τ

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣
⟨n,D⟩
Φ(n)D

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

input additive disturbance

),

which shows immediately that D is an input additive disturbance. The reason
why d is not an input additive disturbance lies in the fact that the image space
of the control vector field associated to the disturbance d does not lie in the
image space of the control vector field associated to the input u, i.e., (below v.f.
stands for vector field)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

−g(t) + d
S (ω)n

03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

drift v.f.

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03 03×3

n 03×3

03 03×3

03 Π (n)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
⋆= control v.f.

⎛
⎝
⎡⎢⎢⎢⎣
T

τ

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣
⟨n,D⟩
Φ(n)D

⎤⎥⎥⎥⎦
⎞
⎠
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03×3

I3

03×3

03×3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¸¹¹¹¹¶

†= disturbance v.f.

d

where Im(†) /⊂ Im(⋆).

The vector field Xd,D in (3.12) is the canonical vector field for the slung-
load system, for which we will be designing the dynamic controller in the



3.2. Position Tracking with Unknown Wind Forces 117

next subsection, and it does not depend on the system’s physical parameters
– see Remark 3.5. Obviously, the physical parameters need to be known when
controlling the vector field of the real physical system (because they are used in
the coordinate change φt in (3.7), and in the input change νx in (3.10a)), but they
do not need to be known when controlling the canonical vector field in (3.12).

Remark 3.5. The vector fieldXd,D in (3.12) is not a true canonical form, because
the map Φ in (3.11) actually depends on the system’s physical parameters.
Indeed, note that Φ(n) ∶= γS (n) with γ = 1

l
M+m
M

: thus, formally speaking, two
slung-load systems have the same canonical form only if the constant γ is the
same for both.

In a true canonical form, we would define three disturbances, instead of two,
namely

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

d = w
m
∈ R3 (physical dimensions of a linear acceleration)

DT = M
M+m

(W
M
− w
m
) ∈ R3 (physical dimensions of a linear acceleration)

Dτ = 1
l
(W
M
− w
m
) ∈ R3 (physical dimensions of an angular acceleration)

,

and we would define the vector field

Xd,DT ,Dτ
∶ {(t, x, µ) ∶ R ×X ×R4 ∶ µ ∈ Vx} ∋ (t, x, µ)↦Xd,DT ,Dτ

(t, x, µ) ∈ TxX

ẋ =Xd,DT ,Dτ
(t, x, µ) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

(T + ⟨n,DT ⟩)n − g(t) + d
S (ω)n

Π (n) (τ + S (n)Dτ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.13)

where Xd,DT ,Dτ
is truly independent of all the system’s physical constants. That

is, in order to consider a true canonical form, we need to define three unknown
disturbances, instead of just two. However, in order to simplify the notation and
the exposition that follows, rather than working with the vector field Xd,DT ,Dτ

in (3.13), we will work with the vector field Xd,D in (3.12).

Remark 3.6. Recall the results from Subsection 2.5.4, regarding the control
of the thrust-propelled system with the vector field (2.9), and which is equal
to the vector field in (3.12) if (d,D) = (03,03). It follows from Subsection 2.5.4,
that in order for a well-defined control law to exist, the time-varying gravity
acceleration must satisfy

g ∈ C2, and (3.14a)
inf
t∈R

∥g(t) − d∥ > 0, and (3.14b)

sup
t∈R

∥g(i)(t)∥ < 0 for i ∈ {0,1,2}. (3.14c)

However, note that (3.14b), from a controller design perspective, is not useful,
since it depends on the unknown disturbance d. Indeed, we need to assume the
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ṗ = vv̇ = T̃ n− g̃(t)ṅ = S(ω)nω̇ = Π(n)τ̃
v

T 〈φ(n), D〉

+ +

T̃

+ −

g(t) d

g̃(t)

τ Φ(n)D

+ +

τ̃

disturbance (not known)

known time-varying gravity (g(t) := p̈?(t) + ge3)

disturbance (not known)
linear acceleration input
angular acceleration input

nω p
linear positionlinear velocityangular positionangular velocity

Goal: p = 0Goal: v = 0Goal: n = g̃(t)
‖g̃(t)‖Goal: ω = S

(
g̃(0)(t)

‖g̃(0)(t)‖

)
g̃(1)(t)

‖g̃(0)(t)‖

Figure 3.5: Cascaded structure of the vector field Xd,D. Note that if we set p = 0
(which is our goal) then the disturbance d propagates backwards: i.e., it propagates
to ω (part of the state), and it propagates to τ (part of the input), even though τ is
not immediately affected by d.

unknown disturbance d ∈ R3 is upper bounded in norm by some known d̄ ≥ 0, i.e.,
∥d∥R3 ≤ d̄, and replace the requirement in (3.14b) with

inf
t∈R

∥g(t)∥ > d̄, (3.14d)

where the satisfaction of (3.14d) implies the satisfaction of (3.14b), but not
vice-versa. The requirement (3.14d), when compared with (3.14b), is a more
restrictive condition imposed on the set of trajectories that the load can track
– recall, from (3.9c), that g(t) ∶= ge3 + p(2)

⋆ (t). Such a conservative approach is
unavoidable, since the disturbance d is unknown.

3.2.3 Dynamic control law
For convenience, we need to introduce some constants that need to be specified
and/or known for the purposes of the controller design:
• we pick g > 0 such that g < inft∈R ∥g(t)∥ (inft∈R ∥g(t)∥ > d̄ > 0 – see (3.14d));
• the disturbance d ∈ R3 needs be bounded in norm by some known upper

bound d̄ > 0 (i.e., ∥d∥R3 ≤ d̄)2, and we pick ¯̂
d such that ¯̂

d > d̄ – later we design
an estimator d̂ for the disturbance d, and d̂ will be guaranteed to remain
bounded in norm by some constant smaller than ¯̂

d;
• we pick a constant ū > 0 such that g − (ū + ¯̂

d) > 0 – loosely speaking, ū will
represent how much linear acceleration the system will be able to provide
(∥v̇∥ ⪅ ū);

2From the physical system, we know that d = w
m

; thus, one needs to know that the wind force
on the load w ∈ R3 is bounded in norm by some known upper bound w̄ > 0 – i.e., ∥w∥R3 ≤ w̄ – in
which case, d̄ = w̄

m
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ṗ = vv̇ = T̃ n− g̃(t)
v

〈φ(n), D〉

+ +

T̃

+ −

g(t) d

g̃(t)

n(x1, d)
p

T cl(x1, d,D)

thrust input

angular position input

Goal: (p, v)→ (03, 03)

disturbance assumed known

step 1: x1 = (p, v, g0)

(a) Step 1.

ṗ = vv̇ = T̃ n− g̃(t)
v

T cl1 (x2, d,D) 〈φ(n), D〉

+ +

T̃

+ −

g(t) d

g̃(t)

p
ṅ = S(ω)n

n
ωcl1 (x2, d, ḋ)︸ ︷︷ ︸

ḋ=03

thrust input

angular velocity input

disturbance assumed known

step 2: x2 = (x1, n, g
1)

Goal: (p, v, n)→
(

03, 03,
g0−d
‖g0−d‖

)

(b) Step 2.

ṗ = vv̇ = T̃ n− g̃(t)
v

T cl2 (x3, D) := T cl1 (x2, d̂T , D) 〈φ(n), D〉

+ +

T̃

+ −

g(t) d

g̃(t)

p
ṅ = S(ω)n

n

disturbance assumed known

˙̂
dT = Eδ,T (x2, d̂T )˙̂

dT

d̂T

ωcl2 (x3) := ωcl1

(
x2, d̂T ,

˙̂
dT

)

thrust input

angular velocity input

Estimators

step 3: x3 = (x2, d̂T )

Goal: (p, v, n)→
(

03, 03,
g0−d
‖g0−d‖

)

(c) Step 3.
Figure 3.6: Backstepping steps: first to third.
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ṗ = vv̇ = T̃ n− g̃(t)
v

T cl3 (x4) := T cl2 (x3, D̂T ) 〈φ(n), D〉

+ +

T̃

+ −

g(t)

g̃(t)

p
ṅ = S(ω)n

n
ωcl2 (x3)

˙̂
DT = E∆,T (x3, D̂T )

dthrust input

angular velocity input

d̂T

Estimators

...

step 4: x4 = (x3, D̂T )

Goal: (p, v, n)→
(

03, 03,
g0−d
‖g0−d‖

)

D̂T

(a) Step 4.

ṗ = vv̇ = T̃ n− g̃(t)
v

T cl3 (x4) 〈φ(n), D〉

+ +

T̃

+ −

g(t)

g̃(t)

p
ṅ = S(ω)n

n

d

ω̇ = Π(n)τ̃

Φ(n)D

+ +

τ̃ ω

τ cl1 (x5, d ,D )

thrust input

angular acceleration input

disturbances assumed known

d̂T , D̂T

Estimators...

step 5: x5 = (x4, ω, g
2)

Goal: (p, v, n, ω)→
(

03, 03,
g0−d
‖g0−d‖ ,S

(
g0−d
‖g0−d‖

)
g1

‖g0−d‖

)

(b) Step 5.

ṗ = vv̇ = T̃ n− g̃(t)
v

〈φ(n), D〉

+ +

T̃

+ −

g(t)

g̃(t)

thrust input

p

angular acceleration input

ṅ = S(ω)n
n

d

ω̇ = Π(n)τ̃

Φ(n)D

+ +

τ̃ ω

τ cl1 (x5, d̂τ , D̂τ)

τ cl2 (x6)

:=

T cl3 (x4)

˙̂
Dτ = E∆,τ(x5, D̂τ)

˙̂
dτ = Eδ,τ(x5, d̂τ) Estimators

...

d̂T , D̂T

d̂τ , D̂τ

...

step 6: x6 = (x5, d̂τ , D̂τ)

Goal: (p, v, n, ω)→
(

03, 03,
g0−d
‖g0−d‖ ,S

(
g0−d
‖g0−d‖

)
g1

‖g0−d‖

)

(c) Step 6.
Figure 3.7: Backstepping steps: fourth to sixth.
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• the disturbance D ∈ R3 also needs to be bounded in norm by some known
upper bound D̄ > 0 (i.e., ∥D∥R3 ≤ D̄)3, and we pick ¯̂

D such that ¯̂
D > D̄;

The choice of constants g, ¯̂
d, ū is always feasible if inft∈R ∥g(t)∥ − d̄ > 0 as required

in Remark 3.6: however, the closer inft∈R ∥g(t)∥− d̄ is to zero, the less input action
ū > 0 is available, which means a slower convergence (∥v̇∥ ⪅ ū); and the less
disturbance overshoot ¯̂

d − d̄ > 0 is available, which means the estimator update
law ˙̂

d can be very stiff, in order to guarantee that the estimate d̂ norm does not
overshoot over ¯̂

d once the same norm crosses d̄.
Let n be a positive integer, r be a positive number, and recall the definitions

Bnr ∶= {x ∈ Rn ∶ ∥x∥ < r},
Cn

r ∶= {x ∈ Rn ∶ ∥x∥ > r} = Rn/B̄nr ,

of the open-ball in Rn of radius r, and of the complement of a closed-ball in Rn

of radius r, respectively.
For the controller design, we follow a backsteeping procedure with six steps,

which we illustrate in Figs. 3.6 and 3.6. The necessity and importance of each
step will be motivated throughout this section. Also, and because it proves
useful, we include the time-varying gravity, and some of its derivatives, as parts
of the states: i.e., we include g(0), g(1) and g(2) (0th, 1st and 2nd derivatives
of t ↦ g(t)) in the state of the system, and we refer to them by g0, g1 and g2,
respectively. Consider then the following notation for the states of each step4

x1 ∈ X1 ∶⇔ (p, v, g0) ∈ R3 ×R3 ×C3
g (3.15a)

x2 ∈ X2 ∶⇔ (x1, n, g
1) ∈ X1 × S2 ×R3 (3.15b)

x3 ∈ X3 ∶⇔ (x2, d̂T ) ∈ X2 ×B3
¯̂
d

(3.15c)
x4 ∈ X4 ∶⇔ (x3, D̂T ) ∈ X3 ×R3 (3.15d)
x5 ∈ X5 ∶⇔ (x4, ω, g

2) ∈ X4 × TnS2 ×R3 (3.15e)
x6 ∈ X6 ∶⇔ (x5, d̂τ , D̂τ) ∈ X5 ×R3 ×R3 (3.15f)

Consider then the corresponding vector fields. In the first step, we consider the
system

ẋ1 =X1,d,D(x1, (T,n, g1)) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ġ0

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

v

(T + ⟨φ(n),D⟩)n − g0 + d
g1

⎤⎥⎥⎥⎥⎥⎥⎦

, (3.16a)

3From the physical system, we know that D = W
M

− w
m

; thus, one needs to know that the wind
forces w,W ∈ R3 are bounded in norm by some known upper bounds w̄, W̄ > 0 (i.e., ∥w∥R3 ≤ w̄ and
∥W ∥R3 ≤ W̄ ), in which case we can pick D̄ = W̄

M
+ w̄
m

(i.e., ∥D∥R3 ≤ D̄). We note, however, that this is
a very conservative estimate as it assumes that the winds W and w blow from opposite orientations,
which is unlikely.

4Technically speaking, the set X5 in (3.15e) cannot be expressed as a Cartesian product X4 ×
TnS2 ×R3. The correct formulation is {(p, v, g0, n, g1, d̂T , D̂T , ω, g2) ∈ R3 ×R3 ×R3 ×R3 ×R3 ×R3 ×
R3 ×R3 ×R3 ∶ g0 ∈ C3

g and n ∈ S2 ⇔ ⟨n,n⟩ = 1 and ω ∈ TnS2 ⇔ ⟨ω,n⟩ = 0}.
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where we design the input (T,n) = (T cl(x1, d,D), ncl(x1, d)) – note the depen-
dencies, assuming that d and D are known, and such that (p, v) → (03,03), as
illustrated in Fig. 3.6a. In the second step, we consider the system

ẋ2 =X2,d,D(x2, (T,ω, g2)) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

ẋ1

ṅ

ġ1

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

X1,d,D(x1, (T,n, g1))
S (ω)n
g2

⎤⎥⎥⎥⎥⎥⎥⎦

, (3.16b)

where we lift the assumption that we control the angular position n and modify
the thrust control law to T = T cl1 (x2, d,D), and design the angular velocity
input ω = ωcl1 (x2, d, ḋ)∣ḋ=03 , assuming that both d and D are known, and such
that (p, v, n)→ (03,03,

g0
−d

∥g0−d∥
), as illustrated in Fig. 3.6b. In the third step, we

consider the system

ẋ3 =X3,d,D(x3, (T,ω, g2)) ∶⇔
⎡⎢⎢⎢⎢⎣

ẋ2

˙̂
dT

⎤⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

X2,d,D(x2, (T,ω, g2))
Eδ,T (x2, d̂T )

⎤⎥⎥⎥⎥⎦
, (3.16c)

where we lift the assumption that the disturbance d is known in the control
laws (ω = ωcl1 (x2, d, ḋ)∣ḋ=03 and T = T cl1 (x2, d,D)) and replaced it with its estimate
d̂T (i.e., ω = ωcl2 (x3) ∶= ωcl1 (x2, d̂T , ,

˙̂
dT ) and T = T cl2 (x3,D) ∶= T cl1 (x2, d̂T ,D)); and

we design the estimator d̂T with dynamics Eδ,T (see Remark 3.7), and such
that (p, v, n)→ (03,03,

g0
−d

∥g0−d∥
), as illustrated in Fig. 3.6c. In the fourth step, we

consider the system

ẋ4 =X4,d,D(x4, (T,ω, g2)) ∶⇔
⎡⎢⎢⎢⎢⎣

ẋ3

˙̂
DT

⎤⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

X3,d,D(x3, (T,ω, g2))
E∆,T (x3, D̂T )

⎤⎥⎥⎥⎥⎦
, (3.16d)

where we lift the assumption that the disturbance D is known in the thrust
control law (T = T cl2 (x3,D)) and replaced it with its estimate D̂T (i.e., T =
T cl3 (x4) ∶= T cl2 (x3, D̂T )); and design an estimator D̂T with dynamics E∆,T , and
such that (p, v, n)→ (03,03,

g0
−d

∥g0−d∥
), as illustrated in Fig. 3.7a. In the fifth step,

we consider the system

ẋ5 =X5,d,D(x5, (T, τ, g3)) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

ẋ4

ω̇

ġ2

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

X4,d,D(x4, (T,ω, g2))
Π (n) (τ +Φ(n)D)

g3

⎤⎥⎥⎥⎥⎥⎥⎦

, (3.16e)

where we lift the assumption that we control the angular velocity ω and design
the angular acceleration input τ = τ cl1 (x5, d,D), assuming that both d and D are
known, and such that (p, v, n,ω)→ (03,03,

g0
−d

∥g0−d∥
,S ( g0

−d
∥g0−d∥

) g1

∥g0−d∥
), as illustrated

in Fig. 3.7b. And finally, in the sixth step, we consider the system

ẋ6 =X6,d,D(x6, (T, τ, g3)) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

ẋ5

˙̂
dτ
˙̂
Dτ

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

X5,d,D(x5, (T, τ, g3))
Eδ,τ(x5, d̂T )
E∆,τ(x5, D̂T )

⎤⎥⎥⎥⎥⎥⎥⎦

, (3.16f)
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where we lift the assumption that the disturbances d and D are known in
the angular acceleration control law (τ = τ cl1 (x5, d,D)) and replaced them with
with theirs estimates d̂τ and D̂τ (i.e., τ = τ cl2 (x6) ∶= τ cl1 (x5, d̂τ , D̂τ)); and design
the estimators d̂τ and D̂τ with dynamics Eδ,τ and E∆,τ respectively, and such
that (p, v, n,ω)→ (03,03,

g0
−d

∥g0−d∥
,S ( g0

−d
∥g0−d∥

) g1

∥g0−d∥
), as illustrated in Fig. 3.7c. The

specific derivation of the thrust and angular acceleration control laws, and
of the four estimators are rather lengthy. Also, because they follow the same
procedures already exposed in Sections 2.5.4 and 2.10, we omit the specifics in
this thesis, and refer the interested reader to [83]. The latter also provides an
estimation (based on a sublevel set of the constructed Lyapunov function) of
the region of initial states for which the tension on the cable is guaranteed to
remain positive.

Remark 3.7. The estimators d̂T , D̂T , d̂τ , D̂τ have dynamics named Eδ,T , E∆,T ,
Eδ,τ , E∆,τ . We emphasize that those dynamics do not depend on d or D, which
are unknown. The reason behind their naming is the following: δ is associated
to d, and ∆ is associated to D; T is associated to the estimators designed at the
thrust input level, and τ is associated to the estimators designed at the angular
acceleration input level.

Remark 3.8. Notice the estimator dynamics ˙̂
DT depends on the estimate d̂T ,

while the estimator dynamics ˙̂
dT is independent of the estimate D̂T . This is a

reflection of the different nature of the disturbances d and D, as discussed in
Remark 3.4.

Remark 3.9. In (3.16a)–(3.16f), we introduced the vector fields for each step,
and naturally they depend on the unknown disturbances d and D. In order
to illustrate this dependence, we denoted Xi,d,D as the vector field at step
i ∈ {1,⋯,6}, with d and D as sub-indexes. One point to emphasize is that, at
the steps where we design the estimators, the vector fields are affine in both
disturbances, i.e.,

X2,d,D =X2,d̂,D̂ +Eδ,T (d − d̂T ),
X3,d,D =X3,d̂,D̂ +E∆,T (D − D̂T ),
X6,d,D

´¹¹¹¹¹¸¹¹¹¹¹¶
unknown

=X6,d̂,D̂

´¹¹¹¹¹¸¹¹¹¹¹¶
known

+ Eδ,τ
´¸¶
known

(d − d̂τ) +E∆,τ

´¸¶
known

(D − D̂τ),

for some known functions Eδ,T ,E∆,T ,Eδ,τ ,E∆,τ , and for any d̂T , D̂T , d̂τ , D̂τ . In
brief, we cannot use the vector field Xi,d,D for the purposes of control, but we can
use instead Xi,d̂,D̂ where we replace d and D by some estimates d̂ and D̂. The
error when making this approximation (Xi,d,D −Xi,d̂,D̂) is linear with respect
to the estimation errors d − d̂ and D − D̂, and we use the matrices E⋆,T ,E⋆,τ to
design the update law for the estimate d̂⋆, D̂⋆ by following the procedure layout
in Section 2.10.
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Conditions Purpose
(1) Perfect knowledge Baseline
(2) Model mismatch Robustness against mis-known parameters
(3) Faster trajectory Faster estimation
(4) Purpose of function ΓV0 Saturates effect of bigger error in estimation
(5) Time-varying wind forces Robustness against non-constant disturbances

Table 3.1: Different simulations: conditions under which a simulation is performed,
and the purpose of that simulation.

3.2.4 Simulations
We now provide simulations which validate the proposed dynamic control law.
We also provide simulations which shed light into the robustness of the proposed
strategy.

In all the simulatons, the system has physical constants M = 1.1 kg, m = 0.4
kg, l = 1.1 m, and g = 9.81 m/s/s; and the wind forces are W = 0.1Mg s

∥s∥
N with

s = (2,2,1), and w = 0.1mg s
∥s∥

N with s = (1,0,−1) (wind forces corresponding to
10% of bodies’ weights). The load is required to track the position trajectory
p⋆ ∶ R → R3 defined as

p⋆(t) ∶= R1(25○)R2(25○)(r (sin(2ωt), cos(ωt),0)
sin(ωt)2 + 1

+ he3)

whereRi(α) stands for a positive rotation around the ith axis by an angle α, r = 2
m, h = 0.5 m, and ω = 2π

12 Hz (period of 12 s), which corresponds to an eight like
path in a tilted plane – in particular, it follows that inft∈R ∥ge3+p(2)

⋆ (t)∥ ≈ 9.0 m/s/s.
For the simulations, we let the initial condition be (p(0), P (0), v(0), V (0)) =
(7 13,7 13 + le3,03,03) and (d̂T (0), D̂T (0), d̂τ(0), D̂τ(0)) = (03,03,03,03). For the
controller parameters we take ū ≈ 0.72 m/s/s, ¯̂

dT = ¯̂
dτ = 1.5 > d̄ = 1.2 ≥ ∥d∥ ≈ 0.98

m/s/s, ¯̂
DT ,= ¯̂

Dτ = 1.8 > D̄ = 1.5 ≥ ∥D∥ ≈ 1.21 m/s/s, V1,0 = 1.5 and V2,0 = 1.5. In
particular, note that the condition inft∈R ∥g(t)∥ − (ū + ¯̂

dT ) > 0 is satisfied.
We present five different simulations, which we number from (1) to (5),

and where the physical system and the desired trajectory are the same, and
the differentiating factors are explained next, and summarized in Table 3.1:
In (1), referred to as the default/baseline simulation, all conditions assumed
throughout this section are respected. In (2) we assume the model is incorrectly
known by the controller (model mismatch), and we implement the controller
with mcontroller = 1.1mmodel and lcontroller = 1.1lmodel; because the model is not known we
increase (by a factor of ≈ 2) the norms on the estimators, i.e., ¯̂

dT = ¯̂
dτ = 2.7 >

d̄ = 2.4 m/s/s, ¯̂
DT ,= ¯̂

Dτ = 3.3 > D̄ = 3.0 m/s/s. In (3) we take ω ∈ { 2π
8 ,

2π
6 } Hz

(period of 8 or 6 s), and we investigate the effect on the convergence of the
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(a) Trajectory from 0 sec – 35 sec: point-
mass load in blue, and UAV in gray.

(b) Trajectory from 5 sec – 12 sec: real sys-
tem in opaque, and desired system in trans-
parent.

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
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(c) Position and velocity tracking errors.
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(d) Inputs to slung-load system, and cable
tension.
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(e) Disturbance estimates d̂T and D̂T .
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(f) Disturbance estimates d̂τ and D̂τ

Figure 3.8: Baseline simulation.
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2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
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1.0

1.5

2.0

(a) Sim (2) (model mismatch): position and
state tracking errors, and disturbance esti-
mates errors.

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34

0.5

1.0

1.5

2.0

(b) Sim (3) (excitation vs converge of esti-
mators): disturbance estimates errors.

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34

0.5

1.0

1.5

2.0

2.5

(c) Sim (4) (purpose of ΓV0 ): Disturbance
estimate d̂T .

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34

0.2

0.4

0.6

0.8

1.0

(d) Sim (5) (time-varying winds): position
and state tracking errors, and disturbance
estimates d̂T and D̂T .

Figure 3.9: Simulations under conditions (2) to (5).

estimators. In (4) we take (p(0), P (0), v(0), V (0)) = (20 13,20 13 + le3,5 13,5 13),
we take V1,0 = V2,0 ∈ {2,20,200}, and we observe the effect on the disturbance
estimators. In (5) we let the winds be non-constant, i.e., W = 0.1Mg s

∥s∥
N with

s = (2 + 0.1 cos(t),2 + 0.1 sin(t),1), and w = 0.1mg s
∥s∥

N with s = (1 + 0.1 cos(t),0 +
0.1 sin(t),−1), and we investigate the tracking error.

Let us now comment on these simulations, starting with (1), the baseline
simulation. In Figs. 3.8a and 3.8b, a visual inspection of convergence is shown,
while Fig. 3.8c shows that the position tracking error, as well as the velocity
tracking error, are steered towards the origin. In Fig. 3.8d, the inputs, coming
from the designed control law are shown, as well as the tension on the cable,
where the latter indicates that the cable remains taut. Finally, Figs. 3.8e and 3.8f
show the estimators d̂T , D̂T , d̂τ , D̂τ , which do not converge to the values of the
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real disturbances (in the time window of 0 sec to 35 sec).
Regarding (2): Fig. 3.9a shows that, despite the model mismatch, the track-

ing error is still steered to the origin, owing to the robustness added by the
estimators. Regarding (3): Fig. 3.9b shows that, the faster the trajectory is,
the faster the estimators (we show only d̂T and D̂T ) converge to the real dis-
turbances (i.e., a faster trajectory provides more excitation to the estimation).
Regarding (4): Fig. 3.9c shows that, the bigger V1,0, V2,0 are, the quicker the
estimators tend to saturate for “large” initial conditions – this illustrates the
importance of the function Γ⋅ in (2.62) and that V1,0, V2,0 determine when the esti-
mators (integral-action) should start working (update-laws are those described
in Section 2.10). Regarding (5): Fig. 3.9d shows that, despite the winds being
non-constant, tracking still takes places, owing to the robustness added by the
estimators, which rather than settling down, try to estimate the time-varying
winds.

3.3 Position Tracking with Rod-Like Slung-Load

In the previous section, we considered a point-mass load tethered to a single
UAV. In this section, we generalize this concept, and assume instead we have a
manipulator, with an axis of axial symmetry and with a point-mass load at its
end-effector, connected to the UAV’s center-of-mass by a ball-joint, as illustrated
in Fig. 3.10. If the manipulator is massless, the system from the previous section
is recovered, which is why the system considered here is a generalization of
the one found in Section 3.2. The control objective is for a desired trajectory to
be tracked, but its precise description depends on the available inputs to the
system, which we describe in the next subsections.

In order to solve this problem, the following steps are taken:
• In Subsection 3.3.1, we model the system using the tools described in Sec-

tion 2.7.
• In Subsection 3.3.2, we formulate two problems, namely

one where a torque input at the ball joint, connecting the manipulator and
the UAV, is available, which we refer to as the UAV-manipulator system;
and one where no such torque input is available, which we refer to as the
UAV-slung-manipulator system.

• And in Subsections 3.3.5 and 3.3.6, we perform a change of coordinates and a
change of inputs which lead to the vector field of a thrust-propelled system
associated to a point-mass, as described in Subsection 2.5.1, and for which a
controller is found in Subsection 2.5.4.
In the previous section, we assumed a point-mass load was tethered to the

UAV, and where we emphasized that it is fundamental to verify whether the
tension remains positive. In this section we consider instead a manipulator,
which is a rigid link which can withstand compression forces, unlike a cable.
However, there are some problems specific to this section, which differ from
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(a) Manipulator that can be modeled as
a rod-like rigid body, and with a torque
input available at the joint connecting
the manipulator to the aerial vehicle.

(b) A rod-like object connected to an
aerial vehicle at a point along the axis
of axial symmetry: the rod object may
be interpreted as an un-actuated manip-
ulator.

Figure 3.10: Real system composed of an aerial vehicle (Iris+ from 3D Robotics)
and a manipulator/rod-like-object.

those found in Section 3.2:
• The change of coordinates requires the definition of an equivalence class, in a

similar fashion to the change of coordinates found in Appendix B;
• For the UAV-manipulator system, we formulate a pose tracking problem for

a one-dimensional rigid-body, requiring the manipulator to track a desired
pose trajectory, apart from rotations around its axis of axial symmetry.

• For the UAV-slung-manipulator system, we formulate a position tracking
problem, requiring a specific point along the axis of axial symmetry of the
manipulator to track a desired position trajectory – if the manipulator were
massless, this point would be the load, in which case we recover the results
from the previous section (however in this section, we do not consider wind
forces).

3.3.1 Modeling

Consider the system illustrated in Fig. 3.11, composed of two rigid bodies,
namely one UAV and one manipulator (with a load at its end-effector). The two
rigid bodies are coupled, with a ball-joint connecting them at the center-of-mass
of the UAV. If the ball-joint were absent, the manipulator would behave as a
free falling (un-actuated) rigid body, while the UAV would behave as a standard
UAV. In its presence, the ball-joint imposes a kinematic constraint, specifically,
it enforces the UAV’s position to be fixed in the manipulator’s orientation frame.
This kinematic constraint links the UAV and the manipulator, and it provides a
way to control the manipulator by means of actuation on the UAV.

Let us list the physical constants that describe the system (we use upper-case
symbols for the UAV’s constants, and lower-case symbols for the manipulator’s):
• distance between rigid bodies centers-of-mass: l > 0.
• UAV’s mass and moment of inertia: M > 0 and J = JT ∈ R3×3;
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(p; r) =: pSE 2 SE(3): pose of manipulator
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(a) Poses of UAV and manipulator, and
constraint between rigid bodies.

−mge3

−Mge3

URe3

T

−T

τm 2 R
3: torque input in manipulator frame

T 2 R
3: internal tensions in inertial frame

M;m: massses of UAV and manipulator

τm

−RT rτm

U 2 R: UAV thrust input

τ

τ 2 R
3: torque input in UAV frame

(b) Net forces and torques applied on
each rigid body, namely the UAV and
the manipulator.

Figure 3.11: Modeling of coupled UAV and manipulator, the two rigid bodies the
system is composed of. Figure 3.10 provides a screenshot of the real system.

• manipulator’s mass and moment of inertia: m > 0 and

j ∶= jxy ⊕ jxy ⊕ jzz ∈ R3×3. (3.17)

Let us also list the poses (linear and angular positions) and twists (linear and
angular velocities) of the two rigid bodies that compose the system:
• UAV’s pose – PSE ∈ SE(3) ∶⇔ (P,R) ∈ R3 × SO(3);
• manipulator’s pose – pSE ∈ SE(3) ∶⇔ (p, r) ∈ R3 × SO(3);
• UAV’s twist – VSE ∈ R6 ∶⇔ (V,Ω) ∈ R3 ×R3;
• manipulator’s twist – vSE ∈ R6 ∶⇔ (v,ω) ∈ R3 ×R3.
Finally, let us list the inputs that act on the system, and for which we propose
control laws later:
• UAV’s thrust input – U ∈ R;
• UAV’s torque input in the UAV’s orientation frame – τ ∈ R3;
• manipulator’s torque input in the manipulator’s orientation frame – τm ∈ R3.

Let then the mechanical system be described by the following pose, twist,
mass matrix, state and input

P ∈ Pu ∶⇔ (pSE, PSE) ∈ SE(3) × SE(3), (3.18a)
V ∈ R12 ∶⇔ (vSE, VSE) ∈ R6 ×R6, (3.18b)

M ∶=
⎡⎢⎢⎢⎣
mI3 03×3

03×3 j

⎤⎥⎥⎥⎦

−1

⊕
⎡⎢⎢⎢⎣
MI3 03×3

03×3 J

⎤⎥⎥⎥⎦

−1

∈ R12×12 (3.18c)

z ∈ Zu ∶⇔ (P,V) ∈ Pu ×R12, (3.18d)
u ∈ U ∶⇔ (U, τ, τm) ∈ R ×R3 ×R3. (3.18e)

The system is holonomic and the position configuration space is given by

P ∶= {P ∈ Pu ∶ c(P) ∶= p + lre3 − P = 03} ,
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where the set where the constraints c vanish describes the (geometric) con-
straints imposed by the ball-joint, specifically, that the UAV’s position is fixed
with respect to the manipulator’s orientation frame, i.e., that rT (P − p) = le3 ⇔
p + lre3 − P = 03 (recall that r ∈ SO(3) represents the manipulator orientation
frame). The system is composed of two generic rigid-bodies, and thus the sys-
tem kinematics are of the form Ṗ = K(P )V with K of the form described in
Subsection 2.3.4. The position configuration space P is a 9(= 12− 3)-dimensional
manifold, since

dKc(P) = [I3 −lrS (e3) −I3 03×3] ∈ R3×12 ⇒
⇒dKc(P)dKc(P)T = 2I3 + l2rΠ (e3) rT ≥ 2I3 > 0,

that is, since dKc(P) ∈ R3×12 is full rank. Moreover, since the available input is
7-dimensional, the system is under-actuated. The state space, and its tangent
set, of the mechanical system are then given by

Z ∶= {z ∈ Zu ∶ C(z) = 06},
TzZ ∶= {δz ∈ TzZu ∶ dC(z)δz = 06}, for z ∈ Z.

We follow the modeling approach described in Subsection 2.7.1, which relies
on the drawing of the diagram of wrenches. This diagram is shown in Fig. 3.11,
where T = T (z, u) ∈ R3 are the internal forces (which depend on the state of the
system and on the input applied to the system). The internal forces come in a
pair, one applied on the manipulator, and another on the UAV.

Combining the system kinematics and the system dynamics, we can then
construct the system’s vector field, which is given by

Z ∶ Z ×U ∋ (z, u)↦ Z(z, u) ∈ TzZ (3.19)

ż = Z(z, u) ∶⇔
⎡⎢⎢⎢⎣
Ṗ
V̇
⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
K(P)V
A(z, u)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
,

where the kinematics are given by

Ṗ =K(P)V ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

ṙ

Ṗ

Ṙ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

rS (ω)
V

RS (Ω)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and the dynamics are given by (check diagram of wrenches in Fig. 3.11)

V̇ = A(z, u) ∶⇔ (3.20)

∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v̇

ω̇

V̇

Ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎣
mI3 03×3

03×3 j

⎤⎥⎥⎥⎦

−1 ⎛
⎝
⎡⎢⎢⎢⎣

T (z, u) −mge3

τm + lS (e3) rTT (z, u)
⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

03

−S (ω) jω
⎤⎥⎥⎥⎦
⎞
⎠

⎡⎢⎢⎢⎣
MI3 03×3

03×3 J

⎤⎥⎥⎥⎦

−1 ⎛
⎝
⎡⎢⎢⎢⎣
URe3 − T (z, u) −Mge3

τ −RT rτm

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

03

−S (Ω)JΩ

⎤⎥⎥⎥⎦
⎞
⎠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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with g as the acceleration due to gravity. The system dynamics above are written
equivalently as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v̇

ω̇

V̇

Ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=M−1⎛
⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−mge3

τm

URe3 −Mge3

τ −RT rτm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Wexternal

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I3

lS (e3) rT

−I3

03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T (z, u)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Wconstraints=dKc(P)TT (z,u)

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03

−S (ω) jω
03

−S (Ω)JΩ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

S(V )

⎞
⎠

and it is now clear that the internal forces T (z, u) ∈ R3 are well-defined, since
they enter the system dynamics in the form dKc(P)TT (z, u) – see Subsec-
tion 2.7.1. Also, given the specific structure of the manipulator moment of
inertia in (3.17) (and letting ⟨e3, τm⟩ = 0), the dynamics in (3.20) are also equiva-
lently expressed as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v̇

ω̇

V̇

Ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
m

(T (z, u) −mge3)
τm
jxy

+ l
jxy
S (e3) rTT (z, u) + ( jzz

jxy
− 1) eT3 ωS (e3)ω

1
M

(URe3 − T (z, u) −Mge3)
J−1 (τ −RT rτm − S (Ω)JΩ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The internal forces are found by following the procedure described in Subsec-
tion 2.7.1 (inverse is well-defined because P is a manifold), which yields

T ∶ Z ×U→ R3 (3.21a)
T (z, u) ∶= r (( 1

m
+ 1
M

) I3 + l2

jxy
Π (e3))

−1
( U
M
rTRe3 + l

jxy
S (e3) τm + l (ωTΠ (e3)ωe3 − jzz

jxy
eT3 ωΠ (e3)ω))

= 1
γ
r (( jxy

l2
I3 + mM

m+M
e3e

T

3 ) ( U
M
rTRe3 + lωTΠ (e3)ωe3) + 1

l
(S (e3) τm − jzzeT3 ωΠ (e3)ω))

γ ≡ 1 + jxy
l2
m +M
mM

(3.21b)

where we introduced the adimensional constant γ in (3.21b) (at this point, we
only emphasize that γ = 1 when the manipulator is taken as a point-mass).

Let us discuss briefly about the net wrenches applied to each rigid body,
which can be visualized in Fig. 3.11:
• The tension forces (T (z, u) ∈ R3 in (3.21), expressed in the inertial frame)

are internal forces, forming an action-reaction pair, and thus explaining its
positive contribution to the manipulator’s linear acceleration and its negative
contribution to the UAV’s.

• The manipulator input torque (τm ∈ R3, expressed in the manipulator’s frame)
also forms an action-reaction pair, thus explaining its positive contribution
to the manipulator’s angular acceleration and its negative contribution to
the UAV’s (in the UAV’s frame, the manipulator input torque is given by
−RT rτm).
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Proposition 3.10. If ⟨e3, τm⟩ = 0, then the rotation of the manipulator around
its axis of axial symmetry (i.e., third axis) is constant.

Proof. For convenience, define the function f ∶ Z ∋ x↦ f(x) ∶= eT3 ω ∈ R. It follows
that eT3 ω̇ = df(z)Z(z, u) = ⟨e3, j

−1 (τm + lS (e3)T (z, u) − S (ω) jω)⟩ = j−1
zz⟨e3, τm⟩ = 0,

for any (z, u) ∈ Z ×U, which concludes the proof. ∎

Proposition 3.10 implies that, if the rotation of the manipulator around its axis
of symmetry is initially zero, then it remains zero.

Proposition 3.11. Assume the moment of inertia of the UAV is given as J =
Jxy⊕Jxy⊕Jzz ∈ R3×3, that is, assume the UAV has its third axis as an axis of axial
system. If that is not the case, assume the torque control law τ = Jτ ′ +RT rτm +
S (Ω)JΩ is implemented, leading to the dynamics Ω̇ = τ ′ = J ′τ ′ + S (Ω)J ′Ω, with
J ′ = 1 ⊕ 1 ⊕ 1 ∈ R3×3, which fits the latter assumption. Then, the vector field Z
in (3.19) is invariant to rotations of the manipulator around its third axis (the
axis of axial symmetry) and to rotations of the UAV around its third axis (the
thrust axis).

Proof. Define

R3 ∶ R → SO(3)

R3(θ) ∶=

⎡⎢⎢⎢⎢⎢⎢⎣

cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦

, (3.22)

as a rotation matrix around the third axis. Pick a θp ∈ R and a θP ∈ R, and define
for convenience

R̄ =
⎡⎢⎢⎢⎣
(I3 ⊕R3(θp)) 06×6

06×6 (I3 ⊕R3(θP ))
⎤⎥⎥⎥⎦
∈ R12×12.

Given a system pose P ∈ Pu ∶⇔ (p, r,P,R) ∈ R3 × SO(3) ×R3 × SO(3),

Pu ∋ PR̄ (3.18a)∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

rR3(θp)
P

RR3(θP )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R3

SO(3)
R3

SO(3)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

corresponds to a rotation of the manipulator around its third axis (by an angle
θp) and to a rotation of the UAV around its third axis (by an angle θP ). Similarly,
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given a system twist V ∈ R12 ∶⇔ (v,ω, V,Ω) ∈ R3 ×R3 ×R3 ×R3,

R12 ∋ R̄TV (3.18b)∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

RT

3 (θp)ω
V

RT

3 (θP )Ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R3

R3

R3

R3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

corresponds to the twist of the system (the angular velocities are expressed in
the body frame’s of their respective rigid body) when the rigid bodies are rotated
around their third axes. It is straightforward to verify that

A((PR̄, R̄TV), (U,RT

3 (θP )τ,RT

3 (θp)τm)) = R̄A((P,V), (U, τ, τm)), (3.23)

for any pair pose and twist (P,V) and any input (U, τ, τm) with ⟨e3, τm⟩ = 0
(vectors in the manipulator frame must be rotated by RT

3 (θp), while vectors in
the UAV frame must be rotated by RT

3 (θP )). (For brevity, let us verify (3.23) by
checking only one term, namely J−1RrT τm in the UAV’s angular acceleration Ω̇:
indeed R3(θP )TJ−1RT rτm = R3(θP )TJ−1R3(θP )(RR3(θP ))T (rR3(θp))(R3(θp)T τm),
and where one can verify that R3(θP )TJ−1R3(θP ) = J−1 is independent of θP ,
since J = Jxy ⊕ Jxy ⊕ Jzz. Complete verification of (3.23) follows similar steps as
those just described). ∎

Proposition 3.11 implies that the dynamics do not see rotations of the rigid
bodies around their third axes (see Appendix B, for a similar discussion). This
motivates us to control the space orthogonal to the manipulator’s third axis and
the UAV’s third axis as separate problems. Loosely speaking, we can treat the
yaw position of the manipulator and of the UAV as separate problems: the yaw
motion of the UAV can be understood from Re1, Re2 and eT3 Ω; similarly, the yaw
motion of the manipulator can be understood from re1, re2 and eT3 ω.

Invariance to rotations around the third axes also motivates us to introduce
an equivalence relation in the set Z. To be specific, consider two states in Z,
namely z1 ∈ Z and z2 ∈ Z; then we define the relation ∼ as

z1 ∼ z2 ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p1

r1

P1

R1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p2

r2R3(θp)
P2

R2R3(θP )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v1

ω1

V1

Ω1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v2

RT

3 (θp)(ω2 + be3)
V2

RT

3 (θP )(Ω2 +Be3)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.24)

for some real θp, θP , b and B; i.e., two states are equivalent up to rotations
around their third axes and up to the third component of their body-frame
angular-velocities. One can verify that the relation (3.24) is reflexive, symmetric
and transitive, which supports the following result.

Proposition 3.12. The relation defined in (3.24) is an equivalence relation in Z.
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Semi-pose tracking problem

p

re3

p
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?

(p; re3) ! ( ?
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(a) Semi-pose tracking problem for
UAV-manipulator system: desired semi-
pose trajectory (p⋆, r⋆) determines the
whole state equilibrium in transparent;
i.e., the system is differentially flat w.r.t.
(p, re3).

Position tracking problem

p−
jxy

lm
re3

p−
jxy

lm
re3 ! p
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?

(b) Position tracking problem for UAV-
slung-manipulator system: desired posi-
tion trajectory p⋆ determines the whole
state equilibrium in transparent; i.e.,
the system is differentially flat w.r.t.
p −

jxy
lm
re3.

Figure 3.12: Two problems: one where the manipulator torque input τm is available
– Fig. 3.12a; and one where it is not – Fig. 3.12b.

Proposition 3.12 guarantees that one may consider the quotient space in-
duced by the equivalence relation ∼ in (3.24), namely

Z/∼ ∶= {[z] ∶ z ∈ Z}, (3.25)

where [z] ∶= {z′ ∈ Z ∶ z′ ∼ z} denotes the equivalence class associated to some
z ∈ Z. We will require the quotient set later, which is the reason why we
introduce it at this point.

3.3.2 Problem Statements

Regarding the system described in the previous subsection, we consider two
separate problems, illustrated in Fig. 3.12:
• in the first, we assume the manipulator torque input τm in (3.18e) is available,

and we refer to this system as the UAV-manipulator system;
• while in the second, no such such torque input is assumed available, and we

refer to this system as the UAV-slung-manipulator system.
Next, we describe these two problems in detail.

UAV-manipulator system

Hereafter, we refer to UAV-manipulator system when considering that the
manipulator torque input τm in (3.18e) is available. With Fig. 3.12a in mind, we
can then formulate the first problem treated in this section, which is one of semi-
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pose tracking5: to be specific, we require the manipulator’s position to track a
desired position trajectory, and the manipulator axis of axial symmetry (re3)
to track a desired attitude trajectory. The space orthogonal to the manipulator
axis is ignored, for the reasons discussed after Proposition 3.10 (and thus the
semi-pose tracking rather than (full-)pose tracking).

Problem 3.13 (UAV-Manipulator). Consider the vector field Z in (3.19). Given
a desired linear position trajectory and a desired angular position trajectory, i.e,

p⋆ ∶ R ∋ t↦ p⋆(t) ∈ R3, r⋆ ∶ R ∋ t↦ r⋆(t) ∈ S2,

design a control law ucl ∶ R ×Z→ U, such that

lim
t→∞

(p(t) − p⋆(t)) = 03, lim
t→∞

(r(t)e3 − r⋆(t)) = 03,

along solutions of R ∋ t↦ z(t) ∈ Z of ż(t) = Z(z(t), ucl(t, z(t))) with z(0) ∈ Z0 for
some dense Z0 ⊂ Z.

Problem 3.13 is a generalization of that treated in [96], where the manipula-
tor is treated as a point-mass and only the kinematics of the UAV’s attitude are
considered.

3.3.3 UAV-slung-manipulator system

Hereafter, we refer to UAV-slung-manipulator system when assuming that the
manipulator torque input τm in (3.18e) is not available. With some abuse of
notation, and without hindering comprehension, when referring to the UAV-
slung-manipulator system, we reuse and redefine the input u and the vector
field Z; to be specific, instead of the input in (3.18e), we redefine it as

u ∈ U ∶⇔ (U, τ) ∈ R ×R3,

and, instead of the vector field in (3.19), we redefine it as

Z ∶ Z ×U ∋ (z, u)↦ Z(z, u) ∈ TzZ (3.26)
Z(z, u) ∶= Z(z, (U, τ,03))∣Z in (3.19).

With Fig. 3.12b in mind, we can then formulate the second problem treated in
this section, which is one of position tracking: specifically, we require a specific
point along the manipulator’s axis of axial symmetry to track a desired position
trajectory.

5Pose tracking on a one-dimensional rigid-body is referred to as semi-pose tracking. Pose
tracking on a generic rigid-body is referred to as pose tracking (full-pose tracking).
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Problem 3.14 (UAV-slung-manipulator). Consider the vector field Z in (3.26).
Given a desired linear position trajectory, i.e,

p⋆ ∶ R ∋ t↦ p⋆(t) ∈ R3,

design a control law ucl ∶ R ×Z→ R4, such that

lim
t→∞

(p(t) − jxy
lm

r(t)e3 − p⋆(t)) = 03

along solutions R ∋ t ↦ z(t) ∈ Z of ż(t) = Z(z(t), ucl(t, z(t))) with z(0) ∈ Z0 for
some dense Z0 ⊂ Z.

Problem 3.14 is a generalization of that treated in the previous section as
well as that treated in [94], where the UAV is tethered to a point-mass, which
is the system here described if we take the manipulator to be a point-mass (and
thus the naming UAV-slung-manipulator system).

Remark 3.15. In Problem 3.14, rather than requiring the manipulator’s po-
sition p to track the desired trajectory, we require another position along the
manipulator’s axis of axial symmetry (p − jxy

lm
re3) to track the desired trajectory

(note however that those positions coincide when the manipulator is taken as a
point-mass, i.e., when jxy = 0). Let us motivate here why. In a UAV-slung-load
problem, requiring the UAV to track a desired trajectory is an ill-defined prob-
lem, because the system is differentially flat with respect to the load’s position,
but not with respect to the UAV’s position: in other words, if the UAV tracks a
certain trajectory, the trajectory the load tracks depends on the initial condition.
Similarly, in the UAV-slung-manipulator problem, requiring the manipulator
(center-of-mass) to track a desired trajectory is an ill-defined problem, because
the system is not differentially flat with respect to the manipulator’s center-of-
mass: rather it is differentially flat with respect to another point (to be specific,
p − jxy

lm
re3).

Remark 3.16. Notice that Problem 3.13 describes a semi-pose tracking prob-
lem, while Problem 3.14 describes a position tracking problem. This difference
stems from the fact that the UAV-slung-manipulator system is deprived of the
manipulator torque input, which prevents the manipulator pose from tracking
an arbitrary pose. In fact, for the UAV-slung-manipulator system, the desired
position trajectory in Problem 3.14 imposes a desired semi-pose trajectory.

3.3.4 Control strategy summary
Let us explain here the pursued control strategy, which is illustrated in Fig. 3.13,
and whose main idea we already described at the beginning of this chapter (in
Fig. 3.1). The strategy is composed of three steps, which we explain next. The
specifics of these three steps are different when solving Problems 3.13 and 3.14,
but the overall idea behind them is the same.
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Dynamics of physical system

ẋ = Z(z, u)

change of coordinates

φ([x])

Input transformation

νz,τψ (µ) u := (U, τ, τm) ∈ U z ∈ Z x ∈ XV 3 µ

Input StateModified
Input

Modified
State

Dynamics in new coordinates

ẋ = X(x, µ)
x ∈ XV 3 µ

motion to space
orthogonal to

bar’s third axis

motion to space
orthogonal to

UAV’s third axis

UAV

manipulator
“yaw motion”

“yaw motion”τψ only acts on UAV yaw motion

µcl(t, x)
x?(t)

Controller that guarantees that x(t) → x?(t)

(related to thrust-propelled system)

(related to thrust-propelled system)

Figure 3.13: Control strategy block-diagram.

Recall then Proposition 3.11, which states that rotations around the rigid
bodies’ third axes may be ignored. In the first step we design a bijective mapping
(the specific mapping φ and the codomain X are specific to each Problem 3.13
and 3.14, and are provided later)

φ ∶ Z/∼ ∋ [z]↦ φ([z]) =∶ x ∈ X

which reorders the state in a manner that highlights the hierarchical/cascaded
structure of the problem, while ignoring the rotations around the rigid bodies
third axes: the necessity of the equivalence relation ∼ in (3.24) and of the
quotient set Z/∼ in (3.25) becomes clear at this point. The map φ corresponds to
the change of coordinates, as illustrated in Figure 3.13. (We refer the reader to
Example A.5 and to Subsection B which provide some simpler examples on how
to use equivalence classes, and why we make use of them.)

In the second step, we design a change of inputs

νz,τψ ∶ V ∋ µ↦ νz,τψ(µ) =∶ u ∈ U,

for each z ∈ Z and some τψ ∈ R, which transforms the input (from µ to u – see
input transformation in Fig. 3.13), in such a way that the vector field in the new
coordinates and with the new inputs is given by

X ∶ X ×V ∋ (x,µ)↦X(x,µ) ∈ TxX (3.27)
ẋ =X(x,µ) ∶= dφ([x])Z(z, νz,τψ(µ))∣z∈φ−1(z),
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where we emphasize that φ−1 exists since the map φ is invertible. Let us empha-
size some key points regarding the change of coordinates and change of inputs
which lead to the vector field X in (3.27):
• The change of coordinates and change of inputs is designed so as to make

make explicit the structure of the vector field X, which will be related to the
thrust-propelled vector field described in (2.9) in Subsection 2.5.1, and for
which we already developed a control law in Subsection 2.5.4;

• The vector field X is independent of τψ ∈ R, which is used to control the
space orthogonal to the UAV’s third axis (the yaw motion of the UAV, loosely
speaking), but not to control the new coordinates x (the new coordinates do
not see rotations around the rigid bodies third axes since φ is a mapping from
the quotient set Z/∼);

• We (must) show that the vector field X in (3.27) is well-defined, in the sense
that (3.27) is independent of the choice of the representative belonging the
equivalence class φ−1(x) (notice that for any x ∈ X, φ−1(x) is an equivalence
class, i.e., φ−1(x) ∈ Z/∼).
In the third and final step, we construct the control law for the physical

system by combining the control laws from Subsection 2.5.4 (related to the
control of a thrust propelled system associated to a point-mass) with the change
of inputs, that is we construct the control law

ucl ∶ R ×Z ∋ (t, x)↦ ucl(t, x) ∈ U
ucl(t, z) ∶= νz,τψ(µ

cl(t, x))∣x=φ([z]),

where
• µcl is related to the control laws found in Subsection 2.5.4,
• τψ = τ clψ (t, z), where τ clψ ∶ R × Z ∋ (t, x) ↦ τ clψ (t, x) ∈ R is some control law

designed to control the yaw motion of the UAV (see Fig 3.13),
• and where the control ucl will guarantee Problems 3.13 and 3.14 are satisfied.
Next, we look at each Problem separately.

3.3.5 UAV-manipulator problem

We verify next that the UAV-manipulator system behaves as two decoupled
systems, as illustrated in Fig. 3.14: one thrust-propelled system by considering
the motion of the center-of-mass of the whole system (at this point point, the
internal forces – T (z, u) in (3.20) – do not play a role); and one unit vector double
integrator system corresponding to the attitude dynamics of the manipulator.
The general idea of the three steps we follow next was described in the previous
subsection.
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Figure 3.14: By means of appropriate state and input transformations, the UAV-
manipulator may be understood as two decoupled systems: one thrust-propelled
system and one unit-vector double-integrator system.

Change of coordinates

Recall the discussion from Subsection 3.3.4. Let us then introduce the state, the
state space, and the state decomposition

x ∈ X ∶⇔ (x1, x2) ∈ X1 ×X2 (3.28a)

x1 ∈ X1 ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pcm

vcm

n

$

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pcm

vcm

n

$

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R3

R3

R3

R3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶
⎡⎢⎢⎢⎣
⟨n,n⟩
⟨n,$⟩

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
0
0

⎤⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

, (3.28b)

x2 ∈ X2 ∶⇔
⎡⎢⎢⎢⎣
r

ω

⎤⎥⎥⎥⎦
∈
⎧⎪⎪⎨⎪⎪⎩

⎡⎢⎢⎢⎣
r

ω

⎤⎥⎥⎥⎦
∈
⎡⎢⎢⎢⎣
R3

R3

⎤⎥⎥⎥⎦
∶
⎡⎢⎢⎢⎣
⟨r, r⟩
⟨r,ω⟩

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
0
0

⎤⎥⎥⎥⎦

⎫⎪⎪⎬⎪⎪⎭
, (3.28c)

where (see Fig. 3.14)
• the state x1 and the state space X1 will be used for the subsystem that behaves

as a thrust-propelled system,
• the state x2 and the state space X2 will be used for the subsystem that behaves

as a unit vector double integrator system.
Hereafter, we denote as well

µ ∈ V ∶⇔ (µ1, µ2) ∈ V1 ×V2, (3.29a)
µ1 ∈ V1 ∶⇔ (U, τ) ∈ R ×R3, (3.29b)
µ2 ∈ V2 ∶⇔ τm ∈ R3, (3.29c)

where
• µ1 will be the input to subsystem evolving in X1 (thrust-propelled subsystem),
• µ2 will be the input to the other subsystem evolving in X2 (unit vector double

integrator).
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Recall the definition of the state space Z, and of the state decomposition
in (3.18d). Based on Fig. 3.14, consider then the mapping

φ ∶ Z/∼ ∋ [z]↦ φ([z]) ∈ X (3.30a)

φ([z]) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

mp+MP
m+M

mv+MV
m+M

Re3

Π (Re3)RΩ
re3

Π (re3) rω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pcm

vcm

n

$

r

ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1

x2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

with X as defined in (3.28a), and consider as well the mapping

φ−1 ∶ X ∋ x↦ φ−1(x) ∈ Z/∼ (3.30b)

φ−1(x) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pcm − l M
m+M

r

r̄

pcm + l m
m+M

r

R̄

vcm − l M
m+M

S (ω) r
r̄Tω

vcm + l m
m+M

S (ω) r
R̄T$

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
for some r̄∈SO(3) such that r̄e3=r

for some R̄∈SO(3) such that R̄e3=n

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

r

P

R

v

ω

V

Ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= [z]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

It follows from the next Proposition that φ is a change of coordinates.

Proposition 3.17. The map φ in (3.30a) is well-defined, and

φ ○ φ−1 = idX and φ−1 ○ φ = idZ/∼ . (3.31)

Proof. The map φ in (3.30a) is defined with a representative of an equivalence
class, so we must show that φ is independent of the choice of representative.
Consider (3.22), and notice that

Re3 = (RRz(θ))e3, and that
Π (Re3)RΩ = Π ((RRz(θ))e3) (RRz(θ))(RT

z (θ)Ω),

which suffices to conclude that φ is independent of the choice of representa-
tive belonging to an equivalence class established by the equivalence relation
in (3.24) (i.e., for any z ∈ Z and for any z̄, z̃ ∈ [z] ∈ Z/∼, φ([z̄]) = φ([z̃])). The
second part of the Proposition follows from straightforward computations. Let
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us just illustrate the identities in (3.31) for the component $ of φ (denote it φ∣$)
and the component Ω of φ−1 (denote it φ−1∣Ω) – i.e., we verify that φ∣$ ○φ−1(x) =$
and that φ−1∣Ω ○ φ([z]) = [Ω] (where, by the equivalence relation in (3.24), angu-
lar velocities are equivalent up to rotations around the third body axis and up
to the third-component – i.e., [Ω] ∶= [Rz(θP )(Ω +Be3)] for any real θP and B).
Then, notice that

φ∣$ ○ φ−1(x) = φ∣$(φ−1(x)) = Π (Re3)RΩ∣R and Ω as in (3.30b) ∵(3.30a)
= Π (R̄e3) R̄R̄T$

= Π (R̄e3)$ ∵R̄ ∈ SO(3)
= Π (n)$ = (I3 − nnT )$ ∵(3.30b) ∶ R̄e3 = n
=$. ∵(3.28) ∶ ⟨n,$⟩ = 0

Finally, notice that

φ−1∣Ω ○ φ([z]) = φ−1∣Ω(f([z])) = [R̄T$]∣$ as in (3.30a) ∵(3.30b)
= [R̄TΠ (Re3)RΩ] = [R̄TRΠ (e3)Ω]
= [RT

z (θP )Π (e3)Ω]
= [Π (e3)Ω +ΩTe3e3] ∵(3.24)
= [Ω].

The other identities are verified similarly (and are easier to verify). ∎

Change of inputs and vector field under new coordinates

Let us now construct the change of inputs in two steps. For that purpose,
consider the dynamics under the mapping φ, with the original input, which are
given by

ẋ = dφ([z])Z(z, u)⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗcm

v̇cm

ṅ

$̇

ṙ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

mv+MV
m+M

U
m+M

Re3 − ge3

S (Π (Re3)RΩ)Re3

Π (Re3)R(⋆1)
S (Π (re3) rω) re3

Π (re3) (⋆2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.32)

(⋆1) = J−1(τ −RT rτm − S (Ω)JΩ) − ⟨e3,Ω⟩S (Ω) e3,

(⋆2) =
m +M
l2mM

1
γ
(τm + S (e3) (

mlU

m +M rTRe3 + jzz⟨e3, ω⟩ω)) .

If follows from (3.32) that the original input u ∈ U ∶⇔ (U, τ, τm) ∈ R ×R3 ×R3 has
the effects illustrated in Fig. 3.15:
• the UAV torque input τ only makes the UAV rotate (not the manipulator);
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Effect of UAV torque
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Effect of manipulator
torque input τ

m

Effect of UAV thrust
input U
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+Manipulator rotates Manipulator rotates

+center-of-mass moves

Figure 3.15: Effects of original input u = (U, τ, τm) in UAV-manipulator system.

• the manipulator torque input τm makes the manipulator rotate, but it also
makes the UAV rotate (in an opposite direction, and with a different scaling –
factor ∥J−1RT r∥ = ∥J−1∥ in ⋆1 and factor m+M

l2mM
1
γ

in ⋆2);
• the UAV thrust input U makes the whole system (i.e., its center-of-mass)

accelerate along the UAV’s third body axis; but it also produces a torque on
the manipulator third axis, which makes it rotate.

The previous discussion provides the basis for designing the change of inputs.
The idea is
• first, to design a UAV torque input τ that controls the UAV attitude by

canceling the effect of the manipulator torque input τm on the UAV attitude –
associated to the map ν1 presented next;

• next, to design a manipulator torque input τm that controls the manipulator
attitude by canceling the effect of the UAV thrust input U on the manipula-
tor’s attitude (notice the design is made in a cascaded fashion) – associated
to the map ν2 presented next;

• the complete change of inputs is the composition of the previous two maps,
i.e., loosely speaking, ν = ν1 ○ ν2.

Consider then

ν1 ∶ Z ×U ×R → U (3.33a)

ν1(z, u, τψ) ∶=

⎡⎢⎢⎢⎢⎢⎢⎣

(m +M)U
J(Π (e3)RT τ + τψe3 + ⟨e3,Ω⟩S (Ω) e3) +RT rτm + S (Ω)JΩ

τm

⎤⎥⎥⎥⎥⎥⎥⎦

which when composed in (3.32) yields v̇cm = URe3−ge3 and $̇ = Π (Re3) τ (for the
purpose of τψ in (3.33a), we ask the reader to await until Remark 3.19). Then
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consider

ν2 ∶ Z ×V ∋ (z, µ)↦ ν2(z, µ) ∈ U (3.33b)

ν2(z, µ) ∶=

⎡⎢⎢⎢⎢⎢⎢⎣

U

τ
l2mM
m+M

γΠ (e3) rT τm − S (e3) (mlUrTRe3 + jzz⟨e3, ω⟩ω)

⎤⎥⎥⎥⎥⎥⎥⎦

which when composed in (3.32) (and after applying (3.33a) first) it leads to
ω̇ = Π (re3) τm.

Consider then the input transformation as a composition of the previous
control laws (3.33a) and (3.33b), i.e.,

νz,τψ ∶ V→ U (3.33c)
νz,τψ(µ) ∶= ν1(z, ν2(z, µ), τψ).

Given the change of inputs in (3.33c) and the change of coordinates in (3.30a),
one can then construct the vector field in the new coordinates. In fact, it follows
that composing (3.32) with the control law in (3.33c) results in

ẋ = dφ([z])Z(z, νz,τψ(µ))⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗcm

v̇cm

ṅ

$̇

ṙ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

mv+MV
m+M

URe3 − ge3

S (Π (Re3)RΩ)Re3

Π (Re3) τ
S (Π (re3) rω) re3

Π (re3) τm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and as such the vector field in the new coordinates is given by

X ∶ X ×V ∋ (x,µ)↦X(x,µ) ∈ TxX
ẋ =X(x,µ) ∶= dφ([z])Z(z, νz,⋅(µ))∣z∈φ−1(x)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẋ1

ẋ2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

X1(x1, µ1)

X2(x2, µ2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗcm

v̇cm

ṅ

$̇

ṙ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vcm

Un − ge3

S ($)n
Π (n) τ
S (ω) r
Π (r) τm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

and where we draw attention to the state and input decompositions in (3.28)
and (3.29). It is now clear that the UAV-manipulator system can be understood
as two decoupled systems, with vectors fields X1 and X2:
• the vector field X1 is that of a thrust propelled system as described in (2.9)

in Subsection 2.5.1, and for which a control law is available in Section 2.5.4
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– this allows us to construct a control law µcl1 ∶ R × X1 → V1 for the input
µ1 which guarantees that the center-of-mass position pcm tracks its desired
position trajectory described next;

• the vector field X2 is that of a double integrator in S2, and for which a control
law is available in Section 2.11.3 – this allows us to construct a control law
µcl2 ∶ R ×X2 → V2 for the input µ2.

• we can then combine the latter control laws as µcl ∶ R × X → V , µcl(t, x) =
(µcl1 (t, x1), µcl2 (t, x2)), and at this point the control strategy, as described in
Subsection 3.3.4, is completed.

Remark 3.18. Let us to introduce the desired center-of-mass position based on
the desired manipulator linear and angular position (p⋆ and r⋆ in Problem 3.13),
defined as

p⋆cm ∶ R ∋ t↦ p⋆cm(t) ∶= p⋆(t) + l M

m +M r⋆(t) ∈ R3.

In order for the control law in Section 2.5.4 to be leveraged, one must then
require that

p⋆cm ∈ C4,

sup
t∈R

∥p⋆(2)cm (t) + ge3∥ > 0,

sup
t∈R

p⋆(i)cm (t) <∞ for i ∈ {2,3,4}.

Remark 3.19. Define g ∶ Z ∋ z ↦ g(z) ∶= ⟨e3,Ω⟩ ∈ R, and notice that

dg(z)Z(z, νz,τψ(µ)) = τψ

for any (z, µ, τψ) ∈ Z ×V ×R. As such, given some positive gain k > 0, consider
the control law

τ clψ ∶ R ×Z ∋ (t, z)↦ τ clψ (t, z) ∈ R
τ clψ (t, z) ∶= −kg(z) = −k⟨e3,Ω⟩.

It then follows that, t↦ ⟨e3, Ω̇(t)⟩ = −k⟨e3,Ω(t)⟩,which implies that t↦ ⟨e3,Ω(t)⟩ =
⟨e3,Ω(0)⟩e−kt along solutions of the closed loop system. For simplicity, we assume
that the chosen control law for the UAV yaw motion is the one shown above,
which guarantees only that the UAV does not asymptotically spin around its
third axis (loosely speaking, it does not yaw asymptotically). More complex
control laws may be chosen for τ clψ , but none (including the one above) interferes
with the motion of the equivalence class (i.e., with t↦ [z(t)]).
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p

r

p−
jxy

lm
re3 ! p?

n := Re3

P

R
)

g

gThust-propelled
system

pc ! p?

pc

p−
jxy

lm
re3

:=

r := re3

Utpr
τtp+

τ

vtp := (Utp; τtp)
controlled with

control n with τ

such that error(n) ! 0

error(n)

cascaded structure

Figure 3.16: By means of appropriate state and input transformations, the UAV-
slung-manipulator may be understood as two systems in cascade: one thrust-
propelled system followed by one unit-vector double-integrator system.

3.3.6 UAV-slung-manipulator

We shall verify next that the UAV-slung-manipulator system behaves as a
thrust-propelled system followed/cascaded after a unit vector double integrator,
as illustrated in Fig. 3.16. The general idea of the three steps we follow next
has been described previously in Subsection 3.3.4.

Change of coordinates

Recall the discussion from Subsection 3.3.4. Let us then introduce the set X
defined as (you may read the subindex tp as thrust-propelled)

x ∈ X ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

xtp

n

$

⎤⎥⎥⎥⎥⎥⎥⎦

∈
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎣

xtp

n

$

⎤⎥⎥⎥⎥⎥⎥⎦

∈

⎡⎢⎢⎢⎢⎢⎢⎣

Xtp

R3

R3

⎤⎥⎥⎥⎥⎥⎥⎦

∶
⎡⎢⎢⎢⎣
⟨n,n⟩
⟨n,$⟩

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
1
0

⎤⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
, (3.34a)

xtp ∈ Xtp∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pc

vc

r

ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pc

vc

r

ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R3

R3

R3

R3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶
⎡⎢⎢⎢⎣
⟨r, r⟩
⟨r,ω⟩

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
1
0

⎤⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

, (3.34b)

where
• the state xtp and the state space Xtp will be used for the part of the system

that resembles a thrust-propelled system,
• the state x2 and the state space X2 will be used for the subsystem that behaves

as a double integrator system in S2 (see Fig. 3.14).
Hereafter, we denote as well

µtp ∈ V∶⇔ (Utp, τtp) ∈ R ×R3, (3.35a)
µ ∈ V ∶⇔ (Utp, τ) ∈ R ×R3, (3.35b)
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where µtp will be an auxiliary input (to the thrust propelled system), and µ will
be the actual input to the whole system.

Assumption 3.20. We must at this point make the assumption that ⟨e3, ω(0)⟩ =
0, i.e., that the manipulator is not initially spinning around itself (an alternative
assumption would be to take jzz = 0). Based on Proposition 3.10, it follows that
⟨e3, ω(t)⟩ = 0 for all t ∈ R, i.e., that the manipulator remains without spinning
around itself, and thus, hereafter, and w.l.o.g., we restrict a state of the UAV-
slung-manipulator system to be in the set {z ∈ Z ∶ ⟨e3, ω⟩ = 0}.

Recall the definition of the state space Z, and of the state decomposition
in (3.18d). With Fig. 3.16 in mind, consider then the mapping

φ ∶ Z/∼ ∋ [z]↦ φ([z]) ∈ X (3.36a)

φ([z]) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p − jxy
lm
re3

v − jxy
lm
rS (ω) e3

re3

Π (re3) rω
Re3

Π (Re3)RΩ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pc

vc

r

ω

n

$

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

xtp

n

$

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

and consider as well the mapping

φ−1 ∶ X ∋ x↦ φ−1(x) ∈ Z/∼ (3.36b)

φ−1(x) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pc + jxy
lm
r

r̃

pc + ( jxy
lm

+ l)r
R̃

vc + jxy
lm
S (ω) r

r̃Tω

vc + ( jxy
lm

+ l)S (ω) r
R̃T$

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
for some r̃∈SO(3) such that r̃e3=r

for some R̃∈SO(3) such that R̃e3=n

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

r

P

R

v

ω

V

Ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= [z]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

The next Proposition proves that φ is a change of coordinates.

Proposition 3.21. The map φ in (3.36a) is well-defined, and

φ ○ φ−1 = idX and φ−1 ○ φ = idZ/∼ .

The proof follows the same steps as those in Proposition 3.17.
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Change of inputs and vector field under new coordinates

Let us now construct the change of inputs in two steps. For that purpose,
consider the dynamics under the mapping φ, but with the original input (not
the transformed input), which are given by

ẋ = dφ([z])Z(z, u)⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẋtp

ṅ

$̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗc

v̇c

ṙ

ω̇

ṅ

$̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v − jxy
lm
rS (ω) e3

re3(⋆1) − ge3

S (Π (re3) rω) re3

l
jxy
S (re3) rT (z, u)

S (Π (Re3)RΩ)Re3

Π (Re3)R(⋆2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.37)

(⋆1) =
1
m

⟨re3, T (z, u)⟩ + jxy
lm

⟨ω,Π (e3)ω⟩,

(⋆2) = J−1(τ − S (Ω)JΩ) − ⟨e3,Ω⟩S (Ω) e3.

The equations above shed some light into how to design the controller. Suppose
for now that we had control over the internal tensions – T (z, u) (which we do,
by intermediate of the input u; however we do not have full control). Then,
• one can choose the component of those tensions aligned with the manipulator

axis of axial symmetry (i.e.,⟨re3, T (z, u)⟩) in a way that behaves as a thrust
in the differential equation v̇c in (3.37).

• one can also choose the components of those tensions orthogonal to the
manipulator’s axis of axial symmetry (i.e., Π (re3)T (z, u)) in a way that
behaves as a torque on the manipulator axis of axial symmetry – see the
differential equation ω̇ in (3.37).

With the above in mind, and v̇c and ω̇ in (3.37) also in mind, we define

T cl ∶ Xtp ×V→ R3, (3.38)

T cl(xtp, µtp) ∶=
1
m

(Utp −
jxy
lm

⟨ω,ω⟩) r − jxy
l
S (r) τtp.

It then follows that, if we could satisfy the condition T (z, u) = T cl(xtp, µtp), then

ẋ = dφ([z])Z(z, u)∣T (z,u)=T cl(xtp,µtp)∣z∈φ−1(x) ⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗc

v̇c

ṙ

ω̇

ṅ

$̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vc

Utpr − ge3

S (ω) r
S (r) τtp

⋆
⋆

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.(3.39)

The equations above are, strictly speaking, ill-defined: specifically the last
element $̇ depends on the choice of representative z ∈ φ−1(x) ∈ Z/∼; the correct
formulation is found later in (3.44).
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However, we do not have full control over the internal tensions, which is
simple to verify by inspecting of T in (3.21): the tensions are three dimensional
(T (z, u) ∈ R3), and the only input that acts on the tensions is the one-dimensional
thrust (U ∈ R). Moreover, by inspection of T in (3.21), notice the affine depen-
dence on URe3, which motivates as to introduce an extra dummy variable U3d

and such that URe3 = U3d + (URe3 −U3d); with this in mind, notice that T (z, u)
in (3.21) is equivalently written as (recall that in the UAV-slung-manipulator
system τm = 03 and ⟨e3, ω⟩ = 0 – see Assumption 3.20)

T (z, u) = rA
−1
T r

T

M
(U3d + lM⟨ω,ω⟩re3 + (URe3 −U3d)) , (3.40)

AT ≡ m +M
mM

I3 +
l2

jxy
Π (e3) ,

Loosely speaking, since we wish that T (z, u) = T cl(xtp, µtp), it naturally leads to
the definition of

U cl

3d ∶ Xtp ×V→ R3

U cl

3d(xtp, µtp) ∶=M (rAT r
TT cl(xtp, µtp) − l⟨ω,ω⟩r)

(3.38)= lMγ ((m +M
M

Utp
lγ

− ⟨ω,ω⟩) r − S (r) τtp)

and, as such, if we take (3.40) with U3d = U cl

3d(xtp, µtp), it follows that the tensions
T (z, u) in (3.21) are equivalently written as

T (z, u) =T cl(xtp, µtp) +
rA−1

T r
T

M
(URe3 −U cl

3d(xtp, µtp)), (3.41)

for any z ∈ Z and any µtp ∈ R4, and where (xtp,⋆) = φ([z]) (see (3.36a)). After
simple computations, it then follows that for any µtp = (Utp, τtp) ∈ R4,

ẋ = dφ([z])Z(z, u)∣T (z,u)as in (3.41)∣z∈φ−1(x) ⇔ (3.42)
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗc

v̇c

ṙ

ω̇

ṅ

$̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vc

Utpr − ge3

S (ω) r
S (r) τtp

⋆
⋆

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03×3

1
m+M

rrT

03×3

1
lMγ
S (r)

03×3

03×3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(Un −U cl

3d(xtp, µtp)).

A common and natural choice for the input U in (3.42) is one that minimizes
the error Un −U cl

3d(xtp, utp) ∈ R3 in (3.42), i.e.,

{⟨n,U cl

3d(xtp, µtp)⟩} = arg min
U∈R

∥Un −U cl

3d(xtp, µtp)∥.
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This choice, despite natural, is not ideal, since, if this choice is made, it results
in

v̇c = Utpr − ge3 −
1

m +M rrTΠ (n)U cl

3d(xtp, µtp),

which prevents us from using control laws for the thrust-propelled system. The
other option (it comes at a cost we explain next) is one where the thrust U is
chosen such that the acceleration v̇c in (3.42) depends solely on the thrust Utp,
i.e., such that ⟨r,Un −U cl

3d(xtp, µtp)⟩ vanishes. That leads to the definition of the
thrust control law

U cl ∶ Z̃ ×R → R

U cl(z,Utp) ∶=
(m +M)Utp − lMγ⟨ω,ω⟩

⟨re3,Re3⟩
,

where

Z̃ ∶= {z ∈ Z ∶ ⟨re3,Re3⟩ ≠ 0}.

The cost of this choice is now clear: the control law is not defined in the whole
state space; in fact, it is ill-defined when the manipulator arm is orthogonal to
the thrust axis of the UAV. Notice, however, that, since the UAV and manipulator
have physical volume, the manipulator should therefore never be orthogonal to
the thrust axis of the UAV, since in this case the two rigid bodies would collide.

Again, after simple computations, it follows that for any µtp ∈ V ∶⇔ (Utp, τtp) ∈
R ×R3,

ẋ = dφ([z])Z(z, u)∣U=Ucl(x,µtp)∣x∈φ−1(z) ⇔
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗc

v̇c

ṙ

ω̇

ṅ

$̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vc

Utpr − ge3

S (ω) r
S (r) τtp

⋆
⋆

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 1
lMγ

Π (r)
⟨r, n⟩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03×3

03×3

03×3

I3×3

03×3

03×3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

S (n)U cl

3d(xtp, µtp).

At this point, we can now introduce the change of inputs. Consider then
(recall the input decomposition in (3.35))

νz,τψ ∶ V→ U (3.43)

νz,τψ(µ) ∶=
⎡⎢⎢⎢⎣

U cl(z,Utp)
J(Π (e3)Rτ + τψe3 + ⟨e3,Ω⟩S (Ω) e3) − S (Ω)JΩ

⎤⎥⎥⎥⎦
.
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Given the input transformation νz,τψ in (3.43) and the state transformation φ
in (3.36a) one can then compute the vector field under the new coordinates,
which is given by

X ∶ X ×V ∋ (x,µ)↦X(x,µ) ∈ TxX (3.44)
ẋ =X(x,µ) ∶= dφ([z])Z(z, νz,τψ(µ))∣z∈φ−1(x) ⇔
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗc

v̇c

ṙ

ω̇

ṅ

$̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vc

Utpr − ge3

S (ω) r
1

⟨r,n⟩
( (m+M)

lMγ
Utp − ⟨ω,ω⟩)S (r)n
S ($)n
Π (n) τ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

which, for any τtp ∈ R3, is exactly equivalent to

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗc

v̇c

ṙ

ω̇

ṅ

$̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vc

Utpr − ge3

S (ω) r
Π (r) τtp

03

03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

thrust-propelled
vector field

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03

03

03

S(r)S(n)Ucl3d(xtp,µtp)

γlM⟨r,n⟩

03

03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

error connecting
left to right

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03

03

03

03

S ($)n
Π (n) τ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
double integrator
in S2

. (3.45)

Note then that the vector field X in (3.45) is that of a thrust-propelled system
cascaded after a double integrator in S2. As such, a working control strategy is
to
• design a control law for (Utp, τtp) based on Subsection 2.5.4,
• and design a control law for τ by following the procedure described in Subsec-

tion 2.5.7 (see the form (2.18) required in that subsection is satisfied).

3.3.7 Simulations
Let us provide simulations that illustrate the stability and convergence results
under the proposed control strategy. In the simulations, we took the UAV to
be under-actuated (in the modeling we assumed it was fully-actuated) and
the torque control law for the UAV was designed by following the procedure
described in Section 2.4.4. The physical constants were taken (in SI units) as
m = 0.3, M = 1.4, j = 0.007⊕0.007⊕0.001 and J = 0.01⊕0.01⊕0.2; and with l = 0.5
for the UAV-manipulator system and with l = 0.9 for the UAV-slung-manipulator
system. We provide two simulations, in Figs. 3.17 and 3.18, one for each system,
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(a) Trajectories (desired in transparent) –
different perspective from Fig. 3.17b.

(b) Trajectories (desired in transparent) –
different perspective from Fig. 3.17a.
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(e) UAV thrust input and internal forces.
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(f) UAV torque input and manipulator
torque input.

Figure 3.17: Simulation for UAV-manipulator system.
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(a) Trajectories (desired in transparent) –
different perspective from Fig. 3.18b.

(b) Trajectories (desired in transparent) –
different perspective from Fig. 3.18a.
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(d) Manipulator and UAV attitude errors
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(e) UAV thrust input and internal forces.
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(f) UAV torque input.
Figure 3.18: Simulation for UAV-slung-manipulator system.
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and with initial condition z(0) = (03, I3, le3, I3,03,03,03,03) ∈ Z. For the desired
position trajectory, we have chosen (Problems 3.13 and 3.14)

t↦ p⋆(t) ∶= (2 cos(2π
12
t) ,2 sin(2π

12
t) ,0.2 + 0.2 cos(2π

6
t)) ∈ R3,

corresponding to a circle of 2m radius in the horizontal plane and with a period
of 12s, superimposed with an oscillatory motion in the vertical direction with
an amplitude of 0.2m and with a period of 6s; and for the desired orientation
trajectory, we have chosen (Problem 3.13)

t↦ r⋆(t) ∶= 2√
7
(− sin(2π

12
t) , cos(2π

12
t) , cos(π

6
)) ∈ S2,

corresponding to an orientation trajectory where the desired manipulator is
tilted 30○ away from the vertical direction, and where the manipulator is tangent
(when seen from the top) to the horizontal motion of p⋆.

Fig. 3.17 is related to the UAV-manipulator system, and Fig. 3.18 is related
to the UAV-slung-manipulator system.

In Figs. 3.17a–3.17b and 3.18a–3.18b, one can visualize the real system pose
(pose of both rigid bodies – the UAV’s and the manipulator’s) in opaque, and the
equilibrium system pose in transparent.

In Figs. 3.17c and 3.18c, the position error is shown for the positions
of the thrust propelled systems, i.e., the center-of-mass position error (t ↦
mp(t)+MP (t)

m+M
− p⋆cm(t)) for the UAV-manipulator system, and the position error

t↦ p(t)− jxy
lm
r(t)e3 − p⋆(t) for the UAV-slung-manipulator system. In Figs. 3.17d

and 3.18d, the manipulator attitude error is shown, as well as the UAV attitude
error (UAV in simulation is an under-actuated UAV).

In Figs. 3.17e–3.17f and Figs. 3.18e–3.18f, the inputs obtained from the
proposed control law are shown. Finally, in Figs. 3.17e and 3.18e, the tensions
forces (with T as defined in (3.21)) are shown. We emphasize that the tension
along the manipulator’s third axis is, in general, larger in magnitude than the
others, since, loosely speaking, this is the component that needs to cancel the
manipulator’s weight.

3.4 Position Tracking for Slung-Load with Two UAVs

In the previous two sections, we considered single-UAV slung-load transporta-
tion. In contrast, in this section, we consider twofold-UAV slung-load trans-
portation, where two UAVs are tethered to a point-mass load, and where we
require the load to track some desired position trajectory.

In order to solve this problem, the following steps are taken
• In Subsection 3.4.1, we model the system using the tools described in Sec-

tion 2.7.
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• In Subsection 3.4.2, we perform a change of coordinates and a change of
inputs which yields three decoupled subsystems:
– one concerning the position of the load, with a thrust-propelled vector field
as described in Subsection 2.5.1;
– one concerning the angle between the cables, with double integrator
dynamics;
– and another concerning the yaw motion of the plane formed by the cables,
also with double integrator dynamics.

• Once the decoupling is done, controllers for the three subsystems can be
designed separately, and, for the one concerning the position of the load, the
controller found in Subsection 2.5.4 may be leveraged.

With respect to the literature review found in Section 3.1, this section
• makes explicit the domain where the control strategy is defined (and the con-

trol laws must be designed so as to guarantee that that domain is positively
invariant);

• the control law is independent of the naming/numbering of the UAVs (no
master UAV, no slave UAV), and therefore it respects the spirit of geometric
control laws, which are supposed to be independent of the user choices.

Let us stress the last point: any two users implementing the proposed strategy
will obtain the exact same result, regardless of the naming/numbering of the
UAVs. One may be tempted with coming up with criteria, such as, “let the
vehicle with largest mass be named vehicle A (be numbered vehicle 1)”, but
these criteria will always fail once one considers two identical UAVs. As an
example, and with Fig. 3.19 in mind, consider then the following two quantities
(the reader may think of them as yaw angles):

ψ1 = arctan (c, s) ∈ ( − π,π],

ψ2 =
1
2

arctan (c2 − s2,2cs) ∈ ( − π
2
,
π

2
].

Then note that ψ2 is a “geometric quantity” in the sense that it yields the
same result if we swap the symbols in Fig. 3.19. On the other hand, ψ1 is not a
“geometric quantity”, in the sense that it yields a different result if we swap the
symbols in Fig. 3.19.

3.4.1 Modeling and Problem Statement
Consider two UAVs and a point-mass load tethered to each UAV by a cable,
as illustrated in Fig. 3.20. When both cables are not under tension, the load
behaves as a free falling (un-actuated) point-mass, while each UAV vehicle
behaves as a standard UAV. On the other hand, when one or both cables are
under tension, one or two kinematic constraints are imposed: specifically, they
enforce the distance between one or both UAVs and the load to be identical to
the respective cable length, and for as long as the cable remains taut. These
kinematic constraints link the UAVs and the load, providing a way to control the
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ψ1 = +π
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ψ2 = +π
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ψ1 = − 3π
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√
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√
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c = +
√
2
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s = +
√
2
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unit circle unit circle

ψ1 = arctan (c, s)
ψ2 =

1
2 arctan (c

2 − s2, 2cs)

Figure 3.19: Geometric and non-geometric quantity: ψ2 is a “geometric quantity” in
the sense that it yields the same result if we swap ● with ∎, and ψ1 is not a “geometric
quantity” in the sense that it yields a different result if we swap ● with ∎.

load. In fact, this mechanical system may be modeled as a hybrid system, with
its (open-loop) vector field switching according to some function of the state and
the input, similarly to the modeling performed in [111]. In this section, however,
the focus is on providing a closed loop control law that guarantees that the
load tracks a desired position trajectory, while at the same time guaranteeing
that the cables are always under tension. If the later is satisfied, the (open-
loop) vector field never switches, and, in fact, the cables behave as rigid links
connecting the UAVs’ to the point-mass load. Moreover, in this section, we let
the UAVs be fully-actuated, an assumption that can be lifted at the end by
following the procedure described in Subsection 2.4.4.

We denote by p1, p2, p ∈ R3 the UAVs’ and the load’s center-of-mass positions,
respectively; by v1, v2, v ∈ R3 the UAV’s and the load’s center-of-mass velocities,
respectively; by m1,m2,m > 0 the UAV’s and load’s masses, respectively; and by
l1, l2 > 0 the cables’ lengths. Finally, we denote by u1, u2 ∈ R3 the UAVs’ input
forces, which are inputs to the mechanical system.

Let then the mechanical system be described by the following pose, twist,
mass matrix, state and input

P ∈ R9 ∶⇔ (p, p1, p2) ∈ R3 ×R3 ×R3, (3.46a)
V ∈ R9 ∶⇔ (p, p1, p2) ∈ R3 ×R3 ×R3, (3.46b)
M ∶=mI3 ⊕m1I3 ⊕m2I3 ∈ R9×9 (3.46c)
z ∈ R18 ∶⇔ (P,V ) ∈ R9 ×R9, (3.46d)
u ∈ R6 ∶⇔ (u1, u2) ∈ R3 ×R3. (3.46e)

The system is holonomic and the position configuration space is given by

P ∶=
⎧⎪⎪⎨⎪⎪⎩
P ∈ R9 ∶ c(P ) = 02 ⇔

⎡⎢⎢⎢⎣
c1(P )
c2(P )

⎤⎥⎥⎥⎦
= 1

2

⎡⎢⎢⎢⎣
∥p − p1∥2 − l21
∥p − p2∥2 − l22

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
0
0

⎤⎥⎥⎥⎦

⎫⎪⎪⎬⎪⎪⎭
, (3.47)
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p
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pi/mi: UAV i position/mass

p/m : Load position/mass
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–m2ge3
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R 3 Ti: Cable i tension
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Ui ∈ R: UAV i thrust
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‖N‖ ∈ S2
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u1 = U1r1

θ

Figure 3.20: Modeling of a point-mass load tethered to two UAVs.

where the set where the constraints c vanish describes the geometric constraints:
to be specific, the constraints imposed by cables forcing the distance between
the point-mass load and UAV i to be equal to the length of cable i.

In what follows, and for brevity, we sometimes use the shorthands

n1(P ) ∶= p1 − p
l1

∈ S2, n2(P ) ∶= p2 − p
l2

∈ S2, (3.48)

where ni is the unit vector associated to the cable i (indeed, pi−p
li

∈ S2 for all P ∈ P
– see (3.47));

The system is composed of three point-masses, and thus the system kinemat-
ics are of the form Ṗ =K(P )V = V , that is, K is the identity map. The position
configuration space P is a 7(= 9 − 2)-dimensional manifold, since

dc(P ) ∶=
⎡⎢⎢⎢⎣
+(p − p1)T −(p − p1)T 0T3
+(p − p2)T 0T3 −(p − p2)T

⎤⎥⎥⎥⎦
∈ R2×9, (3.49)

and it follows immediately that dc(P ) ∈ R3×9 is full rank, since neither p−p1 ∈ R3

nor p − p2 ∈ R3 vanish (the norm of these vectors is constant). Since P is a
7(= 9 − 2)-dimensional manifold, and we only have available a 6-dimensional
input, it follows that this mechanical system is under-actuated. The state space,
and its tangent set, of the mechanical system are then given by

Z ∶= {z ∈ R18 ∶ C(z) = 04} = {(P,V ) ∈ R9 ×R9 ∶ c(P ) = 02, dc(P )V = 02},
TzZ ∶= {ż ∈ R18 ∶ dC(z)ż = 04}, for z ∈ Z.

We follow the modeling approach described in Subsection 2.7.1, which relies
on the drawing of the diagram of forces. This diagram is shown in Fig. 3.20,
where T1(z, u), T2(z, u) ∈ R are the tensions in cables 1 and 2.
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Combining the system kinematics and the system dynamics, we can then
construct the system’s vector field, which is given by

Z ∶ Z ×R6 ∋ (z, u)↦ Z(z, u) ∈ TzZ (3.50a)

ż = Z(z, u) ∶⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

V

A(z, u)
⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
,

where the dynamics are given by (check diagram of forces in Fig. 3.20; below g
stands for the acceleration due to gravity)

V̇ = A(z, u) ∶⇔ (3.50b)

∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

v̇

v̇1

v̇2

⎤⎥⎥⎥⎥⎥⎥⎦

=M−1⎛
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

−mge3

u1 −m1ge3

u2 −m2ge3

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Fexternal(u)

+

⎡⎢⎢⎢⎢⎢⎢⎣

n1(P ) n2(P )
−n1(P ) 03

03 −n2(P )

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎣
l1 0
0 l2

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
T1(z, u)
T2(z, u)

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Fconstraints=dc(P )TN(P )T (z,u)

⎞
⎠
,

and it is now clear that the tensions T1(z, u), T2(z, u) ∈ R are well-defined,
since they enter the system dynamics in the form dc(P )TN(P )T (z, u) for a
non-singular N(P ) – see Subsection 2.7.1. To be specific,

T (z, u) = −N(P )−1(dc(P )M−1dc(P )T )−1 (dc(P )M−1Fexternal(u) + d2c(P )V V ),(3.51a)

and since the external force Fexternal(u) is input affine, the tensions are also input
affine, i.e.

T (z, u) = AT (z) +BT (P )u (3.51b)

for some AT (z) ∈ R2 and BT (P ) ∈ R2×6, and where we emphasize that BT depends
exclusively on the pose of the mechanical system (and not on the twist). For
completeness, we present next the explicit expression of these tensions, namely

⎡⎢⎢⎢⎣
T1(z, u)
T2(z, u)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

m
m1

+ 1 ⟨n1(P ), n2(P )⟩
⟨n1(P ), n2(P )⟩ m

m2
+ 1

⎤⎥⎥⎥⎥⎦

−1
⎛
⎝

⎡⎢⎢⎢⎢⎣

m
m1

⟨n1(P ), u1⟩
m
m2

⟨n2(P ), u2⟩

⎤⎥⎥⎥⎥⎦
+m

⎡⎢⎢⎢⎢⎣

∥v1−v∥
2

l1
∥v2−v∥

2

l2

⎤⎥⎥⎥⎥⎦

⎞
⎠
, (3.51c)

where we emphasize only that the tensions depend exclusively on ⟨n1(P ), u1⟩
and ⟨n2(P ), u2⟩, i.e., they depend on the component of the inputs aligned with
the respective cable.

We can now state the problem we wish to solve.

Problem 3.22. Given a desired position trajectory p⋆ ∶ R → R3, design u ∶ R → R6

such that limt→∞(p(t) − p⋆(t)) = 0 along trajectories of ż(t) = Z(z(t), u(t)).
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Dynamics of physical system

ż = Z(z, u)

change of coordinates

φt(z)

change of inputs

νz(µ) u ∈ R6 z ∈ Z

X 3 x ≡ (x1, x2, x3)X1 × X2 × X3

Input StateModified
Input

Modified
State

ẋ3 = X3(x3, µ3)
R 3 τψ ≡ µ3

x3 ∈ X3

µcl(t, x) := (µcl1 (t, x1), µ
cl
2 (x2), µ

cl
3 (x3))

Transformed Dynamics

ẋ2 = X2(x2, µ2)
x2 ∈ X2

ẋ1 = X1(x1, µ1)
x1 ∈ X1R× R3 3 (T, τ) ≡ µ1 ∈ R4

R 3 τθ ≡ µ2

R6 3 µ ≡ (µ1, µ2, µ3) ∈ R4 × R× R

R6 3 µ x ∈ X

load position (thrust-propelled sytem)

angle between the cables

yaw position (of plane formed by cables)
as a double integrator

as a double integrator

Figure 3.21: Control strategy: the vector field Z in (3.50) is decomposed into three
decoupled vector fields, by means of a change of coordinates and a change of inputs.

Remark 3.23. Note that that Fexternal(u) in (3.50b) is affine with respect to the
input u ∈ R6 ∶⇔ (u1, u2) ∈ R3 ×R3, namely

Fexternal(u) =

⎡⎢⎢⎢⎢⎢⎢⎣

−mge3

−m1ge3

−m2ge3

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Fgravity

+

⎡⎢⎢⎢⎢⎢⎢⎣

03×3 03×3

I3 03×3

03×3 I3

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎣
u1

u2

⎤⎥⎥⎥⎦
.

Thus, the system’s vector field is also input affine and it is given as described in
Remark 2.48, i.e.,

ż = Z(z, u)⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

V

A(P,V ) +B(P )u
⎤⎥⎥⎥⎦
,

with A,B as described in Remark 2.48.

3.4.2 Control Strategy
Let us explain the pursued control strategy, which is illustrated in Fig. 3.21. As a
first step, we introduce a change of inputs from µ ∈ R6 ∶⇔ (µ1, µ2, µ3) ∈ R4 ×R ×R
to u ∈ R6, and where u is the input to the physical system described in the
previous subsection in (3.46e), where
• µ1 ∈ R4 ⇔ (T, τ) ∈ R1 ×R3, where T will stand for the force along the direction

of N in Fig. 3.20, while τ will stand for the angular acceleration of the unit
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vector associated to N ; and we design µ1 to control the position of the load
(whose associated vector field is that of a thrust-propelled system associated
to a point-mass);

• µ2 ≡ τθ ∈ R will stand for the acceleration of the angle between the cables (θ
in Fig. 3.20), and we will design µ2 to control that angle;

• and, finally, µ3 ≡ τψ ∈ R will stand for the acceleration of the yaw position
associated to the plane formed by the two cables, and we will design µ3 to
control that yaw position.

The idea is that µ provides a more meaningful input to design, and once it is
designed, one can map µ to u (the actual input) by means of the function νz (see
Fig. 3.21). The design of the change of inputs is done as a first step.

In the second step, we construct a change of coordinates φ that maps a
z ∈ Z̃ ⊂ Z into an x ∈ X̃ (x, Z̃ and X̃ are defined later), and we obtain a vector
field in the new coordinates, which comes from the composition of the change of
coordinates with the vector field Z in (3.50) and with the change of inputs. In
fact, this new vector field is composed of three decoupled vector fields, namely
X1, X2 and X3, where each vector field has as its input µ1, µ2 and µ3, respectively
(see Fig. 3.21). The benefit of this change of coordinates is that it highlights the
decoupled structure of the problem, and thus it allows us to design separately
control laws µcl1 , µcl2 and µcl3 for the inputs µ1, µ2 and µ3. Moreover, since the
vector field X1 is that of a thrust-propelled system, the control law for µcl1 may
be taken from Subsection 2.5.4.

As a final step, once the control laws R × X̃1 ∋ (t, x1) ↦ µcl1 (t, x1) ∈ R4, X̃2 ∋
x2 ↦ µcl2 (x2) ∈ R and X̃3 ∋ x3 ↦ µcl3 (x3) ∈ R are constructed, we combine them to
define X̃ ∶= X̃1 × X̃2 × X̃3 and and to define

µcl ∶ R × X̃ ∋ (t, x)↦ µcl(t, x) ∶= (µcl1 (t, x1), µcl2 (x2), µcl3 (x3)),
and such that X̃ is guaranteed to be positively invariant (for ẋ =X(x,µcl(t, x))).
Using the change of inputs νz, one then constructs the control law for the
mechanical system as

ucl ∶ R × Z̃ ∋ (t, z)↦ ucl(t, z) ∶= νz(µcl(t, x))∣x=φt(z) ∈ R6,

and which yields the closed loop vector field

R × Z̃ ∋ (t, z)↦ Zcl(t, z) ∶= Z(z, ucl(t, z)) ∈ TzZ.
We emphasize that one of the challenges in the control design lies in guarantee-
ing that a solution t ↦ z(t) of ż(t) = Zcl(t, z(t)) remains in {z ∈ Z̃ ∶ φt(z) ∈ X̃} ⊂
Z̃ ⊂ Z which is the set where the control law ucl is well-defined.

Change of inputs

Let us now provide the change of inputs νz illustrated in Fig. 3.21. For that
purpose we introduce a function, for z ∈ Z̃,

Rz ∶ R6 ∋ u↦ R(u) ∈ Rm (3.53)
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of m ∈ N physical quantities we wish to regulate/control, where Z̃ is a subset
of Z (where the control law will be defined). In particular, we wish to control 6
quantities:
• the force (or linear acceleration) along the direction of N represented in

Fig. 3.20 (2 quantities: note that N in Fig. 3.20 spans a two dimensional
space – provided that n1 and n2 are not co-linear – and thus we can only
control two forces);

• the angular acceleration of the unit vector associated to N (2 quantities: the
angular acceleration is three dimensional, but orthogonal to N ; thus we can
only control two components of that torque);

• the angular acceleration of the angle between the cables (1 quantity, which
we will name µ2 ≡ τθ ∈ R);

• and finally the angular acceleration on the yaw position (1 quantity, which
we will name µ3 ≡ τψ ∈ R).

With the above in mind, let us define

PN ∶= {P ∈ P ∶ ⟨n1(P ), n2(P )⟩ ≠ −1},
N ∶ PN ∋ P ↦ N(P ) ∶= w1n1(P ) +w2n2(P ) ∈ R3/{03},

as the vector N represented in Fig 3.20, for some positive convex weights w1

and w2 (i.e., w1 +w2 = 1 and w1,w2 > 0; see Remark 3.24 on the role of w1 and w2).
In Subsection 2.7.5, we described how to compute the unit vector associated
to N , its angular velocity and its angular acceleration, namely nN , ωN and τN
(see (2.39)). Define also

Pθ ∶= {P ∈ P ∶ ⟨n1(P ), n2(P )⟩ ≠ ±1},
θ ∶ Pθ ∋ P ↦ θ(P ) ∶= arccos(⟨n1(P ), n2(P )⟩) ∈ (0, π),

as the angle between the cables, represented in Fig 3.20. In Subsection 2.7.5,
we described how to compute the velocity and acceleration of θ, namely θ(1) and
θ(2) (see (2.38)). Finally define

Pψ ∶= {P ∈ P ∶ ∥δ(P )∥ > 0},

ψ ∶ Pψ ∋ P ↦ ψ(P ) ∶= 1
2

arctan (c2 − s2,2cs) ∈ ( − π
2
,
π

2
] ≃isomorphic R/ ∼,

where

c ≡ ⟨e1, δ(P )⟩
∥δ(P )∥ and s ≡ ⟨e2, δ(P )⟩

∥δ(P )∥ with δ(P ) ≡ Π (e3) (n1(P )−n2(P ))

R/ ∼∶= {[ψ] ⊂ R ∶ [ψ] ∶= {⋯, ψ − π,ψ,ψ + π,⋯}},

as the yaw position of the plane formed by the cables. In Subsection 2.7.5, we
described how to compute the velocity and acceleration of ψ, namely ψ(1) and
ψ(2) (see (2.38)). For convenience, define (which will become clear next),

Pinv ∶= {P ∈ P ∶ ⟨e3, ni(P )⟩ > 0 for i ∈ {1,2}, ⟨n1(P ), n2(P )⟩ > 0}, (3.54)
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With all the above in mind, define then the function Rz in (3.53), with

Z̃ ∶= {z ∈ Z ∶ P ∈ P̃}, where (3.55a)
P̃ ∶= PN ∩ Pθ ∩ Pψ ∩ Pinv, (3.55b)

and as

Rz(u) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
m ∑i∈{1,2} Ti(z, u)ni(P )

τN(z, u)
θ(2)(z, u)
ψ(2)(z, u)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.56)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
m

[ n1(P ) n2(P ) ]AT (z)
AnN

(z)
Aθ(z)
Aψ(z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶AR(z)∈R6

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
m

[ n1(P ) n2(P ) ]BT (P )
BnN

(P )
Bθ(P )
Bψ(P )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶BR(P )∈R6×6

⎡⎢⎢⎢⎣
u1

u2

⎤⎥⎥⎥⎦
,

with T as the tensions described in (3.51b), and AnN
,BnN

as described in (2.39d),
and Aθ,Bθ,Aψ,Bψ as described in (2.38b). Denote µ ∈ R6 ∶⇔ (T, τN , τθ, τψ) ∈
R1 ×R3 ×R1 ×R1 and, given any P ∈ P̃, define

ν̄P (µ) ∶= (TnN(P ),Π (nN(P )) τN , τθ, τψ), (3.57a)
νz(µ) ∶= (BR(P )TBR(P ))−1BR(P )T (ν̄P (µ) −AR(z)), (3.57b)

and where we note that ν̄P (µ) = Rz(νz(µ)) for any µ ∈ R66: that is, given the
change of inputs u = νz(µ), we can control the m quantities specified by the
function Rz by controlling µ. Notice that there exists an inverse in (3.57b),
which depends exclusively on the pose of the mechanical system, and it can be
shown that (3.57b) is well-defined for any P ∈ P̃k with P̃k as in (3.55): PN ∩Pθ∩Pψ
is necessary as the domain where the maps N , θ and ψ are defined, while
Pinv is necessary for the invertibility in (3.57b). That the inverse exists can
be easily shown (though after lengthy computations), once one realizes that
there is a cascaded structure: first one can control the tensions as they depend
exclusively on ⟨n1, u1⟩ and ⟨n2, u2⟩ (see (3.51c)). Secondly, one may control the
angular acceleration of nN as it depends, loosely speaking, on Π (nN(P )) (u1+u2).
Thirdly, one may control the angular accelerations of θ and ψ, which depend,
loosely speaking, on Π (nN(P )) (u1 − u2): controlling the angular acceleration
of θ requires the first condition in (3.54) to be satisfied, while controlling the
angular acceleration of ψ requires the second condition in (3.54) to be satisfied.

In conclusion, the mapping νz in (3.57b) provides the change of inputs shown
in Fig. 3.21.

6Note that ν̄P (µ) in (3.57a) lies in the image space of Rz , for any µ ∈ R6, P ∈ P and z ∈ Z.
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Remark 3.24. Consider Problem 3.22 with R ∋ t↦ p⋆(t) = p̄ ∈ R3, i.e., suppose
we wish the load to be at a constant position, namely p̄. One can compute the
equilibria z̄ ∈ Z and equilibria input u ∈ R6, for which Z(z̄, u) = 018, and it holds
that for almost all equilibria T1(z̄,u)

T2(z̄,u)
= w1
w2

. Thus, the ratio w1
w2

may be chosen so
as to distribute the weight of the load onto each UAV in a desirable way, as
illustrated in Fig. 3.22.

Change of coordinates

Let us now provide the change of coordinates illustrated in Fig. 3.21, which will
expose the three decoupled problems illustrated in that figure. For that purpose,
consider the following definitions

x1 ∈ X1 ∶⇔ (p, v, n,ω) ∈ {(p, v, n,ω) ∈ R3 ×R3 ×R3 ×R3 ∶ ⟨n,n⟩ = 1, ⟨ω,n⟩ = 0},
x2 ∈ X2 ∶⇔ (θ,ωθ) ∈ {(θ,ωθ) ∈ R ×R ∶ θ ∈ (0, π)},

x3 ∈ X3 ∶⇔ (ψ,ωψ) ∈ {(ψ,ωψ) ∈ R ×R ∶ ψ ∈ ( − π
2
,
π

2
]} .

Consider then the mapping

Z ∋ z ↦ φt(z) ∶=(φ1,t(z), φ2(z), φ3(z)) ∈ X1 ×X2 ×X3 (3.58)

where

Z ∋ z ↦ φ1,t(z) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p − p(0)
⋆ (t)

v − p(1)
⋆ (t)

nN(P )
ωN(P,V )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= x1 ∈ X1, (3.58a)

Z ∋ z ↦ φ2(z) ∶=
⎡⎢⎢⎢⎣

θ(P )
θ(1)(P,V )

⎤⎥⎥⎥⎦
= x2 ∈ X2, (3.58b)

Z ∋ z ↦ φ3(z) ∶=
⎡⎢⎢⎢⎣

ψ(P )
ψ(1)(P,V )

⎤⎥⎥⎥⎦
= x3 ∈ X3, (3.58c)

where
• φ1,t in (3.58a) isolates the position tracking error of the load, the velocity

tracking error of the load, the unit vector given by N (see Fig. 3.20) and its
angular velocity (p⋆ is the desired trajectory specified in Problem 3.22).

• φ2 in (3.58b) isolates the angle between the cables, and its angular velocity;
• and φ3 in (3.58c) isolates the yaw position and its angular velocity;
and where all the functions in (3.58a)–(3.58c) are those introduced in (2.38) and
in (2.39), found in Subsection 2.7.5. The mapping φt in (3.58) is invertible, but
we can proceed without having to compute or provide its inverse.
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p

p2

−m2ge3

mge3

T̄2n̄2

−T̄2n̄2

ū2 = T̄2n̄2 +m2ge3

T̄1 = mg sin(θ̄2)

sin(θ̄)n̄1 = (− sin(θ̄1), 0, cos(θ̄1))

T̄1n̄1

−T̄1n̄1

p1

ū1 = T̄1n̄1 +m1ge3

−m1ge3

e3

θ̄1θ̄2
θ̄

T̄2 = mg sin(θ̄1)

sin(θ̄)
n̄2 = ( sin(θ̄2), 0, cos(θ̄2))

Equilibrium cable directions Equilibrium cable tensions
e1

e2

Figure 3.22: After choosing weights w1 and w2 and an angle θ̄ ∈ (0, π2 ), an equi-
librium configuration exists where T̄1

T̄2
=
w1
w2

and, thus, the ratio w1
w2

regulates the
distribution of the load’s weight onto each UAV.

It follows after simple calculations that (denote µ1 ∈ R4 ∶⇔ (T, τ) ∈ R1 ×R3)

ẋ1 = dφ1(z)Z(z, νz(µ))⇒

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ − p(1)
⋆ (t)

v̇ − p(2)
⋆ (t)

ṅN(P )
ω̇N(P,V )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v − p(1)
⋆ (t)

TnN(P ) − (ge3 + p(2)
⋆ (t))

S (ωN(P,V ))nN(P )
Π (nN(P )) τ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

thrust-propelled
vector field
controlled with µ1

, (3.59a)

ẋ2 = dφ2(z)Z(z, νz(µ))⇒
⎡⎢⎢⎢⎣

θ̇(P )
θ̇(1)(P,V )

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
θ(1)(P,V )

τθ

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

double integrator
vector field
controlled with µ2 ≡ τθ

, (3.59b)

ẋ3 = dφ3(z)Z(z, νz(µ))⇒
⎡⎢⎢⎢⎣

ψ̇(P )
ψ̇(1)(P,V )

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
ψ(1)(P,V )

τψ

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

double integrator
vector field
controlled with µ3 ≡ τψ

. (3.59c)

The choice of the change of inputs in (3.57b) and of the change of coordinates
in (3.58a)–(3.58c) is now clear: it induces three decoupled vector fields, namely
those in (3.59a), (3.59b) and (3.59c). The vector fields (3.59b) and (3.59c) are
those of double integrators, while the vector field in (3.59a) is that of a thrust
propelled system associated to a point-mass. Since these vector fields are de-
coupled, we can design control laws for µ1, µ2, µ3 separately. A control law for
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µ1 is found in Section 2.5.4, since the vector field in (3.59a) is that of a thrust-
propelled system associated to a point-mass.

The only challenge left now is to design three separate control laws that
guarantee that P̃, defined in (3.55b), is positively invariant. For this, we refer
the interested reader to [88].

3.4.3 Simulations

Consider the mechanical system with parameters m = 0.5kg, m1 = 1.4kg, m2 =
2.0kg, l1 = 0.5m, l2 = 0.7m, w1 = 0.4 and w2 = 0.6. The desired position trajectory
is

R ∋ t↦ p⋆(t) ∶= (2 cos(π
5
t) ,2 sin(π

5
t) ,0.5 + 0.3 sin( π

2.5
t)) (m) ∈ R3,

and the desired angle between the cables is θ⋆ = 30○. We provide a simula-
tion, in Fig. 3.23, for the initial condition (p(0), p1(0), p2(0), v(0), v1(0), v2(0)) =
(03, p̄1, p̄2,03,03,03), with p̄1 ≈ (0.05,0.07,0.49) ∈ R3 and p̄2 ≈ (−0.07,−0.10,0.69) ∈
R3. In Figs. 3.23a–3.23b, one can visualize the system’s trajectory, and a vi-
sual inspection indicates that the desired position trajectory is tracked. In
Fig. 3.23c, the error position is shown, and one verifies that the error position
t↦ p(t)−p⋆(t) is indeed steered to zero. In Fig. 3.23d, the inputs to each UAV are
shown; and in Fig. 3.23e, the angle between the cables and the yaw position are
shown, and one verifies that t↦ θ(P (t)) converges to the desired angle θ⋆ = 30○,
while t ↦ ψ(P (t)) converges to 0. Finally, in Fig. 3.23f one can visualize the
tensions in the cables, and one verifies that those tensions are always positive,
which means the cables are always taut. Recall from Remark 3.24 that, for a
stationary desired trajectory, T1/T2 = w1/w2 = 2/3, and, in Fig. 3.23f, one verifies
that the latter identity is met approximately for non-stationary trajectories.

3.5 Summary

In this chapter, we focused on slung-load transportation, a problem where a
cargo, tethered to one or multiple UAVs, is required to track some desired
position trajectory. We consider three variants of slung-load transportation, and
we pursued a similar control design strategy for each, as illustrated in Fig. 3.1.
To be specific,
• at a first step, we modeled the physical systems using the tools provided in

Section 2.7;
• at a second step, we constructed an appropriated change of coordinates and

a change of inputs, which combined with the physical system vector field,
yielded the vector field of a thrust-propelled system associated to a point-
mass, described in Subsection 2.5.1;
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(a) Trajectory – different perspective from
Fig. 3.23b.

(b) Trajectory – different perspective from
Fig. 3.23a.

2 4 6 8 10

-2.0

-1.5

-1.0

-0.5

(c) Position tracking error.

2 4 6 8 10

5

10

15

20

25

(d) Inputs to each UAV.

2 4 6 8 10

10

20

30

40

50

60

(e) Angle between cables and yaw position.

2 4 6 8 10

2.0

2.5

3.0

3.5

(f) Tensions in cables.
Figure 3.23: Trajectory of a point-mass load tethered to two UAVs.
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• and, at a third step, we leveraged the control law for the thrust-propelled
system, described in Subsection 2.5.4, which guarantees that the desired
position trajectory is asymptotically tracked by the tethered cargo.



Chapter 4

Slung-bar Transportation:
Stabilization and Tracking

In this chapter, we focus on a one-dimensional rigid-body, hereafter referred
to simply as bar, tethered to two UAVs, as illustrated in Fig. 4.1, and where
the objective is to control the bar’s pose, which is composed of the bar’s linear
position and the bar’s angular position. In the previous chapter, we considered
the load to be a point-mass, and we showed that the (linear) position of that
point-mass can be controlled with just one UAV. When lifting a bar, which is a
one-dimensional rigid-body, one single UAV does not suffice to control the bar’s
pose, which combines the bar’s linear and angular positions. In fact, at least two
UAVs are necessary to control the bar’s pose: intuitively, two UAVs, tethered to
two distinct points on the bar, can generate an arbitrary force and an arbitrary
torque on the bar, thus allowing one to control the bar’s linear position and
angular position, respectively. In general, at least three UAVs are necessary to
control a generic rigid body’s pose tethered to those UAVs.

Let us describe the layout of this chapter, which is also illustrated in Fig. 4.2.
In Section 4.1, we provide a literature review on transportation of rigid-bodies
with aerial vehicles. In Section 4.2, we derive the model of the mechanical
system described above, namely of a bar tethered to two UAVs.

In Section 4.3, we solve a pose stabilization problem, where we develop PID
control laws for each UAV that guarantee local stability of the desired pose;
the developed controllers do not require full-state feedback, nor a complete
knowledge of the model parameters. The strategy, illustrated in Fig. 4.2, is to
close the loop with appropriate PID control laws, and to find conditions on the
gains of those control laws which guarantee that the complete motion (composed
of several decoupled motions) is stable.

In Section 4.4, we solve a pose tracking problem, where we develop con-
trollers that guarantee that the bar’s pose tracks a given desired pose trajectory.
The strategy, illustrated in Fig. 4.2 (and similarly to the strategy followed in
Chapter 3), is to leverage the results from Section 2.5, namely those related to

167
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(a) With identical UAVs. (b) With non-identical UAVs.

UAV’s 2 linear position

n ∈ S2

bar’s angular position

cable 1

p ∈ R3

bar’s linear position

cable 2

UAV’s 1 linear position

UAV’s 2 thrust direction

UAV’s 1 thrust direction

contact point 1contact point 2

(c) Modeling of slung-bar system, where a bar is modeled as a one-dimensional rigid-body,
described in Subsection 2.3.2.

Figure 4.1: Slung-bar transportation, where a bar is tethered to two UAVs. The
goal is to control the bar’s pose, composed of the bar’s linear and angular positions.

the thrust-propelled system associated to a one-dimensional rigid-body.
We note that the pose tracking problem incorporates the pose stabilization

problem as a particular subcase, where the desired pose trajectory is time-
invariant; however, in contrast with Section 4.3, the developed controllers in
Section 4.4, require full-state feedback and a complete knowledge of the model
parameters.

4.1 Literature Review

VTOL rotorcrafts, with hovering capabilities, provide a platform for trans-
portation of cargoes in dangerous and cluttered environments [4]. In cluttered
environments, transportation with a single UAV may be the only feasible op-
tion, while transportation with multiple UAVs is primarily necessary when the
cargo exceeds the individual UAVs’ payload capacity. However, transportation
with multiple UAVs is inevitable if one wishes to control the pose of the cargo:
in particular, controlling the pose of a bar requires a minimum of two UAVs,
while controlling the pose of a generic rigid-body requires a minimum of three
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model
(tools from Section 2.7)

ż = Z(z, u) change of coordinateschange of inputs

ẋ = X(x, µ)
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z

Section 2: construct model
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ν φ
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δż = Aδz

Section 4: construct φ and ν such that we can leverage the results
for the thrust-propelled system, which guarantees pose tracking

rigid-body

ẋ1 = Ā1x1

ẋk = Ākxk

Pδż︸︷︷︸
ẋ

= PAP−1︸ ︷︷ ︸
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· construct change of basis P
such that Ā = Ā1 ⊕ · · · ⊕ Āk

(k decoupled motions)

· study each motion separately
· overall motion is stable if

each motion is stable

Step 1:
· characterize possible equilibria
· close the loop with appropriate control laws

Step 2:
· linearize around equilibrium

Step 3:

...

(tools from Subsections 2.5.2, 2.5.5)

(tools from Section 2.9)

(tools from Section 2.9.1)

Figure 4.2: Main ideas followed in each section of this chapter: to model the system
in Section 4.2; to design stabilizing control laws, in Section 4.3; and, to design
tracking control laws in Section 4.4. We also illustrate the tools, from Chapter 2,
which we make use of in the different chapter’s sections.
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UAVs [36].
Using tethers in conjunction with UAVs can serve different and distinct

purposes. Tethers/cables may be used to supply power or fuel to the UAV and
thus to extend its flight time, or they may be used to provide an uninterrupted
data transmission link [72, 106, 119]. However, in this chapter, and as in the
previous chapter, the purpose of the cables is to physically couple one or more
UAVs to a cargo: when the cables are slack, the cargo is free of actuation; on
the contrary, when they are taut, the cables provide an actuation medium for
stabilizing the pose of the cargo. In this chapter, we shall assume that the
cables are always taut, and thus that they behave as massless rigid links. More
generally, one can consider a hybrid model, as in [22, 57, 98], which provides
a more complete description of the dynamics of tethered transportation by
accounting for the hybrid behaviour of the cables.

Manipulator-endowed transportation [43, 70, 112] provides an alternative
to tethered transportation. However, tethered transportation is mechanically
simple and inexpensive, while robotic manipulators are heavy and therefore
diminish the useful payload capacity a UAV can carry. Several control strate-
gies for slung-load transportation are found in the literature, as reviewed in
Section 3.1 of Chapter 3; however, in this chapter, we focus instead on trans-
portation of a non-point-mass cargo.

Control laws with an extended domain of operation and an extended domain
of attraction are found in the literature [48, 49, 90], which can deal with asym-
metries of the system but which lack experimental validation. On the other
hand, cooperative transportation of rigid-body cargoes using simpler control
laws has been tested and validated under various symmetry conditions (where
the UAVs are identical, the cables are of the same length, and the contact points
are symmetrically distributed on the cargo) [28, 36, 41, 46, 62]. We emphasize
that aerial cooperative tethered transportation comes with multiple degrees of
freedom, which can be exploited to, for example, minimize the internal forces
applied on the cargo [58, 64].

In Section 4.3, we focus on pose stabilization, a problem that has also been
considered in [28, 87, 95, 113]. In [113], a master-slave approach for the two
UAVs is adopted, where the UAV slave estimates the cable force exerted on
itself. In [28], vision is used to autonomously estimate the bar’s pose. In [87, 95],
relations on the UAVs’ PID gains are provided for which stability – regarding
the bar’s pose stabilization – is guaranteed. We note that in [28, 87, 95, 113]
the system is taken to be symmetric and/or require the bar to stabilize on
the horizontal plane and under no normal stress; where as, in Section 4.3, we
relax both of these prerequisites. We also perform an analysis similar to that
in [75, 91, 98], where we linearize the system, and derive conditions on the
gains that guarantee exponential stability regarding stabilization of the bar
around the desired pose.

In Section 4.4, we focus on pose tracking, a problem that has also been
considered in [48, 62, 122]. In [62], static equilibrium relations for a tethered
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Figure 4.3: Modeling of bar tethered to two UAVs: given the bar’s orientation, d1 > 0
and d2 < 0.

rigid-body are described and analyzed. In [48, 122], control laws are designed for
three of more vehicles transporting a rigid-body, which are however not defined
over the whole state space. A critical issue in trajectory tracking controllers
for VTOL vehicles is the need for a bounded control law for a double integrator
in R3, necessary if one wishes to construct control laws (well-)defined over the
whole state space [12, 17, 35, 86]. In Section 4.4, we show the slung-bar system
can be converted, by means of an appropriate change of coordinates and change
of inputs, into a thrust-propelled system associated to a one-dimensional rigid-
body, as described in Subsection 2.5.2. As such, if one wishes to construct control
laws (well-)defined over the whole state space for the slung-bar system, one
needs to make use of a bounded control law for a double integrator in R3, as
well as a bounded control law for a double integrator in S2, as we have shown in
Subsection 2.5.5.

4.2 Model of Bar Tethered to Two Aerial Vehicles

In this section, we describe and derive the model of the mechanical system
where a one-dimensional rigid-body is tethered to two UAVs. Consider then
the system illustrated in Fig. 4.3, with two UAVs and a one-dimensional rigid-
body (see Subsecion 2.3.2), hereafter referred to simply as bar; consider also the
existence of two cables connecting the two UAVs to two distinct contact points on
the bar. Fig. 4.3 provides a two-dimensional picture of the real system, as shown
in Fig. 4.1 on page 168, but the modeling we describe next is three-dimensional.
Hereafter, and for brevity, we refer to this system as UAVs-bar system. We
denote by p1, p2, p ∈ R3 and by v1, v2, v ∈ R3 the UAVs’ and the bar’s center-of-
mass positions and velocities; by n,ω ∈ R3 the bar’s angular position (orientation)
and angular velocity. As for physical constants, we denote by m1,m2,m > 0 the



172 Slung-bar Transportation: Stabilization and Tracking

UAVs’ and the bar’s masses; by J > 0 the bar’s moment of inertia (w.r.t. the bar’s
center-of-mass); by l1, l2 > 0 the cables’ lengths; and, finally, by d1, d2 ∈ R the
contact points on the bar at which the cables are attached to (di is positive if
the contact point i is away from the bar’s center-of-mass by a distance ∣di∣ and
along the bar’s direction, i.e., along +n ∈ S2; and, it is negative if it is away from
the bar’s center-of-mass along the opposite direction, i.e, along −n ∈ S2 – see
Fig. 4.3). In this section, we let the UAVs be fully-actuated, and we denote by
u1, u2 ∈ R3 the input forces on the UAVs-bar system.

Let then the mechanical system be associated with the following position, ve-
locity, mass matrix, state and input (recall Subsection 2.3.4, on a unconstrained
system of rigid-bodies1)

P ∈ Pu ⊂ R12 ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

n

p1

p2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

linear position of bar ∈ R3

angular position of bar ∈ S2 ⊂ R3

linear position of UAV 1 ∈ R3

linear position of UAV 2 ∈ R3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.1a)

V ∈ R̄P ⊂ R12 ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

ω

v1

v2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

linear velocity of bar ∈ R3

angular velocity of bar ∈ TnS2 ⊂ R3

linear velocity of UAV 1 ∈ R3

linear velocity of UAV 2 ∈ R3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.1b)

M ∶= (mI3 ⊕ JI3 ⊕m1I3 ⊕m2I3) ∈ R12, (4.1c)
z ∈ Zu ⊂ R24 ∶⇔ (P,V ) ∈ ⋃̄

P ∈Pu
{P̄} × R̄P̄ , (4.1d)

u ∈ R6 ∶⇔ (u1, u2) ∈ R3 ×R3. (4.1e)

The system is holonomic2 and the position configuration space is given by

P ∶=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
P ∈ Pu ∶ c(P ) = 02 ∶⇔

⎡⎢⎢⎢⎢⎣

c1(P )
c2(P )

⎤⎥⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎢⎣

1
2 ( ∥p+d1n−p1∥

2

l21
− 1)

1
2 ( ∥p+d2n−p2∥

2

l22
− 1)

⎤⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

0
0

⎤⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎬⎪⎪⎪⎭
, (4.2a)

where the set where the constraints c vanish describes the constraints illus-
trated in Fig. 4.3, namely that the distance between the UAV i and the contact
point i is equal to the length of cable i. At some points in this chapter, we need
to consider all the constraints, i.e.,

P ∶=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

P ∈ R12 ∶ c(P ) = 03 ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎣

c1(P )
c2(P )
c3(P )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
2 ( ∥p+d1n−p1∥

2

l21
− 1)

1
2 ( ∥p+d2n−p2∥

2

l22
− 1)

1
2 (⟨n,n⟩ − 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

. (4.2b)

1Recall that the twist V lies in R̄P , which is a (3p+5q+6r)-dimensional vector space, but which
we embedded in Rn for n = 3p + 6q + 6r.

2There is actually a non-holonomic constraint, but this one can be handled separately.
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i.e., we need to consider the constraints function c with a further component
encapsulating the fact that the bar’s angular position is a unit vector. The
requirement that the bar’s angular position remains a unit vector is guaranteed
by the kinematics, and not by the dynamics: thus, that constraint can be safely
disregarded during the modeling phase (i.e., in this section), in which case the
definition of the constraints in (4.2a) is the relevant one; but during the lin-
earization procedure performed in Section 4.3, the definition of the constraints
in (4.2b) is the relevant and the necessary one (recall from Section 2.9 that we
need to know all the constraints, so that when we linearize we can ignore the
all the unimportant eigenvalues).

In what follows, and for brevity, we sometimes use the shorthands

ni ≡ ni(P ) ∶= pi − (p + din)
li

∈ S2, (4.3a)

Ti ≡ Ti(z, u) ∶= Ti(z, u)ni(P ) ∈ R3, (4.3b)

T (z, u) ∈ R2 ∶⇔
⎡⎢⎢⎢⎣
T1(z, u)
T2(z, u)

⎤⎥⎥⎥⎦
∈
⎡⎢⎢⎢⎣
R2

R2

⎤⎥⎥⎥⎦
, (4.3c)

where ni is the unit vector associated to the cable i (indeed, pi−(p+din)
li

∈ S2 for all
P ∈ P – see (4.2b)); and where Ti(z, u) is the tension on cable i (which depends
on the state z and the input u).

Because the system is composed of only one-dimensional rigid-body and two
point-masses, the system kinematics are of the form

Ṗ =K(P )V = (I3 ⊕ S (−n)⊕ I3 ⊕ I3)V ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

ṅ

ṗ1

ṗ2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

S (ω)n
v1

v2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.4)

and, therefore, for the constraints c in (4.2a) it follows that

dKc(P ) =
⎡⎢⎢⎢⎣
l−1
1 0
0 l−1

2

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
−nT1 d1n

T

1 S (n) nT1 0T3
−nT2 d2n

T

2 S (n) 0T3 nT2

⎤⎥⎥⎥⎦
∈ R2×12. (4.4a)

Since n1, n2 are all unit vectors, it follows immediately that dKc(P ) ∈ R2×12 is
full rank, and thus P is a 9(= 11 − 2) manifold3. Since P is a 9-dimensional
manifold, and we only have available a 6-dimensional input, it follows that
this mechanical system is under-actuated. Note also that for the constraints c
in (4.2b) it follows that

dKc(P ) =

⎡⎢⎢⎢⎢⎢⎢⎣

l−1
1 0 0
0 l−1

2 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

−nT1 d1n
T

1 S (n) nT1 0T3
−nT2 d2n

T

2 S (n) 0T3 nT2
0T3 0T3 0T3 0T3

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R3×12, (4.4b)

3Recall Subsection 2.3.4, on a unconstrained system of rigid-bodies: Pu is embedded in
R3p+6q+12r, but it is a (3p + 5q + 6r)-dimensional manifold; for this particular mechanical sys-
tem, p = 2, q = 1 and r = 0.
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and it should now be clear from (4.4b) why we stated before that the constraint
that requires the bar’s angular position to be a unit vector is guaranteed to be
satisfied by the kinematics (and the reason why it can be disregarded during
the modeling phase, performed in this subsection).

The state space and its tangent set are then given by

Z ∶= {z ∈ R24 ∶ C(z) = 06} with C(z) ∶= (c(P ), dKc(P )V, ⟨n,n⟩ − 1, ⟨n,ω⟩),(4.5)
TzZ ∶= {δz ∈ R24 ∶ dC(z)δz = 06}, for any z ∈ Z. (4.6)

where ⟨n,ω⟩ = 0 is a (non-holonomic) constraint, which states that the bar
cannot spin around itself and whose satisfaction we can easily verify later on
by checking the wrench applied on the rigid body – we encourage the reader to
reread Subsection 2.3.2 on the description of a one-dimensional rigid-body. We
follow the modeling approach described in Subsection 2.7.1 based on the drawing
of the diagram of wrenches, which is shown in Fig. 4.3, where T1 ≡ T1(z, u) and
T2 ≡ T2(z, u) are the tensions on the cables 1 and 2 (which depend on the
state of the system, and on the input applied to the system). The tensions are
internal forces and they come in pairs, one force applied on the bar at one of the
contact points, and another on the respective UAV, and along the direction of
the respective cable.

The dynamics are then given by (below, g stands for the acceleration due to
gravity)

V̇ = A(z, u) ∶⇔ (4.7a)

⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v̇

ω̇

v̇1

v̇2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T1
m
+ T2
m
− ge3

S (d1n) T1
J
+ S (d2n) T2

J
u1
m1

− T1
m1

− ge3

u2
m2

− T2
m2

− ge3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∣notation in (4.3b) (4.7b)

⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v̇

ω̇

v̇1

v̇2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=M−1⎛
⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−mge3

03

u1 −m1ge3

u2 −m2ge3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Wexternal(u)

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n1 n2

S (d1n)n1 S (d2n)n2

−n1 03

03 −n2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎣
T1(z, u)
T2(z, u)

⎤⎥⎥⎥⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Wconstraints

⎞
⎠
, (4.7c)

and where we emphasize that (below c is that defined in (4.2a))

Wexternal(u) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−mge3

03

−m1ge3

−m2ge3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Wgravity

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

03×3 03×3

03×3 03×3

I3 03×3

03×3 I3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎣
u1

u2

⎤⎥⎥⎥⎦
, and that (4.8a)

Wconstraints = dKc(P )T (−l−1
1 ⊕ −l−1

2 )T (z, u). (4.8b)
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It is now clear from (4.8b) that the tensions T (z, u) are well-defined, because
they enter the dynamics via the image space of dKc(P )T – see Subsection 2.7.1.
The tensions are then found by following the procedure described in Subsec-
tion 2.7.1, namely (below c is that defined in (4.2a))

c(P ) = 02 ⇒ dc(P )K(P )V = dKc(P )V = 02

⇒dKc(P )V̇ + d2
Kc(P )V V = 02 ⇔ (4.9a)

⇔T (z, u) = −(−l−1
1 ⊕ −l−1

2 )−1(dKc(P )M−1dKc(P )T )−1 (dKc(P )M−1Wexternal(u) + d2
Kc(P )V V ).

Since the external wrench is input affine, the tensions are also input affine, i.e.,

T (z, u) = AT (z) +BT (P )u (4.9b)

for some AT (z) ∈ R2 and BT (P ) ∈ R2×6, and where we emphasize that BT depends
exclusively on the pose of the mechanical system (and not on the twist). When
expanded into components, the tensions are expressed as (below we use the
shorthands introduced in (4.3a))

⎡⎢⎢⎢⎣
T1(z, u)
T2(z, u)

⎤⎥⎥⎥⎦
= (⋆)−1†, where (4.9c)

⋆ =
⎡⎢⎢⎢⎢⎣

m
m1

0
0 m

m2

⎤⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

1 ⟨n1, n2⟩
⟨n1, n2⟩ 1

⎤⎥⎥⎥⎦
+ md1d2

J

⎡⎢⎢⎢⎢⎣

d1
d2

∥a∥2 ⟨a, b⟩
⟨a, b⟩ d2

d1
∥b∥2

⎤⎥⎥⎥⎥⎦
∣a=S(n)n1
b=S(n)n2

† =
⎡⎢⎢⎢⎢⎣

m
m1

⟨n1, u1⟩
m
m2

⟨n2, u1⟩

⎤⎥⎥⎥⎥⎦
+m

⎡⎢⎢⎢⎢⎣

∥v1−(v+d1S(ω)n)∥
2

l1
∥v2−(v+d2S(ω)n)∥

2

l2

⎤⎥⎥⎥⎥⎦
+m∥ω∥2

⎡⎢⎢⎢⎣
d1⟨n,n1⟩
d2⟨n,n2⟩

⎤⎥⎥⎥⎦
,

which we present here only to emphasize that the tensions on the cables
T1(z, u), T2(z, u) depend exclusively on the components of the inputs aligned
with the cables, i.e., they depend exclusively on ⟨u1, n1⟩, ⟨u2, n2⟩ (a fact we make
use of later on).

Note also that it is immediately clear from the ω̇ equations in (4.7b) that
the single non-holonomic constraint listed in (4.5) is satisfied: indeed, ⟨n,ω⟩ =
0 ⇒ ⟨ṅ, ω⟩ + ⟨n, ω̇⟩ = ⟨n, ω̇⟩ = 0. We emphasize that we need to include the non-
holonomic constraint as it plays a crucial role in the linearization procedure
and the stability analysis conducted in Section 4.3.

Combining the system kinematics and dynamics, we can then construct the
system’s vector field, which is given by

Z ∶ Z ×R6 ∋ (z, u)↦ Z(z, u) ∈ TzZ (4.10)

ż = Z(z, u) ∶⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
K(P )V
A(z, u)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
,

where

V̇ = A(z, u) ∶=M−1 (ΠP,MWexternal(u) −Wnormal(P,V )) ,
with Wexternal as defined in (4.8a).
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Remark 4.1. Note that that Wexternal in (4.8a) is affine with respect to the input
u, and thus it follows immediately from (4.10) and that the vector field Z is
input affine, that is

ż = Z(z, u)⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
K(P )V
A(P,V )

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

012×6

B(P )
⎤⎥⎥⎥⎦
u,

with A(P,V ) and B(P ) as described in (2.37), in Subsection 2.7.5.

4.3 Pose Stabilization

In this section, we focus on the problem of pose stabilization, where we require
the bar’s linear position to stabilize at some desired linear position, and the
bar’s angular position to stabilize at some desired angular position. We consider
two cases when pursing our analysis, illustrated in Figs. 4.1a and 4.1b, on
page 168. At a first stage, and in order to gain intuition into the problem,
we restrict ourselves to a symmetric system, where we assume the UAVs are
identical, the cables have the same length, and the contact points are distinct
points on the bar but equally distanced away from the bar’s center-of-mass.
At a second stage, we consider an asymmetric system, where we lift all the
latter assumptions. Since we focus on pose stabilization, we allow ourselves to
implement PID controllers on each UAV, and our strategy is to find relations on
the gains of each UAV’s PID such that asymptotically stability of the desired
pose is guaranteed, as illustrated in Fig. 4.2, on page 169.

When requiring the bar to stabilize on the horizontal plane and under no
normal stress, we verify that the bar’s motion is decomposable into three decou-
pled motions, namely a longitudinal, a lateral and a vertical: for a symmetric
system, each of those motions is further decomposed into two decoupled sub-
motions, one linear and one angular; for an asymmetric system, we provide
relations on the UAVs’ gains that compensate for the system asymmetries and
which decouple the linear sub-motions from the angular sub-motions. From this
analysis, we provide conditions, based on the system’s physical parameters, that
describe good and bad types of asymmetries. Finally, when requiring the bar to
pitch or to be under normal stress, we verify that there is a coupling between
the longitudinal and the vertical motions, and that a positive normal stress
(tension) has a positive effect on the stability, while a negative normal stress
(compression) has a negative effect on the stability. The performed analysis is
based on a linerization procedure, where we invoke the techniques and results
discussed in Section 2.9.

4.3.1 Open-loop Equilibria
In Section 4.2, we derived the vector field that describes the motion of the
mechanical system, i.e., ż = Z(z, u) in (4.10). In this subsection, we specify
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the open-loop equilibria, i.e., given a constant input u ∈ R6, we determine the
states z ∈ Z for which Z(z, u) = 024. The open-loop equilibria we describe next
are illustrated in Fig. 4.4. As we verify next, for the open-loop, there exists a
continuum of equilibrium points, and therefore no such point is asymptotically
stable. This is the main reason for closing the loop, under an appropriate control
law, which we specify in Subsection 4.3.3. Under the proposed control law, the
closed-loop equilibria is restricted to a smaller set, when compared to the open-
loop equilibria, and it contains the desired equilibrium point as an isolated
equilibrium point, whose stability properties we study in Subsection 4.3.4.

In what follows, let u ∈ R6 be some chosen (constant) input, for which we wish
to determine the possible open-loop equilibria. The equilibria set is denoted by
Z⋆
u ∶= {z ∈ Z ∶ Z(z, u) = 024}, with Z as the vector field in (4.10). It follows from

the first six equations in (4.7b) that (recall that the cables are connected to
distinct contact points, i.e., d1 ≠ d2)

⎡⎢⎢⎢⎣
03

03

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

T1
m
+ T2
m
− ge3

S (d1n) T1
J
+ S (d2n) T2

J

⎤⎥⎥⎥⎦
⇔

⇔
⎡⎢⎢⎢⎣

mge3

(d1 − d2)Fn
⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
T1 + T2

d1T1 + d2T2

⎤⎥⎥⎥⎦
⇔

⎡⎢⎢⎢⎣
T1

T2

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

d2
d2−d1

mge3 + Fn
d1

d1−d2
mge3 − Fn

⎤⎥⎥⎥⎥⎦
, (4.12a)

for any F ∈ R and where the meaning of F will become clear next. It follows
from the final six equations in (4.7b) that

⎡⎢⎢⎢⎣
03

03

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

u1
m1

− T1
m1

− ge3

u2
m2

− T2
m2

− ge3

⎤⎥⎥⎥⎥⎦
⇔

⎡⎢⎢⎢⎣
T1

T2

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
u1 −m1ge3

u2 −m2ge3

⎤⎥⎥⎥⎦
(4.12b)

(4.12a)⇔
⎡⎢⎢⎢⎣
u1

u2

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

m1ge3 + d2
d2−d1

mge3 + Fn
m2ge3 + d1

d1−d2
mge3 − Fn

⎤⎥⎥⎥⎥⎦
(4.12c)

⇔
⎡⎢⎢⎢⎣

u1 + u2 − (m1 +m2 +m)ge3

d1
d1−d2

(u1 −m1ge3) + d2
d1−d2

(u2 −m2ge3)
⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

03

Fn

⎤⎥⎥⎥⎦
. (4.12d)

It follows from (4.12c) that, for an input (u1, u2) ∈ R3 ×R3 to sustain an equilib-
rium:
• Each UAV needs to cancel its own weight (term mige3 in (4.12c)).
• Each UAV needs to cancel some part of the bar’s weight (term di

dj−di
mge3

in (4.12c)), and where the fraction of weight depends on the contact points
on the bar; in particular, if d1 = −d2, then each UAV carries half of the bar’s
weight; if ∣di∣ ≫ ∣dj ∣, then UAV j carries most of the bar’s weight.

• One UAV applies some force F ∈ R along the bar’s angular position n, while
the other applies an opposite force. For simplicity, let d1 > 0 and d2 < 0: if F > 0,
then the bar is under tension; if F < 0, then the bar is under compression; and
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UAV 2
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F > 0 and θ 6= 0
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UAV 1
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bar

UAV 2

UAV 1

nγ

n1,γn2,γ

F < 0 and θ 6= 0

bar

nγ θ

UAV 2

n2,γ

UAV 1

n1,γ

(any ψ ∈ (−π, π])
nγ in plane spanned by e3 and u1 − u2any nγ in S2

(ψ ∈ {arctan(+eT1 (u2 − u1),+e
T
2 (u2 − u1)), arctan(−eT1 (u2 − u1),−eT2 (u2 − u1))})

nγ = (cos(θ) cos(ψ), cos(θ) sin(ψ),− sin(θ))
ψ = yaw angle and θ = pitch angle

Figure 4.4: Different equilibrium possibilities, for different values of the pitch angle
of the bar – θ ∈ (−

π
2 ,

π
2 ) – and different values of the normal force exerted on the

bar – F ∈ R. When F > 0, the bar is under tension; when F < 0, the bar is under
compression; and, when F = 0, the bar is under no normal force.

finally, if F = 0, then the bar is under no normal force/stress4. An illustration
of a bar under a zero and a non-zero normal force is shown in Fig. 4.5.

Remark 4.2. Let F = 0 in (4.12a). If d1, d2 have opposite signs, then both cables
are under tension. If d1, d2 have the same sign, then the cable with the smallest
∣di∣ is under tension, and the one with the largest ∣di∣ is under compression,
which is not possible for a cable. For that reason, hereafter, we assume d1 and
d2 have opposite signs. See Fig. 4.6 for a complete illustration of all the cases.

Proposition 4.3. Let u ∈ R6 ⇔ (u1, u2) ∈ R3 ×R3 be some chosen constant input,
such that ⟨e3, u1⟩ > m1g and ⟨e3, u2⟩ > m2g. Denote Z⋆

u ∶= {z ∈ Z ∶ Z(z, u) = 024} =
P⋆
u × {012} as the equilibria set for the input u ∈ R6, and (with (4.12d) in mind)

denote also

δ1 ≡ u1 + u2 − (m1 +m2 +m)ge3, δ2 ≡
d1

d1 − d2

(u1 −m1ge3) +
d2

d1 − d2

(u2 −m2ge3).

4Let d1 > 0 and d2 < 0 and assume we are at the equilibrium, where (4.12a) holds: then the
average normal force on the bar is given by 2 ⟨n, d1

d1−d2
T1 − d2

d2−d1
T2⟩ = 2F .
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UAV 2

UAV 1

d1

d2

this portion of the bar
is under tension

this portion of the bar
is under compression

UAV 2

UAV 1

d1

d2

+Fn

−Fn

T2 =
d1

d1−d2
mge3−FnT2 =

d1

d1−d2
mge3

T1 =
d2

d2−d1
mge3

T1 =
d2
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mge3+Fn

average normal force = 2nT

(
sign(d1)d1

d1−d2
T1 +

sign(d2)d2

d2−d1
T2

)

average normal force = 0 average normal force = 2F

Figure 4.5: Illustration of a bar under a zero and a non-zero average normal force.

The equilibria set is of the form Z⋆
u = P⋆

u × {012}, where the following cases follow:
1. If δ1 ≠ 03, then P⋆

u = ∅.
2. If δ1 = 03 and δ2 = 03, then

P⋆
u =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

P ∈ P ∶ P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

n

p + d1n + l1n1

p + d2n + l2n2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∣n1=
u1−m1ge3

∥u1−m1ge3∥ ∈S
2

n2=
u2−m2ge3

∥u2−m2ge3∥ ∈S
2

, p ∈ R3, n ∈ S2

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

where n1, n2 are well-defined because ⟨e3, ui⟩ >mig⇒ ∥ui −mige3∥ ≠ 0.
3. If δ1 = 03 and δ2 ≠ 03, then

P⋆
u =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

P ∈ P ∶ P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

n

p + d1n + l1n1

p + d2n + l2n2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∣n1=
u1−m1ge3

∥u1−m1ge3∥ ∈S
2

n2=
u2−m2ge3

∥u2−m2ge3∥ ∈S
2

, p ∈ R3, n = ± δ2

∥δ2∥
∈ S2

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

where n1, n2 are well-defined for the same reason as in (2), and where

n = ± δ2

∥δ2∥
= ±

u1 − (m1 + d2
d2−d1

m)ge3

∥u1 − (m1 + d2
d2−d1

m)ge3∥
= ±

u2 − (m2 + d1
d1−d2

m)ge3

∥u2 − (m2 + d1
d1−d2

m)ge3∥
∵δ1 = 03.

Proof. We know that, at an equilibrium, the input needs to satisfy (4.12d) for
some n ∈ S2, i.e., u1 + u2 = (m1 +m2 +m)ge3 ⇔ δ1 = 03. That is, at an equilibrium,
the combined inputs need to compensate for the combined weight of the whole
system. This proves item (1) in the Proposition.

The second condition in (4.12d) reads as δ2 = Fn. As such, when δ2 = 03, the
bar at equilibrium is under no normal stress (i.e., F = 0), and the bar can take
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bar

UAV 2 UAV 1

mge3 mge3

2mge3

d1 = 2d

d2 = d

bar

mge3 mge3

2mge3

bar

UAV 2 UAV 1

mge3 mge3

2mge3

bar

UAV 2

UAV 1

mge3 mge3

2mge3

UAV 2

UAV 1

• both UAVs above the bar
• cable 1 under compression

• UAV 1 below the bar
• both cables under tension

• UAV 2 below the bar
• both cables under compression

• both UAVs below the bar
• cable 2 under compression

Figure 4.6: If d1 and d2 have the same sign, then either one cable is under compres-
sion (not feasible), or one UAV needs to be “below” the bar. Configurations on the
right are not considered in Proposition 4.3 (which requires that ⟨e3, ui⟩ >mig, i.e., it
requires that both UAVs are above the bar); and the configuration on the left is not
feasible since cable 1 is not under tension.

any attitude (i.e., n can be any unit vector). On the other hand, when δ2 ≠ 03,
there are two possibilities: either F = +∥δ2∥ and n = + δ2

∥δ2∥
, or F = −∥δ2∥ and

n = − δ2
∥δ2∥

; that is, the bar’s angular position is uniquely defined except for a sign,
with the difference that, in the first case, the bar is under tension, and, in the
second case, the bar is under compression (if d1 > 0 and d2 < 0; if, on the contrary,
d1 < 0 and d2 > 0, then the conclusions are reversed).

In order to complete the proof of (2) and (3), we need to compute n1 and n2.
In what follows, let i ∈ {1,2}. Recall from (4.3) that ni = Ti

∥Ti∥
and Ti = ∥Ti∥5. It

then follows immediately from (4.12b) that ni = ui−mige3
∥ui−mige3∥

, which is well defined
owing to the fact that ⟨e3, ui⟩ > mig ⇒ ∥ui −mige3∥ > 0. It also follows that the
tension on cable i is given by Ti = ∥ui −mige3∥ > 0. ∎

Proposition 4.3 provides some insight into the problem. Firstly, there are
two non-binding conditions (inequalities), namely ⟨e3, u1⟩ > m1g and ⟨e3, u2⟩ >
m2g which guarantee that, at the equilibrium, both cables are pointing up
(⟨e3, ni⟩ = ⟨e3,ui⟩−mig

∥ui−mige3∥
> 0). There are however three binding conditions (equali-

ties), namely δ1 = 03 ⇔ u1 +u2 = (m1 +m2 +m)ge3. It follows from the former that
⟨e3, δ1⟩ = 0⇔ ⟨e3, u1+u2⟩ = (m1+m2+m)g, which states that the combined inputs
need to compensate for the combined weight of the whole system. This binding
condition on the inputs is hard to satisfy since one does not know exactly the
weights of the UAVs and of the bar; in experiments, it is therefore important to
include, on each UAV, an integrator in the vertical direction so that the latter
binding condition can be satisfied. Two more binding conditions follow from
δ1 = 03, namely ⟨e1, δ1⟩ = 0 and ⟨e2, δ1⟩ = 0: when F = 0 (no normal force applied
on the bar), these conditions are met when ⟨e1, ui⟩ = ⟨e2, ui⟩ = 0 (no horizontal

5We can exclude the equilibrium possibility where ni = − Ti
∥Ti∥ and Ti = −∥Ti∥ < 0, since the

cables need to be under tensile forces.
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inputs from both UAVs), where the latter conditions are easy to satisfy (and the
main reason for not including integrators in the horizontal components – see
Subsection 4.3.3).

Proposition 4.3 also tells us that no open-loop equilibrium is asymptotically
stable, since Z⋆

u in (2) and (3) corresponds to a continuum of equilibrium points.
However, when the condition δ2 ≠ 03 is satisfied, the equilibrium angular position
of the bar (i.e. n) is uniquely determined up to a sign: intuition suggests that
one equilibrium attitude might be asymptotically stable – the one where the bar
is under tension – while the diametrically opposed attitude might be unstable –
the one where the bar is under compression. Based on the previous intuition,
one might be tempted into trying to satisfy the condition δ2 ≠ 03 where the
bar is under the normal force F ≠ 0. There is however one disadvantage if
this option is pursued: note from (4.12c) that one UAV needs to provide +Fn
while the other needs to provide −Fn, which requires both synchrony and also
accuracy. Since the controllers are distributed (i.e., one controller on each UAV),
perfect synchrony is hard to accomplish. On the other hand, if the UAVs are
heterogeneous, it is also hard to guarantee that one UAV provides +Fn, while
the other provides −Fn. One possible solution to this problem is the inclusion of
an integrator (on each of the UAVs’ control law) along the bar’s angular position.

In the experiments, only the scenario δ2 = 03 ⇔ F = 0 has been tested, that
is, the scenario where the bar is under no normal force when at the equilibrium.
For this scenario (see (4.12c)), it follows that u1 =m1ge3 + d2

d2−d1
mge3 and that

u2 =m2ge3 + d1
d1−d2

mge3. That is, at the equilibrium, the UAVs do not need to
provide any horizontal input, but only a vertical input. This is the main reason
for, later on, including an integrator along the vertical direction, but not along
the horizontal directions.

Next, let us parametrize the equilibria in a fashion which will prove conve-
nient. With the previous discussion in mind, let

γ ∈ Γ ∶⇔ (pγ , nγ , Fγ) ∈ R3 × S2 ×R, (4.14)

where
• pγ ∈ R3 is the desired linear position for the bar’s center-of-mass;
• nγ ∈ S2 is the desired angular position (orientation) for the bar;
• and Fγ ∈ R is the desired normal force to be exerted on the bar.
Briefly, γ is composed of the desired pose of the bar, and the desired normal force
to be exerted on the bar. The variable γ in (4.14) is a six-dimensional variable6

that allows us to parametrize the equilibrium input and the corresponding
equilibria. That is, any point in the set

{(z, u) ∈ Z ×R6 ∶ Z(z, u) = 024 ⇔ {u1 + u2 = (m1 +m2 +m)ge3 and z ∈ Z⋆
u}}

6Instead of (4.14), one could define instead (p,ψ, θ, T ) ∈ R3 × (−π,π] × [−π2 ,
π
2 ] × R: the idea

being that n = (cos(θ) cos(ψ), cos(θ) sin(ψ),− sin(θ)) ∈ S2 where ψ represents a yaw angle and θ
represents a pitch angle – see Fig. 4.4.
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can be parametrized by some γ ∈ Γ, i.e.,

{(z, u) ∈ Z ×R6 ∶ Z(z, u) = 024}⇔ {(zγ , uγ) ∈ Z ×R6 ∶ γ ∈ Γ},

with (zγ , uγ) as described next (and which can be visualized in Fig. 4.4). The
equilibrium input uγ is parametrized by nγ and Fγ as7

uγ ∶=
⎡⎢⎢⎢⎢⎣

u1,γ

u2,γ

⎤⎥⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎢⎣

(m1 + d2
d2−d1

m) ge3 + Fγnγ
(m2 + d1

d1−d2
m) ge3 − Fγnγ

⎤⎥⎥⎥⎥⎦
(4.16a)

while the equilibrium state zγ ∶= (zp,γ , zv,γ), with zv,γ = 012, is be parametrized as

zp,γ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pγ

nγ

p1,γ

p2,γ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pγ

nγ

pγ + d1nγ + l1
e3+

d2−d1
d2

Fγ
mgnγ

∥e3+
d2−d1
d2

Fγ
mgnγ∥

pγ + d2nγ + l2
e3−

d1−d2
d1

Fγ
mgnγ

∥e3−
d1−d2
d1

Fγ
mgnγ∥

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.16b)

For the particular case when the bar is required to be under no normal force,
i.e., when Fγ = 0, then (4.16a) and (4.16b) read more briefly as

uγ ∶=
⎡⎢⎢⎢⎢⎣

u1,γ

u2,γ

⎤⎥⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎢⎣

(m1 + d2
d2−d1

m) ge3

(m2 + d1
d1−d2

m) ge3

⎤⎥⎥⎥⎥⎦
, (4.17a)

zp,γ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pγ

nγ

p1,γ

p2,γ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pγ

nγ

pγ + d1nγ + l1e3

pγ + d2nγ + l2e3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.17b)

Figure 4.4 illustrates the different possible equilibrium configurations.

Control Objective

Before introducing the UAVs’ attitude dynamics, let us describe the control
objective to be solved in this section. The goal is to design a control law that
guarantees pose stabilization of the bar around a desired linear position pγ and
around a desired angular position nγ , and such that the bar is under a desired
normal force Fγ .

7There are only three binding conditions on the input for equilibria to exist, namely that δ1 = 03.
Since u ∈ R6, then we expect three degrees of freedom to exist: this agrees with the fact that uγ
in (4.16a) only depends on (nγ , Fγ) ∈ S2 ×R, which provides the three degrees of freedom.
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Problem 4.4. Let γ ∈ Γ, as in (4.14), parametrize the chosen desired con-
figuration. Consider then the vector field Z in (4.10), the equilibrium input
uγ in (4.16a), and the equilibrium state zγ in (4.16b). Design a control law
uclγ ∶ Z → R6 satisfying uclγ (zγ) = uγ and such that zγ is a (locally) exponentially
stable equilibrium point of the closed-loop vector field Z ∋ z ↦ Z(z, uclγ (z)) ∈ TzZ.

Remark 4.5. Consider the closed-loop vector field z ↦ Z(z, uclγ (z)) in Prob-
lem 4.4. It is clear that zγ ∈ {z ∈ Z ∶ Z(z, uclγ (z)) = 024}, i.e., the desired equilib-
rium point zγ is indeed an equilibrium of the closed-loop system. We emphasize
however that, given a control law uclγ , there may exist other equilibria other
than zγ , i.e., there can exist γ̃ ≠ γ such that Z(zγ̃ , uclγ (zγ̃)) = 024. See Fig. 4.7 for
an example.

Remark 4.6. Recall (4.14). Without loss of generality, in Problem 4.4, we may
assume that pγ = 03 and that ⟨e2, nγ⟩ = 0, i.e., we may assume that γ = γ⋆ where

γ⋆ ≡ (p⋆, n⋆, Fγ⋆), with p⋆ = 03 ∈ R3 and n⋆ = (cos(θ⋆),0,− sin(θ⋆)) ∈ S2,

with θ⋆ ∈ (−π2 ,+
π
2 ) and with F⋆ ∈ R. That is, we may assume that we wish to

stabilize the bar’s linear position around the origin, and to stabilize the bar’s
angular position orthogonally to the second inertial axis (corresponding to a
vanishing yaw angle – see Fig. 4.4). Loosely speaking, this simplification can
be made since the open-loop vector field is invariant to translations and to
rotations around the gravity (which is aligned with the third inertial axis), and
the same holds for the proposed control law (which we present later on): as
such, the closed-loop vector field is invariant to translations and to rotations
around the gravity, and the reason why the simplification above can be made.

4.3.2 UAVs with an Attitude Inner-loop
In the Section 4.2, the UAVs were assumed fully actuated (that is, we assumed
that a three dimensional force input at each UAV was available), in order to
simplify the exposition of the modeling. In this subsection, we now assume each
UAV behaves as described in Subsection 2.4.2. In brief, each UAV has a thrust
body direction (r1 and r2 in Fig. 4.3) along which a thrust can be provided (U1

and U2 in Fig. 4.3); and, we assume we have control over the thrust and the
angular velocity of each UAV. For that purpose, recall the state, the constraints,
and the state space previously defined in Section 4.2. Define now the extended
state, constraints, and state space

z̄ ∈ R30 ∶⇔ (z, r1, r2) ∈ R24 ×R3 ×R3, (4.18a)

C̄(z̄) = 08 ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

C(z)
⟨r1, r1⟩ − 1
⟨r2, r2⟩ − 1

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

06

01

01

⎤⎥⎥⎥⎥⎥⎥⎦

, (4.18b)

Z̄ ∶= {z̄ ∈ R30 ∶ C̄(z̄) = 08} = Z × S2 × S2. (4.18c)
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For convenience, hereafter, denote R6
0̄ ∶= R6/{(03, ⋅), (⋅,03)}. The extended

vector field Z̄ ∶ Z̄ ×R6
0̄ ∋ (z̄, u)↦ Z̄(z̄, u) ∈ Tz̄Z̄ is then given by

˙̄z = Z̄(z̄, u) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ż

ṙ1

ṙ2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z
⎛
⎝
z,

⎡⎢⎢⎢⎣
U1r1

U2r2

⎤⎥⎥⎥⎦
⎞
⎠

S (ω1) r1

S (ω2) r2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z
⎛
⎝
z,

⎡⎢⎢⎢⎣
⟨u1, r1⟩r1

⟨u2, r2⟩r2

⎤⎥⎥⎥⎦
⎞
⎠

S (kr,1S (r1) u1
∥u1∥

) r1

S (kr,2S (r2) u2
∥u2∥

) r2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.18d)

where Z is the vector field defined in (4.10); and where the meaning of the
angular velocities above as been described in Subsection 2.4.5: in brief, each
UAV has an attitude inner-loop, with a positive gain kr,i > 0, under which the
UAV’s thrust body direction ri is steered towards the direction of the input ui.

Given an input satisfying δ1 = 03 ⇔ u1 + u2 = (m1 +m2 +m)ge3, it is straight-
forward to verify that the open-loop equilibria for the vector field in (4.18d) is
given by

Z̄⋆
u = {z̄ ∈ Z̄ ∶ z ∈ Z⋆

u and ri = ±
ui

∥ui∥
} ,

where the set Z⋆
u is that described in Proposition 4.3. The equilibria where

ri = − ui
∥ui∥

, for one or both i ∈ {1,2}, are unstable, and therefore not considered
in the rest of this section.

We can now formulate the problem treated in this paper, as an extension of
Problem 4.4.

Problem 4.7. Let γ ∈ Γ parametrize the desired position configuration. Con-
sider then the vector field Z̄ in (4.18d), the equilibrium input uγ in (4.16a), and
the equilibrium state zγ in (4.16b). Design a control law uclγ ∶ Z→ R6

0̄ satisfying
uclγ (zγ) = uγ and such that

z̄γ ∶= (zγ , r1,γ , r2,γ) ∶= (zγ ,
u1,γ

∥u1,γ∥
,
u2,γ

∥u2,γ∥
)

is a (locally) exponentially stable equilibrium point of the closed-loop vector
field Z̄ ∋ z̄ ↦ Z̄(z̄, uclγ (z)) ∈ Tz̄Z̄.

4.3.3 Control Law
Let us break down the control law exposition in four parts. In the first, we
introduce a PD-like control law. In the second, we introduce and motivate the
need for an integral action term along the vertical direction and for each UAV.
In the third, we introduce a saturated version of the former control law, where
the saturation guarantees that the control law is bounded and that the desired
UAV attitude is well-defined. In the fourth and final part, we briefly explain
how to force the UAVs to rotate the bar when its angular position is (close to)
diametrically opposed to its desired angular position.
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PD control law

Recall the problem statement in Problem 4.7, where a desired pose and normal
force are chosen, encapsulated in γ ∈ Γ ∶⇔ (pγ , nγ , Fγ) ∈ R3×S2×R. Hereafter, we
assume that nγ ≠ ±e3 (that is, that we do not require the bar to stand vertically),
and, for convenience, we denote

Rnγ ≡ [ Π(e3)nγ
√

1−⟨e3,nγ⟩2
S(e3)nγ

√
1−⟨e3,nγ⟩2

e3] ∈ SO(3). (4.19)

Given a γ ∈ Γ, consider then the PD-like control law, with a feed-forward term
(FF) and with a proportional and derivative term (PD), given by

updγ ∶ Z→ R6, (4.20a)

updγ (z) ∶=
⎡⎢⎢⎢⎣
upd1,γ(z)
upd2,γ(z)

⎤⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎣
u1,γ

u2,γ

⎤⎥⎥⎥⎦
´¹¹¹¹¹¸¹¹¹¹¶

F.F. (4.16a)

+
⎡⎢⎢⎢⎣
ũpd1,γ(z)
ũpd2,γ(z)

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

PD

,

where, for each UAV j ∈ {1,2},

ũpdj,γ(z) ∶= −mjRnγ
(Kj

pR
T

nγ
(pj − pj,γ) +Kj

dR
T

nγ
vj) (4.20b)

−mjdje
T

3 (kjp,ψS (nγ)n + kjd,ψω)Rnγe2

and where
• p1,γ , p2,γ ∈ R3 are the UAVs’ desired equilibrium positions given in (4.16b) ;
• Kj

p = kjp,x ⊕ kjp,y ⊕ kjp,z ∈ R3×3 where kjp,l ∈ R>0, for l ∈ {x, y,z}, are positive gains
related to the position feedback, respectively, of vehicle j ∈ {1,2};

• Kj

d = kjd,x ⊕ kjd,y ⊕ kjd,z ∈ R3×3 where kjd,l ∈ R>0, for l ∈ {x, y,z}, are positive gains
related to the velocity feedback, respectively, of vehicle j ∈ {1,2};

• kjp,ψ ∈ R>0 and kjd,ψ ∈ R>0 are positive gains related to the angular position and
angular velocity feedback.

Note that ũpdγ (zγ) = 06, and therefore updγ (zγ) = uγ , as required in Problem 4.7.
Let us provide some insight into the control law (4.20), and recall that we

wish to steer the linear position of the bar p to pγ and to steer the angular
position of the bar n to nγ . Finally, and for brevity, let us introduce the following
nomenclature (where we make use of Rnγ defined in (4.19)):
• Rnγ

e1 corresponds to the longitudinal direction, or x-direction – i.e., when
seen from above, this direction is aligned with the desired angular position of
the bar nγ ;

• Rnγe2 corresponds to the lateral direction, or y-direction – i.e., when seen
from above, this direction is orthogonal to the desired angular position of the
bar nγ ;

• Rnγe3 = e3 corresponds to the vertical direction, or z-direction – i.e., the
direction that is diametrically opposed to the gravity vector.
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When nγ = e1 (or when nγ = (cos(θ),0,− sin(θ))), then Rnγ = I3, which simply
implies that when the desired angular position is aligned with the first inertial
axis, then the longitudinal direction corresponds to the first inertial axis, and
the lateral direction corresponds to the second inertial axis.

The control law in (4.20b) may be decomposed in three identifiable parts:
• The component along the longitudinal direction (Rnγe1) is composed of two

terms, one proportional and one derivative, that act as a spring-damper
that brings the UAV to its desired longitudinal position. This component is
expected to influence the longitudinal linear motion of the bar, and the longi-
tudinal motion between the UAVs (which one may think of as a longitudinal
angular motion).

• The component along the lateral direction (Rnγe2) is composed of four terms:
two terms (proportional and derivative) that act as a spring-damper that
brings the UAV to its desired lateral position; and two other terms (propor-
tional and derivative) that assist on bringing the bar to its desired angular
position. This component is expected to influence the lateral linear and angu-
lar motion of the bar8.

• Finally, the component along the vertical direction (Rnγe3) is composed of two
terms, one proportional and one derivative, that act as a spring-damper that
brings the UAV to its desired vertical position. This component is expected to
influence the vertical linear and angular motions of the bar9.

The control law in (4.20) has three flaws that we address next:
• The terms u1,γ , u2,γ are model dependent, and therefore sensitive to modeling

identification errors (such as an unknown bar mass).
• The control law is unbounded: that is, ∥updj,γ(z)∥ is arbitrarily large when the

UAV’s linear position pj is arbitrarily far way from its desired linear position
pj,γ .

• When the bar’s angular position n is (close to) diametrically opposed to its
desired angular position nγ, the control law encourages the UAVs to swap
positions rather than encouraging the bar to rotate around the vertical
direction. Moreover, it also induces undesired closed-loop equilibria (Fig. 4.7
illustrates this issue).

Integral action and PID control law

The control law in (4.20) requires an exact knowledge of some of the model
parameters. Suppose, for simplicity, that we wish the bar to be under no normal
force, that is, Fγ = 0. Then, it follows from (4.17) that u1,γ = (m1g + d2

d2−d1
mg) e3,

that is, UAV 1 needs to have an exact knowledge of its weight, of the bar’s
weight, and of the contact points on the bar (an interchangeable conclusion may
be drawn for UAV 2). Note, however, that only the third (vertical) component of

8The lateral angular motion of the bar may be understood as a yaw motion.
9The vertical angular motion of the bar may be understood as a pitch motion.
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UAV 1

nγ

n2,γn1,γ

nγ̃
n1,γ̃n2,γ̃

pγ

pγ̃

UAV 2 UAV 1 UAV 2

Inertial frame

Figure 4.7: The control law in (4.20) induces undesired closed-loop equilibria: in the
figure, γ encodes the desired equilibrium point, while γ̃ encodes another (undesired)
equilibrium point; that is, γ, γ̃ ∈ {z ∈ Z ∶ Z(z, updγ (z)) = 024}.Moreover, if the system
starts close to the blue configuration, the control law in (4.20) encourages the UAVs
to swap positions, and thus to make the bar rotate in the plane spanned by the
UAVs; as opposed to encouraging the bar to rotate around the vertical direction.

u1,γ is model dependent, while the first and second (horizontal) components are
zero and, therefore, model independent. This is the motivation for including an
integral action in the vertical component of the control laws of each UAV (and
to suppress integral action terms in the horizontal components).

For that purpose, and with (4.18) in mind, define now the extended state,
constraints, and state space

z̃ ∈ R32 ∶⇔ (z̄, ξ1,z, ξ2,z) ∈ R30 ×R ×R, (4.21a)
C̃(z̃) = 08 ∶⇔ C̄(z̄) = 08, (4.21b)
Z̃ ∶= {z̃ ∈ R32 ∶ C̃(z̃) = 08} = Z̄ ×R ×R, (4.21c)

where ξ1,z, ξ2,z are the integral action terms for UAVs 1,2. The extended vector
field Z̃γ ∶ Z̃ ×R6

0̄ ∋ (z̃, u)↦ Z̃γ(z̃, u) ∈ Tz̃Z̃ is then given by

˙̃z = Z̃γ(z̃, u) ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎣

˙̄z
ξ̇1,z

ξ̇2,z

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

Z̄ (z̄, u)
⟨e3, p1 − p1,γ⟩
⟨e3, p2 − p2,γ⟩

⎤⎥⎥⎥⎥⎥⎥⎦

, (4.21d)

where Z̄ is the vector field defined in (4.18d). The integral action equations
in (4.21d) enforce that an equilibrium can only be reached if the UAVs are at
the desired height, i.e., if ⟨e3, pi − pi,γ⟩ = 0. Note also that the open-loop vector
field in (4.21d) depends on γ, and thus the reason for indexing γ in Z̃γ .

Denote û1,γ and û2,γ as the best estimates of u1,γ and u2,γ known by UAVs 1
and 2, respectively10. With the control law (4.20) in mind, consider then the

10We emphasize that the term ±Fγnγ in (4.16a) is model independent, but, as discussed previ-
ously, it requires synchrony between the UAVs. Moreover, the estimate ûj,γ only differs from the
real uj,γ along the vertical direction, i.e., Π (e3) (ûj,γ − uj,γ) = 03.



188 Slung-bar Transportation: Stabilization and Tracking

PID-like control law

upidγ ∶ Z̃→ R6 (4.22)

upidγ (z̃) ∶=
⎡⎢⎢⎢⎣
û1,γ

û2,γ

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣
ũpd1,γ(z)
ũpd2,γ(z)

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣
m1k

1
i,zξ1,ze3

m2k
2
i,zξ2,ze3

⎤⎥⎥⎥⎦
,

where ξj,z is the integral action term for UAV j; where kji,z the respective integral
gain; and where ũpdj,γ is the PD control law in (4.20b). It follows immediately
that, for

z̃γ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

z̄γ

ξ1,z,γ

ξ2,z,γ

⎤⎥⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

z̄γ
1

m1k1
i,z

⟨e3, u1,γ − û1,γ⟩
1

m2k2
i,z

⟨e3, u2,γ − û2,γ⟩

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, (4.23)

it holds that upidγ (z̃γ) = uγ , and therefore z̃γ is an equilibrium point of the closed
loop vector field

Z̃ ∋ z̃ ↦ Z̃γ(z̃, upidγ (z̃)) ∈ Tz̃Z̃. (4.24)

Note that it is the purpose of the integral action terms to make sure the equality
upidγ (z̃γ) = uγ is satisfied. Loosely speaking, the integral action terms ξ1,z, ξ2,z

evolve so as to compensate for the model mismatch; in particular, if all model
parameters are exactly known by both UAVs, then ξ1,z,γ = ξ2,z,γ = 0 (even if all
model parameters are exactly known, it is still a good practical solution to
include integral action terms, as they provide robustness against other types of
uncertainty). Finally, note that the control law upidγ in (4.22) only differs from
updγ in (4.20) along the vertical direction, and therefore the integral action terms
are expected to influence only the vertical linear and vertical angular motions
of the bar (and this is indeed the case when θ⋆ = 0 and F⋆ = 0).

Bounded control law

From a practical perspective, it is important to guarantee that the control laws
for each UAV are bounded, since each UAV has actuation limitations. On the
other hand, from a well-posedness perspective, it is important to guarantee that
the control laws for each UAV do not vanish. Indeed, recall from Subsection 2.4.5,
that the desired attitude for UAV i is given by ui

∥ui∥
, which is only well defined

provided that ui does not vanish (which one is able to guarantee by appropriately
saturating the proportional, derivative and integral terms).

Let σ be some positive constant and satσ ∶ R→ (−σ,+σ) be some saturation
function, satisfying satσ(0) = 0, 0 < sat′σ(⋅) ≤ 1, sat′σ(0) = 1; these conditions
imply that the saturation function behaves as the identity function at the origin
(for example, x↦ satσ(x) = σx

√
σ2+x2 is a possible saturation function).
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With the control law upidγ in (4.22) in mind, the real control law is then given
by, for UAV j ∈ {1,2},

upidj,γ (z̃) = ûj,γ (4.25)

−mjRnγ

⎡⎢⎢⎢⎢⎢⎢⎢⎣

kjp,xsat
σ
j
p,x

(⟨Rnγe1, pj − pj,γ⟩) + kjd,xsat
σ
j
d,x

(⟨Rnγe1, vj⟩)
kjp,ysat

σ
j
p,y

(⟨Rnγe2, pj − pj,γ⟩) + kjd,ysat
σ
j
d,y

(⟨Rnγe2, vj⟩)
kjp,zsat

σ
j
p,z

(⟨Rnγe3, pj − pj,γ⟩) + kjd,zsat
σ
j
d,z

(⟨Rnγe3, vj⟩)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

−mjRnγ

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0

dj (kjp,ψ⟨e3,S (nγ)n⟩ + kjd,ψsatσj
d,ψ

(⟨e3, ω⟩))
sat

σ
j
i,z

(kji,zξj,z)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

for some positive saturation constants σjp,x, σjd,x, σjp,y, σjd,y, σjp,z, σjd,z, σjd,ψ, σji,z (for ex-
ample, σjp,x corresponds to a saturation on the longitudinal position error of UAV
j). Denote ūj ∶=mj(∑l∈{x,y,z} (kjp,lσjp,l + kjd,lσjd,l)

2 + dj(kjp,ψ + kjd,ψσjd,ψ)
2 + (σji,z)

2) 1
2 , and

suppose the gains and saturations are chosen such that ūj < ∥ûj,γ∥. Then, it
follows that

0 < ∥ûj,γ∥ − ūj ≤ ∥upidj,γ (⋅)∥ ≤ ∥ûj,γ∥ + ūj

and, as such, the control input required from each UAV is bounded, and,
simultaneously, the desired attitude for each UAV, given by upidj,γ (⋅)/∥upidj,γ (⋅)∥,
is also well defined. If, in addition, the integral saturations are chosen big
enough, specifically if σji,z > ∣m−1

j ⟨e3, uj,γ − ûj,γ⟩∣ for j ∈ {1,2}, then it follows that
upidj,γ (z̃γ) = uγ ⇒ Z̃γ(z̃γ , upidγ (z̃γ)) = 032 for

z̃γ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

z̄γ

ξ1,z,γ

ξ2,z,γ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

z̄γ
1
k1
i,z

(satσ1
i,z

)−1 ( ⟨e3,u1,γ−û1,γ⟩

m1
)

1
k2
i,z

(satσ2
i,z

)−1 ( ⟨e3,u2,γ−û2,γ⟩

m2
)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, (4.26)

that is, z̃γ above is an equilibrium point under the saturated control law (and it
degenerates into (4.23) when satσ1

i,z
, satσ2

i,z
are the identity functions).

Remark 4.8. Recall Remark 4.6, where we declared that it suffices to con-
sider γ⋆, instead of a generic γ, since the closed-loop vector field does not see
translations nor rotations around the vertical. That is indeed the case for the
PID-control law without saturations in (4.22), but not the case for the PID-
control law with saturations in (4.25) (the control law is not insensitive to
arbitrary translations, owing to the presence of the saturations). Later in this
section, we perform a linearization of the (closed-loop) vector field in (4.24)
around the equilibrium point z̃γ (with upidj,γ , z̃γ defined in (4.25), (4.26)). However,



190 Slung-bar Transportation: Stabilization and Tracking

e1

e2

e1

e2

e1

e2

Initial configuration n Desired configuration nγ Sequence of configurations that induce
rotation around the vertical direction

n nγ
nγ,1

nγ,2
nγ,3

nγ,4

Top view: = UAV 1, = UAV 2, and = bar

Figure 4.8: Create sequence of configurations that induce a rotation of the bar
around the vertical direction when the bar is initially (close to) diametrically opposed
to the desired configuration.

for the purposes of the linearization, the saturations can be ignored, since the
saturation function matches the identity function when linearized at the origin
(loosely speaking, the linearization at the equilibrium does not see the effect of
the saturation, which only comes into play when the state is far away from the
equilibrium).

Induce rotations around the vertical axis

As illustrated in Fig. 4.7, if n is close to −nγ, rather than forcing the bar to
rotate around the vertical direction, the control law encourages the UAVs to
swap positions and thus it encourages the bar to rotate in the plane spanned
by the UAVs. We note that, when the system is restricted to a two-dimensional
setting, the bar cannot rotate around the vertical direction, which is however
possible in a three-dimensional setting. If n is initially not close enough to nγ , a
possible solution to this problem is to create a sequence {nγ,1, nγ,2,⋯, nγ,k} such
that – see Fig. 4.8: nγ,1 is close enough to n; nγ,k = nγ ; nγ,i+1 is closer to nγ than
nγ,i; and where we only transit to the next point in the sequence (nγ,i+1) once n
is close enough to the previous point (nγ,i). This problem is mostly one of path
planning, which is however not the focus of this section.

4.3.4 Stability Analysis based on Linearization
Recall now the closed-loop vector field Z̃cl

γ in (4.24) around the equilibrium z̃γ
in (4.26). Recall also Remark 4.8, where we concluded that it suffices to study γ⋆
(instead of γ). Given that the motion of our system is constrained to a manifold,
and for the reasons described in the Section 2.9, we modify the vector field as
in (2.51) (this change serves only the purpose of analysis). We then compute the
Jacobian

A ∶= d(Z̃cl

γ )⋆(z̃γ) ∈ R32×32, (4.27a)
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Under-actuated UAVS Fully-actuated and no integral action
Symmetric Non-symmetric Symmetric Symmetric

(θ⋆, F⋆) = (0,0) θ⋆ ≠ 0 and F⋆ = 0 θ⋆ = 0 and F⋆ ≠ 0
Subection 4.3.5 Subection 4.3.6 Subection 4.3.7 Section 4.3.8

Table 4.1: Analysis of stability of equilibrium is performed for different scenarios
(symmetric system is illustrated in Fig. 4.1a and asymmetric system is illustrated
in Fig. 4.1b).

which is sparse, but unstructured (in (4.27a), Z ≡ Z̃cl

γ⋆
, and Z⋆ ≡ (Z̃cl

γ⋆
)⋆, with Z⋆

as defined in (2.51), described in Section 2.9). Moreover, the Jacobian is neither
a diagonal nor a triangular matrix, and thus determining whether it is Hurwitz
is not straightforward. For that purpose, we provide a similarity matrix, i.e.,
a non-singular P ∈ R32×32, such that PAP −1 is a block triangular matrix, and
where each block diagonal matrix is in controllable form (allowing us to invoke
the results from Subsection 2.9.1). To be specific, we provide a change of basis
matrix

P ∶= [P1 ⋯ Pk P⊥]
T

∈ R32×32, (4.27b)

for some k ∈ N, such that PAP −1 is a block triangular matrix, i.e.,

PAP −1 =
⎡⎢⎢⎢⎣
A1 ⊕⋯⊕Ak ⋆24×8

08×24 −λI8

⎤⎥⎥⎥⎦
∈ R32×32. (4.27c)

That is, we provide a change of basis that breaks the motion of the system
into k decoupled motions (note that the λ > 0 in (4.27c) is that chosen in (2.51)).
Thus eig(A) = {−λ}∪eig(A1)∪ . . .∪eig(Ak), and, therefore, determining whether
the Jacobian A in (4.27a) is Hurwitz amounts to checking whether each of the
blocks in (4.27c) is Hurwitz.

Recall Remark 4.6, where we established that there are truly only two
equilibrium parameters that need to be studied, namely the desired normal
force to be exerted on the bar F⋆ ∈ R and the desired pitch angle of the bar
θ⋆ ∈ (−π2 ,+

π
2 ). In the next four subsections, we analyze four separate cases, as

listed in Table 4.1. Analyzing the most generic of cases (one where the system
is not symmetric, the pitch is non-zero, and the normal force is also non-zero) is
left for future research.

4.3.5 Symmetric UAVs-bar system
Let us discuss first the case where the system UAVs-bar is symmetric, i.e., when
the cables have the same length; when the contacts points on the bar are at the
same distance from the bar’s center-of-mass (but in opposite directions); and,
when the UAVs are identical, with the same weight and the same control law
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gains. This can be described as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

l1 = l2 =∶ l > 0
d1 = −d2 =∶ d ∈ R
m1 =m2 =∶M > 0
k1
l,h = k2

l,h =∶ kl,h > 0 for l ∈ {p, i, d} and h ∈ {x, y,z}
k1
r = k2

r =∶ kr > 0

(4.28)

and where we let kjp,ψ = 0 and kjd,ψ = 0 for j ∈ {1,2}. This case provides us
with intuition on how to decompose the Jacobian into three decoupled motions
(vertical, longitudinal and lateral), and it is basis for the generic case where the
system does not satisfy the symmetry conditions in (4.28).

Consider then the change of basis matrix

P ∶= [Pz Pθ Px Pδ Py Pψ P⊥]
T

∈ R32×32, (4.29)

where (below A is the Jacobian in (4.27a), and e1,⋯, e32 are the canonical basis
vectors in R32)

Pz ∶= [ν Aν A2ν] ∣
ν=

d2e31−d1e32
d2−d1

∈ R32×3,

Pθ ∶= [ν Aν A2ν] ∣ν= e31−e32
d2−d1

∈ R32×3,

Px ∶= [e1 Ae1 A2e1 A3e1 A4e1] ∈ R32×5,

Pδ ∶= [ν Aν A2ν] ∣ν=e7−e10 ∈ R32×3,

Py ∶= [e2 Ae2 A2e2 A3e2 A4e2] ∈ R32×5,

Pψ ∶= [e5 Ae5 A2e5 A3e5 A4e5] ∈ R32×5,

and, finally, where P⊥ ∶= (dC̃(z̃γ))T ∈ R32×8 (where C̃ is the constraints map
defined in (4.21b)). Note that ∣P ∣ = −d

3g13m3
(m+2M)

4

4J3l13M4 which is non-zero provided
that d ≠ 0 (when d1 = −d2 = d = 0, the bar’s angular position is uncontrollable –
this agrees with intuition).

Remark 4.9. Recall the state decomposition in (4.21a) (which builds upon (4.18a)
and (4.1d)), and that ˙̃z = Az̃, for the linearized motion around the equilibrium.
Then (for brevity, denote p = (x, y,z) and n = (⋅, ψ, θ))

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

P T

x z

P T

δ z

P T

y z

P T

ψ z

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(x(0), x(1), x(2), x(3), x(4))
(δ(0), δ(1), δ(2))∣δ=⟨e1,p1−p2⟩

(y(0), y(1), y(2), y(3), y(4))
(ψ(0), ψ(1), ψ(2), ψ(3), ψ(4))

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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and (the equalities below can only be verified under an appropriate coordinate
transformation [87])

⎡⎢⎢⎢⎣
P T

z z

P T

θ z

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
(z(−1),z(0),z(1))
(θ(−1), θ(0), θ(1))

⎤⎥⎥⎥⎦
.

That is, Px is associated with the longitudinal (x) linear motion of the bar (fifth
order system) and Pδ is associated with the longitudinal linear motion between
the UAVs (third order system); Py is associated with the lateral (y) linear motion
of the bar (fifth order system) and Pψ is associated with the lateral angular
motion of bar (fifth order system). And finally, Pz is associated with the vertical
(z) linear motion of the bar (third order system) and Pθ is associated with the
vertical angular motion of the bar (third order system): to be specific, the sum
of the integral errors is associated with the vertical linear position of the bar,
and the difference is associated with the vertical angular position of the bar.

Given the state matrix A in (4.27a) and the similarity matrix P in (4.29), it
then follows that

PAP −1 =
⎡⎢⎢⎢⎣
Az ⊕Aθ ⊕Ax ⊕Aδ ⊕Ay ⊕Aψ ⋆24×8

08×24 −λI8

⎤⎥⎥⎥⎦
∈ R32×32, (4.30)

where (4.30) is a block triangular matrix, with the first block as a block diagonal
matrix with six blocks (note that the λ in (4.30) is that chosen in (2.51)). Thus
eig(A) = {−λ} ∪ eig(Az) ∪ eig(Aθ) ∪ eig(Ax) ∪ eig(Aδ) ∪ eig(Ay) ∪ eig(Aψ), and,
therefore, determining whether the Jacobian A in (4.27a) is Hurwitz amounts
to checking whether each of the six blocks in (4.30) is Hurwitz. Recall now the
definitions and results in Subsection 2.9.1, which we will make use of several
times in what follows.

Longitudinal motion

The matrices Ax and Aδ describe the linear and angular longitudinal motions,
and they are given by

Ax = Γ5 (q, f, k) ∣q= m
2M ,(fp,fd)=(

g
l ,kr),k=(kp,x,kd,x)

,

Aδ = Γ3 (f, k) ∣f=( gl m
2M ,kr),k=(kp,x,kd,x),

which are both Hurwitz provided that (see Subsection 2.9.1)

kr >
kp,x
kd,x

.

i.e., provided that the attitude inner loop gain is big enough. Since Pxz = ⟨e1, p⟩ =∶
x and Pδz = ⟨e1, p1 − p2⟩ =∶ δ, it follows from above that, for the linearized motion,
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the bar’s x-position behaves as a fifth-order integrator and the longitudinal
displacement between UAVs behaves as a third-order integrator, i.e.,

x(5)(t) = (Ax)5,5x
(4)(t) +⋯ + (Ax)5,1x

(0)(t),
δ(3)(t) = (Aδ)3,3δ

(2)(t) +⋯ + (Aδ)3,1δ
(0)(t).

Recall the crane system results presented in Example 2.61 in Subsection 2.9.1.
It follows that the linearized longitudinal (x) linear motion of the bar is exactly
that of the container in a container-crane system, with a cable of length l, being
pulled by a crane of mass 2M , and with a motor constant kr.

Lateral motion

The matrices Ay and Aψ describe the linear and angular lateral motions, and
they are given by

Ay = Γ5 (q, f, k) ∣q= m
2M ,(fp,fd)=(

g
l ,kr),k=(kp,y,kd,y)

,

Aψ = Γ5 (q, f, k) ∣q= J
d2m

m
2M ,(fp,fd)=(

d2m
J

g
l ,kr),k=(kp,y,kd,y)

,

which are both Hurwitz provided that (see Subsection 2.9.1)

kr >
kp,y
kd,y

,

i.e., provided that the attitude inner loop gain is big enough. Since Pyz = ⟨e2, p⟩ =∶
y and Pψz = ⟨e2, n⟩ =∶ ψ, it follows from above that, for the linearized motion,
the bar’s lateral linear motion and the bar’s lateral angular motion behave as
fifth-order integrators, i.e.,

y(5)(t) = (Ay)5,5y
(4)(t) +⋯ + (Ay)5,1y

(0)(t),
ψ(5)(t) = (Aψ)5,5ψ

(4)(t) +⋯ + (Aψ)5,1ψ
(0)(t).

Vertical motion

The matrices Az and Aθ describe the linear and angular vertical motions, and
they are given by

Az = C3(γz(ki,z, kp,z, kd,z))∣γz=(1+ m
2M )

−1 ,

Aθ = C3(γθ(ki,z, kp,z, kd,z))∣γθ=(1+ J
d2m

m
2M )

−1 ,

which are Hurwtiz provided that (see Subsection 2.9.1)

ki,z < min(γz, γθ)kp,zkd,z.
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i.e., provided that the integral gain is small enough. Note that, for a regular
PID (where ẋ = C3(−(ki, kp, kd))x), it is required that ki,z < kp,zkd,z, while the
constraint above is more restrictive, since γz < 1 and γθ < 1. Moreover, notice
that γθ vanishes when d vanishes (the distance of the contact points to the
bar’s center-of-mass): as such, it is advisable to have a big d (big compared with√

J
2M ), because γθ is closer to 1 (and thus the bound on the integral gain is less

restrictive). This also agrees with intuition, which suggests that controlling the
bar’s attitude when the contact points are too close to the bar’s center-of-mass
is difficult. Under an appropriate coordinate change [87], it can be verified that
the sum of the integral errors is related to the vertical linear position of the
bar, while the difference between the integral errors is related to the vertical
angular position of the bar, i.e.,

z(−1) ≡ d2ξ1,z − d1ξ2,z

d2 − d1

⇒ z(1) ≡ d2

dt2
d2ξ1,z − d1ξ2,z

d2 − d1

= ⟨e3, v⟩ (4.33a)

θ(−1) ≡ ξ1,z − ξ2,z

d2 − d1

⇒ θ(1) ≡ d2

dt2
ξ1,z − ξ2,z

d2 − d1

= ⟨e2, ω⟩ (4.33b)

And, for the linearized motion,

z(2)(t) = (Az)3,3z
(1)(t) + (Az)3,2z

(0)(t) + (Az)3,1z
(−1)(t),

θ(2)(t) = (Aθ)3,3θ
(1)(t) + (Aθ)3,2θ

(0)(t) + (Aθ)3,1θ
(−1)(t).

Remark 4.10. We emphasize that, for the linearized motion, and for i ∈ {x, y,z},
the proportional and derivative gains kp,i and kd,i have an effect on the i-motion
only, which agrees with intuition. This is however not the case when the bar is
required to be under normal stress (F⋆ ≠ 0) nor when the bar is required to have
a non-zero pitch (θ⋆ ≠ 0) – see Subsections 4.3.7 and 4.3.8. We also note that the
attitude gains of the vehicles do not play a role in the linearized vertical motion.

At this point, we defer the presentation of our main result (Theorem 4.13)
till the end on the next subsection, which considers the generic case where the
system is asymmetric.

4.3.6 Non-symmetric UAVs-bar system

Let us now consider the case where the system is not symmetric, i.e., a system
which does not satisfy the conditions in (4.28) (we assume only that d1, d2 have
opposite signs – see Remark 4.2). The idea will be to choose the UAVs’ gains
so as to compensate for the asymmetries, in such a way that if the system
degenerates into a symmetric one, then the results of the previous section are
recovered.

Consider again the similarity matrix P ∈ R32×32 as defined in (4.29) (which
will be different than the P obtained in the previous subsection, which relied
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on the symmetry conditions), whose determinant is given by

∣P ∣ = 25g2 ( g
l1l2(d1−d2)

)
8
( g(d1d2m)(d1l1−d2l2)

J(d1−d2)
)

3
(d1 − d2 ( m

m1
+ 1))

2
(d2 − d1 ( m

m2
+ 1))

2

which is non-zero (d1 and d2 have opposite signs). Given the state matrix A
in (4.27a) and the similarity matrix P in (4.29), it then follows that

PAP −1 =
⎡⎢⎢⎢⎣
Az,θ ⊕Ax,δ ⊕Ay,ψ ⋆24×8

08×24 −λI8

⎤⎥⎥⎥⎦
∈ R32×32, (4.34)

where (4.34) is a block triangular matrix, with the first block as a block diagonal
matrix with three blocks (note that the λ in (4.34) is that chosen in (2.51)). Thus
eig(A) = {−λ} ∪ eig(Az,θ) ∪ eig(Ax,δ) ∪ eig(Ay,ψ), and, therefore, determining
whether the Jacobian A in (4.27a) is Hurwitz amounts to checking whether
each of the three blocks in (4.34) is Hurwitz. Let us look at each of these matrices
separately, corresponding to three decoupled motions.

Similarly to the symmetric system, described in the previous section, there
are three decoupled motions, namely a vertical, a longitudinal and a lateral.
However, for the symmetric system, each of those motions was in turn composed
of two decoupled sub-motions, one linear and one angular; that is not the case
for the asymmetric system. The main idea explored next is to choose the control
gains such that the linear sub-motion of the vertical/longitudinal/lateral motion
is decoupled from the angular sub-motion. The difference with the case where
the system is symmetric lies in the fact that the linear and angular sub-motions
are not decoupled. This will produce a state matrix that is similar to a block
triangular matrix, which we are still able to analyze.

Longitudinal motion

Recall Remark 4.9, and note that Px and Pδ are associated to Ax,δ ∈ R8×8 in (4.34).
As such, Ax,δ is associated with the longitudinal motion, namely the longitudinal
linear motion of the bar, and the longitudinal angular motion corresponding to
the longitudinal relative motion between the two UAVs.

In what follows denote Fx ≡ Fx(k1
p,x, k

2
p,x, k

1
d,x, k

2
d,x, k

1
r , k

2
r) ∈ R3.Note then that

Ax,δ has a specific structure, namely (below ⋆ denotes a vector in R5)

Ax,δ =
⎡⎢⎢⎢⎣
Ax e5F

T

x

e3⋆T Aδ

⎤⎥⎥⎥⎦
∈ R(5+3)×(5+3).

Notice that Ax,δ can be rendered block triangular, if one chooses the gains such
that Fx above vanishes. That is accomplished if, for j ∈ {1,2},

kjp,x = kp,x +
djlj

d1l1 − d2l2
fp,x∆x, k

j

d,x = kd,x +
djlj

d1l1 − d2l2

fp,x
kr

∆x,

k1
r = k2

r = kr, with ∆x =
m(d1l1m1 + d2l2m2)
m1m2(d1l1 − d2l2)

,

(4.35)
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for some positive kp,x, kd,x, and kr, and where fp,x is that shown next. That is, the
proportional and derivative gains of each vehicle must be the same up to some
difference that is proportional to the asymmetry of the system, as quantified by
∆x. If the vehicles’ gains are chosen as above, then

Ax,δ =
⎡⎢⎢⎢⎣
Ax 05×3

⋆3×5 Aδ

⎤⎥⎥⎥⎦
∈ R(5+3)×(5+3) (4.36)

where (recall Subsection 2.9.1)

Ax = Γ5 (qx, (fp,x, kr), (kp,x, kd,x)) ∣
fp,x=

g(d1l1−d2l2)
l1l2(d1−d2) >0,qx=

m(d2
1l

2
1m1+d

2
2l

2
2m2)

m1m2(d1l1+d2l2)2 >0
,

Aδ = Γ3 ((f̃p,x, kr), (kp,x, kd,x)) ∣
f̃p,x=

gm(d2
1l

2
1m1+d

2
2l

2
2m2)

l1l2m1m2(d1−d2)(d1l1−d2l2)

.

It follows from Subsection 2.9.1 that Ax and Aδ above are Hurwitz, provided
that

kr >
kp,x
kd,x

, (4.37)

i.e., provided that the attitude inner loop gain is big enough. This constraint
can be comprehended intuitively: fast tracking along the longitudinal direction
requires a fast attitude inner loop.

Remark 4.11. If one wishes both gains k1
p,x and k2

p,x, in (4.35), to be positive,
then one must impose that kp,x > −fp min (d1l1∆x,d2l2∆x

d1l1−d2l2
), where ∆x encapsulates

some measure of asymmetry of the system. As illustrated in Fig. 4.9, there are
good and bad asymmetries: in good asymmetries ∆x = 0 and, therefore, it is only
required that kp,x be positive; and, in bad asymmetries ∆x ≠ 0 and, therefore, it
is required that kp,x be strictly positive.

Remark 4.12. Recall Remark 4.9. It follows from (4.36) that, for the linearized
motion, (denote X ∶= (x(0),⋯, x(4)) and ∆ ∶= (δ(0),⋯, δ(2)))

⎡⎢⎢⎢⎣
Ẋ

∆̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
Ax 05×3

⋆3×5 Aδ

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
X

∆

⎤⎥⎥⎥⎦
,

i.e., the longitudinal linear motion behaves as a fifth order integrator and
decoupled from the longitudinal angular motion; while the longitudinal angular
motion behaves as a third order integrator, cascaded after the longitudinal
linear motion.
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l2 = 2L l1 = L

m2 = M

m1 = 2M

bad asymmetry for longitudinal motiongood asymmetry for longitudinal motion

d1 = dd2 = −d

l2 = L l1 = 2L

m2 = M

m1 = 2M

d1 = dd2 = −d

It suffices that kp,x > 0 for both gains to be positive

barbar

UAV 2

UAV 1UAV 2

UAV 1

k1
p,x − k2

p,x = fp,x∆x where ∆x = m
2Mk1

p,x − k2
p,x = fp,x∆x where ∆x = 0

kp,x > 1
8

g
L

m
M > 0 for both gains to be positive

Figure 4.9: Good and bad asymmetries: it is better for the heavier UAV to be
attached to the shorter cable as it minimizes ∣∆x∣. A good asymmetry only requires
the gains kp,x, kd,x to be positive, and a bad asymmetry requires both the proportional
and the derivative gains to be strictly positive.

Lateral motion

Recall Remark 4.9, and note that Py and Pψ are associated to Ay,ψ ∈ R10×10

in (4.34). As such, Ay,ψ is associated with the lateral motion, namely the lateral
linear motion of the bar, and the lateral angular motion of the bar (yaw motion).
In what follows denote Fy ≡ Fy(k1

p,y, k
2
p,y, k

1
d,y, k

2
d,y, k

1
p,ψ, k

2
p,ψ, k

1
d,ψ, k

2
d,ψ, k

1
r , k

2
r) ∈ R5,

where Fy is some function of the gains shown above. Note then that Ay,ψ has a
specific structure, namely

Ay,ψ =
⎡⎢⎢⎢⎣
Ay e5F

T

y

e5F̃
T

y Aψ

⎤⎥⎥⎥⎦
∈ R(5+5)×(5+5).

Notice that Ay,ψ can be rendered block triangular, if one chooses the gains such
that Fy above vanishes (no choice of gains makes F̃y vanish). Indeed, that is
accomplished if, for j ∈ {1,2},

kjp,y = kp,y +
djlj

d1l1 − d2l2
fp,y∆y, k

j

d,y = kd,y +
djlj

d1l1 − d2l2

fp,y
kr

∆y,

kjp,ψ =
djlj
d1 − d2

( d1 − d2

d1l1 − d2l2
fp,y∆y +

l2 − l1
l1l2

kp,y) ,

kjd,ψ =
djlj
d1 − d2

( d1 − d2

d1l1 − d2l2

fp,y
kr

∆y +
l2 − l1
l1l2

kd,y) ,

k1
r = k2

r = kr, where ∆y =
m(d1l1m1 + d2l2m2)
m1m2(d1l1 − d2l2)

+ −md1d2

J

(d1 − d2)(l1 − l2)
(d1l1 − d2l2)

,

(4.38)

for some positive gains kp,y and kd,y, and where fp,y is that shown next. That
is, the proportional and derivative lateral gains of each vehicle must be the
same up to some difference that is proportional to the asymmetry of the system,
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quantified by ∆y and by ∣l2 − l1∣. If the vehicles’ gains are chosen as in (4.38),
then

Ay,ψ =
⎡⎢⎢⎢⎣
Ay 05×5

⋆5×5 Aψ

⎤⎥⎥⎥⎦
∈ R(5+5)×(5+5)

where (recall Subsection 2.9.1)

Ay = Γ5 (q, f, k) ∣q=qy,f=(fp,y,kr),k=(kp,y,kd,y),
Aψ = Γ5 (q, f, k) ∣q=qψ,f=(fp,ψ,kr),k=(kp,y,kd,y),

where (below, recall that d1 and d2 have opposite signs)

fp,y = g(d1l1−d2l2)
l1l2(d1−d2)

> 0, qy = m(d2
1l

2
1m1+d

2
2l

2
2m2)

m1m2(d1l1−d2l2)
2 + −md1d2

J
−d1d2(l1−l2)

2

(d1l1−d2l2)
2 > 0,

fp,ψ = −md1d2
J

fp,y > 0, qψ = J
−md1d2

qy > 0,

and which are both Hurwitz provided that

kr >
kp,y
kd,y

, (4.39)

i.e., provided that the attitude inner loop gain is big enough. Note that similar
remarks to Remarks 4.11 and 4.12 can be made at this point regarding the
lateral motion.

Vertical motion

Recall Remark 4.9, and note that Pz and Pθ are associated to Az,θ ∈ R6×6 in (4.34).
As such, Az,θ is associated with the vertical motion, namely the vertical linear
motion of the bar, and the vertical angular motion of the bar (pitch motion).

In what follows denote Fz ≡ Fz(k1
p,z, k

2
p,z, k

1
d,z, k

2
d,z, k

1
i,z, k

2
i,z) ∈ R3, where Fz is

some function of the gains shown above. Note then that Az,θ has a specific
structure, namely

Az,θ =
⎡⎢⎢⎢⎣
Az e3F

T

z

e3F̃
T

z Aθ

⎤⎥⎥⎥⎦
∈ R(3+3)×(3+3).

Notice that Az,θ can be rendered block triangular, if one chooses the gains such
that either Fz or F̃z above vanishes. We choose to cancel Fz, implying that we
decouple the vertical-linear motion from the vertical-angular motion. That is
accomplished if

k1
p,z

k2
p,z

=
k1
d,z

k2
d,z

=
k1
i,z

k2
i,z

= −m2d2(J + d1m1(d1 − d2))
+m1d1(J + d2m2(d2 − d1))

=∶ ∆z,1

∆z,2

. (4.40)
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That is, the proportional, derivative and integral gains of each vehicle must
respect a ratio, which is exactly 1 under symmetry conditions (see (4.28)). In
order to satisfy the conditions above, let, for h ∈ {p, i, d},

k1
h,z =

2∆z,1

∆z,1 +∆z,2

kh,z, k
2
h,z =

2∆z,2

∆z,1 +∆z,2

kh,z, (4.41)

for some positive kp,z, ki,z, and kd,z. If the vehicles’ gains are chosen as in (4.41),
then

Az,θ =
⎡⎢⎢⎢⎣
Az 03×3

⋆3×3 Aθ

⎤⎥⎥⎥⎦
∈ R(3+3)×(3+3)

where (recall C3 in Subsection 2.9.1)

Aθ = C3 (γθ(ki,z, kp,z, kd,z)) ∣γθ=(1+ J(d1m1−d2m2)
2(−d1d2)m1m2(d1−d2) )

−1
>0
,

Az = C3 (γz(ki,z, kp,z, kd,z)) ∣
γz=γθ

∆z,1∆z,2
(d1d2(d1−d2)m1m2)2 (1+

m(d2
1m1+d2

2m2)+J(m+m1+m2)
(d1−d2)2m1m2

)

−1
>0
.

It follows from Subsection 2.9.1 that Az and Aθ are Hurwitz (and therefore also
Az,θ), provided that

ki,z < min(γz, γθ)kp,zkd,z. (4.42)

i.e., provided that the integral gain is small enough. Note that, for a regular PID,
it is required that ki,z < kp,zkd,z, while the constraint above is more restrictive,
since γθ < 1. Moreover, notice that γθ vanishes when either d1 or d2 vanish (the
distance of the contact points to the bar’s center-of-mass): as such, it is advisable
to have large ∣d1∣ and ∣d2∣ (large in the sense that J(d1m1−d2m2)

(−d1d2)m1m2(d1−d2)
≪ 1), because

γθ is closer to 1 (and thus the bound on the integral gain is less restrictive). This
also agrees with intuition, which suggests that controlling the bar’s attitude
when the contact points are too close to the bar’s center-of-mass is difficult.

We can now present the main result of this section.

Theorem 4.13. Consider the vector field Z̄ in (4.18d), the dynamic control
law (4.25) whose internal (integral) states evolve as in (4.21d), and the resulting
closed-loop vector field Z̃cl

γ in (4.24). Consider also the equilibrium z̃clγ in (4.23),
and let the desired configuration be γ = γ⋆ with θ⋆ = 0 and F⋆ = 0 (i.e., the bar is to
be stabilized on the horizontal plane and under no normal stress). Let also d1 and
d2 have opposite signs. Finally, let the longitudinal, lateral and vertical gains of
the control laws be chosen as in (4.35), (4.38) and (4.40), respectively, and such
that (i) the attitude gain is big enough, as quantified in (4.37) and (4.39); and
such that (ii) the integral gain is small enough, as quantified in (4.42). It then
follows that the equilibrium z̃clγ is exponentially stable.
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Our main result, in Theorem 4.13, states that pose stabilization of the bar is
accomplished, provided that the system is initialized in some neighborhood of
the equilibrium. The experiments provided at the end of this section provide
insight into the region of attraction of the equilibrium; in particular, convergence
to the equilibrium is verified after impulsive disturbances are applied on both
the bar and the UAVs.

4.3.7 Bar with non-zero pitch
In this section, we study the effect of requiring the angular position of the bar
to have a non-zero vertical component (non-zero pitch angle), i.e.,

γ⋆ ∶= (p⋆, n⋆, F⋆) with p⋆ ∶= (0,0,0), n⋆ ∶= (∣ cos(θ⋆)∣,0, sin(θ⋆)) and F⋆ ∶= 0,

with θ⋆ ∈ (−π2 ,
π
2 ). This equilibrium configuration corresponds to the bottom left

configuration shown in Fig. 4.4. For this purpose, and for simplicity, we assume
that the UAVs are fully-actuated, that the system is symmetric (as defined
in (4.28)), and that no integral action is being used. Let us anticipate the results
that follow, where we find out that the vertical angular motion is coupled with
the longitudinal angular motion.

For this system, a Jacobian A ∈ R24×24 is computed11, and the following
similarity matrix is used,

P ∶= [Pz Pθ,δ Px Py Pψ P⊥]
T

∈ R24×24,

where (below e1,⋯, e24 are the canonical basis vectors in R24)

Pz ∶= [e3 Ae3] ∈ R24×2,

Pθ,δ ∶= [e6 Ae6 ν Aν] ∣ν=e7−e10 ∈ R24×4,

Px ∶= [e1 Ae1 A2e1 A3e1] ∈ R24×4,

Py ∶= [e2 Ae2 A2e2 A3e2] ∈ R24×4,

Pψ ∶= [e5 Ae5 A2e5 A3e5] ∈ R24×4,

and whose determinant ∣P ∣ = − 2d2g6m2 cos2
(θ⋆)

J2l10 is non-zero since θ⋆ ∈ (−π2 ,
π
2 ) (and

where P⊥ ∶= (dC(zγ))T ∈ R24×6 with C as defined in (4.5)). Given the state matrix
A and the change of basis matrix P , it then follows that

PAP −1 =
⎡⎢⎢⎢⎣
Az ⊕Aθ,δ ⊕Ax ⊕Ay ⊕Aψ ⋆24×6

06×24 −λI6

⎤⎥⎥⎥⎦
∈ R24×24, (4.44a)

11A = dZclγ (zγ) where Zclγ (z) ∶= Z(z, updγ (z)), with Z in (4.10), zγ in (4.16b) and updγ in (4.20).
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where

Az = C2(γz(kp,z, kd,z))∣γz=(1+ m
2M )

−1 ,

Ax = Γ4 (q, fp, k) ∣q= m
2M ,fp=

g
l ,k=(kp,x,kd,x)

,

Ay = Γ4 (q, fp, k) ∣q= m
2M ,fp=

g
l ,k=(kp,y,kd,y)

,

Aψ = Γ4 (q, fp, k) ∣q= J
d2m

m
2M ,fp=

d2m
J

g
l ,k=(kp,y,kd,y)

,

which are all Hurwitz; and where

Aθ,δ =
⎡⎢⎢⎢⎣
C2 (−γθ (kp,z + tan(θ⋆)2fp,x, kd,z)) − fp,x2d γθ tan(θ⋆)e2e

T

1

−2d tan(θ⋆)fp,xe2e
T

1 C2 (− (kp,x + fp,x, kd,x))
⎤⎥⎥⎥⎦
∈ R(2+2)×(2×2),

γθ = (1 + J

d2m

m

2M
1

cos(θ⋆)2
)
−1

and fp,x =
g

l

m

2M
, (4.44b)

which is Hurwitz for all θ⋆ ∈ (−π2 ,
π
2 ). It follows from (4.44a) that the vertical

linear, the longitudinal linear, the lateral linear and the lateral angular motions
are all decoupled. On the other hand, it follows from (4.44b) that the vertical
angular motion is coupled to the longitudinal angular motion when θ⋆ ≠ 0. This
coupling is, nonetheless, not detrimental to the stability of the equilibrium
configuration, as the matrix Aθ,δ is Hurwitz for all θ⋆ ∈ (−π2 ,

π
2 ). However, this

conclusion is only valid for fully actuated UAVs; for under-actuated UAVs or for
UAVs with vertical integral action, stricter conditions on the allowed interval
for θ⋆ may be required.

4.3.8 Bar under non-zero normal force
In this section, we study the effect of requiring the bar to be under a non-zero
normal stress/force, i.e.,

γ⋆ ∶= (p⋆, n⋆, F⋆) with p⋆ ∶= (0,0,0), n⋆ ∶= (1,0,0) and F⋆ ∶= r
mg

2
,

for some r ∈ R. This equilibrium configuration corresponds to the top right
configurations shown in Fig. 4.4. Recall that F⋆ is twice the normal stress
exerted on the bar and, for that reason, r represents the ratio of the normal
force exerted on the bar with respect the the bar’s weight. In studying this
scenario, and for simplicity, we assume that the UAVs are fully-actuated, that
the system is symmetric (as defined in (4.28)), and that no integral action is
being used. Let us anticipate the results that follow, where we find out that the
vertical and longitudinal motions are coupled, and that requiring the bar to be
under tension is more beneficial than requiring the bar to be under compression.

For this system, a Jacobian A ∈ R24×24 is computed12, and the following
12A = DZclγ (zγ) where Zclγ (z) ∶= Z(z, updγ (z)), with Z in (4.10), zγ in (4.16b) and updγ in (4.20).
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similarity matrix is used,

P ∶= [Pz,δ Pp,θ Py Pψ P⊥]
T

∈ R24×24,

where (below e1,⋯, e24 are the canonical basis vectors in R24)

Pz,δ ∶= [e3 Ae3 ν Aν] ∣ν=e7−e10 ∈ R24×4,

Pp,θ ∶= [p Ap A2p A3p e6 Ae6] ∣p=e1−d J
d2m re6

∈ R24×6,

Py ∶= [e2 Ae2 A2e2 A3e2] ∈ R24×4,

Pψ ∶= [e5 Ae5 A2e5 A3e5] ∈ R24×4,

and whose determinant ∣P ∣ = − 2d2g6m2
(1+r2

)
3

J2l10 is non-zero for any r ∈ R (and where
P⊥ ∶= (dC(zγ))T ∈ R24×6 with C as defined in (4.5)). The point p = e1 − d J

d2m
re6

in Pp,θ is special in the sense that its position, velocity, acceleration and jerk
(i.e., A0p, A1p, A2p and A3p) do not depend on any controller gains; this in turn
guarantees that the change of basis matrix P also does not depend on any
controller gains13. Given the state matrix A and the change of basis matrix P ,
it then follows that

PAP −1 =
⎡⎢⎢⎢⎣
Az,δ ⊕Ap,θ ⊕Ay ⊕Aψ ⋆

06×24 −λI6×6

⎤⎥⎥⎥⎦
∈ R24×24,

where

Az,δ=C2 (−γz (kp,z, kd,z))⊕C2 (− (kp,x + fp,x, kd,x)) ∣fp,x= gl m
2M ,γz=(1+ m

2M )
−1 +O(∣r∣),

Ap,θ=Γ4 (qx, fp,x, (kp,x, kd,x))⊕C2 (−γθ (kp,z, kd,z)) ∣qx= m
2M ,fp,x=

g
l ,γθ=(1+ J

d2m
m

2M )
−1 +O(∣r∣),

Ay=Γ4 (qy, fp,y, (kp,y, kd,y)) ∣qy= m
2M ,fp,y=

g
l

√
1+r2 ,

Aψ=Γ̃4 (q̃ψ, qψ, fp,ψ, (kp,y, kd,y)) ∣q̃ψ= δ−1
δ ,qψ=

J
d2m

qy
δ ,fp,ψ=

d2m
J δfp,y

∣δ=1+ ld
r√

1+r2
.

It follows from above that, when the bar is under a non-zero normal force,
the linear vertical motion is coupled with the angular longitudinal motion
(where the coupling vanishes when r = 0); the motion of the position p (which
corresponds to the linear longitudinal motion when r = 0) is coupled with the
angular vertical motion (where the coupling vanishes when r = 0); where the
only influence of the normal force in the linear lateral motion is to increase
the frequency fp,y, i.e., Ay is Hurwitz regardless of r; and, finally, where the
lateral angular motion is significantly influenced by the normal force, i.e., Aψ is

13In particular, when r = 0, then p = e1 which corresponds to the longitudinal linear position of
the bar.
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Hurwitz only if (note that qψ(1 − q̃ψ) = J
d2m

m
2M δ−2 > 0, as required by (2.55c) in

Subsection 2.9.1)

kp,y > −fp,ψqψ q̃ψ = −
g

l

m

2M
r (d

l
+ r√

1 + r2
)
−1

.

This result confirms our intuition (next, and w.l.o.g., we assume that d > 0). For
simplicity, let d > l. Then, when we want the bar to be under tension (r > 0), it
suffices for the proportional gain kp,y to be positive; on the other hand, when
we want the bar to be under compression (r < 0), the proportional gain kp,y
needs to be strictly positive (and arbitrarily large, if ∣r∣ is arbitrarily large).
As such, one can say that requiring the bar to be under compression is less
stable than requiring the bar to be under tension, because a bar under tension
tends to restore the yaw position of the bar, while a bar under compression
tends to destabilize the yaw position of the bar. This conclusion confirms the
comments drawn during the analysis of the open-loop equilibria (see discussion
after Proposition 4.3).

Remark 4.14. Notice that Az,δ and Ap,θ are Hurwitz when r = 0, and, by
continuity of the eigenvalues of a matrix, we can conclude that there is a
neighborhood around 0, such that those matrices remain Hurwitz when r is
in that neighborhood (that is, for a bar under some small tension or small
compression, the matrices remain Hurwitz).

4.3.9 Experimental Results

We experimented the proposed control laws with a symmetric system and with
an asymmetric system. The symmetric system is that illustrated in Fig. 4.1a,
and the asymmetric system is that illustrated in Fig. 4.1b.

Symmetric system

For the symmetric system, a video of the experiment that is described in the
sequel is found at https://youtu.be/ywwPvZuVpF0, whose results can be visu-
alized in Fig. 4.10. For the experiment, two commercial quadrotors were used,
namely two IRISes+ from 3D Robotics, weighting M = 1.442 kg, with a maxi-
mum payload of 0.4 kg. The bar was made out of a core of aluminum (to add
rigidity to the bar), and surrounded with PVC pipe (to add weight to the bar),
and it weighted m = 0.33 kg (corresponding to ≈ 23% of each UAV’s weight). The
bar had a length of 2m, and it was attached to the UAVs by two cables of equal
length, specifically l = l1 = l2 = 1.4 m; the contact points between the bar and
the cables were at the extremities of the bar, and thus d = d1 = −d2 = 1 m. The
commands for controlling the quadrotors were processed on a ground station,
developed in a ROS environment, and sent to the on-board autopilot, which

https://youtu.be/ywwPvZuVpF0


4.3. Pose Stabilization 205

(a) Bar position. (b) Bar orientation
(ill-estimated at some time instants).

(c) UAV 1 position. (d) UAV 2 position.

(e) UAVs control inputs. (f) UAVs integral state.
Figure 4.10: Experimental results for transportation of bar tethered to two UAVs:
symmetric case in Fig. 4.1a.
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allowed for remotely controlling the aerial vehicles through a desired three di-
mensional force input. A wireless radio communication between ground station
and autopilot was established through a telemetry radio, using a MAVLink
protocol that directly overrode the signals sent from the radio transmitter. The
quadrotors’ and bar’s positions, velocities and orientations were estimated by
12 cameras from a Qualisys motion capture system.

The control law was applied with m = 0kg; with ki,z = 0.5s−3 and σi,z = 5ms−2;
with kp,x = kp,y = 2.9s−2, kd,x = kd,y = 2.4s−1, σp,x = σp,y = 1.0m and σd,x = σd,y =
1.0ms−1; and with kp,z = 1.0s−2, kd,z = 1.2s−1, σp,z = 0.5m and σd,z = 0.5ms−1.

In the beginning of the experiment the system is required to stabilize around
pγ = 0.4e3m and nγ = e2, i.e, the bar is required to hover at 0.4m and required
to be aligned with the y-axis. In Fig. 4.10b, the bar attitude is parameterized
with a pitch and yaw angle, i.e., n = (cos(θ) cos(ψ), cos(θ), sin(θ)) ∈ S2, and, as
can be seen in Fig. 4.10b the bar is initially aligned with the y-axis (ψ = 90○). At
around 60 sec, the bar is required to remain in the same position but to align its
orientation with the x-axis (nγ = e1 ∶⇔ ψ = 0○), which can be seen in Figs. 4.10b
and 4.10a. At around 70 sec, the bar is required to move 1m in the y-direction
(pγ = (0,1,0.5)m) while keeping the same orientation (nγ = e1 ∶⇔ ψ = 0○), which
can again be seen in Figs. 4.10b and 4.10a. During the same experiment, we
also tested robustness against impulsive disturbances, which illustrate the size
of the basin of attraction of the equilibrium. First, at around 90s, we disturbed
the bar position in the y-direction, as can be seen in Fig. 4.10a; and, at around
100s, we disturbed the position of UAV 1 in the y-direction, as can be seen in
Fig. 4.10c. In both cases, the system returns to its equilibrium point.

In Fig. 4.10e, the control inputs computed from the control law are shown,
which are converted into PWM signals: one for the pitch, one for the roll, and
another for the throttle (in these experiments, we requested the UAVs to always
keep the same yaw position). The pitch and roll PWM signals have neutral
values for which the quadrotors do not pitch nor roll, regardless of battery level;
while the throttle PWM signal results in a propulsive power which decays as
the battery drains. In Fig 4.10f, the integral states, described on page 186,
are shown. There is a trend, where the integral term grows larger while the
experiments are running, which stems from the fact that, as the batteries drain,
a larger throttle PWM signal needs to be requested from the IRISes+.

Asymmetric system

For the asymmetric system, a video of the experiment that is described in the
sequel is found at https://youtu.be/rgweowQ8fAE, whose results are visualized
in Figs. 4.11 and 4.12. For the experiment, two hexacopters were used, namely
one ASTEC-Neo weighting 2.22 kg, and one Tarot FY680 weighting 3.53 kg. The
bar was made out of a core of aluminum, surrounded with PVC pipe, and with
two metal plates at the contact points with the cables: in total, it weighted
1.48 kg, with the individual plates weighting 0.6 kg each (the bar’s weight

https://youtu.be/rgweowQ8fAE
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(d) Tarot FY680 hexacopter position.
Figure 4.11: Experimental results for transportation of bar tethered to two UAVs:
asymmetric case in Fig. 4.1b (continues in Fig. 4.12).

corresponds to 60% of the ASTEC-Neo and to 40% of the Tarot FY680). The bar
has a length of 2m, with the contact points between the bar and the cables at
the extremities of the bar, and thus d1 = −d2 = 1 m; the cables are attached to
the bar’s contact points by means of permanent magnets. The ASTEC-Neo is
tethered to the bar by a 1.45 m cable, and the Tarot FY680 by a 1.2 m cable.
The commands for controlling the hexacopter were processed on a ground
station, developed in a ROS environment, and sent to the on-board autopilot,
which allowed for remotely controlling the aerial vehicles. The ASTEC-Neo
is equipped with a proprietary flight controller, which we communicate with
by publishing a message of the type mav msgs/RollPitchYawrateThrust; while
the Tarot FY680 is equipped with an open source flight controller (namely a
PixHawk), which we communicate with by publishing a message of the type
mavros msgs/OverrideRCIn. The hexacopter’s and the bar’s poses and twists
were estimated by 12 cameras from a Qualisys motion capture system.
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(c) UAV’s integral terms.
Figure 4.12: Experimental results for transportation of bar tethered to two UAVs:
asymmetric case in Fig. 4.1b (continuation of Fig. 4.11).

In the beginning of the experiment the bar is required to stabilize around pγ =
(0.4,−0.5,0.4)m and nγ = e2, i.e, the bar is required to hover at 0.4m and required
to be aligned with the y-axis. In Fig. 4.11b, the bar attitude is parameterized
with a pitch and yaw angle (i.e., n = (cos(θ) cos(ψ), cos(θ), sin(θ))), and, as can be
seen in Fig. 4.11b the bar is initially aligned with the y-axis (ψ = 90○). At around
55 sec, the bar is required to translate 0.5m in the x-direction, and at around 60
sec, the bar is required to align itself with the x-axis (nγ = e1 ∶⇔ ψ = 0○), which
can be seen in Figs. 4.11a and 4.11a. At around 80 sec, the bar is required to
move in the y-direction, while keeping the same orientation, which can again
be seen in Figs. 4.11a and 4.11a. During the same experiment, we also tested
robustness against impulsive disturbances, which illustrate the size of the basin
of attraction of the equilibrium. First, at around 100s, we disturbed the Tarot
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FY680 in the y-direction, as can be seen in Fig. 4.11d; and, at around 110s, we
disturbed the ASTEC-Neo in the y-direction, as can be seen in Fig. 4.11c. In
both cases, the system returns to its equilibrium point.

In Figs. 4.12a and 4.12b, the control inputs are shown, and in Fig. 4.12c
the integral terms for both UAVs are shown. The equilibrium integral term is
inversely proportional to the vehicle’s weight, which explains why the integral
term for the ASTEC-Neo is smaller than that for the Tarot FY680.

4.4 Pose Tracking

In the previous section, we focused on pose stabilization, where we required the
bar’s linear position to stabilize around a desired linear position, and the bar’s
angular position to stabilize around a desired angular position. In this section
instead, we focus on the more challenging problem of pose tracking, where we
require the bar’s linear position to track some desired linear position trajectory,
and the bar’s angular position to track some desired angular position. The
control design strategy has been summarized at the beginning of this Chapter
(see Fig. 4.2 on page169), and it is similar to that followed in Chapter 3. To
be specific, the controller is designed by finding a change of coordinates and a
change of inputs, which leads to the vector field of a thrust-propelled system
associated to a one-dimensional rigid-body, as described in Subsection 2.5.2,
and for which we already developed a controller in Subsection 2.5.5. Moreover,
the proposed control law in Subsection 2.5.5 includes a degree of freedom which
can be used to regulate the relative position between the aerial vehicles, namely
to drive the vehicles further or closer together.

In the previous section, Section 4.3, the proposed controller was designed to
solve a pose stabilization problem, which (1) did not require a full-state feedback
loop, and which (2) required only a limited knowledge of the model parameters.
In contrast, in this section, the proposed controller, which accomplishes the
more challenging task of pose tracking, is a full-state feedback control law, and
it requires the knowledge of all the model parameters. Let us then state the
problem we wish to solve.

Problem 4.15. Given the vector field Z in (4.10) and a desired one-dimensional
rigid-body pose trajectory, i.e, (p⋆, n⋆) ∶ R → R3 × S2, design a control law ucl ∶
R × Z → R6 such that limt→∞(p(t) − p⋆(t), n(t) − n⋆(t)) = (03,03) along a solution
R ∋ t↦ z(t) ∈ Z of ż(t) = Z(z(t), ucl(t, z(t))) with z(t0) ∈ Z0 for some dense Z0 ⊂ Z
and for all t0 ∈ R.

Problem 4.15 invokes the model derived in Section 4.1, where we assumed
the UAVs were fully-actuated. This assumption can be lifted at the end of
this section by following the procedure described in Subsection 2.4.4, which
instructs one on how to construct the UAVs’ thrust and torques such that the
same problem is still accomplished.



210 Slung-bar Transportation: Stabilization and Tracking

vector field of physical system

ż = Z(z, u)

change of coordinates

φ(z)νz(µ)
u ∈ R6 z ∈ Z x ∈ Xµ ∈ R8

Input StateModified
Input

Modified
State

associated to one-dimensional rigid-body

ẋ = X(x, µ)
µ ∈ R8 x ∈ X

µcl(t, x)

Controller from Subsection 2.5.5

=

vector field of thrust-propelled system

change of inputs

Figure 4.13: Control strategy: we provide an input and state transformations which
convert the vector field Z into the vector field X, which is that of a thrust-propelled
system associated to a one-dimensional rigid-body, and for which a controller is
found in Subsection 2.5.5.

4.4.1 Control Law Design: Summary

Let us explain the pursued control strategy, which is illustrated in Fig. 4.13,
and with the vector field Z as in (4.10).

At a first step, we introduce a change of inputs from µ ∈ R8 ∶⇔ (T1, T2, τ1, τ2) ∈
R ×R ×R3 ×R3 to u ∈ R6, where
• Ti ∈ R will stand for the tension exerted on cable i ∈ {1,2},
• and τi will stand for the angular acceleration of cable i ∈ {1,2}.
As shall be seen later, µ provides a more meaningful input to design, and
once it is designed one can map µ to u (the actual input to the mechanical
system) by means of the function νz, as illustrated in Fig. 4.13. This is done in
Subsection 4.4.2.

In the second step, done in Subsection 4.4.3, we provide a coordinate trans-
formation φ that maps a z ∈ Z into an x ∈ X (φ and X are defined later), and
with this coordinate transformation, we obtain the vector field X in the new
coordinates, which will be that of a thrust-propelled vector field associated to a
one-dimensional rigid-body, described in Subsection 2.5.2 and found in (2.10).

A control law for this vector field is found in Subsection 2.5.5, and thus we
can immediately construct a control law for the input µ as µcl ∶ R×X→ R8 which,
when composed with the change of inputs νz, yields the control law for the input
of the mechanical system, i.e., ucl ∶ R ×Z→ R6, ucl(t, z) ∶= νz(µcl(t, x))∣x=φ−1(z).

Angular velocity and acceleration of cables

In order to construct the change of inputs and the change of coordinates, il-
lustrated in Fig. 4.13, we must define the angular velocity and acceleration of
the cables. For that purpose, and since the mechanical system at hand is input
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affine, recall the results and definitions in Subsection 2.7.5.
Since we are interested in the angular acceleration of the cables, we consider,

for i ∈ {1,2}, the function

fi ∶ P ∋ P ↦ fi(P ) ∶= pi − (p + din) ∈ R3/{03}.

We know that ∥pi − (p + din)∥ = li and thus why fi(P ) ∈ R3/{03}. As such, we
can define the cable unit vector nfi , its angular velocity ωfi and its torque τfi
according to (2.39) (recall results and definitions from Section 2.7.5, on input
affine mechanical systems). We remark here that, for any (z, u) ∈ Z ×R6,

τf1(z, (u1, u2)) = τf1(z, (u1,Π (n2(P ))u2)), (4.47)

which means that the angular acceleration of cable 1 does not depend on the
input component of vehicle 2 on the space orthogonal to cable 2 (same conclusion
if the roles of 1 and 2 are reversed).

4.4.2 Change of inputs
Let us now provide the input transformation νz illustrated in Fig. 4.13. For that
purpose we introduce a function

Rz ∶ R6 ∋ u↦ Rz(u) = µ ∈ Rm

of m physical quantities we wish to regulate/control, at every state z ∈ Z. If
the function R is invertible (i.e., if given any µ ∈ Im(Rz), u = R−1(µ) ∶⇔ µ =
Rz(u)), then it provides a change of inputs that allows one to control those
m ∈ N physical quantities. In particular, we wish to control the following m = 8
quantities:
• the two tensions on the cables (2 quantities, namely T1 and T2) – recall from

Section 4.2 that the tensions on the cables are input affine, as described in
in (4.9b);

• and the angular accelerations of each cable (2 × 3 = 6 quantities: note that
the angular accelerations τf1 and τf2 are three dimensional, but each angular
acceleration is always orthogonal to the corresponding cable, which means
that we only really need to control 2 × (3 − 1) quantities) – recall the results
and definitions on Subsection 2.7.5, in particular (2.39).

As such, we define

Rz(u) ∶=

⎡⎢⎢⎢⎢⎢⎢⎣

T (z, u)
τf1(z, u)
τf2(z, u)

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

AT (z)
Anf1

(z)
Anf2

(z)

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶AR(z)∈R8

+

⎡⎢⎢⎢⎢⎢⎢⎣

BT (P )
Bnf1

(P )
Bnf2

(P )

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶BR(P )∈R8×6

u =∶ AR(z) +BR(P )u,
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where we made use of (4.9b), and where the maps Anf
,Bnf

are those defined
in (2.39d). From the latter, it should then be clear that

µ ∈ Im(Rz)⇔ {(T1, T2, τ1, τ2) ∈ R×R×R3×R3 ∶ ⟨τ1, n1(P )⟩ = 0, ⟨τ2, n2(P )⟩ = 0}.

It then follows that the inverse of Rz is given by

νz(µ) ∶= (BR(P )TBR(P ))−1BR(P )T (µ −AR(z)), (4.48)

i.e., Rz(νz(µ)) = µ for any µ ∈ Im(Rz). Notice that there exists an inverse
on (4.48), which depends exclusively on the pose of the mechanical system, and
one must show it is well-defined for all poses P ∈ P. This can be shown, once
one realizes that the tensions depend exclusively on ⟨n1(P ), u1⟩ and ⟨n2(P ), u2⟩
(see (4.9c)), while the angular acceleration on the cable i ∈ {1,2} depends on the
tensions and Π (ni)ui (see (4.47)). There is therefore a cascaded structure, which
means one can first control the tensions, and, in the next step, one controls the
angular accelerations. With the above in mind, one can verify that the change
of inputs νz in (4.48) is equivalently written as

νz(µ) =
⎡⎢⎢⎢⎣
u1n1 −m1Π (n1) (l1S (n1) τ1 + d1∥ω∥2n − 1

m
T2n2 − d1

J
Π (n)∑i∈{1,2} diTini)

u2n2 −m2Π (n2) (l2S (n2) τ2 + d2∥ω∥2n − 1
m
T1n1 − d2

J
Π (n)∑i∈{1,2} diTini)

⎤⎥⎥⎥⎦
,

where
⎡⎢⎢⎢⎣
u1

u2

⎤⎥⎥⎥⎦
= BT (P )

⎡⎢⎢⎢⎣

m1
m
n1 03

03
m2
m
n2

⎤⎥⎥⎥⎦
⎛
⎝
⎡⎢⎢⎢⎣
T1

T2

⎤⎥⎥⎥⎦
−
⎡⎢⎢⎢⎣
⟨e1,AT (z)⟩
⟨e2,AT (z)⟩

⎤⎥⎥⎥⎦
⎞
⎠

where AT ,BT are those given in (4.9b), µ ∈ R8 ⇔ (T1, T2, τ1, τ2) ∈ R ×R ×R3 ×R3

and ni ≡ ni(P ).

4.4.3 Change of coordinates
Let us now provide the coordinate transformation illustrated in Fig. 4.13. There
is a cascaded structure to the problem, and for that reason, let us make the
following cascaded set of definitions, namely,

x1 ∈ X1 ∶⇔ (p, v, n,ω) ∈ {(p, v, n,ω) ∈ R3 ×R3 ×R3 ×R3 ∶ ⟨n,n⟩ = 1, ⟨ω,n⟩ = 0},
x2 ∈ X2 ∶⇔ (x1, n1, n2) ∈ {(x1, n1, n2) ∈ X1 ×R3 ×R3 ∶ ⟨n1, n1⟩ = 1, ⟨n2, n2⟩ = 1},
x3 ∈ X3
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
≡x∈X

∶⇔ (x2, ω1, ω2) ∈ {(x2, ω1, ω2) ∈ X2 × ×R3 ×R3 ∶ ⟨ω1, n1⟩ = 0, ⟨ω2, n2⟩ = 0}.

Consider then the mappings

Z ∋ z ↦ φ1(z) ∶= (p, v, n,ω) ∈ X1, (4.49a)
Z ∋ z ↦ φ2(z) ∶= (φ1(z), nf1(P ), nf2(P )) ∈ X2, (4.49b)
Z ∋ z ↦ φ3(z) ≡ φ(z) ∶= (φ2(z), ωf1(P,V ), ωf2(P,V )) ∈ X3 ≡ X, (4.49c)

where
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• φ1 maps to the pose of the bar, and the twist of the bar,
• φ2 maps also to the cables’ unit vectors (see (2.39) in Subsection 2.7.5),
• φ3 maps also to the cables’ angular velocities (see (2.39) in Subsection 2.7.5),
• φ ≡ φ3 is the change of coordinates (from Z to X).
Consider also the mapping φ−1 ∶ X→ Z(≡ φ−1

3 ∶ X3 → Z) defined as

φ−1(x) ≡ φ−1
3 (x3) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

n

p + d1n + l1n1

p + d2n + l2n2

v + d1S (ω)n + l1S (ω1)n1

v + d2S (ω)n + l2S (ω2)n2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where we emphasize that, indeed, φ ○ φ−1 = idX and that φ−1 ○ φ = idZ (thus the
mappings are inverses of each other).

Since φ constitutes a change of coordinates, we can compute the vector field
in the new coordinates and with the new inputs, namely

X ∶ X ×R8 ∋ (x,µ)↦X(x,µ) ∈ TxX
ẋ =X(x,µ) ∶= dφ(z)Z(z, νz(µ))z=φ−1(x),

where νz is the change of inputs found in (4.48). It then follows that (denote
µ ∈ R8 ∶⇔ (T1, T2, τ1, τ2) ∈ R ×R ×R3 ×R3)

ẋ =X(x,µ)⇔ ẋ3 =X3(x3, µ)⇔

⎡⎢⎢⎢⎢⎢⎢⎣

ẋ2

ω̇1

ω̇2

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

X2(x2, (T1, T2, ω1, ω2))
Π (n1) τ1

Π (n2) τ2

⎤⎥⎥⎥⎥⎥⎥⎦

, (4.50a)

where (denote µ2 ∈ R8 ∶⇔ (T1, T2, ω1, ω2) ∈ R ×R ×R3 ×R3)

ẋ2 =X2(x2, µ2)⇔

⎡⎢⎢⎢⎢⎢⎢⎣

ẋ1

ṅ1

ṅ2

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

X1(x1, (T1, T2, n1, n2))
S (ω1)n1

S (ω2)n2

⎤⎥⎥⎥⎥⎥⎥⎦

(4.50b)

and where (denote µ1 ∈ V1 ∶⇔ (T1, T2, n1, n2) ∈ R ×R × S2 × S2)

ẋ1 =X1(x1, µ1)⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṅ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
T1n1+T2n2

m
− ge3

S (ω)n
S (n) d1T1n1+d2T2n2

J

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.50c)

The choice of the mappings in (4.49a)–(4.49c) and of change of inputs νz in (4.48)
is now clear: it yields a vector field, with a cascaded structure of three lay-
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Figure 4.14: Effect of degree of freedom k ∈ R in (2.16)

ers (4.50a)–(4.50c). This vector field is exactly that of a thrust-propelled sys-
tem associated to a one-dimensional rigid-body in (2.10), presented in Sub-
section 2.5.2, and for which we already developed a controller in Subsec-
tion 2.5.5. As such, we can obtain, from Subsection 2.5.5, a control law for
µ ∈ R8 ∶⇔ (T1, T2, τ1, τ2) ∈ R ×R ×R3 ×R3, at which point we can use the change
of inputs νz in (4.48) to construct a control law for the physical system. Finally,
the control law from Subsection 2.5.5 comes equipped with a degree of freedom
k, whose purpose we illustrate in Fig 4.14: briefly, and loosely speaking, k regu-
lates the inter-distance between the UAVs, that inter-distance being greater for
k > 0 and smaller for k < 0.

4.4.4 Simulations
Consider the system with parameters m = 0.5 kg, J = 0.04 kg m2, m1 = 1.2 kg,
m2 = 1.5 kg, d1 = 0.45 m, d2 = −0.55 m, l1 = 0.5 m and l2 = 0.65 m. The desired
position trajectory is (see Problem 4.15)

R ∋ t↦ p⋆(t) ∶= r(cos(ωt), sin(ωt),0) + (0,0,0.5) ∈ R3,

with r = 2 m and ω = 2π/15 s−1, and the desired attitude trajectory is

R ∋ t↦ n⋆(t) ∶= S (e3)p⋆(1)(t)
∥S (e3)p⋆(1)(t)∥

∈ S2.

That is, we require the bar’s angular position to be perpendicular to the tangent
to the path being described. The control law is implemented with k = 0.25mgd1/J
(see (2.16)), and for the initial condition, we let

(p(0), n(0), p1(0), p2(0), v(0), ω(0), v1(0), v2(0)) = (03, e1, l1e3, l2e3,03,03,03,03).

In Figs. 4.15a-4.15b, the system’s trajectory is shown, and a visual inspection
indicates pose (linear and angular positions) tracking. Note that, because k > 0,
the cables are tilted away from the vertical direction, as illustrated in Fig. 4.14.
In Figs. 4.15c and 4.15d, the linear position error and the attitude errors are
shown, and one verifies that indeed the position error (t↦ p(t) − p⋆(t)) and the
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Figure 4.15: Pose trajectory tracking for bar tethered to two UAVs.
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attitude error (t↦ θ(t) ∶= arccos(⟨n(t), n⋆(t)⟩)) are steered to zero. In Fig. 4.15e,
the inputs computed from the proposed control law are shown, and, finally, in
Fig. 4.15f one visualizes the tensions in the cables, which are always positive
(and thus the cables are always taut).

4.5 Summary

In this chapter, we focused on transportation of a bar tethered to two UAVs,
which is required to either stabilize at some desired pose or to track some
desired pose trajectory. At a first step, we modeled the physical system using
the tools provided in Section 2.7. Regarding pose stabilization, we proposed
PID control laws for each UAV, and we used the tools provided in Section 2.9 to
obtain the Jacobian at the equilibrium, and to find conditions on the gains that
guarantee that the latter Jacobian is Hurwitz. Regarding pose tracking, we
constructed an appropriated change of coordinates and an appropriate change
of inputs which, combined with the vector field of the physical system, yielded
the vector field of the thrust-propelled system associated to a one-dimensional
rigid-body, as described in Subsection 2.5.2, and for which a control law was
constructed in Subsection 2.5.5.



Chapter 5

Stabilization of Rigid-Body
Pendulum

In this chapter, we consider a rigid-body which is constrained by rigid links
fixed at pivot points, similarly to how a point-mass pendulum is constrained by
one rigid link fixed at one pivot point, and as illustrated in Figs. 5.1 and 5.2. As
such, hereafter, we refer to this system as a rigid-body pendulum.

A problem of interest related to the point-mass pendulum (planar or three-
dimensional pendulum) is that of globally stabilizing the pendulum in the
upward position, or, more generally, of globally stabilizing the pendulum at
an arbitrary position. Because the manifold, which the point-mass pendulum
is constrained to, is a non-contractible set (intuitively, a contractible set is
one that can be continuously deformed into a point), there is a topological
obstruction impeding one from constructing a continuous control law that
can grant the upward position (or any other position for that matter) global
asymptotic stability.

The problem we consider in this chapter is similar to the one above, but
considerably more challenging. We consider a rigid-body pendulum, and we
wish to design a controller that can grant any desired pose global asymptotic
stability. Similarly to the point-mass pendulum, the manifold the rigid-body
pendulum is constrained to is also a non-contractible set, preventing us from
constructing a continuous control law that can grant the desired pose global
asymptotic stability. The strategy we follow is to design an energy function
which is minimized at the desired pose, and then construct a gradient-based
control law that minimizes the latter energy function (this is the strategy
described in Section 2.8, so we will be using the tools from that section). For the
planar rigid-body, we then implement a switching strategy that allows us to
escape all the undesired critical points (other minima, other maxima, and all
the other critical points) of the designed energy function.

In the previous chapters, Chapters 3 and 4, all the targeted mechanical
systems were fully-actuated. We anticipate now the results of the this chapter,
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P ∈ R2

position of pivot point

Planar point-mass point

l

planar point-mass

l2l
l1

Goal configuration Goal configuration

Goal: Goal:

fixed to one fixed pivot point fixed to two fixed pivot points

Generalization:

Stabilize at any desired configuration Stabilize at any desired configuration

Contributions:
. model (no simple equations: θ̈ = u− g sin(θ))
. gradient control law induces:

. several maxima

. several minima

. several critical points (which may have a dense region of attraction)

Similarities:
. position configuration space is 1-dimensional manifold

Differences:
. point-mass pendulum: no bifurcations points
. rigid-body pendulum: can have bifurcations points

. switching strategy: switching control laws to avoid undesired equilibria

Inertial frame

Inertial frame

Figure 5.1: Planar rigid-body pendulum as a generalization of a planar point-
mass pendulum. In a point-mass pendulum, the goal is to stabilize at some desired
position (e.g., the “upward position”); like-wise, in a rigid-body pendulum, the goal is
to stabilize at some desired pose (e.g., the “upward position”). However, the dynamics
for the two systems are different; and the underlying manifold for a planar point-
mass pendulum (this manifold is isomorphic to S1) is different from the underlying
manifold for a planar rigid-body pendulum.



Stabilization of Rigid-Body Pendulum 219

R3 3 p: linear position
SO(3) 3 R: angular position
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Goal: Goal:

fixed to one fixed pivot point fixed to three fixed pivot points

Generalization:

Stabilize at any desired configuration Stabilize at any desired configuration

Contributions:
. model (no simple equations)
. gradient control law induces:

. several maxima

. several minima

. several critical points (which may have a dense region of attraction)

Differences:
. point-mass: P is 2-dimensional manifold

. point-mass: no bifurcations points

. rigid-body pendulum: several bifurcations possible

. show set is 3-dimensional

. rigid-body: P is 3-dimensional manifold

P3 ∈ R3

inertial frame

inertial frame

Figure 5.2: Three-dimensional rigid-body pendulum as a generalization of a three-
dimensional point-mass pendulum. In a point-mass pendulum, the goal is to stabilize
at some desired position (e.g., the “upward position”); like-wise, in a rigid-body pen-
dulum, the goal is to stabilize at some desired pose (e.g., the “upward pose”). However,
the dynamics for the two systems are different; and the underlying manifold for a
three-dimensional point-mass pendulum (this manifold is isomorphic to S2, which
is 2-dimensional) is different from the underlying manifold for a three-dimensional
rigid-body pendulum (which is 3-dimensional).
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and inform the reader that the mechanical system we consider is fully-actuated,
and thus we are able to leverage the tools provided in Section 2.8, on stabi-
lization of fully-actuated mechanical systems. Let us then remind the reader
of a point we already made clear in Section 2.8: we do not use (generalized)
coordinates to control the system (even it is fully-actuated) because we need to
find as many charts as necessary that cover the manifold (for example, for the
point-mass pendulum, two charts are necessary; for the rigid-body pendulum
we need several more).

Finally, note that in Chapters 3 and 4, we followed the modeling approach
in Subsection 2.7.1, based on drawing the diagram of wrenches applied on the
mechanical system. This approach was chosen because we were interested in
the exact form of the internal wrenches, so that we could design control laws to
control those internal wrenches (for example, in tethered transportation, we
wanted to know the exact expression of the tension, because we were interested
in controlling that tension). In this chapter, instead, we follow the modeling
approach in Subsection 2.7.2, because we are not interested in knowing the
exact form of the internal wrenches.

In Fig. 5.1, we summarize the main idea explored in Section 5.1, and in
Fig. 5.2, we summarize the main idea explored in Section 5.2. We emphasize
that the key challenges of this chapter are:
• to prove that the position configuration space is a manifold (more specifically,

to find conditions on the geometric parameters that guarantee that the latter
is the case);

• to prove that the mechanical system is fully-actuated;
• to design a switching strategy that allows us to globally stabilize the rigid-

body pendulum at any desired pose (we shall accomplish this only for the
planar pendulum).

Remark 5.1. We refer the interested reader to the topic of synergistic hybrid
feedback [7, 16, 59], whose main idea (to switch between different gradient-
based control laws) we also follow here. However, works on synergistic hybrid
feedback have focused exclusively on highly-structured manifolds (SO(3) and
Sn), which simplifies the construction of the switching mechanism. In particular,
if one wishes to stabilize the identity in SO(3), one can easily construct gradient-
based control laws that render the identity as an almost globally asymptotically
stable equilibrium: i.e., its region of attraction covers the entire set, with the
exception of a zero-measure set, which constitutes the set of all the other
equilibria (which are unstable and unattractive). Instead, in the problem we
consider, a gradient-based control law can yield multiple asymptotically stable
equilibria, multiple unstable equilibria, and multiple unstable equilibria with
dense regions of attraction (similar to the equilibria in Example 2.20); and,
with the switching strategy we propose, we are able to avoid all the undesired
equilibria.
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5.1 Planar Rigid-body Pendulum

In this section we consider a two-dimensional rigid-body (planar rigid-body), as
illustrated in Fig. 5.3. In Subsection 2.3.3, we presented the equations of motion
for an (unconstrained) three-dimensional rigid-body. For a two-dimensional (un-
constrained) rigid-body, the equations are similar, with some minor differences
which we make explicit next. A two-dimensional rigid-body – also referred to as
a planar rigid-body – is associated with
• a pose P ∈ SE(2) ∶⇔ (p,R) ∈ R2 × SO(2): composed of a linear position p, and

an angular position R (SO(2) is a 1-dimensional manifold; it then follows
immediately that SE(2) is a 3-dimensional manifold);

• a twist V ∈ R3 ⇔ (v,ω) ∈ R3 × R: composed of a linear velocity v, and an
angular velocity ω;

• a positive mass m > 0 and a positive scalar moment of inertia J > 0 (for a
three-dimensional rigid-body, J is a positive definite – i.e., matrix – moment
of inertia), which are used to define a mass matrix M ∶=mI2 ⊕ JI1 ∈ R3×3,

Given the pose and the twist of the two-dimensional rigid-body, one can obtain
the position and velocity of every point of that body. Moreover, its equations of
motion are given by

⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
K(P )V
M−1Wnet

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
⇔

⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

Ṙ

v̇

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v

RS (ω)
1
m
Fnet

1
J
τnet

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

kinematics

dynamics

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where Fnet ∈ R2 is the net force applied on the two-dimensional rigid-body, and
τnet ∈ R is the net torque applied on the two-dimensional rigid-body, and S is
the two-dimensional skew matrix defined in (1.2) in Section 1.3 (for the three-
dimensional rigid-body, the three-dimensional skew matrix defined in (1.1) in
Section 1.3 is used instead).

Next, we model a two-dimensional rigid-body whose motion is restricted, as
illustrated in Fig. 5.3, using the tools from Section 2.7.

5.1.1 Model and Problem Statement
We start by describing and deriving the model of a rigid-body pendulum, when
we restrict ourselves to a two-dimensional setting. Consider then the system
illustrated in Fig. 5.3, with a rigid-body in two dimensions with two distinct
contact points (d1, d2 ∈ R2 and d1 ≠ d2) attached to two rigid links which are
themselves attached to two distinct pivot points (P1, P2 ∈ R2 and P1 ≠ P2). We
denote by p ∈ R2 and by v ∈ R2 the rigid-body’s center-of-mass position and
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Distribution of forces on rigid-bodyplanar rigid-body connected to two pivot points

R2 3 p: linear position
SO(2) 3 R: angular position

P1 ∈ R2

position of pivot point P2 ∈ R2

position of pivot point

l1
l2

planar rigid-body

d1 ∈ R2 d2 ∈ R2

−mge2

weight of bar

T1

T2

u1

u2

Ti ∈ R: normal force on rigid link i
ui ∈ R: force input on rigid link i

p1 = p+Rd1

p2 = p+Rd2

n1

ni ∈ S1: unit vector pointing from pi to Pi

n ∈ S1: unit vector pointing
from p2 to p1

Figure 5.3: Left: Planar rigid-body pendulum connected, by intermedium of two
rigid links, to two pivot points. Right: distribution of forces acting on rigid-body.

velocity; by R ∈ SO(2) and ω ∈ R the rigid-body’s angular position (orientation)
and angular velocity. As for physical constants, we denote by m,J > 0 the rigid-
body’s mass and moment of inertia; by l1, l2 > 0 the lengths of the rigid links
connecting the rigid body to the pivot points; and, finally, by d1, d2 ∈ R2 the
contact points on the rigid-body, expressed in the rigid-body’s frame, at which
the rigid-links are attached to. Finally, we denote by u1, u2 ∈ R the input forces
that one can apply on the contact points.

Let then the mechanical system be associated with the following position,
velocity, mass matrix, state and input

P ∈ Pu ∶⇔
⎡⎢⎢⎢⎣
p

R

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

linear position of bar ∈ R2

angular position of bar ∈ SO(2)
⎤⎥⎥⎥⎦
, (5.1a)

V ∈ R3 ∶⇔
⎡⎢⎢⎢⎣
v

ω

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

linear velocity of bar ∈ R2

angular velocity of bar ∈ R
⎤⎥⎥⎥⎦
, (5.1b)

M ∶= (mI2 ⊕ JI1) ∈ R3×3, (5.1c)
z ∈ Zu ∶⇔ (P,V ) ∈ Pu ×R3, (5.1d)
u ∈ R2 ∶⇔ (u1, u2) ∈ R ×R, (5.1e)

and where

(P1, P2, l1, l2, d1, d2) ∈ R2 ×R2 ×R>0 ×R>0 ×R2 ×R2, (5.1f)

are referred to as the geometric parameters.

Remark 5.2. Geometric parameters are what constrain the set of allowed
poses, i.e., P which we define next in (5.3) (loosely speaking, the set of initial
conditions). The parameters (m,J, g) ∈ R>0×R>0×R>0 are referred to as dynamical
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Figure 5.4: Position configuration space P can be categorized by the constants c+
and c− in (5.2a) and (5.2b).

parameters, and these parameters do not constrain the set of allowed states,
but instead play a role on how the state solution evolves (and being a state
solution, it requires that it satisfies the constraints imposed by the geometric
constraints along the solution).

Remark 5.3. Consider the geometric parameters as defined in (5.1f) If ∥P1 −
P2∥ ≠ 0 and d1 ≠ d2, define

c+ ∶=
(l1 + l2)2 − (∥P1 − P2∥2 + ∥d1 − d2∥2)

2∥P1 − P2∥∥d1 − d2∥
, (5.2a)

c− ∶=
(l1 − l2)2 − (∥P1 − P2∥2 + ∥d1 − d2∥2)

2∥P1 − P2∥∣d1 − d2∣
, (5.2b)

which are dimensionless constants (well-defined under the previous assump-
tions), and where we note that c+ > c− ⇐ c+ − c− = 2l1l2

∥P1−P2∥∥d1−d2∥
> 0. For reasons

that will become clear later, given the constants c+ and c−, we require that c+ ≠ +1
and c− ≠ −1, and that [c−, c+]∩[−1,1] ≠ ∅, i.e., the interval [c−, c+] has a non-empty
intersection with the interval [−1,1]. These constraints guarantee that the dy-
namics are well-defined (no bifurcation points exist), and they also guarantee
that the control laws that we propose are well-defined. Figure 5.4 categorizes
the position configuration space P, defined in (5.3), according to the constants
c+ and c−: an explanation for this categorization is found in Subsection 5.1.6.

The system is holonomic and the position configuration space is given by

P ∶=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
P ∈ Pu ∶ c(P ) = 02 ∶⇔

⎡⎢⎢⎢⎢⎣

c1(P )
c2(P )

⎤⎥⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎢⎣

1
2 ( ∥p+Rd1−P1∥

2

l21
− 1)

1
2 ( ∥p+Rd2−P2∥

2

l22
− 1)

⎤⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎣

0
0

⎤⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎬⎪⎪⎪⎭
. (5.3)

where the set where the constraints c vanish describes the constraints illus-
trated in Fig. 5.3, namely that the distance between the pivot point Pi and the
contact point i on the rigid-body is equal to the length of the rigid link i.
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Let us then state the problem we wish to solve in this section.

Problem 5.4. Let P ⋆ ∈ P be a desired pose for the mechanical system. We wish
to design a controller that makes that position globally asymptotically stable.

As an analogous problem, consider the problem of stabilizing a pendulum
at some desired position – for example, the upward position, which maximizes
the height: then, there exists a diametrically opposed position – the downward
position, which minimizes the height – which will also be an equilibrium position
for a continuous controller which follows a height gradient ascent method.
One could argue that, for the pendulum, the diametrically opposed position
is unstable, in addition to having a region of attraction which is a set of zero
measure; as a counter point, one could also argue that, if we start arbitrarily
close to the diametrically opposed position, it will take an arbitrarily long time
to reach a given neighborhood of the desired position. The problem at hand,
when compared with the pendulum one, is more complicated, because, instead
of just one global maximum and one global minimum, it may have local and
global minima, local and global maxima, and even other types of critical points.
We wish then to develop a controller that can make the desired pose globally
asymptotically stable, i.e., a controller that does not lead the system to some
other undesired critical point. The first step in solving Problem 5.4 is to derive
a model for the system, which is what we do next.

For convenience, let us define

ni ∶ P ∋ P ↦ ni(P ) ∶= Pi − (p +Rdi)
li

∈ S1 (5.4a)

as the unit vectors pointing from the contact point on the bar to the respective
pivot point, as illustrated in Fig. 5.3 (indeed, pi−(p+Rdi)

li
∈ S1 for all P ∈ P –

see (5.3)). At some points in this section, we denote

n1 ≡ n1(P ) and n2 ≡ n2(P ), (5.4b)

i.e., we hide the dependence on the position P for brevity.
Because the system is composed of only a planar rigid-body, the system

kinematics are of the form

Ṗ =K(P )V ∶⇔
⎡⎢⎢⎢⎣
ṗ

Ṙ

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

v

RS (ω)
⎤⎥⎥⎥⎦
.

It then follows that

dKc(P )V =
⎡⎢⎢⎢⎣
−l−1

1 0
0 −l−1

2

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
⟨n1, v⟩ ⟨n1,RS (ω)d1⟩
⟨n2, v⟩ ⟨n2,RS (ω)d2⟩

⎤⎥⎥⎥⎦
∈ R2 with V ∈ R3

⇒dKc(P ) =
⎡⎢⎢⎢⎣
−l−1

1 0
0 −l−1

2

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
⟨n1, ⋅⟩ ⟨n1,RS (1)d1⟩
⟨n2, ⋅⟩ ⟨n2,RS (1)d2⟩

⎤⎥⎥⎥⎦
∈ R2×3.
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Now the question is whether dKc(P ) ∈ R2×3 is full-rank: if n1 ≠ ±n2 (where
n1, n2 ∈ S2), then dKc(P ) is definitely full-rank; when q ∶= n1 = ±n2, then

dKc(P ) =
⎡⎢⎢⎢⎣
−l−1

1 0
0 −l−1

2

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
⟨ q, ⋅⟩ ⟨ q,RS (1)d1⟩
⟨±q, ⋅⟩ ⟨±q,RS (1)d2⟩

⎤⎥⎥⎥⎦
∈ R2×3,

which is full-rank iff ⟨q,RS (1)d1⟩ ≠ ⟨±q,RS (1)d2⟩⇔ ⟨q,RS (1) (d1 ± d2)⟩ ≠ 0. As
such, dKc(P ) ∈ R2×3 is not full-rank only when the points {P1, P2, p+Rd1, p+Rd2}
are colinear (at this point this may seem complicated to confirm, but it will be
clearer in the next subsection). Moreover, in the next subsection, we also provide
necessary and sufficient conditions on the geometric parameters that guarantee
that {P1, P2, p +Rd1, p +Rd2} cannot be colinear, and thus that dKc(P ) ∈ R2×3 is
full-rank, and, therefore, that P is a 1(= 3 − 2)-dimensional manifold.

We follow the modeling approach described in Subsection 2.7.2 based on
the geometric approach, since in this chapter we are not interested in knowing
the internal forces, nor their explicit form (as we were in Chapters 3 and 4).
Thus, combining the system kinematics and dynamics, and with the help of
Proposition 2.43, we can then construct the system’s vector field, which is given
by

Z ∶ Z ×R2 ∋ (z, u)↦ Z(z, u) ∈ TzZ

ż = Z(z, u) ∶⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
K(P )V
A(z, u)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦

,

where (below, ΠP,M is well-defined because dKc(P ) ∈ R2×3 is full-rank as dis-
cussed before; also, in a two dimensional setting, the term S(V ), which is
present in Wnormal(P,V ), is absent – see Proposition 2.43)

V̇ = A(z, u) ∶=M−1ΠP,MWexternal(P,u) −M−1Wnormal(P,V ),

and where the external wrench Wexternal(P,u) ∈ R3 applied on the rigid-body is
given by

Wexternal(P,u) ∶=
⎡⎢⎢⎢⎣
Wnet, force(P,u)
Wnet, torque(P,u)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

external-net force
external-net torque

⎤⎥⎥⎥⎦

∶= ∑
i∈{1,2}

ui
⎡⎢⎢⎢⎣

−S (1)ni(P )
⟨S (1)Rdi,−S (1)ni(P )⟩

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Wτ,i(P )∈R3

+
⎡⎢⎢⎢⎣
−mge2

01

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶Wgravity∈R3

where
• Wgravity ∈ R3 is the external/input wrench exerted by gravity on the rigid-body:

it has a force contribution, but not to a torque contribution;
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• uiWτ,i(P ) ∈ R3 is the external/input wrench effect from the input ui ∈ R: it
has both a force and a torque contribution, which are deduced by inspection
of Fig. 5.3.

Finally, note that external wrench Wexternal(P,u) ∈ R3 is affine in the inputs (thus
the vector field is input-affine) and it is equivalently expressed as

Wexternal(P,u) =
⎡⎢⎢⎢⎣
−S (1)n1(P ) −S (1)n2(P )
− ⟨Rd1, n1(P )⟩ − ⟨Rd2, n2(P )⟩

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Wτ (P )∈R3×2

⎡⎢⎢⎢⎣
u1

u2

⎤⎥⎥⎥⎦
´¸¶
=∶u

+Wgravity

=
⎡⎢⎢⎢⎣

I2 I2

⟨RS (1)d1, ⋅⟩ ⟨RS (1)d2, ⋅⟩
⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
−S (1)n1(P )u1

−S (1)n2(P )u2

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶F (P,u)∈R4

+Wgravity, (5.5)

where we invoked the identity −S (1)RS (1) = R for any R ∈ SO(2). We intro-
duce (5.5) here as it will be of convenience later; also, we refer to F (P,u) ∈ R4

as the input forces, which are applied on the points p1, p2 (see Fig. 5.3).

Remark 5.5. Note the internal forces T (z, u) ∈ R2 ∶⇔ (T1(z, u), T2(z, u)) ∈ R×R,
pictured in Fig. 5.3, are given by (see (2.33) in Subsection 2.7.1; also, note that
for a planar rigid-body the term S(V ) does not exist)

T (z, u) ∶= −N(P )−1(dKc(P )M−1dKc(P )T )−1 (dKc(P )M−1Wexternal(F,u) − d2
Kc(P )V V ) ,

with N(P ) = (−l−1
2 ⊕ −l−1

2 ).

The point we wish to emphasize is that, if c+ ≠ +1 and c+ ≠ −1, the inverse
above will be well-defined; however, if c+ ≈ +1 and c+ ≈ −1 (approximately but
different), the inverse above will be close to ill-defined for some poses P ∈ P,
and for those poses, the internal forces can be very extreme (even for “small” in
magnitude inputs and twists), which may compromise the physical integrity of
the mechanical system (in theory a rigid-body can withstand any internal force,
but in practice the rigid-body will deform or brake when the internal forces
overcome certain thresholds).

5.1.2 Diffeomorphic manifolds P and Q

In this subsection we introduce a new manifold Q, which
• helps in proving that P is indeed a 1-dimensional manifold,
• helps in showing the system is fully-actuated (checking this in P is not as

easy as checking it on Q),
• helps in the control design.

If one wishes to derive the equations of motion for the system pictured
in Fig. 5.3 one must first determine whether P constitutes a manifold. One
may also be interested in determining whether P is non-empty; whether it is
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connected, and, if not, how many connected components can it be decomposed
into. Answering these questions by direct inspection of P is not simple. Instead,
Q, which is diffeomorphic to P, provides a more convenient set, and evaluating
the properties mentioned before is more easily accomplished by inspection of Q.

When deriving the dynamics of the system, however, we do make use of P,
and where we invoke first principles when deriving those equations – which we
did in the previous subsection. Finally, we note that, in a simplified approach,
rather than considering a generic rigid-body, one may consider instead two point
masses (at points p1, p2 ∈ R2, in Fig. 5.3, and with masses m1,m2 > 0) whose
motion is constrained to the set Q, and where we can invoke first principles
when deriving the equations of motion of those point masses.

Denote then1

Q ∈ Q ∶⇔ (5.6)

(p1, p2) ∈
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(p1, p2) ∈ R2 ×R2 ∶ cQ(Q) = 03 ⇔

1
2

⎡⎢⎢⎢⎢⎢⎢⎣

∥p1 − p2∥2 − ∥d1 − d2∥2

∥p1 − P1∥2 − l21
∥p2 − P2∥2 − l22

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
,

and, for convenience, let us define

n ∶ Q ∋ Q↦ n(Q) ∶= p1 − p2

∥d1 − d2∥
∈ S1 (5.7a)

ni ∶ Q ∋ Q↦ ni(Q) ∶= Pi − pi
li

∈ S1 (5.7b)

as some unit vectors defined in Q (we note the abuse of notation between (5.4)
and (5.7) – we explain why this abuse may be tolerated in this subsection, after
we show that Q and P are diffeomorphic). Intuitively,
• n1, n2 correspond to the unit vectors pointing from the contact point on the

bar to the respective pivot point, as illustrated in Fig. 5.3,
• n corresponds to the unit vector pointing from the contact point on the bar p1

to the other contact point on the bar p2, as illustrated in Fig. 5.3.
At some points, and for brevity, we denote

n ≡ n(Q) and n1 ≡ n1(Q) and n2 ≡ n2(Q), (5.7c)

i.e., we hide the dependence on Q (which should be clear from the context).

Proposition 5.6. Let d1, d2 ∈ R2 be given, such that d1 ≠ d2. Then, P and Q are
diffeomorphic, with diffeomorphisms φP→Q and φQ→P in (5.8a) and (5.8b),(5.8c).

1Note the abuse of notation: we define Q in (5.6), and within its definition we use Q as an index
in cQ – we do this without hindering comprehension, and we emphasize that we could have referred
to cQ by any other name; we keep however the naming cQ to emphasize that it encapsulates the
constraints that define Q.
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Proposition 5.6 is an immediate consequence of the next Proposition. At
this point, we remind the reader again on the abuse of notation between (5.4)
and (5.7): however, we note that ni(Q) = ni(P ) for Q = φP→Q(P ) and for any P ∈ P
(equivalently, ni(P ) = ni(Q) for P = φQ→P(Q) and for any Q ∈ Q), which is the
reason why we allow this abuse of notation.

Proposition 5.7. Let d1, d2 ∈ R2 be given, such that d1 ≠ d2. Then,

P ∶= R2 × SO(2) ∶= {(p,R) ∈ R2 ×R2×2 ∶ RTR = I2 and det(R) = +1} and
Q ∶= {(p1, p2) ∈ R2 ×R2 ∶ ∥p1 − p2∥ = ∥d1 − d2∥}

are diffeomorphic, with diffeomorphisms φP→Q and φQ→P in (5.8a) and (5.8b),(5.8c).

Proof. Let the following decomposition be made

P ∈ P ∶⇔ (p,R) ∈ {(p̄, R̄) ∈ R2 ×R2×2 ∶ R̄T R̄ = I2 and det(R̄) = +1}
Q ∈ Q ∶⇔ (p1, p2) ∈ {(p̄1, p̄2) ∈ R2 ×R2 ∶ ∥p̄1 − p̄2∥ = ∥d1 − d2∥}

Consider then the following analytic map

φP→Q ∶ P→ Q (5.8a)

φP→Q(P ) ∶=
⎡⎢⎢⎢⎣
p +Rd1

p +Rd2

⎤⎥⎥⎥⎦
,

where it is immediate to verify that indeed φP→Q(P) ⊂ Q. For the map φP→Q we
need to consider two cases, one where d1, d2 are collinear, and another where
d1, d2 are not-collinear. The reason for this is simple:
• when d1, d2 are not-collinear, there are two solutions to the intersection point p̄

between two circles centered at p1(= p̄+R̄d1), p2(= p̄+R̄d2) with radii ∥d1∥, ∥d2∥;
• and, when d1, d2 are collinear, there is only one double solution to the inter-

section point p̄ between the same circles.
If d1, d2 are not collinear, consider then the analytic map

φQ→P ∶ Q→ P (5.8b)

φQ→P(Q) ∶=
⎡⎢⎢⎢⎣
p̄

R̄

⎤⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎢⎣

p̄

[p1 − p̄ p2 − p̄] [d1 d2]
−1

⎤⎥⎥⎥⎥⎦
, where

p̄ = 1
2
(1 − ∥d1∥2 − ∥d2∥2

∥d1 − d2∥2
)p1 +

1
2
(1 − ∥d2∥2 − ∥d1∥2

∥d2 − d1∥2
)p2+

⟨d2,S(+1)d1⟩
∥d1 − d2∥2

S(+1)(p2 − p1),

where we note that
• p̄ is one of the two intersection points of the circles centered at p1(= p̄ +
R̄d1), p2(= p̄ + R̄d2) with radii ∥d1∥, ∥d2∥ – since d1, d2 are not collinear there
are two distinct intersection points – the other point is obtained if we replace
+ with − but this yields an orthogonal matrix with negative determinant, as
opposed to positive;
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• R̄ = [p1 − p̄ p2 − p̄] [d1 d2]
−1
⇔ R̄di = pi − p̄⇔ p̄ + R̄di = pi, for i ∈ {1,2}.

If d1, d2 are collinear (in which case the inverse in (5.8b) is not-well defined),
consider then the analytic map

φQ→P ∶ Q→ P (5.8c)

φQ→P(Q) ∶=
⎡⎢⎢⎢⎣
p̄

R̄

⎤⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎢⎣

p̄

[r S(+1)r]

⎤⎥⎥⎥⎥⎦
, where

r =
⎡⎢⎢⎢⎢⎣

⟨I d1−d2
∥d1−d2∥

, p1−p2
∥d1−d2∥

⟩
⟨IS(+1) d1−d2

∥d1−d2∥
, p1−p2
∥d1−d2∥

⟩

⎤⎥⎥⎥⎥⎦
with I =

⎡⎢⎢⎢⎣
1 0
0 +1

⎤⎥⎥⎥⎦
and

p̄ = 1
2
(1 − ∥d1∥2 − ∥d2∥2

∥d1 − d2∥2
)p1 +

1
2
(1 − ∥d2∥2 − ∥d1∥2

∥d2 − d1∥2
)p2,

where we note that
• p̄ is the the intersection point of the circles centered at p1(= p̄ + R̄d1), p2(= p̄ +
R̄d2) with radii ∥d1∥, ∥d2∥: since d1, d2 are collinear there is a single intersection
point;

• R̄ = [r S(+1)r]⇔ R̄(d1 − d2) = p1 − p2 ⇔ p̄ + R̄di = pi, for i ∈ {1,2}.
As a remark, given some d ∈ R2/{02} and α1, α2 ∈ R such that α1 ≠ α2, we note
that

lim
d1→α1d
d2→α2d

φQ→P(Q)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶

in (5.8b)

= φQ→P(Q)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶

in (5.8c)

,

which implies that the map in (5.8b) agrees with the map in (5.8c) when we let
d1, d2 tend to some collinear vectors. We also note that φP→Q and φQ→P are linear
maps, if we replace their domains and codomains with the Eucledian space
(which is a vector space) the manifolds P and Q are embedded within.

Finally, it is simple (but lengthy) to verify that

φQ→P ○ φP→Q = idP,

φP→Q ○ φQ→P = idQ,

which proves that P and Q are diffeomorphic. ∎

We note that requiring the orthogonal matrix in Proposition 5.7 to have
a positive +1 determinant (rotation matrix) is arbitrary: that is, the same
conclusion holds if one requires the determinant to be negative −1. Furthermore,
we highlighted in the proof of Proposition 5.7 the places where +1 needs to be
replaced by −1, and thus proving that

{(p,R) ∈ R2 ×R2×2 ∶ RTR = I2 and det(R) = −1} and
{(p1, p2) ∈ R2 ×R2 ∶ ∥p1 − p2∥ = ∥d1 − d2∥}



230 Stabilization of Rigid-Body Pendulum

are also diffeomorphic.
We know at this point that P and Q are diffeomorphic. In the next subsections

• we prove that Q is a 1-dimensional manifold, and, as such, so is P;
• given the equations of motion in P, derived in the previous subsection, we can

write the equations of motion in Q, which will simplify the control design.

5.1.3 Diffeomorphic sets P and Q are manifolds
In the previous subsection we proved that P and Q are diffeomorphic, but we
are yet to prove that either of them is a manifold. Next, we prove that Q is a
1-dimensional manifold, and, therefore, so is P. In order to accomplish the latter,
the next Proposition is necessary.

Proposition 5.8. Let c+ ≠ +1 and c− ≠ −1 (recall Remark 5.2). Then, the (no more
than eight) configurations where

±n = ±n1 = ±n2 ⇔ ⟨n,S (1)n1⟩2 + ⟨n,S (1)n2⟩2 = 0
⇔ 2 − ⟨n,n1⟩2 − ⟨n,n2⟩2 = 0

holds are not attainable (i.e., the equalities above are not satisfied for any Q ∈ Q).

Subsection 5.1.6 provides the tools for proving the latter proposition. The
important consequence of Proposition 5.8 is that it guarantees that if c+ ≠ +1 and
c− ≠ −1, then p1, p2, P1, P2 are never colinear, which in turn will guarantee that
dcQ(Q) ∈ R3×4 is full rank for all Q ∈ Q, and thus that Q is a 1(= 4−3)-dimensional
manifold. When c+ = +1 and/or c− ≠ −1, the set Q has bifurcations points, which
have a similar nature to the bifurcation point of the set from Example 2.5 and
illustrated in Fig. 2.2.

Recall then the definition of the manifold Q in (5.6). In order to prove Q is a
1-dimensional manifold, we need to investigate the rank of the Jacobian of the
constraints cQ. It then follows that

dcQ(Q) =

⎡⎢⎢⎢⎢⎢⎢⎣

∥d1 − d2∥ 0 0
0 l1 0
0 0 l2

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶(⋆)

⎡⎢⎢⎢⎢⎢⎢⎣

+nT −nT

+nT1 0T2
0T2 +nT2

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R3×4, (5.9)

and therefore

dcQ(Q)dcQ(Q)T = (⋆)

⎡⎢⎢⎢⎢⎢⎢⎣

2 +⟨n,n1⟩ −⟨n,n1⟩
+⟨n,n1⟩ 1 0
−⟨n,n2⟩ 0 1

⎤⎥⎥⎥⎥⎥⎥⎦

(⋆)⇒ (5.10)

⇒det(dcQ(Q)dcQ(Q)T ) = (∥d1 − d2∥l1l2)2(2 − ⟨n,n1⟩2 − ⟨n,n2⟩2),

which means dcQ(Q) ∈ R3×4 is full rank except when ±n = ±n1 = ±n2, which never
occurs as guaranteed by Proposition 5.8. The next Proposition then follows.



5.1. Planar Rigid-body Pendulum 231

Proposition 5.9. Let c+ ≠ +1 and c− ≠ −1. Then, the set Q in (5.6) is a compact
1-dimensional manifold, and, therefore, so is the set P.

Proof. That the set Q is compact follows from the fact that (1) it is described by
equalities and continuous functions (implying it is closed), and that (2) pi ∈ R2 is
away from Pi ∈ R2 by a fixed length li, for i ∈ {1,2} (implying it is bounded). That
the set Q is a 1-dimensional manifold follows from the fact that dcQ(Q) ∈ R3×4

is full rank for all Q ∈ Q. Finally, since P and Q are diffeomorphic, the same
conclusions extend to P. ∎

We are interested in compactness of Q because we want to leverage the
results from Subsection 2.8, which required compactness of the position space
for a fully-actuated mechanical system.

5.1.4 Full-actuation and Velocity space at Q ∈ Q
We want to be able to leverage the tools from Section 2.8, on control of fully-
actuated mechanical systems, so we must show first the mechanical system at
hand is fully-actuated. Recall then the map φP→Q in (5.8a), which is very useful
as it also describes the point of application of the input forces (F (P,u) in (5.5)).
Indeed, note that

dKφP→Q(P ) ∶= dφP→Q(P )K(P ) =
⎡⎢⎢⎢⎣
I2 RS (1)d1

I2 RS (1)d2

⎤⎥⎥⎥⎦
∈ R4×3

and therefore the external wrenches, defined in (5.5), satisfy

Wτ(P )u = dKφP→Q(P )TF (P,u) +Wgravity, (5.11)

that is, the input forces F (P,u) enter the dynamics via the image space of
dKφP→Q(P )T ∈ R3×4.

In order to verify whether the system is fully-actuated – Definition 2.51 – we
need to compute the velocity space, which we address in the next Proposition.

Proposition 5.10. Let c+ ≠ +1 and c− ≠ −1, in which case Q in (5.6) is a 1-
dimensional manifold. Consider then

υQ ∶ R4 → R4×1 (5.12a)

υQ(Q) ∶=
⎡⎢⎢⎢⎣
⟨n2,S (1)n⟩S (1)n1

⟨n1,S (1)n⟩S (1)n2

⎤⎥⎥⎥⎦
∣(5.7) =

⎡⎢⎢⎢⎢⎣

⟨P2−p2
l2

,S (1) p2−p1
d

⟩S (1) P1−p1
l1

⟨P1−p1
l1

,S (1) p2−p1
d

⟩S (1) P2−p2
l2

⎤⎥⎥⎥⎥⎦
,

Then, υQ is analytic in R4 (more specifically, each component is polynomial) and
it spans the null-space of dcQ(Q) – as such, υQ(Q) spans the velocity space at
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Q ∈ Q. Moreover
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(d2cQ(Q)υQ(Q) ⋆ υQ(Q))Te3
1 =

⟨n2(Q),S(1)n⟩2
l21

∈ R1×1

(d2cQ(Q)υQ(Q) ⋆ υQ(Q))Te3
2 =

⟨n1(Q),S(1)n⟩2
l22

∈ R1×1

(d2cQ(Q)υQ(Q) ⋆ υQ(Q))Te3
3 =

⟨n1(Q),S(1)n2(Q)⟩
2

∥d1−d2∥
∈ R1×1

(5.12b)

forms a basis of R1×1.

Proof. We already provided dcQ(Q) in (5.9), and it is simple to verify that
dcQ(Q)υQ(Q) = 03 for any Q ∈ Q. Thus υ(Q) ∈ R4×1 lies in the null-space
of dcQ(Q) ∈ R3×4. In order to show that υ(Q) ∈ R4×1 spans the null-space of
dcQ(Q) ∈ R3×4 we then need to show that it is full-rank. Since, υQ(Q)TυQ(Q) =
⟨n2,S (1)n⟩2 + ⟨n1,S (1)n⟩2, it follows from Proposition 5.8 that υ(Q) is full-
rank, since, if c+ ≠ +1 and c− ≠ −1, then ⟨n2,S (1)n⟩, ⟨n1,S (1)n⟩ cannot vanish
simultaneously.

For the second part of the Proposition, (5.12b) follows from straightforward
calculations, and they form a basis of R1×1 because the first and second matrices
in (5.12b) cannot vanish simultaneously, as guaranteed by Proposition 5.8. ∎

5.1.5 Equations of motion in Q

Since φP→Q is a diffeomorphism between P and Q, we can construct the change
of coordinates for the state in the tangent bundle (position and velocity space),
namely

⎛
⎝
⎡⎢⎢⎢⎣
Q

Q̇

⎤⎥⎥⎥⎦
=
⎞
⎠
⎡⎢⎢⎢⎣
Q

W

⎤⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎣
φP→Q(P )

dKφP→Q(P )V
⎤⎥⎥⎥⎦
⇔

⎡⎢⎢⎢⎣
P

V

⎤⎥⎥⎥⎦
∶=

⎡⎢⎢⎢⎣
φQ→P(Q)

dφQ→P(Q)W
⎤⎥⎥⎥⎦
. (5.13)

We already proved that Q is a 1-dimensional manifold, and we constructed
υQ(Q) ∈ R4×1, in Proposition 5.10, which spans the velocity space of Q at a point
Q ∈ Q. As such,

W ∈ TQQ⇔W ∈ Im(υQ(Q)),

for any Q ∈ Q. Since φP→Q is a diffeomorphism between P and Q, we can then
construct υP(P ) ∈ R3×1 which spans the velocity space of V at a point P ∈ P (recall
that Ṗ =K(P )V ): indeed, it follows that

V = dφQ→P(Q)W ⇒ υP(P ) ∶= dφQ→P(Q)υQ(Q)∣Q=φP→Q(P ). (5.14a)

Moreover, since W = dKφP→Q(P )V and V = dφQ→P(Q)W , it follows that

W = dKφP→Q(P )V ⇒
⇒W = dKφP→Q(P )dφQ→P(Q)W
⇒υQ(Q) = dKφP→Q(P )dφQ→P(Q)υQ(Q)∣P=φQ→P(Q), (5.14b)
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We the latter in mind, note then that, for any P ∈ P and u ∈ R2, (below, for
brevity, and w.l.o.g., assume that Wgravity = 03)

υP(P )TWexternal(P,u) = (dφQ→P(Q)υQ(Q))TWexternal(P,u) ∵(5.14a)
= (dφQ→P(Q)υQ(Q))TdKφP→Q(P )TF (u) ∵(5.11)
= (dKφP→Q(P )dφQ→P(Q)υQ(Q))TF (u)
= υQ(Q)TF (u), ∵(5.14b) (5.15)

which leads to the following result.

Proposition 5.11. Consider planar rigid-body pendulum with c+ ≠ +1 and
c− ≠ −1. Then, it corresponds to a fully-actuated mechanical system.

Proof. It follows from (5.15) that

υP(P )T (Wexternal(P,u) −Wgravity) = υQ(Q)TF (u) ∵(5.15)

=
⎡⎢⎢⎢⎣
⟨n2,S (1)n⟩S (1)n1

⟨n1,S (1)n⟩S (1)n2

⎤⎥⎥⎥⎦

T ⎡⎢⎢⎢⎣
−S (1)n1u1

−S (1)n2u2

⎤⎥⎥⎥⎦
∵(5.12a), (5.5)

= −⟨n2,S (1)n⟩u1 − ⟨n1,S (1)n⟩u2

It follows from Proposition 5.8 that ⟨n2,S (1)n⟩, ⟨n1,S (1)n⟩ cannot vanish si-
multaneously. Therefore, if we pick

⎡⎢⎢⎢⎣
u1

u2

⎤⎥⎥⎥⎦
= −1

⟨n2,S (1)n⟩2 + ⟨n2,S (1)n⟩2

⎡⎢⎢⎢⎣
⟨n2,S (1)n⟩
⟨n1,S (1)n⟩

⎤⎥⎥⎥⎦
(U − υP(P )TWgravity)

which is well-defined for all P ∈ P, it follows that υP(P )TWexternal(P,u) = U , for
any U ∈ R, and, thus, the mechanical system is fully-actuated. ∎

Notice the equations of motion in P do not fit the format required in Sub-
section 2.8.1, where we required the kinematics Ṗ =K(P )V = V with K as the
identity map. The next step is then to write the equations of motion in Q, where
that assumption will be satisfied. We known from Proposition 2.43, specifically
from (2.30c), that the equations of motion in P can be expressed as (for brevity,
below υP ≡ υP(P ))

⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

K(P )V
υP (υTP MυP)−1

υTP Wexternal(P,u) −M−1Wnormal(P,V )
⎤⎥⎥⎥⎦
, (5.16)

where we constructed υP (matrix that spans the velocity space in P) in (5.14a).
Then, given the change of coordinates in (5.13), we can write the equations
of motion in the new coordinates, namely, (for brevity, below υQ ≡ υQ(Q) and
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υP ≡ υP(P ))

⎡⎢⎢⎢⎣
Q̇

Ẇ

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

dKφP→Q(P )V
dKφP→Q(P )V̇ + d2

KφP→Q(P )V V
⎤⎥⎥⎥⎦

∵(5.13)

=
⎡⎢⎢⎢⎣

W

dKφP→Q(P )υP (υTP MυP)−1
υTP Wexternal(P,u) + d2

KφP→Q(P )V V −M−1Wnormal(P,V )
⎤⎥⎥⎥⎦

∵(5.16)

=
⎡⎢⎢⎢⎣

W

υQ (υTP MυP)−1
υTQ F (u) + d2

KφP→Q(P )V V −M−1Wnormal(P,V )
⎤⎥⎥⎥⎦
∣P=φQ→P(Q)

V =dφQ→P(Q)W

. ∵(5.15)

At this point, and since the system is fully-actuated, we can follow the steps
in Subsection 2.8.1, so as to design a controller that makes any Q⋆ ∈ Q locally
asymptotically stable (the assumptions required in Subsection 2.8.1 are satis-
fied: full-actuation condition and condition that the matrices in (5.12b) span
R1×1). As such, if we wish to make P ⋆ ∈ P locally asymptotically stable, we simply
pick Q⋆ ∶= φP→Q(P ⋆).

5.1.6 Representation and Connectedness of Manifold

Recall Example 2.6, from Section 2.1, where we noted that the group of R3×3

orthogonal matrices O(3) is composed of two connected components, i.e.,

O(3) = {O ∈ O(3) ∶ det(O) = +1} ∪ {O ∈ O(3) ∶ det(O) = −1}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

two non-intersecting connected components

.

We wish to study a similar aspect but with respect to the manifolds P and Q,
and since these are diffeomorphic, it suffices to study one of them: specifically,
we study the one which is more convenient, namely Q.

The position configuration space, described by P in (5.3) or described by
Q in (5.6), can either be composed of one single connected component, or two
separate connected components (a detailed list of all possibilities is described in
Fig. 5.4 – in particular, there are some singular cases, when there is about to
be a morphing from one single connected component to two separate connected
components, or vice-versa). In this subsection, we explain under what circum-
stances is there a single connected component, or two connected components.

Recall the definition of Q and of the constraints cQ in (5.6), where the first
two constraints are equivalently described by

⎧⎪⎪⎨⎪⎪⎩

∥p1 − P1∥2 = l21
∥p2 − P2∥2 = l22

⇔
⎧⎪⎪⎨⎪⎪⎩

∥(p1+p2
2 − P1+P2

2 ) + (p1−p2
2 − P1−P2

2 )∥2 = l21
∥(p1+p2

2 − P1+P2
2 ) − (p1−p2

2 − P1−P2
2 )∥2 = l22

.

The following result is then useful.
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Proposition 5.12. Let l1, l2 ∈ R, and c ∈ R2 be given, such that ( l1−l22 )2 ≤ ∥c∥2 ≤
( l1+l22 )2

(if l1 = l2, we impose in addition that 0 < ∥c∥2). Then

⎧⎪⎪⎨⎪⎪⎩
q ∈ R2 ∶

⎧⎪⎪⎨⎪⎪⎩

∥q + c∥2 = l21
∥q − c∥2 = l22

⎫⎪⎪⎬⎪⎪⎭
= (5.17)

=
⎧⎪⎪⎨⎪⎪⎩

l21 − l22
4∥c∥

c

∥c∥ ±
√

((l1 + l2)2 − 4∥c∥2)(4∥c∥2 − (l1 − l2)2)
4∥c∥ S (1) c

∥c∥

⎫⎪⎪⎬⎪⎪⎭
.

The result in Proposition 5.12 is immediate: the intersection of two circles
yields in general two solutions (one solution in special cases, namely, when
∥c∥ = ( l1−l22 )2

or when ∥c∥ = ( l1+l22 )2
). With (5.17) in mind, consider then the

maps

Qg,±(θ) ∶=
⎡⎢⎢⎢⎣
pg,±(θ) + ∥d1−d2∥

2 ng(θ)
pg,±(θ) − ∥d1−d2∥

2 ng(θ)

⎤⎥⎥⎥⎦
, where (5.18)

ng(θ) ∶= cos(θ) P2 − P1

∥P2 − P1∥
+ sin(θ)S (1) P2 − P1

∥P2 − P1∥
, and where

pg,±(θ) ∶=
P1 + P2

2
+
⎛
⎝
l21 − l22
4∥c∥

c

∥c∥ ±
√

((l1 + l2)2 − 4∥c∥2)(4∥c∥2 − (l1 − l2)2)
4∥c∥ S (1) c

∥c∥
⎞
⎠
,

with c = ∥d1 − d2∥ng(θ) − P1−P2
2 . We know from Proposition 5.12 that solutions to

the constraints in (5.17) exist if and only if ( l1−l22 )2 ≤ ∥c∥2 ≤ ( l1+l22 )2
, and as such

( l1 − l2
2

)
2

≤ ∥∥d1 − d2∥
2

ng(θ) −
P1 − P2

2
∥

2

≤ ( l1 + l2
2

)
2

( l1 − l2
2

)
2

≤ ∥P2 − P1

2
∥

2

− 2d2 − d1

2
∥P2 − P1

2
∥ cos(θ) + ∥∥d2 − d1∥

2
∥

2

≤ ( l1 + l2
2

)
2

(l1 − l2)2 − (∥P1 − P2∥2 + ∥d2 − d1∥2)
2∥P1 − P2∥∥d1 − d2∥

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶c−

≤ cos(θ) ≤ (l1 + l2)2 − (∥P1 − P2∥2 + ∥d1 − d2∥2)
2∥P1 − P2∥∥d1 − d2∥

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶c+

,

and therefore the maps in (5.18) are only defined for

θ ∈ Θ ∶= {θ ∈ [−π,+π] ∶ c− ≤ cos(θ) ≤ c+},

which is non-empty, if and only if, the interval [c−, c+] has an non-empty inter-
section with the interval [−1,+1] – this now explains Remark 5.3.

The meaning of the maps Qg,+ and Qg,− in (5.18) should now be clear: it
provides, for each θ ∈ Θ a point in the position configuration space Q. Note that
Qg,+ ∶ Θ/{±π} → P is injective, and Qg,− ∶ Θ/{±π} → P is injective: this is easily
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observed, since ng ∶ Θ/{±π} → S1 is injective (ng(+π) = ng(−π), which was the
reason for omitting {±π}, in which case injectivity is lost). Note also that

∆Qg(θ) ∶= Qg,+(θ)−Qg,−(θ) = 2
⎛
⎝

√
((l1 + l2)2 − 4∥c∥2)(4∥c∥2 − (l1 − l2)2)

4∥c∥ S (1) c

∥c∥
⎞
⎠
,

with c = ∥d1 − d2∥ng(θ) − P1−P2
2 ; and it is immediately obvious that ∆Qg(θ) = 0⇔

θ ∈ δΘ (boundary of Θ): this implies that Qg,+ and Qg,− never overlap, with the
exception of the boundaries of their domains. Altogether, this implies that we
can cover uniquely (with the exception of some points) the position configuration
space with the maps Qg,+ ∶ Θ→ Q and Qg,− ∶ Θ→ Q (i.e., these are chart maps).

With the latter discussion in mind, there are three options to visualize the
manifold, and which we illustrate in Fig. 5.5. One can visualize the real physical
system, as done on the left figures of Figs. 5.5a–5.5d.

Another option to visualize Q ∈ Q⇔ (p1, p2) ∈ R2 ×R2, is to plot (p1+p2
2 , θ) ∈

R2×Θ, i.e., to plot the middle point between p1, p2 and the angle θ – as done on the
middle figures of Figs. 5.5a–5.5d. However, when Θ = [−π,+π], the two boundary
points represent the same configuration, and a plot of (p1+p2

2 , θ) ∈ R2 ×Θ can be
misleading, as illustrated in the middle figure of Figs. 5.5c.

There is a third option, where we can visualize Q ∈ Q⇔ (p1, p2) ∈ R2 ×R2 in
three dimensions as a point inside a torus, i.e, we can plot

2

⎡⎢⎢⎢⎢⎢⎢⎣

cos(θ)
sin(θ)

0

⎤⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎣

cos(θ) 0
sin(θ) 0

0 1

⎤⎥⎥⎥⎥⎥⎥⎦

pg,±(θ) − p̄
r

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∥⋯∥≤1

, where

where

p̄ = p̄+ + p̄−
2

with p̄± = ∫θ∈Θ
pg,±(θ)dθ

length(Θ) and r = max
θ∈Θ

∥p − p̄∥,

where θ is an angle in Θ, and pg,± is the function defined in (5.18). Thus any
position Q ∈ Q⇔ (p1, p2) ∈ R2 ×R2 can be represented as a point inside a torus
centered at 02, of radius 2 (from the center of the hole to the center of the
torus), and with a tube of radius 1 – as done on the figures on the right side of
Figs. 5.5a–5.5d.

5.1.7 Switching strategy
Consider the Problem 5.4 and the desired position P ⋆ we wish to make globally
asymptotically stable. If we follow the strategy proposed in Subsection 2.8.1,
• we can construct a control law ucl

P⋆,+ which makes the position P ⋆ locally
asymptotically stable (by picking kp > 0, kd > 0),



5.1. Planar Rigid-body Pendulum 237

(a) Position space (the one chosen in simulations) is a manifold: case C1 in diagram of
Fig. 5.4 (it is possible to move the system from the blue spot to the orange spot).

(b) Position space is a manifold with two disconnected components: case D1 in diagram
of Fig. 5.4 (it is not possible to move the system from the blue spot to the orange spot).

(c) Position space is not a manifold: case E2 in diagram of Fig. 5.4, with two bifurcation
points (orange and blue configurations). Note that the representation with the angle θ
(middle one) has a disadvantage, as the top (θ = +π) and bottom (θ = −π) points represent
the same configuration; the representation inside the torus avoids this problem.

(d) Position space is not a manifold: case E1 in diagram of Fig. 5.4, with one singu-
lar/bifurcation point (orange configuration).

Figure 5.5: Different ways of visualizing manifold.
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• can also construct a control law ucl
P⋆,− which makes the position P ⋆ unstable

(by picking kp < 0, kd > 0).
Note then that, given the closed-loop vector fields

z ↦ Zcl

P⋆,+(z) ∶= Z(z, uclP⋆,+(z)),
z ↦ Zcl

P⋆,−(z) ∶= Z(z, uclP⋆,−(z)),

it follows that those vector fields have the exact same equilibria (but an asymp-
totically stable equilibrium point in one, is unstable in the other). Denote then

ZP⋆ = {z⋆1 , z⋆2 ,⋯, z⋆NP⋆ } = list of equilibria of closed-loop vector field Zcl

P⋆,±,

where we emphasize that
• ZP⋆ is a list and not a set: that means we can talk about the ith element in

ZP⋆ (in a set, there is no ith element);
• ZP⋆ is a finite list: this is only the case because P is a 1-dimensional compact

manifold;
• the first element of ZP⋆ is, without loss of generality, the desired equilibrium

point, i.e., z⋆1 = (P ⋆,03).
We know then that a solution of ż(t) = Zcl

P⋆,+(z(t)) or of ż(t) = Zcl

P⋆,−(z(t)) con-
verges to one of the equilibria in ZP⋆ , but not necessarily to the desired equilib-
rium point z⋆1 . Let us then describe our switching strategy to solve this problem,
i.e., to solve the problem when a solution does not converge to the desired
equilibrium point.

Denote then, for convenience, P ⋆
1 ∶= P ⋆, ZP⋆1 ∶= ZP⋆,+, and u1 ∶= uclP⋆1 ,+. If a

solution does not converge to z⋆1 , then we choose a new desired position P ⋆
2 ,

which leads to a new control law u2 ∶= uclP⋆2 ,+ (we may also choose the control law
ucl
P⋆2 ,−

), and to a new set of equilibria ZP⋆2 . What we do next is to check which
equilibrium point in ZP⋆2 does a solution converge to if it starts at one of the
undesired equilibria points in ZP⋆1 , and, conversely, which equilibrium point in
ZP⋆1 does a solution converge to if it starts at any of the equilibria points in ZP⋆2 .
Essentially, we are constructing a graph between equilibria of different control
laws, and if there is a path between all of the undesired equilibria points in ZP⋆1
to the desired equilibrium point z⋆1 , then we have found a sequence of controllers,
which we can switch between, such that if a solution converges to an undesired
equilibrium point, we simply switch the controller in a manner that steers the
system to the desired equilibrium point. In summary, we pick a new desired
position P ⋆

2 , and we construct the latter graph: if the paths described above
exist, we terminate our graph construction, otherwise we add a new desired
position P ⋆

3 , and repeat the procedure until those paths exist.
We detail the construction of the graph mentioned above in Algorithm 1,

which invokes three procedures, namely
• “InitializeGraph” explained in Algorithm 2, and which, as the name indicates,

initializes the graph.
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Algorithm 1 Construction of a graph wherein there exists a path from all
undesired equilibria to the desired equilibrium.

1: procedure CONSTRUCTGRAPH(P ⋆ = POSITION WHICH WE WISH TO MAKE
GLOBALLY ASYMPTOTICALLY STABLE.)

2: (V,E,M) = InitializeGraph(P ⋆)
3: while not AllPathsExist(E) do
4: pick random P̃ ∈ P.
5: (V,E,M)← AugmentGraph((V,E,M), P̃ )
6: return (V,E,M)

Algorithm 2 Initialization of graph.
1: procedure INITIALIZEGRAPH(POSITION P ⋆ ∈ P)
2: ucl1 ∶= ucl

P⋆,+ and P ⋆
1 = P ⋆ (1st control law, which makes P ⋆ stable)

3: ucl2 ∶= ucl
P⋆,− and P ⋆

2 = P ⋆ (2nd control law, which makes P ⋆ unstable)
4: ZP⋆ ∶= ZP⋆1 = ZP⋆2 (equilibria list is the same for both control laws)
5: N = dim(ZP⋆)
6: V = ∅ and E = ∅.
7: for i ∈ {1,⋯,N} do
8: V ← V ∪ {(1, i), (2, i)}
9: E ← E ∪ {(1, i)→ (2, i), (2, i)→ (1, i)} (red edges)

10: M = {ucl1 , ucl2 }
11: return (V,E,M)

Algorithm 3 It returns True if there exists paths from every undesired equilib-
rium point to the desired equilibrium point.

1: procedure ALLPATHSEXIST(EDGE SET E)
2: for every j ∈ {2,⋯,NP⋆1

} (NP⋆1
= # of equilibria with control law 1) do

3: if there does not exist path from (1, j) to (1,1) in the edges set E
then return False

4: return True

• “AllPathsExist” explained in Algorithm 3, and which, as the name indicates,
checks whether a path exists, between every undesired equilibrium point to
the desired equilibrium point.

• and “AugmentGraph” explained in Algorithm 4, and which, as the name
indicates, augments the graph by adding a new control law that makes a
new desired position either stable or unstable, and it adds the necessary new
vertices and new edges.

In these algorithms, we refer to the triple (V,E,M), where
• V is the set of vertices, where (i, j) ∈ V is labeled as a pair of numbers, where
i stands for the control law number; and j stands for the jth equilibrium of
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Algorithm 4 Augmenting the graph by adding two new control laws (one which
makes P stable and another that makes makes P unstable), and by adding the
necessary new vertices and new edges (below, eq. stands for equilibrium point
or equilibrium points, and AS stands for asymptotically stable).

1: procedure AUGMENTGRAPH((V,E,M), P )
2: m = dim(M) (number of control laws created – always even integer)
3: uclm+1 ∶= uclP,+ and P ⋆

m+1 = P (new (m + 1)th control law: makes P ⋆
m+1 stable)

4: uclm+2 ∶= uclP,− and P ⋆
m+2 = P (new (m+2)th control law: makes P ⋆

m+2 unstable)
5: ZP ∶= ZP⋆m+1

= ZP⋆m+2
(eq. list under both control laws)

6: N = dim(ZP ).
7: for every i ∈ {1,⋯,m} (i is the control law number) do
8: for every j ∈ {1,⋯,NP⋆

i
} (NP⋆

i
= # of eq. under the control law i) do

9: for m̄ ∈ {m + 1,m + 2} do
10: given the differentiable equation ż(t) = Z(z(t), uclm̄(z(t)))
11: let the initial condition z(0) be the jth equilibrium of ZP⋆

i

12: solve equation until distZ(z(t),ZP ) < ε
13: then z(+∞) is the n̄th equilibrium of ZP
14: if z(+∞) is an AS eq. of the linearized system then
15: E ← E ∪ {(i, j)→ (m̄, n̄)} (augment edges set)
16: for every n ∈ {1,⋯,N} do
17: given the differentiable equation ż(t) = Z(z(t), ucli (z(t)))
18: let the initial condition z(0) be the nth eq. of ZP ∶= ZP⋆m+1

= ZP⋆m+2
19: solve equation until distZ(z(t),ZP⋆

i
) < ε

20: then z(+∞) is the jth equilibrium of ZP⋆
i

21: if z(+∞) is an AS eq. of the linearized system then
22: E ← E ∪ {(m + 1, n)→ (i, j)} ∪ {(m + 2, n)→ (i, j)}
23: for i ∈ {1,⋯,N} do
24: V ← V ∪ {(m + 1, i), (m + 2, i)}
25: E ← E ∪ {(m + 1, i)→ (m + 2, i), (m + 2, i)→ (m + 1, i)} (red edges)
26: M =M ∪ {uclm+1, u

cl

m+2}
27: return (V,E,M)

ZP⋆
i

(equilibria list under the ith control law).
• E is the set of edges: an edge is labeled as (i, j) → (m, l) ∈ E meaning that

given the differential equation ż(t) = Z(z(t), um(z(t))) (mth control law), and
given the initial condition z(0) = {jth equilibrium of ZP⋆

i
}, then z(+∞) = {lth

equilibrium of ZP⋆m}.
• M is the list of constructed control laws, i.e., M = {u1, u2, . . .}.
The result of an application of Algorithm 1 is shown, for example, in Fig. 5.6c,
which we explain in detail in the next subsection.

Remark 5.13. Algorithm 1 requires the choice of a positive parameter ε, and
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the procedure described in that algorithm always terminates (that is, adding
infinite new desired positions will not occur), provided that ε is chosen small
enough. The reason Algorithm 1 requires the choice of a positive parameter
ε lies in the fact that one cannot compute z(+∞) = limt→∞ z(t) (one can only
solve differential equations up to some finite time instant). In other words, if
ε is chosen small enough, then the algorithm eventually adds enough control
laws such that a path from every undesired equilibrium point to the desired
equilibrium point exists. One can quantify exactly how small ε must be, but we
omit this derivation here.

Remark 5.14. In Algorithm 4, which augments the graph by adding a new
control law, we emphasize that in steps 14 and 21, we only add an edge if the
equilibrium a solution gets close to is asymptotically stable (a sufficient test for
checking this is to check the linearized system). If the equilibrium a solution
gets close to is not asymptotically stable, then we do not add an edge because,
even when it is unstable, it may still have a dense region of attraction (see
Example 2.20), which implies that there exists a dense set of initial conditions
for which a solution may get arbitrarily close to that point.

5.1.8 Simulations
Consider the mechanical system with the following geometric and dynamic
parameters

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

P1 = (0,1)m, P2 = (2,1)m,

l1 = 1.0m, l2 ≈
√

1 + 0.32m,

d1 = (−1.0,0.1)m, d2 = (+1.3,0.2)m,

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

m = 0.3kg,
J = 1

12m∥d1 − d2∥2 ≈ 0.13kg m2
,

g = 9.81m s2.

In order to easily visualize the rotation matrix of the rigid-body, we parametrize
it with an angle θ ∈ [−π,+π], such that

Rθ =
⎡⎢⎢⎢⎣
cos(θ) − sin(θ)
sin(θ) cos(θ)

⎤⎥⎥⎥⎦
∈ SO(2).

For the first simulation in Fig. 5.6, we selected as the desired pose, the pose
whose vertical component of the rigid-body’s center-of-mass is at its maximum,
i.e.,

P ⋆ =
⎡⎢⎢⎢⎣
p⋆

R⋆

⎤⎥⎥⎥⎦
≈
⎡⎢⎢⎢⎣
(0.87,1.86)
Rθ ∣θ=−0.03

⎤⎥⎥⎥⎦
∈ max
P ∈P

⟨p, e2⟩,

for which Algorithm 1 yields the graph in Fig. 5.6c, where there is a path from
every vertex (1, j) to the vertex (1,1) (recall from Subsection 5.1.7 that (i, j)
is the jth equilibrium under the ith control law, and that (1,1) represents the
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(a) Vertical dashed lines mark switching time instants. From left to right: trajectories
of linear position of rigid-body (⟨p, e1⟩ as the horizontal component and ⟨p, e2⟩ as the
vertical component), and of the angle θ parameterizing the rotation matrix; trajectories
of the linear velocity and of the angular velocity; trajectories of the inputs.

(b) From left to right: physical representation; representation with angle; and represen-
tation in torus (at different time instants).

{1, 1}

{1, 2}

{1, 3}

{1, 4}

{1, 5}

{1, 6}

{2, 1}

{2, 2}
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{2, 6}

{3, 1}

{3, 2}

{3, 3}

{3, 4} {4, 1}

{4, 2}

{4, 3}

{4, 4}

(c) Graph obtained from Algorithm 1.
Figure 5.6: Global stabilization around pose which maximizes the height of the
rigid-body’s center-of-mass.

desired equilibrium). The red edges connect vertexes that correspond to the
same pose but where that pose is either asymptotically stable or unstable. For
example, (1,1) and (2,1) are connect by two red edges, and they represent the
same pose: (1,1) is the first equilibrium of the first control law (it represents
the desired pose), which is asymptotically stable under that control law; while
(2,1) is the first equilibrium of the second control law, but it is unstable under
that control law. The system is initialized at

z(0) =
⎡⎢⎢⎢⎣
P (0)
V (0)

⎤⎥⎥⎥⎦
with

⎡⎢⎢⎢⎣
p(0)
R(0)

⎤⎥⎥⎥⎦
≈
⎡⎢⎢⎢⎣
(0.05,1.04)
Rθ ∣θ=−0.69

⎤⎥⎥⎥⎦
and

⎡⎢⎢⎢⎣
v(0)
ω(0)

⎤⎥⎥⎥⎦
≈
⎡⎢⎢⎢⎣
(−2.89,−2.28)

3

⎤⎥⎥⎥⎦
,
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and, in Fig. 5.6a, one visualizes the solution trajectories for the linear position
(t ↦ p(t) and t ↦ ṗ(t)), for the angular position (t ↦ θ(t) and t ↦ θ̇(t)) and
for the inputs (t ↦ u(t)). Indeed, the pose is steered to the desired pose (the
vertical component is steered to its maximum value) after switching three times,
according to the sequence (below, eq = (i, j) stands for the (i, j) vertex on the
graph in Fig. 5.6c, and t stands for the time instant when the trajectory reaches
that vertex, which represents the jth equilibrium under the ith the control law)

⎧⎪⎪⎨⎪⎪⎩

eq = (1,2)
t = 6.5s

→
⎧⎪⎪⎨⎪⎪⎩

eq = (3,1)
t = 14.3s

→
⎧⎪⎪⎨⎪⎪⎩

eq = (1,1)
t = 19.7s

.

That is, before the first switch, the system converges to (1,2), i.e., it converges
to the second equilibrium of the first control law, which does not correspond to
the desired equilibrium point – note that this is another pose that maximizes
the rigid-body’s height, but it is not the pose we want; at time instant t = 6.5,
the control law is switched to the third control law, and the system converges to
(3,1), i.e., to the first equilibrium under the third control law; finally, at time
instant t = 14.3, the control law is switched back to the first control law, and the
system converges to (1,1), i.e., to the first equilibrium under the first control
law, which corresponds to the desired equilibrium point.

In Fig. 5.6b, one finds the physical representation of the mechanical system
at different time instants, as well as the two other possible representations
described in Subsection 5.1.6. Finally, notice the input trajectory in Fig. 5.6a: at
the equilibrium configuration, no input is required; that is the case, because,
at the desired equilibrium pose, the gravity effect vanishes: however, in the
absence of the controller, this equilibrium pose would be unstable.

For the second and third simulations in Figs. 5.7–5.8, we selected as the
desired pose, a pose where the rigid-body’s first axis is aligned with P2 − P1, i.e.,

P ⋆ =
⎡⎢⎢⎢⎣
p⋆

R⋆

⎤⎥⎥⎥⎦
≈
⎡⎢⎢⎢⎣
(0.99,−0.14)
Rθ ∣θ=−0.04

⎤⎥⎥⎥⎦
⇒ R⋆e1 =

P2 − P1

∥P2 − P1∥
,

P ⋆ =
⎡⎢⎢⎢⎣
p⋆

R⋆

⎤⎥⎥⎥⎦
≈
⎡⎢⎢⎢⎣
(0.99,1.86)
Rθ ∣θ=−0.04

⎤⎥⎥⎥⎦
⇒ R⋆e1 =

P2 − P1

∥P2 − P1∥
,

respectively. And Algorithm 1 yields the respective graphs in Figs. 5.7c–5.8c,
where there is a path from every vertex (1, j) to the vertex (1,1). In Figs. 5.7a–
5.8a, one visualizes the solution trajectories for the linear position, for the
angular position, and for the inputs, and one verifies that three switches were
necessary in both simulations, before converging to the desired pose. One can
visualize in Figs. 5.7b–5.8b that, indeed, at the end of the simulation, the rigid-
body first axis is aligned with P2 − P1, i.e., Re1 = P2−P1

∥P2−P1∥
. In Figs. 5.7a–5.8a, one

can also see that, at the desired pose, the required input is non-zero, which
means that in the absence of a control law this pose is not an equilibrium pose.



244 Stabilization of Rigid-Body Pendulum

(a) Vertical dashed lines mark switching time instants. From left to right: trajectories
of linear position of rigid-body, and of the angle θ parameterizing the rotation matrix;
trajectories of the linear velocity and of the angular velocity; trajectories of the inputs.

(b) From left to right: physical representation; representation with angle; and represen-
tation in torus (at different time instants).
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(c) Graph obtained from Algorithm 1.
Figure 5.7: Global stabilization around a pose where rigid-body first axis is aligned
with pivot points, i.e., Re1 =

P2−P1
∥P2−P1∥ .

Finally, notice that the difference between the second and the third simulations
lies in the fact that in one the rigid-body is at a higher height than in the other,
while respecting the condition Re1 = P2−P1

∥P2−P1∥
.

5.2 Three-dimensional Rigid-body Pendulum

In the previous section, we considered a pendulum rigid-body in a planar
setting. In this section, we consider instead a pendulum rigid-body in a three-
dimensional setting, as already illustrated in Fig. 5.2. In Subsection 2.3.3, we
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(a) Vertical dashed lines mark switching time instants. From left to right: trajectories
of linear position of rigid-body, and of the angle θ parameterizing the rotation matrix;
trajectories of the linear velocity and of the angular velocity; trajectories of the inputs.

(b) From left to right: physical representation; representation with angle; and represen-
tation in torus (at different time instants).
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(c) Graph obtained from Algorithm 1.
Figure 5.8: Global stabilization around a pose where rigid-body first axis is aligned
with pivot points, i.e., Re1 =

P2−P1
∥P2−P1∥ .

presented the equations of motion for an (unconstrained) three-dimensional
rigid-body; while in the next subsection, we model a constrained rigid-body,
whose motion is restricted as illustrated in Fig. 5.9, using the tools from Sec-
tion 2.7. Compared to the previous section,
• showing the position configuration space is a (3-dimensional) manifold is

considerably more complicated;
• and showing the mechanical system is fully-actuated is also considerably

more complicated.



246 Stabilization of Rigid-Body Pendulum

e1

e3

position of pivot point Ti ∈ R: normal force on rigid link i
ui ∈ R3: force input on rigid link i

Distribution of forces on rigid-bodyrigid-body connected to three pivot points

R3 3 p: linear position
SO(3) 3 R: angular position

P1 ∈ R3

P3 ∈ R3

l1

d1 ∈ R3

P2 ∈ R3

e2

d1 ∈ R3

−mge3

weight of bar

T1

u1

ni ∈ S2: unit vector pointing from pi to Pi

n1

n3,2 ∈ S2: unit vector pointing
from p2 to p3

p3 = p+Rd3

p1 = p+Rd1

Figure 5.9: Left: (three-dimensional) rigid-body pendulum connected, by inter-
medium of three rigid links, to three pivot points. Right: distribution of forces acting
on (three-dimensional) rigid-body.

5.2.1 Model and Problem Statement

We start by describing and deriving the model of a three-dimensional rigid-
body pendulum. Consider then the system illustrated in Fig. 5.9, with a rigid-
body with three non-collinear contact points (d1, d2, d3 ∈ R3) attached to three
rigid links which are themselves attached to three non-collinear pivot points
(P1, P2, P3 ∈ R3). We denote by p ∈ R3 and by v ∈ R3 the rigid-body’s center-of-mass
position and velocity; by R ∈ SO(3) and ω ∈ R3 the rigid-body’s angular position
(orientation) and angular velocity. As for physical constants, we denote by m > 0
and J > 0 (positive definite matrix in R3×3) the rigid-body’s mass and moment of
inertia; by l1, l2, l3 > 0 the lengths of the rigid links connecting the rigid body to
the pivot points; and, finally, by d1, d2, d3 ∈ R2 the contact points on the rigid-body,
expressed in the rigid-body’s frame, at which the rigid-links are attached to.
Finally, we denote by u1, u2, u3 ∈ R3 the input forces that one can apply on the
contact points.

Let then the mechanical system be associated with the following position,
velocity, mass matrix, state and input

P ∈ Pu ∶⇔
⎡⎢⎢⎢⎣
p

R

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

linear position of bar ∈ R3

angular position of bar ∈ SO(3)
⎤⎥⎥⎥⎦
, (5.19a)

V ∈ R6 ∶⇔
⎡⎢⎢⎢⎣
v

ω

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

linear velocity of bar ∈ R3

angular velocity of bar ∈ R3

⎤⎥⎥⎥⎦
, (5.19b)

M ∶= (mI3 ⊕ J) ∈ R6×6, (5.19c)
z ∈ Zu ∶⇔ (P,V ) ∈ Pu ×R6, (5.19d)
u ∈ R9 ∶⇔ (u1, u2, u3) ∈ R3 ×R3 ×R3, (5.19e)
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and where

(P1, P2, P3, l1, l2, l3, d1, d2, d3) ∈ R3×R3×R3×R>0×R>0×R>0×R3×R3×R3. (5.19f)

are referred to as the geometric parameters. We refer to Remark 5.2, about the
notion of geometric and dynamic parameters.

The system is holonomic and the position configuration space is given by

P ∶=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

P ∈ Pu ∶ c(P ) = 03 ∶⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎣

c1(P )
c2(P )
c3(P )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
2 ( ∥p+Rd1−P1∥

2

l21
− 1)

1
2 ( ∥p+Rd2−P2∥

2

l22
− 1)

1
2 ( ∥p+Rd3−P3∥

2

l23
− 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

.

where the set where the constraints c vanish describes the constraints illus-
trated in Fig. 5.9, namely that the distance between the pivot point Pi and the
contact point i on the rigid-body is equal to the length of the rigid link i.

Let us then state the problem we wish to solve in this section.

Problem 5.15. Let P ⋆ ∈ P be a desired pose for the mechanical system. We wish
to design a controller that makes that position locally asymptotically stable.

The first step in solving Problem 5.15 is to derive a model for the system,
which is what we do next. However, in order to accomplish the latter, we shall
need to make the following assumption, which if satisfied, guarantees that P is
a manifold.

Assumption 5.16. Consider the geometric parameters as defined in (5.19f) We
assume the geometric parameters are such that

for i, j ∈ {1,2,3}, i ≠ j, the points {Pi, Pj, p+Rdi, p+Rdj} are not coplanar,

for any P ∈ P. Unlike in the previous section, where we provided exact (sufficient
and necessary) conditions on the geometric parameters – see Remark 5.3 – for
which the position configuration space P is guaranteed to be a manifold, in this
section we do not provide such type of conditions. This stems from the fact that
the three-dimensional rigid-body pendulum is considerably harder to analyze
when compared to the planar rigid-body pendulum.

For convenience, for i ∈ {1,2,3}, let us define

ni ∶ P ∋ P ↦ ni(P ) ∶= Pi − (p +Rdi)
li

∈ S2 (5.20)

as the unit vectors pointing from the contact point i on the rigid-body to the
respective pivot point, as illustrated in Fig. 5.9. At some points in this section,
we denote

n1 ≡ n1(P ) and n2 ≡ n2(P ) and n3 ≡ n3(P ), (5.20a)
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i.e., we hide the dependence on the pose P for brevity.
Because the system is composed of a single rigid-body, the system kinematics

are of the form

Ṗ =K(P )V ∶⇔
⎡⎢⎢⎢⎣
ṗ

Ṙ

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

v

RS (ω)
⎤⎥⎥⎥⎦
. (5.21)

It then follows that

dKc(P ) =

⎡⎢⎢⎢⎢⎢⎢⎣

−l−1
1 0 0

0 −l−1
2 0

0 0 −l−1
3

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

⟨n1, ⋅⟩ ⟨n1,RS (d1) ⋅⟩
⟨n2, ⋅⟩ ⟨n2,RS (d2) ⋅⟩
⟨n3, ⋅⟩ ⟨n3,RS (d2) ⋅⟩

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R3×6.

It follows immediately that if n1, n2, n3 span R3, then dKc(P ) ∈ R3×6 has rank
three, and it is therefore full-rank. On the contrary, when n1, n2, n3 do not span
R3, then it is not immediate or easy to determine under what circumstances is
dKc(P ) ∈ R3×6 full-rank. In brief, determining whether the latter is full-rank by
inspection of dKc(P ) ∈ R3×6 is rather complicated, so, as in the previous section,
we shall introduce a diffeomorphic set to P, on which we shall be able to study
the equivalent rank question. We anticipate that result, and state now that P is
a 3(= 6 − 3)-dimensional manifold if Assumption 5.16 holds.

We then follow the modeling approach described in Subsection 2.7.2 based on
the geometric approach, since in this section we are not interested in knowing
the internal forces, nor their explicit form (as we were in Chapters 3 and 4).
Thus, combining the system kinematics and dynamics, and with the help of
Proposition 2.43, we can then construct the system’s vector field, which is given
by

Z ∶ Z ×R9 ∋ (z, u)↦ Z(z, u) ∈ TzZ (5.22)

ż = Z(z, u) ∶⇔
⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
K(P )V
A(z, u)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
kinematics
dynamics

⎤⎥⎥⎥⎦
,

where (below, ΠP,M is well-defined because dKc(P ) ∈ R3×6 is full-rank as dis-
cussed before)

V̇ = A(z, u) ∶=M−1ΠP,MWexternal(P,u) −M−1Wnormal(P,V ),

and where the external wrench Wexternal(P,u) ∈ R6 applied on the rigid-body is
given by

Wexternal(P,u) ∶=
⎡⎢⎢⎢⎣
Wexternal, force(P,u)
Wexternal, torque(P,u)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

external-net force
external-net torque

⎤⎥⎥⎥⎦

∶= ∑
i∈{1,2,3}

⎡⎢⎢⎢⎣
I3

S (di)RT

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Wτ,i(P )∈R6×3

ui +
⎡⎢⎢⎢⎣
−mge3

03

⎤⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶Wgravity∈R6
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where
• Wgravity ∈ R6 is the external wrench exerted by the gravity on the rigid-body: it

has a force contribution, but not to a torque contribution;
• Wτ,i(P )ui ∈ R6 is the external/input wrench effect from the input ui ∈ R3: it

has both a force and a torque contribution, which are deduced by inspection
of Fig. 5.9.

Finally, note that the external wrench Wexternal(P,u) ∈ R6 is affine in the inputs
(thus the vector field is input-affine) and it is equivalently expressed as

Wexternal(P,u) =
⎡⎢⎢⎢⎣

I3 I3 I3

S (d1)RT S (d2)RT S (d3)RT

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

u1

u2

u3

⎤⎥⎥⎥⎥⎥⎥⎦
´¸¶
=∶u∈R9

+Wgravity. (5.23)

We introduce (5.23) here as it will be of convenience later.

5.2.2 Diffeomorphic sets P and Q

As in the previous section (on the planar rigid-body pendulum), we now intro-
duce a new manifold Q, which
• helps in proving that P is indeed a 3-dimensional manifold,
• helps in showing the system is fully-actuated (checking this in P is not as

easy as checking it on Q),
• helps in the control design.

Denote then

Q ∈ Q ∶⇔ (5.24)

⎡⎢⎢⎢⎢⎢⎢⎣

p1

p2

p3

⎤⎥⎥⎥⎥⎥⎥⎦

∈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎣

p1

p2

p3

⎤⎥⎥⎥⎥⎥⎥⎦

∈

⎡⎢⎢⎢⎢⎢⎢⎣

R3

R3

R3

⎤⎥⎥⎥⎥⎥⎥⎦

∶ cQ(Q) = 06 ∶⇔
1
2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∥p1 − p2∥2 − ∥d1 − d2∥2

∥p1 − p3∥2 − ∥d1 − d3∥2

∥p2 − p3∥2 − ∥d2 − d3∥2

∥p1 − P1∥2 − l21
∥p2 − P2∥2 − l22
∥p3 − P3∥2 − l22

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

and, for convenience, let us define

ni,j ∶ Q ∋ Q↦ ni,j(Q) ∶= pi − pj
∥di − dj∥

∈ S2 for i, j ∈ {1,2,3} and i ≠ j, (5.25a)

ni ∶ Q ∋ Q↦ ni(Q) ∶= Pi − pi
li

∈ S2 for i ∈ {1,2,3}, (5.25b)

as some unit vectors defined in Q (we note the abuse of notation between (5.20)
and (5.25b) – later, we explain why this abuse may be tolerated, once we show
that Q and P are diffeomorphic). Intuitively,
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• ni(Q) corresponds to the unit vector pointing from the contact point pi on the
rigid-body to the respective pivot point Pi, as illustrated in Fig. 5.9,

• ni,j(Q) corresponds to the unit vector pointing from the contact point pj to
another contact point pi, as illustrated in Fig. 5.9.

Also we note that, because d1, d2, d3 are non-collinear, we then know that

ni,j(Q) ≠ nj,k(Q). (5.25c)

At some points, and for brevity, we denote

ni,j ≡ ni,j(Q) and ni ≡ ni(Q), (5.25d)

i.e., we hide the dependence on Q (which should be clear from the context). Next,
we prove that P and Q are diffeomorphic, and, therefore,
• if Q is a manifold, then so is P (and vice-versa),
• and given the equations of motion in P, derived in the previous subsection,

we can write the equations of motion in Q, which will simplify the control
design.

Proposition 5.17. Let non-collinear d1, d2, d3 ∈ R3 be given. Then, P and Q are
diffeomorphic, with diffeomorphisms φP→Q and φQ→P in (5.26a) and (5.26b),(5.26c).

Proposition 5.17 is an immediate consequence of the next Proposition. At this
point, we remind the reader again on the abuse of notation between (5.20)
and (5.25): however, we note that ni(Q) = ni(P ) for Q = φP→Q(P ) and for any
P ∈ P (equivalently, ni(P ) = ni(Q) for P = φQ→P(Q) and for any Q ∈ Q), which is
the reason why we allow this abuse of notation.

Proposition 5.18. Let non-collinear d1, d2, d3 ∈ R3 be given. Then,

P ∶= R3 × SO(3) ∶= {(p,R) ∈ R3 ×R3×3 ∶ RTR = I2 and det(R) = +1} and

Q ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎣

p1

p2

p3

⎤⎥⎥⎥⎥⎥⎥⎦

∈

⎡⎢⎢⎢⎢⎢⎢⎣

R3

R3

R3

⎤⎥⎥⎥⎥⎥⎥⎦

∶ cQ(Q) = 03 ⇔
1
2

⎡⎢⎢⎢⎢⎢⎢⎣

∥p1 − p2∥2 − ∥d1 − d2∥2

∥p1 − p3∥2 − ∥d1 − d3∥2

∥p2 − p3∥2 − ∥d2 − d3∥2

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
are diffeomorphic, with diffeomorphisms φP→Q and φQ→P in (5.26a) and (5.26b),(5.26c).

Proof. Consider the following analytic map

φP→Q ∶ P→ Q (5.26a)

φP→Q(P ) ∶=

⎡⎢⎢⎢⎢⎢⎢⎣

p +Rd1

p +Rd2

p +Rd3

⎤⎥⎥⎥⎥⎥⎥⎦

,

where it is immediate to verify that indeed φP→Q(P) ⊂ Q. For the map φQ→P we
need to consider two cases, one where d1, d2, d3 ∈ R3 form a basis of R3 (d1, d2, d3

are “not coplanar”), and another where they do not (d1, d2, d3 are “coplanar”).
The reason for this is simple:
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• when d1, d2, d3 ∈ R3 are not coplanar, there are two solutions p̄ ∈ R3 to the
intersection point between three spheres centered at pi(= p̄ + R̄di) ∈ R3 with
radii ∥di∥, for i ∈ {1,2,3};

• and, when d1, d2, d3 ∈ R3 are coplanar, then there is only one double solution
to the intersection point p̄ ∈ R3 between those spheres above.
If d1, d2, d3 ∈ R3 are not coplanar, consider then the analytic map

φQ→P ∶ Q→ P, φQ→P(Q) ∶=
⎡⎢⎢⎢⎣
p̄

R̄

⎤⎥⎥⎥⎦
, where (5.26b)

R̄ = [p1 − p̄ p2 − p̄ p3 − p̄] [d1 d2 d3]
−1
,

p̄ = p1 + [n21 n31]
⎡⎢⎢⎢⎣

1 −⟨q21, q31⟩
−⟨q21, q31⟩ 1

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
−⟨d1, q21⟩
−⟨d1, q31⟩

⎤⎥⎥⎥⎦
+kS (n21)n31,

k =
√

⟨d1, d1⟩(1 − ⟨q21, q31⟩2) − (⟨d1, q21⟩2 + ⟨d1, q31⟩2 − 2⟨d1, q21⟩⟨d1, q31⟩⟨q21, q31⟩)
1 − ⟨q21, q31⟩2

⎧⎪⎪⎨⎪⎪⎩

n21 = p2−p1
∥d2−d1∥

and n31 = p3−p1
∥d3−d1∥

q21 = d2−d1
∥d2−d1∥

and q31 = d3−d1
∥d3−d1∥

where we note that
• p̄ ∈ R3 is one of the two intersection points of the three spheres centered at
pi(= p̄ + R̄di) with radii ∥di∥ – since d1, d2, d3 are not coplanar there are two
distinct intersection points – the other point is obtained if we replace + with
− but this yields an orthogonal matrix with negative determinant, as opposed
to positive;

• R̄ = {as in (5.26b)}⇔ R̄di = pi − p̄⇔ p̄ + R̄di = pi, for i ∈ {1,2,3}.
If d1, d2, d3 ∈ R3 are coplanar (in which case, the inverse in (5.26b) is not well-
defined), consider then the analytic map

φQ→P ∶ Q→ P, φQ→P(Q) ∶=
⎡⎢⎢⎢⎣
p̄

R̄

⎤⎥⎥⎥⎦
where

R̄ = [p1 − p̄ p2 − p̄ +S ( p2−p1
∥d2−d1∥

) p3−p1
∥d3−d1∥

] [d1 d2 S ( d2−d1
∥d2−d1∥

) d3−d1
∥d3−d1∥

]
−1

p̄ = p1 + [n21 n31]
⎡⎢⎢⎢⎣

1 −⟨q21, q31⟩
−⟨q21, q31⟩ 1

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣
−⟨d1, q21⟩
−⟨d1, q31⟩

⎤⎥⎥⎥⎦
,

where we note that
• p̄ ∈ R3 is the intersection point of the three spheres centered at pi(= p̄ + R̄di)

with radii ∥di∥: since d1, d2, d3 are coplanar there is a single intersection point;
As a remark, we note that

lim
d1,d2,d3→coplanar

φQ→P(Q)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
in (5.26b)

= φQ→P(Q)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
in (5.26c)

,
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which implies that the map in (5.26b) agrees with the map in (5.26c) when we
let d1, d2, d3 tend to some coplanar vectors.

It is simple (but lengthy) to verify that

φQ→P ○ φP→Q = idP,

φP→Q ○ φQ→P = idQ,

which proves that P and Q are diffeomorphic. ∎

We note that requiring the orthogonal matrix in Proposition 5.18 to have
a positive +1 determinant (rotation matrix) is arbitrary: that is, the same
conclusion holds if one requires the determinant to be negative −1. Furthermore,
we highlighted in the proof of Proposition 5.18 the places where +1 needs to be
replaced by −1, and thus proving that

{(p,R) ∈ R3 ×R3×3 ∶ RTR = I3 and det(R) = −1}

is diffeomorphic to Q.

5.2.3 Diffeomorphic sets P and Q are manifolds
In the previous subsection we proved that P and Q are diffeomorphic, but
we are yet to prove that either of them is a manifold. Next, we prove that Q
is a 3-dimensional manifold, and, therefore, so is P. In order to prove Q is a
3-dimensional manifold we need to restate Assumption 5.16.

Assumption 5.19. Since P and Q are diffeomorphic with diffeomorphims
in (5.26a) and (5.26b),(5.26c), Assumption 5.16 can be restated as

for i, j ∈ {1,2,3}, i ≠ j, the points {Pi, Pj, pi, pj} are not coplanar,

for any Q ∈ Q.

Recall the definition of the manifold Q in (5.24). In order to prove Q is a
3-dimensional manifold, we need to investigate the rank of the Jacobian of the
constraints cQ. It then follows that dcQ(Q) ∈ R6×9 is given by

dcQ(Q) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∥d1 − d2∥ 0 0 0 0 0
0 ∥d1 − d3∥ 0 0 0 0
0 0 ∥d2 − d3∥ 0 0 0
0 0 0 −l1 0 0
0 0 0 0 −l2 0
0 0 0 0 0 −l3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶(⋅)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

nT1,2 nT2,1 0T3
nT1,3 0T3 nT3,1
0T3 nT2,3 nT3,2
nT1 0T3 0T3
0T3 nT2 0T3
0T3 0T3 nT3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶†

, (5.27)
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and therefore

dcQ(Q)dcQ(Q)T = (⋅)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 ⟨n1,2, n1,3⟩ ⟨n2,1, n2,3⟩ ⟨n1,2, n1⟩ ⟨n2,1, n2⟩ 0
⋅ 2 ⟨n1,3, n2,3⟩ ⟨n1,3, n1⟩ 0 ⟨n3,1, n3⟩
⋅ ⋅ 2 0 ⟨n2,3, n2⟩ ⟨n3,2, n3⟩
⋅ ⋅ ⋅ 1 0 0
⋅ ⋅ ⋅ 0 1 0
⋅ ⋅ ⋅ 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(⋅).

For the planar rigid-body pendulum we checked whether dcQ(Q)dcQ(Q)T ∈ R2×2

was invertible, but for the three-dimensional rigid-body pendulum, checking
whether dcQ(Q)dcQ(Q)T ∈ R6×6 is invertible is too complicated, so we must resort
to other strategies, if we wish to analyze the rank of dcQ(Q) ∈ R6×9.

Notice then that, when checking the rank of dcQ(Q) in (5.27), the only part
that matters is the † (as (⋅) is an invertible matrix). Moreover, it is immediately
clear from the final three rows of † that † is at least rank three, because n1, n2, n3

are unit vectors. Let us provide † again for convenience,

†T =

⎡⎢⎢⎢⎢⎢⎢⎣

n1,2 n1,3 03

n2,1 03 n2,3

03 n3,1 n3,2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
‡∈R9×3

n1 03 03

03 n2 03

03 03 n3

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
⋆∈R9×3

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R9×6,

where rank(⋆) = 3 and

Null-space(⋆T ) = Image-space
⎛
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

S (n1) 03×3 03×3

03×3 S (n2) 03×3

03×3 03×3 S (n3×3)

⎤⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

∗∈R9×9

⎞
⎠
,

and therefore we only need to study the rank of

(∗)(‡) =

⎡⎢⎢⎢⎢⎢⎢⎣

S (n1)n1,2 S (n1)n1,3 03

S (n2)n2,1 03 S (n2)n2,3

03 S (n3)n3,1 S (n3)n3,2

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R9×3. (5.28)

If the matrix above is full-rank (rank 3), then dcQ ∈ R6×6 is also full-rank (3 from
⋆ and 3 from the matrix above)

At least Rank 1 Let us prove next that (5.28) has at least rank 1. Then,
w.l.o.g, consider the first column of (5.28), i.e.,

⎡⎢⎢⎢⎢⎢⎢⎣
v1

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

S (n1)n1,2

S (n2)n2,1

03

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R9×1,
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For the matrix above to loose rank, then v1 = 09, which implies
⎧⎪⎪⎨⎪⎪⎩

S (n1)n1,2 = 03 ⇒ n1 = ±n1,2 ⇒ {P1, p1, p2} colinear
S (n2)n2,1 = 03 ⇒ n2 = ±n2,1 ⇒ {P2, p2, p1} colinear

⇒

⇒ {P1, P2, p1, p2} colinear.

We chose at the beginning the first column of (5.28); as such, if we choose any
column, we come to the conclusion that the matrix in (5.28) looses rank if

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

{P1, P2, p1, p2} colinear or,
{P1, P3, p1, p3} colinear or,
{P2, P3, p2, p3} colinear.

Therefore, if Assumption 5.19 is satisfied, then (5.28) has at least rank 1.

At least Rank 2 Let us prove next that (5.28) has at least rank 2. Then,
w.l.o.g, consider the first two columns of (5.28), i.e.,

⎡⎢⎢⎢⎢⎢⎢⎣
v1 v2

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

S (n1)n1,2 S (n1)n1,3

S (n2)n2,1 03

03 S (n3)n3,1

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R9×2.

For the matrix above to loose rank, then v2 = λ1v1, for some λ1 ∈ R, which implies

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

S (n1)n1,2 = λ1S (n1)n1,3 ⇒ {P1, p1, p2, p3} coplanar
S (n2)n2,1 = 03 ⇒ n2 = ±n2,1 ⇒ {P2, p2, p1} colinear
S (n3)n3,1 = 03 ⇒ n3 = ±n3,1 ⇒ {P3, p3, p1} colinear

⇒

{P2, P3, p2, p3} coplanar.

We chose at the beginning the first two columns of (5.28); as such, if we choose
any two columns, we come to the conclusion that the matrix in (5.28) can loose
rank if

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

{P1, P2, p1, p2} coplanar or,
{P1, P3, p1, p3} coplanar or,
{P2, P3, p2, p3} coplanar.

(5.29)

Therefore, if Assumption 5.19 is satisfied, then (5.28) has at least rank 2.

Full Rank Let us finally prove that (5.28) is full-rank. Consider then the
three columns of (5.28), i.e.,

⎡⎢⎢⎢⎢⎢⎢⎣
v1 v2 v3

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

S (n1)n1,2 S (n1)n1,3 03

S (n2)n2,1 03 S (n2)n2,3

03 S (n3)n3,1 S (n3)n3,2

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R9×3.
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For the matrix above to loose rank, then v3 = λ1v1 + λ2v2, for some λ1, λ2 ∈ R,
which implies

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

λ1S (n1)n1,2 = −λ2S (n1)n1,3 ⇒ {P1, p1, p2, p3} coplanar
S (n2)n2,3 = λ1S (n2)n2,1 ⇒ {P2, p1, p2, p3} coplanar
S (n3)n3,2 = λ2S (n3)n3,1 ⇒ {P3, p1, p2, p3} coplanar

.

As such, if Assumption 5.19 is satisfied, then none of the conditions above is
satisfied and the matrix in (5.28) is full-rank. This finally proves that dcQ(Q) ∈
R9×6 is full-rank for all Q ∈ Q, and thus that Q is a 3(= 9 − 6)-dimensional
manifold. Because P is diffeomorphic to Q we conclude therefore that P is also a
3-dimensional manifold.

Proposition 5.20. The set Q in (5.24) is a compact 3-dimensional manifold,
and, therefore, so is the set P.

Proof. That the set Q is compact follows from the fact that (1) it is described
by equalities and continuous functions (implying it is closed), and that (2)
pi ∈ R3 is away from Pi ∈ R3 by a fixed length li, for i ∈ {1,2,3} (implying it is
bounded). That the set Q is a 3-dimensional manifold follows from the fact that
dcQ(Q) ∈ R6×9 is full-rank for all Q ∈ Q. Finally, since P and Q are diffeomorphic,
the same conclusions extend to P. ∎

We are interested in compactness of Q because we want to leverage the
results from Subsection 2.8, which requires a fully-actuated mechanical system
in a compact manifold.

5.2.4 Full-actuation and Velocity space at Q ∈ Q
We want to be able to leverage the tools from Section 2.8, on control of fully-
actuated mechanical systems, so we must show first the mechanical system at
hand is fully-actuated. Recall then the map φP→Q in (5.8a), which is very useful
as it also describes the point of application of the input forces (u in (5.23)).
Indeed, note that

dKφP→Q(P ) ∶= dφP→Q(P )K(P ) =

⎡⎢⎢⎢⎢⎢⎢⎣

I3 −RS (d1)
I3 −RS (d2)
I3 −RS (d3)

⎤⎥⎥⎥⎥⎥⎥⎦

∈ R9×6

and therefore the external wrenches, defined in (5.23), satisfy

Wτ(P )u = dKφP→Q(P )Tu +Wgravity, (5.30)

that is the input forces u enter the dynamics via the image space of dKφP→Q(P )T ∈
R6×9.

In order to verify whether the system is fully-actuated – Definition 2.51 – we
need to compute the velocity space, which we address in the next Proposition.
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Proposition 5.21. Consider the 3-dimensional manifold Q defined in (5.6), and
consider then the map

υQ ∶ R9 → R9×3 (5.31)

υQ(Q) ∶=

⎡⎢⎢⎢⎢⎢⎢⎣

⟨n1,2,S (n2)n2,3⟩S (n1)n1,3 ⟨n3,1,S (n3)n3,2⟩S (n1)n1,2 03

⟨n1,2,S (n1)n1,3⟩S (n2)n2,3 03 ⟨n2,3,S (n3)n3,1⟩S (n2)n2,1

03 ⟨n3,1,S (n1)n1,2⟩S (n3)n3,2 ⟨n2,3,S (n2)n2,1⟩S (n3)n3,1

⎤⎥⎥⎥⎥⎥⎥⎦

∣(5.25),

The map υQ is analytic in R9 and it spans the null-space of dcQ(Q) – as such,
υQ(Q) spans the velocity space at Q ∈ Q.

Proof. We already provided dcQ(Q) in (5.27), and it is easy to verify that
dcQ(Q)υQ(Q) = 06 for any Q ∈ Q. Thus υ(Q) ∈ R9×3 lies in the null-space
of dcQ(Q) ∈ R6×9. In order to show that υ(Q) ∈ R9×3 spans the null-space of
dcQ(Q) ∈ R6×9 we then need to show that it is full-rank. We reach that conclu-
sion by following similar steps as those we took to show that dcQ(Q) ∈ R6×9 is
full-rank, in Subsection 5.2.3. ∎

5.2.5 Equations of motion in Q

Following the same steps as in Subsection 5.1.5, we conclude that

υP(P )TWexternal(P,u) = υQ(Q)Tu + υP(P )TWgravity, (5.32)

which leads to the following result.

Proposition 5.22. Consider the three-dimensional rigid-body pendulum, and
let Assumption 5.16 be satisfied. Then, this mechanical system is fully-actuated.

Proof. It follows from (5.32) that if we pick

u = υQ(Q) (υQ(Q)TυQ(Q))−1 (U − υP(P )TWgravity)

which is well-defined for all P ∈ P, then υP(P )TWexternal(P,u) = U , for any U ∈ R3,
and, thus, the mechanical system is fully-actuated. ∎

In Section 5.1, we implemented a switching strategy, where we switch
from controller A to controller B when the solution converges to an undesired
equilibrium point of the control law A. However, the tools provided in that
section, cannot be immediately applied to this problem, because the manifold in
there was 1-dimensional, while in the current problem the underlying manifold
is 3-dimensional. The problem lies in the fact that in a 1-dimensional compact
manifold, there are finite equilibria (for a continuous control law); while in a
3-dimensional compact manifold, the latter no longer holds. For these reasons,
in this section, we do not perform global stabilization, but rather only local
stabilization.
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(a) Pendulum rigid-body stabilizes at global
maximum.

(b) Pendulum rigid-body stabilizes at local
maximum.

Figure 5.10: Solutions for linear position of three-dimensional rigid-body pendulum,
where controller follows a gradient ascent of the height of the rigid-body’s center-of-
mass: on the left, the system converges to the global maximum, and, on the right,
the system converges to a local maximum. This motivates the need for a switching
controller, similar to that presented in Section 5.1.

Since the mechanical system is fully-actuated, we can implement the control
law

ucl(P,V ) ∶= υQ(Q) (υQ(Q)TυQ(Q))−1
υP(P )T (−Wgravity +W − kdV ) ∣Q=φP→Q(P ) (5.33)

which, when composed with the open-loop vector field in (5.22), yields the
closed-loop vector field

⎡⎢⎢⎢⎣
Ṗ

V̇

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

K(P )V
M−1ΠP,M (W − kdV ) −M−1Wnormal(P,V )

⎤⎥⎥⎥⎦
.

That is, the control law
• adds some damping (with the positive derivative gain kd > 0),
• and its cancels the gravity wrench Wgravity ∈ R6, replacing it with another “new

gravity” wrench W ∈ R6.
As such, the rigid-body pendulum will converge to a minimum of the “new
gravity” (as opposed to a minimum of the real gravity, which makes the rigid-
body converge to a pose where the height is minimized).

5.2.6 Simulations
Consider the mechanical system with the following geometric parameters

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

P1 = (0,0,1), P2 = (2,0,1), P2 = (1,1,1.1), (position of pivot points in m)
l1 = 0.9, l2 = 1, l3 = 1, (length of rigid links in m)
d1 = (−1,0.5,0), d2 = (1,−0.5,0.1), d3 = (0,0.5,0), (contact points in m)
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and with the following dynamic parameters

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m = 0.3kg,

J =

⎡⎢⎢⎢⎢⎢⎢⎣

0.0055 0.0009 0.0008
0.0009 0.005 0.0007
0.0008 0.0007 0.007

⎤⎥⎥⎥⎥⎥⎥⎦

kg m2
,

g = 9.81m s2.

For the desired gravity, we pick W = −Wgravity, i.e., we add the opposite gravity
wrench, and, therefore, rather than trying to reach a minimum height, under
the control law (5.33), the rigid-body pendulum will try to reach a maximum
height. We present two simulations in Fig. 5.10, starting from two different
initial conditions. For the first simulation, in Fig. 5.10a, the global maximum
height is reached, while for the second simulation, in Fig. 5.10b, a local maxi-
mum height is reached. For each simulation, we present the initial and final
pendulum configurations, from different perspectives, in Figs. 5.11 and 5.12.
The previous simulations motivate the need to develop hybrid controllers so
that a mechanical system does not “get stuck” in undesired equilibria. In Sec-
tion 5.1 we have provided tools to solve this problem, which exploited the
fact that the underlying manifold is 1-dimensional. The challenge remains for
higher-dimensional manifolds.

5.3 Summary

In this chapter, we focused on stabilization of a rigid-body pendulum, which can
be understood as a generalization of a point-mass pendulum. We considered a
planar rigid-body pendulum, and a three-dimensional rigid-body pendulum. For
each case, we showed that, given appropriate geometric parameters, the posi-
tion space is a 1-dimensional manifold for the planar case; and a 3-dimensional
manifold for the three-dimensional case. For inappropriate geometric param-
eters, the position space is not a manifold, and the system dynamics are not
defined at some configurations (bifurcation points). At these configurations,
if one used the Lagrangrian equations of motion, a similar problem to that
illustrated in Example 2.46 would be observed (where different solutions are
found which depend on the choice of chart map). For both the planar and the
three-dimensional rigid-body pendulum, we constructed gradient descent con-
trol laws, based on an appropriately chosen potential function, which rendered
the desired configuration locally asymptotically stable. Finally, for the planar
rigid-body pendulum, we created a graph of stabilizing control laws, and we
switched among them so as to provide the desired configuration with a global
region of attraction.
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(a) Initial configuration from two different perspectives

(b) Final configuration from two different perspectives.
Figure 5.11: Stabilization around pose which maximizes height of center-of-mass –
when rigid-body converges to global maximum, as shown in Fig. 5.10a.
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(a) Initial configuration from two different perspectives

(b) Final configuration from two different perspectives.
Figure 5.12: Stabilization around pose which maximizes height of center-of-mass –
when rigid-body converges to a local maximum, as shown in Fig. 5.10b.



Chapter 6

Attitude Synchronization

In this chapter, we consider the problem of attitude synchronization among a
group of rotation matrices. This is motivated by applications such as that illus-
trated in Fig. 6.1, where one wishes multiple cables to point in a common direc-
tion, or, in other words, where one wishes multiple cables to synchronize. Firstly,
in Section 6.1, we provide a literature review on attitude synchronization, both
complete and incomplete synchronization. In complete synchronization, a group
of rotation matrices is required to synchronize all their three body axes. In
contrast, in incomplete synchronization, also referred to as reduced attitude
synchronization, a group of rotation matrices is required to synchronize only one
of its body axis. In Section 6.2, we provide a quick introduction on how one can
visualize rotation matrices: we embed rotation matrices in R3×3, but, as we have
proved in Section 2.1 (see Example 2.6), SO(3) is a 3-dimensional manifold, and
one can indeed visualize rotations matrices in a convenient way in R3. Finally,
in Section 6.3, we consider a group of rotation matrices, whose dynamics are
those of the angular motion of a rigid-body, and we design decentralized torque
control laws for which asymptotic incomplete synchronization is guaranteed.

n1 ∈ S2

nN ∈ S2ni ∈ S2

ni: cable i direction/unit vector

⋱
⋰

Figure 6.1: When N UAVs lift a common object attached to the latter by cables, it
might be of interest to align those cables, which corresponds to a problem of attitude
synchronization. When the cables are aligned, control techniques from Chapters 3
and 4, concerning aerial tethered transportation, may be leveraged.

261
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6.1 Literature Review

Decentralized control in multi-agent systems is a topic of active research, with
applications in large scale robotic systems. Attitude synchronization in satellite
formations is one of the relevant applications [1, 45], where the control goal is
to guarantee that a network of fully-actuated rigid-bodies acquires a common
attitude. Coordination of underwater vehicles in ocean exploration missions [51],
and of unmanned aerial vehicles in aerial exploration missions, may also be
casted as attitude synchronization problems.

In the literature, attitude synchronization strategies for elements in the
special orthogonal group are found in [5, 10, 19, 25, 33, 44, 100, 104, 121],
which focus on complete attitude synchronization; and in [26, 52, 65–67, 73,
74, 76, 103, 105, 123], which focus on incomplete attitude synchronization. In
this chapter, we focus only on incomplete attitude synchronization. We refer to
incomplete attitude synchronization when the agents are unit vectors in the
three dimensional space; and we refer to complete attitude synchronization,
when the agents are three dimensional rotation matrices. Incomplete synchro-
nization represents a relevant practical problem, when the goal among multiple
agents is to share a common direction. In flocking, for example, moving along
a common direction is a requirement. Also, in a network of satellites whose
antennas are to point in a common direction, incomplete synchronization may
be more important than complete.

In [5, 10, 19, 25, 44, 100, 104], state dependent control laws for torques are
presented which guarantee synchronization for elements in the group of three
dimensional rotation matrices, while in [52, 76, 89] state dependent control
laws for torques are presented which guarantee synchronization for elements in
the group of three dimensional unit vectors. With respect to complete attitude
synchronization, different solutions for consensus in the special orthogonal
group are found [10, 14, 25, 44, 45, 68, 104, 109, 118]. Incomplete attitude syn-
chronization, however, has not received the same attention. In this scenario,
each rigid-body has a direction of interest and the global objective is for all
rigid-bodies’ to align their directions of interest. The space orthogonal to each
direction of interest may be left free of actuation or controlled to accomplish
some other goals. Complete attitude synchronization requires more measure-
ments when compared to incomplete attitude synchronization, and it might
be the case that a rigid-body is not fully-actuated but rather only actuated in
the space orthogonal to a specific direction, in which case incomplete attitude
synchronization is still feasible. Incomplete attitude synchronization is also
referred to as synchronization on the sphere in [26, 52, 67, 74, 76, 105], where
the focus has been on kinematic or dynamic point-mass agents, i.e., dynamical
agents without moment of inertia.

In [25], attitude control in a leader-follower network of rigid-bodies has been
studied, with the special orthogonal group being parametrized with Modified Ro-
drigues Parameters. The proposed solution guarantees attitude synchronization
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for connected graphs, but it requires all rigid-bodies to be aware of a common
and global orientation frame. In [10, 44], a controller for a single-leader single-
follower network is proposed that guarantees global attitude synchronization
at the cost of introducing a discontinuity in the control laws. In [14], attitude
synchronization in a leader-follower network is accomplished by designing a
non-linear distributed observer for the leader. In [18, 19], a combination of a
tracking input and a synchronization input is used; the tracking input adds ro-
bustness if connectivity is lost and it is designed in the spirit of leader-following,
where the leader is a virtual one and it encapsulates a desired trajectory; how-
ever, this strategy requires all agents to be aware of a common and global
reference frame. In another line of work, in [68, 104], attitude synchronization
is accomplished without the need of a common orientation frame among agents.
Additionally, in [104], a controller for switching and directed network topologies
is proposed, and local stability of consensus in connected graphs is guaranteed,
provided that the control gain is sufficiently high. In [45], attitude synchroniza-
tion is accomplished with controllers based on behavior based approaches and
for a bidirectional ring topology. The special orthogonal group is parametrized
with quaternions, and the proposed strategy also requires a common attitude
frame among agents. In [60], a quaternion based controller is proposed that
guarantees a synchronized network of rigid-bodies is a global equilibrium con-
figuration, provided that the network graph is acyclic. This comes at the cost
of having to design discontinuous (hybrid) controllers. A discrete time protocol
for complete synchronization of kinematic agents is found in [121], and the
notion of reshaping function is introduced there. The protocol guarantees almost
global convergence to a synchronized configuration, which relies on proving
that all other equilibria configurations, apart from the equilibria configuration
where agents are synchronized, are unstable. In [118], controllers for complete
attitude synchronization and for switching topologies are proposed, but this
is accomplished at the kinematic level, i.e., by controlling the agents’ angular
velocity (rather than their torque). This work is extended in [109] by providing
controllers at the torque level, and similarly to [45], stability properties rely on
high gain controllers.

In [67, 74], incomplete synchronization of kinematic agents on the sphere
is studied, with a constant edge weight function for all edges. In particular,
in [67], incomplete synchronization is used for accomplishing a flocking behav-
ior, where a group of agents moves in a common direction. In [76], dynamic
agents, which move at constant speed on a sphere, are controlled by a state
feedback control law that steers their velocity vector so as to force the agents to
attain a collective circular motion; since the agents are point-masses, the effect
of the moment of inertia is not studied. In [52], dynamic point-mass agents,
constrained to move on a sphere, are controlled to form patterns on the sphere,
by constructing attractive and repelling forces; in the absence of repelling forces,
synchronization is achieved. Also, the closed-loop dynamics of these agents are
invariant to rotations, or symmetry preserving, as those in [67, 74], in the sense
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Figure 6.2: Representation of rotation matrices R1 and R2, in Fig. 6.3a, using (6.2).

that two trajectories, whose initial condition (pair position and velocity) differs
only by a rotation, are the same at each time instant apart from the previous
rotation. In Section 6.3, this property does not hold, since our dynamic agents
have a moment of inertia, unlike the agents in [52, 67, 74].

6.2 Visualization of Synchronization

Let us explain next the meaning of complete and incomplete synchronization,
with the help of meaningful illustrations.

Complete Synchronization

Consider a group of N ∈ N rotations matrices

R1,⋯,RN ∈ SO(3) = {R ∈ R3×3 ∶ RTR = I3,RR
T = I3,det(R) = 1}. (6.1)

We say that the agents are synchronized if they all share the same complete
orientation, i.e., if R1 = ⋯ = RN , as illustrated in Fig. 6.3, for N = 2. The term
complete synchronization is used in juxtaposition with incomplete synchroniza-
tion as described in the next subsection. In incomplete synchronization, the
agents synchronize only one body axis, rather than synchronizing all three body
axes.

Let S̃O(3) ∶= SO(3)/{R ∈ SO(3) ∶ R ≠ I3 − 2Π (n) , n ∈ S2}, and for ease of
visualization, define

v ∶ S̃O(3)→ {x ∈ R3 ∶ ∥x∥ < 1} (6.2)

v(R) ∶=
⎧⎪⎪⎨⎪⎪⎩

θ(R)

π
S−1 ( R−RT

2 sin(θ(R))
) R ≠ I3

03 R = I3

,

where θ ∶ SO(3) ∋ R ↦ θ(R) ∶= arccos ( tr(R)−1
2 ) ∈ [0, π]. As such, given a rotation

matrix R ∈ S̃O(3), we can visualize it in a sphere of unitary radius (excluding
its surface), as illustrated in Fig. 6.2. For R ∈ {R̄ ∈ SO(3) ∶ R̄ = 2nnT − I3, n ∈ S2},
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(a) Two rotation matrices not syn-
chronized, i.e., R1 ≠ R2

(b) Two rotation matrices synchro-
nized, i.e., R1 = R2

Figure 6.3: In complete synchronization, N agents synchronize their rotation ma-
trices (e1, e2 and e3 stand for the canonical basis vectors in R3).

v(R) is not well-defined in the sense that the limit limR̄∈SO(3),R̄→R v(R̄) does not
exist. This is related to the fact that R = I3 − 2Π (+n) = I3 − 2Π (−n), where
+n,−n ∈ S2. In fact, under appropriate constraints (namely, on how R̄ → R), the
previous limit is either +n or −n. This corresponds to the surface of the sphere
of unitary radius, where each diametrically opposed point, represents the same
rotation matrix.

Incomplete Synchronization

Consider again a group of N rotations matrices as in (6.1), representing N
orientation frames (w.r.t. some inertial orientation frame). Consider also N
unit vectors n̄1,⋯, n̄N ∈ S2 = {x ∈ R3 ∶ ∥x∥2 = 1}, as well as the unit vectors n1 ∶=
R1n̄1 ∈ S2,⋯, nN ∶= RN n̄N ∈ S2. Intuitively, for each i ∈ {1,⋯,N}, n̄i represents a
direction on the ith orientation frame, and ni represents that same direction on
the inertial orientation frame. While in complete synchronization it is required
that R1 = ⋯ = RN , i.e., that all orientation frames are the same, in incomplete
synchronization it is required that n1 = ⋯ = nN ⇔ R1n̄1 = ⋯ = RN n̄N . Figure 6.4
illustrates the concept of incomplete synchronization for N = 2. We emphasize
that (let N = 2) if n̄1 = n̄2 then R1 = R2 ⇒ R1n̄1 = R2n̄2 ⇔ n1 = n2, but the reverse
is not true, as exemplified in Fig. 6.4. On the other hand if n̄1 ≠ n̄2 thenR1 = R2 /⇒
R1n̄1 = R2n̄2 ⇔ n1 = n2, which means incomplete synchronization is not a subcase
of complete synchronization, or, in other words, complete synchronization does
not guarantee incomplete synchronization. Fig. 6.4 illustrates all these cases.

6.3 Incomplete Attitude Synchronization

In this Section, we focus on incomplete attitude synchronization, as described
in Section 6.2. In this problem, there exists a group of rigid bodies, each with a
direction of interest, and the global objective is for the rigid bodies to align their
directions of interest. This section, in contrast with the literature reviewed in
Section 6.1,
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(a) Not synchronized n1 ≠ n2. (b) Synchronized n1 = n2 (and R1 = R2)

(c) Synchronized n1 = n2 (and R1 ≠ R2)

(d) Not synchronized, n1 ≠ n2. (e) Synchronized, n1 = n2.
Figure 6.4: In incomplete synchronization, N unit vectors n1 = R1n̄1, . . . , nN =

RN n̄N are require to align with each other. In Figs. 6.4a–6.4c, n̄1 = n̄2 = 3− 1
2 13; while

in Figs. 6.4d-6.4e, n̄1 = −n̄2 = 3− 1
2 13 (e1, e2 and e3 stand for the canonical basis vectors

of R3).

• provides torque control laws which do not require full actuation when perform-
ing synchronization along a principal axis; instead, they require actuation
only along the space orthogonal to that axis;

• provides explicit domains of attraction of the synchronized network (since
the proposed control laws are continuous on the state space, the latter being
a non-contractible set, it follows that the synchronized network cannot be a
globally asymptotically stable equilibrium [53]).

6.3.1 Problem Statement

Let us start by describing the system’s vector field, and the control objective we
wish to solve.

Consider then a group of N ∈ N agents, indexed by the set N = {1,⋯,N},
where each agent may be understood as a rigid-body, as described in Subsec-
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tion 2.3.3, and where only the angular motion is considered (i.e., the linear
motion is ignored). As such, each agent may be understood as a rotation matrix,
i.e., as an element in SO(3). The agents’ network is modeled as an undirected
static graph, {N ,E}, with N as the vertices’ set indexed by the team members,
and E as the edges’ set.

Each rotation matrix i ∈ N has a body direction n̄i ∈ S2 which it wishes to
synchronize with the other rotation matrices body directions, a problem which
we refer to as incomplete synchronization, and which has been described and
illustrated in Section 6.2. For every pair of agents (i, j) ∈ N ×N , that are aware
of and can measure each other’s relative attitude, we say that agent j is a
neighbor of agent i, and vice-versa; also, we denote Ni ⊂ N as the neighbor set
of agent i. Notice that an agent i ∈ N is not aware of Rin̄i, since this is specified
with respect to an unknown inertial orientation frame; instead, agent i is aware
of its own direction (n̄i) – fixed in its own orientation frame – and the projection
of its neighbors directions onto its own orientation frame (RT

i Rjn̄i).
For each agent i ∈ N , let us define

• n̄i ∈ S2 as the agent’s i body direction, which it wishes to synchronize with all
the others,

• Ji ∈ R3×3, Ji > 0 as the agent’s i moment of inertia,
• Ri ∈ SO(3) as the the agent’s i rotation matrix,
• ωi ∈ R3 as the agent’s i angular velocity,
• τi ∈ R3 as the torque input that one can apply on agent’s i (and which we

design so as to accomplish incomplete synchronization),
and, for convenience, define also

R ∈ (SO(3))N ∶⇔ (R1,⋯,RN) ∈ SO(3) ×⋯ × SO(3),
ω ∈ (R3)N ∶⇔ (ω1,⋯, ωN) ∈ R3 ×⋯ ×R3,

x ∈ X ∶⇔ (R,ω) ∈ (SO(3))N × (R3)N ,
τ ∈ (R3)N ∶⇔ (τ1,⋯, τN) ∈ R3 ×⋯ ×R3,

where
• R ∈ (SO(3))N is the system’s pose (composed of all agent’s angular positions),
• ω ∈ (R3)N is the system’s twist (composed of all agent’s angular velocities),
• τ ∈ (R3)N is the input to the system,
• X is the system’s state space and x ∈ X a particular state.
The system’s vector field is then described by

X ∶ X × (R3)N ∋ (x, τ)↦X(x, τ) ∈ TxX (6.3)

ẋ =X(x, τ) ∶⇔
⎧⎪⎪⎨⎪⎪⎩

Ṙi = RiS (ωi)
ω̇i = J−1

i (τi − S (ωi)Jiωi)
for all i ∈ N ,

corresponding to the collection of each agent’s equations of motion, which are
the angular equations of motion of a rigid-body, as described in Subsection 2.3.3.
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The goal is then to steer the group of rotation matrices to the set

(SO(3))N⋆ ∶= {R ∈ (SO(3))N ∶ Rin̄i = Rjn̄j for all (i, j) ∈ E}, (6.4a)

i.e., to the set where all the agent’s body directions are synchronized. To be
more specific, the goal is to steer the state of the group to the set

X⋆ ∶= {x ∈ X ∶ R ∈ (SO(3))N⋆ and ωi = 03 for all i ∈ N}, (6.4b)

i.e., the set where all the agent’s body directions are synchronized, and, in
addition, all agent’s at rest. However, we relax the latter requirement (requiring
the agents to be at rest), and define instead

X⋆ ∶= {x ∈ X ∶ R ∈ (SO(3))N⋆ and Π (n̄i)ωi = 03 for all i ∈ N}, (6.4c)

i.e., we allow the agents to be spinning around the body directions they are
required to synchronize.

Let us then state the problem we wish to solve.

Problem 6.1. Consider the vector field X in (6.3). Design distributed con-
trol laws for the torques τ cl ∶ X → (R3)N , in the absence of a common inertial
orientation frame, such that incomplete synchronization is accomplished asymp-
totically, i.e., such that

lim
t→∞

dist(x(t),X⋆) = 0

along solutions of

ẋ(t) =X(x(t), τ cl(x(t))), x(0) ∈ X0,

with X0 as a dense subset of X.

Notice that, with continuous control laws, the domain X0, in the problem
statement above, will always be a strict subset of the state space X, due to
topological constraints imposed by the set X (the set SO(3) is non-contractible,
and therefore so is the set X, which prevents the existence of continuous globally
stabilizing control laws in X [53]).

6.3.2 Control Law
In this subsection, we present the controllers for the torques of each agent.
Consider then the following torque control law, for agent i ∈ N ,

τ cl,1i ∶ X→ R3 (6.5a)

τ cl,1i (x) ∶= −kd
ωi√

1 + ∥ωi∥2

σ2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
derivative term

−kp ∑
j∈Ni

S (n̄i)RT

i Rjn̄j

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
proportional term

,

where
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• the control law is decentralized as it only requires the measurement of the
angular velocity ωi and of the unit vectors RT

i Rjn̄j for j ∈ Ni,
• σ > 0 is a positive saturation for the derivative term,
• the control law is bounded, since ∥τ cl,1i (x)∥ ≤ kdσ + kp∣Ni∣ for all x ∈ X (note

that ∥S (n1)n2∥ ≤ 1 for n1, n2 ∈ S2),
• the control law can be implemented without the knowledge of an inertial

orientation frame, since RT

i Rjn̄j = (R̄Ri)T (R̄Rj)n̄j for any R̄ ∈ SO(3).
A natural constraint in a physical system is to require the torque provided

by agent i ∈ N to be orthogonal to n̄i. In satellites, thrusters that provide torque
along n̄i might be unavailable; also, controlling the space orthogonal to n̄i can
be left as an additional degree of freedom, in order to accomplish some other
control objectives. However, the control law τ cl,1i in (6.5a) requires full torque
actuation. Consider then the following torque control law, for agent i ∈ N ,

τ cl,2i ∶ X ∋ x→ τ cl,2i (x) ∈ Tn̄iS
2 ⊂ R3 (6.5b)

τ cl,2i (x) ∶= Π (n̄i) τ cl,1i (x) = −kd
Π (n̄i)ωi√

1 + ∥ωi∥2

σ2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
derivative term

−kp ∑
j∈Ni

S (n̄i)RT

i Rjn̄j

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
proportional term

,

where
• the control law has the same properties as the control law τ cl,1i ,
• except τ cl,1i requires actuation along all directions, while τ cl,2i only requires

actuation along the directions orthogonal to n̄i (since, ⟨n̄i, τ cl,2i (x)⟩ = 0 for all
x ∈ X).
Unfortunately, and for reasons that will be clear later, the control law τ cl,2i

can only be used for agent’s whose body direction to be synchronized is a
principal axis. Consider then a partition ofN , i.e.,N = N 1∪N 2 withN 1∩N 2 = ∅,
where
• N 2 is a subset (possibly empty) of the agents whose unit vector to be synchro-

nized is an eigenvector of their moment of inertia, i.e.

N 2 ⊆ {i ∈ N ∶ ∃λi such that Jin̄i = λin̄i},

• and N 1 lists the remaining agents.
The complete control law is then defined as

τ cl ∶ X→ (R3)N (6.5c)

τ cl(x) ∶= (τ cl1 (x),⋯, τ clN (x)) where
⎧⎪⎪⎨⎪⎪⎩

τ cli (x) = τ cl,1i (x) for all i ∈ N 1,

τ cli (x) = τ cl,2i (x) for all i ∈ N 2,

i.e., for agents whose unit vector to be synchronized is a principal axis, either
control law (6.5a) or (6.5b) is chosen, and, for all other agents, control law (6.5a)
is chosen. In other words, agents whose unit vector to be synchronized is a



270 Attitude Synchronization

principal axis have an option between using full torque control or constrained
torque control. The disadvantage with the control law in (6.5b) is, as we shall
see later, that along a trajectory of the closed-loop system, and for all i ∈ N 2,
limt→∞⟨n̄i, ωi(t)⟩ is not guaranteed to exist and be 0; i.e., an agent that opts for
the control law τ cl,2i can asymptotically spin, with non-zero angular velocity,
around n̄i: to be specific, we can guarantee limt→∞ Π (n̄i)ωi(t) = 03 and that
supt≥0 ∣⟨n̄i, ωi(t)⟩∣ < ∞ (i.e., it does not spin infinitely fast around its principal
axis n̄i).

At this point we can construct the closed-loop vector field, by composing the
open-loop vector field X in (6.3) with the control law τ cl in (6.5c), i.e.,

Xcl ∶ X ∋ x↦Xcl(x) ∈ TxX (6.6)
Xcl(x) ∶=X(x, τ cl(x))

and one verifies immediately that

{x ∈ X ∶Xcl(x) = 0 ∈ TxX} =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x ∈ X ∶

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ωi = 03 i ∈ N 1

Π (n̄i)ωi = 03 i ∈ N 2

∑j∈Ni
S (n̄i)RT

i Rjn̄j = 03 i ∈ N

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
and therefore

X⋆ ⊂ {x ∈ X ∶Xcl(x) = 0 ∈ TxX}.

That is, the chosen control law τ cl in (6.5c) makes all the points in X⋆ (defined
in (6.4c)) equilibrium points: however, for the same control law, there are more
equilibria then those in X⋆, and these are undesired equilibria.

6.3.3 Stability and Attractivity Analysis
In this subsection, we analyze the stability and attractivity properties of the
set X⋆, defined in (6.4c).

Consider then the Lyapunov function

V ∶ X→ [0,∞) (6.7)

V (x) ∶= kp∑(i,j)∈E
(1 − ⟨Rn̄i,Rn̄j⟩)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Vpotential(R)

potential energy

+ 1
2 ∑i∈N

∥ωi∥2
Ji

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
kinetic energy

,

composed of
• a potential term Vpotential ∶ (SO(3))N → [0,∞), which is related to the propor-

tional terms in the control laws in (6.5a) and (6.5b);
• and a kinetic term, which the derivative terms in the control laws in (6.5a)

and (6.5b) will try to decrease.
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Consider then also the function

W ∶ X→ (−∞,0]
W (x) ∶= dV (x)Xcl(x)

= −∑
i∈N1 kd

∥ωi∥2

√
1 + ∥ωi∥2

σ2

−∑
j∈N2 kd

∥Π (n̄j)ωj∥2

√
1 + ∥ωj∥2

σ2

.

which corresponds to the derivative of the Lyapunov function along the closed-
loop vector field Xcl in (6.6). The set of states where the derivative of the
Lyapunov function vanishes is then described by

{x ∈ X ∶ V̇ (x) =W (x) = 0} =
⎧⎪⎪⎨⎪⎪⎩
x ∈ X ∶

⎧⎪⎪⎨⎪⎪⎩

ωi = 03 i ∈ N 1

Π (n̄i)ωi = 03 i ∈ N 2

⎫⎪⎪⎬⎪⎪⎭
.

Because we will invoke LaSalle’s invariance principle, our next next step is
then to compute the invariant set contained in the set above. Since

S (ωi)Jiωi∣Π(n̄i)ωi=03 = ⟨ωi, n̄i⟩2S (n̄i)Jin̄i ∵Π (n̄i)ωi = 03 ⇔ ωi = ⟨ωi, n̄i⟩n̄i
= ⟨ωi, n̄i⟩2λiS (n̄i) n̄i ∵Jin̄i = λin̄i (principal axis)
= 0,

it then follows immediately that, for all x ∈ {x ∈ X ∶ V̇ (x) =W (x) = 0},

⎧⎪⎪⎨⎪⎪⎩

ω̇i = 03 i ∈ N 1

Π (n̄i) ω̇i = 03 i ∈ N 2
⇒

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ωi = 03 i ∈ N 1

Π (n̄i)ωi = 03 i ∈ N 2

∑j∈Ni
S (n̄i)RT

i Rjn̄j = 03 i ∈ N
.

We can then state our first result.

Theorem 6.2. Consider the closed-loop vector field Xcl in (6.6), and the differ-
ential equation

ẋ(t) =Xcl(x(t)), x(0) ∈ X.

Then
1. there exists a unique and complete solution [0,∞) ∋ t ↦ x(t) ∈ X to the

differential equation above;
2. and

a) limt→∞ dist(R(t),⋆) = 0, where

⋆ ≡ {R ∈ (SO(3))N ∶∑
j∈Ni
S (n̄i)RT

i Rjn̄j = 03 for all i ∈ N} , (6.8)

b) and limt→∞ ωi(t) = 03 for all i ∈ N 1,
c) and limt→∞ Π (n̄j)ωj(t) = 03 and supt≥0 ∣⟨n̄j, ωj(t)⟩∣ <∞ for all j ∈ N 2.
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(a) Equilibrium configuration 1
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(b) Equilibrium configuration 2
(ni = Rin̄i).
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(c) Graph with two cycles that share only one edge.
Figure 6.5: Two distinct equilibrium configurations for group of agents with network
graph shown above.

Proof. 1. All sub-level sets of the Lyapunov function V in (6.7) are positively
invariant and compact subsets of X, and the closed-loop vector field Xcl

is analytic (and thus Lipschitz continuous) on X. The result then follows
immediately.

2. Since a complete solution exists, we can talk about limits and
a) it suffices to apply LaSalle’s invariance principle;
b) it suffices to apply LaSalle’s invariance principle;
c) it suffices to apply LaSalle’s invariance principle and to invoke compact-

ness of sub-level sets of the Lyapunov function V . ∎

From Theorem 6.2, it follows that the group of rotations matrices does not
necessarily converge to (SO(3))N⋆ = {R ∈ (SO(3))N ∶ Rin̄j = Rjn̄j}, i.e., attitude
synchronization is not guaranteed for every initial condition. In Figs. 6.5 and 6.6,
we show configurations in {R ∈ (SO(3))N ∶ ∑j∈Ni

S (n̄i)RT

i Rjn̄j = 03 for all i ∈
N}, which are some equilibria configurations which do not correspond to a
synchronized group of agents.

Our interest now is to be able to find an estimate for the region of attraction
of the desired equilibria set X⋆, defined in (6.4c). The next proposition will prove
useful in this quest.

Proposition 6.3. Consider the potential function Vpotential ∶ (SO(3))N → [0,∞)
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(b) Tetrahedron configuration.
Figure 6.6: Equilibrium configurations in a complete graph (complete graph with
three agents in Fig. 6.6a, and complete graph with four agents in Fig. 6.6b); vectors
in the figures represent the unit vectors Rin̄i ∈ S2.

in (6.7), and define

V ∶= inf
R∈(SO(3))N

Vpotential(R)

s.t.
⎧⎪⎪⎨⎪⎪⎩

∑j∈Ni
S (n̄i)RT

i Rjn̄j = 03 for all i ∈ N
Rin̄j ≠ Rjn̄j for all (i, j) ∈ E

.

It follows that, if the network graph (N ,E) is connected, then
• Vpotential(R) = 0⇔ Rin̄j = Rjn̄j for all (i, j) ∈ E ,
• and V > 0.

The Proposition’s claims follow immediately from the definition of the po-
tential function Vpotential (combined with the assumption that the network graph
is connected; note that, for a disconnected graph Rin̄j = Rjn̄j∀(i, j) ∈ E /⇒
Vpotential(R) = 0). The purpose of V in Proposition 6.3 is simple, if Vpotential(R) < V
and if we know that the group of rotation matrices converges to the set in (6.8),
then necessarily the group of rotation matrices must converge to the smaller
set (SO(3))N⋆ = {R ∈ (SO(3))N ∶ Rin̄j = Rjn̄j}.

We can then state our final theorem, which states that incomplete attitude
synchronization is accomplished asymptotically for some set of initial conditions
which we specify in the theorem.

Theorem 6.4. Recall the equilibria set (SO(3))N⋆ in (6.4a), consider the closed-
loop vector field Xcl in (6.6), and let the network graph be connected (in which
case V , defined in Proposition 6.3, is positive). Finally, consider the differential
equation

ẋ(t) =Xcl(x(t)), x(0) ∈ {x ∈ X ∶ V (x) < V }.

Then
1. all the implications from Theorem 6.2 follow,
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n1

n2 n3 n4 n5

n6

n10 n9 n8 n7

Figure 6.7: Graph with 10 agents, used in simulations shown in Figs. 6.8 and 6.9.

2. and limt→∞ dist(R(t), (SO(3))N⋆ ) = 0.
That is, incomplete attitude synchronization is accomplished asymptotically for
all x(0) ∈ {x ∈ X ∶ V (x) < V }.

Proof. It suffices to invoke Theorem 6.2, from which it follows that convergence
to {R ∈ (SO(3))N ∶ ∑j∈Ni

S (n̄i)RT

i Rjn̄j = 03 for all i ∈ N} is guaranteed. However,
since {x ∈ X ∶ V (x) < V } is positively invariant, for the differential equation in
the Theorem, it follows that the only option is convergence to (SO(3))N⋆ = {R ∈
(SO(3))N ∶ Rin̄j = Rjn̄j}. ∎

The intuition for Theorem 6.4 is simple: there are many undesired equilibria,
but for each undesired equilibria the potential energy is not-smaller than V ,
while the potential energy is zero at the desired equilibrium; thus, if we start
at a lower potential energy than V , and since the Lyapunov function is non-
increasing along solutions, we know that convergence to the desired equilibrium
follows.

6.3.4 Simulations

We now present simulations that illustrate the convergence results stated in
Theorems 6.2 and 6.4. For the simulations, we have a group of ten agents,
whose network graph is that presented in Fig. 6.7. The moments of inertia were
generated by adding a random symmetric matrix (between −I3 and I3, entry-
wise) to the identity matrix. For the initial conditions, we have chosen ω1(0) =
⋯ = ωN(0) = 03 and we have randomly generated one set of 10 rotation matrices.
In Fig. 6.8, n̄i = e1 for i = {1,2,3,4,5} and n̄i = e2 for i = {6,7,8,9,10}, and since
these are not necessarily principal axes, we apply the control law (6.5a), with
N 2 = ∅ and N 1 = N . In Fig. 6.9, n̄i is the principal axis of Ji, with largest
eigenvalue, for i = {1,2,3,4,5}, and n̄i = e1 for i = {6,7,8,9,10}. Therefore, we
apply the control law (6.5c), with N 2 = {1,2,3,4,5} and N 1 = {6,7,8,9,10}. For
gains, we have chosen kd = 10, kp = 5, σ = 1.

For each of the cases above, we provide one simulation where the control
law is that in (6.5c) and another where the control law in (6.5c) is corrupted by
noise; to be specific, for each agent i ∈ N , τi ← τi + 0.1λie3, where λi corresponds
to the largest eigenvalue of Ji.
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(b) Trajectories with noise.
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Figure 6.8: Synchronization in network of 10 agents with and without noise, where
blue agents perform synchronization of their first axes (n̄i = e1) and black agents
synchronization of their second axes (n̄i = e2).

The trajectories of the unit vectors R1n̄1,⋯,RN n̄N , under the described con-
ditions, are presented in Figs. 6.8a–6.8b and 6.9a–6.9b. Notice then that in-
complete attitude synchronization is achieved. This can also be verified in
Figs. 6.8c-6.8d and 6.9c-6.9d, which present the angular error between neigh-
boring agents. In Figs. 6.9a and 6.9b, the control laws are different between
agents 1–5 and 6–10. The former perform synchronization of principal axes, by
applying the constrained control law in (6.5b); while the later perform synchro-
nization of their first axes, i.e., n̄i = e1, by applying the control law in (6.5a).
In Figs. 6.8d and 6.9d, for which the control laws were corrupted by noise,
perfect synchronization is not asymptotically achieved. Instead, the unit vectors
converge to a configuration where they remain close to each other (error of ≈ 5○
between neighbors).

6.4 Summary

This chapter focused on synchronization of rotations matrices. In particular,
it focused on incomplete synchronization, where a group of rotation matrices
is required to synchronize a specific body direction per rotation matrix; in
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Figure 6.9: Synchronization in network of 10 agents with and without noise, where
blue agents perform synchronization of principal axes, and black agents synchro-
nization of their first axes (i.e., n̄i = e1).

contrast with complete synchronization, where a group of rotation matrices is
required to synchronize all three body directions among all rotation matrices.
In Section 6.2, we explained why complete and incomplete synchronization are
distinct problems (i.e., one does not imply the other), and, in Section 6.3, we
proposed distributed torque control laws that guarantee that an (incomplete)
synchronized network of rotation matrices is (locally) asymptotically stable.
Moreover, when the body direction to be synchronized is a principal axis, we
were able to present torque control laws that require input only along the
directions orthogonal to that axis. Finally, we provided a characterization of
the equilibria, and we also provided an explicit domain of attraction for the
synchronized network.



Appendix A

Change-of-coordinates and
Diffeomorphic Sets

Most problems in this thesis are solved by intermedium of a change of coordi-
nates, which we introduce next.

Definition A.1. (Change-of-coordinates/Diffeomorphism) Let P,Q be manifolds
(of the same dimension). P,Q are diffeomorphic, if there exist analytic maps

φP→Q ∶ P→ Q
φQ→P ∶ Q→ P

such that

φQ→P ○ φP→Q = idP ⇔ φQ→P ○ φP→Q(p) = p ∀p ∈ P
φP→Q ○ φQ→P = idQ ⇔ φP→Q ○ φQ→P(q) = q ∀q ∈ Q,

then we call φP→Q (φQ→P) a change-of-coordinates/diffeomorphism, where φQ→P

(φP→Q) is the inverse of φP→Q (φQ→P).

In this thesis, we model physical systems using first principles, and we
then perform a change of coordinates, such that the vector field for the new
coordinates is easier to handle: to be specific, the tasks of designing a controller
and analyzing the closed-loop behaviour are easier to handle under the new
coordinates. With the latter in mind, we introduce next the concept of a vector
field under a change of coordinates.

Definition A.2. (Vector field under a change of coordinates) Let P,Q be mani-
folds of the same dimension, let φP→Q be change of coordinates, and let P be a
vector field on the manifold P. Then the vector field in the new coordinates is
given by

Q ∶ Q ∋ q ↦ Q(q) ∈ TqQ
Q(q) ∶= dφP→Q(p)P (p)∣p=φQ→P(q),

277
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which simply reflects the fact that, for ṗ = P (p) and q = φP→Q(p), then q̇ =
d
dt
φP→Q(p) = Q(q).

Example A.3. Consider the manifolds P ∶= S1/{−e1} and Q ∶= (−π,+π), and the
change of coordinates

P ∋ p↦ φP→Q(p) ∶= arctan (⟨e1, p⟩, ⟨e2, p⟩) ∈ Q,
Q ∋ q ↦ φQ→P(q) ∶= (cos(q), sin(q)) ∈ P.

If we consider the vector field in P given by

P ∶ P ∋ p↦ P (p) ∈ TpP
P (p) ∶= S (γ)p ∈ TpP.

for some γ ∈ R, it follows from Definition A.2 that the vector field in the new
coordinates is given by

Q ∶ Q ∋ q ↦ Q(q) ∈ TqQ
Q(q) ∶= dφP→Q(p)P (p)∣p=φQ→P(q) = γ.

The previous definition can be extended when considering quotients sets,
which we do in this thesis. Consider the system ṗ = P (p) for some vector field
P ∶ P ∋ p↦ P (p) ∈ TpP, and suppose we define q = φP→Q(p), for some non-invertible
map φP→Q ∶ P → Q, and suppose there exists a map Q ∶ Q ∋ q ↦ Q(q) ∈ TqQ such
that

q ∶= φP→Q(p)⇒ q̇ = φP→Q(p)ṗ = φP→Q(p)P (p) ∃!Q= Q(φP→Q(p)) =∶ Q(q).

Note that if the map φP→Q is invertible, then the vector field Q exists and it
is given by the definition provided in Definition A.3. If φP→Q is not invertible,
then Q is not guaranteed to exist: but, if it exists, we say that the vector field
P is invariant with respect to φP→Q. The precise way of stating the latter is by
introducing the relation ∼ on P defined as

p1 ∼ p2 ∶⇔ φP→Q(p1) = φP→Q(p2)

which is in fact an equivalence relation (reflexive, symmetric and transitive),
and which therefore allows one to define the equivalence class [p] ∶= {p̄ ∈ P ∶ p̄ ∼
p} (set of all points which are similar to p) and the quotient set P/ ∼∶= {[p] ⊂
P ∶ p ∈ P} (set of all equivalence classes). With the latter in mind, one can then
define the map

φP/∼→Q ∶ P/ ∼→ Q
φP/∼→Q([p]) ∶= φP→Q(p)

which is well-defined (definition is independent of the choice of representative).
If the map φP/∼→Q is invertible (in which case, P/ ∼ and Q are diffeomorphic),
The existence and the definition of the vector field Q can then be precisely
formulated in the next definition.
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Definition A.4. (Vector field under a change of coordinates) Let P/ ∼,Q be
manifolds of the same dimension, where ∼ is an equivalence relation in P. Let
also φP/∼→Q be change of a coordinates, and let P be a vector field on the manifold
P. The vector field is said to be invariant with respect to ∼ if the vector field in
the new coordinates, given by

Q ∶ Q ∋ q ↦ Q(q) ∈ TqQ
q̇ = Q(q) ∶= dφP/∼→Q([p])P (p)∣p∈φQ→P/∼(q),

is well-defined (which simply reflects the fact that, for ṗ = P (p) and q =
φP/∼→Q([p]), then q̇ = d

dt
φP/∼→Q([p]) = Q(q)).

Example A.5. Consider the manifolds P ∶= R2/ ∼ and Q ∶= R, with the equiva-
lence relation defined as

(x1, x2) ∼ (y1, y2) ∶⇔ x1 − x2 = y1 − y2,

which one can easily show is indeed an equivalence relation (reflexive, sym-
metric and transitive). For brevity, denote P̃ ≡ P/ ∼ Consider then the change of
coordinates

P̃ ∋ [(x1, x2)]↦ φP̃→Q([(x1, x2)]) ∶= x1 − x2 ∈ Q,
Q ∋ q ↦ φQ→P̃(q) ∶= [(q,0)] ∈ P̃.

One can easily show that φP̃→Q is well-defined (it does not depend on the choice
of representative for the equivalence class), and that φP̃→Q ○ φQ→P̃ = idQ and
φQ→P̃ ○ φP̃→Q = idP̃. If we consider the vector field in P given by

P ∶ P ∋ p↦ P (p) ∈ TpP

ṗ = P (p) ∶⇔
⎡⎢⎢⎢⎣
ẋ1

ẋ2

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
−(x1 − x2) + u
−(x2 − x1) + u

⎤⎥⎥⎥⎦
,

for some u ∈ R, it follows from Definition A.2 that the vector field in the new
coordinates is given by

Q ∶ Q ∋ q ↦ Q(q) ∈ TqQ
q̇ = Q(q) ∶= dφP→Q([p])P (p)∣p∈φQ→P(q) = −2q.

This result is rather trivial: it simply says that d
dt
(x1 −x2) = −2(x1 −x2) and thus

that d
dt
q = −2q for q = x1 − x2.

Example A.6. Consider the manifolds P ∶= R2/ ∼ and Q ∶= R, with the equiva-
lence relation defined as

(x1, x2) ∼ (y1, y2) ∶⇔ x1 + x2 = y1 + y2,
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which one can easily show is indeed an equivalence relation (reflexive, sym-
metric and transitive). For brevity, denote P̃ ≡ P/ ∼ Consider then the change of
coordinates

P̃ ∋ [(x1, x2)]↦ φP̃→Q([(x1, x2)]) ∶= x1 + x2 ∈ Q,
Q ∋ q ↦ φQ→P̃(q) ∶= [(q,0)] ∈ P̃.

One can easily show that φP̃→Q is well-defined (it does not depend on the choice
of representative for the equivalence class), and that φP̃→Q ○ φQ→P̃ = idQ and
φQ→P̃ ○ φP̃→Q = idP̃. If we consider the vector field in P given by

P ∶ P ∋ p↦ P (p) ∈ TpP

ṗ = P (p) ∶⇔
⎡⎢⎢⎢⎣
ẋ1

ẋ2

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
−(x1 − x2) + u
−(x2 − x1) + u

⎤⎥⎥⎥⎦
,

for some u ∈ R, it follows from Definition A.2 that the vector field in the new
coordinates is given by

Q ∶ Q ∋ q ↦ Q(q) ∈ TqQ
q̇ = Q(q) ∶= dφP→Q([p])P (p)∣p∈φQ→P(q) = 2u.

This result is rather trivial: it simply says that d
dt
(x1 + x2) = 2u and thus that

d
dt
q = 2u for q = x1 + x2.

Examples A.5 and A.6 are the simplest illustration of something we exploit
in this thesis: the “motion of a system” can be broken into parts which can be
studied and/or controlled separately; for example, in the latter examples, we
proved that the motion x1 − x2 is uncontrollable (the input u does not affect that
motion), but it is asymptotically stable; while the motion x1 + x2 is controllable
and with the dynamics of a single integrator. However, in this thesis, there
will be examples which are not as trivial, and thus which motivate the latter
definitions (Appendix B provides a non-trivial and useful example).



Appendix B

Invariance Property of UAV
dynamics

Consider the UAV’s equations of motion in (2.2), and assume the torque control
law is chosen as

τ(τ̄ , τψ) = J (RT τ̄ − ⟨e3, ω⟩S (e3)ω + τψe3) + S (ω)Jω.

If that is the case, the UAV equations of motion in (2.2) can be conveniently
rewritten as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

Ṙ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
1
m
TRe3 − ge3

RS (ω)
RT τ̄ − ⟨e3, ω⟩S (e3)ω + τψe3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇔ (B.1)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

ṘR̄

R̄T d
dt
(ω + ke3)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
1
m
TRR̄e3 − ge3

RR̄S (R̄T (ω + ke3))
(RR̄)T τ̄ − ⟨e3, R̄

T (ω + ke3)⟩S (e3) R̄T (ω + ke3) + τψe3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

for any k ∈ R and any R̄ ∈ SO(3) such that R̄e3 = e3 ⇔ e3 = R̄Te3. That is, the
UAV’s equations of motion are the same whether we consider

(p, v,R,ω) or (p, v,RR̄, R̄T (ω + ke3)),

that is, the differential equations do not see rotations of the angular position
R around the third axis, and do not see rotations of the angular velocity ω
around the third axis as well as offsets on the third component. This motivates
the introduction of the equivalence relation (we omit the verification that it is
indeed an equivalence relation)

(p1, v1,R1, ω1) ∼ (p2, v2,R2, ω2) ∶⇔ (p1, v1,R1, ω1) = (p2, v2,R2R̄, R̄
T (ω2 − ke3)),
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for some k ∈ R and R̄ ∈ SO(3) such that R̄e3 = e3; i.e., two states are equivalent
up to rotations around the third axis of their rotation matrices and their body-
framed angular velocities, and up to the third component of their body-framed
angular-velocities. For brevity, denote then

x ∈ X ∶⇔ [(p, v,R,ω)] ∈ (R3 ×R3 × SO(3) ×R3)/ ∼
y ∈ Y ∶⇔ (p̄, v̄, n̄, ω̄) ∈ {(p̄, v̄, n̄, ω̄) ∈ R3 ×R3 ×R3 ×R3 ∶ ⟨n̄, n̄⟩ = 1, ⟨n̄, ω̄⟩ = 0},

and consider the mappings

f ∶ X→ Y, h ∶ Y→ X

defined as

f

⎛
⎜⎜⎜⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

v

R

ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟
⎠

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

v

Re3

Π (Re3)RTω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, h

⎛
⎜⎜⎜⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p̄

v̄

n̄

ω̄

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟
⎠

∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p̄

v̄

R̃e3

R̃T ω̄

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

for some R̃∈SO(3)
such that R̃e3=n̄

which one can easily prove are well-defined (one needs to show the definitions
are the same regardless of the choice of representative for the equivalence class),
and which satisfy f ○ h = idY and h ○ f = idX. It then follows that,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

˙̄p
˙̄v
˙̄n
˙̄ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= df

⎛
⎜⎜⎜⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p

v

R

ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟
⎠

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṗ

v̇

Ṙ

ω̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
´¸¶
(B.1)
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v̄
1
m
T n̄ − ge3

S (ω̄) n̄
Π (n̄) τ̄

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(B.2)

which is what we refer to as the UAV’s equations of motion, as already presented
in (2.3). Also, we note that the equations above are actually those of a thrust-
propelled system associated to a point-mass, as described in Subsection 2.5.1.
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